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Abstract 

The global transition towards decarbonized and decentralized energy systems is driving the 

rapid integration of Distributed Energy Resources (DERs), such as solar photovoltaic (PV) 

systems and wind turbines, into electricity distribution networks. This evolution transforms 

traditionally passive networks into Active Distribution Networks (ADNs), characterized by 

bidirectional power flows, voltage fluctuations, and increased operational complexity. 

Voltage regulation emerges as a paramount challenge in this context, as the stochastic nature 

of renewable generation can lead to voltage violations, elevated power losses, and significant 

phase unbalance, particularly in inherently unbalanced three-phase low-voltage networks. 

While traditional devices like On-Load Tap Changers (OLTCs) provide a foundational 

means of voltage control, they lack the speed and flexibility to manage the spatial and 

temporal variations introduced by high DER penetration. 

This thesis addresses these challenges by proposing and validating a series of integrated 

optimization frameworks that leverage the capabilities of power electronic-based Soft Open 

Points (SOPs) and Energy Storage Systems (ESS). The core of this research lies in the 

coordinated operation of these advanced technologies with traditional infrastructure to 

enhance the technical and economic performance of ADNs. A convex semidefinite 

programming (SDP) approach is used to optimize voltage profiles, reduce power losses, and 

improve phase balancing. Furthermore, the work introduces an economic model that 

includes grid purchase cost, battery degradation, and PV curtailment to ensure financially 

efficient operation. To tackle large-scale and time-coupled optimization, accelerated variants 

of the Alternating Direction Method of Multipliers (ADMM) are applied. Case studies on 

IEEE 13-bus and 123-bus systems validate the proposed methods. The results demonstrate 

the effectiveness of the coordinated operation of OLTC and SOP-ES in reducing losses, 

enhancing voltage quality, and minimizing economic cost.  
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Chapter 1  

Introduction 

1.1 Research Background and Motivation 

The architecture of electrical power systems has undergone a profound transformation since 

its inception. The 20th century was dominated by the Centralized Model, characterized by 

large-scale, fossil-fuel or nuclear power plants located remotely from load centers. Power 

flowed unidirectionally from these high-voltage transmission networks through sub-

transmission and finally to passive distribution networks, which acted as simple conduits to 

deliver electricity to end-users. In this paradigm, distribution networks were designed to be 

passive; voltage and power flow were controlled by a handful of centralized devices like On-

Load Tap Changers (OLTCs) at substations and switched capacitor banks, operating based 

on predictable, slow-changing load patterns. 

This model began to shift in the late 20th and early 21st centuries, driven by the global 

imperatives of climate change, energy security, and technological advancement. The 

transition towards a cleaner, more sustainable energy economy has catalyzed the rapid 

deployment of Distributed Energy Resources (DERs), primarily solar photovoltaic (PV) 

systems and wind turbines, but also including small-scale combined heat and power (CHP) 

and flexible loads. Unlike traditional central generation, these resources are connected 

directly to the distribution grid, often at the medium- and low-voltage levels. This integration 

marks the evolution from a passive to an Active Distribution Network (ADN), defined by 

bidirectional power flows, active management, and a generation mix that is decentralized, 

stochastic, and power-electronics interfaced [1]. 
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The modern ADN represents the current frontier in power system development, but its 

emergence has introduced a new set of complex operational challenges that legacy systems 

were not designed to handle.  

The intermittent and location-specific nature of renewable generation, particularly rooftop 

PV, causes significant voltage fluctuations. During periods of high generation and low load, 

reverse power flow can lead to voltage rise violations at the end of feeders. Conversely, 

during peak demand with low generation, voltage drop remains a concern [2]. Furthermore, 

the unequal connection of single-phase DERs and loads exacerbates voltage unbalance, 

leading to inefficiencies and potential equipment overheating [3].  

Traditional voltage regulation devices like OLTCs and capacitor banks, while robust, lack 

the speed and granularity of control required for modern ADNs. OLTCs have a slow 

mechanical response and operate on a discrete step basis, making them ineffective at 

managing rapid voltage variations caused by passing clouds or sudden load changes [4]. 

Their operation is typically based on the voltage or current at a single point (the substation), 

providing a coarse, network-wide adjustment that may not resolve localized voltage issues 

elsewhere in the feeder. 

To address these limitations, the state-of-the-art has turned to power electronics. Soft Open 

Points (SOPs) are a key innovation in this domain. An SOP is a power electronic device 

installed to replace a normally open point (NOP) between two feeders or adjacent substations 

[5]. It provides fully controllable, bidirectional active and reactive power flow, enabling real-

time rebalancing of loads and generation across feeders. This offers unprecedented spatial 

flexibility, allowing Distribution System Operators (DSOs) to manage power flows and 

mitigate voltage problems with a precision impossible for traditional switches or regulators 

[6].  
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While SOPs manage power flow in space, Energy Storage Systems (ESS) manage energy 

across time. By co-locating ESS with SOPs to form an SOP-ES unit, the benefits are 

amplified. The ESS can store excess renewable energy during periods of high generation and 

feed it back into the network during periods of high demand [7]. This "energy time-shifting" 

provides temporal flexibility, further alleviating voltage issues, reducing peak demand on 

the substation transformer, and maximizing the utilization of renewable energy that might 

otherwise be curtailed [8]. 

Effectively coordinating these diverse assets—traditional OLTCs, power-electronic SOPs, 

and distributed storage in a complex, unbalanced three-phase network demands 

mathematically rigorous optimization models. Semidefinite Programming (SDP) has 

emerged as a powerful tool for convexifying the non-convex Optimal Power Flow (OPF) 

problem, allowing for accurate and efficient computation of optimal setpoints [9]. However, 

as the number of controllable components grows, centralized solutions become 

computationally intensive for large-scale networks. This highlights the need for distributed 

optimization methods like the Alternating Direction Method of Multipliers (ADMM), which 

can decompose the problem for parallel computation, enhancing scalability and real-time 

applicability [10]. 

The principal motivation for this thesis is to bridge the gap between the advanced capabilities 

of modern grid technologies like SOP-ES and the sophisticated optimization frameworks 

required to unlock their full potential. While the individual components have been studied, 

a holistic approach that coordinates traditional OLTCs with SOP-ES in unbalanced networks, 

validated through both technical and economic lenses, and solved using scalable 

optimization techniques, remains a critical research need. This thesis aims to contribute this 

integrated solution, developing the models and strategies necessary for the secure, efficient, 

and economically viable operation of the next-generation Active Distribution Network. 
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1.2 Research Aim and Objectives 

The principal aim of this thesis is to develop an integrated, multi-objective optimization 

framework for the coordinated control and operation of OLTCs, SOPs, and SOP-ES units in 

Active Distribution Networks. 

To achieve this aim, the research is guided by the following specific objectives: 

• To model and optimize the operation of SOP-ES units using Semidefinite 

Programming in unbalanced, three-phase distribution networks with high renewable 

energy penetration (chapter 3). 

• To develop a coordination framework for OLTCs and SOP-ES systems that 

mitigates voltage unbalance and minimizes system losses, while ensuring 

operational feasibility (chapter 4). 

• To formulate an economic operation model that integrates grid purchase costs, 

energy storage degradation, and renewable energy curtailment, and to minimize the 

total cost using convex optimization (chapter 5). 

• To implement and test accelerated distributed optimization algorithms, specifically 

FAADMM and AADMM, to enhance the real-time applicability and scalability of 

the proposed optimization frameworks (chapter 6). 

1.3 Contributions of the Thesis 

This thesis presents the following contributions, specifically in the coordination, integration, 
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and implementation of methods for three-phase BFM–SDP distributed OPF: 

• First, the thesis develops a comprehensive three-phase, multi-period Semidefinite 

Programming (SDP) model specifically for scheduling Soft Open Points integrated 

with Energy Storage (SOP-ES). Unlike previous works that often simplify network 

unbalance or treat storage separately, this model explicitly captures the asymmetrical 

nature of distribution systems under realistic load and generation profiles. The use of 

a convex SDP relaxation guarantees globally optimal solutions for the relaxed 

problem, ensuring both computational efficiency and high solution quality in 

complex, unbalanced environments for radial distribution networks. 

• A second key contribution is the formulation of a convex modeling technique for On-

Load Tap Changers (OLTCs) and their seamless integration with SOP-ES within a 

unified voltage control framework. This approach transforms the traditionally 

discrete tap-changing problem into a continuous convex formulation compatible with 

SDP. The resulting coordinated strategy demonstrates a critical cooperation, 

significantly improving voltage profiles and system losses while dramatically 

reducing OLTC switching operations, thereby extending the operational life of this 

critical asset. 

• Third, the thesis introduces a comprehensive cost-based optimization model that 

effectively balances economic and technical performance in ADN operations. This 

model uniquely integrates time-of-use grid purchase costs, a detailed battery 

degradation cost model, and PV curtailment penalties into a single objective function. 

This holistic economic analysis quantitatively demonstrates that SOP-ES is not 

merely a technical asset but also a source of substantial cost savings, providing a 

more complete justification for its deployment. 
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• Finally, to enable fast, scalable control on realistic feeders, the thesis successfully 

applies advanced distributed optimization techniques. By implementing accelerated 

variants of the Alternating Direction Method of Multipliers (ADMM), including Fast 

ADMM (FADMM) and Adaptive ADMM (AADMM), this work addresses the 

scalability challenge inherent in centralized optimization. These algorithms 

decompose the large-scale problem into manageable sub-problems, achieving near-

optimal solutions with significantly enhanced convergence speed, thus making the 

proposed frameworks applicable to real-world, large-scale distribution networks. 

Comparative analysis of OLTC-only, SOP-only, SOP-ES-only, and coordinated OLTC + 

SOP-ES scenarios, quantifying benefits in terms of power loss, voltage deviation, and 

unbalanced indices. 

1.4 Organization of the Thesis 

This thesis is structured into seven chapters, each focusing on a critical aspect of the 

proposed optimization framework: 

Chapter 2 presents a comprehensive literature review that synthesizes recent advancements 

in voltage regulation techniques for ADNs, categorizing them into analytical and 

computational methods, and identifying key research gaps in the integration of Soft Open 

Points and energy storage. 

Chapter 3 develops the network modeling and the convex OPF formulation adopted in this 

thesis. Using the branch-flow model (BFM) and SDP relaxation, it formalizes bus/branch 

variables, operational limits, and objective terms (loss minimization and voltage quality), 

used as the baseline throughout the thesis. 
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Chapter 4 introduces and analyzes a coordinated control strategy between traditional On-

Load Tap Changers (OLTCs) and SOP-ES systems, demonstrating how their synergistic 

operation enhances voltage quality, reduces power losses, and minimizes OLTC switching 

operations to extend device lifespan. 

Chapter 5 formulates and solves a comprehensive economic operation model that integrates 

grid purchase costs under time-of-use tariffs, battery degradation costs, and PV curtailment 

penalties, quantifying the significant cost savings achieved by the SOP-ES configuration. 

Chapter 6 proposes and evaluates accelerated ADMM strategies tailored to the SDP 

consensus setting. The chapter introduces hybrid (absolute + relative) stopping thresholds, 

adaptive penalty updates with clipping (AADMM), and Nesterov-type Fast ADMM 

(FAADMM) with monotone restart. Extensive experiments on IEEE-13 (two areas) and 

IEEE-123 (four areas) quantify iteration counts, wall-clock time, residual decay, and solution 

quality relative to centralized benchmarks. 

Chapter 7 summarizes the findings and outlines directions for future research, including 

stochastic modeling, real-time control, and hardware-in-the-loop validation. 
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Chapter 2  

Literature Review  

 

2.1 Introduction 

The evolving dynamics of power distribution systems, increasingly influenced by the 

integration of RESs, have necessitated innovative strategies for voltage regulation in active 

distribution networks (ADNs). The review delves deeply into various methodologies that 

have emerged to address the challenges posed by high photovoltaic (PV) penetration and 

other renewable energy sources (RESs), with a particular focus on two primary types of 

optimization methods: Analytical Methods and Computational Methods. 

2.1.1 Review Methodology 

This literature review aims to synthesize recent research related to voltage optimization 

techniques in active distribution networks, specifically focused on analytical and 

computational methods. The key questions that guided the paper selection process are: 

• What are the recent techniques used for voltage regulation in distribution grids with 

high penetration of renewable energy sources? 

• How are analytical and computational optimization methods applied to manage 

voltage fluctuations and improve network efficiency? 
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• What are some of the current limitations and challenges in this research domain? 

Analytical Methods are crucial in understanding and solving optimization problems within 

power systems. These methods involve mathematical formulations and theoretical 

frameworks that provide insights into the fundamental principles governing the system 

operations. They are instrumental in devising control strategies for voltage regulation, power 

flow management, and loss minimization in a more deterministic manner. This review 

explores how analytical methods are applied to develop algorithms for reactive power 

control, voltage stability assessment, and the efficient dispatch of PV inverters in distribution 

networks. 

In contrast, Computational Methods have gained prominence with the advent of advanced 

computing technologies and the increasing complexity of power networks. These methods 

cover a wide range of algorithms and heuristic approaches, including genetic algorithms 

(GAs), particle swarm optimization (PSO), and other metaheuristic methods. Computational 

Methods are particularly effective in dealing with the non-linear, multi-objective, and often 

stochastic nature of modern power systems. They offer robust solutions for real-time control 

and optimization in scenarios where traditional analytical approaches may fall short because 

of the high fluctuations and unpredictability of RES. 

Analytical techniques based on mathematical modelling and deterministic analysis as well 

as computational data-driven methods offer complementary strengths for addressing the 

multifaceted voltage regulation challenges in modern distribution systems. Hence this 

review accentuates both categories of optimization approaches from recent literature. 

2.1.2 Keywords and Search Strategy  

The primary keywords used in our database searches included voltage optimization, voltage 
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regulation, voltage control, active distribution networks, renewable energy integration, 

photovoltaic (PV) systems, analytical optimization methods, and computational 

optimization methods. These keywords were carefully selected to capture the essence of the 

research domain, focusing on innovative strategies for managing the complexities 

introduced by the high penetration of RESs in ADNs. 

The paper selection methodology involved keyword-based searches on databases like IEEE 

Xplore, ScienceDirect, and SpringerLink to filter for peer-reviewed articles from the past 5-

10 years. Specific exclusion criteria included grey literature sources without rigorous 

analysis, centralized control techniques lacking optimization algorithms, and solutions 

tailored for transmission grid operations. Out of the 86 cited references, 41 papers employ 

analytical optimization strategies, while 45 leverage various computational methods like 

metaheuristics and machine learning. This indicates the nearly equal prominence given to 

both methodologies in contemporary research on voltage control for distribution systems. 

Figure 2.1 presents a timeline graph depicting the distribution of cited papers by their year 

of publication over the previous decade. Among the 86 references cited, 79 have clearly 

identifiable publication years. The graph highlights that the first paper dates back to 2010, 

with a significant majority of the papers being published from 2016 onward. The rapidly 

increasing publications over the past 5 years, with a peak in 2020, provides quantitative 

evidence for the growing relevance and importance of voltage optimization techniques in 

active distribution networks. It validates the need for a comprehensive literature review 

synthesizing the latest advancements in this area to guide future research. 

The cited literature for this chapter reflects a systematic review conducted up to mid-2023, 

as this chapter was developed during the initial stages of the research. Therefore, 

publications from late 2023 and onward are not represented in Figure 2.1. More recent 

studies (2024–2025) are reviewed and incorporated in later chapters where relevant to 

specific methodological developments (e.g., SDP-based SOP-ES coordination, accelerated 
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ADMM). The strong upward trend from 2016 to 2022 nevertheless highlights 

the accelerating research interest in voltage optimization for active distribution networks. 

The filtered papers provide the basis for a targeted synthesis of diverse voltage regulation 

techniques that offer promising capabilities like decentralized control, enhanced integration 

of renewable sources, reduced power losses etc. But they also outline key limitations and 

gaps in translating these solutions to large-scale practical implementations. The summarized 

insights aim to direct future explorations in this crucial area of power distribution 

optimization to address grid stability and efficiency challenges. 

 

Figure 2.1 Distribution of cited papers by year of publication 

2.1.3 Technological Innovations in Voltage Regulation 

Smart inverters represent a significant area of focus within both analytical and computational 

optimization frameworks. These devices not only convert solar energy into grid-compatible 

power but also play a pivotal role in providing dynamic voltage support and reactive power 

compensation where the output reactive power of smart inverter is following the Volt/Var 
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and power capability curves in Figure 2.2. 

A PV smart inverter's operational behavior is defined by two key characteristic curves, as 

illustrated in Figure 2.2. The Volt/Var curve (a) governs the inverter’s reactive power (Q) 

response based on measured grid voltage. Voltage thresholds (V1–V4) establish a deadband 

(V2–V3) where minimal reactive power is exchanged; outside this range, the inverter injects 

or absorbs Q up to its maximum capability (±Qmax) to support grid voltage stability. 

The power capability curve (b) defines the inverter’s operational envelope in terms of real 

(P) and reactive (Q) power. Bounded by its apparent power rating (S), the curve illustrates 

the trade-off between P and Q: when real power output is below maximum, surplus capacity 

can be allocated to reactive support without exceeding the inverter’s rated capacity. Together, 

these curves enable the inverter to function as a grid-supportive asset, providing dynamic 

voltage regulation while adhering to its hardware limits. 

 

(a) 

 

(b) 

Figure 2.2 PV smart inverter curve: (a) Volt/Var curve; (b) power capability curve. 

This review examines various studies that utilize both analytical and computational methods 

to enhance the functionality of smart inverters in power distribution systems. Another critical 

aspect of this review is the integration and optimization of battery energy storage system 
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(BESS) in conjunction with smart PV inverters. The coordination between these systems is 

essential for managing the intermittency of renewable sources and maintaining grid stability. 

This paper reviews different bi-level optimization methods and metaheuristic algorithms that 

leverage the capabilities of BESS and PV inverters, highlighting how analytical and 

computational approaches can be combined for effective voltage regulation.  

Furthermore, the paper discusses decentralized control algorithms, emphasizing the shift 

from traditional centralized methods to more efficient, localized control strategies. These 

algorithms, developed using both analytical and computational methods, demonstrate their 

effectiveness in managing voltage deviations and reducing line losses in complex power 

systems with high PV penetration. 

Advancements in multi-objective optimization techniques, particularly Multi-Objective 

Particle Swarm Optimization (MOPSO), are also a significant focus of this review. These 

techniques address the complexities introduced by high levels of RES penetration, aiming to 

balance operational efficiency with system stability and reliability. Studies employing these 

methods showcase significant improvements in reducing power loss, minimizing voltage 

deviation, and optimizing the operation of various grid components such as on-load tap 

changers (OLTC) and shunt capacitors (SCs). 

Lastly, the chapter explores the impact of sophisticated control mechanisms like soft open 

points (SOPs) and distributed static compensators (DSTATCOMs) in enhancing grid 

functionality. These technologies contribute to improved voltage profiles, reduction in power 

losses, and better management of the challenges posed by the integration of rooftop PV 

systems in low-voltage distribution networks. 

In summary, this literature review chapter provides a comprehensive analysis of the 

advanced strategies and methodologies in voltage regulation for ADNs, underlining the 
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importance of both Analytical and Computational Methods. By exploring the applications of 

these two optimization approaches, the review highlights the significant advancements in 

managing the complexities introduced by renewable energy integration, setting a foundation 

for future developments in efficient and resilient power grid management. 

2.2 Voltage Related Optimization Methods 

2.2.1 Analytical Methods 

2.2.1.1 Robust Optimization 

Voltage levels can be maintained within acceptable limits through the control of reactive 

power, which can be produced or absorbed by PV inverters. In [11] the author presents a 

decentralized method for reactive power control in PV-integrated distribution networks. 

Utilizing linear decision rules based on PV real power output, the approach uses an 

adjustable robust optimization framework, employing convex quadratic programming to 

ensure optimal voltage and power loss management. Demonstrated as more effective than 

traditional local control methods via Monte Carlo simulations, this approach offers a 

practical, robust solution for modern grid management with renewable energy integration; 

however, its dependency on accurate PV output predictions might reduce the method’s 

effectiveness. Reference [12] presents an innovative approach to integrating PV systems into 

voltage and reactive power (Volt/Var) control in distribution networks. Adhering to the new 

IEEE 1547-2018 standard [13] , this method involves formulating local decision rules for 

PV inverters, allowing them to adjust reactive power based on real power output. The paper 

introduces two techniques for determining these rules: one based on linear programming for 

minimizing voltage deviations and another based on closed-form solutions from 

distributionally robust chance constraints. Demonstrated through simulations on networks 
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with up to 3146 nodes, the approach effectively reduces voltage violations but with minimal 

increase in network power loss. The authors in [14] propose a novel decentralized algorithm 

for power flow optimization in active distribution grids with high Distributed Energy 

Resources (DERs) integration. This approach, known as Increment-Exchange-Based 

Decentralized Mult-objective Optimal Power Flow (MO-OPF), addresses the complexities 

of coordinating network operators and DER owners. The key innovation lies in its ability to 

solve the MO-OPF problem in a decentralized manner without compromising private DER 

data. The algorithm is based on quadratic functions of coupling variables' increments, 

facilitating efficient and privacy-preserving interactions between stakeholders. 

Demonstrated through simulations on IEEE 33-bus and a real 266-bus distribution systems, 

the method shows its effectiveness in providing distributed Pareto-optimal solutions, 

offering a scalable and privacy-conscious solution for optimizing power distribution in grids 

with significant DER penetration. To address the challenges in voltage and VAR control 

within distribution networks heavily integrated with PV sources, the paper [15] introduces a 

multi-objective adaptive robust optimization (MOARO) approach, focusing on minimizing 

voltage deviations and power loss in the presence of high PV penetration. This approach is 

notable for its robustness in handling the uncertainties inherent in such networks. The 

effectiveness of this method is validated through extensive simulations on the IEEE 123-bus 

system, showcasing its efficiency and robustness. Comparative analysis with other multi-

objective programming algorithms highlights the superiority of the proposed method in 

operational robustness and efficiency. This paper contributes significantly to the field of 

power systems, offering an innovative solution for managing complex challenges in high-

PV penetrated distribution networks. A robust optimization method is proposed in [16] for 

controlling the active and reactive power injections of distributed generators (DGs) in 

coordination with transformers' OLTC. The mixed-integer linear programming (MILP) 

problem formulation accounts for uncertainties in the network admittance matrix and utilizes 

sensitivity coefficients for optimization. In contrast, the paper in [17], addresses voltage 

regulation in similar systems but emphasizes robust optimization under the uncertainties of 
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DG and load variations. This paper uses a mixed-integer nonlinear programming (MINP) 

approach and validates its methodology on a modified IEEE 123 bus system, demonstrating 

effective voltage control despite uncertain and fluctuating generation and load conditions.  

2.2.1.2 Advanced Optimization Techniques in Power Systems 

The Alternating Direction Method of Multipliers (ADMM) is a powerful optimization 

technique that combines elements of dual decomposition and augmented Lagrangian 

methods for solving complex problems. It is particularly effective for solving large-scale 

optimization problems that can be decomposed into smaller, more manageable subproblems. 

ADMM achieves this by breaking down the original problem into parts, solving each part 

separately, and then iteratively refining these solutions to converge to an optimal solution. 

This method is well-suited for distributed optimization problems common in power systems, 

where it can significantly reduce computational burden and handle communication 

constraints effectively. Several studies have effectively employed ADMM in optimizing 

power distribution systems. Reference [18] presents a distributed approach for Conservation 

Voltage Reduction (CVR) in distribution systems with high PV penetration. It introduces a 

multi-objective optimization model that coordinates the operation of PV inverters with 

traditional voltage regulation devices using a modified ADMM to address non-convex 

optimization challenges, ensuring quality solutions, and computational efficiency. In [19], a 

convex quadratic program (QP) optimization model for both balanced and unbalanced 

systems is developed, utilizing ADMM for distributed optimization. The model, suitable for 

large-scale applications, includes a two time-scale architecture for controlling DERs. Its 

simplicity and linear constraints ease computation, though its static nature can limit 

effectiveness in dynamic scenarios. The paper in [20], proposes a novel linearized voltage 

model for AC optimal power flow (AC-OPF) problems, leading to a tractable quadratic 

constrained quadratic program (QCQP), further simplified under certain conditions. The 

Scalable Optimal Inverter Dispatch (SOID) algorithm, which uses ADMM for distributed 
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implementation, efficiently adjust inverter dispatch to reduce power losses and effectively 

correct voltage deviations. Further, the author in [21], introduces a method for optimally 

setting transformer tap positions in distribution systems using a rank-constrained 

semidefinite program (SDP). ADMM is applied to solve this relaxed SDP, demonstrating its 

effectiveness through case studies on single- and three-phase distribution systems, 

showcasing advantages over centralized methods. The work in [22], develops decentralized 

methods for optimal power setpoints in residential PV inverters, also employing ADMM. 

This paper addresses conventional PV inverter limitations by incorporating voltage 

regulation and network loss minimization, demonstrating the adaptability and efficiency of 

ADMM in tackling various distributed optimization challenges in power systems. Another 

utilizing of ADMM but with energy storage system (ESS) is introduced in [23], the paper 

proposes a multi-objective procedure that considers various ancillary services provided by 

ESSs, such as voltage support and network loss minimization, along with minimizing the 

cost of energy from the external grid and managing congestion. 

2.2.1.3 Advanced Hierarchical and Predictive Control 

The paper in [24] introduces a groundbreaking approach to optimize power flow (OPF) in 

power systems, emphasizing real-time application. The authors propose a multi-stage 

quadratic flexible OPF (MQFOPF) framework, characterized by an object-oriented device 

modelling approach. This methodology allows for seamless integration of various power 

system devices, enhancing the flexibility of the OPF process. A key innovation of the paper 

is the development of an efficient Sequential Linear Programming (SLP) algorithm, 

designed to solve the OPF problem in real-time using a rolling horizon scheme. This scheme 

takes into account changing forecasts, enabling dynamic optimization of the power system's 

operations. The effectiveness of this framework is demonstrated through a case study on a 

real distribution feeder, showcasing its potential in managing power systems with diverse 

and evolving requirements. The paper also acknowledges opportunities for further 
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optimization, particularly in improving the speed and convergence quality of the SLP 

algorithm. The recent advancements in voltage regulation techniques for ADNs are well-

captured in several innovative studies. The study [25] proposes real-time Volt/Var control 

using two-stage. The first stage schedules OLTC and capacitor banks (CBs), while the 

second stage uses a data-driven method to assess voltage violation risks and control the 

dispatch of electric vehicles (EVs). Additionally, a rule-based strategy is employed for 

coordinating PVs and CBs, enhancing reactive power reserve. While in [26] the study 

introduces a double-time-scale voltage control scheme using model predictive control (MPC) 

in distribution networks with DGs. The slow-time-scale control aims to rectify long-term 

voltage deviations, while the fast-time-scale control efficiently manages rapid voltage 

fluctuations and maximizes renewable energy capture. The control problem is solved using 

a sophisticated branch-and-bound algorithm, with an ADMM based solver for mixed-integer 

quadratic programming (MIQP) problems. Reference [27], introduces a novel strategy for 

reactive power and voltage optimization over multi-periods, featuring a decoupling rolling 

approach. This approach accounts for the strong time-based interconnections between 

different devices, including PVs and OLTC. The strategy employs Bender’s decomposition 

algorithm to separate the mixed-integer voltage optimization model into a master problem 

which addresses long-period for OLTC, and multiple short-period subproblems for PV power. 

Utilizing MPC, these subproblems are then modified into a series of rolling subproblems 

within the time window, facilitating an efficient and smooth transition from the existing state 

to the optimal state. The paper focuses on achieving fast computation and effective voltage 

regulation by employing a simplified discrete equation for the adjustments of OLTC tap, and 

utilizes a linearized sensitivity matrix among power and voltage. 

2.2.1.4 Soft Open Point (SOP) Utilization in Voltage Regulation 

A soft open point (SOP) is a power electronic device that is fully controllable. It has the 

capability to precisely manage the active power transfer between the interconnected feeders 
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on each side and provide certain reactive power and voltage support as shown in Figure 2.3. 

The paper [4] introduces a method for addressing voltage and reactive power challenges in 

ADNs with high DG penetration. This method centers around the use of SOP, which offers 

more precise and real-time control compared to traditional voltage regulation devices. 

 

Figure 2.3 Network with SOP connection. 

The paper's key contribution is a time-series optimization model that coordinates SOP with 

traditional regulation devices like OLTC and CBs. This model, which aims to minimize 

operational costs and eliminate voltage violations, employs linearization and conic 

relaxation techniques to transform the complex MINP problem into a more tractable mixed 

integer second-order cone programming (MISOCP) model. Reference [28] proposes the 

innovative Phase-Changing Soft Open Point (PC-SOP) to address three-phase imbalances in 

distribution networks, often exacerbated by uneven distributed generation. The PC-SOP 

connects soft open points in a novel way to control active and reactive power, balancing the 

power flow among phases. Key contributions include developing an optimized operational 

strategy for unbalanced ADNs that combines SOP regulation, ESS dispatch, and DG 

curtailment. This approach effectively reduces power losses and improves voltage regulation. 

The paper transforms the complex optimization problem into a more tractable second-order 

cone programming (SOCP) model. 

In [29] a novel approach is presented to address voltage violations in networks with high DG 
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integration. The strategy combines decentralized and local control of SOPs to effectively 

manage voltage fluctuations. Key features include a locally tuned Q/V control curve for 

intra-area reactive power regulation, reducing system complexity and communication needs. 

Additionally, decentralized coordination regulates active power transmission among areas, 

accommodating DG output fluctuations. The study in [30] focuses on using SOPs in 

networks with high distributed generation. The paper introduces a Jacobian matrix-based 

sensitivity method to determine SOP operating regions under varying load and generation 

conditions. Three optimization objectives are considered: voltage profile improvement, 

balancing line utilization, and minimizing energy losses. The study provides a graphical 

representation of SOP operating regions and quantifies the impacts of different optimization 

objectives, aiding Distribution Network Operators in SOP control and operation. For fully 

utilizing the regulation ability of SOPs, a robust optimization method is proposed in [31]. 

This method involves a two-stage adjustable robust optimization model that generates robust 

operation strategies for SOPs. These strategies aim to reduce voltage violations and 

minimize power losses in ADNs. The robust optimization model is formulated as a SOCP to 

improve accuracy and computational efficiency. However, the effectiveness of the model 

relies on accurately predicting the uncertainties associated with PV generation. Any 

inaccuracies in these predictions could impact the performance of the SOPs. A two-stage 

optimization method for distribution networks based on an integration of energy storage with 

SOP is proposed in [32]. The first stage involves day-ahead optimization using interval 

optimization (IO) for optimizing the OLTC and the state of charge (SOC) selections of the 

BESS in every Energy Storage Integrated Soft Open Point (E-SOP). In the second one, an 

intra-day optimization model is utilized, which is based on the rolling optimization algorithm. 

This model is designed to optimize both the active and reactive power across each side of E-

SOP, as well as manage the charging and discharging power of the BESS within each E-SOP. 

The approach aims to reduce comprehensive operating costs, control nodal voltage within 

desired ranges, and improve voltage profiles and load balancing indexes in distribution 

networks with high levels of DGs. The authors in [33] proposes a novel voltage regulation 
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framework utilizing SOPs and reactive powers of DG inverters. The approach is based on 

linearized DistFlow equations, creating a biconvex problem that minimizes voltage 

deviation through a coordinated scheme for SOPs and DGs. This problem can be efficiently 

solved by an alternative convex search algorithm. The paper's contributions include 

modelling various types of SOPs and power electronic devices as nodal or line variables in 

a universal voltage regulation model, offering coordinated reactive power support in 

distribution systems. The papers [34, 35] explore innovative strategies for voltage regulation 

in ADNs in the context of increasing DG penetration. Reference [34] introduces a combined 

strategy, where the active power of SOPs is centrally adjusted using global network 

information, complemented by local reactive power control based on real-time data. This 

approach aims to effectively manage voltage profiles and reduce power losses, employing 

convex relaxation to simplify the optimization model. While [35], in contrast, proposes a 

decentralized strategy using the ADMM algorithm. This method optimizes the transmission 

power of SOPs across network partitions, achieving near-global optimal solutions without 

heavy computational demands. Both strategies underscore the critical role of SOPs in 

enhancing operational flexibility and voltage stability in ADNs, each employing distinct 

methodologies to navigate the challenges posed by high DG integration. 

2.2.1.5 Local and Coordinated Voltage Control 

Paper [36], proposes a coordinated local control strategy for integrating DG based on RESs 

into distribution networks. It emphasizes a collaborative approach between distribution 

system operators and independent power producers for voltage regulation and maximizing 

active power production. The control method, formulated as a nonlinear constrained 

optimization problem, is solved using Sequential Quadratic Programming (SQP). The 

coordination of two voltage control algorithms is proposed in [37], where the first one based 

on control rules and the other utilizing optimization. The paper compares the network effects 

and costs of both algorithms and discusses their practical implementation issues. This 
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approach offers a cost-effective solution to the traditional method of network reinforcement 

for mitigating voltage rise issues due to distributed generation integration. The authors in 

[38] presents a novel two-stage optimization method to regulate voltage in unbalanced 

distribution networks with DG, like solar power. It focuses on the coordination between 

OLTC and Static Var Compensators (SVC). The method's efficiency is demonstrated by its 

ability to solve problems that were previously unsolvable due to computational burden, 

completing tasks in less than 10 minutes that could take over 8 hours. This is achieved 

through a two-stage process: a one-day-ahead optimization using forecasted load and 

generation values, followed by a real-time local optimization based on current load and 

generation. 

