
 
 
 
 
 
 
 
 
Hume, Jeremy B. (2025) The K-theory of the C∗-algebras associated to 
complex dynamical systems. PhD thesis 
 
https://theses.gla.ac.uk/85456/ 
  
  
 

Copyright and moral rights for this work are retained by the author 

A copy can be downloaded for personal non-commercial research or 
study, without prior permission or charge 

This work cannot be reproduced or quoted extensively from without 
first obtaining permission from the author 

The content must not be changed in any way or sold commercially in 
any format or medium without the formal permission of the author 

When referring to this work, full bibliographic details including the 
author, title, awarding institution and date of the thesis must be given 

 
 
 
 
 
 

Enlighten: Theses 
https://theses.gla.ac.uk/ 

research-enlighten@glasgow.ac.uk 

https://theses.gla.ac.uk/85456/
mailto:research-enlighten@glasgow.ac.uk


The K-theory of the C∗-algebras associated to complex

dynamical systems

Jeremy B. Hume

Submitted in fulfilment of the requirements for the
Degree of Doctor of Philosophy

School of Mathematics and Statistics
College of Science and Engineering

University of Glasgow

September 2024



Abstract

We compute the K-theory of the three C∗-algebras associated to a rational function R acting
on the Riemann sphere, its Fatou set, and its Julia set. The latter C∗-algebra is a unital
UCT Kirchberg algebra and is thus classified by its K-theory. The K-theory in all three cases
is shown to depend only on the degree of R, the critical points of R, and the Fatou cycles
of R. Our results yield new dynamical invariants for rational functions and a C∗-algebraic
interpretation of the Density of Hyperbolicity Conjecture for quadratic polynomials. These
calculations are possible due to new exact sequences in K-theory we induce from morphisms
of C∗-correspondences.
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Chapter 1

Introduction

A rational function R(z) = P (z)
Q(z)

, where P (z), Q(z) are polynomials with complex co-efficients,
can be thought of as a holomorphic map on the Riemann sphere Ĉ = C ∪ {∞}. We will
assume the degree of R is larger than one, so that R is not a homeomorphism or a constant.
R : Ĉ → Ĉ can be studied as a dynamical system by considering its forward iterations
{R◦n}n∈N0 by function composition.

Complex dynamical systems have been studied since the 19th century, and we invite the
reader to [1] and [2] for historical overviews. The modern theory was developed in the 1920’s,
primarily by Fatou [21] and Julia [24], with contributions from Lattés [35] and Ritt [51]. The
standard reference for the modern theory is [39].

Fatou and Julia made the fundamental observation that the sphere partitions into two
R-invariant domains exhibiting wildly different dynamical phenomena. The first such domain
is the Fatou set FR, where the dynamics is regular. Remarkably, every connected component
of FR is eventually mapped by R into a finite cycle of Fatou components, and there can
only be four different types of behaviour of R when restricted to a Fatou cycle (see [39,
Theorem 16.1]).

The complement of FR in Ĉ is the Julia set and is denoted JR. This set is always
non-empty ( [39, Theorem 14.1]) and the dynamics restricted to JR behaves chaotically
( [39, Corollary 14.2]). There is no corresponding classification of the possible behaviours for
R : JR → JR, and these systems are notoriously hard to understand for seemingly simple
families of rational functions.

An approach to understanding a dynamical system is to study its space of orbits. One
quickly runs into trouble when trying to do this for a rational function R : JR → JR, as each
orbit O(x) = {y ∈ JR : ∃ n,m ∈ N : R◦n(x) = R◦m(y)} is dense in JR and thus the space of
orbits OR,JR is highly singular and contains little information. This is a common occurence
for a dynamical system.
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CHAPTER 1. INTRODUCTION 2

An insight from Connes’ non-commutative geometry program [14] is to instead consider
the “non-commutative” orbit space of a dynamical system, which is a C∗-algebra constructed
from the dual action of the dynamical system, acting on the continuous complex-valued
functions of its phase space. In general, the C∗-algebra of a dynamical system is well behaved,
and whenever the orbit space is well behaved it is the same (up to strong Morita equivalence)
as the C∗-algebra of continuous functions on the orbit space (see [57, Chapter 4]).

Kajiwara and Watatani in [28] were the first to study the C∗-algebra OR,JR of a rational
function R : JR → JR. They proved in [28] that OR,JR are unital UCT Kirchberg algebras and
are therefore classified up to *-isomorphism (homeomorphism of non-commutative spaces)
by their K-theory and the class of the unit in K0 by the Kirchberg-Phillips Theorem [46].
Calculating the K-theory of OR,JR is therefore of fundamental importance in understanding
these C∗-algebras.

Kajiwara and Watatani in [28] computed the K-theory of several examples of C∗-algebras
associated to rational functions using special identifications of their dynamics and topology
of their Julia sets, but they did not present a general method for calculation. Nekrashevych
in [44] computed the K-theory of OR,JR in the case that R is hyperbolic and post-critically
finite. While these are very interesting examples, there are only countably many distinct
conjugacy classes of such R and they do not capture all of the diverse behaviour of rational
dynamics. Moreover, the method Nekrashevych employs to calculate the K-theory does not
extend past his example class, so new techniques must be developed.

In this thesis, we calculate the K-theory of OR,JR for a general rational function using
an entirely different approach. We also calculate the K-theory of the C∗-algebras associated
to the dynamics of R on Ĉ (OR,Ĉ) and on FR (OR,FR

). A corollary is that, for polynomials
of a fixed degree, there are only finitely many isomorphism classes of the C∗-algebras OR,JR

and two such C∗-algebras are isomorphic if and only if their corresponding rational functions
have the same number of critical points inside their Julia sets and have the same number of
Fatou cycles. In general, we express the K-theory of OR,JR in terms of the Fatou cycles and
the kernel and co-kernel of a matrix associated to the oriented Herman cycles of R (a type
of Fatou cycle) and the location of its critical points relative to these orientations. A new
result from our calculations is that these kernel and co-kernel groups, as well as the Fatou
cycle length data of R, are invariants for the topological conjugacy class of R restricted to
its Julia set.

Our approach is to study a category Cor where the objects are C∗-correspondences and
the morphisms are “intertwiners” between C∗-corrrespondences. A special sub-category of
Cor has been studied by a number of authors, see for instance [38, Section 2.4] and the
references therein. To a correspondence one can always associate a class in a KK0 group.
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We show for the first time this association is functorial. We are also the first to study
exactness in this category and its KK-theoretic consequences. Our main tools in calculating
the K-theory of these algebras are derived from these consequences.

Out of all families of rational functions, the quadratic family fc(z) = z2 + c, c in C, has
been studied the most extensively. By the work of Douady and Hubbard [18], we know that
there is a deep relationship between the dynamical properties of fc and the location of the
parameter c relative to the Mandelbrot set M ⊆ C. For instance, by [18, Proposition 11(b)],
the set of parameters c for which fc is structurally stable on its Julia set (or J-stable) is
precisely C \ ∂M. One of the most important conjectures of complex dynamics is that
J-stability of fc is equivalent to hyperbolicity of fc. This conjecture is equivalent to the
conjecture that hyperbolic quadratics are dense. See [36, p. 201] for a brief discussion of the
importance of this conjecture or [37], [9] for surveys on progress made so far.

We specialize our K-theory calculations to the case of the quadratics and show there
are only four isomorphism types of C∗-algebras, and the isomorphism type is dependent on
the location of 0 relative to the filled Julia set Kc of fc. A consequence of this is that the
Density of Hyperbolicity Conjecture is equivalent to the density of quadratics with a certain
C∗-algebra.

1.1 Statement of Results

1.1.1 K-theory of OR,Ĉ

The C∗-algebra OR,Ĉ of a rational function R : Ĉ → Ĉ is the Exel crossed product of C(Ĉ)
by the endomorphism R∗ : C(Ĉ) → C(Ĉ) and the transfer operator Φ, defined for f in C(Ĉ)
as

Φ(f)(z) =
∑

w:R(w)=z

indR(w)f(w), z in Ĉ,

where indR(w) is the (positive) local winding number of R : Ĉ → Ĉ about w. The weightings
indR are required so that Φ maps continuous functions to continuous functions. Kajiwara
and Watatani first define OR,Ĉ as the Cuntz-Pimsner algebra of the natural bi-module ER,Ĉ
associated to R∗ and Φ, but these are equivalent constructions ( [28, Proposition 3.2]). The
C∗-algebras OR,X for X = FR, JR are defined similarly and were also first studied in [28].

Our first new result is the calculation of the K-theory of OR,Ĉ. For each X = FR, Ĉ, JR,
we shall denote by CR,X the critical points {c ∈ X : indR(c) > 1}. These are finite sets.
Denote |CR,X | = cR,X .

Theorem 1 (5.0.3). Let R be a rational function of degree d > 1. Then, K0(OR,Ĉ) ≃ ZcR,Ĉ+1,
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with the class of the unit corresponding to a generator in a minimal generating set for ZcR,Ĉ+1,
and K1(OR,Ĉ) ≃ Z.

There are rational functions with JR = Ĉ. Some examples are considered by Lattès
in [35], and Rees showed in [50] there is a “positive measure” subset of rational functions
which have JR = Ĉ. Thus, we have already determined the K-theory of OR,JR for a large
class of examples.

1.1.2 K-theory of OR,FR

Our second new result we present is the K-theory of OR,FR
. The Fatou set FR is the maximal

open set U such that the iterates {R◦n|U}n∈N are pre-compact in the compact-open topology
on C(U, Ĉ). It can be shown to be totally invariant in the sense that R−1(FR) = FR (see
[39, Lemma 4.3]). For this reason, OR,FR

is an ideal of OR,Ĉ. A maximal connected component
U of FR is called a Fatou component. It is clear that R maps any Fatou component onto
another such component. A finite collection P of Fatou components is a Fatou cycle if we
can write P = {U1, ..., Un}, where Ui ̸= Uj for all i ̸= j and R(Ui) = Ui+1 for all i ≤ n, with
indices taken modulo n. We will denote the set of Fatou cycles of R by FR.

By [54, Corollary 2], FR must be a finite set. By [56, Theorem 1], every Fatou component
is eventually mapped onto an element in a Fatou cycle. Moreover, a Fatou cycle P is either
an

(1) attracting cycle: for every U in P , {R◦nk : U → U}k∈N converges on compact sets to
an attracting fixed point in U ,

(2) parabolic cycle: for every U in P , {R◦nk : U → U}n∈N converges on compact sets to a
parabolic (see [39, Section 10]) fixed point in ∂U ,

(3) Siegel cycle: for every U in P , R◦n : U → U is conformally conjugate to an irrational
rotation on D, or

(4) Herman cycle: for every U in P , R◦n : U → U is conformally conjugate to an irrational
rotation on Ar = {z ∈ C : 1 < |z| < r} for some r > 1.

See [39, Theorem 16.1] for a proof of this fact. This is known as the Fatou-Julia-Sullivan
classification of Fatou components, as it was proven in part by Fatou and Julia, and finished
by Sullivan in [56] after he adapted the techniques of Kleinian group theory to the study of
complex dynamical systems.
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We shall denote the set of Herman cycles for R by HR. They play a very special role
in the groups for R : FR → FR and R : JR → JR, as we shall see. Denote fR = |FR| and
hR = |HR|.

Theorem 2 (6.0.6). Let R be a rational function of degree d > 1. Then, K0(OR,FR
) ≃

ZcR,FR
+fR+hR and K1(OR,FR

) ≃ ZfR+hR.

The proof uses the classification of Fatou components in an essential way. The Herman
cycles are counted twice due to the non-triviality of K−1 of an annulus. In all other cycle
types, any compact subset of the cycle will be eventually mapped into an “attractor” with
trivial K−1 (see Corollary 2.5.17).

1.1.3 K-theory of OR,JR

Our third new and most important result is the K-theory of OR,JR . The Julia set JR is the
complement of the Fatou set. It is a compact uncountable subset of Ĉ with no isolated points
and is either the entire Riemann sphere, or it has no interior. Moreover, repelling periodic
points of R are dense in JR, and for every open set V ⊆ JR, there is some number n such that
R◦n(V ) = JR; see [39, Theorem 14.1] and [39, Corollary 14.2] for proofs of these assertions.
Thus, the dynamics restricted to JR behaves chaotically. The above dynamical properties
also imply OR,JR is purely infinite and simple (see [28, Theorem 3.8]). For further properties
of these algebras, see [23], [29] and [22].

We now present the K-theory of OR,JR . Let Q be a Herman cycle of length n and
U a Fatou component in Q. By [39, Lemma 15.7] the boundary of U has two connected
components. We orient Q by first choosing a boundary component ∂+U of ∂U . We then
orient every other element V in Q (choosing a component ∂+V of ∂V ) by declaring R to be
orientation preserving on Q, in the sense that ∂+R◦i(U) = R◦i(∂+U) for every i ≤ n. Since
R◦n : U → U is conjugate to an irrational rotation, it is homotopic to the identity. Therefore,
R◦n(∂+U) = ∂+U and thus the orientation given to Q is well defined. Note also that there
are only two possible orientations on Q defined in this way. We call Q with such a choice of
orientation an oriented Herman cycle.

We will assume now that all of our Herman cycles in HR are oriented. For x in JR

and Q in HR, we will let HQ(x) be the number of Fatou components U in Q for which
x is in the connected component of Ĉ \ U containing ∂+U . The function HQ : JR → Z
is continuous and satisfies the property that HQ − Φ(HQ) is constant (Corollary 7.0.6).
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Moreover, one can show {HQ}Q∈HR
∪ {1JR} are linear independent over Z and generate the

subgroup {f ∈ C(JR,Z) : f − Φ(f) is constant} (Proposition 7.0.7).
We let HR be the following matrix with rows indexed by elements in CR,JR ∪ {u} and

columns indexed by HR ∪ {u} (u is an extra index we must add):

• (HR)c,Q = HQ(c) for all c in CR,JR and Q in HR,

• (HR)c,u = 1, for all c in CR,JR ,

• (HR)u,Q = Φ(HQ)−HQ, for all Q in HR, and

• (HR)u,u = deg(R)− 1.

HR determines a group homomorphism HR : Z[HR ∪ {u}] → Z[CR,JR ∪ {u}]. Denote by ωR
the greatest common divisor of the Fatou cycle lengths {|P |}P∈FR

. If FR = ∅, then we set
ωR = 1.

Theorem 3 (7.0.9). Let R be a rational function of degree d > 1. Then, K1(OR,JR) ≃
ker(HR)⊕Z/ωRZ⊕Z|fR−1| and K0(OR,JR) ≃ co-ker(HR)⊕Z|fR+hR−1|, with class of the unit
corresponding to the class of u in co-ker(HR).

Interestingly, the matrix HR, its kernel, or its co-kernel do not appear anywhere in the
complex dynamics literature. Since these two groups are invariants for the topological con-
jugacy class of R : JR → JR (see Corollary 8.1.3), it would be worthwhile to compare it with
other invariant combinatorial objects of R constructed from oriented Herman cycles, like its
Shishikura tree [55].

When HR = ∅ (which happens, for instance, for all polynomials), we have ker(HR) = 0

and co-ker(HR) ≃ ZcR,JR if CR,JR ̸= ∅ and co-ker(HR) ≃ Z/(d−1)Z otherwise, where d is the
degree of R. In the first case, the class of the unit corresponds to a generator in a minimal
generating set for ZcR,JR , while in the second case the unit generates Z/(d− 1)Z.

Nekrashevych in [44, Theorem 6.6] computed the K-theory of OR,JR in the special case
that R is hyperbolic and post-critically finite. This just means that every critical point is
eventually mapped to an attracting periodic orbit. There are only countably many distinct
conjugacy classes of such R by Thurston’s Rigidity Theorem (see [8, Theorem 2.2]), and
for quadratic polynomials there are only two: the class of z2 and of z2 − 1. With the extra
structure afforded to such a rational function, Nekrashevych constructs a descending sequence
of approximations (Cn)n∈N of the Julia set, each with manageable K-theory, computes the
K-theory for R : Cn+1 → Cn, then takes a limit as n approaches ∞ to get the K-theory
for OR,JR . We remark that this approximation method is not viable in general, due to the
fact that the Fatou set can be more complicated (the components may no longer be simply
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connected, and all four of the cycle types might appear, not just attractors). We review our
method and our main results on the C∗-correspondence category in Section 1.2.

Since a polynomial R always has an attracting cycle of length 1 at ∞, we always have
fR ≥ 1 and ωR = 1. We therefore have a simple characterization for when two polynomials
have isomorphic C∗-algebras:

Theorem 4 (8.2.2). Let R and S be non-linear polynomials. Then, OR,JR is isomorphic to
OS,JS if and only if either

• cR,JR = cS,JS = 0, deg(R) = deg(S), and fR = fS, or

• cR,JR = cS,JS ̸= 0 and fR = fS.

1.1.4 Applications

Now, we present applications. By the Fatou cycle length data of R we shall mean the tuple
LR = (|P |)P∈FR

, where the entries are ordered in non-decreasing order. Similarly, we define
the Herman cycle length data of R to be the tuple TR = (|Q|)Q∈HR

.

Corollary 5 (8.1.2). Let R and S be rational functions. If R and S are topologically
conjugate on their Julia sets, then LR = LS and TR = TS.

It is interesting that data from the dynamics of R on its Fatou set is an invariant for its
dynamics on the Julia set - this result reflects the rigid nature of rational dynamics. The
above corollary is proven by observing that if R and S are conjugate on their Julia sets,
then R◦n and S◦n are conjugate on their Julia sets, for all n ∈ N, and so our calculations in
Chapter 7 imply fR◦n = fS◦n and hR◦n = hS◦n . By a lemma concerning elementary number
theory (Lemma 8.1.1), these sequences of numbers are equal if and only if LR = LS and
TR = TS. It is not clear how this result would be proven using a dynamical argument.

We now provide a more detailed description of the K-theory for a quadratic polynomial.
Every quadratic polynomial is conjugate to one of the form fc(z) = z2 + c, z in Ĉ, for some
c in C. Note that its only critical points are 0 and ∞, with ∞ being a super-attracting fixed
point inside the Fatou set. Denote Jfc = Jc and Ofc,Jc = Oc,J . Define the filled Julia set of
fc to be the points z for which the orbit {f ◦n

c (z)}n∈N is bounded in C and denote this set Kc.
It can be shown that ∂Kc = Jc and that Kc is the union of Jc along with the bounded Fatou
components of fc (see [39, Lemma 9.4]).

Corollary 6 (8.2.4). There are four isomorphism types for Oc,J , dependent on the location
of 0 relative to the filled Julia set.
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Case 0 (0 /∈ Kc) : Then, K1(Oc,J) = K0(Oc,J) = 0.

Case 1 (0 ∈ int(Kc)) : Then, K1(Oc,J) ≃ K0(Oc,J) ≃ Z and [1Jc ] = 0.

Case 2 (0 ∈ ∂Kc = Jc, int(Kc) ̸= ∅) : Then K1(Oc,J) ≃ Z, K0(Oc,J) ≃ Z2 and [1Jc ] is
a generator in a minimal generating set for Z2.

Case 3 (0 ∈ ∂Kc = Jc, int(Kc) = ∅) : Then K1(Oc,J) = 0, K0(Oc,J) ≃ Z and [1Jc ] is
a generator.

Case 0,1,3 above are realized by c = 1, 0,−2, respectively, while case 2 is realized by
c = e2πiφ

2
(1 + e2πiφ

2
), where φ is the golden ratio.

We now identify the corresponding C∗-algebras to each case, and for more details see the
discussion below Corollary 8.2.6. Case 0 corresponds to the Cuntz algebra O2 considered
first in [15]. Case 1 corresponds to the 2-adic ring C∗-algebra Q2 studied by Larsen and Li
in [34], and the author thanks Chris Bruce for this identification. It also appears in other
contexts; see [34, remark 3.2]. To our knowledge, case 2 corresponds to a C∗-algebra that
has not been studied in the literature. It can be shown it is a C∗-algebra of a certain graph,
see the figure above Corollary 8.2.8. We denote it Q2,∞ as it seems to share properties of
both Q2 and O∞. Case 3 corresponds to the Cuntz algebra O∞ considered in [15] also.

A consequence of the above Corollary is that [1Jc ] = 0 if and only if fc is either hyperbolic
or parabolic. This allows us to re-state the Density of Hyperbolicity Conjecture for quadratics
in terms of the K-theory for quadratics. This conjecture was first stated by Fatou in 1920
in [21, page 73] and is still being actively pursued - see [36, p. 201] for a brief discussion of
the importance of this conjecture and [37], [9] for surveys on progress made so far.

Recall that the Mandelbrot set is defined as M = {c ∈ C : 0 ∈ Kc} ( = {c ∈ C :

K0(Oc,J) ̸= 0}).

Corollary 7 (8.2.8). The Density of Hyperbolicity Conjecture is true if and only if H′ :=

{c ∈ M : [1Jc ] = 0 in K0(Oc,J)} = {c ∈ M : Oc,J ≃ Q2} is dense in M.

We do not claim this makes the conjecture any easier, though it is interesting to see it in
C∗-algebraic terms.
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1.2 Methods

1.2.1 Motivation

We now motivate our approach to calculating the K-theory of OR,JR . The situation is that
we have a short exact sequence of Cuntz-Pimsner algebras

0 OR,FR
OR,Ĉ OR,JR 0

and the Pimsner-Voiculescu 6-term exact sequence ( [47, Theorem 4.9]) of OR,FR
and OR,Ĉ

can be calculated. In these cases, the exact sequences split, so it determines for us the K-
theory of OR,FR

and OR,Ĉ. The problem is that this splitting is not natural, which makes
calculating the K-theory of OR,JR from the 6-term exact sequence determined by the above
extension of C∗-algebras rather difficult. Our observation is that not only do we have a
short exact sequence of C∗-algebras, we also have a short exact sequence of their defining
C∗-correspondences

0 (ER,FR
, αFR

) (ER,Ĉ, αĈ) (ER,JR , αJR) 0,

and this will induce exact sequences at the level of the building blocks of K-theory deter-
mined by the Pimsner-Voiculescu 6-term exact sequences. Thus, we circumvent the need to
work with an un-natural splitting. This is our motivation for considering the category of
C∗-correspondences, which we now present along with our main results about it.

1.2.2 Morphisms of C∗-correspondences

Recall that if A1, A2 are C∗-algebras, then an A1-A2 correspondence A1(E,α)A2 is a left
action α of A1 as endomorphisms of a Hilbert A2-module E. Given such a correspondence,
we can always restrict the left action α to the ideal J(E,α) consisting of elements of A1 which
act by compact operators of E. After restriction this correspondence defines a class K(E,α)

in KK0(J(E,α), A2). We define a category for which the assignment (E,α) → K(E,α) is
functorial.

A morphism of correspondences is a triple (φ1, S, φ2) : A1(E,α)A2 → B1(F, β)B2 , where
φ1 : A1 → A2, φ2 : A2 → B2 are ∗-homomorphisms and S : E → F is a linear map that
satisfies compatibility criterion with φ1, φ2 comparable to that of a co-variant representation
of a Hilbert bi-module; see Definition 3.0.1. The sub-category where A1 = A2, B1 = B2,
and φ1 = φ2 has been studied by many authors, usually with applications to Cuntz-Pimsner
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algebras in mind. See for instance [38, Section 2.4] and the references therein. However,
KK-theory consequences have not been considered and this is our main focus. Our first
main tool is that the assignment (E,α) → K(E,α) is functorial, though we will not present
it like this until Remark 3.0.4.

Proposition 8 (3.0.3). Suppose (φ1, S, φ2) : A1(E,α)A2 → B1(F, β)B2 is a morphism of
correspondences. Then, K(E,α)⊗̂[φ2] = [φ1]⊗̂K(F, β), where ⊗̂ is the Kasparov product
and [φi], for i = 1, 2, is the class of the ∗-homomorphism φi in KK0.

We now present our second main tool. If (φ1, S, φ2) : A1(E,α)A2 → B1(F, β)B2 is a
morphism, then it restricts to a morphism (φ1, S, φ2) : J(E,α)

(E,α)A2 → J(F,β)
(F, β)B2 . We

call this functor J : Cor → Cor.
We say a sequence

A1(E,α)A2 B1(F, β)B2 C1(G, γ)C2

(φ1,S,φ2) (ψ1,T,ψ2)

is J-exact if it is exact after applying the functor J (Definition 3.0.6).

Proposition 9 (3.0.8). If

0 A1(E,α)A2 B1(F, β)B2 C1(G, γ)C2 0
(i1,I,i2) (q1,Q,q2)

is a J-exact sequence of correspondences, then δJ(F,β)
⊗̂K(E,α) = K(G, γ)⊗̂δB2, where δJ(F,β)

,
δB2 are the classes of the short exact sequences

0 J(E,α) J(F,β) J(G,γ) 0

0 A2 B2 C2 0,

i1 q1

i2 q2

respectively, in KK1.

This result can be thought of as an extension of the usual naturality result for an extension
class in KK1 and is proven as such.

Applying Proposition 5 and Proposition 6 above toK-theory yields the following diagram,
which is our main tool in this thesis.

Corollary 10 (3.0.9). If

0 A(E,α)A B(F, β)B C(G, γ)C 0
(i,I,i) (q,Q,q)
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is a J-exact sequence of correspondences, then the following diagram commutes

K0(J(E,α)) K0(J(F,β)) K0(J(G,γ))

K1(J(G,γ)) K1(J(F,β)) K1(J(E,α))

K0(A) K0(B) K0(C)

K1(C) K1(B) K1(A)

The top and bottom horizontal faces are the 6-term exact sequences of K-theory associated
to the respective extensions of C∗-algebras, and the vertical maps are the respective maps of
the form ⊗̂iK(H, η), (H, η) = (E,α), (F, β), (G, γ).

The result in the thesis is more generally stated for non self-correspondences; see Corollary
3.0.9. We can also get similar diagrams for K-homology (with arrows reversed) and more
generally for KK∗(−, A), KK∗(A,−), where A is any separable nuclear C∗-algebra.

We can extract exact sequences involving the K-theory building blocks of OR,FR
, OR,Ĉ

and OR,JR by applying the Snake Lemma strategically to certain vertical faces of the above
diagram. This is done in Chapter 7, and it is how we calculate the K-theory of OR,JR .

1.2.3 Branched functions

Inspired by Kajiwara and Watatani’s construction of a C∗-correspondence from a rational
function, we define C∗-correspondences from branched functions. A function F : X → Y is
branched if at every point in its range, it admits a system of inverse branches; see Definition
4.0.1. This represents a broad and interesting class of functions, including all holomorphic
functions between Riemann surfaces. In particular, we can for the first time define a C∗-
algebra from an arbitrary complex dynamical system without excluding its branched points.

No similar definition of a branched function exists in the literature. Our reason for
introducing branched functions here is that we will be working with holomorphic func-
tions restricted to a variety of subspaces, and we would like a unified definition for C∗-
correspondences associated to these to make applying our results on morphisms of C∗-
correspondences to such restrictions easier.

We present two results that will be useful for us when calculating K-theory. Denote the
C∗-correspondence of a branched function F : X → Y by (EF,X , αX).
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Proposition 11 (4.0.7). If F : X → Y is a branched function and U ⊆ X, V ⊆ Y are open
sets such that F (U) ⊆ V , then F : U → V is branched and the inclusion functions induce a
morphism C0(U)(EF,U , αU)C0(V ) → C0(X)(EF,X , αX)C0(Y )

We also characterize when a restriction of a branched function to a closed set yields a
short J-exact sequence. For a branched function F : X → Y , denote by CF,X = {x ∈ X :

F is not locally injective at x}.

Proposition 12 (4.0.9). Let F : U → V be a branched function and Y a closed subset of V .
Denote F−1(Y ) = X. Then, inclusion and restriction induce morphisms (EF,U\X , αU\X) →
(EU , αU) and (EU , αU) → (EX , αX), respectively. CF,U∩X = CF,X if and only if the sequence

0 (EF,U\X , αU\X) (EF,U , αU) (EF,X , αX) 0

is J-exact.

As a special case, any complex dynamical system R : M → M , where M is a connected
Riemann surface, will determine a J-exact sequence of correspondences via the restriction to
its Julia set. See Section 4.1 for more information on these correspondences.

1.3 Organization

In Chapter 2, we provide the necessary background for this thesis. We review Hilbert mod-
ules, C∗-correspondences, Cuntz-Pimsner algebras, K-theory, KK-theory and complex dy-
namical systems. In Chapter 3 we define the category of C∗-correspondences and study its
relation to KK-theory. We define branched functions in Chapter 4, construct their associ-
ated C∗-correspondences and study them within the context of our category. We specialize to
branched functions that are restrictions of holomorphic functions in Section 4.1, prove some
regularity properties about their C∗-correspondences and describe their action on K-theory.
Chapters 5, 6 and 7 calculate the K-theory of OR,Ĉ, OR,FR

and OR,JR , respectively. Chapter
8 is devoted to proving applications of our K-theory results.



Chapter 2

Background

2.1 C*-algebras

We assume a level of familiarity with the basic terminology and theory of C∗-algebras. We
recall the concepts pertaining to C∗-algebras we use in this thesis. None of these concepts
are due to us, and the reader may consult the references provided for more details.

A map φ : A→ B between C∗-algebras A and B is a *-homomorphism if it is an algebra
homomorphism and additionally φ(a)∗ = φ(a∗) for all a ∈ A. It is a remarkable fact that
every ∗-homomorphism is norm contracting and therefore continuous [52, Section 1.1.4]. A
∗-homorphism φ : A→ B is a ∗-isomorphism if it is a bijection. From the norm contracting
property, it follows that such a φ is automatically isometric.

If B is a C∗-algebra, then A ⊆ B is a C∗-sub-algebra if it is a C∗-algebra with respect to all
the operations (addition, multiplication, involution, norm) inherited from B. In particular,
A is closed.

As an example, if φ : A → B is a ∗-homomorphism, then φ(A) ⊆ B is always a C∗-sub-
algebra [52, Section 1.1.4].

If A is a C∗-algebra, then by an ideal of A we shall mean a closed (vector) subspace I ⊆ A

such that I∗ = I and AI ⊆ I. In particular, I is a C∗-sub-algebra of A.
Recall that if I is an ideal of A, then the quotient (as a Banach space) A/I has a unique

C∗-algebra structure making the quotient map q : A→ A/I a ∗-homomorphism.
A C∗-algebra A is simple if the only ideals of A are 0 and A.
An approximate unit for a C∗-algebra A is a net (uλ)λ∈Λ ⊆ A of positive elements such

that ∥uλ∥ ≤ 1 for all λ in Λ, uλ′ ≤ uλ whenever λ′ ≤ λ, and limλ uλa = a for all a in A.
By [43, Theorem 3.1.1], every C∗-algebra has an approximate unit.

Following [13], we say a C∗-sub-algebra A of a C∗-algebra B is full if A is not contained
in any proper ideal of B. It is easy to see this is equivalent to A containing an approximate

13



CHAPTER 2. BACKGROUND 14

unit which is also an approximate unit for B.
A C∗-sub-algebra A of a C∗-algebra B is hereditary if a positive element b in B is in A

whenever there is a in A such that b ≤ a. By [13], if A is a full and hereditary C∗-sub-algebra
of B, then A and B are stably isomorphic, a fact that we shall use once in Chapter 3.

A simple C∗-algebra A is purely infinite if for every positive elements a, b in A and ϵ > 0,
there is r in A such that ∥r∗ar − b∥ ≤ ϵ. Note that this property implies A is simple. There
is a more general definition of purely infinite for non-simple C∗-algebras due to [26], but we
will not need this for our purposes.

2.2 C∗-correspondences

We briefly review the concepts of Hilbert C∗-modules and C∗-correspondences, as well as
some of their auxiliary notions. Our review of the standard definitions closely follow the
exposition of Jensen and Thomsen in [27, Section 1]. See [33] for a more detailed treatment
of the theory of Hilbert C∗-modules.

Let A be a C∗-algebra. A right Hilbert A-module is a complex vector space E with a right
A-module structure, together with a right C-linear map ⟨·, ·⟩ : E × E → A that is also

(1) right A-linear: ⟨e1, e2 · a⟩ = ⟨e1, e2⟩b, for all e1, e2 in E and a in A,

(2) Hermitian: ⟨e1, e2⟩∗ = ⟨e2, e1⟩, for all e1, e2 in E,

(3) positive: ⟨e, e⟩ ≥ 0, for all e in E,

(4) faithful: ⟨e, e⟩ ≠ 0, for all non-zero e in E,

(5) and E is complete with respect to the norm ∥e∥ := ∥
√

⟨e, e⟩∥.

The fact that ∥ · ∥ is a norm requires some justification. Clearly ∥ · ∥ is homogeneous in
the sense that ∥e ·z∥ = ∥e∥|z| for any e ∈ E and z ∈ C. Sub-additivity of ∥·∥ will follow from
the Cauchy-Schwarz inequality for Hilbert A-modules, which we prove for completeness. The
proof follows that in [33, Proposition 1.1].

Proposition 2.2.1. Let E be a right Hilbert A-module. Then, for any e1, e2 in E, we have

⟨e2, e1⟩⟨e1, e2⟩ ≤ ∥e1∥2⟨e2, e2⟩.

Proof. By linearity of ⟨·, ·⟩, it suffices to prove in the case where ∥e1∥ = 1. By positivity, we
have 0 ≤ ⟨e1 · a − e2, e1 · a − e2⟩, where a = ⟨e1, e2⟩. Expanding out by A-linearity of ⟨·, ·⟩
and using the inequality a∗⟨e1, e1⟩a ≤ a∗a yields the proposition.
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In particular, proposition 2.2.1 implies ∥⟨e1, e2⟩∥ ≤ ∥e1∥∥e2∥. So, if e1, e2 are in E, then

∥e1 + e2∥2 = ∥⟨e1 + e2, e1 + e2⟩∥ ≤ ∥e1∥2 + 2∥e1∥∥e2∥+ ∥e2∥2 = (∥e1∥+ ∥e2∥)2,

proving sub-additivity of ∥ · ∥.
We will call ⟨·, ·⟩ an A-inner product if it satisfies the conditions (1)− (5).
All C∗-algebras and Hilbert modules in this thesis will be assumed seperable (contains a

countable dense subset).
We say a Hilbert A-module is full if the image of the B-inner product linearly spans a

dense sub-*-algebra in A. In general, the closed linear span of ⟨·, ·⟩ is an ideal in A - this is
immediate from the Hermitian property and right A-linearity of ⟨·, ·⟩. We shall denote this
ideal by ⟨E⟩.

