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Abstract

We compute the K-theory of the three C*-algebras associated to a rational function R acting
on the Riemann sphere, its Fatou set, and its Julia set. The latter C*-algebra is a unital
UCT Kirchberg algebra and is thus classified by its K-theory. The K-theory in all three cases
is shown to depend only on the degree of R, the critical points of R, and the Fatou cycles
of R. Our results yield new dynamical invariants for rational functions and a C*-algebraic
interpretation of the Density of Hyperbolicity Conjecture for quadratic polynomials. These
calculations are possible due to new exact sequences in K-theory we induce from morphisms

of C*-correspondences.
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Chapter 1

Introduction

P(z)
Q(z)’ R
can be thought of as a holomorphic map on the Riemann sphere C = C U {oo}. We will

A rational function R(z) = where P(z), Q(z) are polynomials with complex co-efficients,

assume the degree of R is larger than one, so that R is not a homeomorphism or a constant.
R : C — C can be studied as a dynamical system by considering its forward iterations
{R°"},en, by function composition.

Complex dynamical systems have been studied since the 19" century, and we invite the
reader to [1] and [2] for historical overviews. The modern theory was developed in the 1920’s,
primarily by Fatou [21] and Julia [24], with contributions from Lattés [35] and Ritt [51]. The
standard reference for the modern theory is [39].

Fatou and Julia made the fundamental observation that the sphere partitions into two
R-invariant domains exhibiting wildly different dynamical phenomena. The first such domain
is the Fatou set Fr, where the dynamics is regular. Remarkably, every connected component
of Fr is eventually mapped by R into a finite cycle of Fatou components, and there can
only be four different types of behaviour of R when restricted to a Fatou cycle (see [39,
Theorem 16.1]).

The complement of Fjr in C is the Julia set and is denoted Jg. This set is always
non-empty ( [39, Theorem 14.1]) and the dynamics restricted to Jg behaves chaotically
( [39, Corollary 14.2]). There is no corresponding classification of the possible behaviours for
R : Jg — Jg, and these systems are notoriously hard to understand for seemingly simple
families of rational functions.

An approach to understanding a dynamical system is to study its space of orbits. One
quickly runs into trouble when trying to do this for a rational function R : Jg — Jg, as each
orbit O(z) ={y € Jg: In,m € N: R*"(x) = R°"(y)} is dense in Jr and thus the space of
orbits Opg j,, is highly singular and contains little information. This is a common occurence

for a dynamical system.
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An insight from Connes’ non-commutative geometry program [14] is to instead consider
the “non-commutative” orbit space of a dynamical system, which is a C*-algebra constructed
from the dual action of the dynamical system, acting on the continuous complex-valued
functions of its phase space. In general, the C*-algebra of a dynamical system is well behaved,
and whenever the orbit space is well behaved it is the same (up to strong Morita equivalence)
as the C*-algebra of continuous functions on the orbit space (see [57, Chapter 4]).

Kajiwara and Watatani in [28] were the first to study the C*-algebra Op j,, of a rational
function R : Jg — Jg. They proved in [28] that Og s, are unital UCT Kirchberg algebras and
are therefore classified up to *-isomorphism (homeomorphism of non-commutative spaces)
by their K-theory and the class of the unit in Ky by the Kirchberg-Phillips Theorem [46].
Calculating the K-theory of Op j, is therefore of fundamental importance in understanding
these C*-algebras.

Kajiwara and Watatani in [28] computed the K-theory of several examples of C*-algebras
associated to rational functions using special identifications of their dynamics and topology
of their Julia sets, but they did not present a general method for calculation. Nekrashevych
in [44] computed the K-theory of Op j, in the case that R is hyperbolic and post-critically
finite. While these are very interesting examples, there are only countably many distinct
conjugacy classes of such R and they do not capture all of the diverse behaviour of rational
dynamics. Moreover, the method Nekrashevych employs to calculate the K-theory does not
extend past his example class, so new techniques must be developed.

In this thesis, we calculate the K-theory of O ;. for a general rational function using
an entirely different approach. We also calculate the K-theory of the C*-algebras associated
to the dynamics of R on C (Ore) and on Fr (Og r,). A corollary is that, for polynomials
of a fixed degree, there are only finitely many isomorphism classes of the C*-algebras Og j,
and two such C*-algebras are isomorphic if and only if their corresponding rational functions
have the same number of critical points inside their Julia sets and have the same number of
Fatou cycles. In general, we express the K-theory of O ;. in terms of the Fatou cycles and
the kernel and co-kernel of a matrix associated to the oriented Herman cycles of R (a type
of Fatou cycle) and the location of its critical points relative to these orientations. A new
result from our calculations is that these kernel and co-kernel groups, as well as the Fatou
cycle length data of R, are invariants for the topological conjugacy class of R restricted to
its Julia set.

Our approach is to study a category Cor where the objects are C*-correspondences and
the morphisms are “intertwiners” between C*-corrrespondences. A special sub-category of
Cor has been studied by a number of authors, see for instance [38, Section 2.4] and the

references therein. To a correspondence one can always associate a class in a KK group.
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We show for the first time this association is functorial. We are also the first to study
exactness in this category and its K K-theoretic consequences. Our main tools in calculating
the K-theory of these algebras are derived from these consequences.

Out of all families of rational functions, the quadratic family f.(z) = 2% + ¢, ¢ in C, has
been studied the most extensively. By the work of Douady and Hubbard [18], we know that
there is a deep relationship between the dynamical properties of f. and the location of the
parameter c relative to the Mandelbrot set M C C. For instance, by [18, Proposition 11(b)],
the set of parameters ¢ for which f. is structurally stable on its Julia set (or .J-stable) is
precisely C\ OM. One of the most important conjectures of complex dynamics is that
J-stability of f. is equivalent to hyperbolicity of f.. This conjecture is equivalent to the
conjecture that hyperbolic quadratics are dense. See [36, p. 201] for a brief discussion of the
importance of this conjecture or [37], |9] for surveys on progress made so far.

We specialize our K-theory calculations to the case of the quadratics and show there
are only four isomorphism types of C*-algebras, and the isomorphism type is dependent on
the location of 0 relative to the filled Julia set K. of f.. A consequence of this is that the
Density of Hyperbolicity Conjecture is equivalent to the density of quadratics with a certain
C*-algebra.

1.1 Statement of Results

1.1.1 K-theory of O«

A A

by the endomorphism R* : C'(C) — C(C) and the transfer operator ®, defined for f in C'(C)

as

The C*-algebra Op ¢ of a rational function R : C — C is the Exel crossed product of C/(C)
C

A

O(f)(z) = Y indg(w)f(w), zinC,
w:R(w)=z

where indg(w) is the (positive) local winding number of R : C — C about w. The weightings
indr are required so that ® maps continuous functions to continuous functions. Kajiwara
and Watatani first define Oy ¢ as the Cuntz-Pimsner algebra of the natural bi-module E, &
associated to R* and ®, but these are equivalent constructions ( |28, Proposition 3.2|). The

C*-algebras O x for X = Fg, Jg are defined similarly and were also first studied in [28].
Our first new result is the calculation of the K-theory of O . For each X = Fp, C,J R,
we shall denote by Cr x the critical points {¢ € X : indg(c) > 1}. These are finite sets.

Denote |Cg x| = cr x.

Theorem 1 (5.0.3). Let R be a rational function of degree d > 1. Then, Ko(Op¢) =~ Zerett
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with the class of the unit corresponding to a generator in a minimal generating set for Z°ret
and K1(Op¢) ~ Z.

There are rational functions with Jz = C. Some examples are considered by Lattes
in [35], and Rees showed in [50] there is a “positive measure” subset of rational functions
which have Jp = C. Thus, we have already determined the K-theory of Opg ;, for a large

class of examples.

1.1.2 K-theory of Ogp,

Our second new result we present is the K-theory of Og r,,. The Fatou set Fr is the maximal
open set U such that the iterates { R°"|y }nen are pre-compact in the compact-open topology
on C(U,C). Tt can be shown to be totally invariant in the sense that R(Fr) = Fg (see
[39, Lemma 4.3]). For this reason, Og,r, is an ideal of Op . A maximal connected component
U of Fg is called a Fatou component. It is clear that R maps any Fatou component onto
another such component. A finite collection P of Fatou components is a Fatou cycle if we
can write P = {Uy, ..., U, }, where U; # U, for all i # j and R(U;) = U4, for all i < n, with
indices taken modulo n. We will denote the set of Fatou cycles of R by Fg.

By [54, Corollary 2|, Fr must be a finite set. By [56, Theorem 1], every Fatou component
is eventually mapped onto an element in a Fatou cycle. Moreover, a Fatou cycle P is either

an

(1) attracting cycle: for every U in P, {R°" : U — U }ren converges on compact sets to

an attracting fixed point in U,

(2) parabolic cycle: for every U in P, {R°™ : U — U}, ey converges on compact sets to a
parabolic (see |39, Section 10]) fixed point in U,

(3) Siegel cycle: for every U in P, R°" : U — U is conformally conjugate to an irrational

rotation on D, or

(4) Herman cycle: for every U in P, R°" : U — U is conformally conjugate to an irrational

rotation on A, = {z € C: 1 < |z] <r} for some r > 1.

See |39, Theorem 16.1] for a proof of this fact. This is known as the Fatou-Julia-Sullivan
classification of Fatou components, as it was proven in part by Fatou and Julia, and finished
by Sullivan in [56] after he adapted the techniques of Kleinian group theory to the study of

complex dynamical systems.
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We shall denote the set of Herman cycles for R by Hgr. They play a very special role
in the groups for R : Fr — Fr and R : Jg — Jg, as we shall see. Denote fr = |Fr| and
hr = |Hrg|.

Theorem 2 (6.0.6). Let R be a rational function of degree d > 1. Then, Ko(Og p,) =~
ZerrrtIrthe and K (Op p,) o~ Z/RHR,

The proof uses the classification of Fatou components in an essential way. The Herman
cycles are counted twice due to the non-triviality of K~! of an annulus. In all other cycle
types, any compact subset of the cycle will be eventually mapped into an “attractor” with
trivial K~ (see Corollary 2.5.17).

1.1.3 K-theory of Og ;,

Our third new and most important result is the K-theory of O ;.. The Julia set Jg is the
complement of the Fatou set. It is a compact uncountable subset of C with no isolated points
and is either the entire Riemann sphere, or it has no interior. Moreover, repelling periodic
points of R are dense in Jg, and for every open set V' C Jg, there is some number n such that
R°™(V') = Jg; see [39, Theorem 14.1] and [39, Corollary 14.2] for proofs of these assertions.
Thus, the dynamics restricted to Jr behaves chaotically. The above dynamical properties
also imply Opg s, is purely infinite and simple (see |28, Theorem 3.8]). For further properties
of these algebras, see [23], [29] and [22].

We now present the K-theory of Or ;.. Let Q be a Herman cycle of length n and
U a Fatou component in ). By [39, Lemma 15.7] the boundary of U has two connected
components. We orient @ by first choosing a boundary component 07U of OU. We then
orient every other element V in @ (choosing a component 07V of OV') by declaring R to be
orientation preserving on @), in the sense that 9" R*(U) = R°*(9"U) for every ¢ < n. Since
R°" : U — U is conjugate to an irrational rotation, it is homotopic to the identity. Therefore,
R°™(0"U) = 07U and thus the orientation given to @ is well defined. Note also that there
are only two possible orientations on () defined in this way. We call ) with such a choice of
orientation an oriented Herman cycle.

We will assume now that all of our Herman cycles in Hpi are oriented. For x in Jg
and @ in Hpg, we will let Hg(x) be the number of Fatou components U in () for which
x is in the connected component of C\ U containing &*U. The function Hg:Jp — Z
is continuous and satisfies the property that Hg — ®(Hg) is constant (Corollary 7.0.6).
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Moreover, one can show {Hg}oew, U {1s,} are linear independent over Z and generate the
subgroup {f € C(Jg,Z) : f — ®(f) is constant} (Proposition 7.0.7).
We let Hp be the following matrix with rows indexed by elements in Cg j, U {u} and

columns indexed by Hr U {u} (u is an extra index we must add):
e (Hg)eg = Hg(c) for all cin Cg y, and Q in Hpg,
o (Hg)ew =1, for all cin Cg gy,
o (Hp)ug = P(Hg) — Hg, for all Q in Hp, and
® (Hp)yu = deg(R) — 1.

Hp determines a group homomorphism Hy : Z[Hr U {u}| = Z[Cg, s, U {u}]. Denote by wgr
the greatest common divisor of the Fatou cycle lengths {|P|}pcr,. If Fr = 0, then we set

wR:L

Theorem 3 (7.0.9). Let R be a rational function of degree d > 1. Then, K(Ogj,) =~
ker(Hg) ® Z/wrZ & ZVr=Y and Ko(Og,,.) =~ co-ker(Hg) ® ZeHr=1 with class of the unit

corresponding to the class of u in co-ker(Hg).

Interestingly, the matrix Hpg, its kernel, or its co-kernel do not appear anywhere in the
complex dynamics literature. Since these two groups are invariants for the topological con-
jugacy class of R : Jgp — Jg (see Corollary 8.1.3), it would be worthwhile to compare it with
other invariant combinatorial objects of R constructed from oriented Herman cycles, like its
Shishikura tree [55].

When Hpz = @ (which happens, for instance, for all polynomials), we have ker(Hz) = 0
and co-ker(Hpg) ~ Z*/r if Cg j,, # 0 and co-ker(Hg) ~ Z/(d — 1)Z otherwise, where d is the
degree of R. In the first case, the class of the unit corresponds to a generator in a minimal
generating set for Z°®7r while in the second case the unit generates Z/(d — 1)Z.

Nekrashevych in [44, Theorem 6.6] computed the K-theory of Op ;. in the special case
that R is hyperbolic and post-critically finite. This just means that every critical point is
eventually mapped to an attracting periodic orbit. There are only countably many distinct
conjugacy classes of such R by Thurston’s Rigidity Theorem (see [8, Theorem 2.2|), and
for quadratic polynomials there are only two: the class of z? and of 22 — 1. With the extra
structure afforded to such a rational function, Nekrashevych constructs a descending sequence
of approximations (C,)nen of the Julia set, each with manageable K-theory, computes the
K-theory for R : C,1 — C,, then takes a limit as n approaches oo to get the K-theory
for Og j,. We remark that this approximation method is not viable in general, due to the

fact that the Fatou set can be more complicated (the components may no longer be simply
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connected, and all four of the cycle types might appear, not just attractors). We review our
method and our main results on the C*-correspondence category in Section 1.2.

Since a polynomial R always has an attracting cycle of length 1 at oo, we always have
fr > 1 and wg = 1. We therefore have a simple characterization for when two polynomials

have isomorphic C*-algebras:

Theorem 4 (8.2.2). Let R and S be non-linear polynomials. Then, Oy, is isomorphic to
Og.jq if and only if either

o cpy, =Csgs =0, deg(R) = deg(S), and fr = fs, or

® CRrJr = CS,Jg #0 and fr = fs.

1.1.4 Applications

Now, we present applications. By the Fatou cycle length data of R we shall mean the tuple
Lr = (|P|)pery, where the entries are ordered in non-decreasing order. Similarly, we define
the Herman cycle length data of R to be the tuple Tr = (|Q|)gewy-

Corollary 5 (8.1.2). Let R and S be rational functions. If R and S are topologically

conjugate on their Julia sets, then Lr = Lg and Tr = Ts.

It is interesting that data from the dynamics of R on its Fatou set is an invariant for its
dynamics on the Julia set - this result reflects the rigid nature of rational dynamics. The
above corollary is proven by observing that if R and S are conjugate on their Julia sets,
then R°™ and S°" are conjugate on their Julia sets, for all n € N, and so our calculations in
Chapter 7 imply fgron = fgon and hgon = hgon. By a lemma concerning elementary number
theory (Lemma 8.1.1), these sequences of numbers are equal if and only if Lr = Lg and

Tr = Ts. It is not clear how this result would be proven using a dynamical argument.

We now provide a more detailed description of the K-theory for a quadratic polynomial.
Every quadratic polynomial is conjugate to one of the form f.(z) = 2? + ¢, z in C, for some
¢ in C. Note that its only critical points are 0 and oo, with co being a super-attracting fixed
point inside the Fatou set. Denote Jy, = J, and Oy, ;. = O, ;. Define the filled Julia set of
fe to be the points z for which the orbit {f2"(2)}nen is bounded in C and denote this set K..
It can be shown that 0K, = J. and that K, is the union of J,. along with the bounded Fatou

components of f, (see [39, Lemma 9.4]).

Corollary 6 (8.2.4). There are four isomorphism types for O. ;, dependent on the location
of 0 relative to the filled Julia set.
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Case 0 (0 ¢ K.) : Then, K1(O.j) = K¢(O.,y) = 0.
Case 1 (0 € int(K.)) : Then, Ki(O.,s) ~ Ko(O.5) = Z and [1,.] = 0.

Case 2 (0 € OK. = J,, int(K.) #0) : Then K\(O.;) ~Z, Ko(O.;) ~Z* and [1,,] is

a generator in a minimal generating set for 7.

Case 3 (0 € 0K, = J., int(K,.) = 0) : Then K1(O.;) =0, Ko(O,j) ~ 7Z and [1;,] is

a generator.

Case 0,1,3 above are realized by ¢ = 1,0, —2, respectively, while case 2 is realized by

ez;w (1 + 527;59)7 where © is the golden ratio.

We now identify the corresponding C*-algebras to each case, and for more details see the

CcC =

discussion below Corollary 8.2.6. Case 0 corresponds to the Cuntz algebra Oy considered
first in [15]. Case 1 corresponds to the 2-adic ring C*-algebra Qs studied by Larsen and Li
in [34], and the author thanks Chris Bruce for this identification. It also appears in other
contexts; see |34, remark 3.2|. To our knowledge, case 2 corresponds to a C*-algebra that
has not been studied in the literature. It can be shown it is a C*-algebra of a certain graph,
see the figure above Corollary 8.2.8. We denote it Qs o, as it seems to share properties of
both Qs and O,. Case 3 corresponds to the Cuntz algebra O, considered in [15] also.

A consequence of the above Corollary is that [1;.] = 0 if and only if f, is either hyperbolic
or parabolic. This allows us to re-state the Density of Hyperbolicity Conjecture for quadratics
in terms of the K-theory for quadratics. This conjecture was first stated by Fatou in 1920
in |21, page 73| and is still being actively pursued - see [36, p. 201] for a brief discussion of
the importance of this conjecture and [37], [9] for surveys on progress made so far.

Recall that the Mandelbrot set is defined as M = {c € C: 0 € K.} (= {c € C:

K()(OC,J) 7& O})

Corollary 7 (8.2.8). The Density of Hyperbolicity Conjecture is true if and only if H' :=
{ceM:[1;]=0in Ko(O.y)} ={ce M: 0.y~ Qs} is dense in M.

We do not claim this makes the conjecture any easier, though it is interesting to see it in

C*-algebraic terms.
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1.2 Methods

1.2.1 Motivation

We now motivate our approach to calculating the K-theory of Op ;.. The situation is that

we have a short exact sequence of Cuntz-Pimsner algebras
0 —— OR,FR e ORC e OR,JR — 0

and the Pimsner-Voiculescu 6-term exact sequence ( [47, Theorem 4.9]) of Og r, and Oy ¢
can be calculated. In these cases, the exact sequences split, so it determines for us the K-
theory of Og r, and Ope. The problem is that this splitting is not natural, which makes
calculating the K-theory of Og j, from the 6-term exact sequence determined by the above
extension of C*-algebras rather difficult. Our observation is that not only do we have a
short exact sequence of C*-algebras, we also have a short exact sequence of their defining

C*-correspondences
0 —— (ER,FRvaFR) — (ER,C’QC) — (ERvJR7OéJR) — 0,

and this will induce exact sequences at the level of the building blocks of K-theory deter-
mined by the Pimsner-Voiculescu 6-term exact sequences. Thus, we circumvent the need to
work with an un-natural splitting. This is our motivation for considering the category of

C*-correspondences, which we now present along with our main results about it.

1.2.2 Morphisms of C*-correspondences

Recall that if A;, A, are C*-algebras, then an A;-Ay correspondence a,(E,a)a, is a left
action a of A; as endomorphisms of a Hilbert As-module E. Given such a correspondence,
we can always restrict the left action « to the ideal J(g o) consisting of elements of A; which
act by compact operators of E. After restriction this correspondence defines a class K (FE, a)
in KK°(J(g,a),A2). We define a category for which the assignment (E,a) — K(FE,«) is
functorial.

A morphism of correspondences is a triple (¢1,S,¢2) : 4, (E,a)a, — g, (F,)p,, Where
w11 Ay = As, o 1 Ay — By are x-homomorphisms and S : E — F' is a linear map that
satisfies compatibility criterion with (1, 9 comparable to that of a co-variant representation
of a Hilbert bi-module; see Definition 3.0.1. The sub-category where A; = Ay, By = Bs,

and ¢; = s has been studied by many authors, usually with applications to Cuntz-Pimsner
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algebras in mind. See for instance [38, Section 2.4| and the references therein. However,
K K-theory consequences have not been considered and this is our main focus. Our first
main tool is that the assignment (F,a) — K(FE,«) is functorial, though we will not present
it like this until Remark 3.0.4.

Proposition 8 (3.0.3). Suppose (p1,S,p2) : a,(F,@)a, — p,(F,B)p, is a morphism of
correspondences. Then, K(E,a)®[ps] = [p1|QK(F,3), where & is the Kasparov product
and [@;], for i = 1,2, is the class of the x-homomorphism p; in KK°.

We now present our second main tool. If (p1,5,¢2) : 4, (F,a)a, — 5, (F,08)s, is a
morphism, then it restricts to a morphism (1,5, ¢2) * s (B, )4, = g, (F, B)B,. We
call this functor J : Cor — Cor.

We say a sequence

(¢1,5,92) (1, Ts3p2)
Al(E7a)A2 M B1(F’ 6)32 1_? C1(G”7)C2

is J-exact if it is exact after applying the functor J (Definition 3.0.6).
Proposition 9 (3.0.8). If

(41,1 i2) (01,Q:42)
0 —— A1(E7Q)A2 M B1(F’B)Bz ‘11_‘12> C’1(G77)C2 — 0

is a J-exact sequence of correspondences, then 5J(Fﬁ)®K(E, a) = K(G,v)®dp,, where O pp

0p, are the classes of the short exact sequences

0 —— Jpa) —— Jrs — Jany) — 0

respectively, in KK*.

This result can be thought of as an extension of the usual naturality result for an extension
class in KK and is proven as such.
Applying Proposition 5 and Proposition 6 above to K-theory yields the following diagram,

which is our main tool in this thesis.
Corollary 10 (3.0.9). If

(3,1,1)

B(F7/8)B E— C(G,’y)c — 0
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18 a J-exact sequence of correspondences, then the following diagram commutes

Ko(JB0) » Ko(Jirg) » Ko(Jiam)
KI(J(G,V))</ l Ei(Jirg) < l Kl(J(E,a))/
Ko(A) » Ko(B) l » Ko(C)
Ky (C) </ K, (B) « Ki(A) /

The top and bottom horizontal faces are the 6-term exact sequences of K-theory associated
to the respective extensions of C*-algebras, and the vertical maps are the respective maps of
the form @, K(H,n), (H,n) = (E, ), (F, 8),(G,7).

The result in the thesis is more generally stated for non self-correspondences; see Corollary
3.0.9. We can also get similar diagrams for K-homology (with arrows reversed) and more
generally for KK*(—, A), KK*(A, —), where A is any separable nuclear C*-algebra.

We can extract exact sequences involving the K-theory building blocks of Og r,, Op ¢
and Op s, by applying the Snake Lemma strategically to certain vertical faces of the above

diagram. This is done in Chapter 7, and it is how we calculate the K-theory of Og ..

1.2.3 Branched functions

Inspired by Kajiwara and Watatani’s construction of a C*-correspondence from a rational
function, we define C*-correspondences from branched functions. A function F' : X — Y is
branched if at every point in its range, it admits a system of inverse branches; see Definition
4.0.1. This represents a broad and interesting class of functions, including all holomorphic
functions between Riemann surfaces. In particular, we can for the first time define a C*-
algebra from an arbitrary complex dynamical system without excluding its branched points.

No similar definition of a branched function exists in the literature. Our reason for
introducing branched functions here is that we will be working with holomorphic func-
tions restricted to a variety of subspaces, and we would like a unified definition for C*-
correspondences associated to these to make applying our results on morphisms of C*-
correspondences to such restrictions easier.

We present two results that will be useful for us when calculating K-theory. Denote the

C*-correspondence of a branched function F': X — Y by (Erx, ax).
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Proposition 11 (4.0.7). If F': X — Y is a branched function and U C X,V CY are open
sets such that F(U) CV, then F : U — V is branched and the inclusion functions induce a

morphism cow)(Eru, av)c,vy = cox)(Erx, 0x)cyv)

We also characterize when a restriction of a branched function to a closed set yields a
short J-exact sequence. For a branched function F' : X — Y, denote by Cpx = {z € X :

F is not locally injective at z}.

Proposition 12 (4.0.9). Let F': U — V be a branched function and Y a closed subset of V.
Denote F71(Y)) = X. Then, inclusion and restriction induce morphisms (Ep x, cnx) —

(Ey,ay) and (Ey,au) = (Ex,ax), respectively. CryNX = Cpx if and only if the sequence
0 — (Eronx,onx) — (Ery,ov) — (Epx,ax) —— 0

1s J-exact.

As a special case, any complex dynamical system R : M — M, where M is a connected
Riemann surface, will determine a J-exact sequence of correspondences via the restriction to

its Julia set. See Section 4.1 for more information on these correspondences.

1.3 Organization

In Chapter 2, we provide the necessary background for this thesis. We review Hilbert mod-
ules, C*-correspondences, Cuntz-Pimsner algebras, K-theory, K K-theory and complex dy-
namical systems. In Chapter 3 we define the category of C*-correspondences and study its
relation to K K-theory. We define branched functions in Chapter 4, construct their associ-
ated C*-correspondences and study them within the context of our category. We specialize to
branched functions that are restrictions of holomorphic functions in Section 4.1, prove some
regularity properties about their C*-correspondences and describe their action on K-theory.
Chapters 5, 6 and 7 calculate the K-theory of Op ¢, Og r,, and Og j,, respectively. Chapter

8 is devoted to proving applications of our K-theory results.



Chapter 2

Background

2.1 C*-algebras

We assume a level of familiarity with the basic terminology and theory of C*-algebras. We
recall the concepts pertaining to C*-algebras we use in this thesis. None of these concepts
are due to us, and the reader may consult the references provided for more details.

A map ¢ : A — B between C*-algebras A and B is a *-homomorphism if it is an algebra
homomorphism and additionally p(a)* = ¢(a*) for all a« € A. It is a remarkable fact that
every #-homomorphism is norm contracting and therefore continuous [52, Section 1.1.4]. A
x-homorphism ¢ : A — B is a x-isomorphism if it is a bijection. From the norm contracting
property, it follows that such a ¢ is automatically isometric.

If B is a C*-algebra, then A C B is a C*-sub-algebra if it is a C*-algebra with respect to all
the operations (addition, multiplication, involution, norm) inherited from B. In particular,
A is closed.

As an example, if ¢ : A — B is a x-homomorphism, then ¢(A) C B is always a C*-sub-
algebra [52, Section 1.1.4].

If Ais a C*-algebra, then by an ideal of A we shall mean a closed (vector) subspace I C A
such that I* = I and AI C I. In particular, I is a C*-sub-algebra of A.

Recall that if I is an ideal of A, then the quotient (as a Banach space) A/I has a unique
C*-algebra structure making the quotient map ¢ : A — A/I a *-homomorphism.

A C*-algebra A is simple if the only ideals of A are 0 and A.

An approzimate unit for a C*-algebra A is a net (uy)yea € A of positive elements such
that ||uy|| < 1 for all A in A, uy < uy whenever X < A, and limyuya = a for all a in A.
By [43, Theorem 3.1.1|, every C*-algebra has an approximate unit.

Following [13], we say a C*-sub-algebra A of a C*-algebra B is full if A is not contained

in any proper ideal of B. It is easy to see this is equivalent to A containing an approximate

13
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unit which is also an approximate unit for B.

A C*-sub-algebra A of a C*-algebra B is hereditary if a positive element b in B is in A
whenever there is a in A such that b < a. By [13], if A is a full and hereditary C*-sub-algebra
of B, then A and B are stably isomorphic, a fact that we shall use once in Chapter 3.

A simple C*-algebra A is purely infinite if for every positive elements a, b in A and € > 0,
there is 7 in A such that ||r*ar — b|| < e. Note that this property implies A is simple. There
is a more general definition of purely infinite for non-simple C*-algebras due to [26], but we

will not need this for our purposes.

2.2 (*-correspondences

We briefly review the concepts of Hilbert C*-modules and C*-correspondences, as well as
some of their auxiliary notions. Our review of the standard definitions closely follow the
exposition of Jensen and Thomsen in |27, Section 1|. See [33] for a more detailed treatment
of the theory of Hilbert C*-modules.

Let A be a C*-algebra. A right Hilbert A-module is a complex vector space E with a right
A-module structure, together with a right C-linear map (-,-) : £ x E — A that is also

(1) right A-linear: (e1, ey - a) = (eq,e9)b, for all e, e5 in F and a in A,
(2) Hermitian: (e, es)* = (eq, €1), for all ey, e5 in E,

(3) positive: (e,e) >0, for all e in F,

(4) faithful: (e, e) # 0, for all non-zero e in E,

(5) and F is complete with respect to the norm ||| := ||r/(e, e} |-

The fact that || - || is a norm requires some justification. Clearly || - || is homogeneous in
the sense that ||e- z|| = ||e|||z| for any e € E and z € C. Sub-additivity of || || will follow from
the Cauchy-Schwarz inequality for Hilbert A-modules, which we prove for completeness. The

proof follows that in [33, Proposition 1.1].