2.2.1.6 Convexification and Relaxation  

Paper in [39] presents a multi-objective optimization problem for optimally allocating 

Dispersed Storage Systems (DSSs) in ADNs. This study aims to find the optimal balance 

between technical and economic goals, addressing congestion in feeders and lines, network 

losses, network voltage deviations, and the cost associated with supplying loads, alongside 

the stochastic nature of load demands and renewables productions. To address these 

challenges, it uses a convex formulation of an AC-OPF problem which is then structured as 

MISOCP problem. A novel method for managing voltage control in ADNs with high DG 

integration has been proposed in [40]. This approach involves a centralized model for tuning 

the parameters of local control curves of DG inverters, focusing on optimizing reactive and 

curtailed active power based on local voltage measurements. Utilizing MISOCP, the method 

effectively converts complex MINP challenges into more tractable problems. This paper 

makes a significant contribution by offering an innovative solution for enhancing voltage 

control and reducing power losses in ADNs, emphasizing the crucial role of DG inverters in 

modern power systems. While the centralized-based method for parameter tuning is effective, 

its complexity might increase significantly with the scale of the network, potentially 
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impacting its applicability in very large or complex distribution systems. In contrast, the 

paper [41] introduces an Optimal Tap Control (OTC) method to regulate OLTCs by 

minimizing voltage profile deviation and reducing the number of tap operations. This 

method employs a linearization technique to convexify the optimization problem, allowing 

it to be solved efficiently at operational timescales. The study in [42] introduces an 

optimization method that integrates VAR optimization with network reconfiguration to 

minimize power losses and prevent voltage violations. This approach involves formulating 

reactive power of DGs, VAR compensators, tap-changer positions, and branch states as 

decision variables in a MISOCP model. The method successfully transforms a non-convex 

three-phase model into this format using techniques like second-order cone relaxation and 

piecewise linearization, including a detailed linearization of the typically neglected non-

linear transformer model. This developed method showcases substantial improvements in 

reducing network losses and mitigating voltage violations, positioning it as an effective tool 

for active distribution network management. Reference [43] introduce an innovative 

approach to optimizing energy dispatch in distributed PV systems, aimed at enhancing 

Advanced Distribution Management Systems (ADMS). The study proposes a convex 

optimization model that controls smart inverters in distributed PV systems for voltage 

regulation and conservation voltage reduction. This model, which employs linearized power 

flow and the gradient projection algorithm, is tested on an open-source ADMS platform, 

demonstrating its effectiveness in improving grid operations. The paper also outlines a 

control architecture for coordinating smart inverter outputs, supported by simulations that 

validate the approach. The paper [44] presents a novel approach to voltage regulation in 

networks with high penetration of DERs. It formulates the issue as an optimization program 

to minimize network losses, considering constraints on bus voltage, power injections, and 

transmission line limits. The paper establishes conditions for solving this problem through 

convex relaxation and semidefinite programming. A key contribution is the development of 

a distributed algorithm robust against communication failures, efficient for large-scale 

networks.  
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2.2.1.7 Other Optimization Frameworks  

The authors in [45] propose a novel approach using simplified linear equations to represent 

the characteristics of voltage control devices. This approach involves formulating the voltage 

equations of the distribution network using QP, which incorporates the control ranges of 

voltage devices and operating voltage ranges of the network. The method utilizes MIQP for 

deriving optimal solutions. The results were compared with the optimal results of a global 

search method and were almost identical to the optimal solution, however, the use of 

simplified linear equations may not capture the full complexity of real-world distribution 

networks, especially under varying load and generation conditions. A probabilistic 

optimization strategy for the effective use of PV generators in voltage regulation of 

distribution networks is introduced in [46]. This strategy incorporates probabilistic scenarios 

of PV output into a constrained optimal load flow planning analysis, aiming to minimize a 

voltage deviation index that reflects the quality of voltage regulation. The novel aspect of 

this approach lies in using the PV generators as capacitors and inductors, scheduling their 

reactive power compensation monthly to be in sync with the high-voltage/medium-voltage 

(HV/MV) substation OLTC settings. A key feature of this strategy is its independence from 

a communication infrastructure and the absence of feedback voltage control. In [47] an 

innovative optimization strategy that controls both reactive and real power of single-phase 

PV inverters is presented. This approach aims to enhance voltage profiles and voltage 

balance while reducing network losses and the costs associated with generation. The authors 

formulate a multi-objective OPF problem, solved using a global SQP method. The paper in 

[48] presents a multi-objective optimization approach which can effectively coordinate the 

reactive power provided by smart inverters and tap operations of OLTCs in multi-phase 

unbalanced distribution networks. The primary objectives are to reduce voltage deviations 

and the number of OLTC tap actions. The paper introduces a novel linearization method for 

power flow equations, which helps to convexify the optimization problem, ensuring 

convergence and reducing computational costs. This approach is modelled and solved using 
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MILP. In [49] a framework for optimizing distribution systems using linearized power-flow 

equations is proposed. The optimization addresses control variables such as adjustable 

capacitors, voltage regulators (VRs), and configuration of the system to achieve objectives 

like loss minimization and voltage profile improvement. The problem is formulated as MIQP, 

which guarantees optimal solutions. The framework incorporates system operational 

constraints including feeder capacities, drop in the voltage level, and switching operations. 

Key advantages of the proposed method include its general applicability to distribution 

system optimization, efficient solution algorithms, known optimality gaps providing 

effective stop criteria, and realistic load modelling accounting for voltage dependency. 

However, the use of linearized power-flow equations, while simplifying the optimization 

process, might not capture all the non-linear dynamics of real-world distribution systems, 

potentially affecting the accuracy of the optimization results. Reference [50], presents a 

sophisticated approach to managing and controlling distributed generation in electric 

distribution systems. It introduces a two-stage short-term scheduling procedure, integrating 

a day-ahead scheduler and an intra-day scheduler, to optimize the production of various 

energy and control resources, including embedded generators, reactive power compensators, 

and transformers with on-load tap changers. The day-ahead scheduler plans the distribution 

of resources for the next day, while the intra-day scheduler adjusts these plans every 15 

minutes based on the operational requirements and constraints of the network. The intra-day 

scheduler employs MILP algorithm to solve a non-linear multi-objective optimization 

problem, with linearization achieved using sensitivity coefficients derived from three-phase 

power flow calculations. A decentralized control algorithm in [51] was presented for 

optimizing reactive power in electrical distribution networks with PV sources. The main 

focus of the paper is on developing a control strategy that minimizes voltage deviations and 

line losses by optimally dispatching the reactive power of PV inverters. This is achieved by 

correlating the optimal reactive power dispatch with locally measurable quantities, such as 

node voltage, reactive power consumption, and PV generation. The paper demonstrates that 

a near-optimal local control strategy, derived from global optimization problem solutions 
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under various operating conditions, performs effectively. It closely matches central optimal 

solutions and shows potential for real-time voltage control in complex power systems with 

high PV penetration. However, it is still need for further research in more general scenarios, 

including varying levels of PV penetration and different line characteristics. 

2.2.2 Computational Method 

2.2.2.1 Heuristic Optimization Methods 

Recent advancements in voltage regulation for ADNs with high PV penetration have led to 

innovative strategies to minimize voltage fluctuations and optimize network performance. 

The paper [52] introduces a method based on worst-case voltage scenarios (WCVSs) using 

MINP. This approach, which coordinates CBs, OLTCs, and PVs plants, aims to minimize 

operational losses, limit voltage variations, and reduce the flow of reactive power through 

OLTCs and decrease the number of switch operations in substation CBs. Similarly, the 

research detailed in [53] proposes a centralized-decentralized voltage regulation method, 

considering the optimization of substations while regulating voltage variations. Both papers 

employ multi-objective MINP models and solve them utilizing the non-dominated sorting 

genetic algorithm II (NSGA-II). Additionally, they incorporate decision-making algorithms 

to choose optimal solutions from Pareto front. These studies emphasize the importance of 

sophisticated optimization techniques in improving the stability and efficiency of power 

distribution networks in the era of renewable energy integration. 

Several papers emphasise the effectiveness of GAs in optimizing power distribution systems 

with smart inverters. Reference [54] propose a multi-objective GA to optimize smart inverter 

Volt/Var curves for voltage regulation and loss minimization. Tested on an IEEE 13 node 

feeder model, optimized curves reduced system losses and improved voltage profile 

compared to a baseline curve. Minimizing reactive power injection showed more significant 
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loss reduction than absorption minimization. However, only one PV system size/location is 

evaluated, thus optimization results could vary for different PV sizes and distribution on the 

network. In [55], the author presents a novel co-optimization technique using a GA for 

managing voltage fluctuations in power distribution networks with high PV penetration. This 

technique integrates individual optimization algorithms for Load Tap-Changing (LTC) 

transformers, SCs, and smart inverters to determine their optimal settings. The primary goal 

is to minimize system power losses while optimizing the smart inverter power factor settings 

and ensuring conservative voltage reduction. In [56], a novel algorithm, utilizing GAs, to 

optimize the parameters of Volt/Var curves in smart inverters is introduced. This 

optimization aims to enhance the performance of distributed generation systems. The key 

objectives of the algorithm include minimizing voltage deviation, reducing network loss, 

and limiting the peak of reactive power. The algorithm addresses various limitations of 

previous studies by incorporating a multi-objective optimization function that adjusts 

Volt/Var curve parameters, considering service transformers' effects, and analyzing system 

improvements based on the number of parameters optimized. The approach also evaluates 

the implementation of optimized Volt/Var curves during practical periods and assesses 

suitable Volt/Var curves for clustered photovoltaic generators. The study [57] introduces a 

deep reinforcement learning (DRL)-based algorithm for coordinating multiple smart 

inverters. This approach balances voltage regulation and reactive power utilization, adapting 

to varying conditions without the need for extensive network model knowledge. It 

demonstrates near-optimal performance in maintaining grid voltage limits and significantly 

reducing PV production curtailment. 

A coordination between BESS and smart PV inverters is proposed in [58]. The study 

introduces a voltage management approach with two controlling stages: using BESS and 

smart PV inverters’ reactive power injection capabilities. The core of this strategy is a bi-

level optimization method, leveraging metaheuristic optimization algorithms (MOA) such 

as Social Spider Optimization (SSO), Particle Swarm Optimization (PSO), and Cuckoo 
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Search Optimization (CSO). This approach regulates voltage levels by managing BESS 

charging and discharging rates. The method aims to increase the utilization of energy from 

PVs and wind resources, along with enhancing voltage profiles. A notable aspect of this 

research is its consideration of uncertainties in PV system generation, integrating PV 

generation forecasts to enhance the decision-making process for BESS operation. The results 

demonstrate that appropriate coordination between BESS and smart PV inverters can 

significantly enhance distribution system operations, enabling seamless integration of PV 

and wind energy. However, employing three different MOAs for which there is no 

comprehensive comparison in the literature. This lack of comparative data might impact the 

ability to fully assess the effectiveness of these algorithms in the specific context of electrical 

distribution systems with high renewable integrations. The paper in [59] presents a novel 

optimization technique known as Locust Search (LS) for addressing the Optimal Capacitor 

Placement (OCP) issue in radial distribution networks. This problem, characterized by its 

complexity due to high multi-modality, discontinuity, and non-linearity, involves 

strategically installing capacitor banks within electrical distribution systems. Proper 

allocation of these banks can significantly improve the feeder's voltage profile and reduce 

power loss, leading to substantial energy savings and cost reductions. The LS algorithm, 

inspired by swarm optimization, was tested on several IEEE radial distribution test systems, 

and compared against other techniques. The results indicate that the LS-based method 

effectively addresses the OCP problem, demonstrating high accuracy and robustness in 

optimizing capacitor placement for improved network performance.  

Reference [60] introduces a novel approach to enhance voltage control in distribution 

systems by utilizing end-users' reactive power capable devices. This integration is aimed at 

providing substantial support to the grid's voltage profile. The study develops a Centralized 

Support Distributed Voltage Control (CSDVC) algorithm that decomposes the distribution 

system into different areas using ε-decomposition. It identifies Q-C buses, or candidate buses, 

which are optimal for reactive power injection. The approach calculates the optimum 



   

30 

 

reactive power injection for each of these candidate buses in every area, along with the 

necessary tap position of the regulator, using a GA. The CSDVC algorithm is particularly 

designed to address inaccuracies in load forecasting and potential faults in control area 

centers, ensuring secure and reliable reactive power control. This advanced technique 

exhibits potential for application in current electrical distribution systems. However, the use 

of end-users as reactive power support introduces uncertainty due to their stochastic behavior. 

Changes in consumption patterns can lead to insufficient reactive power in local regions, 

posing challenges for maintaining voltage stability. Additionally, if a local control center 

fails, the entire control system for that region may become inoperable. An optimization 

model using the Grey Wolf Optimization (GWO) heuristic search method is proposed in [61]. 

This model aims to coordinate various distribution controllers, including tap changing 

transformers, capacitors, and PV inverters, to minimize voltage deviations and ensure that 

all voltages stay within specified limits. The effectiveness of the GWO method was 

compared with other heuristic-based optimization methods: Differential Evolution and 

Harmony Search, where DE evolves solutions through vector differences, while HS 

improvises them like musical harmonies. The results from simulations indicated that GWO 

method was effective in managing voltage fluctuations and maintaining operational limits in 

these distribution networks. Another work using the coordination between PV inverters and 

tap position of OLTC in the distribution network is presented in [62] as schedule method. 

This scheduling is based on a pattern search optimization algorithm, which utilizes predicted 

load demand and PV active power generation. The primary objectives are to reduce bus 

voltage deviation and minimize the losses of the network while keeping the number of tap 

operations within a predefined limit. Additionally, the paper includes a stochastic analysis to 

assess the effectiveness of this optimal scheduling method in the presence of inaccurate 

forecasting in load demand and PV generation, highlighting the robustness of the work 

approach under uncertain conditions. 
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2.2.2.2 SOPs and PSO Algorithm in Voltage Regulation   

The paper [63] proposes a novel control method for regulating voltages in unbalanced three-

phase electrical distribution systems. This method addresses a constrained optimization 

problem that aims to minimize voltage deviations and maximize the active power output of 

DERs. The harmony search algorithm is employed to solve this optimization problem. To 

demonstrate the efficacy of this approach, the IEEE 13 Bus distribution test system was 

modified and tested in three scenarios: a) a system controlled only by voltage regulators, b) 

a system controlled solely by DERs, and c) a system controlled by both voltage regulators 

and DERs. The simulation results indicate that systems with a combination of voltage 

regulators and DER control achieve a better voltage profile, highlighting the potential of 

integrating DERs into voltage regulation strategies for improved system performance. The 

parameters of the harmony search algorithm are carefully selected, and the convergence 

criterion is based on the change in the best objective function value. However, setting these 

parameters and determining the appropriate convergence criteria can be challenging, and 

may impact the efficiency and accuracy of the algorithm.  

The use of SOPs and the PSO algorithm as key tools for addressing the challenges in 

electrical distribution networks, has been as a common thread in several research, especially 

in the context of high levels of DG and the integration of RESs, such as PV systems and 

wind turbines. In the study [64] a multi-objective optimization framework is proposed. This 

framework leverages SOPs—advanced power electronic devices adept at managing precise 

active and reactive power flows. The research employs an enhanced version of the PSO 

algorithm, the MOPSO, combined with a local search technique, the Taxi-cab method which 

is a local search strategy using Manhattan distance to explore neighboring solutions in grid-

like steps, often applied in combinatorial or mixed-integer optimization alongside 

metaheuristics like PSO. This approach aims to optimize various operational aspects, 

including power loss reduction, feeder load balancing, and voltage profile improvement, 
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demonstrating its effectiveness in a 69-bus distribution network. Similarly, Reference [65]  

investigates the complexities in distribution networks arising from renewable energy 

integration. It identifies key issues like overvoltage, load imbalances, and fluctuating power 

outputs, proposing the installation of SOPs. The PSO algorithm is utilized to determine the 

optimal operating parameters for SOPs, focusing on minimizing bus voltage deviations and 

total line losses. Moreover, in [66], the enhancement of ADNs through the integration of DG 

units is discussed. The paper aims to improve energy efficiency by reducing power system 

losses and optimizing voltage profiles while adhering to system constraints. The 

methodology involves network reconfiguration, including strategic control over the quantity, 

size, and placement of DG units and the use of SOPs for advanced power flow control. Once 

again, a modified PSO algorithm is employed to determine the best system configuration, 

encompassing the optimal sizing and positioning of DG units and the allocation and 

dimensioning of SOPs. Additionally, the paper [67] explores the integration of DG units and 

the control of SOPs in ADNs. This study aims to enhance system efficiency by reducing 

power losses, improving voltage profiles, and balancing feeder loads. It presents a strategy 

for reconfiguring the network through the optimal determination of the number, location, 

and size of DGs and optimally managing SOP operations. A Modified Particle Swarm 

Optimizer (MPSO) is used as a crucial tool for handling the variables involved. The paper 

in [68] introduces a Mutation Fuzzy Adaptive Particle Swarm Optimization (MF-APSO) 

algorithm to solve the multi-objective optimization problem, effectively balancing the 

mitigation of overvoltage issues and reduction in total line loss. The methodology is 

demonstrated using numerical results, showing that the proposed multi-objective 

optimization method outperforms conventional methods, enabling enhanced utilization of 

high-penetration PV systems with reduced power curtailment due to improved voltage 

regulation and line-loss minimization. 

On the other side ESSs have become pivotal in voltage optimization within power networks, 

especially in the context of integrating RESs, PSO plays a key role in these developments. 
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Reference [69], proposes a two-stage methodology to optimize reactive-voltage control in 

distribution networks with PV and ESSs. It addresses the challenge of voltage control due to 

the unpredictability of DGs by combining network reconfiguration with reactive resources. 

The first stage involves finding an optimal network topology with minimal line loss and 

reconfiguration, while the second stage determines the output of reactive power devices for 

each hour, including PV inverters and energy storage devices. While in [70], the study 

introduces an improved particle swarm optimization (I-PSO) method for optimizing both 

active and reactive power of the BESS to mitigate voltage fluctuations. This approach is 

demonstrated to be more effective than the standard PV smoothing mode. In [71], the author 

introduces an improved MOPSO algorithm for determining the optimal capacity and 

locations of ESSs. The algorithm aims to minimize voltage deviation and ESSs capacity 

costs. A novel two-stage majorization configuration model to optimize a hybrid energy 

storage system (HESS) in ADNs is presented in [72]. The model specifically addresses the 

challenges posed by volatile energy sources like wind and solar. By integrating both lead-

acid batteries and supercapacitors, the study aims to balance cost, network loss, and node 

voltage deviation. The unique aspect of this paper is the use of a revised MOPSO approach 

to solve capacity configuration challenges, further enhanced by a quantum particle swarm 

optimization with a chaotic mechanism for operational optimization. Reference in [73] 

integrates the reactive power control function of PV inverters with the charge/discharge 

characteristics of ESSs to optimize voltage deviation. The study employs an improved 

adaptive PSO algorithm based on distributed information, demonstrating through 

simulations that this methodology more effectively improves voltage deviation in 

distribution networks compared to existing reactive power optimization strategies. This 

approach highlights the potential of coordinated control strategies in managing voltage 

issues in modern power systems with significant renewable energy integration. However, in 

grids where such storage systems are not widely deployed or are of limited capacity, the 

effectiveness of the approach could be reduced. 
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The papers [74, 75] both employ the NSGA-II genetic algorithm for optimizing ESS in 

ADNs. Where paper in [74] focuses on reducing power loss and voltage violation risk 

through extended reactive power optimization, considering the output of PV-storage systems. 

In contrast, the paper in [75] aims at optimal placement and capacity sizing of battery storage 

systems, targeting overall cost, load, and voltage fluctuation reduction.  

Recent research employs diverse optimization algorithms to effectively manage voltage 

stability and efficiency in power networks with varying levels of renewable energy 

integration. Study In [76], introduces decentralized optimization methods as an alternative 

to traditional centralized methods, overcoming challenges like high computational cost and 

data privacy concerns. The study focuses on optimizing the operation of voltage regulators 

and energy storage devices through decentralized coordination. It employs two methods: the 

Advanced Arithmetic Optimizer algorithm and the Profile Steering approach, aiming to 

improve the reliability and efficiency of optimization processes while minimizing 

communication and computational costs. While in [77], the paper explores optimal sizing 

and siting of DG units to improve voltage profiles and reduce power losses. It also examines 

the role of BESS in peak shaving. The paper utilizes a Harris Hawks Optimization (HHO) 

algorithm for finding near-optimal solutions, tested on 33 and 141 bus distribution test 

systems. The paper in [78], introduces a method for voltage regulation in distribution 

networks using BESS units. It focuses on optimizing BESS units' operation in networks with 

high solar PV penetration. The method uses sparse optimization techniques for minimal unit 

engagement and power output variation. A distributed Lagrangian primal-dual sub-gradient 

algorithm is employed for decentralized decision-making. A stochastic multi-objective 

framework for daily control of Volt/Var in distribution networks is proposed in [79]. The 

objective is to lower power losses, minimize voltage deviations, reduce the costs of energy, 

and decrease overall emissions. The approach incorporates uncertainties in hourly demand, 

wind energy, and solar radiation within a scenario-driven probabilistic model and utilizes an 

evolutionary algorithm through a Modified Teaching-Learning Algorithm (MTLA) to solve 
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the MINP problem. 

2.2.2.3 Multi-Objective Optimization 

Recent advancements in active distribution network optimization emphasize the integration 

of sophisticated multi-objective optimization techniques, particularly MOPSO, focusing on 

managing the complexities introduced by high RES penetration levels. In [80] the author 

proposes a novel approach for Volt/Var optimization in ADNs with RESs. This approach 

employs a two-timescale multi-objective coordinated control system, focusing on 

minimizing power loss and reducing the number of control actions required for OLTC and 

SCs over a 24-hour period. The paper introduces a three-step method, including local search, 

global search, and user preference, to address the multi-objective MINP problem. The 

optimization is performed every 6 hours, considering the variability in day-ahead 

predications of RES, and every 15 minutes for the reactive power control of RES, explicitly 

accounting for RES uncertainties. The strategy employs a group-based MOPSO for global 

search and the Interior Point Method (IPM) for local search and real-time optimization. The 

efficacy of this methodology is demonstrated using the IEEE 33-bus distribution network, 

showcasing significant improvements in power loss reduction and effective voltage 

regulation in the presence of RES uncertainties. Similarly, reference [81] presents a 

comprehensive approach to reactive power control in ADNs. This approach involves 

formulating a multi-objective mixed-integer nonlinear optimization problem focusing on 

reducing active power loss and minimizing voltage deviation. The solution employs a group-

based MOPSO and fuzzy logic to find Pareto optimal solutions and select a preferred 

compromise solution. A composite load model, including plug-in electric vehicles, static 

induction motors, and ZIP loads, is used to better represent load behaviour. Further in [82], 

the application of MOPSO is employed for an optimal reactive power dispatch (ORPD) 

strategy. This strategy focuses on reducing active power losses and minimizing voltage 

deviation by effectively coordinating OLTC transformers, CBs, and DGs. The paper 
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highlights the efficacy of MOPSO algorithm in handling nonlinear functions, continuous and 

discrete variables, and multiple constraints. By utilizing this method, the authors 

demonstrate improved active power loss reduction and voltage profile optimization in 

distribution systems, offering a valuable contribution to the field of smart grid technology 

and renewable energy integration. In [83] the paper introduces a multistage, multi-objective 

Volt/Var control strategy incorporating high solar PV penetration in smart grids. It focuses 

on enhancing energy efficiency through CVR in distribution networks. The strategy 

comprises a dual approach: a slow time scale control for planning and a fast time scale 

control for real-time operations. In the planning stage, the paper employs a Discrete Multi-

objective Particle Swarm Optimization (DMOPSO) for stochastic multi-objective Volt/Var 

optimization, addressing uncertainties and inaccuracies in predicting load demand and PV 

generation. For real-time operations, it utilizes an adaptive Volt/Var droop-controlled 

approach to manage voltage fluctuations induced by sudden variations in PV output. The 

research demonstrates significant improvements in reducing peak demand, daily energy 

demand, and system losses, offering a comprehensive control strategy for modern power 

systems with significant renewable energy integration. A mathematical model for reactive 

power regulation based on MPC is presented in [84]. The model proposes a multiple-

timescale optimal reactive voltage control method, specifically designed to lower the impact 

of uncertainties from wind and photovoltaic energy sources on voltage control. To validate 

this approach, the study employs the IEEE-57 node system integrated with RESs. The 

efficiency of the model is exhibited using the Whale Optimization Algorithm combined with 

Simulated Annealing (WOASA). The results from this approach show that the multiple-

timescale control method significantly enhances the operational safety of the power grid and 

effectively leverages the potential of reactive power regulation. 

The paper [85], proposes a novel Volt/Var (VV) co-optimization strategy for managing the 

challenges of PV integration in low-voltage distribution networks. It addresses the 

limitations of traditional models that assume a single voltage level and balanced networks. 
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The study introduces a three-stage approach, coordinating the operation of medium-voltage 

switched capacitors and low-voltage PV inverters, to improve voltage profiles and reduce 

power losses, and solved by employing improved direct load flow and MPSO methods. 

The work in [86], investigates the impact of integrating DSTATCOMs and PV units in Tala 

city, Egypt's distribution network. Using an improved sine cosine algorithm, the study 

assesses the network at varying PV penetration levels and optimizes the placement of 

DSTATCOMs and PV units to minimize power losses and improve voltage stability. Results 

show significant enhancements in power loss reduction and system stability when combining 

PV units with DSTATCOMs, demonstrating the effectiveness of this integrated approach. 

2.2.2.4 Control and Optimization Integration  

Reference [87], introduces a two-stage optimization strategy to manage voltage fluctuations 

and minimize power losses in distribution systems with high PV penetration. The first stage 

involves a day-ahead optimal strategy focused on minimizing total voltage deviations and 

power losses, constrained by the maximum allowable operations of OLTCs and SCs. The 

second stage involves real-time inverter reactive power control to adjust for the uncertainties 

in PV output and load demand. This stage utilizes an artificial neural network (ANN) to 

estimate system states. Both optimization problems are formulated as nonlinear problems 

and are solved using direct search algorithms. The effectiveness of this method is validated 

using a Hardware-In-the-Loop (HIL) simulation platform on IEEE 34-node test feeder. 

The increasing integration of RESs into power systems has led to the advent of advanced 

technologies like smart inverters, which are instrumental in maintaining voltage stability and 

efficiency. Smart inverters, primarily used in PV systems, convert the variable direct current 

(DC) output of solar panels into a grid-compatible alternating current (AC). Beyond this 

basic function, they are increasingly recognized for their capability to provide dynamic 
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voltage support and reactive power compensation, which are essential for stabilizing the grid 

amidst the variable nature of solar energy. In light of this context, the paper [88] addresses a 

critical aspect of modern power distribution systems: the coordination of these smart 

inverters with traditional Volt/Var control (VVC) devices. The paper proposes a coordinated 

methodology for Volt/Var optimization (VVO) that combines the rapid response capabilities 

of smart inverters with the established functionality of traditional VVC devices including 

shunt capacitor banks (SCBs), OLTC, and VRs. This approach is aimed at effectively 

managing voltage fluctuations that occur because of the variable nature of RES, changes in 

network configurations, and varying load demands. The methodology encompasses both 

centralized and local control algorithms with an objective to reduce the total cost of operating, 

while considering CVR and the voltage deviation of nodes. Additionally, the study examines 

the influence of BESS on the overall system performance. To tackle this multi-objective 

optimization challenge, the fuzzy decision-making technique and ϵ-constraint method are 

applied. The efficiency of the proposed VVO methodology is verified through its application 

to a well-known 33-bus distribution system, showcasing significant improvements in energy 

consumption efficiency, reduction of OLTC switching operations, and voltage stabilization. 

The subsequent study, [89] focuses on enhancing distribution system performance by 

optimizing the Volt/Var function in smart inverters. This method addresses voltage 

deviations caused by DG connections, aiming to reduce voltage deviation and minimize the 

loss of lines without affecting distributed generation output. The algorithm's effectiveness is 

demonstrated through a case study on the South Korean distribution system, confirming the 

significant improvement in system performance through optimized smart inverter settings. 

Author in [90], addresses the challenges of increased line loss and voltage deviation in 

distribution networks due to high PVs and EVs penetration. The study proposes new reactive 

power regulation methods, utilizing the potential of PVs and EVs, to alleviate these 

challenges. It establishes reactive power regulation models for PVs and EVs, along with 

methods to evaluate their reactive power adjustable capacity dynamically. The paper 

employs five different algorithms for optimization, with deep learning used to approximate 
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the optimization objectives of minimizing line loss and voltage deviation. The results 

demonstrate the effectiveness of deep learning in accurately fitting the Pareto front achieved 

by intelligent algorithms in practical applications. 

2.2.2.5 Other Optimization Techniques 

Using the Sparrow Search Algorithm (SSA), the study in [91] coordinates the OLTC, VR, 

smart inverter settings, and switched capacitor bank to optimize the unbalance and variation 

of voltage. The approach addresses individual phase voltage regulation, considering the 

operational dynamics of these devices and the unbalanced load conditions. The results show 

significant improvements in voltage variation and unbalance, demonstrating the efficacy of 

the SSA in optimizing the system's performance. [92] employs probability distribution 

models to estimate power generation and network load demands, considering the 

fluctuations in load, along with the variability in solar radiation and wind speed. It utilizes 

the Open Distribution System Simulator (OpenDSS) for modelling ADNs and aims to reduce 

network voltage deviation and minimize power loss. The paper introduces numerous novel 

metamodel-based global optimization (MBGO) methods, comparing them with traditional 

metaheuristic global optimization (GO) methods to identify their respective advantages, 

limitations, and weaknesses. Simulations on different bus systems demonstrate that MBGO 

methods are more suited for small-and medium-scale ADNs, while metaheuristic GO 

algorithms perform better in large-scale ADNs with simpler objective functions. In [93], a 

multi-objective hierarchically-coordinated VVC method that utilizes droop-controlled PV 

inverters is proposed. The approach is designed to reduce the voltage deviation and power 

loss through the optimization of reactive power setpoints and droop control functions in PV 

inverters. It includes a comprehensive modelling of the droop control characteristics of PV 

inverters, including voltage ranges and droop slope gradients. To tackle the random 

variations in PV power generation, the paper applies Taguchi’s orthogonal array testing 

technique. The effectiveness of this method is demonstrated through tests on two distribution 
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systems, showing improved control performance compared to existing methods. The papers 

in [94-96], highlight innovative methods and algorithms to optimize and control ADNs, 

ensuring stable operation and efficient integration of renewable energy sources. In [94], the 

author proposes a technique using big bang-big crunch (BB-BC) optimization and reactive 

power compensation to control voltage profiles in distribution systems, thereby avoiding 

active power curtailment in DGs. The method involves optimizing regulator taps and 

reactive power contributions of capacitors and DGs, implemented by a central control unit 

for effective voltage management and increased DG penetration. On the other hand, paper 

in [95], presents a scheme for their optimal placement in distribution networks to enhance 

system performance. The strategy employs the artificial bee colony (ABC) optimization 

approach, focusing on reducing voltage deviation, power losses, and line loading, 

contributing to improved voltage profiles and network functionality. While paper in [96], 

proposes a strategy for optimal voltage control in distribution networks, coordinating various 

distributed equipment like transformers, voltage regulators, and compensators. The strategy 

uses a GA to manage operations effectively, tested on a network model with photovoltaic 

generation to validate its efficacy in voltage control.  

2.3 Discussions on Optimization Strategies, Methods, and Practicality 

The integration of RESs, especially PV systems, into power distribution networks introduces 

a complex blend of opportunities and challenges in voltage regulation and system stability. 

This paper's exploration of various optimization strategies and technologies provides an 

insight into the evolving landscape of active distribution network management.  

2.3.1 Common Trends: Objectives, Algorithms, Architectures, and Benchmark Case 

Studies   

In analyzing the various analytical and computational techniques applied for voltage 
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regulation, some key commonalities emerge in the optimization objectives and algorithms 

adopted across studies reflecting contemporary research priorities. The cumulative 

percentages provided in the analysis reflect the proportion of papers focusing on specific 

optimization objectives, algorithms, architectures, and test systems, offering insights into the 

research trends and focal points within the domain.  

2.3.1.1 Objectives Analysis 

a) Voltage Deviation Minimization:  

Minimizing voltage deviations, emphasized by 64% of the studies, underscores the critical 

importance of stability in power systems. This focus reflects the pivotal role that voltage 

stability plays in ensuring the reliable operation of electrical devices and maintaining the 

integrity of the power grid. The significant attention on this objective demonstrates an 

ongoing effort within the research community to enhance grid reliability and performance 

under varying load conditions. 

b) Active Power Loss Reduction:  

Around 53% targeting the reduction of active power loss is indicative of a broader push 

towards efficiency in power distribution. By minimizing losses, utilities can achieve 

significant energy savings and reduce operational costs, which is essential in the context of 

growing energy demands and the push for sustainable energy practices. 

c) Correlation Between Voltage and Loss Reduction:  

There is about 44% overlap between papers focusing on minimizing voltage deviations and 

reducing power losses indicates a significant intersection in research objectives, 
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demonstrating that nearly half of the studies in this domain consider these two issues 

concurrently. This overlap highlights the intertwined nature of voltage stability and 

efficiency in power systems, where addressing one often contributes to improvements in the 

other. 

d) Conservation Voltage Reduction:  

Although less emphasized, 12% of the papers focus on conservation voltage reduction (CVR) 

signifies an interest in demand-side management strategies. CVR can be an effective tool for 

reducing peak demand, thereby enhancing the overall efficiency of the power system and 

potentially deferring the need for new generation capacity. 

2.3.1.2 Algorithms Analysis 

a) Metaheuristic Algorithms:  

Over 67% of papers leverage metaheuristic algorithms for handling complex, non-convex 

problems. The popularity of metaheuristic algorithms, including Particle Swarm 

Optimization (PSO), Genetic Algorithm (GA), and Multi-Objective PSO (MOPSO), reflects 

their flexibility in navigating complex, multi-dimensional search spaces. These algorithms 

are well-suited for optimizing non-linear, multi-objective problems characteristic of voltage 

regulation tasks, where trade-offs between different objectives might need to be carefully 

balanced. 

b) Convex Optimization:  

Almost 32% of papers apply convex relaxation/convexification techniques. The use of 

convex optimization techniques, such as Second Order Cone Programming (SOCP), 
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Semidefinite Programming (SDP), and the Alternating Direction Method of Multipliers 

(ADMM), points to a methodological approach aimed at simplifying complex optimization 

problems. By reformulating or approximating non-linear, non-convex problems as convex 

ones, researchers can leverage powerful mathematical tools to find globally optimal 

solutions more efficiently. 

2.3.1.3 Benchmark Case Studies 

A number of benchmark case studies are recurrently used within the literature, including 

IEEE bus systems (e.g., IEEE 33-bus, IEEE 69-bus) and real-world network models. 

However, the IEEE 33 node feeder and IEEE 123 node models are frequently adopted 

benchmarks to compare voltage regulation techniques. These case studies serve as common 

grounds for validating and comparing the effectiveness of different optimization strategies. 

2.3.1.4 Common Optimization Architecture 

Recent studies have increasingly focused on decentralized and distributed optimization 

approaches, highlighting a shift towards more scalable and resilient voltage regulation 

solutions that can better accommodate the distributed nature of renewable energy resources. 