A right A-module endomorphism T : E → E is said to be adjointable if there exists
another right A-module endomorphism T ∗ : E → E such that

⟨T (e1), e2⟩ = ⟨e1, T ∗(e2)⟩ for all e1, e2 in E.

T ∗ is called the adjoint of T . The collection of all bounded, adjointable right A-module
endomorphisms is denoted B(E). It is a C∗-algebra with pointwise addition of endomorphisms
as addition, composition as multiplication, the adjoint as the involution, and the operator
norm induced from (E, ∥ · ∥) as the norm. The only fact which is not immediately obvious is
the C∗-identity ∥T ∗T∥ = ∥T∥2. To show this, first observe from the inequality ∥⟨e1, e2⟩∥ ≤
∥e1∥∥e2∥ that ∥e∥ = sup{∥⟨e, f⟩ : f ∈ E, ∥f∥ ≤ 1}, for any e in E. Then, for any T in B(E),
we have ∥T ∗T∥ = sup{⟨T (e), T (f)⟩ : e, f ∈ E, ∥e∥ ≤ 1, ∥f∥ ≤ 1} = ∥T∥2.

For each e1, e2 in E, define the endomorphism θe1,e2 : E → E as

θe1,e2(e3) = e1 · ⟨e2, e3⟩, for all e3 in E.

The closed linear span of all such endomorphisms is denoted as K(E), the compact operators
of E. Since T ◦ θe1,e2 = θT (e1),e2 and (θe1,e2)

∗ = θe2,e1 for all T in B(E) and e1, e2 in E, it
follows that K(E) is a closed ideal of B(E).

To a Hilbert A-module E, we may construct its linking algebra

L(E) =
{(k e

f a

)
: k ∈ K(E), e, f ∈ E, a ∈ ⟨E⟩

}
,
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which is a C∗-algebra with involution

(
k e

f a

)∗

=

(
k∗ f

e a∗

)
, multiplication

(
k1 e1

f1 a1

)
·

(
k2 e2

f2 a2

)
=

(
k1k2 + θe1,f2 k1(e2) + e1a2

k∗2(f1) + f2a
∗
1 ⟨f1, e2⟩+ a1a2

)
,

and addition (
k1 e1

f1 a1

)
+

(
k2 e2

f2 a2

)
=

(
k1 + k2 e1 + e2

f1 + f2 a1 + a2

)
.

See [49, Lemma 3.19] for a description of the C∗-norm on L(E). K(E) and ⟨E⟩ are full
and hereditary C∗-sub-algebras of L(E) with respect to the obvious corner embeddings (
[49, Theorem 3.19]).

Let E be a Hilbert A-module, F a Hilbert B-module, and φ : A→ B a ∗-homomorphism.
A φ-twisted morphism from E to F is a linear map S : E → F satisfying ⟨S(e), S(f)⟩ =

φ(⟨e, f⟩) for all e, f in E. This is a definition we make, but we do not claim originality.
Certainly similar maps have been considered in the literature (see Remark 3.0.2).

It follows that S(e · a) = S(e) · φ(a), for all e in E and a in A.

Proposition 2.2.2. If S : E → F is a φ-twisted morphism of Hilbert Modules, then there is
a well defined ∗-homomorphism Ŝ : K(E) → K(F ), determined by the equation

Ŝ(
n∑
i=1

θei,fi) =
n∑
i=1

θS(ei),S(fi), for any {ei}ni=1, {fi}ni=1 ⊆ E.

Proof. It suffices to show that Ŝ is well defined, as once this is verified, the fact that it is a
∗-homomorphism becomes clear. First, we show for any elements {ei}ni=1, {fi}ni=1 ⊆ E, the
norm of

∑n
i=1 θei,fi is equal to the norm of the matrix

√
F
√
E in Mn(A), where the (i, j)

entry of E, F , is ⟨ei, ej⟩, ⟨fi, fj⟩, respectively.
Suppose first n = 1, and lets show ∥θe,f∥ = ∥

√
⟨f, f⟩

√
⟨e, e⟩∥. Using the C∗-identity for

the norms, this is equivalent to showing ∥θf⟨e,e⟩,f∥ = ∥
√
⟨e, e⟩⟨f, f⟩

√
⟨e, e⟩∥. By embedding

θf⟨e,e⟩,f into the linking algebra, we see that

∥θf⟨e,e⟩,f∥ =
∥∥∥( 0 0

e ·
√

⟨f, f⟩ 0

)(
0 0

e ·
√

⟨f, f⟩ 0

)∗ ∥∥∥ =
∥∥∥(0 e ·

√
⟨f, f⟩

0 0

)∥∥∥2
and by embedding

√
⟨e, e⟩⟨f, f⟩

√
⟨e, e⟩ =

〈
f ·
√

⟨e, e⟩, f ·
√

⟨e, e⟩
〉

into the linking algebra,
we see that
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∥∥∥(0 e ·
√
⟨f, f⟩

0 0

)∥∥∥2 = ∥∥∥(0 e ·
√

⟨f, f⟩
0 0

)(
0 e ·

√
⟨f, f⟩

0 0

)∗ ∥∥∥ = ∥
√

⟨e, e⟩⟨f, f⟩
√

⟨e, e⟩∥.

The general case reduces to the one above by an amplification trick. Let L = L(E) be the
linking algebra, and consider the Hilbert Mn(L)-module structure over Ln, where an element
b in Ln is written in row notation b = (b1, .., bn) and thus Mn(L) acts naturally on the right.
The Mn(L) inner product of b = (b1, ..., bn), b′ = (b′1, ..., b

′
n) in Ln is the matrix with entries

(⟨b, b′⟩)i,j = b∗i b
′
j for 1 ≤ i, j ≤ n. Identify K(Ln) with L by noticing the compact operator

θb,b′ acts diagonally on Ln by
∑n

i=1 bi(b
′
i)
∗.

Now, given {ei}ni=1, {fi}ni=1 ⊆ E, set l(ei) =

(
0 0

ei 0

)
, e = (l(e1), .., l(en)) and l(fi) =(

0 0

fi 0

)
, f = (l(f1), ..., l(fn)). From above, ∥

∑n
i=1 θei,fi∥ = ∥θe,f∥ = ∥

√
⟨f, f⟩

√
⟨e, e⟩∥.

Note that (⟨f, f⟩)i,j =

(
0 0

0 (F )i,j

)
and (⟨e, e⟩)i,j =

(
0 0

0 (E)i,j

)
. Therefore ι(

√
F
√
E) =√

⟨f, f⟩
√

⟨e, e⟩, where ι : Mn(⟨E⟩) → Mn(L) is the co-ordinate wise extension of the em-

bedding ⟨E⟩ → L. Since ι is an injective ∗-homomorphism, we have ∥
√
⟨f, f⟩

√
⟨e, e⟩∥ =

∥
√
F
√
E∥, proving the claim.

Now, to prove the proposition, it suffices to show ∥
∑n

i=1 θS(ei),S(fi)∥ ≤ ∥
√
F
√
E∥. From

above, the norm of ∥
∑n

i=1 θS(ei),S(fi)∥ is equal to the norm of ∥
√
F ′

√
E ′∥, where (F ′)i,j =

⟨S(fi)S(fj)⟩ = φ(⟨fi, fj⟩) and (E ′)i,j = ⟨S(ei)S(ej)⟩ = φ(⟨ei, ej⟩) for all 1 ≤ i, j ≤ n. There-
fore,

√
F ′

√
E ′ = φn(

√
F
√
E), where φn :Mn(A) →Mn(B) is the co-ordinate wise extension

of the ∗-homomorphism φ. Since φn is a ∗-homomorphism, it follows that ∥φn(
√
F
√
E)∥ ≤

∥
√
F
√
E∥. This last inequality finishes the proposition.

Now, it is easy to check that L(S) : L(E) → L(F ), defined for

(
k e

f a

)
in L(E) as

L(S)
((k e

f a

))
=

(
Ŝ(k) S(e)

S(f) φ(a)

)

is a ∗-homomorphism. It follows that any φ-twisted morphism S has closed image.
Let A and B be C∗-algebras. An A-B C∗-correspondence is a right Hilbert B-module E

together with a ∗-homomorphism α : A → B(E). We will call α the action of A on E and
will frequently use the notation a · e = α(a)(e), a in A, e in E. A correspondence will be
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denoted A(E,α)B. We will frequently write A(E,α)B = (E,α) if the algebras A and B are
specified. (E,α) is faithful if α is injective, full if E is full, and non-degenerate if the linear
span of A · E is dense in E.

We shall denote J(E,α) := α−1(K(E)). Note that this is an ideal of A.
We can compose an A-B C∗-correspondence (E,α) with a B-C C∗-correspondence (F, β)

to obtain an A-C C∗-correspondence (E ⊗B F, α ⊗B id). This construction is called the
balanced (or internal) tensor product and appears, for instance, in [27, Section 1.2.3]. We
review the construction briefly.

Let E ⊗ F be the vector space tensor product of E and F . Clearly this is still a right
C-module, and carries the left A action α⊗ id. We define a map ⟨·, ·⟩ : E ⊗F ×E ⊗F → C

first on basic tensors as

⟨e1 ⊗ f1, e2 ⊗ f2⟩ := ⟨f1, ⟨e1, e2⟩ · f2⟩, for all e1, e2 in E, f1, f2 in F,

and extend ⟨·, ·⟩ linearly in the right-entry, anti-linearly in the left-entry to all of E⊗F×E⊗F .
⟨·, ·⟩ satisfies the axioms (1)-(3) for a C-inner product, but not necessarily (4) and (5).

However, if we quotient out by the C-sub-module {g ∈ E ⊗ F : ⟨g, g⟩ = 0} and complete
with respect to the quotient norm of ∥ · ∥ := ∥

√
⟨·, ·⟩∥, then we obtain a vector space E⊗B F

such that the right C-module structure and ⟨·, ·⟩ on E⊗F pass down to a Hilbert C-module
structure, and the left A action passes down to a ∗-homomorphism α⊗B id : A→ B(E⊗BF ).
(E ⊗B F, α⊗B id) is therefore an A-C C∗-correspondence.

With this composition operation, C∗-algebras become the objects in a catgeory with
morphisms (unitary equivalence classes of) C∗-correspondences. The “isomorphisms” in this
category are the full and faithful A-B C∗-correspondences (E,α) such that ϕ(A) = K(E), but
we will not elaborate on this. See [49, Chapter 3] for more details. Such a correspondence
is called an A-B imprimitivity bi-module. Notice that any Hilbert B-module E defines a
K(E)-⟨E⟩ imprimitivity bi-module.

Following [33, Chapter 1], we will define the orthogonal sum of Hilbert B-modules (En)n∈N
to be the vector space∑

n∈N

En :=
{
(en)n∈N : en ∈ En ∀n ∈ N and

∑
n∈N

⟨en, en⟩ converges in B
}

with B-inner product defined for e = (en)n∈N and f = (fn)n∈N in
∑

n∈NEn as ⟨e, f⟩ =∑
n∈N⟨en, fn⟩ and B-module structure defined for b in B as e · b = (en · b)n∈N. Note that the

sum in the inner product formula converges by the Cauchy-Schwarz inequality in Proposition
2.2.1. If each Hilbert module En carries a left action αn of a (fixed) C∗-algebra A, then we
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can define a left action α∞ on
∑

n∈NEn as α∞(a)(e) = (αn(a)(en))n∈N, where a is in A and
e = (en)n∈N is in

∑
n∈NEn. In this case, (

∑
n∈NEn, α∞) is an A-B C∗-correspondence.

2.3 Cuntz-Pimsner algebras

We now review the Cuntz-Pimsner algebra construction. We refer the reader to [47] for more
details.

Let A be a C∗-algebra and (E,α) a faithful, A - A C∗-correspondence. Denote E⊗A0 = A,
E⊗A1 = E, and define, for n in N, E⊗An := E ⊗A E

⊗A(n−1). The Fock module of E is the
orthogonal sum

∑∞
n=0E

⊗An = FE. It is itself an A-A correspondence, and we shall denote
the left action α∞ of this orthogonal sum by α∞.

For each e in E, we can define an adjointable, bounded Fock module endomorphism
Te : FE → FE as

Te(g) = e⊗A g, for g in FE.

As an abuse of notation, for a in A, we shall write α∞(a) = a. Then, note that T ∗
e Tf = ⟨e, f⟩

for all e, f in E. Moreover, a ·Te = Ta·e, Te ·a = Te·a, and Te+Tf = Te+f for all e, f in E and
a in A. The C∗-algebra generated by {Te}e∈E and {a}a∈A is called the Toeplitz algebra of E,
and is denoted TE. By [47, Theorem 3.4] (see also [25, Proposition 4.3]), TE is the universal
C∗-algebra with operators Te, e in E, and a in A satisfying the above relations. Note also
the operators Tx for x in E⊗An, defined as Tx(g) = x⊗A g for all g in FE are also in TE.

TE carries a natural continuous action of T by ∗-isomorphisms. For e = (en)n≥0 in FE and
z in T let Uz(e) = (znen)n≥0. Then, (Uz)z∈T is a collection of unitaries in B(FE) satisfying
Uz ◦Uw = Uzw for z, w in T. For α∞(a) = a, we have Uza = aUz and for e in E, UzTe = TzeUz

for all z in T. Hence, (γz = Uz(−)U∗
z )z∈T defines an action of T by ∗-isomorphisms of TE

which is continuous in the sense that z → γz(T ) is continuous, for all T in TE (see the
paragraph below [25, Definition 5.6]). This action is called the gauge action of TE. This
action allows us to decompose a general operator T in TE into its Fourier coefficients. For k
in Z, let

Tk =

∫
T
γz(T )z

−kdz,

where dz is Lebesgue measure on the circle and the integral is made sense as a limit of
Riemann sums. Then, Tk is in TE and T =

∑
k∈Z Tk, with the sum converging uniformly in

norm. Each Tk is of the form Tk =
∑
TxT

∗
y for some collection of x in E⊗m and y in E⊗n

satisfying m − n = k. Note also that (TS)k =
∑

m−n=k TmSn and T ∗
k = T−k for all T , S in

TE and k in Z.
The Cuntz-Pimsner algebra of (E,α) will be defined as a certain quotient of TE by an
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ideal. Let JE = J(E,α) and consider the Hilbert JE-module GE = {x ∈ FE : ⟨x, x⟩ ∈ JE}.

Proposition 2.3.1. [47, Theorem 3.13] Let (E,α) be a faithful A-A C∗-correspondence.
Then, K(GE) (considered as a C∗-sub-algebra of K(FE)) is an ideal of B(FE).

Proof. Let (uλ)λ∈Λ be an approximate unit for JE. Then, x in FE is contained in GE if and
only if (x · uλ)λ∈Λ converges to x. Therefore, T (GE) ⊆ GE for all T in B(FE). Therefore
T ◦ (

∑n
i=1 θxi,yi) =

∑n
i=1 θT (xi),yi is in K(GE) for all {xi}ni=1, {yi}ni=1 ⊆ GE. It follows by

density of the operators of the form
∑n

i=1 θxi,yi in K(GE) that this C∗-algebra is an ideal of
B(FE).

We shall denote K(GE) (when considered a C∗-sub-algebra of B(FE)) by IE. We will
need two other descriptions of this ideal, which we now develop.

First, the map sending, for each pair e, f in E, a compact operator θe,f in K(E) to TeT ∗
f

extends to a ∗-embedding ϕ : K(E) → TE, so, for every a in JE, a − ϕ(α(a)) is in TE, and
is in fact in IE. Moreover, such operators generate the ideal IE, and this is the “standard”
definition taken for IE (see [47, Definition 1.1] and [25, Definition 3.5]).

Proposition 2.3.2. [47, Theorem 3.13] Let (E,α) be a faithful A-A C∗-correspondence.
Then, IE is the ideal generated in TE by the operators a− ϕ(α(a)), for a in JE.

Proof. Let the ideal generated in TE by the operators a − ϕ(α(a)), for a in JE be denoted
JE. If a in JE is positive, then we have a − ϕ(α(a)) = θ√a,√a, where

√
a is thought of as

the sequence (en)n≥0 in FE with e0 =
√
a and en = 0 for n ≥ 1. Therefore, JE ⊆ IE. Since

ideals are hereditary, x = (xn)n≥0 in FE is in GE if and only if ⟨xn, xn⟩ is in JE, for all
n ≥ 0. Therefore, to show IE ⊆ JE, it suffices to show θxn,ym is in JE for any xn in E⊗n

A

and ym in E⊗m
A such that ⟨xn, xn⟩, ⟨ym, ym⟩ are in JE, where we think of xn and ym as in

FE in the obvious way. Since an element x is in the ideal of a C∗-algebra if and only if xx∗

is, we can further reduce this to the case x := xn = ym. Let Tx be the operator defined as
Tx(y) = x ⊗A y for y in FE. Then, Tx is clearly in TE, and if (uλ)λ∈Λ is an approximate
unit in JE, then we have θx·uλ,x = Tx(uλ − ϕ(α(uλ))T

∗
x , which is in JE and converges to θx,x.

Therefore, IE ⊆ JE.

Second, consider, for each k in N0 the projection Pk : FE → FE onto the Hilbert A-
sub-module

∑k
n=0E

⊗̂n. We say T in B(FE) is finite rank if there is k in N such that
PkT = TPk = T , and write IcE for the collection of all such operators inside of TE.

The following description can be found as condition (4) above [47, Remark 3.9]

Proposition 2.3.3. Let (E,α) be a faithful and non-degenerate A-A C∗-correspondence.
Then, IcE = IE.
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Proof. It is easy to see that Te ◦ T and T ◦ Te are in IcE for all e in E and T in IcE. Since IcE
is additive and self-adjoint, it follows that IcE is an ideal in TE. The generators a− ϕ(α(a)),
a in JE, are clearly inside IcE, and thus IE ⊆ IcE. We show IcE ⊆ IE.

Since each unitary Uz commutes with the projection Pk, if T is in IcE, then all of its
Fourier coefficients Tk (and hence T ) are in IE if S = T ∗

kTk is in IE, for all k in Z. Therefore,
it suffices to show T is in IE for T of the form T =

∑
n≥0 ϕn(kn), where ϕn : K(E⊗An) → TE

is the ∗-homomorphism mapping the generators θx,y, for x, y in E⊗An, to TxT ∗
y .

For such a T in IcE, let n in N ∪ {0} be the smallest number such that PnT = TPn = T .
For any x, y in E⊗An, consider T ∗

xTTy =
∑

n≥0 ϕn(k
x,y
n ), which is zero on

∑
n≥1E

⊗An. Since
the only summands of T ∗

xTTy that can possibly be non-zero on E are ϕ0(k
x,y
0 ) and ϕ1(k

x,y
1 ),

it follows that α(kx,y0 ) = −kx,y1 . Hence, T ∗
xTTy = α(kx,y0 ) − ϕ(α(kx,y0 )). Therefore, for any

k1, k2 in K(E⊗An), ϕn(k1)Tϕn(k2) is in IE. Since (E,α) is non-degenerate, if (kλ)λ∈Λ is an
approximate unit in K(E⊗An), then (ϕn(kλ))λ∈Λ converges strongly to 1 − Pn−1. Hence,
(1− Pn−1)T is in IcE. Now, Pn−1T = T ′ is a new operator in IcE but with minimum number
n′ in N ∪ {0} such that Pn′T ′ = T ′Pn′ = T ′ satisfying n′ < n. By repeating the argument
above finitely many times, we see that T is in IE.

Notice that GE defines an IE-JE∩⟨E⟩ imprimitivity bi-module. We shall denote the ideal
JE ∩ ⟨E⟩ by IE. It will be useful when describing the K-theory of a general Cuntz-Pimsner
algebra.

The Cuntz-Pimsner algebra of E is the quotient TE/IE, and is denoted OE. A ⊆ OE is
often called the co-efficient algebra. Since the gauge action (γz)z∈T fixes IE, it passes down
to a continuous action of T on OE and the same Fourier decomposition holds.

Remark 2.3.4. The definition of Cuntz-Pimsner algebra is a slight departure from the orig-
inal construction Pimsner considers in [47] - he considers the C*-algebra generated only by
the image of the operators (Te)e∈E in the quotient TE/IE and calls this the “Cuntz-Krieger
algebra of a Hilbert bi-module” [47, Definition 1.1]. His construction co-incides with the one
we present above when the Hilbert module is full. In general, he refers to the algebra we
consider as the “augmented Cuntz-Krieger algebra” and only makes brief remarks about its
properties (See [47, Remark 1.1(3)] and [47, Remark 4.10(3)]).

We will still refer heavily to the paper by Pimsner since in [47, Remark 4.10(3)] he makes a
convincing argument that the K-theoretic properties of his algebra also hold for the augmented
version. Proofs of the K-theoretic properties of the augmented version can be found, for
instance, in [25].
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2.4 K-theory and KK-theory

We will assume the reader has basic knowledge of K-theory for C∗-algebras, including the 6-
term exact sequence associated to an extension. A good reference for the background required
is [52]. We mention that no K-theory class in the K0 or K1 group of a non-commutative
C∗-algebra is ever computed explicitly in this thesis (other than the class of the unit in K0).
For a locally compact Hausdorff space X, we shall write Ki(C0(X)) = K−i(X), i = 0, 1, to
keep certain notations from becoming too cumbersome, but we will still be using the operator
K-theory picture for X. When A is a C∗-sub-algebra of B, we will often denote by j or i the
inclusion map A→ B.

We briefly review the (un-graded) KK-theory that is used in this thesis. See [27] for more
details about the general theory.

Let A and B be C∗-algebras, and recall that a Kasparov A - B bi-module is a triple
(E,α, T ), where (E,α) is an A - B correspondence and T : E → E is a bounded adjointable
endomorphism such that, for all a in A, the operators Tα(a) − α(a)T , (T − T ∗)α(a), and
(T 2 − 1)α(a) are in K(E).

It is clear that the structure of a Kasparov A - B bi-module is preserved under direct sum.
There is a notion of homotopy between two Kasparov bi-modules such that, if we consider
the set of all homotopy equivalence classes KK0(A,B), then this is an abelian group under
the direct sum operation, with 0 being the class of the zero A - B bi-module. We shall denote
the homotopy class of E = (E,α, F ) by [E ].

There are natural isomorpishms KKi(C, A) ≃ Ki(A) and KKi(A,C) ≃ Ki(A), for i =
0, 1, making KK-theory a generalization of K-theory and K-homology.

A class [E ] in KK0(A,B) determines mappings of K-theory ⊗̂i[E ] : Ki(A) → Ki(B), for
i = 0, 1. This is a special case of the Kasparov product ⊗̂ : KKi(A,B) × KKj(B,C) →
KKi+j(A,C), for i, j in {0, 1}, (i + j is taken mod 2) which is why the image of a class
g in Ki(A) under ⊗̂i[E ] will be denoted g⊗̂i[E ]. For example, the induced map ⊗̂i[φ] of a
∗-homomorphism φ is equal to the usual induced map φ∗ on K-theory.

In this thesis, we will mostly only consider Kasparov bi-modules of the form E = (E,α, 0),
so α(A) ⊆ K(E) necessarily. We now describe the operations we will have to consider on
such bi-modules.

Suppose ψ : B → B′ and φ : A′ → A are ∗-homomorphism of C∗-algebras. The pullback
of E by φ is the Kasparov A′ - B bi-module φ∗(E) = (E,α ◦ φ, 0). The pushforward of E by
ψ is the Kasparov A - B′ bi-module ψ∗(E) = (E⊗B B

′, α⊗B idB′ , 0), where B′ is regarded as
the B - B′ correspondence with inner product ⟨b1, b2⟩ = b∗1b2, right B′-action b1 · b2 = b1b2,
defined for all b1, b2 in B′, and the left B-action b · b′ = ψ(b)b′, defined for b in B and b′ in
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B′. See [27, Lemma 1.2.8] for the proof that ψ∗(E) is a Kasparov bi-module. We will denote
E ⊗B B

′ = E ⊗ψ B
′ and α ⊗B id = α ⊗ψ id so that the module structure is clear. It can be

shown that [φ∗(E)] = [φ]⊗̂[E ] and [ψ∗(E)] = [E ]⊗̂[ψ].
We will say two Kasparov A - B bi-modules E = (E,α, 0), F = (E, β, 0) are isomorphic

if there is a unitary U : E → F such that UαU∗ = β.
When ψ as above is surjective, consider the quotient space E/Eψ =: Eψ of E by the

sub-module Eψ = {e ∈ E : ψ(⟨e, e⟩) = 0}. Let q : E → Eψ denote the quotient map.
It can be checked that ψ∗E is isomorphic to the bi-module structure on (Eψ, αψ) satisfying
⟨q(e), q(f)⟩ = ψ(⟨e, f⟩) and αψ(a)q(e)ψ(b) = q(α(a)eb) for all e, f in E, a in A and b in B.

For t in [0, 1], let evt : C([0, 1], B) → B be the ∗-homomorphism sending f to evt(f) =
f(t). Two bi-modules E = (E,α, 0), F = (E, β, 0) are homotopic if there is a Kasparov A

- C([0, 1], B) bi-module H = (H, η, 0) such that (ev0)∗H is isomorphic to E and (ev1)∗H is
isomorphic to F .

As an example of a KK0 class, an A - B correspondence (E,α) determines a Kasparov
J(E,α) - B bi-module J(E,α) := (E,α|J(E,α)

, 0) and hence a class K(E,α) = [J(E,α)] in
KK0(J(E,α), B).

The class of a short exact sequence of C∗-algebras

0 A B C 0i q

in KK1(C,A) will be denoted δB. Recall that this class is natural in the sense that if

0 A1 B1 C1 0

0 A2 B2 C2 0

i1

α

q1

β γ

i2 q2

is a commutative diagram of ∗-homomorphisms with exact rows, then δB1⊗̂[α] = [γ]⊗̂δB2 .
This follows from [16, Remark 2.5.1], which explains how, under the natural identification
KK1(C,A) ≃ KK0(C0((0, 1), C), A), the class δB can be written as a the product [j]⊗̂[e]−1.
Here, [j] is the class of the ∗-homomorphism j : C0((0, 1), C) → Cq sending f in C0((0, 1), C)

to j(f) = (0, f) in the mapping cone

Cq = {(x, g) ∈ B ⊕ C0([0, 1), C) : q(x) = f(0)}.

The element [e] is the class of the ∗-homomorphism e : A → Cq sending a in A to e(a) =

(i(a), 0), which is shown to be invertible in KK0(A,Cq) [16, Theorem 2.1]. Then, δB1⊗̂[α] =

[γ]⊗̂δB2 follows from naturality of the identifications above, the fact that the Kasparov prod-
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uct of two classes of ∗-homomorphisms is equal to the class of their composition and the
commutative diagrams

C0((0, 1), C1) Cq1 A1 Cq1

C0((0, 1), C2) Cq2 A2 Cq2 ,

η

j1

ζ α

e1

ζ

j2 e2

where η = (idC0(0,1)) ⊗ γ), ζ = β ⊕ (idC0([0,1)) ⊗ γ).
When we consider the action of δB on K-theory, often we will denote ⊗̂1δB =: δ and call

this the index map, and denote ⊗̂0δB =: exp and call this the exponential map. These are
the usual index and exponential maps appearing in the 6-term exact sequence of K-theory
associated to the above short exact sequence of C∗-algebras, which we now state. For a proof,
see [52, Chapter 9].

Theorem 2.4.1 (6-term exact sequence associated to a short exact sequence). If

0 A B C 0i q

is a short exact sequence of C∗-algebras, then the sequence

K0(A) K0(B) K0(C)

K1(C) K1(B) K1(A)

i∗ q∗

expδ

q∗ i∗

is exact.

If (E,α) is a faithful and full A - A correspondence, we will let δE denote the class of the
extension

0 IE TE OE 0

in KK1(OE, IE). Recall the Hilbert Module GE defined in section 2.3 and our notation
JE ∩ ⟨E⟩ = ⟨GE⟩ =: I(E,α). We think of GE as an IE-I(E,α) imprimitivity bi-module, defin-
ing an (invertible) KK0(IE, I(E,α)) class [GE]. Let δE,PV = δE⊗̂[GE] and set I(E,α) =

(E,α|I(E,α)
, 0)

For a Cuntz-Pimsner algebra OE Pimsner in [47] determined the following relationship
between the K-theory of I(E,α), A, and OE which will be crucial in computing the K-theory
of a rational function. See [47, Theorem 4.9] and [47, Remark 4.10(3)] for its validity in
the case where the defining C∗-correspondence (E,α) is not full. One can also consult
[25, Theorem 8.6] for a proof in the non-full case.
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Proposition 2.4.2. Let (E,α) be a faithful A-A correspondence. Let i : A → OE and
ι : IE → A be the inclusions. Then, we have the following 6-term exact sequence of K-
theory:

K0(IE) K0(A) K0(OE)

K1(OE) K1(A) K1(IE).

ι−⊗̂0[I(E,α)] i∗

⊗̂0δE,PV⊗̂1δE,PV

i∗ ι−⊗̂1[I(E,α)]

The analogous 6-term exact sequence also holds for K-homology (with arrows reversed).

We will call this the Pimsner-Voiculescu 6-term exact sequence of K-theory. We will
often denote ⊗̂1δE,PV =: δPV and ⊗̂0δE,PV =: expPV .

2.5 Complex dynamical systems

Now, we review the theory of complex dynamical systems required to compute the K-theory
of their associated C∗-algebras. Although we only compute the K-theory for rational func-
tions, using the information provided in this section and our method, it is possible to compute
the K-theory in the other interesting cases. This section is purely expository - we claim no
originality.

For M and N locally compact Hausdorff with N metrizable we equip the set C(M,N)

of continuous functions from M to N with the compact-open topology. Choosing a metric d
for N , it is shown in [39, Lemma 3.1] that a net (fλ)λ∈Λ in C(M,N) converges to f if and
only if every compact set K ⊆M , (fλ|K)λ∈Λ converges uniformly to f |K (relative to d).

If M and N are Riemann surfaces (which are automatically metrizable by [39, Corol-
lary 2.2]), we denote Hol(M,N) the subspace of holomorphic functions fromM toN equipped
with the subspace topology from C(M,N). Using the (local) Cauchy integral formula, it is
easy to see Hol(M,N) is a closed subspace.

By a complex dynamical system, we shall mean a Riemann surface M equipped with a
holomorphic self-map h : M → M . For n in N, denote by hn the n-fold iterate of h. We
say h is stable at x in M if there is an open neighbourhood U of x such that {hn|U}n∈N
is pre-compact in Hol(U,M) ∪ {U → ∞} ⊆ C(U,M ∪ {∞}), where M ∪ {∞} is the one
point compactification of M . This means every sub-sequence of {hn|U}n∈N has a further
sub-sequence which either uniformly converges on compact sets in Hol(U,M) or uniformly
diverges on compact sets to ∞. We call Fh := {x ∈M : h is stable at x} the Fatou set of h.

Proposition 2.5.1. Let h :M →M be a complex dynamical system. Then the Fatou set Fh
is open and invariant in the sense that h−1(Fh) = Fh.
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Proof. If h is constant, then Fh = M and there is nothing to prove. So assume h is non-
constant.

If U is an open set such that {hn|U}n∈N is pre-compact, then U ⊆ Fh. Hence, Fh is
open. Suppose {hnk |U}k∈N converges (diverges) uniformly on compact sets, then so does
{hnk+1|h−1(U)}n∈N. This proves h−1(U) ⊆ Fh.

Every non-constant holomorphic map is open, so if we denote V = h(U), then using the
fact (for open maps between locally compact Hausdorff spaces) that for every compact set
L ⊆ V there is a compact set K ⊆ U such that h(K) = L, we see that if {hnk |U}k∈N converges
(diverges) uniformly on compact sets, then so does {hnk−1|V }n∈N. Hence h(U) ⊆ Fh. We have
shown h−1(Fh) = Fh.

The Julia set of h is defined to be the complement Jh := M \ Fh of the Fatou set. By
Proposition 2.5.1, Jh is a closed set of M such that h−1(Jh) = Jh. One of the basic goals of
the theory of complex dynamical systems is to classify the possible dynamics on the Fatou
set and understand the structure of the Julia set. We shall see now that the analysis largely
depends on the ambient Riemann surface M .

By the Uniformization Theorem (see [39, Theorem 1.1]), every simply connected Riemann
surface is conformally equivalent to the Riemann sphere Ĉ, the complex plane C, or the disk
D. It follows then (by the universal cover construction) that every Riemann surface M is
conformally equivalent to M̃/Γ, where M̃ is one of the three simply connected Riemann
surfaces above and Γ = π1(M) is a (discrete) group of conformal automorphisms of M̃ that
acts freely and proper discontinuously on M̃ .

When M̃ = D, M is said to be hyperbolic. In this case, if h : M → M is a complex
dynamical system, then Fh =M , and the dynamics is classified as follows.

Theorem 2.5.2. [39, Theorem 5.2] If h : M → M is a complex dynamical system on a
hyperbolic Riemann surface, then one of the following possibilites occur:

(1) there is a periodic orbit O = {z0, ..., zm−1} of period m such that

{hnm}n∈N converges uniformly on compact sets to z0,

(2) {hn}n∈N converges uniformly on compact sets to ∞,

(3) there is n in N such that hn = idM , or

(4) h is conformally conjugate to z → e2πiαz on the disk, punctured disk, or some annulus
for some irrational number α.
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Recall that there are only finitely many non-hyperbolic Riemann surfaces; Since Ĉ is
compact, the only group of automorphisms acting freely and proper discontinuously is the
trivial group Γ = {idĈ}. Hence, if M̃ = Ĉ, then M ≃ Ĉ. We will see shortly that the possible
complex dynamics on Ĉ can be quite interesting.

