
 
 
 
 
 
 
 
Gupta, Parag (2024) Exploring the dynamics of convection-driven dynamos in 
rotating spherical shells. PhD thesis. 
 
 
 
https://theses.gla.ac.uk/84715/ 
 
 
 

Copyright and moral rights for this work are retained by the author 

A copy can be downloaded for personal non-commercial research or study, 
without prior permission or charge 

This work cannot be reproduced or quoted extensively from without first 
obtaining permission from the author 

The content must not be changed in any way or sold commercially in any 
format or medium without the formal permission of the author 

When referring to this work, full bibliographic details including the author, 
title, awarding institution and date of the thesis must be given 

 
 
 
 
 
 

Enlighten: Theses 
https://theses.gla.ac.uk/ 

research-enlighten@glasgow.ac.uk 

mailto:research-enlighten@glasgow.ac.uk


Exploring the Dynamics of
Convection-Driven Dynamos in

Rotating Spherical Shells

Parag Gupta

SUBMITTED IN FULFILMENT OF THE REQUIREMENTS FOR THE DEGREE
OF

DOCTOR OF PHILOSOPHY

SCHOOL OF MATHEMATICS AND STATISTICS

COLLEGE OF SCIENCE AND ENGINEERING

JULY 2024

ii



iii



To my family for their constant support, and to my supervisors

and colleagues for guiding and inspiring me throughout this

journey.



Abstract
This thesis explores the dynamics of convection-driven dynamos in rotating spherical shells

through three detailed studies. The first study investigates the relative importance of helicity

and cross-helicity electromotive dynamo effects for the self-sustained generation of magnetic

fields by chaotic thermal convection in rotating spherical shells as a function of shell thickness.

Direct numerical simulations reveal two distinct branches of dynamo solutions coexisting for

shell aspect ratios between 0.25 and 0.6: a mean-field dipolar regime and a fluctuating dipolar

regime. The study compares and contrasts the properties of these coexisting dynamo attractors,

including differences in temporal behavior and the spatial structures of both magnetic fields

and rotating thermal convection. In the fluctuating dipolar regime, the helicity a-effect and the

cross-helicity g-effect are found to be of comparable intensity, with their ratio remaining relat-

ively constant across different shell thicknesses. Conversely, in the mean-field dipolar regime,

the helicity a-effect is dominant, exceeding the cross-helicity g-effect by approximately two or-

ders of magnitude, and its strength increases as the shell thickness decreases. The second study

focuses on the importance of global magnetic helicity in self-consistent spherical dynamos.

Magnetic helicity serves as a fundamental constraint in both ideal and resistive magnetohydro-

dynamics, offering crucial insights into the internal dynamics of dynamo processes that generate

global magnetic fields on celestial bodies like the Sun and stars. This study investigates the be-

havior of global relative magnetic helicity through three self-consistent spherical dynamo solu-

tions of increasing complexity. Magnetic helicity describes the global linkage between poloidal

and toroidal magnetic fields weighted by magnetic flux. Our findings reveal distinct preferred

states of this linkage, suggesting that global magnetic field reversals may act to preserve this pre-

ferred state. Specifically, when either the poloidal or toroidal field alone undergoes reversal, the

preferred linkage state is disrupted. We demonstrate that magnetic helicity serves as a predictive



indicator for the onset of these reversals, potentially observable at the outer surface of celestial

bodies. The third study investigates differential rotation in convecting spherical shells with non-

uniform viscosity and entropy diffusivity. Current three-dimensional, physics-based simulations

of the solar convection zone show significant discrepancies when compared to observations.

These simulations present differential rotation patterns that are notably different from those

inferred by solar helioseismology and display convective "Busse" columns that are absent in

actual observations. To address this "convection conundrum," we employ a three-dimensional

pseudospectral simulation code to explore the impact of radially non-uniform viscosity and

entropy diffusivity on differential rotation and convective flow patterns in density-stratified,

rotating spherical fluid shells. Our findings indicate that radial non-uniformity in fluid prop-

erties enhances polar convection, which creates significant lateral entropy gradients, leading

to substantial deviations from differential rotation geostrophy due to thermal wind balance. We

demonstrate simulations where this mechanism sustains differential rotation patterns closely re-

sembling the true solar profile outside the tangent cylinder, although some discrepancies persist

at high latitudes. This is particularly important as differential rotation is crucial for sustaining

solar-like cyclic dipolar dynamos. This thesis uncovers new insights into how magnetic fields

are created and sustained in rotating spherical fluid shells, revealing the intricate relationships

between fluid dynamics, magnetic fields, and convective motions. These findings contribute to a

deeper understanding of solar, stellar, and geomagnetic dynamo mechanisms, with implications

for advancing research in both astrophysics and geophysics.
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Chapter 1

Introduction

1.1 Topic of thesis

The dynamics of convection-driven dynamos in rotating spherical shells are a captivating area

of study in both geophysical and astrophysical contexts. These dynamos play a pivotal role in

generating and sustaining the large-scale magnetic fields observed in various celestial bodies.

Deciphering the complex interactions between convection, rotation, and magnetic fields is cru-

cial for explaining a range of natural phenomena. For instance, Earth’s geomagnetic field acts

as a shield against solar radiation, while the solar magnetic field significantly impacts plan-

etary atmospheres. Furthermore, research in this area is vital for forecasting and mitigating

geomagnetic storms, which can disrupt satellite communications and power grids, thus pro-

tecting essential technological infrastructure. Dynamos also offer valuable insights into solar

cycles, which affect Earth’s climate and pose challenges to space missions and satellite opera-

tions. Investigations into phenomena such as Earth’s magnetic field polarity reversals enhance

our comprehension of these intricate systems and their implications for both terrestrial and ex-

traterrestrial environments. Additionally, studying differential rotation in the Sun enriches our

understanding of solar dynamics, which is essential for grasping variations in solar activity and

their effects on space weather and Earth’s climate.
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To further our knowledge in this domain, my research centers on convection-driven dynamos

in rotating spherical shells, utilizing comprehensive analysis and simulation of spherical dy-

namo models. This work, which has been published, encompasses three key studies that make

contributions to the field:

• Effects of shell thickness on cross-helicity generation in convection-driven spherical

dynamos. The primary objective of this research, detailed in the paper [189], is to in-

vestigate the relative importance of helicity and cross-helicity effects as influenced by the

thickness of the convective shell in models of self-consistent dynamos driven by thermal

convection in rotating spherical shells—a field that has not been extensively studied be-

fore.

Intuitive reasoning indicates that the helicity a-effect plays a pivotal role in the geody-

namo, whereas the cross-helicity effect is more significant in the context of the global

solar dynamo. The geodynamo operates within Earth’s thick outer fluid core, where vig-

orous convection facilitates the development of large-scale columnar structures. These

coherent structures are characterized by substantial vorticity, which generates strong heli-

city a-effect, quantifying the degree of linkage between the fluid’s velocity and vorticity.

This helicity is crucial for the generation of large-scale magnetic fields in the geodynamo.

In contrast, the global solar dynamo functions within a thinner convection zone, where

maintaining organized columnar structures is more challenging. Consequently, this leads

to a less coherent vorticity profile increasing the relative significance of the cross-helicity

effect. This effect, which measures the correlation between velocity and magnetic fields,

becomes essential for understanding the dynamics of solar magnetic field generation,

emphasizing the complex interplay between turbulence, helicity, and magnetism in solar

phenomena.

Moreover, the geodynamo and solar global dynamo differ markedly: the former displays

a dominant, rarely reversing dipole, while the latter exhibits a regular periodic cycle. To

comprehensively capture these distinctions, our study was conducted using parameter val-

ues known to support two coexisting dynamo branches. These branches exhibit different



magnetic field properties—one non-reversing and the other cyclic—and show significant

disparities in zonal flow intensity and profile. This variability suggests that each branch

likely engages distinct mechanisms for helicity and cross-helicity generation, a central

focus of our investigation.

Furthermore, our research explores bistability as a potential factor influencing aperiodic

magnetic field polarity reversals in the geodynamo and contributing to the regular cycle

observed in the solar dynamo. Building upon previous investigations that explored hys-

teretic transitions across varying Rayleigh, Prandtl, and Coriolis numbers, this research

presents novel findings demonstrating that these distinct dynamo branches persist even as

the shell thickness h varies. More information on this study and its results can be found

in Chapter 5 of this thesis.

• A study of global magnetic helicity in self-consistent spherical dynamos. The primary

objective of this research, detailed in the paper [91], is to explore global magnetic helicity

in self-consistent convection-driven dynamos within spherical shells, a topic that has re-

ceived limited attention. Magnetic helicity is an invariant of ideal magnetohydrodynamics

(MHD) that describes field line topology weighted by magnetic flux and remains approx-

imately conserved in weakly resistive conditions. This makes it crucial for both laboratory

and astrophysical plasmas. While magnetic helicity has been extensively studied in mean

field dynamo models, its role in self-consistent convection-driven dynamos in spherical

shells is less understood. This study aims to fill this gap by analyzing typical solutions to

a well-studied model for spherical dynamos, which are representative of various known

dynamo regimes. The three solutions considered in this work increase in complexity,

allowing the assessment of magnetic helicity as a tool for prediction and analysis in in-

creasingly chaotic spatial and temporal flow and field structures.

The relevance of this study is further supported by recent observational studies on the Sun,

which show that helicity flux during solar minima is a good predictor of subsequent solar

maxima, and measurements of magnetic helicity in other stars have identified scaling

laws relating the surface helicity density to the toroidal field strength. These findings

suggest that magnetic helicity density could be used to characterize different stages of



stellar and dynamo evolution. This study’s general approach does not aim to model any

specific star or planet but rather to analyze typical dynamo solutions to understand how

global magnetic helicity can inform our understanding of dynamo mechanisms and field

topology, particularly in observable outer surface variations. More information on this

study and its results can be found in Chapter 6 of this thesis.

• Differential rotation in convecting spherical shells with non-uniform viscosity and

entropy diffusivity. The primary objective of this research, detailed in the paper [90], is

to unravel the intricate dynamics of magnetic phenomena driven by thermal convection

within the solar interior. High-resolution numerical simulations based on fundamental

physical laws have proven indispensable in studying these processes and interpreting ob-

servational data in solar physics. However, despite these advancements, significant dis-

crepancies persist between simulated and observed solar dynamics, particularly concern-

ing differential rotation patterns and the presence of convective "Busse" columns. These

discrepancies are part of the so-called "convective conundrum," which challenges our

understanding of solar dynamics.

Accurately capturing differential rotation is crucial as it directly influences magnetic field

generation and the cyclic behavior observed in solar activity. This research aims to ad-

dress these challenges by investigating how radially varying viscosity and entropy diffus-

ivity impact convective flow patterns and differential rotation in rotating spherical fluid

shells. Through detailed simulations and comparisons with observational data, we aim to

provide insights that refine our understanding of solar dynamics and enhance the fidelity

of dynamo models. More information on this study and its results can be found in Chapter

7 of this thesis.

Each of these studies offers detailed insights into the functioning of convection-driven dynamos

within rotating spherical shells and their broader implications for celestial magnetism. Together,

they contribute to a deeper understanding of the mechanisms driving magnetic field generation,

amplification, magnetic reversals, and differential rotation in celestial bodies, thereby advancing

our theoretical understanding in geophysics and astrophysical research.



1.2 Structure of thesis

The thesis follows a structured format beginning with an introductory Chapter 2, which sets the

stage by providing essential background on dynamo theory, setting the context for the research

topics in the thesis without providing a comprehensive overview. Following this, Chapters 3 and

4, rigorously formulate the mathematical problems under consideration and describe the numer-

ical methods employed for their solution, respectively. Chapter 5, delves into the dynamics of

magnetic field generation in rotating thermal convection within spherical fluid shells, drawing

upon the findings from the paper titled "Effects of shell thickness on cross-helicity generation in

convection-driven spherical dynamos". This chapter particularly emphasizes the relative signi-

ficance of helicity and cross-helicity effects in the process of magnetic field generation. Chapter

6, based on the paper titled "A study of global magnetic helicity in self-consistent spherical

dynamos", investigates the behavior of magnetic helicity in convection-driven dynamos within

rotating spherical shells. This chapter provides insights into the role of magnetic helicity as a

predictive indicator for the onset of magnetic reversals, which could potentially be observed at

the outer surface of celestial bodies. Chapter 7, grounded in the paper titled "Differential rotation

in convecting spherical shells with non-uniform viscosity and entropy diffusivity", aims to ex-

plore the effects of non-uniform viscosity and entropy diffusivity on the generation of differen-

tial rotation by convection in rotating spherical shells. This chapter sheds light on the influence

of non-uniform parameters on differential rotation profiles, with implications for understanding

solar and geodynamo dynamics. The concluding chapter 8 synthesizes the key findings from

the preceding chapters and offers an outlook to future research objectives. It discusses the im-

plications of the research outcomes, addresses remaining open questions, and suggests potential

directions for further investigation.



1.3 List of relevant publications

• Effects of shell thickness on cross-helicity generation in convection-driven spherical dy-

namos [189] discussed in the chapter 5.

• A study of global magnetic helicity in self-consistent spherical dynamos [91] discussed

in the chapter 6.

• Differential rotation in convecting spherical shells with non-uniform viscosity and en-

tropy diffusivity [90] discussed in the chapter 7.



Chapter 2

Dynamo theory: from celestial bodies to
computational models

The study of magnetic fields within celestial bodies has emerged as a central theme in geophys-

ics and astrophysics, with dynamo theory providing a crucial framework. This theory sheds

light on the complex mechanisms behind the generation and evolution of magnetic fields, re-

vealing the intricate interplay between fluid motion, electromagnetic induction, and magnetic

field amplification. By deciphering these processes, scientists gain invaluable insights into mag-

netic phenomena observed across various scales, from planetary cores to the vast expanses of

the cosmos.

In this chapter, we provide essential background information necessary to understand the re-

search discussed in Chapters 5, 6, and 7. Each of these chapters offers a detailed literature

review on their respective topics. Specifically, this chapter covers the dynamics of Earth and

the Sun, emphasizing the significance of the magnetic field. Key processes such as magnetic

polarity reversal and differential rotation are explored. Additionally, introductory discussions

on dynamo models including kinematic, mean field, and MHD dynamos are provided. We re-

view recent advancements in geodynamo and solar dynamo simulations, taking into account

observational constraints. Finally, we discuss potential future research directions in this field.
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2.1 Earths’s interior and its magnetic field dynamics

The Earth’s magnetic field is generated in the outer core, a region approximately 2,890 kilo-

meters beneath the Earth’s surface. The outer core consists of molten iron and nickel that are

fluid due to high temperatures generated by the Earth’s internal heat and pressure. Convection

currents in the Earth’s outer core, driven by both thermal and compositional gradients [128],

along with the planet’s rotation, generate electric currents. These currents are responsible for

sustaining the Earth’s magnetic field through a process known as the geodynamo, which oper-

ates via electromagnetic induction. This process is central to the generation and maintenance of

the Earth’s magnetic field [120, 139].

By monitoring changes in the magnetic field over time, scientists can explore Earth’s history.

For instance, magnetic stripes on the ocean floor serve as evidence of seafloor spreading and

the movement of tectonic plates. Beyond its scientific importance, Earth’s geomagnetic field

is vital for life and technology. It shields the planet from harmful solar radiation and cosmic

rays, protecting our atmosphere and enabling life to thrive. Moreover, it plays a crucial role in

various technological applications such as navigation systems, which rely on accurate magnetic

field data.

The Earth’s magnetic field is often approximated as a dipole, similar to a bar magnet with north

and south poles. In a dipolar magnetic field, field lines emerge from the south pole, curve around

the Earth, and re-enter at the north pole. While the Earth’s magnetic field is predominantly

dipolar, it is not perfectly so. Small deviations and complexities exist due to interactions with

the solar wind and variations in the Earth’s interior and crust. These deviations can lead to



localized variations in field strength and direction, impacting magnetic phenomena observed on

and near the Earth’s surface. The Earth’s magnetic field serves as a unique case study due to its

dynamic interaction with the planet’s internal processes and external influences like the solar

wind.

Continued research into the Earth’s geomagnetic field is essential. It remains a complex and

dynamic system with significant implications for both scientific understanding and practical

applications in our modern world. Studying the Earth’s geomagnetic field involves a multi-

faceted approach combining observational data, laboratory experiments, theoretical models, and

an understanding of solar and space physics. Here’s a breakdown of how each of these methods

contributes to our knowledge:

Observational data. Scientists gather data from various sources such as ground-based obser-

vatories, satellites, airborne surveys, marine surveys, and the International Space Station. These

observations provide maps of the magnetic field’s strength and direction across the Earth’s sur-

face and help monitor its changes over time. Magnetic anomalies, where the field deviates from

expected norms, are also studied to infer geological features like mineral deposits.

Laboratory experiments. Experiments are conducted to simulate conditions similar to those

in the Earth’s core, where the geomagnetic field is generated. Researchers study how materials

like molten iron conduct electricity and behave under high pressures. These experiments help

in understanding the geodynamo process, which is crucial for generating and sustaining the

Earth’s magnetic field.



Theoretical models. Mathematical models are used to simulate and predict the behavior of the

geomagnetic field. These models incorporate data from observational studies and laboratory

experiments. By adjusting these models to fit observed data, scientists can infer the processes

occurring deep within the Earth, where direct observation is not feasible.

Solar and space physics. The Earth’s magnetic field interacts with the solar wind, a flow of

charged particles from the Sun. Studying these interactions helps scientists understand the struc-

ture of the magnetic field and its variations. This field of study, known as magnetospheric phys-

ics, contributes to our understanding of how the Earth’s magnetic field responds to external

influences.

Geomagnetic storms and space weather. Changes in the solar wind can cause disturbances

in the Earth’s magnetosphere, leading to geomagnetic storms. These storms can impact power

grids, satellite communications, and navigation systems. Scientists study these phenomena to

understand their causes and effects, aiming to improve predictions of space weather events.

Each of these approaches plays a crucial role in advancing our understanding of the geomagnetic

field. By integrating data from multiple sources and using theoretical models to interpret them,

scientists can uncover the complexities of Earth’s magnetic field and its interactions with the

broader solar system environment. This interdisciplinary field continues to evolve with ongoing

research efforts aimed at unraveling the remaining mysteries of the geomagnetic field.

2.1.1 Secular variation and magnetic polarity reversal.

The Earth’s magnetic field is dynamic, undergoing both gradual changes in strength and direc-

tion over time as well as dramatic reversals in polarity [120].



Secular Variation refers to the gradual changes in the Earth’s magnetic field over time, driven

by evolving conditions and flow patterns within the Earth’s outer core. These changes influence

the alignment of the magnetic poles, causing them to drift and be offset from the geographic

poles. The impacts of geomagnetic secular variation (GSV) are wide-ranging. In navigation,

GSV affects magnetic declination, the angle between magnetic north and true north, which is

crucial for accurate compass readings and navigation. In technological systems, GSV influences

geophysical surveys, satellite systems, and other technologies that rely on precise magnetic field

data. In Earth sciences, GSV provides valuable insights into the Earth’s interior dynamics, in-

cluding processes related to plate tectonics. Scientists study GSV through various methods.

Historical records involve analyzing long-term magnetic compass observations. Modern obser-

vations rely on data collected from magnetic observatories and satellites. Paleomagnetic records

are examined by studying magnetic signals preserved in rocks and archaeological materials.

On much longer time scales, the Earth’s magnetic field can undergo magnetic polarity reversals,

where the magnetic north and south poles swap places. These geomagnetic reversals occur irreg-

ularly, with inter-event durations (the time between reversals) ranging from hundreds of thou-

sands to millions of years. The reversal transition itself typically takes between a few thousand

to tens of thousands of years. External factors like solar activity, tectonic plate movements, and

human activities can also influence the Earth’s magnetic field, causing temporary disturbances

such as geomagnetic storms.

Understanding both secular variation and magnetic polarity reversals is essential for predicting

changes in the Earth’s magnetic field, assessing their impacts on navigation, communication,

and technology, and gaining insights into the planet’s geological history and interior processes.



Figure 2.1: Angular velocity distribution within the solar interior inferred from helioseismology
adapted from [212]. Panel (a) displays a 2D rotational inversion using the subtractive optim-
ally localized averaging (SOLA) technique, illustrating the latitude-radius profile. In panel (b),
the radial dependence of angular velocity is depicted for various latitudes, derived from both
SOLA (marked symbols with 1 error bars) and regularized least squares (RLS; represented by
dashed lines) inversion methods. The base of the convection zone is indicated by dashed lines.
These inversions utilize data from the Michelson Doppler Imager (MDI) instrument aboard the
SOHO spacecraft, averaged over a period of 144 days. It’s important to note that inversions
lose reliability near the rotation axis, denoted by white regions in panel (a). Additionally, global
modes primarily capture the rotation component symmetric about the equator. This figure is
taken from [141].

Thus, the Earth’s magnetic field is a fascinating and ever-changing phenomenon that serves cru-

cial roles: protecting our planet and aiding navigation. Scientists are deeply engaged in studying

this intricate force, from its origins deep within the Earth to its expansive influence in space.

This ongoing research not only enhances our ability to predict and manage geomagnetic storms

but also enriches our comprehension of Earth and its complex systems. Despite significant pro-

gress, the study of the magnetic field poses enduring scientific puzzles that will captivate and

motivate future generations of geophysicists. In the next section, we’ll explore the dynamics of

the sun and its magnetic field.



2.2 Sun’s interior and its magnetic field dynamics

The Sun’s dynamo, which generates its magnetic field, is a complex interplay of turbulent in-

teractions in velocity and magnetic fields, significantly influenced by its rotation. Turbulence

in the Sun’s plasma, driven by nearly inviscid thermal convection from core fusion heat and

rapid cooling at the photosphere, plays a crucial role. Despite its chaotic nature, this turbulence

enables the Sun to maintain large-scale magnetic fields, differential rotation, and meridional

circulation. Local turbulent vortices alone cannot sustain these structures due to their short co-

herency time; hence, correlations induced by rotation are essential.

For a long time, turbulent phenomena on the Sun’s surface were well-known, but their role in

its interior remained mysterious until helioseismology emerged. This field revealed two zones

of strong rotational shear within the Sun. Global inversions of rotational profiles showed con-

ical isorotational contours (Figure 2.1), contrasting with earlier cylindrical predictions by the

Proudman-Taylor theorem or early global-scale simulations. Angular velocity decreases uni-

formly towards the poles by approximately 30% across the convective envelope, with mid-

latitudes showing nearly radial contours. A significant shear zone occurs at the tachocline, the

boundary between the convection zone and the radiative interior, initially proposed by Spiegel

[202] and confirmed by Brown’s helioseismic detection [20].

Another distinct layer near the top of the convection zone displays significant changes in rotation

speed across different latitudes. Below the photosphere, rotation speed increases at low and mid-

latitudes until approximately 95% of the Sun’s radius, with a 3% change in rotation rate [52].

Deeper within the convection zone, rotation speed decreases, although higher latitude variations

remain unclear and potentially opposite. Helioseismic studies indicate rotation speed decreases

towards the poles [182], with unexpectedly slower rotation than smooth extrapolations predict,

challenging angular momentum conservation.



Figure 2.2: The figure shows the variation of sunspot area with latitude and time. The lower
panel depicts the average daily sunspot area for each solar rotation since May 1874 as a
function of time. In the upper panel, a color-coded scale illustrates the relative sunspot area
within latitude strips of equal area. Sunspots emerge in two bands, one in each hemisphere,
starting around 25°from the equator at the beginning of each solar cycle and migrating towards
the equator as the cycle advances. This figure is taken from [95].

The Sun exhibits detailed rotational features such as torsional oscillations and zonal jets, where

local prograde or retrograde flows occur. Studies hint at a prograde polar jet near the Sun’s poles

[182], though consensus is lacking. Global helioseismic inversions [92, 7, 236] depict symmet-

ric rotation, while local studies reveal temporal changes. Meridional circulation, conveying heat

and momentum from equator to poles and back, is influenced by anisotropic heat transport and

the Sun’s magnetic field [75, 222].

The Sun’s dynamo, driven by turbulent motion, rotation, and magnetic fields, generates its large-

scale magnetic fields, differential rotation, and meridional circulation. Observational patterns,

such as the sunspot cycle and butterfly diagram, illustrate the latitude-dependent nature of mag-

netic activity. The sunspot cycle refers to an approximately 11-year cycle during which sunspots

and other magnetic phenomena appear in specific latitude bands, migrating towards the equator.



As these bands converge at the equator, the overall magnetic field undergoes a polarity reversal,

resulting in a 22-year cycle. The butterfly diagram graphically represents this migration, show-

ing how sunspots start at higher latitudes and move toward the equator over the cycle (see Figure

2.2).

Sunspot groups typically exhibit areas of magnetic polarity that alternate between facing out-

ward and inward, often tilting in an east-west orientation. According to Hale’s laws, the leading

polarity of these groups changes every 11 years, and their tilt increases with latitude, a phe-

nomenon known as Joy’s law. This behavior suggests that active regions consist of twisted mag-

netic loops emerging from below the Sun’s surface while remaining anchored there [65]. These

loops often exhibit specific twisting directions, characterized by magnetic or current helicity.

Observations indicate that magnetic helicity is generally positive in the northern hemisphere

and negative in the southern hemisphere, particularly in larger structures like coronal loops. For

deeper insights, refer to studies by [65, 44, 184, 157].

Rotation induces anisotropic momentum and heat transport in the convective plasma, shaping

global flows like differential rotation and meridional circulations. Differential rotation, where

the equator spins faster than the poles, results from angular momentum transport. Meridional

circulation transports heat and momentum, influenced by the Sun’s rotation and magnetic fields.

Understanding the dynamics and dynamo processes in the deep solar convection zone is cru-

cial for comprehending solar and stellar magnetism, structure, evolution, and variability. This

knowledge is essential for understanding how the Sun impacts life on Earth through various

processes collectively known as space weather, linked to cyclic magnetic activity [184]. Next,

we will explore the maintenance of differential rotation.



2.2.1 Maintenance of differential rotation

In this section, we delve into the maintenance of differential rotation in the Sun, closely follow-

ing the insights and structure presented in [141].

The Sun’s rotation is fundamental to its dynamics, and we learn much about it through he-

lioseismology, the study of its internal vibrations. To understand this, we define the angular

momentum per unit mass (L ), which indicates the rotational energy each part of the Sun pos-

sesses. It’s calculated using the Sun’s distance from its center (r), its constant rotation speed

(W0), and a factor called the moment arm (l ), defined as l = r sinq . The equation for angular

momentum per unit mass (L ) can be expressed as:

L = r sinq(W0r sinq +
⌦
vf
↵
) = l 2W0, (2.1)

where
⌦
vf
↵

represents the average azimuthal velocity at a given latitude, which can contribute

to the total angular momentum, and This equation shows how the angular momentum depends

on the Sun’s rotation and structure. Next, we consider how this angular momentum changes

over time, described by the following equation:

r̄ ∂L

∂ t
=�— ·

�
FMC +FRS +FMS +FMT +FVD� . (2.2)

Here, r̄ represents the average density of the Sun, and the terms on the right-hand side represent

different factors affecting the Sun’s rotation, such as meridional circulation, Reynolds stress,

Maxwell stress, mean magnetic fields, and viscous diffusion. Each of these factors contributes

to how the Sun’s rotation evolves over time.



The first term, FMC = r̄ hvMiL , deals with how angular momentum is transported by the mean

meridional circulation. Here, hvMi represents the mean meridional velocity, which is the aver-

age flow of material in the meridional (north-south) direction within the Sun. This term indic-

ates how the movement of plasma in this direction contributes to the transport of angular mo-

mentum. The part involving the Sun’s uniform rotation, r̄ hvMil 2W0, shows how the Coriolis

force influences this circulation, redirecting it into rotational movements. Using the anelastic

approximation (refer to chapter 3), we can understand this circulation further:

——— ·FMC =�r̄ hvMi ·———L . (2.3)

This explains how the circulation spreads out angular momentum, trying to keep it evenly dis-

tributed along its paths. The total amount of angular momentum transported through any closed

surface must balance out, meaning any movement of angular momentum towards or away from

the Sun’s axis of rotation by the circulation must come from changes in how the Sun’s rotation

varies with latitude. Meridional circulation alone cannot create localized peaks or troughs in

the angular momentum (L ) since the gradient of L (written as ———L ) is zero at these points.

Distinct features in the Sun’s rotation pattern, like jets, must arise from other processes.

The primary force maintaining the Sun’s rotation pattern is believed to be the Reynolds stress

(FRS). This term accounts for how non-uniform movements, especially from convection, redis-

tribute angular momentum. Factors such as rotation, density differences, magnetic fields, and

the Sun’s spherical shape all contribute to uneven flow, leading to correlations between different

velocity components. For instance, the correlation between horizontal velocities
D

v
0
q v

0
f

E
, where

v
0
q represents the latitudinal velocity fluctuation and v

0
f represents the azimuthal velocity fluctu-

ation, causes angular momentum to move sideways. In contrast, the correlation involving radial

velocity
D

v
0
r
v
0
f

E
, where v

0
r

indicates the radial velocity, results in vertical transport of angular

momentum. This redistribution plays a crucial role in maintaining the Sun’s rotation dynamics.



In the Sun’s outer layers, turbulent convection dominates the Reynolds stress. However, in

deeper regions like the tachocline and radiative interior, other movements may also contribute.

When convective currents extend beyond their normal boundaries, they create internal wave pat-

terns, particularly gravity waves, which travel through the Sun. While these waves can’t move

angular momentum without dissipation, dissipation caused by heat diffusion or wave breaking

can lead to a net transport of angular momentum through the Reynolds stress. This transport

tends to be long-range and difficult to predict accurately. Creating a reliable model for wave

transport involves understanding how waves are created, move, and eventually dissipate, which

is tough due to the wide range of sizes involved. Other factors like shear instabilities can also

contribute to the Reynolds and Maxwell stresses.

Magnetism can influence the Sun’s rotation by altering the Reynolds stress or directly moving

angular momentum with the Lorentz force, which is the force exerted on a charged particle

moving through a magnetic field. Let’s break down the part of angular momentum moved by

the Lorentz force into two components: one from wobbly (non-axisymmetric) magnetic fields,

called the Maxwell stress FMS, and another from steady (axisymmetric) magnetic fields, known

as the mean-field FMT.

The Maxwell stress involves some complicated math with terms like
D

B
0
q B

0
f

E
and

D
B
0
r
B
0
f

E
,

which represent how magnetic fields interact in turbulent areas or with certain kinds of waves.

Specifically,
D

B
0
q B

0
f

E
refers to the correlation between the azimuthal and polar components of

the magnetic field, while
D

B
0
r
B
0
f

E
represents the correlation between the radial and azimuthal

components. These interactions are challenging to understand due to the inherent nonlinearity

and turbulence of the magnetic fields involved. On the other hand, the mean-field contribution

is simpler and can be written as:

�— ·FMT =
1

4p
hBMi ·———

�
l
⌦
Bf
↵�

. (2.4)



This equation suggests that a steady poloidal magnetic field hBMi resists changes in the Sun’s

rotation speed in the direction it points. It’s like a rubber band that pulls back when you try to

stretch it. This effect tends to make the Sun’s rotation more uniform. The Maxwell stress can

also have a similar effect due to its own version of magnetic tension.

While the viscous contribution (FVD) doesn’t significantly impact the Sun, it’s important in

models as it opposes changes in rotation speed, promoting uniform rotation.