However, the centralized optimization at a system level still adopted architecture. The 

performance of centralized optimization strategies relies heavily on having accurate system 

data and forecasts. A few papers do analyze the impact of uncertainties and inaccuracies in 

the inputs [31, 52, 80, 87]. The lack of studies analyzing the impact of false or uncertain data 

represents a gap in validating the real-world performance of proposed centralized 

optimization schemes. More research is likely required to enhance optimization robustness 

under data inaccuracies. 
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2.3.2 Efficiency and Application: Analytical vs. Computational Methods in Voltage 

Optimization 

A detailed comparison between analytical and computational methodologies is presented, 

focusing on advantages, limitations, key applications, and notably their time efficiency and 

processing speed. Outlined in Table 2.1, the analysis illuminates the distinct capabilities and 

performance of both approaches in addressing voltage optimization challenges in active 

distribution networks. This evaluation aims to assist researchers and practitioners in 

selecting the most suitable technique based on the problem's complexity, available 

computational resources, and time constraints. 

Table 2.1: Efficiency and Application Comparison of Analytical and Computational Techniques  

Category Advantages Limitations Key Applications Time Efficiency 

Analytical 

Approaches 

Provide deterministic 

analysis grounded in 

mathematical rigor, crucial 

for capturing physical 

system behaviors and 

constraints. 

May struggle with 

complex system 

dynamics and large 

network 

computational 

tractability. 

- Decentralized control 

algorithm design - Local 

voltage stability 

assessment - Coordination 

of OLTC, capacitor banks, 

and PV inverters 

Faster for simpler, well-

defined problems 

through direct 

mathematical 

formulations 

Computational 

Methods 

Leverage big data and 

machine learning to 

navigate complex 

optimization landscapes, 

offering adaptability to 

intricate objective 

functions. 

Sometimes suffer 

from limited 

explainability and 

dependence on input 

data patterns. 

- Large-scale renewable 

generation coordination - 

Probabilistic multi-

objective optimization - 

Metaheuristic volt-VAR 

optimization 

Slower initial setup but 

adaptable to complex, 

non-linear systems, 

potentially requiring 

more computational 

time 

2.3.3 Voltage Optimization Techniques: A Research Taxonomy  

The taxonomy of reviewed papers as shown in Table 2.2 provides a structured overview of 

research spanning references [11,12,14-96] on voltage optimization in ADNs. It details 

diverse strategies, from analytical to computational, highlighting their impact on grid 
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stability and the integration of RES. This section outlines key methods, their benefits, and 

limitations, offering insights for future research and practical applications in enhancing 

power system resilience and efficiency. 

Table 2.2 Taxonomy of reviewed papers 

Ref. Category Method Description 
Limitations and 

Gaps 

[11] Analytical 

Decentralized 

reactive power 

control 

Uses adjustable robust 

optimization and convex 

quadratic programming 

to determine 

decentralized decision 

rules for PV inverter 

reactive power control 

Depends on 

accurate PV 

output 

predictions. 

Effectiveness 

reduced by 

inaccurate 

forecasts. 

[12] Analytical 

Robust 

distributed PV 

inverter control 

Develops local decision 

rules for PV inverter 

reactive power control 

based on distributionally 

robust optimization to 

minimize voltage 

deviations 

Focused only on 

PV-based 

Volt/Var control. 

Did not consider 

coordination with 

other DERs 

[14] Analytical 

Increment-

exchange 

decentralized 

optimization 

Enables decentralized 

multi-objective 

optimization through 

quadratic functions of 

coupling variable 

increments while 

preserving privacy 

Trading off some 

optimality for 

privacy 

preservation - 

solutions are not 

perfectly Pareto 

optimal 

[15] Analytical 

Multi-objective 

adaptive robust 

optimization 

Handles uncertainties 

using robust optimization 

to minimize voltage 

deviations and losses 

with high PV penetration 

Unclear if 

approach handles 

all types of 

uncertainties. 

[16] Analytical 

Robust 

optimization for 

DG reactive 

power control 

Handles uncertainties 

using robust MILP 

optimization approach for 

control of DG reactive 

power injection 

Sensitive to errors 

in network 

admittance matrix 
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[17] Analytical 

Robust 

optimization, 

MINP 

Robust optimization 

formulation using MINP 

to handle uncertainty in 

DG and loads 

Effectiveness 

depends on 

accurate load & 

generation 

forecasting 

[18] Analytical 

Distributed 

CVR using 

ADMM 

optimization 

Distributed optimization 

model for conservation 

voltage reduction using 

Alternating Direction 

Method of Multipliers 

Suboptimal 

solutions possible 

compared to 

centralized 

optimization. 

[19] Analytical 
Quadratic 

programming 

Develops quadratic 

programming (QP) model 

for optimal reactive 

power dispatch in 

balanced and unbalanced 

systems; two time-scale 

architecture for 

controlling DERs 

Needs coupling 

with slow time-

scale control for 

comprehensive 

system 

management. 

[20] Analytical 

SOID algorithm 

for inverter 

optimization 

using ADMM 

Linearized voltage model 

enables quadratic 

optimization of inverter 

dispatch using ADMM 

Have not been 

extensively 

benchmarked 

with other 

methods like 

SOCP. Testing 

limited to 

balanced 

networks. 

[21] Analytical 

Transformer tap 

optimization 

using SDP and 

ADMM 

Determines optimal tap 

positions through rank 

constrained SDP, solved 

via ADMM 

Issues with 

algorithmic 

efficiency, 

system-wide 

applicability, and 

dynamic response 

handling 

[22] Analytical 

Decentralized 

PV inverter 

setpoint 

optimization 

with ADMM 

Develops decentralized 

methods for optimizing 

inverter power setpoints 

using ADMM algorithm 

Limited testing on 

more complex 

system 

configurations. 
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[23] Analytical 

Multi-objective 

optimization for 

ESS ancillary 

services with 

ADMM 

Optimizes various 

objectives related to ESS 

services using ADMM-

based multi-objective 

procedure 

Need for 

advanced 

algorithms in 

dynamic grid 

conditions. 

Aligning strategy 

with ESS 

capabilities and 

constraints. 

[24] Analytical 

Multi-stage 

quadratic 

flexible OPF 

framework 

Proposes real-time OPF 

framework using object-

oriented device models 

and SLP algorithm for 

sequential optimization 

Need for speed 

and convergence 

quality 

improvement in 

MQFOPF 

[25] Analytical 
Two-stage 

optimization 

 

Two-stage real-time 

Volt/Var control method 

using data-driven model 

for voltage violation risk 

assessment and EV 

dispatch 

Balancing 

different 

optimization 

objectives in 

real-time control. 

[26] Analytical 

Model 

predictive 

control, Mixed-

integer 

quadratic 

programming 

Double time-scale 

voltage control scheme 

utilizing model predictive 

control (MPC) and 

specialized mixed-integer 

quadratic programming 

solver 

Does not consider 

the voltage 

deviation in 

unbalanced 

system. 

[27] Analytical 

Decoupling 

rolling multi-

period 

optimization 

Uses Benders 

decomposition and MPC 

for decoupled 

optimization of OLTC 

and PV systems across 

time periods 

Could be 

computationally 

intensive, 

especially for 

larger networks 



   

48 

 

[4] Analytical 

SOP 

coordination 

using MISOCP 

Coordinates SOP with 

OLTC and capacitors 

through linearization and 

conic relaxation into 

MISOCP 

Centralized 

approach may 

struggle with 

computational, 

and 

communication 

demands in larger 

ADNs. 

[28] Analytical 

SOP 

optimization for 

unbalanced 

networks 

Introduces phase-

changing SOP concept 

and employs conic 

relaxation strategies for 

optimization 

Need for further 

study on 

coordination and 

timing between 

PC-SOP and 

other phase 

transfer 

techniques 

[29] Analytical 

Decentralized 

SOP 

optimization 

Develops decentralized 

and local control schemes 

for coordinating multiple 

SOPs 

Can only achieve 

near-global 

optimal solutions, 

not absolute 

optimality. 

[30] Analytical 

Sensitivity 

analysis for 

SOP 

optimization 

Uses Jacobian matrix 

sensitivity analysis to 

quantify SOP 

optimization tradeoffs 

Inherent trade-

offs in the control 

scheme, such as 

improved voltage 

profile leading to 

increased energy 

losses. 

[31] Analytical 

Robust SOP 

optimization 

via SOCP 

Employs adjustable 

robust optimization 

model transformed into 

computationally efficient 

SOCP 

Potential 

moderate 

complexity in 

computation for 

larger networks. 

Performance 

under larger 

uncertainty 

conditions is yet 

to be fully 

assessed. 
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[32] Analytical 

Interval and 

rolling 

optimization for 

E-SOPs 

Two-stage scheme using 

interval optimization for 

day-ahead planning and 

rolling optimization for 

real-time E-SOP control 

The method 

mainly targets 

long-term 

optimization, 

needing research 

on short-term (5-

15 min) control 

strategies. 

[33] Analytical 

Biconvex 

optimization for 

SOPs and DGs 

Universal SOP and DG 

coordination method 

based on biconvex 

relaxation solved using 

alternative convex search 

The ACS 

algorithm 

achieves a local 

optimum but may 

not reach the 

global best 

solution. 

[34] Analytical 

Convex 

relaxation for 

centralized & 

local SOP 

control 

Combined centralized 

SOP control though 

convex relaxation and 

local decentralized 

reactive power control 

Additional 

comprehensive 

assessment across 

a wider range of 

network 

performance 

metrics is needed 

[35] Analytical 

SOP 

optimization 

using ADMM 

Employs ADMM 

algorithm for 

decentralized 

optimization of SOP 

power transmission 

between networks 

Achieves near-

global optimal 

solutions but may 

miss the absolute 

best solution. 

[36] Analytical 

Coordinate PV 

& voltage 

control co-

optimization 

Formulates nonlinear 

constrained optimization 

problem for coordinating 

PV and voltage control 

systems solved using 

SQP 

Requires close 

cooperation 

between DSOs 

and IPPs for data 

sharing, which 

could be a 

challenge in terms 

of data privacy, 

security, and 

operational 

coordination. 
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[37] Analytical 
Analytical 

algorithms 

Coordination of two 

analytical voltage control 

algorithms - one rule-

based, one optimization-

based; compares network 

effects and costs 

Effectiveness 

reliant on 

sufficient 

controllable 

resources in the 

network. 

[38] Analytical 
Two-stage 

optimization 

Two-stage optimization 

coordinating OLTC and 

SVC using forecast data 

in day-ahead stage and 

local optimization in real-

time stage 

Focus on specific 

OLTC and SVC 

operation 

strategies, 

possibly 

overlooking other 

effective 

approaches. 

[39] Analytical 

Dispersed 

storage 

optimization 

mixed integer 

SOC model 

Determines optimal 

allocation of dispersed 

storage systems using 

mixed integer SOC 

programming model 

Effectiveness 

demonstrated on a 

modified IEEE 

34-bus test 

feeder; broader 

applicability 

needs more 

validation. 

[40] Analytical 

Centralized 

tuning of local 

inverter control 

Uses MISOCP 

optimization to determine 

parameters for local 

voltage-based inverter 

reactive and active power 

control 

The need for 

frequent 

parameter 

adaptation could 

lead to increased 

communication 

requirements, 

posing a 

challenge in terms 

of system 

efficiency and 

resource 

utilization. 

[41] Analytical 

OLTC control 

via convex 

optimization 

Employs linearization to 

enable convex 

optimization formulation 

for optimal tap changing 

transformer control 

OTC's 

performance 

heavily relies on 

accurate solar and 

power demand 

forecasts. 
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[42] Analytical 

MISOCP 

optimization 

integrating 

VAR devices 

Transforms non-convex 

AC OPF to MISOCP 

using convexification 

techniques to optimize 

VAR devices 

Moderate 

computational 

burden suggests 

potential for 

optimization, 

especially for 

complex 

networks. 

[43] Analytical 

Smart inverter 

optimization 

model for 

ADMS 

Convex optimization 

model to control smart 

inverters for voltage 

regulation and 

conservation voltage 

reduction 

Limited 

applicability in 

diverse energy 

resource 

scenarios beyond 

PV systems. 

[44] Analytical 

Convex 

relaxation for 

DER voltage 

regulation 

Establishes sufficient 

conditions to enable 

voltage regulation as a 

convex optimization 

program 

Need to explore 

the coupling 

between this 

method and 

conventional 

voltage regulation 

devices across 

different time-

scales. 

[45] Analytical 

Quadratic 

programming 

voltage control 

model 

Formulates voltage 

control model of 

distribution network as 

quadratic program using 

simplified linear voltage 

equations 

The method relies 

on approximation 

for solutions, 

which may not be 

optimal in all 

scenarios. 

[46] Analytical 

Probabilistic 

optimization for 

voltage 

regulation 

Incorporates probabilistic 

PV generation scenarios 

into constrained optimal 

load flow problem 

formulation for voltage 

regulation 

Potential 

challenges in 

accurately 

predicting real-

time PV output 

and sudden 

variability. 
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[47] Analytical 

Multi-objective 

OPF for PV 

inverter 

optimization 

Develops multi-objective 

OPF solved with SQP to 

optimize inverter real and 

reactive power control 

Strategy based on 

the widespread 

availability of 

advanced 

communication 

systems. Reliance 

on a centralized 

system to collect 

data and control 

inverter settings. 

[48] Analytical 

MILP for 

coordinated 

inverter & 

OLTC control 

Linearization approach 

enables MILP 

formulation for 

coordinating inverters 

and OLTCs 

Primarily 

compared with 

conventional 

AVR, lacking 

broader 

comparisons with 

other voltage 

regulation 

methods. 

[49] Analytical 

MIQP 

optimization 

model with 

linearized 

power flow 

Uses MIQP optimization 

of control variables based 

on linearized power flow 

equations 

Challenges in 

tuning MIQP 

problem-solving 

software for 

specific 

distribution 

system issues. 

[50] Analytical 

Two-stage 

scheduling and 

control 

procedure 

Employs MILP 

optimization and 

sensitivity analysis for 

day-ahead and intra-day 

scheduling of distributed 

energy resources and 

control devices 

Potential 

oversimplification 

of network 

dynamics due to 

linearization in 

the MILP 

problem-solving 

process. 

[51] Analytical 

Decentralized 

reactive power 

optimization 

Derives near-optimal 

decentralized inverter 

control from global 

optimization solutions to 

minimize voltage 

deviations and losses 

Further research 

required for more 

general scenarios 

beyond the 

study's current 

parameters. 
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[52] Computational 

MINP for 

worst-case 

voltage 

scenarios 

Handles OLTC, capacitor 

banks and PV plants 

using MINP optimization 

for worst-case voltage 

scenarios to limit 

variations and losses 

Heavy 

dependence on 

communication 

for coordinating 

controllable units. 

[53] Computational 

Centralized-

decentralized 

voltage 

regulation 

Employs multi-objective 

MINP optimization and 

NSGA-II algorithm for 

centralized-decentralized 

voltage control 

Potential issues 

with frequent 

switching of 

substation 

capacitors and 

power factor 

violations. 

[54] Computational 

Multi-objective 

GA for smart 

inverter Volt-

VAR curves 

Employs genetic 

algorithm to optimize 

smart inverter Volt-VAR 

curves for loss reduction 

and voltage regulation 

Prioritizes 

specific 

objectives like 

voltage profile 

and system loss 

minimization, but 

may not capture 

trade-offs in more 

complex 

scenarios. 

[55] Computational 

PV device 

coordination 

using GA 

Integrates individual 

optimization algorithms 

for tap changers, 

capacitors and inverters 

using genetic algorithm 

Encountered 

trade-offs where 

lower voltages for 

CVR benefits 

slightly increase 

system losses. 

[56] Computational 

Parameter 

optimization for 

smart inverters 

using GA 

Genetic algorithm used to 

optimize volt-var curve 

parameters to improve 

distributed generation 

system performance 

Service 

Transformer 

Integration: 

Inclusion in the 

model not fully 

assessed for 

different network 

types. 
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[57] Computational 

Deep 

reinforcement 

learning 

algorithm for 

smart inverters 

Online coordination of 

smart inverters using 

deep reinforcement 

learning for voltage 

regulation 

Comparison with 

Other Methods: 

While effective, 

the proposed 

shows a slight 

increase in PV 

curtailment 

compared to OPF 

due to more 

reactive power 

use. 

[58] Computational 

Bi-level 

optimization for 

battery & 

inverter 

coordination 

Combines metaheuristic 

algorithms in bi-level 

optimization strategy for 

battery storage and smart 

inverter voltage control 

The effectiveness 

of voltage control 

may be 

constrained by the 

limited capacities 

of BESS and 

smart inverters. 

[59] Computational 
Locust search 

algorithm 

Optimizes capacitor 

placement using locust 

swarm optimization 

algorithm to improve 

voltage profile and 

reduce losses 

LS's distinct 

method of 

avoiding 

concentration 

around best 

solutions needs 

further real-world 

scenario testing. 

[60] Computational 

ε-

decomposition, 

Genetic 

algorithm 

Centralized support 

distributed voltage 

control algorithm 

utilizing ε-decomposition 

and genetic algorithm for 

optimization 

Variable Effects 

in Different Grid 

Types: Shows 

differing impacts 

of local region 

increases in 

systems with and 

without constant 

voltage DG, 

suggesting 

dependency on 

specific grid 

characteristics. 
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[61] Computational 

Grey wolf 

optimization 

algorithm 

Coordinates control 

devices using grey wolf 

optimization to minimize 

voltage deviations 

Focuses on 

numerical 

accuracy and 

simulation speed, 

but overlooks 

aspects like 

scalability and 

robustness in 

variable network 

conditions. 

[62] Computational 

Schedule 

optimization 

using pattern 

search 

algorithm 

Schedules tap changer 

and inverter setpoints 

based on forecast load 

and generation to regulate 

voltage and minimize 

losses 

Relies on day-

ahead predictions 

of PV generation 

and load demand, 

with effectiveness 

potentially 

impacted by 

forecast accuracy. 

[63] Computational 

Harmony 

search 

algorithm 

Employs harmony search 

to optimize voltage 

regulator and DER 

reactive power control for 

voltage regulation 

Focuses on three 

specific control 

scenarios, 

potentially 

overlooking other 

operational 

configurations 

and their impacts. 

[64] Computational 

Enhanced PSO 

for optimization 

with SOPs 

Uses multi-objective 

particle swarm 

optimization enhanced 

with local search to 

optimize networks with 

soft open points 

Improved results 

over conventional 

MOPSO, yet 

broader 

comparisons with 

other 

optimization 

techniques are not 

conducted. 
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[65] Computational 

PSO to 

determine SOP 

parameters 

Employs particle swarm 

optimization to find 

optimal control 

parameters for soft open 

points 

The study ignores 

the impact of the 

SOP capacity on 

power transfer 

efficiency and 

voltage control in 

the network. 

[66] Computational 

Modified PSO 

algorithm for 

DG & SOP 

optimization 

Optimizes size, 

placement of DG units 

and allocation of SOPs 

using adapted particle 

swarm algorithm 

The study's 

general approach 

to DG challenges 

isn't thoroughly 

assessed for its 

adaptability to 

changing grid 

technologies and 

requirements. 

[67] Computational 

Reconfiguration 

optimization 

using modified 

PSO 

Network reconfiguration 

involving DGs and SOPs 

based on modified 

particle swarm 

optimization method 

Compares results 

with existing 

literature but 

could benefit 

from a wider 

range of 

comparative 

studies with 

different 

optimization 

methods. 

[68] Computational 

Mutation fuzzy 

adaptive 

particle swarm 

optimization 

Balances overvoltage 

mitigation and loss 

reduction using adapted 

meta-heuristic particle 

swarm algorithm 

Significant 

energy savings 

are noted, but 

adaptability in 

different grid 

environments isn't 

extensively 

examined. 

[69] Computational 

Two-stage 

optimization 

algorithm for 

ESS & reactive 

power 

Methodology with 

separate optimizations for 

network topology and 

reactive resource dispatch 

including ESS 

The paper's 

effectiveness in 

dynamic or highly 

variable grid 

conditions isn't 

fully explored. 
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[70] Computational 

Improved 

particle swarm 

optimization 

Optimizes battery active 

and reactive power to 

smooth PV fluctuations 

using adapted particle 

swarm algorithm 

Compares the I-

PSO approach 

mainly with the 

PV smoothing 

mode, lacking a 

broader range of 

comparisons with 

other advanced 

methods. Also, 

Did not consider 

the insufficient 

BESS capacity. 

[71] Computational 

PSO algorithm 

to optimize ESS 

capacity & 

placement 

Employs improved 

particle swarm 

optimization to determine 

optimal ESS size and 

locations 

Need for further 

research on 

scalability and 

adaptability. 

[72] Computational 

Multi-objective 

PSO for hybrid 

ESS 

configuration 

Uses enhanced multi-

objective particle swarm 

optimization for 

optimizing hybrid energy 

storage configuration 

Addresses power 

fluctuation 

smoothing and 

voltage 

improvement but 

doesn't deeply 

examine 

performance in 

extreme 

operational 

scenarios. 

[73] Computational 

Coordination of 

ESS & PV 

using improved 

PSO 

Integrates ESS and PV 

control capabilities using 

adaptive particle swarm 

optimization variant 

Centers on PV 

inverter reactive 

power and energy 

storage 

optimization, not 

exploring 

interactions with 

other network 

components. 
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[74] Computational 

NSGA-II 

algorithm for 

PV-storage 

optimization 

Focuses on reactive 

power optimization and 

risk reduction using 

genetic algorithm with 

PV-storage systems 

Mainly focuses 

on PV-storage 

systems in DNs, 

potentially 

limiting its 

relevance for 

networks with 

different energy 

sources. 

[75] Computational 

NSGA-II 

method for ESS 

placement and 

sizing 

Evolves Pareto optimal 

solutions for energy 

storage placement and 

capacity using NSGA-II 

The NSGA-II 

heuristic 

algorithm 

introduces 

randomness, 

leading to 

variability and 

subjectivity in 

selecting the 

optimal solution. 

[76] Computational 

Decentralized 

optimization 

algorithms 

Examines decentralized 

optimization methods as 

alternatives to centralized 

approaches 

Advantages in 

privacy and cost, 

but potential 

trade-offs in 

effectiveness and 

robustness. 

[77] Computational 

Harris hawks 

optimization 

algorithm 

Employs bird-inspired 

metaheuristic 

optimization for optimal 

sizing and siting of DG 

The study limits 

DG units and 

BESS capacity to 

1 MW, which 

might not be 

applicable in 

different regions 

with varied 

capacity 

requirements. 
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[78] Computational 

Distributed 

optimization 

algorithm for 

battery 

optimization 

Develops distributed 

Lagrangian optimization 

scheme for coordinating 

battery storage units 

A gap in multi-

time period 

optimization, 

indicating 

limitations in 

current handling 

of long-term 

voltage 

regulation. 

[79] Computational 

Multi-objective 

stochastic 

optimization & 

evolutionary 

algorithm 

Handles uncertainties 

using scenario-based 

stochastic scheme 

optimized with teaching-

learning based 

evolutionary algorithm 

Dividing control 

variables into 

centralized and 

local groups may 

not fully address 

dynamic network 

interactions. 

[80] Computational 

MOPSO & 

interior point 

method for 

coordinated 

optimization 

Two-timescale scheme 

using MOPSO for global 

search and interior point 

method for real-time 

reactive power 

optimization 

Effective 

voltage/var 

optimization 

(VVO) relies on 

accurate 

forecasts, with 

errors potentially 

impacting results. 

[81] Computational 

Pareto 

optimization 

using MOPSO 

and fuzzy logic 

Multi-objective PSO 

combined with fuzzy 

logic to obtain and select 

compromise solutions 

Further extension 

to include 

forecasting errors 

and wider 

network 

evaluations are 

necessary. 

[82] Computational 

MOPSO 

algorithm for 

optimal reactive 

power dispatch 

Employs multi-objective 

particle swarm 

optimization for 

coordinated dispatch of 

reactive power resources 

While the model 

offers multiple 

solutions, it might 

not provide a 

comprehensive 

understanding for 

all operational 

scenarios. 
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[83] Computational 

Multi-stage 

stochastic 

MOPSO 

optimization 

Planning stage uses 

discrete MOPSO under 

uncertainties, operating 

stage uses adaptive 

droop-based Volt/Var 

mechanism 

Impact of flexible 

electric vehicle 

charging loads on 

algorithm 

performance 

unexplored. 

[84] Computational 

Whale 

optimization & 

simulated 

annealing 

algorithm 

Hybrid whale 

optimization with 

simulated annealing used 

to solve predictive 

control optimization 

model 

Requires further 

research to 

improve system 

reliability and 

expand the scope 

of reactive power 

regulation. 

[85] Computational 

Multi-stage 

optimization for 

coordinated 

volt-var control 

Proposes 3-stage 

approach integrating 

modified PSO for 

coordinating volt-var 

control devices 

The pre-set 

threshold OFmax 

is assumed 

constant, not 

accounting for 

dynamic network 

conditions. 

[86] Computational 

Optimizing 

DSTATCOMs 

& PV using 

improved sine 

cosine 

algorithm 

Assesses placement of 

DSTATCOMs & PV 

units using enhanced sine 

cosine optimization 

algorithm 

The study is 

limited to a 

specific case 

study (Tala City), 

which may not 

generalize to 

other distribution 

networks with 

different 

characteristics. 

[87] Computational 

Two-stage 

direct search 

optimization 

Performs day-ahead 

optimization to minimize 

voltage deviations and 

losses, along with real-

time ANN-based inverter 

reactive power control 

The ANN-based 

state estimation 

method depends 

on the availability 

and accuracy of 

measurements; its 

performance 

might be limited 

in scenarios with 

insufficient data. 
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[88] Computational 

Hierarchical 

coordinated 

VVO 

Uses ε-constraint and 

fuzzy decision-making 

optimization methods for 

coordinating inverters, 

OLTCs, VRs and 

capacitor banks 

The study doesn't 

thoroughly 

address how the 

proposed scheme 

adapts to evolving 

grid conditions 

and increasing 

DER penetration 

over time. 

[89] Computational 

Smart inverter 

VVO parameter 

optimization 

Optimization method to 

determine optimal 

parameters for smart 

inverter volt-var control 

functionality 

Need for precise 

weight settings in 

optimization, 

challenging 

optimal balance 

under varying 

system 

conditions. 

[90] Computational 

Deep learning 

approximation 

of optimization 

objectives 

Uses deep learning to fit 

Pareto fronts from multi-

objective optimization 

algorithms 

Long 

computation time 

for data 

acquisition and 

network training, 

and potential 

infeasible 

solutions due to 

DL's poor 

generalization 

with insufficient 

data. 

[91] Computational 

Device 

coordination 

using sparrow 

search 

algorithm 

Employs sparrow search 

algorithm to optimize 

individual phase voltage 

regulation from various 

control devices 

The approach 

may neglect the 

interactions and 

cumulative 

effects of phase 

imbalances on the 

entire network's 

voltage stability 
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[92] Computational 

Comparison of 

metaheuristic & 

metamodel 

optimization 

methods 

Compares performance 

of metaheuristic 

algorithms with 

metamodel-based global 

optimization techniques 

High-dimensional 

problems in large 

ADNs pose 

significant 

challenges, 

requiring new 

approaches or 

enhancements to 

existing methods. 

[93] Computational 

Optimization 

using taguchi's 

orthogonal 

array testing 

Applies taguchi 

experimental design 

within solution algorithm 

for Volt/Var control 

optimization 

Need for broader 

testing in diverse 

network 

scenarios. 

[94] Computational 

Coordinated 

real-time 

voltage control 

using BB-BC 

optimization 

Proposes technique using 

big bang-big crunch 

optimization method 

combined with reactive 

power compensation to 

control voltages 

Reliance on the 

specific 

performance of 

the modified BB-

BC optimization 

method. 

[95] Computational 

Optimal 

placement of 

ESSs units 

using ABC 

algorithm 

Determines optimal 

placements of distributed 

ESSs using artificial bee 

colony metaheuristic 

optimization to enhance 

system performance 

Additional studies 

needed on 

intelligent ESS 

control, 

comprehensive 

sizing, and power 

quality 

improvements 

post-ESS 

implementation. 

[96] Computational 
Genetic 

algorithm 

Optimal distribution 

voltage control method 

coordinating various 

devices, solved using 

genetic algorithm 

Centralized 

control requires a 

robust 

communication 

system. If it fails, 

devices revert to 

self-information-

based control, 

limiting system-

wide 

optimization. 
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2.3.4 Approach Methods: An Overview  

Decentralized control algorithms emerge as a significant theme, demonstrating considerable 

potential in managing voltage fluctuations and reducing line losses in networks with high 

PV penetration level. These algorithms offer an alternative to centralized control methods, 

which can be limited by computational complexities and data privacy concerns. The 

decentralized approach, utilizing local measurements and decision-making, shows promise 

for real-time voltage control and system optimization. However, their effectiveness heavily 

relies on the accuracy of local measurements and the speed of decision-making. Future 

systems should incorporate edge computing technologies to bolster the real-time processing 

capabilities of decentralized frameworks.   

Smart inverters have emerged as a pivotal technology in grid management, providing 

dynamic voltage support and reactive power compensation. The increasing capabilities of 

these inverters, particularly when combined with BESS, enable more efficient management 

of the variable nature of solar energy. The paper highlights various optimization methods 

that leverage these technologies, underscoring their critical role in enhancing grid resilience 

and stability. We believe that the next generation of smart inverters should integrate machine 

learning algorithms for predictive control, adapting to grid conditions dynamically. This 

integration not only improves voltage regulation but also optimizes energy storage usage, 

paving the way for a more resilient grid. 

Another key aspect is the application of both computational and analytical optimization 

methods. Computational methods like GAs and PSOs provide robust solutions for the 

complex, multi-objective problems typical of modern power systems. Conversely, analytical 

methods offer deterministic approaches, essential for understanding fundamental operational 

principles and developing theoretical control strategies. However, the practical application 

of analytical methods might be constrained by simplifications and assumptions. In contrast, 
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computational methods, especially those employing artificial intelligence and machine 

learning, present promising solutions to these constraints by adapting to the complexities of 

real-world scenarios. 

The review underlines the significance of multi-objective optimization techniques in 

balancing various operational goals, such as minimizing power loss, maintaining voltage 

stability, and optimizing renewable energy utilization. These techniques, especially MOPSO, 

are instrumental in addressing the intricacies introduced by high RES penetration levels. 

Though, the advancement of multi-objective optimization techniques, especially those 

incorporating environmental and economic objectives, is critical. Future research should 

explore optimization frameworks that integrate cost analysis and carbon footprint 

assessment to support decision-making.  

Moreover, despite technological advancements, challenges remain, particularly in terms of 

scalability and adaptability to diverse and dynamic grid conditions. Overcoming these 

challenges requires a holistic approach that considers not just technological solutions but 

also regulatory frameworks, market mechanisms, and infrastructure upgrades. Additionally, 

the development of standardized protocols for grid management systems will facilitate the 

integration of new technologies and enhance system adaptability.  

Practical implementation issues, including economic, scalability, and regulatory factors, also 

need careful consideration. Theoretical and simulation-based studies, while promising, may 

encounter various barriers in real-world applications. Navigating these economic and 

regulatory challenges is crucial for the successful deployment of these strategies. 

In conclusion the chapter navigates through a spectrum of optimization strategies employed 

for voltage regulation in active distribution networks with high renewable energy penetration. 

Table 2.3 outlines different approaches, from robust optimization to customized techniques, 
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each with specific merits and limitations. It highlights the diversity of strategies in managing 

voltage within power systems, emphasizing the balance between effectiveness and the 

challenges posed by dynamic grid conditions. This summary aims to provide a clear 

comparison, aiding in the identification of suitable methods for addressing voltage regulation 

challenges. 

Table 2.3 Approach Methods: Advantages and Disadvantages 

Research Focus & 

Citations 
Methodological Approach Pros Cons Keywords 

Robust Optimization 

[11,12,14-17] 

Uses adjustable robust 

optimization models to 

ensure optimal voltage and 

power loss management 

under uncertainties 

Effective handling of 

uncertainties; Provides 

robust solutions 

Relies on accurate PV 

output predictions, which 

may not always be 

available 

Active Distribution 

Networks, Robust 

Optimization, 

Uncertainty 

Management, Voltage 

Regulation, Power 

Loss Management 

Advanced Optimization 

Techniques in Power 

Systems [18-23] 

Utilizes ADMM for 

distributed optimization 

problems in power systems 

Computationally 

efficient; Flexible 

framework 

Static models may have 

limitations in dynamic 

scenarios 

Advanced Distribution 

Management Systems, 

Distributed 

Optimization, ADMM, 

Power Systems, 

Efficiency, Energy 

Storage System  

Advanced Hierarchical 

and Predictive Control 

[24-27] 

Employs predictive control 

and rolling horizon 

optimization for real-time 

optimization 

Adaptive to changing 

conditions; Enables 

dynamic optimization 

Algorithm speed and 

convergence 

improvements needed 

Predictive Control, 

Hierarchical Control, 

Real-Time 

Optimization, Rolling 

Horizon Optimization 

Soft Open Point (SOP) 

Utilization in Voltage 

Regulation [28-36] 

Leverages SOPs to actively 

manage voltage and power 

flow 

More flexibility than 

traditional devices; 

Handles DG effectively 

Increased complexity for 

large networks 

Soft Open Points, 

Voltage Regulation, 

Distributed Generation, 

Power Flow 

Management 

Local and Coordinated 

Voltage Control [28-36] 

Coordinates local and 

distributed control elements 

for voltage regulation 

Cost-effective; Reduces 

network reinforcement 

need 

Limitations in high DG 

penetration scenarios 

Voltage Control, 

Distributed Energy 

Resources, Local 

Control, Coordinated 
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Convexification and 

Relaxation Techniques 

[37-42] 

Uses conic relaxation and 

linearization to convexify 

optimization problems 

Computationally 

efficient; Ensures 

convergence 

May not fully capture 

distribution network 

dynamics 

Convexification, 

Relaxation Techniques, 

SOCP, SDP, 

Linearization, Conic 

Relaxation, 

Optimization Problems 

Flexible Optimization 

Frameworks [43-49] 

Employs various techniques 

for adaptable optimization 

frameworks 

Adaptable to multiple 

problem formulations 

Simplified models may 

reduce accuracy 

Optimization 

Frameworks, 

Flexibility, 

Adaptability, Model 

Simplification 

Heuristic Optimization 

Methods [50-59] 

Utilizes algorithms like 

NSGA-II, GA, DRL, PSO 

for complex problems 

Handles complex 

problems effectively; 

Manages uncertainties 

Performance dependent 

on parameter tuning 

Heuristic Methods, 

Metaheuristic 

Algorithms, NSGA-II, 

GA, DRL, PSO, 

Uncertainty 

Management 

SOP and PSO-based 

Optimization [60-66]  

Leverages SOPs and PSO for 

power flow optimization 

Precise power flow 

control; Computationally 

efficient 

May be outperformed by 

other methods 

Soft Open Points, 

Particle Swarm 

Optimization, Power 

Flow Optimization 

Multi-Objective 

Optimization [60-85] 

Employs MOPSO for trade-

off optimization between 

competing objectives 

Balances multiple 

objectives; Flexible 

Complex problem 

formulation; Scalability 

issues 

Multi-Objective 

Optimization, MOPSO, 

Trade-Off Analysis, 

Competing Objectives 

Control and Optimization 

Integration [86-89] 

Combines optimization 

models with control 

algorithms like ANN and 

deep learning 

Adaptive control; 

Handles uncertainties 

Reliant on accurate 

system state estimators 

Integration of Control 

and Optimization, 

ANN, Deep Learning, 

Uncertainty 

Management 

Customized Optimization 

Techniques [90-96] 

Diverse algorithms tailored 

for specific applications 

Specialized solutions; 

Tailored approaches 

Narrow scope; Limited 

generalizability 

Sparrow Search 

Algorithm, Metamodel-

Based Global 

Optimization, Big 

Bang-Big Crunch 

Optimization, Artificial 

Bee Colony 
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2.3.5 Future Directions and Emerging Technologies 

The analysis of current strategies and methodologies in voltage regulation within ADNs with 

high penetration of PV and RES underscores the complexity and evolving nature of modern 

power systems. The reliance on metaheuristic and convex optimization algorithms has 

demonstrated substantial success in navigating these complexities. However, this focus also 

signals the necessity for ongoing innovation and adaptation in algorithm development to 

meet future challenges and opportunities. Below are key areas for future directions and 

emerging technologies in voltage regulation: 

• Hybrid Optimization Techniques 

The exploration of hybrid optimization techniques represents a significant opportunity for 

advancing voltage regulation strategies. Combining the strengths of analytical models and 

computational algorithms could yield more effective and efficient solutions. Such hybrid 

methods would benefit from the precision and theoretical foundations of analytical models 

while harnessing the flexibility and adaptability of computational algorithms, especially in 

dealing with non-linear, dynamic problems in ADNs. 

