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Abstract

This thesis contains two directions of research, both related to the quantizations and

deformations of Poisson structures.

In the first part, we study the chiralization of star-products, a problem related to
the quantization of Poisson vertex algebras. For a Poisson algebra A, a star-product
is a new product x such that the associative algebra A = (A, %) is a quantization of A.
Famous examples are the Moyal-Weyl and Gutt star-products. Poisson vertex algebras
are the chiralization of Poisson algebras and their quantizations are vertex algebras,
which are the chiralization of associative algebras. A star-deformation of a Poisson ver-
tex algebra V is a vertex algebra structure Y, such that the vertex algebra V = (V,Y})
is a quantization of V. Star-deformations can thus be seen as the chiral analogue of a
star-product, although they are not compatible with the Zhu functors. To solve this,
we introduce and study the algebraic structure of A-deformed vertex algebras, which
is closely related to the Zhu functor. A chiral star-product is then defined as a de-
formation of a Poisson vertex algebra into an h-vertex algebra. We show that chiral
star-products commute with the Zhu functor, giving back a star-product on the corre-
sponding Poisson algebra. By putting i = 0, we obtain a star-deformation. We study
the problem of constructing chiral star-products and we provide explicit formulae in
some important examples, including when V is a free-field vertex algebra, the affine
vertex algebra, or the Virasoro vertex algebra. In particular, these formulae give the
chiralization of the Moyal-Weyl and Gutt star-products. Additionally, we provide a
new, more natural proof of the associativity of the Zhu algebra using the formalism of

h-vertex algebras.

In the second part, we deal with the algebra of functions on Kleinian singularities.
It is known that, in this case, the parameter space of filtered Poisson deformations
and the parameter space of non-commutative quantizations coincide. We consider
all possible isomorphisms between the various deformations (as Poisson algebras) and
all isomorphisms between the quantizations (as associative algebras); these form two
groupoids, which we denote Plso and Iso. We prove that, for a Kleinian singularity
of type A or D, the groupoids Iso and Plso are isomorphic. In particular, the group
of automorphisms of the deformation and the quantization corresponding to the same
deformation parameter are isomorphic. Furthermore, we describe the groups of au-
tomorphisms as abstract groups: for type A they have an amalgamated free product
structure, for type D they are subgroups of the group of Dynkin diagram automor-
phisms. For type D we additionally compute all the possible isomorphisms between

deformations as affine varieties.
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Chapter 1

Introduction

Below we sketch the background and the principal motivations behind the problems
considered in this thesis. A more precise, and technical, summary of our main results

can be found in the introductions to the three main chapters: 3, 4, and 7.

§ 1.1 | Quantization of Poisson structures

A Poisson algebra is an associative, commutative algebra A, together with a Lie bracket
{-,-}, called the Poisson bracket, that satisfies the Leibniz rule. Notably, Poisson alge-
bras are the classical limit of associative algebras. Take an associative algebra A: in
some cases, we can obtain a commutative product and a Poisson bracket by consid-
ering a first-order (in a suitable sense) approximation of the associative product and
commutator of A, respectively. The inverse process, constructing an associative alge-
bra whose classical limit is the original Poisson algebra, is called quantization. While
there are canonical ways to perform the classical limit, there are no exact procedures to
perform the quantization. Different approaches exist, involving algebraic, analytical,
and geometrical methods. Altogether, the quantization of Poisson algebras constitutes

an important and active area of research.

While the quantization theory of Poisson algebras is the most widely studied, similar
quantization frameworks can be considered for various other algebraic structures. In
this thesis, we also consider the case of Poisson vertex algebras and vertex algebras.
Informally, they can be thought of as infinitely-many degrees of freedom analogues of
Poisson and associative algebras. Since, from a physical point of view, a vertex algebra
is the chiral part of a two-dimensional conformal field theory, we say that vertex alge-
bras (respectively Poisson vertex algebras) are the chiralization of associative algebras

(Poisson algebras). The situation can be represented by the following diagram:
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Poisson vertex algebras T Vertex algebras

n X
chiral. l’\ thu Zhui ,\lchiral. )
\ /
Poisson algebras P T Associative algebras
~o : R
Tl quant Jttas

where Zhu are a pair of functors, and the dotted lines mean that there is no canonical

functor that goes in that direction.

There are two fundamental problems regarding the quantization of a Poisson-like struc-

ture:
1. Existence, uniqueness and explicit construction of quantizations;

2. Understanding in which cases the properties of the quantization remember the

Poisson properties of the classical limit.

In Part I of the thesis, we study Problem 1, in particular the explicit construction of
quantizations, in the context of Poisson vertex algebras. The work in Part II is in the
spirit of Problem 2. We study the relation between the isomorphisms of the quantiza-
tions and the Poisson isomorphisms of the Poisson deformations of conical symplectic

singularities. We concentrate in particular on the case of Kleinian singularities.

In the remainder of the introduction, we describe more precisely the main ideas and

results of the thesis.

§ 1.2 | Chiralization of star-products

Problem 1 is well-understood for Poisson algebras, where quantizations are constructed
explicitly as star-products. We consider the problem in the context of Poisson vertex
algebras; in particular, we are interested in the explicit construction of chiral analogues

of star-products, which we obtain in an important class of examples.
§ 1.2.1 | Star-products on Poisson algebras

Let us recall the theory of star-products for Poisson algebras, as we use some of its

ideas and techniques in our study of chiral star-products.

If we want to construct an associative quantization of a Poisson algebra A, we can try
to deform the commutative product of (A, {-,-}): this is called deformation quantiza-
tion, and the new operation obtained is called a star-product. Usually, one considers
infinitesimal or formal deformations and defines a star-product on A as a C[[¢]]-linear,

associative, unitary product on the algebra of formal power series A[[¢]]

: Alle]] ® Alfe]] = Alfe]],
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such that, for a,b € A

1
limaxb=ab  and lim —(axb—bxa)={a,b}.
e—0 e—0 ¢

If the star-product converges, i.e. if x : A® A — Ale], then A, := (Ale],*) is a one-
parameter family of associative quantizations of A. By putting e equal to 0, we recover
A. Usually, converging star-products are called strict deformation quantizations. In
this thesis, unless specified differently, we shall consider only strict quantizations. When

clear from the context, we will assume that ¢ is specialized to 1.

As the name suggests, the original motivation for quantization comes from physics.
In classical mechanics, observables are real-valued functions on a Poisson manifold
(the phase space) and the collection of all observables forms a Poisson algebra. In
quantum mechanics, observables are instead operators on a Hilbert space, and these
do not commute. Most of the quantum mechanics phenomena, notably Heisenberg’s
Uncertainty Principle, arise from this non-commutativity. Physicists noticed that it
was also possible to formulate quantum mechanics in the classical phase space, by
defining a non-commutative product, the star-product, on the algebra of functions.
The parameter € here is %, where h is the Plank constant, so that, as h approaches 0,
we recover classical mechanics (which explains the name classical limit). This is called
the phase space formulation of quantum mechanics and it was developed independently
by Groenwold and Moyal [Gr; Mo], building on previous results by Weyl and Wigner
[We; Wi2]. The physics literature on the topic is extensive, see [CFZ] for a review of

the most important results and [CZ] for a historical survey.

From physics comes the most well-known example of a star-product, the Moyal-Weyl
star-product (somewhat miscredited, as it was derived by Groenewold in [Gr]). Let
f, g be smooth functions on R?", and let m denote the Poisson bivector corresponding

to the standard symplectic structure. Then

frg=moer™(f®g),

where m denotes associative multiplication. For example, in dimension 2 with coordi-

nates x,y, this reads

fxg:=moexp <Z.h(9x®8y;8x®ay

) (f®g). (1.2.1)

These ideas quickly branched into mathematics; in the 1978 seminal paper [BFF+],
deformation quantization was given a proper mathematical formulation, as the problem
of existence, uniqueness and construction of star-products on general Poisson algebras.
The existence of star-products for symplectic manifolds with trivial third cohomology
group was proved in [Ve; BEF+]. The use of cohomological methods for deformations

had been pioneered by Gerstenhaber a decade earlier [Ge]. This cohomological re-
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striction turned out to be only technical, as the results were generalised to larger and
larger classes of examples. De Wilde and Lecomte proved the existence of star-products
on arbitrary symplectic manifolds [DL] and soon after Fedosov provided a geometrical
construction for star-products on regular Poisson manifolds [Fe]. The crowning achieve-
ment of the theory of star-products is the Formality Theorem, proved by Kontsevich in
[Ko], which implies the existence of star-products on arbitrary Poisson manifolds, and
a one-to-one correspondence between equivalence classes of formal Poisson structures

and equivalence classes of star-products.
§1.2.2 | Star-products from filtered quantizations

The chiral star-products that we construct are obtained using filtered quantizations
and quantization maps. This is based on a very similar construction for star-products

on graded Poisson algebras, that we now explain.

Let A = U,>0FnA be a filtered associative algebra. Let us also assume that the
commutator of A lowers the degree, so [F, A, F,,A] C Fyim_iA, for some i > 1. We
obtain a graded Poisson algebra A as the associated graded of A:

A=grA=F,A/F,_,A.
n>0
In this situation, it is easy to construct a (strict) star-product on A. All that we need
is a quantization map: this is a linear map ¢ : A — A, such that grev) = id. Then a
star-product can be defined as the pull-back

%y b= (W(a)w(d), abe A (1.2.2)

This is how the Moyal-Weyl star-product was originally constructed, using the Weyl
quantization map [We|. If we restrict to polynomial functions, this is the symmetriza-

tion map

1 . .
Ty Ty M Z Lo(1) " Ta(n)s (123)
n: oc€Sn

sending a monomial in the commuting variables x; into the corresponding symmet-
ric polynomial in the non-commutative variables Z;. From a mathematical point of
view, the Weyl quantization map is a vector space isomorphism S(U) — W (U), from
the symmetric algebra of a symplectic vector space (U,w) to the corresponding Weyl

algebra.

Similarly, we can take A to be S(g), the symmetric algebra of a Lie algebra g. By the
PBW theorem, S(g) is the associated graded of $4(g), the universal enveloping algebra
of g. We can take

Y :S(g) — Mg),

to be defined as in (1.2.3) on monomials in the elements of g. The corresponding
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star-product is known as the Gutt star-product [Gu]. Explicitly, for a,b € S(g):
axb=moexp(D)(a®b),

where D is a certain bidifferential operator whose coefficients are given by the Baker-

Campbell-Hausdorff formula.

Formula (1.2.2) gives an implicit definition of the star-product, but it is not particularly
useful for computations. What one would like is a closed formula that is written only
in terms of the operations of the Poisson algebra, that is, that only depends on the
coefficients of the Poisson bivector. Computing (1.2.2) explicitly, we can then perform
operations of the non-commutative algebra in the Poisson algebra setting, which can
be significantly easier to handle. For example, formula (1.2.1) is a closed formula for
the multiplication in the Weyl algebra. Kontsevich’s formality theorem [Ko] gives an
algorithm to compute these formulae in the smooth case, although expansion after the

second term is often impractical.

Notice how in both the Moyal-Weyl and Gutt star-product case, the explicit formula
is of the form

exp(bidifferential operator).

This exponential form is quite general, as star-products with this formula appear nat-
urally in Kontsevich’s theory (see the discussion in [Ka4]); of course, in general, the

bidifferential operator can be incredibly complicated.
§ 1.2.3 | Star-deformations for Poisson vertex algebras

Poisson vertex algebras are the chiralization of Poisson algebras and vertex algebras are
the chiralization of associative algebras. A star-product is a deformation of a Poisson
algebra into an associative algebra. A deformation of a Poisson vertex algebra into a

vertex algebra can thus be considered a chiral analogue of a star-product.

Let us briefly recall the definitions of vertex algebras, Lie vertex algebras, and Poisson
vertex algebras. Vertex algebras were introduced by Borcherds in his work on the
Monstrous Moonshine [Bo2], and subsequently developed by Frenkel, Lepowsky, and
Meurman [FLM]. From a physics point of view, vertex algebras provide a mathematical
definition for the chiral part of a 2-dimensional quantum field theory (see [BPZ]). A
vertex algebra is essentially the data of a vector space V', a nonzero vector |0), called
the vacuum, an endomorphism 0, called the (infinitesimal) translation operator, and
a linear map Y, called the state-field correspondence, which associates to every a € V
an End(V)-valued quantum field Y (a, z). That is,

Y:V = End(V)[[z,27], a—Y(a,2)=> amz """,

nez

such that, for all b € V', a(,)b = 0 for n > 0. The quantum fields Y (a, z), also called
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vertex operators, satisfy a set of axioms that can be deduced from Wightman’s axioms
for quantum field theory [Wil; Kal].

An important part of the structure of a vertex algebra is the A-bracket

2] VeV = VeCl, [a 0] ::nz;o;\!a(n)b.
The A-bracket gives a vertex algebra a natural structure of a vertex Lie algebra (also
known as a Lie conformal algebra), a generalization of Lie algebras [Kal]. Vertex
algebras can equivalently be defined in terms of the A-bracket, the translation operator,
the vacuum, and the (—1) product (which is usually denoted as :: and called the
normally ordered product) [BK1]. From this point of view, a vertex algebra is a unital
differential algebra, with a non-commutative, quasi-associative product; both formulae
for the commutator and quasi-associativity are expressed in terms of the A\-bracket.
We can thus think of vertex algebras as analogues of associative algebras. The main
difference is that the vertex Lie algebra structure is an additional structure, and cannot
be defined only in terms of the normally ordered product, while, for an associative

algebra, the Lie algebra structure is naturally given by the commutator.

A commutative vertex algebra with an additional compatible vertex Lie algebra struc-
ture is called a Poisson vertex algebra [FB]. The classical limit of a vertex algebra is a
Poisson vertex algebra. In particular, if a vertex algebra has a good filtration, then its
associated graded has an induced structure of a graded Poisson vertex algebra [Lil].
As we can see, the framework is very similar to that of the deformation quantization
of Poisson algebras. The analogies are not limited to the algebraic picture but can
be extended to the physical interpretation. Poisson algebras are related to classical
mechanics and ODEs, while Poisson vertex algebras can be applied to classical field
theory and PDEs (see [BDK; DKV2]). It is thus natural to consider the problem of

deformation quantization for Poisson vertex algebras.

The main difference with Poisson algebras is the following. On a Poisson algebra, once
we have a star-product x, we can define a deformation of the Poisson bracket, by the
commutator of the star-product. This is not true for Poisson vertex algebras, as the A-
bracket is not completely determined by the normally ordered product. Thus, we need
also a “star A\-bracket”, i.e. a deformation of the Poisson A-bracket into a A-bracket
compatible with the star-product. We can avoid writing down two separate formulae
by using the integral A-bracket formalism introduced in [DK2]. On a vertex algebra V|
define the following operator, called the integral A-bracket:

A
I\(a,b) := :ab: —i—/ l[a,bldx, fora,beV.
0
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We can recover the normally ordered product and the A\-bracket:

d
:ab: = Ip(a,b), and [a,b] = a[,\(a, b) foralla,beV.
Thus, a (strict) deformation quantization of a Poisson vertex algebra V amounts to a

bilinear operator, called a star-deformation,
I, : Vel @ V[e] = V]e, A,

such that I, induces a vertex algebra structure on V (in the integral A-bracket for-

malism) and

. . 1d

}:12(1) I .(a,b) = ab, }gr(l) gﬁl,\*(a, b) = {a,b}.
As for Poisson algebras, if we have a graded Poisson vertex algebra V, a vertex algebra
V with a good filtration such that gr(V) =V, and a quantization map ¢ : V — V, we

can define a star-deformation as

Iia,b) = ¢~ (In(¢(a), ¢(b)), forall a,be V. (1.2.4)

Remark. Somewhat surprisingly, there is not much literature on the subject of star-
deformations. In [Lil] the technical framework is developed, most notably the definition
of a “good filtration”. There is also a preprint by Yanagida [Ya], where the problem is
considered using chiral algebra methods. In particular, a dg-Lie algebra controlling the
chiral deformation quantizations is constructed, and, for some cases, the uniqueness of

the chiral deformation quantization (if it exists) is proven [Ya, Corollary 3.5].

As we explain in the section below, a star-deformation is not a proper chiralization
of a star-product, as it is not compatible with the Zhu functor. However, explicit
formulae for star-deformations have important applications. For example, a formula
for a star-deformation allows one to perform vertex algebra computations in the setting
of Poisson vertex algebras, which are much more tractable. For these reasons, we study

star-deformations as well in Chapter 4.
§ 1.2.4 | Chiralization of star-products

Let us go back to the diagram

Poisson vertex algebras «+——— Vertex algebras

L cl. limit h
chiral. | JZhu Zhul i chiral. , (1.2.5)
\ /
Poisson algebras T Associative algebras
~o . R



CHAPTER 1. INTRODUCTION 8

and concentrate on the vertical lines. The Zhu functors associate a Poisson algebra to
a Poisson vertex algebras and an associative algebra to a vertex algebra. On the vertex
algebra side, the Zhu functor was introduced by Zhu in his seminal paper [Zh], while
the construction on the Poisson vertex algebra side is done in [DK2]. Given a vertex
algebra V', its Zhu algebra plays a pivotal role in the study of its representation theory.

Informally, chiralization is the inverse of the Zhu functor.

In [DK2], De Sole and Kac considered a large class of examples of algebras that fit
into diagram (1.2.5). Let R = C[0] ® g be a vertex Lie algebra, freely generated as a
C[0]-module by a vector space g. There is a canonical Lie algebra structure on g. We
can construct four algebras starting from this setup: the universal enveloping algebra
i(g), the symmetric algebra S(g), the universal enveloping vertex algebra V(R) and
the symmetric algebra S(R). They fit in the commutative diagram

S(R) «lmit__ 17 (p)
Zhul JZhu (1.2.6)
S(a)

cl. limit

This setup is more general: in [DK2] the authors proved that this is true also in the
case R is a non-linear vertex Lie algebra. In this case, g is canonically a non-linear
Lie algebra. The definition of a non-linear Lie algebra (respectively, non-linear vertex
Lie algebra) is quite technical; it is essentially a vector space g (respectively, R) with
a bracket (respectively, A\-bracket) with values in its tensor algebra T (g) (respectively,
T(R)[)]), satisfying some complicated, Lie-like axioms. An important example arising
this way are W-algebras (finite and affine). In this thesis, we shall consider only
examples of non-linear (vertex) Lie algebras where the (\)-bracket is allowed to have
values in g C (respectively, (R®C)[A]). We call them sub-linear (vertex) Lie algebras.

The two thematic examples of this thesis are of this form.

Example 1.2.1. Let (U,w) be a symplectic vector space. We can regard U as a
sub-linear Lie algebra with bracket w : U ® U — C. Then diagram (1.2.6) becomes

S((C[E)] ® U) cl. limit V’B’y
Zh

| [

S(U)

W)

cl. limit
where W (U) is the Weyl algebra of U and V?7 is the 3v-system vertex algebra.

Example 1.2.2. Let g be a Lie algebra with a symmetric invariant bilinear form (-|-).
For every k € C, consider the sub-linear A-bracket on R = C[0] ® g defined by

[axb] :=[a,b] + k(a]b)A.
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Then diagram (1.2.6) becomes

S(Cl0) ® g) «—M— V()
Zh

| [

S(g) U(g)

cl. limit
where V*(g) is the affine vertex algebra.

Other examples that fit into this framework are the Virasoro vertex algebra and free-

boson vertex algebras.

There is a natural quantization map ¢ : S(R) — V(R), which sends a monomial in

elements of R to its symmetrization
U ... Uy > H Z Ug(1) - - - Ug(n)- (1.2.7)

where the non-associative normally ordered products are understood from right to left.
Using ¢ we obtain a star-deformation as in (1.2.4). This construction looks very similar
to that of the Moyal-Weyl and Gutt star-products; to check if it can be regarded as
a proper chiralization of them, we need to verify if it is compatible with the Zhu

functor.

Definition 1.2.3. Let V be a Poisson vertex algebra, let A := Zhu(V) and 7: YV — A
the quotient map. Consider a star-product x on A. A chiralization of x is a deformation

% of the commutative product of V, such that

m(axb) = m(a) = 7(b).

Unfortunately, the star-deformation discussed before does not in general provide a
chiralization of star-products in the sense of Definition 1.2.3. To understand why, let
us briefly recall the construction of the Zhu algebras (for more details, see Section 2.5).

The Zhu Poisson algebra of a Poisson vertex algebra V is defined as
Zhu(V) :=V/(0V)V.

For a vertex algebra V', the construction is more complicated. We follow the alternative
construction provided by Huang [Hu2]. Take a parameter i € C* (alternatively, it is
possible to take h a formal parameter, see Remark 3.2.2). Consider the formal change
of variable z — = = % log(1 + hz) and define the following h-deformed vertex operators,
foraeV:

Yi(a,z) =Y (a, 711 log(1 + hz)) =Y(a,x). (1.2.8)

[t turns out that the h-deformed vertex operators Yj(a,z) are again End(V')-valued



CHAPTER 1. INTRODUCTION 10

quantum fields, that is we can write

Yi(a,z) = Z a(n,h)z_"_l,

neL

where the coefficients a, n) are in End(V') and a(,nb = 0 for n >> 0 for all a,b € V.
We call (n, k) the h-deformed n-product. Clearly,

ilig% Yi(a,z) =Y (a,z) and %1_% amnb = amb, forall a,b €V and all n € Z.

In particular, we are interested in the A-deformations of the (—1) product. We introduce

the following notation:
ax*pb:=a_pb, foralla,beV.

Somewhat miraculously, the vector space (T'V) %, V is a two-sided ideal for the =,
product and the quotient algebra V/(TV) %; V turns out to be associative. This is the
Zhu algebra of V:

Zhu(V) = (V/(TV) o Vo *h)

h=1

Remark. The product in the Poisson Zhu algebra Zhu(V) is induced from the com-
mutative product of ¥V, but the product in the associative Zhu algebra Zhu(V') does

not come from the normally ordered product of V', but from its A-deformation ;.

Suppose we have a star-product x on S(g), induced by the symmetrization quantiza-
tion map ¢ : S(g) — (g) (1.2.3). Denote by * the deformation of the product on
S(R) induced by the quantization map ¢ defined in (1.2.7). The condition of Defini-
tion 1.2.3 requires the following diagram to commute (see Proposition 4.3.3 for more
details):

S(R) ——— V(R)
| |
(9)

— s (g)

S

Here the vertical arrows are the quotient projection to the (Poisson) Zhu algebra. It
is now clear what the problem is. The quantization map 1 maps monomial in S(g) in
symmetric polynomials in {(g) and ¢ maps monomial in S(R) into symmetric poly-
nomials in the normally ordered product in V(R), but the normally ordered product
is not compatible with the quotient projection V(R) — $i(g), so the diagram does not

commute.
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§ 1.3 | Main Results I

Let again R = C[0] ® g be a sub-linear vertex Lie algebra. Following the discussion in

the last section, it makes sense to consider the following quantization map:

1
¢S(R) — V(R) Uy ...Up — 5 Z ua(l) Xp oot Ky ua(n), (131)

: CTESn

where the non-associative x;, products are understood from right to left.
For a,b € S(R), let

axp b= ¢ Y (p(a) *, p(b)),

the pull-back of the %;-product via ¢. Our first result is the following.

Theorem 1.3.1. Any star-product on §(g) can be chiralized. In particular, the product
*, 18 a chiralization of the star-product defined by the symmetrization map S(g) — U(g),
in the sense of Definition 1.2.5.

Our next objective is to compute explicit formulae for x;. To do so, we first develop
some technical machinery to do computations with ;. In the case of the normally
ordered product, the commutator and the associators are expressed in terms of the
A-bracket and this makes computations much easier. We want something analoguous

for h-vertex algebras.

First, we observe that the h-deformed vertex operators satisfy a deformed version of

the so-called translation covariance axiom: in a vertex algebra V',
[0,Y (a,2)] = 0.Y(a,z),
while the deformed vertex operators satisfy

10, Yh(a, 2)] = (1 + h2)0,Yh(a, 2).

We introduce the following definition. Here we are assuming A € C*, but it would also

be possible to consider # a formal parameter (see Remark 3.2.2).

Definition 1.3.2 (Definition 3.2.1). An h-vertex algebra is a vector space V', a nonzero
vector |0) € V, and a linear map Y : V — End(V)[[z, 27!]], denoted by

a— Yy(a,z) = Z a(nyh)z_”_l,

ne”Z

satisfying the following axioms:

(fields) for all a,b € V, anb = 0for n >0, ie. Yy(a,2) is a End(V)-valued field for
all a € V;

(vacuum) Y5(|0), z) = idy, Y(a, 2)|0) € V][z]] and Yj(a, 2)|0)|.—=0 = a, for all a € V;
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(h-translation covariance) [0,Y:(a,z)] = (1 + hz)0,Ys(a, z), where the endomor-
phism 0 € End(V) is defined by Oa := a(_3)|0), for all a in V;

(locality) for all a,b € V, there exists N > 0 (dependant on a and b) such that

(Z - w)ND/h(a’v 2)7 )/ﬁ<b> w)] = 0.

Except for the translation covariance axiom, this is identical to the definition of a
vertex algebra. If we take the formal limit 7 — 0, we get back the definition of a vertex

algebra.

Proposition 1.3.3 (Proposition 3.2.3). Let V' be a vector space. If (V,]0),Y) is a
vertex algebra structure on V', then the h-deformed vertexr operators Yy defined as in
(1.2.8) give the structure of an h-vertex algebra. Conversely, if (V,|0),Y}) is an h-vertex
algebra, we can define a vertex algebra structure via
Y(a,z): =Yy (a, ;(ehz — 1)> , forallaeV.

an h-vertex algebra can thus be seen either as a deformation of a vertex algebra or as a
vertex algebra after the change of variable z — 1 log(1 + hz). Even if h-vertex algebras
are in bijection with vertex algebras via the change of variable, it is still convenient
to study the h-deformed vertex operators from the axiomatic point of view, as some
properties are not clearly deduced from the change of variable definition. In Chapter 3,
we study the structure of h-vertex algebras using only the axioms of Definition 1.3.2.
Among others, we prove results analogous to Goddard’s Uniqueness Theorem, the
Reconstruction Theorem, Borcherds Identity, and the OPE Expansion Formula. Most
importantly, we introduce an analogue of the A-bracket, which we call the h-bracket
(see Definition 3.3.1). If V' is an h-vertex algebra, then

A)nh
[A]hV®V—>V[A], [a,\b]h :Z( Tz"ra(nﬁ)b,

n>

where (M), = AA—h)...(A—(n—1)h). An h-vertex algebra can then be considered
as a differential algebra, with differential 0, and non-commutative, quasi-associative
product x;, = (—1, k), whose commutator and quasi-associativity formulae are written
in terms of the A-bracket (Theorem 3.3.7). Similarly, we introduce the notion of an
h-vertex Lie algebra (a vector space with an h-bracket) and an h-vertex Poisson algebra
(a commutative differential algebra with an h-bracket {-,-};). Under the change of
variable interpretation, the A bracket and the A bracket are related by the following

formula (see Proposition 3.3.3):

[ a]n=[asn]. (1.3.2)

The new formalism of h-vertex algebras makes the exposition of the theory of Zhu
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Vertex algebras h-vertex algebras

[axb] = Res.(**Y (a, 2)b) = Y50 2ramb | [axb]s := Res.((1 4 hz)™"Y;(a, 2)b)

:ab: — ba: = [%5]a \ bld\ axpb—bxpa=3", a0\
[ay :bc:] = :[axblc: + :blac]: [axb*pclp=0bxp[axcly+ [axbnxnc
+ fo/\ [[axb].cldp + 30 [[axd] n p clndp

Table 1.1: Formulae comparison (see Section 3.3 for definitions).

algebras simpler and more transparent (see Theorem 3.4.3). In particular, the A-
bracket simplifies greatly computations involving the (n, i)-products. Many formulae
for the A\-bracket involve derivatives and integrals in A\. For the h-bracket, we move from
infinitesimal calculus to discrete calculus (see Table 1.1): the derivatives become finite
differences and the integrals become definite sums, the inverse of finite differences (this
is denoted by 3, see Section 3.1 for more details). We can also construct an fi-analogue
of the integral A-bracket (Proposition 3.3.17) by using the definite sum instead of the
integral:
Iyi(a,b) :==ax*, b+ Z;[az blpo.

We describe now the general idea. Consider again our setting with R = C[0] ® g.
We can regard R as an h-vertex Lie algebra using (1.3.2). Then S(R) is naturally
an h-Poisson vertex algebra. Take the quantization map ¢ defined as in (1.3.1) and

define
Tual00) = 07 (Tn((a),00) ).

If we get an explicit formula for this “A-star-deformation”, we solve both the problems
we were considering. In fact, putting A equal to 0 recovers %, while putting A equal
to 0 gives a formula for the star-deformation of the Poisson vertex algebra S(R). We

call Iy a chiral star-product.

Consider Ry, the Lie algebra structure on R with Lie bracket given by

0

la,b] = Z_a_h[a 2 0oz,
and its universal enveloping (associative) algebra (Ry). Let m, : V ® V — V denote
multiplication using the Gutt star-product associated to the quantization of S(R) into
MU(Ry). Fix an ordered basis {u; },czr of R. Recall that V(R) is called a free-field vertex
algebra if the A-bracket on R takes values in C[\].

Theorem 1.3.4 (Corollary 4.4.11). If V(R) is a free-field vertex algebra, then

I)\,h,*(a7 b) = My O 0 Oexp (Z L;\ ® 8%) (a ® b)’

1€T
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where o s the operator x @ y — y ® x, and

Ay A Ja
LMa) =) Z—a—h{uj "y u@ﬁa—u] ox.

jeT
Now we consider the limit # — 0. The Lie bracket on R;, becomes
0
a, b] ::/ [a . bldz.
-

Notice that this is 0 in the free-field case, thus m, = m, the usual multiplication.

Theorem 1.3.5 (Corollary 4.4.15). Let V(R) be a free-field vertex algebra. The follow-
ing is an explicit formula for the star-deformation of S(R) induced by the quantization
map (1.2.7):
Iy.(a,8) = m o exp (Z 7Y a) (ab),
i€

where m s the multiplication map and

L)Ma) = Z/A ﬁ{u o) Uit dx.
7 = _ 8Uj J z+

We also obtain the formulae in the general case, in Theorem 4.4.10 and 4.4.14. They are
more complicated, but they still share some similar features with the Moyal-Weyl and
Gutt star-product formulae. In particular, they ultimately depend on some bidifferen-
tial operator, with coefficients given by the structure constants of the A-bracket (or the

h-bracket). We additionally recover the familiar form exp(bidifferential operator).

§ 1.4 | Isomorphisms of deformations and quantiza-

tions

Our work in Part II is in the spirit of Problem 2: understanding in which cases the
Poisson properties of the classical limit reflect the properties of the quantization. In
particular, we are interested in the relation between the isomorphisms of the quan-
tizations and the Poisson isomorphisms of the Poisson deformations of a symplectic
quotient singularity. We prove that these two classes of isomorphisms are equivalent

in the special case of Kleinian singularities of type A and D.

Consider a Poisson algebra B and a non-commutative associative quantization B.
There is a rich literature in the direction of Problem 2. For instance, in [Go], it is
conjectured that the prime and primitive spectra of the quantized coordinate rings are
respectively homeomorphic to the Poisson prime and Poisson primitive spectra of their
corresponding semi-classical limits when the base field is algebraically closed and of
characteristic zero. This conjecture has since been verified in several examples [Fr; GL;
Go]. In [LO2; LO1], the authors studied the derivations of certain deformations A, s of



CHAPTER 1. INTRODUCTION 15

the second Weyl algebra and the Poisson derivations of their semi-classical limit A, g,
proving that the first Hochschild cohomology group HH'(A, ) is isomorphic to the
first Poisson cohomology group HP'(A, ). In [COJ, it is proved that the endomor-
phisms of the generalized Weyl algebras are the same as the Poisson endomorphisms of
the Poisson generalized Weyl algebras. The connection between the 0-th Poisson ho-
mology H Py(B) and the 0-th Hochschild homology H Hy(B) was studied by Etingof and
Schedler in a series of papers [ES1; ES2; ES3; ES4|, proving that HPy(B) = HHy(B)
in many examples, including symmetric powers of isolated quasi-homogeneous surface

singularities and finite W-algebras.

A particularly interesting problem concerns the relation between automorphisms of
B and Poisson automorphisms of B. Consider a finite-dimensional symplectic vector
space (V,w). The Weyl algebra W (V,w) is a quantization of the symmetric algebra

S(V). Belov-Kanel and Kontsevich made the following remarkable conjecture:

Conjecture 1 ([BK2]). The automorphism group of the Weyl algebra W (V,w) is iso-
morphic to the group of Poisson automorphisms of the symmetric algebra S(V'), with

the Poisson structure induced by the symplectic form w.

The conjecture is verified for dim(V') = 2 and in higher dimensions for the subgroup of
tame automorphisms [BK2]. Conjecture 1 is connected to other important open prob-
lems in algebra and algebraic geometry, like the Jacobian conjecture and the Dixmier
conjecture (see [BK3; BER+]).

The symmetric algebra is a special example, being quite rigid, with the Weyl algebra as
its only quantization. In general, a graded Poisson algebra B may have numerous non-
isomorphic non-commutative quantizations. It is also possible to deform the Poisson
bracket to obtain filtered Poisson algebras whose associated graded is isomorphic to
B. We call such an algebra a (Poisson) deformation of B. In the literature, it is
common to see the terms deformations and quantizations used interchangeably. To
avoid confusion, in Part II we strictly reserve the term quantization for filtered, non-

commutative algebras and deformation for filtered Poisson algebras.

If G is a finite subgroup of the symplectic group Sp(V'), we can form the quotient of
V by the natural action of G, which is the variety V/G = Spec(C[V]%). Since G is
not a complex reflection group, V/G is not smooth by the Chevalley-Shepard-Todd
Theorem. It turns out that the symplectic quotient V/G is still “nice”; in particular, it
has only conical symplectic singularities (see [Be2] or Chapter 6 for technical details).
In [Nal], Namikawa constructed a Cartan space P and Weyl group W associated to a
conical symplectic singularity X, with W acting on B by crystallographic reflections,
and proved the existence of a universal Poisson deformation of C[X] over B/W. Re-
cently, Losev proved the existence of a universal filtered quantization of C[X], which

remarkably has the same parameter space [Lo2]. Let ¢, ¢ € B/W be two deformation
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parameters, and denote by X; ., X;» and Xy, Xy~ the corresponding quantizations
and deformations, respectively. We can consider either the associative algebra isomor-
phisms between X; . and X; »» or the Poisson isomorphisms between X . and X . As
¢, vary over the whole parameter space /W, we obtain two groupoids, which we
denote Iso(X) and PlIso(X), respectively.

Conjecture 2. Let V' be a finite-dimensional vector space, G a finite subgroup of
Sp(V), and consider the symplectic quotient V/G = Spec(C[V]Y). There is an isomor-
phism of groupoids

PIso(V/G) = Iso(V/G).

In particular, Conjecture 2 implies that, for every deformation parameter, the au-
tomorphism group of the corresponding quantization and the Poisson automorphism
group of the corresponding deformation are isomorphic. Conjecture 2 recovers the
BKK Conjecture 1 for G = {id}. In that case, 8 = 0 and we only have one Poisson
deformation (the symmetric algebra itself) and one quantization (the Weyl algebra),

so the groupoids become groups of automorphisms.

Notice that the associated graded of each of the quantizations of a symplectic quotient
singularity V/G is not the corresponding deformation but the algebra C[V]% itself.
Nonetheless, there is a different way to realize a deformation as the semi-classical limit
of the corresponding quantization. For each symplectic quotient V/G, Etingof and
Ginzburg [EG]| constructed a symplectic reflection algebra H;.(G), for all ¢ € C and
all ¢ in a certain vector space of dimension dim*B. The algebra H;.(G) is defined as
a quotient of the skew-ring 7 (V*) x G, where T (V*) is the tensor algebra of V*. Let
e = ﬁ > gec g be the canonical idempotent in CG; the algebra eH; .e is called the
spherical subalgebra of H;.(G). A result by Bellamy [Be3] shows that every filtered
Poisson deformation of C[V]% is of the form eHy e, for some c. In [Lo2], it is proved that
every filtered quantization of (C[V]G is of the form eH; .e, for some c. Since H;. = H; .
for all t # 0, we can regard every deformation as the semi-classical limit of eH, e
as t goes to 0. Unfortunately, this process does not provide a way to clearly relate

associative isomorphisms to Poisson isomorphisms.