Overall, the main players in determining the Sun’s rotation are the Reynolds stress and me-

ridional circulation, with the Lorentz force playing a smaller role. In a stable situation where

rotation doesn’t change much over time, we’d expect:

——— ·FRS =�——— ·FMC. (2.5)

For years, scientists have believed that the Sun’s outer layer, the solar envelope, maintains a

delicate balance in its rotation ([207, 233], and references therein). This idea has been around

since the late 1970s, but recent advances in helioseismology and computer simulations have

shed new light on this balance.

Today, we have a good understanding of how specific angular momentum (L ) varies across the

Sun’s envelope, thanks to data from helioseismic inversions. This L profile is like a fingerprint

of the Sun’s rotation. By understanding meridional circulation near the Sun’s surface, we can

hypothesize how it might extend deeper into the Sun, allowing us to estimate the Reynolds stress

despite limited direct observations. Equation 2.5 helps us understand how the Reynolds stress

behaves in response to the Sun’s rotation pattern determined by helioseismology. It tells us

how the Reynolds stress must work to maintain the observed rotation pattern against the effects

of the assumed meridional circulation. This relationship is illustrated in Figure 2.3. Although

the Sun’s rotation speed varies significantly from the equator to the poles, the specific angular



Figure 2.3: (a) The figure illustrates the angular velocity profile of the Sun based on helio-
seismic inversions. The solid and dotted lines indicate areas of prograde rotation (in the same
direction as the Sun’s overall spin) and retrograde rotation (in the opposite direction). (b) This
profile provides insight into the specific angular momentum distribution within the Sun. (c) A
hypothetical meridional circulation pattern is represented by the mass-flux streamfunction, with
circulation in the northern hemisphere moving in a counter-clockwise direction. (d) The figure
also depicts the divergence of the angular momentum flux FMC associated with this meridi-
onal circulation. Solid lines represent regions where the movement adds to the Sun’s overall
spin, while dotted lines denote regions where it subtracts from the spin. If Equation 2.5 were
satisfied, this divergence would equal the convergence of angular momentum transport by the
Reynolds stress, FRS. This figure is adapted from [141].

momentum (L ) remains roughly the same, especially in the middle latitudes. This means that

while rotation speed changes, the total rotational energy per unit mass stays consistent. If we

imagine a hypothetical circulation pattern redistributing angular momentum across the Sun,

the Reynolds stress would need to speed up the lower parts of the Sun’s convection zone and

equatorial regions while slowing down the upper convection zone to counteract the angular

momentum redistribution caused by the assumed circulation. Any model aiming to replicate the

Sun’s rotation pattern and circulation must include a parameterization for Reynolds stress to

account for this redistribution unless other forces, like the Lorentz force, are significant.



The findings displayed in Figure 2.3 can be applied to more complex circulation patterns as

well. To maintain a balance in angular momentum transport caused by Reynolds stress, it needs

to converge where circulation moves away from the rotation axis and diverge where it moves to-

wards it. This is illustrated by expressing the flux divergence of meridional circulation as shown

in Equation 2.3, noting its direction away from the rotation axis. Another approach is using he-

lioseismic rotation profiles to figure out the meridional circulation needed for equilibrium based

on a given model of Reynolds stress, as demonstrated by [60].

When solving the anelastic equations in a spherical shell with impenetrable, stress-free bound-

aries, assuming the magnetic field is radial at the boundaries, the system conserves the total

angular momentum of the shell, symbolized by J . However, this is just an approximation. In

reality, interactions between the convective envelope and the radiative interior may affect the

global angular momentum balance. Angular momentum exchange between the convection zone

and the solar atmosphere is likely less significant on short timescales, although it’s believed that

the Sun has lost a substantial amount of its original angular momentum over its lifetime through

phenomena like the solar wind.

Having gained a foundational understanding of solar and Earth dynamics and the significance

of magnetic fields, our next focus will be on dynamo modelling. This section will cover various

types such as kinematic mean field and magnetohydrodynamic (MHD) models. We will then

explore geodynamo and solar dynamo models, considering observational constraints and future

prospects in this field.



2.3 Introduction to dynamo modelling

The origins of Dynamo theory can be traced back to the field of geophysics, where scientists

attempted to explain the Earth’s magnetic pole migration, a phenomenon that had been observed

for over four centuries through compass measurements and calibrations. The journey began with

William Gilbert, who, in 1600, wrote the treatise "The Magnet and Magnetic Bodies, and on

That Great Magnet the Earth." Gilbert was the first to attempt to describe Earth’s magnetism,

proposing that our planet was a permanent magnet. Carl Gauss later expanded on this idea,

developing a more comprehensive theory of Earth’s magnetism, introducing the idea of flowing

currents. Gauss suggested that the magnetic field was likely due to galvanic currents within

the Earth’s volume, considering it as a potential field. Despite Gauss’s theory, the origins of

the magnetic field remained a hot topic of debate within the scientific community for almost a

century [73].

In 1911, Arthur Schuster made a significant contribution. He presented a theory that included an

idea that later became known as the dynamo theory. Interestingly, Schuster himself dismissed

his theory as impossible. Yet, he and his contemporaries speculated that Earth’s magnetic field

was closely tied to its rotation, given the alignment of Earth’s magnetic moment and its rota-

tion axis [186]. According to this theory, Earth’s rotation had a direct impact on atomic and

electronic motions, resulting in polarization.

Various hypotheses emerged to explain geomagnetism, including the idea of independently ro-

tating magnetized iron spheres within the Earth’s interior. Some scientists even believed that the

fundamental equations of electromagnetism required obscure relativistic modifications. How-

ever, many researchers challenged and dismissed these theories. Despite this, Joseph Larmor is

widely recognized for laying the foundation for modern dynamo theory. Larmor [126] proposed

an explanation for the strong magnetic fields in sunspots.



Meanwhile, Cowling [53] introduced his famous theorem stating that a dynamo cannot sustain

an axisymmetric field. An axisymmetric field is one in which the vertical and horizontal com-

ponents (Br,Bq ,Bf ) do not depend on longitude. According to Cowling’s theorem, such fields

cannot be maintained by a dynamo. In simpler terms, if the magnetic field and fluid velocity are

both axisymmetric (independent of longitude), then the zonal motion will shear the lines of force

to create a component in the longitudinal direction. This process is known as the omega effect

and generates a zonal field from the meridional component of the magnetic field. However, to

create a successful dynamo, there needs to be a process that creates the meridional component

from the zonal field, and this process cannot exist if the system is entirely axisymmetric.

Despite Cowling’s theorem, researchers such as Elsasser [63] and Bullard [28] remained op-

timistic and continued to explore dynamo mechanisms in various contexts. Their perseverance

led to refinements in dynamo theory, laying the groundwork for understanding magnetic field

generation not only on Earth but also in astronomical contexts.

2.3.1 Kinematic dynamo

In response to the challenges posed by Cowling’s theorem, researchers focused on kinematic

dynamo models. These models explore the generation of magnetic fields by fluid motion without

considering the magnetic field’s feedback on the fluid motion itself. The goal was to define fluid

motion and search for a self-sustaining magnetic field—one that does not decay or increase in

amplitude over time for a given motion.



Early efforts, such as those by Bullard and Gellman [29] employed a spectral decomposition to

investigate kinematic dynamo, but was unsuccessful in demonstrating dynamo action for their

chosen fluid motion. Subsequent advancements by researchers like Herzenberg [98] and Backus

[5] selected better velocity fields, proving the existence of homogeneous dynamos in principle,

although the velocity fields they used were artificial.

Further progress came with studies by Roberts [175], Pekeris [163], and Kumar [123], who suc-

cessfully constructed kinematic dynamos models using more realistic fluid motions. Notably,

Roberts showed that Cowling’s theorem does not forbid kinematic dynamos with axisymmetric

fluid motions, which can sustain asymmetric magnetic fields. These advancements in under-

standing kinematic dynamos set the stage for further developments in dynamo theory.

2.3.2 Mean-field dynamo

In 1955, Parker [160] made an important contribution to the understanding of kinematic dy-

namos. He suggested that eddies in a rotating fluid experiencing turbulent convection may

resemble atmospheric cyclones and anticyclones. These eddies could deform and potentially

amplify the magnetic field in a conducting fluid. Building on Parker’s ideas, Steenbeck [203]

developed a mathematical framework for this concept and named it mean-field electrodynam-

ics. This framework has since been extensively studied by notable scientists Moffatt [149] and

Krause [122].



To grasp this concept, imagine a system with two scales where all variables split into large- scale

and small-scale parts. To generate a large-scale magnetic field hBi, the small-scale motion v0

and the small-scale magnetic field b0 interact to create an electromotive force (emf) e = v0 ⇥b0

that has a large-scale component,

hei ⌘ hv0 ⇥b0i, (2.6)

where an average of a quantity over small scales is denoted by angle brackets. Parker [160] and

Steenbeck [203] suggested that if the statistical distribution of small-scale motions lacks mirror

symmetry, the emf e does not disappear and can be expressed as

hei= ahBi, (2.7)

where a is usually a tensor. This relationship has come to be known as the a effect, owing to

the incidental use of the symbol in equation 2.7.

In mean-field dynamos, the large-scale magnetic field, hBi, is not only created by the mean

emf, hVi⇥hBi, but also by the effect of small-scale motions, e . Cowling’s theorem is no longer

applicable in this case as the regenerative loop can be closed by the emf e , particularly by ahBf i,

which produces a large-scale meridional field, hBMi. This implies that axisymmetric large-scale

fields, hBi can potentially be self-sustained through a simple feedback loop: in the aw dynamo,

the a creates hBMi from hBf i, and the w effect produces hBf ifrom hBMi. However, this is

not the only possibility, a2 dynamo also exists, where the a effect is influential in creating

hBMifrom hBf iand producing hBf ifrom hBMi, as allowed by the meridional components of

equation 2.7. The type of mean-field dynamo depends on which effect, the w-effect or the a-

effect, is more potent in creating hBf i, and sometimes the term a2w dynamo is used when both

effects play a significant role.



It is important to emphasize that meanfield electrodynamics is primarily used in astrophysics,

where the turbulent movements v0 (representing small-scale turbulent velocities) are extremely

vigorous, causing e to be significant and even potentially dominating the mean emf hVi⇥ hBi

produced by the larger scales. The effects of small-scale flows in the Earth’s core are primarily

negligible. However, it is still possible to imagine a scenario in which a non-axisymmetric flow

V0 (representing large-scale flows) creates a non-axisymmetric field B0 from the axisymmetric

part B of the large-scale field B. In this case, the emf V0 ⇥B0 has an axisymmetric component,

e ⌘ V0 ⇥B0, (2.8)

where the overbar denotes the average over longitude, f . The f component of e that is crucial

in overcoming Cowling’s theorem is the one that generates BM from Bf . Without ef , B cannot

be maintained.

Reviews by Petrovay [164] and Charbonneau [45] have demonstrated that solar models based on

mean-field theory are capable of reproducing numerous magnetic phenomena observed in the

sun, including the distribution of sunspots over time and latitude. Until around 1995, the deeper

layers of the solar convection zone, which were previously inaccessible to observations, could

to some extent be evaluated for the solar angular velocity profile using mean-field theory [45].

Although the original assumptions made in the theory were in conflict with helioseismology,

the coefficients of the a tensor were adjusted to align with some solar phenomena. Moreover,

mean-field theory has also been effectively employed in modelling the terrestrial dynamo, with

3D direct numerical simulations yielding satisfactory results, as shown by Schrinner [185].



2.3.3 MHD dynamo

The late 1970s and early 1980s witnessed a revolutionary leap in computational power, enabling

the first direct solutions to the magnetohydrodynamics (MHD) equations within spherical shells

[77, 80, 76, 84]. Prior to these advancements, assumptions about the Sun’s internal rotation pro-

file were based on limited observations, leading to the belief that angular velocity remained

constant in cylindrical surfaces and decreased with radius. Under these assumptions, dynamo

wave propagation from a mean-field a dynamo was expected to be equatorward, influenced by

the Coriolis force acting on convective eddies [160, 204, 230, 173]. However, this perspective

definitively shifted with helioseismology’s discovery that the angular velocity actually increases

with radius in the majority of the solar convection zone [61, 183], leading to the "dynamo di-

lemma" [161]. Early 3D simulations mirrored this dilemma, successfully reproducing solar-like

differential rotation with a fast equator and slow poles, yet exhibiting dynamo waves propagat-

ing toward the poles, contrary to solar behavior [76, 84].

Today, 3D numerical simulations remain the cornerstone for dynamo theorists, primarily due to

the inherent nonlinearity of the problem. Despite advances in turbulence theory, analytical or

semi-analytical solutions to the fully nonlinear compressible MHD system remain out of reach.

Direct numerical simulations (DNS) aim to capture turbulent processes comprehensively, from

the driving scale to relatively large scales, although representing the dissipation scale remains

a challenge. While these simulations often fall short of the length scales crucial to astrophys-

ical processes, they significantly illuminate the small-scale dynamics that influence larger-scale

system transport properties. The aim of these simulations is usually to establish contact with

theoretical predictions of turbulent spectra, such as the Kolmogorov scaling. However, similar

to large-eddy simulations (LES) that parameterize small-scale physics, they face limitations in

computational resources for obtaining increasingly higher resolutions and running large suites

of simulations that accurately explore vast parameter space.



The early 2000s saw further advancements with the development of the ASH (Anelastic Spher-

ical Harmonic) code [144, 62, 24]. Initial studies using this code focused on the Sun [23, 22,

143], but the 2010s brought a surge in diverse models using various codes. Notably, simulations

of more rapidly rotating Suns began to regularly yield cycles and equatorward migration [74,

113, 19, 114, 153, 3, 131, 194]. This period also saw the emergence of simulations of main-

sequence stars beyond the Sun, spanning a mass spectrum from fully convective M dwarfs

to F stars with thin surface convection zones, and exploring core convection, dynamos, and

interactions with fossil fields in more massive A, B, and O stars [68, 4]. Additionally, models

investigating stellar magnetism beyond the main sequence emerged, including those for pre-

main sequence stars, red giants, and newly formed neutron stars [64, 57, 27, 170, 134].

Alongside these simulation advancements, there has been a remarkable expansion in observa-

tional data and understanding of stellar magnetism. Long-term observing campaigns have iden-

tified cycles in dozens of stars through monitoring chromospheric emission [6]. However, the

specifics of these cycles in relation to stellar rotation remain debated [17, 14, 156, 12]. Zeeman-

Doppler imaging has revealed polarity reversals and large-scale non-axisymmetric magnetic

fields in rapidly rotating late-type stars [119, 13, 118]. Moreover, magnetic activity reaches sat-

uration when the stellar Rossby number falls below about 0.1, resulting in relatively constant

activity and magnetic field strength for lower Rossby values [223, 171]. These fundamental

observations serve as critical constraints for numerical simulations.

Despite its proximity and the insights provided by helioseismology, the Sun presents the most

stringent challenges to simulations. Current 3D simulations struggle not only to replicate the

solar dynamo but also the convective amplitudes and differential rotation, often yielding anti-

solar solutions despite aiming for solar-like conditions [138, 112, 102, 26]. This "convective



conundrum" is a significant challenge in the field of stellar dynamo simulations today [154].

Furthermore, there are suggestions that the Sun may be approaching a transition point where its

dynamo efficiency diminishes, possibly due to a shift from solar-like to anti-solar differential

rotation, complicating its replication in simulations [178, 112, 25].

In the next section, we will explore geodynamo models, the challenges in interpreting numerical

simulation outcomes, and future directions in this research area.

2.4 Geodynamo models

The study of Earth’s geodynamo, the mechanism responsible for generating and sustaining the

planet’s magnetic field, has undergone significant evolution since its early numerical modelling

efforts. The foundational work of Kageyama [110] and Glatzmaier [82, 83] marked pivotal

milestones in this field. These pioneering studies were among the first to employ fully three-

dimensional, nonlinear simulations to explore dynamo processes within Earth’s outer core.

Kageyama’s research focused on elucidating the fundamental processes underlying magnetic

field generation. His simulations provided valuable insights into the dynamics of magnetic field

evolution in a planetary context. Meanwhile, Glatzmaier’s contributions were instrumental in

replicating features of Earth’s magnetic field, including its slow secular variations and periodic

polarity reversals. These early models were groundbreaking, successfully capturing aspects of

Earth’s magnetic behavior and establishing a new direction for dynamo research.



The advancements in geodynamo modelling have been substantially driven by increasing com-

putational power, which has enabled researchers to explore more realistic parameter regimes

and incorporate complex physical effects. One significant development has been the integration

of new factors such as heat flux patterns imposed by Earth’s mantle. This incorporation has

refined simulations, allowing for more accurate representations of core dynamics and thermal

interactions [174, 49].

Despite these advancements, a critical aspect of modern geodynamo simulations is the chal-

lenge of operating within the correct regime. This term refers to achieving the appropriate force

balance in the Navier-Stokes equations where Coriolis forces, pressure gradients, buoyancy,

and Lorentz forces dominate, while viscous and inertial forces are relatively minor. Recent

simulations have achieved extremely low Ekman numbers (E = 10�8), pushing the boundaries

of what can be simulated. However, the large Ekman numbers in some simulations necessitate

counteracting effects such as stronger convective driving, which can introduce excessively large

inertial effects. This underscores the ongoing need to verify whether these simulations accur-

ately represent the correct force balance and can be reliably extrapolated to realistic planetary

conditions.

In parallel with these numerical advancements, there has been a notable shift towards increased

collaboration between researchers focused on dynamo theory and those specializing in geo-

magnetic observations. Historically, these groups worked in relative isolation, but recent years

have seen a surge in interdisciplinary efforts. Publications by experts from both fields, such as

those by [88, 214, 86, 51, 2], reflect this collaborative approach. These works emphasize the

theoretical and numerical progress in dynamo models, revealing features that align with Earth’s

current and historical magnetic field configurations, including dominant axial dipolar compon-

ents, minor nondipolar structures, and occasional polarity reversals.



Another significant development is the application of data assimilation techniques to geody-

namo research [43]. By integrating dynamo simulations with geomagnetic observations, re-

searchers hope to enhance the accuracy of simulations, improve the interpretation of geomag-

netic data, and even predict future changes in Earth’s magnetic field. This approach mirrors the

successful application of data assimilation in weather forecasting and represents a promising

direction for future research.

Several review articles have covered the theoretical and modelling aspects of the geodynamo

and other planetary dynamos, including works by [107, 220, 120]. These reviews provide com-

prehensive insights into the current state of knowledge and ongoing research challenges in the

field.

In the next section, we will discuss the challenges in geodynamo modelling, focusing on issues

such as scaling simulations to realistic conditions and addressing the discrepancies between

model predictions and observational data.

2.4.1 Challenges in geodynamo modelling

Despite significant progress, several challenges persist in accurately modelling geodynamo pro-

cesses:

Scaling and parameter differences. One of the primary challenges in dynamo modelling is

scaling numerical models to reflect Earth’s actual core conditions. Numerical simulations of-

ten employ non-dimensional formulations to simplify computations and manage a broad range

of parameters. However, this approach introduces significant discrepancies when compared to

geophysical values. The Ekman number (E), which measures the ratio of viscous forces to Cori-



olis forces, is a critical parameter in dynamo models. For Earth’s core, the Ekman number is

estimated around 10�15 [169, 54]. Achieving such low values in simulations is currently infeas-

ible due to computational constraints, which means that simulations often use higher values,

around 10�4 � 10�6. This results in exaggerated viscous effects and impacts the accuracy of

flow dynamics in the simulations [82, 83]. The magnetic Prandtl number Pm, representing the

ratio of magnetic diffusion to viscous diffusion, is another critical parameter. Earth’s core is

thought to have a magnetic Prandtl number around 10�6 [169, 15]. Simulations often use Pm

values greater than unity to sustain dynamo activity, which influences the scale and character-

istics of the magnetic field modeled, especially near the core-mantle boundary [180, 116]. The

discrepancy between model parameters and real-world values affects the fidelity of simulations

in replicating Earth’s magnetic field behavior.

Timescale challenges. Timescale considerations are crucial for accurate dynamo modelling.

Numerical simulations typically express results in terms of "magnetic years," which are derived

from the dipole decay time or magnetic diffusion timescale [86, 109]. However, accurately

matching these timescales with observational data is challenging due to the following issues:

the ratio of characteristic timescales in simulations must be carefully managed. Discrepancies in

these ratios can lead to differences in observed magnetic field behaviors, such as the frequency

of geomagnetic reversals or the duration of magnetic excursions [117]. Ensuring that simulated

timescales align with those observed in Earth’s magnetic geological history remains a significant

challenge.

Observational constraints and model discrepancies. Comparing numerical models with ob-

servational data presents numerous difficulties due to constraints in data availability and resol-

ution:



Reversal frequency and dipole moments. Simulated models that replicate geomagnetic re-

versals or fluctuations in dipole moments often exhibit discrepancies when compared to ob-

servational data. Some models show high-frequency oscillations or inaccurate dipole moment

values compared to Earth’s observations [86, 179]. This misalignment underscores the need for

continuous refinement of models to accurately reflect the observed geomagnetic behaviors.

Impulses and excursions. Numerical models have yet to fully replicate observed geomagnetic

impulses or jerks. Recent models have provided insights into these phenomena, but discrepan-

cies persist in terms of reversal frequencies and dipole moment fluctuations [109, 86]. Achieving

a model that consistently aligns with observed data remains an ongoing challenge.

Discrepancies in energy spectrum and model coefficients. The energy spectrum of the mag-

netic field in numerical models often shows significant discrepancies compared to the actual

geomagnetic field. Some models exhibit energy levels that exceed those of the observed geo-

magnetic field, while others are closer to actual observations. These discrepancies in the energy

spectrum and model coefficients can affect the overall accuracy of simulations [70].

In the next section, we will explore recommendations for future research to address the ongoing

challenges and advance our understanding of geodynamo processes

2.4.2 Recommendations for Future Research

To provide a clear direction for future research and work in this field, the following steps and

recommendations can be considered based on the review by Wicht and Sanchez [220]:



• Resolve high thermal conductivity values. Conduct comprehensive laboratory exper-

iments to verify or refute the high thermal conductivity values indicated by ab initio

simulations. Explore alternative theoretical models to address the challenges posed by

these high thermal conductivity values, potentially leading to new understandings of the

geodynamo process.

• Enhance numerical simulations. Develop more advanced numerical simulations with

lower Ekman numbers. The most advanced simulations currently run at E = 10�7, or even

E = 10�8 when employing hyperdiffusion techniques. Hyperdiffusion refers to the use

of enhanced diffusion mechanisms that selectively smooth out small-scale turbulent fea-

tures without excessively damping larger-scale dynamics, allowing simulations to achieve

lower Ekman numbers while maintaining accuracy.

• Investigate newly observed phenomena. Perform in-depth studies on recently observed

phenomena such as fast quasi-geostrophic Alfvén waves and spontaneous large gyres.

Assess their relevance to the primary dynamo mechanism and geomagnetic field dynam-

ics.

• Facilitate comparisons with observational data. Ensure future models include features

that facilitate effective comparisons with observational constraints. Enhanced validation

against observational data, refined model parameters, and extended integration times are

critical for improving the accuracy and predictive power of geodynamo simulations.

• Leverage practical applications. Integrate numerical dynamo simulations into data as-

similation frameworks. This can provide valuable insights into geomagnetic field dynam-

ics and improve predictions of future magnetic field evolution.

• Expand research on wave dynamics. Investigate various types of waves beyond tor-

sional oscillations that may play a role in Earth’s core dynamics. Refer to foundational

and recent studies to understand their impact on the overall behavior of the geodynamo.



• Address thermal and compositional convection properties. Explore methods that ac-

count for the distinct properties of thermal and compositional convection in dynamo sim-

ulations. Implement advanced approaches like the diffusion-free particle-in-cell method

to study the evolution of the compositional field more accurately. Investigate the potential

formation of a stably stratified layer beneath the core-mantle boundary and its implica-

tions for seismic studies.

• Study heat flux configurations. Conduct research on how variations in heat flux con-

figurations at the core-mantle boundary influence reversal frequency and morphology.

This can provide insights into the dynamic interplay between mantle convection and core

processes.

• Focus on magnetic field polarity reversals. Continue to study magnetic field polarity

reversals, which remain a frontier of geomagnetic research. modelling and paleomagnetic

observations should aim to unravel the intricate mechanisms governing these phenomena,

enriching our understanding of Earth’s magnetic history.

• Promote interdisciplinary collaboration. Foster collaborations between computational

scientists, experimentalists, and theorists. Sharing data and methodologies across discip-

lines can accelerate progress and validate findings through multiple approaches.

• Advances in computational and observational techniques. Invest in improving com-

putational capabilities and observational techniques. As these technologies advance, they

will provide deeper insights into the processes driving remarkable geomagnetic events

and contribute to the broader understanding of the geodynamic evolution of our planet.

By focusing on these recommendations, researchers can address the current challenges in geo-

dynamo modelling and contribute to a deeper understanding of Earth’s magnetic field dynamics.



2.5 Recent solar dynamo models

Observational constraints on solar dynamo models primarily stem from observations of the solar

magnetic field in its various manifestations. These observations aid in simulating the induction

of electric currents and, consequently, the observed solar magnetic fields. While some progress

has been achieved in replicating certain features of solar magnetism, especially those exhibiting

an axisymmetric signature, fully comprehending the solar dynamo remains a daunting task. A

crucial constraint arises from the "butterfly diagram," depicting the migration of sunspots over

time and latitude. This migration pattern implies the existence of an underlying toroidal field in

the Sun, likely situated near the bottom of the convection zone. Polarity laws and the reversal

of polar fields during the sunspot cycle offer additional constraints. Recent investigations have

also unveiled the prevalent "chirality" or twist of the solar magnetic field, differing between the

northern and southern hemispheres [237]. However, while these observations provide valuable

insights, they alone cannot offer a comprehensive understanding of the entire dynamo mechan-

ism.

Advancements in computational heliophysics have significantly enhanced our understanding

of the Sun’s magnetic field and the dynamo mechanisms responsible for its generation. These

mechanisms involve intricate physical processes such as differential rotation, meridional cir-

culation, and magnetic field generation through dynamo action. High-resolution simulations,

particularly those incorporating subgrid-scale turbulence models like Large-Eddy Simulation

(LES) methods, have shown promise in elucidating global solar dynamics and dynamo mech-

anisms [74, 145, 194, 72, 25, 69, 200]. Despite significant progress, current 3D magnetohydro-

dynamic (MHD) simulations still face challenges in accurately reproducing helioseismic obser-

vations and surface phenomena due to the immense range of scales involved in solar dynamics,

which surpass the capabilities of existing computational resources.



The Sun’s rotation rates play a crucial role in shaping its differential rotation, with faster rota-

tion rates leading to a fast equator and slower rates leading to a fast pole [72]. This phenomenon

is governed by the Rossby number (Ro), defined as Ro = U

WL
, where U is the characteristic con-

vection velocity, W is the angular rotation rate of the system, and L is the typical spatial scale of

convection [147, 70]. Numerical methods have been employed to simulate solar-like differential

rotation, each aimed at reducing the Rossby number, a key parameter in characterizing the solar

angular velocity and convection velocity relationship. These methods include adjusting the rota-

tion rate, modifying the luminosity, and manipulating viscosity and thermal conductivity. A low

Rossby number signifies rotationally constrained convection, essential for accurately modelling

a fast equator. While earlier low-resolution calculations successfully replicated solar-like differ-

ential rotation by focusing solely on large-scale convection, higher-resolution calculations have

faced challenges in reproducing this phenomenon. The introduction of small-scale turbulence

and a decrease in the effective convection scale (L) in high-resolution calculations have posed

hurdles, particularly in replicating the fast equator [99]. This discrepancy becomes significant as

the actual Sun exhibits much smaller turbulence levels extending down to the centimeter scale,

highlighting the need for further refinement in modelling approaches.

Flux transport dynamos utilize real data on solar surface movements to predict aspects like cycle

duration and magnetic field shapes [56]. Despite their success, challenges remain in creating

models that fully capture solar complexity. A significant obstacle is accurately modeling the ta-

chocline, a critical solar layer. The subadiabatic nature of the tachocline—where the temperature

gradient is shallower than the adiabatic gradient—poses difficulties for numerical simulations.

This is because the subtle balance between thermal stratification and rotational forces must be

captured with high precision to reflect the region’s dynamics. Small inaccuracies can lead to

incorrect representations of energy transport and angular momentum, ultimately oversimplify-

ing the tachocline’s behavior. Additionally, generating correct radial angular velocity gradients,

especially at the convection zone’s base, further complicates efforts to achieve a comprehensive

solution to the 3D global solar dynamo puzzle.



Recent advances with hybrid dynamos, which blend axisymmetric models with new insights,

have shown promise. These hybrids leverage expectations surrounding the dominant symmetry

of magnetic field patterns around the equator, largely influenced by global processes within

the tachocline. Furthermore, recent studies revealing temporal variations in the longitudinal

wave number of subsurface magnetic fields offer crucial cues for refining predictive models,

especially concerning solar activity patterns throughout different phases of the sunspot cycle.

Delving deeper, global magnetohydrodynamics (MHD) within the solar tachocline emerges as

a focal point, unveiling its profound impact on dynamo models. Instabilities in differential rota-

tion and toroidal magnetic fields within the tachocline trigger significant disturbances, serving

as pivotal sources for dynamo action. Moreover, the nonlinear behavior of these instabilities

can induce radical alterations in toroidal field profiles, influencing the orientation and latitud-

inal spread of sunspot groups. Looking ahead, the evolution towards fully three-dimensional

global MHD models for the tachocline is anticipated, although the subadiabatic stratification of

the tachocline suggests that quasi-2D behavior will persist as a crucial component. The non-

axisymmetric properties of the solar tachocline present observable consequences, necessitating

the design of helioseismic techniques tailored to detect m = 1 structures and velocities at ta-

chocline depths. Additionally, variations in density and thermodynamic signatures within the

tachocline offer tantalizing avenues for exploration, potentially shedding further light on its

enigmatic nature [78].

Therefore, to understand the Sun’s rotation and circulation, scientists employ various tech-

niques, including helioseismology. These methods elucidate how the Sun’s surface rotates dif-

ferently across latitudes and depths and reveal the consistent material flow toward the poles

known as meridional circulation. Despite these advancements, uncertainties and variations per-

sist, necessitating ongoing investigation. In terms of modelling the Sun’s magnetic field, scient-

ists utilize equations that consider factors such as solar rotation and material movement. These

models, known as solar dynamos, have evolved over time to better comprehend the behavior of

the Sun’s magnetic field. While certain models, like flux transport dynamos, have shown suc-



cess in simulating aspects of the solar cycle, challenges remain in aligning theoretical predic-

tions with real observations. Achieving a comprehensive solution to the solar dynamo problem

necessitates high-resolution 3D calculations that account for interactions between different lay-

ers of the Sun. Although progress has been made, the complexity of incorporating all relevant

physical processes poses ongoing challenges for solar dynamo modelling.

2.5.1 Challenges in solar dynamo modelling

Despite significant progress, several challenges persist in accurately modelling solar dynamo

processes:

Convective conundrum. One of the main issues is the "convective conundrum," which involves

the difficulty of accurately capturing the convective energy spectrum [154]. Observational es-

timates suggest a much slower spectrum than numerical simulations indicate [94, 148]. This

discrepancy extends to modelling supergranulation, a prominent flow pattern on the solar sur-

face, and its energy spectrum peak [96]. Realistic simulations emphasize the importance of

suppressing large-scale convective motion to reproduce observed features accurately [127, 70].