• Impact of Emerging Technologies 

Emerging technologies, including blockchain and the Internet of Things (IoT), hold the 

potential to dramatically transform voltage regulation practices. Blockchain technology 

could offer secure, transparent, and efficient mechanisms for energy transactions and data 

management within ADNs. It enables peer-to-peer energy trading between prosumers 

without intermediaries, ensures transparency and auditability of all exchanges, and 

automates processes via smart contracts (e.g., settling payments when solar generation is 

verified), and facilitating better demand response and distributed energy resource 
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management. Similarly, the IoT could enhance grid monitoring and control capabilities, 

providing real-time data for more responsive and adaptive voltage regulation strategies. 

• Conservation Voltage Reduction (CVR) 

The relatively low emphasis on CVR in current research suggests room for expanded 

exploration, especially in relation to demand response and integrated demand-side 

management strategies. Enhancing the focus on CVR could lead to more sophisticated 

approaches for managing energy demand, contributing to overall grid efficiency and stability. 

• Integration of Advanced AI and ML Techniques 

The integration of advanced Artificial Intelligence (AI) and ML techniques into voltage 

regulation strategies offers a promising avenue for future research. AI and ML can provide 

powerful tools for predicting grid behavior, optimizing energy distribution, and managing 

the integration of RESs. These technologies can enhance the robustness and adaptability of 

voltage regulation methods, allowing for more effective management of complex and 

dynamic grid environments. 

In conclusion, while current strategies for voltage regulation in ADNs have shown 

significant promise, the continuous evolution of grid technologies and energy sources 

necessitates further research and development. By focusing on hybrid optimization 

techniques, leveraging emerging technologies, expanding the scope of CVR, integrating 

advanced AI and ML, and adopting comprehensive grid management strategies, future 

research can ensure the successful integration of PV and RES into a more efficient, resilient, 

and adaptable power system. 
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2.4 Conclusions 

The advancements in voltage regulation for ADNs underscore the increasing importance of 

sophisticated, multi-objective optimization techniques and the integration of smart grid 

technologies. The reviewed methods demonstrate significant improvements in voltage 

profile management, loss minimization, and operational efficiency, particularly in networks 

with high PV and EV penetration. Notably, the integration of RESs, coupled with innovative 

control strategies and optimization algorithms, offers promising solutions for future grid 

management. However, challenges remain, particularly in terms of the scalability of these 

solutions and their adaptability to diverse and dynamic grid conditions. Future research 

should focus on enhancing the robustness of these strategies, further integrating artificial 

intelligence and machine learning techniques, and exploring more comprehensive 

approaches to grid management that encompass the full spectrum of RESs and advanced 

grid technologies. This proposed structure provides a concise, yet comprehensive overview 

of the key findings and methodologies discussed in the paper, while also setting a direction 

for future research and development in the field. 

2.5 Research Gaps and Thesis Contributions 

The comprehensive review of analytical and computational voltage optimization methods in 

Active Distribution Networks (ADNs) reveals a rapidly evolving field with significant 

advancements. However, several critical gaps remain unaddressed, which this thesis aims to 

bridge. The identified shortcomings and the corresponding contributions of this work are 

summarized as follows: 

Gap 1: Limited Research on SOP-ES in Unbalanced Three-Phase Networks. 
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• Literature Status: While the benefits of Soft Open Points (SOPs) and Energy Storage 

(ES) have been explored, many studies focus on balanced or single-phase systems. 

There is a scarcity of research on the integrated optimal operation of SOP-ES devices 

in unbalanced, three-phase distribution networks under high renewable penetration. 

• Thesis Contribution: Chapter 3 will develop a multi-period, multi-objective 

optimization framework for unbalanced ADNs using SOP-ES. A key contribution is 

the formulation of this problem using a three-phase Semidefinite Programming (SDP) 

model with symmetrical components transformation, ensuring computational 

tractability and global optimality for a problem that has predominantly been tackled 

with heuristic or simplified linear methods. 

Gap 2: Lack of a Unified Coordination Framework for OLTC and SOP-ES. 

• Literature Status: Previous work often coordinates SOPs with traditional devices like 

OLTCs, but typically treats Energy Storage as a separate entity. A holistic, convex 

optimization framework that jointly coordinates OLTC tap settings, SOP power 

flows, and ES charging/discharging schedules in a single model is largely absent. 

• Thesis Contribution: Chapter 4 will introduce a unified SDP-based model for the 

coordinated operation of OLTC and SOP-ES. This model will demonstrate the 

synergistic potential of this coordination to not only improve technical performance 

(voltage profile, losses) but also to significantly reduce OLTC switching operations, 

thereby enhancing the operational lifespan of this critical asset. 

Gap 3: Insufficient Integration of Detailed Economic Models in Technical Optimization. 

• Literature Status: Many studies on SOP-ES focus on technical objectives or use 
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simplified economic models. A comprehensive cost-benefit analysis that 

simultaneously considers Time-of-Use (TOU) grid costs, battery degradation costs, 

and PV curtailment penalties within a convex optimization framework for SOP-ES 

is not thoroughly explored. 

• Thesis Contribution: Chapter 5 will formulate and solve a comprehensive economic 

operation model that integrates these three key cost components. It will quantitatively 

demonstrate that SOP-ES is not only a technical asset but also an economically viable 

one, and will analyze the trade-offs between immediate cost savings and long-term 

battery health. 

Gap 4: Scalability Challenges for Large-Scale Network Optimization. 

• Literature Status: Centralized optimization methods, including SDP, can become 

computationally prohibitive for large-scale, multi-period problems. While ADMM is 

recognized as a solution, its application is often slow. There is a need for accelerated 

distributed algorithms tailored for the non-convex and time-coupled nature of ADN 

optimization. 

• Thesis Contribution: Chapter 6 will implement and evaluate accelerated variants of 

the Alternating Direction Method of Multipliers (ADMM), specifically Fast ADMM 

(FADMM) and Adaptive ADMM (AADMM). This contribution addresses the 

scalability issue directly, demonstrating how the proposed models can be solved 

efficiently for large-scale networks, enhancing their practical real-time applicability. 

In summary, this thesis moves beyond the current state-of-the-art by providing an integrated 

journey from device-level modeling (SOP-ES) to system-level coordination (with OLTCs), 

and from technical to economic optimization, all while ensuring computational scalability. 
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The subsequent chapters will systematically address these gaps, contributing models and 

strategies for the future of active distribution network management. 
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Chapter 3  

Optimal Operation of Active Distribution Networks 

Using Soft Open Point Integrated with Energy Storage 

 

Abstract 

This chapter develops an integrated, multi-period optimization framework for unbalanced 

three-phase Active Distribution Networks (ADNs) with high penetration of renewable 

energy resources. The framework leverages Soft Open Points integrated with Energy Storage 

(SOP-ES) to address key operational challenges, including voltage unbalance, voltage 

violations, and power losses. A multi-objective Semidefinite Programming (SDP) model is 

proposed to simultaneously minimize power losses, mitigate voltage unbalance, and reduce 

voltage deviations. Through comprehensive case studies on the IEEE 13-bus and 123-bus 

systems, the results demonstrate that SOP-ES significantly outperforms SOP-only and 

baseline configurations, achieving superior voltage regulation, reduced system losses, and 

enhanced renewable energy utilization. The convex SDP formulation ensures computational 

tractability and global optimality, providing a robust and scalable solution for the technical 

optimization of modern distribution networks. 

3.1 Introduction  

Voltage rise, power loss, and voltage unbalance can be seen as the major impacts that occur 

with increasing levels of DG penetration. The use of flexible and controllable equipment in 

ADNs can enhance their efficiency and management capabilities. The rapid development of 
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power electronic technology provides an opportunity to solve these hard problems. Soft open 

point (SOP) is a novel power electronic device with high controllability installed to replace 

normally open point (NOP), realizing normal flexible connection and power transfer 

between feeders [5, 97]. 

These devices offer more precise and real-time control compared to traditional voltage 

regulation devices. Reference [4] introduce a time-series optimization model that 

coordinates SOPs with traditional regulation devices like OLTCs and capacitor banks (CBs). 

Building on this work, author in [28] propose the innovative Phase-Changing Soft Open 

Point (PC-SOP) to address three-phase imbalances in distribution networks, often 

exacerbated by unevenly distributed generation. The PC-SOP connects soft open points in a 

novel way to control active and reactive power, balancing the power flow among phases. 

Further advancements in SOP control strategies are demonstrated in [29], where the author 

presents a novel approach combining decentralized and local control of SOPs to effectively 

manage voltage fluctuations.  

To fully utilize the regulation ability of SOPs, the author in [31] proposes a robust 

optimization method involving a two-stage adjustable robust optimization model. This 

model generates robust operation strategies for SOPs, aiming to reduce voltage violations 

and minimize power losses in ADNs. Additionally, voltage stability improvement in 

distribution networks using SOPs was investigated in [98]. 

Energy Storage Systems (ESSs) have emerged as a critical component in voltage 

optimization within power networks, particularly in the context of integrating Renewable 

Energy Sources (RESs) [99]. The study in [69] proposes a two-stage methodology to 

optimize reactive voltage control in distribution networks with PVs and ESSs. 
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The recently soft open point integrated with energy storage (SOP-ES) devices [7, 8, 100-

105] offer a cost-effective solution for active distribution networks by combining both spatial 

and temporal flexibility due to SOP and ES respectively. The spatial flexibility is achieved 

through SOP's power electronic converters, which enable bidirectional power flow control 

between different feeders, allowing real-time power redistribution to balance network 

loading and provide reactive power compensation at both terminals. The temporal flexibility 

is delivered through the integrated energy storage system, which enables time-shifting of 

energy to match supply and demand patterns, storing excess renewable generation during 

low demand periods and providing stored energy during peak demand or low generation 

periods. This dual flexibility is achieved using SOP converters that control the charging and 

discharging of the energy storage system, without the need for additional converters to 

connect the ES to multiple feeders in the network. This integration results in a more efficient 

and cost-effective approach to improve the operation of ADNs, reducing the overall capital 

cost compared to installing separate SOP and ES systems. 

The SOP-ES device has various capabilities, including energy storage, power transfer, and 

reactive power regulation, which are achieved through the control of two voltage source 

converters and a DC-DC converter. A few studies have investigated the optimal operation of 

SOP-ES in active distribution networks as shown in Table 3.1. In this context, “Technical” 

optimization refers to objectives such as minimizing power losses, improving voltage 

profiles, reducing unbalance, or maximizing hosting capacity metrics that relate directly to 

network performance and stability. “Economic” optimization, in contrast, refers to 

objectives such as minimizing operational costs (e.g., energy purchase, battery degradation, 

curtailment penalties) or maximizing revenue metrics that relate to financial efficiency and 

cost-benefit analysis. Relevant literature [7] has worked on a technical optimization for 

single-objective (reducing power loss), while [8, 100] consider economic objectives such as 

the power exchange cost, loss cost, and battery degradation cost in the distribution network. 

A hybrid uncertainty method for managing energy storage-embedded SOPs was proposed in 



   

76 

 

[101], while multi-time-scale voltage control strategies were developed in [102]. In [103], 

the author focused on maximizing DG hosting capacity and operational flexibility. Reference 

[105] aim to optimize the operational costs of an AND and formulated as MINLP model and 

solved using the DICOPT solver in GAMS. An economic operation for cost reduction is 

proposed in [104].  

However, the operation strategy and regulation ability of SOP-ES device to optimize the 

voltage deviation and unbalanced voltage of multiphase system in ADNs have not been 

considered yet. Therefore, this chapter considers the use of an optimal operation strategy for 

technical multi-objective optimization for unbalanced system in ADNs based on SOP-ES 

devices. 

Table 3.1. Comparison of existing references using SOP-ES 

Ref. 
 

Phase 
Model System 

Optimization- 

Objective 

[7] 
 

Single 
Sequential Programming Balanced 

Technical 

(Single-Objective) 

[8] Single 
Mixed-Integer Linear 

Programming (MILP) 
Balanced Economic 

[100] Single 

Mixed-Integer Convex 

Programming 

(MICP) 

Balanced Economic 

[101] Single 
Second Order Cone 

Programming (SOCP) 
Balanced Economic 

[102] Single 

Particle Swarm Optimization 

(PSO) (nonlinear hybrid 

model) 

Balanced 
Technical 

(Multi-Objective) 

[103] Single 
Second Order Cone 

Programming (SOCP) 
Balanced 

Technical (DG 

hosting) 

[105] Single 
Mixed-Integer Non-Linear 

Programming (MINLP) 
Balanced Economic 

[104] Three 
Second Order Cone 

Programming (SOCP) 
Balanced Economic 

This 

research 

 

Three 

Semidefinite Programming 

(SDP) 
Unbalanced 

Technical 

(Multi-Objective) 
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The main contributions of this chapter can be summarized as follows: 

• To our knowledge, previous literature on convexified optimal power flow has not 

considered the case of unbalanced distribution networks using SOP-ES devices, a 

critical oversight given that low-voltage networks are inherently unbalanced due to 

unequal single-phase loads and generation, which leads to phase-specific voltage 

violations and losses that balanced models cannot capture. Therefore, a multi-

objective optimization model for three-phase active distribution network based on 

SOP-ES is developed. The model considers the optimal operation of SOP-ES to 

eliminate voltage violations, mitigating the voltage unbalanced condition, and 

minimizing the operation costs of ADNs by reducing the power loss of network. 

• A convex formulation is proposed in this chapter for optimal operation of SOP-ES. 

The symmetrical SDP relaxation is used to convert the original non-convex nonlinear 

model into semidefinite programming (SDP) formulation, which can guarantee a 

computationally efficient and globally optimal solution by commercial solvers for 

radial distribution networks. 

3.2 Modelling of SOP with Energy Storage  

The Soft Open Point integrated with Energy Storage (SOP-ES) is a power-electronic-based 

grid device that combines the spatial power flow control of a Soft Open Point (SOP) with 

the temporal energy shifting capability of an Energy Storage System (ESS). Its operation is 

governed by the coordinated control of three main power electronic converters, as illustrated 

in Figure 3.1: 

1. Two Back-to-Back Voltage Source Converters (VSCs): These AC-DC-AC 

converters are connected to different feeders (or substation buses) at points that are 



   

78 

 

traditionally kept open (Normally Open Points - NOPs). Each VSC can 

independently and rapidly control the active (𝑃) and reactive (𝑄) power injection or 

absorption at its point of connection. This enables: 

o Bidirectional Active Power Flow: Power can be transferred from one feeder 

to another to balance loading, alleviate congestion, and mitigate voltage 

issues (e.g., sending surplus PV generation from an overloaded feeder to an 

underloaded one). 

o Independent Reactive Power Support: Each terminal can inject or absorb 

reactive power to provide localized voltage support and power factor 

correction, independent of the active power transfer. 

2. A DC-DC Converter: This converter interfaces the Energy Storage system 

(typically a battery) with the common DC link that connects the two VSCs. It controls 

the charging and discharging of the battery by regulating the power flow between the 

DC link and the battery. 

3. The Common DC Link: This is the crucial integration point. It electrically couples 

the two VSCs and the DC-DC converter, allowing for a unified power balance: 

𝑃Terminal 1 + 𝑃Terminal 2 + 𝑃Battery + 𝑃Losses = 0 

 

This equation embodies the core working principle: the net active power from the two AC 

terminals and the battery (accounting for converter losses) must sum to zero at the DC link. 
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Spatial-Temporal Flexibility: 

• Spatial Flexibility (SOP Function): The back-to-back VSCs provide real-time, 

controllable power transfer between different locations in the network, acting as a 

fully controllable, lossy tie-line. 

• Temporal Flexibility (ES Function): The integrated battery stores energy when 

generation exceeds demand (or prices are low) and releases it when demand peaks 

(or prices are high), shifting energy across time. 

Key Advantages over Separate Deployment: 

• Cost-Effectiveness: Shares the power electronics (VSCs, controllers) and grid 

connection infrastructure, reducing capital cost compared to installing separate SOP 

and ESS units. 

• Enhanced Control: Enables truly co-optimized dispatch where the battery's 

charge/discharge schedule directly influences and is influenced by the optimal power 

flow between feeders. 

• Efficiency: Minimizes multiple power conversion stages (e.g., AC-DC for battery vs. 

AC-DC-AC for SOP) by using the common DC link. 

Power balance constraints for SOP-ES device are given in equations (3.1, 3.2), while the 

power loss of SOPs and ES converters and ES battery are expressed in equations (3.3 - 3.6) 

respectively.  
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Figure 3.1: An integrated SOP-ES device in a distribution network. 

 
𝑃𝜑,𝑖,𝑡
SOP−ES + 𝑃𝜑,𝑗,𝑡

SOP−ES + 𝑃𝑚,𝑡
SOP−ES + 𝑃𝜑,𝑖,𝑡

SOP−ES,L + 𝑃𝜑,𝑗,𝑡
SOP−ES,L  = 0 (3.1) 

 
Pm,t
SOP−ES = −((Pm,t

ch−ES − Pm,t
dis−ES)  − Pm,t

ES,L) (3.2) 

 
Pφ,i,t
SOP−ES,L = Ai

SOP−ES√(Pφ,i,t
SOP−ES)

2
+ (Qφ,i,t

SOP−ES)
2
 (3.3) 

 
Pφ,j,t
SOP−ES,L = Aj

SOP−ES√(Pφ,j,t
SOP−ES)

2
+ (Qφ,j,t

SOP−ES)
2
 (3.4) 

 
Pm,t
SOP−ES,L = Am

SOP-ES |Pm,t
SOP−ES| (3.5) 

 
Pm,t
ES,L = Am

ES |Pm,t
ES | (3.6) 

where, 𝑃𝜑,𝑖,𝑡
SOP−ES, 𝑃𝜑,𝑗,𝑡

SOP−ESrepresent active power injection by SOP converters at nodes 𝑖, 𝑗 

on phase 𝜑 at period t. 𝑃𝑚,𝑡
SOP−ES represent active power injection by ES converter at nodes 

𝑚 at period t. 𝑃𝜑,𝑖,𝑡
SOP−ES,L, 𝑃𝜑,𝑗,𝑡

SOP−ES,L
indicate active power loss of SOP converters at nodes 

𝑖, 𝑗  on phase 𝜑   at period t.𝑃𝑚,𝑡
SOP−ES,L

  represent active power loss of ES converters at 

nodes 𝑚  at period t. 𝑃𝑚,𝑡
ch−ES, 𝑃𝑚,𝑡

dis−ES  represent charging and discharging power of ES 

battery at period t. 𝑃𝑚,𝑡
ES,L

 represent power loss of ES battery at period t. while, 𝐴𝑖
SOP−ES , 

𝐴𝑗
SOP−ES  𝐴𝑚

SOP−ES , and 𝐴𝑚
ES represent the loss coefficient. 
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The capacity limitations of SOPs and ES converters are expressed as in (3.7), (3.8), and (3.9), 

respectively, in addition to reactive power constraints of SOP-ES are considered in (3.10) 

and (3.11).  

 √(Pφ,i,t
SOP−ES)

2
+ (Qφ,i,t

SOP−ES)
2
≤ Smax 

AC−DC (3.7) 

 √(Pφ,j,t
SOP−ES)

2
+ (Qφ,j,t

SOP−ES)
2
≤ Smax

AC−DC (3.8) 

 −Smax
DC−CD ≤ Pm,t

SOP−ES ≤ Smax
DC−DC (3.9) 

 Qφ,i
SOP−ES ≤ Qφ,i,t

SOP−ES ≤ Q̅φ,i
SOP−ES    (3.10) 

 Qφ,j
SOP−ES ≤ Qφ,j,t

SOP−ES ≤ Q̅φ,j
SOP−ES (3.11) 

Energy storage systems must also meet the following constraints (3.12 - 3.15). 

 SoCt+1 = SoCt − (Pm,t
ES + Pm,t

ES,L)Δt (3.12) 

 −Pmax
ES ≤ Pm,t

ES ≤ Pmax
ES  (3.13) 

 SoCmin ≤ SoCt ≤ SoCmax (3.14) 

 SoC1 = SoCt  (3.15) 

Equation (3.12) represents the state of charge (SoC) of the battery and how it changes based 

on the power of the device and its losses. Equations (3.13) and (3.14) impose limits on the 

power and energy of the battery, while (3.15) ensures that the initial and final SoC are kept 

equal. 

3.3 Optimization Model 

The objective of this chapter is to enhance the operation of ADNs by optimizing the 

deployment and control of SOP-ES devices. The formulations include objectives to 
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minimize power loss, voltage deviations, and unbalance voltage, supported by a set of 

constraints that ensure operational feasibility and network reliability. 

3.3.1 Objective Functions  

This research employs a multi-objective optimization strategy designed to address three 

primary concerns in ADNs through the strategic deployment of SOP-ES configuration. The 

model aims to minimize power losses, reduce voltage unbalance, and mitigate voltage 

deviations and fluctuations.  

The multi-objective function is formulated as follows: 

 𝑚𝑖𝑛𝑓 = 𝑊𝐿𝑓
loss +𝑊𝑈𝑓

𝑉,𝑢𝑛𝑏 +𝑊𝐷𝑓
𝑉,𝑑𝑒𝑣 (3.16) 

where,𝑓 loss  represents the total power losses in the network, 𝑓V,unb denotes the voltage 

unbalance across the network, and 𝑓V,dev indicates the deviations from the nominal voltage. 

While 𝑊𝐿  , 𝑊𝑈  , and 𝑊𝐷  represent the optimization wight of each component. In this 

technical optimization framework, photovoltaic (PV) generation is modeled as a zero-

marginal cost resource with fixed active power output determined by forecasted generation 

profiles (Equation 3.27). The economic trade-offs associated with PV including curtailment 

penalties, is explicitly addressed in the economic operation model presented in Chapter 5. 

This separation allows for clear analysis of technical benefits (loss reduction, voltage 

regulation) independently from economic considerations. 
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These components are defined by the following specific equations: 

 

𝑓𝑙𝑜𝑠𝑠 =∑  

𝑇

𝑡=1
(

 ∑  

𝑖𝑗∈Ω𝑏

diag(𝑙𝑖𝑗,𝑡𝑧𝑖𝑗) ∑  
𝑥=1,2,3
𝜑=𝑎,𝑏,𝑐

𝑃𝜑,𝑥,𝑡
SOP−ES,L

)

  (3.17) 

 
𝑓𝑉 =∑  

𝑁𝑁

𝑖=1

∑  

𝑐

𝜑=𝑎

|𝑉𝜑,𝑖 −
1

3
(𝑉𝑎,𝑖 + 𝑉𝑏,𝑖 + 𝑉𝑐,𝑖)| (3.18) 

 
𝑓𝑉, deviation =∑  

𝑁𝑁

𝑖=1

(|𝒗𝑡,𝑖 − 𝑉nominal |) (3.19) 

The nodal voltage vectors, branch current vectors, and related second-order decision 

variables are defined as in (3.20): 

 

{
  
 

  
 
𝑉𝑖,𝑡 = [𝑉𝑖,𝑡

𝑎 𝑉𝑖,𝑡
𝑏 𝑉𝑖,𝑡

𝑐 ]

𝑣𝑖,𝑡 = 𝑉𝑖,𝑡𝑉𝑖,𝑡
𝐻

𝐼𝑖𝑗,𝑡 = [𝐼𝑖𝑗,𝑡    
𝑎 𝐼𝑖𝑗,𝑡    

𝑏 𝐼𝑖𝑗,𝑡
𝑐 ]

𝑙𝑖𝑗,𝑡 = 𝐼𝑖𝑗,𝑡𝐼𝑖𝑗,𝑡
𝐻

𝑆𝑖𝑗 = 𝑉𝑖,𝑡𝐼𝑖𝑗,𝑡
𝐻

 (3.20) 

where the superscript H indicates the Hermitian transpose. 𝑉𝑖,𝑡 represents the voltage vector 

at node i comprising phases a, b, and c at time t, and  𝐼𝑖𝑗,𝑡 denotes the currents of phases a, 

b, and c on branch ij at time t. 

3.3.2 Power Flow and Voltage Constraints 

With the foundational variables defined, the following operational constraints are established 

to ensure accurate modelling and control of power flows and voltages across the network. 
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∑  𝑖j∈Ωb

diag(Sij,t − zij𝑙𝑖𝑗,𝑡) + sj,t + yj,tvj,t  =  ∑  jk∈Ωb
diag(Sjk,t) (3.21) 

 
𝑣𝑗,𝑡 = 𝑣𝑖,𝑡 − (𝑆𝑖𝑗,𝑡𝑧𝑖𝑗

𝐻 + 𝑆𝑖𝑗,𝑡
𝐻 𝑧𝑖𝑗) + 𝑧𝑖𝑗𝑙𝑖𝑗,𝑡𝑧𝑖𝑗

𝐻 (3.22) 

The voltage at each node must be maintained within specific limits to ensure safe operation 

and protect network equipment as in equation (3.23). 

 𝑣𝑖 ≤ 𝑑𝑖𝑎𝑔(𝑣𝑖,𝑡) ≤ 𝑣̅𝑖 (3.23) 

Where 𝑣𝑖 and  𝑣̅𝑖  represent the lower and upper voltage limits at node i. Equation (3.24) 

defines the voltage at the source node of the network. 

 
𝑣0 = 𝑉0

𝑟𝑒𝑓
(𝑉0

𝑟𝑒𝑓
)
𝐻

 (3.24) 

Constraints (3.25) indicate the positive semidefinite constraint while (3.26) enforces that this 

positive semidefinite matrix should be of rank one. 

 [
𝑣𝑖,𝑡 𝑆𝑖𝑗,𝑡

𝑆𝑖𝑗,𝑡
𝐻 𝑙𝑖𝑗,𝑡

] ⪰ 0    𝑖 → 𝑗 

 

(3.25) 

 rank [
𝑣𝑖,𝑡 𝑆𝑖𝑗,𝑡

𝑆𝑖𝑗,𝑡
𝐻 𝑙𝑖𝑗,𝑡

] = 1    𝑖 → 𝑗 (3.26) 

3.3.3 DG Operation Constraints 

Constraint (3.27) assumes that the active power generated by DGs is equal to the given 

reference value. 

 
𝑃𝜑,𝑖
DG = 𝑃𝜑,𝑖

DG,re
 (3.27) 
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By incorporating these comprehensive constraints, the optimization model aims to achieve 

a realistic and practical solution that enhances the performance of ADNs through the 

strategic deployment of SOP-ES configurations. 

3.3.4 SDP Model Conversion 

The original model of the power system's operation presents significant computational 

challenges due to its non-convex nature, primarily because of the rank-one constraint (3.26). 

To address these challenges, semidefinite programming (SDP) relaxation is adopted, which 

is a type of convex optimization where we optimize a linear objective function over the space 

of positive semidefinite matrices, subject to linear constraints, converting the complex non-

convex model to an SDP model, which facilitates rapid and accurate computation [106, 107]. 

To convexify the problem, we employ a lifting technique. We introduce auxiliary matrix 

variables 𝑣𝑖,𝑡 ∈ ℍ
3×3 and 𝑙𝑖𝑗,𝑡 ∈ ℍ

3×3  (Hermitian positive semidefinite matrices) to 

replace the outer products 𝑉𝑖,𝑡𝑉𝑖,𝑡
𝐻 and 𝐼𝑖𝑗,𝑡𝐼𝑖𝑗,𝑡

𝐻 , respectively. The key step is to relax the rank-

one equality constraints to positive semidefinite (PSD) inequality constraints as in equation 

(3.25). This single linear matrix inequality (LMI) convexifies the original non-convex set by: 

1. SDP relaxation “lifts” quadratic relations into a higher-dimensional matrix variable 

defined as an outer product of the original voltage/current vectors as in (3.20). 

2. Replacing the non-convex equalities 𝑣𝑖,𝑡 = 𝑉𝑖,𝑡𝑉𝑖,𝑡
𝐻  and 𝑙𝑖𝑗,𝑡 = 𝐼𝑖𝑗,𝑡𝐼𝑖𝑗,𝑡

𝐻  with the 

convex PSD constraint (3.25), which is equivalent to requiring the matrix to be a 

Gram matrix of some vectors (𝑉𝑖,𝑡 , 𝐼𝑖𝑗,𝑡). 

3. Dropping the explicit rank-one condition equation (3.26). 
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Therefore, the capacity constraints of SOP-ES in (3.7-3.8) can be expressed as in (3.28). 

 

[
𝑆𝑚𝑎𝑥
AC−DC 𝑃𝜙,𝑖,𝑡

SOP−ES + 𝑗𝑄𝜙,𝑖,𝑡
SOP−ES

𝑃𝜙,𝑖,𝑡
SOP−ES − 𝑗𝑄𝜙,𝑖,𝑡

SOP−ES 𝑆𝑚𝑎𝑥
AC−DC

] ⪰ 0 (3.28) 

Similarly, the loss constraints of SOPs in (3.3,3.4) can be transferred into an SDP model as 

in (3.29). 

 

[
 
 
 
 𝑃𝜙,𝑘

SOP−ES,L

𝐴𝑘
SOP

𝑃𝜙,𝑘
SOP−ES + 𝑗𝑄𝜙,𝑘

SOP−ES

𝑃𝜙,𝑘
SOP−ES − 𝑗𝑄𝜙,𝑘

SOP−ES
𝑃𝜙,𝑘
SOP−ES,L

𝐴𝑘
SOP ]

 
 
 
 

⪰ 0 (3.29) 

3.3.5 Symmetrical SDP Model Conversion 

Building upon the basic SDP model, this step integrates the phase-to-phase coupling effects 

using symmetrical components transformation, which simplifies the three-phase unbalanced 

network model by reducing its complexity and enhancing the numerical stability of an SDP-

based OPF method [108]. Equation (3.30) represents the transformation of voltages in phase 

components into symmetrical components. 

 𝑉𝑖,𝑡
𝑎𝑏𝑐 = 𝐴𝑉𝑖,𝑡

012 (3.30) 

 
A =

1

√3
[
1 1 1
1 𝑎2 𝑎
1 𝑎 𝑎2

] , 𝐴𝐻 = 𝐴−1 (3.31) 

and 𝑎 = 1∠120∘. Then, the three-phase variable in the BFM-SDP method [109] and the 

impedance parameters are related to the equivalent variables in symmetrical components as 

in equations (3.32-3.36): 
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 𝑣𝑖,𝑡
𝑎𝑏𝑐 = 𝑉𝑖,𝑡

𝑎𝑏𝑐 × 𝑉𝑖,𝑡
𝑎𝑏𝑐,𝐻 = 𝐴𝑉𝑖,𝑡

012 × (𝐴𝑉𝑖,𝑡
012)

𝐻
 = 𝐴𝑣𝑖,𝑡

012𝐴𝐻 (3.32) 

 𝑙𝑖,𝑡
𝑎𝑏𝑐 = 𝐴𝑙𝑖,𝑡

012𝐴𝐻 (3.33) 

 𝑆𝑖,𝑡
𝑎𝑏𝑐 = 𝐴𝑆𝑖,𝑡

012𝐴𝐻 (3.34) 

 𝑧𝑖,𝑡
𝑎𝑏𝑐 = 𝐴𝑧𝑖,𝑡

012𝐴−1 = 𝐴𝑧𝑖,𝑡
012𝐴𝐻 (3.35) 

 𝑦𝑖,𝑡
𝑎𝑏𝑐 = 𝐴𝑦𝑖,𝑡

012𝐴−1 = 𝐴𝑦𝑖,𝑡
012𝐴𝐻 (3.36) 

Using the symmetrical components, the power loss function in equation (3.17) and 

constraints in equations (3.21-3.25) are transformed as in equations (3.37-3.42). 

 

𝑓 loss =∑  

𝑇

𝑡=1

(

 
 
∑  

𝑖𝑗∈Ω𝑏

diag(𝐴(𝑙𝑖𝑗,𝑡
012𝑧𝑖𝑗

012)𝐴𝐻)

+ ∑  

𝜑 = 1,2,3

𝑃𝜑,𝑥,𝑡
SOP-ES,L 

)

 
 

 (3.37) 

 
∑  

𝑖𝑗∈Ω𝑏

diag(𝐴(𝑆𝑖𝑗,𝑡
012 − 𝑧𝑖𝑗

012𝑙𝑖𝑗,𝑡
012)𝐴𝐻) + 𝑠𝑗,𝑡 + 𝑦𝑗,𝑡

012𝑣𝑗,𝑡
012

= ∑  

𝑗𝑘∈Ω𝑏

diag(𝐴𝑆𝑗𝑘,𝑡
012𝐴𝐻) 

(3.38) 

 vj,t
012 = vi,t

012 − (Sij,t
012zij

012,H + Sij,t
012,Hzij) + zij

012lij,t
012zij

012,H
 (3.39) 

 𝑣𝑖,𝑡 ≤ diag(𝐴𝑣𝑖,𝑡
012𝐴𝐻) ≤ 𝑣𝑖,𝑡 (3.40) 

 𝑣0
012 = 𝑉0

012, ref (𝑉0
012, ref )

𝐻
 (3.41) 

 
[
𝑣𝑖
012 𝑆𝑖𝑗

012

𝑆𝑖𝑗
012,𝐻 𝑙𝑖𝑗

012 ] ≥ 0𝑖 → 𝑗 (3.42) 

3.3.6 Optimization Framework Overview 

The optimization framework, as illustrated in Figure 3.2, follows a systematic four-step 

approach for power system scheduling. Initially, load forecasting and PV generation 
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forecasting are performed to predict energy demand and renewable generation patterns. This 

forecasted data feeds into the optimization model formulation stage, where the mathematical 

framework for the scheduling problem is established. The formulated optimization problem 

then undergoes convex relaxation via symmetrical SDP to transform the potentially non-

convex problem into a tractable convex form that guarantees global optimality. Finally, the 

relaxed problem is solved through optimal scheduling of power flow over a 24-hour horizon 

using MOSEK as the solver, which efficiently handles the semidefinite programming 

constraints and provides the optimal dispatch decisions for the power system components. 