The reductive part of the group of graded Poisson algebra isomorphisms of C[V]¢
acts on the space of deformations and quantizations as filtered (Poisson) algebra iso-
morphisms. By a general result of Losev [Lo2, Proposition 3.21 and Corollary 3.22],
these two actions coincide and induce all the possible filtered (Poisson) algebra isomor-
phisms between different deformations or quantizations. The general problem is much
harder to approach, as a priori we cannot exclude the existence of exotic, non-filtered

isomorphisms.
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Type Diagram Equation

An_l,nZQ "o ——o—0 xy—z”:O

D,, n>4 -~ o 4<< " ay? 2P
E6 ~—o—I—o—~ $4+y3_|_22
E7 »—o—I—o—o—~ $3y+y3+22
E8 b—o—I—o—o—o—« {L‘5 —|— y3 + 22

Table 1.2: Classification of Kleinian singularities

§1.4.1 | Kleinian singularities

We concentrate our study on the case dim(V') = 2, where we know the original BKK
Conjecture 1 holds. Recall that, in dimension 2, the symplectic group and the special
linear group coincide. Symplectic quotient singularities in dimension 2 are thus exactly
the Kleinian singularities, also known as Du Val singularities. Kleinian singularities and
their corresponding algebras of functions are classified by simply laced Dynkin diagrams
via the McKay correspondence (see [Mc|). Kleinian singularities are isomorphic to

surfaces in A3:

C[V/I'] = C[V]F 2 Clx,y,2]/(F), with F € C[z,y, 2].

There is extensive literature about the deformations and quantizations of Kleinian
singularities. Most of the results for general conical symplectic singularities were first
proved for Kleinian singularities. In this case, the Cartan space 3 and the Namikawa
Weyl group W are the actual Cartan space and Weyl group of the simple Lie algebra
associated to the corresponding Dynkin diagram. The universal Poisson deformation of
a Kleinian singularity coincides with its semi-universal deformation (see [LNS]). This
was already well studied by Grothendieck, Brieskorn, Kronheimer, and Slodowy (see
[S]] for reference). The quantizations of a Kleinian singularity were constructed by
Crawley-Boevey and Holland in [CH] as a family of algebras that they denote O*. In
[CH] it is also proved that O* is isomorphic to egIT*(Q)ey, the spherical subalgebra of
the deformed preprojective algebra of the McKay quiver () associated to the singularity.
Explicit presentation with generators and relations for the quantizations in type A
appeared in earlier works by Hodges [Ho|, Smith [Sm], and Bavula and Jordan [Ba;
BJ], who studied them as special cases of generalized Weyl algebras. For type D, an
explicit construction of the quantizations was given by Levy in [Le] and, using different

methods, by Boddington [Bol]. Explicit presentations are not known in type E.
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§ 1.5 | Main Results 11

The following theorem is the main result of Chapter 7.

Theorem 1.5.1 (Theorem 6.2.6). Let V/T' be a Kleinian singularity of type A or D.
Then
Plso(V/T") = Iso(V/T),

so Conjecture 2 holds in these cases. In particular, the groups of automorphisms of the
quantization and of Poisson automorphisms of the deformation corresponding to the

same parameter are isomorphic.

The proof of this result is explicit and is based on a case-by-case study, as detailed in
Chapter 7. Even though the results are uniform, the methods used to prove them are
quite different: algebraic for type A, geometric for type D. We briefly summarise the

proof strategy in the two cases.
§1.5.1 | Type A

The isomorphisms between the quantizations in type A were classified in [BJ], while
the Poisson side is less studied in the literature. The automorphism groups of the
deformations (considered as affine varieties) were computed by Makar-Limanov [Mal]
and further studied by Blanc and Dubouloz [BD]. Naurazbekova and Umirbaev stud-
ied in [NU] the groups of Poisson automorphisms of deformed Kleinian singularities in
type Ai. They proved that the groups are independent of the deformation parameter
and that they have an amalgamated free product structure. In the case n = 1, the
deformations and quantizations can be identified with quotients of the symmetric al-
gebra and universal enveloping algebra of sly, respectively. The automorphism groups
of these quotients of $i(sly) are known to have the same amalgamated free product
structure [Di; Fl], which implies that the two groups are isomorphic [NU, Theorem 5].
In Chapter 7, we show that these results can be generalized to n > 1, even if we no
longer have the sly structure in higher degree. The main difference is that, for n > 1,

the (Poisson) automorphism groups depend on the deformation parameter.

In Section 7.1.2 we give an explicit presentation for the automorphism groups of the
quantizations of type A Kleinian singularities and we prove that they have an amal-
gamated free product structure. Furthermore, we show that all the associative algebra
automorphisms descend to Poisson algebra automorphisms of the corresponding defor-
mation. In Section 7.1.3, we show that these are all the Poisson algebra automorphisms.

The following theorem summarises these results (for n = 2, refer to [NU]).

Theorem 1.5.2. Let n > 2. The group G of Poisson automorphisms of a deformation
of a An_1 Kleinian singularity is isomorphic to the group of automorphisms of the
corresponding quantization. The dependence of G on the deformation parameter splits

into two classes, one for generic and one for special parameters (see Theorem 7.1.14
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for more details):
(i) for special deformation parameter and n even, G = (Cly] x C*) xcx (C* X Z/27Z);

(it) for special deformation parameter and n odd, G = (Cly] x C*) %cx H, where
H=(C*Q|0=—1,A-Q=0- A" VAeC*);

(iii) for generic deformation parameter, G = (Cly] x C*) xcx (Clz] x C*).

The proof of Theorem 1.5.1 is then completed in Section 7.1.4, where the whole iso-

morphism groupoids are considered.
§1.5.2 | Type D

The isomorphisms between the quantizations in type D were classified in [Le|. In
type D, the affine automorphism group of the undeformed Kleinian singularity was
computed by Blanc in [Bl]. To our knowledge, the affine isomorphisms between defor-
mations were unknown; we compute them in Theorem 7.2.12, using techniques from
[Bl]. Let D. be a Poisson deformation of the Kleinian singularity of type D. We embed
it into a projective normal surface X, constructed as a hypersurface of the P2-bundle
over P! defined as P(Op1 & Opi(a) ® Op1(b)) (see Section 7.2 for more details). The
P2-bundle structure induces a conical bundle structure on X,. We prove the following

technical result (see Proposition 7.2.8).

Proposition 1.5.3. Let ¢, be two deformation parameters. Every isomorphism ¢ :

D. — D. extends to an isomorphism X, — X..

We can thus work with the surfaces X., which are easier to handle. We first compute
all the projective isomorphisms X, — X that restrict to isomorphisms D, — D.. By
the previous Lemma, these are all the affine isomorphisms D. — D.,. We are then
able to check which isomorphisms are Poisson, proving Theorem 1.5.1. In particular,
we can give an explicit presentation of the groups of Poisson automorphisms of the

deformations.

Theorem 1.5.4. Let n > 4. The group G of Poisson automorphisms of a deforma-
tion of a Dy Kleinian singularity is isomorphic to the group of automorphisms of the
corresponding quantization. The dependence of G on the deformation parameter splits
into three classes, one for generic, one for sub-generic, and one for special parameter

(see Corollary 7.2.2 for more details):
(i) for generic deformation parameter, G = (id);
(77) for n > 4 and special deformation parameter, G = 727,

(1ii) for n =4 and special deformation parameter, G = Ss, the symmetric group on 3

elements;
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(iv) for n =4 and sub-generic deformation parameter, G = Z/27.
§1.5.3 | Common features

If X = V/G is a symplectic quotient, then the group of graded Poisson automorphisms
of C[X] is equal to © := Ng,)(G)/G (see [Lo2, Lemma 3.20]).

From the results of Chapter 7, we know that, for Kleinian singularities of type A and D,
there are no “exotic” non-filtered isomorphisms in Iso and PlIso. In fact, in type D there
exist only filtered isomorphisms, while in type A the only non-filtered isomorphisms

are inner, that is they are the exponentiation of an inner nilpotent derivation.

For a Kleinian singularity X with Dynkin diagram A, the group of diagram automor-
phisms Aut(A) acts on C[X] by graded Poisson automorphisms, and can be identified
with a subgroup of ©. In every type except type A the diagram automorphisms coin-
cide with ©, while in type A they are a proper subgroup. In fact, © is generated by
Aut(A) and by “hyperbolic rotations”. For every A € C*, the corresponding hyperbolic
rotation on C3 is

(z,y,2) = Az, \ 7y, 2).

It is easy to check that these induce Poisson automorphisms of the A Kleinian sin-
gularities. Interestingly, the only generators in PIso(.A) that are not automorphisms
come from Aut(A). In other words, the action of the hyperbolic rotations and the
inner automorphisms on the moduli space B /W is trivial (see Chapter 8 for a precise

statement).

§ 1.6 | Thesis structure

This thesis is divided into two parts, reflecting the two directions of research.
Part I

In this part we discuss the problem of chiralization of star-products.

Chapter 2 serves as a preliminary for the remainder of Part I. In Section 2.1 we recall
the theory of formal distributions, which is the framework upon which vertex algebras
are built. In Section 2.2 we give an overview of notation, definitions and basic facts on
vertex algebras. Section 2.3 is dedicated to the A-bracket formalism and introduces the
related structure of a vertex Lie algebra. Poisson vertex algebras and the classical limit
of vertex algebras are discussed in Section 2.4. Finally, in Section 2.5 we explain the
construction of the associative and Poisson Zhu algebras. The main sources which are
used are [Kal; FB; DK2; Hu2; Zh]. All the results in Chapter 2 are well-known.

In Chapter 3 we introduce the notion of an h-vertex algebra, which is a vertex algebra
with a deformed translation covariance axiom. As we show, h-vertex algebras are
connected to the calculus of finite differences, so in Section 3.1 we give a brief overview

of the theory and the facts and definitions that are needed for our study. In Section 3.2
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we define an h-vertex algebra and explain how A-vertex algebras and vertex algebras are
related via the formal change of variable x +— %log(l + hz). Furthermore, we develop
a structure theory for h-vertex algebras, which is one of the main results of this thesis.
In particular, in Section 3.3 we construct an analogue of the A-bracket, which we call
the h-bracket, which has very useful application for the computations in Chapter 4. In
Section 3.4 we provide a different, shorter proof of the associativity of the Zhu algebra,
using the h-vertex algebra formalism. The material in Section 3.1 is well-known, the
main reference is [GKP]. The rest of the results are mostly novel, although some of

them appeared, with different proofs, in [Hu2; DK2].

In Chapter 4 we discuss the chiralization of star-products. In Section 4.1 we recall the
theory of star-products for Poisson algebras. In particular, we discuss the Moyal-Weyl
and Gutt star-products and their construction through quantization maps. In Section
4.2 we discuss the similar notion of star-deformations for Poisson vertex algebras. In
Section 4.3 we explain that these are not the correct chiral analogues of star-products.
We prove that instead the A-deformation of a star-deformation has all the desired
properties of a chiral star-product. In addition, we prove that in a class of important
examples, star-products for Poisson algebras always admit a chiralization. In Section
4.4 we present one of the main results of our thesis, the explicit formulae for a class of

chiral star-products, that includes the chiral Moyal-Weyl and Gutt star-products.

The conclusions of Part I are in Chapter 5, where we discuss open problems and
future directions. In particular, we explore the possible implications of our results
about A-vertex algebras and the Zhu algebras on the representation theory of vertex

algebras.
Part 11

In this part we discuss the isomorphisms of deformations and quantizations of conical

symplectic singularities.

Chapter 6 is a technical introduction to Chapter 7, which contains the main results of
Part II. After fixing the general notation and conventions, in Section 6.1 we give an
overview of the theory of deformations and quantizations of conical symplectic singu-
larities. In Section 6.2 we explain the main problem of this part of the thesis: proving
the isomorphism of the groupoids of isomorphisms of deformations and quantizations
of the algebra of functions of a conical symplectic singularity. This gives context and
motivation to the results of Chapter 7, which concern the special case of Kleinian sin-
gularities. In Section 6.3 we recall some basic facts about Kleinian singularities. In
particular, we provide the explicit presentations of the deformations and quantizations
of Kleinian singularities of type A and D. The results of this Section are not new. The

main references are [Ba; Be3; Ka3; Le; Lo2].

In Chapter 7 we prove the main result of Part II. The Poisson isomorphisms between
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the deformations of a Kleinian singularity of type A and D are equivalent to the
isomorphisms of associative algebras between the corresponding quantizations. The
proof is case by case. In Section 7.1 we prove the theorem in type A, while in Section

7.2 we prove it in type D.

Finally, in Chapter 8 we discuss the common features we observed between type A and

D and explore open problems and possible future directions.
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Part 1

Chiralization of star-products



Notation and conventions

If not stated differently, all vector spaces are assumed to be over C.

We often consider non-associative products. In the case of products between three or

more elements, unless we specify differently, we always mean that the products should

be computed from right to left:

a1ag -+ Ay 10, = aj(ag(- -+ (ap_1a,) ).

We provide below a table of commonly used notation for Part I:

Notation Meaning
U Vector space
A Associative algebra
A Poisson algebra
g Lie algebra
V Vertex algebra
V Poisson vertex algebra
R Lie vertex algebra
N The natural numbers {0,1,2,...}
SU) Symmetric algebra of U
W(U,w) | Weyl algebra of a symplectic vector space (U, w)
U(g) Universal enveloping algebra of g
V(R) Universal vertex algebra of R
Notation Meaning Name
Ulz] (SN anz"la, € U N € N} Polynomials
Ulz, 271 | {4 an2"|a, € U M, N € N} Laurent polynomials
UllZ]] {XZns0an2"la, € U} Formal power series
U((2)) {Xs_nan2"|a, € U N € N} Formal Laurent series
Ullz, 271] {>Xnez anz"a, € U} Bilateral series (formal distributions)




Chapter 2

Vertex algebras

This Chapter is a brief overview of the theory of vertex algebras. It serves as a prelim-

inary to Chapters 3 and 4, which contain the main results of Part I.

We start by recalling some basic facts and definitions about the theory of formal dis-
tributions (that is, power series with infinitely many integer powers) in Section 2.1.
This sets up the framework and the notation needed to define vertex algebras. The
definition is given in Section 2.2, where we also briefly discuss the structure theory of
vertex algebras. In Section 2.3 we recall the A-bracket formalism and the definition
of vertex Lie algebras, while Section 2.4 is dedicated to the classical limit of vertex
algebras: Poisson vertex algebras. We end by recalling the construction of the Zhu

algebra in Section 2.5.

§ 2.1 | Calculus of formal distributions

Definition 2.1.1. Let U be a vector space. A U-valued formal distribution in the

variable 21, ... , 2 is a bilateral power series a(zy, ..., z) € U[[z, ..., 2]
_ i i
a(zi, oy 2) = D A2
i1...1kEZ

For a one-variable formal distribution a(z) € U[[z, 27!]], we use the notation

a(z) =Y amz"", (2.1.1)

neL

a(z)y = amz""", a(z)- = amz""N
n<0 n>0
Remark 2.1.2. As usual, a multi-variable formal distribution is a one-variable formal
distribution, where the other variables are thought of as constants. In other words,
if R is the vector space U[[zf", ..., 25 ]], then U[[zf, ..., 2] = R[[z, 2 Y]], In
particular, we can define operators on the space of one-variable formal distributions

and extend them to multi-variable formal distributions.
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Remark 2.1.3. Assume that U, V, W are vector spaces with a product U @ V. — W.

It is always possible to extend it formally to a product on the spaces of distributions
Ullz, 27} @ V{[w,w™]] = W[[*, w™]].

If z = w though, the product is in general ill-defined, as the coefficient of one of
the terms z° may be an infinite series. There are some cases in which the products
are always defined, for example, the product of a formal distribution and a Laurent

polynomial or the product of two formal Laurent series.

The formal derivative on U[[z, 27!]] is defined as

=Y nap-nz" (2.1.2)

nez

The formal residue is, by definition, the coefficient of the z=! term:
Res. a(z) = a().
In particular, this implies:
am) = Res; 2"a(z), Vn € Z.

This motivates the seemingly unnatural indexing in (2.1.1). From (2.1.2) we get a short

exact sequence:

Res,

U 0.

0 U Ullz, 27Y) =2 Uz, 27Y]]

Integration by parts Let a(z),b(z) € A((z)) be formal Laurent series with coeffi-
)

cients in an algebra A. The product a(z)-b(2) is well-defined and the formal derivative
(2) -

0. acts as a derivation. Since Res,(0.(a(z) - b(z))) = 0, we must have

Res,(0.a(z) - b(z)) = — Res,(a(z) - 0,b(2)),

which corresponds to the integration by parts formula of the analytical residue.

Change of variables Let g(w) € U((w)) and f(z) € C][[z]] such that g(w) =
Yosn apw™ and f(z) = X,51 fa2", with fi # 0. Then the composition g(f(z)) €
U((z)) is well-defined as g(f(2)) = X,>ny an(f(2))". In fact, f(2)" € 2"C[[z]] for all
n >0, 50 Y,50a,(f(2))" converges in the topology of Ul[z]]. The usual change of

variables formula applies:

Res,, g(w) = Res.(9(f(2))0.f(2))- (2.1.3)



CHAPTER 2. VERTEX ALGEBRAS 28

In fact, we can write g(w) = a_jw™" + 9, A(w) for some A(w) € U((w)), so

Res: (9(f(2))0:f(2)) = a-1 Res.(f(2)7'0:f(2)) + Res. 0:(A(f(2)) = a-1,

because Res,(f(2)7'0.f(z)) = 1 by our assumptions on f(2).

Example 2.1.4. We shall be interested in particular in the following mutually inverse

change of variables:

(—1)k+ipk—1k

1
w=—log(l+hz) = ) (2.1.4)
h =1 k
1 . hk—lzk
=gt D=2

where h € C*.

Remark 2.1.5. The following motivates the name “distribution”. There is a non-
degenerate pairing U[[z, 27!]] x C[z,27'] = U defined by (a, f) := Res, a(z) f(z), for
a(z) € Ullz,27Y] and f(z) € Clz,z7!]. Tt is easy to see that all linear functionals
on C[z,27!] can be realized this way. A formal distribution can be thought of as a
linear functional on the space of Laurent polynomials. Formal distributions are then

distributions in the analytical sense, with C[z, z7!] as the space of test functions.

There are natural embeddings of the spaces of Laurent series C((z))((w)) and C((w))((2))
into C[[z*!, w*!]]. Consider now the element (z—w): it is invertible in both C((z))((w))
and C((w))((2)), but the two inverses are different in C[[z*!, w*']]. This defines two
different embeddings:

ivw C(2 —w)) = C((2))((w)) C C[[z=", w™]] e _1 ) — Z:Ow”z_"_l, (2.1.5)
b C((z2 —w)) = C((w))((2)) C C[[z**, w*]] e _1 ) = — E:Ow”z_"_l. (2.1.6)

From an analytical point of view, they correspond to series expansions in the domains

|z| > |w| and |w| > |z|, respectively.
Definition 2.1.6. The formal delta function is the two variables formal distribution
§(z —w) € C[[z*, w*!]] defined as:

3z = ) = (o — ) (=) = s

£—W nel

For all j € N, the j-th derivative of the formal delta function is given by:

L0502 = ) = (1ns — i) ((z—iv)”l> = (") yn iy, (2.1.7)

]‘ b neL J
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Proposition 2.1.7. For all formal distributions f(z) € U[[z,271]] the product

f(2)d(z — w) converges and
Res, f(2)d(z —w) = f(w).

Proof. This proposition is a formal analogue of the defining property of the analytical

delta distribution. It follows from a straightforward check:

f(Z)é(Z - w) — Z f(m)wnz—n—m—Q — Z (Z f(m)wk—m—l) Z_k_l.

kE€EZ \'m€EZ

A fundamental property in the theory of vertex algebras is locality.

Definition 2.1.8. A formal distribution in two variables a(z,w) € U[[z*!, w*!]] is
called local if there is a number N € N such that (2 — w)Na(z,w) = 0.

It is clear by equation (2.1.7) that 0/'d(z — w) is local, with N = n — 1. The following
theorem, due to Kac, provides a complete characterization of local formal distribu-

tions.

Theorem 2.1.9 (Decomposition theorem). For all j > 0, the derivatives of the delta

] can

function 09,6(z —w) are local. Any local formal distribution a(z,w) € U[[z*, w
be uniquely decomposed as a finite sum of derivatives of the formal delta function, with

formal distributions in w as coefficients:

N—

)_l

1

= (w)AP8(z — w),

Jj=0 J

where

d(w) = Res, a(z,w)(z — w)’ € Uljw,w™"]).
and N is such that (z — w)Na(z —w) = 0.

Proof. See [Ka2, Theorem 1.2]. O

We consider now the case where U has some additional algebraic structure, namely it

is a Lie algebra or an associative algebra.

Definition 2.1.10. Let g be a Lie algebra, and a(z),b(z) two g-valued formal dis-
tributions. Then a(z),b(z) are called mutually local (or simply local) if the formal
distribution [a(z), b(w)] € g[[z*!, w*!]] is local.

Definition 2.1.11. Let A be an associative algebra, and a(z), b(z) two A-valued formal
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distributions. The (n)-th product between a(z),b(z) is defined, for all n € Z, as
a(w)mb(w) = Res; (i.0(2 — w)"a(2)b(w) — iy.(2 — w)"b(w)a(z)). (2.1.8)
If n € N, formula (2.1.8) becomes

a(w)mb(w) := Res.(z —w)"[a(z), b(w)].

Remark 2.1.12. The special case of the (—1)-product is denoted by

a(2)b(z) = a(2)b():,

and it is known as the normally ordered product. From (2.1.5) and (2.1.6) it follows

that the normally ordered product can also be written as

:a(z2)b(2): = a(z)1b(z) + b(2)a(z)-—. (2.1.9)

Remark 2.1.13. We can compute (0,a(w))m)b(w) by integrating by part the residue
n (2.1.8):
(Owa(w))myb(w) = —na(w)q—1)b(w). (2.1.10)

By the Leibniz rule and (2.1.8) (2.1.10),
Ow(a(w)myb(w)) = a(w)n)0wb(w) — na(w)m—1)b(w)
= a(w) n)Ouwb(w) + (Owa(w))m)b(w),
hence 0, is a derivation of all (n)-products, for n € Z.

Theorem 2.1.14. Let A be an associative algebra, and a(z),b(z) two A-valued formal

distributions, mutually local. Then

_alw)gb(w)

YEs +:a(z)b(2): . (2.1.11)

=0 Zz w(

Proof. See [Kal, Theorem 2.3]. O

Formula (2.1.11) is known in quantum field theory as operator product expansion

(OPE for short). Physicists usually write only the singular part of it, as the more

informal: N
Z a(w ])b( w)
; ]+1 '
Jj=0

Definition 2.1.15. A (quantum) field on a vector space U is an End(U)-valued formal
distribution a(z) such that, for all b € U, there exists an N € N such that a,)b = 0,
for all n > N, ie. a(2)b € U((2)) for all a,b € U.
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Remark 2.1.16. (i) If a(z) is a field, then by (2.1.2) d,a(z) is still a field.

(ii) If a(2),b(z) are fields, then a(z)b(w)v and b(w)a(z)v are elements of the space
V((2))((w)) and V((w))((z)) respectively, for all v € V. By taking the residue
in z, we get an element in V((w)). This implies that the (n)-product of fields is
again a field for all n € Z.

Lemma 2.1.17 (Dong’s Lemma). Let a(z),b(z),c(z) be pairwise mutually local fields.
Then a(2)mb(z) and c(z) are mutually local fields for all n € Z.

Proof. See [Kal, Lemma 3.2]. O

§ 2.2 | Structure theory of vertex algebras

There are various equivalent definitions of a vertex algebra. The following one is the
most commonly found in the literature. As the nomenclature suggests, it is in the spirit
of quantum field theory; in fact, this definition gives a mathematical formalization to
the (right) chiral part of a 2-dimensional conformal field theory and can be derived

from the Wightman axioms for quantum field theory (see [Kal, Section 1.1]).

Definition 2.2.1. A vertex algebra is the data of a vector space V', a nonzero vector
|0) € V (called the vacuum vector), and a linear map Y : V' — End(V)[[z, 27!]] (called
the state-field correspondence), denoted by

a—Y(a,z) =Y amz """,

nez

satisfying the following axioms:

(i) (Fields) Y(a,z) is a field for all @ € V, i.e. for all a,b € V, ag)b = 0 for n > 0.

The fields Y (a, z) are often called vertex operators.
(ii) (Vacuum) Y(|0), z) = idy, Y(a, 2)|0) € V][z]] and Y (a, 2)|0)|.=0 = a.

(iii) (Translation covariance) The endomorphism 0 € End(V') defined as da := a(_2)|0),

for all @ in V, is called the (infinitesimal) translation operator. Then

[0,Y (a,2)] = 0.Y(a,2).

(iv) (Locality) For all a,b € V, there exists N > 0 (dependant on a and b) such that
(Z - U})N[Y((J,7 Z), Y(b> 'UJ)] = 0.
This set of axioms imposes strong restrictions on the vertex operators Y (a, z). Many

well-known identities can be deduced directly by the axioms; we give here an overview

of the most important ones. These classical results (see [Kal; FB] for reference) are
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proved in the case of h-vertex algebras in Chapter 3. We recall them for comparison
with the results in Chapter 3.

Theorem 2.2.2. Let V be a vertex algebra. The vertex operators Y (a, z) satisfy the

following identities:
1. Y(a, 2)|0) = e*%a, for alla € V;
2. (0a)(n)y = —na(—n-1y, for alla € V and n € Z;
3. (Skewsymmetry)

Y (a,2)b = €Y (b, —2)a, Ya,beV;

4. (n-product identity)

Y(amyb, z) =Y (a,2)m)Y (b, 2), Va,beV;

5. (Borcherds identity)

(2 —w)"Y (a, 2)Y (b, w) — iy (2 — w)"Y (b,w)Y (a, 2)
1 . (2.2.1)
= Z ﬁy(a(n+]’)b7 w)@fﬂé(z - w)a \V/CL, be V,TL € Z.

Jj207°

Remark 2.2.3. The Borcherds identity can be considered the fundamental identity
of vertex algebras, as the other identities can be deduced from it. In fact; the original
definition of vertex algebras by Borcherds in [Bo2] was given in terms of the Borcherds

identity, or better in terms of the coefficient version of (2.2.1): for all k,m,n € Z,
n i n
2o D @mn—) Bie) = (1) Dgrn—p) (Am+5)€))

7>0 \J
m
= Z ( j > (@(nt5)D) (k+m—s)C-

320

Remark 2.2.4. The (n)-product identity implies the following formula for the OPEs

of vertex operators (see Theorem 2.1.14):

Y(a(n)b, w)

bpw(z —w)ntt

Y(a,2)Y(bw)=>

n>0

+:Y(a,2)Y(b,w):.

Thus, the singular part of the OPE is controlled by the non-negative (n)-products.

The constraints the vertex operators need to satisfy force them to be unique, in the

following sense.

Theorem 2.2.5 (Goddard’s uniqueness theorem). Let V' be a vertezx algebra and B(z)
an End(V)-valued field, which is mutually local with all the fields Y (a,z), a € V.
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Suppose that, for some b€ V:

B(2)]0) = e*b.
Then B(z) =Y (b, 2).

A consequence of Goddard’s uniqueness theorem is the following result, which is useful

for constructing examples of vertex algebras.

Theorem 2.2.6. Let V' be a vector space, |0) a nonzero element in' V', and 0 € End(V).
Let {a'(2) }ier, (I an index set) be a collection of End(V)-valued fields such that:

1. [0,a'(2)] = d.a'(2);

2. 0|0) =0 and a'(2)|0) € V[[2]];

3. the linear map defined by a'(z) — a' := a'(2)|0)|.=0 s injective;
4. a'(z) and a’(z) are mutually local for alli,j € I;

5. the vectors al('}l) . aé;n)|0>, with js < 0 and is € I span V.

Then the formula

a_jl_l . a_jn_l
—Y(a,2)... —m——
(= — D! (@%,2) (=Jn — D!

defines the (unique) structure of vertex algebra on'V' such that |0) is the vacuum vector,

(Gn)

Y(a™, 2):,

O)?'Z) =

Y(a@l) ...a
d the infinitesimal translation operator, and Y (a', z) = a'(2), for alli € I.

The conformal structure

In many important examples (in particular, all of those coming from conformal field
theories), the vertex algebra comes with an associated conformal structure. That is,
there is a vector w € V such that Y(w, z) = L(2) := ¥,,cz L,27" 2 (note the unusual

indexing) satisfies the following:

(i) The operators {L,} span the Virasoro Lie algebra:

3 _
(L, Ly) = (m —n)Lpyn + 5m7_n%cidv,

for some ¢ € C, called the central charge;
(iii) Lo is a diagonalizable operator.

Definition 2.2.7. A vertex algebra V with a conformal vector w is called a conformal

vertez algebra or a vertex operator algebra (VOA for short).

Let V be a VOA. The operator L, induces a grading V = @ V[A], called the confor-

mal grading, by eigenspace decomposition. For an eigenvector a € V, let A, be the
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corresponding eigenvalue.

Proposition 2.2.8. Let a € V[A,] and b € V[Ay]. The conformal grading satisfies
the following:

1. A|0> = O,‘
2. Noa = Ay +1;

3. Aa(n)b =A,+Ay—n—1, foralln € Z.

Proof. This follows from a direct computation. See [DK2, Proposition 1.15] for details.

[
§ 2.3 | A-bracket formalism
Let V' be a vertex algebra. Since (0a)yn) = —nag—1) for all @ € V, n € Z, all the
negative products can be obtained from the (—1)-product via
1
a(n)b = ﬁ(ﬁna)(,l)b, Ya,b e V. (2.3.1)

The whole vertex algebra is then determined by the (—1) product and by the non-
negative products (or by the singular part of the OPEs, from the physical point of view).
It turns out that the non-negative products can be packed together to create a Lie-like
structure, called the A-bracket. The following definition is due to Kac [Kal].

Definition 2.3.1. A vertex Lie algebra is a vector space V' together with an endomor-

phism 0 and a bilinear operation, called a A-bracket
[A]: VRV =V C[\,

that satisfies the axioms:

(i) (skewsymmetry) [a b] = —[b_x_sal;
(ii) (sesquilinearity) [Daxb] = —]ayb], [a\0b] = (A + 0)[azb];
(ili) (Jacobi identity) [[arb]a+uc] = [ar[buc]] — [bularc]].

Note, here we have used the following notation: if [axb] = 3,50 27 a(m)b, then by [ax;b]

(A+0)™
n!

we mean y_,>q (a(myb), with O acting on the coefficients a,)b.

Remark 2.3.2. Every vertex algebra is a vertex Lie algebra, with 0 given by the
infinitesimal translation operator, and the A-bracket defined as
Az A"
[axb] :=Res, (Y (a,2)b) = > Ha(n)b.

n>0
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The following is an equivalent definition of a vertex algebra, due to Bakalov and Kac
[BK1].
Definition 2.3.3. A vertex algebra is a quintuple (V,|0), 0, [-x-],::) such that

(i) (V,0,]-a]) is a vertex Lie algebra;

(ii) (V,]0),0,::) is a unital, non-commutative, non-associative differential algebra (i.e.
0 is a derivation of the product ::), with unity |0), which satisfies the following
two axioms:

0
ab: — :ba: = / laxtlax,

(ab)e: — sa(he:): = - (/08 dA b> laxd]: + : (/Oa d)\a> [brdl:

(iii) The A-bracket and the product :: are related by the so-called right and left non-

commutative Wick formulae

lax :be:] = :[axble: + blax clw: + /0A l[axblcldp,

by
[:ab:xe] = :alby oo + blay, s c): —i—/o [bular—pc]]dp.

In Definition 2.3.3 we have used the following notation:

: (/Oad)\b> laxc]: = Z: (/06 )\nd)\b> A(n)C: = Z :(fj_:lb)!(a(j)c):'

|
n>0 n. n>0

By 0W (respectively ) we mean that the 0 acts only the first term of the product

(respectively the second), i.e. we have

Bayeomd: = Y (“*“%) -

|
n>0 n.

The product :: is called the normally ordered product (it corresponds to the (—1)
product of Definition 2.2.1).

Definition 2.3.3 is usually much more convenient for computations and allows us to
think of vertex algebras as chiral analogues of associative algebras. To any associa-
tive algebra we can associate a Lie algebra using the commutator, and the universal
enveloping algebra provides an adjoint to this functor. Similarly, to any vertex alge-
bra, we can associate a vertex Lie algebra (that now controls both the commutator
and the associator of the normally ordered product) and there is an adjoint universal

construction.

Theorem 2.3.4. Let R be a vertex Lie algebra. There exists a “universal vertexr alge-
bra” V(R) such that R — V(R) and, for any vertex algebra V' and vertex Lie algebra
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morphism f: R — V, there is a vertex algebra morphism V(R) — V such that

V(R)

R%V

is a commutative diagram.
Proof. We define a bracket on R as

(a,b] = /Oa[aAb]dA.

By a straightforward check, using properties of the integral, this is a Lie bracket. Con-
sider the universal enveloping algebra (R ;) associated to this Lie algebra structure.
We define a vertex algebra structure on Y(Rp;.) by constructing a normally ordered
product and a A-bracket satisfying the axioms of Definition 2.3.3. It is sufficient to
define them on the PBW basis of U(Rp;). We proceed by mutual recursion on the
degree of the monomials. For a,b € R the A-bracket is the one on R and :ab: = ab.
The formulae of Definition 2.3.3 extend these recursively, in a unique way, to the
whole of Y(Rpr;). Then V(R) is U(Rp;) with this vertex algebra structure. Since
:aB: = aB for all a € R and B € $(Rp;), the PBW property of $(Rp;.) implies
that the PBW monomials with respect to the normally ordered product form a basis

of V(R). The map for the universal property is defined on the PBW monomials as
Uy Ut f(ug) - f(ug): O

Remark 2.3.5. This construction of V(R) differs from the one most commonly found
in the literature (see for example [FB]). A proof of their equivalence can be found in
[DK2, Section 1.7].

Theorem 2.3.4 holds in the greater generality of non-linear vertex Lie algebras (see
[DK1, Theorem 3.9]). The definition of a non-linear vertex Lie algebra is quite technical
(see [DK1, Definition 3.1]). Intuitively, it is a vector space R with a A-bracket valued
in 7(R)[\], that satisfies the same axioms of Definition 2.3.1. Some technicalities are
needed to give meaning to the axioms on T (R). We shall consider a special case of

non-linear vertex Lie algebras, that we call “sub-linear”.

Definition 2.3.6. A sub-linear vertex Lie algebra is a vector space R, together with

an endomorphism 0 and a A\-bracket
2] R®R— (R C)[N],

such that the axioms of Definition 2.3.1 hold on R & C, with the A-bracket extended
by
[Ci—]=[-sC]=0.



CHAPTER 2. VERTEX ALGEBRAS 37

Alternatively, a sub-linear vertex Lie algebra is the quotient of a central extension of

a vertex Lie algebra by putting the central element equal to a constant.

Example 2.3.7. Many important examples of vertex algebras are of the form V(R),

where R is a sub-linear vertex Lie algebra.

1. The fv-system of rank n is the vertex algebra V(R), where R is the free C[J]-
module generated by x1,...,2,,y1,...,Yn, with bracket induced by

[fEiij] :(51',]' Vi,je {1,,71}

2. Let U be a vector space with a symmetric bilinear form (-|-). The free-boson
vertex algebra is V(R), where R = C[0] ® U with A-bracket induced by

[urv] = Mulv), Vu,veU.