In terms of differential rotation, replicating the observed fast equator remains a critical aspect

of the convective conundrum . While observational evidence supports its existence, numerical

simulations struggle to match the actual solar differential rotation, primarily due to fast con-

vection flow resulting in a high Rossby number. Recent studies propose potential solutions to

aspects of the convective conundrum, showing promising results [101].



Representation of the solar tachocline. Another critical challenge is the accurate representa-

tion of the solar tachocline, a thin shear layer between the radiative interior and the convective

zone. The difficulty lies in capturing both its small vertical scale and the complex interaction

between the rotational shear and the underlying radiative zone. The transition from the radiative

interior to the turbulent convection zone introduces intricate dynamics that are hard to model

accurately, especially when accounting for the flow of energy and angular momentum. Fail-

ures in properly simulating these features often lead to oversimplified models that inadequately

capture the role of the tachocline in magnetic field generation and the solar dynamo process.

Flux transport dynamos. While flux transport dynamos have shown success, they often rely on

unrealistically high thermal conductivity values to achieve solar-like differential rotation. This

discrepancy highlights the limitations of current models and the need for further refinement in

simulating the interaction between different layers of the Sun.

Temporal variations in solar rotation. Understanding the temporal variations in solar rotation,

such as torsional oscillations, adds another layer of complexity to the modelling efforts.

2.5.2 Recommendations for future research

Future research in solar dynamo modelling must address the aforementioned challenges to

achieve a more comprehensive understanding of the Sun’s magnetic field generation and be-

havior.



Development of hybrid dynamo models. One promising direction is the development of hy-

brid dynamo models that blend aspects of axisymmetric models with new insights from three-

dimensional simulations. These hybrids leverage expectations surrounding the dominant sym-

metry of magnetic field patterns around the equator, influenced by global processes within the

tachocline.

Advancements in helioseismology. Advancements in helioseismology can also provide valu-

able constraints for dynamo models by offering detailed insights into the solar tachocline’s

structure, velocities, and magnetic fields. Improved helioseismic techniques designed to detect

non-axisymmetric structures and velocities at tachocline depths could help refine models and

enhance our understanding of the solar dynamo.

Integration of observational data with numerical models. Integrating observational data

with numerical models remains crucial for refining model accuracy. This integration involves

resolving discrepancies between observational data and model predictions and accounting for

uncertainties in physical parameters and boundary conditions. High-resolution 3D magneto-

hydrodynamic (MHD) simulations that consider interactions between different solar layers are

essential for advancing our understanding of solar dynamo processes.

In conclusion, while significant strides have been made in solar dynamo modelling, ongoing

efforts are necessary to address the remaining challenges and refine our understanding of the

Sun’s magnetic field generation. By leveraging advancements in observational techniques and

computational resources, researchers can continue to improve dynamo models, ultimately en-

hancing our ability to predict solar activity and its impacts on space weather and terrestrial

climate.



2.6 Concluding remarks

In conclusion, this chapter has provided essential background information necessary to un-

derstand the challenges addressed in this thesis. It has outlined the theoretical foundations,

observational constraints, and recent advances in convection-driven dynamos within rotating

spherical shells. While Chapter 1 briefly introduced these challenges, this chapter has expan-

ded on them, paving the way for deeper investigations in the following chapters. Chapter 3 will

focus on the mathematical formulation of the problems at hand, detailing the specific models

and equations used to explore magnetic field generation dynamics. The comprehensive under-

standing gained from this chapter highlights the importance of the challenges addressed in this

thesis. Subsequent chapters will build upon this groundwork to further explore and refine our

understanding of convection-driven dynamos, ultimately contributing to advancements in both

astrophysics and geophysics.



Chapter 3

A mathematical approach: self-consistent
dynamos in rotating spherical fluid shells

Understanding the complexities of magnetic field generation in celestial bodies such as the

Earth and Sun presents a significant challenge due to the diverse array of contributing factors.

Despite this complexity, we can elucidate the fundamental physical principles governing the

primary magnetic field’s generation. This understanding is achieved by applying basic prin-

ciples of mass, momentum, and energy conservation, alongside a simplified form of Maxwell’s

equations, to a confined region of conducting fluid. This chapter outlines the fundamental as-

sumptions and equations that underpin the research in this thesis, focusing on the dynamic

interactions within solar and geodynamo systems.
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Figure 3.1: Geometrical configuration of the problem. A part of the outer spherical surface is
removed to expose the interior of the shell to which the conducting fluid is confined. This figure
is taken from [189].

3.1 Setting of the problem

To approximate the structure of planetary cores, we establish a spherical polar coordinate system

(r,q ,j) and consider an idealized setup shown in the Figure 3.1. It comprises two concentric

spherical surfaces with centers at the coordinate system’s origin and radii ri and ro, respectively.

These surfaces form a spherical shell, defined alternatively by its thickness d and the ratio of

inner to outer radii, h . The relationships between these parameters are given by:

d = ro � ri, h = ri

ro
,

ri =
hd

1�h , ro =
d

1�h .
(3.1)

The spherical shell rotates with a constant angular velocity WWW about the z-axis. The region inside

the shell (ri < r < ro) is filled with fluid, representing the planetary core and stellar convection

zones, assumed to be a binary mixture of heavy and light elements. We assume the fluid obeys

the continuum hypothesis and moves at non-relativistic velocities, meaning its speed is much

slower than the speed of light. This assumption is made because it simplifies the governing

equations of Magnetohydrodynamics (MHD), allowing us to ignore relativistic effects such as

time dilation and Lorentz contraction, and to apply the classical form of Maxwell’s equations,



which are sufficient for describing the interaction between the fluid and the magnetic field in

planetary cores and stellar convection zones. Under these conditions, Magnetohydrodynamics

(MHD) laws apply, supporting the possibility of a self-sustained magnetic field. The regions

external to the shell (r < ri and r > ro) are assumed impervious to fluid. They may be electrically

insulating or the inner one may conduct while the outer remains insulating. In our simulations,

both the inner and outer regions interact passively with magnetic field lines, playing no active

role in magnetic field generation. While studies like Hollerbach and Jones [100] have shown that

a conducting inner core can, under certain conditions, actively influence the dynamo process,

such effects are not included in our model, where the inner core remains passive.

3.2 MHD dynamo equations

The equations governing magnetohydrodynamic (MHD) dynamos are derived from the con-

servation laws of fluid mechanics, Maxwell’s equations, and Ohm’s law of electromagnetism.

Detailed explanations of the fundamental governing equations, methods of dimensionalisation,

and scalar equations can be found in several comprehensive texts on fluid dynamics and MHD,

such as those by [140].

In the field of geophysical and astrophysical fluid dynamics, particularly in studies involving

MHD, two important types of approximations are often used: the anelastic approximation and

the Boussinesq approximation. In the next section, we will focus specifically on these approxim-

ation models utilized in our research, discussing the assumptions made and the non-dimensional

parameters involved. For an in-depth discussion, readers are encouraged to refer to [199], which

provides a thorough exploration of these models.



3.2.1 Anelastic approximation

The anelastic approximation is particularly advantageous for numerical simulations of stellar

and solar convection zones. This approximation simplifies the governing equations by filtering

out sound waves, which allows for a more efficient computational focus on the slow-moving

convective processes. This makes it highly suitable for studying large-scale fluid flows in astro-

physical contexts [120, 125, 87, 194, 90, 181].

3.2.1.1 Hydrostatic polytropic reference state

In our system, the electrically conductive gas is confined within a spherical shell rotating about

a vertical axis with a constant angular velocity (Wk). An entropy difference (DS) is imposed

between the inner and outer boundaries of the shell, and the gravitational field varies inversely

with the square of the radial distance (r�2). To describe the state variables within the shell,

we define the average density , average temperature , and average pressure using the following

relationships:

r̄ = rcz n, T̄ = Tcz , P̄ = Pcz n+1, (3.2)

where z = c0 + c1d/r denotes a radial profile defined by parameters c0 = (2zo �h � 1)/(1�

h), c1 = (1+h)(1� zo)/(1�h)2, and zo = (h + 1)/(h exp(Nr/n)+ 1). Here, rc, Pc, and Tc

represent reference values of density, pressure, and temperature, respectively, at the mid-shell.

The gas polytropic index (n), the density scale height number (Nr ), and the shell thickness ratio

(h) are fundamental parameters characterizing this setup.



3.2.1.2 Mathematical formulation

The dynamics involving convection and magnetic field generation are described by a set of evol-

ution equations governing continuity, momentum, energy, and magnetic flux. These equations

are formulated based on the anelastic approximation by Lantz, Braginsky, and Roberts [105].

They are non-dimensionalized using the shell thickness (d = ro � ri) as a unit of length, d
2/nc

as a unit of time, DS as a unit of entropy, nc

pµ0rc/d as a unit of magnetic induction, rc as a unit

of density, and Tc as a unit of temperature. Here, nc is the kinematic viscosity, µ0 is the magnetic

permeability, and l is the magnetic diffusivity. The equations are structured as follows:

Continuity equation. The general form of the continuity equation, which describes the conser-

vation of mass in a fluid, is given by:

∂r
∂ t

+— · (ru) = 0, (3.3)

where r is the fluid density, which may vary in space and time, and u is the fluid velocity vector,

representing the velocity of the fluid at any point in space. Assuming a constant density r̄ that

does not change over time, we have:
∂ r̄
∂ t

= 0. (3.4)

Substituting this into the continuity equation yields:

0+— · (r̄u) = 0. (3.5)

This leads us to the condition:

— · r̄u = 0. (3.6)



This condition indicates that when the density is uniform over time, the divergence of the mass

flux (density times velocity) is zero, implying that the mass flowing into a volume equals the

mass flowing out, in accordance with the principle of conservation of mass.

Gauss’s law for magnetism. Maxwell’s equations encapsulate the fundamental principles gov-

erning electromagnetic fields. In scenarios where the electric field is negligible, one of Max-

well’s equations simplifies to ensure the continuity of magnetic flux density (B):

— ·B = 0. (3.7)

This equation asserts that the divergence of the magnetic field vector B is zero everywhere in

space. Physically, this implies that magnetic monopoles do not exist, and the magnetic field

lines form closed loops or do not diverge or converge within any region.

Momentum equation. The conservation of momentum in a rotating frame of reference is gov-

erned by the Navier-Stokes equation, expressed as:

∂tu+(—⇥u)⇥u =�—P� t(k̂⇥u)+ R
Pr

S

r2 r̂+ rc

r̄
— · ŝss +

1
r̄
(—⇥B)⇥B. (3.8)

This equation governs the momentum balance within the fluid in a rotating frame of reference.

The momentum equation is derived from Newton’s second law, which states that the rate of

change of momentum of a fluid element is equal to the sum of the forces acting on it. In a

rotating frame, this law must account for various forces acting on the fluid, including inertial,

pressure, Coriolis, buoyancy, viscous, and magnetic forces.



The first term, ∂tu, represents the time derivative of the velocity field u, capturing changes in

velocity over time. The second term, (—⇥u)⇥u, describes the nonlinear advective acceleration

of the fluid, illustrating how the velocity field advects fluid parcels and enhances flow features.

The third term, �—P, corresponds to the pressure gradient within the fluid, exerting forces

that can accelerate or decelerate fluid motion in response to spatial variations in pressure. The

fourth term, �t(k̂⇥u), represents the Coriolis force induced by the rotation of the reference

frame, influencing the direction of fluid motion relative to the rotating system, where t is the

angular velocity of rotation and k̂ is the unit vector in the vertical direction. The fifth term, R
Pr

S

r2 r̂,

denotes the buoyancy force arising from entropy gradients (S), which drives fluid movement due

to temperature variations; here, R is a constant related to buoyancy, Pr is the Prandtl number,

and r is the radial distance from the axis of rotation. The sixth term, rc

r̄ — · ŝss , accounts for

viscous stresses (ŝss) within the fluid, reflecting internal friction that dissipates kinetic energy

into heat, where rc is a characteristic density and r̄ is the mean density of the fluid. The seventh

term, 1
r̄ (—⇥B)⇥B, represents the Lorentz force resulting from interactions between magnetic

field gradients and the magnetic field itself, thereby influencing fluid dynamics in magnetized

environments.

In summary, these terms collectively reflect the balance between inertial forces, pressure gradi-

ents, Coriolis forces, buoyancy, viscous stresses, and magnetic forces in the fluid. The deviatoric

stress tensor ŝss is given by:

si j = 2nr̄
⇣

ei j �
ekk

3
di j

⌘
, ei j =

∂iu j +∂ jui

2
, (3.9)

where, n is the kinematic viscosity, ei j is the strain rate tensor, and di j is the Kronecker delta.

Thus, the momentum equation encapsulates the dynamics of fluid motion in a rotating frame,

integrating various physical phenomena and providing a comprehensive understanding of fluid

behavior in complex environments. The derivation reflects how each term contributes to the

overall momentum balance within the fluid, emphasizing the significance of the defined para-

meters in characterizing the system’s dynamics.



Entropy equation. The entropy equation is derived from the fundamental principles of conser-

vation of mass and energy. It captures how changes in the entropy of a fluid are influenced by

both advective transport and diffusive processes. The evolution of specific entropy S within a

fluid is described by the entropy equation:

∂tS+u ·—S =
1

Prr̄T̄
— · (k̄ r̄T̄ —S)+

c1Pr

RT̄

✓
ŝss : e+ 1

Pmr̄
(—⇥B)2

◆
. (3.10)

Here, the double-dot symbol (:) denotes a component-wise inner product. In this equation, the

term ∂tS + u · —S represents the temporal change and advective transport of entropy by the

fluid velocity u. The third term, 1
Prr̄T̄

— · (k̄ r̄T̄ —S), accounts for the diffusive flux of entropy,

where k̄ is the thermal diffusivity, Pr is the Prandtl number, r̄ is the density, and T̄ is the

temperature. This term quantifies how entropy diffuses due to temperature gradients in the fluid.

The fourth term, c1Pr

RT̄

⇣
ŝss : e+ 1

Pmr̄ (—⇥B)2
⌘

, combines contributions from viscous dissipation

and magnetic dissipation. Here, c1 is a constant, R is the gas constant, ŝss represents the stress

tensor, e is the strain rate tensor, and Pm is the magnetic Prandtl number. This term captures the

effects of both viscous and magnetic dissipation on the evolution of entropy in the fluid.

Together, these terms describe how entropy is transported, diffused, and dissipated within the

fluid, incorporating both thermal and magnetic effects. The entropy equation thus provides a

comprehensive framework for understanding the thermodynamic behavior of fluid systems in

the presence of flow and magnetic fields.

Magnetic induction equation. The induction equation arises from a combination of Maxwell’s

equations—specifically Faraday’s law of induction and Ampère’s law—as well as Ohm’s law

for conductive fluids. These equations describe how electric and magnetic fields interact with

moving conductive fluids. The magnetic induction equation can initially be expressed in a di-

mensional form as:

∂tB = —⇥ (u⇥B)+ 1
µ0s

—2B. (3.11)



Here, µ0 is the permeability of free space, and s is the electrical conductivity.

To simplify analysis, the equation can be non-dimensionalized by introducing characteristic

scales for magnetic field strength, fluid velocity, length, and time. This process involves scaling

each variable by these characteristic values, resulting in a dimensionless form of the equation:

∂tB = —⇥ (u⇥B)+P
�1
m

—2B. (3.12)

In this equation, the first term represents the temporal change of the magnetic field, indicating

how the magnetic flux density varies with time. The second term —⇥ (u⇥B) describes the

advection of the magnetic field by the fluid velocity u. This term accounts for the transport of

magnetic field lines by the fluid flow, influencing the spatial distribution and configuration of the

magnetic field. The third term P
�1
m

—2B represents the diffusion of the magnetic field. Here, Pm

is the magnetic Prandtl number, which quantifies the ratio of viscosity to magnetic diffusivity

in the medium. This term indicates how the magnetic field diffuses over space due to internal

friction within the conducting medium, smoothing out variations over time. The induction equa-

tion thus encapsulates the interplay between fluid advection and magnetic diffusion, providing

a comprehensive framework for understanding the dynamic evolution of magnetic fields within

physical systems.

3.2.1.3 Non-dimensional parameters

The key non-dimensional parameters governing the anelastic approximation in spherical shell

include:



Radius ratio (h). The radius ratio h quantifies the relative sizes of the inner (ri) and outer (ro)

radii of a spherical shell. It is expressed as:

h =
ri

ro

. (3.13)

Polytropic Index (n). The polytropic index n characterizes the relationship between pressure

and density in a polytropic gas, which follows the polytropic equation of state:

P = Kr̄
n+1

n , (3.14)

where P is the pressure, r̄ is the density, and K is a constant related to the specific entropy of

the system. The polytropic index n describes how the pressure and density scale with each other

in the reference state, and it helps model various astrophysical and geophysical processes, such

as stellar interiors or planetary cores, where the equation of state deviates from an ideal gas law.

For example, a low value of n represents a stiff equation of state (e.g., incompressible fluid),

while a high value of n indicates a more compressible system.

Density scale number (Nr ). The density scale number Nr indicates the logarithmic ratio of the

density at the inner (r̄(ri)) and outer (r̄(ro)) boundaries, given by:

Nr = ln
✓

r̄(ri)

r̄(ro)

◆
. (3.15)

Rayleigh number (R). The Rayleigh number R represents the intensity of buoyancy-driven

flow. It is defined as:

R =
c1Tcd

2DS

nckc

, (3.16)



where c1 is a constant c1 = ((1+h)(1� zo))/((1�h)2), Tc is a characteristic temperature, d

is the depth of the fluid layer, DS is the entropy difference, nc is the kinematic viscosity, and kc

is the thermal diffusivity.

Prandtl number (Pr). The Prandtl number Pr measures the ratio of momentum diffusivity to

thermal diffusivity, defined as:

Pr =
nc

kc

, (3.17)

where nc is the constant kinematic viscosity and kc is the constant thermal diffusivity.

Magnetic Prandtl number (Pm). The magnetic Prandtl number Pm indicates the ratio of kin-

ematic viscosity to magnetic diffusivity, defined as:

Pm =
nc

l
, (3.18)

where nc is the kinematic viscosity and l is the magnetic diffusivity.

Coriolis number (t). The Coriolis number t quantifies the rotational effects on the fluid mo-

tion, defined as:

t =
2W0d

2

nc

, (3.19)

where W is the angular velocity of rotation, d is the characteristic length scale, and nc is the

kinematic viscosity.

These non-dimensional parameters provide insight into the relative importance of various phys-

ical processes, including rotation, buoyancy, diffusion, and magnetic field effects, thereby gov-

erning the system’s overall behavior and stability.



3.2.1.4 Poloidal and Toroidal Decomposition

To solve the governing equations presented above, the velocity and magnetic field are first split

into their poloidal and toroidal components. This decomposition is expressed as follows:

r̄u = —⇥ (rw)+—⇥ (—⇥ (rv)), (3.20)

B = —⇥ (rg)+—⇥ (—⇥ (rh)). (3.21)

Here, r̄u represents the mass flux, where r̄ is the reference density and u is the velocity vector.

The vector B denotes the magnetic flux density. Both fields are solenoidal (divergence-free),

which is a key property utilized in their decomposition. The position vector in spherical co-

ordinates is denoted by r, while v and w are the poloidal and toroidal scalar potentials for the

velocity field, and h and g are the poloidal and toroidal scalar potentials for the magnetic field.

This method simplifies the complexity of the equations by breaking down the vector fields into

components that can be more easily managed and solved, leveraging the solenoidal nature of

the fields.

3.2.1.5 Boundary conditions

This section discusses the boundary conditions using poloidal and toroidal scalars for the velo-

city and magnetic fields.

Velocity field. In fluid dynamics, boundary conditions are essential for characterizing the beha-

vior of velocity fields in a fluid. Two common boundary conditions are the "no-slip" condition

and the "stress-free" condition.



The no-slip condition states that the velocity of the fluid at a boundary is equal to the velocity

of that boundary itself. For stationary boundaries, this results in the following equations:

v = 0, ∂rv = 0, w = 0, at r = ri,ro, (3.22)

where v denotes the axial velocity, ∂r represents the radial derivative, and w indicates the azi-

muthal velocity component. The equation v = 0 indicates that the axial velocity is zero at the

boundaries. The condition ∂rv = 0 signifies that the radial derivative of the axial velocity is

also zero, implying no velocity gradient at the boundaries. Additionally, w = 0 denotes that the

azimuthal velocity component is zero at the boundaries.

The "stress-free" condition is applied when there is no shear stress acting at the boundaries,

leading to a different set of equations:

v = 0, ∂ 2
r

v� r̄ 0

r̄r
∂r(rv) = 0, ∂rw� r̄ 0

r̄
w = 0 at r = ri,ro. (3.23)

The first equation, v = 0, reaffirms that the axial velocity is zero at the boundaries, consist-

ent with the no-slip condition. The second equation, ∂ 2
r

v� r̄ 0

r̄r
∂r(rv) = 0, is derived from the

momentum equations for incompressible flow and ensures the balance of forces in the radial

direction by relating the second radial derivative of the axial velocity to the density gradient.

The term r̄ 0

r̄r
accounts for the effect of density variation on the radial flow dynamics. The third

equation, ∂rw� r̄ 0

r̄ w = 0, describes how the tangential velocity varies with the radius. This re-

lationship ensures that the change in tangential velocity is proportional to the density variation,

thereby maintaining the stress-free condition.



Entropy. For the entropy, a fixed contrast is imposed between the inner and outer surfaces,

leading to the following boundary conditions:

S = 1 at r = ri, S = 0 at r = ro. (3.24)

The boundary condition S = 1 at r = ri implies that the inner surface is characterized by a max-

imum entropy state, often associated with the presence of a heat source or a higher temperature

region. Conversely, the condition S = 0 at r = ro indicates that the outer surface represents a

minimum entropy state, typically found in cooler regions or boundaries that dissipate heat.

These conditions can be derived from physical principles such as the second law of thermo-

dynamics, which dictates that heat flows from regions of higher temperature (and thus higher

entropy) to regions of lower temperature (and lower entropy). In this context, the entropy profile

S(r) is defined to reflect the thermal gradient established by the temperature difference between

the inner and outer surfaces.

By imposing these specific values of entropy at the boundaries, one can ensure that the entropy

gradient within the fluid is consistent with the thermal conditions of the system, leading to

a well-defined entropy distribution as a function of the radial position r. This helps facilitate

further analysis of the thermodynamic properties and behavior of the fluid within the defined

domain.

Magnetic fields. The vacuum boundary conditions for the magnetic field are derived from the

assumption of an electrically insulating external region. The gradients of g and h (which are

related to the magnetic field components) are zero. Furthermore, the function g is equal to

h�he, where he represents the potential field outside the spherical shell. This potential field he

arises from the requirement that, in the electrically insulating regions outside the shell (at r = ri

and r = ro), the magnetic field must be described by a potential function, as no currents exist



in these regions. The magnetic field inside the shell must smoothly match the external potential

field he at these boundaries. These conditions are represented by:

g = h�h
(e) =

∂
∂ r

(h�h
(e)) = 0. (3.25)

We applied the anelastic model and specific boundary conditions in our paper titled "Differential

rotation in convecting spherical shells with non-uniform viscosity and entropy diffusivity [90]."

The results of this study are discussed further in Chapter 7.

3.2.2 Reduction to Boussinesq approximation

In a significant portion of the findings presented in this thesis, we rely on the widely used

Boussinesq approximation. This approximation simplifies the modelling of fluid dynamics by

assuming that the density variations are small and can be neglected except in buoyancy terms.

In the static state, the density is treated as uniform and constant, represented mathematically

as r̃0(r) �! r0 = const., which significantly simplifies the equations. While this assumption

disregards minor variations in density with distance from the center of the shell, it remains phys-

ically accurate under the conditions of weak stratification and small temperature differences, as

outlined below [32, 195, 196, 189, 91].

3.2.2.1 Basic state and assumptions

The Boussinesq approximation assumes that density r varies only in the buoyancy term and is

otherwise constant:

r = r0(1�aJ), (3.26)



where a is the thermal expansion coefficient, r0 is the reference density, and J represents the

temperature deviation from the static state.

The static temperature distribution within the spherical shell is derived from the energy equa-

tion in spherical coordinates, specifically under the condition of no fluid motion. By applying

the steady-state assumption and considering internal heat sources and boundary conditions, we

simplify the energy equation to:

0 = k̄—2
Ts +

q

cp

. (3.27)

Here, k̄ = kT

rccp
is the coefficient of thermal diffusivity, where k is the thermal conductivity, T

is the temperature, rc is the reference density, and cp is the specific heat capacity at constant

pressure. Solving this equation yields the static temperature distribution, expressed as:

TS = T0 �bd
2
r

2/2+DT hr
�1(1�h)�2

b = q/(3kcp)

T0 = T1 �DT/(1�h), TS (ri) = T1, TS (ro) = T2, DT = T2 �T1

(3.28)

where T1 and T2 are constant temperatures at the inner and outer spherical boundaries, h = ri/ro

is the ratio of the inner radius ri to the outer radius ro, q is a uniform heat source density, k is

the thermal diffusivity, d is the shell thickness, and r is the radial position vector within the

spherical shell.

For the polytropic reference state used in the anelastic approximation (section 3.2.1), the para-

meters c0 and c1 are defined as follows:

c0 =
2zo �h �1

1�h
, c1 =

(1+h)(1�zo)

(1�h)2 , zo =
h +1

h exp(Nr/n)+1
(3.29)



Under the Boussinesq approximation, these parameters simplify significantly due to the nearly

constant density and temperature assumptions, where Nr , representing the number of density

scale heights, is assumed to be close to zero, indicating weak stratification:

c0 = 1, c1 = 0, zo = 1. (3.30)

Thus, the radial profile z simplifies to:

z = c0 + c1
d

r
= 1. (3.31)

These simplifications reflect the Boussinesq assumption of a nearly isothermal reference state

and weak density stratification.

3.2.2.2 Mathematical formulation

We have simplified the equations (3.6) - (3.12) from the anelastic approximation to the Boussinesq

approximation. The governing equations are non-dimensionalized using the shell thickness

(d = ro � ri) as a unit of length, d
2/n as a unit of time, n2/(gad

4) as a unit of temperature,

(n(µ0r)1/2)/d as a unit of magnetic flux density, rc as a unit of density and Tc as a unit of tem-

perature. Here, ri and ro are the inner and the outer radius, respectively; n denotes the kinematic

viscosity of the fluid, k its thermal diffusivity, r its density and µ0 its magnetic permeability.

Thus, the governing equations of magnetohydrodynamics (MHD) under the Boussinesq approx-

imation are as follows:



Continuity equations. In the Boussinesq approximation, the continuity equation (3.6) simpli-

fies by assuming incompressible flow. This assumption states that the fluid density variations are

negligible except where they influence buoyancy forces. Consequently, the continuity equation

becomes:

— ·u = 0. (3.32)

This form emphasizes that the velocity field u is divergence-free, reflecting the incompressible

nature of the flow.

Gauss law for magnetism. The magnetic field is divergence-free, a condition that remains

valid under the anelastic approximation. As expressed in equation (3.7), the condition for the

magnetic flux density B is:

— ·B = 0. (3.33)

This condition ensures the continuity of magnetic field lines and implies the absence of magnetic

monopoles within the system.

Momentum equation. To derive the momentum equation under the Boussinesq approximation,

several simplifications and substitutions are necessary in the equation (3.8). The Boussinesq

approximation assumes that density variations are negligible except in the buoyancy term, sim-

plifying or removing terms involving rc, r̄ , and density gradients. Entropy perturbation S is

approximated linearly by the temperature perturbation J :

S =
cp

T̄
J , (3.34)



where cp denotes the specific heat at constant pressure and T̄ represents the reference temperat-

ure. By using the basic vector identities alongside the incompressibility assumptions — ·u = 0

and — ·B = 0, lead to the simplified momentum equation in the Boussinesq approximation:

✓
∂
∂ t

+u ·—
◆

u =�—p � tk⇥u+Jr+—2u+B ·—B. (3.35)

Here, p represents a reduced pressure (ratio of the thermodynamic pressure to the constant

density), t = 2Wd
2

n is the Coriolis number accounting for rotation effects, k denotes the unit

vector in the vertical direction, and J signifies the temperature deviation from the static state.

This equation governs the momentum balance in the Boussinesq approximation, encompassing

buoyancy, Coriolis forces, temperature effects, viscous diffusion, and magnetic interactions.

Temperature equation. To derive the temperature equation under the Boussinesq approxima-

tion, several simplifications and substitutions are applied in the equation (3.10). We assume a

linear relationship between entropy perturbation S and temperature perturbation J as given in

the equation (3.34). By setting c1 = 0 and substituting S with cp

T̄
J in the equation (3.10), and

adding source term, we obtain:

Pr

✓
∂J
∂ t

+u ·—J
◆
= —2J +

✓
Ri +Reh r

�3

(1�h)2

◆
(r ·u), (3.36)

where Pr =
n
k represents the Prandtl number, k is the thermal diffusivity, n is the kinematic

viscosity, Ri and Re are the internal and external thermal Rayleigh numbers, respectively, h is

the radius ratio, r is the radial unit vector, and u is the velocity field.

Magnetic induction equation. For the magnetic induction equation, we start by applying the

vector identity for the curl of a cross product on equation (3.12):

—⇥ (u⇥B) = (B ·—)u� (u ·—)B+u(— ·B)�B(— ·u). (3.37)



In the Boussinesq approximation, which assumes incompressible flow (— ·u= 0) and a divergence-

free magnetic field (— ·B = 0), the term u(— ·B) and B(— · u) simplifies to zero. Thus, the

Boussinesq magnetic induction equation simplifies to:

Pm

✓
∂B
∂ t

+u ·—B
◆
= Pm(B ·—)u+—2B, (3.38)

where Pm = n
l is the magnetic Prandtl number, representing the ratio of kinematic viscosity

to magnetic diffusivity. This equation describes the evolution of the magnetic field under the

Boussinesq approximation, accounting for advection by the velocity field and diffusion of the

magnetic field.

3.2.2.3 Non-dimensional parameters

The key non-dimensional parameters governing the Boussinesq approximation in spherical shell

include:

Internal thermal Rayleigh number (Ri). The internal thermal Rayleigh number, defined as

Ri =
agbd

6

nk
, (3.39)

where a is the thermal expansion coefficient, g is the gravitational acceleration, b is the heat

source density, n is viscosity, and k is thermal diffusivity. The internal Rayleigh number quan-

tifies the stability and intensity of buoyancy-driven convection within a fluid system. It is partic-

ularly relevant in scenarios where heat is generated or dissipated internally, such as in geophys-

ical or astrophysical contexts, and it indicates how effectively buoyancy forces can overcome

viscous and thermal diffusion effects. A higher Ri typically indicates a greater potential for

convective instabilities within the fluid.



External thermal Rayleigh number (Re). The external thermal Rayleigh number is given by

Re =
agDT d

4

nk
, (3.40)

where DT = T2 � T1 represents the temperature difference between outer and inner boundar-

ies. The external Rayleigh number characterizes the convection processes that occur in the

surrounding fluid due to thermal gradients at the boundaries of a system. It is significant in

assessing the influence of external temperature variations on fluid motion. The Re value helps

determine whether the external thermal effects lead to stable or unstable convection patterns. A

high Re implies that external thermal forces may induce significant convective flows, potentially

impacting the overall thermal behavior of the system.

Coriolis Number (t): The Coriolis number is defined as

t =
2Wd

2

n
, (3.41)

where W denotes the angular velocity of rotation.