The last case to consider is M̃ = C. Recall a conformal automorphism of C is of the
form z → αz + β. If α ̸= 1, then this automorphism has a fixed point and thus does not act
freely. This forces α = 1 and it is easy to show that a group Γ of conformal automorphisms
acting freely and proper discontinuously on C is conjugate to either Γ = {z → z+n : n ∈ Z}
or Γτ = {z → z + n, z → z + mτ : n,m ∈ Z} for some τ in C \ R. In the first case, we
can identify C/Γ with the punctured plane C∗ := C \ {0} via exp(2πi−) : C/Γ → C∗. For
each τ in C \ R, C/Γτ =: T2

τ defines a 2-Torus. The 2-Torus case is the least complicated
dynamically out of the non-hyperbolic cases, as the following theorem suggests. Let Z+ τZ
denote the Z-linear span of 1 and τ .

Theorem 2.5.3. [39, Theorem 6.1] If h : T2
τ → T2

τ is a complex dynamical system, then
there is α in Z+ τZ and β in C such that α(Z+ τZ) ⊆ Z+ τZ and h(z) ≡ αz + β mod Γτ .

The number d := |α|2 is in N and is the degree of h. If d ≤ 1, then Fh = T2
τ . If d > 1,

then Jh = T2
τ , and h satisfies the property that for every open set U ⊆ T2

τ there is n in N
such that hn(U) = T2

τ

It remains to describe dynamics on Ĉ, C and C∗. We start by giving descriptions of the
possible forms the functions can take.

If h : Ĉ → Ĉ is holomorphic, then by compactness of Ĉ, h can only have finitely many
zeroes and poles (counting multiplicity). It follows, by an application of Louiville’s theorem,
that there are polynomials p and q such that h(z) = p(z)

q(z)
, for all z in Ĉ, therefore h is a

rational function. The number of solutions z to h(z) = w (counting multiplicity) is known
as the degree of h, and it is equal to the maximum of the degrees of p and q (assuming p and
q have no common zeroes).

A holomorphic function h : C → C either extends continuously to Ĉ, and is therefore a
polynomial, or has an essential singularity at ∞. In this case, h is called transcendental. The
functions ez, sin(z), cos(z) are the canonical examples.

Recall that if h : C → C is a holomorphic function such that 0 is not in the image of h,
then h(z) = eg(z) for some entire holomorphic function g that is an anti-derivative of h′

h
.

Proposition 2.5.4. [11] If h : C∗ → C∗ is a complex dynamical system, then there is an
entire function g : C → C such that h(ez) = eg(z) for all z in C and exp−1(Fh) = Fg.

Now, we turn to describing the structure of the Julia set. By a repelling periodic point,
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we shall mean a point p in M such that hn(p) = p for some n and the Jacobian of hn at p is
greater than one.

Theorem 2.5.5. If h : M → M is a non-invertible complex dynamical system and M is
either Ĉ, C or C∗, then the Julia set Jh is infinite and is the closure of repelling periodic
points.

Proof. For the proof of the case M = Ĉ, see [39, Theorem 13.1] and [39, Theorem 14.1]. The
case M = C was proven by Baker [3]. The case M = C∗ follows from Proposition 2.5.4, the
case M = C and the fact that semi-conjugacies map periodic points to periodic points.

If h : M → M is a complex dynamical system, then a point p in M is called grand orbit
finite (see [39, Lemma 4.9]) if the set O(p) =

⋃
m,n∈N h

−m(hn(p)) is finite. The exceptional
points of h is the collection E = {p ∈ M : p is grand orbit finite}. Note that h−1(E) ⊆ E

since O(p) ⊆ E for every p in E.

Proposition 2.5.6. Let h :M →M be a non-invertible complex dynamical system.

(1) If M = Ĉ, then |E| ≤ 2 and E ⊆ Fh.

(2) If M = C, then |E| ≤ 1.

(3) If M = C∗, then |E| = 0.

Proof. If M is either Ĉ, C or C∗ and F ′ = F ∪ (Ĉ\M) has at least four points, where F ⊆ E

is a finite set such that h−1(F ) ⊆ F , then h : Ĉ \ F ′ → Ĉ \ F ′ is hyperbolic. But then
Jh ⊆ F ′, a contradiction to Theorem 2.5.5.

Now, we show E ⊆ Fh if M = Ĉ. Since h is surjective, we have h−1(E) = E and hence
h2(e) = e for every e in E, and this is the only solution to h2(z) = e. The degree of h is greater
than one, and for a rational function R, the number of solutions (counting multiplicity) z to
R(z) = w must be equal to the degree of R. Therefore, h2(e) = e has multipicity greater
than one. It follows that the Jacobian of h is zero at each point e in E, and hence h2 shrinks
distances locally at e in E. Therefore, for each e we can find a neighbourhood Ue of e such
that h2(Ue) ⊆ Ue. Then, since h2 : Ue → Ue is a hyperbolic dynamical system, it follows that
Ue ⊆ Fh2 ⊆ Fh.

Remark 2.5.7. In the above proposition for the case M = C, the function h(z) = 2zez

provides an example where E = {0} and 0 is in Jh. The function h(z) = z2 provides an
example where E = {0} and 0 is in Fh.

Off the exceptional points, inverse orbits accumulate to the Julia set.
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Proposition 2.5.8. If h : M → M is a non-invertible dynamical system on either Ĉ, C or
C∗, then for any p not in E, and z in Jh, there is sequence zk in h−nk(p), where (nk)k∈N

diverges to ∞ and (zk)k∈N converges to z.

Proof. If not, then there is a neighbourhood U of z and N such that hn(U) does not contain
p for all n ≥ N . Therefore, hn(U) ∩

⋃
j≤k h

−j(p) = ∅ for all n ≥ N + k. Since p is not an
exceptional point, we can choose k large enough so that

⋃
j≤k h

−j(p) contains at least three
points. Then, U =

⋃
n≥N+k h

n(U) is a hyperbolic Riemann surface such that h(U) ⊆ U .
Hence, U ⊆ Fh, and in particular hN+k(z) is in Fh. It then follows from Proposition 2.5.1
that z is in Fh, a contradiction to z being in Jh.

Corollary 2.5.9. If h :M →M is a non-invertible dynamical system on either Ĉ, C or C∗,
then Jh contains no isolated points.

Proof. If z is periodic, since Jh is infinite, we can choose p in Jh not in the orbit of z. Then,
applying Proposition 2.5.8 to p we can find a sequence (zk)k∈N in Jh converging to z such
that zk ̸= z for infinitely many k in N.

If z is not periodic, then choosing any p in Jh and applying Proposition 2.5.8 will suffice.

Corollary 2.5.10. If h : M → M is a complex dynamical system and M is either Ĉ, C, or
C∗, then for every open set U ⊆M such that U ∩ Jh ̸= ∅ and compact set K ⊆M \E, there
is n in N such that K ⊆ hn(U).

Proof. Let z be in U ∩ Jh. By Theorem 2.5.5 we may assume z is a repelling periodic point.
By replacing h with g := hN , where N is the period of z, we may assume z is a fixed point.
Since z is repelling, we may choose an open set V ⊆ U containing z such that V ⊆ g(V ).
Note that the exceptional points E of h co-incide with the exceptional points of g.

By Proposition 2.5.8 for any x in M \ E, there is a sequence (zk)k∈N ⊆
⋃
n∈N g

−n(x)

converging to z, and therefore g−k(x)∩V ̸= ∅ for some k in N. It follows that
⋃
n∈N g

n(V ) =

M \ E. Since K ⊆ M \ E is compact there is k in N such that K ⊆
⋃
n≤k g

n(V ) = gk(V ) ⊆
hNk(U).

Now, we study the extent of the Julia set in M .

Corollary 2.5.11. If h : M → M is a complex dynamical system and M is either Ĉ, C, or
C∗, then either Jh =M or Jh has empty interior in M .

Proof. If Jh contains an open set U of M then by Corollary 2.5.10 and invariance of Jh, we
have that M \ E ⊆ Jh. Since Jh is closed and E is finite, it follows that Jh =M .
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If h : C → C is a polynomial of degree d (i.e. ∞ is not an essential singularity), then
there is R > 1 such that for all |z| ≥ R, |p(z)| ≥ |z|d− 1

2 . It follows that the Fatou set contains
a neighbourhood of ∞, and therefore Jp is a compact subset of C. This is in contrast to the
transcendental case.

Proposition 2.5.12. If h : C → C has an essential singularity at ∞, then Jh is unbounded.

Proof. By Picard’s theorem [39, Theorem 2.6], in every neighbourhood at ∞, h attains all
but finitely many values. Since Jh is infinite and h−1(Jh) = Jh (Theorem 2.5.8), it follows
that Jh intersects every neighbourhood of ∞.

A similar result holds for the case of dynamics on the punctured plane.

Proposition 2.5.13. If h : C∗ → C∗ is a complex dynamical system with an essential
singularity at 0 (resp. ∞), then the closure of Jh in Ĉ contains 0 (resp. ∞).

Proof. The proof is the same as above.

We now turn to classifying the possible dynamical behaviours on the Fatou set. We will
call a maximally connected component of Fh a Fatou component. A Fatou component U is
periodic if there is N in N such that hN(U) ⊆ U . The least such N is called the period of U .
We will call the Fatou components P = {U0, ..., UN−1} such that U0 = U and h(Ui) ⊆ Ui+1

a Fatou cycle.
We will say U is pre-periodic if there is some M in N such that hM(U) is contained in a

periodic Fatou component.
If U is not pre-periodic, then it is called a wandering domain. Such a domain satisfies

hm(U) ∩ hn(U) = ∅ for any distinct m,n in N. Sullivan proved in [56] that such domains do
not exist for rational functions.

Theorem 2.5.14. [56] If h : Ĉ → Ĉ is a complex dynamical system, then every Fatou
component is pre-periodic.

The first example of a transcendental function on C that admits a wandering domain was
given in [4]. An example of such a domain for a complex dynamical system on C∗ is given
in [42].

There are only finitely many possible dynamical behaviours of h restricted to a periodic
Fatou component, which we state below.

Theorem 2.5.15. Let h :M →M be a complex dynamical system, where M is either Ĉ, C,
or C∗. Suppose U is a periodic Fatou component of period N . Then, either
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(1) {hmN : U → U}m∈N converges uniformly on compact sets to a fixed point z in U ,

(2) {hmN : U → U}m∈N converges uniformly on compact sets to some z in Ĉ \ U , or

(3) hN : U → U is conformally conjugate to an irrational rotation on either the disk or an
annulus.

Any other Fatou component V in the Fatou cycle P generated by U will have the same
behaviour as U .

If in case (2) the limit point z is in M , then z is a parabolic fixed point for hN .

Proof. For a proof for the case M = Ĉ, see [39, Theorem 16.1]. Note that the theorem in the
reference is stated for only rational functions, but as noted in [10] the proof can be adapted
for all cases.

We will say a periodic Fatou cycle P is attracting if its components satisfy (1), parabolic
(resp. divergent) if P satisfies (2) and z is in M (resp. in Ĉ \M), a Siegel cycle if P satisfies
(3) and its components are conjugate to the disk, and a Herman cycle if the components are
conjugate to annuli.

Remark 2.5.16. In all three cases of M , one can have attracting and parabolic Fatou cycles.
For dynamics on Ĉ and C∗, one can have Siegel and Herman cycles.

For dynamics on C, Herman cycles are not possible. This follows easily from the maximum
modulus principle.

The following proposition will be useful for our K-theory computations.

Corollary 2.5.17. Let h : M → M be a complex dynamical system, where M is either Ĉ,
C, or C∗. If P is an attracting, parabolic, divergent or Siegel cycle for h, then there is an
open set AP contained in a finite union B of pair-wise disjoint simply connected open subsets
of
⋃
U∈P U := UP such that h(AP ) ⊆ AP and for every compact set K ⊆

⋃
x∈XP

Ux, there is
a k in N such that hk(K) ⊆ AP . Moreover, B can be chosen so that hl(B) ⊆ AP for some l
in N.

Proof. Let n denote the length of P . Write P = {U1, ..., Un}, where h(Ui) ⊆ Ui+1 mod n.
First, suppose P is attracting, and let {z1, ..., zn} be its attracting periodic orbit, where zi is
in Ui for i ≤ n. By Koenig’s linearization Theorem ( [39, Theorem 8.2]) for the geometrically
attracting case and Böttcher’s Theorem for the super attracting case ( [39, Theorem 9.1]),
for any i ≤ n, there is a simply connected, open, and pre-compact neighbourhood Vi of zi
contained in Ui such that Vi ⊆ Ui and h◦n(Vi) ⊆ Vi.
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Let AP =
⊔n
i=1 Vi ∩

⋂n−1
j=1 h

n−j(Vi+j). Then, AP is contained in the disjoint union of
simply connected open sets

⊔n
i=1 Vi = B and h(AP ) ⊆ AP . Since AP is a neighbourhood

of the attracting periodic orbit, for every compact set K ⊆ UP there is k in N such that
h◦k(K) ⊆ AP . In particular, this is true for K = B. Since any compact set of

⋃
x∈XP

Ux is
eventually mapped into UP , the result follows in this case.

If P is parabolic, then, by the Parabolic flower Theorem ( [39, Theorem 10.7]), for every
U in P there is an attracting petal (see [39, Definition 10.6]) PU ⊆ U such that for every
compact set K ⊆ U , there is k in N such that h◦nk(K) ⊆ PU . By definition, PU1 is a
simply connected open set which is mapped homeomorphically into itself by h◦n. Therefore,
AP =

⋃n−1
i=0 h

◦i(PU1) = B satisfies the conclusion of the Corollary.
If P is a Siegel cycle, then we just let B = AP = UP .
If P is a divergent cycle and M = C, then [5, Theorem 3.1] shows every periodic Fatou

component is simply connected, so we can let B = AP = UP . The case where M = C∗ follows
from [19, Lemma 5.2].

For a connected open set U ⊆ Ĉ, its connectivity number is the number of connected com-
ponents of Ĉ \U . Note that an open set U is simply connected if and only if its connectivity
number is 1.

If U is a wandering Fatou component and n is in N, we let Un denote the Fatou component
such that hn(U) ⊆ Un.

Proposition 2.5.18. Let h : M → M be a complex dynamical system. If U is a wandering
Fatou component, then there is N in N such that the connectivity of Un is constant over all
n ≥ N . This constant can be

(1) 1, 2 or ∞ if M = C or

(2) 1 if M = C∗.

In the case of M = C, each Un is bounded and the restriction h : Un → Un+1 is a finite
degree branched covering, and the degree of hm : Un → Un+m tends to ∞ as m tends to ∞

Proof. If M = C∗ and h has a wandering Fatou component, then by [6, Theorem 1] there is
at most one Fatou component with connectivity number greater than one.

For the case of M = C, see [53, Theorem 2.5]



Chapter 3

Morphisms of C∗-correspondences

We show that C∗-correspondences are the objects of a category in which a morphism (E,α) →
(F, β) in this category intertwines (E,α) with (F, β) in a suitable sense. We show in Propo-
sition 3.0.3 that such a morphism induces an intertwining of the KK0-classes K(E,α) and
K(F, β). We then consider types of exactness in this category and show that a short J-exact
sequence induces an intertwining of certain extension classes in KK-theory (Proposition
3.0.8). This can be thought of as a generalization of naturality of extension classes associ-
ated to exact sequences of C∗-algebras.

Definition 3.0.1. A morphism from an A1 - A2 C
∗-correspondence (E,α) to a B1 - B2

correspondence (F, β) is a triple (φ1, S, φ2) of maps, where φ1 : A1 → B1, φ2 : A2 → B2 are
*-homomorphisms, and S : E → F is a linear map satisfying the additional identities

(1) ⟨S(e1), S(e2)⟩ = φ2(⟨e1, e2⟩) for all e1, e2 in E (i.e. S is a φ2-twisted morphism),

(2) S(a · e) = φ1(a) · S(e), for all a in A1, e in E, and

(3) Ŝ(α(a)) = β(φ1(a)) for all a in J(E,α).

Note that (3) implies φ1(J(E,α)) ⊆ J(F,β), and Condition (3) above is automatically implied
by (1), (2) and this corollary if S is surjective, or if α−1(K(E)) = ∅.

Remark 3.0.2. The special case of the above definition when A1 = A2, B1 = B2 and
φ1 = φ2 appears often in the literature under the name “co-variant morphism” between self-
correspondences, see [38, Section 2.4] and the references therein. The focus is usually on its
functorial properties with respect to the Cuntz-Pimsner algebra construction, which we will
review briefly, but here we will focus on its KK-theoretic consequences in the general case
when A1, A2 and B1, B2 are not necessarily the same.

33
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It is easy to see that if (φ1, S, φ2) : (E,α) → (F, β) and (ψ1, T, ψ2) : (F, β) → (G, γ)

are morphisms, then their composition (ψ1, T, ψ2) ◦ (φ1, S, φ2) = (ψ1 ◦ φ1, T ◦ S, ψ2 ◦ φ2) is a
morphism, and that, given an A1 - A2 correspondence (E,α), id(E,α) = (idA1 , idE, idA2) is an
identity morphism relative to this composition operation. Thus, C∗-correspondences are the
objects of a category with morphisms as above.

Now, suppose (φ, S, φ) is a morphism from an A - A correspondence (E,α) to a B -
B correspondence (F, β) (both assumed to be faithful). The universal property of Toeplitz
algebras ( [47, Theorem 3.4]) imply there is a unique ∗-homomorphism T (S) : TE → TF
defined by the equations

T (S)(Te) = TS(e), for all e in E and T (S)(a) = φ(a), for all a in A

Note that T (S) ◦ ϕ = ϕ ◦ Ŝ, so the fact that Ŝ ◦ α(a) = β(φ(a)), for all a in JE, implies
T (S)(a− ϕ(α(a))) = φ(a)− ϕ(β(φ(a))), for all a in JE. Therefore, T (S)(IE) ⊆ IF , and

hence T (S) passes down to a ∗-homomorphism at the level of Cuntz-Pimsner algebras, which
we shall denote by O(S) : OE → OF .

We show now that a morphism between two correspondences intertwines their induced
classes in KK0.

Proposition 3.0.3. Suppose (φ1, S, φ2) : A1(E,α)A2 → B1(F, β)B2 is a morphism of corre-
spondences. Then, K(E,α)⊗̂[φ2] = [φ1]⊗̂K(F, β).

Proof. It is routine to see the mapping T : E⊗ϕ2B2 → F defined on a basic tensor e⊗ϕ2 b, for
e in E and b in B2, as T (e⊗ϕ2 b) = S(e)b is a unitary onto its image G = span{S(E) ·B2}.
Under T , the left action α⊗φ2 id on E ⊗φ2 B2 is identified with the action defined, for all a
in A1 and g in G, as γ(a) · g := β(φ1(a))g.

Let us show J(E,α) ⊆ J(G,γ). By the definition of morphism, for every a in J(E,α) and
ϵ > 0, there are {ei}ni=1, {e′i}ni=1 ⊆ E1 such that ∥β(φ1(a)) −

∑n
i=1 θS(ei),S(e′i)∥B(E2) ≤ ϵ. If

{uλ}λ∈Λ is an approximate unit in B2, then there is λ0 in Λ such that ∥
∑n

i=1 θS(ei),S(e′i) −∑n
i=1 θS(ei)√uλ0 ,S(e′i)

√
uλ0

∥B(F ) ≤ ε. Therefore,

∥γ(a)−
n∑
i=1

θS(ei)√uλ0 ,S(e′i)
√
uλ0

∥B(G) ≤ ∥α2(φ(a))−
n∑
i=1

θS(ei)√uλ0 ,S(e′i)
√
uλ0

∥B(F ) ≤ 2ε.

As
∑n

i=1 θS(ei)uλ0 ,S(e′i)uλ0 is in K(G) and ϵ was arbitrary, we may conclude that a is in J(G,γ).
Hence, J(E,α) ⊆ J(G,γ).

Consider the Hilbert C([0, 1], B2)-module H = {h ∈ C([0, 1], F ) : h(0) ∈ G} with opera-
tions defined point-wise as
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(1) g · b(t) := g(t)b(t), for all h in H, b in B2 and t in [0, 1],

(2) ⟨h1, h2⟩(t) := ⟨h1(t), h2(t)⟩, for all h1, h2 in H and t in [0, 1].

Since β(φ1(A1)) ·G ⊆ G, we may define the left action η on H as η(a) ·h(t) := β(φ(a)) ·h(t),
for all a in A1, h in H, and t in [0, 1].

G embeds into H as the constant functions and η restricted to G is equal to γ, so K(G) ⊆
K(H) and J(G,γ) ⊆ J(H,η). Therefore, J(E,α) ⊆ J(H,η).

Thus, (H, η|J(E,α)
) is a Kasparov J(E,α) − C([0, 1], B2) module such that (ev0)∗EH ≃

(G, γ) ≃ (φ2)∗(E,α|(J(E,α)
) and (ev1)∗EH ≃ φ∗

1(F, β|J(F,β)
), proving the Proposition.

Remark 3.0.4. Suppose a is in KK(A1, A2), b is in KK(B1, B2). We will say a pair
(x1, x2) in KK(A1, B1)×KK(A2, B2) intertwines a with b if a⊗̂x2 = x1⊗̂b. We call (x1, x2)
an intertwiner and write (x1, x2) : a → b suggestively. Clearly if (x1, x2) : a → b and
(y1, y2) : b → c are intertwiners, then (x1, x2)⊗̂(y1, y2) := (x1⊗̂y1, x2⊗̂y2) : a → c is an
intertwiner. Proposition 3.0.3 can be re-stated as saying that if (φ1, S, φ2) : (E,α) → (F, β)

is a morphism, then ([φ1], [φ2]) : K(E,α) → K(F, β) is an intertwiner. Moreover, it is easy
to see that the assignment (φ1, S, φ2) → ([φ1], [φ2]) is functorial, but we shall not make use
of this fact.

Let us specialize to the case of a morphism between faithful self correspondences and show
that such a morphism induces intertwinings of the KK-classes involved in the Pimsner-
Voicelescu 6-term exact sequences of the respective Cuntz-Pimsner algebras (Proposition
2.4.2).

Proposition 3.0.5. Let (φ, S, φ) : A(E,α)A → B(F, β)B be a morphism between two faithful
C∗-correspondences. Then,

(1) [φ]⊗̂(ι− [I(F, β)])) = (ι− [I(E,α)])⊗̂[φ],

(2) [φ]⊗̂[i] = [i]⊗̂[O(S)] and

(3) [O(S)]⊗̂δPV = δPV ⊗̂[φ].

Proof. (φ,O(S),O(S)) : i→ i and (φ, φ, φ) : ι→ ι and (φ, S, φ) : (E,α|⟨E⟩) → (F, β|⟨F ⟩) are
morphisms, so (1) and (2) follow from Proposition 3.0.3.

The diagram
0 IE TE OE 0

0 IF TF OF 0

T (S) T (S) O(S)
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commutes, so naturality of δ implies δE⊗̂[T (S)] = [O(S)]⊗̂δF .
Since (φ, S, φ) is a morphism, it is easy to see that (T (S), S∞, φ) : GE → GF is a

morphism, where S∞ : FE → FF is defined on a basic tensor t = e1 ⊗A e2... ⊗A en in E⊗An

as S∞(t) = S(e1) ⊗B S(e2) ⊗ ... ⊗ S(en). Proposition 3.0.3 then implies [T (S)]⊗̂[GF ] =

[GE]⊗̂[φ]. Combining this equality with naturality of the index map and δH,PV = δH⊗̂[GH ],
for H = E,F , we have that [O(S)]⊗̂δF,PV = δE,PV ⊗̂[φ].

We now formulate a type of exactness in this category.

Definition 3.0.6. Let (E,α) be an A1−A2 correspondence, (F, β) a B1−B2 correspondence
and (G, γ) a C1−C2 correspondence. Morphisms (φ1, S, φ2) : (E,α) → (F, β) and (ψ1, T, ψ2) :

(F, β) → (G, γ) are said to be J-exact if

J(E,α) J(F,β) J(G,γ)

E F G

A2 B2 C2

φ1 ψ1

S T

φ2 ψ2

are exact.

Remark 3.0.7. Given a morphism (φ1, S, φ2) : (E,α) → (F, β) from an A1-A2 corre-
spondence to a B1-B2 correspondence, its image is the φ1(A1) - φ2(A2) correspondence
im(φ1, S, φ2) = (S(E), β|φ1(A1)) and its kernel is the ker(φ1) - ker(φ2) correspondence
ker(φ1, S, φ2) = (ker(S), α|ker(φ1)).

It is easy to see that the inclusion of the kernel and image correspondences into (E,α),
(F, β), respectively and the restriction of the co-domain of (φ1, S, φ2) to the image are mor-
phisms. Moreover, they satisfy the universal property for images and kernels of morphisms
in a category. The categorically correct notion of exactness is therefore a pair of morphisms
(φ1, S, φ2) : (E,α) → (F, β) and (ψ1, T, ψ2) : (F, β) → (G, γ) such that im(φ1, S, φ2) =

ker(ψ1, T, ψ2). This is the case if and only if

A1 B1 C1

E F G

A2 B2 C2

φ1 ψ1

S T

φ2 ψ2

are exact.
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Unfortunately an exact pair of morphisms is not necessarily J-exact. Suppose B is a C∗-
algebra with a non-trivial ideal I and equip I, B and B/I with their identity Hilbert module
structures. Let α : B → M(I) and β : B → M(B) be the standard actions by multipliers
and let γ : 0 → M(B/I). Then, denoting i : I → B the inclusion and q : B → B/I the
quotient map,

(I, α) (B, β) (B/I, γ)
(idB ,i,i) (0,q,q)

is exact in the categorical sense, but is not J-exact.

The following result is an extension of naturality of the index class of extensions.

Proposition 3.0.8. If

0 A1(E,α)A2 B1(F, β)B2 C1(G, γ)C2 0
(i1,I,i2) (q1,Q,q2)

is a J-exact sequence of correspondences, then δJ(F,β)
⊗̂K(E,α) = K(G, γ)⊗̂δB2.

Proof. In the notation of remark 3.0.4, we must show (K(G, γ), K(E,α)) : δJ(F,β)
→ δB2 is

an intertwiner. By the Rieffel correspondence ( [49, Proposition 3.24]), exactness of

0 E F G 0I Q

implies exactness of

0 K(E) K(F ) K(G) 0

0 ⟨E⟩ ⟨F ⟩ ⟨G⟩ 0.

Î Q̂

i2 q2

Hence, the following diagram commutes and has exact rows (the vertical maps labelled with
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i are the respective inclusions):

0 J(E,α) J(F,β) J(G,γ) 0

0 K(E) K(F ) K(G) 0

0 L(E) L(F ) L(G) 0

0 ⟨E⟩ ⟨F ⟩ ⟨G⟩ 0

0 A2 B2 C2 0.

α

i1

β

q1

γ

Î

iEK→L

Q̂

iFK→L iGK→L

L(I) L(Q)

iE⟨⟩→L

i2

iA2

iF⟨⟩→L

q2

iB2

iG⟨⟩→L

iC2

i2 q2

Therefore, naturality of δ implies

(1) ([γ], [α]) : δJ(F,β)
→ δK(F ),

(2) ([iGK→L], [i
E
K→L]) : δK(F ) → δL(F ),

(3) ([iG⟨⟩→L], [i
E
⟨⟩→L]) : δ⟨F ⟩ → δL(F ), and

(4) ([iC2 ], [iA2 ]) : δ⟨F ⟩ → δB2

are all intertwiners.
For H = E,F,G, the inclusion iH⟨⟩→L : ⟨H⟩ → L(H) is full and hereditary, and therefore

its class [iH⟨⟩→L] in KK0 is invertible. Therefore, ([iG⟨⟩→L]
−1, [iE⟨⟩→L]

−1) : δL(F ) → δ⟨F ⟩ is an
intertwiner. Composing all the intertwiners above yields an intertwiner (g, e) : δJ(F,β)

→ δB2 ,
where g = [γ]⊗̂[iGK→L]⊗̂[iG⟨⟩→L]

−1⊗̂iC2 and e = [α]⊗̂[iEK→L]⊗̂[iE⟨⟩→L]
−1⊗̂iA2 . Let us show e =

K(E,α) and g = K(G, γ).
For H = E,F,G, denote by M(H) the K(H) - ⟨H⟩ Kasparov bi-module H. (iH⟨⟩→L)∗M(H)

is isomorphic as a bi-module to

(
K(H) H

0 0

)
with left action of k in K(H) by the matrix

iHK→L(k) =

(
k 0

0 0

)
and right L(H)-module structure inherited by the identity Hilbert mod-

ule structure on L(H). The isomorphism U : H⊗̂iH⟨⟩→L
L(H) →

(
K(H) H

0 0

)
on a basic

tensor t = e1⊗̂

(
k e2

f a

)
is U(t) =

(
0 e1

0 0

)
·

(
k e2

f a

)
=

(
θe1,f e1 · a
0 0

)
.
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Let D = {f ∈ C([0, 1],L(H)) : f(1) ∈

(
K(H) H

0 0

)
} with the right C([0, 1],L(H))-

module structure inherited by the identity Hilbert module structure on C([0, 1],L(H)). Let
η : K(H) → K(D) be the embedding that sends k in K(H) to the constant function η(k)(t) =(
k 0

0 0

)
, t in [0, 1]. Then, (D, η) is a Kasparov K(H)-C([0, 1],L(H)) bi-module such that

(ev0)∗(D, η) ≃ (L(H), iHK→L) and (ev1)∗(D, η) ≃ (

(
K(H) H

0 0

)
, iHK→L) ≃

(iH⟨⟩→L)∗M(H). Hence, [M(H)]⊗̂[iH⟨⟩→L] = [iHK→L], so that [M(H)] = [iH⟨⟩→L]⊗̂[iHK→L]
−1.

Now, it is routine to see that [α]⊗̂[M(E)]⊗̂[iA2 ] = K(E,α) and [γ]⊗̂[M(F )]⊗̂[iC2 ] =

K(F, γ), so the calculation directly above implies e = K(E,α) and g = K(G, γ).

The intertwinings we have proven above yield commutative diagrams of their induced
maps on K-theory and K-homology (and more generally on KK∗(A,−) and KK∗(−, A), A
nuclear). We record the diagram that will be of use to us in this thesis.

Corollary 3.0.9. If

0 A1(E,α)A2 B1(F, β)B2 C1(G, γ)C2 0
(i1,I,i2) (q1,Q,q2)

is a J-exact sequence of correspondences, then the following diagram commutes

K0(J(E,α)) K0(J(F,β)) K0(J(G,γ))

K1(J(G,γ)) K1(J(F,β)) K1(J(E,α))

K0(A2) K0(B2) K0(C2)

K1(C2) K1(B2) K1(A2)

The top and bottom horizontal faces are the 6-term exact sequences of K-theory associated
to the respective extensions of C∗-algebras, and the vertical maps are the respective maps of
the form ⊗̂iK(H, η), (H, η) = (E,α), (F, β), (G, γ).

Proof. This is a direct application of Proposition 3.0.3 and 3.0.8.

Corollary 3.0.10. If

0 A(E,α)A B(F, β)B C(G, γ)C 0
(i,I,i) (q,Q,q)
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is a J-exact sequence of morphisms, then so is

0 ⟨E⟩(E,α)A ⟨F ⟩(F, β)B ⟨C⟩(G, γ)C 0,
(i,I,i) (q,Q,q)

And so in the commuting diagram of Corollary 3.0.9, we have J(H,η|⟨H⟩) = I(H,η) with the
vertical maps of the form ι − ⊗̂i[I(H, η)], where ι : Ki(I(H,η)) → Ki(D) is the map induced
by inclusion, and (H, η) = (E,α), (F, β), (G, γ).

Proof. As in the proof of Proposition 3.0.8, we have exactness of

0 ⟨E⟩ ⟨F ⟩ ⟨G⟩ 0,i q

and exactness of

0 J(E,α) J(F,β) J(G,γ) 0,i q

is by assumption. Since J(H,η|⟨H⟩) = ⟨H⟩ ∩ J(H,η), the exactness of these two sequences yields
J-exactness of

0 ⟨E⟩(E,α)A ⟨F ⟩(F, β)B ⟨C⟩(G, γ)C 0.
(i,I,i) (q,Q,q)

Let us show a J-exact sequence of self-correspondences induces a short exact sequence of
Cuntz-Pimsner algebras.

Proposition 3.0.11. If

0 A(E,α)A B(F, β)B C(G, γ)C 0
(i,I,i) (q,Q,q)

is a J-exact sequence of morphisms of faithful correspondences such that (E,α) is non-
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degenerate, then the following diagram commutes and has exact rows and columns:

0 0 0

0 IE IF IG 0

0 TE TF TG 0

0 OE OF OG 0

0 0 0

T (I)

iE

T (Q)

iF iG

T (I)

qE

T (Q)

qF qG

O(I) O(Q)

Proof. We first show the sequence of Toeplitz algebras is exact. For T in TE, T (I)(T )

restricted to the A-module
∑∞

n=0 I(E)
⊗Bn ≃ FE is conjugate to T . Therefore, T (I) is

injective.
T (Q) surjects the generators TF = {Tf : f ∈ F} onto the generators TG, and is therefore

surjective.
We show ker(T (Q)) = im(T (I)). By functoriality of T (−), we have that T (Q) ◦ T (I) =

T (Q ◦ I) = 0. It remains to show T (I)(TE) is an ideal and T (Q) : TF/T (I)(TE) → TG is
injective.

