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Summary

In this thesis, we study algebra and geometry from the point of view of the derived
category. This is a gadget associated to an algebraic or geometric object which contains
its homological information. In this way, many fundamental invariants and properties
can be read off from the derived category. To make this precise, one should enhance the
derived category by giving it the structure of a DG-category. In many cases of interest,
such as for reasonable schemes, the derived category is determined by a smaller gadget:
a DG-algebra. The objects of study in this thesis are DG-categories and the closely
related DG-algebras.

In Chapter[3] we prove a series of foundational results about finite-dimensional DG-
algebras as introduced by Orlov. We begin with a derived version of the Nakayama
lemma, and then prove the main result which states that a certain functor reflects per-
fection. It generalises the fact that the simples over a finite-dimensional algebra can
detect if a module has finite projective dimension. There are two dual versions of this
reflecting-perfection result; the covariant dual version is used to give an equivalent char-
acterisation of being Gorenstein for finite-dimensional DG-algebras. The contravariant

dual version is used to study Koszul duality for finite-dimensional DG-algebras.

The remainder of this thesis concerns reflexive DG-categories. These were in-
troduced by Kuznetsov and Shinder to generalise a duality in algebra and geometry
between the perfect complexes and the bounded derived categories. The two cat-
egories abstracting these are the perfect and cohomologically finite modules over a
DG-category. In Chapter [4] we take a new perspective on reflexive DG-categories by
proving that they are the reflexive objects in the closed symmetric monoidal category
of DG-categories localised at Morita equivalences. This provides a moral justification

for the existence of some common information between these two categories.

In Chapter [5 we apply this monoidal characterisation to strengthen the duality
between the perfect and cohomologically finite modules of a reflexive DG-category.

The first consequence is that these two categories have the same Hochschild cohomol-



ogy and derived Picard groups. We go on to show that adjunctions between reflexive
DG-categories are uniquely determined by adjunctions on the cohomologically finite
modules. These results combine to show that the isomorphisms on derived Picard

groups are compatible with spherical twists.

Chapter [0] gives three new ways of producing reflexive DG-categories. First, we
show that proper coconnective DG-algebras with semisimple zeroth cohomology are
reflexive. This includes new examples from representation theory and topology. Sec-
ondly, we make a connection between reflexive DG-categories and approximable tri-
angulated categories. As applications, we show that Azumaya algebras over proper
schemes are reflexive and that proper schemes and proper connective DG-algebras are
reflexive over any field. Finally, we show that one can glue reflexive DG-categories us-
ing semiorthogonal decompositions. Motivating examples in this direction come from

graded gentle algebras and Fukaya categories.
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Chapter 1

Introduction

This thesis is on the subject of derived noncommutative algebraic geometry. The fun-
damental idea is that homological algebra can be used to extract information about a
geometric or algebraic object. This information can take the form of properties such as
smoothness or invariants like dimension. The homological information of an algebraic
or geometric object can be nicely wrapped up into its derived category. In this way,
the derived category is thought of as a geometric object of study in its own right. The
question of when two rings have the same derived category was answered in [Ric89] by
Rickard’s derived Morita theory. The analogous question in geometry was studied by
Bondal and Orlov [BOOI]. Derived noncommutative algebraic geometry crosses this
divide by noting that some schemes have the same derived category as noncommutative
algebras (beginning with [Bei78]). In [BVABO03], it was shown that every reasonable
scheme has the same derived category as a DG-algebra: a more highly structured al-
gebraic object. For this reason, DG-algebras are often thought of as noncommutative
schemes (whether or not they come from an actual scheme). Generically, these DG-
algebras appearing from geometry are not just ordinary algebras and have some higher

structure.

The derived category of an algebraic or geometric object can be viewed with dif-
ferent kinds of structures. Originally, it was considered as a triangulated category, but
it was soon realised that this structure alone is insufficient for many purposes. For
example, one cannot extract homological invariants like Hochschild (co)homology and
K-theory from the triangulated structure alone. Furthermore, there is no coherent
theory of triangulated categories allowing for constructions such as tensor products or
functor categories. For this reason, the derived category is often given an enhancement.
In this thesis, we will view the derived category as a DG-category, which is the usual

enhancement taken in algebra and geometry.

The first part of this thesis studies a class of noncommutative schemes called finite-
dimensional DG-algebras as introduced by Orlov in [Orl20]. The cohomology of a

DG-algebra is an ordinary algebra which has no higher structure. This process of pass-
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ing to cohomology is analogous to passing from a topological space to its homotopy
groups. Alongside this, there is another discrete algebra associated to a DG-algebra:
its underlying algebra. This is not a homotopy invariant process, and yet, Orlov showed
that this approach can be used to extract information about the higher structure of
finite-dimensional DG-algebras. In Chapter [3| we generalise some results about finite-
dimensional algebras to finite-dimensional DG-algebras including the Nakayama lemma
and the ability of the simples to detect finite projective dimension. Dual versions are
used to detect being Gorenstein and study Koszul duality for finite-dimensional DG-
algebras. Along the way, we give some equivalent characterisations of Gorenstein DG-

algebras.

The remainder of this work concerns reflexive DG-categories. Reflexivity is about
a duality in algebra and geometry between the perfect complexes and the bounded
derived category. The relationship between these two derived categories has been of
interest in algebraic geometry since their conception. It is well known (see [Buc21])) that
the difference between these categories is a measure of singularity. Results indicating
that these two triangulated categories determine each other and satisfy a kind of dual-
ity have been in the air for a long time. This is implicit in [Ric89], [BVABO03]|, explicit
in [Balll], [Che21], and provided motivation for the development of two kinds of com-
pletions of triangulated categories in [Kra20] and [Nee21b]. Reflexive DG-categories
were defined in [KS25] to abstract this duality in an enhanced setting. That is to say,

the DG-structure is taken into account, instead of just the triangulated structure.

For a reflexive DG-category, there is a considerable amount of common information
between its perfect derived category and its category of cohomologically finite mod-
ules; these are the generalisations of the perfect and bounded derived categories in the
geometric and algebraic examples. It was shown in [KS25] that there is a bijection be-
tween the semiorthogonal decompositions of these two categories and an isomorphism
between their triangulated autoequivalence groups. This information lives at the tri-
angulated level and in this thesis, we show that there is also a significant amount of

enhanced information shared between these two categories.

The main result of Chapter [4|is a new perspective on reflexive DG-categories as the
reflexive objects in a closed symmetric monoidal category. The reflexive objects are
those which can be recovered from their duals in a precise way. This provides a moral
justification for the existence of the common information between the perfects and the

cohomologically finite modules.

This monoidal viewpoint also has a practical use; it can be used to prove that these

two categories have even more in common. Specifically, in Chapter |5 we show that
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the Hochschild cohomology of a reflexive DG-category coincides with that of its coho-
mologically finite modules. We emphasise that it is essential to work in the enhanced
setting to study this invariant. Another consequence of the monoidal characterisation
is that the derived Picard groups of these two categories are isomorphic. This result
can be thought of as an enhanced version of Kuznetsov and Shinder’s result that they
have the same triangulated autoequivalence groups. We also show that an (enhanced)
adjunction between the perfect derived categories of reflexive DG-categories is uniquely
determined by an adjunction between their cohomologically finite modules. Originally
introduced in [ST01], spherical twists are certain elements of the derived Picard group
of a DG-category. Using this adjunction result, we show that the isomorphisms on

derived Picard groups are compatible with spherical twists.

Chapter @ focuses on producing new examples of reflexive DG-categories. In [KS25],
projective schemes and proper connective DG-algebras (this includes finite-dimensional
algebras) were shown to be reflexive over perfect fields. In fact, a more general version
of the former example appeared in [BNP17]. In [LU22], it was shown that some special
types of Fukaya categories are reflexive. We expand this list by giving three new ways

of producing reflexive DG-categories which work over any field.

We show that proper coconnective DG-algebras with semisimple zeroth cohomology
are reflexive. Examples of this form come from simple-minded collections and cochain
algebras on topological spaces. The key tools used here are the weight structures devel-
oped in [KN13]. As part of the proof, we study the Koszul duality between connective

and coconnective DG-algebras.

The second method compares reflexivity to the theory of approximable triangu-
lated categories. This is a new approach to studying the relationship between the
perfect complexes and the bounded derived category at the triangulated level. It has
had many applications, such as in the study of strong generators and uniqueness of
enhancements (see [Nee21b] for a survey). Using Neeman’s representability theorems,
we give a strong generation condition for an approximable DG-category to be reflexive.
As consequences, we show that proper schemes and proper connective DG-algebras are

reflexive over any field and that Azumaya algebras over proper schemes are reflexive.

The third approach studies how reflexivity behaves under gluing. We show that
a proper DG-category is reflexive if it admits a semiorthogonal decomposition into
reflexive pieces. This allows us to build new reflexive DG-categories out of old ones.

Motivating examples in this direction are graded gentle algebras and Fukaya categories.



Chapter 2

Preliminaries

We fix a field k throughout and let C(k) denote the category of chain complexes over k.
We will use cohomological grading and let H* and Z* denote the i-th cohomology and
i-th cycle group of a complex. For a complex M, we will write H*(M) = @,c5 H'(M).
Modules will refer to left modules. If C is a category, Hom¢(—, —) denotes the set of

morphisms in C.

If R is a ring, we let Mod R denote the category of left R-modules and we write
Homp(—, —) == Hompea r(—, —). We let D(R) denote the derived category of R and
DPer(R) the perfect complexes i.e. the replete category of compact objects in D(R).
If R is left Noetherian, mod R will denote the finitely generated left R-modules and
D’(mod R), the bounded derived category of finitely generated modules. We will write
Db(k) for D°(mod k) = DP(k). If X is a scheme, QCoh(X) will denote the category
of quasicoherent sheaves on X, Dgcon(X) will denote the unbounded derived category
of all Ox-modules with quasicoherent cohomology and DPe* (X)) will denote the perfect
complexes on X. If X is Noetherian, coh(X) will denote the coherent sheaves on X

and D?

coh

(X) will denote the category of Ox-modules with coherent cohomology.

We will often use the language of triangulated categories. A standard reference
is [NeeOI]. We will use ¥ for the shift functor of a triangulated category. Recall a
subcategory of a triangulated category is thick if it is closed under shifts, summands
and cones. If § C 7T is a collection of objects, we let thick(S) denote the smallest thick
subcategory containing S. If T is a triangulated category with coproducts, we will
let 7¢ C T denote the compact objects in 7T i.e. the objects ¢ such that Hom (¢, —)

commutes with coproducts.

Throughout, we will also use the language of model categories, enriched cate-
gories, monoidal categories and 2-categories. Standard references for these subjects
are [Hov99|, [Hir02], [Kel82] and [EGNOI5].
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§ 2.1 | DG-categories

The main objects of study in this thesis are DG-categories. We will use them to
enhance derived categories and we consider them as noncommutative schemes. Most
of the results stated in this Chapter can be found in [Kel06], [Toéll] or [Jas21].

Definition 2.1.1. A DG-category is a category enriched over the symmetric monoidal

category C(k).

We will write A(a,b) for the chain complex of morphisms from a to b in a DG-
category A. By DG-functors, DG-natural transformations, DG-adjoints, etc. we mean
the C(k)-enriched notions. Note this implies DG-natural transformations are objectwise
closed. Indeed, by definition, a C(k)-natural transformation a: F' — G between DG-
functors F,G: A — B consists of a chain map k — B(F(a),G(a)) for every a € A
satisfying naturality conditions. As it is a chain map, the image of k — B(F(a), G(a))
must be contained in Z°B(F(a),G(a)).

Definition 2.1.2. If A is a DG-category, the underlying category Z°A of A is the
category with the same objects as A but with morphism sets from a to b given by
Z°A(a,b). The homotopy category H°A of A is the category with the same objects as
A but with morphism sets from a to b given by H°A(a, b).

A DG-category A is said to be an enhancement of any category equivalent to H°A.
Note that a DG-functor F' induces ordinary functors on the underlying and homotopy

categories which we will denote Z°(F) and H°(F) respectively.
Definition 2.1.3. Let F': A — B be a DG-functor.

1. We say F' is quasi-fully faithful if the induced maps F': A(x,y) — B(Fz, Fy) are

quasi-isomorphisms for all z,y € A.

2. We say F' is quasi-essentially surjective if H(F): H°A — H'B is essentially

surjective.

3. We say F'is a quasi-equivalence if it is quasi-fully faithful and quasi-essentially

surjective.
Remark 2.1.4. We recall some basic ways of producing DG-categories from others.

1. The opposite A% of a DG-category A has the same objects as A with A% (a, b) =
A(b,a) and composition induced by the symmetry isomorphism from the tensor

product of chain complexes (which includes a sign rule).

2. The tensor product A ® B of DG-categories A, B has objects given by pairs of
objects in A and B and morphisms A(a,a’) @ B(b, V).

3. The enveloping DG-category of A is A¢ := A? @ A.
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Remark 2.1.5. Almost all triangulated categories in algebra and geometry admit DG-
enhancements. For example, the homotopy category of any k-linear additive category
is enhanced by the DG-category of chain complexes. The Drinfeld quotient gives an
enhancement of the (bounded or unbounded) derived category of any Abelian category

(provided its morphisms form a set).

Remark 2.1.6. Most other ways of enhancing k-linear triangulated categories are
equivalent to the DG-category approach. It was shown in [Kel94] that stable categories
of Frobenius exact categories admit DG-enhancements. Furthermore, any A..-category
over k is equivalent to a DG-category in a suitable sense (see [LH02]). Pretriangu-
lated DG-categories are equivalent to k-linear stable infinity categories. See [Cohl3| or
[Don24].

Example 2.1.7. A k-algebra A can be viewed as a DG-category with a single object

whose endomorphism complex is A concentrated in degree zero.

§ 2.2 | Derived categories of DG-categories

We turn now to looking at modules over DG-categories. Recall that C(k) admits an

internal hom Homy(—, —) € C(k) which for M, N € C(k) is given by

Hom, (M, N)" H Homyeq x(M*, N*t™)
ieN
and with differential (f%);cz — (dy"f* — (=1)"f1d},)icz. The self-enrichment means
there is a DG-category whose objects are chain complexes over k£ and morphism com-
plexes given by Hom,(—,—). As an abuse of notation, we will write C(k) for this
DG-category as well for the ordinary Abelian category. See Remark for a related

abuse of notation.

Definition 2.2.1. For a small DG-category A, we let C(A) denote the DG-category
of DG-functors A — C(k) with chain complex of morphisms given by the enriched end

Hom (M, N) / Homy, (M(a), N(a)).

We call objects of C(A) A-left modules, objects of C(.A) right A-modules and objects
of C(A” ® B) B-A-bimodules.

Remark 2.2.2. For any a € A, there is the associated corepresentable left module
A(a,—) € C(A) and the representable right module A(—,a) € C(A°). The diagonal
bimodule A € C(A°) is given by (a,d’) — A(a,a’).

Remark 2.2.3. The elements of Hom 4(M, N) can be explicitly described as graded
natural transformations with differential inherited from Hom, (M, N). For example,
see [Jas21] or [ALIT].
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Remark 2.2.4. The morphisms in Z°C(A) can be identified with DG-natural transfor-
mations between DG-functors A — C(k). Also Z°C(A) is a complete and cocomplete
Abelian category with limits and colimits defined objectwise. For example, a sequence

M — N — L in Z°C(A) is short exact if for every a € A the induced sequences
0 — M(a) = N(a) = L(a) - 0
are short exact sequences in the Abelian category C(k).

Definition 2.2.5. For a small DG-category A, we say a morphism f: M — N €
Z°C(A) is null-homotopic if there is a morphism s € Hom 4(M, N)~! such that d(s) =
f. We say morphisms f,g: M — N € Z°C(A) are homotopic if f —g is null-homotopic.

Remark 2.2.6. Using the explicit description of Hom 4(M, N)" as graded natural
transformations of degree n, the condition in Definition that d(s) = f states that
for every a € A and i € Z, there is an equality of maps M(a)" — N(a)’

fa = dyasa+ 5" dusa)-

Homotopy gives an equivalence relation on morphisms in Z°C(A) and by definition, the
morphisms in H°C(A) are DG-natural transformations f: M — N up to homotopy.
We will call a morphism f: M — N € Z°C(A) a homotopy equivalence if it is an
isomorphism in H'C(A).

Example 2.2.7. If A is a k-algebra viewed as a DG-category, then Z°C(A) is the
Abelian category of chain complexes over A and H°C(A) is the triangulated homotopy
category of A.

Remark 2.2.8. If A is a small DG-category, then H°C(A) admits a triangulated
structure generalising that of Example[2.2.7 The shift of a module is defined pointwise,
and one can define the cone of a morphism f: M — N € HC(A) by cone(f)(a) =
cone( f,). For more details see [Kel94] or [Jas21].

We now recall the construction of the derived category of a DG-category which
mirrors that of the derived category of a ring. The original reference is [Kel94]. It will
be useful to have two quasi-equivalent approaches; one uses model category theory, and

one uses triangulated category theory.

Definition 2.2.9. If A is a small DG-category, we say a morphism f: M — N €
Z%C(A) is a quasi-isomorphism if f,: M(a) — N(a) is a quasi-isomorphism in C(k) for
all a € A. A DG-module M € C(A) is acyclic if M(a) € C(k) is acyclic for all a € A.

Remark 2.2.10. Any homotopy equivalence in Z°C(A) is a quasi-isomorphism and so

the notion of quasi-isomorphism is well defined for morphisms in H°C(A). A morphism
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in HC(A) is a quasi-isomorphism if and only if its cone (in the sense of Remark [2.2.8)

is acyclic. Therefore, there are equivalences
Z°C(A)[g-iso '] ~ H°C(A)[q-iso™!] ~ H°C(A)/ Acyc

between the Gabriel-Zisman localisation at quasi-isomorphisms and the Verdier local-

isation at acyclic modules.

The derived category of A will be a DG-category enhancing the equivalent categories
in Remark [2.2.10l To do this we will identify H°C(A)[q-iso™!] with a subcategory of
H°C(A). The first approach uses model category theory and the following notion.

Definition 2.2.11. If A is a small DG-category, then P € C(.A) is semiprojective if it
is a summand of an object F' = colim F; in Z°C(A) where F,, < F, ., and F,/F}, is

a summand of a corepresentable.

The following result is well known and can be proved using a variant of Theorem
11.3.2 in [Hir02].

Proposition 2.2.12. If A is a small DG-category, then Z°C(A) admits a model cate-
gory structure in which weak equivalences are quasi-isomorphisms, the cofibrant objects

are the semiprojective modules and all objects are fibrant.

The above model structure is known as the projective model structure on Z°C(A).
There is also an injective model structure where all objects are cofibrant and the fibrant

objects are the so called semi-injectives. See [Kel06].

Remark 2.2.13. The homotopy equivalence relations on morphisms between cofibrant
and fibrant objects in Z°C(.A) coming from the projective and injective model structures
are the same as the notion of homotopy in the sense of Definition 2.2.5 It follows that
the Gabriel-Zisman localisation of H°C(A) at quasi-isomorphisms admits fully faithful
left and right adjoints

Q
— . —
HOC(A) T HOC(A)[qg-iso™ "]
given by the cofibrant ) and fibrant R replacement functors in the two model struc-
tures. The image of () consists of the semiprojective modules, and the image of R

consists of the semi-injective modules.

Remark 2.2.14. By Corollary 13.2.4 in [Riel4] (see also Theorem 4.20 in [Schi§])
and since k is a field, we can lift the fibrant and cofibrant replacement functors to
DG-functors. So there are DG-functors Q: C(A) — C(A) and R: C(A) — C(A) such
that the image of () is consists of semiprojectives and the image of R consists of
semi-injectives. Furthermore, there are DG-natural transformations e: ) — 1¢(4) and

n: le(ay — R which are objectwise quasi-isomorphisms.
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The semiprojectives and semi-injectives give two ways of enhancing the derived
category of a DG-category. We now consider a more algebraic approach. Instead of
semiprojective modules, we consider the following notion which only depends on the

homotopy equivalence class of a module.

Definition 2.2.15. If A is a small DG-category, we say that P € C(.A) is K-projective
if the complex Hom 4(P, M) is acyclic for every acyclic M € C(A).

Remark 2.2.16. In Section 3.1 of [Kel94], it was shown that any semiprojective
DG-module is K-projective and any K-projective module is homotopy equivalent to
a semiprojective module. It follows that the DG-subcategory of C(A) consisting of

semiprojectives is quasi-equivalent to the DG-subcategory consisting of K-projectives.

Remark 2.2.17. One can show using triangulated category theory (as in [Jas21]) that
the Verdier localisation of H°C(A) at the acyclic modules, Acyc, admits fully faithful
left and right adjoints.