Prandtl and magnetic Prandtl numbers (Pr) and (Pm). The Prandtl and Magnetic Prandtl

numbers are defined as

Pr =
n
k
, Pm =

n
l
, (3.42)

where n is viscosity, k is thermal diffusivity, and l is magnetic diffusivity.

These parameters collectively characterize the behavior of convection-driven dynamo phenom-

ena within the context of astrophysical and geophysical applications.



3.2.2.4 Poloidal and Toroidal Decomposition

To solve the governing equations presented above under the Boussinesq Approximation, the

velocity and magnetic field are first split into their poloidal and toroidal components. This de-

composition is expressed as follows [213].:

u = —⇥ (rw)+—⇥ (—⇥ (rv)), (3.43)

B = —⇥ (rg)+—⇥ (—⇥ (rh)). (3.44)

Here, u is the velocity vector, and the vector B denotes the magnetic flux density. Both fields

are solenoidal (divergence-free), which is a key property utilized in their decomposition. The

position vector in spherical coordinates is denoted by r, while v and w are the poloidal and

toroidal scalar potentials for the velocity field, and h and g are the poloidal and toroidal scalar

potentials for the magnetic field.

The scalar fields v, w, g, and h are subsequently expanded using orthogonal polynomials, a

topic to be explored in Chapter 4. The focus will be on solving equations under the Boussinesq

Approximation. The same procedural approach can be applied to equations under the anelastic

Approximation, with necessary modifications as required.

3.2.2.5 Boundary conditions

This section describes the boundary conditions imposed on the velocity field and related vari-

ables in a specific physical scenario. The boundary conditions vary depending on whether the

system has an insulating inner core, a finitely conducting inner core, or a perfectly conducting

inner core.



Velocity field. When no-slip boundary conditions applied at the inner and outer boundaries

(denoted by r = ri and r = ro respectively), the radial velocity component (v) and the azimuthal

velocity component (w) are both zero, and there’s no change in the radial velocity (∂rv). These

conditions are represented by:

v = ∂rv = w = 0, at r = ri,ro. (3.45)

Stress-free boundary conditions involve zero tangential stress at the boundaries. They specify

that the second radial derivative of v is zero, and there’s no change in the tangential velocity

(∂rw). These conditions are represented by:

v =
∂ 2

v

∂ r2 =
∂
∂ r

⇣
w

r

⌘
= 0, at r = ri,ro. (3.46)

Insulating inner core. In this scenario, additional conditions apply at the inner and outer bound-

aries. The gradients of g and h (which are related to the magnetic field components) are zero.

Furthermore, the function g is equal to h� he, where he represents the potential field outside

the spherical shell. This potential field he arises from the requirement that, in the electrically

insulating regions outside the shell (at r = ri and r = ro), the magnetic field must be described

by a potential function, as no currents exist in these regions. The magnetic field inside the shell

must smoothly match the external potential field he at these boundaries. These conditions are

represented by:

g = h�h
(e) =

∂
∂ r

(h�h
(e)) = 0. (3.47)

We applied the Boussinesq approximation and specific boundary conditions in our papers titled

"Effects of shell thickness on cross-helicity generation in convection-driven spherical dynamos

[189]" and "A study of global magnetic helicity in self-consistent spherical dynamos [91]." The

results of these studies are discussed further in Chapters 5 and 6.



3.3 Taylor’s constraint and Taylor-Proudman theorem

In the context of fluid dynamics within rotating spherical systems, the anelastic and Boussinesq

approximations play a crucial role in simplifying the governing equations of magnetohydro-

dynamics (MHD). These approximations provide foundational insights into fluid behavior un-

der specific conditions. Building upon these foundational concepts, we now explore two fun-

damental theorems governing MHD in rotating systems: Taylor’s constraint and the Taylor-

Proudman theorem [209].

The Taylor-Proudman theorem applies when the magnetic field’s influence is negligible, de-

scribing a scenario of rapid rotation, inviscid flow, and steadiness. Under these assumptions, the

relevant MHD equations simplify significantly. One of the key equations that emerges from this

simplification is the momentum equation, given by:

2Wkkk⇥uuu =� 1
r

—p, (3.48)

where W is the angular velocity of the fluid, kkk is the unit vector along the rotation axis, uuu is

the fluid velocity vector, r is the fluid density, and p is the pressure. This theorem dictates that

under these conditions, the only permissible solution is a steady azimuthal flow given by:

u(s) =
f̂

2Wr
∂ p

∂ s
, (3.49)

where s denotes the cylindrical polar coordinate and f̂ represents the azimuthal unit vector.

However, direct application of this theorem to convection problems in spherical geometry faces

challenges due to singularities.



In scenarios where convection processes are dominant and involve the magnetic field signific-

antly (known as the magnetostrophic approximation), the MHD equation modifies to:

2Wkkk⇥uuu =� 1
r

—p�aQggg+
1

rµ
(—⇥BBB)⇥BBB, (3.50)

where a is the thermal expansion coefficient, Q is the temperature, ggg is the gravitational accel-

eration, and µ is the magnetic permeability.

To derive Taylor’s constraint, we integrate the azimuthal (f ) component of the Lorentz force

over a geostrophic cylinder. A geostrophic cylinder is a cylindrical volume aligned with the axis

of rotation and spanning the region within the rotating fluid. The integration is performed over

the surface C(s) of the cylinder with radius s, where s is the cylindrical radial coordinate.

The key condition leading to Taylor’s constraint is that, for the system to remain in equilibrium

in a rapidly rotating, magnetized spherical fluid, the azimuthal component of the Lorentz force

must average to zero over the geostrophic cylinder. Mathematically, this is expressed as:

Z

C(s)

1
rµ

[(—⇥BBB)⇥BBB]f dS = 0, (3.51)

where [(—⇥BBB)⇥BBB]f represents the azimuthal (f ) component of the Lorentz force, and dS is

an infinitesimal area element on the surface of the geostrophic cylinder C(s).

The derivation assumes axisymmetry, meaning the system is symmetric around the rotation axis,

which simplifies the equations. The velocity field and magnetic field satisfy specific boundary

conditions at the inner and outer boundaries of the fluid shell (i.e., at r = ri and r = ro). Addi-

tionally, the steady-state approximation is used, where time derivatives are neglected under the

assumption that the system evolves slowly compared to the rotation period, leading to a quasi-



steady state. Taylor’s constraint plays a fundamental role in MHD dynamo theory for rapidly

rotating spherical systems, such as planetary or stellar interiors. However, finding solutions for

convection-driven dynamos that satisfy this constraint remains a long-standing challenge in the

field.

To conclude this chapter, we have discussed key concepts in fluid dynamics within rotating

spherical systems, focusing on the anelastic and Boussinesq approximations. These approxima-

tions are pivotal in simplifying the equations governing magnetohydrodynamics (MHD) under

specific conditions. Building upon these insights, our next focus will be on numerical meth-

ods for solving equations under the Boussinesq approximation. The same procedural approach

applies to equations under the anelastic approximation, with some necessary adjustments.



Chapter 4

Discretization and numerical method

Understanding the intricate dynamics of convection-driven dynamos within rotating spherical

shells presents significant challenges in both geophysical and astrophysical research. Tradi-

tional analytical methods often simplify this complex interplay of nonlinearities and geometric

complexities, thereby limiting their accuracy and real-world applicability. This constraint is

particularly notable when modeling the geomagnetic field and solar dynamics, where linearized

approaches fall short in capturing crucial nonlinear behaviors.

To overcome these limitations, numerical simulations serve as invaluable tools, offering the

capability to approximate self-consistent solutions of dynamo equations with higher fidelity.

In this context, the choice of numerical method becomes crucial, guided by considerations of

accuracy, stability, computational efficiency, and the ability to handle the inherent spherical

geometry of the problem.
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Among spatial discretization methods, finite-difference and finite-element approaches are widely

used but encounter challenges in maintaining accuracy, especially near the poles of a spher-

ical surface. Spectral methods, however, emerge as particularly suitable due to their ability to

achieve high accuracy using orthogonal basis functions such as spherical harmonics and Cheby-

shev polynomials. These methods facilitate the exact computation of spatial derivatives in spec-

tral space, significantly reducing computational overhead compared to conventional methods

by requiring lower resolution to achieve comparable accuracy.

The Pseudo-Spectral method, in particular, effectively combines these advantages with efficient

temporal discretization, making it well-suited for the governing equations under the anelastic

and Boussinesq approximations discussed in Chapter 3. Based on these considerations, we have

chosen to simulate the scalar equations of the anelastic or Boussinesq approximations using a

Pseudo-Spectral method. This approach was first successfully applied to the geodynamo prob-

lem by Glatzmaier and Roberts, demonstrating its efficacy in capturing the complex dynamics

of convection-driven dynamos within spherical shells [85, 213].

This chapter delves into the implementation and implications of the Pseudo-Spectral method in

simulating convection-driven dynamos within rotating spherical shells. By leveraging its cap-

abilities, we aim to deepen our understanding of the dynamics governing such complex systems

and contribute to advancements in geophysical and astrophysical research. The focus will be

on solving equations under the Boussinesq approximation; the same procedural approach can

be applied to equations under the anelastic approximation, with necessary modifications as re-

quired.



4.1 Pseudo-Spectral method

The Pseudo-Spectral method is a sophisticated numerical technique designed for the analysis

of convection-driven dynamos within rotating spherical shells. This approach effectively in-

tegrates spectral spatial discretization with finite-difference temporal discretization, optimizing

both accuracy and computational efficiency [85, 213].

In the Pseudo-Spectral method, orthogonal basis functions, such as spherical harmonics, are

employed for angular decomposition, while Chebyshev polynomials facilitate radial decom-

position. This dual approach allows for a precise representation of spatial variations in the

unknown functions v,w,h,g across the spherical domain, which is essential for resolving the

complex interactions and boundary conditions inherent in these systems.

A distinctive feature of the Pseudo-Spectral method is its mixed use of spectral and physical

spaces through collocation points. This hybrid strategy enables exact computation of spatial

derivatives in spectral space while utilizing collocation points in the physical domain for eval-

uating nonlinear radial functions. Specifically, the transformation to collocation points allows

for more straightforward computation of these nonlinearities, significantly enhancing computa-

tional efficiency and reducing numerical artifacts, particularly in regions near the poles of the

spherical surface.



For temporal evolution, the Pseudo-Spectral method integrates the Crank-Nicholson implicit

method with the Adams-Bashforth explicit method. This combination ensures numerical stabil-

ity while accurately capturing the time-dependent dynamics of dynamos. The overall compu-

tational efficiency of the Pseudo-Spectral method lies in its requirement for fewer grid points

compared to traditional methods, rendering it particularly effective for simulating large-scale,

three-dimensional, and highly coupled dynamo systems.

4.1.1 Spectral decomposition

Spectral decomposition is a key aspect of this method, involving the breakdown of functions

into simpler components. Specifically, these functions are expressed using spherical harmonics

in the angular directions and Chebyshev polynomials in the radial direction.

Angular decomposition. The equations for the spherical harmonics expansions of the poloidal

and toroidal scalars for velocity (VVV ), magnetic field (BBB), and temperature (J ) are:
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(4.1)

The factors r and r
�1 in the above equations are not essential but contribute to the numerical

stability of the method. These equations express the quantities in terms of their angular compon-

ents, capturing the variation of each physical quantity with respect to the angles Q (colatitude)

and j (longitude), while also depending on radial distance (r) and time t. The velocity poloidal

scalar (v) is represented as a summation of terms involving V
m

l
, where l and m represent angular



modes. A convenient simplification is that F�m = (�1)m(Fm)⇤, where Fm is the coefficient in

any of the above expansions. The symmetry holds because all fields must be real (for example,

v = v
⇤, where v

⇤ denotes the complex conjugate of v). Thus, only the coefficients with m � 0

need to be stored, which reduces the memory requirements of the method.

In these equations, P
m

l
represents associated Legendre functions, describing the angular part

of the functions. These functions illustrate how quantities vary with direction in a spherical

coordinate system. The radial functions V
m

l
, W

m

l
, G

m

l
, H

m

l
, and J m

l
signify the contributions

of each angular mode (l,m) to the overall behavior of the quantities, offering insights into the

system’s complex dynamics. This spatial discretization method simplifies intricate functions

into manageable components, facilitating their numerical solution. Through representation in

terms of spherical harmonics, we can effectively simulate the system dynamics under study.

Angular transformations. In general, a function f (r,q ,j) can be transformed into its coef-

ficients F
m

l
(r) and vice versa through specific transformation methods. The function can be

expressed as:

f (r,q ,j) =
l

Â
m=�l

e
imj

•

Â
l=0

P
m

l
(cosq)Fm

l
(r), (4.2)

where P
m

l
denotes the associated Legendre functions, which capture the angular dependencies.

To compute the coefficients, an integral involving the associated Legendre functions and the

original function evaluated at specific angles is employed:

F
m
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(r) = (�1)m

2l +1
4p

Z 1

�1
P
�m

l
(x)
Z 2p

0
e
�imj

f (r,arccosx,j)dj with x = cosq . (4.3)



This process typically consists of two parts: the forward transformation, which relates the coef-

ficients to the function, and the inverse transformation, which reconstructs the function from its

coefficients. The inverse transformation begins with the FFT and requires the calculation of a

projection integral, approximated using Gauss quadrature methods:

Z 1

�1
g(x)dx =

L

Â
i=0

wig(xi), (4.4)

where wi are the Gauss-Legendre weights, and xi are the abscissas computed through established

procedures.

The transformation from the indices l and m to the angles q and j involves a weighted sum

of associated Legendre functions and requires a matrix-vector multiplication followed by an

FFT over the index m. The latitudinal transformation presents unique challenges, as no fast

algorithm for the Legendre transform currently exists. Nevertheless, it is possible to enhance

the computational efficiency of the matrix-vector multiplication by exploiting the symmetry

properties of the Legendre functions.

Associated Legendre functions and orthogonality relation. Associated Legendre functions

P
m

l
(x) are crucial for the angular decomposition of functions in spherical geometries. These

functions are defined in terms of Legendre polynomials and are essential for expressing angular

dependencies in both physical and mathematical contexts. Below, we outline their key properties

and the orthogonality relation that underpins their use in spherical harmonic expansions.

• Associated Legendre Functions P
m

l
(x). The recurrence relation for P

m

l
(x) over l is given

by:

(l �m)Pm

l
(x) = x(2l �1)Pm

l�1(x)� (l +m�1)Pm

l�2(x). (4.5)



This relation allows the computation of P
m

l
(x) in terms of the polynomials of lower orders.

To start the recursion, we need initial conditions. The initial condition for P
m
m
(x) is given

by:

P
m

m
(x) = (�1)m ·1 ·3 ·5 · . . . · (2m�1)(1� x

2)m/2. (4.6)

And the polynomial for P
m

m+1(x) is:

P
m

m+1(x) = x(2m+1)Pm

m
(x). (4.7)

The derivative of P
m

l
(x) with respect to x is given by:
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This derivative equation is crucial for computing gradients involving associated Legendre

functions. The functions with negative m is given by:

P
�m

l
(x) = (�1)m

(l �m)!
(l +m)!

P
m

l
(x). (4.9)

These functions allow for the computation of associated Legendre functions for negative

m indices using known values for positive m.

• Orthogonality Relation. The orthogonality relation states that the integral of the product

of two associated Legendre functions P
m
0

l0 (x) and P
m

l
(x) over x is non-zero only when

l = l
0 and m = m

0:
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It simplifies the computation of coefficients in spherical harmonic expansions and ensures

the accuracy of such decompositions.

Radial decomposition using Chebyshev polynomials



Radial decomposition using Chebyshev polynomials is an effective method for analyzing and

approximating functions, particularly in contexts involving spherical symmetry or radial de-

pendencies. Chebyshev polynomials, denoted as Tn(x), are a sequence of orthogonal polynomi-

als defined over the interval [�1,1]. They minimize interpolation errors and are defined by:

Tn(x) = cos(narccos(x)), x 2 [�1,1]. (4.11)

The orthogonality of these polynomials makes them ideal for approximating functions in radial

decomposition, allowing for systematic representation of functions as a series and facilitating

efficient numerical solutions.

Chebyshev polynomial expansion of radial functions

The radial functions of interest, denoted as V
m

l
and W

m

l
, can be expanded in Nr Chebyshev

polynomials as follows:

V
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where x is transformed to fit collocation points situated within the spherical shell defined between

ri = 0 and ro = 1 by x= 2(r� ri)�1. This transformation is crucial for ensuring that the Cheby-

shev polynomials can effectively represent the radial behavior of the functions.

An important aspect of this computational scheme is the transformation between the physical

coordinates (r,q ,j) and the spectral coordinates (n, l,m). Such conversions are necessary for

efficiently treating nonlinear terms and computing derivatives, which are most conveniently

handled in spectral space.



The collocation points, which serve as discrete evaluation points for the functions in direct

space, are positioned as follows:

r j = ri +
1
2

✓
1+ cos

✓
p j�1

Nr �1

◆◆
, j = 1,2, . . . ,Nr. (4.13)

Here, Nr represents the total number of Chebyshev polynomials used in the expansion. It de-

termines the resolution of the approximation; a larger Nr enables a more accurate representation

of functions, particularly those exhibiting rapid changes. Therefore, the expansion for V
m

l
at the

collocation points can be expressed as:

V
m

l
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This representation illustrates that the sum effectively becomes a cosine transform, enabling

efficient calculations of the radial components of the functions being analyzed. The cosine

transform aligns well with the Fast Fourier Transform (FFT) algorithms, providing significant

computational advantages for converting between radial and Chebyshev spaces.

Appropriateness for radial symmetry. The Chebyshev polynomials are particularly well-

suited for functions exhibiting radial symmetry because they effectively capture variations in

radial distance while preserving their orthogonality properties. This characteristic minimizes

numerical errors and enhances the stability of computations involving radial functions.

In conclusion, radial decomposition using Chebyshev polynomials offers a systematic approach

for analyzing functions, especially those that exhibit radial symmetry or significant variation

with respect to the radial distance r from a central point. This method not only supports theor-

etical investigations but also enhances computational efficiency by decomposing complex func-

tions into manageable components. As a result, it facilitates accurate modeling and analysis

across various scientific and engineering disciplines.



4.1.2 Temporal discretization

Temporal discretization is essential in numerical simulations for approximating the time evol-

ution of dynamic systems governed by partial differential equations (PDEs). For convection-

driven dynamos in rotating spherical shells [213, 42, 199], we employ a combination of the

Crank-Nicolson method and the Adams-Bashforth method. This combined approach is chosen

for its accuracy, stability, and computational efficiency.

We need to solve a system of reaction-diffusion parabolic equations, which in abstract form can

be written as:

∂ty = Ly+N(y) (4.15)

where y represents all unknowns, L represents diffusion-like terms, N(y) represents the reac-

tion terms and is a nonlinear function that also includes coupling terms, and terms that may be

linear but difficult to compute in some sense. While there are boundary conditions that close the

problem, they do not influence the choice of numerical methods for temporal discretization. We

will use an IMEX (implicit-explicit time-stepping) method. IMEX is a standard time-stepping

approach for nonlinear reaction-diffusion equations. It aims to inherit the unconditional stabil-

ity characteristic of implicit time-stepping schemes, such as the Crank-Nicholson method for

diffusion equations, while combining it with a convenient explicit computation of difficult and

nonlinear terms for which stability results are not well established.

To split the problem, we express it as:

[∂ty]L +[∂ty]N = Ly+N(y), (4.16)



where [∂ty]L and [∂ty]N represent the contribution to the time derivative due to the L terms and

to the N(y) respectively, so that the equation is a sum of two equations

[∂ty]N = N(y),

[∂ty]L = Ly.
(4.17)

Crank-Nicolson method. The Crank-Nicholson method is an implicit time integration scheme

commonly used to solve diffusion-dominated problems due to its unconditional stability. This

characteristic allows it to maintain stability even with larger time steps, making it ideal for ad-

dressing the linear diffusion term Ly in our system. By incorporating function values from both

the current and subsequent time steps, the Crank-Nicholson method not only achieves stabil-

ity but also enhances accuracy. This approach ensures that the numerical solution converges

correctly over time, making the method particularly effective for simulating phenomena where

diffusion plays a significant role.

Time-stepping process for Crank-Nicolson. The time discretization for the diffusion term Ly

using the Crank-Nicolson method is as follows:

1. Solve the first equation explicitly, i.e. evaluate the RHS using known values from the

previous time steps. For instance, an Euler step is,

h
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⇣
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⌘
. (4.18)

2. Solve the equation implicitly, e.g by a Crank-Nicolson scheme, which is derived as fol-

lows. Take a forward Euler step:

h
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i

L
= hLy

k. (4.19)



3. Take a backward Euler step
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4. Add the two steps:
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5. Add the two contributions back together to obtain an implicit-explicit time step
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6. Formulate the linear system for the implicit time step:
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and the formal solution is given by:
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Adams-Bashforth method. The Adams-Bashforth method is an explicit integration technique

that computes the function value at the next time step based on known values from previous

steps, allowing for efficient numerical simulations without the need to solve a system of equa-

tions. This characteristic enhances its computational efficiency, particularly when addressing

the nonlinear reaction terms N (y) in the governing equations. By employing the second-order

Adams-Bashforth method, we gain increased accuracy compared to first-order methods like

Euler. This method utilizes information from two previous time steps, resulting in a more pre-

cise approximation of the solution.



Time-stepping process for Adams-Bashforth method. The Adams-Bashforth step for the

nonlinear term N (y) is as follows:
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This formulation ensures that the contribution from the nonlinear terms is second-order accurate

in time. Since this method only relies on previous time step values, it is efficient and avoids the

computational cost of solving implicit equations.

Combined iterative solution (IMEX approach). To solve the full system of reaction-diffusion

equations, we adopt a combined iterative approach, where the Crank-Nicolson method is used to

handle the diffusion term Ly, and the Adams-Bashforth method handles the nonlinear reaction

term N (y) .

The resulting implicit-explicit (IMEX) scheme ensures stability for the diffusion term while

maintaining computational efficiency for the nonlinear terms. The explicit nature of the Adams-

Bashforth method means that we can avoid the costly computation of nonlinear terms in an

implicit scheme while ensuring that the solution remains accurate and stable over time.

The combined solution, obtained by merging equations (4.24) and (4.25), is given by:
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This equation is formed by applying the Crank-Nicolson method to the linear term Ly, which

is treated implicitly for stability. In the Crank-Nicolson scheme, the nonlinear term N(yk) is

originally treated explicitly as hN(yk).



However, instead of using hN(yk), we improve the approximation of the nonlinear term by

replacing it with the Adams-Bashforth method, which is a higher-order explicit scheme. The

Adams-Bashforth formula provides a more accurate approximation for the nonlinear term us-

ing information from the current and previous time steps, N(yk) and N(yk�1), resulting in the

term h

2
�
3N(yk)�N(yk�1)

�
. Thus, the final equation combines the implicit treatment of the

linear term from Crank-Nicolson with the explicit treatment of the nonlinear term from Adams-

Bashforth, leading to a stable and efficient IMEX (implicit-explicit) scheme.

Temporal discretization, thus, plays a crucial role in accurately capturing the time evolution of

convection-driven dynamos, ensuring the numerical solution aligns closely with the underlying

physical phenomena.

4.2 Implementation procedure

This section outlines the procedural steps involved in implementing the numerical method for

simulating convection-driven dynamos within rotating spherical shells. The methodological

procedures are structured as follows:

4.2.1 Initialization

• Read Parameters and Allocate Memory:

1. Read parameters, which include resolution defined in terms of:

– Number of spherical harmonic modes:

* L: Maximum degree of the spherical harmonic representation.



* M: Maximum azimuthal mode.

* N: Number of radial modes.

– Number of collocation points:

* nr: Number of points in the radial direction.

* nq : Number of points in the polar direction.

* nf : Number of points in the azimuthal direction.

2. Allocate memory for storing spectral components and intermediate results. The stor-

age requirement is approximately 20⇥N ⇥ L⇥ 2M real numbers, accounting for

both real and imaginary parts stored alternately.

3. Proper resolution is critical for ensuring accurate simulation results. Higher values

of L and M allow for a more detailed representation of flow and magnetic field

structures. To prevent aliasing in nonlinear terms, we apply the dealiasing rule, util-

izing modes up to Ld =
2
3L and Md =

2
3M. Here, Ld and Md represent the maximum

retained modes in the radial and azimuthal directions, respectively, ensuring suf-

ficient resolution during nonlinear interactions. The transformation between phys-

ical space, represented by coordinates (r,q ,j), and spectral space, characterized by

modal indices (L,M,N), facilitates efficient numerical computations. This approach

allows nonlinear terms to be handled in the spectral domain while preserving accur-

acy through well-defined relationships such as nr =N, nq = L+1, and nf = 2M+1.

Pre-computation:

• Compute and invert matrices required for the implicit time step.

• Compute associated Legendre functions P
m

l
(x), their derivatives, and functions with neg-

ative m indices:

– Use recursion formulas to compute P
m

l
(x).

– Evaluate derivatives and negative m functions using specified relations.

• Precompute these functions as they are needed for calculating magnetic field components

and their transformations between spherical and Cartesian coordinates.



Initialization of Fields:

• Load initial f
m

l,n-fields in spectral space.

• Compute their first and second derivatives to prepare for time integration.

4.2.2 Time Stepping Loop:

1. Time Integration:

• Perform the following steps iteratively for each time step:

(a) Compute Explicit Terms: Evaluate the explicit terms in the right-hand sides

of the equations using the specified formulas. This computation can be par-

allelized over the radial index n, meaning the terms for different values of

n can be computed simultaneously, significantly speeding up the overall pro-

cess. Parallelization allows the workload to be distributed across multiple pro-

cessors or cores, with each core computing the terms for different values of n

at the same time, drastically reducing the total computation time.

(b) Implicit Crank-Nicolson Method: Use the implicit Crank-Nicolson method

for temporal discretization.

(c) Adams-Bashforth Step: For non-linear terms, employ an explicit Adams-

Bashforth step, substituting the first step with an Euler formula.

(d) Matrix-Vector Multiplications: Perform matrix-vector multiplications re-

quired for the implicit step. This step is parallelized over the azimuthal index

m, although load balancing can be challenging due to varying computational

requirements across different m.

(e) Compute Radial Derivatives: At the end of each time step, compute radial

derivatives of f
m

l,n and save the right-hand sides of the equations.

2. Save Intermediate States:



• Periodically save various quantities of interest, such as kinetic and magnetic ener-

gies of the flow, for analysis and visualization.

3. End of Time Stepping Loop:

• Save the final state of the simulation after completing all time steps.

• End the program execution.

This section provides a structured overview of the procedural steps involved in implementing the

numerical method for studying convection-driven dynamos. It combines spectral decomposition

methods (using spherical harmonics and associated Legendre functions) with efficient temporal

integration techniques (Crank-Nicolson and Adams-Bashforth methods). Each step contributes

to the overall methodology aimed at simulating the complex dynamics within rotating spherical

shells, highlighting the systematic approach to handling both spatial and temporal discretization

challenges.

4.3 Concluding remarks

This Chapter has outlined the numerical methodology used for simulating convection-driven

dynamos in rotating spherical shells. The results of these simulations will be discussed in detail

in Chapters 5, 6, and 7, providing insights into the dynamics and implications of our findings.



Chapter 5

Effects of shell thickness on cross-helicity
generation in convection-driven spherical

dynamos

The results presented in this chapter have been published in [189]. This chapter follows the

published paper and includes figures from the paper with the agreement of all authors.

5.1 Introduction

This chapter investigates the relative significance of helicity and cross-helicity electromotive

dynamo effects in generating self-sustained magnetic fields through chaotic thermal convection

within rotating spherical shells, with a focus on how these effects vary with shell thickness.

Direct numerical simulations reveal the coexistence of two distinct regimes of dynamo solutions

across shell aspect ratios ranging from 0.25 to 0.6: a mean-field dipolar regime and a fluctuating

dipolar regime. In-depth analysis of these coexisting dynamo attractors involves a comparison

of their properties, including differences in temporal behavior and spatial structures of both
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magnetic fields and rotating thermal convection. The helicity a -effect and the cross-helicity

g-effect are found to be comparable in intensity within the fluctuating dipolar dynamo regime,

where their ratio does not vary significantly with the shell thickness. In contrast, within the

mean-field dipolar dynamo regime the helicity a-effect dominates by approximately two orders

of magnitude and becomes stronger with decreasing shell thickness.

In cosmic objects, thermal flows play a pivotal role in shaping their distinct large-scale features,

notably their self-sustained magnetic fields [159, 26]. Noteworthy examples include the Sun

and several planets within the Solar System, all of which exhibit considerable magnetic fields

[238, 30]. The solar magnetic field, for instance, drives solar activity and exerts significant

influence on planetary atmospheres [216, 158], crucially shielding Earth from solar radiation

[177]. Moreover, gas giants, ice giants, and even the moons of Jupiter boast substantial magnetic

fields [36].

As discussed in the background chapter, thermal flows within cosmic objects, such as the Sun

and planets, drive dynamo processes responsible for generating their large-scale magnetic fields.

These magnetic fields arise from convective motions of electrically conductive fluids, driven by

thermal buoyancy forces within their interiors. Consequently, thermal convection within ce-

lestial bodies manifests as highly turbulent, profoundly influenced by both rotation and the

self-generated magnetic fields. Consequently, considerable attention has been dedicated to un-

raveling the complexities of this intriguing and consequential phenomenon. For comprehensive

insights, readers are directed to topical reviews by [35, 107, 220], along with their respective

references.



The conceptual understanding of large-scale magnetic field generation through dynamos is

rooted in mean-field dynamo theory [122, 16, 151], a well-established framework within mag-

netohydrodynamic turbulence. Central to this theory is the modelling of turbulence in the mean

electromotive force—a critical term in the Reynolds-averaged magnetic induction equation gov-

erning the evolution of large-scale magnetic fields, as discussed in detail in Section 5.6 below.

This electromotive force is typically represented through an expansion in terms of the mean

field and its spatial derivatives, with the expansion coefficients colloquially termed "mean-field

effects."

The turbulent helicity effect, often referred to as the a-effect, has been extensively explored

in the literature on mean-field dynamo theory [16, 18], contrasting with the relatively limited

attention given to the cross-helicity effect, also known as the g-effect [232, 226, 167]. This

disparity arises from the prevalent treatment of turbulence, where the influence of large-scale

velocity is often neglected due to the Galilean invariance of the momentum equation. However,

such neglect overlooks significant large-scale shear effects, which are particularly pronounced

in systems featuring substantial large-scale rotation, such as the Solar internal differential ro-

tation—a well-measured phenomenon [211, 183]. Numerical simulations further suggest that

such rotation plays a pivotal role in the dynamo process, potentially accounting for the periodic

oscillations observed in convection-driven spherical dynamos [32, 196].

Studies of plane-parallel flows corroborate the non-negligible contribution of cross-helicity ef-

fects relative to helicity effects [93, 229]. Beyond its relevance to dynamo generation, cross-

helicity assumes significance as an observable in solar studies. For instance, measurements of

the cross-helicity component huzbzi at the Solar surface are attainable through instruments like

the Swedish 1-m Solar Telescope, facilitating calculations of the magnetic eddy diffusivity of

the quiet Sun via quasilinear mean-field theory [176].



h
Figure 5.1: Illustration of shell thickness aspect ratio variation.