First, if a is in A and f is in F , then f · i(a) and i(a) · f are in I(E) because Q(i(a) · f) =
q(i(a)) · Q(f) = 0 Q(f · i(a)) = Q(f) · q(i(a)) = 0. Second, if e is in E and f is in F , then
⟨I(e), f⟩ is in i(⟨E⟩) ⊆ T (I)(TE), TfT ∗

I(e) is in Î(K(E)) ⊆ T (I)(TE) and I(e)⊗B f , f ⊗B I(e)

are in I(E⊗A2). These facts follow from the fact that if (aλ)λ∈Λ is an approximate unit in
⟨E⟩, then for ψ in F⊗Bn, if (ψ · i(aλ))λ∈Λ converges to ψ, then ψ is in I(E⊗An) (this follows
from the first fact and induction on n).

It follows from above that for generators (as algebras) a in TE and b in TF , we have that
T (I)(a)b is in T (I)(TE), and this finishes the proof that T (I)(TE) is an ideal in TF .

For T in TF , denote by T its image in TF/T (I)(TE). For c in C and g in G, let b
in B and f in F be such that q(b) = c and Q(f) = g. Let s(c) = b and π(g) = Tf .
s : C → TF/T (I)(TE) and π : G→ TF/T (I)(TE) are well defined since T (I)(TE)∩B = i(A)

and T (I)(TE) ∩ TF = TI(E), and a different choice of representative for s(c), π(g) differs by
an element of i(A), TI(E), respectively.

It is easy to see that (π, s) is a Toeplitz representation. By the universal property of
Toeplitz algebras, (π, s) induces a ∗-homomorphism π̂ : TG → TF/T (I)(TE) that is the
inverse of T (Q) : TF/T (I)(TE) → TG.
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Now, we show the top row sequence is exact. Suppose T in TE is such that T (I)(T ) =: S is
in IcF , meaning there is k in N such that the projection P F

k onto the sub-module
∑k

n=0 F
⊗Bn

of FF satisfies P F
k S = SP F

k = S. The restriction of S and P F
k onto the invariant sub-

module
∑∞

n=0 I(E
⊗An) ≃ FE are naturally identified with T and PE

k , respectively, and hence
PE
k T = TPE

k = T . Therefore, T is in IcE.
It follows that T (I)−1(IcF ) ⊆ IcE. Since (E,α) is non-degenerate, we have IcE = IE by

Proposition 2.3.3. Hence, T (I)−1(IF ) ⊆ IE The reverse inclusion is obvious using the first
characterization of IE (Proposition 2.3.2).

The equality T (I)−1(IF ) = IE together with exactness of the middle row implies
T (I)(IE) = ker(TQ) ∩ IF .

It remains to show T (Q) : IF → IG is surjective. By J-exactness, q : J(F,β) → J(E,α) is
surjective. Therefore, for every generator for IG of the form c−ϕ(γ(c)), c in J(G,γ), there is b in
JF,β) such that q(b) = c. Hence T (Q)(b−ϕ(β(b))) = c−ϕ(γ(c)). Therefore, T (Q) : IF → IG
is surjective.

The above commutative diagram has exact columns by definition and the top two rows are
exact from what we have shown. Exactness of the bottom row then follows from a diagram
chase.



Chapter 4

Correspondences from branched
functions

Along the way to proving our main result, we will be working with the dynamics of holo-
morphic functions restricted to a variety of subspaces, so we need to abstract the C∗-
correspondence construction of Kajiwara and Watatani [28] to allow for these restrictions. It
turns out that the only essential fact for constructing correspondences in a similar fashion is
that the function has a system of inverse branches, which we now make precise.

Definition 4.0.1. Let F : X → Y be a continuous function between locally compact Haus-
dorff spaces X and Y . We will say F is a branched function if there is a function indF :

X → N such that for every x in X, there is a neighbourhood U of x, a neighbourhood V of
F (x), and functions {F−1

i : V → U}indF (x)
i=1 satisfying

(1) F ◦ F−1
i = idV , for all i ≤ indF (x),

(2) F−1
i (F (x)) = x and F−1

i is continuous at F (x), for all i ≤ indF (x),

(3) U =
⋃indF (x)
i=1 F−1

i (V ), and

(4) for all u in U , indF (u) = |{i ≤ indF (x) : u ∈ F−1
i (V )}|.

indF is called the index function and {F−1
i : V → U}di=1 are called inverse branches of F

centered at x.

We remark that branched functions are in abundance. For instance, take a sheet of paper
(allowing for arbitrary shape and cuts) and fold it in such a way that the crease lines and
boundary are on the boundary of the folded paper. This is a branched function.

A special case of this construction is to take a Sierpinksi triangle and fold the outer three
equilateral triangles into the middle. We may rotate the resulting Sierpinksi triangle by 180

43
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degrees and dilate by 3 to get a surjective self map if we wish. The index function will be 1
everywhere except 3 at the intersection points of the three outer triangles.

Our definition is different than the notion of a branched covering p : Y → X in [45], where
they only require p to be an open surjection of finite degree. Here, we require F : X → Y to
be “locally finite degree”, not necessarily surjective, and open is a consequence of the existence
of inverse branches.

As in [28, Lemma 2.1], these branching properties can be used to show a canonical transfer
operator of F maps Cc(X) functions to Cc(Y ) functions.

First, note that if {F−1
i : V → U}indF (x)

i=1 are inverse branches centered at x in X, then
U ∩ F−1(F (x)) = {x}. Hence, F−1(y) is discrete, for all y in Y .

Proposition 4.0.2. Let F : X → Y be a branched function. If f is in Cc(X), then the
function Φ(f) : Y → C defined, for y in Y , as

Φ(f)(y) =
∑

x∈F−1(y)

indF (x)f(x)

is in Cc(Y ).

Proof. Let supp(f) = K and y in Y . We show Φ(f) is continuous at y. Since F is branched,
F−1(y) is discrete and hence F−1(y) ∩ K is finite. Hence, Φ(f)(y) < ∞. Write F−1(y) ∩
K = {x1, ..., xk} and let {Ui}ki=1 be a collection of pairwise disjoint open sets such that
Ui ∩ F−1(F (x)) = {xi} and Ui is a co-domain of inverse branches {F−1

ij : F (Ui) → Ui}ind(xi)
j=1

centered at xi, for i ≤ k. By a compactness argument, there is an open neighbourhood
V ⊆

⋂k
i=1 F (Ui) of y such that F−1(V )∩K =

⋃k
i=1 F

−1(V )∩Ui ∩K. By property (3) of the
inverse branches, we have

⋃k
i=1 F

−1(V ) ∩ Ui ∩K =
⋃k
i=1

⋃ind(xi)
j=1 F−1

ij (V ) ∩K
Hence, for every v in V , we have∑

x∈F−1(v)

indF (x)f(x) =
∑

x∈
⋃k

i=1

⋃ind(xi)
j=1 F−1

ij (v)

indF (x)f(x).

By property (4) of the inverse branches, we have

∑
x∈

⋃k
i=1

⋃ind(xi)
j=1 F−1

ij (v)

indF (x)f(x) =
k∑
i=1

indF (xi)∑
j=1

f ◦ F−1
ij (v).

Since F−1
ij is continuous at y for all i ≤ k and j ≤ indF (xi), it follows that Φ(f)|V =∑k

i=1

∑indF (xi)
j=1 f ◦ F−1

ij is continuous at y.
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As y in Y was arbitrary, we may conclude Φ(f) is continuous. Note that supp(Φ(f)) =
F (supp(f)), and therefore Φ(f) is in Cc(Y ).

To a branched function F : X → Y , we can associate a C0(X) − C0(Y ) correspondence
(EF,X , αX) in a similar way as in [28]. We show this now. Let ẼF,X = Cc(X), equipped with
a right C0(Y )-module structure defined, for ψ in ẼF,X and g in C0(Y ), as

(ψ · g)(x) = ψ(x)g(F (x)), x in X.

ẼF,X is equipped with the C0(Y )-valued inner product defined, for ψ, φ in ẼF,X , as

⟨ψ, φ⟩ = Φ(ψφ).

For all ψ in ẼF,X we have ∥ψ∥ ≤ ∥ψ∥2, where ∥ · ∥ denotes the sup norm and ∥ψ∥2 :=

∥
√
⟨ψ, ψ⟩∥. If deg(F ) := supy∈Y |F−1(y)| < ∞, then we also have ∥ψ∥2 ≤

√
deg(F̃ )∥ψ∥.

In this case, the Hilbert C0(Y )-module completion of ẼF,X is EF,X = C0(X) and the inner
product formula and right action extend naturally.

In general, the completion EF,X is a strict subspace of C0(X) that is invariant under the
right action of C0(Y ) defined above and equipped with the above inner product. We identify
this now. First, for i = 1, 2, we let

Ci(X) = {ψ ∈ C0(X) : Φ(|ψ|i) ∈ C0(Y )}.

Lemma 4.0.3. Let F : X → Y be a branched function. Then, C1(X) is a subspace of C0(X)

that is hereditary in the sense that if φ, ψ are in C0(X) with ψ in C1(X) and 0 ≤ φ ≤ ψ,
then φ is in C1(X). Moreover, C1(X) is complete with respect to the norm ∥ · ∥1 := ∥Φ(| · |)∥.

Proof. The fact that C1(X) is a subspace will follow from the hereditary property. Suppose
0 ≤ φ ≤ ψ, ψ is in C1(X) and φ is in C0(X). First, we show Φ(φ) is continuous.

Fix y in Y and ϵ > 0. Since Φ(ψ)(y) < ∞, there is k in N and {xi}ki=1 ⊆ F−1(y) such
that xi ̸= xj for all i ̸= j ≤ k and

|Φ(ψ)(y)−
k∑
i=1

indF (xi)ψ(xi)| < ϵ/7.

For each i ≤ k, let {F−1
ij : V → Ui}indF (xi)

j=1 be inverse branches of F centered at xi. By
continuity of these branches and Φ(ψ) at y, we may assume the neighbourhood V of y is
chosen such that, for all ỹ in V , we have
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|
k∑
i=1

indF (xi)ψ(xi)−
k∑
i=1

indF (xi)∑
j=1

ψ ◦ F−1
ij (ỹ)| < ϵ/7,

|Φ(ψ)(y)− Φ(ψ)(ỹ)| < ϵ/7,

and

|
k∑
i=1

indF (xi)∑
j=1

φ ◦ F−1
ij (y)−

k∑
i=1

indF (xi)∑
j=1

φ ◦ F−1
ij (ỹ)| < ϵ/7. (*)

Let U =
⋃
i=1 Ui. For any f in C0(X) and ỹ in V , we have

∑
x∈F−1(ỹ)∩U

indF (x)f(x) =
k∑
i=1

indF (xi)∑
j=1

f ◦ F−1
ij (ỹ)

. Therefore, the first three inequalities imply, by the triangle inequality, that∑
x∈F−1(ỹ)\U

indF (x)ψ(x) = |Φ(ψ)(ỹ)−
∑

x∈F−1(ỹ)∩U

indF (x)ψ(x)| < 3ϵ/7,

for all ỹ in V .
Since 0 ≤ φ ≤ ψ, it follows that

|Φ(φ)(y)−
∑

x∈F−1(ỹ)∩U

indF (x)φ(x)| ≤
∑

x∈F−1(ỹ)\U

indF (x)ψ(x) < 3ϵ/7, (**)

for all ỹ in V . So, by the triangle inequality and the inequalities (*) and (**), we have

|Φ(φ)(y)− Φ(φ)(ỹ)| < ϵ,

for all ỹ in V . This shows Φ(φ) is continuous.
0 ≤ Φ(φ) ≤ Φ(ψ) and the fact that Φ(ψ) vanishes at infinity implies Φ(φ) does too.

Therefore, Φ(φ) is in C0(Y ).
We now show C1(X) is complete with respect to ∥ · ∥1. Let {ψn}n∈N ⊂ C0(X) such that∑
n∈N ∥ψn∥1 < ∞. Since ∥ · ∥ ≤ ∥ · ∥1,

∑
n∈N ψn and

∑
n∈N |ψn| converge (with respect to

∥ · ∥) to elements in C0(X).
0 ≤ |

∑
n∈N ψn| ≤

∑
n∈N |ψn| so, by the hereditary property of C1(X), to prove that∑

n∈N ψn is in C1(X) it suffices to show
∑

n∈N |ψn| is in C1(X).
∥
∑

n≤k Φ(|ψn|)−
∑

n∈NΦ(|ψn|)∥ ≤
∑

n>k ∥ψn∥1 and so the hypothesis implies
Φ(
∑

n∈N |ψn|) =
∑

n∈N Φ(|ψn|) is in C0(Y ). Hence, C1(X) is complete.
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Proposition 4.0.4. Let F : X → Y be a branched function. Then, the Hilbert C0(Y )-module
completion of ẼF,X is isomorphic to C2(X).

Proof. Let us first show C2(X) is complete. Let {ψn}n∈N ⊂ C0(X) such that
∑

n∈N ∥ψn∥2 <
∞. Since ∥ · ∥ ≤ ∥ · ∥2,

∑
n∈N ψn and

∑
n∈N |ψn| converge (with respect to ∥ · ∥) to elements

in C0(X).
We must show |

∑
n∈N ψn|2 is in C1(X). By the Cauchy-Schwarz inequality, ∥ψnψm∥1 ≤

∥ψn∥2∥ψm∥2 for all n,m in N. Hence, |
∑

n∈N ψn|2 =
∑

n,m∈N ψnψm converges absolutely with
respect to ∥ · ∥1. Lemma 4.0.3 then implies |

∑
n∈N ψn|2 is in C1(X).

Lastly, we must show Cc(X) is dense in C2(X) relative to ∥·∥2. It suffices to show positive
elements in C2(X) can be approximated arbitrarily by elements in Cc(X).

Let 0 ≤ φ be such that ψ := φ2 is in C1(X). Given ϵ > 0, let K ⊆ Y be a compact set
such that Φ(ψ)(ỹ) < ϵ2/2 for all ỹ in X \K. As in Lemma 4.0.3, For each y in K there is a
pre-compact open set Uy ⊆ X such that y is in F (Uy) =: Vy and

|Φ(ψ)(ỹ)−
∑

x∈F−1(ỹ)∩Uy

indF (x)ψ(x)| < ϵ2/2

for all ỹ in Vy. Let {yi}di=1 ⊆ K be such that K ⊆
⋃d
i=1 Vyi . Then, U :=

⋃d
i=1 Uyi is a

pre-compact open set such that

|Φ(ψ)(ỹ)−
∑

x∈F−1(ỹ)∩U

indF (x)ψ(x)| < ϵ2

for all ỹ in Y .
Choose ϕ in Cc(X) such that 0 ≤ ϕ ≤ 1 and ϕ(x) = 1 for all x in U . From the above

inequality, we have

|Φ(|φ−
√
ϕφ|2)(ỹ)| ≤

∑
x∈F−1(ỹ)\U

indF (x)ψ(x) < ϵ2

for all ỹ in Y . Hence, ∥φ−
√
ϕφ∥2 ≤ ϵ.

EF,X = C2(X) has a left action αX of C0(X) by Hilbert module endomorphisms given,
for f in C0(X) and ψ in EF,X , as

(f · ψ)(x) = f(x)ψ(x), x in X.

The pair (EF,X , αX) is a C0(X)-C0(Y ) correspondence. It is always injective and non-
degenerate. If F is surjective, it is full.
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If F : X → Y and G : Y → Z are branched functions with index functions indF and
indG, then G ◦ F is a branched function with index function indG◦F := (indG ◦ F )indF ; the
inverse branches of G ◦ F are the composite of inverse branches for F and G.

For F : X → Y a continuous function, the critical points of F will be the set of points inX
for which F is not a local homeomorphism at, in the sense that there is no open neighbourhood
U about x such that F (U) is open in Y and F : U → F (U) is a homeomorphism. We shall
denote this set by CF,X . If F : X → Y is an open map (which is the case for a branched
function), then this is a closed subset.

We can think of a branched function F : X → Y and its canonical transfer operator Φ

as defining a topological quiver in the sense of [41]; in the notation of that paper, E1 = X,
E0 = Y and r = s = F , with r-system {Φ(−)(y)}y∈Y . Then, the Hilbert C0(Y )-module
constructed in [41, Section 3.1] is isomorphic to EF,X . [41, Theorem 3.11] then can be applied
to show J(EF,X ,αX) = C0(X \ CF,X).

Let us show this with a more direct proof generalizing [28, Proposition 2.5].

Proposition 4.0.5. If F : X → Y is a branched function, then J(EF,X ,αX) = C0(X \ CF,X).

Proof. We first show C0(X \CF,X) ⊆ ϕ−1(K(EF,X)). Suppose f ≥ 0 in Cc(X) has supp(f) ⊆
U , where U is an open neighbourhood of x not in CF,X such that F (U) is open and F : U →
F (U) = V is a homeomorphism and let {F−1

i : V → U}indF (x)
i=1 . Then, by property (*) of

indF and the fact that F : U → V is a homeomorphism, we have indF (y) = indF (x) for all
y in U . Therefore, f = 1

indF (x)
θ√f,

√
f . The containment C0(X \ CF,X) ⊆ ϕ−1(K(EF,X)) then

follows by density of the (algebraic) span of functions f in C0(X \ CF,X) of the type above.
Now, we show ϕ(f) is not in K(EF,X) if f(x) ̸= 0 for some x in CF,X . Let D := indF (x).

Suppose on the contrary that ϕ(f) is in K(EF,X). Then, |f |
|f(x)| is in K(EF,X). By the hereditary

property of ideals, there is then a function g in Cc(X) such that g(x) = 1, 0 ≤ g ≤ 1 and
supp(g) ⊆ U , where U is the co-domain of an inverse branch system {F−1

i : F (U) → U}Di=1

at x. Since x is in CF,X there are two nets {x1λ}λ∈Λ, {x2λ}λ∈Λ ⊆ U converging to x such that
x1λ ̸= x2λ and F (x1λ) = F (x2λ) =: yλ for all λ in Λ. By choosing a sub-net if required, we may
assume that there are i, j ≤ D such that F−1

i (yλ) = x1λ and F−1
j (yλ) = x2λ for all λ in Λ.

Therefore, by property (∗) of indF , we have indF (x1λ) ≤ D − 1 for all λ in Λ. By taking a
further sub-sequence, we may assume there is d < D such that indF (x1λ) = d for all λ in Λ.

Note that if ∥ϕ(g)1/3−
∑N

i=1 θei,fi∥ ≤ ϵ, then ∥ϕ(g)−
∑N

i=1 θg1/3ei,g1/3fi∥ = ∥ϕ(g)1/3(ϕ(g)1/3−∑N
i=1 θei,fi)ϕ(g)

1/3∥ ≤ ϵ. So, for every ϵ > 0 there are functions {ei}Ni=1, {fi}Ni=1 ⊆ Cc(U) such
that ∥ϕ(f)−

∑N
i=1 θei,fi∥ ≤ ϵ.

Choose, for each λ in Λ a function hλ in Cc(U) such that 0 ≤ h ≤ 1, hλ(x1λ) = 1 and
supp(hλ) ∩ F−1(F (x1λ)) = {x1λ}. Then, ∥h∥2 ≤

√
D
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|h(x1λ)−d
N∑
i=1

ei(x
1
λ)fi(x

1
λ)| ≤ ∥ϕ(g)h−

N∑
i=1

ei(Φ(fih)◦F )∥ ≤ ∥ϕ(g)(h)−
N∑
i=1

θei,fi(h)∥2 ≤ ϵ
√
D.

Taking the limit, we therefore have |1− d
∑N

i=1 ei(x)fi(x)| ≤
√
Dϵ. However, if we choose

h̃ in Cc(U) such that 0 ≤ h̃ ≤ 1 and h̃(x) = 1, we have

|1−D
N∑
i=1

ei(x)fi(x)| ≤ ∥ϕ(g)h−
N∑
i=1

ei(Φ(fih̃) ◦ F )∥ ≤ ∥ϕ(g)(h̃)−
N∑
i=1

θei,fi(h̃)∥2 ≤ ϵ
√
D.

Combining these two inequalities, we see that
|1
d
− 1

D
| ≤ ϵ

√
D( 1

D
+ 1

d
). So, by choosing ϵ small enough, we arrive at a contradiction.

Let us determine a sufficient condition for when the C∗-algebra OF,X associated to a
branched functions F : X → X is simple and purely infinite. The proof is based on that
found in [28] for the case of a rational function restricted to its Julia set.

Proposition 4.0.6. Let F : X → X be a branched function such that X is infinite. If for
every compact set K ⊆ X and open set U ⊆ X, there is n in N such that K ⊆ F n(U), then
OF,X is simple and purely infinite. Moreover, OF,X is a Kirchberg algebra that is unital if
and only X is compact.

Proof. Let 0 ≤ u ≤ 1 be a non-zero function in Cc(X). We show for every a ≥ 0 in OF,X

and ϵ > 0, there is r ∈ OF,X such that ∥r∗ar − u∥ ≤ ϵ. This will complete the proof since
C0(X) contains an approximate unit for OF,X (the left action α on EX is non-degenerate).

For every δ > 0, there is c in the algebraic span of C0(X) and {Se}e∈EF,X
such that b = c∗c

satisfies ∥a− b∥ ≤ δ We can write b as a finite sum b =
∑M

j=−M bj of its Fourier co-efficients.
Further, we can write b0 =

∑N
k=0 SekS

∗
fk

, where ek, fk are in Enk
F,X and nk ≤ nk+1 for all

0 ≤ k ≤ N . Therefore, we can view b0 (isometrically) as an operator in B(En
F,X), where

nN = n. Hence, there is f in En
F,X with ∥f∥2 = 1 and x in X such that ⟨b0(f), f⟩(x) ≥

∥b0∥−δ. By the hypothesis, in every neighbourhood U of x, there is x′ such that {F j(x′)}Mj=0

are distinct. Therefore, by choosing U small enough, we can find ϕ in Cc(X) such that
0 ≤ ϕ ≤ 1, ϕ(ϕ ◦F j) = 0 for all 0 ≤ j ≤M , and ∥x∗bx∥ = ∥ϕ⟨b0(f), f⟩ϕ∥ ≥ ∥b0∥− 2δ, where
x = Sfϕ. Note that xbjx∗ϕ(ϕ ◦ F j)S∗

fbjSf = 0 for 0 ≤ j ≤ M and similarly xbjx
∗ = 0 for

−M ≤ j < 0, so we have x∗bx = x∗b0x. Set d = x∗b0x, and let V be a open set such that
∥b0∥− 3δ ≤ d ≤ ∥b0∥. Let y in Cc(V ) be such that 0 ≤ y ≤ 1 and y = 1 on a neighbourhood
contained in V . By the hypothesis, there is K in N such that ΦK(y2) ≥ u, so if we let
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g = y
√
u◦Fn√

ΦK(y2)◦Fn
and view it in EK

F,X , then S∗
gSg = u. Since g is supported in V , we have

(∥b0∥ − 3δ)u ≤ S∗
gdSg ≤ ∥b0∥u. With r = SfϕSg, we have ∥r∥ ≤ 1 and ∥r∗ar − ∥b0∥u∥ ≤ 4δ.

Since the mapping T ∈ OF,X → T0 is continuous and non-zero on positive elements, we
can choose b ∈ OF,X to also satisfy ∥a0 − b0∥ ≤ δ. Therefore, there is r in OF,X such that
∥r∗ar − u∥ ≤ 5

∥a0∥δ. Choosing δ = ϵ∥a0∥
5

completes the proof that OF,X is simple and purely
infinite.

The algebras OF,X are always nuclear and satisfy the UCT by an argument similar to
[28, Proposition 3.9]. Therefore, OF,X is a Kirchberg algebra. If X is unital, then the unit 1
in C(X) is a unit for OF,X . In the reverse direction, if OF,X is unital, then since the inclusion
C0(X) → OF,X is non-degenerate, an approximate unit (uλ)λ∈Λ for C0(X) is an approximate
unit for OF,X . Since OF,X is unital, (uλ)λ∈Λ is convergent in OF,X to 1. Using the fact that
the image of C0(X) inside OF,X is closed, we see that 1 is in C0(X) and hence X is compact.

We will denote the trivially graded Kasparov C0(X \ CF,X)− C0(Y ) bi-module
(EF,X , αX |C0(X\CF,X), 0) by EF,X , and denote its class in KK0(C0(X \CF,X), C0(Y )) by [EF,X ].
We shall denote the class of the inclusion i : C0(X \ CF,X) → C0(X) in KK0(C0(X \
CF,X), C0(X)) by ι.

We remark that there is an ambiguity in our notations EF,X and EF,X , since we do not
specify the co-domain of F , but it will be clear from the context what it is.

We now show that the class [EF,X ] behaves well with restrictions of F . If U is an open
set in X, let iU = i : C0(U) → C0(X), ιU = i : C0(U \ CF,X) → C0(X \ CF,X) denote the
respective inclusions. For an open set V of Y such that F (U) ⊆ V it is clear that F : U → V

is also a branched function.

Proposition 4.0.7. If F : X → Y is a branched function and U is an open set in X, then
(ιU)

∗[EF,X ] = (iV )∗[EF,U ], where V is any open set in Y such that F (U) ⊆ V . Moreover,
(iU , iU , iV ) : (EF,U , αU) → (EF,X , αX) is a morphism of correspondences.

Proof. The proof that (iU , iU , iV ) : (EF,U , αU) → (EF,X , αX) is a morphism of correspon-
dences is straightforward, and we omit it. Proposition 3.0.3 implies (ιU)∗[EF,X ] = (iV )∗[EF,U ].

If X = Y and F : X → X is a branched function, we will denote the corresponding
Cuntz-Pimsner algebra and its Toeplitz algebra extension by OF,X and TF,X , respectively.
These algebras are conjugacy invariants for the pair (F, indF ).

Proposition 4.0.8. Suppose F : X → X and G : Y → Y are branched functions, and
φ : X → Y is a homeomorphism such that φ ◦ F = G ◦ φ and indG ◦ φ = indF . Then,
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(φ∗, φ∗, φ∗) : EG,Y → EF,X is an isomorphism of correspondences. In particular, the induced
∗-homomorphisms T (φ∗) : TG,Y → TF,X , O(φ∗) : OG,Y → OF,X are ∗-isomorphisms.

Proof. The proof is straightforward, and we omit it.

We now consider exact sequences of branched functions. If F : U → V is branched and
Y ⊆ V is closed, letting F−1(Y ) = X, F |X : X → Y is also branched, with indF |X = indF |X
and inverse branches equal to the inverse branches of F restricted to Y .

Proposition 4.0.9. Let F : U → V be a branched function, and Y a closed subset of V .
Denote F−1(Y ) = X, i1 : C0(U \X) → C0(U), i2 : C0(V \Y ) → C0(V ) the inclusions and r1 :
C0(U) → C0(X), r2 : C0(V ) → C0(Y ) the restrictions. Then, (i1, i1, i2) : (EF,U\X , αU\X) →
(EU , αU) and (r1, r1, r2) : (EU , αU) → (EX , αX) are morphisms. CF,U ∩ X = CF,X , if and
only if the sequence

0 (EF,U\X , α) (EF,U , α) (EF,X , α) 0
(i1,i1,i2) (r1,r1,r2)

is J-exact.

Proof. Since F−1(Y ) = X, it is clear that

(1) i1(f · ψ) = i1(f) · i1(ψ) for all f in C0(U \X), ψ in EF,U\X ,

(2) ⟨i1(ψ), i1(φ)⟩ = i2(⟨ψ, φ⟩), for all ψ, φ in EF,U\X , and

(3) i1(ψ · g) = i1(ψ) · i2(g), for all ψ in EF,U\X and g in C0(V \ Y ).

Recall that for a branched function G : A→ B, J(EG,A,αA) = C0(A\CG,A). Since U \X is open
in U , we have that CF,U\X = CF,U ∩ (U \X) and therefore i(C0((U \X) \CF,U\X)) ⊆ C0(U \
CF,U). To finish proving (i1, i1, i2) is a morphism, it suffices to show î1(αU\X(f)) = αU(i1(f))

for all f in C0((U \X) \ CF,U\X).
It suffices to prove this for a positive function f compactly supported in an open domain

W of U such that W ∩ (X ∪ CF,U) = ∅ and F : W → F (W ) is injective. In this case,
αU\X(f) = θ√f,

√
f and αU(i1(f)) = θ√

i1(f),
√
i1(f)

. By definition, î1(θ√f,√f ) = θi1(
√
f),i1(

√
f).

Hence, î1(αU\X(f)) = αU(i(f)).
Similarly, it is clear from F−1(Y ) = X that

(1) r1(f · ψ) = r1(f) · r1(ψ)

(2) ⟨r1(ψ), r1(φ)⟩ = r2(⟨ψ, φ⟩), for f in C0(U), ψ, φ in EF,U , and

(3) r1(ψ · g) = r1(η) · r2(g), for all ψ in EF,U and g in C0(V ).
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Therefore, r1 : C2(U) → C2(X) is a r2-twisted morphism of Hilbert modules. Every twisted
morphism of Hilbert modules has closed image (it extends isometrically to a *-homomorphism
of the linking algebra, which has closed image), and therefore r1(Cc(U)) = Cc(X) implies
r1(C2(U)) = C2(X).

It is general that CF,X ⊆ CF,U ∩X, so we always have r(C0(U \ CF,U)) ⊆ C0(X \ CF,X).
By surjectivity of r1 : C2(U) → C2(X) it is immediate that r̂1(αU(f)) = αX(r1(f))

J-exactness of

0 (EF,U\X , α) (EF,U , α) (EF,X , α) 0
(i1,i1,i2) (r1,r1,r2)

is equivalent to exactness of the sequences

0 C0(U \X) C0(U) C0(X) 0

0 C0(U \ (X ∪ CF,U\X)) C0(U \ CF,U) C0(X \ CF,X) 0

0 C2(U \X) C2(U) C2(X) 0

0 C0(V \ Y ) C0(V ) C0(Y ) 0.

i1 r1

i1 r1

i1 r1

i2 r2

Exactness of the top and bottom sequence is by hypothesis. Since r1(C2(U)) = C2(X) and
C2(U)∩C0(U \X) = C2(U \X), the second sequence from the bottom one is exact. Exactness
of the sequence second from the top is equivalent to CF,U ∩X = CF,X .

4.1 Correspondences from holomorphic functions

We now consider branched functions which are the restrictions of holomorphic functions and
prove some extra regularity properties about them.

Let M and N be Riemann surfaces and X ⊆M , Y ⊆ N be closed subspaces. A function
F : X → Y is a holomorphic branched function if there is a holomorphic function F̃ :M → N

such that F̃ |X = F and F̃−1(Y ) = X. F is necessarily an open map, since F̃ is an open map
and F̃−1(Y ) = X.

Moreover, because F̃ is holomorphic, for every u in M , there is a neighbourhood U of
u, bi-holomorphisms ϕ : U → Dr, ψ : F (U) → Drn , for some r > 0 and n in N, such that
ψ ◦ F̃ ◦ ϕ−1(z) = zn for all z in Dr. Since zn is branched, it follows that F̃ is branched, with
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n = indF̃ (u). Hence, F̃ |X = F is branched. Note that {u ∈ M : indF̃ (u) > 1} = CF̃ ,M and
this set is countable and discrete.

We will now show J-exactness of extensions of holomorphic branched functions is auto-
matic, provided that its domain contains no isolated points. First, we need a lemma.

Lemma 4.1.1. Let F : X → Y be a holomorphic branched function and assume Y contains
no isolated points. For x in X, let dF (x) = d be the maximal number for which there exists
a sequence {xn,j}n∈N,j≤d satisfying the properties

(1) limn→∞ xn,i = x for any i ≤ d,

(2) F (xn,i) = F (xn,j) := x′n ̸= F (x) for any i, j ≤ d, n in N,

(3) F−1(x′n) =
⋃d
i=1{xn,i}, for any n in N, and

(4) xn,i ̸= xn,j for any two distinct i, j ≤ d, for any n in N.

Then, indF (x) = dF (x).

Proof. For x in X, let {F−1
i : V → U}indF (x)

i=1 be inverse branches centered at x. Since Y
contains no isolated points, there is a sequence x′n in V \ F (x) converging to F (x). Since
{x ∈ X : indF (x) > 1} is discrete, we may assume U is small enough so that indF (u) = 1

for all u in U \ {x}. Hence, F̃−1
i (x′n) := xn,i must satisfy xn,i ̸= xn,j for all i ̸= j ≤ indF (x)

and n in N. By continuity of the inverse branches at F (x), we have limn→∞ xn,i = x for all
i ≤ indF (x). Lastly, we have

⋃indF (x)
i=1 xn,i = F−1(x′n), so that the collection {xn,i}i≤indF (x)

satisfy (1)-(4) in the hypothesis of the lemma. Hence, indF (x) ≤ dF (x).
If {xn,i}i≤dF (x) is a collection satisfying (1)-(4) above with F (xn,i) := x′n, then

⋃dF (x)
i=1 xn,i

⊆ U \ x eventually, so that F−1(x′n) = {F−1
i (x′n)}

indF (x)
i=1 ⊆

⋃dF (x)
i=1 xn,i = F−1(x′n) eventually.

Since xn,i ̸= xn,j for all i ̸= j ≤ dF (x), it follows that dF (x) ≤ indF (x).

Corollary 4.1.2. Let F :M → N be a holomorphic branched function, and suppose Y ⊆ N

is a closed set that contains no isolated points. Let F−1(Y ) =: X. Then, CF,M ∩X = CF,X ,
so that the sequence

0 (EF,M\X , α) (EF,M , α) (EF,X , α) 0
(i1,i1,i2) (r1,r1,r2)

is J-exact.

Proof. If x is in CF,M ∩ X, then indF (x) > 1. By Lemma 4.1.1, dF |X (x) = indF |X (x) :=

indF (x) > 1. It is easy to see that {x ∈ X : dF |X (x) > 1} = CF,X , so that x is in CF,X . Hence,
CF,X = CF,M ∩X. Proposition 4.0.9 then implies the above sequence of correspondences is
exact.
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Corollary 4.1.3. If F : X → X and G : Y → Y are holomorphic branched functions for
which X and Y contain no isolated points and φ : X → Y is a homeomorphism such that
G ◦ φ = φ ◦ F , then indG ◦ φ = indF and hence (φ∗, φ∗, φ∗) : (EG,Y , αY ) → (EF,X , αX) is an
isomorphism.