P
HC(A) =—= H°C(A)/ Acyc

)

The image of p consists of the K-projective modules and the image of ¢ consists of the
similarly defined K-injective modules. Remark [2.2.16|implies that these must coincide
with the adjoints of Remark [2.2.13]

Definition 2.2.18. For a DG-category A, the derived category of A is the full DG-
subcategory D(A) C C(A) consisting of K-projective A-modules.

Remark 2.2.19. For a small DG-category A, objects M, N € C(A) represent objects
in H°C(A)/ Acyc and the chain complex of morphisms between the corresponding
objects in D(.A) will be denoted

RHom 4 (M, N) := Hom 4(Q(M), Q(N))

where () denotes the cofibrant replacement functor in the projective model structure.

Remark 2.2.20. By Remark [2.2.16 the inclusion of semiprojectives into D(A) is a
quasi-equivalence. Similarly, the DG-category of semi-injectives is quasi-equivalent to
the DG-category of K-injectives. Furthermore, D(A) is quasi-equivalent to the DG-
category of semi-injectives. Indeed, the DG-functors are provided by Remark
So for M, N € C(A), we have quasi-isomorphisms

RHom 4(M, N) ~ Hom 4(Q(M), N) ~ Hom 4 (M, R(N))
~ Hom 4(p(M), N) =~ Hom (M, i(N))

using the notation of Remarks [2.2.13| and [2.2.17]




CHAPTER 2. PRELIMINARIES 10

Remark 2.2.21. The K-projectives form the smallest triangulated subcategory of
H°C(A) closed under coproducts containing the corepresentable A-modules. For ex-
ample, see [Jas21]. This shows that H°D(A) is a triangulated subcategory of HC(A).

Remark 2.2.22. By Remark [2.2.17], the localisation functor restricts to a triangle
equivalence

H°D(A) = H°C(A)/ Acyc
and provides the required enhancement.

Remark 2.2.23. Another approach to enhancing the derived category of a DG-

category directly as a localisation was introduced by Drinfeld in [Dri04].

§ 2.3 | Pretriangulated DG-categories

A pretriangulated DG-category is one whose homotopy category admits a canonical
triangulated structure. This notion goes back to [BK90] using twisted complexes,

although we take a different approach.

Remark 2.3.1. By Remark 2.2.21] HD(A) admits a triangulated structure. It was
shown in [Kel94] that H°D(A) is compactly generated by the corepresentables. We
let DPf(A) denote the full DG-subcategory of D(A) whose objects are the compact
objects in the triangulated category H°D(A). It follows that HODP!(A) is the thick
subcategory of HD(A) generated by the corepresentables. We say a module M € C(A)

is perfect if it is quasi-isomorphic to an object in DP(A).

Remark 2.3.2. Tt will be useful to note the following source of triangles in H'D(A).
If A is a DG-category, and 0 — M — N — L — 0 is a short exact sequence in Z°C(.A)
then its image in HYD(A) ~ H°C(A)/ Acyc is a triangle. For example, a similar proof
is given in [Sta25l, Tag 09KZ].

Remark 2.3.3. The enriched Yoneda embedding gives a DG-fully faithful functor from
a small DG-category A into its module category, A? — C(A);a — A(a,—). Clearly
it factors through DP(A) C D(A) C C(A). Note that as it is DG-fully faithful it is
also quasi-fully faithful.

Definition 2.3.4. A small DG-category A is pretriangulated if the image of H°A in
HODPef(A)P is a triangulated subcategory. We say that A is pretriangulated and

idempotent complete if H°A is also idempotent complete.

Remark 2.3.5. Note that a small DG-category A is pretriangulated and idempotent
complete if and only if A®? — DP(A) is a quasi-equivalence. Indeed, the corepre-
sentables form a set of compact generators of H°D(A) and so the thick subcategory

they generate coincides with the compact objects in D(A) by Theorem 2.1 in [Nee96].
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Remark 2.3.6. If A is a small DG-category and H°S C HYD(A) is a small thick
subcategory, then the DG-subcategory S is pretriangulated and idempotent complete.
Indeed, this follows since Hom 4(XM, N) ~ X! Hom 4(M, N) and the Yoneda em-
bedding S — DP(S) sends the cone of a morphism f: M — N to the cocone of
Hom 4(f, =) in D(S).

The following pretriangulated idempotent complete DG-category will be a key fea-
ture of this this thesis.

Definition 2.3.7. For a small DG-category A, we let Ciq(A) C C(A) consist of those
M € C(A) such that for every a € A, H'M (a) is finite-dimensional for all i € Z and
H'M(a) = 0 for |i] >> 0. We will refer to these as the cohomologically finite mod-
ules. Similarly, we let Dg(A) € D(A) consists of the cohomologically finite modules
contained in D(A).

Remark 2.3.8. Note that the localisation functor restricts to an equivalence
H"Diy(A) = HCiq(A)[g-is0 .

Example 2.3.9. If A is a finite-dimensional k-algebra viewed as a DG-category with
one object, then Diy(A) ~ D°(mod A). If X is a projective scheme over a perfect
field, then Dy (DP (X)) ~ D5, (X). See Proposition 6.1 of [KS25] or Theorem 3.0.2
of [BNP17] for a more general and relative version. We prove the result for proper

schemes over any field using a different approach in Proposition [6.3.19 This shows

b

oon fOr proper noncommutative schemes.

that Dy can be thought of as a version of D

§ 2.4 | Tensor, Hom and Derived Functors

Many of the usual constructions of functors between derived categories of rings can be
generalised to DG-categories. We recall some of these constructions here. Details can
be found in [Genl5|] or [ALIT].

Remark 2.4.1. If A and B are DG-categories and M € C(A?®B) is a B-A-bimodule,

then there is an adjoint pair of DG-functors
M ®y—:C(A) —— C(B): Homg(M, —)
defined as the enriched ends and coends

MoaN = [ Mo, -) @ N(a) Homs(M, N) = [ Hom(M(~b), N (b)),

Details can be found in |Genl5] or see [AL17] for an explicit construction.

Remark 2.4.2. The above DG-adjunction produces an ordinary adjunction on Z°. If
Z°C(A) is considered with the projective model structure and Z°C(B) is considered

with the injective model structure, then Z°(M ®4 —) preserves weak equivalences
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between cofibrant objects and Z° Homg(M, —) preserves weak equivalences between

fibrant objects. So the adjunction can be derived to an adjunction
M % —: H°C(A)[g-iso™'| —— H°C(B)[q-iso™'|: RHompz(M, —)

where the left derived functor is computed by taking semiprojective resolutions and

the right derived functor is computed by taking semi-injective resolutions.

Remark 2.4.3. By Remark [2.2.14] the cofibrant and fibrant replacement functors can
be lifted to DG-functors. This implies that there are DG-functors

M @Y% —: D(A) —— D(B): RHom 4(M, —)

lifting the functors in Remark [2.4.2] Most of the time, it will be sufficient to work with

the ordinary functors at the level of the homotopy category. A notable exception is

given in Remark [2.4.6]

Remark 2.4.4. There is a more algebraic approach to the existence of the derived
functors in Remark [2.4.2] which shows that they can be computed using K-projective
and K-injective resolutions as opposed to the stronger notion of semiprojective and

semi-injective resolutions. This is done, for example, in [Genl5].

Remark 2.4.5. Given a DG-functor F': A — B, there are two bimodules g4 €
C(A? @ B) and 4B € C(B? @ A) given by gBa(a,b) = B(F(a),b) and 4Bg(b,a) =
B(b, F(a)) for a € A, b € B. Then there are two associated adjoint pairs by Remark
By the Yoneda and coYoneda lemmas, there are isomorphisms of DG-functors

Res(F) ~ Hompg(sBa, —) =~ 4B @5 —: C(B) — C(A)

where Res(F') sends M € C(B) to the DG-functor M F' € C(A). Therefore, there is an

adjoint triple
B~
T
HD(A) L gop(p)

~_

RHom 4 (B,—)

where, as an abuse of notation, we have written H°D(A) instead of the equivalent
category H°C(A)[q-iso™!]. Note that Res(F') preserves quasi-isomorphisms and so it

descends to the homotopy categories without needing to be derived.

Remark 2.4.6. Given a DG-functor F: A — B, the derived restriction functor
Res(F): H'D(B) — H"D(A), constructed in Remark is enhanced by the fol-

lowing composition of DG-functors

Res(F)
E—

D(B) s C(B) c(A) L pra
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where Q* denotes the DG-enhanced cofibrant replacement functor with respect to the
projective model, structure as mentioned in Remark [2.2.14]

Remark 2.4.7. Given a DG-functor F': A — B, the coYoneda lemma implies that
B®s4—:C(A) = C(B) sends A(a,—) — B(F(a),—). It follows that B ® 4 — preserves

K-projectives and that the following diagram commutes up to isomorphism.

HOA . HODperf(A)op

JHO(F) lgmf

HOB c HODperf (B)op

Remark 2.4.8. All of the induced functors mentioned in this section are triangulated.
Specifically, the functors in Remark [2.4.2] are triangulated and any DG-functor between
pretriangulated DG-categories induces a triangulated functor on H°. Indeed, one can
verify directly that if ' is a DG-functor, then Res(F') is a triangulated functor. Then

the above statements can be deduced from this fact.

Remark 2.4.9. A DG-functor F': A — B between pretriangulated DG-categories is
a quasi-equivalence if and only if H°(F) is an equivalence of categories. Indeed, this

follows from the existence of the triangulated shift functors on H°A4 and H°B.

§ 2.5 | Dualities

In this section, we recall some dualities on the derived category of a DG-category.

Remark 2.5.1. Postcomposing by k-linear duality (—)Y = Hom,(—,k): C(k) —
C(k)° produces a DG-functor

(=)7: C(A)” = C(A™)

which preserves quasi-isomorphisms and so induces a functor H°D(A)%? — H'D(A)
which can also be lifted to a DG-functor by Remark [2.2.14

Remark 2.5.2. Note that (—)" restricts to a quasi-equivalence Diq(A)P =~ Dgq(A%).

Remark 2.5.3. The derived tensor-hom adjunction reduces to the following quasi-
isomorphism for any M € D(A) and N € D(AP).

RHom 4(M, NY) ~ (N @4 M)V
Remark 2.5.4. For any M € C(A ® B), there is a contravariant DG-functor
Hom 4(—, M): C(A) — C(B)*

defined as
Hom (N M) = | Hom,(N(a), M(a.-))
ac
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which sends A(a, —) — M(a,—). It can be derived to produce a functor
RHom 4(—, M): H'D(A) — H"D(B)’.

Remark 2.5.5. Consider the special case of Remark with the diagonal bimodule
A € C(A® ® A). This produces a DG-functor

Hom 4(—, A): C(A”) = C(A)™

which restricts to a quasi-equivalence DP(AP) = DPeri(A)P. For example, see
Proposition 3.3.3 in |[Genl15].

§ 2.6 | DG-algebras

In many cases of interest, it is sufficient to work with DG-categories with a single

object.

Definition 2.6.1. A DG-algebra A is a DG-category with one object or equivalently
a chain complex with a multiplication satisfying d(ab) = d(a)b + (—1)!%ad(b) for all

homogenous a, b € A.

Note that a module over a DG-algebra is a chain complex with an action compatible
with the differential.

Example 2.6.2. DG-algebras are ubiquitous in algebra, geometry and topology.

1. Multiplicative cohomology theories such as singular cohomology of topological
spaces or Hochschild cohomology of algebras are usually constructed as the co-

homology of a DG-algebra.

2. In [BVABO03|, it was shown that the derived category of a quasicompact, qua-
siseparated scheme is equivalent to the derived category of a DG-algebra. For

this reason, DG-algebras are often thought of as noncommutative schemes.
We use the following grading convention.

Definition 2.6.3. A DG-algebra is connective if H(A) = 0 for ¢ > 0 and coconnective
if H'(A) =0 for i < 0.

Remark 2.6.4. The derived category of a connective DG-algebra A admits a t-

structure whose heart is the category of modules over the ordinary algebra H°(A).

Remark 2.6.5. If A is a DG-category and M € D(A), then set E := RHom 4(M, M).
Then M € C(A® E) and there is a DG-functor

RHom 4(M, —): D(A) — D(E?)
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which restricts to an equivalence thick(M) ~ HODPe{(EP). Similarly, there is DG-
functor
RHom 4(—, M): D(A) — D(E)*

which restricts to an equivalence thick(M) ~ HODPef(E)ep

§ 2.7 | Homotopy Theory of DG-categories

We are interested in studying DG-categories up to homotopy. In this section, we detail
how different notions of weak equivalence between DG-categories can be controlled
using model structures. Let DGcat denote the category of small DG-categories with

DG-functors between them.

Remark 2.7.1. In [Tab05], it is shown that DGcat admits a model category structure
whose weak equivalences are quasi-equivalences, and every object is fibrant. We let

Hge denote the associated homotopy category.
The morphism sets in Hqe admit a description in terms of bimodules.

Definition 2.7.2. For DG-categories A, B, an A-B-bimodule M € C(B® ® A) is right
quasirepresentable if for every a € A, the right B-module M(—,a) € C(B) is quasi-
isomorphic to a representable module B(—, b) for some b € B. We let D(B? ® A)"" C
D(B® ® A) denote the DG-subcategory of K-projective right quasirepresentable bi-

modules.

A right quasirepresentable A-B bimodule is also called a quasifunctor from A to

B.

Theorem 2.7.3 (Corollary 4.8, [Toé07]). For A, B € Hqe, there is a bijection between
Hompge (A, B) and isomorphism classes of objects in H'D(B? @ A)™".

Another proof of Theorem can be found in [CS15].
Remark 2.7.4. Given a quasifunctor M from A to B, by Remark [2.4.2] there is a

functor
— ®% M: H'D(A?) — HD(B)

which sends representables to representables. Hence, by the Yoneda embedding, M
induces a functor H(A) — H°(B).

Remark 2.7.5. Given a DG-functor F': A — B the functor DGcat — Hqe sends F
to the quasifunctor Mr € D(B” @ A)"" given by Mp(b,a) = B(b, F(a)). Indeed, this
can be seen from the proof of Theorem 1.1 in |[CS15].

Remark 2.7.6. By Theorem , any quasifunctor M € D(B?®.4)"" corresponds to
a morphism in Hqe and so also to a DG-functor A — B where A denotes the cofibrant
replacement of A. We can extend Definition by asking for this DG-functor to
satisfy the corresponding conditions. We note that by Remark [2.4.9] these properties

can usually be read off from the induced functor on HP.
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We will also be interested in the following weaker notion of equivalence.

Definition 2.7.7. A DG-functor F': A — B is a Morita equivalence if the functor
HD(B) — H'D(A) described in Remark is an equivalence.

Remark 2.7.8. Note that F': A — B is a Morita equivalence if and only if any of the
three functors in Remark are equivalences.

Remark 2.7.9. Any quasi-equivalence is a Morita equivalence. This follows from

Remark since the corepresentables form a set of compact generators.

Remark 2.7.10. The Yoneda embedding A% — DPi(A) is a Morita equivalence.
Indeed, this also follows from Remark

Remark 2.7.11. In [Tab07], another model structure on DGeat is defined whose weak
equivalences are Morita equivalences. We will denote the associated homotopy category
Hmo. This model structure is a left Bousfield localisation of the model structure
in Remark 2.7.1] The fibrant objects are pretriangulated idempotent complete DG-
categories. It follows that Hompgye (A, B) ~ Hompgee (A, DP*(B)).

Similarly, there is a description of the morphism sets as bimodules.

Definition 2.7.12. For DG-categories A, B, an A-B bimodule M € C(B? ® A) is
right perfect if for every a € A, M(—,a) € C(B) is a perfect B’-module. We let
D(B*? @ A)Brert C D(B® @ A) denote the DG-subcategory of K-projective right

perfect bimodules.
The following result follows from Theorem [2.7.3] See Proposition 4.4.8 of [Toél1].

Theorem 2.7.13. For A,B € Hmo, there is a bijection between Hompm, (A, B) and
isomorphism classes of objects in H'D(B? @ A)B perf,

Remark 2.7.14. We note that D(B” ® A)? P is a pretriangulated DG-category. In-
deed, this follows from Remark as H'D(B”®.A)% Pl is a small thick subcategory
of H'D(B* ® A).

§ 2.8 | Smooth and Proper DG-categories

In this section, we recall some notions which generalise smoothness and properness to
DG-categories. See [Lunl0] and [Orl16].

Definition 2.8.1. Let A be a small DG-category.
1. We say A is proper if A is a cohomologically finite A-bimodule.
2. We say A is smooth if A is a perfect A-bimodule.

Note that the former is equivalent to H*A(a,b) being finite-dimensional for all
a,b € A and to the containment DP(A) C Dy (A).
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Remark 2.8.2. In [Or]16], Orlov showed any separated scheme of finite type over a
field is proper if and only if DP(X) is proper. In [LS16], it was shown that any

separated quasiprojective scheme over k is smooth if and only if DP*(X) is smooth.

Remark 2.8.3. If A is an algebra viewed as a DG-category with a single object, then
it is proper if and only if it is a finite-dimensional algebra. It is smooth if and only if
A is homologically smooth. Recall that over a perfect field, homological smoothness of

a finite-dimensional algebra is equivalent to having finite global dimension.

Remark 2.8.4. If A is smooth, then Diq(A) C DP(A) (see for example, Lemma 3.8
of [KS25]). The converse is not true, e.g. the power series ring is not smooth as shown

below.
Proposition 2.8.5. Let k = Q, then k[[z]] is not smooth as a DG-category.

Proof. Suppose R = k[[z]] is perfect as an A := k[[z]]*-module and let I be the kernel
of the multiplication map A — R. Then there is a triangle in HD(A)

I > A—>R—>"

Since A and R are perfect as A-modules, I is too as the perfects form a triangulated
category. In particular [ is a finitely generated A-module. It follows that I ®4 R is a

finitely generated R-module. But there are isomorphisms
IT@AR~T® A/l ~1/I? ~ Qr/k

where g/, are the Kahler differentials of R over k. For example by [Sta25, Tag
00RW]. Hence gy, is finitely generated as an R module. By Exercise 25.4 in [Mat86],
Q@) = Qr/e @r k((x)). So we see that Qy))/k is finite dimensional over k((x)).
By Theorem 26.5 in [Mat86], the dimension of €))% over k((x)) is given by the
transcendence degree of k((x)) over k. Since k is countable and k((z)) is uncountable,

k((x)) cannot have finite transcendence degree over k and so we have a contradiction.
[

Remark 2.8.6. Any smooth DG-category is Morita equivalent to a DG-algebra. See,
for example, Lemma 2.5 in [Efil0]. Some authors, such as [TVQT7], require by definition
that proper DG-categories are Morita equivalent to DG-algebras.

§ 2.9 | Notation

We will make the following abuses of notation

Remark 2.9.1. Recall that for a DG-category A, there is a triangle equivalence
H°D(A) = H°C(A)/ Acyc. As is consistent with how one usually thinks of the derived
category, we will make this an identification. For example, when we write M € D(A)

we usually mean that M is an arbitrary A-module and non-necessarily K-projective
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Remark 2.9.2. We will often omit from the notation any additional structure a cat-
egory is being considered with. For example, we have already used C(k) to denote an
ordinary category, a symmetric monoidal category and a DG-category. Similarly for
a DG-category A, we will often use the notation D(A) for both the DG-category and
the triangulated category H'D(A). It should be clear from context what structure we

are considering the derived category with.

Remark 2.9.3. By Remark [2.4.9, a DG-functor between pretriangulated DG-categor-
ies is a quasi-equivalence (or quasi-fully faithful) if and only if the ordinary induced
functor on H? is an equivalence (or fully faithful). In line with Remark [2.9.2] we often

say equivalence when we mean quasi-equivalence.



Chapter 3
Reflecting and Detecting for Finite-

dimensional DG-algebras

Finite-dimensional DG-algebras are a class of proper noncommutative schemes intro-
duced by Orlov in [Orl20]. A powerful feature of a finite-dimensional DG-algebra is
that its higher structure can be controlled by its underlying algebra. In this spirit, we
generalise several results about finite-dimensional algebras to finite-dimensional DG-
algebras. We begin with a version of the Nakayama lemma and then prove a reflecting-
perfection theorem which generalises the fact that the simples of a finite-dimensional
algebra can detect modules of finite projective dimension. A dual version of this latter
result allows one to detect when a finite-dimensional DG-algebra is Gorenstein. Along
the way, we prove some equivalent characterisations of Gorenstein DG-algebras. Fi-
nally, we use another dual version of the reflecting-perfection theorem to study Koszul

duality for finite-dimensional DG-algebras.

The results of this chapter first appeared in [Goo24b]. We have improved on the

published version by removing the separability assumptions.