The special case where U is one-dimensional is also known as the Heisenberg

vertex algebra.

3. Let g be a Lie algebra with a symmetric, invariant bilinear form (-|-). The affine
vertex algebra at level k € C, denoted as V¥(g), is V(R), where R = C[0] ® g,
with A-bracket induced by

[urv] = [a,b] + k(ulv)A, Yu,v e U.

4. The Virasoro vertex algebra Vir., with central charge ¢ € C, is V(R), where R
is the free C[0]-module generated by a single element L, with A-bracket
[LaL] = A+ )L+ A"
Remark 2.3.8. This setting is rather general. Let V be a vertex algebra, PBW
generated by a free C[0]-module R. Fix a basis of R and let B be the corresponding
PBW basis of V. We assume that the coefficients of the A\-bracket on elements of R,
when written in terms of B, are polynomials of degree 1 in R. Then by a result by De
Sole and Kac [DK1, Theorem 6.4], R admits the structure of a sub-linear vertex Lie

algebra compatible with the vertex Lie algebra structure of V', so that V' is canonically
isomorphic to V(R).

The integral \-bracket

There is an additional, equivalent definition of a vertex algebra, introduced by De Sole
and Kac in [DK2, Section 1.9]. It rewrites the axioms of Definition 2.3.3 in terms of

an operator I,(-,-) called the integral A-bracket.

Definition 2.3.9. A vertex algebra is a quadruple (V,]0), T, I,), where V is a vector
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space, 0 # 10) € V, 0 € End(V) and I, : V®V — V ® C[A] is a bilinear map that

satisfies the following axioms:

(a) (unity)
1,(10),a) = I\(a,|0)) =a Va€V;

(b) (sesquilinearity)

d d
a])\(aa, b) = —/\al)\(a, b) s

and
d(Ix(a,b)) = I\(0a, b) + I\(a,0b) Va,beV;

(c) (skewsymmetry)
])(CL,Z)) :]_)\_a(b,a), Ya,b e V;

(d) (Jacobi identity)

I(a,I,(b,c)) — 1,(b, Ix(a,c)) = Iyu(In(a,b) — I_,_s(a,b),c), Va,b,ceV.

Remark 2.3.10. To go from Definition 2.3.3 to Definition 2.3.9, define the integral
A-bracket I, as

A
I\(a,b) := :ab: +/ [a,b]dx.
0
To go the other way, define the A\-bracket and the normally ordered product as

d
cab: = Ip(a,b), [apnb] = a],\(a,b).

Remark 2.3.11. Intuitively, I;(a,b) should be thought as [*_[a , b]dx, subject to an

“integral version” of the vertex Lie algebra axioms. For example, for skew-symmetry,

A —A—0

bwgalde = [ " byaldy = I olba),

—00

[a,bldr = —//\

—0o0

Lv(a,b) = /

—0o0

using a change of variables.

The integral A-bracket formalism gives a more elegant definition of a vertex algebra,
which packs together properties of the normally ordered product and the A-bracket
in the axioms of a vertex Lie algebra written in “integral form”. For example, the
integral form of the Jacobi identity implies both the Jacobi identity of the A-bracket, the
non-commutative Wick formulae, and the quasi-associativity of the normally ordered
product. This will be useful for computations of the chiralization of star-products, as

explained in Chapter 4.
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§ 2.4 | Classical limit

A Poisson algebra is a commutative algebra with an additional, compatible Lie algebra
structure. Similarly, a Poisson vertex algebra is a commutative vertex algebra with
a compatible vertex Lie algebra structure. A commutative vertex algebra is a vertex
algebra with A-bracket equal to 0. According to Definition 2.3.3, this is just a commu-
tative differential algebra. In the formalism of Definition 2.2.1, the vertex operators

are defined as
Y (a, 2)b := (e*%a) - b.

Definition 2.4.1. A Poisson vertex algebra is a unital, associative, commutative dif-
ferential algebra (V,1,-,0) with associated a bilinear operator, called the Poisson A-
bracket

{2} VRV —=>VC[\,

satisfying the following properties:
1. (V,0,{-,-}) is a vertex Lie algebra;
2. (right Leibniz rule) {aybc} = {axb}c + {arc}d;
3. (left Leibniz rule) {abyc} = {a,\+aci>b + {bA+aci>a.

By {axtsc } b we mean that 0 acts on the term indicated by the arrow, i.e.
%

{ansoc} b= ;'(a(n)c)()\ + o),

n>0 """

Example 2.4.2. Let R be a (sub-linear) vertex Lie algebra. Then the symmetric

algebra S(R) has a natural structure of Poisson vertex algebra, with Poisson A-bracket
{axb}y =[axb],
for all a,b € R and then extended by the left and right Leibniz rule.

Remark 2.4.3. If g is a finite-dimensional Lie algebra, then S(g) is isomorphic to
C[g*] with the Kirillov-Kostant—Souriau Poisson bracket. Similarly, if R = C[0] ® g,
then S(R) is isomorphic to C[J.g*], the algebra of functions over the arc space of g*.
That is, S(R) is the algebra of differential polynomials on g.

Definition 2.4.4. A good filtration on a vertex algebra V' is a filtration V' = U,,>o I,V
such that:

1. OF,V C F,V;

2. (V) (FRV): C FymV;
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3. [FV A F,V] C Foym-1V[\, with A placed in degree 0.

If V has a good filtration, then gr(V') has a natural structure of graded Poisson vertex

algebra, with derivation d(a + F,_1V) = da + F,,_1V, commutative product
(a+ FoaV)(b+ FpaV) = :ab: + Foyn1V,
and Poisson A-bracket
{a+ F, 1V b+ F, 1V} =laxb + Foim_2V[A,

for a € F,V and b € F,,V. It is easy to see, from the identities of Definition 2.3.3 and
from the fact that the A-bracket is of negative degree, that all the axioms of Poisson

vertex algebras are satisfied.

Example 2.4.5. Let R be a vertex Lie algebra and consider its universal vertex algebra
V(R). The PBW basis of V(R) induces a good filtration by the degree of the PBW
monomials. This follows easily from the relations in Definition 2.3.3. The associated
graded is isomorphic to S(R) as a Poisson vertex algebra. This can be extended to
sub-linear vertex Lie algebras as well. To do so, we need to introduce a formal variable

of degree 1 and homogenize the A\-bracket, before computing the associated graded.

§ 2.5 | The Zhu algebra

Let (V,0,]0),Y) be a vertex algebra. Let h € C* and consider the formal, invertible
change of variables z = 3 log(1 + kz) (2.1.4). Define the following A-deformed state-

field correspondence:

Yi(a,z) =Y (a,z) =Y (a, ;log(l + hz)) , YaeV. (2.5.1)

Proposition 2.5.1. For all a € V, the h-deformed vertex operator Yy(a,z) is a well-
defined End(V')-valued quantum field.

Proof. We need to show that Yj(a,2)b € V((z)) for all a,b € V. Write Yj(a,z) =

—n—1
> onez Ampyz ', Where

1
a(n,ny = Res. (2"Yj(a, 2)) = Res, (hn(eh’m - 1)"Y (a, x))
1

= Res, (hn(em - 1)”eh$Y(a,x)> :

using the change of variables formula (2.1.3). We expand

1

ﬁ(ehac o 1)n€hx — Z CnfL‘n,

k>n

so that ag,n = Yg>n Cnl(n). In particular, a, ) is a well-defined endomorphism of V/,
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as ag,nb € V for all n, and a(, ;b = 0 for n > 0. O

Define the two following products, for a,b € V:

ha

a*pb=acinb=Res, (ehze 1Y(a, x)b) :

h2€hx
a Oy b = a(,Q’h)b = ReSx (MY(CL, I’)b) .

Theorem 2.5.2. The space (V o, V') is a two-sided ideal with respect to the xj, product.
Moreover, the %, product induces the structure of a unital associative algebra on the

quotient

Zhuy(V) = V/(V o, V). (2.5.2)

Proof. This is proved in [Hu2, Proposition 6.1] using lengthy computations with the
residue. We provide a different, more natural proof, using the formalism of A-vertex
algebras introduced in Chapter 3 (see Theorem 3.4.4). O

Definition 2.5.3. The Zhu algebra associated to V is Zhu(V') defined as in (2.5.2),
with A set equal to 1.

Remark 2.5.4. This construction of the Zhu algebra is due to Huang [Hu2| and,
despite being equivalent, it appears very far from the original construction by Zhu
[Zh]. From our point of view, Definition 2.5.3 is more convenient; we briefly explain
the other construction and their connection below. We refer to [DK2] and [vEH] for a

streamlined exposition of the two original constructions.

Let V be a VOA, with conformal grading V' = @ V[A]. Define the following A-deformed

state-field correspondence:

Vila,z] = (1 + hz)2Y (a,2) = > appz """, (2.5.3)

nez

for a € V[A,] and extended by linearity. Define two products on V:

Aq
a ey b:= a[_17mb = Z < k )hka(k_l)b, (254)
k>0
AV
a Xp b= a[,m}b = Z I h a(kfg)b, (2.5.5)
k>0

where the second equality holds only for homogeneous a,b € V. Then again one can
prove that V' x,V is a two-sided ideal for e; and that the quotient is a unital associative

algebra. Then one defines the Zhu algebra as

Zh' (V) := (V/V th>

(2.5.6)

h=1
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The equivalence of the two constructions is due to the following fact.

Theorem 2.5.5. For any a € V, define

e —1
Y'(a,2) =Y | "loq, — ] (2.5.7)
ThenY' gives a VOA structure on' V' and there exists an isomorphism of vertex algebras
T:(V,00),Y) = (V,]0),Y"). In particular,

ehz o
Y €hZLOCl, - -

1

) =TY(T 'a,2)T . (2.5.8)
Proof. This was originally proved in [Zh, Theorem 4.2.2], and is a special case of
Huang’s change of variables formula (see [Hul, Section 7.4]). The isomorphism 7' is
given by T' = exp (ZiZO liLi), where the coefficients [; are the (unique, up to a multiple

of 27i) complex numbers such that

>0

e —1 i+1
3 = exp Zliz o, | z.

Consider now Y)/(a, z). By (2.5.1) and (2.5.7),

Y/ (a,z) =Y’ (a, 711 log(1 + hz)> =Y ((1 + hz)loa, z) = (14 h2)2Y (a, 2) = Yi[a, 2].

Then formula (2.5.8) gives

1
Yila,z] =Y’ (a, 7 log(1 + hz)> =TYW(T "a,2)T 71,

or, in other words,
T(amnb) = (Ta)py(Th), Va,beV,Vnc Z.

Hence T descends to an algebra isomorphism 7' : Zhu(V) — Zhu'(V), with Zhu'(V)
defined as in (2.5.6).

Remark 2.5.6. The isomorphism between the two constructions of the Zhu algebra
is remarkable, as the second construction depends on the conformal structure, while
the first one does not. In particular, this proves that the Zhu algebras associated to
different conformal structures are isomorphic. The change of variables construction
is more general, as it works also for vertex algebras that do not admit a conformal

grading (of course, in those cases, the isomorphism 7" cannot be defined).

Remark 2.5.7. The Zhu algebra Zhu(V') plays a crucial role in the representation

theory of V. Zhu proved in [Zh] that there is a bijection between irreducible “positive
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energy” V-modules and irreducible modules of Zhu(V).

To a Poisson vertex algebra V with a conformal grading is associated a Poisson algebra,
which we again refer to as the Zhu algebra of V and denote as Zhu(V). To the best
of our knowledge, only the construction via conformal grading has been generalized to
the Poisson case (see [DK2, Section 6]). We provide a generalization of the change of

variables construction to the Poisson case in Section 3.4.

Let V = @a V[A] a Poisson vertex algebra with a conformal grading. That is, the grad-

ing satisfies the relations of Proposition 2.2.8 for the non-negative n-products.

Definition 2.5.8. The Zhu algebra associated with V is

The Poisson structure is induced by
A, —1
{a,b} :=>" < f )a(k)b,
k>0
for homogeneous a,b € V, then extended by linearity.

Theorem 2.5.9. IfV is the associated graded of a vertex algebra V', then Zhu(V) is

the associated graded of Zhu(V'). In other words, the following diagram commutes

Poisson vertex algebras «—;—— Vertex algebras

JZhu Zhul (2.5.9)

Poisson algebras «—g—— Associative algebras
Proof. For a proof, see [DK2, Section 6]. [

Definition 2.5.10. Let A be an associative algebra such that A = Zhu(V), for some
vertex algebra V. We say that V is a chiralization of A. Similarly, if A is a Poisson
algebra such that A4 = Zhu(V), for some Poisson vertex algebra V, we say that V is a

chiralization of A.



Chapter 3

h-Vertex algebras

In this chapter, we introduce the notion of an A-vertex algebra. We define it as a
vector space with a state-field correspondence satisfying the vertex algebra axioms,
with a deformed translation covariance. From this point of view, an A-vertex algebra
is a deformation of a vertex algebra with respect to the parameter h. As we show in
Proposition 3.2.3, h-vertex algebras are in fact in bijection with vertex algebras, via
the change of variables

Z ililog(l + hz), (3.0.1)

discussed in Section 2.5. Therefore, h-vertex algebras are not a completely new struc-
ture. We show however that our axiomatic viewpoint allows us to obtain relations for
the deformed (n, h)-products that cannot be easily proved using only the change of

variables definition. Our main results are the following:

o A complete structure theory of hA-vertex algebras. We show that all the usual
results about the structure theory of vertex algebras admit a generalization to A-
vertex algebras. Among others, we prove results analogous to Goddard’s Unique-
ness Theorem, the Reconstruction Theorem, Borcherds Identity, and the OPE

Expansion Formula.

« We define an analogue of the A-bracket, which we call the h-bracket (see 3.3.1).
We show that the h-bracket controls both the commutator and the associator
of the (=1, h)-product. Our theory of h-vertex algebras, and the h-bracket in
particular, makes computations with the deformed (n,h)-products much easier.
We believe that this can be useful for computations of higher-level Zhu algebras,
which are usually quite complicated to construct explicitly [DLM]. Our main

application is to the explicit computation of chiral star-products in Chapter 4.

o The formalism of h-vertex algebras allows us to give a much more natural con-
struction of the Zhu algebra. As explained in Section 2.5, the construction of the
associative Zhu algebra requires an intermediate step, which is a deformation of

the vertex operators Y (a, z) — Yj(a, z). These h-deformed vertex operators can
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be constructed using the conformal structure, like in the original paper by Zhu
[Zh], or via the change of variable (3.0.1) following Huang [Hu2]. The h-deformed
vertex operators form an h-vertex algebra. The novelty of our approach is to
relate the Zhu algebra directly to this h-vertex algebra. Using the h-bracket for-
malism, we show that an h-vertex algebra has a very natural associative quotient.
This is easily seen to be isomorphic to the Zhu algebra of the vertex algebra we
get by sending A — 0. This proof avoids the usual complicated computations

(see Section 3.4 for more details).

For a more uniform exposition, we prove all our results about A-vertex algebras starting
from the axioms, even when a different proof would be possible using the change of
variables and the properties of vertex algebras. In [DK2], the authors derived some
identities of the h-deformed vertex operators, but their work relies the conformal grad-
ing definition. We recover those results in greater generality, without using the confor-
mal structure and with simpler proofs. Since vertex algebras are h-vertex algebras at
h — 0, our results imply the structure theory of classical vertex algebras (see Chapter

2 for comparison).

§ 3.1 | Calculus of finite differences

We start this chapter by recalling some basic definitions and facts about the calculus of
finite differences, which are needed for our results involving the A-bracket (see Section
3.3). The results presented are mostly standard, see [GKP, Section 2.6] for reference.
The operators introduced below can be defined on many function spaces. We are
mostly interested in polynomial functions, but most of the results still hold for more
general function spaces. The limit A — 0 gives back the usual results of infinitesimal

calculus.

Let f be a function C — C and h € C*. Denote by S the shift operator:

Sulfl(x) := flz +h).

Definition 3.1.1. The finite difference operator A; is defined as (S; — I)/h, where I
is the identity operator; that is

[+ h) = f(x)

Malf)(w) = T2

It is clear that Ay is a linear operator and that A, — 0, as h — 0. Denoting by x the

operator “multiplication by x”, the following commutation relation holds:
[Ap, xS =1 (3.1.1)

Under the limit # — 0, this becomes the usual commutation relation [0,,z] = I. Be-
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cause of (3.1.1), a large number of formal relations of standard differential calculus in-
volving functions f(x) map systematically to discrete analogues involving f(xS; ' (1)).
Definition 3.1.2. The falling factorial (also known in the literature as the Pochham-
mer symbol), is defined, for n € N, as
n—1
(@) i=x(x—1)...(z— (n—1)) = [] (= —1). (3.1.2)
=0

If x € N, the falling factorial is related to the binomial coefficient by

(@ _ (x> (3.1.3)

We can use (3.1.3) as a definition to extend the binomial coefficient to all x € C and
n € N.

The k-Pochhammer symbol or k-falling factorial [DP] is a generalization of (3.1.2),
depending on a parameter k. To be consistent with our notation, we will use A in place
of k and define:

n—1
(2)np =a(x—h)...(x — (n—1)h) = ] (x —ih) = K" (z/h),. (3.1.4)
=0
By a slight abuse of notation, we will use the terminology “falling factorial” to refer to
both (3.1.2) and (3.1.4).

Since (), = (£S;1)"(1), we can consider the falling factorial a discrete analogue of

the monomial z™. In particular, from (3.1.1) we have
Anl(@)na] = Anl(Sy )" (1)] = 028, )" (1) = n(@)n-1-

Notice also that

(@t _ @/ W _ 1 (x/ h)

n! n! n

The following are some useful formulae when dealing with falling factorials:
(@)nn = 2(x = B)p—rn = (¢ = A(n = 1)) (2)n-1,,

(@)nsmp = (@)nn(2 = 2R,

(—1)n($)n7h = (—SI? + (n — 1)h)n,h~ (315)

We consider next the inverse of the finite difference operator, which is a discrete ana-

logue of the integral.

Definition 3.1.3. The indefinite sum of a function ¢ is defined as

>_g(@)oz = {f| An[f](z) = g(x)}.
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Take f € 3 g(z)0x and a,b € C such that a — b € hZ. The definite sum of g from a to
b is defined as

S gla)x = f(b) — f(a). (3.1.6)

The definition of the definite sum is well-posed due to the following theorem

Theorem 3.1.4. If f and [’ are two functions such that Ag[f] = Aulf'], then f =
f'+ C, where C is a periodic function of period h.

Proof. See [GKP, (2.46)]. O

Remark 3.1.5. If g is a polynomial function then the definite sum (3.1.6) is well
defined for arbitrary a,b € C, because the only periodic polynomial functions are the

constant functions.

Note that, by definition, definite sums are linear operators and satisfy the following

relations:

SO=3T4Y (3.1.7)
Sh=oy (3.1.8)

Theorem 3.1.6. If the extremes a,b of a definite sum are such that a — b € hZ, then

the definite sum is equal to

b—nh

b
> 9@z =h)_ g(k),
k=a
where by the sum on the right we mean g(a) + g(a +h) +--- + g(b —2h) + g(b — h).
Proof. See [GKP, (2.48)]. O

There are many more similarities between discrete and infinitesimal calculus, for ex-
ample, there is an analogue of the Leibniz rule and integration by parts (see [GKP]).
However, we have no general formula for the discrete change of variables, because there
is no analogue for the discrete chain rule. In our case, we will only need a basic change

of variables, of the form z — ¢ + z.

Proposition 3.1.7. The following formulae for the change of variables hold, for all
aecC

b b+
Za(x + a)pp b = Zaia(x)nﬁ ox;

ZZ(_x Q)T = — —btath

7a+a+h(x)nﬁ ox.

Proof. This follows from a straightforward check. O]
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It makes sense to consider multiple definite sums. As it happens for multiple integrals,
in some cases it is convenient to exchange the order of summation. We do not have a

general rule for that, but we can do it in some special cases.

Proposition 3.1.8. Suppose f(z,y) € Clz,y|. Take a finite number of formal pa-
rameters t,tq,... ,t,. Take a,a’,b,b' in the Z-span of ti,... ,t,, and c,c,d,d in the
Z-span of t,tq, ... ,t,, such that, if we specialize (ty,... ,t,) to any element in (RZ)",

we have
(a <z <b-h)A(c(x) <y <d(@)—h) <= (d <y<V-h)A((y) <z <d(y)-h)
Then

> bx Zd(()) Syf(a.y) =3, 8y Zf,((y) Saf(x,y), (3.1.9)

Y)

where c(x) := c(x,t1,...,t,) and so on.

Proof. Both sides of the equation (3.1.9) are polynomials in C[tq, ... ,¢,]. Thus, if they

coincide for every value of (¢y,... ,t,) € (hZ)", they are equal.

Let (t1,... ,t,) € (hZ)". Then we can use Theorem 3.1.6 to rewrite (3.1.9) as

b—h d(k)=T v—h d'()=h
> > fh=3 > fk),
k=a l=c(k) l=a" k=c'(l)
which is just the reordering of ordinary sums. O

§ 3.2 | Structure theory of h-vertex algebras

Let A~ € C*. The definition of an h-vertex algebra is the same as that of a vertex

algebras (see Definition 2.2.1), with an h-deformed translation covariance axiom.

Definition 3.2.1. an h-vertex algebra is the data of a vector space V', a nonzero vector
|0) € V, and a linear map Y} : V' — End(V)[[z, 27!]], denoted by

a— Yy(a,z) = Z a(nyh)z_”_l,

ne”L

satisfying the following axioms:

(Fields) for all a,b € V, a@mpb =0 for n > 0, i.e. Yy(a,2) is a End(V)-valued field
foralla e V.

(Vacuum) Y;(|0), z) = idy, Yi(a, 2)|0) € V][z]] and Yx(a, 2)|0)|.—0 = a, for all a € V.

(h-translation covariance) The endomorphism 0 € End(V') defined as da := a(_a1)|0),

for all @ in V, is called the (infinitesimal) translation operator. Then

[0,Yi(a, 2)] = (1 + h2)0.Yx(a, 2).
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(Locality) For all a,b € V, there exists N > 0 (dependant on a and b) such that

(z —w)N[Yi(a, 2), Ya(b,w)] = 0.

Remark 3.2.2. Alternatively, it is possible to define an h-vertex algebra by taking A
as a formal parameter. Just change “vector space” with “C[h]-module” and “linear”
with “C[h]-linear” in the definition. The case & = 0 is more delicate, as in that case
the h-vertex algebra degenerates to an ordinary vertex algebra. Thus, we can regard

vertex algebras as hi-vertex algebras under the limit & — 0 (see also Remark 3.2.4).

Our first result is that A-vertex algebras correspond to vertex algebras under the change
of variables z = 1 log(1 + hz) (2.1.4).

Proposition 3.2.3. Let V' be a vector space. If (V,|0),0,Y) is a vertex algebra struc-
ture on V', then (V,|0),0,Ys) is an h-vertex algebra, with h-deformed vertex operators
Yi(a, z) defined as

1
Yi(a,z) =Y (a, ¥ log(1 + hz)) , VaeV. (3.2.1)

Conversely, if (V,|0),0,Y3) is an h-vertex algebra, then (V,]0),0,Y") is a vertez algebra,

where
1

Y(a,z) =Y, (a, %(ehz - 1)) ,  forallaeV.

Proof. Let (V,]0),Y) be a vertex algebra and Y}, defined as in (3.2.1). Let z = z(z) =
+log(1 4 hz) and z = z(x) = $(e"* — 1). Then Yj(a,z) = Y(a,x). Notice that, from
Theorem 2.2.2 and (2.1.3),

h2€hac
a(,27h)|0> = Resx (MY(CL, Qf)|0>>

thhx 0
= Resx <(ehz—1)26 Cl) y

which is equal to da, from the series expansion

h2€hx 1 h2 )
m — ﬁ - ﬁ + O(flf )

The h-translation covariance follows from:

[0,Yi(a,2)] =10,Y (a,2)] = 0,Y (a,x) = 0,Yx(a, z(z))
= €"0,Yy(a, 2) = (1 + h2)0.Yy(a, 2).

Notice that, since z(z) = z + O(2?), we can write (z(z) — z(w))* = (z — w)*h(z, w),

for some h(z,w) € C[[z,w]] with h(0,0) = 1. In particular, this means that h(z, w) is
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invertible in C|[[z, w]]. For all a,b € V, there exists an N € N such that
(2(2) = 2(w))"[Y (a,2(2)), Y (b, x(w))] = 0,

(2 = w)"h(z,w)[Y (a,2(2)), Y (b, 2(w))] = 0,

which implies locality for the hA-deformed vertex operators. Thus (V,]0),0,Y}) is an
h-vertex algebra. The other implication follows from an almost identical computation.
[

We refer to the h-vertex algebra constructed in Proposition 3.2.3 as “the h-vertex
algebra associated to a given vertex algebra”. We can look at h-vertex algebras in two
ways: as a deformation of vertex algebras, or as vertex algebras under a change of
variables. Even if Proposition 3.2.3 proves that h-vertex algebras are in bijection with
vertex algebras, their independent study still has useful applications as the Zhu algebra

is induced by the h-deformed structure.

Remark 3.2.4. If we let i — 0, then 7 log(1 + hiz) — 2, so the change of variable is
the identity. This is coherent with our interpretation of vertex algebras being hA-vertex

algebras under the limit A — 0.

Remark 3.2.5. The h-deformed vertex operators defined using the conformal grading
Yila, 2] = (1 + hz)?2Y (a,2) (2.5.3) induce another A-vertex algebra structure, which
is isomorphic to the one constructed in Proposition 3.2.3, as explained in Section 2.5.

Notice that, in this case,

ap25[0) = (Ak,a> R ag.-2)[0) = (9 + hA,)a,
k>0
for an homogeneous a € V. Thus, the translation operator for this h-vertex algebra
is 0 + hLg, which depends on the conformal structure. In [DK2], the authors study
the hA-vertex operators Yj[a, z]. They focus their attention on the interaction between
Yi[a, z] and 9. From the h-vertex algebras point of view, this is a bit unnatural, as 0
is not the translation covariance operator of the A-vertex algebra they are studying. If
instead the correct operator 0+ hlLg is considered, the formulae become simpler, as we

show in the rest of this section.

We now develop some results about the structure of an h-vertex algebra. As one would
expect, the theory is similar to that of ordinary vertex algebras (see Chapter 2 for
reference). Notice that all the formulae reduce to the usual one for vertex algebras
when we send i — 0. Some of the results in this section were already proved in [DK2]
for the hA-deformed vertex operators Yj[a, z], using their explicit definition in terms
of the conformal grading. In those cases, we give different proofs, that use only the

axioms of an A-vertex algebra.
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We recall the following existence and uniqueness lemma for a formal differential equa-
tion.

Lemma 3.2.6. Let U be a vector space and let R(z) € End(U)[[z]]. Then the differ-

ential equation ;
£ 1(z) = RE)f(2), (3.22)

with the given initial data fo has a unique solution of the form

f(z) = Z fn2", fneU.

n>0

Proof. If we write R(z) = 3,50 Ry2", equation (3.2.2) becomes

n—1
nfn - Z Rifn—i—la Vn > 1,
=0

which is a recurrence relation for the coefficients f,,. Thus, once f is fixed, there exists

a unique solution f(z). O

Notation. Recall the expansion

; (B)in
(1+hz)®h =3 i 2~
k>0

Proposition 3.2.7. Let V' be an h-vertexr algebra and a € V. Then

(i)
Yi(a, 2)|0) = (1 + hz)?"a;

(i)

Twz(W— 2
(1 + 12)~ 9" (a, w)(1 + )" = Y, <a, 1(—|—7iz)) )

where i, , is the expansion in the domain |z| < |w| (2.1.6).

Proof. Let U be either V or End(V)[[w, w™']]; then (i) and (i7) are, respectively, identi-
ties in U[[2]]. Applying Lemma 3.2.6, we only need to show that both sides of equations

(1) and (#7) satisfy the same formal differential equation, with the same initial condition.

Due to the h-translation covariance and vacuum axioms, the derivative of left-hand
side of (1) is:
[0, Yi(a, 2)][0)

0:Yi(a, 2)|0) = (1+hz) 1+ he

Yi(a, 2)]0).
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Clearly, the right-hand side of (i) satisfies the same differential equation. Setting z = 0
and using the vacuum axioms, we immediately get that both sides of (i) satisfy the

same initial condition too, hence they are equal.

For (7i), the left-hand side satisfies the formal differential equation

ad(0)

0-f(2) = = 1+ hz

f(2),

with initial condition f(0) = Ys(a,w). Using A-translation covariance axiom,

0.1 (0:9(5,0) = 1R 10, (090, w).

for all g(z,w) with ¢(0,0) = 0. Thus, the right-hand side of (i) becomes

sl =) __ 80 (sl =)

14 hz :_1+hzh 1+ hz

ath (aa
Putting z = 0 in the right-hand side, we get Y (a, w), so (i) is proved. O

Proposition 3.2.8 (Skewsymmetry). For every two elements a and b of an h-vertex

algebra V' the following relation holds:

Ya(a, 2)b = (1 + h2)""Y; (b, — fm) . (3.2.3)

Proof. By locality, for N > 0:
(z —w)VYi(a, 2)Ys(b,w)|0) = (2 — w)VYy(b, w)Ys(a, 2)|0).
From part (i) of Proposition 3.2.7:
(z — w)NYi(a, 2)(1 + hw)?"b = (2 — w)VY3(b, w) (1 + h2)? " a. (3.2.4)

Applying part (i) of Proposition 3.2.7 to the right-hand side of (3.2.4), we get

(z —w)NYi(a, 2)(1 + hw)?"b = (2 — w)™ (1 + hz)?"y;, <b, W) a
2

Since the (n, h)-products are equal to 0 for n > 0, we can find a sufficiently large N
such that we only have positive powers of z and w — z in the identity above. So we

can put w = 0 and then divide both sides by 2", thus completing the proof. O

Remark 3.2.9. The coefficient of 27"~! (n € Z) of the right-hand side of equation
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(3.2.3) is

n a/h -z > )
Res, (z (14 h2)9"Y; (b, T5hs) ¢

1 h o/h+k+1
= Z(—l)]erl Res, <( + hz) ) b, nya

k+1—n
k>n z

= > (=)t O+ ?Eﬂkjnl))!)kn’h b(k,nya-

k>n

We get the following formula for the skewsymmetry of the (n, k) products (n € Z):

SO+ Ak +n 1),
agpb = — Y (=1 (9+ Al o LY Dk )0 (3.2.5)

k>0

The following theorem is a generalization of Goddard’s uniqueness theorem to hA-vertex

algebras:

Theorem 3.2.10. Let V' be an h-vertex algebra and B(z) an End(V)-valued field,
which is mutually local with all the fields Yy(a,z), a € V. Suppose that, for some
beV:

B(2)|0) = (1 4 hz)%"p. (3.2.6)

Then B(z) = Yy(b, 2).

Proof. For all @ € V and large enough N, we have, using locality, equation (3.2.6),
part (a) of Proposition 3.2.7, and then locality again:

(2 — w)" B(2)Yi(a, w)|0) = (2 — w)"Yi(a, w) B(2)|0)
= (2 — w)"Yi(a, w)(1 + h2)?"
= (z — w)NY;(a, w)Yiu(b, 2)|0)
= (z — w)NY3(b, 2)Yi(a, w)|0).

Since we only have positive powers of w, we can put w = 0 and divide by z". The
vacuum axioms imply that B(z)a = Y;(b, 2)a. Since this is true for all a € V, B(z) =
Yh<b, Z) O]

Proposition 3.2.11. For all a,b € V and for all n € Z, the following (n, h)-product
identity holds:
(1 + Aw)" Y (agmnb, w) = Yi(a, w) @ Ya(b, ), (3.2.7)

where (n) denotes the n-product of fields (2.1.8).

Proof. Both sides of equation (3.2.7) are local to all Yj(a,z), a € V, due to Dong’s
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Lemma 2.1.17. We apply the left-hand side to |0), so
(1 + hw)a/h+n+1a(n,h)b.

We only need to prove that the same is true for the right-hand side of (3.2.7), thanks

to Goddard’s uniqueness theorem. Note that
i,z (2 — w)" Y (b, w)Y(a, 2)|0)
only has positive powers of z, so its residue in z is 0. Thus
Yi(a, w) ) Ya(b, w)|0) = Res; (i.,0(2 — w)"Ys(a, 2)(1 + Faw)?/").
Applying part (ii) of Proposition 3.2.7,
_ d/h . n g-w
Yi(a, w)m Ya(b, w)|0) = (1 + hw)?" Res, | i.w(z —w)"Ys (a b

"1+ hw

= (14 hw)?" 3" ag.nbRes, ((1 + hw)* i, (2 — w)"’kfl)
keZ

_ (1 + hu})(’9/714-71-‘#1a(nﬁ)b7

because i, ,,(z — w)" has a 27! term if and only if n = —1.
See also [DK2, Proposition 2.2]. O

1

Corollary 3.2.12. For every collection of vectors a,...,a™ € V and positive integers

Ji s I
1

Y (@ ) - LY (a7 2): =
(jl—l)!--~(jn—1)!'az Yi(a', z) -+ 0" Yy(a", 2):

(1+ hz)zi(_jiﬂ)yh(a%fjl,h) T a’(ijn,h)lo% z),
(3.2.8)
where :a(2)b(z): = a(2)1)b(2) is the normally ordered product of fields (2.1.9).
In particular, for any a € V:

Y5(0a, z) = (1 + hz)0,Ys(a, 2). (3.2.9)

Proof. Let a(z) and b(z) be two fields. Then, by (2.1.10):

n!

: (aga(z)> b(2): = a(2)(—n-1)b(2).

Thus (3.2.8) follows from Proposition 3.2.11. Equation (3.2.9) is a special case of
(3.2.8), when n =1 and j; = 2. O

Corollary 3.2.13. The translation operator 0 is a derivation of all (n,h)-products.
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Proof. This follows at once from A-translation covariance and equation (3.2.9). O

We state an h-vertex algebra analogue of the reconstruction theorem for vertex alge-

bras.

Theorem 3.2.14. Let V' be a vector space, |0) a nonzero element in V, and 0 €
End(V). Let {a®(2)}aca (A an index set) be a collection of End(V)-valued fields such
that:

1. [0,a%(z)] = (1 + hz)0a®(z).

2. 0|0) =0, a*(2)|0) € V[[2]].

3. The linear map defined by a®(z) — a® := a®(2)|0)|.—¢ s injective.
4. a®(2) and a®(2) are mutually local for all a, B € A.

5. The vectors afj, 4y ... a( 1y0), with js <0 and as € A span V.

Then the formula

Yh(a?jllﬁ) .. .a?}’;ﬁ)m), z) =

g1 o in—1
—Vi(a™,2) .
(=g = 1)! (=jn — 1!

defines the (unique) structure of an h-vertex algebra on V' such that |0) is the vacuum

(1 + hZ)_Zi(ji+1) : Yﬁ(aan7 Z) sy

vector, O the h-infinitesimal translation operator, and Y;(a®, z) = a®(z).

Proof. The proof is identical to the usual one for vertex algebras (see for reference
[FB, Theorem 4.4.1]), using the h-vertex algebra version of Goddard’s theorem and
Corollary 3.2.12. O]

Theorem 3.2.15. Let V be an h-vertex algebra; the following h-Borcherds identity
holds, for all a,b €V and alln € 7Z:

i2w(z —w)"Ya(a, 2)Ya(b, w) — iy (2 — w)"Y5(b, w)Ys(a, 2)

= S (1 + 1) Y (@b, )8 (2 — w) /51 (3:2.10)
Jj=>0
In particular, for n =0, we obtain the commutator formula:
[Vi(a, 2), Ya(b,w)] = Y (1 + hw) Yy (agnb, w)0Ld(z — w) /nl. (3.2.11)

n>0

Proof. Recall that an element a(z,w) € V[[z%, w*!]] is called a local formal distri-

bution if there exists N > 0 such that (z — w)¥a(z,w) = 0. For a local formal
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distribution, by the Decomposition Theorem 2.1.9, we can write:
a(z,w) =) ¢ (w)d,0(z — w)/j!,
Jj=0

where ¢/ (w) = Res,(z — w)a(z,w). The left-hand side of equation (3.2.10) is a local
distribution. In fact, if we multiply it by (2 — w)"™ such that N +n > 0, it becomes

equal to

(Z - w)N+n [Yﬁ(a7 Z)? Yﬁ(bv w)]v

which is local by the locality axiom. Then (3.2.10) follows from Decomposition Theo-

rem and Proposition 3.2.11.