Cross-helicity remains largely unexplored in models of self-consistent dynamos driven by thermal

convection in rotating spherical shells, prompting the aim of this chapter is to contribute to this

understudied domain. The primary objective of this study is to investigate the relative signific-

ance of helicity and cross-helicity effects concerning the thickness of the convective shell. In-

tuitive reasoning suggests that the a-effect holds importance in geodynamo scenarios, whereas

the cross-helicity effect assumes prominence in the global solar dynamo. Specifically, the geo-

dynamo operates within the relatively thick fluid outer core of the Earth, where the development

of large-scale columnar structures is anticipated. These coherent structures, exhibiting signific-

ant vorticity, enhance the helicity a-effect by promoting organized flow patterns that effectively

twist and link magnetic field lines, thereby facilitating the generation of strong mean electro-

motive forces. In contrast, the global solar dynamo operates within the thinner solar convection

zone, where the maintenance of columnar structures is challenging. Consequently, the vorticity

within this zone may exhibit a less regular structure, potentially elevating the relative import-

ance of the cross-helicity effect.

To test this hypothesis, we conduct a series of dynamo simulations, varying primarily in their

shell thickness aspect ratio h = ri/ro, as illustrated in Figure 5.1, while maintaining other gov-

erning parameters constant. In addition to assessing the relative strength of helicity and cross-

helicity effects, we analyze the mechanisms underlying electromotive force generation and its

spatial distribution. The variation in shell thickness is pertinent not only to the geodynamo scen-

ario but also to the geological evolution of the Earth. Notably, the inner core of the Earth did

not exist at the planet’s formation but rather nucleated later in its geological history, continuing

to expand over time [59, 124].



The distinction between the geodynamo and the solar global dynamo extends beyond their

respective operational environments, encompassing the nature of their magnetic field behavior.

While the geodynamo typically exhibits a dominant and infrequently reversing dipole, the solar

global dynamo displays a regular periodic cycle. To elucidate this fundamental contrast and

facilitate a comparative analysis, we conducted this study at parameter values known to support

the coexistence of two distinct dynamo regimes for shell aspect ratios between 0.25 and 0.6

[195, 39, 198]. These branches differ significantly in their magnetic field properties, with one

branch maintaining a non-reversing nature while the other follows a cyclic pattern. Furthermore,

notable distinctions exist in the intensity and profile of zonal flows between these branches.

In parameter space, the non-reversing branch is generally found in regions characterized by

strong magnetic field intensities and stable zonal flows, often corresponding to conditions where

the Lorentz force is dominant. Conversely, the cyclic branch appears in regions with slightly

weaker magnetic fields, where fluctuations in magnetic energy and changes in flow patterns

become more pronounced. This regime can be related to the known weak-field and strong-

field regimes; while the weak-field regime is characterized by multipolar field configurations,

the strong-field regime tends to exhibit predominantly dipolar behavior. The transition between

these regimes is marked by complex interactions between flow dynamics and magnetic field

generation, leading to varying magnetic field profiles and intensities.

Given the anticipated divergence in the mechanisms underlying helicity and cross-helicity gen-

eration between the two branches, our study aims to investigate both branches comprehensively.

The phenomenon of bistability inherent in the coexistence of these dynamo branches may play

a crucial role in aperiodic magnetic field polarity reversals, a characteristic trait of the geody-

namo [37], as well as in the regular cycle observed in the solar dynamo [136]. In earlier research



[195], Simitev and Busse have explored the hysteretic transitions between these coexisting dy-

namo branches, examining the effects of varying the Rayleigh, Prandtl, and Coriolis numbers.

In addition to these efforts, this chapter demonstrates the distinct dynamo branches persist even

when varying the shell thickness parameter h .

The structure of this thesis chapter mirrors that of the paper, outlined as follows: In section

5.2, we provide a comprehensive overview of the mathematical model employed and the nu-

merical methods utilized for solution, laying the groundwork for subsequent analyses. Sections

5.3, 5.4 and 5.5 delve into the core of our investigation, detailing the array of dynamo simu-

lations conducted with in the scope of this study. Particular emphasis is placed on elucidating

the characteristics of the two coexisting dynamo branches, a novel exploration undertaken here,

with a keen focus on their evolution in response to variations in the thickness of the convective

shell. Additionally, we offer insights into the typical morphology and time-dependent behavior

of thermal convection flows observed during these simulations. In Section 5.6, we provide a

succinct summary of mean field arguments pertinent to the helicity and cross-helicity mech-

anisms governing the generation of large-scale magnetic fields, setting the stage for a deeper

understanding of our findings. Subsequently, Section 5.7 serves as the focal point for assessing

the cross-helicity properties inherent in our dynamo solutions, alongside a detailed examination

of the relative contributions of the a- and g-effects, shedding light on their respective roles in

shaping the observed magnetic field behavior. Finally, in Section 5.8, we draw upon our find-

ings to offer concluding remarks, synthesizing key insights gleaned from our investigation and

highlighting avenues for future research.
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Figure 5.2: Typical power spectra of velocity (blue) and magnetic field (red). The top row
shows a MD dynamo solution whereas the bottom row shows a FD dynamo solution both at
h = 0.4, R = 1500000, t = 2⇥104, Pr = 0.75 and Pm = 1.5. From left to right, power spectra
as a function of the spherical harmonic degree l, order m, and Chebyshev polynomial degree
n are shown respectively. Lines represent the average spectra and shaded areas go from
the minimum to the maximum values for each mode in the averaging period. A period of one
viscous-diffusion time unit is used for the time-averaging period in both cases.

5.2 Mathematical model

We consider a spherical shell filled with electrically conducting fluid. The shell rotates with a

constant angular velocity WWW about the vertical coordinate axis. We assume that a static state

exists with the temperature distribution:

TS = T0 �bd
2
r

2/2, (5.1a)

b = q/3kcp, (5.1b)

T0 = T1 � (T2 �T1)/(1�h). (5.1c)



The evolution of the system is governed by the equations of momentum, heat, and magnetic

induction, along with solenoidality conditions for the velocity and magnetic fields under the

Boussinesq approximation. Internal heating is considered in this study, modifying the temper-

ature distribution within the spherical shell. Five dimensionless parameters are involved in the

governing equations: the shell radius ratio h , the Rayleigh number R (here R = Ri, as defined in

Chapter 3), the Coriolis number t , the Prandtl number Pr, and the magnetic Prandtl number Pm.

For the flow, we assume stress-free boundaries with fixed temperatures. For the magnetic field,

we assume electrically insulating boundaries. Detailed descriptions of these equations can be

found in Chapter 3 of the study. Refer to Chapter 4 for a discussion on the numerical methods

used for their solution. We consider the simulations to be adequately resolved when the spectral

powers of both kinetic and magnetic energies decrease by more than three orders of magnitude

from their spectral peak to the cut-off wavelength [47]. In all cases presented here, the simula-

tions were run with a resolution of (nr,nq ,nf ) = (41,96,193), where 41 collocation points were

used in the radial direction, and spherical harmonics were included up to degree and order 96.

This level of resolution is sufficient, as illustrated in Figure 5.2 for two representative dynamo

solutions.

It is convenient to characterise the non-magnetic convection and the convection-driven dynamo

solutions using their energy densities. To understand the interactions between various compon-

ents of the flow, we decompose the kinetic energy density into mean poloidal, mean toroidal,

fluctuating poloidal and fluctuating toroidal parts as follows

E p =
1
2
h| —⇥ (—v⇥ r) |2i, Et =

1
2
h| —w⇥ r |2i, (5.2a)

eEp =
1
2
h| —⇥ (—ev⇥ r) |2i, eEt =

1
2
h| —ew⇥ r |2i, (5.2b)

where h·i indicates the average over the fluid shell and time as described in section 5.6 and v

refers to the axisymmetric component of the poloidal scalar field v, while ev is defined as ev =

v�v. The corresponding magnetic energy densities Mp, Mt , eMp and eMt are defined analogously

with the scalar fields h and g for the magnetic field replacing v and w.



To assess the predominant configuration of the magnetic field, we define the dipolarity ratio

D = Mp/ eMp. (5.3)

When Mp > eMp then D > 1 and the corresponding solutions will be referred to as “Mean

Dipolar”, for reasons to be explained below, and denoted by MD following [197]. When Mp <

eMp then D < 1 and the corresponding solutions will be referred to as “Fluctuating Dipolar” and

denoted by FD.

To quantify heat transport by convection the Nusselt numbers at the inner and outer spherical

boundaries Nui and Nuo are used. These are defined by

Nui = 1� P

riR

dQ
dr

�����
r=ri

, Nuo = 1� P

roR

dQ
dr

�����
r=ro

, (5.4)

where the double bar indicates the average over the spherical surface.

Other quantities are defined in the text as required.

Parameter values used. To explore how shell thickness influences non-magnetic convection

properties and dynamo outcomes, we conducted a series of numerical simulations, adjusting

the shell aspect ratio from h = 0.1 to h = 0.7. To ensure fair comparisons among simulations

and to maintain a manageable workload, we kept all parameters constant except those dependent

on the aspect ratio. The Prandtl number was set at Pr = 0.75, enabling us to employ a relatively

low magnetic Prandtl number of Pm = 1.5 was used for the simulations. The Coriolis number

was held constant at t = 2⇥104, striking a balance between the rapid rotation rate observed in

the geodynamo and the slower rotation rate characteristic of the solar dynamo. We ensured con-

sistent dynamo driving by maintaining the Rayleigh number at a fixed ratio of R

Rc
= 3.8, where
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Figure 5.3: Critical parameter values for the onset of convection and values of the Rayleigh
number used in this work as a function of the shell thickness aspect ratio h in the case Pr =
0.75, and t = 2⇥ 104. (a) The critical Rayleigh number Rc for the linear onset of convection
is plotted in solid blue curve marked by full circles. The values used in the simulations are
given by R = 3.8Rc; they are plotted in solid black curve marked by empty circles. (b) The
critical wave number mc (left y-axis) and the critical frequency wc (right y-axis) for the onset
of convection are denoted by green squares and red triangles, respectively. Local asymptotic
approximations (5.6) are shown by correspondingly colored dashed curves in all panels.

Rc is the critical Rayleigh number for convection onset, recalculated for each shell thickness as

depicted in Figure 5.3. The critical Rayleigh number values necessary for this adjustment were

determined as elaborated in the subsequent section, where we delve into the general character-

istics of thermal convection onset.

5.3 Onset of thermal convection: linear analysis

The initiation of thermal convection within rapidly rotating spherical shells has been extensively

explored, including recent investigations as part of thermo-compositional convection studies

[187]. Typically, two primary regimes emerge at the onset: columnar convection and equatorially-

attached convection. Equatorially-attached convection occurs at lower Prandtl number (Pr) val-

ues, characterized by non-spiraling rolls confined near the equator with a substantial azimuthal



length scale, resembling inertial oscillations [33]. Conversely, the columnar regime manifests

at moderate to high Pr values, showcasing elongated rolls parallel to the axis of rotation with

strong spiraling and a shorter azimuthal length scale. At the chosen Prandtl and Coriolis num-

bers, our simulations align with the columnar regime of rapidly rotating convection.

For the precise determination of critical parameters at the onset of convection, we utilized

our open-source numerical code [188], which employs a Galerkin spectral projection method

based on Zhang and Busse work [235] to solve linearized versions of the governing equations.

This approach leads to a generalized eigenvalue problem, where for a given set of parameters

(e.g., Rayleigh number R, Prandtl number Pr, Coriolis number t , and azimuthal wave number

m), we compute various eigenvalues representing the complex growth rates of different con-

vection modes. The real part of the eigenvalue corresponds to the growth rate of the mode,

while the imaginary part corresponds to the oscillation frequency. To determine the critical val-

ues—specifically the critical Rayleigh number Rc, the associated frequency wc, and the critical

azimuthal wave number mc—we find the marginal state where all convective modes decay ex-

cept for the fastest growing mode, which has zero real growth rate. In this state, the real part

of the complex growth rate is zero, and the imaginary part corresponds to the frequency wc of

the mode. Additionally, the Rayleigh number is minimized over all possible m values to ensure

that we capture the critical mode corresponding to the onset of convection. Subsequent numer-

ical extremization and continuation procedures track the marginally stable curve in parameter

space, as explained in [187]. The resulting critical values, showcased in Figure 5.3, reveal that

Rc and wc decrease with decreasing shell thickness, while the critical azimuthal wave number

mc increases.



It’s intriguing to juxtapose and validate these findings against theoretical insights into the onset

of convection in rapidly rotating systems. The asymptotic analysis of this problem boasts a rich

history of local and global linear stability analyses [172, 34, 201, 108, 58, 187]. Converting

results of [225] to our dimensionless parameters and scales, we obtain

Rc = 7.252
✓

Prt
1+Pr

◆4/3
(1�h)7/3,

mc = 0.328
✓

Prt
1+Pr

◆1/3
(1�h)�2/3,

wc = 0.762
✓

t2

Pr(1+Pr)2

◆1/3

(1�h)2/3,

(5.5)

for critical parameters of viscous columnar convection in an internally heated spherical shell.

While these expressions are derived under assumptions that may not fully align with the specific

conditions of our spherical shell setup, such as boundary conditions and flow dynamics, they

nonetheless offer insights that are qualitatively consistent with the numerical results depicted in

Figure 5.3, highlighting the general trends and behaviors observed in our simulations. In Figure

5.3(b), a slight kink in the critical frequency wc is observed around h = 0.3. While this feature

may suggest a subtle change in the system’s behavior, it has not been explored further, as it

is outside the scope of the current study, which focuses on the general trends of the critical

parameters for convection onset.

5.4 Finite-amplitude convection and dynamo dynamics

As the Rayleigh number is elevated beyond the onset point, rotating columnar convection ex-

periences a series of transitions from steady flow patterns drifting with constant angular velocity

to increasingly chaotic states, as extensively described in previous work [190]. When the amp-

litude of convection reaches a critical threshold, characterized by a magnetic Reynolds number

(Rm = Pm

p
2E) on the order of 102, the onset of dynamo action typically occurs [193].



Figure 5.4: Snapshots of spatial structures of dynamo solutions with increasing shell thickness
aspect ratio h and with R = 3.8⇥Rc, t = 2⇥ 104, Pr = 0.75 and Pm = 1.5. Three cases are
shown as follows: h = 0.2, R = 4000000 (left column); h = 0.4, R = 1500000 (middle column);
and h = 0.7, R = 180000 (right column). Magnetic poloidal fieldlines are plotted in the top
row, contours of the radial velocity ur in the equatorial plane are plotted in the middle row, and
contours of the temperature perturbation Q in the equatorial plane are plotted in the bottom
row.

Three examples of dynamo solutions, depicted in Figure 5.4, serve two purposes: (i) illustrating

typical spatial features of chaotic thermal convection within rotating shells and the associated

magnetic field morphology, and (ii) demonstrating how these features evolve with decreasing

shell thickness. Outside the tangent cylinder, the flow comprises pairs of adjacent spiraling

convection columns, as observed in the second row of Figure 5.4. Within these columns, fluid

particles traverse clockwise and counterclockwise directions parallel to the equatorial plane,

either ascending towards the poles or descending towards the equatorial plane as columns span
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Figure 5.5: Chaotic dynamo attractors at identical parameter values – a MD dynamo (left
column (a,b,c)) and a FD dynamo (right column (d,e,f)) both at h = 0.5, R = 8.2⇥ 105, t =
2⇥ 104, Pr = 0.75 and Pm = 1.5. Panels (a,d) show time series of magnetic dipolar energy
densities, where Mdip represents magnetic dipolar energy density. Panels (b,e) show kinetic
energy densities with E representing kinetic energy density. The component X p is shown by
solid black line, while Xt , eXp, and eXt are shown by red, green and blue lines, respectively. X

stands for either Mdip or E. Panels (c,f) show the axial dipolar H
0
1 and the axial quadrupolar

H
0
2 coefficients at midshell r = (ri + ro)/2 by red and blue lines, respectively. Note the very

different ordinate scales between panels (a) and (d) and (c) and (f). The ordinate scales of
panels (b) and (e) are identical.

the height of the convective shell. Consistent with linear analysis, decreasing shell thickness

leads to a rapid increase in azimuthal wave number. In the case of thin shell solution (h =

0.7), fine-scale columns closely adjoin each other, exhibiting weaker spiraling and slower drift

compared to thicker shell cases.



These convective patterns exert a profound influence on the structure and morphology of mag-

netic fields, as depicted in the first row of Figure 5.4. The magnetic field lines exhibit intricate

knots and display a complex structure within the convective domain across all three cases. In

the thicker shell instances (h = 0.2 and h = 0.4), magnetic field lines coil around convective

columnar structures, indicative of toroidal field and poloidal field feedback and amplification

processes. Beyond the convective domain, the magnetic field in the thickest shell case (h = 0.2)

displays organized behavior, emanating from the polar regions as large bundles of opposite

polarities. These field lines then close to form extensive overarching loops, characteristic of a

strong dipolar field symmetry. A similar pattern is observed in the mid-thickness case (h = 0.4),

albeit with multiple magnetic "poles" where strong bundles of vertical field lines emerge at the

spherical domain’s surface. In contrast, the thin shell case (h = 0.7) exhibits much less organ-

ized magnetic field behavior, with numerous field line coils within the convective domain and a

barely visible but still dominant dipolar structure outside.

While the spatial structures described in relation to Figure 5.4 offer snapshots of the three dy-

namo solutions at fixed moments in time, an illustration of the temporal behavior exhibited

in our dynamo simulations is provided in Figure 5.5. This figure plots the main magnetic and

kinetic energy density components of two distinct dynamo cases as functions of time, high-

lighting the chaotic nature of the solutions. The time series exhibit continual oscillations around

the mean values of the respective densities, with periods significantly shorter than the viscous

diffusion time.
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Figure 5.6: A MD (top row) and a FD (bottom row) dynamo solutions at h = 0.5, R= 8.2⇥105,
t = 2⇥104, Pr = 0.75 and Pm = 1.5 corresponding to the cases shown in Figure 5.5. The first
column shows meridional lines of constant Bj in the left half and of r sinq∂q h = const. in the
right half. The second column shows lines of constant Br at r = 1.675ro. The third column
shows meridional lines of constant uj in the left half and of r sinq∂q v in the right half. The
fourth column shows contours of the radial flow ur on the equatorial plane. Positive values are
shown in red; negative values are shown in blue, and the zeroth contour line is shown in green.

The kinetic energy densities displayed in the second row of the figure reveal that the fluctuat-

ing components of motion dominate the flow, with the fluctuating toroidal velocity being the

strongest. The mean poloidal component of motion is negligible in both cases, consistent with

the constraint of the Proudman-Taylor theorem on motions parallel to the axis of rotation. Al-

though the mean toroidal component, representing differential rotation, appears weak in both

cases plotted in Figure 5.5, it is known to be the component most strongly affected in the pres-

ence of magnetic fields [193].

This observation leads us to consider the features of the magnetic energy densities plotted in

the first row of Figure 5.5. Here, the differences between the two illustrated cases are more

pronounced. The total magnetic energy density of the case in Figure 5.5(a) is approximately six

times larger than that in Figure 5.5(d). More significantly, there is an essential qualitative dif-

ference in the balance of magnetic energy components. The axisymmetric poloidal component

Mp is dominant in the case shown in Figure 5.5(a), while it contributes relatively less in the



case of Figure 5.5(d). The axial dipole coefficient H
0
1 and the axial quadrupole coefficient H

0
2

in Figure 5.5(c) and (f) reveal that this difference arises from the fact that the case on the left is

dominated by a strong dipole, while the case on the right is less strongly dipolar, with the time

series suggesting the presence of magnetic field oscillations.

The solutions depicted in Figure 5.5(a,b,c) and 5.5(d,e,f) represent two types of dipolar dynamos

observed in numerical simulations [193, 48, 197, 155]: those with D > 1, referred to as "Mean

Dipolar" (MD), and those with D  1, termed "Fluctuating Dipolar" (FD). The typical spatial

structures of the MD and FD dynamos are illustrated in Figure 5.6.

The radial magnetic field plotted in the second column of Figure 5.6 demonstrates the predom-

inant dipolar symmetry of the dynamos, particularly evident in the MD case, where the north

and south hemispheres exhibit entirely opposite polarities. In contrast, the FD case displays

a band of reversed polarity near the equator, which propagates towards the poles over time,

leading to periodically occurring reversals. The stationary dipole of the MD case is stronger in

intensity and inhibits differential rotation.

This observation is supported by the profiles of differential rotation plotted in the left part of

the third column of Figure 5.6, which exhibit marked differences. The FD case is characterized

by stronger geostrophic rotation largely aligned with the tangent cylinder, while the mean zonal

flow of the MD case is weaker and displays non-geostrophic rotation, particularly retrograde

near the equator. Despite these differences, the columnar convective structure remains similar

in both the MD and FD cases.
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Figure 5.7: Bistability as a function of the shell thickness h . (a) The dipolarity ratio D =Mp/ eMp

and (b) the Nusselt number at r = ri in the cases R = 3.8⇥Rc, t = 2⇥ 104, Pr = 0.75 and
Pm = 1.5. Full red and empty blue circles indicate FD and MD dynamos, respectively. Red
dotted lines and blue dotted lines connect dynamos that were started from FD and MD initial
conditions, respectively.

5.5 Shell thickness variation: bistability and general effects

One of the most striking features of MD and FD dynamos is their ability to coexist at identical

parameter values. This coexistence phenomenon was initially reported in [197]. Indeed, in each

of the Figures 5.5, 5.6, and 5.2, two different cases obtained at the same parameter values are

depicted. Within the parameter range where coexistence occurs, the initial conditions determine

which of the two chaotic attractors will be realized.

Figure 5.7 illustrates both the dipolarity ratio D and the Nusselt number Nui as functions of the

shell thickness aspect ratio h . Several observations can be made immediately. First, bistability

seems to be present only for aspect ratios between h = 0.25 and h = 0.6. In contrast, outside

this bistable region, only FD dynamos exist for h < 0.25 and h > 0.6. This contrasts with pre-

vious studies [197, 191] where alternating regimes appeared on each side of the hysteresis loop

when continuation was performed as a function of all remaining parameters R, Pr, Pm, and t .

Our findings suggest that the dynamics are more constrained in our model due to variations in

boundary conditions and the fixed governing parameters, leading to a more defined bistable re-
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initial conditions. Green symbols and dots represent simulations that were started as from MD
initial conditions at h = 0.6 and h = 0.7 and that were repeated starting from a higher magnetic
energy and lower kinetic energy (triangles) relatively to the original simulations (circles).

gion. Another observation is that FD dynamos exhibit decreasing dipolarity as the aspect ratio

increases, which corresponds to a decrease in shell thickness. On the other hand, MD dynamos

show little variation in dipolarity with aspect ratio but can still be categorized into two groups:

one for thin shells and another for thick shells. Therefore, it’s evident that thinner shells result

in dynamos that are more dipole-dominated. Additionally, panel (b) of Figure 5.7 shows that

the Nusselt number Nui, which measures the efficiency of convective heat transport, decreases

steadily as h increases. This trend can be explained by considering the effects of shell geometry

on convective processes. As h increases (i.e., as the shell becomes thinner), the available space

for convective motions is reduced, which restricts the development of large convective cells.



Consequently, the convective heat transport efficiency diminishes, leading to a decrease in Nui.

This behavior is expected for a similar Ra/Rac ratio, as the thinner shell geometry limits the ex-

tent of heat transfer, even though the system remains convectively unstable. Thus, the decrease

in Nui with increasing h reflects the reduced convective vigor in thinner shells.

It is intriguing to observe a distinct division between MD and FD dynamos in energy density

space, as illustrated in Figure 5.8. This figure compiles plots of magnetic energy density as

a function of kinetic energy density, highlighting the relationship between the two types of

dynamos.

Three distinct regions emerge, corresponding to simulations culminating in MD dynamos with

varying degrees of dipole stability (regions I and II in Figure 5.8), and simulations concluding

as FD dynamos (region III). In regions I and II, the MD solutions differ in the ratio between

the steady and fluctuating parts of the dipole field, with some showing stronger steady dipoles

(region I) and others with more fluctuating components (region II). It is clear that the dipolar

structure is maintained in most cases, as indicated by the warm-colored dots and circles pre-

dominantly found in regions I and II, while all blue dots and symbols are located in region III.

An exception occurs when the magnetic energy density of the initial MD condition is insuffi-

cient, or its ratio to kinetic energy density is small (green circles). In such cases, the solutions

transition to an FD state and remain there. Conversely, if the initial MD condition experiences

a sufficient increase in magnetic energy density, the solution persists as an MD dynamo (green

dots and triangles).



5.6 The cross-helicity effect

To incorporate the influence of turbulence on dynamo behavior, we employ a technique called

scale separation. This method is justified by the coexistence of enduring large-scale structures

(such as Earth’s dipolar field) and intricate turbulent motions at smaller scales in dynamo sys-

tems. In this approach, we decompose the velocity field u and the magnetic field b into their

large-scale components (U and B) and their fluctuating components (u0 and b0), respectively:

u = U+u0, (5.6)

b = B+b0. (5.7)

Here, capital letters denote the large-scale components, termed as "mean" components through-

out this discussion. As described in the literature [122, 226, 16], there are several ways to per-

form this scale separation. We carry out this separation by assuming that the steady large-scale

components of the flow and magnetic field correspond to their respective time-averaged zonal

components. The mean flow U is then expressed as:

U = hui= 1
2pt

ZZ
u dj dt, (5.8)

where t represents a suitable time scale. A similar expression can be formulated for the mean

magnetic field. While this separation of scales could theoretically be applied to all main dynam-

ical variables and model equations, in our study, we focus solely on the induction equation to

evaluate the impact of turbulent transport on magnetic field generation through dynamo action.

When we apply the scale separation technique to the induction equation:

∂tb = —⇥ (u⇥b)+l—2b, (5.9)



where l denotes the magnetic diffusivity, we obtain the induction equation for the mean mag-

netic field:

∂tB = —⇥ (U⇥B)+—⇥EM +l—2B, (5.10)

where the turbulent electromotive force, EM, is defined as:

EM = hu0 ⇥b0i. (5.11)

By employing the two-scale direct-interaction approximation (TSDIA) of inhomogeneous mag-

netohydrodynamic (MHD) turbulence, we express the turbulent electromotive force (see [228]

and references therein), in terms of mean variables, as:

EM = aB�bJ+ gWWW. (5.12)

Here, J = —⇥B and WWW = —⇥U. The coefficients a , b , and g can be expressed in terms of the

turbulent residual helicity, H = hb0 · j0 �u0 ·www 0i, the turbulent MHD energy, K = hu02 +b02i/2,

and the turbulent cross-helicity W = hu0 ·b0i, respectively [122, 231]. Following [226], they are

modelled as

a =Cat̃hb0 · j0 �u0 ·www 0i=Cat̃H, (5.13a)

b =Cb t̃hu02 +b02i=Cb t̃K, (5.13b)

g =Cg t̃hu0 ·b0i=Cg t̃W, (5.13c)

where Ca , Cb , and Cg are model constants, and t̃ is the characteristic time of turbulence, typic-

ally expressed as:

t̃ = K/e, (5.14)

with the dissipation rate of the turbulent MHD energy, e , defined by:

e = n
⌧

∂u
0
a

∂xb

∂u
0
a

∂xb

�
+l

⌧
∂b

0
a

∂xb

∂b
0
a

∂xb

�
. (5.15)



The coefficients a , b , and g in the expression for the turbulent electromotive force can be de-

rived from a more general tensorial formulation. However, for practical applications in modeling

turbulent magnetohydrodynamics, these coefficients are expressed as scalars. This simplifica-

tion is justified as it captures the essential mean-field effects of turbulent interactions while fa-

cilitating mathematical treatment and numerical simulations. The scalar representation assumes

isotropy in the turbulence, allowing us to avoid the complexities associated with tensorial forms.

Furthermore, this approach aligns with empirical observations, making it a widely accepted

method in the study of turbulent electromotive forces in MHD systems [18].

Substituting (5.12) into the mean induction equation (5.10), we obtain:

∂tB = —⇥ (U⇥B)+—⇥ (aB+ gWWW)�—⇥ [(l +b )—⇥B] . (5.16)

Thus, in addition to the transport enhancement or structure destruction due to turbulence through

the enhanced diffusion (l +b ), there is also transport suppression or structure formation due

to turbulence represented by the helicities a and g [227]. In the classical mean field theory of

dynamos [122, 149], the turbulent electromotive force is composed of the first two terms on

the right-hand side of equation (5.12), namely aB� bJ. Dynamos resulting from this model

are known as "alpha dynamos", where the turbulent diffusion is balanced by an a-effect. The

properties of these terms have been discussed widely in the literature, and so we do not repeat

this discussion here. Instead, let us now consider the final term on the right-hand side of equation

(5.12), gWWW. Unlike the other terms describing the electromotive force, the mean variable in this

term depends on the mean velocity and not the mean magnetic field. [226] describes how a fluid

element subject to a Coriolis-like force (a mean vorticity field) can contribute to the turbulent

electromotive force through g , a measure of the turbulent cross helicity. Dynamos in which

the main balance is between �bJ and gWWW are known as "cross-helicity dynamos", where the

cross-helicity term replaces the a-effect term in balancing the turbulent diffusion. Cross-helicity
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Figure 5.9: Magnitude of a–, b–, and g–effects with increasing shell thickness aspect ratio
h for dynamo solutions with R = 3.8⇥Rc, t = 2⇥ 104, Pr = 0.75 and Pm = 1.5. The upper
panels show root-mean squared time-averaged values of the a–effect (red circles), b–effect
(green triangles up) and g–effect (blue squares). It is important to note that a represents the
scalar value of the a effect, b represents the scalar b effect, and g represents the scalar g
effect, not the average magnitudes of |a||B|, |b ||J|, or |g||WWW|. The lower panels show the ratio
of g– to a–effects. Column (a) contains MD dynamo solutions (empty symbols) while column
(b) contains FD dynamo solutions (full symbols) as shown in Figure 5.7.

dynamos have been studied much less than a dynamos, and this study represents an initial step

in addressing this potentially important imbalance. In particular in Figure 5.9, we calculate all

three contributions to the turbulent electromotive force in our dynamo simulations in order to

determine their relative importance. These results are discussed below.



[EM]z = [aB]z �[bJ]z [gW]z

(a) MD
h = 0.6

h = 0.3

[EM]z = [aB]z �[bJ]z [gW]z

(b) FD
h = 0.65

h = 0.3

Figure 5.10: Spacial structures of the azimuthally-averaged z-component of the electromotive
force EM and its a–, b– and g–effect constituents as given by Equation (5.12). Four dipolar
dynamo solutions are plotted as follows. (a) MD dynamo solutions with h = 0.3, Pr = 0.75,
t = 2 ⇥ 104, R = 2500000, Pm = 1.5 (top row) and h = 0.6, Pr = 0.75, t = 2 ⇥ 104, R =
410000, Pm = 1.5 (bottom row). (b) FD dynamo solutions with h = 0.3, Pr = 0.75, t = 2⇥104,
R = 2500000, Pm = 1.5 (top row) and h = 0.65, Pr = 0.75, t = 2⇥104, R = 300000, Pm = 1.5
(bottom row). In each column contour lines of the quantities denoted at the column heading are
plotted with positive contours shown in red, negative contours shown in blue, and the zeroth
contour shown in green. Note on Magnitudes: The components of the electromotive force are
evaluated as a|B|, b |J|, and g|WWW|. It is important to assess their relative contributions to the
overall electromotive force, as this influences the dynamo action in both the MD and FD cases.
In particular, the a effect is expected to be stronger in the MD case due to the antisymmetry
about the equator, while the g effect’s contribution becomes more comparable in the FD case
due to its more complex spatial structure.