§ 3.1 | Finite-dimensional DG-algebras

In this section, we recall some preliminaries on finite-dimensional DG-algebras. Most

of the results are contained in [Orl20].

Definition 3.1.1. A DG-algebra A is finite-dimensional if A’ is finite-dimensional for
all i and A" = 0 for |i| >> 0.

Remark 3.1.2. By Corollary 2.6 in [Orl20], the class of DG-algebras which are quasi-

isomorphic to finite-dimensional DG-algebras is closed under Morita equivalence.

Example 3.1.3. There are many naturally occurring examples of finite-dimensional
DG-algebras.

1. If Ais a proper connective DG-algebra, Raedschelders and Stevenson showed that

A is quasi-isomorphic to a finite-dimensional DG-algebra. See Corollary 3.12 of
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[RS22] or Appendix A of [Goo24a] for another proof by the same authors with

no assumptions on the base field.

2. Recall a DG-algebra is formal if it is quasi-isomorphic to its cohomology viewed as
a DG-algebra with no differential. Any formal proper DG-algebra clearly admits
a finite-dimensional model. This includes examples such as the graded gentle

algebras appearing in the study of Fukaya categories.

3. The DG-algebras associated to various smooth projective surfaces are computed

and shown to be finite-dimensional in [Bod17].

Remark 3.1.4. Not every proper DG-algebra admits a finite-dimensional model. It
was shown in Corollary 2.21 of [Orl20], that the Grothendieck group of a smooth finite-
dimensional DG-algebra is free of finite rank. For example, this means the proper

DG-algebra associated to an elliptic curve does not admit a finite-dimensional model.

Definition 3.1.5. A module M over a finite-dimensional DG-algebra A is strictly
finite-dimensional if M is finite-dimensional for all i and M* = 0 for |i| >> 0. Let
Dyt (A) denote the smallest thick subcategory of Dgy(A) containing all strictly finite-

dimensional modules.

Example 3.1.6. As mentioned in Remark 1.10 of [Orl23], there are cohomologically
finite modules over finite-dimensional DG-algebras which are not quasi-isomorphic to
a strictly finite-dimensional module. Let A = k[x,y]/(2% 4®) with |z| = 0,|y] = 1
and zero differential. Theorem 5.4 of [Efi20] gives an example of a k[z]/z% k[y]/y>-
bimodule V' with finite-dimensional cohomology. The theorem in loc. cit. implies that
the associated gluing is a DG-algebra which does not satisfy Theorem [3.1.15] It follows
that the gluing is not quasi-isomorphic to a finite-dimensional DG-algebra. Hence, V'

is not quasi-isomorphic to a strictly finite-dimensional A-module.

Remark 3.1.7. The notion of a strictly finite-dimensional module comes with a se-
ries of problems; it is not invariant under quasi-isomorphism, and it is not clear that
cones of morphisms between strictly finite-dimensional modules admit strictly finite-
dimensional models (this is the reason we take Dy (A) to be the thick closure of the
strictly finite-dimensional modules). It is also not clear that Morita equivalences pre-
serve Dy (A). The more natural category to study is Dig(A). Example shows that
there is a finite-dimensional DG-algebra and an object in Dgy(A) which does not admit
a strict finite-dimensional model. However it is not clear that every object of Dy (A)
admits a strict finite-dimensional model and so the question of when the inclusion

Dst(A) C Dq(A) is an equality remains open in general.

Remark 3.1.8. Despite the issues raised in Remark [3.1.7, Dg(A) is still worthy of
study. In many cases of interest, we do have equality Dy (A) = Diy(A). Proposition 3.9
of [Orl23] shows that Dg(A) = Dg(A) under a connectivity assumption. By Proposi-

tion 4.6 in [KN13|, this equality holds under certain coconnectivity assumptions. This
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is applied in Section . In Theorem 9.4.4 of [BGO25|, we show that if A is a proper
graded gentle algebra, then Dy (A) = Dig(A).

Another reason to study Dyt (A) is that it can detect properties of finite-dimensional
DG-algebras. The following is Corollary 3.12 in [Or]23].

Proposition 3.1.9. Suppose A is a finite-dimensional DG-algebra over a perfect field.
Then A is smooth if and only if D**"'(A) = Dy(A) and in this case Dy (A) = Dy (A).

The category Dg(A) admits a generator which generalises the simple modules over

a finite-dimensional algebra. The following definition is made in [Or]20].

Definition 3.1.10. If A is a finite-dimensional DG-algebra, let J = J(A) denote the
Jacobson radical of the underlying (ungraded) algebra of A. The external and internal
DG-ideals associated to J are the A-bimodules

Jy=J+d(J) and J_={reJ|d(r)eJ}.

Remark 3.1.11. Since J_ C J C J,, we deduce that J_ is a nilpotent DG-ideal
and that the underlying algebra of the quotient A/.J, is semisimple. Furthermore, the

inclusion J_ — J, is a quasi-isomorphism.

Theorem 3.1.12 (Proposition 2.16, [Or]20]). For a finite-dimensional DG-algebra A,

there is a quasi-equivalence
D(A/J_) ~D(A/Jy) ~D(Dy X -+ x D)

where Dy, ..., D, are finite-dimensional division algebras.

Remark 3.1.13. The D; are exactly those appearing in the Artin-Wedderburn The-
orem applied to the underlying algebra of A/.J,.

The next result follows immediately from [Orl20]. See also Lemma 5.9 of [RS22].

Theorem 3.1.14. (The Radical Filtration) If A is a finite-dimensional DG-algebra,
then
Dy(A) = thick(A/J).

Proof. Let M be a strictly finite-dimensional A-module. Then there is a filtration of
M by strictly finite-dimensional A-modules

0o=J"McCcJ¥N'MC...CJMCM

and the factors are MJ" /MJ™* € D(A/J_) ~ D(A/J,). So by Theorem
MJ' /M J" is a finite sum of shifts of summands of A/J_. The filtration then produces
triangles in D(A) which exhibit M € thick(A/J_). Since Dg(A) is the smallest thick
subcategory containing all strictly finite-dimensional modules, it follows that Dy (A) C
thick(A/J_). The converse follows since A/J_ is strictly finite-dimensional. O
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The following theorem shows that finite-dimensional DG-algebras admit categorical
resolutions. See loc. cit. for the notions of admissible subcategories and exceptional

collection.

Theorem 3.1.15 (Corollary 2.20, [Orl20]). A proper DG-algebra A is quasi-isomorphic
to a finite-dimensional DG-algebra if and only if there is a proper DG-algebra E and
a fully faithful functor

DP(A) — D*(E)

such that DP* (E) has a full exceptional collection. If A/J is k-separable, then E is

smooth, and the embedding is admissible if and only if A is smooth.

We note a consequence for Hochschild homology of finite-dimensional DG-algebras.

Recall the Hochschild homology of a DG-algebra A is HH,(A) = H*(A ®%. A).

Corollary 3.1.16. Suppose A is a smooth finite-dimensional DG-algebra such that
A/J is k-separable. Then the Hochschild homology HH,.(A) of A is concentrated in

degree zero.

Proof. In this case, DP*"(A) is admissible in DP*"(E) where E is as in Theorem
Hochschild homology is an additive invariant (see, for example, Theorem 5.2 in [Kel06] )
and so HH,(A) is a summand of HH,(E). By Theorem 2.19 of [Or[20], D**(E)
admits a semiorthogonal decomposition whose components are DP(S;) where S; are
separable k-algebras. So again by additivity, HH.(FE) ~ @, HH.(S;). Since each S;
is k-separable, S¢ has global dimension 0. Hence, H H,(S;) is concentrated in degree

Zero. O

Remark 3.1.17. Using the HKR Theorem of [Mar01], [C&l05], [Mar08], one can pro-
duce many examples of smooth and proper schemes over C whose Hochschild homology
is not concentrated in degree zero. Examples include smooth projective curves of genus
g > 0, K3 surfaces, many Fano 3-folds and so on. Hence, none of these geometric objects
can be derived equivalent to a finite-dimensional DG-algebra. This provides plenty of

proper DG-algebras which do not admit finite-dimensional models.

Corollary |3.1.16| was already proved for smooth and proper connective DG-algebras
in [Shk07].

§ 3.2 | Reflecting Perfection

We generalise some facts about finite-dimensional algebras to finite-dimensional DG-
algebras. The following is a derived version of the Nakayama lemma. Note that by
Remark [3.1.11] J, can be replaced by J_ in the statement of any of results in this

Section.

Proposition 3.2.1. Let A be a finite-dimensional DG-algebra and suppose M € D(A)
is such that A/J, @% M ~ 0. Then M ~ 0.
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Proof. Let
C={X €DAP) | X @5 M ~0} CD(A®).

Then A/J, € C and C is thick as it is the kernel of a triangulated functor. By the
radical filtration, we have that A € thickaw(A/J,) and so A € C. Hence, M ~
ARY M ~0. O

Recall that D°(k) = D°(mod k) is the bounded derived category of finite-dimensional
k-vector spaces or equivalently, the subcategory of D(k) consisting of complexes with

finite-dimensional cohomology.

Lemma 3.2.2. Let A be a finite-dimensional DG-algebra and suppose M € D(A) is
such that A/J, @4 M € D*(k) or RHom (M, A/J,) € D*(k). Then M € Diy(A).

Proof. The former case is similar to the proof of Proposition but take C = {X €
D(A?) | X @% M € D°k)}. If RHomy (M, A/J,) € Db(k), then since (A/J.)V €
thick4(A/J,), we have that (A/J, ®% M)V ~ RHom (M, (A/J,)") € Db(k). There-
fore, A/J; @4 M € D(k) so by above M € Dyy(A). O

The following result generalises the fact that the simples of a finite-dimensional

algebra can detect modules with finite projective dimension.

Theorem 3.2.3. Suppose A is a finite-dimensional DG-algebra and M € D(A) is such
that RHom 4 (M, A/ Jy) € Db(k) or A/ Jy @% M € D*(k). Then M € DPi(A).

Proof. By Theorem 2.19 in [Or]20], there is a finite-dimensional DG-algebra E admit-
ting an exceptional collection and a functor 7*: D(A) — D(FE) which admits a right
adjoint .. We claim that 7, sends Dgy(E) to Dg(A). We have that,

7.(M) = RHomy(P,, —) ~ RHomy(P,, F) ®% — ~ Homg(P,, F) ®% —

where P, is a summand of E. So 7, can be computed using K-projective resolutions. By
Theorem 2.19 in loc. cit., DP(E) = Diy(E). Then, by Proposition 2.5 in loc. cit., any
object in Dgy(FE) admits a K-projective resolution which is strictly finite-dimensional.
Therefore, 7.(E/J.) € thicks(A/J,). It follows that if RHom (M, A/J,) € Db(k),
then RHom 4 (M, 7. (E/J,)) € D°(k). Therefore,

RHom (7*(M), E/J,) ~ RHom 4 (M, 7. (E/J.)) € D°(k).

So by Lemma [3.2.2) 7*(M) € Diy(E) = DP™(F). As noted in the proof of Proposition
6.9 in [KS25], 7* reflects perfection and so M € DP(A). If A/J, @4 M € Db(k), then
since A/J} € thickaer(A/Jy), we have that

RHom (M, A/ J.) ~ ((A)J.)Y @4 M)Y € D(k)

and so by above we have that M € DP(A). O
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Corollary 3.2.4. If A is a finite-dimensional DG-algebra, then

D (A) = {M € D(A) | A)J, &% M € D°(k)}
= {M € D(A) | RHom, (M, A/ J,) € D°(k)}.

Proof. The result follows from Theorem since both of the functors A/J, ®% —
and RHom 4(—, A/J,) send perfects to D’(k). Indeed, they both send A+ A/J,. O

We note a consequence for the left homologically finite objects considered in [KS25].

Definition 3.2.5. Suppose T is a triangulated category. Define the following thick

subcategories.

T = {t € T | @ Homy(t,5*') € mod k for all ' € T}
T = {t € T | PHoms(¢,Xt) € modk for all t' € T}

Corollary 3.2.6. Suppose A is a finite-dimensional DG-algebra. Then Dig(A)M =
Dsf(A)lhf — Dperf(A)‘

Proof. Since Dig(A)M and Dy (A)™M are thick and contain A, they contain DPe(A).
Conversely, if M € Dig(A)™ or Dy(A)™M then RHom (M, A/J_) € Db(k) and so
M € DP*(A) by Theorem [3.2.3| O

§ 3.3 | Detecting Gorenstein DG-algebras

We take our definition of a Gorenstein DG-algebra from [Jin20)].
Definition 3.3.1. A proper DG-algebra A is Gorenstein if DPf(A) = thick 4(AY).

Remark 3.3.2. This condition is equivalent to requiring that both A € DPe(A)
and AV € DPI(A°). This follows since AV € DP(A%) = thick 4or(A) if and only if
A € thick(AY) using the equivalence (—)Y. This implies that A is Gorenstein if and
only if AP is. One can see that for finite-dimensional algebras, Definition is the

Iwanga-Gorenstein condition.

Proposition 3.3.3. Let A be a proper DG-algebra. The functor (—)V restricts to an
equivalence DP(A) ~ D (A%)P if and only if A is Gorenstein.

Proof. Since A is a proper DG-algebra, we can restrict (—)¥ to an equivalence.
(—=)V: DP(A) = thick4(A) = thick 4on (AY)P C Deg( A% (3.1)

By Equation (3.1)), the functor (=) restricts to an equivalence on DPf( A) if and
only if DP(A%) = thick 4or(AY). This is exactly the condition that A% is Gorenstein.

The result then follows since A is Gorenstein if and only if A is. O]
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Recall from Remark [2.5.5, one always has an equivalence DP(A) ~ Dperf( Aor)ep
but in general it is not given by (—)Y. One justification for this definition is the
relationship to Serre functors in the sense of [BK89]. The next result generalises a

well-known fact about finite-dimensional algebras.

Proposition 3.3.4. A proper DG-algebra A is Gorenstein if and only if D™ (A)

admits a Serre functor. In this case, the Serre functor is
AV @Y —: Drerf(A) I pre(A).

Proof. Suppose DPf(A) admits a Serre functor S: DP(A) = DP(A). Then we

have isomorphisms of functors DP*f( A)? — mod k.
Hom’Dperf(A)(_7 S(A)) ~ Hom’Dperf(A) (A, _)\/

~ Hompfd(Aop) (A, (_)\/)

= Homed(A)(_7 Av)
The first follows from the Serre functor, the second since (—)Y commutes with co-
homology and the third holds by Remark [2.5.2] Therefore, there is a morphism
[+ S(A) — AY corresponding to 1g(4y and by the Yoneda lemma, the isomorphism
is given by Hompa)(—, f). In particular, H'(f) = Hompa)(X7'A4, f) is an isomor-
phism for all i. Therefore, f is a quasi-isomorphism and so A ~ S(A) is perfect. If
DPerf(A) admits a Serre functor, then so does DP(A)P ~ DPer(A). So one also has
AY € DP(A%). Hence, A is Gorenstein.

Conversely, by Proposition and Remark [2.5.5, RHom 4(—, A)Y ~ AV @4 — is
an equivalence. For M, N € DP®( A) there are natural equivalences

RHom 4 (M, RHom 4(N, A)Y)Y ~ RHom 4 (N, A) ®% M ~ RHom 4 (N, M)

where the last equivalence holds since it holds at N = A and the class of objects for

which it is an equivalence is thick. O

Proposition generalises Theorem 4.3 of [Shk07]. The following is a dual version
of Corollary

Proposition 3.3.5. For a finite-dimensional DG-algebra A
thick4(AY) = {M € D(A) | RHom 4 (A/J_, M) € D°(k)}.
Proof. Corollary [3.2.4 applied to A% implies
DP(A%) = (M € Dy (AP) | M @4 A)J_ € D°(k)}.
Applying the equivalence (—)V gives

thicks(AY) = {M"Y € Dy(A) | M % A/J_ € D°(k)}.
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This can be rewritten using the equivalence (—)" as
thicka(AY) = {N € Dy(A) | NV @' A/J_ € D°(k)}.

Now, NV @4 A/J_ € D*k) if and only if (NV ®@% A/J_)V € Db(k). Hence, the result

follows since
(NV oL A/J_ )Y ~ RHom ,(A/J_, NV) ~ RHom ,(A/J_, N). ]

We deduce that reflecting perfection for RHom 4(A/J_, —) is related to being Goren-

stein.

Theorem 3.3.6. Let A be a finite-dimensional DG-algebra. Then A is Gorenstein if
and only if both of the functors

RHom 4(A/J_, —): D(A) = D(A/J-),
RHom 4op (A/J_, —): Dq(A%) — D(A®/J_)

reflect perfection.

Proof. Suppose both functors reflect perfection. Proposition [3.3.5| applied to A and
A% implies that AV € DPf(A) and AY € DP(A%). Hence, A is Gorenstein. The
converse also follows from Proposition [3.3.5] applied to A and A. O

Note that by Theorem [3.1.12} an object of D(A/J_) is perfect if and only if it has

finite-dimensional cohomology.

Corollary 3.3.7. Let A be a finite-dimensional DG-algebra. Then A is Gorenstein
if and only if both RHom,(A/J_, A) and RHom 40, (A/J_, A) have finite-dimensional

cohomology.

Proof. 1f A is Gorenstein, then so is A°?. By Proposition [3.3.5, RHom 4(A, A/J_) and
RHom 40, (A, A/J_) are in D°(k). Conversely, it follows from Proposition that
A € thicks(AY) and A € thick . (AY). Hence, A is Gorenstein. O

For not necessarily proper DG-algebras, another definition of Gorenstein was given

in [F.J03]. We can compare these.

Proposition 3.3.8. Let A be a proper DG-algebra. If A is Gorenstein, then there are

inverse equivalences
RHom 4 (—, A): Dp(A)? == Dya(A%): RHom 4o (—, A).

Conversely, suppose that DP*(A) = D (AP and DP(AP) = Dig(AP)BE If both
RHom 4 (—, A) and RHom 40,(—, A) preserve cohomologically finite modules, then A is

Gorenstein.
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Proof. If A is proper and Gorenstein, then AV @4 — is an equivalence on D(A) and so
its adjoint RHom 4(AY, —) is too. It follows from the adjunction that RHom 4(AY, —)

restricts to an equivalence on Drq(A). Then there is an equivalence
RHom yop (—, A) = RHom (A", (=)"): Dra(A”) = Dra(A),

as required. Dually, since A% is also Gorenstein, RHom 4(—, A) restricts to the desired

equivalence. They are inverse equivalences since there is an adjunction
RHom 4(—, A): D(A) —— D(A)°?: RHom yop(—, A).

Conversely, if RHom 40,(—, A) preserves cohomologically finite modules, then so does
RHom 4(AY, —). It follows that AY € Dgy(A)F = DPerf(A). Dually the other condition
implies that AV € DPI(A?). Hence, A is Gorenstein. O

Remark 3.3.9. We note that the conditions DP(A) = Dy (A)™ and DPi(AP) =
Diq(A°P)1E hold for finite-dimensional DG-algebras by Corollary [3.2.6 They also hold
for any proper reflexive (see Definition [4.3.1)) DG-algebra by Proposition [6.1.1]

§ 3.4 | The Koszul Dual

We have seen that any finite-dimensional DG-algebra has a semisimple quotient A —
A/J_ and A/J_ generates Dg(A). This sets up a version of Koszul duality for finite-

dimensional DG-algebras.

Definition 3.4.1. The Koszul dual of a finite-dimensional DG-algebra A is the DG-
algebra
A= RHom (A/J_, A/ J_).

The aim of this section is to record various derived equivalences between A and A

which swap the perfects and the finite-dimensional modules.
Definition 3.4.2. If A is a DG-algebra, let DE™(A) := DPf(A) N Dyy(A) C D(A).
Remark 3.4.3.

1. If A is a proper DG-algebra, then D™ (A) = DPef(A) and if A is smooth then
DP™(A) = Dig(A). Indeed, this follows from Lemma 3.8 in [KS23].

2. There are DG-algebras for which D™ (A) is properly contained in both DPer(A)
and Dgq(A). As noted in [OrI23], the infinite Kronecker algebra is an example.

3. In the language of [KS25], a DG-algebra A is hfd-closed if Dgg(A) = DL (A) and
Dia(A%) = D™ (A”).

4. If A is a connective finite-dimensional DG-algebra over a perfect field, then A’
is smooth as noted in the proof of Proposition 6.9 in [KS25] and so D (A') =
Dyq(AY).
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5. If A = k[z]/2? with |z| = 1, then A' = k[[t]] with |¢| = 0 which is not smooth but
still satisfies Do (A') = D(A'). Indeed, if R is any left Noetherian k-algebra
of finite global dimension, then every finite-dimensional module is finitely gener-

ated and so admits a finite resolution by finitely generated projectives. Hence,
Dia(R) C DP(R).