Proof. It is easy to see that dG ◦ φ = dF , so Lemma 4.1.1 and Proposition 4.0.8 imply the
Corollary.

Corollary 4.1.4. Let h : M → M be a complex dynamical system, where M is either Ĉ, C
or C∗. Then,

0 Oh,Fh
Oh,M Oh,Jh 0i r

is exact, where i is induced from the inclusion C0(Fh) → C0(M) and r is induced from
the restriction C0(M) → C0(Jh).

Oh,Jh is unital if and only if h extends to a rational function R : Ĉ → Ĉ, in which case
Oh,Jh = OR,JR. If M = Ĉ or C∗, then Oh,Jh is purely infinite and simple. If M = C, then
Oh,Jh is purely infinite and simple if and only if Jh does not contain the exceptional point (if
it exists).

If Jh contains the exceptional point e and e is not a critical point, then point evaluation
C0(Jh) → C at e induces a ∗-homomorphism Oh,Jh → C with kernel Oh,Jh\{e}. The ideal
Oh,Jh\{e} is purely infinite and simple.

If Jh contains the exceptional point e and e is a critical point, then point evaluation
C0(Jh) → C at e induces a non-zero trace τ on Oh,Jh.

Proof. The exact sequence follows from Corollary 4.1.2 and the fact that Jh contains no
isolated points (Corollary 2.5.9). The characterization of the existence of a unit follows from
Proposition 4.0.6. The purely infinite and simple properties in the case M = Ĉ and M = C∗

and M = C when the exceptional point e is not contained in Jh follow from Proposition
4.0.6, Corollary 2.5.10 and Proposition 2.5.6.

Suppose M = C and the exceptional point e is contained in Jh. If e is not a critical point,
then the short exact sequence

0 C0(Jh \ {e}) C0(Jh) C 0i eve

induces a J-exact sequence of correspondences

0 (Eh,Jh\{e}, α) (Eh,Jh , α) (C, idC) 0
(i,i,i) (eve,eve,eve)
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And so the Corollary follows from Proposition 3.0.11 and the fact that h : Jh \ {e} →
Jh \{e} is conjugate to the dynamics of a holomorphic map of the punctured plane restricted
to its Julia set.

Suppose M = C and the exceptional point e is a critical point contained in Jh. By
[32, Theorem 2.5], the point evaluation (thought of as a trace) τ : C0(Jh) → C extends to a
trace on the Cuntz-Pimsner algebra Oh,Jh if and only if τ(f) = Trτ (f) := supI

∑
ξ∈I τ(⟨ξ, f ·

ξ⟩) for all f in J(Eh,Jh
,α), where the supremum runs over all families I of vectors in Eh,Jh such

that
∑

ξ∈I θξ,ξ ≤ 1. Note that J(Eh,Jh
,α) ⊆ C0(Jh \ {e}) and ( due to h−1(e) ⊆ {e} ) ⟨ξ, fη⟩ is

in C0(Jh \ {e}), for all ξ, η in Eh,Jh , whenever f is in J(Eh,Jh
,α). Therefore, τ(f) = 0 = Trτ (f)

for all f in J(Eh,Jh
,α) and τ extends to a trace on Oh,Jh . Therefore, Oh,Jh is not purely infinite.

4.1.1 K-theoretic properties of holomorphic branched functions

In this section we study the induced mapping onK-theory associated to the C∗-correspondence
of a holomorphic branched function. The results here will be crucial later in Chapter 7.

Our main example of a holomorphic branched function will be a complex dynamical
system R : M → M and its restriction to its Fatou set FR and its Julia set JR. Recall from
Section 2.5 that when M is either Ĉ, C or C∗ and deg(R) > 1, JR is non-empty, totally
invariant (R−1(JR) = JR), contains no isolated points and is a closed subset of M . Corollary
4.1.2 implies we have a J-exact sequence

0 (ER,FR
, αFR

) (ER,M , αM) (ER,JR , αJR) 0.
(i,i,i) (r,r,r)

We now provide a concrete description of ι− ⊗̂[ER,JR ] acting on K0.
For a locally compact Hausdorff space W , let Tr : K0(W ) → C0(W,Z) be the homomor-

phism (of additive groups) defined for g in K0(W ) and w in W as Tr(g)(w) = (evw)∗(g),
where evw : C0(W ) → C is evaluation at w. We can identify K0(C) with Z via the trace
map.

We first show ⊗̂[ER,JR ] acting on K0 can be identified with the transfer operator Φ using
the trace map Tr.

Proposition 4.1.5. If F : X → Y is a holomorphic branched function and X, Y are closed
and proper subsets of either C∗, C or Ĉ, then Tr : K0(X \ CF,X) → C0(X \ CF,X ,Z),
Tr : K0(Y ) → C(Y,Z) are isomorphisms, and Tr ◦ (⊗̂0[EF,X ]) = (Φ) ◦ Tr.

Proof. When X is a compact, connected proper subspace of the Riemann sphere, Ĉ \ X
is a non-empty disjoint union of simply connected open sets, and so K−1(Ĉ \ X) = 0 and
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i∗ : K
0(Ĉ \X) → K0(Ĉ) maps onto Z ·βĈ (by Corollary 4.1.12). Therefore, the 6-term exact

sequence of K-theory associated to

0 C0(Ĉ \X) C(Ĉ) C(X) 0

implies K0(X) = Z[1X ] ≃ Z, and in particular Tr : K0(X) → C(X,Z) is an isomorphism.
Now, when X is a finite disjoint union of compact connected sets in Ĉ, the above result

implies Tr : K0(X) → C(X,Z) is an isomorphism.
In general, if X is a compact, proper set of Ĉ, then we can write X =

⋂
n∈NXn, where, for

every n in N, Xn is a finite disjoint union of compact connected sets such that Xn+1 ⊆ Xn.
The diagram

K0(Xn) K0(Xn+1)

C(Xn,Z) C(Xn+1,Z)

Tr

r∗

Tr

r

commutes, for all n in N, where r is the restriction map, and the vertical maps are isomor-
phisms. Therefore, the limit map Tr : K0(X) → C(X,Z) is an isomorphism.

Now, suppose C is a finite set contained in X. K−1(C) = 0, so the following diagram has
exact rows and commutes:

0 K0(X \ C) K0(X) K0(C)

0 C0(X \ C,Z) C(X,Z) C(C,Z).

Tr Tr Tr

Since the two right-most vertical maps are isomorphisms, a diagram chase implies Tr : K0(X\
C) → C0(X \ C,Z) is an isomorphism.

Now if X and Y are closed and proper subsets of either C∗, C or Ĉ, then X = X \FX and
Y = Y \FY , where the closure is in Ĉ and FX , FY are finite sets. By properness of X and Y ,
we have X ̸= Ĉ and Y ̸= Ĉ, so the above result applies to see that Tr : K0(X) → C0(X,Z)
and Tr : K0(Y ) → C0(Y,Z) are isomorphisms.

Since CF,X is closed and discrete, we have K−1(CF,X) = 0 and Tr : K0(CF,X) →
C0(CF,X ,Z) is an isomorphism. By a similar diagram chase to that above, we have that
Tr : K0(X \ CF,X) → C0(X \ CF,X ,Z) is an isomorphism.

Note that every element f in C0(X,Z) is compactly supported, so that Φ(f) is well
defined. For y in Y , (evy)∗EF,X is represented by the Hilbert C-module with orthogonal
basis {δx}x∈F−1(y) and inner product satisfying ⟨δx, δx⟩ = indF (x), for all x in F−1(y). The
left action is defined for f in C0(X \ CF,X) and x in F−1(y) as f · δx = f(x)δx. Therefore,
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(evy)∗EF,X =
∑

x∈F−1(y)(evx)∗, where (evx)∗ is thought of as a class in KK0(C0(X \CF,X),C)
and the sum is the direct sum operation of Kasparov bi-modules. When indF (x) > 1, x is in
CF,X and consequently (evx)∗ = 0 in KK0(C0(X \ CF,X),C). So, we can write (evy)∗EF,X as∑

x∈F−1(y) indF (x)(evx)∗ and the diagram

K0(X \ CF,X) K0(Y )

C0(X \ CF,X ,Z) C0(Y,Z).

⊗̂0[EF,X ]

Tr Tr

Φ

commutes.

For a holomorphic branched function F : X → Y with X, Y closed and proper subsets of
either C∗, C or Ĉ, we will identify K0(X \ CF,X), K0(X) and K0(Y ) with C0(X \ CF,X ,Z),
C0(X,Z) and C0(Y,Z), respectively.

If R :M →M is a holomorphic function such that JR ̸=M and M is either C∗, C or Ĉ,
by Corollary 3.0.9 and Proposition 4.1.5, we have a commutative diagram

C0(JR \ CR,JR ,Z) K−1(FR \ CR,FR
)

C0(JR,Z) K−1(FR).

exp

Φ ⊗̂1[ER,FR
]

exp

The left-most vertical map extends to the group homomorphism Φ : C0(JR,Z) → C0(JR,Z)
and the top horizontal map extends to the exponential map exp : C0(JR,Z) → K−1(FR \
CR,FR

) from the short exact sequence

0 C0(FR \ CR,FR
)) C0(M \ CR,FR

) C0(JR) 0.i r

We will show the extension of the diagram above commutes. This result will be used
to compute the kernel and co-kernel of id − Φ : C(JR,Z) → C(JR,Z) when R is rational
(Proposition 7.0.7). First, we we make a definition and prove two lemmas.

If U is a simply connected open proper subset of Ĉ and z is in U , the short exact sequence

0 C0(U \ {z})) C0(U) C 0
evz

yields an isomorphism exp : Z = K0({z}) → K−1(U \ z). If 1z denotes the characteristic
function on the point {z}, we will let vz =: exp(1z)

Let Fd : D → D be the mapping defined, for z in D, as Fd(z) = zd.
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Lemma 4.1.6. ⊗̂1[EFd,D\{0}] : K
−1(D \ {0}) → K−1(D \ {0}) maps v0 to d · v0.

Proof. If d = 1, then Fd = idD and the lemma follows.
Assume d > 1. Denote (Fd)

∗ : C0(D) → C0(D) by φd. By naturality of exp, the diagram

K0({0}) K0({0})

K−1(D \ {0}) K−1(D \ {0})

(φd)∗

exp exp

(φd)∗

commutes. The top horizontal map is equal to the identity. Hence, (φd)∗(v0) = v0. Therefore,
to prove the lemma, it suffices to show φ∗

d[EFd,D\{0}] is equal to d · idC0(D\{0}) in KK0(C0(D \
{0}), C0(D \ {0})).

Let ω be a dth root of unity, and consider for 0 ≤ j ≤ d − 1 the linear map Pj :

C0(D \ {0}) → C0(D \ {0}) defined for ψ in C0(D \ {0}) as Pj(ψ)(z) = 1
d

∑d−1
k=1 ω

−jkψ(ωkz),
z in D \ {0}. If φ is a function in the image of Pj, then it satisfies φ(ωz) = ωjφ(z), for all z
in D \ {0}, so Pj(φ) = φ, and hence P 2

j = Pj.
We also have, for any z in D \ {0}, that

∑d−1
j=0 Pj(ψ)(z) =

∑d−1
k=0(

1
d

∑d−1
j=0 ω

−jk)ψ(ωkz).
1
d

∑d−1
j=0 ω

−jk = 1 if j = 0, and is zero otherwise. Hence,
∑d−1

j=0 Pj = id.
We show Pj is a Hilbert C0(D \ {0})-module endomorphism of EFd,D\{0} commuting with

the left action αD\{0} ◦ φd. Since ωd = 1, we have, for any a in C0(D \ {0}), ψ in EFd,D\{0}

and z in D \ {0}, that

Pj(ψ · a)(z) = 1

d

d−1∑
k=1

ω−jkψ(ωkz)a((ωkz)d) = (
1

d

d−1∑
k=1

ω−jkψ(ωkz))a(zd) = (Pj(ψ) · a)(z).

We also have Pj(a · ψ) = a · Pj(ψ), since the left and right actions are equal for φ∗
dEFd,D\{0}.

Since
∑d−1

j=0 Pj = id, to show that P ∗
j = Pj (hence Pj is adjointable), we only need

to show that for all ψ1, ψ2 in EFd,D\{0} and i ̸= j, we have ⟨Pi(ψ1), Pj(ψ2)⟩ = 0. Write
φ1 = Pi(ψ1) and φ2 = Pj(ψ2). For z in D\{0}, we have ⟨φ1, φ2⟩(Fd) =

∑d−1
k=0 φ1(ω

kz)φ2(ω
kz).

Since φ1(ω
kz) = ωikφ1(z) and φ2(ω

kz) = ωjkφ1(z), we have that
∑d−1

k=0 φ1(ω
kz)φ2(ω

kz) =

(
∑d−1

k=0 ω
(j−i)k)φ1(z)φ2(z) = 0.

We have shown that {Pi}d−1
i=0 is a collection of mutually orthogonal projections of the Kas-

parov C0(D \ {0})−C0(D \ {0}) bi-module φ∗
dEFd,D\{0} that sum to id. Hence, [φ∗

dEFd,D\{0}] =∑d−1
i=0 [Piφ

∗
dEFd,D\{0}].

Consider the unitary U of φ∗
dEFd,D\{0} defined for ψ in EFd,D\{0} as U(ψ)(z) = z

|z|ψ(z), z
in D \ {0}. Then, one checks that UPiU∗ = Pi+1 for 0 ≤ i ≤ d − 1 (Pd = P0). Therefore,
[φ∗
dEFd,D\{0}] = d[P0φ

∗
dEFd,D\{0}]. We show [P0φ

∗
dEFd,D\{0}] = id.
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Note that [EF0,D\{0}] = [idC0(D\{0})], so it suffices to show [P0φ
∗
dEFd,D\{0}] = [EF0,D\{0}].

Consider the map S = 1√
d
(Fd)

∗ : Ez,D\{0} → EFd,D\{0}. It is obvious S is C0(D \ {0}) linear
with respect to the left and right actions on each bi-module. For ψ1, ψ2 in Ez,D\{0}, we have
⟨S(ψ1), S(ψ2)⟩(z) = 1

d

∑
w:wd=z ψ1(w

d)ψ2(w
d) = ψ1(z)ψ2(z) = ⟨ψ1, ψ2⟩(z). So, S preserves

the inner products.
Every function φ in the image of S satisfies φ(ωz) = φ(z) for all z in D \ {0}, so im(S) ⊆

im(P0). For φ in EFd,D\{0}, let Φ(φ)(z) = 1√
d

∑
w:wd=z φ(w). Then, SΦ = P0, so if φ is in

im(P0), we have SΦ(φ) = φ. Therefore, im(S) = im(P0) and S : EF0,D\{0} → P0EFd,D\{0} is
an isomorphism of Kasparov bi-modules. Hence, [P0φ

∗
dEFd,D\{0}] = [EF0,D\{0}].

Lemma 4.1.7. Let M be either C∗, C or Ĉ and X a proper closed subset of M . Then,
for every non-zero v in K−1(M \ X), there is x in X such that (ix)∗(v) ̸= 0, where ix :

C0(M \X) → C0(M \ x) is the inclusion.

Proof. We may assume |X| ≥ 2, otherwise the lemma is trivial. If M = Ĉ, by applying
a rotation, we may assume without loss of generality that ∞ is in X. Then, M \ X =

C \ (X \ {∞}) and X \ {∞} is closed in C. This reduces the case of M = Ĉ to the case
where M = C.

If M = C∗, then X ∪ {0} =: X0 is closed in C and for x in X, (ix)∗ = (jx)∗, where
jx : C0(C \ X0) → C0(C \ {x, 0}) is the inclusion. Let kx : C0(C \ X0) → C0(C \ {x}) and
lx : C0(C \ {x, 0}) → C0(C \ {x}) denote the inclusions. For x in X, we have lx ◦ jx = kx

and k0 = l0 ◦ jx. By functorality of K-theory it follows that if (kx)∗(v) ̸= 0 for some v in
K−1(C∗ \X)), then we must have (jx)∗(v) ̸= 0. This reduces the case of M = C∗ to the case
M = C.

So, assume X is a closed and proper subset of C. For x in X, the diagram

0 C0(C \X) C0(C) C0(X) 0

0 C0(C \ {x}) C0(C) C 0

ix

rX

evx

commutes and has exact rows. Therefore, by naturality of exp, the diagram

K−1(C \X) C0(X,Z)

K−1(C \ x) K−1(x) = Z.

(ix)∗

exp

evx

exp

SinceK−1(C) = 0 the horizontal maps are surjections. K0(C) → K0(x) and (rX)∗ : K
0(C) →

C0(X,Z) both are the zero maps and hence the horizontal maps above are also injections.
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For every f ̸= 0 in C0(X,Z) there is x in X such that evx(f) ̸= 0. Using this and that
the horizontal maps above are isomorphisms, the lemma follows.

Proposition 4.1.8. Let R : M → M be a non-invertible complex dynamical system, where
M is either C∗, C or Ĉ. If JR ̸=M then the diagram

C0(JR,Z) K−1(FR \ CR,FR
)

C0(JR,Z) K−1(FR)

exp

Φ ⊗̂1[ER,FR
]

exp

commutes.

Proof. First, we show for every x in JR, the diagram

C0(R
−1(x),Z) Z = K0(x)

K−1(M \ (R−1(x) ∪ CR,M)) K−1(M \ {x})

exp

Φx

exp

⊗̂1[ER,M\R−1(x)]

commutes, where Φx : C(R−1(F ),Z) → Z is the group homomorphism sending 1z, z in
R−1(x), to indR(z)1x.

R−1(x) and CR,M are closed and discrete, so for every z in R−1(x), there is a simply
connected neighbourhood Uz of z such that Uz ∩ (R−1(x) ∪ CR,M) = {x}, Vz := R(Uz) is
simply connected, with bi-holomorphisms φ : Uz → D, ψ : Vz → D such that φ(z) = 0,
ψ(x) = 0 and, for all w in D, ψ ◦R ◦ φ−1(w) = windR(z).

Lemma 4.1.6 implies v0⊗̂1[Eψ◦R◦φ−1,D\{0}] = indR(z) · v0.
Naturality of exp implies ((φ−1)∗)∗(vz) = v0 and (ψ∗)∗(v0) = vx, so vz⊗̂1[ER,Uz\{z}] =

((ψ−1)∗)∗(v0⊗̂1[Eψ◦R◦φ−1,D\{0}]) = indR(z) · vx.
Naturality of exp and Proposition 4.0.7 then imply exp(1z)⊗̂1[ER,M\R−1(x)] = indR(z)vx =

exp(Φx(1x)). As z in R−1(x) was arbitrary, the above identity implies the diagram

C0(R
−1(x),Z) Z = K0(x)

K−1(M \ (R−1(x) ∪ CR,M)) K−1(M \ {x})

exp

Φx

exp

⊗̂1[ER,U\R−1(F )]

commutes, as claimed.
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Let x be in JR, and let ix : K−1(M \ (JR ∪ CR,FR
)) → K−1(M \ (R−1(x) ∪ CR,FR

)) and
jx : K−1(M \ JR) → K−1(M \ {x}) be the maps induced by the respective inclusions. Let
rx : C(JR,Z) → C(R−1(x),Z) and evx : C(JR,Z) → Z be the restriction/evaluation maps.
By the above commutative diagram, for every g in C(JR,Z), we have

0 = exp(rx(g))⊗̂1[ER,M\R−1(x)]−exp(Φx(rx(g))). Note that Φx◦rx = evx◦Φ, and naturality
of exp implies exp ◦ rx = ix ◦ exp and exp ◦ evx = jx ◦ exp.

Therefore,

exp(rx(g))⊗̂1[ER,M\R−1(x)]− exp(Φx(rx(g))) = ix(exp(g))⊗̂1[ER,M\R−1(x)]− jx(exp(Φ(g))).

Proposition 4.0.7 implies ix(exp(g))⊗̂1[ER,M\R−1(x)] = jx(exp(g)⊗̂1[ER,FR
]). So, putting these

equalities together, we have 0 = jx(exp(g)⊗̂1[ER,M\JR ]−exp(Φ(g))). As x in JR was arbitrary,
Lemma 4.1.7 implies exp(g)⊗̂1[ER,FR

] = exp(Φ(g)).

4.1.2 Appendix: Bott projections

To compute certain maps in the exact sequences we will work with in this thesis, it will
be useful to “orient" the K0 (and K−1) groups for special subsets of Ĉ by finding minimal
generating sets that behave well with maps like inclusion and bi-holomorphisms. In this
section, given a connected open set U of Ĉ, we describe such a canonical generator βU for
K0(U), the Bott projection of U . When U = C it is the usual Bott projection. We could
not find these results in the literature, but we do not claim any originality as they are likely
folklore. The reader may wish to skip this section if they believe Corollary 4.1.12.

Our method is to construct the Bott projection for the open unit disk D, prove some
properties about it, then bootstrap up to the general construction (Corollary 4.1.12).

First, let U be a simply connected open set of the complex plane C, and let γ be a Jordan
curve inside it. Denote by U−

γ the connected component of U \ im(γ) whose closure in C
intersects the boundary ∂U , and denote the other component by U+

γ .
For a continuous function a : im(γ) → U+

γ , let ua,γ : im(γ) → S1 be defined, for z in
im(γ), as ua,γ(z) = z−a(z)

|z−a(z)| . Any two functions a, b : im(γ) → U+
γ are homotopic, since

U+
γ is homeomorphic to D. It follows then, by compactness of im(γ), that ua,γ and ub,γ

are homotopic as elements in C(im(γ), S1). Hence, the class uγ := [ua,γ] in K−1(im(γ)) is
independent of a.

Let δγ : K−1(im(γ)) → K0(U+
γ ) be the index map from the 6-term exact sequence asso-

ciated to the short exact sequence

0 C0(U
+
γ ) C0(U+

γ ) C(im(γ)) 0.
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Let ιγ : K0(U+
γ ) → K0(U) be the map induced from the inclusion i : C0(U

+
γ ) → C0(U).

Proposition 4.1.9. For every simply connected open set U properly contained in Ĉ, there
is a unique generator βU in K0(U) ≃ Z such that

(1) if U ⊆ C, then βU = ιγδγ(uγ) for any Jordan curve γ in U ,

(2) if T : U → V is a bi-holomorphism, where V is an open subset of Ĉ, then ((T−1)∗)∗βU =

βV , and

(3) if U ⊆ V , where V is a simply connected open set properly contained in Ĉ, and i :

C0(U) → C0(V ) is the inclusion, then i∗βU = βV .

Proof. We first prove (1) and (2) of the Proposition for U = D = V , and then bootstrap to
the general case.

First, we show ιγδγ(uγ) = ιηδη(uη) for any two Jordan curves in D. To prove this, it
suffices to show ιγδγ(uγ) = ιεrδεr(uεr), where εr(t) = re2πit, for t in [0, 1], for any r < 1 such
that |γ| < r.

Let Ar,γ = Dr \ D+
γ . Let δA : K−1(im(γ)) ⊕K−1(im(εr)) → K0(Ar,γ) be the index map

from the 6-term exact sequence associated to

0 C0(Ar,γ) C0(Ar,γ) C(im(γ) ⊔ im(εr)) 0.i r

Choose a point z0 in D+
γ , and define u : Ar,γ → S1, for z in Ar,γ, as u(z) = z−z0

|z−z0| . Since
D+
γ ⊆ D+

εr = Dr, it follows that r∗[u] = [uz0,γ] ⊕ [uz0,εr ]. Hence, by exactness, ιAδA(uγ) =

−ιAδA(uεr), where ιA : K0(Ar,γ) → K0(D) is the map induced from inclusion.
Let δ : K−1(im(γ)) → K0(D+

γ ) ⊕ K0(Ar,γ) be the index map from the 6-term exact
sequence associated to

0 C0(D+
γ ⊔ Ar,γ) C0(Dr) C(im(γ)) 0.

By naturality of the index map, we have that δ(uγ) = δγ(uγ) ⊕ δA(uγ), and so exactness
implies ιγδγ(uγ) + ιAδA(uγ) = 0. Hence, ιγδγ(uγ) = ιAδA(uεr). By naturality of the index
map, ιAδA(uεr) = ιεrδεr(uεr), proving the claim.

Now, we show βD := ιεrδεr(uεr) generates K0(D). Since C0(D\Dr) is contractible to 0, the
6-term exact sequence of K-theory implies the map ιεr : K0(Dr) → K0(D) is an isomorphism.
Similarily, C0(Dr\{0}) being contractible to 0 impliesK0(Dr) = Z[1Dr

]. Hence, i∗ : K0(Dr) →
K0(Dr) must be zero. It then follows by exactness that ιεrδεr : K0(im(εr)) → K0(D) is an
isomorphism. Clearly the class of u0,εr(z) = z

r
, z in rS1, generates K−1(im(εr)), and therefore

βD = ιεrδεr(uεr) generates K0(D). Hence, (1) is proven for U = D.
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Every bi-holomorphism T : D → D is of the form T (z) = e2πiθ z−a
1−az , for any z in D, for

some a in D, θ in R, and is therefore homotopic to the identity. Therefore, ((T−1)∗)∗βD = βD.
This proves (2) in the case that U = V = D.

Now we prove the Proposition in the case that U and V are properly contained in C. By
the Riemann mapping Theorem, it follows that there is a bi-holomorphism T : D → U . By
naturality of the index map, the diagram

K−1(im(γ)) K−1(im(T (γ)))

K0(D+
γ ) K0(U+

γ )

K0(D) K0(U)

T∗

δγ δT (γ)

T∗

ιγ ιT (γ)

T∗

commutes. Hence, to prove (1) and ((T−1)∗)∗βD = βU , it suffices to prove T∗uγ = uT (γ) for
any Jordan curve γ in D.

Since T is a bi-holomorphism and im(γ) is compact, for every ϵ > 0, there is a continuous
map b : im(T (γ)) → U+

T (γ) such that

∣∣∣∣T−1(z)− T−1(b(z))

z − b(z)
· |z − b(z)|
|T−1(z)− T−1(b(z))|

− (T−1)′(z)

|(T−1)′(z)|

∣∣∣∣ < ϵ, for all z in im(T (γ)).

Let a = T−1 ◦b◦T . Note that, for all w in im(T (γ)), ua,γ ◦T−1(w) = T−1(w)−T−1(b(w))
|T−1(w)−T−1(b(w))| and

ub,T (γ)(w) =
w−b(w)
|w−b(w)| . Hence, ∥(ua,γ ◦ T−1) · (ub,T (γ))−1 − (T−1)′

|(T−1)′|∥ < ϵ. So, if we choose ϵ < 2,

then, by [52, Lemma 2.1.3 (iii)], (ua,γ ◦ T−1) · (ub,T (γ))−1 is homotopic to (T−1)′

|(T−1)′| as elements
in C(im(T (γ)), S1).

The domain of (T−1)′

|(T−1)′| : im(T (γ)) → S1 extends continuously to U+
T (γ) and is therefore

homotopic, as an element in C(im(T (γ)), S1), to a constant. Hence, T∗uγ − uT (γ) = [(ua,γ ◦
T−1)(ub,T (γ))

−1] = 0 in K−1(im(T (γ))).
Now, suppose U , V are simply connected proper open sets of C. Let TU : D → U and

TV : D → V be bi-holomorphisms. If T : U → V is a bi-holomorphism, then T∗βU =

(TV )∗(T
−1
V )∗T∗(TU)∗βD = (TV )∗βD = βV , proving (2) in this case.

If U ⊆ V , let γ be a Jordan curve in U . Denote γ by γU , γV when thinking of it as a
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curve in U , V , respectively. The commutative diagram

K−1(im(γU)) K−1(im(γV ))

K0(U+
γU
) K0(V +

γV
)

K0(U) K0(V )

δγU δγV

ιγU ιγV

i∗

along with the fact that ιγU δγU (uγU ) = βU and ιγV δγV (uγV ) = βV implies i∗βU = βV . This
proves (3) for such U and V .

The only case remaining for (1) is when U = C. Since C0(C) is the inductive limit of
the proper simply connected open sets of C (ordered by inclusion) and i∗βU = βV when
U ⊆ V , by continuity of K0, we have that βC := i∗βU generates K0(C) and is independent
of U , where U is any simply connected proper open set of C. Every Jordan curve γ in C
is eventually contained in a proper simply connected open set U of C, so naturality of the
index map, and the fact that i∗βU = βC, implies ιγδγ(uγ) = βC. This proves (1), and (2) in
the case that V = C.

If T : C → C is a bi-holomorphism, it is affine linear, and hence homotopic to the identity.
Therefore, T∗βC = βC, and so (3) is proven when U = V = C.

Now, for an arbitrary open simply connected set U properly contained in Ĉ, let T : Ĉ → Ĉ
be a Mobius transformation such that T−1(U) ⊆ C and define βU = T∗βT−1(U). By the
properties of βT−1(U) proven above, it is clear that βU is independent of T , and that (2) and
(3) of the Proposition are satisfied.

Corollary 4.1.10. βĈ := i∗(βU) in K0(Ĉ) is independent of the choice of simply connected
proper open set U in Ĉ. βĈ and [1Ĉ] form a minimal generating set for K0(Ĉ) ≃ Z2.

Proof. Let U and V be simply connected open sets properly contained in Ĉ. Choose simply
connected sets U ′ ⊆ U and V ′ ⊆ V such that U ′ ∪ V ′ is contained in a simply connected
proper open set W of Ĉ. The commutative diagram

K0(U ′) K0(U)

K0(W ) K0(Ĉ)

K0(V ′) K0(V )
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and Proposition 4.1.9 (3) implies i∗(βU) = i∗(βV ) := βĈ.
The short exact sequence

0 K0(C) K0(Ĉ) K0(∞) 0
i∗

implies βĈ and [1Ĉ] form a minimal generating set for K0(Ĉ) ≃ Z2.

Proposition 4.1.11. Let U be a connected open set properly contained in Ĉ. Then, K0(U) ≃
Z, with a unique generator βU := i∗(βV ) in K0(U), for any simply connected open set V ⊆ U .

Proof. Since U ̸= Ĉ, and ((T−1)∗)∗βV = βT (V ) for any fractional linear transformation T and
simply connected open set V of Ĉ, by applying a Mobius transformation to U , it suffices to
prove the Proposition in the case that U is an open set in C.

First, we show that K−1(Ĉ \U) = 0 and q∗ : K0(Ĉ) → K0(Ĉ \U) sends βĈ to 0, where q
is the restriction map.

We claim that U can be written as a countable union U =
⋃
n∈N Un where, for each n in

N, Un is a finite union of bounded open rectangles Un = {Rn
1 , ..., R

n
kn
} such that

(1) Un is connected,

(2) The closure of Un in C is contained in U ,

(3) Un ⊆ Un+1, and

(4) for any i, j ≤ kn, Rn
i ∩Rn

j is either empty or a closed rectangle.

Finding a collection Un = {Rn
1 , ..., R

n
kn
}n∈N satisfying (1) and (2) is easy. Suppose Ul also

satisfy (3) and (4) for l ≤ n− 1.
Since Un is compact and contained in U , for each i ≤ kn we can dilate Rn

i to a larger
rectangle R̃n

i so that {R̃n
1 , ..., R̃

n
kn
} = U ′

n satisfies (1), (2) and (4). Denote U ′
n =

⋃
i≤kn R̃

n
i .

Now, for each i ≤ kn, cover R̃n
i \ Rn

i by a finite collection of open rectangles Si =

{Si,1, ..., Si,mi
} in U , and, for l ≥ n + 1, let U ′

l = Ul ∪
⋃
i,j Si,j and U ′

l = Ul ∪
⋃
i Si. U ′

n+1

satisifes (1) and (2), and Un satisfies (3). So, we may induct this process to replace a collection
{Un}n∈N satisfying (1) and (2) with a collection satisfying (1)− (4).

Fix such a collection {Un}n∈N. Let X be a maximal connected component of Ĉ \ Un. We
show that X has a (non-empty) simply connected interior with a boundary that is a Jordan
curve.

For each i ≤ kn, write ∂Rn
i =

⋃4
j=1 Li,j, where Li,j is a maximal horizontal or vertical

line. Let x be in ∂X. Then, x is in a line Li,j for some i, j. Let γx : [0, t] → ∂X be the unit
speed curve following the line Li,j in the counter-clockwise direction, starting at γx(0) = x
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and ending once the line intersects a new line at γx(t). By condition (4) of Un, this new line
is unique. Continue defining γx on this new line, and inductively on the next new lines until
γx intersects itself at γx(t∗). By condition (4) of Un, this first intersection point of γx must
be x. Since γx : [0, t∗] → ∂X is piece-wise linear with no intersections other than at the
endpoints, it is a Jordan curve.

By the Jordan curve Theorem, γx separates Ĉ into two simply connected components,
one which contains Un, and the other, denoted Ax, which does not. By maximality of X,
we must have Ax ⊆ X. By (4) and connectedness of ∂X (which follows from (1)), we must
have ∂X = γx([0, t∗]) = ∂Ax and hence Ax = X. We have shown X has a non-empty simply
connected interior with boundary that is a Jordan curve.

Therefore, by Carathéodory’s Theorem, there is a homeomorphism φ : X → D, which
is holomorphic on the interior of X. Hence K−1(X) = 0. Since Ĉ \ Un is a finite disjoint
union of its maximal connected components, it follows that K−1(Ĉ \ Un) = 0. By Corollary
4.1.10, i∗ : K0(A) → K0(Ĉ) sends βA, where A is a simply connected component as above,
to βĈ, and so q∗(βĈ) = j∗(βA) in the direct summand K0(X) of K0(Ĉ \ Un), where j = i :

C0(A) → C(X) is the inclusion. Since φ is a bi-holomorphism on A, Proposition 4.1.9 (2)

implies ((φ−1)∗)∗j∗(βA) = j∗(βD), which is 0 in K0(D). Hence, q∗(βC) = 0 in K0(Ĉ \ Un).
C(Ĉ \U) is the inductive limit of the restriction maps rn : C(Ĉ \Un) → C(Ĉ \Un+1), so,

by continuity of K−1 and K0, it follows that K−1(Ĉ \ U) = 0 and q∗(βĈ) = 0 in K0(Ĉ \ U).
Note also that q∗([1Ĉ]) = [1Ĉ\U ].