5.7 Characteristics and significance of cross-helicity

The variation of the turbulent transport coefficients a , b , and g as a function of shell thickness

is displayed in Figure 5.9. For simplicity, in this initial investigation, we take CAt̃ = 1, where

A = a , b , or g . Thus, the three effects are represented by the turbulent residual helicity H, the

turbulent MHD energy K, and the turbulent cross-helicity W , respectively.



For MD dynamo solutions, there is a clear disparity between the a- and b -effects, and the g-

effect. The g-effect is, for the range of h considered, about two orders of magnitude smaller

than the other effects. Thus, across a wide range of shell thickness aspect ratios, MD dynamos

can be considered to be operating predominantly as a dynamos.

In contrast, for FD dynamo solutions, a different picture emerges. Across the range of h con-

sidered, the a- and g-effects are of a similar magnitude. Thus, both these effects are potentially

important in balancing the b -effect. Therefore, FD dynamo solutions represent a "mixture" of

an a dynamo and a cross-helicity dynamo.

Figure 5.10 displays z-projections of the azimuthally-averaged components of the electromot-

ive force. For the MD dynamo solutions, shown in (a), the g-effect follows an antisymmetric

pattern about the equator, just like the other effects. This behavior is expected from the pseudo-

scalar nature of g and the symmetry of magnetic fields in MD dynamos [226]. For FD dynamo

solutions, such as those displayed in (b), the components of the electromotive force no longer

exhibit antisymmetry about the equator. This behavior is, in part, due to the more complex spa-

tial structure of the magnetic fields of FD dynamos compared to MD dynamos. This feature,

combined with generally weaker magnetic field strengths and different flow profiles (see Fig-

ures 5.5 and 5.6, for example), results in the a-effect being weaker for FD dynamos. Thus, both

the a- and g-effects become of comparable importance in sustaining dynamo action.



5.8 Concluding remarks

In the realms of celestial bodies, rotating thermal convection plays a fundamental role in shaping

their interiors and atmospheres. Within these fluid regions, comprising plasmas or metallic com-

ponents, intense convection drives large-scale electric currents, giving rise to the characteristic

self-sustained magnetic fields of these cosmic objects. This study delves into the comparative

significance of two primary mechanisms for magnetic field generation and amplification: the

helicity- and cross-helicity effects of mean-field dynamo theory. We aim to investigate whether

the turbulent helicity effect, or the a-effect, holds greater importance in the geodynamo, while

the cross-helicity effect, or the g-effect, is more pronounced in the solar global dynamo. This

hypothesis stems from differences in the shell aspect ratios between the solar convection zone

and Earth’s inner core. Here are the key findings presented in this study (i) Critical parameter

values determining the onset of convection have been numerically determined as functions of

the shell radius ratio, h ; (ii) Bistability and the coexistence of two distinct dynamo attractors

have been identified as functions of the shell radius ratio, h ; (iii) Spatial distributions and time-

averaged values of turbulent helicity and cross-helicity electromotive force (EMF) effects have

been analyzed for both types of dynamo attractors, and as functions of the shell radius ratio, h .

To explore the a- and g- electromotive effects, we conducted an extensive suite of over 40 direct

numerical simulations of self-sustained dynamo action driven by thermal convection in rotating

spherical fluid shells. These simulations varied the shell thickness aspect ratio h and critical

Rayleigh number while keeping other parameters constant. Our simulations are grounded in

the Boussinesq approximation of the governing nonlinear magnetohydrodynamic equations,

incorporating stress-free velocity boundary conditions. While employing fully compressible

equations would be ideal, it’s not practical for global dynamo simulations due to the short sound

wave periods compared to the convective turnover time and magnetic diffusion timescales of

primary interest.



In this work, we opt for the Boussinesq approximation to ensure consistency across various

shell radius ratios and to isolate the effects of shell thickness from the complexities introduced

by density stratification. This approach allows us to focus specifically on how changes in shell

thickness impact dynamo behavior. In previous studies [197, 198], distinct chaotic dynamo

states have been observed to coexist within certain ranges of governing parameters. Here, we

extend this finding by demonstrating that two fundamentally different nonlinear dynamo attract-

ors coexist over an extensive range of shell thickness aspect ratios h 2 [0.25,0.6].

This result holds particular significance because it corresponds precisely to the range of values

where most celestial dynamos operate. It suggests that the morphologies of magnetic fields may

depend on the initial state of the dynamo. We delve deeper into this observation, examining the

contrasting properties characterizing the coexisting dynamo regimes, namely, mean-field di-

polar (MD) dynamos and fluctuating dipolar (FD) dynamos. We analyze differences in their

temporal behavior and spatial structures, both in terms of the magnetic field and the rotating

thermal convection. Our investigation reveals that the relative importance of the electromotive

dynamo effects differs between mean-field dipolar and fluctuating dipolar dynamos. In fluctu-

ating dipolar dynamos, the helicity a-effect and the cross-helicity g-effect exhibit comparable

intensities, with their ratio remaining relatively constant across varying shell thickness. Con-

versely, in mean-field dipolar dynamos, the helicity a-effect dominates by approximately two

orders of magnitude, becoming even more pronounced with decreasing shell thickness.

These results suggest that both dynamo mechanisms play crucial roles in the generation of the

solar global magnetic field, given that the solar dynamo belongs to the fluctuating dipolar type.

Moreover, our findings indicate that the cross-helicity effect may be significant in understand-

ing dynamo mechanisms in stellar dynamos, which may also exhibit a fluctuating dipolar type.

This stands in contrast to the solar dynamo, which features dominant large-scale magnetic struc-

tures in only one hemisphere [133]. Conversely, since the geodynamo is of a mean-field dipolar

type, the helicity effect appears to be more significant in this case, a trend that is expected to



strengthen as the inner solid core grows due to iron freezing. Recent simulations of the geody-

namo, considering the nucleation and growth of the inner core, have provided valuable insights.

Authors such as [59] and [124] observed that pre-inner core nucleation dynamos exhibit weak

thermal convection, low magnetic intensity, and non-dipolar field morphology. However, as the

inner core nucleates and grows, the solutions transition to stronger axial dipole morphology. Our

findings indicate that multipolar dynamos emerge when the shell radius ratio h is below 0.25.

Unlike fluctuating dipolar FD dynamos, which primarily exhibit a stable dipole structure with

variations in field strength, multipolar dynamos feature multiple regions of opposite magnetic

polarity. This leads to a complex magnetic field with several poles, resulting in intricate spatial

patterns and significant variations in both field strength and orientation throughout the domain.

While both dynamo types can coexist within the same parameter regime, the distinction lies

in their magnetic field morphology and stability: multipolar solutions generate a more chaotic

and diverse field structure, whereas FD dynamos maintain a dominant dipole configuration with

temporal fluctuations. Interestingly, our FD solutions feature vigorous convection, though with

lower magnetic field intensity compared to corresponding MD dynamos. The higher magnetic

field intensity observed in the MD regime may be linked to the strong-field branch described

by Dormy [152] , where the magnetic field plays a dominant role in governing flow dynamics,

leading to a more coherent and stable dynamo.

Moving forward, it would be valuable to revisit the analysis of helicity and cross-helicity ef-

fects using the more general anelastic approximation of the governing equations. Additionally,

numerous questions remain unanswered regarding how the dynamic balance between the com-

ponents of the electromotive force influences various aspects of dynamo action, including the

mechanisms underlying the transition between MD and FD dynamos. These avenues of re-

search hold promise for further advancing our understanding of geodynamo and other celestial

dynamo systems.



Chapter 6

A study of global magnetic helicity in
self-consistent spherical dynamos

The results presented in this chapter have been published in [91]. This chapter follows the

published paper and includes figures from the paper with the agreement of all authors.

6.1 Introduction

Magnetic helicity, a fundamental aspect of both ideal and resistive magnetohydrodynamics,

serves as a crucial constraint in understanding the behavior of global magnetic fields within

celestial bodies like the Sun and other stars. The measurement and analysis of magnetic heli-

city density provide valuable insights into the internal dynamics of the dynamos responsible for

generating these magnetic fields. In this thesis chapter, we delve into a comprehensive study fo-

cusing on the global relative magnetic helicity within self-consistent spherical dynamo solutions

of increasing complexity.
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The interplay between the poloidal and toroidal magnetic fields, quantified by magnetic helicity,

underscores the intricate nature of magnetic field dynamics. Our investigation reveals distinct

states of linkage between these fields, suggesting the existence of preferred configurations. This

suggests that global magnetic reversals may play a role in maintaining this linkage. If only the

poloidal or toroidal field reverses, the preferred state of linkage is lost.

Moreover, our analysis indicates that changes in magnetic helicity can act as early indicators of

magnetic reversals, providing a potential method for predicting these events. Notably, the sig-

natures of these reversals may be observable at the outer surface of celestial bodies, providing

crucial insights into their internal magnetic dynamics. Through our research, we aim to contrib-

ute to a deeper understanding of the mechanisms underlying global magnetic field generation

and evolution, shedding light on the intriguing phenomenon of magnetic reversals and their

implications for celestial bodies’ magnetic behavior. The concept of magnetic helicity stands

as a cornerstone in the realm of ideal magnetohydrodynamics (MHD), serving as an invariant

that characterizes field line topology weighted by magnetic flux [150, 10]. Its significance spans

across diverse domains, from laboratory plasma physics [208] to the study of astrophysical phe-

nomena [165, 132], owing to its near-conservation in the weakly resistive regime [8, 66, 67].

While magnetic helicity has been extensively scrutinized within mean field dynamo models

[18, 40, 16], its exploration in the context of self-consistent convection-driven dynamos within

spherical shells remains relatively scarce. This scarcity can be attributed to the challenges posed

by the scales typically considered in global simulations, where attaining the requisite high mag-

netic Reynolds number to maintain a nearly constant global magnetic helicity value is often

unfeasible. However, despite these limitations, the utility of magnetic helicity in elucidating the

nature of self-consistent spherical dynamos cannot be overlooked. Rather than delving into its

role in turbulence, such as its influence on the a-effect in mean-field models, this study directs



its focus towards discerning what insights can be gleaned from the global magnetic helicity re-

garding the topological intricacies of the magnetic field. Specifically, we aim to unravel how the

toroidal and poloidal fields interlink and how variations in this linkage manifest, particularly at

the outer surface—a phenomenon of particular relevance for observational studies of stars.

Building upon these insights, recent observational studies have begun to explore the implica-

tions of global magnetic helicity in celestial bodies beyond the Sun. For instance, investigations

[166, 97, 168] into solar activity cycles have revealed promising correlations between helicity

flux during solar minima and subsequent solar maxima, presenting a potential improvement over

predictions solely based on the polar magnetic field [97]. These helicity measurements primar-

ily focus on current helicity (J ·B), as direct observations often rely on the local twist of the

magnetic field lines associated with electric currents in the solar atmosphere. While magnetic

helicity (A ·B)—which accounts for the global topology of magnetic fields—would provide

more comprehensive insights, its measurement requires knowledge of the vector potential A,

which is not directly observable. As a result, certain assumptions or models are needed to es-

timate the global helicity from surface measurements. Observational measures of helicity are

typically based on the magnetic field components derived from solar vector magnetograms,

which provide the surface magnetic field B and allow for estimation of the current density J.

Notably, the asymmetry of helicity flux measurements between hemispheres has emerged as a

significant factor, hinting at the importance of equatorial symmetry in helicity density at the

solar surface. Extending beyond the solar domain, efforts to measure magnetic helicity in other

stars have also gained traction [130, 129]. Although limited to surface measurements and con-

strained by resolution, these studies have uncovered scaling laws linking the strength of surface

helicity density to that of the toroidal field [129]. Intriguingly, findings suggest variations in

field topology across different evolutionary stages of stars, hinting at the potential utility of



magnetic helicity density, alongside complementary observables, in characterizing stellar evol-

ution and dynamo processes. Such endeavors pave the way for a deeper understanding of the

role of magnetic helicity in shaping the magnetic behavior of celestial bodies throughout their

evolutionary trajectories.

The primary objective of this study is to delve into the behavior of global magnetic helicity

within different types of self-consistent convective dynamos operating within spherical shells.

Unlike endeavors aimed at modelling specific celestial bodies like the Sun or particular stars

or planets, our focus lies in conducting a broad-spectrum analysis of typical solutions derived

from a well-established model for spherical dynamos [193, 39]. These solutions, chosen to

encompass various known dynamo regimes, serve as representatives of the diverse dynamical

behaviors exhibited in such systems. The three specific solutions under scrutiny are selected to

progressively increase in complexity, thereby enabling a comprehensive assessment of the effic-

acy of magnetic helicity as both a predictive and analytical tool. By subjecting these solutions to

scrutiny, we aim to elucidate the utility of magnetic helicity in navigating the intricacies posed

by increasingly chaotic spatial and temporal flow and field structures within self-consistent con-

vective dynamos. This pilot investigation sets the stage for a deeper understanding of the role

played by magnetic helicity in shaping the dynamics of spherical dynamos across a spectrum of

complexities.

Contents. Next, we outline the main equations of our model and provide an overview of the

numerical method employed. Subsequently, we offer a simple explanation of magnetic helicity

within spherical shells. Each dynamo solution is then individually examined, emphasizing the

insights gleaned from magnetic helicity. Finally, we conclude with a summary of our findings

and a discussion on their implications.



6.2 Mathematical model

Following the established model of convection-driven spherical dynamo action [32, 195, 196],

we consider a spherical shell rotating with constant angular velocity W. The static temperat-

ure distribution, along with the associated parameters and definitions, is provided in Chapter 3.

In this model, the magnetohydrodynamics (MHD) equations are solved under the Boussinesq

approximation. The non-dimensional parameters (such as the internal and external Rayleigh

numbers Ri, Re, Coriolis number t , Prandtl number Pr, and magnetic Prandtl number Pm) and

the boundary conditions (no-slip, stress-free, and electrically insulating) are also detailed in

Chapter 3. This chapter includes all necessary equations and conditions for velocity and mag-

netic field boundary specifications. Refer to Chapter 4 for a discussion on the numerical methods

used for their solution. The calculations performed in this work have been run with resolutions

(nr,nq ,nf ) = (33,64,129) and (nr,nq ,nf ) = (41,96,193). Azimuthally averaged components

of the fields v, w, h, and g will be indicated by an overbar.

6.2.1 Magnetic helicity

Magnetic helicity serves as a crucial concept in magnetohydrodynamics (MHD), capturing the

intricate topology of magnetic fields. Within self-consistent spherical dynamos, the magnetic

field arises from and is sustained by convective thermal motions within a spherical shell [38].

Extending beyond this shell, in the absence of ongoing fluid motion, the magnetic field trans-

itions into a freely decaying potential field.



Due to the open nature of the magnetic field, classical helicity [221, 150] is replaced by relat-

ive magnetic helicity [10]. [9] demonstrated that within the spherical shell volume V , relative

helicity H takes a particularly elegant form:

H = 2
Z

V

LLLh···LLLgdV = 2
Z

V

(curl�1
BBBP)···BBBT dV, (6.1)

where L = �r⇥———. This representation illustrates the global interconnection between the po-

loidal and toroidal magnetic fields [11]. Although both fields occupy the same spatial region,

this formulation provides a generalized concept of linkage, crucial for subsequent analysis.

Expressing BT as Lg via simple vector algebra simplifies the equation. However, relating BP to

Lh isn’t as straightforward. In spherical coordinates, the latter can be defined as:

LLLh =

✓
0,

1
sinq

∂h

∂f
,� ∂h

∂q

◆
. (6.2)

The following section outlines a verification test designed to ensure the accurate implementation

of the helicity equation in the code.

6.3 Verification test for helicity equation implementation

In order to verify the correct implementation of the helicity formula in the code, the following

test was performed. In a magnetically closed spherical shell, linear force-free solutions exist

where

———⇥BBB = lBBB, (6.3)



(a) (b) (c)

Figure 6.1: (a) shows meridional lines of constant Bf (left half) and r sinq∂q h (right half); (b)
shows averaged helicity density (left half) and unaveraged helicity density at f = 30� (right
half); (c) shows the helicity density in the equatorial plane.

with constant l . The values of l that satisfy equation (6.3) in the given domain form a dis-

crete spectrum of eigenvalues for the curl operator. The corresponding eigenfunction of each

eigenvalue has the form (in spherical coordinates)
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where J3/2(x) and Y3/2(x) are Bessel functions of the first and second kind, respectively, and c1

and c2 are constants determined from the boundary conditions [41].

For a closed magnetic field, we have Br = 0 on the inner and outer boundaries of the spherical

shell. The two conditions can be written as the matrix-vector system
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For a non-trivial solution, we require that

J3/2(l ri)Y3/2(l ro)�Y3/2(l ri)J3/2(l ro) = 0, (6.6)

and we consider the smallest values of l satisfying equation (6.6) because it often corresponds

to the most stable configuration of the system. . With l found, c1 and c2 are readily determined.

For ri = 2/3 and ro = 5/3, l ⇡ 3.383384. The choice c1 = 1 serves as a normalization that

simplifies the calculations, and c2 ⇡ 1.974996.

It is important to note that equation (6.3) admits multiple solutions, as it is a linear equation.

These solutions correspond to different eigenmodes of the curl operator, each characterized by

distinct spatial structures. The specific solution presented in this test case, with a large-scale

dependence on q , represents the fundamental mode, corresponding to the lowest eigenvalue l .

However, higher-order modes with more complex angular and radial dependencies also satisfy

equation (6.3). These modes can arise in different physical scenarios and boundary conditions.

The current test focuses on the fundamental mode because it often corresponds to the most

stable configuration and provides a straightforward test of the helicity formula implementa-

tion. Nevertheless, acknowledging the existence of these higher-order modes is crucial, as they

represent other valid solutions that could influence magnetic configurations in more complex

systems.

Since this particular magnetic field is force-free, it satisfies g = lh due to the linear dependence

between the poloidal component g and the toroidal component h of the magnetic field. This

condition ensures that the magnetic field remains stable and self-consistent, with the constant

acting as a scaling factor that relates the strength of the poloidal field to the toroidal field. The

equation reflects the fundamental nature of the magnetic field in such configurations, demon-

strating how the two components interact to maintain a force-free state. Using this property, the



magnetic helicity can be written as

H = 2l
Z

V

|LLLh|2 dV =
2
l

Z

V

|LLLg|2 dV. (6.7)

For this force-free field, the above relations represent an alternative way to calculate H com-

pared to the general equation (6.1), and provide a useful test that the general formula has been

coded correctly. For the values used in this work, we find, for the above force-free solution, that

H ⇡ 6.91 using either of equations (6.1) and (6.7).

In Figure 6.1(b), the meridional plot of the azimuthal average of the helicity density is equal

to that of a specific slice (shown on the right-hand side). This is because the magnetic field is

symmetric and, also, not dependent on f in this example. However, this result is connected to

a more general one regarding the magnetic helicity of any magnetic field in a spherical shell.

That is,
Z 2p

0
LLLh···eeeq df =

Z 2p

0
LLLg···eeeq df = 0, (6.8)

for given values of r and q . The proof of this result can be most easily seen by expanding the

integrands in terms of their spectral decompositions, e.g.

LLLh···eeeq =
•

Â
l=0

l

Â
m=�l

im
sinq

H
m

l
(r, t)Pm

l
(cosq)eimf .

The azimuthal average is found by setting m = 0, hence confirming (6.8). Thus, plots of the

azimuthal average of the helicity density depend only on (LLLh···eeef )(LLLg···eeef ). This constraint is

another way to check that magnetic helicity has been calculated correctly in the code.



Case 1: Case 2: Case 3:
Steady dynamo Quasi-periodically Aperiodically-

reversing dynamo reversing dynamo
h 0.35 0.4 0.4
Ri 0 3.5 ⇥106 8.5⇥105

Re 105 0 0
t 2000 3⇥104 3⇥104

Pr 1 0.75 0.1
Pm 5 0.65 1

Boundary no-slip, stress-free, stress-free,
conditions fixed temperatures, fixed temperatures, fixed temperatures,

insulating outer space insulating outer space insulating outer space

Table 6.1: The three dynamo solutions considered in the study.

6.4 Results: Dynamo solutions

We proceed to examine the behavior of global magnetic helicity across different dynamo solu-

tions. Three cases of escalating complexity are explored, as outlined in Table 6.1.

6.4.1 Case 1: Steady dynamo

We commence with an examination of a laminar dynamo solution, renowned within the com-

munity as a benchmark case for validating and testing the accuracy of numerical codes [50,

137]. The non-dimensional parameters and boundary conditions pertinent to this case are de-

tailed in the initial column of Table 6.1.



(a) (b) (c)

Figure 6.2: Plots of the velocity field for Case 1 at a particular time (this is a steady flow
so other times just represent rigid rotations of this solution) (a) shows lines of constant uf
(left half) and r sinq∂q v (right half) in a meridional plane, visualising the toroidal and poloidal
fields respectively; (b) shows lines of constant ur at r = ri +0.5. There is a distinct pattern of
columnar convection at both the equator and near the poles; and (c) shows lines of constant
r∂f v in the equatorial plane. Blue is negative, red is positive and green is zero in this figure
and in all subsequent contour plots.

(a) (b) (c)

(d) (e) (f)

Figure 6.3: Plots of the magnetic field (top row) and magnetic helicity (bottom row) for Case
1 at a particular time. The top panel (a) shows meridional lines of constant Bf (left half) and
r sinq∂q h (right half) visualising the toroidal and poloidal fields respectively; (b) shows lines of
constant Br at r = ri+0.96; and (c) displays equatorial streamlines, r∂f h = const. The bottom
panel (d) shows contour lines of azimuthally averaged helicity density (left half) and the helicity
density in a particular slice f = const (right half); (e) shows the helicity density at r = ri+0.96;
and (f) shows the helicity density at the equatorial plane.

A distinctive characteristic of this dynamo is its establishment of a steady-state for both the

magnetic and velocity fields. The steady velocity profile showcases columnar convection, de-

picted in Figure 6.2. Directing our attention to the magnetic field, a global dipole with equatorial

inversions manifests. These features, alongside additional details, are depicted in Figure 6.3.



(a) (b)

Figure 6.4: A representation of the linkage of toroidal and poloidal fields. Colours correspond
to those in figure 6.3(a). The (Gauss) linkage in (a) is �1 and in (b) is +1. These signs corres-
pond with those of the helicity density in figure 6.3(d).

In Figure 6.3, the top row provides insights into the magnetic field behavior across distinct

planes: (a) the meridional plane, (b) a near-outer spherical surface, and (c) the equatorial plane.

The leftmost plot delineates the toroidal and poloidal components of the magnetic field. Not-

ably, these quantities, illustrated in the hemispheres, represent meridional averages. In the left

hemisphere, showcasing the large-scale toroidal field behavior, a perfect antisymmetry about the

equator is evident. Conversely, in the right hemisphere, depicting the dominant poloidal field

behavior, a pronounced dipolar field prevails, albeit with exceptions near the equatorial surface.

Here, smaller, relatively weaker positive and negative polarities exist compared to the polar

fields, as discerned from the radial magnetic field plot in (b). The radial component exhibits

dipolar symmetry, signifying Br = 0 on the equatorial plane. This magnetic profile, maintaining

rigid rotation with the sphere, furnishes a lucid basis for interpreting magnetic helicity dynam-

ics.

Descending to the bottom row of Figure 6.3, we encounter contours delineating (d) azimuthally

averaged helicity density (left half) and unaveraged helicity density within a specific slice (right

half), (e) helicity density at the outer surface, and (f) helicity density within the equatorial plane.

Figure 6.3(d) elucidates how helicity density signs across different spherical shell regions hinge

upon the linkage of toroidal and poloidal fields. To elucidate the sign conventions of helicity

density displayed herein, we schematically outline an idealized toroidal-poloidal field linkage

in Figure 6.4. This comprehensive visualization augments our understanding of the intricate

interplay between magnetic field components and their resultant helicity dynamics.



In Figure 6.3(a), the left half of the meridional plane illustrates the magnetic field structure,

with the Northern Hemisphere (NH) showing a red patch that represents positive toroidal field

and the Southern Hemisphere (SH) displaying a blue patch that indicates negative toroidal field.

It is important to note that there are also smaller blue and red patches present in the NH and

SH, respectively, but the focus here is on the larger structures. The right half of the figure

depicts the poloidal field, which is overall negative. This correlates with the helicity densities

shown in Figure 6.3(d), where the NH has positive helicity and the SH has negative helicity. In

Figure 6.4, the linkage of the toroidal field BT and poloidal field BP is illustrated. Plot 6.4 (a)

depicts both BT and BP in blue and oriented in the same direction, indicating a negative Gauss

linking number of �1, which corresponds to the negative helicity density observed in the SH.

Conversely, plot 6.4 (b) shows BT in red and BP in blue, but oriented in opposite directions,

representing a positive Gauss linking number of +1. This reflects the positive helicity density

in the NH. Overall, the connection between Figures 6.3 and 6.4 highlights how the topological

interactions of the toroidal and poloidal fields relate to the helicity structure across different

hemispheres, with negative linkage associated with negative helicity in the SH and positive

linkage associated with positive helicity in the NH.

Figure 6.3(d) delineates the distribution of helicity density near the surface, presenting a more

intricate morphology compared to azimuthal average plots. Nonetheless, a clear predominance

of positive helicity density in the north and negative helicity density in the south is evident,

maintaining perfect antisymmetry about the equator. This property, coupled with the solution’s

steadiness, ensures H = 0.



(a) (b) (c)

Figure 6.5: Typical structures of the velocity field for Case 2. (a) shows lines of constant uf
in the left half and streamlines r sinq∂q v = const in the right half, all in the meridional plane;
(b) shows lines of constant ur at r = ri +0.5; and (c) shows streamlines, r∂f v = const. in the
equatorial plane. These images correspond to the time t = 5.538 in the simulation.

(a) (b)

Figure 6.6: Time series of magnetic helicity for Case 2. (a) shows the total helicity as a function
of time. (b) shows the helicity density integrated in the northern hemisphere (solid) and the
southern hemisphere (dashed).

This straightforward dynamo case serves as a poignant example, illustrating that while the total

magnetic helicity equals zero, this result stems from the offsetting of positive and negative

large-scale structures. Particularly, the signs of these structures are contingent upon the linkage

of poloidal and toroidal fields. However, magnetic helicity isn’t solely a measure of linkage; it is

also influenced by magnetic flux. This consideration becomes pivotal in comprehending cases

exhibiting more irregular temporal behavior and spatial morphology, as discussed subsequently.



6.4.2 Case 2: Quasi-periodically reversing dynamo

Now, we turn our attention to a time-dependent quasi-periodic dynamo solution characterized

by regular reversals in the signs of both the poloidal and toroidal components of the magnetic

field. The non-dimensional parameters and boundary conditions pertinent to this scenario are

outlined in the second column of Table 6.1.

Figure 6.5 illustrates the typical structure of the velocity field. While columnar convection akin

to Case 1 persists, the velocity now undergoes chaotic temporal evolution, showcasing much

smaller-scale structures.

In contrast to Case 1, where the field structure remained steady over time, rendering the inter-

pretation of helicity density in terms of linkage relatively straightforward, the present situation

is more intricate. Moreover, the magnetic Prandtl number Pm is an order of magnitude smaller

in this case compared to Case 1, implying that total magnetic helicity is not expected to be

strongly conserved. This is indeed borne out upon inspection of Figure 6.6(a).

Given the lack of temporal conservation of magnetic helicity in this dynamo, drawing clear

causal conclusions based on helicity conservation alone becomes challenging. However, this

does not diminish the utility of magnetic helicity in revealing pertinent information. To elucidate

the structure of magnetic helicity in this dynamo solution, we confine its calculation to the

northern and southern hemispheres separately. The outcomes are depicted in Figure 6.6(b).



(a) (b)

Figure 6.7: Time series related to reversals. (a) displays reversals of the poloidal and toroidal
fields. The poloidal and toroidal fields are represented by their dominant spectral expansion
components H

0
1 (solid line) and G

0
1 (dashed line), respectively. H

0
1 (solid line) denotes the

spherical harmonic expansion coefficient corresponding to the poloidal magnetic field in the
l = 1 mode, which is the first order in the spectral representation. This component captures
the primary variation of the poloidal magnetic field in the system. Similarly, G

0
1 (dashed line)

indicates the spherical harmonic expansion coefficient for the toroidal magnetic field, also in
the l = 1 mode. Similar to H

0
1 , this component represents the leading variation of the toroidal

magnetic field and provides insights into its dynamics. Both of these quantities are calculated
at r = ri+0.5. (b) displays the total magnetic energy EB, which oscillates at a frequency similar
to the hemispheric helicities displayed in figure 6.6.

The observed asymmetry in magnetic helicity between the northern and southern hemispheres

in Case 2 warrants further discussion. Unlike Case 1, where a pure dipolar symmetry resulted

in net helicity being zero, the magnetic field structure in Case 2 deviates from this symmetry,

leading to a net helicity that is not zero. During the analyzed time series, the absolute value of

HS is consistently greater than that of HN , resulting in a net helicity H < 0 for the majority of

the time interval. This discrepancy suggests that the southern hemisphere experiences a more

pronounced helicity generation or retention compared to the northern hemisphere. However, it

is important to note that this observed asymmetry may only be characteristic of the specific time

interval under consideration, and there is no inherent reason for such a pattern to persist indefin-

itely. As such, future investigations should aim to determine whether this behavior is a transient

feature or indicative of a more enduring hemispheric imbalance. Understanding these dynamics

could provide valuable insights into the mechanisms driving magnetic helicity generation and

the stability of magnetic structures within the dynamo.



Evidently, a distinct wave solution emerges in both hemispheres, with a complete cycle span-

ning approximately 0.02 time units. This observation suggests that while local variations in

magnetic helicity density within a hemisphere may occur, there is no complete alteration in the

linkage of hemispheric toroidal and poloidal fields. This global preservation of linkage stems

from the nearly simultaneous reversal of the global toroidal and poloidal fields, affording little

opportunity for a disparate large-scale linkage to evolve. The reversals of the poloidal and tor-

oidal fields are delineated in Figure 6.7(a). Given that the global toroidal and poloidal fields

undergo simultaneous reversals, the linkage, and hence the overall sign, of magnetic helicity in

each hemisphere remains unaltered.

This study explores the behavior of magnetic helicity density in the context of geomagnetic

reversals using numerical simulations based on Earth-like conditions, rather than direct obser-

vations. Our focus is not on any specific celestial body, such as a star or planet, but rather

on understanding general dynamo mechanisms. Although measuring magnetic helicity dens-

ity in Earth’s core is currently not feasible, these simulations replicate the dynamics expected

in Earth’s dynamo, providing valuable theoretical insights into how magnetic helicity dens-

ity might predict or influence reversals. At t = 5.54, there is the clear positive/negative split

in the north/south hemispheres. This time corresponds to the peaks of the magnetic helicity

magnitudes in the hemispheres (see figure 6.6(b)). As the hemisphere magnitudes decrease to

their minima, this is represented in Figure 6.8 by, first, a more mixed pattern of linkage (i.e.

increased negative magnetic helicity density in the north and vice versa in the south), and then

by a decrease in the strength of the magnetic helicity density. These two behaviours can be seen

just before and after t = 5.55 in Figure 6.8, and repeat for all the cycles shown. The weak-

ening of the density corresponds to the time when the poloidal and toroidal fields reverse and

this is followed by the return of these fields to their peak values, resulting in a new phase of

dominating positive/negative magnetic helicity density in the north/south hemispheres. While

the integrated magnetic helicity density retains its sign within each hemisphere, it undergoes

oscillations due to variations in field linkage and magnetic field strength, which are reflected in



Figure 6.8: A latitude vs time plot of the magnetic helicity density at the surface for Case 2
with a nonlinear colourmap. The color ranges are defined as follows: indigo represents highly
negative values (from -400 to -30); seismic colors show values near zero (from -30 to +30);
and maroon represents positive values (from +30 to +400). The nonlinear scaling expands the
central range, making small variations around zero (in seismic) more visible while compressing
larger negative values into a single indigo shade.

the magnetic energy illustrated in Figure 6.7(b). This oscillatory behavior is depicted in Figure

6.6(b). It’s crucial to note that global magnetic helicity, whether in each hemisphere or across

the entire spherical shell, isn’t directly observable in natural dynamos, such as those in stars,

because surface measurements only capture localized magnetic field behaviors. However, the

magnetic helicity density at the surface serves as an observable quantity that offers insights into

the onset of reversals. Figure 6.8 presents a time-latitude plot of magnetic helicity density near

the surface, facilitating the identification of reversal occurrences.