Theorem 3.4.4. Let A be a finite-dimensional DG-algebra. Then there are equiva-
lences

RHom 4 (—,A/J-)
— T

Dy (A) Drert (A

|

Dperf(A)op o~ D%erf<A!)

Proof. The top functor is an equivalence by Remark- Since A — A/J_ € Dy(A'),
the equivalence sends DPrf(A)P to DL (A') as shown. If X € D™ (AY), then X ~
RHom 4 (Y, A/J_) for some Y € Dy(A). But then by Theorem [3.2.3 m, Y € DPi(A), as

required. Therefore, the bottom functor is also essentially surjective. O]
We note that A' is left hfd-closed if and only if it is right hfd-closed.

Proposition 3.4.5. If A is a finite-dimensional DG-algebra, then DL ((ANP) =
Dia((AYP) if and only if DX™(A') = Di(A").

Proof. We claim that (—)Y restricts to an equivalence as shown

Dia(A)) — 2 Dyg((A)r)or

J T

Dy (A) 2 DE(A))

from which the result follows immediately. We need to show that for any X € D2 (A"
XV € Drerf((A')°P). Since A generates DPf(A), we have that RHom 4 (A4, A/J_) ~
A/J_ generates D™ (A'). Therefore, it is enough to show that A/.JY € DPerf((A")or).
We have A/JY ~ RHom 4(A/J_, AY) € D((A")°). Since AV € Dy (A) = thicka(A/J )
we have that A/JY € thick, (RHom4(A/J_, A/J_)) = DPi((AY°r). O

)

We now deduce covariant versions of the two equivalences in Theorem [3.4.4]

Theorem 3.4.6. Suppose A is a finite-dimensional DG-algebra. Then there are equiv-
alences
RHom 4 (A/J_, —): Dy(A) = DP((A)P)
(A1) ) —: DPr(A) = D ((A))

Proof. The first equivalence follows from Remark [2.6.5] Composing the bottom equiv-
alence from Theorem with the equivalence (—)¥ in the proof of Proposition [3.4.5]
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states that
RHom(—, A/J-)": DP(A) & D™ (A)” = D™ ((A)™)
is an equivalence. Then we note that
RHom ,(—, A/J_)" ~ RHom ,(—, A/J"V) ~ A/ JY & —. O

Remark 3.4.7. The Koszul dual A' has an augmentation from which we can recover A.
Applying RHom 4(—, A/J_) to A — A/J_ gives a map of left A'-modules A/J_ < A",
And RHom 4(—, A/J_) induces an equivalence of DG-algebras

A = RHom (A, A)? = RHom 4 (A/J_, A)J_) =: A".

This says that A is dc-complete with respect to A/J_ in the language of [DGI06].



Chapter 4

Reflexive DG-categories as Reflexive
Objects

Reflexive DG-categories were introduced in [KS25] by Kuznetsov and Shinder to ab-
stract the duality between the perfect and bounded derived categories of projective
schemes. They showed that there is a significant amount of common information be-
tween A and Diy(A) for a reflexive DG-category A; they have the same triangulated

autoequivalence groups and their semiorthogonal decompositions are in bijection.

The main result of this chapter is a new characterisation of reflexive DG-categories
as the reflexive objects in the closed symmetric monoidal category Hmo. In a way
that can be made precise, the reflexive objects are those for which information can be
recovered from their duals. In Hmo, the dual of a DG-category A is Dg(A). This
provides a moral justification of why there is some common information between A
and Dgy(A) when A is reflexive. In Chapter , this characterisation will be applied to

produce more common information between these two categories.

We begin by recalling the abstract notion of a reflexive object in a closed symmetric
monoidal category. In Section we give the construction of the closed monoidal
structure on Hmo due to [Toé(07], and note that the dual of a DG-category A in Hmo
is Dra(A). In Section [£.3] we provide a detailed construction of the evaluation map
appearing in the definition of a reflexive DG-category (which is skipped in [KS25]) as
a natural transformation between functors on Hmo. In Section we recall that Hmo
can be viewed as a bicategory and that the dual functor Dgy(—) lifts to this level. The

results of this section appeared in the preprint [Goo24c].

§ 4.1 | Reflexivity in Monoidal Categories

We collect some well-known results on monoidal categories. Let (M, ®,1) be a closed
symmetric monoidal category whose internal hom we denote hom(—, —). The dual

functor is

D :=hom(—,1): M — M
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and it is left adjoint to D: M — M. Indeed, there are natural isomorphisms
hom(z, Dy) ~ hom(z ® y,1) ~ hom(y ® z,1) ~ hom(y, Dz). (4.1)
The unit and the counit coincide as a natural transformation
eval: 1y — DD.

The following definition appeared in [DP8&4].

Definition 4.1.1. An object x € M is reflexive if eval, is an isomorphism. Let
Refl(M) C M denote the full subcategory of reflexive objects of M.

Proposition 4.1.2. If M is a closed symmetric monoidal category, then D restricts

to a self-inverse equivalence
D: Refl(M) = Refl(M)*?

and Refl(M) is maximal with this property i.e. if D restricts to an equivalence on any
subcategory C C M then C C Refl(M).

Proof. The triangle identity of the adjunction implies that D restricts to a contravariant
self-adjunction on Refl(M). Since the unit and counit are isomorphisms for all reflexive
objects, it is an equivalence. If D restricts to an equivalence on C, then the unit and

counit must be isomorphisms and so every object of C is reflexive. O

Remark 4.1.3. We consider some canonical morphisms in M.

1. For z € M, the counit of the adjunction — ® = 4 hom(z, —) evaluated at the

unit produces a map €7: Dr ® x — 1.

2. For z,y € M, the adjunct of ] ® £} produces maps
fzy: D @ Dy — D(z ®y)
which make D: M — M a lax monoidal functor.

3. For z,y € M, there is a map
Dz ® y — hom(z,y)
defined as the image of £] under

Hom(Dzx ® x,1) —2, Hom(Dx ® z ® y,y) ~ Hom(Dzx ® y, hom(zx,y)).

Reflexivity should be compared to dualisability.
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Definition 4.1.4. An object in x € M is dualisable if the canonical map
Dz ® x — hom(z, x)
is an isomorphism. Let Dual(M) denote the full subcategory of dualisable objects in

M.

There are various equivalent definitions of dualisability. The following proposition
can be extracted from [DP84] and [LMSME6].

Proposition 4.1.5. Let M be a closed symmetric monoidal category and x € M. The

following are equivalent.

1. x is dualisable.

2. There is a map c: 1 — x ® Dz such that the composites

®
r C%r @ Dr@r 22 ¢

Dm%Dm@m@Dm%Dm

are both the identity.
3. The canonical map Dx @ y — hom(x,y) is an isomorphism for all y € M.
4. x is reflexive and p,,: Dx @ Dy — D(z ®@y) is an isomorphism for all y € M.
5. x is reflexive and jiy p,: Dx @ DDz — D(x ® Dzx) is an isomorphism.

6. x is reflexive and Dx is dualisable.

Proposition 4.1.6. Suppose M is a closed symmetric monoidal category. Then
Dual(M) is a symmetric monoidal subcategory of M and D restricts to a strong

monoidal equivalence
D: Dual(M) = Dual(M)?.

and Dual(M) is maximal with respect to this property.
Proof. If  and y are dualisable, then by (3) and (4) of Proposition [{.1.5]

Dzoy)@ry~DrDyr®y
~ hom(z, Dy ® © ® y)
~ hom(z, hom(y, z ® y))
~ hom(z ® ¥,z @ y).

One can check this is the canonical map and so x ® y is dualisable. By (4), D restricts
to a strong monoidal equivalence. Conversely, if D restricts to an equivalence on a
monoidal subcategory C, then we must have C C Refl(M). Since the equivalence is
strong monoidal, we have that p, p, is an isomorphism for all z € C. Then by (5),
x € Dual(M). O
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Remark 4.1.7. Dualisability is a notion of smallness and coincides with other notions
of smallness in many cases. The dualisable objects correspond to the finite-dimensional
representations over a finite group; finitely generated projectives in the module category
of commutative ring; perfect complexes in the derived category of a commutative ring;

and finite spectra in the stable homotopy category.

Example 4.1.8. In general, there are more reflexive objects than dualisable objects.
In ModZ, the Specker group [[yZ is reflexive but not dualisable. In D(R), for a

commutative ring R, the object @, 'R is reflexive but not dualisable.

Remark 4.1.9. The reflexive objects do not form a monoidal subcategory in general.
Consider M = @,c;, X'k € D(k). This is reflexive but M ®;, M is not for cardinality

reasons.
Proposition 4.1.10. Reflexive objects and dualisable objects are closed under retracts.

Proof. Suppose x ER y & x are such that gf = 1, and z is reflexive. Then, by
naturality of eval, eval, is a retract of eval,. Then the result holds since isomorphisms

are closed under retracts. The proof is similar for dualisable objects. O]

Remark 4.1.11. We note that the dual functor D: M — M lifts to an M-enriched
functor (see Section 1.6 of [Kel82]). This means that for every pair of objects z,y € M

there is a morphism in M
D, ,: hom(z,y) — hom(Dy, Dx)

subject to the usual associativity conditions and such that the following diagram com-

mutes.
Hom (1, hom(z,y)) Hom(1,D), Hom (1, hom(Dy, Dzx))

| |

Hom(z, y) D Hom (Dy, Dx)

where the bottom map is the action of the functor D: M — M. Furthermore,
Equation shows that D - D is an M-enriched adjunction (see Section 1.11 in

[Kel82]) and so the following diagram commutes

Dz,y

hom(z, y) hom(Dy, Dx)

hom(x,m /

hom(x, DDy)

The following proposition follows immediately from Remark [4.1.11}

Proposition 4.1.12. If M is a closed symmetric monoidal category and y € M is
reflexive, then
D, ,: hom(z,y) — hom(Dy, Dx)

is an isomorphism for all x € M.
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§ 4.2 | Duals in the Morita category

In this section, we recall Toén’s description of the internal hom in the symmetric
monoidal categories Hqe and Hmo. We include a proof that the dual in Hmo of a

DG-category is its category of cohomologicaly finite modules.

Remark 4.2.1. The tensor product of DG-categories makes DGcat a closed symmetric
monoidal category whose internal hom we denote hompgeat(—, —). The symmetric
monoidal and model structures are not compatible but as we are over a field, the

tensor product preserves quasi-equivalences and so descends to
— ® —: Hqge x Hqge — Hqe.

Over a commutative ring, the tensor product can also be derived to Hqe.

The next result follows from a more general statement about the simplicial enrich-

ment associated to the model category. A direct proof is given in [CS15].

Theorem 4.2.2 (Theorem 1.3, [Toé07]). (Hqe,®, k) is a closed symmetric monoidal
category with internal hom given by hompge(A, B) ~ D(B* @ A)™7".

Remark 4.2.3. Note that by Theorem |2.7.3 there is a bijection between Hompe (A, B)

and isomorphism classes of objects in H” homye(A, B).

A similar version of the following result is mentioned at the beginning of Section 7
in [To&07].

Proposition 4.2.4. For a DG-category A, there is an equivalence
hoque(A, Db(k)) >~ Dfd(A)

Proof. Let () denote the cofibrant replacement functor on DGceat for the model struc-
ture in Remark [2.7.1] By definition, the functor Homyge(— ® A, Dia(k)) is represented
by homyqe(A, Dia(k)). We will show that Dgy(A) also represents this functor and de-
duce the equivalence. Let iso denote the isomorphisms classes of objects in a category
and Ho the homotopy category of a model category. Consider the following chain of

isomorphisms.

Hompge(—, Dra(A)) =~ Hompqe (Q(—), Da(A))
~ iso Ho(hompgeat (Q(—), Cra(A)))
~ i80 Ho(hompgeat (Q(—), hompgeat (A, Cra(k))))
~ iso Ho(hompgeat (Q(—) ® A, Ca(k)))
~ iso Ho(hompgeat (Q(Q(—) ® A), Cra(k)))
~ Hompqe (Q(Q(—) ® A), D°(k))
~ Homypge(— ® A, D°(k))
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The first follows since there is a natural quasi-equivalence Q(—) — lpg. The sec-
ond is Lemma 6.2 of [Toé07] applied to My = Cg(A). The third is the definition
of Ciq(A) and the fourth is the underived tensor-hom adjunction. The fifth follows
since Ho(hompgeat (B, Csa(k)) = D (B) and the quasi-equivalence Q(B) — B induces
an equivalence Dy (B) ~ Du(Q(B)) for any DG-category B. The sixth is another
application of Lemma 6.2. O

Remark 4.2.5. The symmetric monoidal structure can be derived to Hmo by setting
A® B := D" (A® B). For more details see [Toé11].

The following well-known result follows from Theorem [4.2.2]

Theorem 4.2.6. The symmetric monoidal category Hmo is closed with internal hom
given by hompy,, (A, B) =~ hompg.(A, DP(B)) ~ D(B? © A)B pert

We deduce the following from Theorem [£.2.6] and Proposition [4.2.4]

Corollary 4.2.7. The dual of a DG-category A in the closed symmetric monoidal
category Hmo is Dgy(A).

Remark 4.2.8. Note that Proposition [£.2.4] could also be extracted directly from
Theorem by observing that D(k? @ A)k Perf ~ Dyy(A). However we include the
direct proof of Proposition [£.2.4] as it will be used in the proof of Lemma [4.3.16

§ 4.3 | Reflexive DG-categories

We will take the following as our definition of a reflexive DG-category.

Definition 4.3.1. A DG-category A is reflexive if it represents a reflexive object in

Hmo.

Let us spell out what this means. By Proposition 4.2.4] the evaluation map gives a
morphism in Hmo
eval A A— Ddefd.A

which induces a triangulated functor

D (A) — DDy A

which is an equivalence if and only if A is reflexive. We will also be interested in the

following weaker condition.
Definition 4.3.2. A DG-category A is semireflexive if eval 4 is quasi-fully faithful.

Remark 4.3.3. Note semireflexivity is equivalent to fully faithfulness of the triangu-
lated functor DP(A)P — Dy Dig A.
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Remark 4.3.4. Quasi-fully faithful functors in Hqge can be encoded as the homotopy
monomorphisms of the model category (see Lemma 2.4 of [Toé07]). So one could also
encode semireflexivity in an abstract setting by considering monoidal categories with

some higher structure.

Remark 4.3.5. In [KS25|, reflexivity is defined for pretriangulated DG-categories
by writing down an explicit evaluation functor A — DDy (A). In this section, we
provide a detailed construction of Kuznetsov and Shinder’s evaluation map as a natural
transformation between endofunctors on Hmo and show that it coincides with the

abstract evaluation map eval 4 above.

Remark 4.3.6. Recall there are dualities DP(AP) ~ DP(A)P and Dig(A)P =~
Drq(A°) which can be composed with eval 4 to give equivalent formulations of reflex-
ivity. These are studied in Lemma 3.10 of [KS25] and in particular, it is shown that A

is reflexive if and only if A is.

Remark 4.3.7. By Lemma 3.13 in [KS25] or Proposition 4.1.2] if A is a reflexive
DG-category, then so is D (A).

Example 4.3.8. Many commonly studied DG-categories in algebra, geometry and
topology turn out to be reflexive. For example, see [BNP17], [KS25], [LU22], [BGO25].
For a detailed survey of the currently known examples, see the beginning of Chapter
(i

Remark 4.3.9. By Remark [2.2.14] we can assume that that the projective model
structure on C(A) admits a cofibrant replacement DG-functor. Therefore, we have
DG-functors
iA Q4
D(A) —— C(A) —— D(A)

A

and a DG-natural transformation i4e4: Q4 — le(ay which is an objectwise quasi-

isomorphism. Note these DG-functors restrict to cohomologically finite modules.

To construct Dyq as a functor on Hmo and to write down an explicit evaluation map

we will use the following technical lemma.

Lemma 4.3.10. Suppose F,G: A — B are DG-functors and a: F — G is a DG-
natural transformation such that for every a € A, the map o, € Hompyog(F(a),G(a))

is an isomorphism. Then F and G represent the same morphism in Hqe.

Proof. The quasifunctors representing F' and G are My and Mg € C(B” ® A) where
Mp(b,a) = B(b, F(a)) and Mg(b,a) = B(b,G(a)). There are composition maps for any
beBacA

B(b, F(a)) @k B(F(a),G(a)) = B(b,G(a)).

Composing with a, € B(F(a),G(a)) produces chain maps Mpg(b,a) — Mg(b, a) which
are natural and give rise to map Mr — Mg € C(B?®.A). Taking cohomology produces
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maps for every ¢
H'B(b, F(a)) @, H'B(F(a),G(a)) — H'B(b,G(a)).

Since o, is an isomorphism in H°B, composing with the class a, represents induces an
isomorphism H*Mp(b,a) — H*M¢g(b, a). Therefore, Mp ~ Mg € D(B” ® A). Hence,
the isomorphism class of M equals the isomorphism class of Mg and the corresponding

elements of Hompyge (A, B) are equal. O

Definition 4.3.11. Define a functor Dg(—): DGeat — Hqe” which sends A —
Dia(A) and F: A — B to the morphism represented by the DG-functor

Res(F) A

Di(B) —2 Ca(B) = Cra(A) —L Dig(A)
where Res(F)(M) = MF.

Proposition 4.3.12. The functor Dg(—): DGeat — Hqe® in Definition |4.3.11] is
well defined.

Proof. We check Dgy(—) is functorial. For a DG-category A, 14 is sent to the quasi-
functor representing the DG-functor Q4i*: Diy(A) — Dia(A). There is a DG-natural
transformation e4: Q4 — 1p,,(4) such that for any M € Diq(A) the map Q4(M) —
M is a quasi-isomorphism. Therefore, the morphisms e3; € Hompop,,4)(Q4(M), M)
are isomorphisms so by Lemma , Dia(14) = lpg,a) € Hompge(Dra(A), Dia(A)).
Given DG-functors F': A — B and G: B — C, there is a DG-natural transformation

a = Q" Res(F)eRoayic : Pia(F)Dia(G) — Dia(GF).

For any M € C, Eges(G)iC s 18 a quasi-isomorphism in Ci(B). Restricting along F' and

applying Q% preserves quasi-isomorphisms and so

anr € Hompop,, ) (QY(QF(MG)F), QA (MGF))
is an isomorphism for every M € Dg(C). Again by Lemma we are done. O
Proposition 4.3.13. D (—) descends to functors Hqe — Hqe” and Hmo — Hmo.

Proof. 1f D¢y descends to Hmo, then it certainly descends to Hqe. We must show that
if F: A — B is a Morita equivalence, then Dg(F') is an isomorphism in Hmo. This
is equivalent to showing that the DG-functor Di(F): Dw(B) — Di(A) is a quasi-
equivalence. If F' is a Morita equivalence, then the unbounded restriction functor
D(B) — D(A) is an equivalence by definition. This equivalence preserves the perfects
as they are the compact objects. Note that M € Dgy(A) if and only if RHom 4(P, M) €
Db(k) for every P € DP(A). Therefore, the equivalence restricts to an equivalence
Dia(B) ~ Diy(A). O
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Proposition 4.3.14. There are natural transformations ev: lgqe — DwDia(—) and
ev: lumo — DwaDra(—) such that for each DG-category A and a € A, ev 4, € DiaDra(A)
is a K-projective resolution of the DG-functor Dy(A) — D°(k) which sends M
M (a).

Proof. For A € DGcat, define
eva: A= CaCra(A)
as follows. For a € A set
a0 Ca(A) — C(k); M M(a); B+ B

This defines a DG-functor and so €4, € CtaCt(A). Given some f € A(a,b)”, set
€V4 €V, — €V, as the graded natural transformation whose value at M € Ciq(A)
is

Vaa(M) = M(a) *5 M(b) = evay(M).

Then f — €V 4 is a chain map, and this constructs a DG-functor v 4. Define ev4 as

the composition

A Res(i4) QPsa(A)
eva: A — CyCra(A) —— CiqDia(A) ——— D Dia(A)
and view it as a morphism in Hqe and Hmo by taking its image along the functors
DGcat — Hge — Hmo. We now check naturality. First, note that if a: ' — G is a
DG-natural transformation between DG-functors F, G: A — B, there is a DG-natural
transformation Res(a): Res(F') — Res(G) defined by

Res(a)r(a): Res(F)(M)(a) = MF(a) 2° MG (a) = Res(G)(M)(a)

for M € C(B) and a € A. Now, given F': A — B € Hqe, note that since every object
of Hqe is isomorphic to a cofibrant object, we can assume that A is cofibrant and so F

is a DG-functor. We will define a DG-natural transformation ¢ of the following form.