Hence, the 6 term exact sequence of K-theory associated to

0 C0(U) C(Ĉ) C(Ĉ \ U) 0i q

implies that i∗ : K0(U) → K0(Ĉ) is an isomorphism onto ZβĈ. Let βU be the unique generator
of K0(U) such that i∗(βU) = βĈ.

By Corollary 4.1.10, j∗(βV ) = βĈ for any simply connected open set V ⊆ U , where
j : C0(V ) → C(Ĉ) is the inclusion. Hence, i∗(βV ) = βU .

Corollary 4.1.12. For any connected open set U of Ĉ, there is a generator βU in K0(U)

such that, for V ⊆ Ĉ another connected open set,

(1) if T : U → V is a bi-holomorphism, then ((T−1)∗)∗βU = βV , and

(2) if U ⊆ V and i : C0(U) → C0(V ) is the inclusion, then i∗βU = βV .

Moreover, if U is not entirely Ĉ, then K0(U) = ZβU ≃ Z. If U = Ĉ, then βĈ and [1Ĉ] form
a minimal generating set for K0(Ĉ) ≃ Z2.
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Proof. The generating properties of βU are contained in Corollary 4.1.10 and Proposition
4.1.11.

Let U ′ ⊆ U be a simply connected open set, U ⊆ V and T : U → T (U) a bi-holomorphism.
By Proposition 4.1.11, the maps induced by inclusion send βU ′ to βU , βU ′ to βV , and βT (U ′)

to βT (U). Hence, the commutative diagrams

K0(U ′) K0(T (U ′)) K0(U ′)

K0(U) K0(T (U)) K0(U) K0(V )

T∗

T∗ i∗

and Proposition 4.1.9 (2) imply the Corollary.



Chapter 5

The K-theory of a rational function
acting on the Riemann sphere

We now compute the K-theory for an arbitrary rational function acting on the Riemann
sphere, which follows easily from Corollary 4.1.12, Proposition 4.0.7, and the Pimsner-
Voiculescu 6-term exact sequence.

We first record an easy lemma that will be used in this section as well as in Chapter 6.

Lemma 5.0.1. Let R be a rational function and U an open set such that R̃ = R : U →
R(U) = V is a homeomorphism. Then, βU⊗̂0[ER̃,U ] = βV .

Proof. For f in C0(U), ψ, φ in ER̃,U , and g in C0(V ), we have f ·ψ = fψ, ⟨ψ, φ⟩ = (ψφ)◦(R̃)−1,
and φ · g = φ(g ◦ R̃). Therefore, the class of ER̃,U in KK0(C0(U), C0(V )) is equal to the class
of the *-isomorphism (R̃−1)∗.

R̃ : U → V is a bi-holomorphism, so by Corollary 4.1.12, we have ((R̃−1)∗)∗βU = βV .

We now compute one of the maps appearing in the Pimsner-Voiculescu 6-term exact
sequence of K-theory for OR,Ĉ.

Proposition 5.0.2. Let R be a rational function. Then, ⊗̂[ER,Ĉ] = ι as mappings K0(Ĉ \
CR,Ĉ) → K0(Ĉ).

Proof. Let U be a connected open set in Ĉ such that U∩CR,Ĉ = ∅ and R̃ = R : U → R(U) =:

V is a homeomorphism. By Proposition 4.0.7, (ιU)∗[ER,Ĉ] = (iV )∗[ER̃,U ].
Corollary 4.1.12 implies that (ιU)∗ : K0(U) → K0(Ĉ\CR,Ĉ) is an isomorphism. Therefore,

to prove the Proposition, it suffices to show ⊗̂(ιU)
∗[ER,Ĉ] = ⊗̂(ιU)

∗ι as mappings K0(U) →
K0(Ĉ).

Note that

68
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(1) ⊗̂(ιU)
∗ι = (iU)∗, and

(2) ⊗̂(ιU)
∗[ER,Ĉ] = (iV )∗ ◦ (⊗̂0[ER̃,U ]) (from above).

By Corollary 4.1.12, both (iU)∗ and (iV )∗ ◦ (⊗̂0[ER̃,U ]) send βU to βĈ.

The above calculation is enough information to determine the K-theory of OR,Ĉ.

Theorem 5.0.3. δPV : K1(OR,Ĉ) → K0(Ĉ \ CR,Ĉ) is an isomorphism, and

0 K0(Ĉ) K0(OR,Ĉ) K−1(Ĉ \ CR,Ĉ) 0
i∗ expPV

is a short exact sequence. Consequently, K0(OR,Ĉ) ≃ Z|CR,Ĉ|+1, with the class of the unit a
generator in a minimal generating set for K0(OR,Ĉ), and K1(OR,Ĉ) ≃ Z.

Proof. By Proposition 5.0.2, and the fact that K−1(Ĉ) = 0, we may fill in the Pimsner-
Voiculescu 6-term exact sequence as follows:

K0(Ĉ \ CR,Ĉ)) K0(Ĉ) K0(OR,Ĉ)

K1(OR,Ĉ) 0 K−1(Ĉ \ CR,Ĉ).

0 i

expδ

Exactness of the above diagram imply the first two claims of the Proposition.
K1(OR,Ĉ) ≃ Z then follows from Corollary 4.1.12. By the paragraph preceding Proposi-

tion 7.0.1 (this forward reference won’t cause any circular arguments), we have that K−1(Ĉ\
CR,Ĉ) ≃ Z|CR,Ĉ|−1, and so the short exact sequence in the Corollary splits. Hence, by Corol-
lary 4.1.12 in the case U = Ĉ, we have K0(OR,Ĉ) ≃ K0(Ĉ)⊕K−1(Ĉ \CR,Ĉ) ≃ Z|CR,Ĉ|+1, with
the class of the unit a generator in a minimal generating set.



Chapter 6

The K-theory of a rational function
acting on its Fatou set

In this section we compute the K-theory of a rational function R acting on its Fatou set.
As in the previous section, we do so by calculating the kernel and co-kernel of ι− ⊗̂i[ER,FR

],
i = 0, 1.

The case for i = 0 follows similar techniques as in the previous section once we understand
how R permutes its Fatou components. Most of the section will be dedicated to i = 1.
The fact that any compact set of FR is eventually mapped into a global “attractor” with
manageable K−1 (essentially Corollary 2.5.17) makes this calculation possible.

Let’s write FR =
⋃
x∈X Ux, where Ux are the maximal connected components of FR and

X is a (countable) indexing set. Since R−1(FR) = FR, it is easy to see that R maps Ux onto
another component Uσ(x), for every x in X.

For each x in X, denote βUx = fx and βUx\CR,FR
= ex. By Corollary 4.1.12 we can (and

will) identify K0(FR \CR,FR
) and K0(FR) with

⊕
x∈X Z[ex] and

⊕
x∈X Z[fx], respectively, via

the inclusion maps.

Proposition 6.0.1. ⊗̂0[ER,FR
] sends ex to fσ(x), for all x in X.

Proof. For each x in X, let U be an open set in Ux such that R̃ = R : U → R(U) = V

is a homeomorphism. Then, by Proposition 4.0.7, we have (ιU)
∗[ER,Ux ] = (iV )∗[ER̃,U ], where

ιU = i : C0(U) → C0(Ux \ CR,FR
) and iV = i : C0(V ) → C0(Uσ(x)) are the inclusions.

Hence, ex⊗̂0[ER,Ux ] = ((ιU)∗βU)⊗̂[ER,Ux ] = (iV )∗(βU⊗̂ER̃,U). By Lemma 5.0.1, βU⊗̂ER̃,U
= βV , and, by its definition, fσ(x) = (iV )∗βV . Therefore, ex⊗̂0[ER,Ux ] = fσ(x) for all x in X.

Since (ιx)
∗ER,FR

= (iσ(x))∗ER,Ux for all x in X, where ιx = i : C0(Ux \ CR,Ĉ) → C0(FR)

and iσ(x) = i : C0(Uσ(x)) → C0(FR) are the inclusions, we have that, under the identifications
made previous to the Corollary, ⊗̂0[ER,FR

] = ⊕x∈X⊗̂0[ER,Ux ] as mappings from
⊕

x∈X Z[ex]

70
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to
⊕

x∈X Z[fx], proving the result.

We will call a finite subset P = {x1, ..., xn} ⊆ X a cycle if σ(P ) = P and σ : P → P is
minimal, and so, equivalently, P is a periodic orbit of σ : X → X. It easy to see that two
distinct cycles are disjoint. We will denote the collection of cycles to be FR.

By [54, Corollary 2], FR must be a finite set. By [56, Theorem 1], for every x in X, there
is k in N and a cycle P in FR such that σk(x) is in P . So, X =

⊔
P∈FR

⋃
n∈N σ

−n(P ).

Corollary 6.0.2. The mapping η = ι − ⊗̂0[ER,FR
] : K0(FR \ CR,Ĉ) → K0(FR) has kernel

generated by the elements eP :=
∑

x∈P ex, where P is a cycle in FR.
For each cycle P , choose an xP in P . The subgroup of K0(FR) generated by the elements

{fxP }P∈FR
maps isomorphically onto the co-kernel of η, via the quotient map.

Proof. For each P ∈ FR, denote XP =
⋃
n∈N σ

−n(P ), and EP , FP the subgroups of K0(FR \
CR,Ĉ), K

0(FR) generated by {ex}x∈XP
, {fx}x∈XP

, respectively. By Corollary 4.1.12 and
Proposition 6.0.1, η(ex) = fx− fσ(x) for all x in X, so η−1(FP ) = EP for all P in FR. Denote
ηP = η : EP → FP . By the above commentary we have XP ∩XP ′ = ∅ for distinct cycles P ,
P ′ and

⊔
P∈FR

XP = X, so (canonically) K0(FR \CR,Ĉ) ≃
⊕

P∈FR
EP , K0(FR) ≃

⊕
P∈FR

FP

and η ≃ ⊕P∈FR
ηP . Hence, it suffices to show ker(ηP ) = Z[eP ] and Z[fx] maps isomorphically

onto co-ker(ηP ) via the quotient map, for any cycle P in FR and any x in P .
Since σ : P → P is a bijection, we have that η(eP ) =

∑
x∈P fx−

∑
x∈P fσ(x) = 0. Suppose

g =
∑

x∈F axex, where F is a finite set of XP containing P , and 0 = η(g) =
∑

x∈F axfx −∑
x∈F axfσ(x). Then,

∑
x∈F\σ(F ) axfx = 0, so we may conclude that F ′ = {x ∈ F : ax ̸= 0}

satisfies σ(F ′) = F ′. P is the only non-empty cycle contained in XP , so either F ′ = ∅ (g = 0)

or F ′ = P . Let’s assume the latter, and write P = {x1, ..., xn}, where σ(xi) = xi+1 mod n,
for all i ≤ n. We have that 0 = η(g) =

∑
x∈P axfx −

∑
x∈P axfσ(x) =

∑n
i=1(ai − ai−1)fxi , so

ai − ai−1 = 0 mod n. Hence, g = a · eP for a = a1. Therefore, ker(ηP ) = Z[eP ].
Now, it remains to show for any x in P and n in Z \ {0}, nfx is not in im(ηP ), and

Z[fx] + im(ηP ) = FP . Let φ : FP → Z be the homomorphism satisfying φ(fy) = 1 for all y
in XP . Since φ ◦ ηP (ey) = 0 for all y in XP , we have φ(im(ηP )) = 0. Since 0 ̸= n = φ(nfx),
we have that nfx is not in im(ηP ). For any y in XP , 0 = η(ey) = fy − fσ(y) mod im(ηP ),
so fy = fσk(y) mod im(ηP ) for all k in N. By definition of XP , there is a k in N such that
σk(y) = x. Hence, Z[fx] + im(ηP ) = FP .

We will now determine the kernel and co-kernel of ι− ⊗̂1[ER,FR
] acting on K−1.

First, we must explain how we orient the components of a Herman cycle. This will be
crucial later on to calculate the kernel and co-kernel of the connecting maps between the
groups associated to R : FR → FR and that of R : Ĉ → Ĉ, which we will need to know
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if we are to calculate the groups associated to R : JR → JR from our exact sequences
relating all three. For this reason, we must describe part of the kernel and co-kernel of
ι − ⊗̂1[ER,FR

] : K−1(FR \ CR,FR
) → K−1(FR) in terms of this orientation, which we now

define.
Let R be a rational function, and suppose Q is a Herman cycle for R. Choose a component

xQ in Q. The boundary ∂UxQ has two connected components ( [39, Lemma 15.7]); choose
one to denote ∂+UxQ and call it the interior boundary. Denote the other component ∂−UxQ
and call it the exterior boundary.

From the 6-term exact sequence of K-theory associated to

0 C0(UxQ) C(UxQ) C(∂+UxQ
⊔
∂−UxQ) 0,

there is a group homomorphism exp : K0(∂+UxQ) ⊕ K0(∂−UxQ) → K−1(UxQ). Since UxQ ,
∂+UxQ , and ∂−UxQ are connected, compact and proper subsets of Ĉ, by Proposition 4.1.5,
their K0 groups are isomorphic to Z and are generated by [1UxQ

], [1∂+UxQ
], [1∂−UxQ

], respec-
tively. Hence, the kernel of exp is generated by [1∂+UxQ

] + [1∂−UxQ
], the image is generated

by exp([1∂+UxQ
]), and exp([1∂+UxQ

]) = −exp([1∂−UxQ
]). UxQ is homeomorphic to an open

annulus, so K−1(UxQ)) is isomorphic to Z, and the image of exp is isomorphic to n · Z for
some n > 0. From the 6-term exact sequence associated to

0 C0(Ĉ \ UxQ) C(Ĉ) C(UxQ) 0,

it is easy to see K−1(UxQ) contains no torsion. Therefore, exp must be surjective, and so
uxQ := exp([1∂+UxQ

]) is a choice of generator for K−1(UxQ).
We now orient the boundaries of the rest of the cycle elements as follows. Suppose Q is

length n, and 0 ≤ k ≤ n − 1. Let ∂+Uσk(xQ) = Rk(∂+UxQ), ∂−Uσk(xQ) = Rk(∂−Uσk(xQ), and
uσk(xQ) = exp([1∂+U

σk(xQ)
]).

R◦n : UxQ → UxQ is conjugate to an irrational rotation, and is therefore homotopic to
the identity. Hence, the induced map (R◦n∗)∗ on K−1(UxQ) is equal to id. Therefore, by
naturality of exp, we have a commutative diagram

Z[1∂+UxQ
] Z[1R◦n(∂+UxQ

)]

K−1(UxQ) K−1(UxQ).

exp

(R◦n∗)∗

exp

id

Hence, R◦n(∂+UxQ) = ∂+UxQ .

Similarly, for any x in Q, the commutative diagram
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0 C0(Ux) C0(Ux) C(∂+Ux
⊔
∂−Ux) 0

0 C0(Uσ(x)) C0(Uσ(x)) C(∂+Uσ(x)
⊔
∂−Uσ(x)) 0

R∗ R∗ R∗

implies, by naturality of exp, a commutative diagram

Z[1∂+Ux ] Z[1∂+Uσ(x)
]

K−1(Ux) K−1(Uσ(x)),

exp

(R∗)∗

exp

(R∗)∗

and so ((R◦−1)∗)∗ux = uσ(x).
We will call the choice of generators {ux}x∈Q for K−1(UQ) =

⊕
x∈QK

−1(Ux) (or equiv-
alently a choice of boundary components) an orientation for Q, and denote uQ =

∑
x∈Q ux.

Note that there are only two possible choices of such an orientation for Q. We will call Q
equipped with a choice of orientation an oriented Herman cycle.

We will also need to understand the relationship between K−1(FR \CR,FR
) and K−1(FR),

which is the domain and co-domain of ι−⊗̂1[ER,FR
], respectively. The following lemma is all

we need.

Lemma 6.0.3. Let U be a proper open set of Ĉ and D ⊆ U a finite set. Then, there are
open sets V and W contained in U such that

(1) V ∩D = ∅, and V contains any connected component of U not intersecting D,

(2) W is a disjoint union of simply connected open sets which contain D,

(3) i∗ : K
−1(V ) → K−1(U) is an isomorphism, and

(4) i∗ + i∗ : K
−1(W \ D̃)⊕K−1(V ) → K−1(U \ D̃) is an isomorphism, for any D̃ ⊆ D.

Denote the image of i∗ : K−1(W \D) → K−1(U \D) to be G(U,D). Assuming |Ĉ \ U | ≥ 2,
G(U,D) has the property that if W̃ is any open set in U that contains D and is the disjoint
union of simply connected open sets, then i∗ : K−1(W̃ \D) → K−1(U\D) maps isomorphically
onto G(U,D).

Proof. Let U1, ..., Uk be the maximal connected components of U that contain D. For each
i ≤ k, let Li be the image of a smooth non-self-intersecting curve γi : [0, 1] → Ĉ which passes
through Ui ∩D and Li ∩Ui = γi([0, 1)). We may also assume γi(0) is in D, for all i ≤ k. Let
Wi be a simply connected open neighbourhood of γi([0, 1)) in Ui (which can be found, for
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instance, by applying the tubular neighbourhood Theorem to the embedding γi((0, 1)) ⊆ Ui).
Then, W ′

i = Wi \ γi([0, 1)) is also simply connected (Ĉ \W ′
i and W ′

i are both connected).
Let V = U \ (

⋃k
i=1 Li), W =

⋃k
i=1Wi, and W ′ =

⋃k
i=1W

′
i . Then, V ∩D = ∅, V contains

all connected components of U not intersecting D, and D ⊆ W .
Since U \ V is homeomomorphic to the disjoint union of k half-open intervals, C0(U \ V )

is contractible to 0, so by the 6-term exact sequence of K-theory associated to the extension

0 C0(V ) C0(U) C0(U \ V )) 0,

we have that i∗ : K−1(V ) → K−1(U) is an isomorphism.
Let D̃ be a subset of D. Since V ∪ (W \ D̃) = U \ D̃ and V ∩ (W \ D̃) = W ′ ,

by [30, Theorem 4.19], we have the following exact sequence:

K0(W ′) K0(W \ D̃)⊕K0(V ) K0(U \ D̃)

K−1(U \ D̃) K−1(W \ D̃)⊕K−1(V ) K−1(W ′).

i∗⊕−i∗ i∗+i∗

i∗+i∗ i∗⊕−i∗

By Corollary 4.1.12, K0(W ′), K0(W \ D̃) are free abelian groups generated by {βW ′
i
}ki=1,

{βWi\D̃}
k
i=1, and i∗(βW ′

i
) = βWi\D̃ for all i ≤ k. Therefore, the left-most horizontal map in the

above diagram is injective. Exactness then implies that i∗ + i∗ : K−1(W \ D̃) ⊕K−1(V ) →
K−1(U \ D̃) is surjective. Since W ′ is the disjoint union of simply connected open sets,
K−1(W ′) = 0. Exactness of the diagram then implies i∗ + i∗ : K−1(W \ D̃) ⊕ K−1(V ) →
K−1(U \ D̃) is injective.

We now show G(U,D) has the stated property below Lemma 6.0.3.
If W1 and W2 are open proper subsets of Ĉ that are the disjoint union of simply connected

sets and D is a finite set such that D ⊆ W1 ⊆ W2, then K−1(Wj) = 0, j = 0, 1, and by
Corollary 4.1.12, i∗ : K0(Wj \D) → K0(Wj) is an isomorphism, for j = 0, 1. Therefore, by
naturality of the exponential maps associated to the short exact sequences

0 C0(Wj \D) C0(Wj) C(D) 0,

we have a commutative diagram

K0(D) K0(D)

K−1(W1 \D) K−1(W2 \D)

exp exp

i∗
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with vertical arrows being isomorphisms. Hence, i∗ : K−1(W1 \ D)) → K−1(W2 \ D) is an
isomorphism.

Now, suppose W̃ is the disjoint union of simply connected open sets contained in U and
containing D. Since |Ĉ \ U | ≥ 2, we may regard W and W̃ as the disjoint unions of simply
connected, proper open sets of the complex plane C. Therefore, W ∩ W̃ is also the disjoint
union of simply connected open sets contained in U and containing D (Ĉ \W and Ĉ \ W̃
are connected, contain the common point ∞, and hence Ĉ \W ∩ W̃ = Ĉ \W ∪ Ĉ \ W̃ is
connected). We have a commututative diagram

K−1(W̃ ∩W \D)) K−1(W \D)

K−1(W̃ \D) K−1(U \D).

The top horizontal and left-most vertical map have been shown to be isomorphisms, so
commutativity implies i∗ : K−1(W̃ \D) → K−1(U \D) maps injectively onto G(U,D).

We can now describe the kernel and co-kernel of ι − ⊗̂1[ER,FR
] : K−1(FR \ CR,FR

) →
K−1(FR).

Proposition 6.0.4. Let R be a rational function, denote HR to be the set of Herman cycles
for R, and fix an orientation for every P in HR. The mapping γ = ι− ⊗̂1[ER,FR

] : K−1(FR \
CR,FR

) → K−1(FR) has kernel generated by the elements uP :=
∑

x∈P ux, where P is a
Herman cycle, and the subgroup G(FR, CR,FR

) of K−1(FR \ CR,FR
).

For each P in HP , choose an xP in P . The subgroup of K−1(FR) generated by the
elements {uxP }P∈HP

maps isomorphically onto the co-kernel of γ via the quotient map.

Proof. For each cycle P in FR, We will denote UP =
⋃
x∈P Ux, XP =

⋃
n∈N0

σ−n(P ), and
F (P ) =

⋃
x∈XP

Ux. Then, F (P )∩F (P ′) = ∅ for distinct cycles P , P ′, FR =
⋃
P∈FR

F (P ), and
R−1(F (P )) = F (P ) for any cycle P . In particular, we can identify K−1(FR), K−1(FR\CR,FR

)

with
⊕

P∈FR
K−1(F (P )),

⊕
P∈FR

K−1(F (P ) \CR,F (P )), respectively, via the inclusion maps,
and (by Proposition 4.0.7) (ιF (P ))

∗[ER,FR
] = (iF (P ))∗[ER,F (P )] for any cycle P in FR. Therefore,

to prove Proposition 6.0.4, it suffices to show the mapping γP = ι−⊗̂1[ER,F (P )] : K
−1(F (P )\

CR,F (P )) → K−1(F (P )) has kernel generated by G(F (P ), CR,F (P )), along with uP if P is
a Herman cycle, and co-kernel generated by uxP if P is a Herman cycle, with co-kernel 0
otherwise.

Let AP and B be as in Proposition 2.5.17, and denote B = AP = UP when P is a Herman
cycle. Let {V ′

n}n∈N be a family of pre-compact open sets in F (P ) such that V ′
n ⊆ F (P ),

V ′
n ⊆ V ′

n+1 for all n in N, and
⋃
V ′
n = F (P ). By Proposition 2.5.17, for every n in N there is
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a kn in N such that Rkn(V ′
n ∪ B) ⊆ AP . Define Vn = (

⋃kn
i=0R

i(V ′
n ∪ B)) ∪ AP for all n in N.

Then,
⋃
n∈N Vn = F (P ) and, for all n, Vn has the properties

(1) AP ⊆ B ⊆ Vn ⊆ Vn+1,

(2) R(Vn) ⊆ Vn, and

(3) Rkn(Vn) ⊆ AP .

By (1) above, K−1(F (P ) \ CR,F (P )) and K−1(F (P )) are the inductive limits of the (maps
induced by) the inclusions (ιn)

∗ : K−1(Vn \ CR,F (P )) → K−1(Vn+1 \ CR,F (P )), and (in)∗ :

K−1(Vn) → K−1(Vn+1), respectively. Denote Rn = R : Vn → Vn. By Proposition 4.0.7, we
have that (ιn)

∗[ERn+1,Vn+1 ] = (in)∗[ERn,Vn ] for all n in N, and (νn)
∗[ER,F (P )] = (µn)∗[ERn,Vn ],

where νn = i : C0(Vn \ CR,F (P )) → C0(F (P ) \ CR,F (P )) and µn = i : C0(Vn) → C0(F (P )),
for all n in N. Therefore, γP is the inductive limit of the maps γn = ι − ⊗̂1[ERn,Vn ] :

K−1(Vn \ CR,F (P )) → K−1(Vn), so it suffices to show, for all n in N, that γn has kernel
generated by G(Vn, CR,F (P ) ∩ Vn), along with uP if P is a Herman cycle, and co-kernel
generated by uxP if P is a Herman cycle, with co-kernel 0 otherwise.

First, we prove the following lemma.

Lemma 6.0.5. for any open set A of FR, and finite set D ⊆ A, G(A,D ∪ (A∩CR,FR
)) is in

the kernel of ⊗̂1[ER,A\D] : K−1(A \ (D ∪ CR,FR
)) → K−1(FR).

Proof. Denote D′ = D∪ (A∩CR,FR
) Since R is a rational function, for every c in D′, we can

find local co-ordinates about ϕ, ψ about c, R(c), respectively such that ϕ(c) = 0, ψ(R(c)) = 0,
and ψ(R(ϕ−1(z))) = zm, for all z in a neighbourhood of 0, for some m in N. Therefore, for
every c in D′, there is a simply connected open set Wc containing c and contained in A such
that Wc ∩Wc′ = ∅ for all distinct c, c′ in D′ and R(Wc) is simply connected.

By Lemma 6.0.3,
∑

(jc)∗ :
⊕

c∈D′ K−1(Wc \ c) → G(A,D′) is an isomorphism, where jc =
i : C0(Wc \ c) → C0(A \D′). By Proposition 4.0.7, we have (jc)

∗[ER,A\D] = (iR(Wc))∗[ER,Wc ].
Since K−1(R(Wc)) = 0, it follows that ⊗̂(iR(Wc))∗[ER,Wc ] = 0 for all c in D. This proves the
lemma.

Denote Cn = Vn ∩ CR,F (P ). As a special case of Lemma 6.0.5, we have that G(Vn, Cn) is
in the kernel of ⊗̂1[ERn,Vn ]. The diagram

G(Vn, Cn) K−1(Vn)

K−1(W \ Cn) K−1(W )
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commutes, where W is any disjoint union of simply connected open sets containing Cn and
contained in Vn, and the maps are induced by inclusion. The left vertical map is an isomor-
phism by Lemma 6.0.3, and the bottom right group is zero. Hence G(Vn, Cn) is also in the
kernel of ι, so that G(Vn, Cn) ⊆ ker(γn).

We now determine the rest of the kernel, but first we set some notation. For 0 ≤ i ≤ kn, let
V i = Vn\

⋃kn−i
j=0 R−j(Cn). Then, R(Vi) ⊆ Vi+1, for all 0 ≤ i ≤ kn−1. let R̃i = R : V i → V i+1.

Denote by V the (same labelled) open set from Lemma 6.0.3 applied in the case that U =

Vn, D =
⋃kn
i=0R

−1(Cn), and, for every 0 ≤ i ≤ kn, let εi : K−1(V ) → K−1(V i) be the (map
induced by) inclusion. Then, by Lemma 6.0.3, εi + j∗ : K−1(V ) ⊕ G(Vn,

⋃kn−i
j=0 R−j(Cn)) →

K−1(V i) is an isomorphism, for every 0 ≤ i ≤ kn.
For every 0 ≤ i ≤ kn, we shall denote Ψ = [ER̃i,V i ] and ι = j∗ : K−1(V i) → K−1(Vn). It

will always be clear the domain of these maps, so no confusion from this notation ambiguity
will arise. Moreover, for i,m in N such that i+m ≤ kn, we will denote Ψm =

[ER̃i,V i ]⊗̂[ER̃i+1,V i+1 ]...⊗̂[ER̃i+m−1,V i+m−1 ].

Now, by Proposition 4.0.7, we have, for every 0 ≤ i ≤ kn and u in K−1(V ), that
εkn(u)⊗̂1[ERn,Vn ] = ι(εi(u)⊗̂1Ψ). So, if εkn(u) is in the kernel of γn, then ι(εi(u)−εi−1(u)⊗̂Ψ)

= 0 for all 1 ≤ i ≤ kn. It is easy to see from Lemma 6.0.3 that, for every 0 ≤ i ≤ kn, the
kernel of ι : K−1(V i) → K−1(Vn) is precisely G(Vn,

⋃kn−i
j=0 R−j(Cn)). So, we may conclude

that εi(u)− εi−1(u)⊗̂Ψ is in G(Vn,
⋃kn−i
j=0 R−j(Cn)).

We now prove that εi(u)− ε0(u)⊗̂Ψi is in G(Vn,
⋃kn−i
j=0 R−j(Cn)) for all 1 ≤ i ≤ kn. From

directly above, we know this is true for i = 1. Suppose we know it to be true for i ≤ kn−1. By
Lemma 6.0.5, we then have that 0 = (εi(u)− ε0(u)⊗̂Ψi)⊗̂Ψ = εi(u)⊗̂Ψ− ε0(u)⊗̂Ψi+1. From
directly above, we then know that (εi+1(u)−εi(u)⊗̂Ψ)+(εi(u)⊗̂Ψ−ε0(u)⊗̂Ψi+1) = εi+1(u)−
ε0(u)⊗̂Ψi+1 is in G(Vn,

⋃kn−i−1
j=0 R−j(Cn)). By induction, the result holds. In particular,

εkn(u)− ε0(u)⊗̂Ψkn is in G(Vn, Cn).
We will now show for any g in K−1(V kn), there is b in K−1(B \ Cn) such that g⊗̂Ψkn =

i∗(b), where j is the inclusion map.
Denote Xi = Ri(Vn) \

⋃kn−i
j=0 R−j(Cn) for 0 ≤ i ≤ kn, Fi = R : Xi → Xi+1 for 0 ≤ i ≤

kn − 1, and ∆i = [EF0,X0 ]⊗̂[EF1,X1 ]⊗̂...⊗̂[EFi−1,Xi−1
] for 1 ≤ i ≤ kn. We claim j∗∆

m = Ψm,
where j = i : C0(Xm) → C0(V

m) for all 1 ≤ m ≤ kn.
We prove this by induction. Note that X0 = V 0. By Proposition 4.0.7, Ψ = j∗∆.

Now suppose the claim is true for m ≤ kn − 1. Then, Ψm+1 = (j∗∆
m)⊗̂[ER̃m,Vm ]. By the

properties of the Kasparov product (see Section 2.4), (j∗∆m)⊗̂[ER̃m,Vm ] = ∆m⊗̂[j∗ER̃m,Vm ].
Since R(Xm) ⊆ Xm+1 ⊆ V m+1, by Proposition 4.0.7, we have that j∗[ER̃m,Vm ] = j∗[EFm,Xm ].
Therefore Ψm+1 = ∆m⊗̂j∗∆ = j∗∆

m+1. By induction, we have proven the claim.
In particular, Ψkn = j∗∆

kn for j = i : C0(Xkn) → C0(Vn \ Cn). Since Xkn ⊆ AP \
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Cn ⊆ B \ Cn, we can factor j∗ as j∗ = i∗ ◦ ĩ∗, for ĩ∗ = K−1(Xkn) → K−1(B \ Cn) and
i∗ = K−1(B \Cn) → K−1(Vn \Cn). Therefore, for any g in K−1(V kn), b = g⊗̂ĩ∗∆kn satisfies
g⊗̂Ψkn = i∗(b).

So far, we have shown for every u in K−1(V ) such that εkn(u) is in ker(γn), there is b in
K−1(B \ Cn) such that εkn(u) − i∗(b) is in G(Vn, Cn). We must now separate the analysis
into two cases, the case when P is a Herman cycle, and the case when it isn’t.

Suppose P is not a Herman cycle. Then, for i∗ : K−1(B \ Cn) → K−1(Vn \ Cn), we can
factor ι ◦ i∗ as ι ◦ i∗ = (i1)∗(i2)∗, where i2 = i : C0(B \ Cn) → C0(B). Since in this case B is
the disjoint union of simply connected sets, K−1(B) = 0. Hence, ι(i∗(b)) = 0, which implies
ι(εkn(u)) = 0. By Lemma 6.0.3, ι ◦ εkn = i : K−1(V ) → K−1(Vn) is injective, and therefore
u = 0. So, when P is not a Herman cycle, the kernel of γn is equal to G(Vn, Cn).

Now, suppose P is a Herman cycle. Then B \Cn = UP . Moreover, UP does not intersect
D =

⋃kn
i=0 F

−i(Cn) (otherwise an irrational rotation would contain a critical point), and so
by (1) of Lemma 6.0.3, UP ⊆ V . Therefore, i∗(b) = εkn(j∗(b)), where j : C0(UP ) → C0(V )

is the inclusion. So, we can write εkn(u) − i∗(b) = εkn(u − j∗(b)). Since the intersection
of the image of εkn and G(Vn, Cn) is zero, it follows that εkn(u) = i∗(b). We can write
i∗(b) =

∑
x∈P axux, for some ax in Z, x in P . Since RP = R : UP → UP is a homeomorphism,

the class of [ERP ,UP
] is equal to the class of (R−1

P )∗. Hence, by the definition of ux, for x in
P , we have ux⊗̂1[ERn,Vn ] = uσ(x) for all x in P . Therefore, 0 = ι(εkn(u))− εkn(u)⊗̂1[ERn,Vn ] =∑

x∈P (ax − aσ(x))ux. Hence, ax = ay =: a for all x, y in P . Therefore, the kernel of γn in the
Herman cycle case is equal to G(Vn, Cn) + Z · uP .