Although magnetic helicity density has been more thoroughly studied in solar and stellar dy-

namos, this research contributes to understanding terrestrial dynamo systems and could be fur-

ther extended to investigate magnetic reversals in the Sun or other stars. Future technological or

theoretical advances may also enable the measurement of magnetic helicity density in Earth-like

conditions, enhancing our ability to apply these insights in real-world scenarios.



(a) (b) (c)

Figure 6.9: Typical structures of the velocity field in the case. (a) shows lines of constant uf
in the left half and streamlines r sinq∂q v = const. in the right half, all in the meridional plane;
(b) shows lines of constant ur at r = ri + 0.5 and (c) shows streamlines, r∂f v = const. in the
equatorial plane. These images correspond to the time t = 13.52 in the simulation.

(a) (b)

Figure 6.10: Time series during a reversal. H
0
1 (solid) and G

0
1 (dashed) are displayed in (a).

Both quantities are evaluated at r = ri +0.5 The blue vertical lines indicate the reversal times
of these quantities. The northern (solid) and southern (dashed) helicities are shown in (b).
Reversal times are indicated by green vertical lines. Just before the final green line, there are
very small reversals about the H = 0 axis, and these are not shown.

6.5 Case 3: Aperiodically-reversing dynamo

Now, we examine a dynamo solution characterized by aperiodic reversals of the global magnetic

field. The overall behavior of this dynamo is notably more chaotic compared to the preceding

cases, with no discernible precursor pattern for global reversals. The non-dimensional paramet-

ers and boundary conditions employed for this case are detailed in the third column of Table

6.1. For comprehensive illustration, we present in Figure 6.9 typical profiles of velocity com-

ponents for this dynamo solution. Similar to Case 2, the velocity exhibits a columnar yet chaotic

morphology.



Given that this particular dynamo solution has been extensively studied in [31], we refrain from

reiterating the description provided therein. Instead, our focus shifts to examining the behavior

of magnetic helicity during a reversal event. Unlike Case 2, reversals in this dynamo solution

do not occur at regular intervals. Nevertheless, despite the dissimilarities between these cases,

magnetic helicity once again serves as a valuable tool for interpreting the dynamics of the global

magnetic field during a reversal.

Figure 6.10(a) showcases dominant components of the poloidal and toroidal scalars H
0
1 and G

0
1

at a reversal, while Figure 6.10(b) illustrates the integrals of the magnetic helicity density in

both the north and south hemispheres. These visualizations offer insights into the evolution of

magnetic helicity during reversal events, aiding in the understanding of the underlying dynamics

of the dynamo system.

In contrast to Case 2, a notable difference observed in this dynamo solution is the change in sign

of hemispheric helicities. The blue lines in Figures 6.10(a) and (b) denote the reversals of H
0
1 and

G
0
1 (both evaluated at r = ri +0.5). Of particular interest are the first two green lines in Figure

6.10(b), which indicate the reversals of H(VN) and H(VS), which represent the helicity densities

integrated over the northern and southern hemispheres, respectively. Remarkably, these helicity

reversals occur significantly earlier than those of H
0
1 and G

0
1. The third green line marks the time

at which both H(VN) and H(VS) revert to their original signs. Notably, H(VS) exhibits multiple

sign changes immediately prior to this final reversion, indicating a more complex behavior

compared to H(VN). While both helicities revert to their original signs around the same time

overall, the multiple fluctuations of H(VS) prior to its final reversion highlight the intricate

dynamics at play in this dynamo solution.



It’s important to exercise caution when interpreting reversal times since helicities depend on

the magnetic field throughout an entire hemisphere, whereas the values of H
0
1 and G

0
1 presented

here are evaluated at a single radius. This approach allows for a more focused analysis of local

dynamics, as the magnetic field and helicity can vary significantly with radius. Additionally,

computational considerations and the relevance of measurements taken at specific depths make

this method practical for connecting with observational data.

Nonetheless, the results suggest a preceding oscillation in hemispheric helicities, leading to

sign changes before a global reversal. This observation of the short-term reversals of H(VN) and

H(VS) could serve as an intriguing early diagnostic of impending global reversals. However,

it is essential to note that the long-term decline in H
0
1 might also represent a valid precursor,

independent of any helicity diagnostics. In the context of tests involving excursion-like events,

where helicity reversals did not occur despite declines or reversals in G
0
1, the analysis suggests

that helicity behavior may indeed highlight aspects of the reversal process more effectively than

an examination of the magnetic field elements alone.

In essence, the linkage of poloidal and toroidal fields undergoes fluctuations, flipping and return-

ing to its original state, preceding a global reversal. This implies a change in the topology of the

magnetic field, reaching an unstable state, albeit transiently. The magnetic field subsequently

reverts to a stable (longer-lasting) configuration, and consequently, a stable topological state,

through a reversal. This pattern of helicity reversing before a global reversal holds true for other

reversals (labelled 2 and 3) occurring in the solution within the simulated time span. These

findings are summarized in Table 6.2.

Reversals H
0
1 G

0
1 H(VN) H(VS) H(VN) and H(VS)

2 26.3232 26.374 26.199 26.3313 26.3504
3 31.2784 31.3534 31.169 31.2532 31.3047

Table 6.2: The helicity and magnetic field reversal times for the other observed reversals.



The quantities discussed thus far in this section are accessible in simulations but not to observ-

ers, who only have access to data at the outer surface. Figure 6.11 depicts the magnetic helicity

density near the outer surface in a latitude-time plot. This visualization offers insights into the

temporal evolution of magnetic helicity density observable from the surface, facilitating the

interpretation of dynamical processes within the dynamo system.

The observed trend, where HN consistently reverses before HS, can be explained by consider-

ing their proximity to the zero line, which represents the equatorial plane. Before the reversals,

HN is typically positive but near the zero line, indicating a weakened state with relatively low

magnitude. In contrast, HS, which starts with a more negative value and is farther from the zero

line, reflects a stronger helicity that requires a larger disturbance to reverse. The fact that HN is

weaker and closer to the equator suggests that it can more easily flip its sign when subjected

to perturbations in the dynamo. Meanwhile, HS, being more negative and farther from the zero

line, remains more stable and takes longer to reach the reversal point. This behavior can be

further understood by recognizing that helicity strengths in stars can vary significantly based on

several factors, including the star’s type, internal structure, and dynamo dynamics. Asymmet-

ric dynamo action, differential rotation, and local turbulence may amplify or diminish helicity

generation differently in each hemisphere, leading to a context-dependent relationship between

HN and HS. Consequently, HN reverses first simply because it is already in a near-critical state,

requiring less energy to cross the zero line, while HS, being stronger initially, lags behind in the

reversal process due to its more stable configuration. However, the reason for HN’s near-critical

state in our simulations remains uncertain and warrants further investigation. Exploring which

hemisphere consistently exhibits stronger helicity, whether this behavior varies among different

stars, and whether a common pattern exists across stellar types could provide valuable insights

into the underlying dynamics of stellar magnetic fields.



Figure 6.11: A latitude vs time plot of the magnetic helicity density at the surface for Case 3
using a nonlinear colormap. The color ranges are defined as follows: indigo represents highly
negative values (from -500 to -30); seismic colors show values near zero (from -30 to +30);
and maroon represents positive values (from +30 to +500). The nonlinear scaling expands the
central range, making small variations around zero (in seismic) more visible while compressing
larger negative values into a single indigo shade.

In Figure 6.11, there is a discernible indication in the behavior of magnetic helicity density at

the surface, suggesting the occurrence of reversals. The reversal of H
0
1 in Figure 6.10, denot-

ing the reversal of the poloidal field, transpires around t ⇡ 13.45. Starting from approximately

t ⇡ 13.28, there is a notable presence of stronger patches of positive magnetic helicity density

near the equator. Around t ⇡ 13.45, a sudden change occurs, resulting in much weaker magnetic

helicity density across all latitudes. This subsequently transitions into a phase characterized by

strong positive/negative magnetic helicity density, just south/north of the equator. This signa-

ture, indicated by a change in sign, is indicative of the reversal of the poloidal field but not the

toroidal field. When the toroidal field reverses around t ⇡ 13.552, the distribution of magnetic

helicity density returns to its original state. Therefore, even with just information about the

magnetic helicity density at the surface, it is possible to discern the reversals of both the global

poloidal and toroidal fields.



6.6 Concluding remarks

In this analysis, we have examined three dynamo solutions within rotating spherical shells, in-

vestigating the behavior of magnetic helicity in each case. Our methodology involved employ-

ing a well-established model (Boussinesq MHD) for convection-driven dynamos in rotating

spherical shells and exploring dynamo solutions of increasing complexity—steady (Case 1),

periodically-reversing (Case 2), and aperiodically-reversing (Case 3). Despite magnetic helicity

not being conserved in the latter two cases, it nonetheless furnishes crucial insights into the

magnetic field dynamics across all scenarios.

As per its definition, magnetic helicity serves as a valuable indicator of the linkage between

toroidal and poloidal magnetic fields. For dynamo solutions exhibiting reversals, we have elu-

cidated how magnetic helicity correlates with the reversal of both poloidal and toroidal magnetic

fields. Moreover, we have highlighted how changes in the magnetic helicity density observable

on the surface (a measurable quantity in stars) can signify the onset of reversals.

While magnetic helicity isn’t strictly conserved in the simulations under consideration, we re-

frain from asserting a causal link between reversals and magnetic helicity. However, our find-

ings suggest the existence of preferred states of global magnetic linkage for specific dynamo

solutions. When the dynamo deviates from such states, it can revert via a global reversal. For

instance, a reversal of the large-scale toroidal field alters the global field linkage. To restore the

original linkage, the poloidal field undergoes a reversal, thereby completing the global magnetic

field reversal and reinstating the magnetic helicity distribution to its pre-reversal state. Hence,

although magnetic helicity may not instigate reversals in these simulations, it unequivocally



signifies the global poloidal-toroidal linkage, intimately associated with reversals. Furthermore,

surface maps of magnetic helicity density, measurable in stellar observations, serve as robust in-

dicators of reversal onset, applicable across dynamo solutions featuring distinct reversal mech-

anisms.

The predominant focus on magnetic helicity in dynamos has revolved around its role in the

a-effect within mean-field models. Consequently, there exists an implicit assumption of scale

separation of magnetic helicity. In our simulations, we primarily concentrate on large-scale

magnetic helicity, which in isolation (without accounting for small-scale contributions) is not

conserved. Nonetheless, our findings qualitatively align with certain results from mean-field

studies. For instance, in a dynamo model grounded on the Babcock-Leighton a-effect, [46]

observed that at the onset of cycles, helicities tend to oppose the preferred hemispheric trends.

Temporary alterations in the hemispheric pattern of helicity have also been documented in ob-

servational studies [234].

The interpretation of our results in terms of "preferred" states of linkage could offer a fresh

perspective on the origin of the hemisphere rule of magnetic helicity. Furthermore, our findings

suggest that deviations from this rule may arise from changes in the linkage of large-scale fields

(i.e., larger than the small-scale fields considered in mean-field models). While further invest-

igation is warranted in this area, the interpretation of helicity in the context of toroidal/poloidal

linkage may aid in refining existing mean-field models that endeavor to elucidate hemisphere

imbalances [224].



Chapter 7

Differential rotation in convecting
spherical shells with non-uniform viscosity

and entropy diffusivity

The results presented in this chapter have been published in [90]. This chapter follows the

published paper and includes figures from the paper with the agreement of all authors.

7.1 Introduction

The contemporary understanding of the solar convection zone, derived from sophisticated three-

dimensional physics-based simulations, faces a significant challenge. These simulations exhibit

notable disparities when compared to observational data. Specifically, they showcase a form of

differential rotation that diverges substantially from the rotation pattern inferred through solar

helioseismology. Moreover, these simulations display convective flow patterns characterized by

a conveyor belt of convective "Busse" columns, a phenomenon not observed in the Sun. This

discrepancy, referred to as the "convection conundrum," presents a critical puzzle in solar phys-
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ics. Resolving this conundrum is essential for advancing our understanding of solar dynamics

and improving the accuracy of solar models. To address this challenge, we investigate the in-

fluence of radially non-uniform viscosity and entropy diffusivity on the differential rotation and

convective flow patterns within density-stratified rotating spherical fluid shells.

Beyond solar physics, resolving the convection conundrum has implications for our understand-

ing of stellar dynamics and magnetohydrodynamics across a broader astrophysical context. Ac-

curate simulation of solar-like cyclic dipolar dynamos, which are essential for understanding

magnetic field generation in stars, depends on a precise grasp of the underlying convective and

rotational processes.

As discussed in detail in earlier chapters, the convective motions within the Sun’s interior play

a critical role in the generation and maintenance of its magnetic fields, which drive a range of

solar phenomena, including flares, coronal mass ejections, and the solar dynamo. Recent high-

resolution simulations of thermal convection and magnetic field generation in rotating spherical

shells have become key tools in investigating these dynamics. These simulations offer valuable

insights into the interaction between convection, rotation, and magnetic fields, enhancing our

ability to interpret observational data. For example, recent efforts have focused on utilizing time-

distance helioseismology techniques to constrain models of meridional circulation, shedding

light on the large-scale flow patterns within the Sun’s interior [205]. Additionally, studies have

delved into minimal models aimed at elucidating the dynamics of the solar cycle, with particular

emphasis on the role of non-axisymmetric components of the magnetic field (m = 1 or m = 2)

[192]. By leveraging both simulation and observational approaches, researchers strive to gain

a comprehensive understanding of solar dynamics and the underlying processes driving solar

magnetic phenomena.



Despite these advances, fundamental challenges persist in modeling the solar dynamo. Notably,

the "convection conundrum" emphasizes two major discrepancies. First, simulations of differ-

ential rotation and convective velocities do not align with helioseismic observations. Second,

the simulated emergence of large-scale Busse columns is not corroborated by observational

evidence [45, 103]. Differential rotation, a cornerstone of the Sun’s global dynamics, is me-

ticulously measured through helioseismic inversion techniques [211, 104]. Its intricate features

include the variation in rotational speed across latitudes, with the equatorial regions exhibiting

faster rotation (around 25 days) compared to the slower rotation observed near the poles (around

36 days). This rotation pattern forms a conical profile, characterized by nearly radial orientation

of angular velocity isocontours at intermediate latitudes, contributing significantly to the overall

dynamical behavior of the solar interior.

In the realm of solar convection simulations, a recurring challenge lies in accurately reproducing

isocontours of the angular velocity that deviate significantly from the axis of rotation within the

convection zone. Instead, most simulations tend to exhibit isocontours parallel to the axis of

rotation, which is at odds with observational data [219, 89, 136]. However, notable exceptions

exist, such as the simulations conducted by [142], where conically tilted contours were achieved

by introducing a moderately large latitudinal entropy gradient.

The accurate portrayal of differential rotation is of paramount importance due to its pivotal

role in various solar phenomena. Notably, it is instrumental in the generation of magnetic fields

through the W effect, facilitating the conversion of poloidal to toroidal magnetic fields. Ad-

ditionally, the dynamics of differential rotation are closely tied to the oscillations of dynamo

waves, akin to the solar cycle, as evidenced by flux-transport dynamo models [55] and certain

global simulations [114, 217, 192, 194].



In the subsequent sections of this chapter, we delve into the demonstration that significantly

large latitudinal entropy gradients can emerge self-consistently within our simulations, obviat-

ing the need for additional imposition. This discovery holds promise in enhancing the agreement

between our simulation results and observational data, thereby advancing our understanding of

solar dynamics and convection processes.

In contrast to planetary cores and atmospheres, where the basic density and material properties

of the fluid change only weakly, the solar interior, including the convection zone, exhibits signi-

ficant radial variations in thermodynamic quantities and properties. Reference-state radial distri-

butions of density, temperature, and pressure in the convection zone can be estimated based on

helioseismic arguments or solar evolution models [23]. While molecular viscosity and thermal

diffusivity profiles can theoretically be inferred from molecular dynamics calculations [71], the

strong turbulence present in the solar convection zone complicates the use of these molecular

values to adequately represent the profiles of effective viscosity and thermal diffusivity in global

convective dynamo models. Consequently, the radial distributions of viscosity and entropy dif-

fusivity remain largely modelling choices, yet crucial ones, as they are expected to influence the

style and spatial location of convection, thereby affecting the properties of the global dynamo

process. For instance, the radial profile of entropy diffusivity directly influences the entropy

distribution, and consequently, the local convective stability. Early studies by Glatzmaier and

Gilman [81] explored various choices of viscosity and entropy diffusivity profiles, finding that

under moderate shell rotation rates, convection shifts from the outer to inner regions as diffus-

ivities are increased in the outer regions and decreased in the inner regions. Several subsequent

studies of solar convection have assumed viscosity and diffusivity profiles as functions involving

a negative power of the mean density (e.g., [24, 23, 25, 81]), rather than the more commonly

used uniform profiles (e.g., [218, 136, 217, 115, 194, 21, 143]). In a recent investigation by

[181], the effects of a radial distribution of entropy diffusivity on critical modes of anelastic

thermal convection in a rotating spherical shell were explored. Their findings indicated strong

effects on convection morphology and location, albeit limited to linear onset analysis and con-



sidering only uniform viscosity. Extending this work to nonlinear regimes, particularly with a

focus on improving the agreement between computed and observed solar differential rotation,

constitutes the goal of the present study. By delving into the nonlinear dynamics of convective

processes with non-uniform viscosity and entropy diffusivity profiles, we aim to provide deeper

insights into the mechanisms shaping solar convection and its implications for the observed

solar dynamics.

Contents. In this study, we conducted a series of numerical simulations based on the framework

proposed by [194], which we expanded to include radially non-uniform profiles of viscosity and

entropy diffusivity. By comparing these simulations with baseline reference simulations utiliz-

ing uniform profiles, we aimed to elucidate the specific effects of these assumptions on the dy-

namics of the convecting spherical shells. To ensure the robustness of our findings, we explored

scenarios encompassing both high and low values of the Prandtl number. The structure of this

thesis is organized as follows: In Section 7.2, we provide an introduction to the mathematical

model employed in our study. Following this, Section 7.3 presents our primary results, focus-

ing on the influence of non-uniform material properties on the structure of differential rotation.

Section 7.4 delves deeper into our findings, proposing a plausible mechanism to account for

the observed effects, presenting additional supporting evidence, and discussing the limitations

inherent in our study’s approach. Finally, we draw our conclusions in Section 7.5, summarizing

the key insights gleaned from our investigations into the convection conundrum and outlining

avenues for future research in this field.



7.2 Mathematical model

In this work, we extend the model of Jones et al. [105] by including radially non-uniform vis-

cosity and entropy diffusivity. Our numerical implementation, methods of solution, and analysis

follow Simitev [194].

We consider a model previously detailed in Chapter 3, Section 3.2.1, where an electrically

conducting perfect gas is confined to a spherical shell that rotates about the vertical axis with

a fixed angular velocity (W0k̂) and an imposed entropy contrast (DS) between the inner and

outer surfaces. The gravitational field is assumed to vary as the inverse square of the radial

distance, leading to a hydrostatic, polytropic reference state. For more comprehensive details

on the governing equations and parameters, please refer to Chapter 3.

Convection and magnetic field generation in this system are described by the evolution equa-

tions of continuity, momentum, energy, and magnetic flux, using the Lantz-Braginsky-Roberts

formulation of the anelastic approximation [105]. These equations are detailed in Chapter 3.

The viscosity (n) and entropy diffusivity (k) are assumed to have radially non-uniform profiles:

n(r) = nc
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, k(r) = kc
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r
rc
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q

, (7.1)

where nc and kc are their values in the mid-shell, while p and q are modelling constants.



The formulation is characterized by seven non-dimensional parameters: the radius ratio (h),

the polytropic index (n), the density scale number (Nr ), the Rayleigh number (R), the thermal

Prandtl number (Pr), the magnetic Prandtl number (Pm), and the Coriolis number (t). These

parameters are crucial for understanding the dynamics of the system. The equations are supple-

mented by no-slip boundary conditions on the inner surface and stress-free conditions on the

outer surface. For the entropy, a fixed contrast is imposed between the inner and outer surfaces.

Lastly, "vacuum" boundary conditions for the magnetic field are derived from the assumption of

an electrically insulating external region. The boundary value problem expressed by these equa-

tions and conditions is three-dimensional, time-dependent, highly coupled, and nonlinear; for

these reasons, it can only be solved numerically. Refer to Chapter 4 for a discussion on the nu-

merical methods used for their solution. The calculations reported below were performed with

resolutions of (nr,nq ,nf ) = (71,193,193), corresponding to the number of radial, latitudinal,

and azimuthal (zonal) grid points, respectively.

7.3 Results

Design of the study and choice of parameter values. The development of an equation de-

scribing the evolution of differential rotation induced by thermal convection within a rotat-

ing spherical shell involves averaging the longitudinal component of the momentum equation.

This process reveals that the differential rotation is sustained through a delicate equilibrium in-

volving Reynolds and Maxwell stresses, influenced by factors such as meridional circulation,

magnetic tension, and viscous dissipation [141, 206]. Various parameter values influence these

stresses, and to specifically analyze the impact of non-uniform viscosity and entropy diffus-

ivity profiles on the differential rotation’s shape and structure, we maintain consistency in the

non-dimensional parameters where feasible. Specifically, we set

h = 0.65, n = 2, Nr = 3, R = 3⇥106, t = 2000. (7.2)



Keeping the parameter values fixed aids in narrowing down the extensive eight-dimensional

parameter space to a more manageable size. The choice of h = 0.65 results in a slightly thicker

shell compared to the solar convection zone (h = 0.7), primarily for computational convenience.

Additionally, the size of convective structures is influenced by the shell’s thickness; thinner

shells necessitate higher-order spherical harmonic expansions to accurately resolve the flow’s

angular structure. With t = 2000, the Coriolis number is moderately but not excessively large,

reflecting the model assumption that the flow in the deep convection zone is buoyancy- rather

than rotation-dominated, although the effects of rotation are also essential. The chosen value

of the polytropic index (n = 2) exceeds that of an ideal gas (n = 3/2), and the density-scale

height (Nr = 3) is considerably smaller than estimates for the solar convection zone. However,

pushing Nr much beyond 5 becomes computationally impractical. These parameter selections

are anticipated to have minimal impact on the system’s dynamics and are consistent with our

previous research [194].

The flow’s structure and strength are notably influenced by the Rayleigh number, which has

been extensively studied in prior research (see, for instance, [190, 194] and references therein).

In this study, we present a comparison of cases with identical and moderately large Rayleigh

numbers, systematically increasing this parameter from its onset in Section 7.4.2. While there

is a robust understanding of the Rayleigh number’s impact, the influence of the Prandtl number

remains less explored, with some insights from studies like [193, 111].

Linear stability analyses [1, 33] and finite-amplitude simulations of thermal convection in a rap-

idly rotating thick shell under the Boussinesq approximation [190, 193] show that at low Prandtl

number values, convection adopts the equatorially attached regime [235, 33], where the Cori-

olis force’s contribution is minimal. As the Prandtl number approaches unity, Coriolis effects
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Figure 7.1: Radial profiles for different model parameters. (a) Non-uniform viscosity and en-
tropy diffusivity vary relative to the density. (b) The effective non-dimensional parameters R̃,
P̃r, and t̃ change due to the radial dependence introduced by the non-uniform viscosity n(r)
and entropy diffusivity k(r). These effective values are derived from the radial profiles of the
diffusivities, illustrating how they influence the behavior of the system compared to a uniform
profile. For display purposes, all parameters were normalized with respect to their values at
the center of the spherical shell.

become more pronounced, leading to a spiraling convection regime characterized by elongated

structures from the inner to the outer surface. To further investigate the Prandtl number’s influ-

ence, we contrast simulations with low (Pr = 0.3), moderate (Pr = 1), and slightly higher values

(Pr = 5).

To meet the objectives of our study, we compare simulations employing uniform radial profiles

of viscosity and entropy diffusivity with those employing non-uniform profiles where n̄ µ r�0.9

and k̄ µ r�0.5, respectively. Given the absence of precise observational or theoretical con-

straints, these dependencies were chosen to maximize the deviation of the two profiles from

uniformity under the fixed parameter values mentioned earlier, ensuring well-resolved solu-

tions. The depicted radial profiles of viscosity, entropy diffusivity, and density in the model are

illustrated in Figure 7.1a.



Table 7.1: Model parameters and energy densities for six selected dynamo solutions.

The Prandtl, Rayleigh, and Coriolis numbers mentioned earlier correspond to fluid properties at

the midpoint of the spherical shell. However, due to the utilization of non-uniform viscosity and

entropy diffusivity in this study, these quantities’ effective values vary with radius, as depicted

in Figure 7.1b. This variation notably influences the local structure and intensity of the flows, a

topic further elaborated below. To summarize this discussion, Table 7.1 presents the six primary

dynamo solutions that are the focal point of our attention throughout most of this chapter. Addi-

tionally, the table furnishes the values of several crucial global average attributes, encompassing

energy density components that delineate various aspects of the flow. It is important to note that

all simulations presented in this table were performed at the same value of the Rayleigh number

R. However, the degree of supercriticality, expressed as R/Rc (where Rc is the critical Rayleigh

number), varies between runs. This variation in supercriticality affects the convective behavior

and, consequently, the dynamo processes, making it an important factor to consider when inter-

preting the results. Furthermore, the table includes diagnostic parameters such as the magnetic

Reynolds number Rm = uL

h , which measures the ratio of magnetic advection to diffusion (where

u is the characteristic velocity, L is the characteristic length scale, and h is the magnetic diffus-

ivity); the Rossby number Ro = u

WD
, which compares inertial forces to Coriolis forces (where



u is the characteristic velocity, W is the angular rotation rate, and D is the characteristic length

scale); and the Lorentz number Lo = B
2

µ0ru2 , which quantifies the ratio of magnetic forces to

inertial forces (where B is the magnetic field strength, µ0 is the magnetic permeability, r is the

fluid density, and u is the characteristic velocity). These parameters are essential for understand-

ing the dynamo behavior: Rm quantifies the ratio of magnetic induction to magnetic diffusion,

Ro characterizes the relative importance of inertial forces compared to Coriolis forces, and Lo

measures the influence of the Lorentz force relative to inertial forces. Specifically, the mean

and fluctuating toroidal and poloidal components of the total kinetic energy (Etot) are defined as

follows:

Ēp = h
�
—⇥ (—v̄⇥ r)

�2
/(2r̄)i, Ēt = h

�
—rw̄⇥ r

�2
/(2r̄)i, (7.3a)

Ěp = h
�
—⇥ (—v̌⇥ r)

�2
/(2r̄)i, Ět = h

�
—rw̌⇥ r

�2
/(2r̄)i, (7.3b)

The notation used here employs angular brackets to signify averages over the spherical volume

of the shell, bars to denote axisymmetric parts, and check marks to denote non-axisymmetric

parts of a scalar field. Similarly, the total magnetic energy (Mtot) can be divided in a parallel

manner, with components defined akin to Equations (7.3a) and (7.3b), where h and g replace

v and w respectively, and excluding the r̄�1 factor within the angular brackets. It’s important

to note that the total energies encompass the sum of all these components. Comparing sim-

ulated differential rotation with observational data. To evaluate the impact of non-uniform

viscosity and entropy diffusivity profiles on the overall structure of the differential rotation, it’s

essential to compare the model solutions with the observed solar differential rotation profile,

which has been extensively measured [211]. As previously mentioned, the angular velocity (W)

is depicted in Figure 7.2a, sourced from Howe [104]. Notably, the highest rotational speeds

cluster near the equator, with contours of constant rotation closely aligning with lines oriented

at approximately 25� to the axis of rotation. These features characterize what we term "conical"

differential rotation, as opposed to "cylindrical" rotation parallel to the rotation axis. To facil-

itate our numerical implementation, we opted for a simpler yet sufficiently accurate analytical

approximation devised by Kosovichev [121], as illustrated in Figure 7.2b. Here, we omitted the



Figure 7.2: The observed profile of the solar differential rotation.(a) Cross-sectional view of
the Sun’s interior, depicting contours of constant angular velocity (W) temporally averaged over
12 years of Stanford Michelson Doppler Imager (MDI) data. Image adapted from Howe [104]
(Springer Nature, licensed by CC BY 4).(b) The solar angular velocity relative to the rotation
frame of the Sun (W�W�), with solar frame rotation of W� = 870p nHz. A closed-form ap-
proximation is used according to Kosovichev [121]. (c) Azimuthally averaged zonal velocity
(r sinq(W�W�)) in the rotating frame is used for comparison with simulation results. Max-
imum and minimum values are indicated in (b,c), respectively; contour lines are equidistant,
with positive levels in red and negative levels in blue (this style is used throughout).

quiescent radiative interior, the thin near-surface shear layer, and the tachocline layer, as these

elements are not encompassed by our mathematical model. This simplification allows us to fo-

cus on the primary dynamics of the convection zone, but it is important to note that these layers

significantly influence solar behavior. Future research could incorporate these layers to enhance

the understanding of their effects on convection and magnetic field dynamics.

Given that the equations of our model are formulated with respect to a rotating coordinate

system, we subtracted the Sun’s rigid frame rotation (W� = 870p nHz). Figure 7.2c showcases

the corresponding zonal (linear) velocity (uj = r sinq(W�W�)), with the distance from the

center (r) measured in the dimensional units of our model (shell thickness). Figure 7.3 shows

a direct comparison of the azimuthally averaged zonal velocity (ūj ) of our model solutions

with the latter profile (Figure 7.2c). Our primary interest here is the shape of the differential

rotation profile, so we rescaled the reference profile to obtain the same maximum at the equator

as the simulation results. We scaled with respect to the equatorial maximum, since our model
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Figure 7.3: Differential rotation of the dynamo solutions under consideration. The three rows
correspond to (A,B) Pr = 0.3,Pm = 1, (C,D) Pr = 1,Pm = 4 and (E,F) Pr = 5,Pm = 10; other para-
meters have the same values as in (7.2) . Cases (A,C,E) have uniform viscosity and entropy
diffusivity profiles; cases (B,D,F) have non-uniform profiles. In each group of three subfigures,
(a) displays isocontours of the azimuthally averaged zonal velocity (uj ), (b) displays the refer-
ence observational profile of differential rotation (r sinq(W�W�)) rescaled to obtain the same
maximum at the equator as in (a),(c) displays the relative difference between the quantities
represented in Figures a and b, normalized to the maximum value of the data shown in Figure
b.

is primarily concerned with the profile in the tangent cylinder. For the smallest value of the

Prandtl number (Pr = 0.3) and with uniform profiles of n̄ and k̄ , Figure 7.3(Aa) shows that the

differential rotation is geostrophic, with contour lines of ūj parallel to the rotation axis and a

prominent prograde jet filling the region outside of the tangent cylinder (the coaxial cylinder



with frame rotation axis and tangential to the inner core of the shell at the equatorial plane),

while within the tangent cylinder, the zonal velocity vanishes. This pattern compares poorly

with the solar profile shown in Figure 7.3(Ab), which is also reflected in Figure 7.3(Ac), where

errors appear across all latitudes.