See also [DK2, Theorem 2.3]. O
Corollary 3.2.16 (OPE expansion). The Operator Product Expansion of the operators
Yi(a, z), Yu(b,w) has the following form:

(1+ hw)n“Yh(a(nﬁ)b, w)

Qpw(z —w)nHl

}/ﬁ(a’ Z)Y}Ab, w) = Z

n>0

+:Yi(a, 2)Yi(b,w):. (3.2.12)

Proof. Due to Proposition 3.2.11, we can rewrite (3.2.12) as

Yi(a, 2)Yy(b,w) = Z Yi(a, w) ) Ya(b, w)

iaw(2 — w)mt +:Yi(a, 2) Y, (b, w):
n>0 Z,W

which holds due to locality and Theorem 2.1.14. O]

Remark 3.2.17. At the level of (n, h)-products, equation (3.2.9) becomes
(8@)(n,h)b = —na(n_lﬁ)b — h(n + 1)a(nﬁ)b a,beV,neZ,
that is
((6 + h(n + 1))&)(n7h)b = —na(n,lyh)b a,beV,neZ. (3.2.13)
If n > 0, we can iterate equation (3.2.13) to get

9)n
A(—n—1,nb = ( T)L' Lacimb. (3.2.14)
Notice that this is a discrete analogue of the formula (2.3.1) for vertex algebras. We
substituted 0" with the falling factorial (), s, which is the discrete analogue of the
monomial (see the discussion in Section 3.1). This analogy becomes evident with the

h-bracket formalism, which we introduce in the next section.

§ 3.3 | h-bracket formalism

In this section, we introduce the h-analogue of the A-bracket. We also define the

related notions of an A-vertex Lie algebra and an h-Poisson vertex algebra and study



CHAPTER 3. h-VERTEX ALGEBRAS o7

their relation to h-vertex algebras.

Definition 3.3.1. An A-vertex Lie algebra is a vector space R, together with an en-

domorphism 0, and a bilinear operation, called the h-bracket
[x]n: VeV =V eC\,
that satisfies the axioms:
1. (skewsymmetry) [axb]s = —[b_x—a—2n a]s;
2. (sesquilinearity) [Daxb], = —(A + h)[axb], [@x0b]r = (A + O + h)[arb]p;
3. (Jacobi identity) [[axbln xtutn cln = [ax[bucln |n — [bulaxc]n]n.
Let V be an h-vertex algebra. Define a bracket [y-];: V@V — V @ C[)] as

()\)n,h
n!

[ab]p :=Res,((1+ hz)’\/hYﬁ(a, 2)b) = Z

n>0

a(nyh)b. (331)

Remark 3.3.2. The bracket defined in (3.3.1) can be thought of as a discrete gener-
alization of the usual A-bracket. In fact, we changed A" for the falling factorial (\),
(see Remark 3.2.17).

Proposition 3.3.3. Let R be a vector space, with an endomorphism 0. Then (R, 0, [ -])

is a vertex Lie algebra if and only if (R,0, [ x+n-]) is an h-vertex Lie algebra.

Proof. A direct check shows that [- x| satisfies the axioms of Definition 3.3.1 if and
only if [- 5] is a A-bracket. O

Theorem 3.3.4. Let V be an h-vertex algebra, then the bracket defined as in (3.3.1),

together with 0, induces the structure of an h-vertex Lie algebra on V.

Proof. This follows from Propositions 3.2.3 and 3.3.3. If we write Y;(a,z) =Y (a, +log(1+ hz)),

formula (3.3.1) becomes
[a bl := Res.(1 + h2)M"Y (a,2(2)) b = Res, MY (a, 1) = [a 4 b],

where [a ) b] denotes the A-bracket associated to the vertex operators Y (a, z). In par-

ticular, the h-bracket defined in (3.3.1) gives an h-vertex Lie algebra structure.

We can also prove this directly from the axioms of an A-vertex algebra. For complete-
ness, we write here the proof, which is similar to the one for the A\-bracket of a vertex

algebra. To prove the skewsymmetry relation, apply Res(1 + hz)’\/ " to both sides of



CHAPTER 3. h-VERTEX ALGEBRAS o8

equation (3.2.3):

= Res. (1 + )+, (b -2 )
[a D] = Res, (1 + hz) n (b, 7s)
)k (A+0+h(k+1))

kh
= kZ X bk h)a
>0 :
(=X — 0 — 2h)n
== i bk, hya
k>0 :

—[a —x—o-21 0],
where in the last step we used formula (3.1.5).

The first part of sesquilinearity follows from applying Res(1 + hz))‘/ " to both sides of
(3.2.9), and by integrating by parts when computing the residue on the right-hand
side. The second part of sesquilinearity follows from the fact that 0 is a derivation of
all (n, h)-products.

Finally, let us prove the Jacobi identity. Take equation (3.2.11), apply both sides to
c € V, then apply Res, (1 + hz)™" to get

Res. (1 4 hz2)M"Yy(a, 2), Yi(b, w)]c
= Res, (1 + m2)M" 3™ (1 4 hw)" " Yi(agnb, w) 06 (z — w)e/n!.

n>0

(3.3.2)
To compute the right-hand side of (3.3.2), notice that, because of equation (2.1.7),

Res, (1 + hz)"0m0(z — w)/n! = Res, (1 + k)" 3 <k> whn R

keZ n
Z k+n f
N k!n!

>0
_ ()‘>n,h Z (/\ - nh)k,hwk
n! >0 k!

Using this, we rewrite (3.3.2) as
[\ Ya(b, w)c|p — Ya(b, w)[acln = (1 + hw)N ™ Yy ([a 5 b5, w)e. (3.3.3)

The Jacobi identity follows by further applying Res,,(1+hw)*/" to both sides of (3.3.3).

]

Remark 3.3.5. Let (V,Y) be a vertex algebra and (V},Y}) its associated h-vertex
algebra. Notice that the expression of the h-bracket of V}; in terms of the A-bracket of

V is relatively easy, as it involves a simple translation A — A+h. However, the indexing
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of the products in the A-bracket is done in terms of the falling factorials, not of powers.
This means that we cannot immediately relate the non-negative (n)-products of V' with
the non-negative (n, h)-products of V;, as we first need to rearrange all the terms in A.
This combinatorial problem involves the Stirling numbers, whose generating series is
closely related to the change of variable (3.0.1). See the discussion at the beginning of

Section 5 for more details.

Remark 3.3.6. Let VV be a VOA and consider the associated h-vertex algebra structure
induced by the conformal grading: Y,(a, z) = (1 + hz)®*Y (a,2). In this case, formula

(3.3.1) becomes (for homogeneous a € V):

(A 4+ hAL)nn

[ b]p = Res, (1 + ha)M" 2y (a, 2)b = Y o

n>0

a(n)b. (334)

To ease the notation, we denote the (—1, h)-product by x*;, that is

ax*pb:=ac_ipnb, Va,beV.

Theorem 3.3.7. Let V' be an h-vertex algebra. The x5 product satisfies the follow-
ing quasi-commutativity and quasi-associativity formulae, expressed in terms of the
h-bracket for all a,b,c € V:

a*hb—b*hazzo

_8_h[a,\b]h(5/\, (335)

(a5 b) xpc—ax*; (bxpc) = (Z 5)\b> *ﬁ[a,)\Ch‘l’(Z 5/\a> s [brcln. (3.3.6)

They also satisfy the following h-analogue of the right and left non-commutative Wick

formulae:
A+
[axbxpclp=0bxplaxcly+ [axblp*nc+ Zo [[axb] i . c|rop, (3.3.7)
[CL *hb)\c]h—a*h [b)\+8(1) C]h—i-b*h A ;o C h—FZ CL)\ p— hc]h]héu (338)
Proof. Equation (3.2.5) for n = —1 and the role of a and b swapped becomes:
(0 + hk)n
bxpa=— Z(—l)k+lTa(k—1,E)b
k>0
Rk,
=ax*,b+ Z —a(kﬁ)b,
k>0 (k+1)!

thus proving (3.3.5).

Apply (=1, h)-product identity (3.2.7) to ¢ € V and take the constant term:

(a %5 b) 5 ¢ = Res, 2~ 'V;(a, 2)(-1)Ya(b, 2)c.
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Now, using formula (2.1.9) and equation (3.2.14):

Res, 27 'Y (a, 2) 1) Ya(b, 2)c = Res, 27 (Ya(a, 2) 4+ Ya(b, 2)c + Yi(b, 2)Yi(a, 2) _c)
= > acr-2m(bpne) + D b kam(awnc)

k>—1 k>0
k+1,h
=ax*p (bxyc)+ ( a)*h(bk,hc)
2\ 1) 7 G
+ Z < k+1 h ) . (a(kﬁ)c)-
k>0

This proves (3.3.6).
To prove (3.3.7), equate the constant term in w in both sides of (3.3.3), getting:

(A+R)es1n

laxbspclp=bx[arc+ Y W([a,\b]h)(k,h)c

k>—1
>\+h

= b *;, [a,\c];—i—[a)\b];*;c—l—z [[axb] 1 . clrop.

Finally, the left non-commutative Wick formula (3.3.8) can be derived from (3.3.7).
Using the skewsymmetry of the h-bracket, write

[CL *n b C]h = —[C —\—8—2h @ *p b]h~

Then using (3.3.7), this is equal to

“A—d—h
—a sy [c _x—o-2n bln — [c -a—g-on aln *n b =Y [[cox—a—2na] h . b]woL,

where each of the 9 is applied to the result of the (n, h)-products between a, b, c. Since
0 is a derivation of the (n, h)-products, we can write 9 = 9" +- 9 acting respectively
on the left and right factor, i.e. O(a *; b) = (0WMa) x5 b + a *, (0Pb). Applying

skewsymmetry again, we get:

A—0—h

asp [byiom dn+ [arpom chrnb+d o [laxso@) ] n wblndp.

Now, by the commutator formula (3.3.5) on [a y, 5 c]|n*b and by adding and reversing

the extremes of summation (3.1.7), (3.1.8):

—0—h
asp [byrom cn+bxnlariom dn =2 o [laxiom ] nubludp.
Finally, using skewsymmetry, Proposition 3.1.7 for the change of variables, and the
first sesquilinearity relation:

—0—h —0—h
oo cln w bl =" [b_uo-an[aniom clrladn

= Z w [ @io0 clalnop
—Z a,\ u— hch],5ﬂ-
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Putting everything together completes the proof. O]

Remark 3.3.8. The quasi-associativity formula (3.3.6) is symmetric in b and ¢. An
algebra with this property is called left symmetric or pre-Lie (see [Bu]). Its commutator

is always a Lie bracket, and the following formula holds:
ax*p (bxpc) =bx*, (ax,¢)+ (ax,b—bx*pa)*,c. (3.3.9)

In particular, an h-vertex Lie algebra R has a natural Lie algebra structure, with
bracket
0

la,b] == Z_a_h[a,\b]h&\, Va,b € R.

Remark 3.3.9. In [DK2] the authors consider another bracket, which they also call
h-bracket, defined as

[a,b]s := Res. (1 + hz)"'Yi(a, 2)b = > _(=h) agmb.

n>0

It is clear from (3.3.4) that [a, bl = [ax b]h‘,\_,r‘ With this in mind, their formulae

involving the hA-bracket become a specialization of ours for A = —h.

Definition 3.3.10. An A-Poisson vertex algebra is a quadruple (V, 1,-, 9, {-x-}1) where
(i) (V,1,+,0) is a unital, commutative, differential algebra;
(ii) (V,0,{-a-}s) is an hA-vertex Lie algebra;

(iii) the h-bracket and the commutative product satisfy the right Leibniz rule, for all
a,b,c eV:
{arbe}n =blaxch + c{arb}.

Remark 3.3.11. By skewsymmetry of the h-bracket, an h-Poisson vertex algebra

satisfies the following left Leibniz rule:

{abyc}y = {b,\wch)a + {a,\+ach§b.

Here we used the same arrow notation introduced for Poisson vertex algebras (see
Definition 2.4.1).

Proposition 3.3.12. Let (V,1,-,0) be a unital, commutative, differential algebra.
Then (V,1,0,-,{-x+}) is a Poisson vertex algebra if and only if (V,1,0,,{  xsn-})

is an h-Poisson vertex algebra.

Proof. From Proposition 3.3.3 we know that {-,,;-} defines an h-vertex Lie algebra
structure. Clearly, it still satisfies the right Leibniz rule. The other implication follows

in the same way. [
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Remark 3.3.13. If a Poisson vertex algebra ) admits a conformal grading, then equa-
tion (3.3.4) provides another way to construct an h-Poisson vertex algebra, isomorphic

to the one defined in Proposition 3.3.12.

As with the case of ordinary vertex algebras, the semi-classical limit of an A-vertex

algebra is an A-Poisson vertex algebra.

Definition 3.3.14. A good filtration on an h-vertex algebra V is a filtration V' =
Un>o £V such that:

1. OF,V C F,V:
2. (F,V)*, (F,V) C FonV;
3. [FV A FuV]n C Fuym-1V [\, where X is placed in degree 0.

Proposition 3.3.15. Let V be an h-verter algebra equipped with a good filtration.

Then gr(V') has a natural structure of h-Poisson vertex algebra.

Remark 3.3.16. A good filtration for a vertex algebra V is also a good filtration for
the corresponding h-vertex algebra given by the change of variables. This is because
we can always write

ammd =Y ciliamyb, Va,b eV,

n>0
for some coefficients ¢, € C. In particular, this implies that the (—1) and (—1, k)

products coincide on the associated graded gr(V).
§3.3.1 | The sum h-bracket

We introduce an hA-version of the integral A-bracket discussed in Section 2.3. Following
the analogy between infinitesimal and discrete calculus, the integral is substituted by
a definite sum and derivatives by finite difference operators. Again, this formalism

allows us to pack together different axioms for the A-bracket and the %, product.

Let V' be an h-vertex algebra, and define a bilinear map I, : V@V — V[)] as
Iy n(a,b) == a*,b+ Zg[axb}ﬁ(h.
We call it the sum A-bracket.

Proposition 3.3.17. The sum h-bracket satisfies the following axioms:

(a) Unity:
Lw(]0),a) = Inu(a,|0)) = a,

for every a € V.

(b) Sesquilinearity:
Aﬁl,\ﬁ(&t, b) = —<)\ + h)Ah]Aﬁ(a, b) s
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and
a ([)\,h(CL, b)) = [)\7}1(8&, b) —+ [)Hh(a, 8b) s

for every a,b € V.

(c) Skewsymmetry:
Inn(a,b) = 1_x_p_pn(b,a),

for every a,b e V.

(d) Jacobi identity:
]>\7h<a, I,u,fl<b7 C)) — Imﬁ(b, ],\ﬁ(a, C)) = I)\+M7E(I)\,h(a, b) — ]_M_a_m(a, b), C) s (3310)

for every a,b,c € V.

Proof. The unity axiom follows from definition. Sesquilinearity formulae follow from

definition and from the fact that 0 is a derivation of all the (n, h)-products.

Skewsymmetry follows from a direct computation:

—A—0—h
I_)\_a_hﬁ(b, (l) =b *p a + ZO [bm a]h5x

=ax,b+ Z:;j_h[bx alpdx

—A—0—h
—0—h

=ax*,b+ Z;\[axb]héx,

= a *p b— [a —r—0—2h b]héx

where we used the commutator formula for x; (3.3.5), skewsymmetry of the A-bracket

and Proposition 3.1.7 for the change of variables.

Recall that if two functions have the same finite difference, they coincide modulo an
h-periodic function. In the case of the Jacobi identity, both sides are polynomial
functions, and the only periodic polynomial functions are the constants. Notice also
that the Jacobi identity remains unchanged if we swap a,b and A, u. Thus, we only
need to check that identity (3.3.10) holds when we put A = g = 0, when we put u = 0
and compute the finite difference with respect to A, and finally when we compute the

finite difference with respect to both A and .

If X\=p=0 we get

a*p (bxpc) —bxp (a*yc)=— (Zo_a_h[(lx b]h5x> e

which is true due to equation (3.3.9). Put now g = 0 in (3.3.10) and compute the finite

difference with respect to A:

[axbxpclp=0bxplaxcly+ [axbln*nc+ Ay {Zg 53/2: dz[[a,b] hyc]h] .



CHAPTER 3. h-VERTEX ALGEBRAS 64

To compute the finite difference in the right-hand side above we change the order of

summation, using Proposition 3.1.8, so

B[S0 8y 3 dallasb g | = A [0 00 555" dylastlny ch| = 32 llarbl v o

recovering the right Wick formula (3.3.7).

Now compute the finite difference of (3.3.10) with respect to both A and p. The left-

hand side becomes [a  [b,, c|s]n — [b,, [@ x c]n]s. The right-hand side becomes

A A
AN ST oy ST dallasb]y dln

Changing the order of summation gives

A T h
APAN ST 623 Syllaab] ny el = [axd] nasuen el

recovering the Jacobi identity of the A-bracket. O

The following result will be useful for computations in Chapter 4.

Lemma 3.3.18. Let V' be an h-vertex algebra. Then the sum h-bracket Iy has the

following recursion properties:

La((0), 4) = A, (3.3.11)
Ao
[/\’h<a *p B, A) = a *p [)\+8<1) (B, A) + [/\,h (B, ZO [axA]h(Sw) s
foralla,A,B €V, and

Lui(A,]0) = A, (3.3.12)
]A,;‘,,(A? a *p B) = Q *p I)\’h(A, B) + ])\,h (Z)—\(?—h [Aza]h5x7 B) ) (3313)

foralla,A,B€V.

Proof. The two base cases (3.3.11) and (3.3.12) follow from definition.

Notice that a *;, B = Ip(a, B). Thus we have, using the skewsymmetry and Jacobi

identity:
I)\ﬁ(a *p B, A) = I>\7h(107h(a, B), A)
== ]—fAf@fﬁ(Aa IO,h(a’7 B))

= Ion(a, I_5_s_o_4(A, B))
+ I—A—a—ﬁ,h(I—A—8<1>—a<2>—h,h,(A7 a) - ]—8(1)—h,h(*’4, a’)v B)-
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Using skewsymmetry again we get
Ton(a, I_\_p0)_pe_p(A, B)) = a*, Iy tom (B, A),

and

I—A—@—h,hU-A-@(l)—a(2>—h,h(Aa a) — I—6<1>—h,h(Av a), B)
= Ly(B, I>\+a<1),h(a» A) = Iyp(a, A))

(1)
= [)\ﬁ (B, Z())\+a [GIA]55$> .

Equation (3.3.13) follows from one application of the Jacobi identity:

[,\,h(A, Io,h(a, B)) = [0,h<a7 [)\,h(Aa B))
+ I)\,h([)\,h(A7 a) - [*875,)5(147 a’)7 B)

— a4y Dua(A B) + I (Zf o A, B) .

]

Remark 3.3.19. Lemma 3.3.18 provides two useful recurrence equations for the sum
h-bracket, which pack together different recurring relations for the *;-product and the
h-bracket. It is stated for an A-vertex algebra, but similar relations hold for the integral

A-bracket of a vertex algebra too. It is sufficient to send 7 — 0 in Lemma 3.3.18.

§ 3.4 | The Zhu algebra

In this section, we construct an associative algebra associated to an hA-vertex algebra,
a Poisson algebra associated to an hA-Poisson vertex algebra, and a Lie algebra asso-
ciated to an h-vertex Lie algebra. These algebras are exactly the Zhu algebras of the
corresponding vertex algebra, Poisson vertex algebra and vertex Lie algebra. We be-
lieve that the h-vertex algebra formalism we developed in the previous sections makes
the construction and proofs more natural than the usual ones, which require lengthy,

artificial computations.

Let V' be an h-vertex algebra and define Jj as the vector space V(_s V. Equivalently,
J can be defined as (OV') %, V, by formula (3.2.13). For the rest of the section, we use

the notation [- _p -5 := [ x-]n

A=—h
Lemma 3.4.1. The space Jy is a two-sided ideal with respect to both the x; product

and the bracket [- _y, -]n. Moreover, it is preserved by the action of 0.

Proof. From the quasi-associativity formula (3.3.6), it follows that (OV') %, V is a right
ideal. Let now a,b,c € V. Using equation (3.3.9):

a xp, ((0b) *5, ¢) = (9b) *y, (a *5 ¢) + (a xp (Ob) — (Ob) *p, a) *y, c.
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Notice that a %, (0b) = 0(a *;, b) — (0a) *5 b, s0 a*p, ((9b) 5, ¢) C Jp*, V C Jp. Thus Jj,

is a left ideal too.

By the right Wick formula (3.3.7),
[a _p, (Ob) *p, c|p = (Ob) *p, [a _p c]p + [a _p (Ob)]n *1 ¢,

and, by sesquilinearity, [a _ (0b)], = O[a 5 b]s. By skewsymmetry, [a _ b]s = —[b_p a]n

mod Jy, so Jj is automatically a two-sided [ _j, -]p-ideal.

Since 0 is a derivation of the (—2, h)-product, it clearly preserves the ideal Jj. O

Definition 3.4.2. Let V be an h-vertex algebra. Define the Zhuy; algebra associated
to V' as the vector space quotient Zhuy(V') := V/J;.

Theorem 3.4.3. The vector space Zhuy(V') is a unital associative algebra, with the
product induced by the * product, and the quotient class of |0) as identity. The com-
mutator of Zhu,(V') is induced by h[- _p, -]

Proof. Since Jy, is a two-sided ideal of xj, Zhu,(V') is a well-defined algebra. By the

formula for quasi-associativity (3.3.6), it is clear that *j, is associative in the quotient.

Moreover, from the equation for the commutator (3.3.5),
axpb—Dbx,a= Z(ih[cu blpd\  mod Jp.

By Theorem 3.1.6, the definite sum is equal to hi[a _p, b]5. O

Let now V be an ordinary vertex algebra. Recall Huang’s construction of the Zhu
algebra Zhu(V') (see Definition 2.5.3). We can now give a new, easy proof of its asso-

ciativity.

Theorem 3.4.4. The algebra Zhu(V') is associative. The commutator on Zhu(V') is
induced by [- -]‘/\:O.
Proof. The proof is now trivial. In fact, the algebra Zhu(V') is by definition the Zhuy
algebra of the h-vertex algebra associated to V' as in Proposition 3.2.3. This is as-
sociative by Theorem 3.4.3. Moreover, by Proposition 3.3.3, [-x-]s = [- a4s ‘], s0o the

commutator on the Zhu algebra is induced by

Bla b, = hla bl =laxb]]

h=1 1 A=0

O

Remark 3.4.5. We could consider instead a VOA V and the Zhu algebra Zhu'(V)
constructed using the conformal structure (see (2.5.6)). Then Zhu'(V) is the Zhuy
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algebra of the A-vertex algebra associated to V' using the conformal structure (see

Remark 3.2.5), after specializing A to 1.

Remark 3.4.6. Using the formalism of A-vertex algebras, the proof of Theorem 3.4.4
becomes much for natural (see [Hu2, Proposition 6.1] for comparison). This is because
the Zhu algebra is not directly associated to the vertex algebra, but rather to the h-
vertex algebra associated to the vertex algebra. The usual construction has a “hidden

step”:
Zhu

/_\

(V,Y) o » (VYs) —— Zhwe (V) Y))

Now, a vertex algebra can also be seen as an hi-vertex algebra, after the limit A — 0 (see
Remark 3.2.2). It is then natural to ask, what is the Zhu,_,¢ algebra of the i — 0-vertex
algebra V7 This is simply

Zhuhﬁo(V) = RV = V/‘/(_Q)V

The algebra Ry is known as the Cy-algebra associated to V. It was introduced by
Zhu in [Zh], where it is used to study the modular invariance of characters of a vertex
algebra. Zhu proved that the dimension of Ry (namely whether it is finite) plays a
crucial role. It is shown in [Zh] that Ry has the structure of a Poisson algebra. This is
a special case of Theorem 3.4.3. In fact, Zhu;_,o(V) is clearly commutative. Moreover,

by the relations in Theorem 2.3.3, [a 5 b])xfo induces a Poisson bracket on Zhuy_,o(V).

Definition 3.4.7. Let V be an h-Poisson vertex algebra. Define J; as the ideal (0V)V.
The Zhuy, algebra associated to V is the quotient Zhu,(V) :=V/TJ;.

Theorem 3.4.8. The ideal Jy is a two-sided ideal for {- _-}n. The algebra Zhu, (V)

has the structure of a Poisson algebra, with Poisson bracket induced by {- _j, - }p.
Proof. By right Leibniz rule

{a _ (0b)c}p = (Ob){a _pctn + {a_; (0b) }ne,

and by sesquilinearity {a _; (0b)}r = 0({a _ b}5). Since by skewsymmetry {a _, b}, =
—{b_pa}, mod Jy, we have that J; is a two-sided {- _j, - }p-ideal.

Specializing A = —h, the axioms of an h-vertex Lie algebra recover those of a Lie
algebra. So {-_; -}, is a Lie bracket on Zhu; (V). Since it satisfies the Leibniz rule, it
is a Poisson bracket. O

Remark 3.4.9. Let V be a Poisson vertex algebra. If V admits a conformal grading,
the Poisson Zhu algebra of V was constructed by De Sole and Kac in [DK2, Section
6] (see Definition 2.5.8). This corresponds to the Zhuy algebra of the Ai-Poisson vertex
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algebra associated to V via the conformal structure (see Remark 3.3.13).

Theorem 3.4.8 provides a construction of the Poisson Zhu algebra that does not require
the conformal structure. This construction mimics the one introduced by Huang for

the associative Zhu algebra.

Definition 3.4.10. Let V be a Poisson vertex algebra. The Zhu algebra of V is

Zhu(V) :=V/(0V)V. (3.4.1)

Remark 3.4.11. The algebra defined in (3.4.1) is the Zhuy algebra of the h-Poisson
vertex algebra associated to V as in Proposition 3.3.12, at h = 1. Since by Proposition

3.3.3 we have {- -} = {  »4s -}, the Poisson bracket on the Zhu algebra is induced by
' .}’A:OI
Finally, let us define the Zhuy, algebra of an hA-vertex Lie algebra.

Definition 3.4.12. Let R be an h-vertex Lie algebra. Define the Zhuy algebra associ-
ated to R as the vector space quotient Zhu,(R) := R/(OR).

Theorem 3.4.13. The vector space OR is a two-sided ideal for [- _p-]s. The algebra
Zhu,(R) has the structure of a Lie algebra, with Lie bracket induced by [- _j |5

Proof. This can be proved by the same computations from the proof of Theorem 3.4.3.
O

Remark 3.4.14. In [DK2, Corollary 3.22], the authors also introduce the Zhu algebra
of a vertex Lie algebra R, again assuming the existence of a conformal grading. In
their definition,

Zh(R) = R)(@+ Lo)R, [a.b] = 3 B Lo

n>0

a(n)b. (342)

n!

This coincides with the Zhuy, algebra of the h-vertex Lie algebra associated to R as in
Remark 3.2.5, with A& specialized to 1. Again, we can give another equivalent definition

that does not rely on the conformal structure.

Definition 3.4.15. Let R be an vertex Lie algebra. The Zhu algebra of R is
Zhu(R) := R/OR. (3.4.3)
Remark 3.4.16. The Lie algebra defined in (3.4.3) is the Zhuy algebra of the h-vertex

Lie algebra associated to R as in Proposition 3.3.3. Again, the Lie bracket is simply
induced by [ 5 ‘] ’/\70. The Lie algebra (3.4.3) was already well-known (it appears already
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in the original paper of Borcherds [Bo2]). What is new is its interpretation as a Zhu

algebra.



Chapter 4

Chiralization of star products

As discussed in Chapter 2, vertex algebras can be seen as analogues of associative
algebras. Moreover, there is a corresponding Poisson object called a Poisson vertex
algebra. We aim to generalize the theory of star-products for Poisson algebras to
Poisson vertex algebras. In particular, we are interested in computing explicit formulae

for some chiral analogues of the Moyal-Weyl and Gutt star-products.

As we explain in this chapter, there are two possible candidates for the chiral analogue
of a star-product. The “star-deformation” of a Poisson vertex algebra, introduced
by Li in [Lil], is the most intuitive one. However, it is not compatible with the Zhu
functor. For this reason, we introduce an alternative operation, that we call “chiral star-
product”, in Section 4.3. A chiral star-product is the deformation of a Poisson vertex
algebra into an h-vertex algebra. Because of this, it can be considered a deformation,

with respect to the parameter A, of a star-deformation.

In Section 4.4 we compute explicit formulae for a class of chiral star-products, that
include the chiralized Moyal-Weyl and Gutt star-products. By putting A equal to 0,

we also obtain explicit formulae for the corresponding star-deformations.

§ 4.1 | Star-products for Poisson algebras

We begin the chapter by recalling some basic facts and definitions about star-products
for Poisson algebras. In this section, we follow the Einstein summation convention of

summing over repeated indices in the appropriate range.
Let (A, 1,{-,-}) be a unitary Poisson algebra.

Definition 4.1.1. A star-product on A is a bilinear operation

* : Alle]] @ Alle]] — Al[e]]
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defined for a,b € A, and then extended to A[[¢]] by linearity, as

axb=> e"B,(a,b), (4.1.1)

n>0

where B, : A ® A — A are bilinear operators that satisfy the following axioms:
(i) The product * is associative and unitary, with unit 1.
(ii) Bo(a,b) = ab, i.e. x is a deformation of the commutative product on A.

(iii) Bi(a,b) — By(b,a) = {a, b}, i.e. the star commutator axb—b*a is a deformation

of the Poisson bracket.

The star-product is called strict if the sum (4.1.1) is convergent for some non-zero

values of .

Assume now that A is a positively graded Poisson algebra

A= @ A,
n>0
with Ag = C and Poisson bracket of degree —i for some ¢ > 1. That is, {A,, A} C
Anim_i for all n,m € N. It is natural to require the star-product to be a graded

deformation of the product of A. Namely, this means requiring that
By: A, @A, — Anim—ki Vn,m,k € N. (4.1.2)

Notice that, for graded star-products, the sum in (4.1.1) is always finite for degree

reasons. So the star-product is strict and we can specialize € to 1.

Remark 4.1.2. The convention of specializing € to 1 instead of considering it a formal
parameter, as done in this thesis, is not the most common. However, once we assume
the grading conditions (4.1.2), this becomes a natural choice. In fact, there is no issue
with the convergence of the series and the various quantization terms can be identified
by the degree instead of by the power of €. To go back, one can use a procedure similar

to the Rees algebra:

axb:= Z 5n7Tdega+degb7n(a * b),
n>0

where 7; is the projection to the i-th degree component. For more references of the use
of this convention, see the papers by Etingof et al. [ES5; EKRS].

Let A = U,>o FA be a filtered associative algebra with /A = C. We assume that the
commutator is of negative degree, that is [F,, A, F,,A] C F,, . m_;A. Then, the associated
graded

gr(A) = P F,A/Fo A,

n>0

has a natural structure of graded Poisson algebra. For a € F,A and b € F,, A, the
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product is defined as
(a+ F1A) b+ F1A) = (ab+ Fpm_1A).

It is commutative because the commutator is of negative degree. The Poisson bracket
is
{(1, + Fn—1A7 b+ Fm—lA} = [a, b] + Fn+m—i—1A7

and it is easy to see that gr(A) satisfies the Poisson algebra axioms.

Definition 4.1.3. Let A be a filtered, associative algebra. We say that A is a quanti-
zation of A if gr A = A as graded Poisson algebras.

Definition 4.1.4. Let U = U,>o F,U be a filtered vector space, and let U := gr(U).
A quantization map is a vector space isomorphism ¢ : U — U, such that, for all n € N,

»(U,) C F,U and 7, o ¢ = id, where 7, is the quotient projection
o U = FLUNE, U= U,.
Remark 4.1.5. Let A = U5 F,A be a filtered associative algebra with commutator

of degree —1 and take A := gr(A). If we have a quantization map ¢ : A — A, then we

can define a graded star-product as

axsbi= 671 (6(a)p(0)).

In fact, x4 is associative by definition and it is unital because ¢(1) = 1. Let a € A,

and b € A,,. Decomposing the star-product into its graded components gives
a*¢b: Co((l,b) +C’1(a,b) + ...,
with C;(a,b) = ppym—i(axsb), where p, is the projection to the n-th graded component.

Since ¢ is a quantization map, a = ¢(a) + F,_1A and b = ¢(b) + F,,,_1 A. Hence,

00(a> b) = pn—l—m(a *¢ b) = 7Tn+m(¢(a)¢<b)) = ¢(a)¢(b) + Fn-l-m—lA = ab.

Similarly,

Ci(a,b) — C1(b,a) = prpm—1(a x5 b — bxy a) = [p(a), p(b)] + Frim—2 = {a, b}

Indeed, all graded star-products can be realized this way. If x is a graded star-product,

take A := (A, *). The identity function is a quantization map A — A and *iq = *.

Remark 4.1.6. The construction in Remark 4.1.5 can be generalized to filtered as-
sociative algebras of arbitrary negative degrees. In those cases, we need to require
some additional conditions, related to the grading, on the algebra A and the quantiza-

tion map ¢ (see [ES5]). We restrict to the degree —1 case for simplicity, since all our



CHAPTER 4. CHIRALIZATION OF STAR PRODUCTS 73

examples can be led back to this case.

Example 4.1.7 (Moyal-Weyl star-product). Let U be a symplectic vector space, with
symplectic form w. Let S(U) be the symmetric algebra, which is canonically a Poisson

algebra with Poisson structure induced by w. The Weyl algebra

W({U) = T(U)/(u®v—v®u—w(u,v)|‘v’u,v€U>

is well-known to be a quantization of S(U). Let vy,...,v, be a basis of U. The map
¢:S(U) — W(U), given by symmetrization,

1
Vjy » = - Uy, = 7l Z Vigay " Vigrys (4.1.3)

€Sk

is a quantization map. Let 7 € A?U be the Poisson bivector 7 = 79; A 9; induced by

w. The star-product x4 has the following explicit formula:
axyb=m(exp(7/2)(a ®Db)), (4.1.4)

where m is the multiplication map a®b +— ab. For example, if U = Cx®Cy, m = 0, A\,

0; ® 0y — 0, ® 0,
a*¢b:moexp< % 5 v & ) (a®0D).
Remark 4.1.8. The commutator on the Weyl algebra is of degree —2. One can check
explicitly that the quantization map ¢ defined in (4.1.3) induces a star-product (it
satisfies the Z/2Z-equivariant condition described in [ES5]). Alternatively, we can add

a formal variable ¢, central and of degree 1, and homogenize the defining relations to
Uu®v—vu—tw(u,v), uvedl.

We extend ¢ : S(U)[t] — W(U)[t] by sending ¢ — t and obtain a star-product 4 on
S(U)[t] as in Remark 4.1.5. Setting ¢ = 1, this becomes the Moyal-Weyl star-product.
We prefer the latter point of view, as it makes the connection between the Moyal-Weyl

and Gutt star-product more explicit (see Remark 4.1.11).

Example 4.1.9 (Gutt star-product). Let g be a finite-dimensional Lie algebra. Then
the symmetric algebra S(g) is a graded Poisson algebra with Poisson bracket induced
by the Lie bracket on g. From the Poincaré-Birkhoff-Witt theorem, the universal
enveloping algebra (g) is a quantization of S(g). Let v!,...,v™ be a basis of g. The
map ¢ : S(g) — U(g), given by symmetrization as in (4.1.3), is a quantization map.

For all z,y € g, let BCH(z,y) be the formal series given by the Baker-Campbell-
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Hausdorff formula:
exp(z) exp(y) = exp(BCH(z,y)) =

= exp (i +y+ 3o 0]+ 55 (o ol + o)) )

where the identity above holds in the ring of formal power series in the non-commutative

variables x, y.