We will now determine the co-kernel of γn.
First, note that for any 0 ≤ i ≤ kn − 1 and g in K−1(V i), we have ι(g ⊗i Ψ) =

j∗(g)⊗̂1[ERn,Vn ], where j : C0(V
i) → C0(Vn \ Cn) is the inclusion. Therefore, for any

0 ≤ i ≤ kn − 1 and g in K−1(V i), ι(g − g⊗̂Ψ) is in the image of γn.
Let v be in K−1(Vn). Then by Lemma 6.0.3, there is u in K−1(V ) such that ι(εkn(u)) = v.

By the above note, ι(εkn−i(u)⊗̂Ψi−εkn−(i+1)(u)Ψ
(i+1)) is in the image of γn for all 0 ≤ i ≤ kn−

1. Therefore, v is equal to ι(εkn(u))+
∑kn−1

i=0 ι(εkn−(i+1)(u)Ψ
(i+1)−εkn−i⊗̂Ψi) = ι(ε0(u)⊗̂Ψkn)

modulo the image of γn.
We have already shown while describing the kernel that ι(ε0(u)⊗̂Ψkn) = 0 if P is not a

Herman cycle. Therefore, in this this case, the co-kernel of γn is zero.
If P is a Herman cycle, then ι(ε0(u)⊗̂Ψkn) =

∑
x∈P axux, for some ax in Z, x in P . Since

γn(ux) = ux − uσ(x) for all x in P , it follows that
∑

x∈P axux (and hence v) is equivalent to
a · uxP modulo the image of γn, where a :=

∑
x∈P ax.

We now show that for any a in Z, a · uxP is not in the image of γn, which will complete
the proof of this Proposition.
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First, assume u is an element of K−1(V \ UP ) such that ι(εi(u) − εi−1(u)⊗̂Ψ) = w for
some w in K−1(UP ). Therefore, for every 0 ≤ i ≤ kn − 1, there is hi in G(Vn,

⋃i
j=0R

−j(Cn))

such that εkn−i(u)−εkn−(i+1)(u)⊗̂Ψ+hi = w. Since K−1(UP ) is invariant under the action of
Ψ, it follows that εkn(u)−ε0(u)⊗̂Ψkn +h0 =

∑kn−1
i=0 εkn−i(u)⊗̂Ψi−εkn−(i+1)(u)Ψ

(i+1) = w′ for
some w′ in K−1(UP ). ε0(u)⊗̂Ψkn is also in K−1(UP ), and therefore εkn(u) is in (K−1(UP ) +

G(Vn, Cn)) ∩ εkn(K
−1(V \ UP )) = {0}. Hence, u = 0 whenever u is in K−1(V \ UP ) and

ι(εi(u)− εi−1(u)⊗̂Ψ) is in K−1(UP ).
This implies that if ι(g) − g⊗̂1[ERn,Vn ] = a · uxP for some g in K−1(Vn \ Cn) and a in

Z, then ι(g) − g⊗̂1[ERn,Vn ] =
∑

x∈P (ax − aσ(x))ux for some ax in Z, x in P . Therefore,
a =

∑
x∈P (ax − aσ(x)) = 0.

We can now compute the K-theory of R acting on FR.

Theorem 6.0.6. Let R be a rational function. Denote by FR the set of Fatou cycles for R
and HR the set of Herman cycles for R. Let G(FR, CR,FR

) ⊆ K−1(FR \ CR,FR
) be the group

in Lemma 6.0.3 applied to the case U = FR, D = CR,FR
.

Let δPV : K1(OR,FR
) → K0(FR \ CR,FR

) and expPV : K0(OR,FR
) → K−1(FR \ CR,FR

)

be the same-labelled maps appearing in the Pimsner-Voiculescu 6-term exact sequence for
R : FR → FR. Then, we have short exact sequences

0
⊕

P∈FR
Z[fxP ] K0(OR,FR

) G(FR, CR,FR
)⊕

⊕
Q∈HR

Z · uQ 0

0
⊕

Q∈HR
Z · uxP K1(OR,FR

)
⊕

P∈FR
Z[eP ] 0,

i∗ expPV

i∗ δPV

where xP is a choice of an element in the cycle P , for all P in FR (or HR ). Hence,
K0(OR,FR

) ≃ Z|FR|+|HR|+|CR,FR
| and K1(OR,FR

) ≃ Z|FR|+|HR|.

Proof. By Corollary 6.0.2 and Proposition 6.0.4, we can fill in the Pimsner-Voiculescu 6-term
exact sequence as follows:

⊕
P∈FR

Z[eP ]
⊕

P∈FR
Z[fxP ] K0(OR,FR

)

K1(OR,FR
)

⊕
Q∈HR

Z · uxQ G(FR, CR,FR
)⊕

⊕
Q∈HR

Z · uQ

0 i∗

expδ

i∗ 0

Exactness of the above diagram concludes the proof that we have short exact sequences as
claimed.
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The 2nd paragraph of Chapter 7 implies G(FR, CR,FR
) ≃ Z|CR,FR

|, and so both the short
exact sequences above are split exact (this forward reference won’t cause a circular argument).



Chapter 7

The K-theory of a rational function
acting on its Julia set

In this section we compute the kernel and co-kernel of ι− ⊗̂[ER,JR ] (in both degrees), as well
as some related groups. As a Corollary, we will have determined the K-theory of a rational
function acting on its Julia set. First, we orient some K−1 groups.

Let W be a union of pairwise disjoint open simply connected proper sets of Ĉ, and D ⊆ W

a finite set. By Corollary 4.1.12, i∗ : K0(W \D) → K0(W ) is an isomorphism. Since W is
a disjoint union of simply connected open sets, we have that K−1(W ) = 0. These two facts,
imply the exponential map exp : K0(D) → K−1(W \D) from the 6-term exact sequence of
K-theory associated to

0 C0(W \D) C0(W ) C(D) 0

is an isomorphism. For each d in D, we will denote exp([1d]) = vd. The free basis {vd}d∈D
for K−1(W \D) will be our canonical choice of generators, or “orientation”.

Similarly, the short exact sequence

0 C0(Ĉ \D) C0(Ĉ) C(D) 0

gives a surjection exp : K0(D) → K−1(Ĉ). In this case Corollary 4.1.12 implies Z[1Ĉ]
maps isomorphically onto the co-kernel of i∗ : K0(Ĉ \ D) → K0(Ĉ), via the quotient map.
Therefore, the kernel of exp is i∗[1Ĉ] =

∑
d∈D[1d]. Denote exp([1d]) = vd, for d in D.

K−1(Ĉ \ D) is then the group generated by {vd}d∈D satisfying the relation
∑

d∈D vd = 0.
Therefore, {vd}d∈D\{d′} is a free basis for K−1(Ĉ \D), for any d′ in D, but we will prefer to
work with the whole generating set modulo its relation.

81
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These generators behave well with respect to inclusion in the following sense.

Proposition 7.0.1. Let W1,W2 be unions of pairwise disjoint simply connected (not neces-
sarily proper) open sets in Ĉ such that W1 ⊆ W2, and suppose D,K,C are finite sets such that
D ⊆ W1, K ⊆ W1\D, and C ⊆ W2\W1. Then, i∗ : K−1(W1\(K∪D)) → K−1(W2\(D∪C))
sends vd to vd, for all d in D, and sends vk to 0, for all k in K.

Proof. By naturality of exp, we have a commutative diagram

K0(K ∪D) K0(D ∪ C)

K−1(W1 \ (K ∪D)) K−1(W2 \ (D ∪ C)),

φ

exp exp

i∗

where φ sends 1d to 1d, for all d in D, and 1k to 0, for all k in K.

For c1 and c2 in CR,JR , we will write c1 ∼ c2 if {c1, c2} is contained in a connected subset
of JR. Clearly ∼ is an equivalence relation. For c in CR,JR , we will denote its equivalence
class by [c] and the group element

∑
d∈CR,JR

:d∼c vd in K−1(Ĉ \ CR,Ĉ) by v[c]. The collection
of distinct equivalence classes will be denoted [CR,JR ].

Proposition 7.0.2. Let R be a rational function. The image of i∗ : K−1(FR \ CR,FR
) →

K−1(Ĉ \ CR,JR) is generated by {vc}c∈CR,FR
together with {v[c]}[c]∈[CR,JR

].

Proof. By Lemma 6.0.3 in the case that U = FR andD = CR,FR
there are open subsetsW and

V of FR such that W is a disjoint union of simply connnected open sets containing CR,FR
, V is

disjoint from CR,FR
, and the mappings i∗+i∗ : K−1(W \CR,FR

)⊕K−1(V ) → K−1(FR\CR,FR
),

i∗ : K
−1(V ) → K−1(FR) are isomorphisms. Therefore, the image of i∗ : K−1(FR \ CR,FR

) →
K−1(Ĉ \CR,Ĉ) is equal to the image of i∗ : K−1(W \CR,FR

) → K−1(Ĉ \CR,Ĉ) plus the image
of i∗ : K−1(V ) → K−1(Ĉ \ CR,Ĉ).

By Proposition 7.0.1, the image of i∗ : K−1(W \CR,FR
) → K−1(Ĉ \CR,Ĉ) is generated by

{vc}c∈CR,FR
.

We have a commutative diagram

K−1(V ) K−1(Ĉ \ CR,Ĉ)

K−1(FR) K−1(Ĉ \ CR,JR)

C(JR,Z) C(CR,JR ,Z),

i∗

i∗ j∗

i∗

exp

r

exp
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where the map labelled r is the restriction map, and the maps labelled i∗, j∗ are induced from
the inclusions.

Since K−1(Ĉ) = 0, exactness implies exp : C(JR,Z) → K−1(FR) is surjective. Therefore,
commutativity of the above diagram implies the image of i∗ : K−1(FR) → K−1(Ĉ \CR,JR) is
equal to the image of exp ◦ r.

Functions in C(JR,Z) must be constant on connected subsets of JR, so the image of
r is generated by the elements {1[c] :=

∑
d∈[c] 1d}[c]∈[CR,JR

]. By definition, v[c] = exp(1[c]).
Therefore, the image of i∗ : K−1(FR) → K−1(Ĉ \ CR,JR) is generated by {v[c]}[c]∈CR,JR

.
i∗ : K−1(V ) → K−1(FR) is an isomorphism, so commutativity of the diagram implies

the image of j∗ ◦ i∗ is generated by {v[c]}[c]∈CR,JR
. By Proposition 7.0.1, the kernel of j∗ is

generated by {vc}c∈CR,FR
, and j∗(v[c]) = v[c] for all [c] in [CR,JR ]. Therefore, the image of

i∗ : K−1(W \ CR,FR
) → K−1(Ĉ \ CR,Ĉ) plus the image of i∗ : K−1(V ) → K−1(Ĉ \ CR,Ĉ) is

generated by {vc}c∈CR,FR
and {v[c]}[c]∈[CR,JR

].

We will now compute the kernel and co-kernel of ι− ⊗̂1[ER,JR ] acting on K−1.

Proposition 7.0.3. Let R be a rational function of degree d > 1. Let cR,J be the size of
CR,JR, kR,J the size of [CR,JR ], hR the number of Herman cycles, fR the number of Fatou
cycles, and ωR the greatest common divisor of their cycle lengths.

• If JR = Ĉ, the mapping ι−⊗̂1[ER,JR ] : K−1(JR \CR,JR) → K−1(JR) has kernel isomor-
phic to ZcR,J−1 and co-kernel equal to 0.

• If JR ̸= Ĉ, the mapping ι−⊗̂1[ER,JR ] : K−1(JR \CR,JR) → K−1(JR) has kernel isomor-
phic to ZfR+cR,J−kR,J−1 and co-kernel isomorphic to Z/ωRZ⊕ ZfR−1.

Proof. First, assume JR = Ĉ. Then K−1(JR) = 0, so ker(ι− ⊗̂1[ER,FR
]) = K−1(Ĉ \CR,JR) ≃

ZcR,J−1 and co-ker(ι− ⊗̂1[ER,FR
]) = 0.

Now, assume JR ̸= Ĉ. By Corollary 3.0.10, we have a commutative diagram

K−1(JR \ CR,J) K0(FR \ CR,FR
)

K−1(JR) K0(FR).

exp

ι−⊗̂1[ER,JR
] ι−⊗̂0[ER,FR

]

exp

The bottom horizontal map is injective because K−1(Ĉ) = 0.
By Corollary 3.0.10, we have a commutative diagram
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K0(FR \ CR,FR
) K0(Ĉ \ CR,Ĉ)

K0(FR) K0(Ĉ).

i∗

ι−⊗̂0[ER,FR
] ι−⊗̂0[ER,Ĉ]

i∗

The top horizontal map is surjective by Corollary 4.1.12. Putting these two diagrams together
yields a commutative diagram

K−1(JR \ CR,JR) K0(FR \ CR,FR
) K0(Ĉ \ CR,Ĉ) 0

0 K−1(JR) K0(FR) K0(Ĉ)

ι−⊗̂1[ER,JR
]

i∗

ι−⊗̂0[ER,FR
] ι−⊗̂0[ER,Ĉ]

i∗

with exact rows. Applying the Snake Lemma to this diagram yields a boundary map ∂ :

ker(ι− ⊗̂0[ER,Ĉ]) → co-ker(ι− ⊗̂1[ER,JR ]) and an exact sequence

ker(ι− ⊗̂1[ER,JR ]) ker(ι− ⊗̂0[ER,FR
]) ker(ι− ⊗̂0[ER,Ĉ])

co-ker(ι− ⊗̂0[ER,Ĉ]) co-ker(ι− ⊗̂0[ER,FR
]) co-ker(ι− ⊗̂1[ER,JR ]),

δ i∗

∂

ĩ∗ δ̃

where δ̃ and ĩ∗ are the descent maps of δ and i∗, respectively.
By Proposition 5.0.2, co-ker(ι−⊗̂0[ER,Ĉ]) = K0(Ĉ) and ker(ι−⊗̂0[ER,Ĉ]) = K0(Ĉ\CR,Ĉ).

By Corollary 6.0.2, co-ker(ι−⊗̂0[ER,FR
]) = ⊕P∈FR

Z[fxP ] and ker(ι−⊗̂0[ER,FR
]) = ⊕P∈FR

Z[eP ],
respectively. By Corollary 4.1.12, ĩ∗(fxP ) = βĈ and i∗(eP ) = |P |βĈ\CR,Ĉ

for every P in FR,
so the kernel of i∗ : ker(ι − ⊗̂0[ER,FR

]) → ker(ι − ⊗̂0[ER,Ĉ]) is isomorphic to ZfR−1, with an
image equal to

∑
P∈FR

|P |Z = ωRZ. Therefore, the co-kernel of i∗ is isomorphic to Z/ωRZ.
The kernel of ĩ∗ : co-ker(ι− ⊗̂0[ER,FR

]) → co-ker(ι− ⊗̂0[ER,Ĉ]) is also isomorphic to ZfR−1 by
the same reasoning.

Exactness of the above diagram and the above computations imply we have exact se-
quences

0 G ker(ι− ⊗̂1[ER,JR ]) ZfR−1 0

0 Z/ωRZ co-ker(ι− ⊗̂1[ER,JR ]) ZfR−1 0,

δ

δ̃
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where G is the kernel of δ : ker(ι− ⊗̂1[ER,JR ]) → ker(ι− ⊗̂0[ER,FR
]). Both sequences split, so

ker(ι− ⊗̂1[ER,JR ]) ≃ G⊕ ZfR−1 and co-ker(ι− ⊗̂1[ER,JR ]) ≃ Z/ωRZ⊕ ZfR−1.

We now compute G. By Corollary 3.0.10, the diagram

K−1(Ĉ \ CR,Ĉ) K−1(JR \ CR,JR)

K−1(Ĉ) K−1(JR)

r∗

ι−⊗̂1[ER,Ĉ] ι−⊗̂1[ER,JR
]

r∗

commutes. Therefore, r∗(K−1(Ĉ \ CR,Ĉ)) = r∗(ker(ι − ⊗̂1[ER,Ĉ])) ⊆ ker(ι − ⊗̂1[ER,JR ]). By
exactness, G is equal to r∗(K−1(Ĉ \ CR,Ĉ)) ∩ ker(ι− ⊗̂1[ER,JR ]) = r∗(K

−1(Ĉ \ CR,Ĉ)).
Exactness implies the kernel of r∗ is equal the image of i∗ : K−1(FR \ CR,FR

) → K−1(Ĉ \
CR,Ĉ), which, by Proposition 7.0.2, is generated by {vc}c∈CR,FR

and {v[c]}[c]∈[CR,JR
]. There-

fore, r∗(K−1(Ĉ)) is isomorphic to the group generated by {vc}c∈CR,JR
satisfying the relations∑

d∼c vd = 0, for all c in CR,JR . Hence, G ≃ ZcR,J−kR,J . Therefore, ker(ι − ⊗̂1[ER,JR ]) ≃
ZcR,J+fR−kR,J−1.

Recall from Chapter 6 the notion of an orientation for a Herman cycle Q. We now
compute, for any x in Q, i∗ : K−1(Ux) → K−1(Ĉ \ CR,Ĉ) using the descriptions of the
domains and co-domains provided by their orientations.

Lemma 7.0.4. Let R be a rational function with an oriented Herman cycle Q, and let x be
in Q. Let D be a finite set not intersecting Ux, and let D+

x be the points in D contained in
the connected component of Ĉ \ Ux containing ∂+Ux. Then, i∗ : K−1(Ux) → K−1(Ĉ \ D)

sends ux to
∑

d∈D+
x
vd.

Proof. Let U+
x be the union of Ux with the connected component of Ĉ \Ux containing ∂+Ux.

Since the complement of U+
x is connected and closed, U+

x is a simply connected open set such
that U+

x ∩D = D+
x .

The diagram

0 C0(U
+
x \D+

x ) C0(U
+
x ) C(D+

x ) 0

0 C0(Ux) C0(U
+
x ) C(U+

x \ Ux) 0

0 C0(Ux) C0(Ux
⊔
∂+Ux) C(∂+Ux) 0
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commutes, and has exact rows. Therefore, by naturality of exp, we have a commutative
diagram

K0(∂+Ux) K0(U+
x \ Ux) K0(D+

x )

K−1(Ux) K−1(Ux) K−1(U+
x \D+

x ),

exp exp exp

i+∗

where i+ : C0(Ux) → C0(U
+
x \ D+

x ) is the inclusion. Hence, i+∗ (ux) = i+∗ (exp([1U+
x \Ux

])) =∑
d∈D+

x
exp([1d]) =

∑
d∈D+

x
vd.

Let j∗ : K−1(U+
x \D+

x ) → K−1(Ĉ \D) be the map induced from the inclusion. From the
above calculation and Proposition 7.0.1, we have i∗(ux) = j∗(i

+
∗ (ux)) =

∑
d∈D+

x
vd.

For Q in HR and x in Q, let (Ĉ\Ux)+, (Ĉ\Ux)− denote the connected component of Ĉ\Ux
containing ∂+Ux, ∂−Ux, respectively. Denote J±

x := (Ĉ \ Ux)± ∩ JR and Ux
±
:= Ux ∪ ∂±Ux.

Lemma 7.0.5. For Q in HR and x in Q, the homomorphism exp : C(JR,Z) → K−1(FR)

satisfies exp(1J+
x
) = ux.

Proof. The diagram

0 C0(FR \ CR,FR
) C0(Ĉ \ CR,FR

) C(JR) 0

0 C0(Ux) C0(Ux
+
) C(∂+Ux) 0

r r r

commutes and has exact rows, where the vertical maps are the restrictions. Naturality of
exp then implies the diagram

C(JR,Z) K−1(FR \ CR,FR
)

C(∂+Ux,Z) K−1(Ux)

exp

r r∗

exp

commutes. We have, by definition, exp(1∂±Ux) = ±ux, so commutativity of the diagram
implies exp(1J±

x
) satisfies r∗(exp(1J±

x
)) = ±ux. Since Ux is a connected component of FR \

CR,FR
, r∗ is the projection onto the direct summand K−1(Ux) of K−1(FR\CR,FR

); let’s denote
this projection qUx .

Now, let U ̸= Ux be a Fatou component, and qU denote the projection of K−1(FR \
CR,FR

) onto the direct summand K−1(U \ CR,FR
). To prove the lemma, it remains to show
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qU(exp(ux)) = 0. Denote JU = JR ∪ {U \ CR,FR
} The diagram

0 C0(FR \ CR,FR
) C0(Ĉ \ CR,FR

) C(JR) 0

0 C0(U \ CR,FR
) C0(JU) C(JR) 0

0 C0(U \ CR,FR
) C0(U \ CR,FR

) C(∂U) 0

r r

r r

commutes, and has exact rows, where the vertical maps labelled r are the restrictions. If we
denote the exponential map of the middle and bottom row by expU and exp∂U , respectively,
then naturality of exp implies qU ◦ exp = expU = exp∂U ◦ r.

Either U ⊆ (Ĉ \ Ux)+ or U ⊆ (Ĉ \ Ux)−. In the first case, ∂U ∩ J−
x = ∅. Therefore,

r(1J−
x
) = 0 and hence −qU(exp(1J+

x
)) = qU(exp(1J−

x
)) = exp∂U(r(1J−

x
)) = 0. In the second

case, r(1J+
x
) = 0, so that qU(exp(1J+

x
)) = exp∂U(r(1J+

x
)) = 0.

IfQ is a oriented Herman cycle and d is a point not in UQ, then we letHQ(d) be the number
of x in Q for which d is in the connected component of Ĉ\Ux containing ∂+Ux. Lemma 7.0.4
implies that if D is a finite set not intersecting UQ, then i∗ : K

−1(UQ) → K−1(Ĉ \D) sends
uQ to

∑
d∈DHQ(d)vd. The functions {HQ}Q∈HR

will also play a role in describing ker(id−Φ),
as the following Corollary to the above lemma may suggest.

Corollary 7.0.6. HQ is locally constant on Ĉ \ UQ, and HQ − Φ(HQ) is constant on JR.

Proof. HQ =
∑

x∈Q 1(Ĉ\Ux)+
and is therefore locally constant. We have HQ|JR =

∑
x∈Q 1J+

x
,

so, by Lemma 7.0.5, we have exp(HQ) = uQ, where exp = exp : C(JR,Z) → K−1(FR\CR,FR
).

Therefore, Proposition 4.1.8 and 6.0.4 (respectively) imply exp(HQ − Φ(HQ)) = ι(uQ)−
uQ⊗̂1[ER,FR

] and ι(uQ) − uQ⊗̂1[ER,FR
] = 0. Since the kernel of exp : C(JR,Z) → K−1(FR)

equals Z[1JR ], it follows that HQ − Φ(HQ) must be constant on JR.

Let αR : Z[HQ]⊕Z → Z be the homomorphism sending 1 to 1−d and Q to HQ−Φ(HQ),
for all Q in HQ. Denote the greatest common divisor of {HQ − Φ(HQ)}Q∈HR

∪ {1 − d} by
aR. We now compute the kernel and co-kernel of id − Φ : C(JR,Z) → C(JR,Z)

Proposition 7.0.7. Let R be a rational function of degree d > 1. Then,

(1) The homomorphism φR : ZHR ⊕ Z → C(JR,Z) sending 1 to 1JR and Q to HQ, for
all Q in HR, is an isomorphism onto (id − Φ)−1(Z[1JR ]). Hence, φR maps ker(αR)
isomorphically onto ker(id − Φ) ≃ ZhR.



CHAPTER 7. THE K-THEORY ON THE JULIA SET 88

(2) The torsion degree of 1JR in co-ker(id−Φ) is aR, and for any choice of xQ in Q, for Q
in HR, the homomorphism ϕR : ZHR ⊕Z/aRZ → co-ker(id−Φ) sending 1 to the image
of 1JR in the co-kernel and Q to the image of 1J+

xQ
, for all Q in HR in the co-kernel is

an isomorphism onto co-ker(id − Φ).

Proof. First, assume JR = Ĉ. Then, C(JR,Z) = Z1JR and HR = ∅. Hence, (id −
Φ)−1(Z[1JR ]) = Z[1JR ], aR = 1− d, and co-ker(id − Φ) = Z[1JR ]/(1− d)Z[1JR ].

Now, assume JR ̸= Ĉ. K−1(Ĉ) = 0, so the diagram

K−1(FR \ CR,FR
) K−1(Ĉ \ CR,FR

)

K−1(FR) 0

ι−⊗̂1[ER,FR
]

i∗

i∗

automatically commutes. By Proposition 7.0.2, the subgroup G(FR, CR) of K−1(FR \CR,FR
)

has Z-linear independent generators {vc}c∈CR,FR
such that i∗(vc) = vc, for all c in CR,FR

.
Therefore, i∗ : K−1(FR \ CR,FR

) → K−1(Ĉ \ CR,FR
) is surjective.

By Proposition 4.1.8, the diagram

C(JR,Z) K−1(FR \ CR,FR
)

C(JR,Z) K−1(FR)

exp

id−Φ ι−⊗̂1[ER,FR
]

exp

commutes. The bottom map has kernel equal to Z[1JR ]. Hence, the diagram

C(JR,Z) K−1(FR \ CR,FR
) K−1(Ĉ \ CR,FR

) 0

0 C(JR,Z)/Z[1JR ] K−1(FR) 0

exp

ĩd−Φ ι−⊗̂1[ER,FR
]

i∗

ẽxp

commutes, and has exact rows, where ĩd − Φ and ẽxp denote the descent maps of id − Φ,
exp, respectively.

By the Snake Lemma, there is a boundary map ∂ : K−1(Ĉ\CR,FR
) → co-ker(id−Φ)/Z[1JR ]
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making the sequence

(id − Φ)−1(Z[1JR ]) ker(ι− ⊗̂1[ER,FR
]) K−1(Ĉ \ CR,FR

)

0 co-ker(ι− ⊗̂1[ER,FR
]) co-ker(id − Φ)/Z[1JR ]

exp i∗

∂

ẽxp

exact.
By Proposition 6.0.4, ker(ι−⊗̂1[ER,FR

]) = G(FR, CR,FR
)⊕(

⊕
Q∈HR

Z[uQ]). By Proposition
7.0.4, i∗(uQ) =

∑
c∈CR,FR

HQ(c)vc, for all Q in HR. So, i∗ is surjective with kernel freely
generated by the elements wQ := uQ −

∑
c∈CR,FR

HQ(c)vc, for all Q in HR, and
∑

c∈CR,FR
vc.

Surjectivity of i∗ implies, by exactness of the above diagram, the sequences

(id − Φ)−1(Z[1JR ]) Z[
∑

c∈CR,FR
vc]
⊕

Q∈HR
Z[wQ] 0

0 co-ker(ι− ⊗̂1[ER,FR
]) co-ker(id − Φ) Z[1JR ]

exp

˜exp

(*)
are exact.

We now prove (1). It suffices to show {HQ}Q∈HR
∪ {1JR} is a Z-linear independent

generating set for (id − Φ)−1(Z[1JR ]).
First, assume CR,FR

= ∅. In this case, wQ = uQ, for all Q in HR, and exactness implies
exp has kernel equal to Z[1JR ]. From above, exp : (id − Φ)−1(Z[1JR ]) →

⊕
Q∈HR

Z[wQ] is a
surjection, and, by Lemma 7.0.5, HQ =

∑
x∈Q 1J+

x
satisfies exp(HQ) =

∑
x∈Q ux = uQ = wQ.

Therefore, the functions {HQ}Q∈HR
∪ {1JR} generate (id − Φ)−1(Z[1JR ]) and are Z-linearly

independent (since {uQ}Q∈HR
are).

Assume CR,FR
̸= ∅. Exactness then implies exp is injective, so that exp : (id−Φ)−1(Z[1JR ]) →⊕

Q∈HR
Z[wQ]⊕ Z[

∑
c∈CR,FR

vc] is an isomorphism.
Naturality implies the diagram

C(JR,Z) K−1(FR \ CR,FR
)

K−1(FR)

exp

exp
i∗

where i : C0(FR \ CR,FR
) → C0(FR) is the inclusion. Lemma 6.0.3 implies i∗(wQ) = uQ

for all Q in HR and i∗(
∑

c∈CR,FR
vc) = 0. Therefore, i∗exp(HQ) = uQ implies exp(HQ) =

wQ + aQ(
∑

c∈CR,FR
vc), for some aQ in Z, for all Q in HR. It remains to show exp(1JR) =
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−
∑

c∈CR,FR
vc.

The diagram

0 C0(FR \ CR,FR
) C0(Ĉ \ CR,FR

) C(JR) 0

0 C0(FR \ CR,FR
) C(Ĉ) C(JR ∪ CR,FR

) 0

0 C0(FR \ CR,FR
) C0(FR) C(CR,FR

) 0

commutes, and has exact rows. Naturality of exp then implies the diagram

C(JR,Z) C(JR ∪ CR,FR
,Z) C(CR,FR

,Z)

K−1(FR \ CR,FR
)

exp
exp

exp

commutes. By exactness, exp(1JR + 1CR,FR
) = 0, so that exp(1JR) = −exp(1CR,FR

) =

−
∑

c∈CR,FR
vc. This finishes the proof of (1).

Consequently, the subgroup of C(JR,Z) generated by {HQ}Q∈HR ∪ {1JR} surjects onto
im(id−Φ)∩Z[1JR ] via id−Φ. Therefore, the torsion degree of 1JR in co-ker(id−Φ) is equal
to aR, the greatest common divisor of {HQ − Φ(HQ)}Q∈HR ∪ {1− d}.

We now prove (2). By Proposition 6.0.4, co-ker(ι − ⊗̂1[ER,FR
]) ≃ ZhR , and the elements

{uxQ}Q∈HR
under the quotient map form a Z-linear independent generating set. exactness of

the bottom sequence in diagram (*) then implies we have a short exact sequence

0
∑

Q∈HR
Z[uxQ ] co-ker(id − Φ) Z[1JR ]/aRZ[1JR ] 0.

exp

This short exact sequence splits and, by Lemma 7.0.5, exp(1J+
xQ
) = uxQ for all Q in HR.

Therefore, ϕR is equal to the direct sum of the inclusion of the kernel of ẽxp and a splitting,
and is hence an isomorphism.

For every Q in HR, Corollary 7.0.6 implies HQ(c) = HQ(d) for any c, d in CR,JR such that
c ∼ d. Denote HQ([c]) := HQ(c), for all [c] in [CR,JR ].

We let [HR] be the following matrix with rows indexed by elements in [CR,JR ] ∪ {u} and
columns indexed by HR ∪ {u}

• ([HR])[c],Q = HQ(c) for all [c] in [CR,JR ] and Q in HR,

• ([HR])[c],u = 1, for all [c] in [CR,JR ],
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• ([HR])u,Q = Φ(HQ)−HQ, for all Q in HR, and

• ([HR])u,u = deg(R)− 1.

We will write (id − Φ)|C0(JR\CR,JR
,Z) = ι− Φ0.

Proposition 7.0.8. Let R be a rational function of degree d > 1. Then,

(1) (ι− Φ0)
−1(Z[1JR ]) ≃ [HR]

−1(Z[u]) and ker(ι− Φ0) ≃ ker([HR]).

(2) co-ker(ι− Φ0) ≃ co-ker([HR])⊕ ZhR and the isomorphism maps the class of 1JR to the
class of u.

Proof. First, let’s assume JR = Ĉ. In this case, ι−Φ0 = 0 and C(JR,Z) = Z[1JR ]. Therefore,
(ι− Φ)−1(Z[1JR ]) = 0 and co-ker(ι− Φ0) = Z[1JR ] ≃ Z.

Since |[CR,JR ]| = 1 and HR = ∅, we have that [HR] : Z → Z⊕ Z is the map sending u to
[c] + u. Hence, [HR]

−1(Z[u]) = 0 and co-ker([HR]) ≃ Z and is generated by u.
Therefore, ker(ι−Φ0) = (ι−Φ0)

−1(Z[1JR ]) = 0 = [HR]
−1(Z[u]) = ker([HR]) and co-ker(ι−

Φ0) ≃ co-ker([HR]) ≃ Z via the map sending the class of 1JR to the class of u.
Now, we assume throughout the proof that JR ̸= Ĉ. For g = m · u +

∑
Q∈HR

aQ · Q in
ZHR ⊕ Z, we have [HR](g) = −αR(g)u +

∑
Q∈HR

(HQ([c]) + m)[c]. So, [HR](g) is in Z[u] if
and only if

∑
Q∈HR

HQ(c) +m = 0, for all c in CR,JR .
Let φR be the isomorphism appearing in Proposition 7.0.7. By Proposition 7.0.7, we

have (ι − Φ0)
−1(Z[1JR ]) = (id − Φ)−1(Z[1JR ]) ∩ C0(JR \ CR,JR ,Z) = {m +

∑
Q∈HR

aQHQ :

m+
∑

Q∈HR
aQHQ(c) = 0 ∀c ∈ CR,JR}. Hence, φR((ι− Φ0)

−1(Z[1JR ])) = [HR]
−1(Z[u]).

Since [HR](g) = −αR(g)u, for all g in [HR]
−1(Z[u]), it also follows that φ−1

R (ker(HR)) =

φ−1
R ([HR]

−1∩ker(αR)). By Proposition 7.0.7 and the above equalities, we have φ−1
R ([HR]

−1∩
ker(αR)) = (ι− Φ0)

−1(Z[1JR ]) ∩ ker(id − Φ) = ker(ι− Φ0). This proves (1)

We now prove (2). We first determine the image of i∗ : K−1(FR\CR,FR
) → K−1(Ĉ\CR,Ĉ).