 

Figure 3.2: Flowchart of the Proposed Power System Scheduling 

3.4 Simulations and Analysis 

This section presents the simulation results and analyses the performance of the proposed 

model, which focuses on mitigating unbalanced voltage conditions, reducing power losses, 

and minimizing voltage limit violations in ADNs. The IEEE 13, and 123 node test feeder is 

employed as the benchmark network to validate the effectiveness of the model. 
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3.4.1 Simulation Setup 

The proposed optimization model was implemented using the YALMIP toolbox [110] in 

MATLAB R2021b, and the optimization problems were solved using the MOSEK solver 

[111]. Voltage Source Converters (VSCs) are integrated into each SOP, with capacity of 500 

kVA per phase, DC-DC converters incorporated in SOP-ES with a capacity of 500 kW and 

the energy storage has a capacity of 2000 kWh. Power loss coefficient is assumed to be equal 

0.02 for both VSCs and DC-DC converters, reflecting conversion efficiency [4]. The system 

voltage is designed to operate within upper and lower voltage limits of 1.1 p.u. and 0.9 p.u., 

respectively, aligning with UK regulations [112]. In this work, the desired voltage range is 

narrowed to [0.97, 1.03] p.u., aligning with the interval thresholds applied in the voltage 

deviation control strategy. State of Charge (SOC) for energy storage units begin with an 

initial SOC of 0.5, with permissible operational ranges from 0.2 to 0.9 to maintain efficiency 

and battery health. The load demand and PV generation as shown in Figure 3.3 are obtained 

by forecasting [4] . The optimization framework presented in this chapter operates under 

a deterministic day-ahead scheduling paradigm, utilizing point forecasts for load demand 

and PV generation. The weight coefficients of each term in the objective function, obtained 

by using the pairwise comparison in AHP [113] as in Table 3.2 are given as follows: W_L = 

0.61, W_U = 0.13, and W_D = 0.26. 
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Figure.3.3: Load Demand and PV generation. 

 

Table 3.2 Pairwise Comparisons of the Objective Function 

3.4.2 Performance Analysis 

To evaluate the effectiveness of the proposed optimization model, three operational scenarios 

are considered for comparative analysis within ADN: 

• Scenario I: Baseline (no SOP or SOP-ES) 

• Scenario II: Using SOP only 

• Scenario III: Using SOP integrated with Energy Storage (SOP-ES) 

The analysis evaluates the performance based on key indicators including total power losses, 
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PV active power utilization, three-phase voltage unbalance condition (VUC), substation 

power exchange, and voltage regulation performance across the 24-hour period. All 

simulations are conducted on the IEEE 13-bus and IEEE 123-bus test feeders to reflect real-

world operation of ADNs. 

3.4.2.1 Case Study: IEEE 13-Node Test Feeder 

The IEEE 13-node test feeder [114], is adopted as the simulation platform for model 

validation and performance analysis, as illustrated in Figure. 3.4. The network is enhanced 

with eight distributed PVs systems, each rated at 500 kW, summing up to a total installed 

capacity of 4 MW, operating at unity power factor. The technical parameters for the PV 

systems are summarized in Table 3.3. To facilitate advanced power flow control, two SOP-

ES units are installed in the network between nodes 634 and 675, and nodes 675 and 680, 

respectively. In addition, OLTC is installed between buses 650 and 632. This three-phase 

voltage regulator is configured using fixed tap ratios consistent with the IEEE 13-bus 

OpenDSS standard settings:[𝑟𝑎
𝑡, 𝑟𝑏

𝑡, 𝑟𝑐
𝑡] = [1.05,1.0375,1.04375], these tap ratios represent 

the step-up voltage settings for phases A, B, and C, respectively. The slight differences 

among the three phases reflect phase-specific compensation to address inherent voltage 

unbalances in the network. 
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Figure. 3.4: IEEE 13-node Test Feeder. 

Table 3.3. Parameters of PVs 

Location 645 634 646 652 671 684 692 611 

Phase B B C A C A A C 

Capacity 

(kVA) 
500 500 500 500 500 500 500 500 

Table 3.4 summarizes the outcomes of the optimization under different configurations. The 

Baseline configuration exhibits the highest power losses and the lowest PV utilization. The 

SOP-ES scenario achieves the lowest power loss (0.95 MW/24 h), reflecting a 86.4% 

improvement over the baseline and a 5.9% reduction compared to SOP-only. The substation 

power values represent the total 24-hour energy imported from the main grid to supply 

network demand, accounting for local PV generation and losses. Lower values indicate 

greater self-sufficiency through local generation and improved power flow management via 

SOP/SOP-ES.  

Figure 3.5 illustrates the active power loss across 24 hours for SOP and SOP-ES 

configurations. It can be seen in the early period 1-6h that SOP-ES is higher in loss due to 

the discharging of power from energy but, SOP-ES exhibit consistently lower power loss 
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during high-load intervals. For instance, between hours 9 and 11 and again from 16 to 18, 

SOP suffers a peak loss of over 0.07 p.u., while SOP-ES maintains significantly lower values. 

This demonstrates the superior energy efficiency and balancing effect provided by energy 

storage. In contrast, the SOP-ES configuration shows the best overall performance across all 

indicators. 

Table 3.4 Optimization Results of the IEEE 13-Node Test Feeder 

Scenario  
Power Loss 

(MW/24 h) 

PV Active 

Power 

(MW/24 h) 

Substation 

power  

(MW/24 h) 

Baseline 7.01 13.17 44.268 

SOP 1.01 17.18 34.62 

SOP-ES 0.95 17.21 34.17 

 

Figure 3.5: Hourly Power Loss Comparison 

As shown in Figure 3.6, the SOP-ES strategy enables more consistent and smoother PV 

utilization, especially during midday. It reduces curtailment by absorbing excess generation 

into the energy storage system, thereby maximizing renewable energy usage and minimizing 

waste.  
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Figure 3.6: PV Utilization Profile 

Figure 3.7 compares the total power imported from the substation for all scenarios. The SOP-

ES strategy clearly demonstrates peak shaving and valley filling effects, with significantly 

lower demand during high-load periods. This reduces strain on the upstream network and 

lowers grid dependence. 

 

Figure 3.7: Substation Power Curve 

Figures 3.8 and 3.9 present the voltage profiles on Bus 692 and 680 under the baseline 

scenario. When compared to the SOP and SOP-ES scenarios depicted in Figures 3.10 

through 3.13 for Buses 692 and 680, the baseline case exhibits more significant and 

persistent voltage deviations throughout the 24-hour period. In contrast, the implementation 
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of SOP-ES demonstrates a notably improved voltage profile, particularly during midday 

peak load hours. The SOP-ES configuration results in reduced voltage deviations and a 

narrower spread between phases, indicating enhanced phase symmetry. This reflects the 

capability of the SOP-ES to effectively mitigate voltage unbalance and maintain voltage 

stability across the network. 

 

Figure 3.8: Baseline Voltage Profile at Bus 692 

 

Figure 3.9: Baseline Voltage Profile at Bus 680 
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Figure 3.10: SOP Voltage Profile at Bus 692 

 

Figure 3.11: SOP-ES Voltage Profile at Bus 692 

 

Figure 3.12: SOP Voltage Profile at Bus 680  
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Figure 3.13: SOP-ES Voltage Profile at Bus 680 

Figures 3.14 and 3.15 depict active power flows through SOP and SOP-ES respectively. 

Ideally, power exchange between terminal SOP1F and the other terminal SOP1S should be 

symmetrical (i.e., SOP1F + SOP1S = 0). However, minor asymmetries are observed during 

hours 2 and 3. These deviations may result from the selected objective weights or solver 

tolerances. Incorporating energy storage smoothens power exchange, satisfying the 

condition SOP1F + SOP1S + P_ES = 0 throughout, demonstrating the balancing capability 

of energy storage in SOP-ES configurations. 

 

Figure 3.14: Active Power Transmission (SOP) 
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Figure 3.15: Active Power Transmission (SOP-ES) 

 

It was observed that the SOP-only configuration exhibited asymmetric power transmission 

specifically during hours 2 and 3. This occurred despite the fact that these hours correspond 

to relatively low load demand, as confirmed by the load profile. The asymmetry suggests 

that factors other than load magnitude such as solver behavior under multi-objective weights 

or sensitivity to the voltage deviation constraint may influence SOP behavior in early low-

load hours. In contrast, SOP-ES maintained symmetric operation throughout the entire time 

horizon. 

Figures 3.16 to 3.19 compare the reactive power outputs of SOP1and SOP2 under the SOP 

and SOP-ES configurations over a 24-hour period. In both cases, the device alternates 

between reactive power absorption (negative values) and injection (positive values) to 

support voltage regulation. However, with SOP-ES, the magnitude of these swings is 

moderated, resulting in a narrower operating range compared to SOP alone. This moderation 

is due to the ability of the integrated energy storage to provide active power (P) support 
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directly assists in voltage regulation, reducing the reliance on reactive power (Q) 

compensation alone. As a result, reactive power peaks are lower, transitions between 

absorption and injection are smoother, and reactive power support is more evenly distributed 

across the day, leading to a more balanced and efficient voltage regulation strategy. 

 

Figure 3.16: Reactive power of SOP1 

 

Figure 3.17: Reactive power of SOP1-ES 
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Figure 3.18: Reactive power of SOP2 

 

Figure 3.19: Reactive power of SOP2-ES 
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phase balancing is maintained even during dynamic charging intervals. 

 

Figure 3.20: Charging Discharging Power of ES1 

 

Figure 3.21: State of Charge (SoC) of ES1 
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Figure 3.22: Charging Discharging Power of ES2 

 

Figure 3.23: State of Charge (SoC) of ES2 
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To consider the impact of asymmetric access of DGs with high penetration on ADNs, ten 

single-phase PVs are integrated into the network with a constant power factor 1.0. the 

parameters are shown in Table 3.5.  

Regulator tap settings are configured as follows: a three-phase regulator between buses 150 

and 149 is set to [𝑟𝑎
𝑡, 𝑟𝑏

𝑡, 𝑟𝑐
𝑡] = [1.05,1.0375,1.04375],; a single-phase regulator between 

buses 9 and 14 is set to 𝑟𝑎
𝑡 = 0.99375; a two-phase regulator between buses 25 and 26 is 

set to [𝑟𝑎
𝑡, 𝑟𝑐

𝑡] = [0,0.99375]; and another two-phase regulator between buses 67 and 160 is 

set to [𝑟𝑎
𝑡, 𝑟𝑏

𝑡, 𝑟𝑐
𝑡] = [1.5,1.00625,1.3125] ,following the same configurations used in the 

OpenDSS example case. Two sets of SOP are installed between nodes 54 and 93, and nodes 

151 and 300, respectively. 

 

Figure 3.24: IEEE 123-bus distribution system 

Table 3.5 Parameters of PVs 

Location 27 41 75 85 87 93 96 107 110 450 

Phase A C C C B B B B A C 

Capacity 

(kVA) 
200 200 300 150 300 150 300 150 150 200 
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The numerical results in Table 3.6 confirm the advantages of integrating energy storage with 

SOP. Compared to the baseline, both SOP and SOP-ES substantially reduce total feeder 

power losses over the 24-hour horizon (from 18.54 MW to approximately 15.5 MW), with 

SOP-ES achieving the lowest value (15.53 MW). 

 

Table 3.6 Optimization Results of the IEEE 123-Node Test Feeder 

Scenario 
Power Loss 

(MW/24 h) 

PV Active 

Power 

(MW/24 h) 

Substation 

power 

(MW/24 h) 

Baseline 18.54 9.95 63.2 

SOP 15.58 10.04 62.05 

SOP-ES 15.53 9.81 57.5 

The hourly power loss trends in Figure 3.25 show a strong correlation with the system load 

profile. Losses rise during the morning demand ramp (hours 6–10), peaking near 0.69 MW 

under SOP and slightly lower (≈0.67 MW) under SOP-ES, before falling sharply around 

midday (hours 11–13) when PV generation compensates local demand. A second, smaller 

loss peak occurs in the late afternoon (hours 16–18), coinciding with the second load peak. 

The SOP-ES case consistently produces marginally lower losses during high-load periods, 

reflecting its ability to absorb surplus PV locally during midday and discharge during the 

evening peak, thereby reducing feeder current flows and associated 𝐼2𝑅 losses. In low-load 

periods (e.g., early morning and late evening), the two scenarios show nearly identical loss 

values, indicating that storage’s primary benefit occurs when demand and power transfer 

levels are high. This pattern aligns with the observed substation power flattening in SOP-ES 

as in Figure 3.26, where peak shaving reduces stress on feeder conductors and improves 

overall energy efficiency. 
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Figure 3.25: Hourly Power Loss Comparison for IEEE-123 

 

Figure 3.26: Substation Power Curve for IEEE-123 
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the midday ramp, and during 14–17 h SOP shows higher PV utilization, while SOP-ES is 

lower because the battery discharges to support the afternoon load and maintain a flat 

substation profile, thereby reducing the need for instantaneous PV injection and helping 

manage feeder voltages. This coordinated charge–discharge strategy explains also the flatter 

substation curve with SOP-ES in Figure 3.26 and the slight reduction in PV utilization during 

the afternoon peak.  

 

Figure 3.27: PV Utilization Profile for IEEE-123 

From the voltage profiles of various buses (Figures 3.28-3.34 for Bus 35, Bus 48, Bus 114, 
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maintaining voltage levels. As established in the earlier section, the desired operating voltage 
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voltage deviation control strategy, and all observed profiles under both SOP and SOP-ES 
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Figure 3.28: SOP Voltage Profile on Bus 35  

 

Figure 3.29: SOP-ES Voltage Profile on Bus 35  

 

Figure 3.30: SOP Voltage Profile on Bus 48  
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Figure 3.31: SOP-ES Voltage Profile on Bus 48  

 

Figure 3.32: Voltage Profile Comparison on Bus 114  

 

Figure 3.33: Voltage Profile Comparison on Bus 104  
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Figure 3.34: Voltage Profile Comparison on Bus 85 
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complementary behaviors between their terminals. Without storage, SOP1 predominantly 

transfers power from terminal (SOP1F) towards terminal (SOP1S), with magnitudes ranging 

between ±0.3 MW. Similarly, SOP2 exhibits higher levels of power transfer, with SOP2S 

consistently injecting up to 0.5 MW during midday, balanced by corresponding absorption 

at SOP2F. When energy storage is incorporated (SOP-ES), the profiles change substantially, 

the additional PES1 and PES2 components actively charge and discharge, altering the net 

flows at the SOP terminals. This enables SOP1 and SOP2 to mitigate imbalances and provide 

flexibility, as the storage absorbs excess power during high PV generation periods and 

discharges during evening peaks. Overall, the integration of ES with SOP under constant 

VRs enhances the devices’ ability to balance feeder exchanges, reduce stress on the 

substation, and improve temporal coordination of active power across the network. 
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Figure 3.35: Active Power Transmission (SOP1) 

 

 

 

Figure 3.36: Active Power Transmission (SOP2) 

 

 

Figure 3.37: Active Power Transmission (SOP1-ES) 
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Figure 3.38: Active Power Transmission (SOP2-ES) 

 

Figures 3.39 to 3.42 illustrate the reactive power outputs of SOP1 and SOP2 under the SOP 

and SOP-ES configurations across a 24-hour period. In both configurations, the devices 

alternate between reactive power absorption (negative values) and injection (positive values) 

to support voltage regulation. However, a clear difference emerges with SOP-ES: while the 

magnitude of reactive power injection peaks is reduced, the level of reactive power 

absorption is increased, particularly during midday and evening periods. This behavior arises 

because, when the ES charges during low-load, high-voltage hours, it draws active power 

(P) from the network, which tends to raise local voltages; as a result, the SOP-ES must absorb 

more reactive power (Q) to counteract this effect and maintain voltages within the desired 

[0.97, 1.03] p.u. range. Conversely, during high-load, low-voltage hours, ES discharging 

supplies active power support, thereby reducing the need for large reactive injections. 

Overall, compared to SOP alone, SOP-ES results in smoother reactive injection behavior but 

stronger reactive absorption, reflecting a coordinated strategy where active power support 

from ES complements and partially substitutes reactive power regulation. 
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Figure 3.39: Reactive power of SOP1 

 

Figure 3.40: Reactive power of SOP1-ES 

 

Figure 3.41: Reactive power of SOP2 
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Figure 3.42: Reactive power of SOP2-ES 

The charging and discharging patterns of ES1 and ES2 (Figures 3.43–3.46) explain the 

increased reactive power absorption observed in the SOP-ES case. During the early hours 

(1–6 h), when system demand is low, both ES units are charging, as seen in the positive 

charging power and rising SoC levels. This charging process increases active power demand 

at the local buses, which naturally raises voltage levels. To maintain voltages within the 

desired threshold range (0.97–1.03 p.u.), the SOP-ES configuration complements this 

charging with additional reactive power absorption. Conversely, during high-load periods 

(e.g., 9–11 h and 15–19 h), the ES units discharge active power into the system, directly 

supporting demand and mitigating voltage drops. This reduces the burden on reactive power 

support, resulting in more moderated Q injections compared to SOP alone. Thus, the 

interaction between active power exchange (through ES charging/discharging) and reactive 

power management leads to a coordinated strategy that enhances system voltage regulation 

and balances Q provision across the day. 

-1.5

-1

-0.5

0

0.5

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

Q
 (

M
va

r)

Time (h)

SOP2F-ES A SOP2F-ES B SOP2F-ES C SOP2S-ES A SOP2S-ES B SOP2S-ES C



   

114 

 

 

Figure 3.43: Charging Discharging Power of ES1with Fixed VRs 

 

Figure 3.44: State of Charge (SoC) of ES1with Fixed VRs 

 

Figure 3.45: Charging Discharging Power of ES2 with Fixed VRs 
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Figure 3.46: State of Charge (SoC) of ES2 with Fixed VRs 

3.5 Conclusion 

This chapter has demonstrated the benefits of integrating ES with SOP (SOP-ES) in the 

optimal operation of unbalanced active distribution networks. Through detailed case studies 

on the IEEE 13-bus and IEEE 123-bus systems, the analysis highlighted how the combined 

SOP-ES configuration achieves significant improvements over SOP alone. The results 

showed that SOP-ES not only reduces voltage fluctuations and maintains bus voltages within 

the desired control thresholds of 0.97–1.03 p.u., but also mitigates phase unbalances more 

effectively across the network. Furthermore, the coordinated active power support provided 

by ES during charging and discharging intervals was shown to reduce the reliance on reactive 

power compensation, leading to more balanced reactive power flows and smoother 

transitions between absorption and injection. 

At the substation level, SOP-ES reduces peak demand and improves power exchange 

stability, while at the device level, the integration of ES enables SOPs to operate within 

narrower reactive power ranges, alleviating stress on network components. Overall, the 

findings confirm that SOP-ES offers a robust and flexible solution for enhancing voltage 

regulation, minimizing losses, and improving the operational resilience of distribution 
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systems under high penetration of renewable energy. This establishes SOP-ES as a more 

effective control strategy compared to SOP alone, paving the way for future adoption in real-

world active distribution networks. 
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Chapter 4  

Coordinated Operation of OLTC and Soft Open Point 

Integrated with Energy Storage Systems in Active 

Distribution Networks 

 

Abstract 

This chapter extends the optimization framework developed in Chapter 3 by introducing 

a coordinated control strategy between traditional voltage regulation devices specifically 

On-Load Tap Changers (OLTCs) and Voltage Regulators (VRs) and advanced Soft Open 

Points integrated with Energy Storage (SOP-ES). While Chapter 3 demonstrated the 

independent benefits of SOP-ES, this chapter addresses a critical gap in the literature by 

formulating a unified Semidefinite Programming (SDP) model that jointly optimizes OLTC 

tap settings, SOP active/reactive power flows, and battery charging/discharging schedules in 

unbalanced three-phase networks. Through comprehensive case studies on the IEEE 13-bus 

and IEEE 123-bus systems, the results demonstrate that coordinated operation significantly 

outperforms individual or partially coordinated schemes. Key findings include: a dramatic 

reduction in power losses (up to 86% vs. baseline), improved voltage profiles within tighter 

bounds, enhanced PV utilization, and critically a substantial reduction in OLTC switching 

operations, thereby extending the operational lifespan of this legacy infrastructure. The 

chapter validates that SOP-ES and OLTCs operate synergistically: SOP-ES provides fast, 

granular spatial and temporal control, while OLTCs deliver coarse network-wide voltage 

adjustment, together forming a robust, multi-timescale voltage regulation strategy for active 
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distribution networks. 

4.1 Introduction  

The transition toward active distribution networks with high renewable penetration, as 

addressed in earlier chapter, necessitates advanced voltage control strategies that coordinate 

new power-electronic devices with existing grid infrastructure. While Chapter 3 

demonstrated the standalone benefits of Soft Open Points with Energy Storage (SOP-ES), 

this chapter focuses on their integrated operation with traditional On-Load Tap Changers 

(OLTCs). 

Among the most effective methods for enhancing ADN performance are OLTCs and SOPs. 

OLTCs are traditionally deployed to manage voltage profiles by adjusting transformer tap 

ratios, thus controlling voltage magnitudes across the network [116]. Conversely, SOPs 

deliver granular spatial flexibility by enabling independent control of both active and 

reactive power exchange across interconnected feeders [98, 117]. When ESS are co-located 

with SOPs (forming SOP-ES systems), the capabilities are extended to include temporal 

shifting of energy, further stabilizing the network under dynamic load and generation 

conditions [118]. 

A growing volume of literature has explored these mechanisms separately. For instance, 

OLTC-based voltage regulation was effectively demonstrated in [41, 116, 119, 120], which 

highlighted its role in mitigating voltage rise in DER heavy networks. SOP-based 

coordination has been detailed in multiple works [6, 33, 121-123], where SOPs reduced 

power loss and enhanced power flow flexibility. A recent study investigated the coordinated 

operation of SOPs with OLTCs. References [4, 124] proposed a coordinated VVC method 

based on SOP to enhance the operational efficiency of ADNs. Recent advancements have 

extended this concept by integrating energy storage with SOP units, enabling both spatial 
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and temporal energy optimization [102, 104, 105, 118, 125]. Despite these advancements, 

most of studies have either addressed OLTC–SOP coordination without considering energy 

storage or treated SOP and ESS as independent components. 

The deployment of OLTCs in modern ADNs with high DER penetration reveals significant 

operational limitations that necessitate coordinated control strategies. Primarily, OLTCs 

suffer from slow electromechanical response times and discrete tap adjustments, rendering 

them ineffective against rapid voltage fluctuations caused by intermittent solar generation 

and sudden load changes. Their reliance on single-point measurements at the substation 

creates visibility gaps, often missing localized overvoltage conditions at feeder ends where 

distributed PV is concentrated. Furthermore, frequent tap operations driven by renewable 

variability accelerate mechanical wear, shortening equipment lifespan and increasing 

maintenance costs. Perhaps most critically in unbalanced networks, OLTCs typically adjust 

all three phases simultaneously, which limits their ability to address phase-specific voltage 

issues arising from uneven single-phase PV and load connections. These challenges 

underscore the need to integrate OLTCs with faster, more granular power-electronic devices 

like SOP-ES to achieve effective voltage regulation while preserving the longevity of legacy 

grid infrastructure.  

This chapter addresses these gaps by introducing an optimization framework for the 

coordinated operation of OLTC and SOP-ES systems in unbalanced ADNs. To the best of 

our knowledge, this is the first study that systematically integrates OLTC devices with SOP-

ES using a symmetrical SDP formulation. The model jointly optimizes OLTC tap settings, 

SOP power exchange (active and reactive), and ESS charging/discharging schedules over a 

24-hour scheduling horizon. The use of SDP relaxation ensures convexity and guarantees 

global optimality within practical computation times, and the problem becomes mixed 

integer semidefinite programming (MISDP) solved using the MOSEK solver. 
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While Chapter 3 demonstrated the independent benefits of SOP-ES deployment, this chapter 

extends the framework by incorporating OLTC coordination into the model. This enables a 

more comprehensive control scheme that unifies spatial (SOP), temporal (ESS), and voltage-

level (OLTC) optimization. Additionally, the co-location of ESS with SOP terminals smooths 

net injections and damps short-term fluctuations, thereby reducing OLTC switching 

frequency, and improve overall power quality especially under high PV penetration and 

during low-load periods. 

Case studies on the IEEE 13 and 123-bus system validate the effectiveness of the proposed 

coordination scheme. Compared to OLTC-only, SOP-only, and SOP-ES-only configurations, 

the joint optimization of OLTC and SOP-ES results in superior performance in terms of 

power loss reduction, voltage deviation minimization, and improved PV utilization. 

Additionally, results show that energy storage buffers SOP operations, reducing the OLTC 

switching frequency and mitigating SOP asymmetry in low-load periods. 

4.2 Optimization Model and Mathematical Formulation 

The optimization model determines the coordinated operation of OLTC and SOP-ES systems 

across a 24-hour horizon. The objective is to minimize network power losses while 

maintaining voltages within statutory limits and mitigating unbalance. In contrast to Chapter 

1, where OLTC taps were fixed, here tap ratios are optimization variables within their 

discrete bounds. This allows simultaneous determination of OLTC tap positions, SOP power 

flows, and battery charging/discharging profiles. 

Mathematical formulation extends the SDP-based OPF from Chapter 3 by incorporating 

OLTC decision variables. The optimization model determines the coordinated operation of 

OLTC and SOP-ES systems across a 24-hour horizon. The same multi-objective function 

from Chapter 3 is employed, minimizing a weighted sum of power losses, voltage unbalance, 
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and voltage deviation while maintaining all operational constraints. 

4.2.1 Voltage Regulator and On-Load Tap Changer Modeling 

Voltage regulators, particularly OLTC, are among the most widely used control devices in 

distribution networks. By dynamically adjusting the transformer turns ratio, they regulate 

downstream voltages and maintain network stability under varying operating conditions. To 

incorporate these devices within the convex SDP–based OPF framework, their mathematical 

modeling must be carefully reformulated in terms of lifted variables and linear matrix 

inequalities (LMIs). This section presents the modeling framework for voltage regulators 

and OLTCs suitable for unbalanced multiphase active distribution networks. 

4.2.2 Basic Voltage Regulator Model 

The operation of a voltage regulator is characterized by the relationship between primary 

and secondary voltages through adjustable tap positions. For a three-phase regulator, the tap 

ratio vector is defined as:  

 ratio = [𝑟𝑎, 𝑟𝑏 , 𝑟𝑐]
𝑇 (4.1) 

with each phase ratio given by: 

 

 

 

𝑟𝜙 = 1 + 0.00625 × Tap𝜙    ∀∈ {𝑎, 𝑏, 𝑐}. 

 

(4.2) 

The tap position Tap𝜙  is a discrete integer variable, typically ranging from [−16,+16], 

corresponding to a voltage regulation range of approximately ±10% in increments of 0.625%. 

In Chapter 3, the OLTC was fixed to [1.05, 1.0375, 1.04375] following the OpenDSS IEEE 

13-bus case, but here the tap ratios are decision variables within their bounds. 
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The phase-specific voltage transformation can be expressed as: 

 

 

𝐕sec
𝑇 = [𝑉sec

𝑎 , 𝑉sec
𝑏 , 𝑉sec

𝑐 ]𝑇 = [𝑟𝑎𝑉pri
𝑎 , 𝑟𝑏𝑉pri

𝑏 , 𝑟𝑐𝑉pri
𝑐 ]

𝑇
. 

 

        (4.3) 

This formulation allows independent regulation of each phase, which is particularly 

advantageous in unbalanced distribution systems. 

4.2.3 SDP Formulation for Voltage Regulators 

In SDP-based OPF, the lifted voltage matrices are used to convexify the problem. The 

primary 𝐮pri and secondary 𝐮sec voltages matrix are defined as: 

𝐮pri = 𝐕pri𝐕pri
𝐻   ,  𝐮sec = 𝐕sec𝐕sec

𝐻  

Substituting the tap ratios gives: 

 𝐮sec = [

𝑟𝑎
2𝑉𝑖

𝑎𝑉𝑖
𝑎𝐻 𝑟𝑎𝑟𝑏𝑉𝑖

𝑎𝑉𝑖
𝑏𝐻 𝑟𝑎𝑟𝑐𝑉𝑖

𝑎𝑉𝑖
𝑐𝐻

𝑟𝑏𝑟𝑎𝑉𝑖
𝑏𝑉𝑖

𝑎𝐻 𝑟𝑏
2𝑉𝑖

𝑏𝑉𝑖
𝑏𝐻 𝑟𝑏𝑟𝑐𝑉𝑖

𝑏𝑉𝑖
𝑐𝐻

𝑟𝑐𝑟𝑎𝑉𝑖
𝑐𝑉𝑖

𝑎𝐻 𝑟𝑐𝑟𝑏𝑉𝑖
𝑐𝑉𝑖

𝑏𝐻 𝑟𝑐
2𝑉𝑖

𝑐𝑉𝑖
𝑐𝐻

]           (4.4) 

A more compact representation is obtained by defining the transformation matrix: 

 

 

𝐀𝑖 = [𝑟𝑎, 𝑟𝑏, 𝑟𝑐]
𝑇[𝑟𝑎, 𝑟𝑏 , 𝑟𝑐] = [

𝑟𝑎
2 𝑟𝑎𝑟𝑏 𝑟𝑎𝑟𝑐

𝑟𝑏𝑟𝑎 𝑟𝑏
2 𝑟𝑏𝑟𝑐

𝑟𝑐𝑟𝑎 𝑟𝑐𝑟𝑏 𝑟𝑐
2

] 

 

(4.5) 
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so that: 

 𝐮sec = 𝐀𝑖⊙𝐮𝑝𝑟𝑖 , (4.6) 

Where ⊙ denotes the Hadamard (element-wise) product. This formulation preserves 

convexity while embedding the regulator transformation into the SDP relaxation. 

4.2.4 Integration with the Branch Flow Model 

When integrated into the branch flow model, the regulator is treated as a special branch with 

voltage transformation capability. The voltage relationship along branch ij containing a 

regulator is expressed as:  

 

 

𝑢𝑗 = 𝑢𝑠𝑒𝑐
𝜙𝑖𝑗 − (𝑆𝑖𝑗𝑧𝑖𝑗

𝐻 + 𝑧𝑖𝑗𝑆𝑖𝑗
𝐻) + 𝑧𝑖𝑗𝑙𝑖𝑗𝑧𝑖𝑗

𝐻 

 

(4.7) 

where 𝑢𝑠𝑒𝑐
𝜙𝑖𝑗

 denotes the secondary voltage matrix corresponding to the phases of branch ij, 

𝑆𝑖𝑗  is the power flow matrix, 𝑧𝑖𝑗 is the branch impedance, and 𝑙𝑖𝑗 is the current outer-

product matrix. The convex relaxation for branches with regulators is enforced via the LMI: 

 

 

[
𝑢𝑠𝑒𝑐
𝜙𝑖𝑗      𝑆𝑖𝑗   

 𝑆𝑖𝑗              
𝐻 𝑙𝑖𝑗

] ⪰ 0 

 

(4.8) 

4.2.5 Symmetrical Components Transformation 

For improved numerical stability and reduced problem size, the regulator model can be 

expressed in symmetrical components. Using the Clarke transformation matrix A, the 



   

124 

 

secondary voltage Gram matrix in symmetrical components is given by: 

 

𝐴𝑣𝑠𝑒𝑐,𝑡
012 𝐴𝐻 = 𝐴 (𝑣𝑖,𝑡

012 − (𝑆𝑟𝑒𝑔,𝑡
012 𝑧𝑟𝑒𝑔

012𝐻 + 𝑆𝑟𝑒𝑔,𝑡
012𝐻𝑧𝑟𝑒𝑔

012)

+ 𝑧𝑟𝑒𝑔
012𝑙𝑟𝑒𝑔,𝑡

012 𝑧𝑟𝑒𝑔
012𝐻) 𝐴𝐻. 𝑟𝑎𝑡𝑖𝑜 

 ( 4.9) 

 

This transformation allows the optimization to be solved in the symmetrical domain, which 

can simplify computation while still ensuring accurate modeling of unbalanced systems. 

4.2.6 Operational Constraints 

The regulator must satisfy practical operating limits and network constraints: 

• Tap position bounds 

 Tap
𝜙,𝑚𝑖𝑛

≤ Tap
𝜙
≤ Tap

𝜙,𝑚𝑎𝑥
 ∀𝜙 ∈ {𝑎, 𝑏, 𝑐} 

           

(4.10) 

• Voltage limits 

  𝑉𝑚𝑖𝑛 ≤ |𝑉sec
𝜙
| ≤ 𝑉𝑚𝑎𝑥,  ∀𝜙 ∈ {𝑎, 𝑏, 𝑐} (4.11) 

The regulator must satisfy Kirchhoff’s current and power balance laws, consistent with other 

network branches. 

4.2.7 Discrete vs. Continuous Modeling 

In practice, tap positions are discrete, making the OLTC problem inherently mixed integer. 

However, in convex SDP formulations, continuous relaxation of tap ratios is often adopted: 
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 𝑟𝜙 ∈ [0.9,1.1],  ∀𝜙 ∈ {𝑎, 𝑏, 𝑐} 

 

                 (4.12) 

which greatly enhances tractability. For operational decision-making, the resulting 

continuous tap ratios can be post-processed to select the nearest feasible discrete tap settings. 

This trade-off ensures that planning and optimization studies remain computationally 

efficient while still capturing realistic regulator behavior. 