Define now the following symbol in the commuting variables s = (s1,...,s,) and
t=(t,... . t):

1 o 1 o o
D(s,t) := isitj[vl,vj] + E(sisjtk[v’[vj, oM + sitjti[[v", V7], o))+
so that, if s,t € C*, x = s;0" and y = t;0°,
D(s,t) = BCH(z,y) —z —y.

The star-product %, has the following explicit formulation. For a,b € S(g),

9.7

a*d)b:moexp(D( ))(a@b), (4.1.5)

where 9 = (9, @ 1,...,0, @1) and J = (1®8y,,...,1®d,.).

Remark 4.1.10. The Gutt star-product is usually defined over finite-dimensional Lie
algebras, but the construction and formula (4.1.5) work for infinite-dimensional Lie
algebras too (see for example [ESW, Section 2.2]). Notice that all the sums appearing in
the definition of D(s,t) are now infinite, but only a finite number of terms of D(E, 5)

applied to elements in S(g) are non zero.

Remark 4.1.11. The Moyal-Weyl star-product can be seen as a special case of the
Gutt star-product. In fact, consider the 2n 4+ 1 dimensional Heisenberg Lie algebra b,,,

with basis z1,...,%,, y1,...,Yn, Z, and bracket

for all 4, j. The quotient £(h,,)/(Z —1) is isomorphic to the Weyl algebra W (U), where
U is a 2n dimensional vector space. In the Baker-Campbell-Hausdorff formula for b,

only the first two terms may appear, so that

- 6337, ® ayi _ ayi ® axz
2 9

D(2,d)=2

1

and, in the quotient, (4.1.5) becomes (4.1.4).

Another way of seeing this fact is to consider a symplectic vector space U as a non-linear

Lie algebra, with a Lie bracket with coefficients in C.
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Remark 4.1.12. Note how both formulae (4.1.4) and (4.1.5) are of the form
exp(bidifferential operator),

where the bidifferential operator only depends on the structure constants of the Poisson
bracket.

§ 4.2 | Star-deformations for Poisson vertex algebras

The definition of star-deformations for Poisson vertex algebras was given by Li in [Lil,
Definition 5.20], motivated by the analogy with Poisson algebras. In this definition,
a star-deformation is a formal state-field correspondence Y.(—, z) on a Poisson vertex
algebra V), such that the non-negative (n)-products give a deformation of the Poisson \-
bracket. We give here a different, equivalent definition, based on the integral A-bracket

formalism (see Definition 2.3.9).

Definition 4.2.1. Let (V, 1,0, {-x-}) be a Poisson vertex algebra. Then a star-deformation

of V is a bilinear operation
D Vel @ V[[e]] = Ve, Al
defined for a,b € V, and then extended to V[[¢]] by linearity, as

Lui(a,b) = 3 eIy n(a, b)), (4.2.1)

n>0
where Iy, : V ®V — V]| are bilinear operators that satisfy the following axioms:
(i) (1,0,1)4) induce a vertex algebra structure on V/e"V, for all n > 1.
(ii) Ipo(a,b) = ab and -1, o(a,b) = 0 for all a,b € V.
(iii) &1r1(a,b) = {a\b} for all a,b € V.

The star-deformation is called strict if the sum (4.2.1) is convergent for some non-zero

values of .

Remark 4.2.2. Due to convergence issues, a star-deformation I, will not define a
vertex algebra structure on V[[¢]]. In fact, even if I) ,(a,b) € V[[e]][)] for a,b € V,

n>0 n>0

IA,* (Z an&?", b) = Z I)\,*(an,b)an c VH&T, )\]]

This explains the technicality in condition (i). In the terminology of [Lil], I, induces

a e-adic vertex algebra structure on V[[¢]].

Assume now that V is positively graded with Poisson A-bracket of degree —i, for some
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1 > 1, that is

V= @ Vi, Vo Vi CVoims (VoV} CVuim—i @ C[Al, Vm,n € N,
n>0
We again require that the star-deformation is a graded deformation of the Poisson

vertex algebra structure on V. Namely, this means imposing that
g Vi @ Vi — Vigm—ii @ C[A] for all n,m and k.

Since the sums are finite, the star-deformation is strict and we can specialize € to 1

and work on V.

Definition 4.2.3. Let V be a vertex algebra with a good filtration {F,V },>¢. Then
gr(V) is a Poisson vertex algebra (see Section 2.4). We say that V' is a quantization of

Vif grV =V as graded Poisson vertex algebras.

Remark 4.2.4. Let V be a filtered algebra with a good filtration, with A-bracket
of degree —1 and set ¥V = gr(V). From a quantization map ¢ : V — V, such that

¢(0a) = 0¢(a), for all a € V, we can construct a star-deformation in the following way.
Extend ¢ : V[\] = V[A] by linearity, then define

Iy.(a,b) := ¢~ I(p(a)p(b)).

On the other hand, if I, , is a star-deformation on V, then (V, 1,0, I, ) with filtration
induced by the grading is a quantization of V', with the identity as quantization map.

The proof is basically the same as the one for star-products (see Remark 4.1.5).

Problem. Compute explicit, closed formulae for star-deformations of Poisson vertex

algebras, using quantization maps.

As we explain in the next section, a star-deformation is not the “correct” chiral analogue
of a star-product. Nonetheless, explicit formulae for star-deformations have important
applications. Vertex algebras have very complicated relations and computations, even
with the A-bracket, become complicated very quickly. A formula for a star-deformation
allows one to perform vertex algebra computations in the setting of Poisson vertex
algebras, which are much more tractable. From the physics point of view, it corresponds
to constructing a (very special) quantum field theory inside the formalism of classical
field theory.

§ 4.3 | Chiral star-products

Our aim is to compute explicit formulae for some chiral analogues of the Moyal-Weyl
and Gutt star-products. First, we need to find a suitable definition of what a chiral
star-product should be. Informally, chiralization should be thought of as the inverse

of the Zhu functor. Let A be a Poisson algebra and V a Poisson vertex algebra, such
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that A = Zhu(V). Let * be a star-product on A, so * is a deformation of the Poisson
structure on A such that (A, ) is an associative algebra. Ideally, a chiral star-product

would satisfy the following two properties:
1. It is a suitable deformation of the Poisson vertex algebra structure on V.

2. Let * denote the deformation of the commutative product on V given by the
chiral star-product and let py : V — V/J, = A be the quotient map. Then,

pz(axb) = pz(a) xpz(b), Va,be V.

A strict star-deformation satisfies the first condition. Unfortunately, a star-deformation
in general does not satisfy the second condition. In fact, the star-deformation is in
general not even well-defined in the Zhu quotient. This is because the space we quotient
by is defined in terms of the A-Poisson vertex algebra structure, and may not be directly
compatible with the vertex algebra structure induced by the star-deformation (see

Section 3.4). This suggests the following definition.

Definition 4.3.1. Let (V,1,0,{-,-}) be a Poisson vertex algebra and A = Zhu(V).

A chiral star-product is a bilinear operation
I)\’;L’* VRV — V[/\],

satisfying the following:

(i) (W, 1,0, I 4) defines an A-vertex algebra on V (with the A-sum bracket formalism,

see Section 3.3.1), such that I 5o, is a star-deformation on V.

(ii) The operation Iy, induces a star-product x on the Poisson Zhu algebra A by

pz(a) xpz(b) == pzlon(a,b),

such that (A,x) is isomorphic to the associative Zhu algebra of the h-vertex
algebra (V, 1) ).

Remark 4.3.2. Since h-(Poisson) vertex algebras and (Poisson) vertex algebras struc-
tures on V are in bijection, a deformation of a Poisson vertex algebra induces a defor-
mation of the corresponding h-Poisson vertex algebra, and vice-versa. Condition (7)
of Definition 4.3.1 can be restated as “I) . is a deformation of the h-Poisson vertex

algebra structure on V, such that (V,1,0,I);.) is an h-vertex algebra”.

Let V' be a vertex algebra with a good filtration, V a Poisson vertex algebra, A an



CHAPTER 4. CHIRALIZATION OF STAR PRODUCTS 78

associative algebra, and 4 a Poisson algebra that fit in the following diagram:

VAP, v4

Pz qu (4.3.1)
A4

where py, q; denote the Zhu quotient maps. Let J, and J;, be the respective kernels
and let 7, : £,V — F,V/F, 1V and 7, : F,A — F,A/F,_ 1A denote the projection
maps to the associated graded, for all n € N. Then

TpOqy =Pz 0Ty, VnéeN. (4.3.2)

Proposition 4.3.3. Assume that the \-bracket on V is of degree —1. Let ¢ be a
quantization map V — V, such that ¢ 09 = 0o ¢ and ¢(Jp) = Jp. Then ¢ induces a
quantization map ngﬁ A — A, defined by

da+ Tn) = d(a) + Jy.

Moreover, the operation Iy, defined by

Dops(a,b) == ¢~ (Lua(p(a), d(b)), Va,beV,

is a chiral star-product, where Iy 1, is the sum h-bracket of the h-vertex algebra associated

to V. It is the chiralization of the star-product x;.

Proof. Since Zhu(V) = V/J, and Zhu(V) = V/.J,, the map ¢ is a well defined vector
space isomorphism. We are left to prove that m, o ¢ = id for all n € N. Let a be an
homogeneous element of degree n in A. Then a = pz(z), for some z € V. By (4.3.2),

é inherits the quantization map property from ¢:

T 0 §(a) =y © 4:($(2)) = pz(7 0 $(2)) = pz(2) = a.

Since ¢ is an isomorphism of vector spaces commuting with 9, (V, 1,0, I ;) defines an
h-vertex algebra structure on V. Moreover, I, o . is a star-deformation on V by Remark

4.2.4. Now, let % 3 be the star-product on A defined by ngS From a direct computation:

pz(lons(a,b)) = [d) H(@(a) %1 6(b))] = 67" 0 qz(d(a) x4 B(b))
“az(¢(a)) - az(6(0))] = 6 [D(pz(a) - $(pz(b))]

Thus I, . is a chiral star-product. ]

We now have a suitable definition of chiral star-products and a way to construct them.

We would like to construct chiral star-products that are the chiralization of known
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star-products, in particular the Moyal-Weyl and Gutt star-products. We put ourselves

in the following setting.

Let R be a sub-linear vertex Lie algebra. Assume that R = C[0] ® g is a free C[J]-
module, generated by a finite dimensional vector space g. Consider the universal
enveloping vertex algebra V(R) (see Theorem 2.3.4). Recall the definition of the Lie
Zhu algebra of a vertex Lie algebra R as in (3.4.3):

Zhu(R) = R/OR.
This is naturally a Lie algebra, with bracket induced by [- ) -] ‘/\70'

Theorem 4.3.4. Let R = C[0] ® g be as above. Then

Zhu(V (R)) = $U(g).

Proof. This is essentially [DK2, Corollary 3.26], rewritten by considering the change
of variables Zhu algebra construction. In particular, we consider the Lie Zhu algebra
Zhu(R) defined as in (3.4.3), while De Sole and Kac consider the one defined in (3.4.2).

O

Fix B = {uy,...,u,} a basis of g and extend it to a basis of R by setting B = {uq }acr,
where I = {1,...,n} x N and u( ) = 0%u;. Order B by lexicographic order. Since
V(R) is PBW generated by R, ordered monomials in elements of B with respect to
the normally ordered product form a basis of V(R). Consider the good filtration
{F.V(R)},>0 induced by the grade of the PBW monomials.

Remark 4.3.5. As proved in [DK2, Lemma 3.18], monomials with respect to the =,
product give an alternative PBW basis of V' (R). Since ax;b and :ab: differ only by non-
negative (n)-products, which are in lower terms of the filtration, the filtration induced
by this second PBW basis coincide with {F,V(R)},>o0.

Consider S(R), the symmetric algebra on R, with its natural structure of Poisson
vertex algebra, induced by R. The Poisson vertex algebra S(R) can also be thought of

as the algebra of differential polynomials on g:
S(R) = Clo"w]=Z! ., = Clualaer,
with Poisson A-bracket
{0Fu; 5 0™uj} = (—N)F(N 4 0)™[ui » ;).
The Zhu algebra associated to S(R) is

Zhu(S(R)) = S(R)/(S(R)OS(R)) = §(Zhu(R)) = S(g).
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Thus, diagram (4.3.1) in this new setting becomes:

Theorem 4.3.6. Any quantization map ¢ : S(g) — U(g) can be lifted to a quantization
map ¢ : S(R) — V(R) such that p(a+Tr) = ¢(a)+ Jy. The chiral star-product defined
by ¢ as in Proposition 4.3.5 is the chiralization of the star-product x;, defined as in
Remark 4.1.5.

To prove the theorem, we need a technical result.
Lemma 4.3.7.
(a) By = {ug, ... (Oug,) .. wy, |wg, € Bon > 1,4y <ig < -+ <'i,} is a basis of Jy.

(b) By = {ws, *p - % (Oug) *p - - % wg, |ug; € Byn > 1,4y <dy < -+ <in} is a basis
Oth.

In particular, as vector spaces, J = Jy.

Proof. A generic element in J is of the form (da)b, with a,b € S(R). Writing a,b as
polynomials in elements of B and since 0 is a derivation, (Jda)b is spanned by elements

in B;. Since it is also a linearly independent set, B; is a basis of Jj.

For part (b), we first show that J, C spang(Bs). Let x € J,. We proceed by induction
on n, the lowest natural number such that € F,V(R). We can assume that = =
(Oa) *5 b for some a,b € V(R). Write a, b in the PBW basis with respect to the product

x5,. Since 0 is a derivation of *j, z is a linear combination of elements
Lo = (uil Xp oot Ky (8uzk) Xp ootk Uim) *p <Uj1 Xpocoot ok th>,

with u;, u;, € B, iy <+ <ip, j1 <+ < Ji, and m+t < n. By the quasi-associativity
axiom of % (3.3.6), we can rearrange the parenthesis so that x, € By, modulo elements
in F,_1V(R). By Theorem 3.4.3, all the associators are elements of J,. So z, € By
modulo some terms in F,, 1V (R) N J;. By induction hypothesis, we can write = as a

linear combination of elements in B,.

Since it is a subset of the PBW basis, B, is a linearly independent set. We are left to
prove that By C J;. Let Bz := {ay *p, - - - *p, (Qay) *p, - - - *p apla; € R,n > 1}. Clearly,
By C Bs. We show that By C J;. Take y = ay *p - -« %5 (Qag) *5 - - - * a, € Bs. We

proceed by induction on n. Using equation (3.3.9) multiple times, we can move (Jay)
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to the first position on the left, modulo terms of the form

(T) @1 #p - xp a1 %5 (@ *p (Oag) — (Oag) *p ar) % Qryy *p - *p Qp—1 *p Qg1 ¥p % G

By the proof of Lemma 3.4.1, and since the commutator goes down in the filtration,
ap *xp, (Oay) — (Qag) 5 a1 € J, N F1V(R) = 0R.

Hence (}) is an element in B3 N F,,_;V(R). By induction, it follows that y € J,. O

Proof (of Theorem 4.5.6). Recall that R = C[0] ® g, so, as vector spaces,
S(R)ZV(R)=S8(g) ® 0S(R), (4.3.3)

where OS(R) is the span of the ordered monomials in B, where at least one factor is
of the form Ou;, for u; € B. By Lemma 4.3.7, 0S(R) = J, = Jy, as vector spaces.
We extend ¢ to an isomorphism of vector spaces ¢ : S (R) — V(R) using decompo-
sition (4.3.3) and by identifying the bases of J; and J,. By Remark 4.3.5, the PBW
basis of V(R) with respect to the %;-product induces the good filtration. Thus ¢ is a

quantization map.

We now want to apply Proposition 4.3.3. First, we need to make sure that the A-
bracket is of degree —1 (recall that R is a sub-linear vertex Lie algebra, so this is
not guaranteed). Consider a central extension of g by a new variable t. Let R =
C[0] ® (g @ Ct). Tt is a vertex Lie algebra, with A-bracket obtained by homogenizing
the A-bracket of R. The vertex algebra V(R’) has a good filtration and A-bracket of
degree —1. Extend ¢ : S(R') — V(R’) by sending ¢ — t. We are now in the hypothesis
of Proposition 4.3.3, so ¢ induces a chiral star-product on S(R’). To get a chiral
star-product on S(R), it is sufficient to put t = 1. O

Example 4.3.8. Let ¢ : S(g) — Y(g) be the symmetrization map

1
Viq =+ " Vg, > H Z vio(l) . 'U’ig(k)a U’ij e B.
* oESk

Its chiralization is ¢ : S(R) — V(R) given by

Uiy -+ Uy, > — Z uid(l) Kp ootk Ug(in), Uiy e B. (434)

Example 4.3.9. Both the Moyal-Weyl and Gutt star-products are constructed using
the symmetrization map ngﬁ, where g is either a proper, finite-dimensional Lie algebra
(Gutt) or a symplectic vector space (Moyal-Weyl), that can be thought of as a sub-
linear Lie algebra with coefficients in C. Their chiralizations are then induced by the

quantization map ¢ (4.3.4).
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§ 4.4 | Explicit formulae for chiralized star-products

We keep the same notation and conventions of Section 4.3. In this section we compute
an explicit formula for the chiral star-product induced by the quantization map ¢
(4.3.4).

Remark 4.4.1. The map ¢ : S(R) — V(R) can be written as the following composi-

tion:

S(R) —— U(R;) —— V(R), (4.4.1)

\/

¢

where

e R is the Lie algebra associated to R, with Lie bracket given by

[a,0 = 3" [a bude,

and YU(Ry) is its universal enveloping algebra;
e 7y is the symmetrization map S(R) — $(Ry) given by (4.1.3);

o 1) is the map defined inductively by ¥ (a) := a, for all a € R and ¢(aB) := a*; B,
for all a € R and for all B € U(Ry).

Both « and v are vector spaces isomorphisms; we are thus performing the quantization
S(R) — V(R) in two steps: the first is a non-commutative deformation, the second is

a non-associative deformation.

Let us first consider the non-associative deformation induced by 1. Define
f)\ﬁ : il(RL) X ﬂ(RL) — H(RL)[)\]

as, for a,b € (Ry),
Lip(a,b) = v~ (D(¥(a), (b))

Define the following operators:

(a) L) : UM(Rp) — U(RL)[N], for every a € Ry, is

)= v (X, [0 - alz) s

(b) let z € Y(Ry) and a = a1 ®- - -®a,,, with a; € R for all 4; then Ly : W(R,)®T (R) —
U(RL)[N is defined as

L)\(I, CL) = Z Z (CLl cee an)il ..... sza)‘lk O-++-0 Li‘il (x), (442)

k=0 1<i1 < <1 <n
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where the subscript iy, ...,7; means that the terms a;,,...,a; are removed from

k

the product.

Proposition 4.4.2. The operator Ly induces a well-defined operator (that we still
denote by L))

Moreover, for all a,b € $\(Ry),

f)x,ﬁ(a'a b) = L)\(aa b)

Proof. We want to prove that L, satisfies the following recursive relations, for all
v € U(RyL), ap € Rand B € T(R):
(i) La(z,1) = x;
(ii) La(z, (a0 ® B)) = aoL(x, B) + LA(L}, (), B).
The base case is true by definition. Let now x € M(Ry), ag € R and B € T(R), with
B=a;®: - -®a,. Then
n+1
L)\(.I', ao & B) = Z Z (Goal s an)il .... lkLZ\% . Ll)l\il (.Z')
k=0 0<i1<-<ip<n

We can split the inner sum into the two cases i; # 0 and 7; = 0. In the first case, we

can take ag out of the sum, getting agL,(z, B). In the case iy = 0 we have instead
n+1
Z Z (a’l e a’n)iQ 77777 74]9L21k e Li\m (Lgo (:E)) = L)\(L()l\o (x)7 B)

k=1 1<ig<-<ip<n

On the other hand, from Lemma 3.3.18, for all x, B € ${(R;) and a € R,

A

(1) I)\ﬁ(ZE, 1) =,
(ii) Iyp(x,aB) = alyp(z, B) + Iy (L)(z), B).

It follows that Ly(z,aq ® -+ ® a,) = IA,\,h(x,al -vay), for all x € UW(RyL), a; € R.
Since L) depends only on the projection of the second factor to $4(Ry), it induces a
well-defined operator on $(Ry) ® U(Ry). O

Corollary 4.4.3. For all a,b € R,
LyLy — LyLy = Li .

In particular, Lf‘_

) defines an action of the opposite Lie algebra R on SW(Ry).
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Proof. Let a,b € R and x € {(Ry). By direct computation:

0 = Ly(z,ab — ba — [a,b]) = abx + aLy(x) + bL)(z) + Ly (z) L) ()
— bax — bL)(x) — aLy(z) — L) (x) L) (z)
— [a,b]lz — Lﬁl,b}
= LyLy — LyLy — Liy .

O

For what follows, it is convenient to rewrite formula (4.4.2) in a different way. We

embed T (R) in T(R @ C), and define operators £ : T(R® C) — T(R® C), as

0 ifi>n
)
@@ Q)= a®  ®u ®1®an @ Qe ifegeR
0 ifCLZ'E(C

It is easy to check that, for all a,x € $4(Ry),

" oa
L/\(x, a) = Z Z m[/g% O-:-0 L:}il (.CL') (443)

k=0 1<t << <n

Remark 4.4.4. There is an abuse of notation in formula (4.4.3), because the operators

% are defined on the tensor algebra. What we mean is “take a lift of a to the tensor
algebra, apply % and project back to U(Ry)”. By Proposition 4.4.2, we know that L,

does not depend on the choice of the lift.

Notice that (£)" = 0 for all ¢ and n > 2. In particular,

g X1 (4 I\ &1 o
| = —_ [ = — — —_ [
exp<z &) 2 5 (51 * +5n> DOy DR v

i=1 k=0 1< < <ig<n
If the operators L were commutative, (4.4.3) could be rewritten in exponential form.

Notation Consider the free algebra generated by an ordered set of elements {a;};c;.

The “normal order” of a monomial a = a;, - - - a;, is

A=Ayt Qg = Q1) Qg (K

where o is the permutation such that i,(1) > iy2) > -+ > igx). On linear combinations
of monomials, the normal order is extended by linearity. We also use the notation : exp:,
which means that the powers in the expansion of the exponential are normally ordered.

That is, for any P in the free algebra,

1 1
cexp: (P)=1+:P:+ i:PP: + 6:PPP: +
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If we consider the ordered set {£®L,, };>1, then (4.4.3) becomes

Ly(x,a) =mo:exp: (Z (;@Léi) (a®x),

i>1
where m is the associative multiplication.

Proposition 4.4.5. Let a € $U(Ry) and suppose that there are distinct elements
ai,...,as € R such that a = w(ai™ ® - - ® a®™), for some ny,...,n, > 1. Then, for
all x € U(Ryp),

LA(:U a):il Z ( k )aka(L)\)ls(LA )ZI(ZII>
; part k! I+ Hls=k ll"'ls allal...alsas as a1

5 (4.4.4)

= : : L) .
m o :exp (; ﬁai® ai) (a®x)

where n =ny + - -+ + ng and the normal order is given by 1 <2 < --- < s.

Again, there is a slight abuse of notation in (4.4.4), as the derivatives are computed on

the lift a™ ® --- ® a®™ of a to the tensor algebra.
1 s

Proof. Notice that, by Leibniz rule,

9 ®ny ®Onsy 0 0 0 ®n1 ®ns
aal(a'l ® ®as )_<51+52+ +5n1>(a1 ® ®as )?

and similarly for all the other partial derivatives. Hence,
o 0

Z $®Lai - Z Ga@-

i>1 j=1

®L, .
This implies that

Ly(z,a) =mo:exp: (Z ?@Lé) (a®x)
i>1 0%
S a A
=mo:exp: | Y 8@-®L‘“ (a®z).

i=1 Y

Notice that this is only true because we considered a lift of the form a$™ ® - - ® a®",
with a; distinct. This ensures that the two normal orders are compatible with each
others. 0

Remark 4.4.6. If we take the convention of writing b in the PBW basis, formula
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(4.4.4) becomes, for a,b € U(Ry),

Ly(a,b) =mo:exp: (Z@ul ® Lf‘) (b®a)

€T
© 1 k %D (4.4.5)
=> , —(L3)" - (L3) " (a),
lig t+lis =k

where L} = Lﬁ When applied to b ® a, only finite terms of the infinite sum inside

the exponential are nonzero.

If we compute I ,(a,b) = Ly(a,b) for a,b € Y(Ry) using (4.4.5), we obtain an expres-
sion that depends on L}(a), with i € Z. But notice that, by definition of the h-sum

bracket and skew-symmetry,

L@A(CU) = fA,h($, Uz) - f—a—h,h(fC, Uz)

. . . (4.4.6)
=1 x_o-nn(us,w) — Io(uwi, ©) = [ x_o_pn(us, v) — v
Computing _ r—a—nn(ui, r) explicitly, we get
f—)\—a—h,h(uh z)=mo:exp: (Y Oy, ®Lj_)\_8_h (r@u;),
jET
which only depends on the h-brackets of elements of B:
e —A—0—h
Lj)‘ O~ (u;) = oo Uy zuilpdz
Putting everything together, we obtain the following formula:
Ivn(a,b) =mo:exp: (Z Oy, ® L;\> (b®a)
i€T
o 1 L > kb u . (4.4.7)
=Y = : —(L;,)" ... (L7,)" (a),
lig ++lig=k

where every L} is a (rather complicated) differential operator, defined by (4.4.6). So
I an(a,b) is a “normally ordered exponential” of a bidifferential operator, with coeffi-

cients that depend only on the h-bracket within the basis elements of R.

Definition 4.4.7. A vertex algebra V is a “free-field” vertex algebra if V = V(R),
and the A-bracket on R takes values in C[A]. Many algebras fall into this class, for

example, the S7y-systems and free boson vertex algebras (see Example 2.3.7).

Proposition 4.4.8. If V(R) is a free-field vertex algebra, formula (4.4.7) reduces to

fun(ab) = m oo oexp (z e a) (@b, (4.4.8)

1€T
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where o s the operator x @ y — y ® x, and

Zz_a hau U’] z4+0(1) uz] 5 .

JEL

Proof. Note that [a,b] = 3%, 4[axb]sd) = X°,[arb]nd\ € C[N], so L[a p = 0. From
Corollary 4.4.3, the operators L), for a € R, commute with each other. We can thus
rewrite (4.4.7) as

_f,\ﬁ(a, b) = mo o oexp (Z Lf‘ ® 8ui> (a®0D).

€L

By the left Wick formula (3.3.8), for all z,y € R and Y € V(R),

(x4, Y \ ylp = 2Y Ao ylp + Y|z A0 yln + Z QCA p— h Y]l o

The definite sum is 0 because [z, y]; € C[A]. Thus the h-bracket [z *; Y ) y|s can be
expanded by the left Leibniz rule. This implies that

- wil Z)_\a_ﬁW( z ul no Z Z_a ) Uy z+0) U/z]h ox.

JEL

]

We consider now the whole quantization. Take the chiral star-product Iy ;. induced
by ¢, that is, for a,b €V,

Dunla,b) := ¢~ (Iya(@(a), (b))

Remark 4.4.9. As defined in (4.4.1), the quantization map ¢ is equal to o). Thus,
for all a,b € S(R):

Iy (a,0) = 7~ (Dua(v(a), 7(0)))

— o omesenp: (30,9 12) (0 ©7(0)

i€T
So, if we can find some z,y € S(R) such that
o (350 @ 1) (0) @ 9(a) =1(0) @ 200,
i€T

then Iy j.(a,b) = v (v(x)7(y)) = @ *, y, where %, is the Gutt star-product defined in
Example 4.1.9.

Theorem 4.4.10. For all a,b € S(R), the chiral star-product I, has the following
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exTPTession.

Tyna(a, b) =m0 exp (Z 0 @D ﬁf)) (ba)
i€
kb A—0—h A—O—Fh
- R DA0=h _ pry L (DTAO-h _ px
Z szez aull ‘ au% Koy ( i zk) ( i 21)(a)7
(4.4.9)

where ., denotes the Gutt star-product, L} the left multiplication operator u; %, —, and
D} for j € T is the operator

% A A1+h
Z 2 (M) e (Z—a—n 0 Z_a_ﬁ 0Ag. ..

'7,1 AR€EL

Ag—1+h
ey - o O g i st Uik}h)

Proof. 1t is sufficient to prove (4.4.9) when a and b are PBW monomials, say of degree

m and n respectively. Denote b = by ---b,,, with b; € B, and

Z bG”

O’GSn

with by = bo(1) - - - bo(n) € U(Rr). Then

Dupsla,b) =71 ( ST Lo 0)-
'UESn

We compute Iy 5(7(a), by) using (4.4.3):

Ly z%) 1<”<z:<1k<n mewk) o---olLy (v(a)).
Thus
-1 1 5Fby . .
et =775 2w T w ey | e 0@)

T1yeeey ikG{l ..... n} o(i1)<-<o(ik)

Notice that

1 8%b, -1 1 )
RS So(in) .. 006y K \Gir.. .00 )"
R 1) ... 00(ig) ! i1 ... 00
o(i1)<--<o(ig)
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so we get

I | )
Los(a,b) =771 0 g <M> Lz?ik 0---0 Lb)\il (v(a))

k=0

(4.4.10)

k=0 C i1 AR €L

The exponentials here are the usual exponentials of non-commutative variables.
By (4.4.6), for every z € S(R) and j € Z,

YL (V) = Loag-nna(ug, @) — uy >, .

As explained in Remark 4.4.9, the only thing left to prove is that Iy ;. (uj, a) = D}(a).
By (4.4.10) it follows that

P (us i 1 3 O L .. L) ()
w7 Kl T\ous, oy, ) e T
i1... 0 €L 1 k
where L7 ... L} (u;) € R[A]. So, by Remark 4.4.9,
o

Dop(uj,a Z > 7*7 Ly ... L (uy). (4.4.11)

! o arer Ou;, ... 0u;,

The A-bracket of elements of R is the same in S(R) and V(R), so, for all i €

LMuy) = ¢~ Z o_pls @ UilndT = Z o p U 2 Uind.

We can expand the composition of two operators Lf‘Q and Lf‘l, using the sesquilinearity
property of the sum A-bracket and the change of order of summation (Proposition
3.1.8):

A A
LyLy(uy) =37, 5>\1{(Z_5_h GA2{uy x, Uz'l}h) M Wiy b
A A
= Zfafh 5)\1 Z 5)\2{{u] Ao uil}h A uiQ}h (4412)
A >\1+h
- Z_a_h A2 Z o—h (5)\1{{’&] A2 uu}ﬁ A1 UZ2}h

Putting together (4.4.11) and (4.4.12) we get Iy . (uj,a) = D}(a), completing the
proof. O]
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Corollary 4.4.11. If V(R) is a free-field vertex algebra, then
Iy p(a,b) = m, oooexp <Z L}'® aul) (a®b), (4.4.13)
i€T

where o s the operator x @ y — y ® x, and

ZZ o U 240 uz}h : (4.4.14)

JET ]
More explicitly:

kb

I)\h*a b Z Z —‘k,y

k=0 1,41, inojn€L 8uj1 e ank

k
A A1 Ak—1
(Z)\k+1h 6>\1 Z)\k+17h 5)\2 T Z)\kJ’»l*h 6>\k E{UZS >‘5_>‘S+1 ujs }h) <

o*a >
Aky1=—0 (9uil . 8ulk ’
(4.4.15)

Proof. Equations (4.4.13) and (4.4.14) follow from putting together Theorem 4.4.10
and Proposition 4.4.8. Formula (4.4.15) follows from iterating (4.4.14) and by the fact
that {u; ru;}n € C[A] for all 4,5 € Z. O

Remark 4.4.12. Formula (4.4.13) for the free-field case consists of an exponential of
a bidifferential operator, which is similar to the Moyal-Weyl and Gutt star-products
(see Examples 4.1.7 and 4.1.9).

Example 4.4.13. In the case of fv-systems, we can see explicitly how the chiral
star-product I . reduces to the Moyal-Weyl star-product in the Zhu algebra. First
of all, notice that the Gutt star-product %, in the Zhu algebra reduces itself to the
Moyal-Weyl star-product. Denote by 7 the Poisson bivector of the Zhu algebra and
let a %, b := Iyn(a,b); from equation (4.4.13) and by expanding the formula for the
Moyal-Weyl star-product (4.1.4), it follows that

a*pb=moexp(r/2)ooo exp(Z L) ® 8%.) (a®0b) mod Jp.
i€Z

Moreover, by (4.4.14) and Theorem 3.1.6,

Z Z {ujxuz}héx mod J.

]GI

= Z {U] —h Uz}h mod jﬁ.

]EI

Since the Poisson bracket in the Zhu algebra is induced by {- _p-}s,

ax,b=moexp(r/2) oo oexp(r)(a®b) mod Jj
=moooexp(n/2)(a®b) mod J.
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Since m is commutative, we can get rid of o, getting back the formula for the Moyal-

Weyl star-product.
§ 4.4.1 | Star-deformations of Poisson vertex algebras

A (Poisson) vertex algebra is an ii-(Poisson) vertex algebra under the limit 7 — 0. So,
our formulae for I, can be specialized to obtain formulae for the star-deformation

of the corresponding Poisson vertex algebras.

Theorem 4.4.14. The following formulae describe the star-deformation of S(R) in-

duced by the symmetrization map:

I(a,b) = m, oexp (Z 8ui®(Di_>‘_8 — E:)) (b®a)
i€l

- (4.4.16)

_Z > T ou ™ V(D?}C‘a—ﬁfk)...(Di‘a—ﬁjl)(a),
i1 - in

' 1.0, €L

for all a,b € S(R), where x,, denotes the Gutt star-product (4.1.5), L* the left multipli-

cation operator by u; with respect to %, and D; for j € T is the operator:

k:
Z La 'leEI (M) *y (/ d)\1 d)\z
Aot
[ ANy b - ulk}>

Proof. 1t follows directly from Theorem 4.4.10, by sending A — 0. If Ry is abelian, then
the map « in (4.4.1) is the identity. This implies that I, , = j)\,h|ﬁ_)0- All the properties
used in the proof of Proposition 4.4.8 are true in the case where R is abelian. So
(4.4.17) follows from (4.4.8). O

Corollary 4.4.15. If Ry, is an abelian Lie algebra, then

Iy, (a,b) :moaoexp<ZLg\®3ui>(a®b), (4.4.17)

1€T

where m s the multiplication map, o is the operator x @ y — y ® x, and

Z/a B {uj prom ui} dz.
J

More explicitly:

I, (a,b) = Z Z

k=0 i1 j1 lk ]kEI

A A1 Ak—1
</ d)\]_ d)\Q . / d)\k H{uls As— 9+1u]s}> <
Aet1 Akt1 Akt1

Proof. All the properties used in the proof of Proposition 4.4.8 are true in the case

kb

(9ujl e 8ujk

oka
Ak+1=—0 8u2-1 c. auzk ‘
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where Ry, is abelian. So (4.4.17) follows from (4.4.8). O

Remark 4.4.16. If V(R) is a free field vertex algebra, then Ry is an abelian Lie
algebra. This is not true if A # 0, because

0

(a,0) =" asblude =3 [a, bladx # 0.

Remark 4.4.17. In [BDK], the authors derive an explicit, closed formula for a Poisson
vertex algebra structure on an algebra of differential polynomials, which they call the
“Master Formula”. The formulae in Theorem 4.4.14 are a quantization of the Master

Formula.

Remark 4.4.18. In [Ya], Yanagida studies the deformation quantization of Poisson
vertex algebras from a chiral algebraic point of view. According to [Ya, Corollary
3.15], if a chiral deformation of a Poisson vertex algebra exists, it is unique. It is not
immediately clear if the definition of a chiral deformation is equivalent to that of a
star-deformation. If that is the case, then Theorem 4.4.14 gives the explicit formula

for the unique star deformation of S(R).



Chapter 5

Future directions

In this Chapter, we discuss some open problems and future directions stemming from
Part I of this thesis.