Proposition 2.2.1. Let E be a right Hilbert A-module. Then, for any ey, ey in E, we have

€2,€1)(€1,€2) = ||€1]] (€2,€2).
(e2,e1){e1, €2) < Jlea|* ez, €2)

Proof. By linearity of (-, ), it suffices to prove in the case where ||e;1]| = 1. By positivity, we
have 0 < (e; - a — ey, €1 - a — e9), where a = (eq,e5). Expanding out by A-linearity of (-, -)

and using the inequality a*(e1, e;)a < a*a yields the proposition. ]
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In particular, proposition 2.2.1 implies ||(e1, e2)|| < |le1||]|e2]]. So, if e1, ep are in E| then
lex + e2* = [[{ex + e2,e1 + e2)[| < [leall” + 2llex[[le2ll + lleal* = (flexll + lle=l))*,

proving sub-additivity of || - ||.

We will call (-,-) an A-inner product if it satisfies the conditions (1) — (5).

All C*-algebras and Hilbert modules in this thesis will be assumed seperable (contains a
countable dense subset).

We say a Hilbert A-module is full if the image of the B-inner product linearly spans a
dense sub-*-algebra in A. In general, the closed linear span of (-,-) is an ideal in A - this is
immediate from the Hermitian property and right A-linearity of (-,-). We shall denote this
ideal by (E).

A right A-module endomorphism 7" : E — FE is said to be adjointable if there exists
another right A-module endomorphism 7% : F — E such that

(T'(e1),e2) = (e1,T"(eq)) for all ey, €5 in E.

T* is called the adjoint of T. The collection of all bounded, adjointable right A-module
endomorphisms is denoted B(F). It is a C*-algebra with pointwise addition of endomorphisms
as addition, composition as multiplication, the adjoint as the involution, and the operator
norm induced from (E, || - ||) as the norm. The only fact which is not immediately obvious is
the C*-identity ||T*T|| = ||T||*>. To show this, first observe from the inequality ||{e1, es)|| <
llea]||le2|| that |le|| = sup{||{e, ) : f € E, || f|| < 1}, for any e in E. Then, for any 7" in B(E),
we have |[T°T|| = sup{(T(e), T(f)) e, f € E, [lel < 1, || f]l <1} = [ T*.

For each ey, e in E, define the endomorphism 0, ., : £ — E as
961,62 (63) =e€e1- <62, €3>, for all esin I,

The closed linear span of all such endomorphisms is denoted as IC(E), the compact operators
of E. Since T 0 0c, e, = Or(er),er a0 (0g, c,)* = Oeye, for all T in B(E) and ey, ey in F, it
follows that IC(E) is a closed ideal of B(E).

To a Hilbert A-module E, we may construct its linking algebra

L(E) = { <;f Z) ke K(E),e,f € E,ac <E>},
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k*

(&

k *
which is a C*-algebra with involution (f 6) = (

a

kl €1 . kg €9 - klkg + 9617f2 kl (62) + e1aq
f1 a f2 ag k3(f1) + foai (fi,e2) +araz )’

(k;l el> n (k:g 62> _ (kl + ko e +62>
fi @ f2a fitfo ar+a
See [49, Lemma 3.19] for a description of the C*-norm on L(E). K(E) and (E) are full
and hereditary C*-sub-algebras of L£(E) with respect to the obvious corner embeddings (
[49, Theorem 3.19)).

Let E be a Hilbert A-module, F' a Hilbert B-module, and ¢ : A — B a *-homomorphism.

A @-twisted morphism from E to F is a linear map S : E — F satisfying (S(e), S(f)) =

j:k) , multiplication
a

and addition

o((e, f)) for all e, f in E. This is a definition we make, but we do not claim originality.
Certainly similar maps have been considered in the literature (see Remark 3.0.2).
It follows that S(e-a) = S(e) - p(a), for all e in £ and a in A.

Proposition 2.2.2. If S : E — F is a p-twisted morphism of Hilbert Modules, then there is
a well defined x-homomorphism S : KK(E) — K(F), determined by the equation

S(Z 96i7fi> = Z es(ei)’s(fi)’ for any {ei}?:l’ {fz ?:1 C E.
=1 =1

Proof. 1t suffices to show that S is well defined, as once this is verified, the fact that it is a
s-homomorphism becomes clear. First, we show for any elements {e;}" ,,{fi}/-; C E, the
norm of Y7, 6., s is equal to the norm of the matrix vFV'E in M,(A), where the (i, j)
entry of £, F', is (e;, e;), (fi, f;), respectively.

Suppose first n = 1, and lets show ||0. ;|| = [[\/{f, f)/{e, €)||. Using the C*-identity for

the norms, this is equivalent to showing [|0sc..f|l = [[\/ (e, e){f, f)/(e,€)||. By embedding
O (e.e),s into the linking algebra, we see that

0 0 0 0\ 0 e /{1
107 eer.s | = H <e~\/(f,—f> o) (e.m 0) H B H (0 0 >

and by embedding +/ (e, e){f, f)\/(e,e) = <f Ve, e), [/ (e, e)> into the linking algebra,

we see that

2
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H (0 € <f,f>>
0 0

The general case reduces to the one above by an amplification trick. Let L = L(FE) be the

22” (8 - <f,f>> (0 6-V0<ﬁ—f>>*H=||¢<e7_e><f,f>M||.

0 0

linking algebra, and consider the Hilbert M, (L)-module structure over L", where an element
bin L™ is written in row notation b = (by, .., b,) and thus M, (L) acts naturally on the right.
The M, (L) inner product of b = (by,...,b,), b’ = (V},...,b),) in L™ is the matrix with entries
((0,0))i; = b;b; for 1 <4, j < n. Identify KC(L") with L by noticing the compact operator
0y acts diagonally on L™ by > 7" b;(b])*.

Now, given {e;},,{fi}l., C E, set l(e;) = (g 8

), e = (l(e1),..,l(en)) and I(f;) =
(]? 8) J = (), ). From above, | 0 bl = [0egll = /U D/E 2l

Note that ((f,f))i; = (8 (FO) ) and ((e,e));; = (8 (EO) ) Therefore (v FVE) =

/5 )V e e), where v @ M, ((E)) — M,(L) is the co-ordinate wise extension of the em-

bedding (£) — L. Since ¢ is an injective x-homomorphism, we have [|,/(f, ﬁ\/@H =
|IvVFVE||, proving the claim.

Now, to prove the proposition, it suffices to show || 327", Os(eiy.s(s | < |VFVE]. From
above, the norm of || -7, Os¢.).s¢7 | is equal to the norm of ||[VEF'VE'||, where (F');; =
(SIS = 9 ((fi £5)) and (E)j = (S(e0)S(es)) = (e ) for all 1< i, j < n. There-
fore, VF'\E' = ¢,(VFVE), where @, : M,(A) — M,(B) is the co-ordinate wise extension
of the *-homomorphism . Since ¢, is a *-homomorphism, it follows that ||, (VFVE)| <
|vVFVE||. This last inequality finishes the proposition. O

k
Now, it is easy to check that £(S) : L(F) — L(F), defined for ( 6) in L(E) as

a

is a x-homomorphism. It follows that any ¢-twisted morphism S has closed image.
Let A and B be C*-algebras. An A-B C*-correspondence is a right Hilbert B-module F
together with a *-homomorphism « : A — B(FE). We will call a the action of A on E and

will frequently use the notation a - e = «a(a)(e), a in A, e in E. A correspondence will be
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denoted A(E,a)p. We will frequently write 4(E,a)p = (E, «) if the algebras A and B are
specified. (F,«) is faithful if « is injective, full if F is full, and non-degenerate if the linear
span of A - E is dense in E.

We shall denote Jigq) := a ' (K(E)). Note that this is an ideal of A.

We can compose an A-B C*-correspondence (E, a) with a B-C' C*-correspondence (F, J)
to obtain an A-C' C*-correspondence (E ®p F,a ®p id). This construction is called the
balanced (or internal) tensor product and appears, for instance, in [27, Section 1.2.3]. We
review the construction briefly.

Let £ ® F' be the vector space tensor product of £ and F'. Clearly this is still a right
C-module, and carries the left A action a ®id. We define amap (-,-) : EQ F X E®Q F — C

first on basic tensors as

(e1 @ f1,e2 ® fa) := (f1, (e1,e2) - fa), for all ey, ey in E, fi, fo in F,

and extend (-, -) linearly in the right-entry, anti-linearly in the left-entry to all of EQ Fx EQF.
(-,-) satisfies the axioms (1)-(3) for a C-inner product, but not necessarily (4) and (5).

However, if we quotient out by the C-sub-module {g € E® F : (g,9) = 0} and complete
with respect to the quotient norm of || - || := ||\/{-, -}||, then we obtain a vector space F ®p F
such that the right C-module structure and (-,-) on £ ® F pass down to a Hilbert C-module
structure, and the left A action passes down to a *-homomorphism a®pid : A - B(E®pF).
(E®p F,a®pid) is therefore an A-C' C*-correspondence.

With this composition operation, C*-algebras become the objects in a catgeory with
morphisms (unitary equivalence classes of) C*-correspondences. The “isomorphisms” in this
category are the full and faithful A-B C*-correspondences (E, «) such that ¢(A) = IC(E), but
we will not elaborate on this. See [49, Chapter 3] for more details. Such a correspondence
is called an A-B tmprimitivity bi-module. Notice that any Hilbert B-module E defines a
K(FE)-(E) imprimitivity bi-module.

Following [33, Chapter 1], we will define the orthogonal sum of Hilbert B-modules (E,,)nen

to be the vector space

Z E, = {(en)neN : e, € B, Vn € N and Z(en, en) converges in B}

neN neN
with B-inner product defined for e = (en)nen and f = (fu)nen in D o En as (e, f) =
> nen(€n, fn) and B-module structure defined for b in B as e-b = (e, - b)nen. Note that the

sum in the inner product formula converges by the Cauchy-Schwarz inequality in Proposition
2.2.1. If each Hilbert module E,, carries a left action «,, of a (fixed) C*-algebra A, then we
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can define a left action . on > E, as ax(a)(e) = (an(a)(en))nen, where a is in A and

neN
e = (en)nen isin )y En. In this case, (3, cn En, @) is an A-B C*-correspondence.

2.3 Cuntz-Pimsner algebras

We now review the Cuntz-Pimsner algebra construction. We refer the reader to [47] for more
details.

Let A be a C*-algebra and (F, ) a faithful, A - A C*-correspondence. Denote E®4°% = A,
E®4l = E and define, for n in N, E®4" .= E ®4 E®4"=1_ The Fock module of E is the
orthogonal sum ) ° E®4" = Fp. It is itself an A-A correspondence, and we shall denote
the left action ay, of this orthogonal sum by .

For each e in E, we can define an adjointable, bounded Fock module endomorphism
T,: Fg — Fg as

T.(9) =e®a g, for g in Fpg.

As an abuse of notation, for a in A, we shall write ao(a) = a. Then, note that 7T = (e, f)
for all e, f in E. Moreover, a-T, = Tg.e, Te-a = Te.q, and T, + Ty = Toiy for all e, f in E and
a in A. The C*-algebra generated by {T.}.cr and {a}qca is called the Toeplitz algebra of E,
and is denoted Tg. By [47, Theorem 3.4] (see also |25, Proposition 4.3]), Tg is the universal
C*-algebra with operators T,, e in F, and a in A satisfying the above relations. Note also
the operators T, for z in E®4™ defined as T,(g) = 2 ®4 g for all g in Fg are also in Tg.

Tg carries a natural continuous action of T by *-isomorphisms. For e = (e,),>0 in Fg and
zin T let U.(e) = (2"en)n>0- Then, (U,).cr is a collection of unitaries in B(Fg) satisfying
U,oUy, = U, for z,win T. For a(a) = a, we have U,a = aU, and for e in E, U,T, =T, U,
for all z in T. Hence, (v, = U,(—)U}).er defines an action of T by #-isomorphisms of Tx
which is continuous in the sense that z — ~,(7T") is continuous, for all 7' in 7 (see the
paragraph below |25, Definition 5.6]). This action is called the gauge action of Tg. This
action allows us to decompose a general operator T' in Tg into its Fourier coefficients. For k
in Z, let

T = /fyz(T)z_kdz,
T

where dz is Lebesgue measure on the circle and the integral is made sense as a limit of
Riemann sums. Then, T} is in Tg and T = ), _, T}, with the sum converging uniformly in
norm. Each T}, is of the form T} = Z:Tle;k for some collection of z in E®™ and y in E®"
satisfying m —n = k. Note also that (T'S), = > _TnS, and Tjf =T_; for all T, S in
Tr and k in Z.

The Cuntz-Pimsner algebra of (F,a) will be defined as a certain quotient of 7z by an
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ideal. Let Jg = J(g,q) and consider the Hilbert Jg-module Gg = {x € Fg : (x, ) € Jg}.

Proposition 2.3.1. [47, Theorem 3.13] Let (E,«) be a faithful A-A C*-correspondence.
Then, K(GE) (considered as a C*-sub-algebra of K(Fg)) is an ideal of B(Fg).

Proof. Let (uy)xea be an approximate unit for Jg. Then, x in Fg is contained in G if and
only if (z - uy)aea converges to x. Therefore, T(Gg) C Gg for all T in B(Fg). Therefore
To (3 0uy) = >y 0@y 1s in K(Gg) for all {z;}1, {y;}7-; € Gg. It follows by
density of the operators of the form ) . , 6, ,. in K(Gg) that this C*-algebra is an ideal of
B(Fg). O

We shall denote K(Gg) (when considered a C*-sub-algebra of B(Fg)) by Zg. We will
need two other descriptions of this ideal, which we now develop.

First, the map sending, for each pair e, f in E, a compact operator 6. ; in K(E) to 1.1}
extends to a x-embedding ¢ : K(E) — Tg, so, for every a in Jg, a — ¢(a(a)) is in Tg, and
is in fact in Zg. Moreover, such operators generate the ideal Zg, and this is the “standard”
definition taken for Zp (see |47, Definition 1.1] and |25, Definition 3.5]).

Proposition 2.3.2. [47, Theorem 3.13] Let (E,«) be a faithful A-A C*-correspondence.
Then, Ty is the ideal generated in Tg by the operators a — ¢(a(a)), for a in Jg.

Proof. Let the ideal generated in Tz by the operators a — ¢(a(a)), for a in Jg be denoted
Je. If a in Jg is positive, then we have a — ¢(a(a)) = 0 5 /5, where \/a is thought of as
the sequence (e;,),>o in Fg with eg = /a and e, = 0 for n > 1. Therefore, Jr C Zg. Since
ideals are hereditary, * = (z,)n,>0 in Fg is in Gg if and only if (z,,z,) is in Jg, for all
n > 0. Therefore, to show Zp C Jg, it suffices to show 0,, ,,. is in Jg for any z,, in E®ai
and vy, in E®4 such that (z,,7,), (Ym,ym) are in Jg, where we think of z,, and y,, as in
Fg in the obvious way. Since an element x is in the ideal of a C*-algebra if and only if xx*
is, we can further reduce this to the case x := z, = y,,. Let T, be the operator defined as
T.(y) = x @4y for y in Fg. Then, T, is clearly in Tg, and if (uy)rea is an approximate
unit in Jg, then we have 0., » = T, (ux — ¢(a(uy))T, which is in Jg and converges to 6, ;.
Therefore, 7, C Jg. O

Second, consider, for each k in Ny the projection P, : Fr — Fg onto the Hilbert A-
sub-module 22:0 E®". We say T in B(Fg) is finite rank if there is k in N such that
P.T =TP, =T, and write Z§ for the collection of all such operators inside of Tg.

The following description can be found as condition (4) above [47, Remark 3.9]

Proposition 2.3.3. Let (E,«) be a faithful and non-degenerate A-A C*-correspondence.
Then, I, = Ig.
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Proof. 1t is easy to see that T, oT" and T' o T; are in Zf, for all e in £/ and 7" in Z§,. Since I,
is additive and self-adjoint, it follows that Z% is an ideal in Tz. The generators a — ¢(a(a)),
a in Jg, are clearly inside Z§, and thus Zp C I_]CE We show Zf, C Tp.

Since each unitary U, commutes with the projection Py, if T is in Zf,, then all of its
Fourier coefficients T} (and hence T') are in Z if S = T;T}, is in Zg, for all k in Z. Therefore,
it suffices to show T'is in Z for T' of the form T' =", ., ¢n(k,), where ¢, : K(E®4™) — Tg
is the *-homomorphism mapping the generators ¢, ,, fo; x,y in E®A" to .1,

For such a T in Z¢, let n in NU {0} be the smallest number such that P,7 =TP, =T.
For any z,y in E®4", consider T;TT, =Y -, ¢n(k&Y), which is zero on ) ., E®4". Since
the only summands of 77T, that can possil_)ly be non-zero on E are ¢0(kg’y_) and ¢ (k7Y),
it follows that a(ky?) = —k7Y. Hence, T/TT, = a(ky?) — ¢(a(ky?)). Therefore, for any
ki, ko in K(E®4™), ¢, (k1)T¢n(ke) is in Zg. Since (E,«) is non-degenerate, if (ky)rea is an
approximate unit in IC(E®A™), then (¢, (ky))rea converges strongly to 1 — P, ;. Hence,
(1—-P,_1)T is in Z§,. Now, P, 1T =T’ is a new operator in Z¢ but with minimum number
n’ in NU {0} such that P,T" = T'P,, = T’ satisfying n’ < n. By repeating the argument
above finitely many times, we see that T is in Zg.

O

Notice that G defines an Zg-Jp N (E) imprimitivity bi-module. We shall denote the ideal
Jg N (FE) by Ig. It will be useful when describing the K-theory of a general Cuntz-Pimsner
algebra.

The Cuntz-Pimsner algebra of E is the quotient Tg/Zg, and is denoted Op. A C Op is
often called the co-efficient algebra. Since the gauge action (7, ).er fixes Zp, it passes down

to a continuous action of T on Of and the same Fourier decomposition holds.

Remark 2.3.4. The definition of Cuntz-Pimsner algebra is a slight departure from the orig-
inal construction Pimsner considers in [47] - he considers the C*-algebra generated only by
the image of the operators (T.)ecp in the quotient Tg/Zr and calls this the “Cuntz-Krieger
algebra of a Hilbert bi-module” [47, Definition 1.1]. His construction co-incides with the one
we present above when the Hilbert module is full. In general, he refers to the algebra we
consider as the “augmented Cuntz-Krieger algebra” and only makes brief remarks about its
properties (See [47, Remark 1.1(3)] and [47, Remark 4.10(3)]).

We will still refer heavily to the paper by Pimsner since in [47, Remark 4.10(3)] he makes a
convincing argument that the K-theoretic properties of his algebra also hold for the augmented
version. Proofs of the K-theoretic properties of the augmented version can be found, for

instance, in [25].
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2.4 K-theory and K K-theory

We will assume the reader has basic knowledge of K-theory for C*-algebras, including the 6-
term exact sequence associated to an extension. A good reference for the background required
is [52]. We mention that no K-theory class in the Ky or Kj group of a non-commutative
C*-algebra is ever computed explicitly in this thesis (other than the class of the unit in Kj).
For a locally compact Hausdorff space X, we shall write K;(Cy(X)) = K%(X), i = 0,1, to
keep certain notations from becoming too cumbersome, but we will still be using the operator
K-theory picture for X. When A is a C*-sub-algebra of B, we will often denote by j or ¢ the
inclusion map A — B.

We briefly review the (un-graded) K K-theory that is used in this thesis. See [27] for more
details about the general theory.

Let A and B be C*-algebras, and recall that a Kasparov A - B bi-module is a triple
(E,a,T), where (E,«) is an A - B correspondence and T : E — E is a bounded adjointable
endomorphism such that, for all a in A, the operators T'a(a) — a(a)T, (T — T*)a(a), and
(T? — 1)a(a) are in K(F).

It is clear that the structure of a Kasparov A - B bi-module is preserved under direct sum.
There is a notion of homotopy between two Kasparov bi-modules such that, if we consider
the set of all homotopy equivalence classes K K°(A, B), then this is an abelian group under
the direct sum operation, with 0 being the class of the zero A - B bi-module. We shall denote
the homotopy class of £ = (E, a, F') by [£].

There are natural isomorpishms K K'(C, A) ~ K;(A) and KK*(A,C) ~ K'(A), for i =
0,1, making K K-theory a generalization of K-theory and K-homology.

A class [€] in KK°(A, B) determines mappings of K-theory @;[€] : K;(A) — K;(B), for
i = 0,1. This is a special case of the Kasparov product ® : KK*(A, B) x KK(B,C) —
KK™i(A,C), for 4,5 in {0,1}, (i + j is taken mod 2) which is why the image of a class
g in K;(A) under ®;[€] will be denoted g&;[€]. For example, the induced map &;[¢] of a
x-homomorphism ¢ is equal to the usual induced map ¢, on K-theory.

In this thesis, we will mostly only consider Kasparov bi-modules of the form £ = (F, «, 0),
so a(A) € K(E) necessarily. We now describe the operations we will have to consider on
such bi-modules.

Suppose ¢ : B — B’ and ¢ : A — A are x-homomorphism of C*-algebras. The pullback
of £ by ¢ is the Kasparov A’ - B bi-module ¢*(£) = (E,a 0 ¢,0). The pushforward of £ by
1 is the Kasparov A - B’ bi-module ¢,(§) = (E®p B',a®pidp,0), where B’ is regarded as
the B - B’ correspondence with inner product (by, be) = bjby, right B’-action by - by = b1bs,
defined for all by, by in B’, and the left B-action b-b = ¢ (b)l/, defined for b in B and V' in
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B'. See |27, Lemma 1.2.8] for the proof that ¢, (€) is a Kasparov bi-module. We will denote
E®p B = FE®y B and a ®p id = o ®, id so that the module structure is clear. It can be
shown that [¢*(€)] = [¢]®[€] and [1.(€)] = [E][Y].

We will say two Kasparov A - B bi-modules £ = (E,a,0), F = (FE, 3,0) are isomorphic
if there is a unitary U : E — F' such that UaU* = £.

When ¢ as above is surjective, consider the quotient space E/EY =: E; of E by the
sub-module EY = {e € E : ¥({e,e)) = 0}. Let ¢ : E — E, denote the quotient map.
It can be checked that ,£ is isomorphic to the bi-module structure on (Ey, o) satisfying
(q(e),q(f)) =v¥((e, [)) and ay(a)g(e)(b) = g(a(a)edb) for all e, f in E, a in A and b in B.

For t in [0, 1], let ev, : C([0,1], B) — B be the x-homomorphism sending f to ev;(f) =
f(t). Two bi-modules £ = (E,,0), F = (E, 3,0) are homotopic if there is a Kasparov A
- C([0,1], B) bi-module H = (H,n,0) such that (evy).H is isomorphic to € and (evy).H is
isomorphic to F.

As an example of a KK° class, an A - B correspondence (E,a) determines a Kasparov
JB,a) - B bi-module J(E,a) == (E,aly,,0) and hence a class K(E,a) = [J(E,a)] in
KK®(J(g,a), B).

The class of a short exact sequence of C*-algebras

0 v A B -1y 0

)

in KK'(C, A) will be denoted dp. Recall that this class is natural in the sense that if

0 v A, -2 B 2 0y s 0
L
0 v Ay —2 4 B, —2, s 0
is a commutative diagram of *-homomorphisms with exact rows, then éz,®[a] = [y]®dz,.

This follows from [16, Remark 2.5.1|, which explains how, under the natural identification
KKYC,A) ~ KK°Cy((0,1),C), A), the class §p can be written as a the product [j]®[e] L.
Here, [j] is the class of the *-homomorphism j : Cy((0,1),C') — C, sending f in Cy((0,1),C)

to j(f) = (0, f) in the mapping cone
Cq ={(z,9) € B&Co([0,1),0C) - q(x) = f(0)}.

The element [e] is the class of the *-homomorphism e : A — C, sending a in A to e(a) =
(i(a),0), which is shown to be invertible in K K°(A, C,) [16, Theorem 2.1]. Then, dp, ®[a] =
[Y]®0, follows from naturality of the identifications above, the fact that the Kasparov prod-
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uct of two classes of x-homomorphisms is equal to the class of their composition and the

commutative diagrams

Co((0,1),Cy) —2— €, A —2 G,
[r |s L
Co((0,1),Cy) —2— C,, Ay =2 Gy,

where 7 = (idcy(0,1) ©7), ¢ = 8@ (idey(o.1)) ® 7)-

When we consider the action of 5 on K-theory, often we will denote &85 =: § and call
this the indexr map, and denote o6z =: exp and call this the exponential map. These are
the usual index and exponential maps appearing in the 6-term exact sequence of K-theory

associated to the above short exact sequence of C*-algebras, which we now state. For a proof,
see |52, Chapter 9.

Theorem 2.4.1 (6-term exact sequence associated to a short exact sequence). If

0 v Ay B -1, 0C

e}

18 a short exact sequence of C*-algebras, then the sequence

Ko(A) —2— Ko(B) —2— Ko(C)

(sT lemp

18 exact.

If (F,«) is a faithful and full A - A correspondence, we will let 65 denote the class of the

extension

0 —— 1Ig > Tk y O > 0

in KK'(Og,Zg). Recall the Hilbert Module G defined in section 2.3 and our notation
Je N (E) = (Gg) =: I(p,a). We think of G as an Tg-I(p,q) imprimitivity bi-module, defin-
ing an (invertible) KK°(Zg, I(pq)) class [Ggl. Let dppy = 0p®[Gp| and set I(E,a) =
(E,als,.0)

For a Cuntz-Pimsner algebra Op Pimsner in [47] determined the following relationship
between the K-theory of I(g ), A, and Op which will be crucial in computing the K-theory
of a rational function. See [47, Theorem 4.9] and [47, Remark 4.10(3)] for its validity in
the case where the defining C*-correspondence (E,«) is not full. One can also consult

[25, Theorem 8.6] for a proof in the non-full case.
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Proposition 2.4.2. Let (E,«) be a faithful A-A correspondence. Let i : A — Og and
t: Ig — A be the inclusions. Then, we have the following 6-term exact sequence of K-

theory:
1—& I(E,« Tx
Ko(Ig) —2 B9 e 4) — =y Ky(Og)

®15E,PVT l@o(sE,PV

1( E) ix 1( )L_®1[I(E,a)] 1( E>

The analogous 6-term exact sequence also holds for K-homology (with arrows reversed).

We will call this the Pimsner-Voiculescu 6-term exact sequence of K-theory. We will

often denote ®15E,pv =: dpy and ®05E’pv =: eXppy -

2.5 Complex dynamical systems

Now, we review the theory of complex dynamical systems required to compute the K-theory
of their associated C*-algebras. Although we only compute the K-theory for rational func-
tions, using the information provided in this section and our method, it is possible to compute
the K-theory in the other interesting cases. This section is purely expository - we claim no
originality.

For M and N locally compact Hausdorff with N metrizable we equip the set C(M, N)
of continuous functions from M to N with the compact-open topology. Choosing a metric d
for N, it is shown in [39, Lemma 3.1] that a net (fy)xea in C(M, N) converges to f if and
only if every compact set K C M, (fa|x)rea converges uniformly to f|x (relative to d).

If M and N are Riemann surfaces (which are automatically metrizable by [39, Corol-
lary 2.2|), we denote Hol(M, N) the subspace of holomorphic functions from M to N equipped
with the subspace topology from C'(M, N). Using the (local) Cauchy integral formula, it is
easy to see Hol(M, N) is a closed subspace.

By a complex dynamical system, we shall mean a Riemann surface M equipped with a
holomorphic self-map h : M — M. For n in N, denote by h" the n-fold iterate of h. We
say h is stable at x in M if there is an open neighbourhood U of = such that {h"|y}nen
is pre-compact in Hol(U, M) U{U — oo} C C(U, M U {o0}), where M U {oco} is the one
point compactification of M. This means every sub-sequence of {h"|y},en has a further
sub-sequence which either uniformly converges on compact sets in Hol(U, M) or uniformly

diverges on compact sets to oo. We call F, :== {z € M : h is stable at x} the Fatou set of h.

Proposition 2.5.1. Let h : M — M be a complex dynamical system. Then the Fatou set F},

is open and invariant in the sense that h™'(F},) = F},.
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Proof. If h is constant, then Fj, = M and there is nothing to prove. So assume h is non-
constant.

If U is an open set such that {h"|y}nen is pre-compact, then U C Fj,. Hence, F}, is
open. Suppose {h™ |y tren converges (diverges) uniformly on compact sets, then so does
{h"+ 1) bnen. This proves h™1(U) C F,.

Every non-constant holomorphic map is open, so if we denote V' = h(U), then using the
fact (for open maps between locally compact Hausdorff spaces) that for every compact set
L C V there is a compact set K C U such that h(K) = L, we see that if {h"* |y }ren converges
(diverges) uniformly on compact sets, then so does {h™ |y, },.cn. Hence h(U) C F,. We have
shown h™(Fy,) = Fj,. O

The Julia set of h is defined to be the complement J, := M \ F, of the Fatou set. By
Proposition 2.5.1, Jj, is a closed set of M such that h=1(J,) = J,. One of the basic goals of
the theory of complex dynamical systems is to classify the possible dynamics on the Fatou
set and understand the structure of the Julia set. We shall see now that the analysis largely
depends on the ambient Riemann surface M.