4.3 Simulations and Analysis 

4.3.1 Comparative Scenarios 

To evaluate the effectiveness of the proposed coordinated control scheme, six scenarios are 

considered in both the IEEE 13-bus and IEEE 123-bus test feeders. The first three scenarios 

are based on the assumption of fixed OLTC tap ratios, consistent with the IEEE 13-bus 

OpenDSS standard configuration [𝑟𝑎
𝑡, 𝑟𝑏

𝑡, 𝑟𝑐
𝑡] = [1.05,1.0375,1.04375]. In the first scenario, 

only the OLTC is used to regulate voltages, providing a benchmark case without SOP 

devices. The second scenario incorporates SOP devices while maintaining the OLTC at its 

fixed ratios, enabling spatial flexibility through feeder interconnection. The third scenario 

extends this configuration by integrating energy storage with SOP (SOP-ES), also under 

fixed OLTC taps. These three scenarios essentially replicate the modeling framework 

established in Chapter 3. 

The remaining three scenarios allow the OLTC to operate as a decision variable within its 

tap bounds. In the fourth scenario, OLTC control alone is optimized, capturing its full 

flexibility. The fifth scenario combines OLTC with SOP devices, highlighting the 

complementary role of spatial and voltage-level regulation. Finally, the sixth scenario 

implements the full proposed coordination of OLTC with SOP-ES, simultaneously 

leveraging OLTC tap adjustment, SOP active/reactive power control, and energy storage 
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scheduling. Each scenario is simulated over a 24-hour horizon to capture the interaction 

between load variation and photovoltaic generation. 

4.3.2 Case Study Setup 

The case studies are carried out on the IEEE 13-bus and IEEE 123-bus unbalanced 

distribution feeders, which are widely adopted as benchmarks for ADN optimization 

research. In both systems, SOP-ES devices are placed strategically at network tie points: 

between buses 634–675 and 675–680 for the IEEE 13-bus feeder, and buses 300-151 and 

54-93 for the IEEE 123-bus feeder. Time-series profiles of load demand and photovoltaic 

generation are applied across the 24-hour horizon to reflect realistic daily operating 

conditions under high renewable penetration. The OLTC is located between bus RG60 and 

bus 650 in the IEEE 13-bus feeder, while the IEEE 123-bus model includes the regulator 

placements defined in its OpenDSS test case. 

All optimization problems are formulated in MATLAB using YALMIP and solved with the 

MOSEK solver, employing the SDP relaxation framework described in Section 4.2. The 

comparative scenarios provide a systematic basis to quantify the incremental benefits of 

SOP, SOP-ES, OLTC, and their coordination. 

4.3.2.1 Case Study Results: IEEE 13-Bus System 

The IEEE 13-bus test feeder was used to evaluate the six comparative scenarios introduced 

in Sub-section 4.3.1. Tables 4.1 and 4.2 summarize the performance in terms of total power 

loss, PV active power utilization, and substation power exchange over the 24-hour horizon. 
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Table 4.1: Results with Fixed OLTC Tap Ratios 

Scenario 

(Fixed OLTC) 

Power Loss 

(MW/24 h) 

PV Active Power 

(MW/24 h) 

Substation power 

(MW/24 h) 

OLTC 7.01 13.17 44.268 

OLTC + SOP 1.01 17.18 34.62 

OLTC + SOP-ES 0.95 17.21 34.17 

 

Table 4.2: Results with Variable OLTC Tap Ratios 

Scenario 

(Variable OLTC) 

Power Loss 

(MW/24 h) 

PV Active Power 

(MW/24 h) 

Substation power 

(MW/24 h) 

OLTC 2.38 13.62 39.19 

OLTC + SOP 0.52 18.96 32 

OLTC + SOP-ES 0.46 19. 1 31.8 

 

The results highlight the incremental benefits of SOP and SOP-ES integration, as well as the 

importance of OLTC flexibility as shown in Figure 4.1. Under fixed tap ratios, the only 

OLTC scenario suffers from significant losses (7.01 MW/24h) and limited PV utilization 

(13.17 MW/24h). The introduction of SOP devices reduces losses by nearly 86% and 

increases PV output by about 23%. Further integration of energy storage (SOP-ES) yields 

modest but consistent improvements, with losses reduced to 0.95 MW/24h and substation 

demand lowered to 34.17 MW/24h. 

When the OLTC is treated as a decision variable, substantial improvements are observed 

even without SOP, with power loss decreasing from 7.01 MW/24h to 2.38 MW/24h 

compared to the fixed-tap case. However, the greatest benefits arise from joint optimization 

of OLTC with SOP-ES, which reduces losses to 0.46 MW/24h, enhances PV utilization to 

19.1 MW/24h, and minimizes substation demand to 31.8 MW/24h.  

These findings confirm that the proposed coordinated OLTC + SOP-ES model outperforms 
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all other configurations, validating its role as the most effective strategy for ADN operation 

under high PV penetration. 

 

Figure 4.1: All Scenarios Results 

Power losses. Figure 4.2 shows that allowing the OLTC to vary already lowers losses 

compared to the fixed-tap scenario, but the profile still exhibits a strong morning peak (≈h9–

h10) under Only OLTC. Introducing OLTC+SOP substantially suppresses that peak and 

keeps losses low for most hours. The full OLTC+SOP-ES coordination provides the flattest 

curve and the lowest loss levels across the day, consistent with the 24-h totals (2.38 → 0.52 

→ 0.46 MW/24 h for Only-OLTC, OLTC+SOP, and OLTC+SOP-ES, respectively). 
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Figure 4.2: Hourly Power Loss Comparison with variable OLTC Tap ratios 

 

PV utilization. Figure 4.3 highlights that OLTC+SOP and OLTC+SOP-ES both release 

more PV export at mid-day compared with Only OLTC. The SOP enables spatial re-dispatch 

between feeders, while the ES buffers short-term PV variability and local voltage constraints, 

yielding the highest PV throughput overall (13.62 → 18.96 → 19.10 MW/24 h). 

 

Figure 4.3: PV Utilization Profile with variable OLTC Tap ratios 
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h10 and late afternoon). With OLTC+SOP, those peaks are reduced as the SOP redistributes 

feeder flows. OLTC+SOP-ES further flattens the profile, ES charges around PV peaks and 

discharges in shoulder periods leading to the lowest daily substation energy (39.19 → 32.00 

→ 31.80 MW/24 h) and a obviously smoother trajectory. 

 

Figure 4.4: Substation Power Curve with variable OLTC Tap ratios 

Key Observation: 

Moving from fixed to variable OLTC improves technical performance, but the coordinated 

OLTC+SOP-ES strategy is consistently best on an hourly and daily basis: it suppresses loss 

spikes, maximizes PV utilization, and smoother substation demand. This confirms the value 

of combining voltage-level regulation (OLTC) with spatial flexibility (SOP) and temporal 

flexibility (ES) in a single optimization framework. 

The optimal tap movements. The tap position under Only OLTC as in Figure 4.5 shows 

multiple adjustments during the 24-hour operation. Initially, the regulator is set at a low 

position of –2 p.u., reflecting the need to counteract over-voltage conditions during low-load 

hours. As demand increases, the OLTC adjusts upwards, reaching +1 and later stabilizing at 

+2. Toward the end of the horizon, the tap returns to –2, highlighting the regulator’s role as 

the single voltage balancing mechanism. However, this frequent shifting indicates higher 

mechanical stress on the OLTC and limited adaptability under high PV penetration. 

0

1

2

3

4

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

P
 (

M
W

)

Time (h)

Only OLTC OLTC+SOP OLTC+SOP-ES



   

131 

 

 

Figure 4.5 Hourly OLTC Tap Position under Only OLTC 

With the addition of the SOP, the OLTC exhibits significantly reduced movement as shown 

in Figure 4.6. Although the regulator still changes position once (from –2 to +2), it remains 

stable for most of the scheduling horizon. This behavior suggests that the SOP provides 

spatial flexibility by redistributing power flows between feeders, thereby alleviating part of 

the burden from the OLTC. As a result, the OLTC does not need to adjust tap ratios as 

frequently, reducing switching stress and improving long-term device reliability. 

  

Figure 4.6 Hourly OLTC Tap Position for SOP + OLTC 
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In the coordinated operation with SOP-ES, the OLTC tap ratio remains fixed at +2 for the 

entire 24-hour period as in Figure 4.7. The presence of energy storage, co-located with SOP 

terminals, enhances temporal flexibility by shifting excess PV generation to later periods 

and smoothing demand fluctuations. Consequently, voltage deviations are effectively 

managed without requiring OLTC adjustments. This outcome highlights the cooperation 

between SOP and ESS, which not only improves network performance but also significantly 

reduces OLTC wear by eliminating unnecessary tap movements. 

 

Figure 4.7 Hourly OLTC Tap Position for SOP-ES + OLTC 

Key Observation: 

The comparison reveals that Only OLTC operation leads to frequent tap changes, while 

OLTC+SOP reduces regulator activity, and OLTC+SOP-ES eliminates OLTC movements 

entirely. This demonstrates the importance of SOP-ES in not only improving technical 

performance (loss reduction, PV utilization, voltage balancing) but also in extending the 

operational lifespan of OLTC devices through minimized switching frequency. 

Voltage profile. The comparative analysis of voltage profile for all scenarios are shown in 

Figures (4.8-4.15) for node 634. It confirms that coordinated optimization of SOP-ES with 

variable OLTC provides superior voltage regulation and power quality across the distribution 
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system. Unlike constant-tap operation, which biases the network towards the upper limit and 

reduces PV headroom, the variable-tap strategy recenters voltages and complements SOP-

ES flexibility to maintain both Umin and Umax well within the admissible band [0.97, 1.03]. 

This reduces phase unbalance, lowers worst-phase deviations, and enhances PV hosting 

capacity without reliance on curtailment. These findings underline the critical role of joint 

OLTC–SOP–ES optimization in achieving reliable and sustainable operation of active 

distribution networks.  

 

Figure 4.8. Voltage profile of node 634 – Only OLTC (Fixed) 

 

Figure 4.9. Voltage profile of node 634 – Only OLTC (Variable) 
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Figure 4.10. Voltage profile of node 634 – SOP + OLTC (Fixed) 

 

Figure 4.11. Voltage profile of node 634 – SOP + OLTC (Variable) 

 

Figure 4.12. Voltage profile of node 634 – SOP-ES + OLTC (Fixed) 
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Figure 4.13. Voltage profile of node 634 – SOP-ES + OLTC (Variable) 

 

Figure 4.14. Mean voltage deviation of node 634 

 

Figure 4.15. Worst-phase deviation of node 634 

Figure 4.16 shows the comparison of system-wide maximum and minimum voltages across 

all scenarios. The SOP-ES with variable OLTC configuration maintains voltages within the 

admissible band [0.97–1.03 p.u.], whereas constant OLTC exhibits a persistent upward bias, 

with Umax frequently exceeding 1.03 p.u. The variable-tap strategy recenters voltages around 
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1.0 p.u. and narrows the max–min spread, while constant-tap operation leaves the feeder 

elevated close to the upper band limit. 

 

Figure 4.16. Maximum and minimum system voltage for all scenarios 

 

The Figures (4.17-4.20) illustrate the active power transmission patterns through SOP1 and 

SOP2 under constant OLTC tap ratios. With constant OLTC settings, SOP1 and SOP2 show 

pronounced active power exchanges throughout the day. In the SOP with constant OLTC 

case, the transmission patterns are more symmetrical, however, occasional asymmetry arises 

due to phase imbalances and local demand–generation mismatches. When SOP-ES is added, 

the energy storage buffers these exchanges, leading to smoother profiles and enhanced 

balancing between feeder ends. This confirms the ability of SOP-ES to provide both spatial 

and temporal flexibility. 
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Figure 4.17: Active Power Transmission (SOP1+ Fixed OLTC) 

 

 

Figure 4.18: Active Power Transmission (SOP2 + Fixed OLTC) 

 

Figure 4.19: Active Power Transmission (SOP1-ES + Fixed OLTC) 
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Figure 4.20: Active Power Transmission (SOP2-ES + Fixed OLTC) 

 

The Figures (4.21-4.24) illustrate the active power transmission patterns through SOP1 and 

SOP2 under variable OLTC tap ratios. Allowing OLTC tap ratios to vary reduces the burden 

on SOP units. Compared to constant taps, the magnitude of SOP power transfer is notably 

lower, as part of the voltage regulation is absorbed by the OLTC. For SOP-only with variable 

OLTC, the flows become more distributed, and peak transfers are mitigated. With SOP-ES 

+ variable OLTC, the most coordinated pattern emerges. Energy storage effectively absorbs 

surplus PV generation (midday) and discharges during evening peaks, minimizing extreme 

SOP flows. This leads to smaller oscillations and a well-balanced exchange across feeders. 

 

Figure 4.21: Active Power Transmission (SOP1+ Variable OLTC) 

-1

-0.5

0

0.5

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24P
 (

M
W

)

Time (h)

SOP2F-ES A SOP2F-ES B SOP2F-ES C SOP2S-ES A SOP2S-ES B

SOP2S-ES C PES2 A PES2 B PES2 C

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24P
 (

M
W

)

Time (h)

SOP1F A SOP1F B SOP1F C SOP1S A SOP1S B SOP1S C



   

139 

 

 

 

Figure 4.22: Active Power Transmission (SOP2+ Variable OLTC) 

 

Figure 4.23: Active Power Transmission (SOP1-ES + Variable OLTC) 

 

 

Figure 4.24: Active Power Transmission (SOP2-ES + Variable OLTC) 

 

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24P
 (

M
W

)

Time (h)

SOP2F A SOP2F B SOP2F C SOP2S A SOP2S B SOP2S C

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24P
 (

M
W

)

Time (h)

SOP1F A SOP1F B SOP1F C SOP1S A AOP1S B

SOP1S C PES1 A PES1 B PES1 C

-1

-0.5

0

0.5

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24P
 (

M
W

)

Time (h)

SOP2F A SOP2F B SOP2F C SOP2S A SOP2S B

SOP2S C PES2 A PES2 B PES2 C



   

140 

 

In general, SOP with constant OLTC strong reliance on inter-feeder exchanges, occasionally 

asymmetric in low-load hours, while SOP-ES balanced and smoothed profiles, particularly 

around PV peaks, due to temporal shifting from energy storage. Using variable OLTC 

coordination reduces SOP stress, with SOP-ES providing the most stable exchange pattern. 

This shows that OLTC tap control and SOP-ES coordination are complementary, OLTC 

addresses network-wide voltage magnitude, while SOP-ES balances feeder-to-feeder and 

temporal mismatches. 

The results in Figures 4.25 and 4.26 illustrate the aggregated 24-hour reactive power 

exchange (injection and absorption) of SOP-ES devices across both terminals (SOP1 and 

SOP2) under fixed tap ratios (Fixed OLTC). Each figure shows the total injected (blue) and 

absorbed (orange) reactive power for all three phases (A, B, and C).  

 

Figure 4.25 Reactive Power for Fixed OLTC+SOP1-ES 



   

141 

 

 

Figure 4.26 Reactive Power for Fixed OLTC+SOP2-ES 

Using fixed OLTC (constant tap ratio), as shown in Figure 4.25, SOP1F-ES and SOP1S-ES 

exhibit significant reactive power absorption, particularly in Phase C, reaching nearly 2.9 

Mvar·h (SOP1F-ES) and 3.4 Mvar·h (SOP1S-ES), respectively. SOP2F-ES and SOP2S-ES 

in Figure 4.26 also display dominant absorption, with maximum values of 3.4 Mvar·h 

(SOP2F-ES Phase C) and 4.7 Mvar·h (SOP2S-ES Phase A). Injection values remain 

relatively small compared to absorption, highlighting that fixed OLTC operation forces SOP-

ES units to frequently act as reactive sinks to reduce voltage rise from PV generation. 

Using variable OLTC (coordinated tap ratios), as in Figure 4.27 and 4.28, a change in 

behavior is observed: SOP-ES units show greater injection capability, particularly in Phase 

A of both SOP1F-ES (≈2.3 Mvar·h) and SOP1S-ES (≈2.4 Mvar·h), as well in SOP2F-ES 

(≈2.5 Mvar·h), and Phase C of SOP2S-ES (≈4.6 Mvar·h). Reactive power absorption is 

reduced significantly, with only moderate absorption in selected phases (e.g., SOP1S-ES 

Phase C ≈1.4 Mvar·h, and SOP2F-ES Phase C ≈1.5 Mvar·h). This indicates that variable 

OLTC alleviates the burden on SOP-ES, allowing them to provide reactive support (injection) 

instead of continuous absorption. This demonstrates the complementary relationship: OLTC 
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adjusts voltage levels globally, while SOP-ES fine-tunes local reactive exchanges. 

Coordinated operation therefore reduces the over-reliance on SOP-ES for absorption and 

enhances their supporting role in injection. 

 

Figure 4.27 Reactive Power for Variable OLTC+SOP1-ES 

 

Figure 4.28 Reactive Power for Variable OLTC+SOP2-ES 

In general, the complementary action between Variable OLTC and SOP-ES reduces the 

SOP’s net absorption requirement, preserves converter headroom for active power transfer, 

and ultimately enables higher PV hosting capacity. 
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The SoC traces of ES1 and ES2 highlight how OLTC operation mode directly influences the 

charging–discharging coordination of the integrated storage. Under constant OLTC as in 

Figures 4.29, and 4.30, both ES1 and ES2 experience relatively steeper charging profiles in 

the morning, reaching their maximum SoC (~1.2–1.5 MW) earlier in the day (around hours 

6–8). This reflects the converters being forced to absorb excess PV generation more 

aggressively, since the fixed tap does not lower feeder voltage sufficiently during peak PV 

periods. The discharge phases are shorter and less pronounced, with SoC declining only 

moderately in the late afternoon and evening. 

 

Figure 4.29: State of Charge (SoC) of ES1 with Fixed OLTC 

 

Figure 4.30: State of Charge (SoC) of ES2 with Fixed OLTC 
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MW) are slightly lower than in the constant case (~1.2–1.5 MW). This indicates that the 

OLTC, by adjusting the feeder voltage dynamically, absorbs part of the PV-induced voltage 

rise, thereby reducing the burden on the storage units to absorb surplus generation. The 

resulting headroom in the ESS can be reserved for other operational needs e.g., evening peak 

shaving, fast voltage support during transients, or contingencies thereby improving overall 

flexibility. 

 

Figure 4.31: State of Charge (SoC) of ES1 with Variable OLTC 

 

Figure 4.32: State of Charge (SoC) of ES2 with Variable OLTC 
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4.3.2.2 Case Study Results: IEEE 123-Bus System 

In Chapter 3, four voltage-regulator locations were modeled with fixed taps: a three-phase 

unit between buses 150–149 with [𝑟𝑎
𝑡, 𝑟𝑏

𝑡, 𝑟𝑐
𝑡] = [1.05,1.0375,1.04375]; a single-phase unit 

between buses 9-14 with 𝑟𝑎
𝑡 = 0.99375; a two-phase regulator between buses 25-26 is set 

to [𝑟𝑎
𝑡, 𝑟𝑐

𝑡] = [0,0.99375]; and another two-phase regulator between buses 67 and 160 is set 

to [𝑟𝑎
𝑡, 𝑟𝑏

𝑡, 𝑟𝑐
𝑡] = [1.5,1.00625,1.3125]. In this chapter, these taps are promoted to decision 

variables and jointly coordinated with SOP and SOP-ES. To demonstrate scalability beyond 

the IEEE-13 case studied earlier, we now validate the approach on the larger, more 

heterogeneous IEEE-123 test feeder, highlighting performance under realistic multi-phase 

topology and multiple regulator placements. 

Tables 4.3 and 4.4 compares the system performance under constant regulator taps as in 

(Chapter 3) and variable regulator taps (this chapter) across three scenarios: only VRs, VRs 

+ SOP, and VRs + SOP-ES. 

Table 4.3: Results with Fixed Tap Ratios 

Scenario 

(Constant VRs) 

Power Loss 

(MW/24 h) 

PV Active Power 

(MW/24 h) 

Substation power 

(MW/24 h) 

VRs 18.54 9.95 63.2 

VRs + SOP 15.58 10.04 62.05 

VRs + SOP-ES 15.53 9.81 57.5 

 

Table 4.4: Results with Variable Tap Ratios 

Scenario 

(Variable VRs) 

Power Loss 

(MW/24 h) 

PV Active Power 

(MW/24 h) 

Substation power 

(MW/24 h) 

VRs 4.02 8.47 46.6 

VRs + SOP 3.15 9.85 44.3 

VRs + SOP-ES 3.08 9.57 44 
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With constant VRs, daily power losses remain high (≈18.5 MW/24 h for VRs), although SOP 

and SOP-ES reduce losses slightly to ~15.5 MW/24 h, the improvement is modest. 

Substation power exchange is also heavy (≈63 MW/24 h with VRs, dropping to 57.5 MW/24 

h with SOP-ES), while PV utilization sits around 9.8–10.0 MW/24 h. 

In contrast, when voltage regulators are treated as decision variables, performance improves 

dramatically. Power losses fall by nearly 80% in all cases (down to 3–4 MW/24 h), while 

substation power is cut by almost 30% (from ~63 MW/24 h with fixed taps to ~44–46 

MW/24 h with variable taps). PV utilization is also more effectively supported by SOP and 

SOP-ES: compared with the only VRs variable case (8.47 MW/24 h), the SOP increases PV 

throughput to 9.85 MW/24 h, while SOP-ES delivers 9.57 MW/24 h with the added benefit 

of energy shifting. 

Overall as shown in Figure 4.33, the results demonstrate that variable VRs coordination 

fundamentally changes the system operating point: losses are minimized, substation 

dependency is reduced, and PV integration is enhanced. Moreover, while SOP and SOP-ES 

provide benefits under both strategies, their impact is magnified when operating alongside 

optimizable voltage regulators, confirming the importance of joint VRs+SOP–ES 

coordination for efficient and renewable-friendly distribution network operation. 
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Figure 4.33: All Scenarios Results 

The tap movement results as in Figures (4.34-4.37) show clear differences between the three 

scenarios. With only VRs, regulators exhibit frequent and sometimes wide tap changes as 

they attempt to maintain feeder voltages under varying load and PV generation. When SOPs 

are introduced, the tap movements become somewhat smoother, but the VRs are still 

required to adjust regularly, especially during PV peaks and evening load periods. In contrast, 

with SOP-ES coordination, the tap profiles are noticeably more stable, with fewer and 

smaller adjustments. This indicates that the storage-enhanced SOPs effectively absorb 

midday PV surplus and discharge during evening peaks, providing local support that reduces 

the burden on VRs. As a result, the VRs act more as coarse, background controllers, while 

the SOP-ES takes on the finer, dynamic regulation role. This coordinated action not only 

reduces regulator wear and operation but also improves voltage stability and system 

efficiency compared with the other cases. 
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Figure 4.34 Tap Position for VR-150 

 

Figure 4.35 Tap Position for VR-9 
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Figure 4.36 Tap Position for VR-25 

 

 

Figure 4.37 Tap Position for VR-160 

 

At Bus 8, the voltage trajectories under different control strategies as in Figure 4.38 show 

clear differences between constant and variable regulator operations. With only VRs under 

constant taps, the three-phase voltages remain nearly flat but biased close to the upper 
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admissible limit, which restricts flexibility. By contrast, variable VR control dynamically 

adjusts the tap positions, keeping voltages closer to 1.0 p.u. and reducing daily excursions. 

When SOPs are added, further improvements are observed: SOP + VRs (variable) smoothens 

phase deviations and maintains voltages within a narrower band compared to the constant-

tap case. The integration of SOP-ES provides the best performance, delivering balanced 

voltages across phases with minimal fluctuation. This is confirmed by the mean and worst-

phase deviation plots, where SOP-ES + VRs (variable) consistently yields the lowest 

deviation values throughout the day. Similarly, the Voltage Unbalance Factor (VUF) at Bus 

8 is highest under only VRs (both constant and variable) but drops significantly when SOP 

and especially SOP-ES are included, demonstrating the coordinated benefit of distributed 

flexibility resources and variable regulator settings. Overall, the results highlight that 

combining SOP-ES with variable VRs achieves superior voltage regulation and unbalance 

mitigation. 

 

Figure 4.38 Voltage Profile of All Scenarios for Bus 8 



   

151 

 

 

Figure 4.39 compares the 24-h system maximum (Umax) and minimum (Umin ) voltages when 

SOP-ES is operated under constant versus variable VRs settings. With constant VRs, the 

maximum voltage remains elevated at around 1.045 p.u., consistently exceeding the desired 

control range of 1.03 p.u. The minimum voltage simultaneously falls below 0.97 p.u. for 

most of the day, reaching as low as 0.955 p.u., which indicates persistent under-voltage 

conditions in weaker parts of the feeder. In contrast, when VRs are optimized as decision 

variables, the voltage band is significantly tightened: (Umax) stabilizes close to 1.015 p.u. 

while (Umin ) is maintained above 0.975 p.u. throughout the horizon. This demonstrates that 

variable VRs coordination with SOP-ES not only reduces over-voltage at heavily loaded or 

PV-dominated nodes but also alleviates under-voltage at remote buses, ensuring the entire 

network operates comfortably within the admissible [0.97–1.03] p.u. band. Overall, the 

results confirm that making VRs controllable provides a complementary role to SOP-ES in 

enforcing voltage security and improving feeder robustness. 

 

Figure 4.39 Maximum and minimum system voltage for all scenarios 

 

The active power exchanges of SOPs depend strongly on whether VRs are fixed or variable. 

Under constant VRs as shown in Figures (3.35-3.38) from chapter 3, SOP1 and SOP2 exhibit 

relatively rigid inter-feeder transfers: SOP1 exchanges are modest (±0.3 MW), while SOP2 
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supports larger inter-feeder power flows (up to ±0.5 MW). With SOP-ES, additional 

charging and discharging activity appears at PES1 and PES2, but under constant VRs these 

storage actions mainly reshape the local SOP flows without significantly altering the 

magnitude of feeder-to-feeder exchanges. 

When VRs are variable, as in Figures (4.40-4.43) the SOPs operate more dynamically. SOP1 

supports higher bidirectional flows between its connected feeders, reaching up to –0.6 MW 

on one terminal with corresponding export on the other during midday PV peaks. SOP2 also 

adapts its transfers more flexibly, though at smaller magnitudes (±0.1 MW). The integration 

of storage under variable VRs opens much greater flexibility: PES1 and especially PES2 

undertake substantial charge–discharge cycles (up to ±1 MW), which directly shape the SOP 

flows. This temporal shifting smooths peak inter-feeder transfers and enables better 

coordination with VR tap movements. 

In summary, constant VRs limit SOPs to relatively fixed feeder-to-feeder exchanges, with 

storage playing only a local balancing role. By contrast, variable VRs enable SOPs and SOP-

ES to work in tandem, enhancing both spatial balancing (redistributing active power across 

feeders) and temporal balancing (via storage), which improves PV hosting and reduces 

feeder stress. 

 

Figure 4.40: Active Power Transmission (SOP1+ Variable VRs) 
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Figure 4.41: Active Power Transmission (SOP2+ Variable VRs) 

 

 

Figure 4.42: Active Power Transmission (SOP1-ES+ Variable VRs) 

 

 

Figure 4.43: Active Power Transmission (SOP2-ES+ Variable VRs) 
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When VRs are kept constant, SOP-ES is forced to compensate for voltage rise primarily 

through reactive absorption, which dominates across most terminals and phases as in Figures 

(4.44 - 4.45). This results in a less flexible and more phase-skewed contribution, since the 

fixed tap settings limit the system’s ability to adapt. 

 

Figure 4.44 Reactive Power Fixed VRs+SOP1-ES 

 

Figure 4.45 Reactive Power Fixed VRs+SOP2-ES 
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By contrast, with variable VRs as shown in Figures (4.46 - 4.47), the voltage rise can be 

actively managed through tap-ratio adjustments. This relieves SOP-ES from having to act 

mainly as an absorber, allowing it instead to operate predominantly in injection mode. In this 

coordinated setup, SOP-ES contributes more dynamically, supporting feeder voltages with 

greater flexibility and balance across phases. Hence, integrating SOP-ES with variable VRs 

not only improves voltage regulation but also releases the device’s potential to provide 

sustained reactive injections rather than being constrained to absorption. 

 

Figure 4.46 Reactive Power Variable VRs+SOP1-ES 

 

 

Figure 4.47 Reactive Power Variable VRs+SOP2-ES 
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When comparing the charging/discharging and state of charge (SoC) behavior of both ES 

units under fixed VRs (Figures 3.43–3.46) and variable VRs (Figures 4.48–4.51), the daily 

traces follow a similar pattern shaped by PV generation and load. However, the key 

difference lies in the amplitude of power exchange. For ES1, the use of variable VRs reduces 

the magnitude of both charging and discharging, leading to shallower cycles and a smoother 

SoC profile. Under fixed VRs, ES1 is subjected to stronger charging and deeper discharging, 

since it must absorb a larger share of the voltage regulation task. In the case of ES2, variable 

VRs enable higher charging peaks in the morning while limiting the depth of afternoon 

discharges compared to the fixed scenario.  

Overall, variable VRs moderate the cycling intensity of the storage units by reducing extreme 

discharges and balancing charging demands, thereby alleviating stress on the batteries and 

enhancing their role in supporting PV integration more effectively. 

 

 

Figure 4.48: Charging Discharging Power of ES1 with Variable VRs 
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Figure 4.49: Charging Discharging Power of ES2 with Variable VRs 

 

Figure 4.50: State of Charge (SoC) of ES1 with Variable VRs 

 

Figure 4.51: State of Charge (SoC) of ES2 with Variable VRs 
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4.4 Conclusion  

This Chapter presented a comprehensive investigation into the coordinated operation of 

voltage regulators (VRs/OLTCs) and SOPs, both with and without integrated energy storage, 

in ADNs. The results demonstrated that when VRs/OLTCs are fixed, SOPs and SOP-ES 

provide valuable reactive support and power exchange capabilities, but their operation is 

often unbalanced across phases and places greater cycling demands on the storage units. By 

contrast, when VRs/OLTCs are treated as decision variables, tap ratio adjustments 

effectively control voltage rise, allowing SOPs and SOP-ES to operate more flexibly. In this 

case, SOP-ES units shift from predominantly absorptive behavior to more frequent injection, 

while their charging and discharging cycles exhibit reduced amplitude and shallower SoC 

fluctuations. This not only alleviates stress on the storage but also enhances the overall 

utilization of PV generation and improves system-wide voltage regulation.  

Overall, the coordinated optimization of variable VRs/OLTCs with SOP and SOP-ES 

delivers a more balanced, efficient, and resilient distribution network, reducing power losses, 

improving voltage profiles, increasing renewable hosting capacity, and supporting reliable 

operation. 
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Chapter 5  

Economic Operation Analysis of Soft Open Point 

Integrated with Energy Storage Systems 

 

Abstract 

This chapter transitions from technical optimization to economic analysis, developing a cost-

driven operational framework for Soft Open Points integrated with Energy Storage (SOP-

ES) in Active Distribution Networks (ADNs). While Chapters 3 and 4 focused on loss 

reduction, voltage regulation, and device coordination, this chapter formulates and solves 

a comprehensive economic model that integrates three key cost components: time-of-use 

(TOU) grid purchase costs, battery degradation costs, and PV curtailment penalties. Using a 

convex Semidefinite Programming (SDP) formulation, the model co-optimizes SOP power 

flows and battery charging/discharging schedules to minimize total daily operational 

expenditure. Case studies on the IEEE 13-bus and 123-bus systems demonstrate that SOP-

ES achieves substantial cost savings (22–37% vs. baseline) through energy arbitrage, peak 

shaving, and loss reduction. Crucially, the analysis reveals that explicitly pricing battery 

degradation moderates storage cycling without significantly compromising energy-cost 

benefits, thereby extending battery lifetime while maintaining economic efficiency. The 

results establish SOP-ES not only as a technical asset but as an economically viable 

investment that balances immediate operational savings with long-term asset sustainability.  
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5.1 Introduction  

Day-ahead operation of modern distribution networks is increasingly driven by economic 

objectives: minimizing energy procurement costs under time-of-use (TOU) tariffs, 

accounting for network and converter losses, avoiding renewable curtailment penalties, and 

managing battery degradation so that short-term savings do not compromise long-term asset 

life. SOPs enhance spatial flexibility by steering power between feeders, and when combined 

with ES, SOP-ES units add temporal flexibility by performing energy arbitrage charging 

during low-price hours and discharging during peak-price periods. As a result, an extensive 

body of research now formulates the economic scheduling of SOP-ES as an optimization 

problem that jointly balances grid purchases, loss costs, degradation, and, in some cases, 

curtailment penalties. 

Several studies have highlighted the potential economic benefits of SOP-ES. For example, 

the authors in [8] developed an optimal operation model for SOP-based energy storage that 

explicitly considers battery lifetime costs through a mixed-integer linear programming 

(MILP) approach. Their IEEE-33 feeder case study showed that SOP-ES reduces grid 

purchase costs and loss costs compared with SOP-only operation, while degradation 

modeling prevents excessive cycling and lowers overall cost. Similarly, [126] proposed an 

SOCP-based economic operation model for ES-integrated SOPs, demonstrating that ES 

integration relaxes feeder power-coupling constraints and enhances arbitrage opportunities, 

leading to improved economic performance on a modified IEEE-33 system. 

A more detailed cost modeling approach was adopted in [100], which developed a robust 

mixed-integer convex framework explicitly incorporating subsystem losses (AC-DC, DC-

DC, and battery interface). This study revealed that constant-efficiency assumptions 

underestimate true converter costs, leading to suboptimal arbitrage schedules, and 

demonstrated the value of loss-dependent cost modeling. Other works, such as [105], extend 
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the scope to mixed-integer nonlinear economic models that co-optimize grid purchase costs, 

DG utilization, and demand-side management (DSM) actions, confirming the flexibility of 

SOP-ES in diverse economic contexts.  

Beyond deterministic optimization, [125] investigated the planning economics of multi-port 

SOPs (MSOPs) and ESS, employing a tri-layer stochastic–robust framework to balance 

profitability in normal conditions with resilience under extreme scenarios. Their results 

reinforce the complementary value of spatial SOP and temporal ESS flexibility under 

realistic price and renewable uncertainty.  

Furthermore, multi-time-scale operational studies (e.g., [102]) show that economically 

guided SoC management enables SOP-ES units to better absorb PV fluctuations, reduce 

curtailment, and lower purchase costs, even when integrated within broader operational 

frameworks.  

However, existing research exhibits several limitations that this chapter addresses. Previous 

studies primarily focus on single optimization or using simplified degradation models 

without comprehensive multi-objective frameworks that systematically balance immediate 

costs against long-term sustainability.  

To address these limitations, this chapter proposes a comprehensive economic optimization 

framework for SOP-ES in ADNs. The model is based on semidefinite programming (SDP), 

ensuring convex relaxation of the original nonlinearities and guaranteeing tractable solutions. 