Affine W-algebras

We have concentrated our study on vertex algebras of the form V(R), where R is a
non-linear vertex Lie algebra. Let a,b € R, and consider the degree of [a 0] in T (R)[)]
(with deg A = 0). In this thesis, we have considered the case when degla ,b] = 0, i.e.
V(R) is a free-field vertex algebra, for example, a y-system (see formulae (4.4.13) and
(4.4.17)), and the case when deg|a , b] = 1, which includes the affine vertex algebras
(see (4.4.9) and (4.4.16)).

What is left to consider is the case deg|a ,b] > 1. This means that the A-bracket be-
tween elements of R contains some “genuine” non-linearities. There are some technical
difficulties in doing so. The main one is that, in this case, the PBW filtration on V(R)
is no longer a good filtration. It would be interesting to obtain a formula for chiral

star-products in this case, which notably includes affine W-algebras.

Affine W-algebras are an important class of vertex algebras; they were introduced
in physics as “extended conformal algebras” [Za], and the theory was subsequently
developed by mathematicians (see [FF; KRW]). They are related to other important
mathematical structures. To any choice of a semi-simple Lie algebra g and of a nilpotent
element f € g can be associated an object in each of the four categories of diagram
(2.5.9):

|

where S(g, f) is the algebra of functions on the Slodowy slice [S], Section 7.4], W/ (g, f)
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is Premet’s finite W-algebra [Pr], W(g, f) is the classical W-algebra [DKV1], and
W¥(g, f) is the affine W-algebra at level k.

Even if our results do not hold in the case of affine W-algebras, they can still have
useful applications. In fact, it is possible to realise an affine W-algebra W*(g, f) as a
subalgebra of an affine vertex algebra V¥*(g) (notice the different level), see [KRW;
KW; DK2] for reference. Since our results hold for affine vertex algebras, they can be

applied to affine W-algebras via the embedding mentioned above.

What makes the theory of affine W-algebras complicated is that, in general, there is
no presentation by generators and relations. Recall that a nilpotent element f € g is
called short if the corresponding Dynkin grading on gis g =g_1 ©go® g1. In [DKV1],
De Sole, Kac, and Valeri computed the generators and relations for the classical W-
algebra associated to a short nilpotent element. Some of the formulae in this thesis can
be used to compute a quantization of this presentation. I intend to study the problem

in a following paper, which is a collaboration with Daniele Valeri.
Further work on h-vertex algebras

Other future directions regard h-vertex algebras. First, it would be interesting to
find a combinatorial explanation for the appearance of finite difference calculus in the
formulae of the h-bracket (see Section 3.3). This should follow in some way from the

change of variables x = %log(l + hz). In fact,

Zk

log(1+2) = s(n, k)ﬁ
k>1
This is the generating function of the Stirling numbers of the first kind, which are the

coefficients s(n, k) of the expansion of the falling factorial

(@) =2(x—1)(x—2)- (z—n+1) = s(n,k)z".

k>0

In Section 3.4, we show how the construction of the Zhu algebra becomes more natural
in the formalism of h-vertex algebras. Another possible application of the A-vertex
algebra formalism is to higher-level Zhu algebras, which are usually quite complicated
to construct explicitly. These are a sequence of associative algebras Zhu, (V), for n € N,
associated to a vertex algebra V' [DLM]. The first term of the sequence, Zhuy(V'), is
the usual Zhu algebra. A vertex algebra V' is rational if and only if Zhu, (V') is finite-
dimensional and semi-simple for all n € N. The construction is similar to that of
the Zhu algebra: one defines two products, %, and o,, and then shows that x, is an
associative product on Zhu, (V) = V/(0V + V o, V). The most common definition of
x, and o, requires the conformal grading again, but it is possible to give an equivalent
definition using a change of variables (see [Li3]). It would be interesting to see if there

exist higher level h-vertex algebras that control the higher level Zhu algebras.
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Representation theory

Zhu algebras are important because of their relation to representation theory; this
connection is not investigated in this thesis. In [Zh], the Zhu algebra was originally
constructed using (implicitly) the A-vertex algebra induced by the conformal grading
(see Remark 3.2.5). It is shown in [Zh] that the Zhu algebra acts on “positive energy
modules”. The definition of a positive energy module involves the conformal grading.
In a nutshell, a positive energy module for a VOA V is a graded vector space M =

@D,>0 My, together with an action of V' via quantum fields:

YM .V = End(M)[[z,27Y], YM(a,2) = %a%z‘"‘l,
ne
satisfying some axioms, including a version of the Borcherds identity (2.2.1). The
grading condition is a%Mk C Mysn, n-1. In particular, o(a) := aé\ﬁa_l) preserves
the degree. Recall the definition of the e and x product (2.5.4) (2.5.5) (here we are
specializing i = 1). It turns out that o(aeb) = o(a)o(b), and that the restriction of o to
degree piece My gives a module for the Zhu algebra Zhu'(V) = V/(V x V') (2.5.6). This
defines a reduction functor, which has a right inverse, called the induction functor, from
Zhu'(V)-modules to positive energy V-modules. Moreover, these two functors give a

bijection on equivalence classes of simple modules [Zh, Theorem 2.2.2].

In [Hu2], the Zhu algebra Zhu(V') is constructed using (implicitly) the Ai-vertex algebra
structure coming from the change of variables (see Proposition 3.2.3). This construction
does not require the existence of a conformal grading. However, the connection with
representation theory proved in [Hu2] still involves positive energy modules, and thus
a conformal grading. In fact, the action on positive energy modules is the action of
the Zhu algebra constructed via the conformal grading, induced via the isomorphism
T : Zhu(V) — Zhu'(V) of Theorem 2.5.5. That is, if a € Zhu(V'), m € My, the action

of a on m is defined as o(T(a)).

It would be interesting to get a representation-theoretic interpretation of the Zhu
algebra that does not require the conformal grading. It is not difficult to get an
restriction functor. In fact, if M is a module (not graded) of a vertex algebra V
with action given by Y (-, 2), then Y™ (a, +log(1+ hz)) => ez a%ﬁ)z*"*1 gives an
action of the h-vertex algebra associated to V. The quotient of M by the span of
{aé‘{m)m la € V,m € M} becomes naturally a module of Zhuy(V'), with the action
induced by aé‘/_f 1,n- The proof is similar to that of the associativity of Zhu, (V') (see
Theorem 3.4.3) and also appears (without the Ai-vertex algebra formalism) in Huang’s

paper [Hu2, Proposition 6.7]. It is not clear if a right inverse of this functor exists.

Another possible approach is the following. Recall that, in the construction of the
h-vertex algebra associated to a vertex algebra (V,Y'), the h-vertex operators are given

by Yi(a,z) =Y (a, % log(1 + hz)) The change of variable construction, when applied
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to the isomorphic vertex algebra (V,Y”) (2.5.7), gives the Ai-deformed vertex operators
Yila,z] = Y((1 + hz)Lo 2). So the conformal grading appears via the isomorphism
T:(V,Y)— (V,Y’) (see Section 3.4).

Now, consider a V-module (M = @ M,,Y™), graded but not conformally graded.
That is, af‘:{) M, C My_,,_1, for all a € V. We can deform Y as follows:

YMa, 2] = YM (200, 2).

Clearly, Res, (27 'YM[a, 2]) = aX. _; = o(a). So the (—1) action with respect to Y[, 2]
is the one that induces the action of Zhu'(V'). This suggests the existence of another
change of variable z + f(z), depending on A, such that Y;Y(a,z) := Y¥(a, f(2))
is naturally a module for the h-vertex algebra Yj(a,z). Ideally, when applying this
change of variable to the action of the isomorphic vertex algebra (V,Y”), we should get
YM(zLog, 2). This is probably too naive, as the change of variable needed seems to
be degenerate, but it is possible this could be made precise. Some of the results of Li
[Li2] are in this direction. Li defines a class of modules, that he calls “¢-coordinated
modules”. He proves that Y™ (zLoq, 2) is a ¢-coordinated module for the vertex algebra
(V,Y[, 2]) [Li2, Proposition 5.8]. It would be interesting to rephrase these results in

the formalism of hA-vertex algebras and to further investigate the problem.
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Part 11

Isomorphisms of deformations and
quantizations of Kleinian

singularities



Notation and conventions

If not stated differently, all vector spaces are assumed to be over C.

To avoid confusion, we strictly reserve the term quantization for filtered, non-commutative

algebras and deformation for filtered Poisson algebras.

We provide below a table of commonly used notation for Part II:

Notation Meaning
V Vector space
AD,... Associative algebras
AD,... Poisson algebras
S(V) Symmetric algebra of V
T(V) Tensor algebra of V
Aut Group of associative algebra automorphisms
PAut Group of Poisson algebra automorphisms
Iso Groupoid of associative algebra isomorphisms
Plso Groupoid of Poisson algebra isomorphisms
P Complex projective space
A" Complex affine space
Ca Group algebra of the group G
Spec(R) Spectrum of the ring R
C[X] Algebra of polynomial functions of the affine variety X
C[X]¢ Subalgebra of G-invariant functions
A, D, E, ADE Dynkin types
AxG Skew ring (Definition 6.1.6)




Chapter 6

Preliminaries and motivation

This Chapter is a technical introduction to Chapter 7, which contains the main results
of Part II. It also aims to provide motivation and broader context to the main results.
Section 6.1 is an introduction to the most important aspects of the theory of quanti-
zation and deformation of conical symplectic singularities. In Section 6.2 we discuss
the main problem about equivalence of groupoids of isomorphisms. Our results focus
on the special case of Kleinian singularities, which are discussed in detail in Section
6.3.

Let us fix some notation that will be used throughout the rest of the thesis. When we
say that an algebra A is graded (respectively filtered), we always assume the grading
(filtration) to be non-negative, that is A = @,;50A4; (respectively A = U;>o FiA).
Moreover, we assume each graded (filtered) component to be finite-dimensional, and
Ap = C (respectively FpA = C). If, in addition, A is a Poisson algebra, we assume
the Poisson bracket to be of negative degree, that is, there exists an integer ¢ > 1 such
that
{}: 4,04, Am: or {,}:FLARFA,, — F,in A,

for all n,m. Similarly, if A is a filtered associative algebra, we require the commutator

to be of negative degree:

['7 ] F,LAQ FpA— Fner,iA.

Note that this implies that the associated graded gr A is commutative and has a natural
structure of graded Poisson algebra (see Section 4.1). Let A and B be graded (respec-
tively filtered) algebras. A map ¢ : A — B is a graded (filtered) algebra isomorphism
if ¢ is an algebra isomorphism such that ¢(A;) = B; (respectively, if ¢(F;A) = F;B),
for all 7+ > 0.

Let A be a graded Poisson algebra.

Definition 6.0.1. A filtered deformation of A is a pair (D, ), where
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e D is a filtered Poisson algebra

e i:gr(D) — Ais a graded Poisson algebra isomorphism.
Definition 6.0.2. A filtered quantization of A is a pair (Q,1), where

e (@ is a filtered associative algebra

e i:gr(Q) — Ais a graded Poisson algebra isomorphism.

Filtered deformations and quantizations and their interplay are the main objects of
study in Part II of this thesis. First, we define a suitable notion of isomorphic defor-

mations and isomorphic quantizations.

Definition 6.0.3. Two deformations (D,i) and (D', j) of A are isomorphic if there
exists a filtered Poisson algebra isomorphism ¢ : D — D’ such that the following

A
/ <¢>>\
(D) £ g

Similarly, two quantizations (@Q,7) and (@', 7) of A are isomorphic if there exists a

diagram commutes:

gr (D)

filtered algebra isomorphism 1 : QQ — Q' such that the following diagram commutes:

A
H(Q) — = er(Q

g ')
When it does not create ambiguity, we write “the algebra A is a deformation /quantization

of A”, making the choice of the isomorphism implicit.

§ 6.1 | Conical symplectic singularities

The definition of a variety with symplectic singularities was introduced by Beauville
in [Be2], as a generalization of the notion of symplectic manifolds to singular algebraic

varieties.

Definition 6.1.1. Let X be a normal Poisson algebraic variety over C such that the
smooth locus X" is a symplectic variety. Let w,., denote the symplectic form on
X", We say that X has symplectic singularities if there is a resolution of singularities
p: X — X such that the pull-back p* (wreg) extends to a regular (but not necessarily
symplectic) 2-form on X.

By slight abuse of terminology, we will call a variety X with symplectic singularities a
symplectic singularity. Recall that an affine algebraic Poisson variety X is called conical

if its algebra of functions C[X] is a graded Poisson algebra. We are interested in the
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class of symplectic singularities that are conical, which are called conical symplectic

stngularities.

Example 6.1.2. Let (V,w) be a finite-dimensional symplectic vector space. Consider a
finite subgroup G of the symplectic group Sp(V'). The group G acts on the polynomial
ring C[V] by

(9 Pw) = f(v) = flg~'v), VfeC[V]geG veV.

Then the symplectic quotient V/G := Spec(C[V]%) is a conical symplectic singularity
(see [Be2]).

Theorem 6.1.3. Let X be a conical symplectic singularity. There exists an affine
space that parameterizes both the deformations and the quantizations of C[X], up to

isomorphisms.

Proof. This theorem is the sum of the results by Namikawa [Nal; Na2|, for the defor-

mations part, and Losev [Lo2], for the quantizations part. O

For the results of this thesis, the exact nature of this parameter space in the full general-
ity of conical symplectic singularities is not needed. We briefly sketch the construction,

for completeness’ sake. First, we need some preliminary facts.

Theorem 6.1.4. Fvery symplectic singularity has a finite stratification by symplectic

leaves.
Proof. See [Ka3, Theorem 2.3]. O

In particular, we are interested in the codimension 2 symplectic leaves. Any symplectic
singularity admits a crepant, partial resolution, called the QQ-factorial terminalization,
that has no codimension 2 symplectic leaves (see [Lol, Proposition 2.1]). Let Y be a Q-
factorial terminalization of X. We can construct all the deformations of C[X] starting
from the deformations of C[Y]. The parameter space for the latter deformations is
given by B = H?(Y"* C), which is sometimes referred to as the “Namikawa Cartan

space”.

Let Lq,...,L; be the codimension 2 symplectic leaves of X. For every i = 1,... k,
take a point x; € £; and consider (3;, x;), the transverse slice of £; in X at the point
x;. These transverse slices have now dimension 2, so they are Kleinian singularities
(3, 2;) = (V/T:,0) of type A; (see Section 6.3). In particular, they have associated a
Weyl group W; of the corresponding Dynkin type.

Remark 6.1.5. Although it is not always possible to take an algebraic transverse slice

to each codimension two symplectic leaf, we can always take either a formal slice or a
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transverse slice in the complex analytic category and proceed similarly.

Consider the Q-terminalization map 7 : Y — X and the preimages 7~ *(z;). Since z;
corresponds to the point 0 € V/T'; on the transverse slice ¥;, its preimage is a union of
P! in the shape of the corresponding Dynkin diagram (see Theorem 6.3.2). We obtain a
monodromy action of the fundamental group m (£;, z;) on A; by graph automorphism.

This induces an action of m(L;, z;) on W; and we define
W = Wm(ﬁi,xi)

the subgroup of fixed points. The groups W; are the Weyl groups associated to the
folded Dynkin diagram A; := Al /m1(L;, z;). Finally, let

The group W is called the “Namikawa Weyl group” and it acts on *3 by crystallographic
reflections. Two deformations of C[X] are isomorphic (as deformations) if and only if
their corresponding parameters are in the same W-orbit. So the parameter space for

the deformations is the quotient 8/W, which is an affine space since W is a reflection

group.

In [Lo2], Losev proves that it is also possible to construct all the filtered quantizations
of C[X] starting from the Q-factorial terminalization. Again, two quantizations are
isomorphic if and only if the corresponding parameters are in the same W-orbit. So,

PB/W is also the parameter space of the filtered quantizations.
§6.1.1 | The symplectic reflection algebra

Consider a finite-dimensional, symplectic, vector space (V,w) and a finite subgroup
G of Sp(V). For symplectic quotients V/G, there is an algebraic construction of the

deformations and quantizations of C[V/G], using symplectic reflection algebras.

Definition 6.1.6. Let A be an algebra and H a finite group acting on A. The skew-
ring A x H is, as a vector space, the tensor product A ® CH. It is an algebra with
multiplication given by

h-a=ad"-h Yac A heH,

where a” is the action of A on a.

The symplectic reflection algebra is defined as a quotient of the skew-ring 7 (V*) x G,
where T (V*) is the tensor algebra of V*.

Definition 6.1.7. An clement s € G is called a symplectic reflection if rk(id —s) = 2.
Let S denote the set of symplectic reflections in G.

Remark 6.1.8. The name symplectic reflection is due to the analogy with complex
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reflections. Namely, let s act on a vector space b as a complex reflection, that is
rk(id —s) = 1. Consider the action of s on V := b @ h*: if we give V the symplectic
structure coming from the dual pairing, then s € Sp(V') and

rk(id —s)|, = rk(id —s)|, +1k(id —s)| = 2.
Every symplectic reflection admits such a splitting, but the whole of G need not.

Let s € S. The vector space V splits as V' = Im(id —s) & Ker(id —s), with Im(id —s)
of dimension 2. Let ws be the 2-form on V' whose restriction to Im(id —s) is w and
which is equal to 0 on Ker(id —s). Let ¢ € C[S]¥. This means that c is a function
¢ . § — C, invariant under the action of GG by conjugation. Take an additional

parameter t € C.

Definition 6.1.9 ([EG]). The symplectic reflection algebra H,.(G) is the quotient

Heo(G) = T(V*) x G/<u®v v @u—tw(u,v) + 23 e(s)ws(u,v)s | v € v*> .

seS

Remark 6.1.10. There is an obvious isomorphism H; .(G) = H; ). for any A € C* by

rescaling generators. Thus, we can reduce to considering only the cases where ¢t = 0, 1.

Symplectic reflection algebras admit a version of the Poincaré-Birkhoff-Witt (PBW)
Theorem. Take the filtration on H;.(G) with CG in degree 0 and V* in degree 1.

Theorem 6.1.11 (PBW Theorem). The symplectic reflection algebra H,.(G) is iso-
morphic, as a vector space, to C[V]®@CG. This upgrades to an isomorphism of algebras

after taking the associated graded
gr(Heo(G)) = C[V] x G.

Proof. The proof uses techniques from non-homogeneous Koszul duality. Namely, if

we consider only the quadratic part of the relation in Definition 6.1.9, we get
TWVIYXG/{uv—v@u|u,ve V") ZC[V]xG.

Since C[V] x G is a Koszul algebra, a result by Braverman and Gaitsgory [BG, Lemma
3.3] gives sufficient conditions on the defining relation of H;.(G) to get the PBW
property, which hold in the case of symplectic reflection algebras. To check the details,
see the original paper by Etingof and Ginzburg [EG, Theorem 1.3]. O

Take t as a formal variable, and define the C[t]-algebra H,.(G) as in Definition 6.1.9.
The PBW Theorem implies that the algebra H..(G) is a free C[t]-module. Hence
lime_,o He o(G) = Ho o(G). That is, H; .(G) is a one-parameter deformation of Hy .(G).
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Example 6.1.12. Let G be the trivial group. Then
Ho. =S(V) and H;.=W(V,w),

and we recover our standard example of the symmetric algebra and Weyl algebra. In
fact, if we consider c(s), for s € S, to be the formal parameters, the symplectic reflection
algebra can be seen as a multi-parameter deformation of the skew-ring W (V,w) x G.

Let .
e:=— > g
] =

geG

be the symmetrizer idempotent, seen as an element of CG C H; .(G).

Definition 6.1.13 ([EG]). The spherical subalgebra of the symplectic reflection algebra
is eH; .(G)e.

Multiplying on both sides by the idempotent e is a standard technique to obtain in-
formation about the G-invariants. This is due to the relation g - e = e in CG. For
example, the algebra e(C[V] x G)e can be identified with C[V]“ by the relation

1
|G|

g . Q_L
B TE

geG

e-f-e= Y f7-e, VfeC[V]

geG

Theorem 6.1.14.
(i) The spherical subalgebra eHy (G)e is a filtered Poisson algebra.

(ii) For any choice of t,c,
gr(eH, .(G)e) = C[V]°.

Proof. The spherical subalgebra is commutative for ¢ = 0 and any ¢ (see [EG, Theorem

1.6]). Since eHg .(G)e is the classical limit of eHy .(G)e, for t — 0, we must have
leH; .(G)e, eH; .(G)e] C t(eH,(G)e).

This means that 1 [-, -] is well defined at ¢ = 0 and defines a Poisson bracket on eHy .(G)e.
Since eH; .(G)e is an associative filtered algebra, with the filtration coming by restric-
tion from the filtration on H;.(G), the induced Poisson bracket on eHy .(G)e must be
filtered too.

Part (ii) is a direct consequence of Theorem 6.1.11. [

In particular, (eHy .(G)e, %) is a deformation of C[V]“, where i is the canonical isomor-

phism i : gr(eHo.(G)e) = C[V]Y. Similarly, the spherical subalgebra eH; .(G)e gives a
quantization of C[V].
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Notice that S is a finite set, so C[S] is a finite dimensional vector space, hence an

affine variety:.

Theorem 6.1.15. There is an isomorphism j : C[S]Y — B of affine varieties, such
that (i) and (ii) below hold. For ¢ € B, let X1 . and Xy, be the corresponding quanti-

zation and deformation, respectively. Then, for all ¢ € C[S]%:
(1) eHo(G)e = Xo () as filtered deformations of C[V]¢%;

(i7) eH1.(G)e = X1 (¢ as filtered quantizations of C[V]°.

Proof. Part (i) was proved by Bellamy in [Be3, Theorem 1.4], while (ii) was proved by
Losev in [Lo2, Proposition 3.17]. O

§ 6.2 | Statement of the main problem

Let A be a graded Poisson algebra, such that its deformations and its quantizations
have the same parameter space P. A conical symplectic singularity X offers a natural
example: let A = C[X], then, by Theorem 6.1.3, P = B/W. Let ¢, be two defor-
mation parameters. They correspond to two deformations Xy. and Xy . These are
distinct as filtered deformations, but the underlying algebras may still be isomorphic
as Poisson algebras. Let us consider a diagram where vertices correspond to points
in P and arrows are Poisson isomorphisms between the corresponding deformations.
Alternatively, we could consider a different diagram, where the arrows between ¢ and
¢’ correspond to the associative algebra isomorphisms between the quantizations X; .

and X; ». We get a picture like this,

where the red arrows correspond to Poisson isomorphisms of the deformations and the
blue arrows to associative algebra isomorphisms between the quantizations. Since the
arrows are all invertible, we have defined two groupoids: let us denote them Plso(A),
for the Poisson isomorphisms, and Iso(.A), for the associative algebra isomorphisms. It

is natural to ask the following question.

Question. What is the relation between the groupoids PlIso(A) and Iso(.A)? In which

cases are they isomorphic?
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The question is in general very hard to solve. In the case of conical symplectic singu-

larities, there is some positive evidence for the two groupoids to be isomorphic.

Let X be a conical symplectic singularity and consider G, the group of graded Poisson
automorphisms of C[X]. Let ¢ € /W and consider the corresponding deformation
Xy This comes with the choice of an isomorphism i : gr(¥,.) = C[X]. Let g € G and

consider the following diagram:

gr(%o,c)

~ .
) ~_ goi
i S
~
\,\

ClX] —— C[X]

Since g is graded Poisson, the couple (X, g 04) is another deformation of C[X]. This
means that there exists some parameter ¢’ € /W such that (X, g01i) = (Xo,7).
In particular, there exists an isomorphism of filtered algebras Xy. = Xy . In other
words, the group G acts on the parameter space P/W. We have a second action
of G on B/W, constructed similarly, by looking at the induced isomorphisms on the
quantizations. Up to this point, we have only used the properties of the parameter
space. In general, the two actions may have no connection with each other. However,

for conical symplectic singularities we have:

Theorem 6.2.1. The Poisson and quantum actions of G on B/W coincide.
Proof. See [Lo2, Section 3.7]. O

Corollary 6.2.2. Two deformations X, and X0 of C[X] are isomorphic as filtered
Poisson algebras if and only if the two corresponding quantizations X, . and X, are

isomorphic as filtered associative algebras.

Proof. Let ¢ : X1, — X1 a filtered algebra isomorphism. Consider the following

diagram:

er(X1.) 2% (X, )

L

cx] 7 ClX]

Notice that gr(¢) is well defined since ¢ is filtered, and it is a graded Poisson algebra

1

isomorphism. Thus g = i’ o gr(¢) o i~ ! is an element of G. We get the commuting

diagram

(X)) 2 gr(X10)

got

C[X] —X— C[X]
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thus (X1, g o) is isomorphic to (X, ,4) as quantizations. This means that ¢ = g(c)
under the G-action on /W In particular, two quantizations are isomorphic as filtered

associative algebras if and only if the corresponding parameters are in the same G-orbit.

We can reason analogously for the deformations. Since, by Theorem 6.2.1, the Poisson

and quantum actions coincide, this completes the proof. O

This result is of course not enough to answer Question 6.2. It says nothing about non-
filtered isomorphisms and, a priori, we could also have multiple filtered isomorphisms

with the same associated graded.

Remark 6.2.3. Ideally, we would like to regard the deformation X, . as the classical
limit of the corresponding quantization X; .. The associated graded of C[X;.] though
is C[X] and not C[X(.]. In the case of symplectic quotient singularities, the spherical
subalgebra realization of deformations and quantizations (see Section 6.1.1) allows us
to make this connection explicit, as eHy .e is the classical limit of eH; .e with respect
to the auxiliary parameter t. This can be useful, and we employ a similar argument
as part of the proof of Theorem 6.2.6 in type A. Unfortunately, it does not provide a

general way to directly relate Poisson and associative algebra isomorphisms.
Question 6.2 is motivated by the Belov-Kanel-Kontsevich Conjecture [BK2].

Conjecture 6.2.4. Let (V,w) be a finite-dimensional symplectic vector space. The
automorphism group of the Weyl algebra W (V, w) is isomorphic to the group of Poisson
automorphisms of the symmetric algebra S(V'), with the standard Poisson structure

induced by the symplectic structure.

The symmetric algebra S(V) is quite rigid, in fact it admits exactly one (up to isomor-
phisms) filtered quantization, the Weyl algebra, and exactly one filtered deformation,
the trivial deformation, that is S(V') itself. Since the parameter space is only a point,
the groupoids PIso(S(V)) and Iso(S(V)) coincide with the groups of (Poisson) isomor-
phisms. In particular, we can regard S(V) = C[V*] as the algebra of function of the
symplectic quotient associated to the trivial group G = 1. Then the following is a

direct generalization of Conjecture 6.2.4.

Conjecture 6.2.5. Let V' be a finite-dimensional vector space and G a finite subgroup

of Sp(V'). There is an isomorphism of groupoids
Plso(V/G) = Iso(V/G).
The Belov-Kanel Kontsevich Conjecture is known to be true only in dimension 2. We

want to check if Conjecture 6.2.5 holds in dimension 2 as well. Symplectic quotient

singularities in dimension 2 are exactly the Kleinian singularities. In Chapter 7, we
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concentrate our study on Kleinian singularities of type A and D, confirming Conjecture

6.2.5 in those cases.

Theorem 6.2.6. Let V/T' be a Kleinian singularity of type A or D. Then

Plso(V/T') = Iso(V/T).

§ 6.3 | Kleinian singularities

Let us briefly recall some basic facts and definitions about Kleinian singularities.

Definition 6.3.1. Let V be a two-dimensional vector space and I' a finite subgroup
of SL(V). The quotient V/T" := Spec(C[V]") is called a Kleinian singularity.

Since, in dimension 2, we have SL(V') = Sp(V'), Kleinian singularities are symplec-
tic quotients. The invariant ring C[V]' is generated by three elements, subject to
one polynomial relation [PV, Section 0.3]. The Kleinian singularity V/I" embeds into
the three-dimensional affine space A3 as a hypersurface with a singularity at the ori-
gin. These hypersurfaces are also known as Du Val singularities or rational double

points.

Theorem 6.3.2 (McKay Correspondence). Finite subgroups of SLa(C) up to conjuga-
tion (and thus Kleinian singularities) are classified by the simply-laced Dynkin diagrams
An7 Dn7 E67E77E8-

Proof. This is a well-known result. The Dynkin diagram can be associated in two ways.
From the geometric side, if we look at the configuration of the exceptional divisors
of the minimal resolution of V/T', we recover the corresponding Dynkin diagram A
(see [Sl, Chapter 6.1]). On the group-theoretic side, consider Vj, ..., Vj, the simple
representations of I'. The group I' acts on C? as a subgroup of SL,. Compute the

coefficients in the decomposition
k
‘/i &® C2 - @mz,]‘/j7
j=0

and draw the graph with £+ 1 vertices and m; ; edges between the vertices 4, j (notice
that C? is self-dual as a representation of I', so m; ; = m;;). This graph, known as the
McKay graph of I is the extended Dynkin diagram A of A (see [S], Appendix I11]). O

Since Kleinian singularities are symplectic quotient singularities, the results of Theorem
6.1.3 and 6.1.15 apply. Deformations and quantizations of Kleinian singularities have
been studied in much more detail, so we can provide a more precise description of their
construction. First of all, the Namikawa Cartan space 8 and the Namikawa Weyl

group W are isomorphic to the actual Cartan space h and the actual Weyl group of
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Type Group Diagram Equation

A, 1,n>2 Cyclic Z, o —o xy—z2"=0

D,,, n >4 | Binary Dihedral BDy(,_2) —o— «< " xy? + 2P
Eq Binary Tetrahedral BT .—.—I—.—. xt 3+ 22
E-, Binary Octahedral BO ._._I_._._. 23y + 3 + 22
Es Binary Icosahedral BI .—._I—.—._.—. x® + 3+ 22

Table 6.1: Classification of Kleinian singularities

corresponding Dynkin type.

The filtered deformations of C[V]' can be constructed explicitly by considering the
semi-universal deformation of V/I" (seen as a hypersurface in A?) and specializing the
parameters. Explicitly, every deformation of C[V]' is the algebra of functions of a

hypersurface in A3 with equation depending on dim(h/WW) parameters.

The explicit presentation by generators and relations of the filtered quantizations of
C[V]% is known in type A and type D. We describe them in detail in the rest of this
section, as they are crucial to the proof of Theorem 6.2.6. Unfortunately, no explicit
presentation is known in type E. This was the main obstruction to extending Theorem

6.2.6 to the exceptional types.

Remark 6.3.3. The fact that the families of deformations and quantizations that we
consider coincide with the universal families coming from the theory of Namikawa and
Losev needs some explanation. For the deformations, the fact that the semi-universal
deformation coincides with the universal Poisson deformation was proved in [LNS,
Theorem 1.3]. The analogous result for the quantization is proved in Remarks 6.3.8
and Remarks 6.3.9. We use the fact that, to prove that an algebra is the universal
quantization of C[V]', it is sufficient to show that its associated graded coincides the
universal Poisson deformation. A proof of this result can be found in [ACET, Lemma
2.14]. Tt is worth pointing out that this is not true for general algebras, but holds for
the quantizations and deformations of the algebra of functions of a symplectic quotient

singularity, so in particular for Kleinian singularities.

The term “universal” used here for deformations and quantizations has a precise cat-
egory theoretic meaning. For our purposes, it just means that all the possible defor-
mations and quantizations are obtained from the universal one, by specialization of

parameters. For a more precise definition, we refer to [ACET].
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§6.3.1 | Type A

Let V be a complex vector space of dimension 2. Choose a basis for V', and let X, Y
be the corresponding coordinate functions. We then identify SL(V') with SLy(C). Take
[' = C,, C SLy(C) the cyclic group of order n, with n > 2, acting on V' via matrices of

2kmi/n 0
(6 ), with 1 <k <n.

the form

0 e—2k7ri/n

The quotient V/T" is the Kleinian singularity of type A, 1. The algebra of functions
C[V/T] = C[V]" is generated by the monomials X™, Y™ and XY, so

ClAn-1] = Clz,y, 2]/ (zy — =),

for all n > 2. Considering X, Y to be of degree 1, we have a grading on C[A,,_1] given
by degx = degy = n and deg z = 2. The symplectic structure on V induces a Poisson
structure on C[A,_1]; we choose here the normalization such that {Y, X} = 1/n. The

induced Poisson structure on C[A,,_1] is then

{x,y} = —nz""! ) {Z,I} =T {Z>y} =Y,

with Poisson bracket of degree —2.

Remark 6.3.4. Let ¢ be a polynomial in z,y, z. It induces a Poisson structure on

Clx,y, 2], defined by

0 0 0
{xay}_afa {xaz}__az), {y,z}—(;i.

Since the ideal (¢) C C[z,y, 2| is Poisson, 1 induces a Poisson structure on the quotient
Clx,y, z]/(¢). If, additionally, ¢ is homogeneous with respect to some grading of
Clz,y, 2], then C[z, y, z] and C[x, y, 2] /(¢) are graded Poisson algebras, and the Poisson
bracket has degree (deg — degx — degy — deg z). The Poisson structure on C[A,,_4]
is of this type, where ) = xy — 2".

In type A,_;, the Cartan algebra is h = C"! and the Weyl group is the symmetric
group S,. Thus C[h]" = C|sy,...,s,], where s; is the elementary symmetric poly-
nomial of degree 7. The parameter space is thus h/W = C"'. The deformation
parameters can be arranged as coefficients of a monic polynomial P € C|z] of degree
n, with no degree n — 1 term, P(2) = 2™ 4+ 37, 52" (see [KM, Table 3]).

Denote by A(P) the deformation associated to the parameter P of the algebra C[A,,_4].
Explicitly, we have

A(P) = Clz,y, 2]/ (xy — P(2)).
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We consider on A(P) the Poisson algebra structure of Remark 6.3.4:

0 0 0
{l‘,y}:éf:—P,(2>, {Z>x}:(;§:$7 {Z,y}z—af:—y.

The algebra A(P) is a filtered Poisson algebra, with filtration induced by the degree
on the generators degx = degy = n and degz = 2, with Poisson bracket of degree
—2.

Quantizations of C[A,_1]| are examples of generalized Weyl algebras [BJ]. We recall

here the general definition.

Definition 6.3.5. Let D be a ring, ¢ an automorphism of D, and a a central element
of D. The generalized Weyl algebra D(o,a) is the ring extension of D generated by

two indeterminates x, y subject to the relations
1. #d = o(d)xr and yd = o~ (d)y for all d € D,
2. xy = o(a) and yzr = a.

In our case, the quantization associated to the parameter P is the generalized Weyl
algebra
A(P) := C[z](0, P),

with o defined by z — z — 1. Explicitly, A(P) is the C-algebra generated by z,y, 2

subject to the relations
vz =(zx—1z, yz=(2+1)y, ay=Plz-1), yr=P(2).

The algebra A(P) is a filtered associative algebra, with filtration induced by degz =
degy = n and deg z = 2. The commutator is of degree —2.

We give an explicit construction of the algebra A(P) as the semi-classical limit of A(P).
Define
At(P) = C[taz](ghp)?

with o, induced by z — z —t, t — t. Explicitly, A;(P) is the C[t]-algebra generated by

x,y, z subject to the following relations:

xz=(z—tx, yz=(2+1t)y, zy=P(z—1t), yr=P(2). (6.3.1)

Remark 6.3.6. The defining relations of A(P) and A;(P) imply respectively that

(2.9l = (0 =1)(P),  [z,y] = (o0 = 1)(P).

Denote by A;(P) := A,(P)/((t — 1)A,(P)) and by Ag(P) := A,(P)/(tA,(P)).

Proposition 6.3.7. The algebras A,(P) and A(P) are isomorphic as filtered asso-
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ciative algebras. The algebra Ay has the structure of a filtered Poisson algebra, with
Poisson bracket given by {-,-} = 1[-,-] mod (t). Moreover, the algebras Ay(P) and

A(P) are isomorphic as filtered Poisson algebras.

Proof. The isomorphism A;(P) = A(P) is trivial.