By the Uniformization Theorem (see [39, Theorem 1.1]), every simply connected Riemann
surface is conformally equivalent to the Riemann sphere @, the complex plane C, or the disk
D. It follows then (by the universal cover construction) that every Riemann surface M is
conformally equivalent to M /T, where M is one of the three simply connected Riemann
surfaces above and I' = 7y (M) is a (discrete) group of conformal automorphisms of M that
acts freely and proper discontinuously on M.

When M = D, M is said to be hyperbolic. In this case, if h : M — M is a complex

dynamical system, then Fj = M, and the dynamics is classified as follows.

Theorem 2.5.2. /39, Theorem 5.2] If h : M — M is a complex dynamical system on a

hyperbolic Riemann surface, then one of the following possibilites occur:

(1) there is a periodic orbit O = {2y, ..., zm—_1} of period m such that

{h"™},en converges uniformly on compact sets to zp,
(2) {h"}nen converges uniformly on compact sets to oo,

(3) there is n in N such that h™ = idy;, or

2mia

(4) h is conformally conjugate to z — e*™*z on the disk, punctured disk, or some annulus

for some wrrational number a.
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Recall that there are only finitely many non-hyperbolic Riemann surfaces; Since C is
compact, the only group of automorphisms acting freely and proper discontinuously is the
trivial group I' = {id¢}. Hence, if M = C, then M ~ C. We will see shortly that the possible
complex dynamics on C can be quite interesting.

The last case to consider is M = C. Recall a conformal automorphism of C is of the
form z — az 4+ f. If a # 1, then this automorphism has a fixed point and thus does not act
freely. This forces o = 1 and it is easy to show that a group I' of conformal automorphisms
acting freely and proper discontinuously on C is conjugate to either ' = {z — z+n:n € Z}
orI'y ={z = z+4+n,z2 - z+mr : n,m € Z} for some 7 in C\ R. In the first case, we
can identify C/I" with the punctured plane C* := C \ {0} via exp(2mi—) : C/I' — C*. For
each 7 in C\ R, C/T', =: T? defines a 2-Torus. The 2-Torus case is the least complicated
dynamically out of the non-hyperbolic cases, as the following theorem suggests. Let Z + 77Z

denote the Z-linear span of 1 and 7.

Theorem 2.5.3. [39, Theorem 6.1] If h : T2 — T2 is a complex dynamical system, then
there is a in Z + 7Z and B in C such that a(Z + 1Z) CZ + 7Z and h(z) = az +  mod T',.

The number d := |a|* is in N and is the degree of h. If d < 1, then F,, = T?. Ifd > 1,
then J, = T2, and h satisfies the property that for every open set U C T2 there is n in N
such that h™(U) = T?

It remains to describe dynamics on C, C and C*. We start by giving descriptions of the
possible forms the functions can take.

Ifh:C — Cis holomorphic, then by compactness of C, h can only have finitely many
zeroes and poles (counting multiplicity). It follows, by an application of Louiville’s theorem,
that there are polynomials p and ¢ such that h(z) = %, for all z in @, therefore h is a
rational function. The number of solutions z to h(z) = w (counting multiplicity) is known
as the degree of h, and it is equal to the maximum of the degrees of p and ¢ (assuming p and
g have no common zeroes).

A holomorphic function h : C — C either extends continuously to C, and is therefore a
polynomial, or has an essential singularity at co. In this case, h is called transcendental. The
functions e*; sin(z), cos(z) are the canonical examples.

Recall that if o : C — C is a holomorphic function such that 0 is not in the image of h,

then h(z) = e9) for some entire holomorphic function g that is an anti-derivative of %l

Proposition 2.5.4. [11] If h : C* — C* is a complex dynamical system, then there is an
entire function g : C — C such that h(e*) = e9*) for all z in C and exp~'(F),) = F,.

Now, we turn to describing the structure of the Julia set. By a repelling periodic point,
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we shall mean a point p in M such that h"(p) = p for some n and the Jacobian of A" at p is

greater than one.

Theorem 2.5.5. If h : M — M is a non-invertible complex dynamical system and M 1is
either @, C or C*, then the Julia set Jy, is infinite and s the closure of repelling periodic

points.

Proof. For the proof of the case M = C, see [39, Theorem 13.1] and [39, Theorem 14.1|. The
case M = C was proven by Baker [3]. The case M = C* follows from Proposition 2.5.4, the

case M = C and the fact that semi-conjugacies map periodic points to periodic points. [J

If h: M — M is a complex dynamical system, then a point p in M is called grand orbit
finite (see [39, Lemma 4.9]) if the set O(p) = U,, nen 2™ (A" (p)) is finite. The exceptional
points of h is the collection E = {p € M : p is grand orbit finite}. Note that h™'(F) C F
since O(p) C F for every p in E.

Proposition 2.5.6. Let h : M — M be a non-invertible complex dynamical system.
(1) If M = C, then |E| <2 and E C Fy.
(2) If M = C, then |E| < 1.
(3) If M = C*, then |E| = 0.

Proof. If M is either C, C or C* and F’ = FU(C\ M) has at least four points, where F C E
is a finite set such that h~'(F) C F, then h : C\ F/ — C\ F’ is hyperbolic. But then
Jn, C F’, a contradiction to Theorem 2.5.5.

Now, we show E C F, if M = C. Since h is surjective, we have h~Y(E) = E and hence
h?(e) = e for every e in F, and this is the only solution to h%(z) = e. The degree of h is greater
than one, and for a rational function R, the number of solutions (counting multiplicity) z to
R(z) = w must be equal to the degree of R. Therefore, h?(e) = e has multipicity greater
than one. It follows that the Jacobian of h is zero at each point e in E, and hence h? shrinks
distances locally at e in E. Therefore, for each e we can find a neighbourhood U, of e such
that h%(U.) C U.. Then, since h? : U, — U, is a hyperbolic dynamical system, it follows that
U, C F2 C F, 0

Remark 2.5.7. In the above proposition for the case M = C, the function h(z) = 2ze*
provides an example where E = {0} and 0 is in J,. The function h(z) = 2% provides an

example where E = {0} and 0 is in Fy,.

Off the exceptional points, inverse orbits accumulate to the Julia set.
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Proposition 2.5.8. If h: M — M is a non-invertible dynamical system on either C, C or
C*, then for any p not in E, and z in Jy,, there is sequence zj in h™" (p), where (ny)ren

diverges to oo and (zj)ren converges to z.

Proof. If not, then there is a neighbourhood U of z and N such that h™*(U) does not contain
p for all n > N. Therefore, h"(U) N U, h7(p) = 0 for all n > N + k. Since p is not an
exceptional point, we can choose k large enough so that (J,, h~(p) contains at least three
points. Then, U = |,y h"(U) is a hyperbolic Riemann surface such that h(U) C U.
Hence, U C F},, and in ;)articular hN**(z) is in Fj,. It then follows from Proposition 2.5.1

that z is in F},, a contradiction to z being in Jj,. O]

Corollary 2.5.9. If h : M — M is a non-invertible dynamical system on either C, C or C*,

then J, contains no isolated points.

Proof. If z is periodic, since Jj, is infinite, we can choose p in J, not in the orbit of z. Then,

applying Proposition 2.5.8 to p we can find a sequence (z;)ren in Jj, converging to z such
that z; # z for infinitely many k in N.

If z is not periodic, then choosing any p in Jj, and applying Proposition 2.5.8 will suffice.

O

Corollary 2.5.10. If h: M — M is a complex dynamical system and M 1is either @, C, or
C*, then for every open set U C M such that U N J, # 0 and compact set K C M\ E, there
is n in N such that K C h™(U).

Proof. Let z be in U N Jj,. By Theorem 2.5.5 we may assume z is a repelling periodic point.
By replacing h with g := h", where N is the period of z, we may assume z is a fixed point.
Since z is repelling, we may choose an open set V' C U containing z such that V' C g(V).
Note that the exceptional points E of h co-incide with the exceptional points of g.

By Proposition 2.5.8 for any = in M \ E, there is a sequence (2;)ren € U,en9 "(2)
converging to z, and therefore g~*(z) NV # 0 for some k in N. It follows that |,y ¢"(V) =
M\ E. Since K C M \ E is compact there is k in N such that K C J,., ¢"(V) = g"(V) C
WVE(U). .

O

Now, we study the extent of the Julia set in M.

Corollary 2.5.11. If h: M — M is a complex dynamical system and M 1is either C, C, or
C*, then either J, = M or Jy, has empty interior in M.

Proof. 1f J,, contains an open set U of M then by Corollary 2.5.10 and invariance of Jj, we
have that M \ E C Jj. Since J, is closed and FE is finite, it follows that J, = M. ]
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If h: C — C is a polynomial of degree d (i.e. oo is not an essential singularity), then
there is R > 1 such that for all |z| > R, |p(2)| > || 2. It follows that the Fatou set contains
a neighbourhood of oo, and therefore J, is a compact subset of C. This is in contrast to the

transcendental case.
Proposition 2.5.12. If h: C — C has an essential singularity at oo, then Jy, is unbounded.

Proof. By Picard’s theorem [39, Theorem 2.6|, in every neighbourhood at oo, h attains all
but finitely many values. Since J;, is infinite and h=1(J;) = J; (Theorem 2.5.8), it follows

that Jj, intersects every neighbourhood of oc. O
A similar result holds for the case of dynamics on the punctured plane.

Proposition 2.5.13. If h : C* — C* is a complex dynamical system with an essential

singularity at 0 (resp. oo), then the closure of Jy, in C contains 0 (resp. o0).
Proof. The proof is the same as above. O]

We now turn to classifying the possible dynamical behaviours on the Fatou set. We will
call a maximally connected component of Fj, a Fatou component. A Fatou component U is
periodic if there is N in N such that A (U) C U. The least such N is called the period of U.
We will call the Fatou components P = {Uy, ...,Uy_1} such that Uy = U and h(U;) C U; 41
a Fatou cycle.

We will say U is pre-periodic if there is some M in N such that h*(U) is contained in a
periodic Fatou component.

If U is not pre-periodic, then it is called a wandering domain. Such a domain satisfies
R™(U) N h™(U) = ) for any distinct m,n in N. Sullivan proved in [56] that such domains do

not exist for rational functions.

Theorem 2.5.14. [56] If h : C—>Cisa complex dynamical system, then every Fatou

component is pre-pertodic.

The first example of a transcendental function on C that admits a wandering domain was
given in [4]. An example of such a domain for a complex dynamical system on C* is given
in [42].

There are only finitely many possible dynamical behaviours of h restricted to a periodic

Fatou component, which we state below.

Theorem 2.5.15. Let h : M — M be a complex dynamical system, where M is either (@, C,
or C*. Suppose U is a periodic Fatou component of period N. Then, either



CHAPTER 2. BACKGROUND 31

(1) {h™ : U — Ul en converges uniformly on compact sets to a fized point z in U,
(2) {h™ : U — Ulnen converges uniformly on compact sets to some z in C \U, or

(3) hN : U — U is conformally conjugate to an irrational rotation on either the disk or an

annulus.

Any other Fatou component V in the Fatou cycle P generated by U will have the same

behaviour as U.

If in case (2) the limit point z is in M, then z is a parabolic fized point for h™ .

Proof. For a proof for the case M = (@, see [39, Theorem 16.1]. Note that the theorem in the
reference is stated for only rational functions, but as noted in [10] the proof can be adapted

for all cases. O

We will say a periodic Fatou cycle P is attracting if its components satisfy (1), parabolic
(resp. divergent) if P satisfies (2) and z is in M (resp. in C\ M), a Siegel cycle if P satisfies
(3) and its components are conjugate to the disk, and a Herman cycle if the components are

conjugate to annuli.

Remark 2.5.16. In all three cases of M, one can have attracting and parabolic Fatou cycles.
For dynamics on C and C*, one can have Siegel and Herman cycles.
For dynamics on C, Herman cycles are not possible. This follows easily from the maximum

modulus principle.
The following proposition will be useful for our K-theory computations.

Corollary 2.5.17. Let h : M — M be a complex dynamical system, where M 1is either C,
C, or C*. If P s an attracting, parabolic, divergent or Siegel cycle for h, then there is an
open set Ap contained in a finite union B of pair-wise disjoint simply connected open subsets
of UUGP U := Up such that h(Ap) C Ap and for every compact set K C UxeXP U,, there is
a k in N such that h*(K) C Ap. Moreover, B can be chosen so that h'(B) C Ap for some |
in N.

Proof. Let n denote the length of P. Write P = {Uy,...,U,}, where h(U;) C U;;1 mod n.
First, suppose P is attracting, and let {z1, ..., 2, } be its attracting periodic orbit, where z; is
in U; for i < n. By Koenig’s linearization Theorem ( [39, Theorem 8.2]) for the geometrically
attracting case and Bottcher’s Theorem for the super attracting case ( [39, Theorem 9.1]),

for any ¢ < n, there is a simply connected, open, and pre-compact neighbourhood V; of z;
contained in U; such that V; C U; and h°"(V;) C V;.
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Let Ap = ||, Vin (N, ' h"i(Viy;). Then, Ap is contained in the disjoint union of
simply connected open sets |_|Z.:1 Vi = B and h(Ap) C Ap. Since Ap is a neighbourhood
of the attracting periodic orbit, for every compact set K C Up there is k in N such that
h°*(K) C Ap. In particular, this is true for K = B. Since any compact set of |, xp Uz 18
eventually mapped into Up, the result follows in this case.

If P is parabolic, then, by the Parabolic flower Theorem ( [39, Theorem 10.7]), for every
U in P there is an attracting petal (see |39, Definition 10.6]) Py C U such that for every
compact set K C U, there is k in N such that h°"*(K) C Py. By definition, Py, is a
simply connected open set which is mapped homeomorphically into itself by h°". Therefore,
Ap =) h%(Py,) = B satisfies the conclusion of the Corollary.

If P is a Siegel cycle, then we just let B = Ap = Up.

If P is a divergent cycle and M = C, then [5, Theorem 3.1| shows every periodic Fatou
component is simply connected, so we can let B = Ap = Up. The case where M = C* follows
from [19, Lemma 5.2]. O

For a connected open set U C @, its connectivity number is the number of connected com-
ponents of C \ U. Note that an open set U is simply connected if and only if its connectivity
number is 1.

If U is a wandering Fatou component and n is in N, we let U,, denote the Fatou component
such that h"(U) C U,.

Proposition 2.5.18. Let h : M — M be a complex dynamical system. If U is a wandering
Fatou component, then there is N in N such that the connectivity of U, s constant over all

n > N. This constant can be
(1) 1,2 or oo if M =C or
(2) 1if M =C*.

In the case of M = C, each U, is bounded and the restriction h : U, — U,y1 is a finite

degree branched covering, and the degree of h™ : U, — U1, tends to oo as m tends to co

Proof. If M = C* and h has a wandering Fatou component, then by [6, Theorem 1] there is
at most one Fatou component with connectivity number greater than one.
For the case of M = C, see [53, Theorem 2.5]



Chapter 3
Morphisms of C*-correspondences

We show that C*-correspondences are the objects of a category in which a morphism (E, o) —
(F, 5) in this category intertwines (E, a) with (F, ) in a suitable sense. We show in Propo-
sition 3.0.3 that such a morphism induces an intertwining of the K K%-classes K (F, ) and
K(F, (). We then consider types of exactness in this category and show that a short J-exact
sequence induces an intertwining of certain extension classes in K K-theory (Proposition
3.0.8). This can be thought of as a generalization of naturality of extension classes associ-

ated to exact sequences of C'*-algebras.

Definition 3.0.1. A morphism from an Ay - Ay C*-correspondence (E,«) to a By - B
correspondence (F, 3) is a triple (o1, S, p2) of maps, where p1 : Ay — By, ps : Ay — By are

*_homomorphisms, and S : E — F is a linear map satisfying the additional identities
(1) (S(e1),S(e2)) = pa({e1,e2)) for all eq, e5 in E (i.e. S is a po-twisted morphism),
(2) S(a-e)=i(a)-S(e), for all a in Ay, e in E, and
(3) $(a(a) = Blp1(a)) for all a in Jpa).

Note that (3) implies ¢1(J(g,a)) € J(£,8), and Condition (3) above is automatically implied
by (1), (2) and this corollary if S is surjective, or if a ' (K(FE)) = 0.

Remark 3.0.2. The special case of the above definition when Ay = Ay, By = By and
V1 = o appears often in the literature under the name “co-variant morphism” between self-
correspondences, see [38, Section 2.4] and the references therein. The focus is usually on its
functorial properties with respect to the Cuntz-Pimsner algebra construction, which we will
review briefly, but here we will focus on its KK -theoretic consequences in the general case

when Ay, As and By, By are not necessarily the same.

33
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It is easy to see that if (¢1,S5,¢2) @ (E,a) — (F,5) and (¢1,T,4¢s) : (F,5) — (G,7)
are morphisms, then their composition (11, T, 15) o (1,5, p2) = (Y101, T 0 S, 1h 0 ¢9) is a
morphism, and that, given an A; - A, correspondence (E, ), id(g o) = (ida,,idg,id4,) is an
identity morphism relative to this composition operation. Thus, C*-correspondences are the
objects of a category with morphisms as above.

Now, suppose (¢, S, ) is a morphism from an A - A correspondence (F,«) to a B -
B correspondence (F, ) (both assumed to be faithful). The universal property of Toeplitz
algebras ( [47, Theorem 3.4|) imply there is a unique *-homomorphism 7(S) : Tz — Tr
defined by the equations

T(S)(Te) = Ts(ey, for all e in E and T(S)(a) = ¢(a), for all a in A

Note that T(S) o ¢ = ¢ o S, so the fact that S o a(a) = S(p(a)), for all a in Jg, implies

T(S)(a— d(ala))) = ¢la) — d(B(p(a))), for all a in Jg. Therefore, T(S)(Zg) C Zr, and
hence 7 (S) passes down to a x-homomorphism at the level of Cuntz-Pimsner algebras, which
we shall denote by O(S) : O — Op.

We show now that a morphism between two correspondences intertwines their induced

classes in K K9,

Proposition 3.0.3. Suppose (p1,S,p2) @ 4, (E,a)a, — ,(F,B)B, is a morphism of corre-
spondences. Then, K(E,a)®[ps] = [p1]QK(F, ).

Proof. 1t is routine to see the mapping 1" : £ ®g4, By — F defined on a basic tensor e ®, b, for
ein E and b in By, as T'(e ®4, b) = S(e)b is a unitary onto its image G = span{S(E) - Ba}.
Under T, the left action a ®,, id on £ ®,,, B, is identified with the action defined, for all a
in A; and g in G, as y(a) - g := B(p1(a))g.

Let us show Jiga) € Jgnq). By the definition of morphism, for every a in Jg,) and
¢ > 0, there are {e;}i-;,{ej}ie; € Fi such that [|B(wi(a)) — D20 Os(e,).se)
{ur}rea is an approximate unit in By, then there is Ao in A such that || 3" | Og(,)s(e) —

i

B(E2) S e. If

S Os(e) g, () yuxg | By < €. Therefore,

17(@) = O5(en) gz ste)) asg 1866y < llaa(9(a)) =D Osten) s, stel) s sy < 2.
i=1 =1
As ", 05 (es)ung S (el yuy, 1S 1N K(G) and € was arbitrary, we may conclude that a is in Jig 4).
Hence, J(E@) g J(GQ,).
Consider the Hilbert C([0, 1], By)-module H = {h € C([0,1], F) : h(0) € G} with opera-

tions defined point-wise as
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(1) g-b(t) :=g(t)b(t), for all hin H, bin By and t in [0, 1],
(2) (hi, ha)(t) := (hy(t), ha(t)), for all hy, hy in H and ¢ in [0, 1].

Since B(p1(A41)) -G C G, we may define the left action n on H as n(a) - h(t) := B(p(a)) - h(t),
for all @ in Ay, hin H, and ¢ in [0, 1].

G embeds into H as the constant functions and 7 restricted to G is equal to v, so K(G) C
K(H) and Jig) € Jiny). Therefore, Jiga)y C Jipy)-

Thus, (H,1|;.,,) is a Kasparov Jiga) — C([0,1], By) module such that (ev).fy =~
(G,7) = (p2)«(E, al(sp.,) and (ev1).€x = 0] (F, Bl 1., ), proving the Proposition. O

Remark 3.0.4. Suppose a is in KK(Ay,Ay), b is in KK(By,Bs). We will say a pair
(71, 79) in KK(Ay, B)) x KK (Ay, By) intertwines a with b if a®xy = ,®b. We call (x1, z3)
an intertwiner and write (r1,x3) : a — b suggestively. Clearly if (x1,22) : a — b and
(y1,2) : b — ¢ are intertwiners, then (z1,22)®(y1,Y2) = (11@y1, 12Qys) = a — ¢ is an
intertwiner. Proposition 3.0.3 can be re-stated as saying that if (¢1,S,¢2) : (E,a) = (F, )
is a morphism, then ([p1], [p2]) : K(E,a) — K(F,B) is an intertwiner. Moreover, it is easy
to see that the assignment (@1, 5, ¢2) = ([¢1], [w2]) is functorial, but we shall not make use
of this fact.

Let us specialize to the case of a morphism between faithful self correspondences and show
that such a morphism induces intertwinings of the K K-classes involved in the Pimsner-

Voicelescu 6-term exact sequences of the respective Cuntz-Pimsner algebras (Proposition
2.4.2).

Proposition 3.0.5. Let (¢, S,¢) : A(E,a)a — g(F,[)p be a morphism between two faithful

C*-correspondences. Then,
(1) lel@( = [I(F,B)]) = (v — (B, a)]) @[],
(2) lel@li] = [[]®[O(S)] and
(3) [O(8)]|@0py = py®]g].

Proof. (¢,0(5),0(5)) : i = i and (p, p,¢) : ¢ = vand (¢, 5,¢) : (B, alp) — (F, Blr)) are
morphisms, so (1) and (2) follow from Proposition 3.0.3.

The diagram

0 —— Tg s Tg s Og > 0
lT(S) lT(S) lO(S)
0 — Zp > Tr » Op > 0
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commutes, so naturality of  implies 6x®[T(S)] = [O(9)]|®dF.

Since (¢, S, ) is a morphism, it is easy to see that (7(S),S®,¢) : Gg — Gr is a
morphism, where S® : Fp — Fr is defined on a basic tensor t = e; @4 €3... @4 €, in FOA"
as S%(t) = S(e1) ®p S(ez) @ ... ® S(e,). Proposition 3.0.3 then implies [T(S)|®[GFr] =
[GE]®[p]. Combining this equality with naturality of the index map and §g py = Sg®[GH],
for H = E, F, we have that [O(S)|®dr py = 05 pv®[¢]. O

We now formulate a type of exactness in this category.

Definition 3.0.6. Let (E, «) be an Ay — Ay correspondence, (F, ) a By — By correspondence
and (G,7) a Cy—C4y correspondence. Morphisms (1, S, ps2) @ (E,a) — (F,5) and (Y1, T, 1)s) :
(F,B) — (G,~) are said to be J-ezact if

P
JBa) — g —— S

FE S W F r ,q

AQ 22 > BQ v2 > 02

are exact.

Remark 3.0.7. Given a morphism (1,S,¢2) : (E,a) — (F,B) from an A;-Ay corre-
spondence to a Bi-By correspondence, its image is the p1(A1) - ¢a(As) correspondence
im(p1, S, 2) = (S(E), Blei(ay)) and its kernel is the ker(¢1) - ker(ps) correspondence
ker(o1, S, p2) = (ker(S), &ker(sr))-

It is easy to see that the inclusion of the kernel and image correspondences into (E, ),
(F, 3), respectively and the restriction of the co-domain of (p1,S,@2) to the image are mor-
phisms. Moreover, they satisfy the universal property for images and kernels of morphisms
i a category. The categorically correct notion of exactness is therefore a pair of morphisms
(p1,S,02) : (E,a) — (F,5) and (Y1,T,12) : (F,58) — (G,v) such that im(p1, S, ps) =
ker(wy,T,s). This is the case if and only if

A1 s > Bl o > Cl

are exact.
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Unfortunately an exact pair of morphisms is not necessarily J-exact. Suppose B is a C*-
algebra with a non-trivial ideal I and equip I, B and B/I with their identity Hilbert module
structures. Let o : B — M(I) and f : B — M(B) be the standard actions by multipliers
and let v : 0 — M(B/I). Then, denoting i : I — B the inclusion and q : B — B/I the
quotient map,

(1,a) "2 (B, 8) 2% (B/1,7)

15 exact in the categorical sense, but is not J-exact.
The following result is an extension of naturality of the index class of extensions.

Proposition 3.0.8. If
(i1717i2) (q17Q7q2)
0 —— Al(Eva)Az — B1(F76)Bz — C1(G77)Cg — 0

is a J-exact sequence of correspondences, then 5‘](F’5)®K(E7 a) = K(G,v)®0p,.

Proof. In the notation of remark 3.0.4, we must show (K(G,v), K(E,q)) : 47,

an intertwiner. By the Rieffel correspondence ( [49, Proposition 3.24]), exactness of

— (532 is

0 N DIy Q>G > 0

implies exactness of

Hence, the following diagram commutes and has exact rows (the vertical maps labelled with
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i are the respective inclusions):

0 —— J(E,a) L> J(F”g) L) J(G,'y) — 0

o 8 5

0 —— K(B) —Ls K(F) —25 KG) —— 0
... A [

0 —— £(E) 2% £(r) 29 £@@) —— 0
Te i v

0 » (B) —2 5 (F) —2 5 (G) —— 0
i42 iB2 iC2

0 5 121; RN éz £, C:Q > 0

Therefore, naturality of  implies

(1) (s [e]) : 5J(F,B) — Ok(F)s
(2> ([Z?(—M]J [lf(—&]) : 6/C(F) - 5L(F)’
(3) ([6§ L) i) : 0¢ry — dr(r), and

(4) ([, [i*]) : 0y — O,

are all intertwiners.

For H = E, F, G, the inclusion zg _.;  (H) — L(H) is full and hereditary, and therefore
its class [igﬁL] in KK is invertible. Therefore, ([igﬁL]*l, [igﬁL]*l) 1 0y — O(py is an

intertwiner. Composing all the intertwiners above yields an intertwiner (g,e) : 4., — 0p,,
where g = [Y]@[iF_, [ |@[if_,]7'®i® and e = [a]@[ig_,|&[if_, ] "'®@i*. Let us show e =
K(E,a) and g = K(G, 7).

For H = E, F, G, denote by M (H) the K(H) - (H) Kasparov bi-module H. (zf{ )« M (H)

) —L
(H) H

K
is isomorphic as a bi-module to ( 0 O) with left action of k£ in IC(H) by the matrix

E 0
it (k) = (0 0) and right £(H )-module structure inherited by the identity Hilbert mod-

K(H) H
0

tensor t = 1 ® boe isU(t) = 0 e . ke _ Ocy s €1-a .
[ a 0 0 f a 0 0

ule structure on L£(H). The isomorphism U : H ®Z{§ L(H) — on a basic
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K(H)
0
module structure inherited by the identity Hilbert module structure on C([0, 1], £(H)). Let
n: K(H) — K(D) be the embedding that sends k in KC(H) to the constant function n(k)(t) =
k0

0

Let D = {f € C([0,1],L(H)) : f(1) € } with the right C([0,1], L(H))-

, t in [0,1]. Then, (D,n) is a Kasparov K(H)-C([0,1], £(H)) bi-module such that

, K(H) HY .

(evo)«(D;m) = (L(H), isc, ) and (eva)(Dom) = (| 77 ) i)

(ZgHL)*M(H) Hence7 [M(H)]é@[lgeL] - [ig—w]v so that [M(H)] = [igﬁL](g[ig—w]il'
Now, it is routine to see that [a]®[M(E)|®[i4?] = K(E,a) and [y]|®[M(F)]®[i%] =

K(F,~), so the calculation directly above implies e = K(FE,«) and g = K(G, 7).

12

The intertwinings we have proven above yield commutative diagrams of their induced
maps on K-theory and K-homology (and more generally on K K*(A,—) and K K*(—, A), A

nuclear). We record the diagram that will be of use to us in this thesis.

Corollary 3.0.9. If

(i1,1,i2) (q1,Q,92)
0 —— Al(E7a>A2 M BI(F7/8)B2 qil_QZ> C1(077>Cz —0

15 a J-exact sequence of correspondences, then the following diagram commutes

Ko(J(E,a) » Ko(J(rs)) » Ko(Jiam)

The top and bottom horizontal faces are the 6-term exact sequences of K-theory associated
to the respective extensions of C*-algebras, and the vertical maps are the respective maps of

Proof. This is a direct application of Proposition 3.0.3 and 3.0.8. O

Corollary 3.0.10. If

(4,1,1)

s(F,B)p — c(G,7)c — 0
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1 a J-exact sequence of morphisms, then so is

(¢,Q.9)

0,13
L9, o (F,B)g —— (G, 7)e —— 0,

0 —— (E)(E,OC>A

And so in the commuting diagram of Corollary 3.0.9, we have Sl y) = L(my) with the
vertical maps of the form v — &;[1(H,n)], where v : K;(Iig,) — Ki(D) is the map induced
by inclusion, and (H,n) = (E,a), (F, 8), (G, 7).

Proof. As in the proof of Proposition 3.0.8, we have exactness of

and exactness of

0 —— J(E,a) —l> J(Fﬁ) L) J(G,y) E— 0,

is by assumption. Since Jigy ) = (H) N Jm ), the exactness of these two sequences yields

J-exactness of

(4,1,9) (9,Q.9)
0 —— (E>(E,Q)A — <F>(F75)B u) <C>(G7'7)C — 0.