A a B
evy ¢ /? leVB
l /
DiaDig A W Dia DB

First, let 44 = v: Res(QA)iPaAW QP Res (i) — 1y cu(a) denote the 2-cell defined
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as

os(i iPfd (A) QDra (A) Res
CiaCra(A) _ Beh) | CtaDia(A) ——— CtaDu(A) .C N CtaCra(A)

S
H | Tean, | H
RSN

Res (i) es(Q4)

CiaCra(A) ————— CaDia(A) === CtaDu(A) _Reted) CtaCra(A)

H Res(eA) \ H
Cfdcfd (-A) Cdefd (A)

Then let ¢ be the 2-cell
A A = B
o o
CiaCia(A) =———= C1aCra(A) &5 &
=7
| H

CtdaCra(A) ———— CiaCra(A) CiaCraB DiqDra(B)

-
Res(Res( QP (B) Res(iP)

where the middle square commutes by naturality of €7 and the right triangle commutes
by definition. By Lemma [4.3.10] it is enough to show that ¢, is a quasi-isomorphism.
For any a € A, we claim that Res Res(F')7, is a quasi-isomorphism of Cg(B) modules.
If M € Cga(B), then (ResRes(F)7,) is the composition

(Res Res(F) Res(QA)iPralA) QPia(A) RGS(iA)WA,a) (M)

Pl QP (6.4,1) (QA(MF))

j PN (QA(MF))
CVA a

(EVaa ") (QUME)) = i4QN(MF)(a)

J{E"J\L/\IF(CL)

MF(a)

This is a quasi-isomorphism since seg‘fifﬁ)f‘ is a quasi-isomorphism of Diq(A)-modules
and e} is a quasi-isomorphism of A-modules. Hence, ResRes(F)y, is a quasi-
isomorphism for all a. Therefore, Res(i®) Res Res(F)7, is a quasi-isomorphism for

all a € A as restriction preserves quasi-isomorphisms. Therefore,
¢o = QP® Res(i%) Res Res(F),

is a quasi-isomorphism since QP48 preserves quasi-isomorphisms. As they commute

in Hqge, the naturality diagrams also commute in Hmo. O
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Proposition 4.3.15. There are adjunctions
Dfd(—)i qu « ' quop: Dfd(—)

and

Dia(—): Hmo ——— Hmo”: Dg(—)
whose unit and counit are both given by ev.

Proof. We will show that the triangle identity holds for Dg(—) on Hge with candidate
unit and counit given by evp,,(4). To do this, we construct a DG-natural transformation

of the form
eVDfd (A)

Dfd (A> Ddedefd <A>

/ lDfd(eVA)

Dra(A)
Define ¢ as the following 2-cell.

D A Res(iPfd (A)) QPtdPra (A)

DigA ——— CiaCiaDra(A) —— CtaDiaDtg A —— D DigDia A
=

ePtaPra (A) iPta Dd (A)

©
A Cfd Dfd Dfd A

Res(ePfd <A))

7

Res(QDfd (A) )

CtaCra D A
Res Res(i))
Cfd (A) T CfdcfdcfdA
——
\ Res(ev.4)
Cia A

Q.A

Dfd A

The pentagon commutes by naturality of €V and the unlabelled triangle is the triangle
identity for Csq(—) 4 Cra(—). Let 8 denote the composite of the first three non-trivial

two-cells in ¢, so that
3: Res(ev.4) Res Res(i!) Res(QPuA))jPuaPrAQPuPud Reg (P ey, 4 — 34

and ¢ = e*Q*3. Then, given M € Diy(A) and a € A, By (a) is the morphism in D°(k)
given by
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(Res(ev 4) Res Res (i) Res(QP(W)iPuaPuAQPuaPaA Reg (P A))evp, 4y ar)(a)

/L'Ddefd(A)QDdefd (A) (Res(z‘DfdA)WDfd(A)’M)(QDfd (A) (RGS(ZA)WA,@))

Diq Dg (A) Dy (A) A
€ _ (@71 (Res(i!)eV a,a))
l Res(indA)evadA’]\/[

Res(i704)evp,, 4,00 (QP4 ) (Res (i) a,0)) = (iP4AQPH4) (Res(i)e¥ 4.0) (M)
lavfdw (M)

Res(i4)ev 4

Res(i4)ev.4.0(M) = i (M) (a)

This is a quasi-isomorphism as both £’s are pointwise quasi-isomorphisms. Therefore,
Bar is a quasi-isomorphism of A-modules and so is Q*(8r). So the above 2-cell eval-
uated at M is

Dia(ev.a) evpy,a) (M) — Qi (M) % M

which is a quasi-isomorphism. Therefore, the square commutes in Hqe by Lemma
[4.3.10 and so also in Hmo and we are done. O]

Lemma 4.3.16. There is an isomorphism Dga(—) =~ homyge(—, D*(k)) of functors on

Hqe and an isomorphism of functors Diy(—) ~ homyye(—, k) on Hmo.

Proof. 1t is enough to prove the first statement and as before we need only check
naturality for DG-functors F': A — B. Recall that for any cofibrant X € Hqe, there is

an isomorphism by Lemma 6.2 in [Toé07]
Homypqe(X, Dia(A)) ~ iso Ho(hompgeat (X, Cra(LA))). (6.7.1)

using the same notation as the proof of Proposition [£.2.4, We first show the following

diagram commutes
Hompge (X, Dia(B)) —— iso Ho(hompgeat (X, Cta(B)))
‘(Dfd(F)O J{homDGCM(X,ReS(F))
Hompqe(X, Dta(A)) —— iso Ho(hompgeat (X, Cra(A)))
where the right vertical functor is well defined on the homotopy categories since Res(F')
preserves weak equivalences in Cgy(B) and the weak equivalences in hompgeat (X, Cia(B))
are defined pointwise. Any f: X — Dg(B) € Hge can be modelled as an actual DG-

functor since X is cofibrant. The proof of Lemma 6.2 in loc. cit. shows that f is sent

along the top right composition to



CHAPTER 4. REFLEXIVE DG-CATEGORIES AS REFLEXIVE OBJECTS 42

The image of f along the bottom left composition is

X L Du(B) D cu(B) 22U e (A) L Dra(A) 5 CralA).

Then, since e: QA — L) is a pointwise quasi-isomorphism, these two objects
are equal in iso Ho(hompgeat (X, Ca(A)), as required. Next, note that the following

diagram commutes

iso Ho(hompgeas (X, Cra(B))) ——— iso Ho(hompgeas (X @ B, C%(k))
lhomDGCat(x, Res(F)) lhomDGcat(X®F, Ccb(k))
iso Ho(hompgeat (X, Cra(A))) ——— iso Ho(hompgeas (X @ A, CP(k))

as it commutes at the non-derived level by naturality of the tensor-hom adjunction.
Lemma 6.2 of [Toé07] gives us naturality of the isomorphism in Equation (6.7.1)) in X.

Hence, the following diagram commutes.
iso Ho(hompgeat (X ® B, C(k))) ———— Hompqe(X ® B, Db(k))
‘/homDGcat(X®F, C(k)) lO(X®F)
iso Ho(hompgeat (X ® A, C¥(k))) —=— Hompy(X ® A, D(k))

Finally, note that the square below commutes by definition of the functoriality of an

internal hom.
Hompqe (X ® B, D(k)) ———— Hompge(X, hompge(B, D°(k)))
lo(X@F) lhoque(F,Db(k))o

Hompee (X ® A, D°(k)) —=— Homyge(X, hompge (A, Db(k)))

Pasting the previous four diagrams together states that the image under Yoneda em-

bedding of the following diagram commutes.
Dia(B) ——— hompge(B, Dia(k))
lpfd(F) lhoque(F,Db(k))
Dia(A) —— homp (B, Db(k))
Therefore, the diagram commutes in Hqe. O]

Remark 4.3.17. Reflexive DG-categories were originally defined in Definition 3.11
of [KS25]. If 7 is a pretriangulated DG-category, then by the Yoneda Lemma, the
composition

T o DP(T) T DD (T)
sends t € T to the functor which sends M € Dyy(T) to M(t). In [KS25], this functor
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is denoted evy and so by Lemma 3.10 of loc. cit. we see that reflexivity of 7 in their
sense is equivalent to the functor evy being a quasi-equivalence. Therefore the following

theorem shows that our definition of reflexivity coincides with theirs.

Theorem 4.3.18. A DG-category A is reflexive (semireflexive) if and only if ev 4 is
a quasi-equivalence (quasi-fully faithful).

Proof. By uniqueness of adjunctions, the composition
.A KJA—) Ddefd(.A) >~ hOHlqu(hOHlqu(.A, Db<k§))7 Db(k?))

is eval 4 of Section [4.3| and so the result follows. O

The following consequence will be of great use. It is an enhanced version of Corollary

3.16 in [KS25]. Also note we only require B to be reflexive.

Corollary 4.3.19. Suppose B is a reflexive (semireflexive) DG-category and A is any
DG-category. Then the morphism in Hmo

hompyme (A, B) — hompyne (D (B), Dra(A))
is a quasi-equivalence (quasi-fully faithful) and the map
Hompyo (A, B) = Hompme (D (B), D (A))

is an isomorphism (monomorphism,).

Proof. 1f B is reflexive, this follows immediately from Proposition[d.1.12] If B is semire-
flexive, evalg is quasi-fully faithful. Then by Corollary 6.6 in [Toé07], the morphism
hompe (A, evalg) is also quasi-fully faithful. By Remark , it follows that the mor-
phism in the statement is quasi-fully faithful. The second result follows by applying

H° and restricting to isomorphism classes of objects. O

Remark 4.3.20. We note the connection to corepresentability. The Yoneda embed-
ding is an isomorphism in Hmo and so for a DG-category A, A is reflexive if and only

if DPerf(A)°P is. So we're interested in the composition
D (A)P o, DiqDiq (DP™ (A)P) =~ DigDyg A.

The equivalence is given by restricting along Dgq(A) = Diy(DP(A)%) which sends
N — RHom 4(—, N). Hence, the long composite is

Dperf<A>0p — D DigA; M — RHom 4 (M, —).

Thus, A is reflexive if and only if every DG-functor F': Diy(A) — DP(k) is corepre-
sented by some M € DP*f(A) and every morphism in Dgq(Dgg(A)) is determined by a

morphism between the corepresenting objects.
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§ 4.4 | The Dual as a Pseudofunctor

The categories Hmo and Hqge admit the higher structure of bicategories. In this section,
we note that the functor Dgy(—) lifts to this level. The following result is well known.

For a detailed construction, see [Genl5] or [Ima25].

Proposition 4.4.1. There are bicategories Hqe and Hmo with the same objects as Hqe
and Hmo and the categories of morphisms are given by Homy,.(A, B) = D(B?®.A)™"
and Homy,,, (A, B) .= D(B? @ A)5 pert,

Remark 4.4.2. To be precise, and recalling Remarks [2.9.1}and [2.9.2, Homy(A, B) is
the subcategory of H°C(B?®.A)[q-iso~!] consisting of right quasirepresentable modules

and similarly for Homy,, (A, B).

Remark 4.4.3. The composition functors in Hqe and Hmo are both induced by the

derived tensor products of bimodules
— ®iL4 —:DB?®A) @, DIC?®B)— DIC”?.A)
which are defined as the derived functors of coends as in Remark 2.4.1]

Remark 4.4.4. One can truncate any bicategory to produce an ordinary category
with the same objects and morphism sets given by isomorphism classes of objects in
the hom categories. By Theorems|2.7.3|and [2.7.13] Hqe and Hmo are the 1-categorical

truncations of Hqe and Hmo.

Lemma 4.4.5. Suppose A,B are small DG-categories, X € D(B* @ A)® Pt and
M € Dfd(B). Then X ®HI§ M € Dfd(A).

Proof. Note that the following diagram of functors commutes up to isomorphism, since

it commutes at the underived level

DB7 @A) —2, p(a)
p(B7) — ., D(k)

where the vertical maps are given by evaluation at a € A. The coYoneda lemma
implies that for any b € B, B(—,b) 5 M ~ M(b) € Db(k). Since DP(B) is the
thick subcategory generated by representables, it follows that the bottom functor sends
perfects to D(k). If X € D(B? ® A) is right perfect, then e,(X) € DP(B). So
as the diagram commutes, X ®@% M(a) € D(k) for all a € A. Therefore, X @5 M €
Dia(A). O

Proposition 4.4.6. There are pseudofunctors

Dra(—): Hge — Hge” Dig(—): Hmo — Hmo™
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whose truncations agree with Dig(—): Hqe — Hqe” and Dig(—): Hmo — Hmo™.

Proof. We will prove the statement for Hqe. Define the pseudofunctor on objects by
sending A to Dg(A). First, consider the DG-functor

¢: C(B?® A) — C(Cia(A)? ® Ca(B))
defined by sending X to the DG-functor
Cfd(A)Op &® Cfd(B) — C(k‘), (M, N) — HOHIA(M, X ®p N)

The universal property of the end and coend construction guarantee this is sufficiently

functorial. Then define ¢ as the derived functor of the composition
C(B” @ A) % C(Cua(A)™ & Cra(B)) = C(Dra(A)” @ Dra(B))

where the last map is induced from the inclusions Dgy(A)%P C Ciq(A)? and Diy(B) C
Cia(B). We claim ¢ sends right perfects to right quasirepresentables. Indeed, suppose
X € D(B? ® A) is right perfect and K-projective and N € Dgy(B) so that

¢(X)(—,N) =Homy(—, X ®5 N) € D(Ds(A)?).

Then ¢(X)(—, N) is right quasirepresentable if X @3 N € Dgy(A). Since X and N are
K-projective, so is X ® N by Lemma 3.4.1 of [Genl5|. Since X is right perfect and N
has finite-dimensional cohomology, Lemma implies X ®p N does too. Therefore,
X ®p N € Di(A) and we have functors

D(B” © A" — D(Dig(A)”  Dia(B))™".

Now, let X € D(B? ® A)"" and Y € D(C® ® B)"?" which we may assume to be K-
projective. By the coYoneda lemma, there are natural isomorphisms in D(Dgy(A)%? ®
D1a(C))

Hompg(—,Y ®¢ —) @p,, 5 Homy(—, X @5 —) =~ Homy(—, X @5 Y @c —).

This gives the required functoriality 2-cells for the pseudofunctor Dg(—). By taking
X and Y to be K-projective resolutions of the diagonal bimodules, the above iso-
morphisms also give the unitality 2-cells. The above 2-cells satisfy the pseudofunctor

axioms by the universal properties of ends and coends.

Now, we check that the above pseudofunctor agrees with the functor defined in
Proposition |4.3.13] If F': A — B is a DG-functor, then recall D (F') is the DG-functor

Res(F)

Dua(B) —= Ca(B) ~3 CralA) i Dra(A)
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Now, F'is represented in Hqe by Mp € D(B® ® A) where Mp(b,a) = B(b, F(a)). Then
¢(Mp) = Homy(—, Q®"**(Mr) @5 —) € D(Dra(A)* ©5 Dra(B))
For N € Dg(B), there are natural quasi-isomorphisms
Q" *(Mp) @5 N ~ Mp @ N ~ NF ~ Q*(NF) = Dy (F)(N) € Dia(A)

where the first follows since N is K-projective and the second by the coYoneda lemma.
If M € Dgq(A), then since it is K-projective Hom 4 (M, —) preserves quasi-isomorphisms

¢(Mp)(M, N) = Hom 4(M, Q(Mp) @ N) =~ Hom 4 (M, Dia(F)(N)) = Mpy,(r) (M, N)

where Mp,(ry € D(Dsa(A)? @ Dsa(B)) is the bimodule representing Diq(F). Then
¢(Mp) and Mp,,(py have the same isomorphism class in D(Dg(A)%® & D (B))"" and

so represent the same morphism in Hqge. Any morphism f: A — B in Hqe factors as

for DG-functors G: A — A and F: A — B such that G is a quasi-equivalence. And
recall Dig(f) is defined by setting Diq(M5') as the inverse of Dy(G) in Hae. It then
follows that ¢(f) = Diw(f) € Hqe, as required. The proof of the statement for Hmo is

similar. O

Remark 4.4.7. Recall that Homy,,, (A, B) = D(B® @ A)B P! is a triangulated cate-

gory. We note the induced functor
Dra(—): Hompyo (A, B) = Homyyyo(Dra(B), Dia(A))

is triangulated. Indeed, one can see this directly from its construction as a derived
functor or it follows as it can be viewed as H of a DG-functor between pretriangulated

DG-categories.

Remark 4.4.8. This 2-categorical language can be used to enhance the notion of an
adjoint pair of triangulated functors. This will be considered in Section [5.3]



Chapter 5

Invariants of Reflexive D(G-categories

In this chapter, we apply the monoidal characterisation of reflexive DG-categories de-
veloped in Chapter [4| to produce more common information between a reflexive DG-

category and its dual.

First, we study Hochschild cohomology. We begin by recalling its interpretation in
Hmo which appeared in [Toé(07]. In Subsection , we show that for a semireflexive
DG-category A, there is a quasi-isomorphism of DG-algebras between the Hochschild
cohomology of A and of Dgy(A). The inclusion of a proper DG-category into its co-
homologically finite modules induces a map on Hochschild cohomology. We show in
Subsection that this too is an isomorphism. A fortiori, we show that any subcat-
egories sitting between the cohomologically finite modules and the perfects have the
same Hochschild cohomology. The results of Section appeared in [Goo24b).

In Section [5.2] we study derived Picard groups. These are the enhanced symmetry
groups of the derived category of a DG-category. We show that for a reflexive DG-
category, there is an isomorphism on derived Picard groups between the perfect derived
category and the cohomologically finite modules. This is an enhanced version of the

isomorphism between triangulated autoequivalence groups which appears in [KS25].

One can enhance the notion of a triangulated adjoint pair between derived categories
using the bicategory Hmo. In Section [5.3] we show that adjunctions between reflexive
DG-categories are uniquely determined by adjunctions between their duals. Finally, in
Section we study spherical twists. These are certain elements of the derived Picard
group originally considered in [ST01]. We use the results of Section to show that

the isomorphisms on derived Picard groups are compatible with spherical twists.

§ 5.1 | Hochschild Cohomology

Hochschild cohomology is a fundamental invariant appearing in algebra, geometry and
topology. We take the following as our definition of the Hochschild cohomology of a
DG-category.
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Definition 5.1.1. The Hochschild cohomology of a DG-category A is the cohomology
of the complex
HH(A) := RHom 4 (A, .A)

where A is viewed as the diagonal bimodule.

We will write HH*(A) for H*(HH(A)). Note that HH(A) is an endomorphism
object in a DG-category and so is a DG-algebra.

Example 5.1.2. Viewing a k-algebra as a DG-category with one object, this clearly
generalises the usual notion of Hochschild cohomology of an algebra. The Hochschild
cohomology of a quasicompact separated scheme X is defined as RHomy, x (A, A)
where A denotes the pushforward of the structure sheaf along the diagonal map.
The HKR Theorem of [Mar01],[Cal05],[Mar08] gives a geometric description of the
Hochschild cohomology of X. It follows from [Toé07] that the Hochschild cohomology
of X coincides with the Hochschild cohomology of the DG-category DPe™(X).

Remark 5.1.3. There is also a Hochschild chain complex for DG-categories. See
[LVABO5].

§ 5.1.1 | Hochschild cohomology via the Morita category

We begin by recalling a result of Toén showing that Hochschild cohomology can be
encoded in Hqe.

Theorem 5.1.4 (Corollary 8.1, [Toé07)). If A is a DG-category, then
HH(.A) >~ hOIIlqu(.A, A)(lA, 1_,4)
the endomorphism DG-algebra of 14 € hompge(A, A).

In Corollary 8.2 in [Toé07], it is shown that HH (A) ~ HH(D.A) and so Hochschild
cohomology is invariant under Morita equivalence. We will need the small version

which is well known and can be proved in the same way.

Corollary 5.1.5. If A is a DG-category, then
HH(A) ~ HH(DP(A)).

Proof. By Corollary 6.6 in [Toé07], the Yoneda embedding A — DPf(A%) induces a
quasi-fully faithful functor

homyyge (A, A) < homgge (A, DPT(AP)).
By Theorem 7.2 (2) in [Toé07], there is an equivalence

homizge (A, DPI(A™)) =~ hommige(DP (A®), DX (A7)
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also induced by the Yoneda embedding. Therefore, it induces a quasi-isomorphism of
DG-algebras HH(A) ~ HH (D" (A)). Finally, as DP(A%) ~ DPT(A) | we are

done, since Hochschild cohomology is clearly invariant under taking opposites. O

Remark 5.1.6. It follows that Hochschild cohomology can be computed in Hmo as
well as Hqe:
HH(A) ~ homHmO(A, A)(lA, 1A)

§5.1.2 | Hochschild cohomology and Reflexivity
As in Remark [4.1.11] recall we have natural maps for any A, B € Hmo

homye (A, B) = hompyme(Dra(B), Dia(A)). (5.1)

Applying H® and restricting to isomorphism classes of objects gives the action of the

functor Dgq(—) on morphisms in Hmo.