Notice that [A;(P), A:(P)] C tA;(P) and A;(P) is free over C[t], so Ayg(P) is commuta-
tive and {-,-} = 1[-,] mod (¢) defines a Poisson bracket. We can see that it coincides
with the one of A(P): the only non-trivial check is

PE=D=PE) 10 (o= ~P(2) mod ().

0] mod (1) =
]

Remark 6.3.8. Consider the deformation parameters ss,...,s, to be formal. The
ring C[h/W] = Clsqg,...,s,| is graded, with degs; = i, for all .. We consider the
C[h/W-algebra generated by three elements z,y, z, subject to the same relations of
A(P). Tt is a filtered algebra, with x,y in degree n, z in degree 2, and s; in degree
1. Its associated graded is easily seen to be commutative, subject to a single relation
xy = P(z). This coincides with the universal Poisson deformation. This proves that
the family of quantizations considered here is indeed a universal family (see Remark
6.3.3).

§6.3.2 | Type D

Once again, let V' be a complex vector space of dimension 2. Choose a basis for V,
and let X,Y be the corresponding coordinate functions. We then identify SL(V') with
SLy(C). Take I' = BD,,_5 C SLy(C) the binary dihedral group of order 4(n — 2), with
n > 4. The group I is generated by

- em/(n—Z) 0 B 0 1
o= 0 il | T = 1ol

The quotient V/T" is the Kleinian singularity of type D,. The algebra of functions
C[V/I'] = C[V]' is generated by the polynomials

T = X2Y2 y = (X2(n72) + Y2(n72)> 5y = XY(XQ(TL*2) . Y2(n72)).

)

Thus
C[Dy] = Clz,y, 2]/ (2" + xy® + 2°)

for all n > 4. Considering X,Y to be of degree 1, we have a grading on C[D,| given
by degz = 4, degy = 2(n — 2) and degz = 2(n — 1). We give C[D,,| the structure
of a graded Poisson algebra as described in Remark 6.3.4, with Poisson bracket of

degree —2. This structure is equivalent to the one induced by the standard symplectic
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structure on V', after a suitable renormalization. Explicitly, we have

{l‘,y} = 22’ {i[f, Z} = —Ql’y, {ya Z} = (n - 1)]77172 + y2 .

The Cartan space of D,, is h = C" and the Weyl group is W = (Z/2)""! x S,,, with
(Z/2)"* acting as even number of sign changing. Thus C[h]" = C[v, 6, 4, - . ., F2(n—1)],

where
7= Sn(t1, ..oy tn),
(522' = Si(t%, Ce ,ti),
where tq,...,t, are coordinates for h and s; is the i-th symmetric polynomial. We

arrange the deformation parameters dy; as coefficients of @) € Clz|, a degree n — 1

monic polynomial
n—1
Qz) =a""+ > Gy
i=1
The deformation parameter is then a pair (Q, ), with @ as above and v € C.

Fix n > 4 and denote by D,(Q, ) the deformation of the algebra C[D,] associated to
the parameter (Q,~) . Explicitly:

D,(Q,7) = Cla,y. 2]/ (Q(x) + 2y + 2° — 7y).
The deformation D, (Q, ) is a Poisson algebra as in Remark 6.3.4,

The algebra D, (Q, ) is a filtered Poisson algebra, with filtration induced by deg z = 4,
degy = 2(n — 2) and deg z = 2(n — 1), with Poisson bracket of degree —2.

We denote by D,(Q,~) the quantization associated to the parameter (Q,7). The
algebras D,,(Q, ) were studied by Levy in [Le]. They are the C-algebras generated by

x,, z, subject to the relations
[[L’,y]ZQZ, [37,2]:—237y+22+% [y,Z]:yQ—{—P(I')—n,

Q(z) + z(y* —n) + 2> — 2yz — yy = 0,

where P(x) is the unique degree n — 2 polynomial satisfying

Q(—z(x—1)) —Q(—z(x+1)) = (x — H)P(—z(x — 1)) + (x + 1) P(—z(x + 1)).

Remark 6.3.9. Our parametrization of the quantizations D,,(Q, 7) differs slightly from
Levy’s. The algebra defined in [Le, Definition 1.5] coincides with our D, (Q + nz, 7).

We prove that the family of quantizations we considered is a universal family.
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Consider the deformation parameters «y, 02, ds, . . ., 02(,—1) to be formal. The ring Clh/W] =
Cly, 02,04, . .., 03(n—1)] is graded, with degy = 2n, degdy; = 4i for all 7 (to be coherent
with our grading on z,y, z, we are doubling all the degrees). We consider the C[h/W]-
algebra generated by three elements z, y, z, subject to the same relations of D(Q,~). It
is a filtered algebra, with x in degree 4, y in degree 2(n — 2), z in degree 2(n — 1), v in
degree 2n, and dy; in degree 4i. Its associated graded is easily seen to be commutative,
subject to a single relation Q(z) + xy? + 2% — vy = 0. This coincides with the universal
Poisson deformation. This proves that the family of quantizations considered here is

indeed a universal family (see Remark 6.3.3).



Chapter 7

Proof of the Main Result 11

In this Chapter we prove Theorem 6.2.6. The proof is case by case, so we have different

proofs for type A and type D.

We introduce here the following notation, that will be used throughout the rest of the
chapter. If ¢ is an endomorphism of an algebra with three generators z,vy, z, we will
identify ¢ with the triple (¢(z), ¢(y), #(z)) of its value on the generators (x,y, z).

§7.1 | Type A

The proof is structured as follows. Let P be a deformation parameter. Bavula com-
puted the generators of the group of automorphisms of the quantizations A(P). First,
we prove that they all descend to Poisson automorphisms of the corresponding defor-
mation A(P). We prove that the map Aut(A(P)) — PAut(A(P)) is injective. We do so
by expressing both Aut(A(P)) and its image as abstract groups, and proving that they
are isomorphic. In particular, we show that they admit an amalgamated free product
structure. Then we show that the map Aut(A(P)) — PAut(A(P)) is surjective too.
Finally, we prove that the isomorphism groupoids are generated by the automorphism
groups and one single isomorphism. We show that these satisfy the same relations in

both the Poisson and quantum case, thus proving the isomorphism of groupoids.
§7.1.1 | Automorphisms of the quantizations

Let P be a deformation parameter. Define, for all m € N, the operators 6, := (¢ —1)
and d,,; = (o — 1), so that

[l',y} :51<P) [may] :51,t(P)7
respectively in A(P) and A;(P).

Theorem 7.1.1 ([BJ, Theorem 3.29]). The group of automorphisms of the algebra
A(P) has the following generators:
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(a)

no(—)\ (2 )
(I))\,m = (ZL‘ + Z ( ) yzm_l(s:n(P>7y7 Z+ m/\ym> )
=1

7!

for every A € C and m € N;

0 n
Uim = <x, Y+ ,—‘(ﬁln(P)xim_l, z— mA:Um) ,
i=1 v

for every A € C and m € N;

(c)

0, = (vz, vy, ),
for allv € C*;

(d) There is an isomorphism
Q:AP) = A(-1)"P(=2)), Q:=(y,(—1)"x,1—2).

This induces an automorphism of A(P) if and only if the polynomial P is either
odd or even, i.e. if P(—z) = £P(z). In these cases, ) needs to be added to the

generators.

Remark 7.1.2. A polynomial of degree n is called reflective if there exists a p € C
such that P(p — z) = (—=1)"P(x). If P is reflective, then A(P) has an automorphism
of the form Q, = (y,(—1)"z,1+ p — z) [BJ, Lemma 3.8]. Notice though that if we
restrict ourselves to polynomials with no term of degree n — 1, P can be reflective only
if p = 0. In that case, the polynomial P is either odd or even, and €2, = €). For brevity
and to stick with the original notation of Bavula and Jordan, we write “P is reflective”

instead of “P is either odd or even”.

Remark 7.1.3. We can define the automorphisms of type ® and ¥ in a different way.
For all m > 0, consider ad(z™) and ad(y™), the adjoint actions of 2™ and y™. These
are locally nilpotent derivations of A(P) (see [BJ, Lemma 3.4]). If we exponentiate

them, we get automorphisms of A(P). In fact,
rad=™) — D), and rad™) — U ms

(see [BJ, Lemma 3.4]).

We can lift the generators of Aut(A(P)) to the algebra A;(P). Define the following
C[t]-linear automorphisms of A;(P):

(a) |
(=)

n
= !

(I))\,m,t = e)\/t ad(=™) - (ZE‘ + yim_léin,t(P)ﬂ Y,z + m)‘ym> )
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for all A € C and m > 0;

(b)
Uyt = eMtady™) — <x Y+ Z ;\l' mt(P)xim_l, z— m)\xm> ,
for all A € C and m > 0;
(c) O, = (vz,v 'y, 2) for all v € C*;
We also lift the isomorphism 2:

(d)
Ot A(P) = A(~1)"P(=2)), Q= (y,(—1)"z,t — 2).

This is an automorphism if and only if P is reflective.

o~ | =
—
.;,

We can also consider how they act on the quotient Ay. Using that {-,-} =

mod (t), we have

Aad(z™) __ Aad(y™) __

e =®),,0ande

\I])\,m.Oa

where now “ad” denotes the adjoint action with respect to the Poisson bracket.

Denote by G, the group generated by the automorphisms (a)-(d) of A;(P). Since the
automorphisms in G; are C[t]-linear, G; acts on the algebras Ay(P) and A;(P). Denote
the images of G; in these representations as Gy and G respectively. By Theorem
711,

G1 = Aut(A(P)).

We also have
Go < PAut(A(P)). (7.1.1)

In fact, let ¢ € Gy and a,b € A(P) = Ay(P). Then

¢({a,b}) = ([a 0)) mod (1) = ~[6(a), ¢(b)] mod (t) = {¢(a), d(b)},

where @, b are some lifts of a,b in A;(P).
§7.1.2 | Amalgamated free product group structure

The goal of this section is to prove Theorem 7.1.14, which gives us the explicit group

structure of G;(P) as an abstract group.
The following proposition gives us some useful identities.

Lemma 7.1.4. The following relations hold in Gy:

@V,t o @u,t = G);H-V,t? (712)
@V,t ° qj}\,m,t = \Il)\um,m,t o @z/,ta (713)
@V,t o q))\,m,t = (I))\V—m,m,t © 61/,7&7 (714)
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for allv € C*, A € C and m € N. We also have the following relations between

automorphisms in G; and the isomorphism €);:

Q? - @(—1)”,t) (715)
200, =0,-1, 00 (7.1.6)
O(—1)n,t 0 Q0 Pyt 0y = Wiy, (7.1.7)

forallv € C*, A € C and m € N. Notice that, if P is reflective, these are all relations

in Gy. In particular, if P is reflective, G; can be generated by just the automorphisms
@V7t7 (I))\,m,t and ;.

Proof. Equations (7.1.2) and (7.1.5) follow from a direct check.

To prove (7.1.3), compute

LD\
@V,t o qj}\,m,t = (an V_ly + Z

im—1 51 im—1 m m
e O (P)2"™ 0 2 — v mAz )
=1t

= ‘IIAVm,m,t o @V,t'

Similarly, for equation (7.1.4)

no(=)\)? o )
O 0 Py s = (VZL' + Z (=Y yl’lmylm’15;17t(P), vy, 2+ umm)\ym>

= ti!
= (I))\V*m,m,t o @mt-
Equation (7.1.6) follows from a direct check
Qt o ®I/,t = (Vy, (—1)”V71:I:,t - Z) = 611_1,1‘, @) Qt.

Equation (7.1.7) is more involved. Let us check it separately on each of the three

generators. For x and z we have
r=y—=y— (—1)"r -z,

zt—z=t—z—mM\" =z — (=1)""dma™ — z — m\ax™.

Let us now check it for y:

yos (c0ra 1 o 3 Gy ()

=1

T '(—1)<im—1>”xim—1(5:‘n,tp) (t — z)] (7.1.8)

oy (=1)" ﬁj (_.i)ixim_l(é;ﬁwP)(t —2).

The final term in (7.1.8) is similar to ¥y ,,:(y), but we need to move ™! to the
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right of (67,,P)(t — z). By relations (6.3.1), we can do that by applying o{™ " to
(64, ,P)(t — z). Notice that

(0 P)(t = 2) = or 0y 0 (0" = 1)'(P),
where v is the map z — —z. Hence
(O Pt = 2) = (=1)"ar 0 (0, = 1)'(P),

because P is reflective. It follows that

0" (0 Pt = 2)) = (=1)"0y™ 0 (0, = 1)'(P)
(=1)"(L = o")'(P)

(=)™, 4 (P).

Putting this together with (7.1.8) we get

O(—1)nt 0 Q0 Py 0 Q(y) =y + Z ﬁ&n,t(P)xlmfl = U mi(y)

=1 vt
This completes the proof. O]
Let us recall the definition of the amalgamated free product. Let G be a group and
H, K two subgroups of GG, and let L := H N K. The group G is the free product of the

subgroups H and K with the amalgamated subgroup L, and is denoted by G = H x K,
if:

(a) G is generated by the subgroups H and K

(b) the defining relations of G' consist only of the defining relations of the subgroups
H and K.

Theorem 7.1.5. Let H, K be subgroups of G, and L = H N K. If Sy is a set of left
coset representatives for L in H and Sy is a set of left coset representatives for L in

K, then G = H %y K if and only if every element g € G can be written uniquely as

g9g=24ag1-..-9kQ,

where a € L, g; € S1USy and g;, giv1 do not belong in S1 and Sy at the same time, for
alli=1,... k.

A proof of Theorem 7.1.5 can be found in [SMK, Corollary 4.4.1].

We want to show that G;, Gy and G; have an amalgamated free product structure. We

introduce the following notation.

(i) @ := (Prme| A€ Com e N);
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(ii) U= (Urme| A€ C,m e N);
(ili) ©:=(0,|v € CX).
Let us first consider the case when P is reflective. Define
(a) T':=(®,0);
(b) J := (€, ©).
Lemma 7.1.4 implies that G; is generated by 7" and J.

Remark 7.1.6. We have T = ® x ©. This follows at once from relation (7.1.3).
Thus, the elements of ® form a set of left coset representatives for © in 7. Notice
that, due to the properties of the exponential, each automorphism in ® has the form
exp(% ad(g(y))), for some g € C[y]. For consistency with the notation used in Section
7.1.3, we define

B, i exp@ ad(g(y))), (7.1.9)

where § := [; g(t)dt denotes the antiderivative of g. From the properties of the expo-
nential,
Qyi0Ppy=Pgipy o, = id,

so ® = Cly| as an additive group, via the identification g — P, ;.

From relation (7.1.6) we can also see that {€;,1id} is a set of left coset representatives
for © in J. In particular, this shows that T'N J = ©, so we are in the framework of

Theorem 7.1.5.

Proposition 7.1.7. If P is reflective, all ¢ € G; can be written in the form
¢p=Py 000 od, 00,

where s > 0, g; € Cly| for alli and 0 # g; for 1 <i <s , and v € C*.

Proof. By definition of G; we have

O=¢r0---0¢y, (7.1.10)

with ¢; either ®,,,€Q; or ©,,. From relations (7.1.3) and (7.1.6), we can take every
automorphism of type ©,, to the right. Since ©,,00,, = 0,,,, Q? = O(-1yn¢ and

®, 0 ) = D4y p, we can always rewrite (7.1.10) as
¢ = (1)91,75 o Qt O---0 Qt o cI)gs,t o ®l/,t7

with s >0, g; € Cly] for all i and 0 # g; for 1 <i < s, and v € C*. ]

Let us now consider the case where P is not reflective. Define
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(a) Q1 = (P, 0);
By definition, G, is generated by @) and @Qs.

Remark 7.1.8. We have )1 = ® x © and () = ¥ x ©. This follows at once from
relation (7.1.4). Thus, the elements of ® (respectively U) form a set of left coset
representatives for © in Q)1 (respectively for © in @)2). In particular, Q1 N Qs = ©. As
in (7.1.9) we can define

U, = exp(i ad@(x))).

This defines an isomorphism ¥ = C[z| as additive groups via the map g — W .

Proposition 7.1.9. If P is not reflective, every ¢ € G; can be written in the form
¢=Pg oW 00Dy 30V, 0Py 00,

with s > 1, g; € Cly| for all i with 0 # g; fori=2,... ,s—1,0# h; € Clz| for all 1,
and v € C*.

Proof. The proof is analogous to that of Proposition 7.1.7, and it is a simple application
of the relations (7.1.2), (7.1.3) and (7.1.4). O

We are left to prove that the decompositions of Propositions 7.1.7 and 7.1.9 are unique.
To do that, we introduce the notion of multidegree of an automorphism. For all
a € AiP), we define deg(a) as the smallest natural number ¢ such that a € Fj,
with deg(0) = —oo. For every automorphism ¢ in G;, we define its multidegree to
be:

mdeg(@) = (deg(6(2)), deg(6(y)), deg(4(2)).
Lemma 7.1.10. For all a,b € Ay(P), deg(ab) = deg(a) + deg(b).

Proof. For a € Ai(P), let gr(a) := a+ Fi_y € gr(A(P)), where i = deg(a). Clearly,
i = deg(a) = deg(gr(a)). Since gr(A:(P)) = C[t,z,y, z]/(xy — z") is a domain,

deg(gr(a) gr(b)) = deg(gr(a)) + deg(gr(b)),
for all a,b € A;(P). Thus
deg(ab) = deg(gr(ab)) = deg(gr(a) gr(b)) = deg(a) + deg(b).

]

Lemma 7.1.11. Let g € C[x] be a polynomial of degree k, and ¢ = (v1,vq9,v3) be an
automorphism in Gy such that deg(vy) > deg(vs) and deg(vy) > deg(vy). Then po @y,



CHAPTER 7. PROOF OF THE MAIN RESULT II 123

has multidegree

((nk 4+ n — 1) deg(ve), deg(va), (k + 1) deg(vs)).

Similarly, if deg(vy) > deg(vs) and deg(vy) > deg(vs), then ¢ o W, has multidegree
(deg(v1), (nk +n — 1) deg(vy), (k + 1) deg(vy)).
Proof. Recall that ®,, = e'/t2490) (7.1.9). We have

ad(y™) : @ = =y 0 (P), f(2) = =y i(f), y = 0, (7.1.11)

for all f € C[z] (see [BJ, Equation 8]). This implies that ®,,(y) = y, hence
deg(¢ 0 @g,(y)) = deg(va).

Let ay*™! be the leading term of §. From (7.1.11)
¢o®,(2) =v3+ (k+ 1)avs™ + lower terms in vs.
Since deg(vy) > deg(v;) for i = 1,2, 3, from Lemma 7.1.10

deg(¢ 0 @yy(2)) = (k + 1) deg(va).

From (7.1.11) it follows that, for all m,r € N

k+m+1zr—1

[G(y),y™2"] = aty + monomials proportional to y'2’, (7.1.12)

withi <k+m+1,j<r—1and (i,5) # (k+m+ 1,7 —1), for some a € C*. It also
follows that

[9(y), 2] = Bty*2"~! + monomials proportional to y'z?, (7.1.13)
with i <k, j <n-—1and (i,j) # (k,n — 1), for some g € C*.
We now want to prove, by induction on s, that
ad®(§(y))(z) = at’y**+HV=12"=% L monomials proportional to 327, (7.1.14)

with i <s(k+1)—1,7 <n—sand (i,7) # (s(k+1) — 1,n — s), for some o € C*.
The base step is (7.1.13). Consider now

ad* ™ (5(y)(z) = [§(y), at*y** TV =12""% 4 lower terms],

for some a € C*, true by the inductive hypothesis. Applying (7.1.12) we get (7.1.14).
It is then clear that

deg (¢ 0 ad®(§(y))(x)) = deg (at*vs* ) ops),



CHAPTER 7. PROOF OF THE MAIN RESULT II 124

Since deg(vy) > deg(vz), we get that deg(¢ o ®,.(z)) = deg(avy*™™ 1), hence from
Lemma 7.1.10
deg(¢p o @y4) = (nk+n — 1) deg(va).

The proof for ¢ o ¥, is analogous, using
ad(x™) x> 0, f(2) = Sme(f)a™, y = Gpni(P)a™ (7.1.15)

which is [BJ, Equation 6], instead of (7.1.11).

Proposition 7.1.12. Let n > 2. An automorphism of the form
=g 000Dy -0 0D, 4,

with s > 1, 0 # g; € Cly| has multidegree
(ank‘—l—n—l ank:+n—1 (ks +1) an+n—1>
=1 =1 =1

where k; = deg(g;).

Proof. We will prove this by induction on s. If s = 1, then we have ¢ = ®,, ;; since

deg(y) = deg(z) > deg(z), we can apply Lemma 7.1.11 on id o®,, ;. Thus

mdeg(¢) = (n(nk +n —1),n,n(k +1)).

When s > 1, we have
¢=1olody
with
Y =Pg ol oPgy,---0iody ;.

We know by the induction hypothesis that 1) = (uy, us, u3) has multidegree

(nsﬁ(nk‘l +n— 1),ns_1_[2(nk,- +n—1),n(ksq +1) 1:[2(nkZ +n— 1)) :

=1 1=1 =1

Notice that deg(ug) < deg(us) < deg(uy), because (nk+n —1) > (k+ 1) > 1 for all
k > 0, when n > 2. But now ¥ o €, = (ug, (—1)"uy,t — u3), hence we can once again

apply lemma (7.1.11) to (¢p 0 ;) o @, , and complete the proof. O
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Proposition 7.1.13. Let n > 2. An automorphism of the form
¢ = (1)91,t o \tht ©--+0 \Ijhs—lvt o (I)gsﬂf7
with s > 1, 0 # g; € Cly| and 0 # h; € Clz| has multidegree

n(nks +n — ) ITLZ (nk; +n — D) (nl; +n — 1)

nIlZ (nk; +n—1)(nl; +n —1)

n(ks + 1) T2 (nki +n — 1)(nl; +n — 1)

where k; = deg(g;) and l; = deg(h;).

Proof. We will prove this by induction on s. When s = 1 we have ¢ = ®,, ;, which has
multidegree (n(nk; +n —1),n,n(k +1)).

Let us now consider the case s > 1. Take
w = ®g1,t o \Ijhht 0--+0 \Ijhs_g,t o ®gs_1,t = (U].) U27 U3)7

so that ¢ = Y oW, ;0 ®, ;. By the induction hypothesis, we know that 1) has

multidegree
n(nkey +n— D22 (nk; +n—1)(nl; +n —1)

nILZi(nk; +n— 1) (nl; +n —1)

n(ks—1 + V) ILEZF (nki +n — 1)(nl; +n — 1)

Since n > 2, we have nky, 1 +n —1 > kg1 + 1 > 1, which implies that deg(vy) <
deg(vs) < deg(v1). We can apply again Lemma 7.1.11 to ¢ o U}, ; to get mdeg(¢) o
\Ijhs—lvt) =

n(nks 1 +n— DI (nki+n—1)(nl; +n —1)

nIliZ (nk; +n—1)(nl; +n —1)

n(le_1 + 1D (nkey +n — D22 (nk; +n—1)(nl; +n — 1)
Let ¢ o Wy, = (u1,u2,u3). Then deg(uz) > deg(uz) > deg(uy), and we can apply
Lemma 7.1.11 to (¢ o ¥y, ;) o @, , to complete the proof. O]
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Theorem 7.1.14. Let n > 2.

(i) If P is reflective, the group Gy is a free product with amalgamation
Gy =T x¢ J.
As an abstract group, if n is even,
G = (Cly] x C*) scx (C* x Z/27).

If n is odd, then
Gy 2 (Cly)  C*) scx H,

where H = (C*, Q0= -1, A-Q=Q- A1 VX eCx).

(ii) If P is not reflective, the group Gy is a free product with amalgamation

G = Q1 *e Q2.

As an abstract group,
Gy = (Cly] x C*) #cx (Clz] x C*).
Proof. Thanks to Theorem 7.1.5, we only need to prove that the decompositions in
Propositions 7.1.7 and 7.1.9 are unique.

Consider first the case where P is reflective. Assume, for contradiction, that
¢ = CI)g1,t oyo---0f}0 (I)gs,t = ®V,t7

for some ¢; € Cly| such that 0 # ¢; for 1 < i < s, with s > 1, and for some v € C*. In
particular, ¢ is a linear automorphism, since ©,; is linear. Assume first that ¢, g; # 0.
By Proposition 7.1.12,

deg(o(z)) =n lﬁ[(nkl +n—1),

i=1
where k; = deg(g;). So if n > 2 then deg(¢(x)) > n, which leads to a contradiction. If

g1 is 0, we can move (); to the right to get
(b/:q)gz,toQto”'oQtoq)gs,t:leogu,t~

The right-hand side is still a linear automorphism, so we still get a contradiction. We

can reason similarly if g; = 0.

Let us assume now that P is not reflective. Assume, by contradiction, that
¢ = (I)ght © qjhl»t ©r--0 (I)gs—ht © qjhs—l7t o (I)gsﬂf = 6V7t’ (7'1'16)

for some g; € C[y| such that 0 # g; fori =2,... ,s—1,0 # h; € C[z], with s > 1, and
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for some v € C*. Assume first that gy, gs # 0. Then by Proposition 7.1.13 we have

s—1
deg(¢(x)) = n(nks +n —1) [[(nki +n —1)(nl; +n — 1),
i=1
where k; = deg(g;) and [; = deg(h;). So if n > 2 then deg(¢(x)) > n, which leads to a

contradiction, because ©,-1, is linear.

If one or both of g; and g, are zero, then we can multiply both sides of (7.1.16) on the
left and/or on the right by some @, ;, for some 0 # s; € Cly]. We get an equation of
the form

925/ = (I)gl,t o ‘I’hl,t 0---0 q)gs,l,t o \I/hs,l,t o (I)gs,t = @u,t o (I)q,t7

where ¢ has the degree of either ¢i,gs or g; + gs, and 0 # g; for all ©. We can now
apply Proposition 7.1.13 and get that deg(¢'(y)) = nIli={ (nk; +n — 1)(nl; +n — 1),
while deg(©,-1, 0 ®,,(y)) = n. This leads to a contradiction, unless s = 1. In that
case though, equation (7.1.16) is either of the form id = ©,,; or ®,, ; = ©,-1,, which

again leads to contradiction. The decomposition of Proposition 7.1.9 is thus unique.

The abstract group structures follow from the isomorphisms

Clyl = @, 9(y) = Py,
Clx] = U, g(x) — W,y
CX = @, V= @V,ta

and from the relations in Lemma 7.1.4.

]

Corollary 7.1.15. Let n > 2. The groups Go and G have the same amalgamated free

product structure described in Theorem 7.1.14. In particular,

Proof. Notice that the relations in Lemma 7.1.4 still hold in Gy and G, so we get
decompositions analogous to those of Propositions 7.1.7 and 7.1.9. We can define a
notion of degree for basis monomials in A(P) and A(P) just as for A;(P). Notice also
that in the proof of Lemma 7.1.11, no ¢ appears in the coefficients of the leading words,
so the result holds in GGy and G too. These two lemmas were the only ingredients
used in the proofs of Propositions 7.1.12 and 7.1.13, and subsequently of Theorem
7.1.14. So, Gy and G have the same amalgamated free product structure as of G;. In

particular, they are isomorphic. O
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§7.1.3 | The group of Poisson automorphisms of A(P)
We know that Gy < PAut(A(P)) by (7.1.1). In this section, we show that this inclusion

is an equality.

The group of automorphisms of A(P) as an affine variety is well known. Makar-
Limanov computed its generators [Mal], and Blanc and Dubouloz [BD] proved that it

has an amalgamated free product structure.

Theorem 7.1.16 ([Mal, Theorem 1]). Let R be the quotient algebra
R =Clz,y, 2]/ (zy — P(2)),

with P(z) € Clz]. Then the group Aut(R) is generated by the following automorphisms:
(a) Hyperbolic rotations: ©,0 = (vx,v 'y, z), for allv € C*.
(b) Involution: V = (y,z, z).
(¢) Triangular automorphisms:

Ay = (z+[P(z+yg(y) — P()ly ™"y, 2+ yg())

for all g(y) € Cly].

(d) (If P(z) = c(z +a)") Rescalings R, = (v"z,y,vz + (v — 1)a), for allv € C*.

(e) (If P(z) = (2 + a)'Q((z + a)¥)) Symmetries: S, = (u'z,y, pz + (u — 1)a), for all
pud=1.

Lemma 7.1.17. If P is a monic polynomial of degree n with no term of degree n — 1,

we can substitute (d) and (e) from the list of generators in Theorem 7.1.16 with

(d) (If P(z) = 2") Rescalings R, = (V"x,y,vz), for allv € C*.

(e) (If P(z) = 2'Q(z%)) Symmetries: S, = (u'w,y, uz), for all p = 1.

Proof. For (d), P(z) = c¢(z 4 a)” only if c =1 and a = 0, since P is monic and has no
term of degree n — 1.

For (e), first notice that the polynomial () must be monic since P is. For degree reasons,
n =1 + dk, where k is the degree of (). We can ignore the case d = 1, since the only

corresponding automorphism is S; = id. Expanding P(z) we get
(z 4+ a) % + a(z + a)"¥*=D 1 terms of lower degree,

for some o € C. Since d > 1, the term of degree n — 1 = i+ dk — 1 of P(z) comes only
from the expansion of (z + a)"™¥. Since P(z) has no term of degree n — 1, we must
have a = 0. [
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Remark 7.1.18. Notice that if P(z) = 2'Q(z¢9) is of degree n, and u? = 1, then
p' = u". So, if P(z) = 2", the automorphisms of type (e) are a special type of
automorphisms of type (d), i.e. R, =S, for all yu with p® = 1.

Let us introduce the affine automorphism

Vy=VoA_,0V
= (2,5 + [P(z —2g(2)) — P(2)]a™", 2 — 2g(x)).
Proposition 7.1.19. Let g € C[t]. Then
A, = 60D — g
vV, = e2d(9(2)) — Ty0,

where §(z) := [§ g(t)dt denotes the antiderivative of g. In particular, A, and V, are

Poisson automorphisms and elements of Gj.
Proof. We have that

(/. ()} =kf'(2)", {yF 2} =kP'(2)y* ", (7.1.17)

and
{2F f(2)} = k2" f'(2), {a* y} = —ka" 1P/ (2), (7.1.18)

for all & > 0. These relations can be checked directly or derived from (7.1.11) and
(7.1.15) using the isomorphism A(P) = Ay(P). By (7.1.17):

where P® denotes the i-th derivative of P. Hence,
ad(g ~ 1 i— i
e W) = (243 POy g (), y, 2+ ya(w).
i=1 "

To complete the proof, we need to show that ®,, acts on z in the same way as A,.

Let P(z) = 30 a; 2",

Pz +yg(y)) — P(z) = z an(z + yg(y)* — z
=3y ()t = vat 3 (st
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A similar computation using (7.1.18) shows that
ad(3() ~ L 56 (2091 g(4)
Vg = e = (z,y 4+ 3 i PR gAY,z - zg(a).
=
[

Remark 7.1.20. Consider the automorphism S_; = ((—1)"z,y,—z). This is in
Aut(A) if and only if P(z) is of the form 2°Q(2?), by Proposition 7.1.17, i.e. if and
only if P(z) is reflective. If P is reflective, then

Qo=5_10V =(y,(—1)"x,—2).

Theorem 7.1.21. The group PAut(A(P)) of Poisson automorphisms of A(P) is equal
to Go.

Proof. Because of Theorem 7.1.14 and (7.1.1), it is sufficient to prove that PAut(.A(P))
is generated by ©,0, A, and €y when P is reflective, and by 0,9, A, and V), when P
is not reflective, for all v € C* and g, h € C[z].

Let us compute some relations between the generators in Aut(.A(P)). The following

relations hold whenever the automorphisms are defined.
1. V2 =id,
2. 0,00V =Vo00,1,
3. AyoV=VoV_jand VooV =VoA_,
4. Ryo R, = Ry, and Syo0 S, = Sy,
5. 0,00 R, =R, 00,pand ©,50 5, =S5,00,,
6. VoR,=R,0Vo0,mpgand VoS, =S5,0V00,.

Suppose now that P is of the form P(z) = 2'Q(z9).

_ NN o
Ago S, = (M’x Yy ﬁP(”(Z)yJ Y)Y,z + uyg(y)) :

Jj=1J"
N
SpoByy = (u T+ ﬁP“)(uZ)yJ Y)Y pz + uyg(y)) : (7.1.19)
=1 J
Since P(z) = 2°Q(2%), the j-th derivative PU) has only terms of degree equal to d(k —

) +i — j, where k is the degree of @, for some [ > 0. Hence each term of the sum in
(7.1.19) has a factor of p*=0+ = ;i Thus

7. Ago S, =5,0A,.
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Similarly, we get

Again, from PU)(uz) we can take out p, getting factors of the form pd*=0+"=7 which
is equal to 7. Thus

8. Vg 9 S‘LL = SM e} V“Hg(uﬂ-z).
Suppose now that P(z) = z". We have:

9. Ajo R, = R, 0A,,, since they are both equal to

(v a:+l/”z< ) "y g ),y vz +vyg(y)),

10. Vyo R, = R, 0 V,1-ng4,-ng), since they are both equal to

(V'x,y + zn:l (—1) <7;> i gl (2), vz — vag(n)).

Take any automorphism ¢ € Aut(A(P)). From Theorem 7.1.16 and Proposition
7.1.17 we know that we can write it as a composition of automorphisms of the form
V,0,0,A,,5, or R,. Using relations (1) to (10) we can rewrite ¢ as ¢ = w o ¢, where
¢ is in G and w is one of the following automorphisms: id, V, R,,S,, R, oV or S, oV
(we can ignore the case R, oS, due to Remark 7.1.18). If w = id then ¢ € Gy. If v or
w are equal to (—1), then R_j 0V =S5_10V = Q. Since Qy € Gy then ¢ € Gy. We
want to show that in all the other cases, w is not a Poisson automorphism. It follows

from a direct check:

V(2),V(2)} =~y #y =V ({z,2}),

{R,(2), Ry(y)} = —vy # —y = R,({z,y}), W #1,

{8u(2), Su(W)} = —py # —y = Su{z,9}), Yu#1,
{SuoV(2),Su0V(2)} = —py #y = R,oV({z,x}), Yu#—1,
{R,oV(2),R,0V(z)} = —vy#y=R,0V({z,2}), Vv#—

Hence, for all ¢ € Aut(A(P)), either v € Gy or ¥ is a composition of a Poisson

automorphism and a non-Poisson automorphism, hence v is non-Poisson.
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From the relations in the proof of Theorem 7.1.21 we also get:

Corollary 7.1.22. The subgroup G of Poisson automorphisms is normal in Aut(A(P)).
The group Aut(A(P)) has the following structure:

o For generic P(z), it is the semidirect product
Aut(A(P)) = PAut(A(P)) x Z/2Z,
with 7./27, generated by V.
o For P(z) = 2'Q(z%), it is the extension of Z/27 x Z]dZ by PAut(A(P)).
o For P(z) = 2", it is the extension of Z/27 x C* by PAut(A(P)).

Theorem 7.1.23. Let n > 2. Then Aut(A(P)) and PAut(A(P)) admit the amalga-

mated free product structure described in Theorem 7.1.1/ and
Aut(A(P)) = PAut(A(P)),
for every deformation parameter P.

Proof. 1t follows directly from Theorem 7.1.14 and Theorem 7.1.21. n

The case n = 2 is summarised in the following theorem, due to the work of Dixmier
[Di], Fleury [F1], and Naurazbekova and Umirbaev [NU]J.

Theorem 7.1.24. Forn = 2 and for every deformation parameter P, we have a group
isomorphism
Aut(A(P)) = PAut(A(P)),

and they have an amalgamated free product structure given by
L *LnT T7

where L is the subgroup of linear (Poisson) automorphisms and T is the subgroup

generated by triangular (Poisson) automorphisms and hyperbolic rotations.