Naturality of exp implies the diagram

K0(CR,Ĉ) K0(CR,JR)

K−1(Ĉ \ CR,Ĉ) K−1(JR \ CR,JR)

q

exp exp

r∗

commutes, where the vertical maps are the restrictions. Therefore, im(i∗) = ker(r∗) =

exp(q−1(exp−1(0))). By exactness, the kernel of exp : C(CR,JR ,Z) → K−1(JR \ CR,JR) is the
image of the restriction map r : C(JR,Z) → C(CR,JR ,Z), which is generated by the func-
tions {1[c]}[c]∈[CR,JR

]. So, ker(r∗) = exp(q−1(
∑

[c]∈[CR,JR
] Z[1[c]])) = exp(

∑
[c]∈[CR,JR

] Z[1[c]] +
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∑
c∈CR,FR

Z[1c]) =
∑

[c]∈[CR,JR
] Z[v[c]] +

∑
c∈CR,FR

Z[vc] =: W̃R. The diagram

K−1(FR \ CR,FR
) W̃R

K−1(FR) 0

i∗

ι−⊗̂1[ER,FR
]

automatically commutes and, from the above calculation, the top row map is surjective. By
Corollary 3.0.10, the diagram

C0(JR \ CR,JR ,Z) K−1(FR \ CR,FR
)

C(JR,Z) K−1(FR)

ι−Φ0

exp

ι−⊗̂1[ER,FR
]

exp

commutes. The bottom map has kernel equal to Z[1JR ]. Hence, the diagram

C(JR \ CR,JR ,Z) K−1(FR \ CR,FR
) W̃R 0

0 C(JR,Z)/Z[1JR ] K−1(FR) 0

exp

ι̃−Φ0
ι−⊗̂1[ER,FR

]

i∗

ẽxp

commutes, and has exact rows, where ι̃− Φ and ẽxp denote the descent maps of ι− Φ, exp,
respectively.

By the Snake Lemma, there is a boundary map ∂̃ : W̃R → co-ker(ι − Φ)/Z[1JR ] making
the sequence

(ι− Φ0)
−1(Z[1JR ]) ker(ι− ⊗̂1[ER,FR

]) W̃R

0 co-ker(ι− ⊗̂1[ER,FR
]) co-ker(ι− Φ0)/Z[1JR ]

exp i∗

∂̃

ẽxp

exact. We will first determine i∗ on generators. By Proposition 6.0.4, ker(ι − ⊗̂1[ER,FR
]) =

G(FR, CR,FR
) ⊕ (

⊕
Q∈HR

Z[uQ]. By the definition of G(FR, CR) and Proposition 7.0.1, this
group is freely generated by elements {vc}c∈CR,FR

with the property that i∗(vc) = vc, for all c
in CR,FR

. We also have, by Proposition 7.0.4, i∗(uQ) =
∑

c∈CR,Ĉ
HQ(c)vc, for all Q in HR. So,

for every Q in HR, wQ := uQ −
∑

c∈CR,FR
HQ(c)vc satisfies i∗(wQ) =

∑
[c]∈[CR,JR

]HQ([c])v[c].
Therefore, the image of i∗ is equal to im(H̃R) +

∑
c∈CR,FR

Z[vc], where H̃R : ZHR → W̃R

is the homomorphism such that H̃R(Q) =
∑

[c]∈[CR,JR
]HQ[c]v[c] for all Q in HR.
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Let VR be the abelian group with generators {[c]}[c]∈[CR,JR
] ∪ {u} satisfying the relation∑

[c]∈[CR,JR
][c] = (1− d)u.

Let {X[c]}[c]∈[CR,JR
] be a clopen partitition of JR such that X[c] ∩ CR,JR = [c], for all [c]

in [CR,JR ]. Define the homomorphism ∂ : VR → co-ker(ι − Φ0) on generators as ∂(u) = 1JR
and ∂([c]) = 1X[c]

− Φ(X[c]), for all [c] in [CR,JR ]. Since ∂((1 − d)u) = 1JR − Φ(1JR) =∑
[c]∈[CR,JR

] 1X[c]
− Φ(1X[c]

) = ∂(
∑

[c]∈[CR,JR
][c]), this homomorphism is well-defined. Let q :

co-ker(ι− Φ0) → co-ker(ι− Φ0)/Z[1JR ] be the quotient map.
We show that q(∂([c])) = ∂̃(v[c]) for all [c] in [CR,JR ]. By the definition of the boundary

map from the Snake Lemma, ∂̃(v[c]) = a, for any a in C(JR,Z) such that exp(a) = ι(w) −
w⊗̂1[ER,FR

], for any w in K−1(FR \ CR,FR
) such that i∗(w) = v[c].

First, we choose w. The diagram

0 C0(FR \ CR,FR
) C0(Ĉ \ CR,FR

) C(JR) 0

0 C0(Ĉ \ CR,Ĉ) C(Ĉ) C(CR,Ĉ) 0

k

commutes, where the two left-most vertical maps are inclusion and the rightmost vertical
map is restriction to C(CR,JR), followed by the inclusion C(CR,JR) → C(CR,Ĉ).

Naturality of exp implies the diagram

C(JR,Z) C(CR,JR ,Z)

K−1(FR \ CR,FR
) K−1(Ĉ \ CR,Ĉ)

k

exp exp

i∗

commutes. So, w := exp(1X[c]
) satisfies i∗(w) = exp(1[c]) = v[c].

Let a = 1X[c]
− Φ(1X[c]

). Then, by Proposition 4.1.8 and naturality of exp, exp(a) =

ι(exp(1X[c]
))−exp(1X[c]

)⊗̂1[ER,FR
] = ι(w)−w⊗̂1[ER,FR

]. Therefore, ∂̃(v[c]) = 1X[c]
− Φ(1X[c]

) =

q(∂([c])).

Since

W̃R co-ker(ι− Φ0)/Z[1JR ] co-ker(ι− ⊗̂1[ER,FR
]) 0∂̃ ẽxp

is exact and exp(1JR) = 0, q−1(im(∂̃)) equals the kernel of the surjection exp : co-ker(ι −
Φ0) → co-ker(ι − ⊗̂1[ER,FR

]). We have Z[1JR ] ⊆ im(∂) and, from above, q(im(∂)) =
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∂̃(
∑

[c]∈[CR,JR
] Z[v[c]]) = im(∂̃). Therefore, im(∂) = q−1(im(∂̃)). So,

VR co-ker(ι− Φ0) co-ker(ι− ⊗̂1[ER,FR
]) 0∂ exp

is exact. Let ṼR be the group generated by elements {v[c]}[c]∈[CR,JR
] satisfying the relation∑

[c]∈[CR,JR
] v[c] = 0; this group is canonically isomorphic to W̃R/Z[{vc}c∈CR,FR

] and VR/Z[u].
Let ι :

⊕
Q∈HR

Z[wQ] → VR be the homomorphism sending wQ to
∑

[c]∈[CR,JR
]HQ([c])[c], and

let p : VR → ṼR be the hommorphism sending u to 0, [c] to v[c], for all [c] in [CR,JR ]. Since
i∗(G(FR, CR)) = Z[{vc}c∈CR,FR

] ⊆ ker(∂̃) the diagram

⊕
Q∈HR

Z[wQ] ṼR co-ker(ι− Φ0)/Z[1JR ]

VR co-ker(ι− Φ0)

∂̃

∂

p q

commutes, and the top row is exact. Hence, ∂−1(Z[1JR ]) = ∂−1(q−1(0)) = p−1(∂̃−1(0)) =

p−1(im(i∗)) = im(ι) + Z[u].
For each [c] in [CR,JR ], let Y[c] = X[c] ∩H−1

Q (HQ([c])). Since Y[c] is a clopen set such that
[c] ⊆ Y[c], 1X[c]\Y[c] is in C0(JR \ CR,JR ,Z). Hence,

∂([c]) = 1Y[c] − Φ(1Y[c]) + 1X[c]\Y[c] − Φ(1X[c]\Y[c]) = 1Y[c] − Φ(1Y[c]).

By construction, if we let Y =
⋃

[c]∈[CR,JR
] Y[c], then HQ =

∑
[c]∈[CR,JR

]HQ([c])1Y[c] +HQ1JR\Y ,
for all Q in HR. Since HQ1JR\Y is in C0(JR \CR,JR ,Z), a similar calculation to that as above
shows ∂(

∑
[c]∈[CR,JR

]HQ([c])[c]) = HQ − Φ(HQ), for all Q in HR.
Therefore every element g in VR of the form g =

∑
[c]∈[CR,JR

]

∑
Q∈HR

aQHQ([c])[c] +∑
Q∈HR

aQ(Φ(HQ)−HQ) is in ker(∂). Let us show every element in ker(∂) is of this form.
Let g be in ker(∂). From above, g is in im(ι) + Z[u], so we can write g = mu +∑
Q∈HR

aQ
∑

[c]∈[CR,JR
]HQ([c])[c] for some {aQ}Q∈HR

∪ {m} ⊆ Z. Therefore, 0 = ∂(g) =

m+
∑

Q∈HR
HQ − Φ(HQ). Therefore, there are integers {bQ}Q∈HR

∪ {n} ⊆ Z such that
n +

∑
Q∈HR

bQHQ[c] = 0 for all c in CR,JR and (1 − d)n +
∑

Q∈HR
bQ(HQ − Φ(HQ)) =

m+
∑

Q∈HR
HQ − Φ(HQ).

Using the relation (d − 1)nu = −n
∑

[c]∈[CR,JR
][c], we may write g = (m + (d − 1)n)u +∑

[c]∈[CR,JR
](
∑

Q∈HR
aQHQ([c]) + n)[c]. Then, using the fact that

∑
Q∈HR

bQHQ(c) = −n for
all c in CR,JR , we may write∑

[c]∈[CR,JR
](
∑

Q∈HR
aQHQ([c]) + n)[c] =

∑
[c]∈[CR,JR

]

∑
Q∈HR

(aQ − bQ)HQ([c])[c]. Hence,
setting a′Q = aQ− bQ, and using that

∑
Q∈HR

a′Q(Φ(HQ)−HQ) = m+(d−1)n, we may write
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g =
∑

[c]∈[CR,JR
]

∑
Q∈HR

a′QHQ([c])[c] +
∑

Q∈HR
a′Q(Φ(HQ)−HQ).

By the above description of ker(∂), we have that ker(∂) = im(ĤR), where ĤR : ZHR → VR

is the homomorphism sending Q to (Φ(HQ)−HQ)u+
∑

[c]∈[CR,JR
]HQ([c])[c]. By Proposition

6.0.4, we have co-ker(ι− ⊗̂1[ER,FR
]) ≃ ZhR . Hence, we have an exact sequence

0 im(ĤR) VR co-ker(ι− Φ0) ZhR 0.∂

Therefore, co-ker(ι − Φ0) ≃ VR/im(ĤR) ⊕ ZhR , via an isomorphim sending the class of u to
the class of 1JR . Since im([HR]) = q−1(im(ĤR)), where q : Z[CR,JR

]⊕Z/→ VR is the quotient
map, it follows that VR/im(ĤR) ≃ co-ker([HR]) via an isomorphism mapping the class of u
to the class of u.

As a Corollary to our above calculations, we can describe the K-theory of OR,JR .

Theorem 7.0.9. Let R be a rational function of degree d > 1. Then, K1(OR,JR) ≃ ker(HR)⊕
Z/ωRZ⊕Z|fR−1| and K0(OR,JR) ≃ co-ker(HR)⊕Z|fR+hR−1|, with class of the unit correspond-
ing to the class of basis element u in co-ker(HR).

Proof. First, suppose JR = Ĉ. By Theorem 5.0.3, we have K1(OR,JR) ≃ Z and K0(OR,JR) ≃
ZcR,J+1, with class of the unit corresponding to a generator in a minimal generating set for
ZcR,J+1.

In this case, HR is the mapping Z → ZCR,JR ⊕Z sending u to (d−1)u+
∑

c∈CR,JR
c. Hence,

ker(HR) = 0 and co-ker(HR) ≃ ZcR,JR , with the class of u corresponding to a generator in a
minimal generating set for ZcR,J .

Z|fR+hR−1| = Z|fR−1| = Z and Z/ωRZ = 0, so that ker(HR) ⊕ Z/ωRZ ⊕ Z|fR−1| ≃ Z and
co-ker(HR) ⊕ Z|fR+hR−1| ≃ ZcR,J+1, with the class of u corresponding to a generator in a
minimal generating set for ZcR,J+1.

Now, let us assume JR ̸= Ĉ. By Proposition 4.1.5, we therefore have ker(ι−⊗̂0[ER,JR ]) ≃
ker(ι − Φ0) and co-ker(ι − ⊗̂0[ER,JR ]) ≃ co-ker(ι − Φ0), with the class of the unit cor-
responding to the class of 1JR . By the Pimsner-Voiculescu 6-term exact sequence and
the above isomorphisms, we have K1(OR,JR) ≃ ker(ι − Φ0) ⊕ co-ker(ι − ⊗̂1[ER,JR ]) and
K0(OR,JR) ≃ ker(ι − ⊗̂1[ER,JR ]) ⊕ co-ker(ι − Φ0), with the class of the unit in K0 corre-
sponding to the class of 1JR in co-ker(ι− Φ0).

By Proposition 7.0.3 and Proposition 7.0.8, we have ker(ι−Φ0)⊕ co-ker(ι−⊗̂1[ER,JR ]) ≃
ker([HR]) ⊕ Z/ωRZ ⊕ ZfR−1 and ker(ι − ⊗̂1[ER,JR ]) ⊕ co-ker(ι − Φ0) ≃ Z(fR−1)+(cR,J−kR,J ) ⊕
ZhR ⊕ co-ker([HR]), with the class of 1JR in co-ker(ι−Φ0) corresponding to the class of u in
co-ker([HR]).
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Since (HR)c,Q = (HR)d,Q = ([HR])[c],Q for all Q in HR and (HR)c,u = (HR)d,u = ([HR])[c],u

for every c ∼ d, we have that ker(HR) = ker([HR]) and co-ker(HR) ≃ ZcR,J−kR,J⊕co-ker([HR]),
with the class of u in co-ker(HR) corresponding to the class of u in co-ker([HR]). Therefore,
ker([HR]) ⊕ Z/ωRZ ⊕ ZfR−1 ≃ ker(HR) ⊕ Z/ωRZ ⊕ Z|fR−1| and Z(fR−1)+(cR,J−kR,J ) ⊕ ZhR ⊕
co-ker([HR]) ≃ co-ker(HR)⊕ Z|fR+hR−1| with the class of u in co-ker[(HR]) corresponding to
the class of u in co-ker(HR).



Chapter 8

Applications

8.1 A conjugacy invariant for rational functions

By the Fatou cycle length data of R we shall mean the tuple LR = (|P |)P∈FR
, where the

entries are ordered in non-decreasing order. Similarly, the Herman cycle length data of R
shall mean the tuple TR = (|Q|)Q∈HR

with entries also ordered in non-decreasing order. We
show that LR and TR are conjugacy invariants for R : JR → JR amongst all rational functions.
This is not surprising due to the rigid nature of rational dynamics, but it is not clear how to
prove it directly by a dynamical argument.

Since JR◦n = JR for any n in N ( [39, Lemma 4.4]), R and S being conjugate on their
Julia sets also implies R◦n and S◦n are conjugate on their Julia sets, for all n in N. Therefore,
co-ker(ι− ⊗̂1[ER◦n,JR ]) ≃ co-ker(ι− ⊗̂1[ES◦n,JS ]) and ker(id−ΦR◦n) ≃ ker(id−ΦS◦n) for all n
in N. By Proposition 7.0.3 and Proposition 7.0.7, it follows that fR◦n = fS◦n and hR◦n = hS◦n

for all n in N.
We will now show that the sequences {fR◦n}n∈N and {hR◦n}n∈N are equivalent to the Fatou

and Herman cycle length data of R. respectively.
The first observation to make is that every cycle of R◦n must be contained in a cycle P

for R of the same type, and that the number of distinct cycles of R◦n contained in P in FR

is equal to the greatest common divisor between |P | and n, denoted (|P |, n). Moreover, each
such cycle has length |P |

(|P |,n) . Hence, fR◦n =
∑

P∈FR
(|P |, n) and hR◦n =

∑
Q∈HR

(|Q|, n).
The rest of the argument showing equivalency is contained in a relevant lemma about

elementary number theory. First, define

A = {(a1, ..., ak) ∈ Nk : k ∈ N , ai ≤ ai+1 ∀i ≤ k − 1}.

For A = (a1, ..., ak) in A and n in N, define (A, n) =
∑k

i=1(ai, n).

97
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Lemma 8.1.1. Suppose A, B are tuples in A. If (A, n) = (B, n) for all n in N, then A = B.

Proof. Note that the tuple length of A is equal to (A, 1). We will prove this lemma via
induction on the tuple length k = (A, 1) = (B, 1).

If k = 1, then a1 = maxn∈N(A, n) = maxn∈N(B, n) = b1, and the lemma is proved.
Now, suppose k > 1 and we know the lemma is true for all m ≤ k − 1. We prove for

m = k, but first we will set some notation.
For a, b in N, let a|b mean a divides b, and a ̸ | b mean a doesn’t divide b. For C in A such

that C = (c1, ..., ck), let PC denote the set of all primes appearing in the numbers {ci}ki=1.
For each i ≤ k and p in PC , let np,C,i = max{l ∈ N0 : p

l|ci}. Hence, ci = Πp∈PC
pnp,C,i for all

i ≤ k.
Let np,C = maxi≤k np,C,i. The smallest number l for which (C, l) = maxn∈N(C, n) =∑k
i=1 ci is denoted mC , and it is easy to see it is equal to Πp∈PC

pnp,C .
Now, suppose A, B in A are such that (A, n) = (B, n) for all n in N and (A, 1) = (B, 1) =

k. Then, Πp∈PA
pnp,A = mA = mB = Πp∈PB

pnp,B , so PA = PB =: P and, for every p in P , we
have np,A = np,B =: np.

Now, for C = A and C = B, for every m in N, and p in P , we have

(C, pnpm)− (C, pnp−1m) =

k∑
i=1

pnp,C,i(
ci

pnp,C,i
,m)−

k∑
i=1

pmin{np,C,i,np−1}(
ci

pmin{np,C,i,np−1} ,m) =∑
i:pnp |ci

pnp(
ci
pnp

,m)−
∑
i:pnp |ci

pnp−1(
ci

pnp−1
,m)

So, if we let Cp be the ordered tuple ( ci
pnp )i:pnp |ci , and for every m in N, let mp =

m
pl

, where
l = max{s ∈ N0 : p

s|m}, then

(C, pnpmp)− (C, pnp−1mp)

pnp − pnp−1
= (Cp,m), for every m in N.

Thus, (Ap,m) = (Bp,m) for all p in P and m in N. There are two cases.
The first case is that k = (Ap, 1) = (Bp, 1) for all p in P , in which case ai = mA = mB = bi

for all i ≤ k, and the lemma is proved.
The second case is that k > (Ap, 1) = (Bp, 1) for some p in P . By induction, it follows

that Ap = Bp, and hence A′
p := (ai)i:pnp |ai = (bi)i:pnp |bi =: B′

p. For C = A and C = B, denote
Cp = (ci)i:pnp ̸ | ci . Then, for every m in N, we have

(Ap,m) = (A,m)− (A′
p,m) = (B,m)− (B′

p,m) = (Bp,m).
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By induction, it follows that Ap = Bp. Hence, A = B.

Corollary 8.1.2. Let R and S be rational functions. If R and S are conjugate on their Julia
sets, then LR = LS and TR = TS.

Proof. As remarked above Lemma 8.1.1, R and S conjugate on J implies (LR, n) = (LS, n)

and (TR, n) = (TS, n), for all n in N. Lemma 8.1.1 then implies that LR = LS and TR =

TS.

Corollary 8.1.3. Let R and S be rational functions. If R and S are topologically conjugate on
their Julia sets, then ker(HR) ≃ ker(HS) and there is a bijection b : CR,JR∪{u} → CS,JS∪{u}
mapping u to u and inducing an isomorphism b : co-ker(HR) → co-ker(HS).

Proof. We will denote by ι−ΦR
0 := ι−Φ0 : C0(JR\CR,JR ,Z) → C(JR,Z). Let φ : JR → JS be

a homeomorphism such that S ◦φ = φ◦R. Then, (ι−ΦR
0 )◦φ∗ = φ∗ ◦ (ι−ΦS

0 ) so Proposition
7.0.8 implies ker([HS]) ≃ ker(ι−ΦS

0 ) ≃ ker(ι−ΦR
0 ) ≃ ker([HR]). Since ker([HR]) ≃ ker(HR)

for any rational function R, this proves the first claim.
φ : JR → JS restricts to a bijection b : CR,JR → CS,JS , so if Yb(c) is a connected component

of JS containing only [b(c)], for c in JR, then Yc := φ−1(Yb(c)) is a connected component of JR
containing only [c]. It follows then by the definition of the map ∂R = ∂ : VR → co-ker(ι−ΦR

0 )

in the proof of Proposition 7.0.8 that φ∗ ◦ ∂S([b(c)]) = φ∗(1Yb(c) − Φ(1Yb(c))) = 1Yc − Φ(Yc) =

∂R([c]). Hence, φ∗(im(∂S)) = im(∂R), and if we identify im(∂S) and im(∂R) with co-ker([HS])

and co-ker([HR]) as in the proof of Proposition 7.0.8, the isomorphism φ∗ : im(∂S) → im(∂R)

becomes b−1 : co-ker([HS]) → co-ker([HR]). It is routine to see this isomorphism lifts to an
isomorphism b−1 : co-ker(HS) → co-ker(HR).

8.2 K-theory for polynomials

When R is a polynomial, the K-theory takes on an especially simple form. We first describe
some general properties of polynomial dynamics.

If R is a degree d polynomial, then there are constants λ,M > 0 such that R(z) > λ|z|d for
|z| > M , so A∞ = {z ∈ Ĉ : limn→∞R◦n(z) = ∞} is a non-empty open set of FR containing
the critical point ∞. It is called the attracting basin at infinity. By [39, Lemma 9.4], A∞ is
connected, and it is easy to see R−1(A∞) = A∞. Therefore, the attracting basin at infinity
is a Fatou cycle of cycle length one. Hence, fR ≥ 1 and ωR = 1.

Also, HR = ∅ by the maximum modulus principle. When HR = ∅, HR is the mapping
Z → ZCR,JR ⊕Z sending u to (d−1)u+

∑
c∈CR,JR

c. So, ker(HR) = 0, and co-ker(HR) ≃ ZcR,J

if cR,J ̸= 0 and co-ker(HR) ≃ Z/(d − 1)Z otherwise, with the class of u in both cases
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corresponding to a generator in a minimal generating set for the group. Gathering these
calculations and applying Theorem 7.0.9 yields the following Corollary.

Corollary 8.2.1. Let P be a polynomial of degree d > 1. Then, K1(OP,JP ) ≃ ZfR−1. If
cR,JR = 0, then K0(OR,JR) ≃ Z/(d − 1)Z ⊕ ZfR−1, with the class of 1JR generating the
torsion. Otherwise, K0(OR,JR) ≃ ZcR,J+fR−1, with the class of the unit corresponding to a
generator in a minimal generating set for ZcR,J+fR−1.

By the above Corollary, we can describe the isomorphism type of OR,JR rather easily.

Theorem 8.2.2. Let R and S be polynomials. Then, OR,JR is isomorphic to OS,JS if and
only if either

• cR,J = cS,J = 0, deg(R) = deg(S), and fR = fS, or

• cR,J = cS,J ̸= 0 and fR = fS.

Consequently, for every d > 1 the number of isomorphism types of OR,JR when the degree of
R is d is bounded above by d(2d− 2).

Proof. The characterization of the isomorphism types follows directly from the above Corol-
lary. By [54, Corollary 2], fR ≤ 2d−2. Similarily, cR,J ≤ d−1. Therefore, the number of possi-
ble isomorphism types of degree d is bounded above by (2d−2)+(d−1)(2d−2) = d(2d−2)

Let us show the above inequality is sharp in the case when d = 2 and describe the four
isomorphism types. First, we will record the following lemma, which is a collection of several
results in complex dynamics.

Lemma 8.2.3. Assume R is a rational function and P is a Fatou cycle.

(1) If P is an attracting cycle, then it contains a critical point of R.

(2) If P is a parabolic cycle, then it contains a critical point of R.

(3) If P is a Siegel cycle, then its boundary is contained in the closure of the set of forward
orbits for the critical points of R.

(4) If P is a Herman cycle, then its boundary is contained in the closure of the set of
forward orbits for the critical points of R.

Proof. The proofs in the four cases can (respectively) be found in the proofs of [39, Lemma 8.5],
[39, Theorem 10.15], [39, Theorem 11.17], and [39, Lemma 15.7].
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The complement Ĉ \ A∞ is denoted KP and is called the filled Julia set. Note that KP

consists of all points in C with a bounded forward P -orbit. By [39, Theorem 9.5], KP is
connected if and only if CP,C ⊆ KP , and KP is connected if and only if JP is connected.
Also, ∂KP = JP .

It is easy to see that any quadratic map is conjugate to one of the form fc(z) = z2 + c,
for some c in C. Its critical points are thus 0 and ∞. Denote its Julia set by Jc, its filled
Julia set by Kc, and the Cuntz-Pimsner algebra Ofc,Jc by Oc,J .

We show that the K-theory of a quadratic fc depends only on the location of c in C
relative to the filled Julia set Kc of fc. Equivalently, the K-theory depends only on the type
of bounded Fatou cycle fc admits.

Corollary 8.2.4. Let fc(z) = z2 + c. Then there are four isomorphism types for Oc,J ,
dependent on the location of 0 relative to the filled Julia set.

Case 0 (0 /∈ Kc) : Then, K1(Oc,J) = K0(Oc,J) = 0.

Case 1 (0 ∈ int(Kc)) : Then, K1(Oc,J) ≃ K0(Oc,J) ≃ Z and [1Jc ] = 0.

Case 2 (0 ∈ ∂Kc = Jc, int(Kc) ̸= ∅) : Then K1(Oc,J) ≃ Z, K0(Oc,J) ≃ Z2 and [1Jc ] is
a generator in a minimal generating set for Z2.

Case 3 (0 ∈ ∂Kc = Jc, int(Kc) = ∅) : Then K1(Oc,J) = 0, K0(Oc,J) ≃ Z and [1Jc ] is
a generator.

Proof. Case 0: If 0 is not in Kc, then 0 can’t be in a bounded Fatou component, and the
only limit point of {f ◦n

c (0)}n∈N is ∞. Thus, Lemma 8.2.3 implies Kc = Jc. Hence cfc,Jc = 0,
pfc = 1, and ωfc = 1. Case 2 of Theorem 7.0.9 then implies K1(Oc,J) = 0 = K0(Oc,J).

Case 1: If 0 is in int(Kc), then cfc,Jc = 0, and the Fatou set Fc contains a cycle which
is distinct from the attracting basin at ∞. Hence, pfc ≥ 2. By [54, Corollary 2], a rational
function of degree d has at most 2d−2 distinct Fatou cycles. Therefore, pfc = 2, and cfc,Jc = 0.
Now, case 2 of Theorem 7.0.9 applies to show K1(Oc,J) ≃ Z, K0(Oc,J) ≃ Z/Z⊕ Z = Z, and
[1Jc ] = 0.

Case 2: If 0 is in Jc and int(Kc) ̸= ∅, then cfc,Jc = 1, and pfc = 2 by the same reasoning
as before. Case 3 of Theorem 7.0.9 applies to show K1(Oc,J) ≃ Z, K0(Oc,J) ≃ Z2, and [1Jc ]

is a generator in a minimal generating set for Z2.
Case 3: If 0 is in Jc and int(Kc) = ∅, then the only Fatou cycle is the attracting basin

at infinity. Hence, cfc,Jc = 1 = pfc . Case 3 of Theorem 7.0.9 applies to show K1(Oc,J) = 0,
K0(Oc,J) ≃ Z, and [1Jc ] is a generator.
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We now characterize the four isomorphism types of Oc,J above by the dynamics of fc on
its Fatou set Fc.

Corollary 8.2.5. Let fc(z) = z2 + c. Then there are four isomorphism types for Oc,J ,
dependent on the dynamics of fc on the Fatou set.

Case 0: If A∞ is not simply connected, then K1(Oc,J) = K0(Oc,J) = 0.

Case 1: If Fc contains a hyperbolic or parabolic cycle of bounded Fatou components,
then K1(Oc,J) ≃ K0(Oc,J) ≃ Z and [1Jc ] = 0.

Case 2: If Fc contains a cycle of irrational rotations, then K1(Oc,J) ≃ Z, K0(Oc,J) ≃
Z2 and [1Jc ] is a generator.

Case 3: If Fc = A∞ and is simply connected, then K1(Oc,J) = 0, K0(Oc,J) ≃ Z and
[1Jc ] is a generator.

Proof. Note that A∞ is simply connected if and only if Kc = Ĉ \ A∞ is connected, which is
true if and only if 0 is in Kc. So, case 0 above is equivalent to case 0 of Corollary 8.2.4.

The only other case that doesn’t follow immediately from Corollary 8.2.4 and Lemma
8.2.3 is Case 2, which we show. By Theorem 7.0.9, it suffices to show 0 is in Jc.

Suppose the contrary. Then, Lemma 8.2.3 (3) implies 0 must be in a bounded Fatou
component. If P is the Siegel cycle, then it follows that there is some k in N such that
{f ◦n

c (0)}n≥k ⊆ UP . Since f ◦|P |
c : Ux → Ux is conjugate to an irrational rotation, for all x in P ,

it follows that {f ◦n
c (0)}n≥k ⊆ UP . But Lemma 8.2.3 (3) then implies ∂UP ⊆ {f ◦n

c (0)}n≥k ⊆
UP , a contradiction.

Case 0,1,3 above are realized by c = 1, 0,−2, respectively, while case 2 is realized by the
quadratic z2 + e2πiφz, where φ is the golden ratio.

A complex number c is said to be hyperbolic (parabolic) if {fnc (0)}n∈N converges to an
attracting (parabolic) periodic orbit. We get the following K-theory characterization of when
c is “bolic”.

Corollary 8.2.6. c in C is hyperbolic or parabolic if and only if [1Jc ] = 0 in K0(Oc,J).

Proof. If [1Jc ] = 0 then fc is a quadratic covered in Case 0 or Case 1 of Corollary 8.2.5.
In Case 0, 0 is in A∞ and hence {fnc (0)}n∈N converges to the attracting fixed point ∞.
In case 1, Fc contains either an attracting or parabolic cycle, and so Lemma 8.2.3 (1)

and (2) imply {fnc (0)}n∈N is eventually contained in a cycle of hyperbolic or parabolic Fatou
components. This proves one direction of the Corollary. The converse is straightforward as
well.
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Let us describe the corresponding C∗-algebra to each case. Case 0 corresponds to the
Cuntz algebra O2 considered first in [15]. This is the universal C∗-algebra generated by
two isometries s1, s2 such that s1s∗1 + s2s

∗
2 = 1. The C∗-algebra O2 and its generalizations

for n = 3, ...∞ have played a central role in the classification theory of purely infinite C∗-
algebras [46] and to the general theory of C∗-algebras. For instance, a separable C∗-algebra
is exact if and only if it embeds into O2 (see [31]). The Cuntz algebras have also found
applications in wavelet theory [12] and were influential in the discovery of the Doplicher-
Roberts Theorem [17], which characterizes the representations of a compact group as an
abstract catgory.

Case 1 corresponds to the 2-adic ring C∗-algebra Q2 studied in [34], and the author thanks
Chris Bruce for this identification. It also appears in other contexts; see [34, remark 3.2]. It
is shown in [34] that Q2 is the universal C∗-algebra generated by a unitary u and isometry s
satisfying su = u2s and ss∗+uss∗u∗ = 1. Note that the isometries s and us generate O2 as a
C∗-subalgebra of Q2. The representations of O2 that extend to Q2 are characterized in [34].
From this characterization, the authors of [34] motivate viewing Q2 as a symmetrized version
of O2.

Case 3 corresponds to the Cuntz algebra O∞, see the above remarks concerning Cuntz al-
gebras. This is the universal C∗-algebra generated by isometries {si}∞i=1 satisfying

∑n
i=1 sis

∗
i ≤

1 for every n in N. Like O2, it is special amongst the Cuntz algebras. Kirchberg showed
that a simple, separable, unital and nuclear C∗-algebra A is purely infinite if and only if
A⊗O∞ ≃ A (see [31]).

Not much is known about the C∗-algebra representing case 2. It is isomorphic to the C∗-
algebra of the partial dynamical system z2 : S1 \{1} → S1. This follows by an application of
the theory developed in Section 3. From this description, it follows that it is the universal C∗-
algebra generated by a unitary u and isometry s satisfying su = u2s and ss∗+uss∗u∗ = u+u∗

2
.

We shall denote it by Q2,∞, as it shares properties of both Q2 and O∞.
In all 4 cases, the C∗-algbera is isomorphic to a graph C∗-algebra. We follow the southern

convention for graph C∗-algebras as in [48]. The below figure shows the graph corresponding
to each case (the numbers in the graphs represent multiple edges):

Recall that the Mandelbrot set is M := {c ∈ C : 0 ∈ Kc}. Equivalently, by Corollary
8.2.4, we have that M = {c ∈ C : K0(Oc,J) ̸= 0}.

One of the most important open problems in holomorphic dynamics is the Density of
Hyperbolicity Conjecture, stated below.

Conjecture 8.2.7. H := {c ∈ M : fc(z) = z2 + c is hyperbolic} is dense in M.

This conjecture can be stated as a conjecture about the K-theory for quadratics in the
following way.
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Parameter c C∗-algebra Graph

Outside M O2 •2

Hyperbolic or parabolic in M Q2 • •2 2

In M and C \ Jc connected O∞ • ∞

Fc contains a Siegel cycle Q2,∞

• •

•

2 ∞

Corollary 8.2.8. The Density of Hyperbolicity Conjecture is true if and only if H′ := {c ∈
M : [1Jc ] = 0 in K0(Oc,J)} = {c ∈ M : Oc,J ≃ Q2} is dense in M.

Proof. By Corollary 8.2.6, the set H′ is precisely the parameters c in M for which fc is either
parabolic or hyperbolic. By [40, Lemma 6.1] and [40, Lemma 6.2], every parabolic parameter
lies on the boundary of the open set H of hyperbolic parameters in M. Therefore, the set of
parabolic parameters is a nowhere dense set in M. It follows that density of H′ is equivalent
to density of H.
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