The inclusion of radially non-uniform profiles of n̄ and k̄ seems to have a negligible effect

on the differential rotation, which retains the structure just described (Figure 7.3B). Somewhat

surprisingly, little further change to the pattern is seen at the moderate value of the Prandtl

number (Pr = 1) in both uniform and non-uniform profiles of n̄ and k̄ (Figure 7.3C,D). At

a large value of the Prandtl number (Pr = 5), the contours of zonal velocity start to deviate

from a cylindrical shape (Figure 7.3(Ea)). The effect is strongly amplified in the case of non-

uniform viscosity and entropy diffusivity (Figure 7.3(Fa)) and assumes a shape very similar

to that of the observed solar rotation profile shown in Figure 7.3(Fb), resulting in vanishingly

small discrepancies at mid latitudes (Figure 7.3(Fc)).

It is notable that in the latter case, differential rotation develops within the tangent cylinder at

high latitudes and in the polar regions. However, the structure of the polar differential rotation

in Figure 7.3(Fa) is more complicated and messier compared to the reference solar rotation

profile in Figure 7.3(Fb). While this structure features a relatively large retrograde polar jet,

similar to the true solar zonal flow, the flow pattern inside the tangent cylinder appears more

disordered and less coherent than expected. Additionally, the magnitude of the zonal flow within

the tangent cylinder, although present, is relatively small compared to the reference profile.

These points are especially evident when examining the error term (Figure 7.3(Fc)), where

the discrepancies between the simulated and true profiles remain low in terms of magnitude,

suggesting that while the flow structure is less organized, the deviations are not significant.
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Figure 7.4: Flow structures of the cases shown in Figure 7.3 and labeled in the same way.
In each group, (a) displays azimuthally averaged meridional circulation in a meridional plane,
(b) displays isocontours of the radial velocity (ur) on the spherical surface at r = 0.5 and (c)
shows poloidal streamlines of the velocity field in the equatorial plane.

We note that comparison in the polar regions is subject to greater uncertainty. Firstly, in simula-

tions, numerical error increases when the distance from the axis of rotation tends toward zero,

which occurs in the polar region. Secondly, the polar regions of the Sun are not in a direct line

of sight, so observational measurements in these regions are less accurate.

In summary, the simulation that produces the most solar-like differential rotation is that de-

scribed in column F of Table 7.1. Details of this simulation are displayed in Figures 7.3F, 7.4F and 7.5F

and discussed further below.
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Figure 7.5: Azimuthally and time-averaged entropy (hSij,t ) for the cases plotted in Figures 7.3
and 7.4 and labeled in the same way, i.e., uniform profiles (A,C,E) and non-uniform profiles
(B,D,F) of viscosity and entropy diffusivity, as well as (A,B) Pr = 0.3, (C,D) Pr = 1 and (E,F)
Pr = 5, with other parameters from Figure 7.4.

7.4 Discussion including further results

7.4.1 Flow structure and thermal wind balance analysis

To delve into the evolving concurrence between observed and measured zonal flows amid non-

uniform viscosity and entropy diffusivity at higher Prandtl numbers, Figure 7.4 offers a com-

prehensive visualization of the remaining fluid flow components for the same simulations refer-

enced in Figure 7.3. Outside the tangent cylinder, convection manifests as rolls aligned with the

rotation axis, resembling properties akin to thermal Rossby waves, drifting progradely in the

azimuthal direction. This convection, minimizing variations in the axis of rotation direction, is

best discerned through equatorial plane streamlines, as depicted in the third and sixth columns

(c) of Figure 7.4. These equatorial cross-sections illustrate the spiral configuration of the con-

vection columns, which gradually diminishes in prominence with increasing Prandtl number

(Pr).

The convection columns extend into the region near the tangent cylinder, which is a vertical

cylinder tangent to the outer surface of the shell at the inner radius. This is evident in the plots of

radial velocity projected onto the spherical surface at the mid-shell (second and fifth columns (b)

of Figure 7.4). A notable effect of non-uniform profiles of viscosity (n̄) and entropy diffusivity



(k̄), in contrast to uniform-profile simulations, is the emergence of predominant convection flow

in the polar regions within the tangent cylinder. Here, with gravity and rotation vectors nearly

parallel, the convection mimics that of a horizontally heated layer rotated about a vertical axis,

modulated by interactions with external convection outside the tangent cylinder.

As observed in relation to Figure 7.3, differential rotation in the polar regions is retrograde,

which tends to alleviate rotational constraints, fostering a feedback loop that bolsters the polar

flow. At the highest Prandtl number (Pr = 5), the polar flows become notably robust and organ-

ized into elongated rolls resembling bicycle wheel spokes, originating from the rotation axis

and gently spiraling in the retrograde direction towards the opposite periphery, counter to the

drift of equatorial structures.

The conspicuous presence of robust and well-structured polar convection suggests an augmen-

ted entropy transport in the polar regions compared to the equatorial regions. To confirm this,

Figure 7.5 depicts the latitude gradient of entropy across all cases discussed in Figures 7.3 and

7.4.

A notable disparity emerges between the uniform cases (Figure 7.5A, C, E) and the non-uniform

cases (Figure 7.5B, D, F), with a break in positive hSij,t from all latitudes to high latitudes. This

finding holds significance as deviations from geostrophic (cylindrical) differential rotations are

known to be accentuated by the presence of non-zero latitudinal entropy gradients [206, 162,

141].

However, as seen in case (F) (non-uniform viscosity/diffusivity, Pr = 5), there is a notable dis-

crepancy between the largest latitudinal entropy gradient (Figure 7.5F) and the weaker zonal

flows shown in Figure 7.3. While thermal wind balance suggests that stronger entropy gradients

should lead to stronger zonal flows, in this case, the large entropy gradients are accompanied



by weaker flows inside the tangent cylinder. This counter-intuitive result can be explained by

the significant convection in the polar regions, which is particularly strong and organized into

structured rolls. These rolls disrupt the development of strong zonal flows by dissipating en-

ergy into vertical motions. Additionally, the retrograde polar jets seen in Figure 7.3 (F(a)) may

counteract the mid-latitude zonal flows, contributing to their reduced strength. The high Prandtl

number and non-uniform profiles also introduce non-linear feedbacks that limit the zonal flow

development, even in the presence of large entropy gradients.

In our simulations, where pressure gradients, Coriolis and buoyancy forces achieve dominant

balance, akin to conditions potentially prevailing in the bulk of the solar convection zone, the

zonal component of the curl of the momentum equation simplifies to the well-known thermal

wind balance [146].

k̂ ·—hujit µ
∂ hSij,t

∂q
, (7.4)

which is a generalisation of the Taylor–Proudman theorem for rotating fluids in the presence of

buoyancy. This relation shows that in or close to an adiabatic state, if ∂ hSij,t/∂q ⇡ 0, then the

rotation profile must be close to cylindrical and when, on the other hand, significant latitudinal

entropy gradients are present. As in the cases of non-uniform viscosity and diffusivity profiles

shown in Figure 7.5, non-cylindrical differential rotation is promoted.

To summarise, the radially non-uniform viscosity and entropy diffusivity profiles allow en-

hanced convection to develop at the poles, resulting in a non-vanishing entropy gradient with

increased latitude. In turn, this helps to produce more solar-like differential rotation according

to Equation (7.4).
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Figure 7.6: Differential rotation as a function of the Rayleigh number and the solar/antisolar
transition. Isocontours of azimuthally averaged zonal velocity (uj ) are plotted for the Rayleigh
number values indicated in the plot at specific moments in time. The rest of the parameter
values are specified in (7.2), with Pr = 0.3 and uniform n̄ and k̄ values.

7.4.2 Secondary aspects to consider

In this initial investigation, our exploration of the model’s behavior within the available para-

meter space was not exhaustive. Our primary emphasis was directed towards the principal novel

enhancements of our model, specifically the incorporation of non-uniform n̄ and k̄ profiles.

Nevertheless, we acknowledge the existence of additional effects and processes that could po-

tentially influence the described outcomes, albeit perhaps in quantitative terms. We briefly dis-

cuss two such considerations here.

Solar–antisolar transition. Firstly, in Figures 7.3–7.5, our discussion was limited to a few cases

featuring an identical but fixed value/profile of the effective Rayleigh number. The Rayleigh

number serves as a gauge of buoyancy’s contribution to the overall force balance within the

system; even when uniform viscosity and entropy diffusivity are assumed, it exerts a significant

influence on convection dynamics. This dependence has been extensively investigated through

linear instability analyses and finite-amplitude simulations under various conditions and ap-

proximations. Noteworthy references to our own studies include [190, 38, 135], while recent

review papers such as [45] offer comprehensive overviews.



Here, we emphasize that as buoyancy-driven forcing increases, an abrupt transition occurs from

prograde solar-like differential rotation to retrograde antisolar differential rotation in the equat-

orial region. Figure 7.6 illustrates this phenomenon across a range of cases with increasing

Rayleigh numbers. This transition, documented since early investigations [79], has recently

garnered attention from researchers exploring solar and stellar convection dynamics [194, 111].

Given buoyancy’s anticipated dominance in the force balance of solar convection, the results

presented earlier for a moderate Rayleigh number may appear transient. However, the critical

Rayleigh number (R) for the transition from solar to antisolar rotation is contingent upon the re-

maining parameter values. For instance, while we observed a transition at Pr = 0.3, as depicted

in Figure 7.6, no such transition was evident at Pr = 1 and Pr = 5. The transition’s occurrence

hinges on factors like the background density stratification parameter (Nr ), which in our simu-

lations notably deviated from estimates for the solar convection zone. Therefore, we posit that

the effects delineated in our work likely persist in regimes characterized by prograde equatorial

rotation.

Another noteworthy observation from Figure 7.6 is that although strong buoyancy-driven con-

vection tends towards turbulent states, it alone fails to induce conical differential rotation. In

fact, both before and after the transition, the rotation remains predominantly geostrophic in the

depicted cases with uniform profiles.

Effects of self-sustained magnetic fields. Until now, we have refrained from discussing the

impacts of self-sustained magnetic fields on convective flow and associated differential rotation.

Figures 7.7 and 7.8 offer a comparison between a non-magnetic convection simulation and a

dynamo solution obtained with identical parameter values, featuring a magnetic Prandtl number

(Pm) of 10 to ensure the persistence of a non-decaying magnetic field. While dynamos with

lower Pm values are included in our table, we selected this simulation because it produces a
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Figure 7.7: Time series of energy densities of the self-sustained dynamo case first shown
in Figure 7.3E (thick lines) against non-magnetic convection under identical parameters (thin
lines labeled E0 in Figure 7.8). (a) Selected kinetic energy densities. The equatorially symmet-
ric components of the mean toroidal (Ēs

t
(red)), fluctuating poloidal (Ěs

p
(green)) and fluctuating

toroidal (Ěs
t

(blue)) energies. (b) Total kinetic energy densities and total magnetic energy dens-
ity for the dynamo case (grey dotted line).

conical differential rotation profile for both uniform and non-uniform cases. The differential

rotation profile becomes more solar-like when non-uniform profiles are considered, making this

simulation particularly relevant for exploring these dynamics. Figure 7.7 specifically presents a

direct comparison of the kinetic energy components between the two cases.

The principal effect of the self-generated and self-sustained magnetic field in the dynamo simu-

lation is a reduction in the kinetic energy component associated with zonal flow—approximately

25% in this instance. This reduction arises because, even in this notably diffusive scenario, the

poloidal components of the magnetic field exhibit a degree of "freezing" in the fluid, opposing

and decelerating zonal jets. Zonal flow, being non-convective in nature, distorts and suppresses

convective motions. Thus, with the magnetic field now impeding zonal flow, the mean and

fluctuating poloidal and toroidal kinetic energies experience slight increases, though not to a

significant extent.
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Figure 7.8: Comparison of a dynamo solution (E) and a non-magnetic convection solution (E0)
under identical parameter values. The dynamo is the same case (E) plotted in Figures 7.3–7.5
and 7.7. The contour plots in (a–c) show the same solution components as those plotted in
(a–c) of Figure 7.4, plus the differential rotation in the left half of (a).

Furthermore, Figure 7.7 underscores the chaotic temporal behavior of the solutions, while Fig-

ure 7.8 provides a side-by-side comparison of the spatial structure between the non-magnetic

and dynamo solutions. Beyond a slight disparity in differential rotation isocontours, which are

marginally more compressed in the non-magnetic scenario, the remaining flow components ap-

pear nearly identical, including dominant azimuthal, radial, and latitudinal wave numbers and

typical length scales. Consequently, we deduce that the self-sustained magnetic field does not

substantially alter convective and zonal flows. We have observed this behavior in other simu-

lations as well, where the magnetic field, despite being non-decaying, does not substantially

alter the overall flow dynamics due to the relatively minor role of the Lorentz force. These solu-

tions are arguably not strong-field solutions, as the Lorentz force plays only a minor role in

shaping the dynamics. This could be attributed to the relatively weak magnetic field strength in
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Figure 7.9: Magnetic field components of the dynamo solution (E) of Figure 7.8. (a) Toroidal
and poloidal field strength in the meridional plane to the left and right, respectively. (b) Radial
magnetic field continued slightly above the shell surface (Br(r = 1.2)) (c) Field lines in a plane
at a constant latitude of q = 30�, parallel to the equator.

these simulations, which does not significantly impact the flow structure. Additionally, Figure

7.9 illustrates the morphology of the generated magnetic field. The dynamo solution exhibits a

prevailing dipolar symmetry in the polar regions, featuring extensive patches of magnetic field

with opposite polarity situated at the north and south "caps" of the spherical shell, which persist

over time. These polar magnetic fluxes are also evident in azimuthally averaged toroidal and

poloidal field lines plotted in the meridional plane. In the vicinity of the equatorial plane up to

mid latitudes, the magnetic field adopts a more complex quadrupolar symmetry, characterized

by magnetic field patches of the same polarity across the equatorial plane. These quadrupolar

patches predominantly exhibit an azimuthal wave number (m = 3) and undergo longitudinal

drifts and latitudinal oscillations.

While this model does not precisely replicate the solar dynamo, notable similarities exist, such

as the overall dipolar structure, indications of cyclicity and active longitudes, reminiscent of

those observed on the Sun [215]. The oscillation period is directly linked to the amplitude of

the differential rotation [32].



In the case of non-uniform simulations, the magnetic field strength is relatively weak, and thus,

we cannot definitively claim its effect on the differential rotation profile. In future research, we

plan to explore parameter spaces where the magnetic field is strong enough in the non-uniform

case to allow us to assess its impact on the differential rotation profile. However, in the uniform

case, we observed that the magnetic field did not significantly alter the differential rotation

profile, while non-uniform diffusivity profiles did help to produce solar-like rotation profiles.

When we initially ran the simulations, we did not anticipate that the magnetic field strength

would be so weak in the non-uniform cases. As a result, further investigation is needed to

understand the role of the magnetic field on differential rotation. If the magnetic field indeed has

no substantial effect on the differential rotation profile, future studies could focus on differential

rotation in purely hydrodynamic (HD) simulations. Additionally, it is important to note that in

these simulations, we did not use a radially dependent resistivity profile, as explored by [106],

but this could be another avenue for future investigation.

7.5 Concluding remarks

In this study, we embarked on an initial exploration of the effects of non-uniform viscosity and

entropy diffusivity on the differential rotation engendered by convection in rotating spherical

shells. Our objective was to address the so-called convective conundrum, wherein many models

of the solar dynamo fail to faithfully replicate the solar differential rotation profile as measured

through helioseismology. Our approach centered on probing a select yet illustrative portion

of the parameter space to establish a correlation between non-uniform viscosity and entropy

diffusivity and differential rotation.



By maintaining all parameter values constant except for the Prandtl number and Magnetic

Prandtl number, our primary finding indicates that Prandtl numbers slightly exceeding unity

(Pr = 5 in our case) yield a differential rotation profile markedly more aligned with observed

profiles compared to cases with lower Prandtl numbers or uniform profiles of viscosity and

entropy diffusivity. While agreement is notable from the equatorial region up to mid latitudes,

discrepancies persist towards the poles, where both simulations and observations exhibit lesser

precision.

For non-uniform viscosity and entropy diffusivity profiles, the differential rotation profile is

intricately linked to the presence of heightened convection at the poles for higher Pr values. El-

evated entropy levels at the poles induce a non-trivial entropy gradient in q , pivotal in disrupting

the Taylor–Proudman state through the thermal wind balance. Consequently, conical rather than

cylindrical profiles of differential rotation are favored in the presence of sufficiently pronounced

radially non-uniform viscosity and entropy diffusivity profiles. Notably, spherically symmetric

radial non-uniformity can instigate latitudinal non-uniformity, developing self-consistently—an

observation contrasting with prior studies [142].

The finding is that a large Prandtl number unexpectedly improves agreement with observations

is noteworthy. While solar values of Pr are anticipated to be minuscule based on molecular

estimates [218], turbulent mixing suggests values around unity. This apparent agreement may

stem, in part, from the specific region of parameter space examined, tailored to capture the

presumed force balance in the solar convection zone while ensuring computational feasibility.

Notably, the high Pr results may suggest a distinct approach to navigating the relevant parameter

regime, focusing on maintaining appropriate force balances, similar to the strategies employed

in analogous studies of the geodynamo [210, 151]. This perspective highlights the potential for

more effective exploration of parameter space, allowing for the identification of conditions that

yield solar-like dynamics.



Our results underscore the possibility of achieving solar-like differential rotation in simula-

tions, laying a strong foundation for comprehensive parameter sweeps encompassing both fun-

damental non-dimensional parameters and profiles of non-uniform viscosity and entropy diffus-

ivity. This avenue promises deeper insights into the interplay between differential rotation and

the dynamo mechanism, warranting further investigation.



Chapter 8

Conclusion

In this thesis, we have explored the dynamics of convection-driven dynamos in rotating spher-

ical shells, addressing fundamental questions that deepen our understanding of celestial dynam-

ics:

• Investigating the relative importance of the helicity and cross-helicity electromotive dy-

namo effects for self-sustained magnetic field generation by chaotic thermal convection

in rotating spherical shells as a function of shell thickness. This research has deepened the

understanding of the Earth’s geodynamo and the solar dynamo by elucidating the roles

of helicity and cross-helicity effects in these systems. Specifically, it has highlighted how

the thicker convective shell in Earth’s outer fluid layer promotes large-scale columnar

structures and helicity generation, contributing to the dominant, rarely reversing dipole.

Conversely, the thinner convection zone in the Sun leads to less regular vorticity struc-

tures, making the cross-helicity effect more significant and resulting in a regular periodic

cycle. This distinction, along with the exploration of bistability and its impact on mag-

netic field polarity reversals, provides new insights into the different dynamo mechanisms

at play in these celestial bodies.
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• Exploring the behavior of global magnetic helicity in self-consistent spherical dynamos,

revealing insights into how it describes the linkage between poloidal and toroidal mag-

netic fields. The study also highlights the potential implications for understanding global

magnetic field reversals, particularly in the context of maintaining the preferred state of

this linkage during such events.

• Analyzing the impact of radially non-uniform viscosity and entropy diffusivity on dif-

ferential rotation and convective flow patterns in density-stratified rotating spherical fluid

shells, highlighting their role in deviating from observed solar differential rotation geo-

strophy and addressing the convection conundrum in solar physics.

These findings collectively advance our understanding of celestial dynamics and provide a

foundation for future research aimed at unraveling the complexities of geophysical and as-

trophysical processes. Chapters 5, 6, and 7 each examine distinct phenomena and their im-

plications. This concluding chapter synthesizes the key findings from these investigations and

suggests directions for future research.

8.1 Summary of findings

8.1.1 Effects of shell thickness on cross-helicity generation in convection-

driven spherical dynamos (Chapter 5)

Thermal convection, influenced by rotation, is widespread in celestial bodies’ interiors and at-

mospheres, often involving plasmas or metals. This vigorous convection leads to large-scale

electric currents and generates the magnetic fields typical of these cosmic objects. In Chapter 5,

we discussed the relative importance of helicity (a-effect) and cross-helicity (g-effect) effects in



mean-field dynamo theory for magnetic field generation and amplification. The study includes

over 40 detailed numerical simulations of self-sustained dynamos, driven by thermal convection

in rotating spherical fluid shells with varying thickness ratios, using the Boussinesq approxim-

ation for nonlinear magnetohydrodynamic equations with stress-free boundary conditions. The

key findings are as follows:

1. Critical parameter values for onset of convection. We numerically determined the critical

values for the onset of convection as a function of the shell radius ratio (h). These results show

that as the shell thickness decreases, the critical Rayleigh number and critical frequency for

the onset of thermal convection also decrease, while the critical wave number increases. De-

termining these critical values is essential because variations in shell thickness directly impact

the dynamics of thermal convection. By establishing these parameters, we ensure that our sim-

ulations accurately capture the transition from non-conductive to conductive behavior across

different shell thicknesses. These findings align well with theoretical predictions and provide

essential insights into the behavior of convection in rotating spherical shells, which is crucial

for accurately modelling the geodynamo and solar dynamo.

2. Bistability and coexistence of dynamo attractors. Our simulations revealed the coex-

istence of two distinct dynamo attractors—mean-field dipolar (MD) and fluctuating dipolar

(FD)—across a range of shell thicknesses (h 2 [0.25,0.6]). This finding demonstrates that mul-

tiple dynamo states can exist within the same physical system, leading to different magnetic

field configurations based on initial conditions. Since this range corresponds to where most ce-

lestial dynamos operate, this result is significant as it suggests that the observed magnetic field

morphologies of celestial bodies may be dependent on the initial state of the dynamo.



3. Spatial distributions and temporal behavior of electromotive effects. We examined the

spatial distributions and time-averaged values of turbulent helicity and cross-helicity electro-

motive force (EMF) effects. Our findings reveal that in the fluctuating dipolar dynamo regime,

the helicity a-effect and the cross-helicity g-effect exhibit comparable intensities, with their ra-

tio showing little variation across different shell thicknesses. In contrast, within the mean-field

dipolar dynamo regime, the helicity a-effect predominates by roughly two orders of magnitude

and strengthens as the shell thickness decreases. This highlights the differential roles of these

effects in various dynamo regimes.

4. Insights into dynamo mechanisms in solar, stellar and geodynamo systems. Our findings

suggest that both dynamo mechanisms play crucial roles in generating the global magnetic field

of the Sun, given its fluctuating dipolar nature. Additionally, we observe that the cross-helicity

effect could be significant in elucidating dynamo mechanisms in stellar systems. These stellar

dynamos may also exhibit a fluctuating dipolar type, differing notably from the solar dynamo,

where large-scale magnetic structures may dominate predominantly in one hemisphere.

Given that the geodynamo operates as a mean-field dipolar system, our findings suggest that

the helicity effect is particularly notable in this context. Our results indicate that this effect

strengthens as the inner solid core expands due to iron freezing. Recent simulations of the geo-

dynamo, focusing on inner core nucleation and growth, highlight distinct phases: earlier stages

exhibit weak thermal convection, low magnetic intensity, and non-dipolar field shapes, while

later stages show a stronger axial dipole morphology with increasing inner core size. Simil-

arly, our research reveals that fluctuating dipole (FD) and multipolar dynamos occur when the

shell radius ratio (h) is less than 0.25. Notably, our FD solutions, despite having lower mag-

netic field intensity compared to corresponding mean-dipole (MD) dynamos, exhibit vigorous

convection and can be characterized as strong-field dynamos. Moreover, we observe that for h

greater than 0.25, both MD and FD dynamos coexist, a discrepancy possibly stemming from



significant variations in thermal and velocity boundary conditions between our model and those

used in previous studies. It’s crucial to note that while parameters in earlier studies are influ-

enced by thermochemical evolution models and vary with inner core size, our study maintains

fixed parameter values aside from h .

Future directions. In future research, exploring the helicity and cross-helicity effects using

the broader anelastic approximation of the governing equations could provide deeper insights.

Additionally, there is a need to investigate how the dynamic balance among the components of

the electromotive force influences various aspects of dynamo behavior, such as the transition

between mean-dipole MD and fluctuating dipole FD dynamos. Addressing these questions will

enhance our understanding of dynamo mechanisms across different celestial bodies and their

magnetic field generation processes.

8.1.2 A study of global magnetic helicity in self-consistent spherical dy-

namos (Chapter 6)

In Chapter 6, we discussed three dynamo solutions within rotating spherical shells to investig-

ate the behavior of magnetic helicity. We adopted a well-established Boussinesq MHD model

for convection-driven dynamos in rotating spherical shells and examined dynamo solutions

of increasing complexity: steady (Case 1), periodically-reversing (Case 2), and aperiodically-

reversing (Case 3). Although magnetic helicity is not conserved in the latter two cases, it still

provides crucial information about the magnetic field in all scenarios. Our findings demonstrate

that magnetic helicity effectively describes the linkage between toroidal and poloidal magnetic

fields. For the cases involving reversals, we detailed how magnetic helicity correlates with the

reversal of both poloidal and toroidal magnetic fields, showing that variations in the surface

magnetic helicity density can signal the onset of reversals. The key findings are as follows:



1. Magnetic helicity and reversals. Magnetic helicity is not strictly conserved in the simula-

tions studied, thus reversals cannot be causally linked to magnetic helicity. The results suggest

preferred states of global magnetic linkage for specific dynamo solutions. When the dynamo

deviates from these states, it can return through a global reversal. Magnetic helicity, even if not

causing reversals, serves as a clear indicator of the global poloidal-toroidal linkage associated

with reversals. Surface maps of magnetic helicity density, which can be measured in stellar ob-

servations, indicate the onset of reversals. This finding is robust across dynamo solutions with

varying reversal mechanisms.

2. Comparison with mean-field models: The main focus of magnetic helicity in dynamos

has been its role in the a-effect in mean-field models, assuming a scale separation of mag-

netic helicity. The simulations focus mainly on large-scale magnetic helicity, which alone is not

conserved, aligning qualitatively with some mean-field study results. In a Babcock-Leighton

a-effect based dynamo model, helicities tend to be opposite of the preferred hemispheric trends

at the start of cycles, with temporary changes in the helicity hemisphere pattern observed in

actual observations.

3. Hemispheric imbalances. The interpretation of the results in terms of "preferred" states of

linkage offers a new perspective on the origin of the hemisphere rule of magnetic helicity. The

findings suggest that imbalances in this rule can arise from changes in the linkage of large-scale

fields, which are larger than the small-scale fields considered in mean-field models. Further

research is needed in this area, but understanding helicity in terms of toroidal/poloidal linkage

could help refine existing mean-field models that aim to explain hemisphere imbalances.



Future directions. In future research, to achieve a closer comparison with solar models and ob-

servations, transitioning from Boussinesq MHD to studying global magnetic helicity in anelastic

models is recommended. This approach will allow for more accurate replication of solar para-

meters and those of other specific stars.

8.1.3 Differential rotation in convecting spherical shells with non-uniform

viscosity and entropy diffusivity (Chapter 7)

In Chapter 7, we have conducted an initial exploration of the impact of non-uniform viscosity

and entropy diffusivity on differential rotation generated by convection in rotating spherical

shells. Our investigation aimed to address the "convective conundrum," where many models

of the solar dynamo struggle to accurately reproduce the observed profile of solar differential

rotation measured using helioseismology. The key findings are as follows:

1. Impact of Prandtl number. We focused on a specific region of the parameter space and

found that higher values of the Prandtl number (Pr = 5) significantly improve the agreement

of the differential rotation profile with observational data from the equatorial region up to mid-

latitudes. However, discrepancies persist towards the poles, where both simulations and obser-

vations exhibit lower accuracy.



2. Role of non-uniform profiles. For simulations utilizing non-uniform viscosity and entropy

diffusivity profiles, we observed that stronger convection at the poles for higher Prandtl num-

bers led to an increased entropy gradient in latitude q . This gradient played a critical role in

disrupting the Taylor–Proudman state, favoring conical rather than cylindrical profiles of differ-

ential rotation. This development occurred self-consistently due to spherically symmetric radial

non-uniformity, contrasting with previous simulations that required imposed latitudinal entropy

gradients

3. Surprising influence of Prandtl number on differential rotation. It is somewhat surpris-

ing that a large value of the Prandtl number leads to better agreement with observations. While

the Prandtl number in the Sun is expected to be very small based on molecular estimates, tur-

bulent mixing suggests values around unity. This agreement may partly result from the chosen

parameter space, aimed at capturing the presumed force balance in the solar convection zone,

highlighting the importance of accurate force balances over strict adherence to estimated para-

meter values.

Future directions. The finding that a higher Prandtl number improves agreement with ob-

served differential rotation raises intriguing questions about the role of turbulence and mixing

in solar convection zones. Future research should explore a broader range of fundamental non-

dimensional parameters and non-uniform viscosity/entropy diffusivity profiles. This exploration

will deepen our understanding of how differential rotation influences the dynamo mechanism

responsible for solar magnetic fields.

Moreover, extending parameter sweeps beyond the confines of this initial study could elucidate

additional nuances in the relationship between fluid dynamics and magnetic field generation.

Investigating the detailed balance of angular momentum transport mechanisms, particularly

how processes such as meridional circulation, Reynolds stress, Maxwell stress, mean magnetic



fields, and viscous diffusion contribute to the Sun’s angular momentum evolution, will be crucial

(as discussed in Chapter 2, section 2.2.1). Such efforts may reveal further insights into the

complex interplay between convection, differential rotation, and magnetic field dynamics in

both solar and stellar contexts.

8.2 Closing remarks

In this thesis, we have significantly deepened our understanding of the dynamics of convection-

driven dynamos in rotating spherical shells. Through detailed investigation, we have uncovered

important aspects of how magnetic fields are generated and maintained in celestial bodies, such

as the Earth and the Sun.

Our exploration of the helicity and cross-helicity effects has provided new insights into the

mechanisms that contribute to the stability or periodicity of magnetic fields in these systems.

We have shown that the Earth’s thicker convective shell favors large-scale, stable magnetic

structures, while the Sun’s thinner convection zone leads to more chaotic flows, influencing its

regular magnetic cycle.

Moreover, by examining global magnetic helicity, we have shed light on the intricate relation-

ship between poloidal and toroidal fields, offering a new perspective on how reversals of the

global magnetic field may occur. The interplay between these fields points to deeper mechan-

isms that govern magnetic polarity changes, potentially observable at the surface of stars like

the Sun.



Additionally, our analysis of the effects of non-uniform viscosity and entropy diffusivity has

revealed important deviations from the expected solar differential rotation, addressing long-

standing challenges such as the ’convection conundrum.’ This work contributes to bridging the

gap between theoretical models and observed astrophysical phenomena.

Collectively, these findings not only enhance our understanding of geophysical and astrophys-

ical dynamos but also lay a strong foundation for future research. As we continue to unravel

the complexities of celestial magnetic fields and fluid dynamics, the insights gained from this

work will serve as a stepping stone for future studies aimed at decoding the behavior of dynamo

processes in diverse astrophysical contexts.
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