Remark 7.1.25. The main difference for n = 2 is that triangular automorphisms A,
can be linear (if and only if g is a constant). This is a consequence of the fact that
the case n = 2 is the only one where the Poisson algebra structure is linear on the

generators z, ¥, z, inducing a Lie algebra isomorphic to sls.
§ 7.1.4 | Isomorphism groupoids

In this section we compute Iso(A,,_1) and Plso(A,_1), the groupoid of (Poisson) iso-
morphisms between quantizations and deformations of C[A,,_1], respectively, and prove
Theorem 6.2.6 for type A.
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Let us first look at the quantization case.

Theorem 7.1.26. Let Py, P, € Clz]. Then the generalized Weyl algebras A(Py), A(P)
are isomorphic as associative algebras if and only if there exists some n,a € C, with
n # 0, such that Py(2) = nP(+z + ).

Proof. This is [BJ, Theorem 3.28]. O

Corollary 7.1.27. For all n > 2, the groupoid Iso(Ay,_1) is generated by the groups
Aut(A(P)), for all deformation parameters P, and by the isomorphism

Q: AP(2) = A(=1)"P(=2)), Q:=(y,(~1)"z,1— z).

Proof. Let P, be a deformation parameter, and n,a € C, with n # 0. Suppose that
Py, = nPi(+z + «) is a deformation parameter. Then o = 0 because P, and P, have
no term of degree n — 1, and n = (£1)" because P, and P; are monic. The claim now
follows from Theorem 7.1.26. ]

Let us consider the deformation case. We first compute a set of generators for Iso, fr(An_1),

the groupoid of affine isomorphisms between deformations.

In [BD] the authors studied the isomorphisms between A'-fibered surfaces. An affine
surface X is Al-fibered if there exists a surjective morphism of affine varieties 7x :
X — A') with general fibres isomorphic to A'. Two A'-fibered surfaces (X, ) and
(X', 7} are isomorphic as Al-fibered surfaces if there are isomorphisms f : X — X’
and g : A — Al such that

mof=gom.

Let P € C[z] be a polynomial of degree n. The algebra A(P) is A'-fibered by
7p : A(P) — Clz], the projection on the variable .

Lemma 7.1.28. Let P,Q € C[z] be of degree n.

(i) Every fibration © : A(P) — A' is of the form wp oy, where vy is an affine
automorphism of A(P);

(ii) (A(P),7p) = (A(Q),mq) if and only if Q(z) = nP(az+f), for somen,a, B € C,
with n # 0.

Proof. A proof can be found in [BD, Theorem 5.4.5]. Point (i) was first proved by
Daigle in [Dal. O
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Proposition 7.1.29. For alln > 2, the groupoid Isoq(A,,) is generated by the groups
Aut(A(P)), for all deformation parameters P, and by the isomorphisms

R, : A(P(2)) = A(a™"P(az)), R,:=(a"z,y,az), YaeC*.

Proof. Let P,Q be two deformation parameters, and ¢ : A(P) — A(Q) be an affine

isomorphism. Then ¢ is a fibered isomorphism between

¢ (A(P),mq 0 ¢) = (A(Q), mq)-

From Lemma 7.1.28 there exists v € Aut(A(P)) such that 7y o ¢ = wp o y. Thus
Vi=¢ovyt: (A(P),mp) = (A(Q), ) is a fibered isomorphism. By Lemma 7.1.28,
there exist 7, o, § € C, with n # 0, such that Q(z) = nP(az + ). Since P and @ are

deformation parameters, § = 0 and o" = 7.

Consider the fibered isomorphism
Ro o (A(P),mp) = (A(Q), mq), Ra:=(a"z,y,az).

Clearly Rj' oy € Aut(A(P)), so ¢ can be written as composition of R, and an
automorphism of A(P). O

Theorem 7.1.30. For all n > 2, the groupoid Plso(A) is generated by the groups
PAut(A(P)), for all deformation parameters P, and by the isomorphism

T: AP(2)) - A(-1)"P(—2)) 7:=(y,(—1)"z,—2).

Proof. Let P,(@Q be two deformation parameters, and ¢ : A(P) — A(Q) be a Poisson
isomorphism. In particular, ¢ is an affine isomorphism, so, by Proposition 7.1.29,
¢ = R, 0, for some v € Aut(A(P)). By the proof of Theorem 7.1.21, v can be written
as w o &, where £ € PAut(A(P)) and w is one of the following affine automorphisms:
id, V,R,,S,, R, oV or S,0oV. Since ¢ is Poisson, R, o w needs to be too. With the
same computations as in the proof of Theorem 7.1.21, we can check that the only case

where R, ow is Poisson is « = —1 and w = V. In that case, R_joV =T. ]

Putting together Corollary 7.1.27 and Theorem 7.1.30 we have proved Theorem 6.2.6
for type A.

Theorem 7.1.31. Let n > 2. We have an isomorphism of groupoids

Iso(An_1) = PIso(A,_1).
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§7.2 | Type D

The plan of the proof of Theorem 6.2.6 in type D is as follows. The generators and
relations for the isomorphism groupoid for the quantizations are known. For the Pois-
son case, we first compute the groupoid of the isomorphisms as affine varieties of the
deformations. We are then able to check which isomorphisms are Poisson, proving
Theorem 6.2.6. To compute the affine isomorphisms, we first embed each deformation
into a projective normal surface. We prove that every isomorphism between deforma-
tions extends to an isomorphism between these projective surfaces. These projective
surfaces have some additional structure, namely they are conical bundles over P!, so

their isomorphisms are more tractable.
§ 7.2.1 | Isomorphisms of the quantizations

Let (Q,7) be a deformation parameter. For all n > 4, there is an isomorphism

i Dn(Q,V) — Dn(Q7 _7)7

given by
Y= (z,—y,—2).

If n =4, write Q(z) = 2* 4+ az? + bx + ¢. Set

1
V= g(3a2 — 4b — 12i),

1
d=c+ 1—6(a3 — 4ab — diary),

V' = <(a® — 4b+ 4i),

and let Q'(x) = 2®+az?+Vx+ . There is an isomorphism 7" : D,,(Q,v) — D,(Q',7")
given by

1 ' 1N\ 3 1 1
7= (gt g (14 q0) 5o —guri(i+30).2).
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Theorem 7.2.1. The isomorphisms ¥ and T satisfy the S3 relations, whenever the
compositions make sense. In particular ¥* = id and T® = id. The only possible
isomorphisms between quantizations D(Q,~) are id, X, T, T™', (X o T) and (X oT™1).

Proof. This is [Le, Theorem 2.22 & 3.6]. O

In particular, this gives an explicit description of all the automorphism groups.

Corollary 7.2.2. The group Aut(D,(Q,~)) has the following description. If n > 4:

o if v#0, then Aut(D,(Q,~)) = (id);
o ify=0, then Aut(D,(Q,)) = Z/27Z, generated by 3.
Ifn=4:
o ify=0 and b= a%/4, then Aut(D4(Q,v)) = S3, generated by T and ¥;

o ify#0 and b= a®/4 — iy (respectively b = a*/4 + i), then Aut(Dy) = Z /27,
generated by Yo T (respectively X o T™1);

o ify=0 and b +# a*/4, then Aut(D4(Q,~)) = Z/2Z, but this time it is generated
by X;

o ifv#0 and b # a*/4+ iy, then Aut(D4(Q,~)) = (id).
§ 7.2.2 | Isomorphisms of the deformations

In this section we compute all the Poisson isomorphisms between the deformations
D, (Q,~) and prove Theorem 6.2.6 in type D. We use some basic techniques from
algebraic geometry, like self-intersection numbers and blow-ups. The uninitiated reader

can refer to the first two chapters of [Bel].

Let us first compute the groupoid Iso, s (D,,) of isomorphisms between the deformations

Dn(Q,y
D, (Q,~) into a projective normal surface X,,(Q, ), such that every point in X, (Q,7)\
Dn(Q,

Q@
D, (Q',~) extends to an isomorphism of X,,(Q,~) — X,,(Q’',7). This way we reduce to

) as affine varieties. We follow a method similar to [Bl]. We embed each
) is smooth in X, (Q,~). We then prove that every isomorphism D, (Q,~) —
studying the groupoid Iso(X,,, D,,) of isomorphisms X,,(Q,v) — X, (Q’,7) that restrict

to affine isomorphisms D,,(Q,~) — D, (Q’,7’), which is simpler to compute.

We construct X, (Q, ) as a hypersurface of Fs; = P(Op1 & Op1(s) ® Op1(t)), s,t € Z, a
P2-bundle over P!. It can be viewed as the gluing of Usto= P2 x C and Ustoo = P2 x C
along P? x C*, where the identification map is given by the involution

(w:y:2),r) — ((w cx Ty a2, 31;) :
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The P2-bundle is given by the map F,; — P! corresponding to ((w : y: 2),z) — (z : 1)
in the first chart and ((w: y: z),z) — (1 : x) in the second one. If n = 2k, we take the
P%-bundle Fj_; 41, and denote by X,, = X,,(Q,7) the projective surface that restricts

to the following surfaces on each chart:

{(w:y:2),2) € U1 10| Q@)w® + 2y* + 2° — yyw = 0},
{((w:y:2),2) € Up—15-1.00 | Q" (v)w? + y* + x2* — yarFyw = 0}.

Here by Q"(z) we mean the reciprocal polynomial of Q, i.e. Q" = 2" 1Q(z™!).

If n = 2k+1, we take the P-bundle Fy_; j, and denote by X,, = X,,(Q, ) the projective

surface that restricts to the following surfaces on each chart:

{(w:y:2),2) € Urrpo| Q@)w® +ay® + 2° — yyw = 0},
{(w:y:2),2) € Up1hoo | Q" (2)w* + 2y + 2* — y2"yw = 0}.

In both cases, we embed the surface D,, in the first affine chart of X,,, via the embedding
(z,y,2) — ((1:y: 2),z). Geometrically the situation is similar to the case considered
in [Bl] and we can make similar remarks. All the singular points of X,, are in the image,
under the above embedding, of a singular point in D,;; in particular, for generic ) and

v, the surface D,, is smooth and so is X,,.

The P2-bundles Fr 1 i1 — P! and F),_;; — P! restrict to a morphism p : X,, — P!
The fibres are conics in P? (curves defined by a polynomial of degree 2), which are
smooth for generic values of x. The generic fibre is thus isomorphic to P!. The fibre
F over (1:0) is always degenerate. It is a union of two transversal lines in the second
chart, given by the equations x = 0, w = +iy (if n is even) or z = 0, w = +iz (if n is
odd). Denote the two lines in F., by F, and F_, respectively. The other degenerate

fibres are the ones lying over the solutions of the equation

Qr) —/2 0
det | —v/2 = 0 =0.
0 0 1

Counting with multiplicity, we have n 4 1 points in P! with degenerate fibre.

For every @) and ~, the complement X,,(Q, )\ D,(Q, ) consists of the curve C,,, given
by the equation w = 0 in each chart, and the curve F,, = F, U F_, with equation
x = 0 in the second chart, corresponding to the fibre over (1 : 0). We do not specify
the deformation parameters when referring to the curves C,,, F,, F_, since they are

defined by the same equation in Fj_ z—; or Fj_1 .

The geometric description of the boundary is the same for every deformation parameter.

We have the following (compare with [Bl, Lemma 4.3]).
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Lemma 7.2.3. For every monic polynomial Q) of degree n — 1 and for all v € C, the
complement of D,(Q,7) in X,(Q,v) is the union of the three curves Cy, Fy,F_, all
isomorphic to PL. Any two of them intersect transversally, in exactly one point, which
is Co N FL N F_. Moreover, C2 =3 —n, and F? = F? = —1.

Proof. The only thing that does not follow from the discussion above is the self-
intersection numbers. Let P, be the curve given by the equation y = 0 in both charts.
If n = 2k, P, and C,, intersect only in the point ((0: 0 : 1),0) of the second chart. This
happens along the distinct directions w =0 and y =0,s0 C,,- P, = 1. If n =2k + 1,
the two curves are disjoint, so C,, - P, = 0. In both cases, C,, - P, =2k +1 —n.

Consider the rational function g € C(X,,)* given by w/y on the second chart, and by
wa*~1/y on the first chart. The associated principal divisor is C,, +(k — 1)Fy — P,
where [} is given by the equation x = 0 in the first chart, i.e. it is the fibre over (0 : 1).
Computing the principal divisor associated to the rational function x, it is clear that

Iy is linearly equivalent to F,. The intersection of C),, and F,, has multiplicity 2, since
Ch Fo=Cp,-(FL+F.)=2.

Thus
C2=C,-(P,—(k—1)Fyx)=02k+1—-n)—(2k—-2)=3—n.

n

Clearly, Fj and F, are disjoint, so Fy- Fi,, = 0. Since they are linearly equivalent, this

means
O=Fy - Fo=F2=(Fy+F.)=F; +F>+2F, - F_.=F} + F> +2.

The linear equivalence of Fy and F, implies F, = Fy — F_, so F? = F2 + . Since
F} = F, - F,, =0, this implies that FJQr =F? = 1. O

Consider now ¢ € Isoqsr(D,,), an isomorphism D, (Q,v) — D,(Q',7'). This extends
to a birational map ¢ : X,,(Q,v) --+ X,,(Q’,7’), that is biregular between D, (Q,~) C
Xn(Q,v) and D, (Q',7') C X,.(Q',7'). We recall the following results about birational

maps and blow-ups.

Lemma 7.2.4. Let X, X' be projective complex surfaces and ¢ : X --+ X' a birational
map. Assume that X and X' are smooth outside of the open sets S and S’, and that

¢S — S is bireqgular. Then there exists a surface Z and a commutative diagram

where the morphisms n, m are composite of blow-ups.
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Proof. 1f X, X" are smooth, this is Theorem I1.11 of [Bel]. If X or X’ are not smooth,
¢ induces a birational map qg between resolutions X and X’. We are now in the smooth

case, so we get the following commutative diagram

Z/
X O > X/
fJ lg
X e AN > X/

where both f and g are composition of blow-ups. Now, the singularities of X and X’
are inside S and S’ respectively, and ¢ is biregular between S and S’. We can thus
contract all the curves blown up when resolving the singularities. Call Z the image of

7' under these contractions. We end up with the following diagram

withn = fonof tandm=gon'og ! O
Lemma 7.2.5. Let S be a smooth surface, m : S — S the blow-up of a point p € S

and E C S the exceptional divisor.

(i) Let C C S be an irreducible curve. Then 7*C = C + mE, where m is the
multiplicity of p in C, and the curve C is the strict transform of C;

(i) Let D, D" be divisors on S. Then (7*D) - (7*D') = D-D', E-x*D = 0 and
E? = —1.

Proof. This is standard. See, for example, [Bel, Proposition 11.2-3] O

Corollary 7.2.6. In the setting of Lemma 7.2.5, let C' C S be an irreducible curve.
(i) The intersection number E - C is the multiplicity of p in C.

(ii) C* > C°, and C? = C” if and only if p ¢ C;

Proof. From point (i) of Lemma 7.2.5, 7*C = C + mFE. Multiply both sides by E.

Using point (ii) of Lemma 7.2.5, this equation becomes 0 = C - E — m.

We compute the self-intersection of C'. Using again point (ii) of Lemma 7.2.5,

C? = (m"C)? = (C+mE? =C"+2mC-E—-m?E>=C"+m?>C".
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We can apply Lemma 7.2.4 to our birational map ¢ and get the diagram

/ \ (7.2.1)

Xa(@7) o] ey Xa(@)

where the morphisms 7, 7 are compositions of blow-ups of points of X,,(Q,~)\D,(Q, )
and X,,(Q',7)\ D.(Q’, ) respectively. Denote by Fy, F_ and C,, the strict transforms
via n~! of Fy, F_ and C,. Note that since we are blowing-up away from the singu-
larities, we can assume to be in the setting of Lemma 7.2.5. Since ¢ is a biregular
morphism between D, (Q,~) and D, (Q’,7’), it sends the boundary Fy U F_ U C,, into
itself. Suppose now that ¢ is not an isomorphism X,(Q,v) = X,(Q’,7'). Then =

must contract one of the curves F, F_ and C, to a point.

Remark 7.2.7. Without loss of generality, we can assume that m decomposes into a
sequence of blow-ups of points 7,0 -- o, where 7, contracts one of the curves F,, F_
or C,,. To see why, let us decompose n =, o ... o1 into blow-ups of points. Each n;
adds an exceptional divisor, which we denote F;. Denote by E; their strict transforms.
If m; contracts Ej, then we can remove m; and 7, and get another diagram of the form
(7.2.1). Suppose now that m; contracts E; for some i < k. This means that E; = —1,
so the self-intersection number of E; does not change under the strict transform. By
point (ii) of Corollary 7.2.6, the maps n; with j > i blow-up points that are not in £;.

So 1; commutes with all n; with j > ¢ and we reduce ourselves to the case Ej.
We have the following proposition (compare with [Bl, Proposition 4.4]).

Proposition 7.2.8. Let n > 4, Q, Q" monic polynomials of degree n — 1 and v, €
C. Ewvery affine isomorphism ¢ : Dp(Q,7v) — Dn(Q',7') extends to an isomorphism

Xn(@,7) = Xu(@' 7).

Proof. Suppose that ¢ : D, (Q,v) — D,(Q',7') does not extend to an isomorphism
Xo(Q,v) — X,(Q',7). We are in the situation described in diagram (7.2.1). By
Remark 7.2.7, we can assume that the first curve contracted by = is either F,, F_ or
C,,. Since this curve is a (—1)-curve, it is either F, or F_ (or C, if n = 4), by (ii) of
Corollary 7.2.6; say it is F,.

Since taking the strict transform via n~! does not change the self-intersection number
of F., n does not blow-up any point of F; by (ii) of Corollary 7.2.6. In particular, it
does not blow-up the triple intersection point of the components of the boundary. So
I, F_ and C,, still intersect transversely in one point inside Z. Denote F(V) := 7 (F_)
and CW = 7;(C,,). Then

FO.CO=(F +F) - (Co+F)=1+1+1-1=2,
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by applying both points of Lemma 7.2.5 and the fact that m = F_ - F, =1 (by (i) of
Corollary 7.2.6). Thus F(V) and C™ are tangent. This leads to a contradiction because
it is not possible to recover the original boundary via other contractions. In fact, if
7 contracts FM or CW say F(U then 7(CM) is a curve whose strict transform OV
intersects the exceptional divisor with multiplicity 2. This means, by (i) of Corollary
7.2.6, that it contains a point with multiplicity 2, so it is not smooth. This is a
contradiction, because the curves of the boundary are all smooth, and contracting
does not resolve singularities. If instead 7 never contracts F(\) or C| then it does not
modify their intersection point, and it is impossible to recover the original boundary.

The same reasoning works if the curve contracted by 1 is F_ (or C,, if n = 4). ]

Using Proposition 7.2.8, we can compute the groupoid Iso, st (D,,) for all n > 4 (com-
pare with [Bl, Corollary 4.5]). First, let us recall some facts that will be used in the

proof.

Lemma 7.2.9. Every isomorphism between two non-degenerate conics in P? can be

extended to a projective transformation of P?.

Proof. Since two nondegenerate conics are always isomorphic via a projective transfor-
mation of P2, it is sufficient to show that every automorphism of a specific nondegen-

erate conic extends to a projective transformation of P2,

Consider the conic C' : 2y — 22 = 0. Since it is nondegenerate, it is isomorphic to P!
Explicitly, this is given by
(s:t) > (8% : st t?).

Thus, every automorphism of C' will be induced by an automorphism of P!, which has
the form (s : t) — (as+ bt : cs + dt), with a,b, c,d € C with ad — bec # 0. The induced

automorphism on the conic is
(7 :y:2) = (a®x + 2aby + bz - acx + (ad + be)y + bdz : *x + 2cdy + d°z),

which extends to an element of PGL(3,C), because the determinant of the associated

matrix is (ad — bc)?. O

Proposition 7.2.10. Consider the algebra A := Clz,vy, z|/(zy* — 2?), graded with
degx = 0,degy = 1,deg z = 1. The group of graded automorphisms of A is:

{(a?B7%2, By, 2) |, B € C*}.

Proof. 1t is shown in [Ma2, Theorem 1| that the group of automorphisms of A is
generated by:

1. Hyperbolic rotations: Hs = (87 %x, By, z), for all § € C*.
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2. Rescalings: R, = (a?x,y,az), for all « € C*.

3. Triangular automorphisms:

Ay = (z+[(z+9°9)? = 22y 2y, 2 + y°9(y)),
for all g(y) € Cly].

The triangular automorphisms form a normal subgroup A isomorphic to the additive
group C[z] via g — Ay, and the group of automorphisms is the semidirect product of
A and of the subgroup generated by the automorphisms of type (1) and (2) ([Ma2,
Final Remark]). The proposition follows by noticing that automorphisms in A do not
preserve the grading (except for the identity) and that H,H, = H,,, R,R, = R,, and
R,H, = H,R,. Thus, the group of graded automorphisms is the subgroup generated
by all H, and R,,. [

Lemma 7.2.11. Suppose p1 : X1 — P! and py : Xo — P are proper, surjective
morphisms with irreducible fibres, and let ¢ be an isomorphism X1 — Xs. If there
exists a fibre in X that ¢ sends to a fibre in X5, then ¢ sends all fibres to fibres.

Proof. Suppose there exists zo € P! such that ¢(p; ' (20)) = ps ‘(1) for some z; € P'.
Take any other fibre p;'(z), with z € P'. Assume ¢(p;'(z)) is not a fibre. Then
p2(d(prt(2))) = P! since py is proper, which means that there is a point in ¢(p;*(2))
that gets mapped to x1. So, ¢(p; ' (20)) N é(p;*(2)) # B, which is absurd because ¢ is

an isomorphism. O

Define the following morphisms in Iso, s (D,,), for n > 4.

1.
Ry : Du(Q,7) = Du(@Q',7),
Ry = (Nx, pA 2y, £pX ' 2),

with p = /7', for all Q, Q' such that Q(\?z) = A\2~DQ’(x) and for all 7, # 0
such that \" = +y;

P& D,(Q,0) = D,(Q',0),
P = (A2, X" 2y, £A" 7 12),
for all Q, Q' such that Q(\?z) = X\2"~DQ'(x) and for all A € C*.
Theorem 7.2.12. Let (Q, Q' be monic polynomials of degree n — 1 and ~v,~ € C.

(i) If n > 4, the only isomorphisms in Iso. (D) are of the form RY and P5.
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(ii) If n =4, let Q(z) = 23+ az’ + bx +c and Q'(z) = 2® + d'z* + Yz + ¢ . Then we
have an isomorphism 7 : Dp(Q,7v) — Dp(Q', ') given by

1 7 1 3 1 7
= (ot sy ——a, 2w — —y+ 7.2.2
T < 2x+2y 4a,2x 2y+4a,z), ( )

every time (Q',') satisfies the following condition:

a =

S

Y

—_

V = =(3a® — 4b — 12i7),

oo

1 (7.2.3)
d =c+ —(a® — 4ab — 4iay),

16
, 1

v = g(oz2 — 4b + 4iry).

The groupoid Iso.sr(Dy) is generated by all isomorphisms of the form Rf, P/\i

and T.

Proof. 1t is easy to check that the listed actions are well-defined isomorphisms. Thus,
we only need to prove that they generate the whole of Iso,z(D,). We know from
Proposition 7.2.8 that every element of Iso, s (D,,) lifts to an element of Iso(X,,). We can
thus consider the groupoid K := Iso(X,,,D,,) of isomorphisms X, (Q,v) — X,(Q',~)
that restrict to affine isomorphisms D, (Q, ) — D,(Q’,7).

First, let us compute the subgroupoid Ky < K of isomorphisms that preserve the conic
bundle structure, i.e. that send a fibre to another fibre. Every isomorphism g € Kj
induces an automorphism of P!. In addition, it needs to preserve the boundary F,,UC,,
so it must preserve the fibre over (1 : 0). Thus, the action on P! is given by a degree
one polynomial x — ax + b. Since g sends conics to isomorphic conics, by Lemma
7.2.9, it extends to a projective transformation of the projective plane that contains
them (which is the fibre of the P? bundle Fj,). Since it also preserves the intersection

of the conics with C), (i.e. with w = 0) we can write g (thought of as an isomorphism

(x,y,2) = (ax + bcy+dz+e, fy+ hz+ k),
with a,b € C and ¢, d, e, f, h, k € C[z] satisfying ch — df # 0.

Consider on D, (Q,~) the filtration F induced by degz = 0 and degy = degz = 1.
Then

gt 5(Dn(Q, 7)) = A =Clz,y, 2]/ (zy” — 2),

for every deformation parameter (Q,~). Since g preserves the filtration F, it induces a

graded automorphism gr(g) of A. By Proposition 7.2.10, gr(g) = (a?8 %z, By, az) for
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some «, § € C*, so
g=(a2?B72x +b, By +c,az +d), (7.2.4)

with b € C and ¢,d € C[x]. Plugging (7.2.4) into the defining equation of D, (Q,~) we

get the following condition:
Q(a?B7 2z 4b)+(*B 2w+ b)(By+c)* +(az+d)? —v(By+c) = k(Q'(z) +xy> + 22 —~'y),

for some k € Clz,y, z]. Comparing the coefficients of 22, z, 4%,y and the constant term

we get, respectively

o =k, (7.2.5)
2ad = 0, (7.2.6)
(?B7%x +0)3* = kz, (7.2.7)
2?8722+ b)Bc — B8 = —ky/, (7.2.8)
QB2 x +b) + (?B72x + b)c® + d* — ye = kQ'(x). (7.2.9)

From (7.2.5), (7.2.6) and (7.2.7) we get that k € C*, d =0 and b = 0. From (7.2.8),
since k is a constant, the coefficient of x is 0, so ¢ = 0. Combining (7.2.5),(7.2.7),
and (7.2.8), we also get v =+ = 0 or 78 = o?v". From (7.2.5) and (7.2.9) we have

n—1

Q(a?B7%xr) = o?Q'(z). In particular, from comparing the "' coefficients, we get

a2n—4 — B2n—2’ SO

Q"% = 4pm (7.2.10)

Consider X := a7, Then (7.2.10) implies A"~! = +« and A\"™? = 43, with the same

sign. We can thus rewrite the relation on @) as
Q(N2z) = N2V (x). (7.2.11)

If we write Q(z) = 2" ! 4+ a, 22" 2 + .-+ + ag, then by (7.2.11) we have Q'(z) =

Let us first consider the case with v,7" # 0. Denote by p := +v/+'. We have the
condition uB = a?. So £u\""2 = X272 ie. A" = 4u. Thus, K, contains an
isomorphism Ry : D, (Q, ) — D.(Q’,7') of the form

Ry = (A2, A\ 2y, £\ 12) = (N2, pA "2y, £ud12),
for all A such that \* = +x and for all @, Q" such that (7.2.11) holds.

When v = o' = 0 we have no extra condition. Thus, K, contains an isomorphism
PE D,(Q,0) — D,(Q',0) of the form

Py = (A2, £\ 2y, £A" 7 12),
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for all A € C* and for all @, Q" such that (7.2.11) holds. By equations (7.2.5) to (7.2.9),

the only elements in K are of the form R, Py.

As we noted before, the automorphisms in K, preserve the fibre F,,. On the other
hand, if an isomorphism in K preserves F,, then it is in Ky, by Lemma 7.2.11. Thus
an isomorphism in K \ K does not preserve F,, or, equivalently, C,,. Since the self
intersection numbers for C,, F, and F_ are 3 —n, —1, —1 we see that Iso, s (D,) = Ko
for n > 4. For n = 4, one directly checks that we have an isomorphism 7 : D4(Q, ) —
D4(Q',7') of order 3 defined by (7.2.2), with @', as in (7.2.3). The isomorphism 7
does not preserve the conic bundle, so it cyclically permutes the curves Fy, F_ and C}.
Together with the isomorphism o, : D4(Q,y) — D4(Q, —v) defined by o, = (z, —y, 2),

we have a full action of S5 on set of the three curves F, F, (Y.

Take now any isomorphism ¢ : Dy(Q,y) — D4(Q',~'). If ¢ fixes the curves F, F_ and
Cy, then it is in Ky. Otherwise, we can compose ¢ with the appropriate permutation
generated by 7 and o, to get an isomorphism that fixes the three curves and thus is

again in K. Since o, € Ky, it follows that 7 and K, generate the whole groupoid K.

0
Theorem 7.2.13. Let QQ, Q)" monic polynomials of degree n — 1 and -y, € C.
o Ifn >4 there are only two classes of Poisson isomorphisms, id and o, where
o :Dn(Q,y) = Dn(Q, —), o= (z,—y,—2). (7.2.12)

o If n = 4 the groupoid Plso(Dy) is generated by the isomorphism o defined in
(7.2.12) and by the isomorphism T defined in (7.2.2). Moreover, every time the
composition makes sense, o and T satisfy the Ss relations 7 = id, 0? = id and
gO0OTO0g = '7'2.

Proof. Tt is sufficient to check when the isomorphisms of Theorem 7.2.12 satisfy the
Poisson relations. In particular, by imposing {z,y} = 2z, we get that Rf and Pf are
Poisson isomorphisms only if A = 1, in which case Rf = P;" =id and R} = P, = o.
It is then straightforward to check that o is a Poisson isomorphism. For the case n = 4,
one can directly check that 7 is a Poisson isomorphism and that 7 and o satisfy the S

relations. O

Putting together Theorem 7.2.1 and 7.2.13 we can prove Theorem 6.2.6 for Kleinian
singularities of type D.

Theorem 7.2.14. Let n > 4. We have an isomorphism of groupoids

Iso(Dy,) = Plso(Dy,).
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In particular, for every deformation parameter (Q,7),

Aut(D(Q,7)) = PAut(D(Q, 7))-

We can also describe the groups of affine automorphisms of D, (Q,~) by checking
for which deformation parameters the isomorphisms in Theorem 7.2.12 are automor-

phisms.

Theorem 7.2.15. Let n > 4, QQ monic of degree n — 1 and v € C. Write Q(z) =

P (z™), with d € Z>o and m € Z>y, with m mazimal possible.
o Ifvy+#0, the group
G={(NVz,\ 2y, £A12) | N =1, N =1}
acts on D, (Q, 7).
o Ifv=0, the group
G = {(Vz, £\" 2y, £A" 7 12) | N = 1}
acts on D,(Q, 7).
If n > 4, then Aut(D,(Q,7)) = G.
In particular, for generic (Q,~),
Aut(Dn(Q,7)) = Z/2Z,
generated by o, = (x,y, —=2).
For generic Q and v =0,
AUH(D(Q.7)) = (Z/22) x (2,22,
generated by o, and o, = (x,—y, 2).
Ifn =4, write Q(x) = 2* + az® + bx + c. Then:
o ify=0 and b= a?/4, then Aut(D4(Q,~)) is generated by G and 7;

o ify#0 and b = a®/4 — iy (respectively b = a®/4 + i), then Aut(D4(Q,~)) is

generated by G and o o T (respectively o oT71);

o otherwise, Aut(D4(Q,7)) = G.

Proof. Theorem 7.2.15 follows at once from Theorem 7.2.12, by noticing that Q(\?z) =
M= Q(z) if and only if Q(x) = z¢P(z™), with \?™ = 1. O
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Remark 7.2.16. Notice that we recover from Theorem 7.2.15 the result of [Bl, Corol-
lary 4.5] for the undeformed case, i.e. when Q(x) = 2"~ and v = 0.



Chapter 8

Conclusion

The results of Chapter 7 provide positive evidence for Conjecture 6.2.5 and, conse-
quently, for the Belov-Kanel Kontsevich Conjecture 6.2.4. Moreover, Conjecture 6.2.5

suggests new, non-trivial examples where to test the BKK Conjecture.

Even if the proof is different for Type A and D, a posteriori we can appreciate some
common features that are worth highlighting, as they could be useful when investigating

other cases.

Thanks to Theorem 6.2.1, the cases of filtered isomorphisms are well understood. It
is thus important to determine how many non-filtered isomorphisms there are. In the
cases examined, we know that there are no “exotic”, non-filtered isomorphisms. Indeed,
in type D all the isomorphisms are filtered. In type A, the only non-filtered generators
of Iso are inner automorphisms. That is, they are all of the form exp(ada), for some
ad-nilpotent element a. Inner automorphisms are easy to lift from a quantization to
the corresponding deformation, by considering the exponentiation of the corresponding
Poisson-adjoint action. It would be interesting to understand if this is a general fact,
that could be used to prove Conjecture 6.2.5 in more general cases, or if it is simply a

coincidence.

If X = V/G is a symplectic quotient, then the group of graded Poisson automorphisms
of C[X] is equal to © := Ngp(G)/G (see [Lo2, Lemma 3.20]). For a Kleinian singu-
larity X with Dynkin diagram A, the group of diagram automorphisms Aut(A) acts on
C[X] by graded Poisson automorphisms, and can be identified with a subgroup of ©.
The action of © on the A arises via the action on the exceptional fibre of the minimal
resolution of the singularity, which is a union of projective lines in the shape of A. In
every type except type A, the diagram automorphisms coincide with ©, while in type
A they are a proper subgroup. In fact, © is generated by Aut(A) and by hyperbolic
rotations. The hyperbolic rotations act non-trivially on each projective line in the
exceptional fibre, but stabilise them. Interestingly, the only isomorphisms in PIso(.4)

that are not automorphisms come from Aut(A). If ¢, co are two deformation parame-
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ters such that X., = X.,, then there is an isomorphism ¢ induced by a Dynkin diagram
automorphism between them. All the isomorphisms X, = X, are the composition
of ¢ with some automorphism. In other words, the action of the hyperbolic rotations
and the inner automorphisms on the moduli space B/W is trivial. Again, it would be
interesting to investigate this further. If it is a general feature, then it suggests a way

to approach Conjecture 6.2.5.
Future directions

The proof of Theorem 6.2.6 is case by case and it is not clear if the result can be

generalised directly. Hopefully, the same techniques can be used in other cases.

e Theorem 6.2.6 leaves open the problem of type E. I believe this to hold almost
trivially: if what we observed for type A and D holds, then only in type Eg should
we have a non-trivial isomorphism, coming from the involution of the Dynkin
diagram. The geometric techniques of Section 7.2 can be applied to Kleinian
singularities of type E as well (see [Bl]), so the deformation side is approachable.
The problem is the quantizations: it is hard to show that there exist no “exotic”
isomorphisms. The first issue is that we do not have a presentation by generator
and relations of the quantization. Levy’s paper [Le] suggests a way to obtain
such a presentation, but even then finding all the possible isomorphisms is not

trivial, as the relations are expected to be complicated. A different approach is
likely needed.

« In [Kl], Klyuev considered inclusions of pairs of Kleinian singularities and proved
that the deformations and quantizations of these inclusions are parameterized
by b'/W’' where b’ and W’ are, respectively, the Cartan subalgebra and the
Weyl group of a folded root system. We can interpret these inclusions as a
non-simply laced analogue of Kleinian singularities. It would be interesting to
see if a result similar to Theorem 6.2.6 holds when considering isomorphisms of

deformations/quantizations of pairs of Kleinian singularities.

o It is likely very hard to get a full proof of Conjecture 6.2.5, but some other special
cases may be easier to handle. It would be very interesting to test the conjecture
on a symplectic quotient singularity, not of Kleinian type. An algebraic approach
is possible in this case, using the symplectic reflection algebra (see Definition
6.1.9). In particular, the realization of eHy.e as the classical limit of eH, .e, for

t # 0 may be useful.

« Finally, the most general case of conical symplectic singularities may still be ap-
proached using the results of this thesis. In fact, Kleinian singularities play a
crucial role in the construction of the deformation and quantizations of a conical
symplectic singularity (see Section 6.1). Kleinian singularities appear as trans-

verse slices to the codimension 2 symplectic leaves. A possible approach would be



CHAPTER 8. CONCLUSION 150

to study the way the isomorphisms of conical symplectic singularities act on the
stratification by symplectic leaves. Isomorphic conical symplectic singularities
will admit the same stratification. The key point is to prove that we can choose
the transverse slices such that they are stable under the action of any given iso-
morphism. This should be possible, at least in some cases, although no general
result is known. If this is true, then the classification of the isomorphisms should
follow from the classification of the slices and of all the possible isomorphisms
between them. The latter one can be deduced from the results of this thesis (if

the slices are not Kleinian singularities of type E).
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