Theorem 5.1.7. If A is a semireflexive DG-category, then there is a quasi-isomorp-
hism of DG-algebras
HH(A) ~ HH(Dgy(A)).

Proof. Since the morphism in Equation (5.1]) lifts the action of the functor Dgy(—), it
sends 14 to 1p,ay. It is quasi-fully faithful by Corollary [4.3.19] and so it induces an
isomorphism on H H* by Theorem [5.1.4] O

Remark 5.1.8. We note that similar Hochschild cohomology isomorphisms are already

known.

1. In Theorem 4.4.1 of [LVdB05], it is shown that H H*(.A) is isomorphic to H H*()
for any subcategory A% C B C D(.A). In the non-proper case this does not apply

to our situation since Dg(A) does not always meet this condition.

2. In [Kell9], it was shown that Koszul duality produces isomorphisms on Hochschild

cohomology.

The main point of Theorem is to demonstrate the power of the monoidal charac-
terisation of reflexivity and not to increase the generality for which these isomorphisms
hold.

Remark 5.1.9. We note that Hochschild cohomology of a DG-category admits the
higher structure of an Ey or B, algebra which is exhibited as a Lie bracket on the
cohomology. We give a heuristic argument for why the isomorphisms of Theorem
should preserve this structure. Morally, the F5 structure is a result of the two
compatible multiplications on homyy, (A, A)(14,14): one from vertical composition
and one from horizontal composition. Since the pseudofunctor Dig(—) preserves both

of these compositions, it should preserve the Fs-structure. Hence, the equivalence
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HH(A) ~ HHDi4(A) should respect the higher structure. To make this precise one
should use infinity-categorical foundations where this point of view on the Fs-structure

can be more easily encoded.

Example 5.1.10. The analogous result for Hochschild homology of reflexive DG-
categories is not true. The algebra k[z]/z? is reflexive and Dy (k[x]/x?) ~ DPi(A)
where A is the DG-algebra k[t] with |[¢| = 1. But one can compute that HH,(A)
is non-zero in negative (homological) degrees. This cannot occur for the Hochschild

homology of an algebra.

§ 5.1.3 | Hochschild cohomology for Proper DG-categories

If A is proper, then it is semireflexive (see Lemma 3.14 of [KS25] or Proposition
and so by Theorem [5.1.7] there is a quasi-isomorphism HH(A) ~ HH(Dg(A)). There
is also a map HH (D (A)) — HH(A) induced by the inclusion A% < Dg(A). We
show that this map is also a quasi-isomorphism. In fact, we work more generally with

any intermediary category.

Remark 5.1.11. Suppose A is a proper DG-category and there is a DG-subcategory
AP C B C Dgy(A). The Yoneda embedding of B restricted to A factors as

B» Y, D(B)

|, ]

Y|a

./4 — Dfd(B)

since RHom 4(A(a, —),b) € Db(k) for all a € A and b € B.

Lemma 5.1.12. Suppose A is a proper DG-category and A®? C B C Dgy(A), and
denote the inclusion by j: B < Dwu(A). Then the composite

A 24 DuDu(A) 29 Dy (B)

and the restricted Yoneda embedding Y |4: A — Ds(B) represent the same morphism
in Hqe.

Proof. Consider the diagram below.

Res(i) QP (A)

A A, CtaCia(A) ———— CtaDta(A) ———— DD (A)

Dfd (B) / Cdefd (.A)
\ Res(j)
/ Cfd(B)

QB
Di(B)
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There is nothing derived about the pentagon in this diagram. Both DG-functors A —
Cta(B) can be explicitly described. For example, on objects the top route sends a € A
to the B-module

B — D (k);b — b(a); f — Ba

The bottom sends a to

By the C(k)-enriched Yoneda lemma, there is a natural isomorphism between these
two DG-functors A — Cgq(B) as indicated. Since £5 is a pointwise quasi-isomorphism,
it remains to see that QB Res(j)eP@(Y is too. This holds since eP%4) is a pointwise
quasi-isomorphism which is preserved by Res(j) and so is sent to a pointwise quasi-
isomorphism by Q®. So by Lemma we are done. O

We recover Lemma 3.14 of [KS25] by taking B = Dy (A).
Proposition 5.1.13. Any proper DG-category is semireflexive.

Theorem 5.1.14. Suppose A is a proper DG-category and A®? C B C Dy(A). Then
HH*(A) ~ HH*(B).

Proof. Denote the inclusion j: B < Di4(.A). Consider the diagram

hOHlqu(-A7 »A) R— hOque(A, Ddefd(A>) — hOHlqu(Dfd(A),Dfd(A))

\ lhoque(/LDfd (4) hompqe (7,Dsa (A))=:5*

hoque(A, Dfd(B)) — hoque(B, Dfd(A))

j* ::hoque (BJ)

homp (B, B)

where the triangle is hompyge (A, —) applied to Lemma . The square commutes
by naturality of the adjunction. From this we see that j* is quasi-fully faithful when
restricted to the image of hompyge (A, A). The long composite on the top is the map in
Equation and so 1py(4) is in the image of hompge (A, A). It follows that the map

j*: HH(D1a(A)) = homuge(B, Dia(A)) (5" (1)), 7" (1 (4)))
is a quasi-isomorphism. By Corollary 6.6 in [Toé07], the map
Ji : HH*(B) = homuge(B, Dia(A)) (j(15), j«(15))

is a quasi-isomorphism. Applying H° to homye(—, —) and taking isomorphism classes
of objects gives Hompqe(—, —) and 80 j*(1pya)) = 7 =~ ji(15) € H® hompge(B, Di(A)).
Therefore, there is a quasi-isomorphism HH (D (A)) ~ HH*(B). By Proposition
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5.1.13, A is semireflexive so by Theorem [5.1.7, HH(A) ~ HH(Di(A)) and we are
done. 0

Corollary 5.1.15. If A is a finite-dimensional DG-algebra, then
HH(A) ~ HH(Dy(A)) ~ HH(A").
Proof. This follows from Theorem [5.1.14| by taking B = Dy (A) ~ DPei(A'). O

Remark 5.1.16. Theorem [5.1.14] also follows from Theorem 4.4.1 in [LVdBO05].

Remark 5.1.17. The ideas in the proof of Theorem should be compared to
the limited functoriality of Hochschild cohomology. Keller showed that Hochschild
cohomology is functorial with respect to quasi-fully faithful DG-functors in [Kel03].
This can also be seen from Toén’s description. If F': A — B € Hqe, there is a cospan
in Hqe

hompge(A, A) £ hompge(A, B) <— hompge(B, B)

If F' is quasi-fully faithful, then by Corollary 6.6 in [Toé07], F, is quasi-fully faithful.
There are isomorphisms F,(14) ~ F ~ F*(15) € H° homyg.(A, B). Hence, there is a
cospan of DG-algebras

hompge(A, A)(14,14) = hompge(A, B)(F, F) < hompqe (B, B)(1s, 15)

which is a morphism from HH(B) — HH(A) in Hqe. As it depends on a choice of
isomorphism F,(14) ~ F, it is not clear this construction is functorial. This can pre-
sumably be fixed by working with the additional structure provided by the bicategory
Hge but we will not pursue this here. We note only that, whatever choices are made,
it follows from the proof of Theorem [5.1.14] that for a proper DG-category A, the
induced map HH (Dg(A)) — HH(A) is a quasi-isomorphism.

§ 5.2 | Derived Picard Groups

The derived Picard group of a DG-category is the enhanced version of the group of
triangulated autoequivalences of its derived category. In Corollary 3.16 of [KS25], it was
shown that DP(A) and Dgy(.A) have isomorphic triangulated autoequivalence groups
for reflexive DG-categories. An enhanced version of this theorem follows immediately

from the monoidal characterisation of reflexive DG-categories.

Definition 5.2.1. The derived Picard group DPic(.A) of a DG-category A is the group

of automorphisms of A in Hmo.

Remark 5.2.2. Using Theorem [2.7.13] we see that DPic(.A) is the group of invertible
objects the monoidal category D(.A°) up to isomorphism.

Remark 5.2.3. As it is functorial, Dgy(—) restricts to DPic(A) — DPic(Dgy(A))% for
any A, B € Hmo.
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Theorem 5.2.4. If A is a reflexive (semireflexive) DG-category, the group homomor-
phism
DPiC(A) — DPiC(Dfd(A))Op

is an isomorphism (monomorphism,).

Proof. If A is semireflexive, then by Corollary [4.3.19] the induced map is a monomor-
phism. If A is reflexive and F € DPic(Dg(A)), then by Corollary [1.3.19, F =
Di4(G) for some G € Homppo (A, A). Since functors preserve isomorphisms, Dgy(F') €
Hompmo(DiaDra(A), DiaDra(A)) is an automorphism. As A is reflexive and by Propo-
sition , under the isomorphism A ~ DyDiy(A), G corresponds to DD (F).
Therefore, G € DPic(.A), as required. ]

Remark 5.2.5. One can also consider a categorified version of the derived Picard
group. If DPic(A) denotes the full DG-subcategory of hompy,(A,.A) with objects
corresponding to automorphisms, then DPic(.A) can be identified with the isomorphism
classes of objects in H°(DPic(A)). The proof of Theorem [5.2.4] shows that if A is
reflexive then there is a quasi-equivalence of DG-categories DPic(.A) ~ DPic(Diq(A))

which induces an anti-monoidal equivalence on H°.

§ 5.3 | Adjoint Functors

In this section, we study the behaviour of adjunctions after applying Dgy. We show
that an adjunction between reflexive DG-categories is determined by an adjunction

between their categories of cohomologically finite modules.

Definition 5.3.1. We say that L € Homy,,, (A, B) is left adjoint to R € Homy,,,, (5, .4)
if L is left adjoint to R in the bicategory Hmo i.e. there are 2-morphisms n: 14 — RL €
Homy, (A, A) and e: LR — 15 € Homy,,,(B, B) such that the following compositions

LY LRLZ5 1 and R™ RLRES R

are both the identity (up to the unitor and associator 2-cells).

Remark 5.3.2. We note that if f, f” are isomorphic 1-morphisms in a bicategory, then
f admits a left or right adjoint if and only if f’ does. Since the morphisms in Hmo are
isomorphism classes of 1-morphisms in Hmo, it makes sense to say that a morphism in

Hmo admits an adjoint.

Remark 5.3.3. It follows from Proposition 3.5.5 in [Genl5] that M € Hompy, (A, B)

B-perf i5 also perfect

admits a left adjoint if and only if its representative in D(B? ® A)
as a left A-module. Furthermore, the left adjoint can be described as a dual over A.

There is also a characterisation for existence of a right adjoint.

Remark 5.3.4. Suppose that L € Homy,,,(A, B) and R € Homy,,,,(B,.A) are an ad-

joint pair. Then they induce an adjoint pair of triangulated functors between DPe(.A)
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and DP*f(B) and so they can be thought of as enhanced adjoints. See Corollary 2.2
(1) in [ALIT].

We note that Dgy(—) preserves adjoints.

Lemma 5.3.5. If L € Homy,, (A, B) is left adjoint to R € Homy,,(B,.A), then
Dfd(R) < HomHmo(Dfd(A), Dfd (B)) 18 left adjoz’nt to Dfd(L) < HomHmO(Dfd(B), Dfd(A))
If n is the unit and € the counit of L - R, then the unit and counit of Dg(R) 4 D (L)

are given by Diy(e) and Dga(n) (up to unitor and associator 2-cells).

Proof. Applying the pseudofunctor Dg(—) to the triangle identities in Definition m

implies the required triangle identities commute. O

Theorem 5.3.6. If A and B are reflexive DG-categories, then M € Hompypn,(A, B)
admits a left (right) adjoint if and only if Dig(M) admits a right (left) adjoint.

Proof. The forward direction is Lemma [5.3.5| If Dgy (M) admits a right adjoint, then
DiaDsa(M) admits a left adjoint by Lemma Since A and B are reflexive, M

corresponds to D Dgg(M ) under the isomorphism
HOHleO(.A, B) ~ HomHmO (DdefdA, Ddede).
It follows that M also admits a left adjoint. m

Definition 5.3.7. Let Homg (A, B) € Hompm, (A, B) denote the subset consisting
of left adjoints and Homjr, (A, B) € Hompme(A, B) denote the subset consisting of
right adjoints.

Corollary 5.3.8. If A and B are reflexive DG-categories, there are isomorphisms

Homij,,,, (A, B) = Hom{},,(Dsa(B), Dia(A)),
Homf},,, (A, B) = Homfj,,(Dsa(B), Dia(A)).

Proof. This follows from Theorem and Corollary [4.3.19] O

Remark 5.3.9. Corollary [5.3.8should be compared to Theorem 3.17 of [KS25]. There
it is shown that, for reflexive DG-categories, there are bijections between left admissible
subcategories of A and right admissible subcategories of Dgy(A). Left (right) admissible
subcategories are triangulated fully faithful functors admitting left (right) adjoints.

Remark 5.3.10. Similarly to Remark [5.2.5] a categorified version of Corollary
holds. The isomorphisms in the statement are induced by quasi-equivalences between
DG-subcategories of homyy, (A, B) and of homyy(Dia(B), Dia(A)) consisting of left
and right adjoints. Note by Remark [5.3.3] these DG-subcategories admit explicit de-

scriptions.
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§ 5.4 | Spherical Twists

Spherical twists of derived categories were introduced in [STO1] in order to construct
autoequivalences of the bounded derived category of coherent sheaves. A more general
and DG-enhanced framework was given in [AL17] which produces elements of DPic(.A)
and DPic(B) from certain DG-functors A — B. In this section, we show that the
isomorphisms of Theorem are compatible with spherical twists.

Remark 5.4.1. Recall from Section [4.4] that there is a bicategory Hmo whose trunca-
tion is Hmo. The morphism categories Homy,,, (A, B) are given by D(B® @ A)5 pert,
As this is a triangulated category by Remark [2.7.14] it makes sense to speak of the

cone of a 2-morphism in Hmo.

Definition 5.4.2. Suppose A, B are DG-categories and S € Homy,, (A, B) admits a
right adjoint R and a left adjoint L (in the sense of Definition |5.3.1)).

1. The twist of S is the 1-morphism 7' € Homyy,,, (B, B) given by the cone of the
counit SR — 15.

2. The dual twist of S is the 1-morphism 7" € Homy,,, (B, B) given by the cocone
of the unit 15 — SL.

3. The cotwist of S is the 1-morphism F' € Homy,, (A, A) given by the cocone of
the unit 14 — RS.

4. The dual cotwist of S is the I-morphism F € Homy,,,(A,.A) given by the cone
of the counit LS — 14.

We say that S is a spherical functor if 7" and F are both isomorphisms in Hmo.

Remark 5.4.3. The cone of a morphism in a triangulated category is defined up to
non-unique isomorphism. In [ALI17], explicit descriptions of the adjoints, units and
counits are given which avoids this issue. However, since we are only interested in the

spherical twists as elements of DPic(.A), this definition suffices for us.

Remark 5.4.4. It was shown in Proposition 5.3 in [AL17] that (up to isomorphism of
1-cells), T is right adjoint to 7" and F' is right adjoint to F” so S is a spherical functor

if and only if F’ and T are isomorphisms.

Remark 5.4.5. The original notion of a spherical object, introduced in [ST01], is the
same information as a spherical functor out of D°(k). Spherical functors with more
general domains have also been studied. For example, see [HK25|, [God24], [Add16]

and the references therein.

Lemma 5.4.6. Suppose A, B are DG-categories and S € Homy,, (A, B) admits left
and right adjoints denoted L and R. Then Di(R) is left adjoint to Dw(S) and Dia(L)
is right adjoint to Dg(S). If T and F are the twist and cotwist of S, then Dy (T) is
the dual cotwist and Dy (F') is the dual twist of Dia(S).
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Proof. The existence of the adjunctions is Lemma [5.3.5| and furthermore if 1 and ¢
denote the unit and counit of the adjunction S 4 R, then Dgy(e) is the unit and Dig(n)
is the counit the adjunction of Diq(R) 4 Dgy(S). By Remark 4.4.7, there is a triangle

D,
Dfd(R)Dfd(S) ~ Dfd(SR) M 1Dfd(B) — Dfd(T)

in Hompy,,o (Dt (B), Dta(B)). Therefore, Dgy(T) is the dual cotwist of Dgy(S). The
argument that Dgg(F') is the dual twist of Diq(S) is similar. O

Theorem 5.4.7. Suppose A, B are DG-categories and S € Homy, . (A, B) admits left
and right adjoints. If S is a spherical functor, then Di(S) is a spherical functor. If A

and B are reflexive, then the converse is true.

Proof. 1If S is a spherical functor, then its twist 7" and cotwist F' are isomorphisms in
Hmo and so Dy(T) and Diy(F) are too. By Lemma [5.4.6] these are the dual twist
and dual cotwist of Dgy(S). So by Remark we are done. If A and B are reflexive,
then Dy (F') and Diy(T') are isomorphisms if and only if F' and T" are isomorphisms by
Theorem [(5.2.4l So the converse holds. O

Definition 5.4.8. Let A, B,C be DG-categories.

1. We say that T" € DPic(B) is an A-spherical (dual) twist if there is a spherical
functor S € Homy,,,, (A, B) such that T is the (dual) twist of S.

2. We say that F' € DPic(B) is a C-spherical (dual) cotwist if there is a spherical
functor S € Homy,,,(B,C) such that F' is the (dual) cotwist of S.

3. Let STwiy(B) C DPic(B) denote the subgroup of DPic(B) generated by .A-

spherical twists (or equivalently by their inverses: the A-spherical dual twists).

4. Let SCoTwic(B) C DPic(B) denote the subgroup of DPic(B) generated by the C-

spherical cotwists (or equivalently by their inverses: the C-spherical dual cotwists).

Remark 5.4.9. It was shown in [Segl8|, that any element of DPic(B) can be written
as the spherical twist associated to a spherical functor. Therefore, DPic(B) can be

written as a union of subgroups of the form STwiy(B).
Lemma 5.4.10. If A, B,C are DG-categories, then the group homomorphism
DPic(B) — DPic(Ds(B))*?

sends A-spherical twists to Dgy(A)-spherical dual cotwists and it sends C-spherical

cotwists to Diq(C)-spherical dual twists. Hence, it restricts to group homomorphisms

STWiA(B) — SCOTWind(A) (Dfd (B))Op,
SCOTch(B) — STWind(C) (Dfd (B))Op.
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Proof. This follows immediately from Lemma [5.4.6] O

Theorem 5.4.11. There are group isomorphisms

STWiA(B> :> SCOTWind(A) (Dfd(B))Op,
SCOTch(B) :> STWind(c) (fod(B))op.

for any reflexive DG-categories A, B,C.
Proof. There are isomorphisms
DPlC(B) :> DPiC(Dfd(B))Op 1) DPIC(Ddefd(B)) >~ DPIC(B)

where the first two follow from applications of Theorem [5.2.4]to B and to Diq(B) and the
last follows since there is an isomorphism B ~ DDy (B) in Hmo. The long composite
is the identity. Indeed, the composite of the first two maps sends an automorphism 7T’
to DgDia(T). Then naturality of the evaluation map B — DigDiq(B) implies the last
map sends DDy (T) to T. By Lemma and since Morita equivalences preserve

spherical twists (see [ALIT]), the above composite restricts as follows.

STWiA(B) — SCOTWind(A) (Dfd (B))Op — STWinded(A) (Ddefd (B))
~ STwi(B)

However, since the composite is the identity, it follows that these maps are all isomor-

phisms, as required. The proof for cotwists is similar. O]

Remark 5.4.12. As in Remarks [5.2.5] and [5.3.10, we note the group isomorphisms
in Theorem [5.4.11] are induced by quasi-equivalences between DG-subcategories of
DPic(B) and DPic(Dgy(B))".




Chapter 6

Producing Reflexive DG-categories

This chapter is about examples of reflexive DG-categories in algebra, geometry and
topology. We begin by recalling what is already known. In [KS25], two families of
examples are shown to be reflexive over perfect fields: proper connective DG-algebras
(Proposition 6.9) and projective schemes (Proposition 6.1). A more general version
of the latter example, with a stricter field assumption, appeared in Remark 1.2.6 of
[BNP17]. They showed that proper algebraic spaces over characteristic zero fields are
reflexive. They use an infinity categorical framework and work relative to a perfect
derived stack. An example of a different flavour was considered in [LU22]. Theorem
6.11 of loc. cit. shows that Fukaya categories of Milnor fibres of weighted homogeneous
isolated hypersurface singularities satisfying some additional conditions are reflexive.
In this example, the cohomologically finite modules correspond to the wrapped Fukaya
category. To the best of the author’s knowledge, these were all of the known examples
prior to the work of this thesis. There are also the less interesting examples: opposites

and duals of reflexive DG-categories, and smooth and proper DG-categories (see Re-

mark |6.1.4)).