]

Let us show a J-exact sequence of self-correspondences induces a short exact sequence of

Cuntz-Pimsner algebras.
Proposition 3.0.11. If

(4,1,1)

B(Faﬁ)B E— C(G77)C — 0

is a J-exact sequence of morphisms of faithful correspondences such that (E,«) is non-



CHAPTER 3. MORPHISMS OF C*-CORRESPONDENCES 41

degenerate, then the following diagram commutes and has exact rows and columns:

0 0 0
v T(I) v T(Q) v
0 > I > Lp > Lo > 0
1E iF G
T )
0 s Tg ( )> Tr (Q)> To > 0
9B qr q9G
v oI v o v
0 —— Ofp ()>OF (Q)> Oa > 0
0 0 0

Proof. We first show the sequence of Toeplitz algebras is exact. For T in Tg, T(I)(T)
restricted to the A-module > 7 I(E)®"" ~ Fg is conjugate to T. Therefore, T(I) is
injective.

T (Q) surjects the generators Tr = {7 : f € F'} onto the generators T¢;, and is therefore
surjective.

We show ker(7(Q)) = im(7 (I)). By functoriality of 7(—), we have that 7(Q) o T(I) =
T(QolI)=0. It remains to show 7 (I)(7g) is an ideal and 7(Q) : Tr/T(I)(Te) — Tg is
injective.

First, if a is in A and f isin F', then f-i(a) and i(a) - f are in I(F) because Q(i(a)- f) =
q(i(a)) - Q(f) =0 Q(f -i(a)) = Q(f) - q(i(a)) = 0. Second, if e is in F and f is in F, then
(I(e), f) is ini((E)) C T()(Te), TyTj, is in [(K(E)) € T()(Tp) and I(e) @5 f, f @5 1(e)
are in [(E®4%). These facts follow from the fact that if (ay)xes is an approximate unit in
(E), then for ¢ in F®5™ if (¢ - i(ay))aea converges to 1, then 1 is in I(E®4™) (this follows
from the first fact and induction on n).

It follows from above that for generators (as algebras) a in 7z and b in Tr, we have that
T (I)(a)bis in T(I)(Tg), and this finishes the proof that 7 (I)(7x) is an ideal in Tg.

For T in T, denote by T its image in Tr/T(I)(7z). For ¢ in C and g in G, let b
in B and f in F be such that ¢(b) = ¢ and Q(f) = g. Let s(c) = b and n(g) = T}.
s:C = Tp/TI)(Tg) and 7 : G — Tr/T (I)(Tg) are well defined since T (I)(Tg) N B = i(A)
and T(I)(Tg) N Tr = Ty(p), and a different choice of representative for s(c), 7(g) differs by
an element of i(A), Tyg), respectively.

It is easy to see that (m,s) is a Toeplitz representation. By the universal property of
Toeplitz algebras, (m,s) induces a x-homomorphism 7 : T¢ — Tr/T (I)(Tg) that is the
inverse of T(Q) : Te/T (I)(Te) — Ta.
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Now, we show the top row sequence is exact. Suppose T"in T is such that 7 ()(7) =: S'is
in Z¢, meaning there is k in N such that the projection P{" onto the sub-module 22:0 F®sn
of Fr satisfies PI'S = SPF = S. The restriction of S and P} onto the invariant sub-
module Y >° I(E®4™) ~ Fp are naturally identified with 7" and P, respectively, and hence
PET =TPF =T. Therefore, T is in Z§.

It follows that T(I)~'(Z) C Tg. Since (E, ) is non-degenerate, we have I = Iy by
Proposition 2.3.3. Hence, T (I)"!(Zr) C Zr The reverse inclusion is obvious using the first
characterization of Zp (Proposition 2.3.2).

The equality 7 (1)~ (Zr) = Zg together with exactness of the middle row implies
T(I)(Zg) = ker(To) N Zp.

It remains to show 7(Q) : Ir — Zg is surjective. By J-exactness, ¢ : Jipg) — J(g,a) is
surjective. Therefore, for every generator for Z; of the form c—¢(y(c)), ¢in J(¢ ), there is b in
Jrp) such that ¢(b) = c. Hence T(Q)(b—¢(8(b))) = c—¢(v(c)). Therefore, T(Q) : Zr — L
is surjective.

The above commutative diagram has exact columns by definition and the top two rows are
exact from what we have shown. Exactness of the bottom row then follows from a diagram
chase. O



Chapter 4

Correspondences from branched

functions

Along the way to proving our main result, we will be working with the dynamics of holo-
morphic functions restricted to a variety of subspaces, so we need to abstract the C*-
correspondence construction of Kajiwara and Watatani [28] to allow for these restrictions. It
turns out that the only essential fact for constructing correspondences in a similar fashion is

that the function has a system of inverse branches, which we now make precise.

Definition 4.0.1. Let F': X — Y be a continuous function between locally compact Haus-
dorff spaces X and Y. We will say F is a branched function if there is a function indp :
X — N such that for every x in X, there is a neighbourhood U of x, a neighbourhood V' of
F(z), and functions {F,": V — U} ") satisfying

(1) FoF, ' =idy, for all i < indp(x),

(2) F7YF(z)) =2 and F" is continuous at F(x), for alli < indp(x),
(3) U=Uy™ F(V), and

(4) for all v in U, indp(u) = |{i < indp(z) :u € F7HV)}.

indp is called the index function and {F;' : V — U}, are called inverse branches of F

centered at x.

We remark that branched functions are in abundance. For instance, take a sheet of paper
(allowing for arbitrary shape and cuts) and fold it in such a way that the crease lines and
boundary are on the boundary of the folded paper. This is a branched function.

A special case of this construction is to take a Sierpinksi triangle and fold the outer three

equilateral triangles into the middle. We may rotate the resulting Sierpinksi triangle by 180

43
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degrees and dilate by 3 to get a surjective self map if we wish. The index function will be 1
everywhere except 3 at the intersection points of the three outer triangles.

Our definition is different than the notion of a branched covering p : Y — X in [45], where
they only require p to be an open surjection of finite degree. Here, we require F' : X — Y to
be “locally finite degree”, not necessarily surjective, and open is a consequence of the existence
of inverse branches.

Asin |28, Lemma 2.1|, these branching properties can be used to show a canonical transfer
operator of F' maps C.(X) functions to C.(Y') functions.

First, note that if {F; ' : V — U}N'Y® are inverse branches centered at z in X, then
UNF(F(x)) = {x}. Hence, F~'(y) is discrete, for all y in Y.

Proposition 4.0.2. Let F : X — Y be a branched function. If f is in C.(X), then the
function ®(f) :Y — C defined, fory inY, as

O(f)y) = Y indp(z)f(z)

zeF—1(y)
is in C.(Y).

Proof. Let supp(f) = K and y in Y. We show ®(f) is continuous at y. Since F' is branched,
F~1(y) is discrete and hence F~'(y) N K is finite. Hence, ®(f)(y) < co. Write F~!(y) N
K = {z1,...,2%} and let {U;}}_; be a collection of pairwise disjoint open sets such that
U;NFY(F(z)) = {z;} and U; is a co-domain of inverse branches {F] ij : F(U;) — Ui}?flx’
centered at x;, for ¢+ < k. By a compactness argument, there is an open neighbourhood
V C N, F(U;) of y such that F~(V)NK = J_, F~'(V)NU;N K. By property (3) of the
inverse branches, we have Ui:l FYV)NU;NK = Ul 1 Umd i) p- (V) NK

Hence, for every v in V', we have

> indp(x)f(x) = > indp () f(x).

seF~H(v) el USS™ 7t )

By property (4) of the inverse branches, we have

k lndF(zz
>, wde@f@) =3 > fo
erf ) Umd(.’ﬂl) F@;l( ) =1 ] 1

Since F‘1 is continuous at y for all ¢ < k and j < indg(z;), it follows that ®(f)|y =
ZZ 1 ZmdF @i) Fgl is continuous at y.
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As y in Y was arbitrary, we may conclude ®(f) is continuous. Note that supp(®(f)) =
F(supp(f)), and therefore ®(f) is in C.(Y). O

To a branched function F': X — Y, we can associate a Cy(X) — Cy(Y') correspondence
(Epx,ax) in a similar way as in [28]. We show this now. Let Epy = C.(X), equipped with
a right Cy(Y)-module structure defined, for ¢ in Epy x and g in Cy(Y'), as

(V- g)(x) = ¥(2)g(F(z)), = in X.

E rx is equipped with the Cy(Y')-valued inner product defined, for ¢, ¢ in E FX, as

(W, 0) = ().

For all ¢ in Epx we have ||¢)] < |[¢||2, where || - || denotes the sup norm and |||y :=

I/ @, d)l- I deg(F) := sup,ey|F~'(y)] < oo, then we also have [[¢fls < /deg(F)[¥].
In this case, the Hilbert Cy(Y)-module completion of Erx is Epx = Co(X) and the inner

product formula and right action extend naturally.
In general, the completion Ep x is a strict subspace of Cy(X) that is invariant under the
right action of Cy(Y') defined above and equipped with the above inner product. We identify

this now. First, for i = 1,2, we let
Ci(X) = {v € Co(X) : @([¢[') € Co(Y)}-

Lemma 4.0.3. Let F' : X — Y be a branched function. Then, C1(X) is a subspace of Cy(X)
that is hereditary in the sense that if p, ¢ are in Co(X) with ¢ in C1(X) and 0 < ¢ < 1),
then ¢ is in C1(X). Moreover, C1(X) is complete with respect to the norm || -||1 := ||®(]-])||-

Proof. The fact that C;(X) is a subspace will follow from the hereditary property. Suppose
0< ¢ <, ¢isin C1(X) and ¢ is in Cy(X). First, we show ®(¢) is continuous.

Fix y in Y and € > 0. Since ®(¢))(y) < oo, there is k in N and {x;}F_;, C F~!(y) such
that x; # x; for all i # j < k and

k

() (y) = D indp()y ()] < /7

=1

For each i < k, let {F;' : V — Ul};r;df @) be inverse branches of F centered at z;. By

continuity of these branches and ®(1)) at y, we may assume the neighbourhood V of y is

chosen such that, for all y in V', we have
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k k indpg(z;)
D) =D S ve R <o/
=1 i=1 j=1
() (y) — @) (@) < €/T,
and

k indp(z;) k indp(z;)
|Z Z po i y) =) > wo M) <€/ (*)
= =1 j=1

Let U = J,_, U;. For any f in Cy(X) and g in V', we have

indp(z;)

k
> indp()f(x) =) foF;'(9)

zeF~1(y)NnU =1 j=1

. Therefore, the first three inequalities imply, by the triangle inequality, that

Y. inde(@)g(e) =[@W)G) — Y indp(a)d(a)] < 3¢/7.

zeF~1(g)\U zeF~—1(g)nU

for all y in V.
Since 0 < ¢ < 1, it follows that

@(p)y) — Y. imdp(z)p(e)| < Y indp(e)i(z) < 3¢/T, (**)

zeF~1(g)nU zeF~1(g\U

for all § in V. So, by the triangle inequality and the inequalities (*) and (**), we have

[D(p)(y) — (@) (F)] <,

for all § in V. This shows ®(¢p) is continuous.

0 < &(p) < P(¢p) and the fact that ®(¢)) vanishes at infinity implies ®(p) does too.
Therefore, ®(¢) is in Cy(Y).

We now show C4(X) is complete with respect to || - ||1. Let {¢n}nen € Co(X) such that
Y onen 1nlli < oo, Since || - || < || - ||l1, Do,en¥n and D o [¥n| converge (with respect to
| - ||) to elements in Cy(X).

0 < [ en®nl < D ,en¥n| so, by the hereditary property of C(X), to prove that
Y nen Yn is in C1(X) it suffices to show Y |y is in Cy(X).

15t @(0tn]) = Sy (It} < S [ally and so the hypothesis implies
DD en [nl) = D en (|Un]) is in Co(Y). Hence, C1(X) is complete. O



CHAPTER 4. CORRESPONDENCES FROM BRANCHED FUNCTIONS 47

Proposition 4.0.4. Let F' : X — Y be a branched function. Then, the Hilbert Co(Y')-module

completion of EEX is isomorphic to Co(X).

Proof. Let us first show C5(X) is complete. Let {1, }nen C Co(X) such that Y- [[1hn|l2 <
oo. Since || - || < || - ll2s Dopeny ¥n and Y-, o |¥n| converge (with respect to || - ||) to elements
in Cy(X).

We must show | > ¢,|? is in C1(X). By the Cauchy-Schwarz inequality, [ Vntmlli <
[9n[2][9m]l2 for all n,m in N. Hence, | Y7 .y ¥nl® = 3, en P, converges absolutely with
respect to || - ||1. Lemma 4.0.3 then implies | >, ,|? is in Cy(X).

Lastly, we must show C.(X) is dense in Cy(X) relative to |- ||o. It suffices to show positive
elements in Cy(X) can be approximated arbitrarily by elements in C.(X).

Let 0 < ¢ be such that ¢ := ¢? is in Cy(X). Given € > 0, let K C Y be a compact set
such that ®(¢)(g) < €2/2 for all g in X \ K. As in Lemma 4.0.3, For each y in K there is a

pre-compact open set U, C X such that y is in F(U,) =: V,, and

)G — Y inde(@)p(a)] < /2

z€F~1(g)NUy

for all g in V. Let {y;}%, € K be such that K C Ufil Vy;- Then, U := Ule U, is a

pre-compact open set such that

@W)@H) — Y indpx)v(r)| <€

e F—1(§)nU

for all y in Y.
Choose ¢ in C.(X) such that 0 < ¢ < 1 and ¢(z) = 1 for all  in U. From the above

inequality, we have

D(lp — Voe )@ < Y indp(z)(z) < €

e~ (@)\U
for all 7 in Y. Hence, ||¢ — v/opll2 < €. O

Erx = (C5(X) has a left action ax of Cy(X) by Hilbert module endomorphisms given,
for f in Cy(X) and ¢ in Erx, as

(f-¥)(@) = f(x)¢(z), zin X.

The pair (Erx,ax) is a Co(X)-Cy(Y) correspondence. It is always injective and non-

degenerate. If F' is surjective, it is full.
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IfF:X —Yand G:Y — Z are branched functions with index functions indy and
indg, then G o F' is a branched function with index function indger := (indg o F)indg; the
inverse branches of GG o F' are the composite of inverse branches for F' and G.

For F' : X — Y a continuous function, the critical points of F' will be the set of points in X
for which F'is not a local homeomorphism at, in the sense that there is no open neighbourhood
U about x such that F(U) is open in Y and F': U — F(U) is a homeomorphism. We shall
denote this set by Cpx. If F: X — Y is an open map (which is the case for a branched
function), then this is a closed subset.

We can think of a branched function F' : X — Y and its canonical transfer operator ®
as defining a topological quiver in the sense of [41]; in the notation of that paper, F' = X
E° =Y and r = s = F, with r-system {®(—)(y)},ey. Then, the Hilbert Cy(Y)-module
constructed in [41, Section 3.1] is isomorphic to Er x. [41, Theorem 3.11] then can be applied
to show Jig, «.ax) = Co(X \ Crx).

Let us show this with a more direct proof generalizing |28, Proposition 2.5].
Proposition 4.0.5. If F': X — Y is a branched function, then Jig,  ox) = Co(X \ Crx).

Proof. We first show Co(X \ Crx) C ¢~ (K(Erx)). Suppose f > 0in C.(X) has supp(f) C
U, where U is an open neighbourhood of x not in Cr x such that F(U) is open and F' : U —
F(U) = V is a homeomorphism and let {F, ' : V — U}mdF ) Then, by property (*) of
indp and the fact that F': U — V is a homeomorphism, we have indp(y) = indp(z) for all
y in U. Therefore, f = 750,77 /7. The containment Co(X\ Crx) C ¢~ 1 (K(Erx)) then
follows by density of the (algebralc) span of functions f in Cy(X \ Cpx) of the type above.

Now, we show ¢(f) is not in K(Ep x) if f(x) # 0 for some z in Cpx. Let D := indp(x).
Suppose on the contrary that ¢(f) is in K(Ep x ). Then, -4k is in K(Ep x). By the hereditary

> | f (@)
property of ideals, there is then a function ¢ in C.(X) such that g(z) =1, 0 < g <1 and

mdp

supp(g) C U, where U is the co-domain of an inverse branch system {F, ' : F(U) — U}2,
at z. Since z is in Cr x there are two nets {3} }aea, {732 }rea € U converging to z such that
x} # 23 and F(z}) = F(23) =: y, for all X in A. By choosing a sub-net if required, we may
assume that there are 4,5 < D such that F, '(yy) = z} and Fj_l(y,\) = 3 for all X in A.
Therefore, by property (x) of indp, we have indg(z3) < D — 1 for all A in A. By taking a
further sub-sequence, we may assume there is d < D such that indp(z}) = d for all A in A.

Notethat [9(6)* % O <  then (0) 31, 0y, = )00~
SN 0 1)0(9) 3| < €. So, for every € > 0 there are functions {e; }¥,, {fi}¥, C C.(U) such
that [6() — S, .| <

Choose, for each A in A a function hy in C,(U) such that 0 < h < 1, hy(z}) = 1 and
supp(ha) N F-1(F(z1)) = {z}}. Then, ]}, < VD
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N

[A(a3)=d Y ei(ay) Filad)] < lo(g)h— Zez h)oF)|| < [lé(g) Zé)elfz )2 < ev/D.

i=1

Taking the limit, we therefore have [1 —d 3>~ | e;(z) fi(z)| < v/De. However, if we choose
hin C.(U) such that 0 < h < 1 and h(x) = 1, we have

N
|1—DZ€Z 2) < é(9)h =Y el ®(fih) o F)| < l|é(g) Z%Jz )2 <evD.
i=1

Combining these two inequalities, we see that

|2 — %] < eV D($+%). So, by choosing € small enough, we arrive at a contradiction. [

Let us determine a sufficient condition for when the C*-algebra Op x associated to a
branched functions F' : X — X is simple and purely infinite. The proof is based on that

found in [28] for the case of a rational function restricted to its Julia set.

Proposition 4.0.6. Let F': X — X be a branched function such that X is infinite. If for
every compact set K C X and open set U C X, there is n in N such that K C F™*(U), then
Op.x 1is simple and purely infinite. Moreover, Op x is a Kirchberg algebra that is unital if

and only X 1is compact.

Proof. Let 0 < u < 1 be a non-zero function in C.(X). We show for every a > 0 in Op x
and € > 0, there is » € Op x such that ||r*ar — u|| < e. This will complete the proof since
Co(X) contains an approximate unit for Op x (the left action o on Ex is non-degenerate).
For every § > 0, there is ¢ in the algebraic span of Cy(X) and {S.}ecE, , such that b = c*c
satisfies ||a — b|| < § We can write b as a finite sum b = E;‘if 1 b; of its Fourier co-efficients.
Further, we can write by = Zivzo SekS;Zk, where ey, fi are in Eg’“x and n; < ngyqp for all
0 < k < N. Therefore, we can view by (isometrically) as an operator in B(E% i), where
ny = n. Hence, there is f in Efy with ||f[l; = 1 and x in X such that (bo(f), f)(x) >
|bo|| — 6. By the hypothesis, in every neighbourhood U of z, there is 2’ such that {F7(z')}}1,
are distinct. Therefore, by choosing U small enough, we can find ¢ in C.(X) such that
0<¢<1,¢(poF)=0forall0<j <M, and ||[z*bx| = ||¢(bo(f), [)D| > |boll — 28, where
x = Syp. Note that xb;a*¢(¢ o F7)S7b;S; = 0 for 0 < j < M and similarly zbjz* = 0 for
—M < 7 <0, so we have x*bx = x*byx. Set d = x*byx, and let V' be a open set such that
|bo]] — 36 < d < ||by]|. Let y in C.(V') be such that 0 <y <1 and y = 1 on a neighbourhood
contained in V. By the hypothesis, there is K in N such that ®¥(y?) > u, so if we let
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_ JuoF"
g _ y <I>K(y2)OF"

(lbo]] — 30)u < SxdSy < llbo|lu. With 7 = S;¢S,, we have ||r|| <1 and ||r*ar — ||bo||u|| < 46.

Since the mapping T' € Opx — T is continuous and non-zero on positive elements, we

and view it in El{f,X, then 575, = u. Since g is supported in V', we have

can choose b € Op x to also satisfy ||ag — by|| < . Therefore, there is r in Op x such that

5
llaoll

|lr*ar — ul| < d. Choosing § = e”%—O” completes the proof that Op x is simple and purely
infinite.

The algebras Op x are always nuclear and satisfy the UCT by an argument similar to
[28, Proposition 3.9]. Therefore, O x is a Kirchberg algebra. If X is unital, then the unit 1
in C'(X) is a unit for Op x. In the reverse direction, if Op x is unital, then since the inclusion
Co(X) = Op x is non-degenerate, an approximate unit (uy)ea for Cp(X) is an approximate
unit for Op x. Since O x is unital, (uy)rea is convergent in O x to 1. Using the fact that
the image of Cp(X) inside Op x is closed, we see that 1 is in Cy(X) and hence X is compact.

O

We will denote the trivially graded Kasparov Cy(X \ Crx) — Co(Y') bi-module
(Erx,ax|cyx\crx), 0) by Erx, and denote its class in KK°(Co(X \ Cpx), Co(Y)) by [Ep x].
We shall denote the class of the inclusion i : Co(X \ Crx) — Co(X) in KK°(Co(X \
Crx),Co(X)) by ¢

We remark that there is an ambiguity in our notations Er x and Ep x, since we do not
specify the co-domain of F, but it will be clear from the context what it is.

We now show that the class [Ep x] behaves well with restrictions of F. If U is an open
set in X, let iy =1 : Co(U) = Co(X), ty =1 : Co(U \ Crx) — Co(X \ Crx) denote the
respective inclusions. For an open set V of Y such that F(U) C V it is clear that F : U — V

is also a branched function.

Proposition 4.0.7. If F': X — Y is a branched function and U is an open set in X, then
() [€rx] = (iv)«[Epu], where V is any open set in Y such that F(U) C V. Moreover,

(iv,iv,iv) - (Ery,au) = (Epx,ax) is a morphism of correspondences.

Proof. The proof that (iy,iy,iv) : (Ery,av) — (Erx,ax) is a morphism of correspon-
dences is straightforward, and we omit it. Proposition 3.0.3 implies (¢p)*[Er x| = (iv)«[Erv]-

]

If X =Y and FF : X — X is a branched function, we will denote the corresponding
Cuntz-Pimsner algebra and its Toeplitz algebra extension by Opy and Tr x, respectively.

These algebras are conjugacy invariants for the pair (F,indg).

Proposition 4.0.8. Suppose F' : X — X and G :' Y — Y are branched functions, and
v : X — Y is a homeomorphism such that ¢ o ' = G o ¢ and indg o ¢ = indr. Then,
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(p*, 0%, ¢*) : Eqy — Epx is an isomorphism of correspondences. In particular, the induced

s-homomorphisms T (¢*) : Tay — Trx, O(p*) : Ogy — Opx are x-isomorphisms.
Proof. The proof is straightforward, and we omit it. m

We now consider exact sequences of branched functions. If F': U — V is branched and
Y C V is closed, letting F~*(Y) = X, F|x : X — Y is also branched, with indp, = indp|x

and inverse branches equal to the inverse branches of F' restricted to Y.

Proposition 4.0.9. Let F': U — V be a branched function, and Y a closed subset of V.
Denote F~Y(Y) = X, i1 : Co(U\X) — Co(U), ig : Co(V\Y) — Co(V) the inclusions and ry :
Co(U) = Co(X), ro: Co(V) = Co(Y') the restrictions. Then, (i1, 11,%2) : (Erux, anx) —
(Ey,ay) and (r,71,72)  (By,ou) = (Ex,ax) are morphisms. Cpy N X = Crx, if and

only if the sequence

(ri,r1,r2) (

0 —— (EF,U\X704) MQ (EEU,Oé) E— EEX,Oé) — 0

is J-ezact.
Proof. Since F~1(Y) = X, it is clear that
(1) ir(f - o) = ir(f) -ir(¥) for all fin Co(U\ X), ¥ in Eppnx,
(2) (i1(¥),11(p)) = 12((¥, p)), for all ¥, ¢ in Epp x, and
(3) 1( - g) = i1(¥) -i2(g), for all ¢ in Epnx and g in Co(V \Y).

Recall that for a branched function G : A = B, J(g, 4 a4) = Co(A\Cg,a). Since U\ X is open
in U, we have that Cp\x = Cpy N (U \ X) and therefore i(Co((U \ X) \ Crunx)) € Co(U \
Cru). To finish proving (41,41, 42) is a morphism, it suffices to show iAl(ozU\X(f)) = ay(i1(f))
for all fin Co((U \ X) \ Crunx)-

It suffices to prove this for a positive function f compactly supported in an open domain
W of U such that WN (X UCry) = 0 and F : W — F(W) is injective. In this case,
anx(f) = 077 and au(is(f)) = 0 r75 - By definition, 107.v7) = Oi(vrin (V)

Hence, i1(aunx (f)) = au(i(f)).
Similarly, it is clear from F~}(Y) = X that

(1) m(f ) =r1(f) -m(¥)
(2) (ri(¥), r1(e)) = ra({¢, ), for f in Co(U), ¢, in Epy, and

(3) (- g) =r1(n) - r2(g), for all ¥ in Erpy and g in Co(V).
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Therefore, 1 : Co(U) — Co(X) is a ro-twisted morphism of Hilbert modules. Every twisted
morphism of Hilbert modules has closed image (it extends isometrically to a *~homomorphism
of the linking algebra, which has closed image), and therefore r1(C.(U)) = C.(X) implies
r1(Co(U)) = Ca(X).

It is general that Cpx C Cry N X, so we always have 7(Co(U \ Crr)) C Co(X \ Crx).
By surjectivity of r; : Co(U) — Co(X) it is immediate that 7 (ay(f)) = ax(ri(f))

J-exactness of

(ri,r1,m2) (

0 —— (ERU\X,Oé) (M) (ERU,OZ) E— EF7X7OZ) — 0

is equivalent to exactness of the sequences

0 —— Co(U\ X) u » Co(U) —2—— Cy(X) ——— 0

0 —— Co(U\ (X UCrinx)) —— Co(U\ Cry) — Co(X \ Cpx) — 0

0—— C(U\ X) y Co(U) — 5 Co(X) ——— 0
00— Cy(V\Y) y Co(V) — 22— Cy(Y) ——— 0.

Exactness of the top and bottom sequence is by hypothesis. Since 1 (Co(U)) = C2(X) and
Co(U)NCy(U\X) = Co(U\ X), the second sequence from the bottom one is exact. Exactness

of the sequence second from the top is equivalent to Cry N X = Crx. O]

4.1 Correspondences from holomorphic functions

We now consider branched functions which are the restrictions of holomorphic functions and
prove some extra regularity properties about them.

Let M and N be Riemann surfaces and X C M, Y C N be closed subspaces. A function
F : X — Y is a holomorphic branched function if there is a holomorphic function £ : M — N
such that F'|x = F and F~(Y) = X. F is necessarily an open map, since F' is an open map
and F~1(Y) = X.

Moreover, because F' is holomorphic, for every w in M, there is a neighbourhood U of
u, bi-holomorphisms ¢ : U — D,., ¢ : F(U) — D,n, for some r > 0 and n in N, such that
Yo Fo¢ ' (z)=2"for all z in I,. Since 2" is branched, it follows that £ is branched, with
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n = indz(u). Hence, F|x = F is branched. Note that {u € M : inds(u) > 1} = Cp o and
this set is countable and discrete.
We will now show .J-exactness of extensions of holomorphic branched functions is auto-

matic, provided that its domain contains no isolated points. First, we need a lemma.

Lemma 4.1.1. Let F': X — Y be a holomorphic branched function and assume Y contains
no isolated points. For x in X, let dp(z) = d be the mazimal number for which there exists

a sequence {Tn j nen j<a Satisfying the properties
(1) limy, o0 Ty = « for any i < d,
(2) F(xn;) = F(x,;) =x,, # F(x) for any i,j <d, n in N,
(3) F~ () = U?:1{$n,i}7 for any n in N, and
(4) xn; # xpj for any two distinct i,j < d, for any n in N.
Then, indp(z) = dp(zx).

Proof. For z in X, let {F/':V — U}?;le(x) be inverse branches centered at x. Since Y
contains no isolated points, there is a sequence z/, in V' \ F(z) converging to F(z). Since
{z € X :indp(x) > 1} is discrete, we may assume U is small enough so that indp(u) = 1
for all w in U \ {x}. Hence, F; }(x)) := x,,; must satisfy z,; # x,; for all i # j < indp(x)
and n in N. By continuity of the inverse branches at F'(x), we have lim,,_, ,,; = z for all
i < indg(x). Lastly, we have Uiir;le(x) Tn; = F71(2]), so that the collection {@;}i<indy(2)
satisfy (1)-(4) in the hypothesis of the lemma. Hence, indp(z) < dp(z).

If {@ni }i<dp(z) is @ collection satisfying (1)-(4) above with F(z,;) := ], then Ufﬁf“”) T
C U\ = eventually, so that F~!(z!,) = {F; ()} %™ c (J#) g, ; = F~1(2/,) eventually.
Since x,,; # @, ; for all i # j < dp(z), it follows that dp(z) < indp(z). O

Corollary 4.1.2. Let F': M — N be a holomorphic branched function, and suppose Y C N
is a closed set that contains no isolated points. Let F~1(Y) =: X. Then, CrnvyNX =Cpyx,

so that the sequence

(31,i1,42) ( ) (r1,r1,r2) (

0—— (EF,M\X,OJ) EEM,Oé EF7)(,CV) — 0

1s J-exact.