The framework integrates TOU tariffs, PV generation profiles, degradation costs, and 

curtailment penalties into a single objective function. By jointly coordinating SOP power 

flows and ES schedules, the method minimizes total operating cost while satisfying network 

constraints. 
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While the previous chapters of this thesis demonstrated the technical benefits of SOP-ES, in 

terms of loss reduction, voltage regulation, and unbalance mitigation, this chapter examines 

the economics of SOP-ES independently of technical performance. Specifically, it quantifies 

cost savings achievable under SOP-ES operation, explores the trade-off between degradation 

costs and curtailment avoidance, and compares baseline, SOP-only, and SOP-ES scenarios. 

To the best of our knowledge, this represents one of the first systematic studies to apply an 

SDP-based convex economic optimization of SOP-ES in unbalanced distribution networks 

with realistic time-series PV and load profiles. Case studies confirm that SOP-ES can deliver 

substantial cost reductions (up to 22-37% relative to baseline), while simultaneously 

improving PV utilization and moderating storage cycling. 

Contributions of This Chapter 

This chapter advances the state of the art on SOP-ES economic operation by providing: 

• A comprehensive cost formulation that integrates grid purchase costs (under TOU 

tariffs), explicit PV-curtailment penalties, and annualized degradation costs into a 

single objective function. 

• An SDP-based convex optimization framework that ensures tractability while 

capturing the nonlinear relationships inherent in SOP-ES scheduling. 

• Scenario-wise cost decompositions (baseline, SOP, SOP-ES) to explicitly attribute 

savings to arbitrage, loss reduction, and curtailment avoidance. 

• Validation on unbalanced IEEE-13 and IEEE-123 feeders, extending beyond the 

balanced IEEE-33 case commonly used in prior studies. 
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5.2 Modeling of Economic Components 

The economic operation of SOP-ES is evaluated by considering three main cost components: 

(i) grid purchase cost, (ii) battery degradation cost, and (iii) PV curtailment penalty. Each of 

these elements contributes to the overall economic performance of the distribution network 

and is mathematically formulated as follows. 

5.2.1 Grid Purchase Cost 

The cost of electricity purchased from the main grid is modeled under a time-of-use (TOU) 

pricing scheme [126]. At each time interval h, the purchase cost is expressed as: 

 
𝐶grid =∑  

𝐻

ℎ=1

𝜋ℎ . 𝑃ℎ
𝑔𝑟𝑖𝑑

 

 

      (5.1) 

where: 

• 𝜋ℎ is the unit electricity price at time interval h (£/MWh), 

• 𝑃ℎ
𝑔𝑟𝑖𝑑

 is the active power drawn from the grid (MW), 

• H is the total number of time intervals in the scheduling horizon. 

This term represents the direct expenditure for energy procurement. Minimization of grid 

purchases during high-price hours incentivizes the use of SOP-ES for arbitrage and local 

balancing. 



   

164 

 

5.2.2 Battery Degradation Cost 

Battery cycling leads to wear, capacity fade, and reduced lifetime. To capture this effect, the 

degradation cost is modeled as a function of energy throughput: 

 𝐶𝑑𝑒𝑔 =∑  

𝐻

ℎ=1

𝑐𝑑𝑒𝑔 ⋅ (|𝑃ℎ
𝐸𝑆,𝑐ℎ| + |𝑃ℎ

𝐸𝑆,𝑑𝑖𝑠|) (5.2) 

where: 

• 𝑐𝑑𝑒𝑔 is the degradation cost coefficient (£/MWh), 

• 𝑃ℎ
𝐸𝑆,𝑐ℎ

 and 𝑃ℎ
𝐸𝑆,𝑑𝑖𝑠

 are charging and discharging powers at time interval h. 

This cost discourages excessive charging/discharging cycles and balances short-term 

arbitrage savings with long-term battery health. The economic lifetime (years) is modeled 

as:  

 
𝐸life 

(econ )
=
𝐶rep 

𝑐deg 

 

 

(5.3) 

 
Years ≈

𝐸life 

(econ )

365 × 𝐸day 
𝐸𝑆  

 

 

 

(5.4) 

 

 

 

 
𝐸day 
𝐸𝑆 =∑  

𝐻

ℎ=1

(|𝑃ℎ
𝐸𝑆,𝑐ℎ| + |𝑃ℎ

𝐸𝑆, dis |) ⋅ Δ𝑡 

 

(5.5) 

Where 𝐶rep is the assumed installed replacement cost (£), and Δ𝑡 is the time step in hours. 
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5.2.3 PV Curtailment Penalty 

Curtailment of PV generation reduces renewable energy utilization and may be associated 

with economic or environmental penalties. The curtailment penalty coefficient 𝑐curt is held 

constant as this study employs a deterministic day-ahead scheduling framework, where fixed 

penalties are standard for reflecting average opportunity costs of curtailed renewable energy, 

consistent with related economic dispatch studies [8, 126]. The penalty is modeled as: 

 
𝐶curt =∑  

𝐻

ℎ=1

𝑐curt ⋅ 𝑃ℎ
curt  

 

(5.6) 

where: 

• 𝑐curt  is the curtailment penalty factor (£/MWh), 

• 𝑃ℎ
curt  is the curtailed PV power at time interval h. 

Including this term ensures that the optimization favors maximum PV utilization whenever 

possible, thereby aligning economic operation with sustainability objectives. 

5.3 Economic Objective Function 

By combining the three cost components defined in Section 5.2, the total operating cost of 

the network is expressed as: 

 

 

𝐶total = 𝐶grid + 𝐶deg + 𝐶curt  

 

(5.7) 

Substituting the individual terms gives the final single-objective optimization problem: 
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 𝑚𝑖𝑛𝐶total =∑  

𝐻

ℎ=1

(𝜋ℎ𝑃ℎ
grid 

+ 𝑐deg (|𝑃ℎ
𝐸𝑆, ch | + |𝑃ℎ

𝐸𝑆, dis |) + 𝑐curt 𝑃ℎ
curt ) (5.8) 

Interpretation: 

• The first term captures energy procurement cost from the grid. 

• The second term accounts for battery degradation, preventing myopic overuse of 

storage. 

• The third term penalizes PV curtailment, promoting renewable integration. 

Thus, the objective function jointly optimizes the trade-offs among energy cost reduction, 

renewable utilization, and long-term asset sustainability. These costs are not treated as 

separate objectives but are combined into a single unified cost function.  

5.4 Constraints and SOP-ES Operational Model 

The economic optimization framework of Section 5.3 is subject to the same electrical and 

operational constraints introduced in the technical operation chapter (Chapter 3). For 

completeness, the key elements are briefly summarized here: 

5.4.1 Power Flow Constraints 

• Active and reactive power balance across each feeder segment is enforced through 

semidefinite relaxation of the branch flow model. 

• Bus voltage magnitudes are maintained within statutory limits [0.9,1.1] p.u.  
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5.4.2 SOP-ES Operating Limits 

• Power exchange between terminals follows DC-link conservation, i.e., total injected 

active power equals total absorbed active power, minus converter losses. 

 

 

𝑃𝜑,𝑖,𝑡
SOP−ES + 𝑃𝜑,𝑗,𝑡

SOP−ES + 𝑃𝑚,𝑡
SOP−ES + 𝑃𝜑,𝑖,𝑡

SOP−ES,L + 𝑃𝜑,𝑗,𝑡
SOP−ES,L  = 0 

 

(3.1) 

• Each SOP-ES terminal must satisfy converter capacity constraints: 

 √(Pφ,i,t
SOP−ES)

2
+ (Qφ,i,t

SOP−ES)
2
≤ Smax 

AC−DC   (3.7) 

5.4.3 Energy Storage Constraints 

• Charging/discharging power is bounded by device ratings: 

 
 

−Pmax
ES ≤ Pm,t

ES ≤ Pmax
ES  

 

  (3.13) 

 

• State of charge (SoC) dynamics are enforced by: 

 

SoCt+1 = SoCt − (Pm,t
ES + Pm,t

ES,L)Δt 

 

(3.12) 

 

• SoC must remain within minimum and maximum bounds. 
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SoCmin ≤ SoCt ≤ SoCmax (3.14) 

5.4.4 OLTC/Voltage Regulator Constraints 

In this chapter, only fixed-tap operation is considered; tap settings follow the OpenDSS IEEE 

test-feeder defaults. A detailed derivation of the SDP relaxation, SOP converter modeling, 

was presented in Chapter 3, these constraints are retained unchanged as defined in Section 

3.3.  

5.5 Case Studies and Results 

To ensure consistency and comparability, the same distribution feeders, PV penetration 

levels, and SOP placements as in Chapter 3 are used for the economic analysis. Specifically, 

the IEEE 13-bus and IEEE 123-bus systems are employed, with PVs and SOPs allocated at 

the same buses as in technical operation studies. The optimization horizon remains 24 hours 

with identical load and PV generation profiles. 

TOU tariffs are adopted to capture the variability of electricity prices across the day, 

following the formulation principle in [126], in which the peak price is £0.9/kWh (10:00-

13:00,17:00-21:00), and the normal price is £0.6/kWh (6:00-10:00,13:00-17:00,21:00-

24:00), and £0.3/kWh (0:00-6:00). This pricing structure incentivizes load shifting and 

arbitrage, thereby enabling SOP-ES units to reduce grid purchase costs by charging during 

low-price hours and discharging when prices peak.  

Following prior studies [8], [127], [126], the battery degradation cost coefficient is set to 

£20/MWh, while the PV curtailment penalty is set to £50/MWh. Each energy storage unit 
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has a rated capacity of 2000 kWh (2 MWh) and an installed replacement cost of £200/kWh, 

i.e., £400,000 per unit. The SoC starts at 0.5 and is constrained to 0.2–0.9, implying a usable 

DoD of 0.7. These settings align with typical SOP-ES economic optimization studies and 

ensure tractable scheduling under TOU tariffs. 

While Chapter 3 examined the technical impacts of SOP-ES integration (loss reduction, 

voltage deviation, and unbalance), this chapter focuses exclusively on economic 

performance, evaluating grid purchase costs, battery degradation costs, and PV curtailment 

penalties under different coordination scenarios. 

5.5.1 Case Study: IEEE 13-Node Test Feeder 

Table 5.1 summarizes the daily cost breakdown for the baseline, SOP, and SOP-ES scenarios. 

In the baseline, total expenditure is £18,941.7/day, dominated by grid purchases 

(£17,082.2/day) and notable line-loss cost (£1,859.5/day), with no storage flexibility and 

zero curtailment penalties. Adding SOP alone delivers a modest saving of £325.3/day 

(~1.72%), mainly by trimming resistive losses (line-loss cost falls to £1,678.4/day), while 

grid purchases although have been reduced but not that much (£16,938/day) because SOP 

cannot arbitrage time-varying prices.  

In contrast, SOP-ES significantly reshapes the cost profile. Considering degradation priced 

in the objective, grid purchases drop to £11,204.2/day (≈−34% vs baseline) and line-loss cost 

collapses to £300.7/day (≈−84%), yielding a total cost of £11,879.95/day, a reduction of 

£7,061.75/day (≈37.3%) relative to baseline. PV curtailment remains zero in all cases, 

indicating that available flexibility was sufficient to fully accommodate renewable output 

without penalties. Finally, comparing the two SOP-ES variants shows that including 

degradation cost leads the optimizer to cycle the batteries less (degradation £375.06/day vs 

£443.58/day without the penalty) and, importantly, achieves a slightly lower total cost 
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(£11,879.95/day vs £11,931.86/day). In short, SOP-ES delivers large economic gains via 

TOU arbitrage and loss reduction, and explicitly pricing battery wear improves not harms 

overall economic efficiency. 

Table 5.1: Results with Fixed OLTC Tap Ratios 

Scenario 
Grid 

(£/day) 

Curtail 

(£/day) 

Degradation 

(£/day) 

Line Loss 

(£/day) 

Total 

(£/day) 

Savings vs 

Baseline 

Baseline 17,082.20 0.00 — 1,859.50 18,941.70 — 

SOP 16,938.00 0.00 — 1,678.40 18,616.40 
£325.30 

(1.72%) 

SOP-ES 

(degradation not 

considered) 

11,196.21 0.00 443.58 292.07 11,931.86 
£7,009.84 

(37.00%) 

SOP-ES 

(degradation 

considered) 

11,204.19 0.00 375.06 300.70 11,879.95 
£7,061.75 

(37.28%) 

 

Comparing Tables 5.2 and 5.3 shows that including degradation cost in the objective leads 

the optimizer to cycle the batteries less: the total daily throughput falls from 22.179 

MWh/day (no degradation priced) to 18.753 MWh/day (with degradation priced). Thus, 

lower energy throughput directly reduces wear on both units—ES1 drops from 9.906 → 

8.882 MWh/day and ES2 from 12.273 → 9.870 MWh/day. Given the same lifetime energy 

budget (20,000 MWh per unit), the lower daily throughput lengthens the implied economic 

life, ES1 increases from 5.53 → 6.17 years and ES2 from 4.46 → 5.55 years.  

These results are lower daily degradation cost, longer service life, and nearly the same 

(slightly better) total operating cost, demonstrating that valuing degradation guides the 

schedule toward a more sustainable use of storage. 
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Table 5.2. SOP-ES without degradation priced in the objective 

ES 

Unit 

Daily Throughput 

(MWh) 

Annual Throughput 

(MWh/y) 

Implied Economic Life 

(years) 

ES1 9.906 3,615.6 5.53 

ES2 12.273 4,479.8 4.46 

 

Table 5.3. SOP-ES with degradation priced in the objective 

ES 

Unit 

Daily Throughput 

(MWh) 

Annual Throughput 

(MWh/y) 

Implied Economic Life 

(years) 

ES1 8.882 3,242.0 6.17 

ES2 9.870 3,602.7 5.55 

 

Figure 5.1 shows ES1–ES2 SoC trajectories alongside the TOU tariff [126]. Both units 

charge progressively during the low-price window (≈ h1–h6), reaching a high SoC plateau 

around h7–h9 when the tariff steps up. During the midday high-price period (≈ h11–h13) the 

schedules avoid grid purchases and partially discharge to support the feeder. They then 

recharge at mid-tariff (≈h14–h18) to stage for the peak, followed by evening discharge 

(≈h18–h21) that serves local demand and reduce substation imports.  

 

Figure 5.1. SoC of ES1 and ES2 over 24 h with TOU price  
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Figure 5.2 shows that, unlike the baseline which imports heavily in the morning/evening and 

swings at midday, SOP-ES charges during low-price hours and discharges during high-price 

hours. This reduces purchases when prices peak and shifts them to cheaper periods. 

 

Figure 5.2. Substation Purchases with SOP-ES vs Baseline 

 

Figures (5.3, 5.4) compare SoC trajectories with and without explicit degradation cost. With 

degradation priced, both ES units display lower midday dips and slightly softer evening 

peaks, i.e., fewer deep cycles and shorter time near the bounds. The schedules still exploit 

the major price spreads but avoid marginal trades that add wear for minimal savings.  

This visual behavior is consistent with the quantitative result reported earlier (daily 

throughput falls from 22.179 → 18.753 MWh/day), and with the corresponding extension 

of implied lifetime under the same lifetime-energy budget. 
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Figure 5.3. SoC of ES1 with and without degradation pricing 

 

Figure 5.4. SoC of ES2 with and without degradation pricing 

 

Figure 5.5 plots hourly Umax and Umin across scenarios. All cases stay well within the 

statutory limits [0.90, 1.10] p.u. The SOP-ES case yields the tightest envelope, keeping Umin 

elevated and lowering Umax, thus sitting closest to the preferred operating band [0.97, 1.03] 

p.u. By contrast, baseline shows the widest spread with a deeper midday dip; SOP narrows 

this spread, and SOP-ES narrows it further. 
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Figure 5.5. Maximum and minimum system voltage for all scenarios 

5.5.2 Case Study: IEEE 123-Node Test Feeder 

Table 5.4 reports the daily cost breakdown for the Baseline, SOP, and SOP-ES scenarios on 

the IEEE-123 bus feeder. SOP delivers a modest saving over Baseline £324/day (1.3%) 

driven mainly by reduced line losses. Adding ES produces the step change: grid cost drops 

from £24,507.94 to £18,540/day, lowering the total to £19,363.85/day. With degradation 

priced, the total improves slightly to £19,349.18/day as the degradation charge falls (478.15 

→ 462.92 £/day) while grid and loss costs remain essentially unchanged. PV curtailment 

costs are zero across all scenarios, indicating that the feeder can absorb available PV without 

curtailment; in SOP-ES, this is enabled by shifting/redistribution via storage and SOP. 

Overall savings reach £5,667.95/day (22.65%) versus Baseline, showing that degradation 

pricing regulates cycling and wear without reducing the core energy-cost benefits of SOP-

ES. 

 



   

175 

 

Table 5.4: Results with Fixed OLTC Tap Ratios for Case Study IEEE-123 

Scenario 
Grid 

(£/day) 

Curtail 

(£/day) 

Degradation 

(£/day) 

Line Loss 

(£/day) 

Total 

(£/day) 

Savings vs 

Baseline 

Baseline 24,507.94 0.00 — 509.19 25,017.13 — 

SOP 24,346.84 0.00 — 346.13 24,692.97 
£324.16 

(1.3%) 

SOP-ES 

(degradation not 

considered) 

18,539.96 0.00 478.15 345.74 19,363.85 
£5,653.28 

(22.6%) 

SOP-ES 

(degradation 

considered) 

18,540.23 0.00 462.92 346.03 19,349.18 
£5,667.95 

(22.65%) 

 

Comparing Tables 5.5 and 5.6 (IEEE-123) shows that pricing degradation modestly reduces 

daily cycling while extending estimated life. ES1 throughput falls from 9.985 → 9.532 

MWh/day (≈4.54%), increasing its estimated economic life from 5.49 → 5.75 years; ES2 

drops from 13.922 → 13.614 MWh/day (≈2.21%), with life rising from 3.94 → 4.02 years. 

Aggregated over both units, daily throughput decreases by 0.761 MWh/day (≈3.18%). The 

reduction is more pronounced for ES1, suggesting stronger locational or sensitivity benefits 

from softer cycling at its placement. Overall, degradation-aware scheduling preserves 

economic performance while reducing wear, yielding longer estimated service life with only 

minor changes to dispatch profiles. 

Table 5.5. SOP-ES without degradation priced in the objective for IEEE-123 case 

ES 

Unit 

Daily Throughput 

(MWh) 

Annual Throughput 

(MWh/y) 

Implied Economic Life 

(years) 

ES1 9. 985 3,644.7 5.49 

ES2 13.922 5,081.6 3.94 
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Table 5.6. SOP-ES with degradation priced in the objective for IEEE-123 case 

ES 

Unit 

Daily Throughput 

(MWh) 

Annual Throughput 

(MWh/y) 

Implied Economic Life 

(years) 

ES1 9.532 3,479.3 5.75 

ES2 13.614 4,969 4.02 

 

Figure 5.6 shows SoC of ES with TOU tariff. Both ES units charge during low-price hours 

(h1–h6) and hold near the upper band through h7–h10. They partially discharge across the 

midday high-price block (≈h11–h14), charging at mid tariff (≈h15–h18), then discharge 

again during the evening high price (≈h18–h20) before returning to the lower bound 

overnight. 

 

Figure 5.6. SoC of ES1 and ES2 over 24 h with TOU price 

 

The substation purchased electricity (Baseline vs SOP-ES) with TOU tariff is shown in 

Figure 5.7. Relative to Baseline, SOP-ES shifts purchases into low-price periods and drives 

them toward zero across high-price windows (≈h11–h13 and ≈h18–h21). Baseline shows 

pronounced peaks that persist into expensive hours, whereas SOP-ES suppresses these by 
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charging off-peak and discharging on-peak.  

 

Figure 5.7. Substation Purchases with SOP-ES vs Baseline for IEEE-123 Case 

 

Figures (5.8, 5.9) compare SoC with and without degradation cost. The two curves largely 

coincide in timing; with degradation priced, SoC shows slightly shallower midday dips and 

softer evening peaks, reflecting reduced cycling depth with unchanged dispatch schedule. 

 

Figure 5.8. SoC of ES1 with and without degradation pricing 
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Figure 5.9. SoC of ES2 with and without degradation pricing 

Figure 5.10 shows hourly voltage profile Umax and Umin across scenarios. All cases satisfy 

the statutory limits [0.90,1.10] p.u. The Baseline exhibits shallow midday dips in Umin (≈0.99 

p.u. around h9–10 and h16–17) and a wider max–min spread. Introducing SOP lifts Umin  

to ~1.00 p.u. throughout the day. SOP-ES further tightens the envelope: Umin remains pinned 

near 1.00 p.u. while Umax stays below ~1.10 p.u., yielding the most centered and compact 

voltage range relative to the reference band [0.97,1.03] p.u. 

 

Figure 5.10. Maximum and minimum system voltage of IEEE-123 for all scenarios 
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5.6 Conclusion 

This chapter showed that coupling storage with SOP delivers the dominant economic gains 

while preserving technical quality on both IEEE-13 and IEEE-123 feeders. Relative to 

Baseline, SOP alone provides only modest savings (≈1.3-1.7%) mainly from lower line 

losses, whereas SOP-ES achieves a step change by time-shifting energy: it charges in low-

price hours and discharges in high-price hours, drives purchases toward zero across peak-

tariff windows, a 37.3% saving versus Baseline, and keeps voltages within limits. When 

degradation is priced, cycling moderates (total daily throughput 22.179 → 18.753 

MWh/day), and the estimated life extends (ES1: 5.53 → 6.17 years; ES2: 4.46 → 5.55 years) 

with negligible loss of energy-cost benefit. Voltages remain within limits and PV curtailment 

is not required. 

On IEEE-123, SOP-ES reduces total daily cost to £19,349/day (with degradation priced), a 

22.65% saving versus Baseline, with zero PV curtailment and only small differences in line-

loss cost across scenarios. Explicitly valuing degradation moderates cycling (total daily 

throughput ↓ ≈3.2%), which extends the batteries’ estimated life (e.g., ES1: 5.49→5.75 years; 

ES2: 3.94→4.02 years) while not reducing the core energy-cost benefits—grid and loss costs 

remain essentially unchanged.  

Overall, the results establish SOP-ES with degradation-aware scheduling as an economically 

efficient and asset-friendly operating strategy: it captures most arbitrage value, avoids low-

yield wear, and maintains a tight voltage envelope. The findings are consistent across feeders, 

indicating scalability. Practical implications include lower operating expenditure, better 

utilization of embedded PV without curtailment, and gentler duty on storage assets. Future 

work should examine tariff/price uncertainty, alternative degradation models, battery 

replacement economics, and coordination with discrete regulation (e.g., variable OLTC) to 

further refine the cost–lifetime trade-off. 
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Chapter 6  

Accelerated ADMM-Based Distributed Optimization for 

Real-Time Control 

 

Abstract 

This chapter addresses the scalability challenge of centralized optimization for large-scale 

Active Distribution Networks (ADNs) by developing a distributed, accelerated optimization 

framework based on the Alternating Direction Method of Multipliers (ADMM). While 

Chapters 3–5 presented centralized Semidefinite Programming (SDP) models for SOP-ES 

operation and coordination, this chapter decomposes the three-phase SDP-OPF problem into 

partitioned subproblems that can be solved in parallel. To overcome the slow convergence 

of conventional ADMM, we implement and evaluate accelerated variants, including Fast 

ADMM (FADMM) with Nesterov momentum and Adaptive ADMM (AADMM) with 

penalty parameter tuning. A hybrid stopping criterion combining absolute and relative 

tolerances is introduced to improve convergence detection. Case studies on the IEEE 13-bus 

(two-area) and IEEE 123-bus (four-area) systems demonstrate that the proposed accelerated 

methods reduce iteration counts by 30–50% compared to standard ADMM while 

maintaining solution accuracy comparable to centralized benchmarks. 

6.1 Introduction 

As active distribution networks (ADNs) grow in complexity with widespread DERs, power-

electronic controls, and granular operational requirements centralized OPF approaches 
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become computationally prohibitive and lack scalability. Decomposed methods are 

attractive because they exploit network sparsity and locality, allow parallel solves across 

areas or device groups, and reduce the need for large-scale centralized solvers. Among these 

methods, the Alternating Direction Method of Multipliers (ADMM) has emerged as a 

workhorse for distributed optimization in electric power systems because it decomposes 

large OPF problems into smaller subproblems that can be solved locally with minimal 

boundary information exchange [10, 107]. Despite its simplicity, vanilla ADMM can 

converge slowly when residuals are ill-conditioned or when penalty/relaxation parameters 

are poorly tuned [128, 129].  

Recent contributions in the power systems literature demonstrate that acceleration 

mechanisms can substantially reduce ADMM iteration counts in distributed OPF. Two 

families stand out. Adaptive-penalty (AADMM) schemes update the penalty parameter 

using residual-balancing or curvature-aware rules, achieving order-of-magnitude speedups 

on difficult AC-OPF instances while preserving the decentralized architecture [130, 131]. 

Nesterov-type accelerated ADMM (FAADMM / N-ADMM) [132], augments ADMM with 

predictor–corrector extrapolation to exploit momentum, often yielding significantly faster 

convergence in convex settings and with restart safeguards when necessary [128, 130, 133, 

134].  

Within three-phase distribution OPF, FAADMM with adaptive penalty has been proposed to 

address slow convergence and to maintain performance under non-ideal data transfer 

(bad/noisy measurements). That work shows that combining Nesterov extrapolation with 

per-area adaptive penalties markedly reduces iterations on the IEEE-123 test feeder, even 

when communication imperfections are present, highlighting the practical value of joint 

acceleration and adaptivity in realistic ADN settings [134].  

Complementary advances target how to select or adapt algorithmic parameters. For quadratic 
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and related classes, theory provides optimal or near-optimal choices of ADMM step sizes 

and over-relaxation that minimize worst-case convergence factors, offering guidance to 

specialists about tuning beyond ad-hoc heuristics. In parallel, weighted and auto-tuned 

penalty designs exploit power-system structure (e.g., admittance/Hessian information) to 

stabilize and accelerate distributed OPF without delicate manual parameter search. These 

insights demonstrate that parameter adaptation whether global, or local can be as crucial to 

performance as the underlying decomposition structure itself. [129, 130, 135]. 

Building on these developments, this chapter focuses on single-time, three-phase distributed 

OPF formulated as a convex semidefinite program (SDP), and investigates a hybrid 

acceleration that combines: 

(i) Nesterov-type extrapolation (FAADMM/N-ADMM style) and,  

(ii) adaptive penalty updates, together with, 

(iii) hybrid scaled stopping criteria and practical penalty clipping. 

The accelerated ADMM literature from the previous studies, largely targets linearized OPF 

with vector variables and scalar consensus, whereas our setting involves an SDP relaxation 

with matrix-valued consensus and positive semidefinite (PSD) constraints. This introduces 

cone projections, Frobenius-norm residuals, and PSD-feasibility safeguards that are not 

covered by prior FAADMM formulations [134]. We integrate adaptive penalty adjustment 

with safeguarded momentum to enhance ADMM convergence for SDP-based OPF. The 

penalty parameter is updated globally by comparing the relative sizes of the primal and dual 

residuals increasing it when primal feasibility lags and decreasing it when dual feasibility 

dominates which maintains balanced progress toward consensus. Concurrently, when using 

Nesterov-type acceleration, we implement a monotonicity-aware restart rule: if residuals 
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begin to rise, indicating oscillatory overshoot, the momentum sequence is reset. This 

combined strategy of residual-balanced penalty tuning and cautious momentum control 

ensures stable, accelerated convergence without the numerical instability often observed in 

conventional accelerated ADMM applied to non-strongly convex problems like three-phase 

OPF. 

Contributions. The chapter (i) formulates a matrix-consensus, SDP-based distributed OPF 

amenable to ADMM; (ii) integrates Nesterov-type extrapolation with residual-balanced 

adaptive penalties under scaled stopping rules; and (iii) provides implementation guidelines 

(penalty clipping, restart, and initialization) and empirical evidence of reduced iteration 

counts relative to baseline ADMM. These results complement earlier distributed OPF studies 

(SOCP/SDP and AC formulations) by showing how combined acceleration and adaptivity 

translate into practical gains in a convex three-phase setting.  

6.2 Mathematical Preliminaries of ADMM 

We summarize the ADMM machinery used throughout the chapter, in a form that matches 

the matrix-consensus structure of our distributed OPF (with semidefinite variables at area 

interfaces). 

6.2.1 Canonical Form and Augmented Lagrangian 

Consider, 

 

 

min
𝑥,𝑧
 𝑓(𝑥) + 𝑔(𝑧)  s.t.  𝐴𝑥 + 𝐵𝑧 = 𝑐, 

 

                  (6.1) 

with closed, proper, convex 𝑓, 𝑔. The (scaled) augmented Lagrangian with penalty 𝜌 > 0 
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and scaled dual 𝑢 is,  

 ℒ𝜌(𝑥, 𝑧, 𝑢) = 𝑓(𝑥) + 𝑔(𝑧) +
𝜌

2
‖𝐴𝑥 + 𝐵𝑧 − 𝑐 + 𝑢‖2

2 −
𝜌

2
‖𝑢‖2

2.        (6.2) 

The ADMM iterations are, 

 
𝑥𝑘+1: = arg 𝑚𝑖𝑛

𝑥
 𝑓(𝑥) +

𝜌

2
‖𝐴𝑥 + 𝐵𝑧𝑘 − 𝑐 + 𝑢𝑘‖2

2, 

 

             (6.3) 

 𝑧𝑘+1: = arg 𝑚𝑖𝑛
𝑧
 𝑔(𝑧) +

𝜌

2
‖𝐴𝑥𝑘+1 + 𝐵𝑧 − 𝑐 + 𝑢𝑘‖2

2,              (6.4) 

 
 

𝑢𝑘+1: = 𝑢𝑘 + (𝐴𝑥𝑘+1 + 𝐵𝑧𝑘+1 − 𝑐). 
             (6.5) 

 

6.2.2 Consensus ADMM  

Let ℬ be the set of inter-area interfaces and let the global consensus variable be block-

structured 𝑧 = {𝑧𝑒}𝑒∈ℬ. For 𝐺 areas with local variables 𝑥𝑔 and global boundary copies 

𝑧, the consensus ADMM form is: 

 min
{𝑥𝑔},𝑧

 ∑  

𝐺

𝑔=1

𝑓𝑔(𝑥𝑔)  s.t.  𝐴𝑔𝑥𝑔 − 𝑧 = 0, ∀𝑔,                   (6.6) 

where 𝐴𝑔 selects boundary blocks (voltages/power flows) from 𝑥𝑔 that must agree with 

the corresponding global copies in 𝑧. 

 With scaled duals 𝑢𝑔 and penalty 𝜌 > 0, one ADMM iteration reads: 

(Local) 𝑥𝑔
𝑘+1: = arg min𝑥𝑔∈𝒳𝑔  𝑓𝑔(𝑥𝑔) +

𝜌

2
‖𝐴𝑔𝑥𝑔 − 𝑧

𝑘 + 𝑢𝑔
𝑘‖

𝐹

2
,        (6.8) 

 

(Consensus) 
 

        

       (6.9) 
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𝑧𝑘+1: = arg min
𝑧

∑𝑔=1
𝐺  

𝜌

2
‖𝐴𝑔𝑥𝑔

𝑘+1 − 𝑧 + 𝑢𝑔
𝑘‖

𝐹

2
 

(Dual) 

 

𝑢𝑔
𝑘+1: = 𝑢𝑔

𝑘 + (𝐴𝑔𝑥𝑔
𝑘+1 − 𝑧𝑘+1), ∀𝑔. 

 

      (6.10) 

Writing the consensus step per interface 𝑒 ∈ ℬ gives the closed form 

 𝑧𝑒
𝑘+1 =

1

𝐺𝑒
∑  

𝑔∈𝒩(𝑒)

(𝐴𝑔𝑥𝑔
𝑘+1 + 𝑢𝑔

𝑘)
𝑒
 (6.11) 

Where: 

• 𝒩(𝑒) = the set of areas that meet at interface 𝑒  

• 𝐺𝑒 = |𝒩(𝑒)| 

• 𝑢𝑔 is the scaled dual for area 𝑔 at that interface. 

All norms are Frobenius ( ‖ ⋅ ‖𝐹 ) to reflect matrix-valued consensus at interfaces blocks 

(e.g., submatrices of W in the SDP). 

Given: areas {𝒜𝑔}𝑔=1
𝐺

; local feasible sets 𝒳𝑔 (BFM-SDP); selectors 𝐴𝑔; penalty 𝜌 > 0. 

In the context of our three-phase SDP-OPF problem, this decomposition is applied as follows: 

• Network Partitioning: The distribution network is divided into 𝐺  geographical 

areas based on feeder topology. Each area 𝑔 contains its own buses, branches. 

• Local Variables (𝑥𝑔): These include all voltage (𝑣𝑖), current (𝑙𝑖𝑗), and power (𝑆𝑖𝑗) 
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matrices for buses and branches inside area 𝑔. 

• Consensus Variables (𝑧): These represent the boundary voltages and power flows at 

the interfaces between adjacent areas. All areas sharing a boundary must agree on the 

same voltage and power flow values at that interface. 

• Selector Matrix (𝐴𝑔): This matrix extracts from 𝑥𝑔 only the voltage and power flow 

submatrices corresponding to the boundary buses and tie-lines that area 𝑔 shares 

with its neighbors. 

• Local Objective (𝑓𝑔(𝑥𝑔)): This is typically the sum of power losses within area 𝑔, 

optionally including local voltage deviation terms. 

• Local Constraints (𝑋𝑔): These enforce the three-phase BFM-SDP equations, device 

operational limits, and voltage bounds only for components inside area 𝑔. 

The consensus constraint 𝐴𝑔𝑥𝑔 − 𝑧 = 0  thus ensures physical consistency across area 

boundaries: all areas must agree on the same voltages and power flows where they connect. 

6.2.3 Residuals and Stopping Rules 

To improve convergence detection in the distributed optimization process, we adopt a hybrid 

stopping criterion that combines absolute and relative tolerances for both voltage and power 

variables. Although this approach is recommended in general ADMM literature [10], it is 

not commonly applied in power system ADMM implementations. Our results show that this 

hybrid rule significantly reduces the required iterations compared to using fixed values, 

thereby improving computational efficiency without sacrificing solution quality. 
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Hybrid (absolute + relative) stopping thresholds make termination scale-aware: tolerances 

grow with the magnitude of the current iterates, so the same rule works across feeders, unit 

choices, and loading levels. Compared with fixed 10−3 thresholds, the scaled criteria avoid 

over-iteration on small problems and prevent premature stopping on large-magnitude 

variables, typically reducing iterations while preserving accuracy. This mirrors best practice 

in ADMM where stopping is tied to the norms of Agxg and z, yielding more consistent 

convergence behavior across cases. 