We begin with some general criteria for a proper DG-category to be reflexive. One
is related to the left homologically finite objects, and another is based on the Koszul
dual. In Section we show that proper coconnective DG-algebras with semisimple
zeroth cohomology are reflexive. Along the way, we prove some results of independent
interest about Koszul duality between connective and coconnective DG-algebra. We
deduce reflexivity for cochain algebras on finite CW-complexes and certain subcate-

gories of derived categories of Abelian categories.

In Section [6.3] we compare the theory of reflexive DG-categories to that of approx-
imable triangulated categories. This theory was developed by Neeman to abstract the
duality between the perfect and bounded derived categories of schemes at the triangu-
lated level. In this theory, the bounded derived category is described as the completion
of the perfects in an analogous way to the completion of a metric space. For a proper

DG-category whose derived category is approximable, we identify its completion with
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the cohomologically finite modules. Combined with a representability theorem of Nee-
man, this gives a strong generation condition for such a DG-category to be reflexive. As
applications, we show that proper connective DG-algebras and proper schemes are re-

flexive over any field and show that Azumaya algebras over proper schemes are reflexive.

Finally in Section[6.4] we study how reflexivity behaves under gluing via semiorthog-
onal decompositions. Semiorthogonal decompositions are a fundamental way of pro-
ducing new noncommutative schemes and it is natural to consider what properties
gluing preserves. It is clear from the monoidal characterisation of reflexivity that if a
reflexive DG-category admits a semi-orthogonal decomposition, then the pieces must
also be reflexive. We prove a partial converse to this. We show that if a semireflexive
DG-category admits a semiorthogonal decomposition into reflexive pieces, then it too
is reflexive. We give a small example which demonstrates how this can be used to
build new reflexive DG-categories. However, the main application of this gluing result
appears in [BGO25] where we show that all proper graded gentle algebras are reflexive.
This in turn means that almost all Fukaya categories associated to a marked surface

are reflexive.

We note that there are plenty of non-examples: any k-algebra which has no finite-
dimensional modules cannot be reflexive or by [BGO25] any commutative Noetherian
ring local ring which is not complete. However, we are unaware of any proper DG-

category which is not reflexive.

The results of Section [6.3[appeared in the preprint [Goo24al, where the assumption
of working over a field is relaxed to a commutative Noetherian ring. In the joint project
[BGO25], we have made a connection between reflexivity and dec-completion in the
sense of [DGI06]. This allows us to generalise the properness assumptions appearing in
this chapter and show that many other familiar examples of DG-categories appearing
in algebra and topology are reflexive. The corresponding generalised versions of the
results in Section (using the same arguments) appear in [BGO25]. As mentioned,
the results of Section [6.4] also appear in [BGO25].

§6.1 | Reflexivity for Proper DG-categories

We begin by giving some reflexivity criteria for proper DG-categories. Some of these
arguments first appeared for finite-dimensional DG-algebras in [Goo24b]. First, we
note a relationship between reflexivity and homologically finite objects as in Definition
3.2.5]

Proposition 6.1.1. If A is a proper reflexive DG-category, then Dig(A) = Drert(A).

Proof. Since RHom 4(A(a, —), M) ~ M(a), we have that DP*f(A) C Dy (A, If
M € Dg(A)M then RHom 4(M, —) € DyDi(A). By reflexivity, there is an M’ €
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Dref(A) and equivalences RHom 4 (M, —) ~ RHom 4(M’, —) € DyuDi(A). Taking
cohomology implies there is an isomorphism Homp,,4)(M’, —) ~ Homp,, ) (M, —) of
functors on Dgy(A). Since M, M' € Diy(A), the ordinary Yoneda lemma implies that
M ~ M' € Dy (A). Therefore, M is perfect. O

We give a condition for the converse to hold.

Proposition 6.1.2. Suppose A is proper and Dy (A) = DP(A). Then A is reflea-
e if and only if Dy Dia(A) C DP Dy (A) as subcategories of D(Dia(A)).

Proof. Consider the diagram

Dy (A)P —=— DP(Dyy(A))

T

A —— Dref(A)r =y DY (Dyy(A)) —— Dig(Dia(A))

where the top map is the Yoneda embedding and Dfy " indicates the intersection of
the perfects and the cohomologically finite modules, as in Definition [3.4.2l We claim
that the image of DPf(L4)? under the equivalence is D™ (Dgq(A)) as shown in the
diagram. As the top map is a contravariant equivalence, it restricts to a contravariant
equivalence between Dgq(A)M and DP(Dyy(A))™E. Note that for any DG-category B,
prerf(Byhf — PPf(B) By Lemma , the long composite on the bottom coincides
with the evaluation map for A. Therefore, A is reflexive if and only if DX Dyy(A) =
DiyDia(A). This occurs exactly when DyyDiq(A) C DP Dy (A). O

Remark 6.1.3. Recall the condition that Dy (DiqA) € DPDiy A appeared in Section
for DG-algebras and is one half of the condition that Dgy(A) is hfd-closed in the
sense of [KS25].

Remark 6.1.4. If DP*f(A) = Diy(A), then A is reflexive. Indeed, this follows from
Proposition or one can check it directly. In particular, any smooth (or more
generally regular) and proper DG-category is reflexive (using e.g. Lemma 3.8 of [KS25]).
Alternatively, the smooth and proper DG-categories are exactly the dualisable objects
in Hmo (see Theorem 1.43 in [Tabl5]) and so they are reflexive by Proposition [4.1.5]

Using a similar argument, we see that reflexivity is related to generation of the

cohomologically finite modules over the Koszul dual. Also, compare to Theorem [3.4.4]

Proposition 6.1.5. Suppose A is a proper DG-algebra and Dg(A) = thicks(K) for
some K € Dig(A) and let A' .= RHom (K, K). Then A is reflexive if and only if
thick 41 (K) = D (A").
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Proof. Consider the following diagram.

Dpg(A)7 A, prert (1)

] T

Dperf(A)Op -~ tthkA‘(K) > Dfd(A!)

The top map is an equivalence by Remark The equivalence restricts as shown
since it sends A — K. The equivalence Dgq(A)% ~ DP(A') induces an equivalence
Dia(Dia(A)) ~ Diy(A'); F — F(K). Therefore, A is reflexive if and only if the following

composite is essentially surjective.
DP(A)P — Dyg(Dra(A)) =~ Dra(A'); M +— RHom 4 (M, K)

Therefore, A is reflexive if and only if the bottom map in the above diagram is essen-

tially surjective. This occurs exactly when thick 41(K) = Dy (A). O

§6.1.1 | Reflexivity Conditions for Finite-dimensional DG-algebras
Recall from Section that if A is a finite-dimensional DG-algebra, then we let

A' = RHomy,(A/J_, A)J_)

where J_ is Orlov’s DG-radical as in Definition [3.1.10, We have the following condition

for a finite-dimensional DG-algebra to be reflexive.

Proposition 6.1.6. Let A be a finite-dimensional DG-algebra satisfying the condition
thick(A/J_) = Dy (A). Then A is reflexive if and only if Dig(A') C DP(AY) if and
only if thick 41 (A/J_) = Dy (A").

Proof. By Corollary Dy (A)M = Drerf(A). By Proposition , A is reflexive
if and only if Dy (Di(A)) C DP(Dgy(A)). Since A/J_ generates Diy(A), we have
Dia(A) ~ DPr(A")P, as in the proof of Proposition [6.1.5, Therefore, A is reflexive
if and only if Dyy(DPE(A')P) C Drerf(Drerf(A')oP). As there is a Morita equivalence
Al — Dreri(AN°P | this occurs exactly when Diy(A') C DP(A'). The second equivalent
statement for reflexivity follows by taking K = A/J_ in Proposition m m

Remark 6.1.7. Recall from Remark the question of when A/J_ generates
Drq(A) is subtle. See Remark for some situations where this is satisfied.

Remark 6.1.8. See Remark and Proposition for some discussion around
the condition Dgq(A') C DPe(AY).

Remark 6.1.9. By the first part of Remark[3.1.8 and Remark[3.4.3](4), the conditions
of Theorem|[6.1.6]hold for connective finite-dimensional DG-algebras over a perfect field.
Combined with Example (1), this recovers Proposition 6.9 of [KS25] which states
that proper connective DG-algebras over perfect fields are reflexive. In Proposition

6.3.22, we give a different proof with no base field requirements.
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Example 6.1.10. Take A = k[z]/z? with |z| = 1 so A' = k[[t]] with [t| = 0. As in
Section 8 of [Goo24c|, one can use Neeman’s classification of thick subcategories to
show that Dgy(A) = thick, (k) (alternatively this follows Proposition 5.6 of [KN13]).
Then by Remark (5) and Proposition [6.1.6] A is reflexive. This example will be
generalised in Section [6.2]

§6.2 | Coconnective DG-algebras

We study reflexivity for coconnective DG-algebras A such that H°(A) is a semisimple
k-algebra (that is the global dimension of H°(A) is zero). We will use the following

concept which was introduced in [Bonl0] and [Pau08].

Definition 6.2.1. A weight structure (7> 7%= on a triangulated category T is
a pair of additive subcategories, closed under summands, that satisfy the following

conditions.
1. 7%>%is closed under X! and 7%=0 is closed under X.
2. Hom (74> Tv<0) = 0.
3. For every object X € T, there is a triangle
050X = X = 0<0X

with 050X € T%>% and oo X € T*=V.

The key examples are given by the brutal truncations on the homotopy category of

an additive category. We will make use of the following result.

Theorem 6.2.2 (Corollary 4.1, [KN13]). Let A be a coconnective DG-algebra such that
H°(A) is semisimple.

1. There is a weight structure (D(A)*>°, D(A)*<) on D(A) given by

D(A)>Y = {X € D(A) | H(X) = 0 fori < 0},
D(A)"=" ={X € D(A) | H(X) =0 fori > 0}.

2. For every X € D(A), there is a triangle 050X — X — 0<oX such that the map
050X — X induces an isomorphism on H' for i > 0 and the map X — o<oX

induces an isomorphism on H*® for i < 0.

Remark 6.2.3. If A is a proper coconnective DG-algebra such that H°(A) is semisim-
ple, then o<yA will play the role of the simples. By Proposition 4.6 in [KN13],
thick4(0<9A) = Ds(A), and so we are in the situation of Proposition [6.1.5 Through-
out this section, we let A' := RHom,(0<pA4,0<0A). Note that A' is connective by
Lemma 5.2 of [KN13].
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Remark 6.2.4. We note that the truncation triangles in a weight structure are not
as well behaved as in a t-structure. They are not unique and they are not functorial.
The following example also demonstrates that even for coconnective DG-algebras with
A =0 for i < 0, one can’t always use the brutal truncations for the “special” triangles
appearing in Theorem [6.2.2]

Example 6.2.5. Let A be the path algebra of the quiver

with || = 0 and |B| = 1 and d(a) = 5. Then A is a coconnective DG-algebra with
semisimple H°. Indeed A ~ H*(A) = k x k. The brutal truncation triangle of A is

(B)=A' = A= A = (a,e1,e9) =+

but this does not induce a quasiisomorphism k? = H°(A) — HY(A) = k3. The special
truncation triangle of Theorem is given by

(a,8)=J = A— A/J = (eg,e1) =>T
where the second map is in fact a quasi-isomorphism.

Remark 6.2.6. If A is a finite-dimensional DG-algebra which is also coconnective
with semisimple H° then we have potentially two different candidates for the “simple”
modules: 0<gA and A/J. In general these two notions do not coincide as the following

example shows.

Example 6.2.7. Let A be the path algebra of the quiver

1 —2- 2

Let a have degree 1 and define a differential by d(e;) = o = —d(e3). Then A is a
DG-algebra and A ~ H*(A) ~ k but H°(A/J) = k & k. Therefore the triangle

J—A—A/J -t

does not induce isomorphisms H°(A) = HY(A/J). Hence A/J does not coincide with
any o<pA shown to exist by Theorem[6.2.2] In this case one may take o<oA to be given
by A itself.

To prove reflexivity, it will be useful to relate the simple H°(A)-modules to the
simple H°(A')-modules. The first step is the following.

Theorem 6.2.8. Suppose A is a coconnective DG-algebra such that H°(A) is semisim-
ple. There is a bijection between the isomorphism classes of indecomposable summands
of H'(A") (as H°(A")-modules) and the isomorphism classes of simple H°(A)-modules.
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Proof. Let S = 0<A. Any indecomposable summand of H°(A') is of the form
P = H°(A"ep for some primitive idempotent ep of H°(A'") = Hompa)(S,S). This
idempotent splits in D(A) and produces an indecomposable summand ¢(P) of S, and
so a summand ¢(P) of H°(S) ~ H°(A). Suppose ¢(P) is decomposable so that
(P) ~ @ S; for some simple summands S; of H°(A). By Lemma 4.5 of [KN13|, there
are indecomposable summands A; of A in D(A) lifting each of the S;. By Lemma 4.4 in
loc. cit., the isomorphism @ S; — ¢(P) can be lifted to a map f: @ A; — ¢(P) which is
an isomorphism on H°. Since ¢(P) € D(A)*=0, f factors as f: o<o(® A;) — ¢(P) and
HO(f) is an isomorphism. But then f is a quasi-isomorphism and so ¢(P) ~ @ o<04;,
using Lemma 3.2 in loc. cit. This contradicts the indecomposablility of ¢(P). There-
fore, ¢(P) is an indecomposable summand of H°(A) and so a simple H°(A)-module.
Given a simple H°(A)-module, Corollary 4.7 of loc. cit. and its proof show that it
can be lifted to a summand of S. The same argument as above shows that the lift is
indecomposable in D(A) and so it corresponds to a primitive idempotent in H°(A").
Suppose that ¢(P’) ~ ¢(P). Then by the uniqueness of Corollary 4.7, we have that

¢(P) ~ ¢(P'"). Therefore, there are isomorphisms

HO(A!)(?P ~ HomD(A)((b(P), O'S()A,) ~ HOHID(A) (¢(Pl>, O'S()A) ~ HO<A!)€p/

using the bijection between idempotents and summands. O

Remark 6.2.9. For an arbitrary ring, there can be indecomposable projectives which
are not summands of the regular module. If H°(A) is a finite product of division
algebras, we will show in Proposition that H°(A') is semiperfect, and so the
indecomposable projective H°(A')-modules are exactly the indecomposable summands
of H°(A") (for example, by Corollary 24.14 in [Lam01]).

We note that we can assume that H°(A) is a finite product of division algebras.

Lemma 6.2.10. If A is a coconnective DG-algebra such that H°(A) is semisimple,
then there is a coconnective DG-algebra A’, which is Morita equivalent to A and such
that H°(A') is a finite product of division algebras.

Proof. Suppose H(A) ~ @i—y. ., j=1.. Si; is a decomposition of H°(A) into simple
left modules such that S; ; ~ S, ; for 1 < j, 7" < k; for all i. Then H°(A) ~ M, (D;) x
-+ X My, (D,,) for division algebras D;. By Lemma 4.5 in [KN13|, A ~ @ A, ; where
HY(A;;) ~ S;;. For each i,1 < j,5' < k;, there is an isomorphism f: S;; — S;
which lifts to a map A;; — A;; by Lemma 4.4 in loc. cit. By naturality of the
isomorphism in Lemma 4.4, it follows that the lift is also an isomorphism. So if
A" = RHom 4 (B, A;, B; A;)°? where Ay, ... A, are a choice of isomorphism classes of
the A, ;, then we have DPf(A) ~ DPf(A"). Furthermore, we have that H°(4') is a

finite product of division algebras. m

Lemma 6.2.11. If A is a coconnective DG-algebra such that H°(A) is semisimple,
then H(0<oA) is a semisimple H°(A"')-module.
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Proof. Set S = o<pA. Note there is a map of k-algebras induced by the functor H°

H°(A') = Homp(4)(S, S) — Hompo(a)(H(S), H°(S))
~ Homo(a)(H"(A), H°(A))
~H"(A)°?

using the isomorphism H°(A) ~ HY(S). Since H°(A) is a semisimple k-algebra, it
is a semisimple left H°(A')-module. There is an isomorphism of left H°(A)-modules
H°(A) ~ H°(S). It remains to check that this is an isomorphism of left H°(A')-
modules, where H°(A) is viewed as a left H°(A')-module via restriction along this ring
map, and H°(S) is viewed as a left H°(A')-module using the fact that H9(A') is the
endomorphism ring of S in D(A). To check this, note that the map H°(A') — H°(A)oP
can be identified with the map

HO(A') = Homp4)(S, S) £ Hompa) (A, S) £ Homp(a)(A, A) ~ HO(A)%

where f: A — S is the truncation map. One can then check directly that the isomor-
phism H°(A) ~ H°(S) is of left H°(A')-modules. O

Proposition 6.2.12. If A is a coconnective DG-algebra such that H°(A) is a finite

product of division algebras, then H°(A') is a semiperfect ring.

Proof. Suppose H°(A) = Dy x --- x D,, is a product of division algebras. By Lemma
4.5 in [KN13], A splits into a direct sum of indecomposables A ~ @ A; such that
HY(A;) =~ D;. Tt follows that S := 0<gA ~ @o<pA; = @ S;. Therefore, HO(A') ~
Homp(4) (B S;, @ S;). The idempotents e;: S — S; — S clearly form a complete set of
orthogonal idempotents, so it remains to show that each ¢; H(A)e; = Homp(a)(S;, S;)

is local. Consider the map of algebras from the proof of Lemma [6.2.11
H°(A"Y — HO(A)P
induced by taking H°. Clearly, it restricts to the subalgebras
Homp(4)(S;, Si) — Hompoa) (H(S;), H*(S;)) ~ Hompoa)(H(A;), H(4;)) ~ D{¥

We note that this map reflects units. Indeed, if f:S; — S; is such that HO(f) is
an isomorphism, then since the cohomology of S; only lives in degree zero, f is a
quasi-isomorphism. Since D; is a division algebra, this implies that the kernel of the

above map is exactly the set of non-units. Therefore, the non-units form an ideal and
Homp4)(S;, S;) is local. O

The proof of Proposition [6.2.12] also shows the following.

Corollary 6.2.13. If A is a coconnective DG-algebra such that H°(A) is a division
algebra, then H°(A') is local.
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Lemma 6.2.14. Suppose A is a coconnective DG-algebra such that H°(A) is a fi-
nite product of division algebras. Then there is an isomorphism H°(A")/rad H°(A') ~

HO(A)P. Furthermore, the simple H°(A')-modules are exactly the indecomposable sum-
mands of H(c<pA).

Proof. Let J = rad H°(A"). Since H°(A') is semiperfect, H°(A')/J is the maximal
semisimple quotient of H°(A') and so the map HY(A') — H°(A)? in the proof of
Lemma factors as a map H°(A')/J — H°(A)?. Since H(A") is semiperfect,
HO(A")/J is isomorphic to a product of N matrix rings over division algebras. Here N
is the number of isomorphism classes of simples which equals the number of isomor-
phism classes of indecomposable projectives. The only quotient rings of H(A")/.J are
products of its connected components and so H°(A)°% must be some product of con-
nected components of H°(A')/J. However by Theorem the number of connected
components of HY(A)% and of HY(A)/J are equal. It follows that the map must be
an isomorphism. Since H(o0<qA) ~ H°(A) as H°(A')-modules, the second statement
follows. O

Theorem 6.2.15. If A is a proper coconnective DG-algebra such that H°(A) is sem-

isimple, then A is reflexive.

Proof. By Lemma , we can assume that HY(A) is a product of division algebras.
Set S = 0<9A. Proposition 4.6 (1) in [KNI3] states that Dg(A) = thicka(S) so
by Proposition m it is enough to show that thick 4 (S) = D (A'). Suppose M €
Dra(A'). Then, since A" is connective, Dig(A') admits the standard ¢-structure and so,
by induction on length, we may assume that M ~ H°(M). Since H°(M) is a finite-
dimensional H°(A')-module, it has finite length and admits a finite filtration whose
factors are finite-dimensional simple H°(A')-modules. By Lemma these are
all finite sums of summands of H%(S). The associated short exact sequences become
triangles in D(A') and so it follows that M € thick 4:(5). O

Remark 6.2.16. The results of this section should be compared to the extensive
literature relating simple-minded collections, silting objects, t-structures, and weight
structures. See, for example, [AN09|,[KN13], [KY14], [Bon24] [Fus24]. A simple-
minded collection in an algebraic triangulated category is the same information as a
coconnective DG-algebra A such that H°(A) is a finite product of division algebras,

and a silting object is the same as a connective DG-algebra.