Proof. If x is in Cppy N X, then indp(x) > 1. By Lemma 4.1.1, dp|, () = indp(z) =
indp(z) > 1. It is easy to see that {x € X : dp|, () > 1} = Cpx, so that  is in Cr x. Hence,
Crx = Crym N X. Proposition 4.0.9 then implies the above sequence of correspondences is

exact. O
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Corollary 4.1.3. If FF : X — X and G :' Y — Y are holomorphic branched functions for
which X and Y contain no isolated points and ¢ : X — Y 1is a homeomorphism such that
Gop=pol, then indg o v = indp and hence (¢*, ©*, ¢*) : (Egy,ay) = (Erx,ax) is an

1somorphism.

Proof. 1t is easy to see that dg o ¢ = dp, so Lemma 4.1.1 and Proposition 4.0.8 imply the
Corollary. 0

Corollary 4.1.4. Let h : M — M be a complex dynamical system, where M is either @, C
or C*. Then,

0 —— thFh — Oh,M — Oh,Jh — 0

is exact, where i is induced from the inclusion Co(Fy) — Co(M) and r is induced from
the restriction Co(M) — Co(Jp).

O, s, s unital if and only if h extends to a rational function R : C — C, in which case
Ong, = Ogry,. If M = C or C*, then O, 4, s purely infinite and simple. If M = C, then
Oy, g, is purely infinite and simple if and only if Jy does not contain the exceptional point (if
it exists).

If J, contains the exceptional point e and e is not a critical point, then point evaluation
Co(Jn) = C at e induces a x-homomorphism Oy j, — C with kernel O j,\(ey. The ideal
On,g\{e} 18 purely infinite and simple.

If J, contains the exceptional point e and e is a critical point, then point evaluation

Co(Jn) — C at e induces a non-zero trace T on Oy, .

Proof. The exact sequence follows from Corollary 4.1.2 and the fact that J, contains no
isolated points (Corollary 2.5.9). The characterization of the existence of a unit follows from
Proposition 4.0.6. The purely infinite and simple properties in the case M = Cand M = C*
and M = C when the exceptional point e is not contained in J, follow from Proposition
4.0.6, Corollary 2.5.10 and Proposition 2.5.6.

Suppose M = C and the exceptional point e is contained in J,. If e is not a critical point,

then the short exact sequence

~
o

0 —— Co(Jp \ {e}) —— Co(Jn) = C

induces a J-exact sequence of correspondences

(4,2,8)

0 —— (Brsney @) ~2% (B, o 25C, ide) —— 0
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And so the Corollary follows from Proposition 3.0.11 and the fact that h : J, \ {e} —
Jn\ {e} is conjugate to the dynamics of a holomorphic map of the punctured plane restricted
to its Julia set.

Suppose M = C and the exceptional point e is a critical point contained in J,. By
[32, Theorem 2.5, the point evaluation (thought of as a trace) 7 : Cy(J,) — C extends to a
trace on the Cuntz-Pimsner algebra Oy, if and only if 7(f) = Tr-(f) := sup; >, 7((E, f -
§)) for all fin Jg, 5,.a)> where the supremum runs over all families I of vectors in Ej, j, such
that > ¢/ 0ce < 1. Note that Jig, , «) € Co(Jn \ {€}) and ( due to h=l(e) C{e}) (& fn) is
in Co(Jn\ {e}), for all §, n in Ej, ;,, whenever fisin Jip, , «). Therefore, 7(f) = 0 = Tr.(f)
for all f in J EnJ, o) and T extends to a trace on O, g, - Therefore, Oy, ;, is not purely infinite.

O

4.1.1 K-theoretic properties of holomorphic branched functions

In this section we study the induced mapping on K-theory associated to the C*-correspondence
of a holomorphic branched function. The results here will be crucial later in Chapter 7.

Our main example of a holomorphic branched function will be a complex dynamical
system R : M — M and its restriction to its Fatou set Fr and its Julia set Jr. Recall from
Section 2.5 that when M is either C, C or C* and deg(R) > 1, Jg is non-empty, totally
invariant (R'(Jg) = Jg), contains no isolated points and is a closed subset of M. Corollary
4.1.2 implies we have a J-exact sequence

(4,2,%) (ryr,r)

0 —— (ER,FRaaFR) E— (ER,M704M) Em— (ER,JRanR) — 0.

We now provide a concrete description of ¢ — ®[Eg_s,,] acting on K°.

For a locally compact Hausdorff space W, let Tr : K°(W) — Co(W,Z) be the homomor-
phism (of additive groups) defined for g in K°(W) and w in W as Tr(g)(w) = (evy)«(g),
where ev,, : Co(W) — C is evaluation at w. We can identify Ky(C) with Z via the trace
map.

We first show ®[Eg s,] acting on K can be identified with the transfer operator ® using

the trace map Tr.

Proposition 4.1.5. If F': X — Y is a holomorphic branched function and X,Y are closed
and proper subsets of either C*, C or C, then Tr : K°(X \ Cpx) — Co(X \ Crx,Z),
Tr: K°(Y) — C(Y,Z) are isomorphisms, and Tro (®o[Erx]) = (®) o Tr.

Proof. When X is a compact, connected proper subspace of the Riemann sphere, C \ X

is a non-empty disjoint union of simply connected open sets, and so K _1((@ \ X) =0 and
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i, : K%(C\ X) — K°C) maps onto Z- Bz (by Corollary 4.1.12). Therefore, the 6-term exact

sequence of K-theory associated to
0 —— CH(C\X) — C(C) — C(X) — 0

implies K°(X) = Z[1x] ~ Z, and in particular Tr : K°(X) — C(X,Z) is an isomorphism.
Now, when X is a finite disjoint union of compact connected sets in C, the above result
implies Tr : K°(X) — C(X,Z) is an isomorphism.

In general, if X is a compact, proper set of @, then we can write X = () _y X, where, for

neN
every n in N, X, is a finite disjoint union of compact connected sets such that X,,,; C X,,.
The diagram

K(X,) —— K(Xu11)

| |

C(Xn,Z) —— C(Xps1,Z)

commutes, for all n in N, where r is the restriction map, and the vertical maps are isomor-
phisms. Therefore, the limit map Tr : K°(X) — C(X,Z) is an isomorphism.
Now, suppose C'is a finite set contained in X. K~1(C') = 0, so the following diagram has

exact rows and commutes:

0 —— K%(X\C) — K%(X) —— K°C)

[ [ [

0 —— Co(X\C,Z) — C(X,Z) — C(C,Z).

Since the two right-most vertical maps are isomorphisms, a diagram chase implies Tr : K°(X'\
C) — Co(X \ C,Z) is an isomorphism.

Now if X and Y are closed and proper subsets of either C*, C or @, then X = X\ Fx and
Y =Y\ Fy, where the closure is in Cand F 'x, Fy are finite sets. By properness of X and Y,
we have X # C and Y # C, so the above result applies to see that Tr : K9(X) — Cy(X,Z)
and Tr : K°(Y) — Cy(Y,Z) are isomorphisms.

Since Crx is closed and discrete, we have K '(Crx) = 0 and Tr : K°(Crx) —
Co(Crx,Z) is an isomorphism. By a similar diagram chase to that above, we have that
Tr: KX\ Crx) = Co(X \ Crx,Z) is an isomorphism.

Note that every element f in Cy(X,Z) is compactly supported, so that ®(f) is well
defined. For y in Y, (ev,).Erx is represented by the Hilbert C-module with orthogonal
basis {0, }ser-1(,) and inner product satisfying (d,,d,) = indp(z), for all z in F~'(y). The
left action is defined for f in Co(X \ Crx) and x in F~'(y) as f -6, = f(z)d,. Therefore,



CHAPTER 4. CORRESPONDENCES FROM BRANCHED FUNCTIONS o7

(evy)s€rx = D cp-1(y)(€Va)s, where (ev;), is thought of as a class in KK°(Co(X\Crx),C)
and the sum is the direct sum operation of Kasparov bi-modules. When indg(z) > 1, z is in
Crx and consequently (ev,). =0 in KK°(Co(X \ Crx),C). So, we can write (ev,).Er x as
> ver-1(y Mdr(z)(evy), and the diagram

KO(X \ Opx) 2050 oy

| |

Co(X \ Crx,Z) —2— Co(Y,Z).

commutes. O

For a holomorphic branched function F': X — Y with X, Y closed and proper subsets of
either C*, C or C, we will identify K°(X \ Cryx), K°(X) and K°(Y) with Co(X \ Crx,Z),
Co(X,Z) and Cy(Y,Z), respectively.

If R: M — M is a holomorphic function such that Jgr # M and M is either C*, C or C,

by Corollary 3.0.9 and Proposition 4.1.5, we have a commutative diagram

Co(Jr\ Crin,Z) —25 KN (Fr\ Crry)

@l l@l [Er,FR]

Co(JR, Z) - = K_l(FR).
The left-most vertical map extends to the group homomorphism ® : Cy(Jg, Z) — Co(Jg,Z)
and the top horizontal map extends to the exponential map exp : Co(Jg,Z) — K ' (Fg\

Cr.ry) from the short exact sequence

0 —— CO<FR\CR,FR)) —Z> CO<M\CR,FR) — Co(JR> — 0.

We will show the extension of the diagram above commutes. This result will be used
to compute the kernel and co-kernel of id — & : C(Jg,Z) — C(Jg,7Z) when R is rational
(Proposition 7.0.7). First, we we make a definition and prove two lemmas.

If U is a simply connected open proper subset of Cand zisin U , the short exact sequence

0 —— Co(U\ {2}) —— Co(U) —2=5 C

e}

yields an isomorphism exp : Z = K°({z}) — K YU\ 2). If 1, denotes the characteristic
function on the point {z}, we will let v, =: exp(1,)
Let F;: D — D be the mapping defined, for 2z in D, as Fy(z) = 2¢.
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Lemma 4.1.6. &1[Er,p\qoy] : KD\ {0}) = KD\ {0}) maps vy to d - vy.

Proof. 1If d = 1, then F; = idp and the lemma follows.
Assume d > 1. Denote (Fy)* : Cy(D) — Co(D) by ¢g4. By naturality of exp, the diagram

KO({0}) — KO({o})

lexp lexp

1D\ {0}) £ KD {0})

commutes. The top horizontal map is equal to the identity. Hence, (¢4)«(vg) = vg. Therefore,
to prove the lemma, it suffices to show ¢}[Ep, p\f0y] is equal to d - ideym joy) in KK (Co(D \
{0}), Co(D\ {0}))-

Let w be a d™ root of unity, and consider for 0 < j < d — 1 the linear map P; :
Co(D\ {0}) — Co(D\ {0}) defined for ¢ in Co(D\ {0}) as P;(¥)(z) = 3 LS ik (whz),
zin D\ {0}. If ¢ is a function in the image of P;, then it satisfies p(wz) = w/p(2), for all 2
in D\ {0}, so Pj(¢) = ¢, and hence P? = P;.

We also have, for any z in D\ {0} that 3970 Pi(¥)(2) = Spio(3 X0y w ) ib(wh2).
3 ZJ —owF =11if j =0, and is zero otherwise. Hence, Zd D Py =id.

We show P; is a Hilbert Cy(ID\ {0})-module endomorphism of Ep, p\ {0y commuting with
the left action ap\ g0} © pq. Since w? = 1, we have, for any a in Co(D \ {0}), ¥ in Er, p\ (0}
and z in D\ {0}, that

(- )2) = £ Y w T pralhe)) = (5 3w eralt) = (B(6) - a)(2)

We also have Pj(a - 1) = a - P;(1), since the left and right actions are equal for ¢}Er, b\ (0}
Since Zj;éPj = id, to show that Pf = P; (hence P; is adjointable), we only need
to show that for all 41,1, in Ep,p\oy and i # j, we have (P;(¢1), P, (1/12)> = 0. Write

o1 = Pi(tn) and g5 = Pj(1). For 2 in D\ {0}, we have (1, 95) (Fa) = Y3 Pr(wh2)pa(whz).
Since gpl(wkz) = w®p(2) and po(w*2) = wikp,(z), we have that Zk:o Pr(wkz)pa(whz) =
(Zk o WU RN B (2) (2 )_0

We have shown that {P ! is a collection of mutually orthogonal projections of the Kas-
parov Cy(ID\ {0}) — Co(D '\ {O}) bi-module ¢} Er, p\ 0y that sum to id. Hence, [¢;Ep, p\j0}] =
i [Pipi€ramoy)-

Consider the unitary U of ¢} Ep, p\(o} defined for ¢ in Ep, p\(oy as U(¥)(2) = |j—‘1p(z), z
in D\ {0}. Then, one checks that UP,U* = P4y for 0 <i < d—1 (P; = Py). Therefore,

[QOZng’D\{o}] = d[P()(p;ngD\{o}] We show [POSD:lng,ID)\{O}] =id.
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Note that [SFO,D\{O}] = [idCO(]D)\{O})], so it suffices to show [POSOZEFd,D\{O}] = [5}70711)\{0}].
Consider the map S = \%(Fd)* t E.pv\joy = Er,p\joy- It is obvious S is Co(D \ {0}) linear
with respect to the left and right actions on each bi-module. For 91, in E, p\ (0}, we have
<S(¢1)7s(¢2)>(z) = éZw:wd:zE(wd)wQ(wd) = E(Z)ZDz(Z) = Wlﬂ%)(z) SO? S preserves
the inner products.

Every function ¢ in the image of S satisfies p(wz) = ¢(z) for all z in D\ {0}, so im(S) C
im(F). For ¢ in Ep,p\(oy, let ®(p)(2) = \/LE Y wwies P(w). Then, S® = By, so if ¢ is in
im(F), we have S®(p) = ¢. Therefore, im(S) = im(Fy) and S : Eg, p\j0y = PoEr,p\{0} 18

an isomorphism of Kasparov bi-modules. Hence, [Po@}Er, p\{0}] = [Ery\f0})- O

Lemma 4.1.7. Let M be either C*, C or C and X a proper closed subset of M. Then,
for every mon-zero v in K=Y (M \ X), there is x in X such that (i,)«(v) # 0, where i, :
Co(M\ X) — Co(M \ z) is the inclusion.

Proof. We may assume |X| > 2, otherwise the lemma is trivial. If M = C, by applying
a rotation, we may assume without loss of generality that oo is in X. Then, M \ X =
C\ (X \ {oo}) and X \ {co} is closed in C. This reduces the case of M = C to the case
where M = C.

If M = C*, then X U {0} =: X is closed in C and for = in X, (iy)« = (Jz)«, where
Jz 2 Co(C\ Xo) = Co(C\ {z,0}) is the inclusion. Let k, : Co(C\ Xy) — Co(C \ {z}) and
lp : Co(C\ {z,0}) — Co(C\ {z}) denote the inclusions. For z in X, we have I, o j, = k,
and ko = lp o j,. By functorality of K-theory it follows that if (k;).(v) # 0 for some v in
K=1(C*\ X)), then we must have (j,).(v) # 0. This reduces the case of M = C* to the case
M =C.

So, assume X is a closed and proper subset of C. For x in X, the diagram

0 —— CH(C\ X) —— Cy(C) =5 Cp(X) —— 0

Lo

0 —— Co(C\ {z}) —— Cu(C) > C > 0

commutes and has exact rows. Therefore, by naturality of exp, the diagram

K YC\ X) «=2— y(X,7)

l(z‘z)* levz

K(C\z) «2~ K Y(z) =Z.

Since K~!(C) = 0 the horizontal maps are surjections. K°(C) — K°(z) and (rx), : K°(C) —

Co(X,Z) both are the zero maps and hence the horizontal maps above are also injections.



CHAPTER 4. CORRESPONDENCES FROM BRANCHED FUNCTIONS 60

For every f # 0 in Cy(X,Z) there is « in X such that ev,(f) # 0. Using this and that

the horizontal maps above are isomorphisms, the lemma follows. O

Proposition 4.1.8. Let R : M — M be a non-invertible complex dynamical system, where
M s either C*, C or C. If Jgp # M then the diagram

Co(JR, Z) & Kﬁl(FR \ CR7FR)

@l l@l[gR,FR]

Co(JR, Z) L K_l(FR)
commutes.

Proof. First, we show for every x in Jg, the diagram

Co(R™Y(x),Z)

[4
‘/exp ‘/exp

K3 M\ (R (@) U Crag)) 5020 9l e 01 ()

commutes, where ®, : C(R™Y(F),Z) — Z is the group homomorphism sending 1., z in
R™(z), to indg(2)1,.

R™(z) and Cg s are closed and discrete, so for every z in R7'(z), there is a simply
connected neighbourhood U, of z such that U, N (R~ '(z) U Cry) = {z}, V. := R(U,) is
simply connected, with bi-holomorphisms ¢ : U, — D, ¢ : V, — D such that ¢(z) = 0,
Y(z) =0 and, for all w in D, ¢ o Ro ¢~ (w) = wmr),

Lemma 4.1.6 implies vo®1[€¢03w71@\{0}] = indg(2) - vo.

Naturality of exp implies ((¢p)*).(v.) = vo and (V*).(vo) = va, 80 V@1 [Ery(2}] =
(07)")u (0021 [Eyorop-1rjoy]) = IndR(2) - V.

Naturality of exp and Proposition 4.0.7 then imply exp(lz)®1[SR7M\Rf1(x)] = indg(2)v, =
exp(®,(1,)). As z in R™!(z) was arbitrary, the above identity implies the diagram

Co(R™(2),2) 2z y 7 = K°x)

‘/exp ‘/exp

K3 M\ (R (@) U Crag)) 20 ) e (0 ()

commutes, as claimed.
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Let x be in Jg, and let i, : KY(M \ (JRUCrp,)) = K 1(M\ (R (z) UCgrp,)) and
Jo : K7Y (M \ Jg) — K~Y(M \ {z}) be the maps induced by the respective inclusions. Let
r. : C(Jg,Z) — C(R™*(z),Z) and ev, : C(Jg,Z) — Z be the restriction/evaluation maps.
By the above commutative diagram, for every ¢ in C(Jg,Z), we have

0 = exp(r4(9))®1[Eranr-1(x)) —exp(Ps(74(g))). Note that ®,0r, = ev,o®, and naturality
of exp implies exp o r, = i, o exp and exp o ev, = j, © exp.

Therefore,

exp(r2:(9))@1[Eranr1 (@) — €xP(Pa(72(9))) = i2(exp(9))@1 [Epanr—1@)] — J=(exp(D(g))).

~

Proposition 4.0.7 implies i, (exp(9))&1[Epanr-1()] = J=(exp(9)®1[Er,ry])- So, putting these
equalities together, we have 0 = j, (exp(9)®@1[Er an\sx] —exp(®(g))). Asz in J was arbitrary,
Lemma 4.1.7 implies exp(g)®1[Er.r,] = exp(®(g)). O

4.1.2 Appendix: Bott projections

To compute certain maps in the exact sequences we will work with in this thesis, it will
be useful to “orient" the K° (and K1) groups for special subsets of C by finding minimal
generating sets that behave well with maps like inclusion and bi-holomorphisms. In this
section, given a connected open set U of C, we describe such a canonical generator Gy for
K°(U), the Bott projection of U. When U = C it is the usual Bott projection. We could
not find these results in the literature, but we do not claim any originality as they are likely
folklore. The reader may wish to skip this section if they believe Corollary 4.1.12.

Our method is to construct the Bott projection for the open unit disk D, prove some
properties about it, then bootstrap up to the general construction (Corollary 4.1.12).

First, let U be a simply connected open set of the complex plane C, and let v be a Jordan
curve inside it. Denote by U> the connected component of U \ im(y) whose closure in C
intersects the boundary 0U, and denote the other component by U,;“ :

For a continuous function a : im(y) = UJ, let u,, : im(y) — S* be defined, for z in

im(7y), as uq,(2) = |:ZE3|‘ Any two functions a,b : im(y) — U; are homotopic, since

U is homeomorphic to D. Tt follows then, by compactness of im(y), that u,, and wu,
are homotopic as elements in C'(im(y), S*). Hence, the class u, := [uy,] in K~ (im(7y)) is
independent of a.

Let 6, : K~'(im(y)) — K°(U;) be the index map from the 6-term exact sequence asso-

ciated to the short exact sequence

0 —— Cy(UF) —— Co(TF) —— C(im(y)) — 0.
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Let 1, : KO(U}) — K°(U) be the map induced from the inclusion i : Co(U) = Co(U).

Proposition 4.1.9. For every simply connected open set U properly contained in C, there

is a unique generator By in K°(U) ~ Z such that
(1) if U C C, then By = t40,(u) for any Jordan curve v in U,

(2) if T : U — V is a bi-holomorphism, where V is an open subset of C, then (T—1)*).8y =
BV; and

(8) if U C V., where V is a simply connected open set properly contained in @, and 1 :
Co(U) — Co(V) is the inclusion, then i,y = Py .

Proof. We first prove (1) and (2) of the Proposition for U = D = V', and then bootstrap to
the general case.

First, we show t,0,(u,) = ¢,0,(u,) for any two Jordan curves in . To prove this, it
suffices to show ¢,0,(uy) = tc,0c, (ue, ), where &,(t) = re*™ for ¢ in [0, 1], for any r < 1 such
that |y| < r.

Let A,y =D, \ DF. Let 6, : K '(im(y)) & K '(im(e,)) = K°(A,,) be the index map

from the 6-term exact sequence associated to

0 —— Co(A,,) —— Co(A,,) ——— C(im(y) Uim(e,)) — 0.

Choose a point zj in ]D)j, and define u : A,, — S, for z in A, ., as u(z) = |§:§3|' Since
D € Df = Dy, it follows that r.[u] = [u,,] ® [uz.,]. Hence, by exactness, 1404 (u,) =

—1p04(ue, ), where 1y : K°(A,.,) — K°(D) is the map induced from inclusion.
Let 0 : K~'(im(y)) — K°(DF) @ K°(A.,) be the index map from the 6-term exact

sequence associated to
0 —— CO(ID);r UA,,) — Cy(D,) —— C(im(y)) —— 0.

By naturality of the index map, we have that 0(u,) = J,(u,) @ da(u,), and so exactness
implies ¢,0,(uy) + tada(uy) = 0. Hence, t,0,(u,) = tada(ue, ). By naturality of the index
map, tp0a (e, ) = te, 0z, (U, ), proving the claim.

Now, we show Op := t.,0., (u.,) generates K°(D). Since Cy(ID\D,) is contractible to 0, the
6-term exact sequence of K-theory implies the map ¢, : K%(D,) — K°(D) is an isomorphism.
Similarily, Cy(D,\{0}) being contractible to 0 implies K°(D,) = Z[15]. Hence, i, : K°(D,) —
K°(D,) must be zero. It then follows by exactness that ., d., : K°(im(s,)) — K°(D) is an
isomorphism. Clearly the class of ug., (2) = £, zin rS", generates K~ (im(e,)), and therefore
Bp = tc, 0., (ue,) generates K(D). Hence, (1) is proven for U = D.
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Every bi-holomorphism 7' : D — D is of the form T'(z) = 62’”9%, for any z in D, for
some a in D, # in R, and is therefore homotopic to the identity. Therefore, ((T1)*).p = Sb.
This proves (2) in the case that U =V = D.

Now we prove the Proposition in the case that U and V' are properly contained in C. By
the Riemann mapping Theorem, it follows that there is a bi-holomorphism 7": D — U. By

naturality of the index map, the diagram

K~(im(y)) —— K-(im(T(7)))

l% l(ST(v)

KO(DF) ——— KO(UF)

le l‘T(v)

K'D) —X 5 K9(U)

commutes. Hence, to prove (1) and ((T7')*).0p = Sy, it suffices to prove T,u, = ur,) for
any Jordan curve vy in D.

Since T is a bi-holomorphism and im(+y) is compact, for every € > 0, there is a continuous
map b :im(7(y)) — U;(v) such that

T =T b)) b TG |
O I Tl S R i1 15 I [ 0| R

Let a =T 'oboT. Note that, for all w in im(7'(7)), tug, 0T *(w) = éjg:ﬁg:?jggz;g‘ and
b(w)

w— - -y :
wn,1(7) (W) = gy Hence, [[(uqy 0T Y (u )t — %H < €. So, if we choose € < 2,

then, by [52, Lemma 2.1.3 (iii)], (tqq 0T ") - (upr(y)) " is homotopic to IET 3 7 as elements
in C(im(T(7)), ).

The domain of 1§| + im(7T'(y)) — S' extends continuously to Uy, and is therefore
homotopic, as an element in C'(im(7 (7)), S*), to a constant. Hence, Tyt — up(y) = [(Uqy ©
T () 1] = 0 in K- (m(T(7)).

Now, suppose U, V are simply connected proper open sets of C. Let Ty : D — U and
Ty : D — V be bi-holomorphisms. If T': U — V is a bi-holomorphism, then T,8y =
(Ty) (T )T (Ty) o Bo = (Tv)+Bp = By, proving (2) in this case.

It U CV,let v be a Jordan curve in U. Denote v by vy, 7y when thinking of it as a
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curve in U, V, respectively. The commutative diagram

K~} (im(yy)) == K~'(im(y))
l&w lls'vv
KUS) =——— K°(V,})
lL’YU | lbwv
K'(U) —=—— K°(V)

along with the fact that ¢, 6., (u.,) = Bv and 4,64, (u,, ) = Py implies i,y = Py. This
proves (3) for such U and V.

The only case remaining for (1) is when U = C. Since Cy(C) is the inductive limit of
the proper simply connected open sets of C (ordered by inclusion) and i.fy = Py when
U C V , by continuity of K°, we have that ¢ := i3y generates K°(C) and is independent
of U, where U is any simply connected proper open set of C. Every Jordan curve v in C
is eventually contained in a proper simply connected open set U of C, so naturality of the
index map, and the fact that i,5y = f¢, implies ¢,0,(u,) = Bc. This proves (1), and (2) in
the case that V = C.

If T': C — Cis a bi-holomorphism, it is affine linear, and hence homotopic to the identity.
Therefore, T, 5c = ¢, and so (3) is proven when U =V = C.

Now, for an arbitrary open simply connected set U properly contained in @, letT:C — C

be a Mobius transformation such that 7-'(U) C C and define Sy = T.fr-1). By the
properties of fr-1(y) proven above, it is clear that 8y is independent of T, and that (2) and
(3) of the Proposition are satisfied. O

Corollary 4.1.10. ¢ := i.(fy) in KO(C) is independent of the choice of simply connected
proper open set U in C. Be and [1g] form a minimal generating set for KO(@) ~ 72.

Proof. Let U and V be simply connected open sets properly contained in C. Choose simply
connected sets U" C U and V' C V such that U’ U V' is contained in a simply connected

proper open set W of C. The commutative diagram

KUY —— KU

\\A

W) —— K9(C)

//

KO(vl s KO(
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and Proposition 4.1.9 (3) implies i,(8y) = i.(fv) = Bg.

The short exact sequence

0 —— K%C) —— K°%C) —— K%o00) —— 0
implies B¢ and [1#] form a minimal generating set for K 0(C) ~ 72 O

Proposition 4.1.11. Let U be a connected open set properly contained in C. Then, K°(U) ~
Z, with a unique generator By := i.(By) in K°(U), for any simply connected open set V. C U.

Proof. Since U # C, and ((T~1)*).8y = Br(vy for any fractional linear transformation 7" and
simply connected open set V' of @, by applying a Mobius transformation to U, it suffices to
prove the Proposition in the case that U is an open set in C.

First, we show that K~1(C\ U) = 0 and ¢, : K°(C) — K°(C\ U) sends f3x to 0, where ¢
is the restriction map.

We claim that U can be written as a countable union U = |J, .y U, where, for each n in

neN
N, U, is a finite union of bounded open rectangles U,, = {RY, ..., R}, } such that

(1) U, is connected,

(2) The closure of U,, in C is contained in U,

(3) U, C U1, and

(4) for any i,j < k,, RN R_? is either empty or a closed rectangle.

Finding a collection U, = {RY, ..., R} }nen satisfying (1) and (2) is easy. Suppose U also
satisfy (3) and (4) for [ <n — 1.

Since U,, is compact and contained in U, for each i < k, we can dilate R} to a larger
rectangle R? so that {R7, ..., RZH} = U, satisfies (1), (2) and (4). Denote U}, = |, R,

Now, for each 7 < k,, cover R:‘ \ R by a finite collection of open rectanéles S, =
{Si1,..;Sim;} in U, and, for I > n+1, let U/ = U; U U” Sijand Ul =U U, S;. U,
satisifes (1) and (2), and U, satisfies (3). So, we may induct this process to replace a collection
{Up }nen satisfying (1) and (2) with a collection satisfying (1) — (4).

Fix such a collection {U,, },en. Let X be a maximal connected component of C \ U,. We
show that X has a (non-empty) simply connected interior with a boundary that is a Jordan
curve.

For each i < k,, write OR} = U?:l L;;, where L;; is a maximal horizontal or vertical
line. Let x be in 0X. Then, x is in a line L;; for some 4, j. Let 7, : [0,¢] = 0X be the unit

speed curve following the line L;; in the counter-clockwise direction, starting at v,(0) =
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and ending once the line intersects a new line at 7, (¢). By condition (4) of U,,, this new line
is unique. Continue defining =, on this new line, and inductively on the next new lines until
v intersects itself at 7,(t.). By condition (4) of U,,, this first intersection point of ~, must
be z. Since v, : [0,t,] — O0X is piece-wise linear with no intersections other than at the
endpoints, it is a Jordan curve.

By the Jordan curve Theorem, v, separates C into two simply connected components,
one which contains U,, and the other, denoted A,, which does not. By maximality of X,
we must have A, C X. By (4) and connectedness of X (which follows from (1)), we must
have X = 7,([0,t.]) = OA, and hence A, = X. We have shown X has a non-empty simply
connected interior with boundary that is a Jordan curve.

Therefore, by Carathéodory’s Theorem, there is a homeomorphism ¢ : X — D, which
is holomorphic on the interior of X. Hence K~'(X) = 0. Since C \ U, is a finite disjoint
union of its maximal connected components, it follows that K~1(C \ U,) = 0. By Corollary
4.1.10, i, : K°(A) — KO(@) sends (34, where A is a simply connected component as above,
to Bz, and so ¢.(Be) = j«(Ba) in the direct summand K°(X) of K°(C\ U,), where j =i :
Co(A) — C(X) is the inclusion. Since ¢ is a bi-holomorphism on A, Proposition 4.1.9 (2)
implies ((¢™1)*)+js(84) = j+(Bp), which is 0 in K°(D). Hence, ¢.(fc) = 0 in K°(C\ U,,).

C(C\ U) is the inductive limit of the restriction maps r, : C(C\ U,) — C(C\ Up41), so,
by continuity of K~! and K°, it follows that K~(C\ U) = 0 and ¢.(8z) = 0 in K°(C\ U).
Note also that ¢.([1¢]) = [1¢\p]-

Hence, the 6 term exact sequence of K-theory associated to
0 —— Cy(U) —— C(C) —= C(C\U) — 0

implies that i, : K°(U) — K 0(@) is an isomorphism onto Zf. Let Sy be the unique generator
of K°(U) such that i.(8y) = B¢
By Corollary 4.1.10, j.(Bv) = Bz for any simply connected open set V' C U, where

~

j: Co(V) — C(C) is the inclusion. Hence, i.(fv) = fu. O

Corollary 4.1.12. For any connected open set U of C, there is a generator By in K°(U)

such that, for V C C another connected open set,
(1) if T : U — V is a bi-holomorphism, then (T~1)*).0v = PBv, and
(2) if U CV andi: Co(U) — Co(V) is the inclusion, then i,y = Py .

Moreover, if U is not entirely C, then K U)=7Zpy ~7. If U = C, then B¢ and [1z] form

a minimal generating set for KO(@) ~ 72.
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Proof. The generating properties of By are contained in Corollary 4.1.10 and Proposition

4.1.11.
Let U’ C U be a simply connected open set, U C V and T : U — T(U) a bi-holomorphism.

By Proposition 4.1.11, the maps induced by inclusion send By to Sy, Syr to By, and Brer

to Brw). Hence, the commutative diagrams

KO(U") —— KY(T(U")) KO(U")
K(U) —Z— KOT(U)) KO(U) —=— K°(V)

and Proposition 4.1.9 (2) imply the Corollary. O



Chapter 5

The K-theory of a rational function

acting on the Riemann sphere

We now compute the K-theory for an arbitrary rational function acting on the Riemann
sphere, which follows easily from Corollary 4.1.12, Proposition 4.0.7, and the Pimsner-
Voiculescu 6-term exact sequence.

We first record an easy lemma that will be used in this section as well as in Chapter 6.

Lemma 5.0.1. Let R be a rational function and U an open set such that R = R : U —
R(U) =V is a homeomorphism. Then, 5U®0[51:3,U] = By.

Proof. For fin Co(U), 1, pin By, and g in Co(V), we have f-i = fi), (¢, ) = (Pp)o(R)™,
and ¢ - g = ¢(go R). Therefore, the class of Epy in KK(Co(U), Co(V)) is equal to the class
of the *-isomorphism (R~1)*.

R:U — V is a bi-holomorphism, so by Corollary 4.1.12, we have ((E’,_l)*)*ﬁU =py. O

We now compute one of the maps appearing in the Pimsner-Voiculescu 6-term exact

sequence of K-theory for Op ¢.

Proposition 5.0.2. Let R be a rational function. Then, ®[ER,@] = 1 as mappings K°(C \
Cre) = K°(C).

Proof. Let U be a connected open set in C such that UNCre = Pand R=R:U — R(U) =
V' is a homeomorphism. By Proposition 4.0.7, (t)*[Ege] = (iv)«[Ex 1]

Corollary 4.1.12 implies that (¢7), : K°(U) — KO(@\CR’@) is an isomorphism. Therefore,
to prove the Proposition, it suffices to show ©(uy)*[E¢] = @(w)*t as mappings K°(U) —
K°(C).

Note that

68
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(1) ()"t = (ip)s, and
(2) &0 [Ene] = (iv). o (GolEny]) (from above)
By Corollary 4.1.12, both (i), and (iv). o (®0[€z]) send By to fe. O

The above calculation is enough information to determine the K-theory of Oy ¢.
Theorem 5.0.3. dpy : K1(Oge) — K°(C\ Cre) is an isomorphism, and
0 —— K%C) —— Ko(Ope) —=% KH(C\ Cre) — 0
15 a short exact sequence. Consequently, KO((’)R@) ~ Z1eHwith the class of the unit a

generator in a minimal generating set for Ko(Op¢), and Ki(Og¢) ~ Z.

Proof. By Proposition 5.0.2, and the fact that Kﬁl(@) = 0, we may fill in the Pimsner-

Voiculescu 6-term exact sequence as follows:

K°(C\ Cpe)) —— K°(C) —— Ko(Ope)

o] [

K1(Opge) 4 0 < K~(C\ Cre):

Exactness of the above diagram imply the first two claims of the Proposition.

K (O R@) ~ 7 then follows from Corollary 4.1.12. By the paragraph preceding Proposi-
tion 7.0.1 (this forward reference won’t cause any circular arguments), we have that K~1(C\
CR@) ~ 7/%¢l71and so the short exact sequence in the Corollary splits. Hence, by Corol-
lary 4.1.12 in the case U = C, we have Ko(Ope) =~ K'(C)e K~'(C\ Cre) = Z/CreH with

the class of the unit a generator in a minimal generating set. O



Chapter 6

The K-theory of a rational function

acting on its Fatou set

In this section we compute the K-theory of a rational function R acting on its Fatou set.
As in the previous section, we do so by calculating the kernel and co-kernel of t — ®;[Er ry.],
1 =0,1.

The case for ¢ = 0 follows similar techniques as in the previous section once we understand
how R permutes its Fatou components. Most of the section will be dedicated to ¢ = 1.
The fact that any compact set of Fr is eventually mapped into a global “attractor” with
manageable K ! (essentially Corollary 2.5.17) makes this calculation possible.

Let’s write Fgr = Uxe + Uz, where U, are the maximal connected components of Fr and
X is a (countable) indexing set. Since R™'(Fg) = Fg, it is easy to see that R maps U, onto
another component U, (,), for every z in X.

For each z in X, denote Sy, = f, and BUz\CR,FR = e,. By Corollary 4.1.12 we can (and
will) identify K°(Fg\ Cr r,) and K°(Fg) with @,y Ze,| and D,y Z[f.], respectively, via

the inclusion maps.
Proposition 6.0.1. ®[Ex r,] sends e, to fou), for allz in X.

Proof. For each z in X, let U be an open set in U, such that R = R : U — R(U) = V
is a homeomorphism. Then, by Proposition 4.0.7, we have (ty)*[Erv,] = (iv)«[Ex ], Where
w=1:Co(U) = Co(Uy \ Crpy) and iy =1 : Co(V)) = Cy(Uy(s)) are the inclusions.
Hence, e,@0[Eru,] = ((w)«fv)®[Erv,] = (iv)+(Bu®Eq ). By Lemma 5.0.1, By ®Ex
= fy, and, by its definition, fo(z) = (iv).Byv. Therefore, ex®0[Eru,] = fo@ for all z in X.
Since (t2)*Erpy = (lo@))«Erp, for all x in X, where 1, =i : Cy(Uy \ CR@) — Co(FR)
and i,(z) = 1 : Co(Uy(z)) — Co(FRr) are the inclusions, we have that, under the identifications

made previous to the Corollary, ®o[Er r,] = Brex®0o[Erv,] as mappings from @, Zle,]
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to @, x Z|f.], proving the result. ]

We will call a finite subset P = {z1,...,2,} C X a cycle if o(P) = Pand o : P — P is
minimal, and so, equivalently, P is a periodic orbit of o : X — X. It easy to see that two
distinct cycles are disjoint. We will denote the collection of cycles to be Fg.

By [54, Corollary 2|, Fr must be a finite set. By [56, Theorem 1], for every x in X, there
is k in N and a cycle P in Fp such that o*(z) is in P. So, X = Uper, Unen o™ (P).

Corollary 6.0.2. The mapping 1 = ¢ — @o[Erry) : KO(Fr\ Cre) — K°(Fg) has kernel

generated by the elements ep := >, _,e,, where P is a cycle in Fg.

zeP
For each cycle P, choose an xp in P. The subgroup of K°(Fg) generated by the elements

{fep} Pern, maps isomorphically onto the co-kernel of n, via the quotient map.

Proof. For each P € Fg, denote Xp = J,.yo "(P), and Ep, Fp the subgroups of K°(Fp \
Cre)s K°(FR) generated by {e;}eexp, {felzexp, respectively. By Corollary 4.1.12 and
Proposition 6.0.1, n(es) = fo — fo() for all z in X, so n~'(Fp) = Ep for all P in Fg. Denote
np =n: Ep — Fp. By the above commentary we have Xp N Xp = () for distinct cycles P,
P and | |pe 7, Xp = X, so (canonically) K°(Fg\ Cy¢) =~ @per, Ep, K'(Fr) ~ @pey, Fr
and 1 =~ @per,np. Hence, it suffices to show ker(np) = Z[ep| and Z|f,| maps isomorphically
onto co-ker(np) via the quotient map, for any cycle P in Fr and any z in P.

Since o : P — P is a bijection, we have that n(ep) = > .p fo = > .cp fow) = 0. Suppose
9 = D 4ep Oz€z, Where I is a finite set of Xp containing P, and 0 = 1(g) = > cp o fo —
Y ver Oz fo@)- Then, erF\U(F) a,fr = 0, so we may conclude that F' = {z € F : a, # 0}
satisfies o(F") = F’. P is the only non-empty cycle contained in Xp, so either F/ = ) (g = 0)
or F' = P. Let’s assume the latter, and write P = {z1, ..., x,}, where o(z;) = x;1; mod n,
for all i < n. We have that 0 = n(g) = >, cp tafo — Dvep Cafo@) = Doiq (@i — @iz1) fa,, SO
a; —a;—1 = 0 mod n. Hence, g = a - ep for a = ay. Therefore, ker(np) = Z[ep].

Now, it remains to show for any x in P and n in Z \ {0}, nf, is not in im(np), and
Z|f;] +im(np) = Fp. Let ¢ : Fp — Z be the homomorphism satisfying ¢(f,) = 1 for all y
in Xp. Since p onp(e,) =0 for all y in Xp, we have p(im(np)) = 0. Since 0 # n = p(nf,),
we have that nf, is not in im(np). For any y in Xp, 0 = n(ey) = f, — fory) mod im(np),
80 fy = fory mod im(np) for all k in N. By definition of Xp, there is a k in N such that
o"(y) = z. Hence, Z[f,| +im(np) = Fp. O

We will now determine the kernel and co-kernel of ¢ — ®1[Eg r,] acting on K.
First, we must explain how we orient the components of a Herman cycle. This will be
crucial later on to calculate the kernel and co-kernel of the connecting maps between the

groups associated to R : Fr — Fg and that of R : C — C, which we will need to know
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if we are to calculate the groups associated to R : Jg — Jr from our exact sequences
relating all three. For this reason, we must describe part of the kernel and co-kernel of
L — @1[ErFy) + K"YFr \ Crp,) — K Y(Fg) in terms of this orientation, which we now
define.

Let R be a rational function, and suppose @ is a Herman cycle for R. Choose a component
ro in Q. The boundary 0U,,, has two connected components ( [39, Lemma 15.7]); choose
one to denote 8+UIQ and call it the interior boundary. Denote the other component 0~ U,,
and call it the exterior boundary.

From the 6-term exact sequence of K-theory associated to

0 —— Co(U

zQ

) —— C(Uyy) —— C(6+UIQ|_|8‘UIQ) — 0,

Q
there is a group homomorphism exp : K°(0%U,,) ® K°(0~U,,) — K *(U,,). Since U,,,
0%U,,, and 0~ U,, are connected, compact and proper subsets of C, by Proposition 4.1.5,
their K° groups are isomorphic to Z and are generated by [1%], [13+U1Q], [13—U1Q], respec-
tively. Hence, the kernel of exp is generated by [16+UIQ] + [18—UIQ]7 the image is generated
by exp([lo+v,, ), and exp([lo+u,,]) = —exp([lo-v,,]). Usq is homeomorphic to an open

annulus, so K~1(U,,)) is isomorphic to Z, and the image of exp is isomorphic to n - Z for

zQ
some n > 0. From the 6-term exact sequence associated to

0 —— Co(C\ Uy) — C(C) —— C(U,,) — 0,

it is easy to see K 1(U,,) contains no torsion. Therefore, exp must be surjective, and so

zQ
Usg = exp([lo+y,,]) is a choice of generator for K (Uy,).

We now orient the boundaries of the rest of the cycle elements as follows. Suppose @ is
length n, and 0 < k < n — 1. Let 0TUsr(py) = R¥(01Usy), 0 Usk(yg) = R* (0 Upr(y,,), and
ng(zQ) = exp([13+UUk )])

R : Uy, — U, is conjugate to an irrational rotation, and is therefore homotopic to

the identity. Hence, the induced map (R°™), on K—(U,,,

(z

) is equal to id. Therefore, by
naturality of exp, we have a commutative diagram

(Ron*)*
Z[18+UIQ] — Z[lRon(@-{-UIQ)]

lexp lexp

Kﬁl(UmQ) (T Kﬁl(UxQ).

Hence, R°™(07U,,,) = 07Uy,

Similarly, for any x in @), the commutative diagram
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0 — Co(Uy) —— Co(Ty) ——— CO U, Uy) —— 0

R*T R*T R*T

0 —— CO(UU(@) E— CO(Ua(w)) E— 0(8+Ug(x) |_|8‘Ua(x)) — 0
implies, by naturality of exp, a commutative diagram

(R*)«
Z[lgﬁ—yz} — Z[18+UJ(I)]

lexp lexp

K_l(UJE) W K_l(Uo(a:)>’

and so ((R°™1)*) sty = Ug(y).

We will call the choice of generators {u, }zcq for K~'(Ug) = @,cq K '(Us) (or equiv-
alently a choice of boundary components) an orientation for ), and denote ug = ZmeQ Ug.
Note that there are only two possible choices of such an orientation for ). We will call @)
equipped with a choice of orientation an oriented Herman cycle.

We will also need to understand the relationship between K~'(Fr\ Cr r,) and K~'(Fg),
which is the domain and co-domain of ¢ — ®;[Eg ], respectively. The following lemma is all

we need.

Lemma 6.0.3. Let U be a proper open set of(é and D C U a finite set. Then, there are
open sets V and W contained in U such that

(1) VN D=0, and V contains any connected component of U not intersecting D,

(2) W is a disjoint union of simply connected open sets which contain D,

(3) in: K~Y(V) — K~Y(U) is an isomorphism, and

(4) iv+i, : KW\ D)® K(V) = KU\ D) is an isomorphism, for any D C D.

Denote the image of i, : K~Y(W \ D) — K=Y (U \ D) to be G(U, D). Assuming |C\ U] > 2,
G(U, D) has the property that if W is any open set in U that contains D and is the disjoint
union of simply connected open sets, theni, : K=Y (W\D) — K=Y (U\D) maps isomorphically
onto G(U, D).

Proof. Let Uy, ..., Uy be the maximal connected components of U that contain D. For each
i <k, let L; be the image of a smooth non-self-intersecting curve ~; : [0, 1] — C which passes
through U;N D and L; NU; = v;([0,1)). We may also assume ;(0) is in D, for all i < k. Let
W; be a simply connected open neighbourhood of 7;([0,1)) in U; (which can be found, for
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instance, by applying the tubular neighbourhood Theorem to the embedding v;((0,1)) C Uj;).
Then, W/ = W; \ %([0,1)) is also simply connected (C\ W/ and W/ are both connected).
Let V=U\ (U, L), W=UL,W;, and W = Ji_, W/. Then, VN D =0, V contains
all connected components of U not intersecting D, and D C W,
Since U \ V' is homeomomorphic to the disjoint union of &k half-open intervals, Co(U \ V)

is contractible to 0, so by the 6-term exact sequence of K-theory associated to the extension
0 —— Co(V) —— Co(U) —— Co(U\V)) —— 0,

we have that i, : K~1(V) — K~1(U) is an isomorphism.
Let D be a subset of D. Since VU (W \ D) = U\ D and VN (W\ D) = W',

by [30, Theorem 4.19|, we have the following exact sequence:

KOW') == K'W\ D) & K°(V) == K°(U\ D)

I

KN U\D) ¢—— K'(W\D)& K (V) — K '(W).

i*@—l*

By Corollary 4.1.12, KO(W’), K°(W \ D) are free abelian groups generated by {Bw:}r;,
{5Wi\ 1, and ix(Bwr) = By p for all i < k. Therefore, the left-most horizontal map in the
above diagram is injective. Exactness then implies that i, + i, : K '(W\ D) K (V) —
K~ (U \ D) is surjective. Since W’ is the disjoint union of simply connected open sets,
K~Y(W') = 0. Exactness of the diagram then implies i, + i, : K~'(W \ D) ® K~'(V) —
K=Y (U \ D) is injective.

We now show G(U, D) has the stated property below Lemma 6.0.3.

If W7 and W5 are open proper subsets of C that are the disjoint union of simply connected
sets and D is a finite set such that D C W; C Wy, then K~1(W;) = 0, j = 0,1, and by
Corollary 4.1.12, 4, : K°(W, \ D) — K°(W;) is an isomorphism, for j = 0,1. Therefore, by

naturality of the exponential maps associated to the short exact sequences

we have a commutative diagram

K(D) =—— K°(D)

lexp lexp

K~Y(Wy\ D) —— K-1(W;\ D)
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with vertical arrows being isomorphisms. Hence, i, : K~'(W; \ D)) — K~ '(W, \ D) is an
isomorphism.

Now, suppose W is the disjoint union of simply connected open sets contained in U and
containing D. Since ]@ \ U| > 2, we may regard W and W as the disjoint unions of simply
connected, proper open sets of the complex plane C. Therefore, W N W is also the disjoint
union of simply connected open sets contained in U and containing D (C\ W and C\ W
are connected, contain the common point oo, and hence C \WNW = C \Wu C \ W is

connected). We have a commututative diagram

K'\WnW\ D)) — K-'\(W\ D)

| !

K'(W\D) —— KU\ D).

The top horizontal and left-most vertical map have been shown to be isomorphisms, so
commutativity implies 7, : K~'(W \ D) — K~'(U \ D) maps injectively onto G(U, D). [

We can now describe the kernel and co-kernel of ¢+ — @[Epp,] 1 K~YFr \ Crpy) —
Kﬁl(FR).

Proposition 6.0.4. Let R be a rational function, denote Hg to be the set of Herman cycles
for R, and fix an orientation for every P in Hr. The mapping v =t — @1 [Eppy) 1 K HFg \
Crrn) — K (Fgr) has kernel generated by the elements up = Y.
Herman cycle, and the subgroup G(Fr,Crry,) of K (Fr\ Crry)-
For each P in Hp, choose an xp in P. The subgroup of K~1(Fg) generated by the

sep Uz, where P is a

elements {uy, } perp, maps isomorphically onto the co-kernel of v via the quotient map.

Proof. For each cycle P in Fg, We will denote Up = (J,cp Uz, Xp = U, ey, 07"(P), and
F(P) = U,ex, Uz- Then, F(P)NF(P') = () for distinct cycles P, P', Fr = Upc 5, F(P), and
R™Y(F(P)) = F(P) for any cycle P. In particular, we can identify K~ (Fg), K~ (Fr\Cr.r,)
with @ per, K (F(P)), @per, K (F(P)\ Crrp)), respectively, via the inclusion maps,
and (by Proposition 4.0.7) (tp(p))*[Errr] = (irp))«[Er F(p)] for any cycle P in Fr. Therefore,
to prove Proposition 6.0.4, it suffices to show the mapping vp = t — @1[Er pp)] : K (F(P)\
Crrp)) — K 'F(P)) has kernel generated by G(F(P),Cgrp)), along with up if P is
a Herman cycle, and co-kernel generated by u,, if P is a Herman cycle, with co-kernel 0
otherwise.

Let Ap and B be as in Proposition 2.5.17, and denote B = Ap = Up when P is a Herman
cycle. Let {V/},en be a family of pre-compact open sets in F(P) such that V! C F(P),
Vi C V., forall nin N, and (JV,, = F(P). By Proposition 2.5.17, for every n in N there is
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a k, in N such that R*(V/ U B) C Ap. Define V,, = (", R(V! U B)) U Ap for all n in N.
Then, |J Vi = F(P) and, for all n, V,, has the properties

neN "1

(1) AP g B g Vn g Vn+17
(2) R(V,) CV,, and
(3) Rk~(V,) C Ap.

By (1) above, K~*(F(P) \ Crrp)) and K '(F(P)) are the inductive limits of the (maps
induced by) the inclusions (:,)* : K=YV, \ Crrpp)) = K ' (Vg1 \ Crrpy), and (in)s
K=1(V,) = K~1(V,,11), respectively. Denote R, = R :V,, — V,,. By Proposition 4.0.7, we

have that (t,)"[Er,. i viar] = (1n)«[Er, v, for all nin N, and (v,,)*[Er pp)] = (i)« [ER i)
where v, = i : Co(V,, \ Crrp)) = Co(F(P)\ Crrpy) and p, =i : Co(V,) = Co(F(P)),
for all n in N. Therefore, vp is the inductive limit of the maps ~, = ¢ — ®1[5Rn,vn] :

K (Vo \ Crppy) — K71(V,), so it suffices to show, for all n in N, that +, has kernel
generated by G(V,,Cgrpp) N V,), along with up if P is a Herman cycle, and co-kernel
generated by u,, if P is a Herman cycle, with co-kernel 0 otherwise.

First, we prove the following lemma.

Lemma 6.0.5. for any open set A of Fg, and finite set D C A, G(A,DU(ANCgp,)) is in
the kernel of @1[Er ap] : KH(A\ (DUCRr,)) — K~ (Fg).

Proof. Denote D' = DU (AN Cgr,) Since R is a rational function, for every ¢ in D', we can
find local co-ordinates about ¢, ¥ about ¢, R(c), respectively such that ¢(c) = 0, ¥(R(c)) =0,
and Y(R(¢p~1(2))) = 2™, for all z in a neighbourhood of 0, for some m in N. Therefore, for
every ¢ in D', there is a simply connected open set W, containing ¢ and contained in A such
that W. N W, = 0 for all distinct ¢, ¢ in D’ and R(W,) is simply connected.

By Lemma 6.0.3, >~ (je)« : @ocp K1 (We\ ¢) = G(A, D) is an isomorphism, where j, =
i: Co(We\ ¢) = Co(A\ D). By Proposition 4.0.7, we have (jc)*[Er a\p] = (irw.))«Erw.]-
Since K~ (R(W,)) = 0, it follows that ®(irw,))«[Erw,] = 0 for all ¢ in D. This proves the

lemma. O

Denote C,, = V,, N Cg p(p). As a special case of Lemma 6.0.5, we have that G(V,,C,,) is
in the kernel of ®;[Eg, v,]. The diagram

G(V,, Cp) —— K Y(V},)

| |

KL W\ C,) — K-Y(W)
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commutes, where W is any disjoint union of simply connected open sets containing C,, and
contained in V,,, and the maps are induced by inclusion. The left vertical map is an isomor-
phism by Lemma 6.0.3, and the bottom right group is zero. Hence G(V,,, C,,) is also in the
kernel of ¢, so that G(V,,, C},) C ker(~,).

We now determine the rest of the kernel, but first we set some notation. For 0 < i < k,,, let
Vi= Vn\Ufiai R7(C,). Then, R(V;) C Vi, forall0 < i < k,—1. let Ry = R: VI — Vitl,

Denote by V' the (same labelled) open set from Lemma 6.0.3 applied in the case that U =
Vo, D = Ufﬁo R7Y(C,,), and, for every 0 < i < k,, let &, : K~(V) — K~'(V") be the (map
induced by) inclusion. Then, by Lemma 6.0.3, &; + j, : K~ 1(V) & G(V,, Uflgi R7(C,)) —
K~=Y(V?) is an isomorphism, for every 0 < i < k,,.

For every 0 < i < ky, we shall denote ¥ = [£z 1] and ¢ = j, : K='(V') — K—H(V,). Tt
will always be clear the domain of these maps, so no confusion from this notation ambiguity

will arise. Moreover, for 7, m in N such that : + m < k,,, we will denote U™ =

LR -

Now, by Proposition 4.0.7, we have, for every 0 < i < k, and u in K~ '(V), that
ek, (W) @1 [Er, v,] = t(e:(w)&1P). So, if e, (u) is in the kernel of 7, then (g;(u) —&;_1 (u)QRW)
=0forall 1 <i <k, Itiseasytoseefrom Lemma 6.0.3 that, for every 0 < ¢ < k,,, the
kernel of « : K=Y (V') — K~'(V},) is precisely G(Vn,Ufigi R™(C,)). So, we may conclude
that &;(u) — g1 (u)®W is in G(V,,, Ui, R7(C,)).

We now prove that &;(u) — go(u)®@W is in G(V,,, Ufigi R7(C,)) for all 1 < i < k,. From
directly above, we know this is true for ¢ = 1. Suppose we know it to be true for: < k,—1. By
Lemma 6.0.5, we then have that 0 = (g;(u) — &o(u) V)RV = ;(u)QV — go(u) W L. From
directly above, we then know that (g,,1(u) —&;(u)@W) + (£;(u) QY — go(u)QUH) = g;, 1 (u) —
go(u)®U! is in G(Vn,U?gFl R7(C,)). By induction, the result holds. In particular,
ek, (1) — eo(u)@W* is in G(V,, C,).

We will now show for any ¢ in K ~1(V*), there is b in K~(B\ C,,) such that g@Wk» =
i+(b), where j is the inclusion map.

Denote X; = RY(V,,) \ U?Z; RI(C,) for 0 <i <k, F;=R:X; = X4, for 0 <i <
kn — 1, and A" = [ER, x,|®[ER x,]9...Q[EF,_, x,_,] for 1 < i < k,. We claim j,A™ = U™,
where j =i : Co(X,,) = Co(V™) for all 1 <m < k,.

We prove this by induction. Note that X, = V° By Proposition 4.0.7, ¥ = j,A.
Now suppose the claim is true for m < k, — 1. Then, U™ = (j,A™)®[Es m|. By the
properties of the Kasparov product (see Section 2.4), (j.A™)®[Ex ym] = AMQ[*Ex ym)-
Since R(X,,) € X,p1 € V™ by Proposition 4.0.7, we have that J*Er,, vm] = Jel€Fn X
Therefore ¥ = A™®j,A = j,A™"!. By induction, we have proven the claim.

In particular, W% = j Ake for j = i : Co(Xy,) — Co(V, \ Cy). Since X, C Ap \
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C, C B\ C,, we can factor j, as j, = i, oi,, for i, = K- '(X;,) — KB\ C,) and
i, = K'(B\C,) = KV, \ C,). Therefore, for any g in K~1(V*), b = g&®i,A* satisfies
gRWFr = i,(b).

So far, we have shown for every u in K~!(V') such that ey, (u) is in ker(y,), there is b in
K~Y(B\ C,) such that &, (u) — i.(b) is in G(V,,C,). We must now separate the analysis
into two cases, the case when P is a Herman cycle, and the case when it isn’t.

Suppose P is not a Herman cycle. Then, for i, : K~'(B\ C,) — K~ *(V,,\ C,), we can
factor ¢ o i, as ¢ o, = (i1)«(i2)«, Where io =i : Cy(B \ C,,) — Co(B). Since in this case B is
the disjoint union of simply connected sets, K~!(B) = 0. Hence, ¢(i,(b)) = 0, which implies
t(eg,(u)) = 0. By Lemma 6.0.3, toe, =i : K Y(V) — K~(V,) is injective, and therefore
u = 0. So, when P is not a Herman cycle, the kernel of ~, is equal to G(V,,,C,,).

Now, suppose P is a Herman cycle. Then B\ C,, = Up. Moreover, Up does not intersect
D = Uf;o F~(C,) (otherwise an irrational rotation would contain a critical point), and so
by (1) of Lemma 6.0.3, Up C V. Therefore, i.(b) = e, (j«(b)), where j : Co(Up) — Co(V)
is the inclusion. So, we can write ey, (u) — i.(b) = ek, (u — 7.(b)). Since the intersection
of the image of ¢, and G(V,,C,) is zero, it follows that e, (u) = i.(b). We can write
ix(b) = > ,cp Aaly, for some a, in Z, x in P. Since Rp = R : Up — Up is a homeomorphism,
the class of [Eg,.u,] is equal to the class of (Rz')*. Hence, by the definition of u,, for z in
P, we have u,®1[Er, v,] = Uo(x) for all z in P. Therefore, 0 = i(ey, (1)) — &g, (0)@1[Er, v, ] =
> sepl@a — Go(g))uy. Hence, a, = a, =: a for all 2,y in P. Therefore, the kernel of +, in the
Herman cycle case is equal to G(V,,,C},) +Z - up.

We will now determine the co-kernel of ~,.

First, note that for any 0 < i < k, — 1 and ¢g in K~1(V?), we have (g ®; ¥) =
3«(9)®1[ER, v, ], where j @ Co(VY) — Co(Vi, \ Cp) is the inclusion. Therefore, for any
0<i<k,—1and gin K~}(V?), 1(g — g®W¥) is in the image of ~,.