Example 6.2.17. If T is a proper pretriangulated DG-category admitting a simple-
minded collection, then 7 ~ DP(A) for a proper coconnective DG-algebra A such

that H°(A) is semisimple. Therefore, T is reflexive.

Example 6.2.18. If A is a Hom-finite k-linear Abelian category (i.e. Hom4(M, N)

is finite-dimensional for all M, N € A) and Sj, ..., S, are a collection of simples (not
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necessarily all of them) such that RHom 4( S;, @ S;) is bounded, then the thick sub-
category they generate is reflexive. This is satisfied if the S; are all of finite projective

dimension or all of finite injective dimension.

Example 6.2.19. Let A be a finite-dimensional algebra which admits a grading with
A/rad(A) in degree zero. Then A can be viewed as a formal coconnective DG-algebra
with semisimple zeroth cohomology which is then reflexive. This includes a large
number of commonly studied graded algebras such as exterior algebras and truncated
polynomial rings. Combined with Proposition we see that k[z]/x? is a reflexive
DG-algebra for any choice of grading |z| € Z.

Example 6.2.20. Let X be a topological space with finite singular cohomology such
as a finite CW-complex, then A = C*(X; k) is reflexive. We investigate examples of
this form more closely in [BGO25].

§ 6.3 | Approximable DG-categories

In this section, we produce new examples of reflexive DG-categories using the theory
of approximable triangulated categories. This technology was invented to abstract
the relationship between the bounded derived category and perfect complexes over
a scheme. As applications, we show that proper schemes and proper connective DG-
algebras are reflexive over any field. Furthermore, we show that Azumaya algebras over
proper schemes are reflexive. The results of this section appear in [Goo24al, where we

work more generally over a commutative Noetherian ring.
§6.3.1 | Approximable Triangulated Categories

Developed by Neeman, the theory of approximable triangulated categories has found
many applications which are surveyed in [Nee2la] and [CNS24]. The main objects of
study here are triangulated categories with coproducts and t-structures. In order to
talk about approximable triangulated categories, we need some notation on how to
build objects.

Definition 6.3.1. Let 7 be a triangulated category with coproducts, S C T a sub-

category, and let [a,b] C Z be an interval.

1. Let (S >[1a’b] C T consist of finite sums of i-th shifts of summands of objects of S
where i € [a, b].

2. Let (S)@t C T consist of all summands of objects X which fit into a triangle
X' - X=X

with X’ € (S)"" and X" € ()1

n—1-

3. Let (S)*¥ be the union over n of all (S)*.

n
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4. Let (),
i € [a,b].

[a,b]

n

consist of all sums of i-th shifts of summands of objects of S where

5. Let (S), " consist of all summands of objects X which fit into a triangle

X 5 X = X"

with X' € ()Y and X7 € {5y

n—1-

If [a,b] = Z, so that all shifts are allowed, we will omit the associated superscript.

Definition 6.3.2. A triangulated category is approximable if it has a compact gen-
erator G and a t-structure (7=",72°) and there is an integer A > 0 satisfying the

following conditions.
1. 314G e T=°.
2. Hom7 (374G, E) =0 for all E € T=.
3. For every F' € T=0 there is a triangle

F—F—D

[-A,A
with D € 7= and E € (G), .

Remark 6.3.3. By Proposition 2.6 in [Nee21c], approximability is a property only of

the triangulated category and doesn’t depend on a choice of t-structure or compact

generator.

Definition 6.3.4. Given a t-structure (7=, 72%) on a triangulated category T, we

fix the following notation.
TSn — Efnr]-g(] TZn — E*TLTEO

To=UT™ TP=UTT T =T 0T

n n
Two t-structures (7,0, 7;=°) and (75", T5-") on T are equivalent if there is some N > 0

such that 7.~ C 7,=0 c 7=V,

Remark 6.3.5. By Theorem A.1 in [ATJLSS03], any compact object in a triangulated
category T with coproducts generates a t-structure. One can check that if G and G’ are
two compact generators of 7, then they generate equivalent ¢t-structures. A t-structure
is said to be in the preferred equivalence class if it is equivalent to one generated
by a compact generator of 7. By Proposition 2.4 in [Nee2lc|, any ¢-structure on an
approximable triangulated category T satisfying the conditions (1), (2) and (3) in
Definition is in the preferred equivalence class.
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Example 6.3.6. We note the following examples of approximable triangulated cate-

gories.

1. If X is a quasicompact separated scheme, then Dqcon(X) is approximable, and
the standard ¢-structure is in the preferred equivalence class (see Example 4.6 in
[Nee21c]). More generally, the derived category of a quasicompact quasiseparated

scheme is weakly approximable.

2. If T is a triangulated category with a compact generator G which satisfies
Homy(G,X'G) = 0 for i > 0, then 7 is approximable (see Remark 4.3 of
[Nee21c]). For example, the derived category of a connective DG-algebra is ap-

proximable, and the standard ¢-structure is in the preferred equivalence class.

b

oo for approximable triangulated cate-

The following definition gives a notion of D

gories.

Definition 6.3.7. Let 7 be an approximable triangulated category and (7<% 72°) a

t-structure in the preferred equivalence class.

1. Let 7. consist of all objects F' € T such that for any n > 0 there is a triangle
E—F—=D

with £ € T¢and D € T=".
2. Let TP =T, NT".

Remark 6.3.8. The subcategories 7, and T2 are thick and only depend on 7 and
not on a choice of t-structure in the preferred equivalence class. See Lemma 2.10 in
[Nee21c| and Remark 8.7 in [Nee21al.

Example 6.3.9. We can identify 7 in various examples.

b
c

1. For a quasicompact quasiseparated scheme X, Dqcon(X)o is the category of
pseudocoherent complexes with bounded cohomology. So if X is Noetherian,

Dqcon(X)8 = D5, (X). See the discussion after Proposition 8.10 in [Nee21al.

coh

2. Suppose A is a connective DG-algebra such that H°(A) is a coherent ring and
H"(A) is a finitely presented H°(A)-module for all n € Z. Theorem A.5 in
[BCMR*24] shows that D(A)® consists of all modules M such that H"(M) is

Cc

finitely presented over HY(A) for all n € Z, and only finitely many are non-zero.

We will use the following representability theorems which hold for approximable

triangulated categories.

Definition 6.3.10. For a k-linear triangulated category 7T, a finite homological functor
is a k-linear homological functor F': T — Mod k such that @; F(Xt) € mod k for every
teT.
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Theorem 6.3.11 (Theorem 0.4, [Nee2ld]). Let T be an approzimable triangulated
category such that Homy(X,Y') is finite-dimensional for all X,Y € T°.

1. A k-linear homological functor F: (T€)? — Modk is finite if and only if it is
isomorphic to Homy(—, M) for some M € T?.

2. Suppose there is some G € T? and N > 0 such that T = (G) . Then a k-linear
homological functor F: T? — Modk is finite if and only if it is isomorphic to
Homy (M, —) for some M € T¢.

Remark 6.3.12. Theorem 0.4 in [Nee21d] is significantly more powerful. It also makes
statements about representability of (unenhanced) morphisms between finite functors

on 7% and T¢ and it works over a commutative Noetherian ring.

§6.3.2 | Reflexivity and Approximability
Definition 6.3.13. We say a small DG-category A is approximable if D(A) is an

approximable triangulated category.

Remark 6.3.14. Since an approximable triangulated category admits a single compact

generator, any approximable DG-category is Morita equivalent to a DG-algebra.
The following lemma will be used to relate reflexivity to approximability.

Lemma 6.3.15. Suppose T is a k-linear approximable triangulated category and that
Hom(X,Y) is finite-dimensional for all X, Y € T°. Then

Th = {t €T | P Homy(c, ) € modk for all c € TC} :

Proof. Let S denote the right-hand side. By Theorem (1) (or directly), we see
that ’7;17 C S.

Conversely, suppose X € S§. By assumption, Homy(—, X) is a finite functor on
T¢ and so, by Theorem [6.3.11 we have a natural isomorphism a: Homy(—, X') =~
Homy(—, X) of functors on T¢ for some X' € 7?. By Lemma 8.5 (ii) in [Nee2ld],
X' admits a (strong) 7T “-approximating system in the terminology of loc. cit. and so
Lemma 6.8 of loc. cit. applies and states that « lifts to a morphism &: X' — X.
Since v = Homy(—, &) is an isomorphism restricted to compacts, and 7 is compactly
generated, it follows that Homy(—, &) is an isomorphism on all 7. By the Yoneda
lemma, @& is an isomorphism. So, X ~ X’ € T?.

]

Remark 6.3.16. In the description of 72 in Lemma [6.3.15] it is equivalent to ask for

@, Hom(c, 3't) to be finite-dimensional for all ¢ contained in a compact generating set.

In the presence of enhancements we get the following description.
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Theorem 6.3.17. Suppose A is an approzimable DG-category such that H' A(a,b) €
mod k for all a,b € A and i € Z (e.g. A is proper). Then D(A)° = Diy(A).

Proof. The corepresentables A(a, —) for a € A form a set of compact generators for
D(A). So the assumption guarantees that Homp ) (M, IV) is finite-dimensional for any
two M, N € DP*(A). Since Homp4)(A(a, =), £'M) ~ H'(M(a)), the right-hand side
of the equality in Lemma can be identified with Dgq(A). ]

Theorem 6.3.18. Suppose A is a proper approximable DG-category. If there is an
object G € Dy(A) such that D(A) = (G),, for some n > 1, then A is reflexive.

Proof. By Theorem [6.3.17} we have that D(A)2 = Dy (A). As A is proper, it is enough
to show the evaluation map is essentially surjective. Suppose that F' € Di(Dg(A)) =
Da(D(A)%). Then H(F): D(A)% — Modk is a finite homological functor. Theorem
gives that H°(F) ~ Homp(4)(M, —) for some M € DP(A). It follows (by e.g.
Lemma 2.2 in [KS25]), that F ~ RHom 4(M, —) € Di(Ds4(.A)). Therefore, F is in the
image of the evaluation map DP(A)% — Dyy(Dia(A)), as required. O

§6.3.3 | Applications

We give a different proof of reflexivity for the geometric examples in [KS25], [BNP17]

which requires no base field assumptions.

Proposition 6.3.19. If X is a proper scheme over k, then D, (X) ~ D (DP (X))

coh
and D (X)) is reflexive.

Proof. By Example m (1), Dqcon(X) is approximable and there are equivalences
D(DP (X)) ~ Doeon(X) = Db, (X). By Proposition 3.26 in [Orl16], DP(X) is

c coh

a proper DG-category. So Theorem [6.3.17] applies and D%, (X) =~ Dgy(DP™(X)).

coh
By Theorem 2.3 of [Nee2Ih], there is an object G € D%, (X) such that (G), =
D(DP(X)). We are done by Theorem [6.3.18| O

We will now verify the hypothesis of Theorem [6.3.18| for proper connective DG-

algebras.

Lemma 6.3.20. Suppose A is a proper connective DG-algebra. Then there isan N > 1
such that D(A) = (HO(A)/rad HO(A)) 5.

Proof. Since A is connective, so is A® and since A is bounded, the standard ¢-structure
implies there is some N such that A € (H*(A))y € D(A°). There is a filtration by
H°(A)-bimodules

0=JYH*(A) C---CJH*(A) C H*(A)

where J = rad H°(A). Let F, = J'H*(A)/J"™ H*(A) for i = 0,..., N’ — 1 which are
H°(A)P @4 HY(A)/J-modules. The filtration implies that

H*(A) € (F;|i=0,...,N —1)xy C D(H°(A)).
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Combining with the above and restricting along the map A° — HY(A¢) ~ HY(A),
then gives that A € (F;)n» € D(A®) for some N” > 1. So there is a sequence in D(A°)

O—>G0—>G1—>"'—>GNN:A

with the cone of G; — G4 lying in (F});. Now, if M € D(A), tensoring the above

diagram with M gives a diagram
0—>G0®HAM—>G1®HAM—>—>GNH®HAM:M

with the cone of each map lying in (F;®@% M);. Since each Fj is a semisimple left H°(A)-
module, we have that F; 5 M € D(H°(A)/J). Therefore, F; @4 M € (HY(A)/J), C
D(A°) and so M € (HY(A)/J) yu- O

Remark 6.3.21. Lemma [6.3.20] can also be proved using finite-dimensional DG-
algebras. Suppose A is a finite-dimensional DG-algebra and J_ is as in Definition
3.1.10, Then, by a similar argument to Theorem [3.1.14) D(A) = (A/J_), for a finite
N. By Example (1), any proper connective DG-algebra is quasi-isomorphic to a

finite-dimensional DG-algebra.

Proposition 6.3.22. If A is a proper connective DG-algebra, then A is reflexive.

Proof. This follows from Example[6.3.6] (2), Theorem [6.3.18 and Lemma [6.3.20, [

Proposition [6.3.22] removes the perfect field assumption from Proposition 6.9 of

[KS25]. We now turn to a new kind of example.

Definition 6.3.23. A mild noncommutative scheme (A, X) is a scheme X with a sheaf
A of Ox-algebras such that A is quasicoherent when viewed as an Oy-module. We

say (A, X) is quasicompact or quasiseparated if the same holds for X.

For some background in this context see [DDLMR24a]. For a quasicompact qua-
siseparated mild noncommutative scheme, let Dgcon(A, X) denote the derived cate-
gory of A-modules with quasicoherent cohomology. We recall that Dgcon(A, X) is
compactly generated, and the compact objects are the perfect complexes which we
denote DP(A, X). If X is Noetherian and A € coh(X), then coh(A, X) will denote
the coherent A-modules and D¢, (A, X') will denote the subcategory of Dqcon(A, X)

consisting bounded complexes with coherent cohomology.

Proposition 6.3.24. Suppose (A, X) is a mild noncommutative scheme such that X
is proper over k and A is coherent over X. Then D, (A, X) ~ Di(DP* (A, X)).

coh

Proof. A similar proof to that of Proposition 3.26 in [Orl16] shows that D (A, X)
is proper (see Proposition 5.8 of [Goo24al]). By Proposition 4.1 of [DDLMR24al,
Dqcon(A, X) is approximable and by Proposition 4.2 of loc. cit., Dgoon(A, X)? =
D’ .. (A, X). Therefore, the result follows from Theorem [6.3.17} O



CHAPTER 6. PRODUCING REFLEXIVE DG-CATEGORIES 73

Definition 6.3.25. An Azumaya algebra over a scheme X is a mild noncommutative
scheme (A, X) such that A is coherent over X and A, is a central separable algebra

over Ox , for every z € X.

Proposition 6.3.26. Suppose (A, X) is an Azumaya algebra over a scheme X which
is proper over k. Then D (A, X) is reflexive.

Proof. By Proposition |6.3.24 and the results quoted from [DDLMR24al in its proof,
the conditions of Theorem [6.3.18| will be satisfied if there is a G € DY, (A, X) such

coh

that Dqcon(A, X) = (G),,. Such a G is constructed in the proof of Corollary 6.2 in
[DDLMR24b][ O

§ 6.4 | Gluing Reflexive DG-categories

In this section, we show that one can produce new examples of reflexive DG-categories
using semiorthogonal decompositions. Semiorthogonal decompositions are fundamen-

tal tools in the study of noncommutative algebraic geometry. See [Kuzl4] for a survey.

Definition 6.4.1. A semiorthogonal decomposition T = (A, B) of a triangulated cat-
egory T is a pair of thick subcategories A, B C T such that thick(A,B) = 7 and
Hom¢(B, A) = 0.

For simplicity, we have considered semiorthogonal decompositions with two pieces.

For many pieces, the definition can be iterated.

Remark 6.4.2. If T = (A, B) is a semiorthogonal decomposition, then the inclusion
A — T admits a left adjoint and the inclusion B < T admits a right adjoint. This
exhibits A and B as Bousfield localisations of 7. For any ¢t € T, there are triangles

b—=t—=a

with b € Band a € A.

Remark 6.4.3. Suppose T is a pretriangulated DG-category and A, B C T are DG-
subcategories such that H°(T) = (H°(A), H°(B)) is a semiorthogonal decomposition.
By Proposition 4.10 and Lemma 4.4 in [KL15], 7 is quasi-equivalent to a DG-category
T and there are DG-fully faithful functors i4: A < T, ig: B < T such that i4 admits
a DG-left adjoint and i admits a DG-right adjoint.

Proposition 6.4.4. Suppose T is a reflexive pretriangulated DG-category and A, B C
T are DG-subcategories such that H(T) = (H°(A), H*(B)) is a semiorthogonal de-

composition. Then A and B are reflexive DG-categories.

1See also Theorem 3.15 in version 1 of the arXiv preprint [DDLMR24D)].
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Proof. Let igy: A— T and ig: B — 7T denote the DG-inclusion functors. By Remark
we can assume without loss of generality that 74 admits a DG-left adjoint 74
and ig admits a DG-left right adjoint mz. Therefore, there are natural isomorphisms

of DG-functors m4i4 ~ 14 and mgig ~ 1. In particular, A and B are retracts of 7 in
Hmo. Therefore, by Remark @4.1.10, A and B are reflexive. m

We now prove a partial converse.

Theorem 6.4.5. Suppose T is a semireflexive pretriangulated DG-category and A, B C
T are DG-subcategories such that H(T) = (H°(A), H°(B)) is a semiorthogonal de-

composition. If A and B are reflexive DG-categories, then so is T .

Proof. Without loss of generality, we can assume that the semiorthogonal decompo-
sition holds at the DG-level by Remark [6.4.3] Applying Lemma 3.7 in [KS25] twice

gives a semiorthogonal decomposition
DtqDia(T) = (DtaDia(A), DiaDia(B))-

Let i 4 and i5 denote the inclusions of A and B into 7 and 74 and 75 their adjoints. The
proof of Lemma 3.7 in loc. cit. shows that the inclusions of D Dgy(A) and DigDia(B)
into DDsa(T) are given by ip,pya) = DuDra(ia) and ip,py i) = DPiaDia(is) and
their adjoints are mp,,p,4) = DwaDsa(74) and mp,pyB) = DuDra(mp). So naturality

of ev implies that each of the squares below commute in Hmo.

T™A iB

A T B
1A B
leu lew l
TDgqDeq (A) iDpy Deq (B)
e e
DtaDra(A) ———— DiDu(T) ————— D1Du(B)
1Dgq Dig (A) TDgqDrq (B)

We need only check that evy is essentially surjective. Suppose M € DD (T).

Then there is a triangle
inded(B)ﬂ-Ddefd(B)M - M — inded(A)WDdefd(A)M'

Since A is reflexive, we have that mp, p, )M =~ evy(a) for some a € A. So we have
inded(A)ﬂ-Ddefd(A)M ™ 1D Dia (A) eVA(a) =evr iA<a)'

Similarly,

inded(B)ﬂ-Ddefd(B)M ~evr ZB(b)

for some b € B. Since T is semireflexive, the morphism
Yl evr iA(a) — evy ZB(b)

in the triangle above can be lifted to some f: X7lis(a) — ig(b) € T. Therefore, it
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follows that evy(cone(f)) ~ M, as required. O

Example 6.4.6. Let A be the path algebra of the quiver

with relations a5 and Sa. We can view A as a DG-algebra with zero differential and
with grading given by some |a| € Z and |3| € Z. For general |a| and |3], note that A
does not satisfy the conditions of either Proposition [6.3.22] or Theorem [6.2.15] One can
check that DPf(A) = (A, B) where A = thick(P,) and B = thick(cone(3)). One can
compute that RHom 4(P,) = k and RHom 4 (cone(3)) = k[z]/2? with |z| = |a|+|8|—1.
Since k[x]/x? is reflexive with any grading, Theorem implies that A is reflexive.
This is an example of a graded gentle algebra. In [BGO25|], we use similar ideas to

show that all graded gentle algebras are reflexive.

Example 6.4.7. In Theorem 5.4 of [Efi20], Efimov constructed an example of a proper
DG-algebra B which does not admit a categorical resolution. The category DP®(B)
admits a semiorthogonal decomposition with pieces given by the perfect derived cate-
gories of k[z]/x% and k[y]/y® with |z| = 0 and |y| = 1. These are both reflexive and so

B is reflexive.

Remark 6.4.8. We emphasise that Example is related to, but different from,
Example 3.1.6] Reflexivity of the DG-algebra A, defined in Example [3.1.6] remains
open due to the subtle issue of generation of the category of cohomologically finite

modules.

Example 6.4.9. Let A be the upper triangular k-algebra

k @k
0 k

then DP( A) admits a semiorthogonal decomposition with DP{(A) = (D(k), D*(k)).

However one can compute that DggDig(A) =~ DP*(A") where A" is the upper triangular

koIl k
0 k

and that if A were reflexive then the map A — A" would be an isomorphism. Therefore,

k-algebra

A is not semireflexive (and so also not reflexive).
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