Let v be in K~1(V},). Then by Lemma 6.0.3, there is v in K~*(V) such that ¢(g, (u)) = v.
By the above note, t(ey, i (u) QU —&5, (11 (u) WD) is in the image of ,, for all 0 < i < k,,—
1. Therefore, v is equal to ¢(e, (u)) + 31" Uk —(i+1) (W) TOD —gp L @UY) = 1(g0(u)@WH)
modulo the image of ~,.

We have already shown while describing the kernel that ¢(eq(u)@¥*) = 0 if P is not a
Herman cycle. Therefore, in this this case, the co-kernel of ~, is zero.

If P is a Herman cycle, then ¢(go(u)@W¥*) =3
YnlUz) = Uy — Ug(y) for all z in P, it follows that )

sep Qzlz, for some a, in Z, r in P. Since

sep Gzltly (and hence v) is equivalent to

a - u,, modulo the image of v, where a := > _, a,.

reP
We now show that for any a in Z, a - u,, is not in the image of v, which will complete

the proof of this Proposition.
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First, assume u is an element of K~*(V \ Up) such that (g;(u) — g;_1(u)®V¥) = w for
some w in K1 (Up). Therefore, for every 0 < i < k,, — 1, there is h; in G(V;, U;.:O R™I(Cy))
such that ey, _;(u) — g, —(i+1) (W)W + h; = w. Since K~ (Up) is invariant under the action of
U, it follows that ey, (1) — g(u)@UF +-hy = S5t ey (w) QU — g, i1y (w) WD) = w0 for
some w' in K1 (Up). go(u)®@W¥k is also in K~1(Up), and therefore ¢y, (u) is in (K~Y(Up) +
G(V,,Cn)) Neg, (K~H(V \ Up)) = {0}. Hence, v = 0 whenever u is in K~'(V \ Up) and
(ei(u) — g1 (w)®W) is in K—H(Up).

This implies that if t(g) — g®1[ERr,v,] = @ - Uy, for some g in K~1(V,, \ C,) and a in
Z, then (g) — g®1[Er,vi] = D pep(@s — Qo())us for some a, in Z, z in P. Therefore,
a =73 eplta = o)) = 0. O

We can now compute the K-theory of R acting on Fp.

Theorem 6.0.6. Let R be a rational function. Denote by Fg the set of Fatou cycles for R
and Hg the set of Herman cycles for R. Let G(Fr,Crp,) € K" (Fr\ Crr,) be the group
in Lemma 6.0.3 applied to the case U = Fr, D = Cg pp,.

Let épy : K1(Oppy) — K°(Fgr\ Crp,) and exppy : Ko(Orp,) — K Y Fr\ Crry,)
be the same-labelled maps appearing in the Pimsner-Voiculescu 6-term exact sequence for

R : Fr — Fr. Then, we have short exact sequences

exppy;

0 —— Bper, Zlfor] —— Ko(Orpp) —2% G(Fp,Crory) ® Boeny L ug — 0

Tx 0
0 —— Doepp Z - tep — Ki(Orry) — Drer, ZLlep) —— 0,

where xp is a choice of an element in the cycle P, for all P in Fg (or Hg ). Hence,
K0<OR,FR) ~ Z|-7:R|+|HR|+|C'R,FR| and KI(OR,FR) ~ ZI‘FRIHHR'.

Proof. By Corollary 6.0.2 and Proposition 6.0.4, we can fill in the Pimsner-Voiculescu 6-term

exact sequence as follows:

Drer, Zler] —— Drer, ZUfar] : > Ko(Or.ry)

il lexp

Kl(OR,FR) (T @QGHRZ-UQ;Q <T G(FR,CR,FR) @®QEHRZ'UQ

Exactness of the above diagram concludes the proof that we have short exact sequences as

claimed.
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The 2nd paragraph of Chapter 7 implies G(Fg, Cr py,) =~ ZImrrland so both the short
exact sequences above are split exact (this forward reference won’t cause a circular argument).

]



Chapter 7

The K-theory of a rational function

acting on its Julia set

In this section we compute the kernel and co-kernel of + — ®[Eg 7,,] (in both degrees), as well
as some related groups. As a Corollary, we will have determined the K-theory of a rational
function acting on its Julia set. First, we orient some K ! groups.

Let W be a union of pairwise disjoint open simply connected proper sets of C, and D C W
a finite set. By Corollary 4.1.12, i, : K°(W \ D) — K°(W) is an isomorphism. Since W is
a disjoint union of simply connected open sets, we have that K~'(1W) = 0. These two facts,
imply the exponential map exp : K°(D) — K~Y(W \ D) from the 6-term exact sequence of
K-theory associated to

0 —— Co(W\ D) —— Co(W) —— C(D) —— 0

is an isomorphism. For each d in D, we will denote exp([14]) = vg. The free basis {vg}aep
for K='(W \ D) will be our canonical choice of generators, or “orientation”.

Similarly, the short exact sequence
0 —— Co(C\ D) —— Co(C) —— C(D) —— 0

gives a surjection exp : K°(D) — K~'(C). In this case Corollary 4.1.12 implies Z[1g]
maps isomorphically onto the co-kernel of i, : K°(C\ D) — K°(C), via the quotient map.
Therefore, the kernel of exp is i,[l¢] = > ,cplla]. Denote exp([l4]) = vq, for d in D.
K~Y(C\ D) is then the group generated by {vs}scp satisfying the relation Y depd = 0.
Therefore, {vg}aep\(ay is a free basis for K ~H(C\ D), for any d' in D, but we will prefer to

work with the whole generating set modulo its relation.

81
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These generators behave well with respect to inclusion in the following sense.

Proposition 7.0.1. Let Wy, W5 be unions of pairwise disjoint simply connected (not neces-
sarily proper) open sets in C such that Wy C Ws, and suppose D, K, C' are finite sets such that
D Q Wl, K Q Wl\D, and C Q WQ\WI. Then, Z* : K_l(Wl\(KUD)) — K_l(WQ\(DUC>>

sends vg to vg, for all d in D, and sends vy to 0, for all k in K.

Proof. By naturality of exp, we have a commutative diagram

K°(K U D) ‘ » K°(DUC)

lexp leXP

KWy \ (KU D)) —=— K-'(W,\ (DUCQ)),
where ¢ sends 1,4 to 14, for all d in D, and 1, to 0, for all k£ in K. m

For ¢; and ¢; in Cg j,, we will write ¢; ~ ¢y if {¢1, co} is contained in a connected subset

of Jg. Clearly ~ is an equivalence relation. For c in Cpg j,, we will denote its equivalence
. —1 -l .

class by [c] and the group element ZdGCR’JR:dNC vg in K=H(C\ Cg¢) by vjg. The collection

of distinct equivalence classes will be denoted [Cr j,,]-

Proposition 7.0.2. Let R be a rational function. The image of i, : K~*(Fr \ Crp,) —
K‘l(@ \ Cr.j,) is generated by {Uc}ceCR,FR together with {v[c]}[C]E[CR,JR].

Proof. By Lemma 6.0.3 in the case that U = Fr and D = Cp, g, there are open subsets W and
V of Fr such that W is a disjoint union of simply connnected open sets containing Cr r,,, V' is
disjoint from Cg r,, and the mappings i+, : K (W \Cgp,) DK (V) = K Y Fr\Cr ry),
iv: K7(V) — K~!(Fg) are isomorphisms. Therefore, the image of i, : K~ (Fg \ Crr,) —
K-1(C\ Cre) is equal to the image of i, : K~"(W\ Crp,) — K1(C\ Cr¢) plus the image
of iy : KY(V) = K~Y(C\ Cre).

By Proposition 7.0.1, the image of 4, : K~(W \ Crp,) = K~ 1(C\ Cp.¢) is generated by

{UC}CGCRA’FR .
We have a commutative diagram
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where the map labelled 7 is the restriction map, and the maps labelled i,, j, are induced from
the inclusions.

Since K~1(C) = 0, exactness implies exp : C(Jg, Z) — K~1(Fg) is surjective. Therefore,
commutativity of the above diagram implies the image of i, : K~*(Fg) — K _1(@ \ Cr.) is
equal to the image of exp or.

Functions in C(Jg,Z) must be constant on connected subsets of Jg, so the image of
r is generated by the elements {1j := >,y la}tide(cn,)- By definition, vy = exp(1(y).
Therefore, the image of i, : K~ (Fg) = K Y(C\ Cg.,) is generated by {vig baecn,s,, -

i : K7Y(V) — K~!(Fg) is an isomorphism, so commutativity of the diagram implies
the image of j, o i, is generated by {'U[C]}[C]ec’R,JR. By Proposition 7.0.1, the kernel of j, is
generated by {vc}eecy ., and ji(vyg) = vy for all [c] in [CR s,]. Therefore, the image of
it KY W\ Crpp) — KY(C\ Cr¢) plus the image of 4, : K~'(V) — K-Y(C\ Cre) is
generated by {vc}eecy r, and {v(gteicn, - O

We will now compute the kernel and co-kernel of t — ®,[€r.s,,] acting on K~1.

Proposition 7.0.3. Let R be a rational function of degree d > 1. Let cgy be the size of
Crops kry the size of [Cry,], hr the number of Herman cycles, fr the number of Fatou

cycles, and wg the greatest common divisor of their cycle lengths.

o If Jp = C, the mapping . — ®11Er.7s) : KN (Jr\ Cr.yp) — K~Y(JR) has kernel isomor-

phic to Z*7 =1 and co-kernel equal to 0.

o If Jy # C, the mapping . — &1 [Er,] : K (Jr\ Crup) — K~ 1(Jg) has kernel isomor-
phic to Z/rRTerI=kr1=1 and co-kernel isomorphic to Z/wrZ ® Z/R71L.

Proof. First, assume Jr = C. Then K=1(Jr) =0, so ker(v — ®1[5R,FR]) = K*l(@ \ CRr,y,) ~
7771 and co-ker (1 — ®1[5R,FRD = 0.

Now, assume Jg # C. By Corollary 3.0.10, we have a commutative diagram

Kﬁl(JR \ CR’J) ﬂ) KO(FR \ OR,FR)
lb_é@l[gR,JR] lb—®o[5R,FR}

K~ (Jg) —=2—— K°(Fp).

The bottom horizontal map is injective because K~1(C) = 0.

By Corollary 3.0.10, we have a commutative diagram
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K°(Fp\ Cryp) —— KO(C\ Cpe)
lb®o[5R,FR] lL*®0[5R,@}
KO(Fp) —=— K%C).

The top horizontal map is surjective by Corollary 4.1.12. Putting these two diagrams together

yields a commutative diagram

KY(Jr\ Cry,) — K°(Fp\ Crp,) —— K°C\ Cpe) — 0

lb—é@l[é‘RJR] lb_é@o[gR’FR] lL_®O[5R’C]

0— K '(Jg) —— KO%(Fp) ——= 5 K°%C)

with exact rows. Applying the Snake Lemma to this diagram yields a boundary map 0 :

ker(1 — ®g [Erel) — co-ker(t — ®1[Er.s,]) and an exact sequence

ker(1 — ®1[Ep.s]) —2— ker(1 — ®olEp.py]) —— ker(1 — ®ol€rel)

lo

co-ker(1 — @o[ER ¢]) — co-ker(1 — @o[Er.ry)) N co-ker(t — ®1[Er 1)),

where 4 and 4, are the descent maps of § and i,, respectively.

By Proposition 5.0.2, co-ker(t — ®o[€p ¢]) = K°(C) and ker(1 — ®0lErel) = KO(@\C’R@).
By Corollary 6.0.2, co-ker(1—®g[Er rp]) = @ pernZlfep] and ker(t—o[Er ry]) = B reraZlep],
respectively. By Corollary 4.1.12, i,(f.,) = Be and i.(ep) = ’P’/B@\CR,C for every P in Fg,
so the kernel of i, : ker(1 — @g[Er.ry]) — ker(s — ®0[5R,C]) is isomorphic to Z/2~1 with an
image equal to )y |P|Z = wrZ. Therefore, the co-kernel of i, is isomorphic to Z/wrZ.
The kernel of 4, : co-ker(t — ®o[Er.ry]) — co-ker(t — ®g[€ rcl) is also isomorphic to Z/=~" by
the same reasoning.

Exactness of the above diagram and the above computations imply we have exact se-

quences

0 y G s ker(L — ®1[Exy,]) —— ZIF1 —— 0

0 —— Z/WRZ E— CO-keI'(L — ®1[8R»JR]) —S> ZfR*l ; O7
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where G is the kernel of § : ker(s — ©1[Er.s,]) — ker(t — @o[Er.Fy,])- Both sequences split, so
ker(v — ®1[Er.y,)) = G ® Z/71 and co-ker(v — ®1[Er.y,)) =~ Z/wrZ & Z/771.
We now compute GG. By Corollary 3.0.10, the diagram

K€\ Cpe) —— K '(Jr\ Cruy)

lb*@ﬂfm(@] lb®1[5R,JR]
K7€) ———— K~'(Jg)

commutes. Therefore, r,(K(C \ Cre)) = ra(ker(t — ®1[€R7@])) C ker(t — ®1[€r.y,))- By
exactness, G is equal to 7, (K(C \ Cre)) Nker(e — @1[Er.up)) = r(K—H(C\ Cre))-

Exactness implies the kernel of 7, is equal the image of i, : K~ (Fg \ Cr.p,) — K~ (C\
Cr¢), which, by Proposition 7.0.2, is generated by {Uc}ceCR,FR and {v[c]}[c]e[cR’JR]. There-
fore, r,(K _I(C)) is isomorphic to the group generated by {v.}eecy, s, Satisfying the relations
> geVa = 0, for all ¢ in Cgy,. Hence, G ~ Zrs=krs_ Therefore, ker(c — @1[Er.yp]) =~
TR, IHR=kR,J—1

]

Recall from Chapter 6 the notion of an orientation for a Herman cycle (). We now
compute, for any x in Q, i, : K Y(U,) — K’l(@ \ Cre) using the descriptions of the

domains and co-domains provided by their orientations.

Lemma 7.0.4. Let R be a rational function with an oriented Herman cycle @), and let x be
in Q. Let D be a finite set not intersecting U,, and let D} be the points in D contained in
the connected component of C\ U, containing d*U,. Then, i, : K~*(U,) — K-YC\ D)

sends ugy 10 )40+ Ug.

Proof. Let U} be the union of U, with the connected component of C \ U, containing 07 U,.
Since the complement of U is connected and closed, U is a simply connected open set such
that U N D = D;.

The diagram

0 —— Co(U\Dy) ——— G(U)) ———— C(Dy) —— 0

| | l

0 —— Cy(U,) ————— Co(UF) ———— C(UF\U,) —— 0

| | |

00— Co(U,) —— Co(U, |07 U,) —— C0TU,) —— 0
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commutes, and has exact rows. Therefore, by naturality of exp, we have a commutative

diagram

K°(0tU,) +— K°(Uf\U,) — K°D;)

lexp lexp lexp

K(U,) =——— K'(U,) —— K-'(U} \ D),

where it : Co(U,) — Co(US \ D) is the inclusion. Hence, i (u,) = ij(eXp([lU;\Uz])) =
ZdeD; exp([l4]) = ngD; Ud-
Let j. : K (US\ D) — K~'(C\ D) be the map induced from the inclusion. From the

above calculation and Proposition 7.0.1, we have 4. (u,) = j. (i} (4z)) = Y ge pt Va- O

For Q in Hp and z in Q, let (C\U,)*, (C\U,)~ denote the connected component of C\ U,
containing 8 U,, &~ U,, respectively. Denote J= := (C\ U,)* N Jz and U, = U, U,

Lemma 7.0.5. For Q in Hgr and x in Q, the homomorphism exp : C(Jr,Z) — K 1(FR)

satisfies exp(l;+) = Uy

Proof. The diagram

0 —— Co(Fr\ Crpy) — Co(C\ Crpp) — C(Jg) —— 0

0 —— Cy(U,) ——— 00(7;) — C(0'U,) — 0
commutes and has exact rows, where the vertical maps are the restrictions. Naturality of

exp then implies the diagram

C(JR,Z) i) K_1<FR \ CR,FR)

C(otU,,2) —=— K-YU,)

commutes. We have, by definition, exp(lgty,) = Fu,, so commutativity of the diagram
implies exp(1 ;=) satisfies r.(exp(1,+)) = +u,. Since U, is a connected component of Fp \
CR.Fp, T« is the projection onto the direct summand K~*(U,) of K~ (Fg\Cg r,); let’s denote
this projection qy, .

Now, let U # U, be a Fatou component, and gy denote the projection of K~1(Fg \

Cr.ry) onto the direct summand K~ (U \ Cgr r,). To prove the lemma, it remains to show
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qu(exp(uy)) = 0. Denote Jy = Jp U{U \ Cg p,} The diagram

0 —— Co(Fg\ Crr,) — Co(C\ Crp,) —— C(Jg) —— 0
[ [ H

0 —— Co(U\ Crp,) — Co(Jy) — C(Jg) —— 0
H [ i

0 —— CO<U\CR,FR) — CO<U\CR,FR) E— C(@U) — 0

commutes, and has exact rows, where the vertical maps labelled r are the restrictions. If we
denote the exponential map of the middle and bottom row by exp; and expy, respectively,
then naturality of exp implies gy o exp = expy = expyy O 7.

Either U C (C\ U,)* or U C (C\ U,)". In the first case, dU N J; = (. Therefore,
r(1,-) = 0 and hence —qu(exp(1;+)) = qu(exp(1,-)) = expyy(r(1,-)) = 0. In the second
case, 7(1,+) = 0, so that qu(exp(1;+)) = expyy (r(1,;+)) = 0. O

If @ is a oriented Herman cycle and d is a point not in Ug, then we let Hg(d) be the number
of x in @) for which d is in the connected component of C \ U, containing 07U,. Lemma 7.0.4
implies that if D is a finite set not intersecting Uy, then i, : K~'(Ug) — K~(C\ D) sends
ug to Y e p Ho(d)vg. The functions { Hg }gen,, will also play a role in describing ker(id — @),

as the following Corollary to the above lemma may suggest.
Corollary 7.0.6. Hy, is locally constant on C\ Uy, and Hg — ®(Hg) is constant on Jg.

Proof. Ho =3_,c01(@w,)+ and is therefore locally constant. We have Hols, = > ,co 1+,
so, by Lemma 7.0.5, we have exp(Hg) = ug, where exp = exp : C(Jg,Z) = K (Fr\Cr.ry,)-

Therefore, Proposition 4.1.8 and 6.0.4 (respectively) imply exp(Hg — ®(Hg)) = t(ug) —
uo®1[Erry) and t(ug) — ug®1[Er.r,] = 0. Since the kernel of exp : C(Jg,Z) — K~ (Fg)
equals Z[1,,], it follows that Hy — ®(Hg) must be constant on Jg. O

Let ag : Z[Hg) ®7Z — Z be the homomorphism sending 1 to 1 —d and @) to Hg — ®(Hyp),
for all @) in Hg. Denote the greatest common divisor of {Hg — ®(Hg)}gen, U {1 — d} by
ar. We now compute the kernel and co-kernel of id — ® : C'(Jg,Z) — C(Jg,7Z)

Proposition 7.0.7. Let R be a rational function of degree d > 1. Then,

(1) The homomorphism ¢g : Z"" & 7Z — C(Jr,Z) sending 1 to 15, and Q to Hg, for
all Q in Hr, is an isomorphism onto (id — ®)~1(Z[1,,]). Hence, pr maps ker(ag)

isomorphically onto ker(id — ®) ~ Z"r.
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(2) The torsion degree of 1, in co-ker(id— ®) is ar, and for any choice of xg in Q, for Q
in Hp, the homomorphism ¢r : ZH* ®Z/arZ — co-ker(id— ®) sending 1 to the image

of 15, in the co-kernel and Q) to the image of 1‘];@’ for all Q in Hpg in the co-kernel is
an isomorphism onto co-ker(id — ®).

Proof. First, assume Jr = C. Then, C(Jr,Z) = Z1;, and Hgr = 0. Hence, (id —
Q)N Z[1,,]) = Z[14,], ar =1 —d, and co-ker(id — @) = Z[1,,.]/(1 — d)Z[11,].
Now, assume Ji # C. K~(C) = 0, so the diagram

K"Y(Fp\ Crpy) —— KYC\ Crry)

lL—@)l[‘gR,FR] l

K~1(Fg) » 0

7

automatically commutes. By Proposition 7.0.2, the subgroup G(Fg,Cr) of K~ (Fr\ Crry)

has Z-linear independent generators {v.}cecy , such that i.(v.) = v, for all ¢ in Cg py.
Therefore, i, : K~ (Fg \ Crpy) = K (C\ Crp,) is surjective.
By Proposition 4.1.8, the diagram

C(JR,Z) & K_I(FR \ OR,FR)

lid—@ lt—®1 [Er,FR]

C(Jr,Z) —=— K~'(Fg)

commutes. The bottom map has kernel equal to Z[1,,]. Hence, the diagram

C(Jp,Z) —=2— KY(FR\ Crp,) —— K YC\ Crp,) — 0

i L—@msR,FR] l

0 —— C(Jr,Z)/Z[1,,] —=— K~'(Fg) s 0

—_—

commutes, and has exact rows, where id — ® and exp denote the descent maps of id — ®,
exp, respectively.

By the Snake Lemma, there is a boundary map 0 : K~(C\C.p,,) — co-ker(id—®)/Z[1,,]
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making the sequence

(id = ®) 71 (Z[Ly]) —— ker(s — &1 [Erp]) —— K7H(C\ Crry)

lo

0 ¢+ co-ker(t — ®1[Er.ry)) = co-ker(id — ®)/Z[1,,]

exact.
By Proposition 6.0.4, ker(t—®1[Er r,]) = G(Fr, Cr.r) ®(Dgen, Zlugl). By Proposition
7.04, i.(uQ) = Doy . Haolc)ve, for all @ in Hg. So, i. is surjective with kernel freely
Fr

c€CR, Fp HQ( )Uca for all Q in Hg, and Z
Surjectivity of i, implies, by exactness of the above diagram, the sequences

generated by the elements wg = ug — >

CECR FR Ue-

(id — 8) " (Z[L,]) ~22 Z[S e, o] Doe, Zlig) ———— 0

0 < co-ker(t — @1[Er ry)) e co-ker(id — @) «—— Z[1,,]
(*)
are exact.

We now prove (1). It suffices to show {Hg}gen, U {1} is a Z-linear independent
generating set for (id — @)~ (Z[1,,]).

First, assume Cg g, = 0. In this case, wg = ug, for all Q in Hp, and exactness implies
exp has kernel equal to Z[1,]. From above, exp : (id — @)~ (Z[1,,]) = Dgey, Zlwg] is a
surjection, and, by Lemma 7.0.5, Hg = >~ ., 1+ satisfies exp(Hg) = >, Uz = ug = wq.
Therefore, the functions {Hg}oew, U {1} generate (id — ®)~!(Z[1,,]) and are Z-linearly
independent (since {ug}gen, are).

Assume Cr r,, # (). Exactness then implies exp is injective, so that exp : (id—®)~*(Z[1,,]) —

Doen,, ZIwel ® Z[Y - ccy, .. Vel is an isomorphism.
FRr
Naturality implies the diagram

C(Jr,Z) —25 K=Y (Fg\ Cr.ry)

\ l

Y(Fr)

where ¢ : Co(Fr \ Crr,) — Co(Fg) is the inclusion. Lemma 6.0.3 implies i,.(wg) = ug

for all @ in Hr and i.(3 e, ,

FR

wg + GQ(ZcecRF v.), for some ag in Z, for all @ in Hg. It remains to show exp(ly,)
FRr

ve.) = 0. Therefore, i,exp(Hg) = ug implies exp(Hg)
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- ZCGCRJJ‘R Ue.
The diagram

0 —— OO(FR\OR,FR) E— OO(Q\CR,FR) e C(JR) — 0

| | l

0 —— Co(Fr\ Crpp) —— C(C) —— C(JpUCRrpy) —— 0

| | |

0 —— Co(Fr\ Crp,) — Co(Frp) — C(Crp,) —— 0
commutes, and has exact rows. Naturality of exp then implies the diagram

C(JR,Z e C JRUCRFR, — C(CRFR,Z)

YFr\ Crry)

commutes. By exactness, exp(ly, + log,,) = 0, so that exp(ly,) = —exp(log,,) =
- ZCECR,FR ve. This finishes the proof of (1).

Consequently, the subgroup of C(Jg,Z) generated by {Ho}oewn, U {1,,} surjects onto
im(id — ®) N Z[1,,] via id — ®. Therefore, the torsion degree of 1;, in co-ker(id — @) is equal
to ap, the greatest common divisor of {Hgy — ®(Hg) }oewnr, U {1 — d}.

We now prove (2). By Proposition 6.0.4, co-ker(: — ®,[Er r,)) =~ Z"%, and the elements
{taq }@ery under the quotient map form a Z-linear independent generating set. exactness of

the bottom sequence in diagram (*) then implies we have a short exact sequence
0 «—— D oep, Lluag] —— coker(id — @) «—— Z[1,,]/arZ(l,,] «— 0.

This short exact sequence splits and, by Lemma 7.0.5, exp(1 J;Q) = Uy, for all @ in Hg.
Therefore, ¢ is equal to the direct sum of the inclusion of the kernel of exp and a splitting,

and is hence an isomorphism. O]

For every ) in H g, Corollary 7.0.6 implies Hg(c) = Hg(d) for any ¢, d in Cg, j, such that
¢ ~d. Denote Hg([c]) := Hg(c), for all [¢] in [Cg s, ].

We let [Hpg| be the following matrix with rows indexed by elements in [Cg ;,] U {u} and
columns indexed by Hr U {u}

® ([HR])[C},Q = HQ(C) for all [C] in [CR,JR] and Q in HR;

[} ([HR])[C},u = 1, for all [C] n [OR’JRL
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e ([Hg|)ug = P(Hg) — Hg, for all @ in Hp, and
o ([Hg])yu = deg(R) — 1.
We will write (id — @)’CO(JR\CRVJR7Z) =1 — ®.
Proposition 7.0.8. Let R be a rational function of degree d > 1. Then,
(1) (v —®¢) N Z[1;,]) ~ [Hr) (Z[u]) and ker(v — ®g) ~ ker([Hg]).

(2) co-ker(t — ®g) ~ co-ker([Hg]) & Z"® and the isomorphism maps the class of 15, to the

class of u.

Proof. First, let’s assume Jg = C. In this case, 1 — ®y = 0 and C(Jr,Z) = Z[1,,]. Therefore,
(t—®)"YZ[1,,]) = 0 and co-ker(v — ®g) = Z[1,,] ~ Z.

Since |[Cr.,]| = 1 and Hgr = 0, we have that [Hg| : Z — Z & Z is the map sending u to
[c] + u. Hence, [Hgr|™*(Z[u]) = 0 and co-ker([HR]) ~ Z and is generated by wu.

Therefore, ker(t—®g) = (1— o) (Z[1,,]) = 0 = [Hg] " (Z[u]) = ker([Hg]) and co-ker(1—
() ~ co-ker([Hg]) ~ Z via the map sending the class of 1,, to the class of .

Now, we assume throughout the proof that Jgp # C. For g=m-u-+ ZQGHR ag - @ in
Z¥r @ 7, we have [Hg|(g) = —ar(9)u + Y gep,(Ho(le]) +m)lc]. So, [Hg](g) is in Z[u] if
and only if 354 Hg(c) +m =0, for all ¢ in Cr .

Let pr be the isomorphism appearing in Proposition 7.0.7. By Proposition 7.0.7, we
have (1 — @) (Z[1s,]) = (id — @) N (Z[1s,])) N Co(Jr \ CrougsZ) = {m + X ey, t@Hq -
i+ Y geny aHa(c) = 0 Ve € Cpyy}. Hence, gr((s — ®0) (Z[1y,))) = [Ha] " (Z[ul]).

Since [Hg](g) = —ar(g)u, for all g in [Hg] Y (Z[u)), it also follows that ' (ker(Hg)) =
©r ([Hr) ' Nker(ag)). By Proposition 7.0.7 and the above equalities, we have 5" ([Hg] ™t N
ker(ag)) = (t — @)~ H(Z[1,,]) Nker(id — @) = ker(. — ®y). This proves (1)

We now prove (2). We first determine the image of i, : K~ (Fr\Crry) — Kﬁl(@\C’R’@).

Naturality of exp implies the diagram

K°(Cre) ——— K°(Cry)

lexp lexp

EC\ Cre) —— K™Y (Jr\ Cr.ry)

commutes, where the vertical maps are the restrictions. Therefore, im(i,) = ker(r,) =
exp(q~!(exp~1(0))). By exactness, the kernel of exp : C(Cg s, Z) — K *(Jg \ Cr.s,) is the
image of the restriction map r : C(Jgr,Z) — C(Cg.,,Z), which is generated by the func-
tions {1 }ie(cp 5,1 S0, ker(r.) = eXP(Q_l(Z[c}e[CR,JR}Z[l[c]])) = eXp(Z[c}e[cR,JR}Z[l[c]] +
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ZCECRJI‘R Z[1)) = Z[c}e[CR,JR} Zlvg] + ZCECR,FR Zlv,| =: Wg. The diagram

K_I(FR \ CR,Fg) L) WR

lﬁé?l [Er,Fp) l

K=Y (Fgr) ——— 0
automatically commutes and, from the above calculation, the top row map is surjective. By

Corollary 3.0.10, the diagram

exp

Co(JR \ OR,JR>Z) Em— K_l(FR \ CRpr)

lb—@o lL—®1 [Er,Fg]

C(Jg,2) —=2 5 K~Y(Fg)

commutes. The bottom map has kernel equal to Z[1,,]. Hence, the diagram

C(JR\OR’JR,Z) & K_I(FR\CRFR) b > WR

= L—@ﬂeR,FR} l
0

e}

exp

0 —— C(Jr,2)/Z[1;) ——— K Y(Fr) ————

commutes, and has exact rows, where /—® and exp denote the descent maps of ¢ — @, exp,
respectively.
By the Snake Lemma, there is a boundary map d : Wx — co-ker(s — ®)/Z[1,,] making

the sequence

(1= Do) M (Z[11,]) —— Ker(s — @1[Erpy)) s W

lo

0 «———— co-ker(t — @1 [Er.py)) = co-ker(v — ®¢)/Z[1,,]

exact. We will first determine i, on generators. By Proposition 6.0.4, ker(t — &1 [Er r,)) =

G(Fr, CRrry) ® (Dgen, Zlugl- By the definition of G(Fg, Cr) and Proposition 7.0.1, this

group is freely generated by elements {vc}cecy, r,, With the property that i,(v.) = v, for all ¢

in Cr p,. We also have, by Proposition 7.0.4, i,(ug) = ZceCR@ Hg(c)v, for all @ in Hpg. So,

for every @ in Hg, wg :=ug — ZCECR,FR HQ(C)UC satisfies i, (wg) = Z[C}E[C%JR] HQ([C])U[CL.
Therefore, the image of i, is equal to im(Hg) + 3.0, . Z[v], where Hg : ZH*r — W

~ "R
is the homomorphism such that Hr(Q) = >_ €[Criy) Hglclyyg for all @ in Hp.
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Let Vg be the abelian group with generators {[c|}ejcy ] U {u} satisfying the relation

Z[c]e[CR,JR][C] = (1 —d)u.

Let {X[g}geion, ;) Pe a clopen partitition of Jg such that Xig N Cr, = [c], for all [c]
in [Cr.j,). Define the homomorphism 0 : Vg — co-ker(: — ®¢) on generators as d(u) = 1,,
and d([c]) = 1x, — ®(X[), for all [] in [Cg,]. Since O((1 — d)u) = 1, —®(1,,) =

Z[c]e[CR,JR] lx, — ®(lx,) = 8(Z[c]e[CR,JR][C])7 this homomorphism is well-defined. Let ¢ :

co-ker(v — @) — co-ker(v — ®g)/Z[1,,] be the quotient map.

We show that ¢(9([c])) = 5(1}[0}) for all [c] in [Cg,j,]. By the definition of the boundary
map from the Snake Lemma, 5(0[4) = a, for any a in C(Jg,Z) such that exp(a) = t(w) —
w1 [ER, ), for any w in K~ (Fg \ Cr ) such that i, (w) = v.

First, we choose w. The diagram

0 —— Co(Fg\ Crpy) — Co(C\ Crp,) — C(Jg) —— 0

l | J

0 — CO(C\OR,@) — = C(C) ——— C(Cre) — 0

commutes, where the two left-most vertical maps are inclusion and the rightmost vertical
map is restriction to C(Cg,s,), followed by the inclusion C(Cg,j,) = C(Cy ¢).

Naturality of exp implies the diagram

C(Jr,Z) —r—— C(Cryy,2)

lexp lexp

K~ (Fp\ Crp,) —— K(C\ Cpe)

commutes. So, w := exp(lx,,) satisfies i.(w) = exp(1}y) = v)y.
Let a = 1x, — ®(1x,). Then, by Proposition 4.1.8 and naturality of exp, exp(a) =
t(exp(lx,)) —exp(lx[c])@)l[ER’FR] = 1(w) —w®, [ER F,]- Therefore, 5(1)[6]) =1x, — ®(1x,) =

q(9([c])).

Since

Wr —2 coker(t — ®o)/Z[1y,] 22 coker(t — &1[Epp]) — 0

is exact and exp(ly,) = 0, ¢~*(im(d)) equals the kernel of the surjection exp : co-ker(s —
dg) — coker(t — ®1[Erpy)). We have Z[1;,] C im(9) and, from above, ¢(im(d)) =
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5(2[@6@&%] Zlvg)) = im(9). Therefore, im(d) = ¢~ (im(d)). So,
Ve —2 co-ker(t — ®y) —=+ co-ker(s — ®1[Er ) —— 0

is exact. Let Vi be the group generated by elements {vig}deicn., 5] satisfying the relation
Z[c]e[CR,JR] v = 0; this group is canonically isomorphic to Wg/Z[{vc}cecy .| and Vr/Zu].
Let ¢ : @gey, Zlwg] — Vi be the homomorphism sending wq to -, €[Cr.sy] Ho([c])[c], and
let p : Vg — Vi be the hommorphism sending u to 0, [c] to vyg, for all [c] in [Cg s,]. Since

ix(G(FR, Cr)) = Z[{ve}eecn ) € ker(9) the diagram

Doen, Zlw) s Vi —2— co-ker(t — ®0)/Z[1,,]
\ TP Tq
Vi —2— co-ker(L — @)

commutes, and the top row is exact. Hence, 8~ (Z[1,,]) = 9" (¢7*(0)) = p~"(57(0)) =
p ! (im(3.) = im(s) + Z[u].

For each [c] in [Cg j,], let Vg = X[g N Hél(HQ([c])). Since Y[, is a clopen set such that
[c] € Y, Ix\v I8 in Co(Jr \ Cr,yp, Z). Hence,

([c]) = Ty = P(Iyyy) + Ixpgrvig = Pxvg) = bygy — (lyyy):

By CODStIUCtIOD, lf we let Y = U[C]G[CR,JR] YC}) then HQ = Z[C]E[CR’JR] HQ([C])lY[C] + HQ]'JR\Y7
for all @ in Hp. Since Holy,\y is in Co(Jr \ Cr,iy,,Z), a similar calculation to that as above
shows G(Z[C]G[CR,JR] Ho([c])]c]) = Hg — ®(Hg), for all Q in Hp.

Therefore every element g in Vi of the form g = Z[c]e[CR,JR] > oeny voHo([d)[d +
> 0cny @Q(P(Hq) — Hg) is in ker(9). Let us show every element in ker(9) is of this form.

Let g be in ker(d). From above, g is in im(¢) + Z[u], so we can write ¢ = mu +
>0y 0Q Z[c]e[CR,JR] Ho([e))[¢e] for some {ag}toen, U {m} C Z. Therefore, 0 = d(g) =
M+ oen, Ho — ®(Hg). Therefore, there are integers {bg}qen, U {n} C Z such that
n 4+ ZQE?—LR bQHQ[C] = 0 for all ¢ in CR,JR and (1 — d)n + ZQGHR bQ(HQ — CD(HQ)) =
m+ ZQG'HR Ho — ©(Hg).

Using the relation (d — 1)nu = —n Z[c]e[CR,JR][C]? we may write g = (m + (d — 1)n)u +
Z[c]e[CR,JR](ZQeHR aqgHq([c]) + n)[c]. Then, using the fact that ), boHg(c) = —n for

all ¢ in Cr j,, we may write

Z[C]E[CRJR](ZQGHR agHq([c]) +n)c] = Z[C]E[CRJR] ZQ@HR<CLQ — bg)Hq([c])[c]. Hence,
setting ag = aq — bg, and using that >, ag(®(Hg) — Hg) = m+ (d —1)n, we may write
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0= Y cicnsn Soenn ool + ¥ genn ap(®(Ho) — Ho).

By the above description of ker(d), we have that ker(d) = im(Hp), where Hp, : Z"r — Vg

is the homomorphism sending @ to (®(Hq) — Ho)u+ 3 jccp ) Halld])[c]. By Proposition
IR

6.0.4, we have co-ker(s — ®1[SR7 Fr)) Z"7. Hence, we have an exact sequence

A

0 —— im(Hg) s Vi —2— co-ker(L — ®y) — Zhr —— 0.

Therefore, co-ker(1 — ®¢) ~ Vi /im(Hg) @ Z"*, via an isomorphim sending the class of u to
the class of 1,,. Since im([Hg]) = ¢~ (im(Hg)), where ¢ : ZI°msrl @7/ — Vj is the quotient
map, it follows that Vi/im(Hg) ~ co-ker([Hg]) via an isomorphism mapping the class of u
to the class of w. O

As a Corollary to our above calculations, we can describe the K-theory of O j,.

Theorem 7.0.9. Let R be a rational function of degree d > 1. Then, K1(Og,j,) =~ ker(Hgr)®
Z)wrZ®ZVR=N and Ko(Og, ) =~ co-ker(Hp) ® ZIr+ha=1 "with class of the unit correspond-

ing to the class of basis element u in co-ker(Hg).

Proof. First, suppose Jp = C. By Theorem 5.0.3, we have K;(Og, ) ~ Z and Ky(Og,j,) ~

7R with class of the unit corresponding to a generator in a minimal generating set for
7RI+

In this case, Hp is the mapping Z — Z"/r B 7 sending u to (d— Du+co,

ker(Hg) = 0 and co-ker(Hp) ~ Z°®’r, with the class of u corresponding to a generator in a

c. Hence,
R

minimal generating set for Z®.7.

ZMrthe=1l = 7I/r=1l = 7, and Z/wrZ = 0, so that ker(Hg) ® Z/wrZ ® ZWr=1 ~ 7 and
co-ker(Hp) @ ZVMrthr=1l ~ 7Zers+1 with the class of u corresponding to a generator in a
minimal generating set for Zcr7+1,

Now, let us assume J # C. By Proposition 4.1.5, we therefore have ker(1 — @o[Eg,s,]) ~
ker(t — @) and co-ker(t — ®¢[Ep.s,]) ~ co-ker(t — ®y), with the class of the unit cor-
responding to the class of 1;,. By the Pimsner-Voiculescu 6-term exact sequence and
the above isomorphisms, we have K;(Og,) =~ ker(t — @) & co-ker(t — ®,[Eg.s,]) and
Ko(Or.y,) =~ ker(t — ®1[Er.y,]) @ co-ker(c — @), with the class of the unit in K, corre-
sponding to the class of 1;, in co-ker(t — ®y).

By Proposition 7.0.3 and Proposition 7.0.8, we have ker(1 — @) @ co-ker(t — @, [ERr.,]) =~
ker([Hg]) ® Z/wrZ ® Z/7~' and ker(1 — @1[Er, 1,]) © co-ker(s — ®g) o~ ZUr=D+(crr=kr) @
Zhr @ co-ker([Hg]), with the class of 15, in co-ker(: — @) corresponding to the class of u in
co-ker([HR]).
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Since (Hg)eo = (Hr)ag = ([Hg))jg,¢ for all @ in Hp and (Hg)ew = (Hr)au = ((HR))(du
for every ¢ ~ d, we have that ker(Hg) = ker([Hpz]) and co-ker(Hp) ~ Z°~7~*r.spco-ker([Hp]),
with the class of u in co-ker(Hg) corresponding to the class of w in co-ker([Hg|). Therefore,
ker([Hg)) ® Z/wrZ ® Z/" ~ ker(HR) ® Z/wrZ ® ZVr=Y and ZUr=D+(Cro—kr1) g 7he @
co-ker([Hg]) ~ co-ker(Hpg) @ ZWr+tha=1l with the class of u in co-ker[(Hg]) corresponding to
the class of u in co-ker(Hg). O



Chapter 8

Applications

8.1 A conjugacy invariant for rational functions

By the Fatou cycle length data of R we shall mean the tuple Lr = (|P|)per,, where the
entries are ordered in non-decreasing order. Similarly, the Herman cycle length data of R
shall mean the tuple Tr = (|Q|)gen, With entries also ordered in non-decreasing order. We
show that L and T are conjugacy invariants for R : Jg — Jr amongst all rational functions.
This is not surprising due to the rigid nature of rational dynamics, but it is not clear how to
prove it directly by a dynamical argument.

Since Jpon = Jg for any n in N ( [39, Lemma 4.4]), R and S being conjugate on their
Julia sets also implies R°"™ and S°" are conjugate on their Julia sets, for all n in N. Therefore,
co-ker(1 — ®;[Egon y,]) =~ co-ker(t — @1[Egon s4]) and ker(id — @ gon ) =~ ker(id — ®gon) for all n
in N. By Proposition 7.0.3 and Proposition 7.0.7, it follows that fren = fgon and hgon = hgon
for all n in N.

We will now show that the sequences { fgren fnen and {hgon }nen are equivalent to the Fatou
and Herman cycle length data of R. respectively.

The first observation to make is that every cycle of R°™ must be contained in a cycle P
for R of the same type, and that the number of distinct cycles of R°" contained in P in Fg
is equal to the greatest common divisor between |P| and n, denoted (| P|,n). Moreover, each
such cycle has length 2~ Hence, fron = > per,(IPl;n) and hgen =35y, (1@, n).

(IPn)
The rest of the argument showing equivalency is contained in a relevant lemma about

elementary number theory. First, define
A={(ay,...,ar) eEN": k€N Ja; < a;41 Vi <k—1}.

For A = (ay,...,a;) in A and n in N, define (A,n) = Zle(ai, n).

97
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Lemma 8.1.1. Suppose A, B are tuples in A. If (A,n) = (B,n) for alln in N, then A = B.

Proof. Note that the tuple length of A is equal to (A,1). We will prove this lemma via
induction on the tuple length k = (A,1) = (B, 1).

If k£ =1, then a; = max,en(A,n) = max,en(B,n) = by, and the lemma is proved.

Now, suppose £ > 1 and we know the lemma is true for all m < k — 1. We prove for
m = k, but first we will set some notation.

For a,bin N, let a|b mean a divides b, and a J b mean a doesn’t divide b. For C in A such
that C = (ci1, ..., ci), let Po denote the set of all primes appearing in the numbers {c¢;}¥_,.
For each i < k and p in Pg, let n,c,; = max{l € Ny : p'|c;}. Hence, ¢; = [L,ep.p™»ci for all
i <k.

Let n,c = max;<xn,c;. The smallest number [ for which (C,l) = max,en(C,n) =
Zle ¢; is denoted m¢, and it is easy to see it is equal to IL,cp, p"»©.

Now, suppose A, B in A are such that (A,n) = (B,n) forallnin Nand (A,1) = (B,1) =
k. Then, Il,cp,p"»4 = ma = mp = pep,p™»?, so P4 = Pp =: P and, for every p in P, we
have n, 4 = ny, g =: ny.

Now, for C'= A and C' = B, for every m in N, and p in P, we have

(C prm) — (C,p™~'m) =
n Z min{n, ¢ ;,np—1} Ci _
prc anl Zp e ( mln{anan 1} )_

Z p Z pnp_l npi—l’ )

1:p"P ¢4 ip"P|c;

So, if we let C, be the ordered tuple (-5 o7 )izpe|e;, and for every m in N, let m, = %, where

hS]

| = max{s € Ny : p*|m}, then

<C>pnpmp) — <C>pnp_1mp)
pnp _ pnp—l

= (Cp,m), for every m in N.

Thus, (A,, m) = (B,,m) for all p in P and m in N. There are two cases.

The first case is that k = (A,, 1) = (B,, 1) for all p in P, in which case a; = my = mp =,
for all 2 < k, and the lemma is proved.

The second case is that k > (A,,1) = (B,,1) for some p in P. By induction, it follows
that A, = B, and hence A7 := (a;)ipw»ja; = (bi)ipmwp, = B, For C' = A and C'= B, denote

C? = (¢;)ipe f ;- Then, for every m in N, we have

(AP,m) = (A,m) — (A,,m) = (B,m) — (B,,m) = (B, m).
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By induction, it follows that A? = BP. Hence, A = B. O]

Corollary 8.1.2. Let R and S be rational functions. If R and S are conjugate on their Julia
sets, then Lr = Lg and Tgr = Tg.

Proof. As remarked above Lemma 8.1.1, R and S conjugate on J implies (Lg,n) = (Lg,n)
and (Tg,n) = (Ts,n), for all n in N. Lemma 8.1.1 then implies that Lg = Lg and Tk =
Ts. ]

Corollary 8.1.3. Let R and S be rational functions. If R and S are topologically conjugate on
their Julia sets, then ker(Hg) ~ ker(Hg) and there is a bijection b : Cg j, U{u} — Cs ;o U{u}

mapping u to u and inducing an isomorphism b : co-ker(Hg) — co-ker(Hg).

Proof. We will denote by 1 —®f := 1—®y : Co(Jr\Cr.sp, Z) — C(Jr,Z). Let ¢ : Jp — Jg be
a homeomorphism such that Sop = @o R. Then, (1 —®F)op* = p*o(1—®3) so Proposition
7.0.8 implies ker([Hg]) ~ ker(1 — ®5) ~ ker(1 — ®F) ~ ker([Hp]). Since ker([Hy]) ~ ker(Hp)
for any rational function R, this proves the first claim.

¢ : Jg — Jg restricts to a bijection b : Cg j, — Cg, s, 50 if Yy is a connected component
of Jg containing only [b(c)], for ¢ in Jg, then Y, := ¢~ (Yj()) is a connected component of Jg
containing only [¢]. Tt follows then by the definition of the map 0% = 0 : Vg — co-ker(1 — ®F)
in the proof of Proposition 7.0.8 that ¢* 0 3%([b(c)]) = ¢*(1y,., — ®(1y,,,)) = 1y, — @(Ye) =
0F([c]). Hence, p*(im(9%)) = im(9%), and if we identify im(9°) and im(0%) with co-ker([Hs))
and co-ker([Hp]) as in the proof of Proposition 7.0.8, the isomorphism ¢* : im(9°) — im(9%)

becomes b~! : co-ker([Hg|) — co-ker([Hg]). It is routine to see this isomorphism lifts to an

isomorphism b~! : co-ker(Hg) — co-ker(Hg). O

8.2 K-theory for polynomials

When R is a polynomial, the K-theory takes on an especially simple form. We first describe
some general properties of polynomial dynamics.

If R is a degree d polynomial, then there are constants A\, M > 0 such that R(z) > A|z|¢ for
2| > M, 50 Ay = {2z € C : lim,_,oc R°"(2) = 00} is a non-empty open set of Fy containing
the critical point co. It is called the attracting basin at infinity. By [39, Lemma 9.4|, A, is
connected, and it is easy to see R (Ay) = As. Therefore, the attracting basin at infinity
is a Fatou cycle of cycle length one. Hence, fgr > 1 and wg = 1.

Also, Hr = 0 by the maximum modulus principle. When Hr = (), Hg is the mapping
7 — Z%r 7 sending u to (d—1)u+ ZCECR,JR c. So, ker(Hg) = 0, and co-ker(Hpg) ~ Z°"7
if cpy # 0 and co-ker(Hg) ~ Z/(d — 1)Z otherwise, with the class of u in both cases
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corresponding to a generator in a minimal generating set for the group. Gathering these

calculations and applying Theorem 7.0.9 yields the following Corollary.

Corollary 8.2.1. Let P be a polynomial of degree d > 1. Then, K,(Op,) ~ Z/r=1. If
crn = 0, then Ko(Opy,) =~ Z/(d — 1)Z & Z/r~1, with the class of 1;, generating the
torsion. Otherwise, Ko(Og.j,) =~ Z®ITIr=1 with the class of the unit corresponding to a

generator in a minimal generating set for Z¢rI /=1
By the above Corollary, we can describe the isomorphism type of Op ;,, rather easily.

Theorem 8.2.2. Let R and S be polynomials. Then, Og ;, is tsomorphic to Og ;. if and
only if either

e cry=csy =0, deg(R) = deg(S), and fr = fs, or
® cpy=csy#0and fr= fs.

Consequently, for every d > 1 the number of isomorphism types of Og, s, when the degree of
R is d is bounded above by d(2d — 2).

Proof. The characterization of the isomorphism types follows directly from the above Corol-
lary. By [54, Corollary 2|, fr < 2d—2. Similarily, cg ;s < d—1. Therefore, the number of possi-
ble isomorphism types of degree d is bounded above by (2d—2)+(d—1)(2d—2) = d(2d—2) O

Let us show the above inequality is sharp in the case when d = 2 and describe the four
isomorphism types. First, we will record the following lemma, which is a collection of several

results in complex dynamics.

Lemma 8.2.3. Assume R is a rational function and P is a Fatou cycle.
(1) If P is an attracting cycle, then it contains a critical point of R.
(2) If P is a parabolic cycle, then it contains a critical point of R.

(8) If P is a Siegel cycle, then its boundary is contained in the closure of the set of forward
orbits for the critical points of R.

(4) If P is a Herman cycle, then its boundary is contained in the closure of the set of

forward orbits for the critical points of R.

Proof. The proofs in the four cases can (respectively) be found in the proofs of [39, Lemma 8.5],
[39, Theorem 10.15], [39, Theorem 11.17], and [39, Lemma 15.7|. O
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The complement C \ A is denoted Kp and is called the filled Julia set. Note that Kp
consists of all points in C with a bounded forward P-orbit. By [39, Theorem 9.5|, Kp is
connected if and only if Cpc € Kp, and Kp is connected if and only if Jp is connected.
Also, 0Kp = Jp.

It is easy to see that any quadratic map is conjugate to one of the form f.(z) = 2% + ¢,
for some ¢ in C. Its critical points are thus 0 and oo. Denote its Julia set by J., its filled
Julia set by K., and the Cuntz-Pimsner algebra Oy, ;. by O, ;.

We show that the K-theory of a quadratic f. depends only on the location of ¢ in C
relative to the filled Julia set K. of f.. Equivalently, the K-theory depends only on the type
of bounded Fatou cycle f. admits.

Corollary 8.2.4. Let f.(z) = z* + c. Then there are four isomorphism types for O, ;,
dependent on the location of O relative to the filled Julia set.

Case 0 (0 ¢ K.): Then, K1(O,.;) = Ko(O,.5) =0.
Case 1 (0 € int(K.)) : Then, K1(O. ;) ~ Ko(O. ) ~Z and [1;] = 0.

Case 2 (0 € OK. = J., mt(K.) #0) : Then K1(O. ) ~Z, Ko(O. ;) ~7Z* and [1,.] is

a generator in a minimal generating set for Z2.

Case 3 (0 € 0K, = J., int(K.) = 0) : Then K1(O,.;) =0, Ko(O.;) ~7Z and [1,.] is

a generator.

Proof. Case 0: If 0 is not in K., then 0 can’t be in a bounded Fatou component, and the
only limit point of {f"(0)}nen is co. Thus, Lemma 8.2.3 implies K. = J.. Hence ¢y, 5, = 0,
pr. =1, and wy, = 1. Case 2 of Theorem 7.0.9 then implies K,(O, ;) = 0= Ky(O,.;).

Case 1: If 0 is in int(K.), then ¢y, ;, = 0, and the Fatou set F, contains a cycle which
is distinct from the attracting basin at co. Hence, p;, > 2. By [54, Corollary 2|, a rational
function of degree d has at most 2d—2 distinct Fatou cycles. Therefore, ps, = 2, and ¢y, ;. = 0.
Now, case 2 of Theorem 7.0.9 applies to show K;(O. ) ~Z, Ko(O.j) ~Z]Z & Z = Z, and
[1s.] = 0.

Case 2: If 0 is in J. and int(K,) # 0, then ¢y, ;. = 1, and py, = 2 by the same reasoning
as before. Case 3 of Theorem 7.0.9 applies to show K;1(O, ;) ~ Z, Ko(O,. ) ~ Z?, and [1,]
is a generator in a minimal generating set for Z2.

Case 3: If 0 is in J. and int(K.) = 0, then the only Fatou cycle is the attracting basin
at infinity. Hence, ¢y, j, = 1 = py,. Case 3 of Theorem 7.0.9 applies to show K;(O, ;) =0,
Ko(O,.j) ~Z, and [1,,] is a generator. O
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We now characterize the four isomorphism types of O, ; above by the dynamics of f, on
its Fatou set F..

Corollary 8.2.5. Let f.(z) = z* + c¢. Then there are four isomorphism types for O,.;,
dependent on the dynamics of f. on the Fatou set.

Case 0: If Ay is not simply connected, then K1(O,,;) = Ko(O.s) = 0.

Case 1: If F. contains a hyperbolic or parabolic cycle of bounded Fatou components,
then K1(O,.5) ~ Ko(Oy) ~Z and [1,.] = 0.

Case 2: If F.. contains a cycle of irrational rotations, then Ki(O. ;) ~7Z, Ko(O. ) ~

Z? and [1,,] is a generator.

Case 3: If F, = A and is simply connected, then K;(O. ) =0, Ko(O,.s) ~ Z and

[1,.] is a generator.

Proof. Note that A, is simply connected if and only if K, = C \ A is connected, which is
true if and only if 0 is in K .. So, case 0 above is equivalent to case 0 of Corollary 8.2.4.

The only other case that doesn’t follow immediately from Corollary 8.2.4 and Lemma
8.2.3 is Case 2, which we show. By Theorem 7.0.9, it suffices to show 0 is in J,.

Suppose the contrary. Then, Lemma 8.2.3 (3) implies 0 must be in a bounded Fatou
component. If P is the Siegel cycle, then it follows that there is some k£ in N such that
{f2"(0)}>k € Up. Since foP1L U, — U, is conjugate to an irrational rotation, for all z in P,
it follows that {fo"(0)},>x C Up. But Lemma 8.2.3 (3) then implies OUp C {fo7(0)} sk C

Up, a contradiction. O

Case 0,1,3 above are realized by ¢ = 1,0, —2, respectively, while case 2 is realized by the
quadratic 22 + e*™z, where ¢ is the golden ratio.

A complex number c¢ is said to be hyperbolic (parabolic) if {f(0)}nen converges to an
attracting (parabolic) periodic orbit. We get the following K-theory characterization of when

c is “bolic”.
Corollary 8.2.6. ¢ in C is hyperbolic or parabolic if and only if [1;.] =0 in Ko(O., ).

Proof. 1f [1,.] = 0 then f, is a quadratic covered in Case 0 or Case 1 of Corollary 8.2.5.
In Case 0, 0 is in A, and hence {f7(0)},en converges to the attracting fixed point oo.
In case 1, F, contains either an attracting or parabolic cycle, and so Lemma 8.2.3 (1)
and (2) imply {f7(0) },en is eventually contained in a cycle of hyperbolic or parabolic Fatou
components. This proves one direction of the Corollary. The converse is straightforward as
well. O
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Let us describe the corresponding C*-algebra to each case. Case 0 corresponds to the
Cuntz algebra O, considered first in [15]. This is the universal C*-algebra generated by
two isometries sq, so such that s;s] + sps5 = 1. The C*-algebra O, and its generalizations
for n = 3,...00 have played a central role in the classification theory of purely infinite C*-
algebras [46] and to the general theory of C*-algebras. For instance, a separable C*-algebra
is exact if and only if it embeds into Oy (see [31]). The Cuntz algebras have also found
applications in wavelet theory [12| and were influential in the discovery of the Doplicher-
Roberts Theorem [17], which characterizes the representations of a compact group as an
abstract catgory.

Case 1 corresponds to the 2-adic ring C*-algebra Qs studied in [34], and the author thanks
Chris Bruce for this identification. It also appears in other contexts; see [34, remark 3.2]. It
is shown in [34] that Qs is the universal C*-algebra generated by a unitary u and isometry s
satisfying su = u%s and ss* +uss*u* = 1. Note that the isometries s and us generate O, as a
C*-subalgebra of Q. The representations of O, that extend to Qy are characterized in [34].
From this characterization, the authors of [34] motivate viewing Qs as a symmetrized version
of Os.

Case 3 corresponds to the Cuntz algebra O, see the above remarks concerning Cuntz al-
gebras. This is the universal C*-algebra generated by isometries {s;}2°, satisfying Y " | s;s7 <
1 for every n in N. Like Os, it is special amongst the Cuntz algebras. Kirchberg showed
that a simple, separable, unital and nuclear C*-algebra A is purely infinite if and only if
A® Oy =~ A (see [31]).

Not much is known about the C*-algebra representing case 2. It is isomorphic to the C*-
algebra of the partial dynamical system 22 : S*\ {1} — S*. This follows by an application of

the theory developed in Section 3. From this description, it follows that it is the universal C*-

2 utu*

s and ss*+uss*u* = 5

algebra generated by a unitary v and isometry s satisfying su = u
We shall denote it by Qs , as it shares properties of both Q, and O.

In all 4 cases, the C*-algbera is isomorphic to a graph C*-algebra. We follow the southern
convention for graph C*-algebras as in [48]. The below figure shows the graph corresponding
to each case (the numbers in the graphs represent multiple edges):

Recall that the Mandelbrot set is M := {¢ € C : 0 € K_.}. Equivalently, by Corollary
8.2.4, we have that M = {c e C: Ky(O,) # 0}.

One of the most important open problems in holomorphic dynamics is the Density of

Hyperbolicity Conjecture, stated below.
Conjecture 8.2.7. H :={c € M : f.(z) = z* + ¢ is hyperbolic} is dense in M.

This conjecture can be stated as a conjecture about the K-theory for quadratics in the

following way.
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Corollary 8.2.8. The Density of Hyperbolicity Conjecture is true if and only if H' = {c €
M:[1,]=0in Ko(Ocy)} ={ce M :0,.;~ Qs} is dense in M.

Proof. By Corollary 8.2.6, the set H' is precisely the parameters ¢ in M for which f, is either

parabolic or hyperbolic. By [40, Lemma 6.1] and [40, Lemma 6.2|, every parabolic parameter

lies on the boundary of the open set ‘H of hyperbolic parameters in M. Therefore, the set of

parabolic parameters is a nowhere dense set in M. It follows that density of H' is equivalent

to density of H.

]
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