We monitor the primal and dual residuals: 

 

 

𝑟pri
𝑘+1: = max

𝑔
 ‖𝐴𝑔𝑥𝑔

𝑘+1 − 𝑧𝑘+1‖
𝐹
, 𝑟dual
𝑘+1: = 𝜌max

𝑒
 ‖𝑧𝑒

𝑘+1 − 𝑧𝑒
𝑘‖𝐹 . 

 

         (6.11) 

We employ hybrid (scaled) tolerances (absolute + relative): 

 

𝜀pri = √2𝜀abs + 𝜀rel ⋅ max (max
𝑔
 ‖𝐴𝑔𝑥𝑔

𝑘+1‖
𝐹
, ‖𝑧𝑘+1‖𝐹) ,

𝜀dual = √2𝜀abs + 𝜀rel ⋅ max(‖𝑧
𝑘+1‖𝐹 , ‖𝑧

𝑘‖𝐹),

 

 

       (6.12) 

and stop when 𝑟pri
𝑘+1 ≤ 𝜀pri and 𝑟dual 

𝑘+1 ≤ 𝜀dual . (Typical: 𝜀abs = 10
−4, 𝜀rel = 10−3.) 

Algorithm 1: Consensus ADMM 

              For 𝑘 = 0,1,2, … do 

                   1. Local solves (area g, parallelizable): 

                 𝑥𝑔
𝑘+1 ← arg min

𝑥𝑔∈𝒳𝑔
 𝑓𝑔(𝑥𝑔) +

𝜌

2
‖𝐴𝑔𝑥𝑔 − 𝑧

𝑘 + 𝑢𝑔
𝑘‖

𝐹

2
 for all 𝑔. 

                   2. Consensus (per interface e): 

𝑧𝑒
𝑘+1 ←

1

𝐺𝑒
∑  

𝑔∈𝒩(𝑒)

(𝐴𝑔𝑥𝑔
𝑘+1 + 𝑢𝑔

𝑘)
𝑒
 

                   3. Dual update (per area g): 
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𝑢𝑔
𝑘+1 ← 𝑢𝑔

𝑘 + (𝐴𝑔𝑥𝑔
𝑘+1 − 𝑧𝑘+1). 

                   4. Residuals: 

𝑟pri
𝑘+1 ← max

𝑔
 ‖𝐴𝑔𝑥𝑔

𝑘+1 − 𝑧𝑘+1‖
𝐹
,

𝑟dual
𝑘+1 ← 𝜌max

𝑒
 ‖𝑧𝑒

𝑘+1 − 𝑧𝑒
𝑘‖𝐹 .

 

                     if 𝑟pri
𝑘+1 ≤ 𝜀pri and 𝑟dual 

𝑘+1 ≤ 𝜀dual → STOP. 

                      end for 

                      else next iteration 𝑘 = 1,2,3, … 

6.2.4 Adaptive Penalty for ADMM 

The ADMM penalty 𝜌  scales how strongly the algorithm enforces consensus versus 

progressing along local objectives. If 𝜌 is too small, primal agreement (consensus) is weak 

and the primal residual decays slowly; if 𝜌  is too large, the method over-penalizes 

disagreement, causing the dual residual to dominate and local subproblems to become ill-

conditioned. The adaptive rule (6.13) balances the residuals by increasing 𝜌 when primal 

feasibility lags and decreasing it when dual progress lags, while clipping 𝜌∈ [ 𝜌min, 𝜌max] 

preserves numerical stability across iterations. 

 𝜌 ← {

𝜏↑𝜌 𝑟pri > 𝜇𝑟dual ,

𝜌/𝜏↓ 𝑟dual > 𝜇𝑟pri ,

𝜌  otherwise ,

 𝜌 ← min(max(𝜌, 𝜌min), 𝜌max),        (6.13) 

with 𝜇 = 10, 𝜏↑ = 𝜏↓ = 2, 𝜌min = 10−3, 𝜌max = 103. 

Algorithm 2: Adaptive Penalty ADMM 

Given: 𝜇 = 10, 𝜏↑ = 2, 𝜏↓= 2;  bounds: 𝜌min = 10−3, 𝜌max = 10
3. 

                for 𝑘 = 0,1,2,… do 

1. Local solves (area g, parallelizable): 

                   𝑥𝑔
𝑘+1 ← arg min

𝑥𝑔∈𝒳𝑔
 𝑓𝑔(𝑥𝑔) +

𝜌

2
‖𝐴𝑔𝑥𝑔 − 𝑧

𝑘 +
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𝑢𝑔
𝑘‖

𝐹

2
 for all 𝑔. 

                    2. Consensus (per interface e): 

𝑧𝑒
𝑘+1 ←

1

𝐺𝑒
∑  

𝑔∈𝒩(𝑒)

(𝐴𝑔𝑥𝑔
𝑘+1 + 𝑢𝑔

𝑘)
𝑒
 

                    3. Dual update (per area g): 

𝑢𝑔
𝑘+1 ← 𝑢𝑔

𝑘 + (𝐴𝑔𝑥𝑔
𝑘+1 − 𝑧𝑘+1). 

                    4. Residuals: 

𝑟pri
𝑘+1 ← max

𝑔
 ‖𝐴𝑔𝑥𝑔

𝑘+1 − 𝑧𝑘+1‖
𝐹
,

𝑟dual
𝑘+1 ← 𝜌max

𝑒
 ‖𝑧𝑒

𝑘+1 − 𝑧𝑒
𝑘‖

𝐹
.

 

         if 𝑟pri
𝑘+1 >  𝜇 · 𝑟dual

𝑘+1    then  𝜌 ← 𝜏↑ · 𝜌 

            elseif 𝑟dual
𝑘+1 > 𝜇 · 𝑟pri

𝑘+1   then  𝜌 ← 𝜌 / 𝜏↓ 

                      if 𝑟pri
𝑘+1 ≤ 𝜀pri and 𝑟dual 

𝑘+1 ≤ 𝜀dual → STOP. 

                      end for 

                  else next iteration 𝑘 = 1,2,3,…  

6.2.5 Fast ADMM (Nesterov / FAADMM) with Restart 

Nesterov-type Fast ADMM (FAADMM) expands standard ADMM with a momentum 

(extrapolation) step that leverages the trend of recent iterates to accelerate convergence often 

cutting the number of iterations substantially in convex problems. The restart safeguard 

preserves robustness: if the extrapolation worsens the primal/dual residuals (e.g., due to 

oscillation or a sudden change in 𝜌), momentum is reset, preventing divergence and letting 

the method revert to the stable baseline ADMM until acceleration becomes beneficial again. 

This coupling speed from momentum, stability from restart typically yields faster yet reliable 

convergence in practice. 
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Define momentum sequence: 

 𝜙𝑘+1 = (1 + √1 + 4𝜙𝑘
2) /2                  (6.14) 

And,  

 𝜃𝑘 = (𝜙𝑘 − 1)/𝜙𝑘+1                  (6.15) 

 

Equations (6.16)–(6.17) apply that momentum to ADMM’s consensus and dual variables 

after a full baseline ADMM sweep. 

 𝑧̃𝑘+1 = 𝑧𝑘+1 + 𝜃𝑘(𝑧
𝑘+1 − 𝑧𝑘) (6.16) 

 

 

𝑢̃𝑔
𝑘+1 = 𝑢𝑔

𝑘+1 + 𝜃𝑘(𝑢𝑔
𝑘+1 − 𝑢𝑔

𝑘) 

 

(6.17) 

Monotone safeguard: accept (𝑧̃𝑘+1, 𝑢̃𝑘+1)  only if both residuals decrease, e.g., 𝑟pri 
𝑘+1 ≤

𝜂𝑟pri 
𝑘   and 𝑟dual 

𝑘+1 ≤ 𝜂𝑟dual 
𝑘   with 𝜂 ≈ 0.9999 ; otherwise restart ( 𝜙𝑘+1 ← 1 , use non-

extrapolated 𝑧𝑘+1, 𝑢𝑘+1 ). 

Algorithm 3:  Fast ADMM 

Given: 𝜂 ≈ 0.9999. Initialize:𝜙1 = 1. 

              for 𝑘 = 0,1,2, … do 

                    1. Local solves (area g, parallelizable): 

                    𝑥𝑔
𝑘+1 ← arg min

𝑥𝑔∈𝒳𝑔
 𝑓𝑔(𝑥𝑔) +

𝜌

2
‖𝐴𝑔𝑥𝑔 − 𝑧

𝑘 + 𝑢𝑔
𝑘‖

𝐹

2
 for all 𝑔. 

                    2. Consensus (per interface e): 

𝑧𝑒
𝑘+1 ←

1

𝐺𝑒
∑  

𝑔∈𝒩(𝑒)

(𝐴𝑔𝑥𝑔
𝑘+1 + 𝑢𝑔

𝑘)
𝑒
 

                    3. Dual update (per area g): 

𝑢𝑔
𝑘+1 ← 𝑢𝑔

𝑘 + (𝐴𝑔𝑥𝑔
𝑘+1 − 𝑧𝑘+1). 

                    4. Residuals: 
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𝑟pri
𝑘+1 ← max

𝑔
 ‖𝐴𝑔𝑥𝑔

𝑘+1 − 𝑧𝑘+1‖
𝐹
,

𝑟dual
𝑘+1 ← 𝜌max

𝑒
 ‖𝑧𝑒

𝑘+1 − 𝑧𝑒
𝑘‖𝐹 .

 

                    4. Monotone acceptance (restart test): 

           if ( 𝑟pri 
𝑘+1 < 𝜂𝑟pri 

𝑘   and  𝑟dual 
𝑘+1 < 𝜂𝑟dual 

𝑘 ) then 

                            𝜙𝑘+1 = (1 + √1 + 4𝜙𝑘
2)/2 , 𝜃𝑘 = (𝜙𝑘 − 1)/𝜙𝑘+1 

                          𝑧̃𝑘+1  ←   𝑧𝑘+1   + 𝜃𝑘 · (𝑧𝑘+1 − 𝑧𝑘) 

                   𝑢̃𝑔
𝑘+1  ←   𝑢𝑔

𝑘+1 + 𝜃𝑘(𝑢𝑔
𝑘+1 − 𝑢𝑔

𝑘)   for all 𝑔 

                       else 

     𝜙𝑘+1 ← 1 (restart; 𝜃𝑘 = 0) 

          𝑧̃𝑘+1  =  𝑧𝑘+1  ,   𝑢̃𝑔
𝑘+1 =  𝑢𝑔

𝑘+1 

                       end 

              end for 

6.2.6 Proposed Method — Hybrid Accelerated ADMM for BFM–SDP 

We propose a hybrid accelerated ADMM tailored to matrix-consensus SDP OPF in three-

phase distribution networks. The method keeps the standard consensus ADMM backbone 

(local SDP solves + interface consensus + dual ascent) and couples it with three practical 

enhancements: 

1. Hybrid (scaled) stopping: absolute + relative tolerances that scale with iterate 

magnitudes, avoiding over-iteration on small cases and premature stopping on large 

ones. 

2. Adaptive penalty with clipping (AADMM): residual balancing updates of the 

ADMM penalty ρ, with simple lower/upper bounds to preserve numerical stability. 

3. Nesterov extrapolation with restart (FAADMM): momentum on consensus and 
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dual variables to reduce iterations; a monotone restart rule resets momentum if 

residuals worsen. 

Why this combination? 

• Hybrid stopping typically cuts iterations versus fixed 10−3 thresholds by aligning 

tolerances to problem scale. 

• Adaptive ρ balances primal and dual progress; clipping avoids runaway/vanishing ρ 

that can destabilize SDP solves. 

• Nesterov momentum adds look-ahead and often yields further iteration reductions; 

restart preserves robustness in the presence of noisy residuals or sudden ρ changes. 

For convex BFM–SDP with feasible consensus constraints, baseline ADMM converges 

under the usual assumptions for convex problems. Hybrid stopping does not alter fixed 

points; AADMM with clipping is a heuristic that preserves convergence in practice; 

FAADMM uses restart to retain the stability of vanilla ADMM while offering acceleration. 

Algorithm 4: Proposed Fast ADMM 

Given: 𝜇 = 10, 𝜏↑ = 2, 𝜏↓= 2; bounds: 𝜌min = 10
−3, 𝜌max = 10

3. 𝜀abs = 10
−4, 𝜀rel = 10−3 

𝜂 ≈ 0.9999. Initialize:𝜙1 = 1. penalty 𝜌 > 0, count 𝑘=0 

            for 𝑘 = 𝑘 +  1 

               1. Local SDP solves (per area 𝑔): 

         𝑥𝑔
𝑘+1 ← arg min

𝑥𝑔∈𝒳𝑔
 𝑓𝑔(𝑥𝑔) +

𝜌

2
‖𝐴𝑔𝑥𝑔 − 𝑧

𝑘 + 𝑢𝑔
𝑘‖

𝐹

2
 for all 𝑔. 

               2. Consensus (per interface e): 

𝑧𝑒
𝑘+1 ←

1

𝐺𝑒
∑  

𝑔∈𝒩(𝑒)

(𝐴𝑔𝑥𝑔
𝑘+1 + 𝑢𝑔

𝑘)
𝑒
 

               3. Dual update (per area 𝑔): 

𝑢𝑔
𝑘+1 ← 𝑢𝑔

𝑘 + (𝐴𝑔𝑥𝑔
𝑘+1 − 𝑧𝑘+1). 

               4. Residuals (Frobenius): 
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𝑟pri
𝑘+1 ← max

𝑔
 ‖𝐴𝑔𝑥𝑔

𝑘+1 − 𝑧𝑘+1‖
𝐹
,

𝑟dual
𝑘+1 ← 𝜌.max

𝑒
 ‖𝑧𝑒

𝑘+1 − 𝑧𝑒
𝑘‖𝐹 .

 

               5. Hybrid (scaled) stopping: 

     𝜀pri ← √2𝜀abs + 𝜀rel ⋅ ax (max
𝑔
 ‖𝐴𝑔𝑥𝑔

𝑘+1‖
𝐹
, ‖𝑧𝑘+1‖𝐹) 

𝜀dual ← √2𝜀abs + 𝜀rel ⋅ max(‖𝑧
𝑘+1‖𝐹 , ‖𝑧

𝑘‖𝐹) 

if 𝑟pri
𝑘+1 ≤ 𝜀pri and 𝑟dual 

𝑘+1 ≤ 𝜀dual → STOP. 

                      end for 

                    else 

               6. Fast ADMM (Nesterov extrapolation with restart): 

if ( 𝑟pri 
𝑘+1 < 𝜂𝑟pri 

𝑘   and  𝑟dual 
𝑘+1 < 𝜂𝑟dual 

𝑘 ) then 

       𝜙𝑘+1 = (1 + √1 + 4𝜙𝑘
2)/2 , 𝜃𝑘 = (𝜙𝑘 − 1)/𝜙𝑘+1 

 

𝑧̃𝑘+1  ←   𝑧𝑘+1   + 𝜃𝑘 · (𝑧𝑘+1 − 𝑧𝑘) 

      𝑢̃𝑔
𝑘+1  ←   𝑢𝑔

𝑘+1 + 𝜃𝑘(𝑢𝑔
𝑘+1 − 𝑢𝑔

𝑘)   for all 𝑔 

                     else 

𝜙𝑘+1 ← 1 (restart; 𝜃𝑘 = 0) 

    𝑧̃𝑘+1  =  𝑧𝑘+1  ,   𝑢̃𝑔
𝑘+1 =  𝑢𝑔

𝑘+1 

                     end if 

                  7. Adaptive 𝜌 (residual balancing) 

if 𝑟pri
𝑘+1 >  𝜇 · 𝑟dual

𝑘+1    then  𝜌 ← 𝜏↑ · 𝜌 

else if 𝑟dual
𝑘+1 > 𝜇 · 𝑟pri

𝑘+1   then  𝜌 ← 𝜌 / 𝜏↓ 

if 𝑟pri
𝑘+1 ≤ 𝜀pri and 𝑟dual 

𝑘+1 ≤ 𝜀dual → STOP. 

                       end for 

                     else next iteration 𝑘=1,2,3,…. 

6.3 Problem Statement: BFM–SDP OPF  

The same three-phase Branch-Flow Model (BFM) formulated as a Semidefinite Program 

(SDP), as developed in Section 3.3, is adopted here. This model based on the convex 

relaxation of the Baran Wu branch-flow equations for radial networks ensures exactness 

under typical operating conditions [106, 107]. For completeness, we restate only the items 

needed for the distributed decomposition; the full derivation and symbol definitions remain 

as in Chapter 3. 
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• Variables (lifted): per-bus three-phase voltage moment 𝑊𝑛 ∈ ℍ+
3  ; per-branch 

moments for currents/flows as defined previously. 

• Objective: convex combination of loss proxy 𝑓loss (𝑊, flows ), voltage deviation 

𝑓volt (𝑊). 

• Constraints: three-phase branch-flow equalities/inequalities in lifted variables; 

voltage bounds 𝑉2𝐼 ⪯ 𝑊𝑛 ⪯ 𝑉‾ 2𝐼 ; line ampacity limits; device constraints; and 

𝑊𝑛 ⪰ 0 for all 𝑛. 

6.3.1 Area Partition and Interface Definition 

Let the feeder be partitioned into 𝐺 areas {𝒜𝑔} (as specified in the case study). Each area 

𝑔 carries its local copy 𝑥𝑔 of all variables indexed by 𝒩𝑔, ℰ𝑔, plus boundary blocks (subset 

of 𝑊 and/or flow moments) on inter-area tie lines. For each interface 𝑒 ∈ ℬ, 𝑧𝑒  collects 

the boundary block(s) to be shared (e.g., specific rows/cols of 𝑊𝑛 ). 

Linear selection maps 𝐴𝑔 pick from 𝑥𝑔 the exact block matching 𝑧𝑒. Consensus requires 

𝐴𝑔𝑥𝑔 = 𝑧 at every interface. 

6.3.2 Distributed Formulation for BFM-SDP 

 min
{𝑥𝑔},𝑧

 ∑  

𝐺

𝑔=1

𝑓𝑔(𝑥𝑔) (6.18) 

s.t.  𝑥𝑔 ∈ 𝒳𝑔(BFM − SDP constraints on 𝒜𝑔) 

 𝐴𝑔𝑥𝑔 − 𝑧 = 0∀𝑔. (6.19) 
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Here 𝑓𝑔 is the local contribution of losses, voltage deviation on 𝒜𝑔; 𝒳𝑔. 

With the foundational variables defined in Chapter 3, the following operational constraints 

are established to ensure accurate modelling and control of power flows and voltages across 

the network. 

 
∑  𝑖j∈Ωb

diag(Sij,t − zij𝑙𝑖𝑗,𝑡) + sj,t + yj,tvj,t  =  ∑  jk∈Ωb
diag(Sjk,t) (3.21) 

 
𝑣𝑗,𝑡 = 𝑣𝑖,𝑡 − (𝑆𝑖𝑗,𝑡𝑧𝑖𝑗

𝐻 + 𝑆𝑖𝑗,𝑡
𝐻 𝑧𝑖𝑗) + 𝑧𝑖𝑗𝑙𝑖𝑗,𝑡𝑧𝑖𝑗

𝐻 (3.22) 

The voltage at each node must be maintained within specific limits to ensure safe operation 

and protect network equipment as in equation (6.22). 

 𝑣𝑖 ≤ 𝑑𝑖𝑎𝑔(𝑣𝑖,𝑡) ≤ 𝑣̅𝑖 (3.23) 

Where 𝑣𝑖 and  𝑣̅𝑖  represent the lower and upper voltage limits at node i. Equation (3.24) 

defines the voltage at the source node of the network. 

 
𝑣0 = 𝑉0

𝑟𝑒𝑓
(𝑉0

𝑟𝑒𝑓
)
𝐻

 (3.24) 

Constraints (3.25) indicate the positive semidefinite constraint while the rank-1 constraint 

has been removed for relaxation the model. 

 

 

[
𝑣𝑖,𝑡 𝑆𝑖𝑗,𝑡

𝑆𝑖𝑗,𝑡
𝐻 𝑙𝑖𝑗,𝑡

] ⪰ 0    𝑖 → 𝑗 

 

    (3.25) 
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6.4 Case Study and Results 

We evaluate the proposed Hybrid Accelerated ADMM (Hybrid stop + AADMM + 

FAADMM) on two standard distribution feeders under a single-time operating snapshot: 

• IEEE-13 bus (radial): partitioned into 2 areas connected at one tie/boundary. 

• IEEE-123 bus (radial with multiple laterals): partitioned into 4 areas (consistent with 

geographic clustering and feeder branches). 

Partition boundaries define the interfaces used by the matrix-consensus constraints. All tests 

use the three-phase BFM–SDP formulation from Chapter 3 but for (single time), with 

identical device and constraint models across methods. Power loss was used as the objective 

function for evaluating the performance analysis of the proposed algorithm.  

We compare three ADMM algorithms: 

• Baseline ADMM: fixed penalty ρ. 

• AADMM (Adaptive ρ + clipping): residual-balancing update of ρ with bounds. 

• FAADMM: AADMM + Nesterov extrapolation with monotone restart. 

Common settings: 

• Hybrid (scaled) stopping (for AADMM/FAADMM): (𝜀abs,𝜀rel) = (10−4,10−3) with 

Frobenius norms. 
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• Penalty 𝜌: 𝜌 =1 

• AADMM parameters: 𝜇 = 10, 𝜏↑ = 2, 𝜏↓= 2; clip 𝜌 ∈ [10-3, 103] 

• FAADMM parameters: 𝜙1 = 1 , 𝜂≈ 0.999 

The proposed optimization model was implemented using the YALMIP toolbox in MATLAB 

R2021b, and the optimization problems were solved using the MOSEK solver.  

6.4.1 Results on IEEE-13  

For IEEE-13 we adopt the two-area split shown in Figure. 6.1: Area 1 (650–632–633–634 

and 645–646) and Area 2 (611–684–652 and 671–680–692–675). The areas share a single 

interface at the 632–671 boundary, where ADMM enforces matrix-consensus on the three-

phase voltage (and associated boundary blocks) via the global variable ze . This one-tie 

partition keeps communication minimal only interface quantities are exchanged each 

iteration while still capturing meaningful inter-area coupling. 
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Figure 6.1: IEEE 13-bus test system with two areas 

 

On the IEEE-13 feeder with ρ=1, all distributed variants converged to essentially the same 

optimum as the centralized solver total loss ≈ 0.425−0.426 kW and objective 0.54 but with 

markedly different iteration counts and wall-clock times. As reported in Table 6.1, baseline 

ADMM (fixed ρ) required 113 iterations and 41.7 s. Introducing adaptive penalty (AADMM) 

reduced this to 104 iterations (–8.0 %) and 37.5 s (–10.1 %), while the proposed N-ADMM 

+ AADMM achieved the best performance at 97 iterations (–14.2 %) and 32.84 s (–21.3 %) 

with no loss of optimality. The convergence traces in Figures 6.2 and 6.3 validate these trends: 

all curves settle to the centralized loss and final objective level, but the adaptive and 

accelerated variants reach that neighborhood sooner and with fewer oscillations. In short, 

parameter adaptation already delivers measurable speed-ups over fixed-ρ ADMM, and 

adding Nesterov momentum on top yields the fastest convergence in both iterations and 

runtime without sacrificing solution quality. 
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Table 6.1: Performance Comparison 

 

 

 

 

 

 

 

Figure 6.2: Convergence curves for loss of different ADMM methods 

 

Method 

(ρ = 1) 
Iterations Total time [s] 

Loss 

(MW) 
Total-Objective 

ADMM (Fixed ρ) 113 41.7 0.426 0.54 

AADMM 104 37.5 0.425 0.54 

N-ADMM+AADMM 97 32.84 0.426 0.54 
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Figure 6.3: Convergence curves of different ADMM methods 

 

Figure. 6.4 reports the primal and dual residuals versus iteration (log scale) for three 

distributed solvers with initial ρ =1: Classical ADMM, AADMM (residual-balanced, clipped 

ρ), and the proposed FAADMM+AADMM (Nesterov–type extrapolation with monotone 

restart plus adaptive ρ). Vertical dashed lines mark the iteration at which each run satisfied 

the scaled stopping test (𝑟pri
𝑘  ≤ 𝜀pri  ,  𝑟dual

𝑘  ≤ 𝜀dual ). These results confirm that adding 

momentum + adaptive penalty with clipping reduces iterations on the convex BFM–SDP 

IEEE-13 case without degrading solution quality.  
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Figure 6.4: Convergence curve of primal and dual residuals  

6.4.2 Results on IEEE-123  

We evaluate the proposed accelerated distributed OPF on the IEEE-123 test feeder under a 

single operating snapshot. The feeder is partitioned into four areas as shown in Figure 6.5, 

reflecting a realistic multi-operator split. Each area preserves radiality internally, while tie-

buses across cuts enforce matrix-valued consensus on three-phase voltage moments 𝑣 and 

complex branch powers 𝑆 via ADMM. Typical interfaces include, for example, Area 1–

Area 2 (e.g., at buses 18/135), Area 1–Area 3 (e.g., 13/152), and Area 3–Area 4 (e.g., 60/160). 

A centralized BFM–SDP solve provides the reference objective and feasibility. 

We compare three methods: (i) Classical ADMM with fixed 𝜌; (ii) AADMM using residual 

balancing with 𝜌 -clipping; and (iii) FAADMM+AADMM (Proposed), which enhances 

ADMM with Nesterov-type extrapolation and a monotone restart safeguard. For each 

method we report iteration count, wall-clock time, total active-power loss, and primal/dual 

residual trajectories. 
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Figure 6.5: IEEE 123-bus test system with four areas 

 

 

This case aims to (1) confirm that all distributed variants match the centralized objective 

within tolerance despite four-way coupling, and (2) quantify how adaptive 𝜌  and 

momentum plus restart reduce iterations and runtime in a large, unbalanced three-phase 

network with multiple matrix-consensus interfaces. 

Table 6.2. summarizes iteration/time improvements. Relative to Classical ADMM (91 iters, 

193.6 s), AADMM converges in 57 iters (−37%) and 111s (−43%), while 

FAADMM+AADMM reaches feasibility in 54 iters (−41%) and 109.4 s (−44%). Loss is 

higher with AADMM likely because it converges in fewer iterations, potentially stopping 

before fully minimizing the loss function. Each iteration of ADMM can be computationally 

expensive, so early stopping or fewer iterations may lead to a suboptimal, higher-loss 
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solution compared to methods that run longer or refine more gradually. 

Table 6.2: Performance Comparison for IEEE-123 

 

 

 

Figure 6.6 shows loss trajectories with vertical dashes marking the detected stop iteration; 

Figure 6.7 overlays primal and dual residuals on a log scale. All distributed runs land very 

close to the centralized loss (0.17 MW): Classical ADMM 0.175 MW, AADMM 0.180 MW, 

FAADMM+AADMM 0.178 MW. The small gap (≤ 0.01 MW) is expected from consensus-

relaxed, area-coupled solves and remains within operational tolerance. 

On the IEEE-123 four-area split, residual-balanced AADMM substantially reduces iterations 

vs. fixed-ρ ADMM; adding Nesterov with restart gives a further, modest reduction in 

iteration count and runtime, with stability ensured by restart and ρ-clipping. All methods 

reach the same centralized optimum. 

Method 

(ρ = 1) 
Iterations Total time [s] 

Loss 

(MW) 
Total-Objective 

ADMM (Fixed ρ) 91 193.6 0.175 0.52 

AADMM 57 111 0.18 0.52 

N-ADMM+AADMM 54 109.407 0.178 0.52 
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Figure 6.6: Convergence curves for loss of different ADMM methods 

 

Figure 6.7: Convergence curve of primal and dual residuals 
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With ρ = 1, all three distributed methods drive the total objective toward the centralized 

benchmark (0.52) but with markedly different iteration counts as in figure 6.8 and Table 6.2. 

Classical ADMM converges the slowest, stabilizing near the centralized objective after ~91 

iterations, whereas AADMM reaches the same neighborhood in ~57 iterations and the 

proposed FAADMM+AADMM does so in ~54 iterations. Vertical dashed markers in the 

figure highlight the detected stopping iterations for each method, and all runs terminate at 

essentially the same final objective (~0.52), confirming that acceleration/adaptivity 

primarily reduce iterations and time, without altering the optimality of the solution. 

 

Figure 6.8: Convergence curves of different ADMM methods 

 

6.5 Conclusion  

This chapter developed, justified, and tested a practical acceleration framework for 

distributed OPF based on ADMM. Starting from a convex three-phase BFM–SDP with 
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matrix-valued consensus, we showed that plain ADMM can be made obviously more 

effective by combining residual-balanced adaptive penalties with clipping, Nesterov-type 

extrapolation equipped with a monotone restart, and scaled hybrid stopping rules tailored to 

Frobenius-norm residuals.  

Implementation is straightforward: penalty clipping in [𝜌min, 𝜌max], simple residual-ratio 

thresholds for adjusting 𝜌, and a restart that only accepts momentum when both residuals 

decrease. On IEEE-13 (two areas) and IEEE-123 (four areas), these ingredients consistently 

reduced iteration counts and wall-clock time relative to fixed-𝜌 ADMM, while matching 

the centralized optimal objective. In both feeders, adaptive penalties delivered the largest 

single improvement; adding Nesterov with restart produce a further, modest reduction in 

both iterations and runtime; and the hybrid strategy offered the best overall convergence–

time trade-off without inducing oscillations in the residuals. 

The present scope remains single-time BFM–SDP with synchronous iterations over reliable 

communication links, and parameter ranges follow standard practice from the literature 

rather than mathematically optimal choices for SDP consensus. Future work includes 

extending the approach to multi-period and uncertainty aware OPF (e.g., PV/load variability) 

and incorporating discrete devices via convex surrogates or mixed-integer relaxations. 
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Chapter 7  

Conclusions and Future Work  

7.1 Conclusions  

This thesis has presented a comprehensive investigation into the optimization of Active 

Distribution Networks (ADNs) with high penetration of renewable energy resources. The 

primary focus has been on developing and validating advanced control strategies that 

coordinate power electronic-based devices like Soft Open Points (SOPs) with traditional 

infrastructure such as On-Load Tap Changers (OLTCs) and Energy Storage Systems (ESS). 

The research successfully addressed critical challenges in voltage regulation, power loss 

minimization, phase balancing, and economic operation through a series of integrated 

optimization frameworks. 

The key conclusions derived from this work are summarized as follows: 

1. Superiority of SOP-ES Integration (Chapter 3): The integration of Energy 

Storage with Soft Open Points (SOP-ES) was demonstrated to be significantly more 

effective than SOPs alone. Case studies on the IEEE 13-bus and 123-bus systems 

showed that SOP-ES configurations provide not only spatial flexibility (through 

power transfer between feeders) but also crucial temporal flexibility (through energy 

time-shifting). This dual capability resulted in a substantial reduction in total power 

losses (up to 86.4% on the 13-bus system compared to the baseline), enhanced 

voltage profile stability by maintaining voltages within the desired band of [0.97, 

1.03] p.u., and improved mitigation of three-phase voltage unbalance. SOP-ES 

increased PV active power utilization from 13.17 MW/24h (baseline) to 17.21 
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MW/24h, representing a 30.7% improvement, achieved through effective spatial and 

temporal flexibility. 

Validation on the larger IEEE 123-bus system confirmed the approach's scalability, 

achieving similar relative improvements: power losses reduced from 18.54 MW/24h 

(baseline) to 15.53 MW/24h (SOP-ES), a 16.2% reduction.  

2. Synergistic Benefits of OLTC and SOP-ES Coordination (Chapter 4): A major 

contribution of this thesis is the development of a unified optimization framework 

for the coordinated operation of OLTCs and SOP-ES systems. The results 

conclusively show that this coordination delivers synergistic benefits that surpass the 

capabilities of each device operating independently. By jointly optimizing OLTC tap 

settings, SOP power flows, and ESS charging/discharging schedules: 

• System Performance was Enhanced: The coordinated strategy achieved the lowest 

power losses, minimized voltage deviations, and maximized PV utilization across all 

tested scenarios. 

• Variable vs. Fixed Tap Operation: Transitioning from fixed OLTC tap ratios to 

variable optimization dramatically improved performance on the IEEE 13-bus 

system. Total daily power losses fell from 7.01 MW/24h (fixed-tap, OLTC-only) to 

0.46 MW/24h (variable-tap, OLTC+SOP-ES), representing a 93.4% reduction. 

• OLTC Lifespan was Extended: The presence of SOP-ES dramatically reduced the 

need for frequent OLTC tap changes. In the optimal coordinated case, the OLTC 

remained at a fixed tap position for the entire 24-hour horizon, thereby reducing 

mechanical wear and tear and enhancing the long-term reliability of this traditional 

asset. 
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• Voltage Envelope Tightening: The coordinated approach maintained system-wide 

voltages within a narrow band around 1.0 p.u., with U_max < 1.03 p.u. and U_min > 

0.97 p.u. throughout the day. In contrast, constant-tap operation exhibited persistent 

upward bias, frequently exceeding the upper limit. 

• Reactive Power Management was Optimized: The coordination allowed the 

OLTC to handle broader voltage adjustments, freeing the SOP-ES to provide more 

balanced reactive power support, shifting from predominantly absorptive behavior 

to a more dynamic mix of injection and absorption. 

On the IEEE 123-bus system with four voltage regulators, similar patterns emerged: 

power losses decreased from 18.54 MW/24h (fixed-tap baseline) to 3.08 MW/24h 

(variable-tap, OLTC+SOP-ES), an 83.4% reduction, while substation demand dropped 

by approximately 30%. 

3. Economic Viability of SOP-ES Systems (Chapter 5): The transition from technical 

to economic optimization revealed that SOP-ES systems are not only technically 

beneficial but also economically advantageous. The proposed economic model, 

which incorporates Time-of-Use (TOU) grid purchase costs, battery degradation 

costs, and PV curtailment penalties, demonstrated that SOP-ES can achieve 

substantial cost savings—up to 37.3% on the IEEE 13-bus system and 22.65% on 

the IEEE 123-bus system compared to the baseline. Explicitly modeling battery 

degradation cost within the optimization was shown to guide the scheduling towards 

more sustainable storage use, slightly reducing total cost while extending the implied 

economic lifetime of the batteries by minimizing excessive cycling. SOP-ES 

effectively exploited TOU tariff structure by charging during low-price hours (h1-h6) 

and discharging during high-price periods (h11-h13, h18-h21), substantially reducing 

grid purchases when electricity prices peaked while maintaining voltage stability. 
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The economic analysis validated that incorporating battery degradation costs into the 

optimization does not compromise and slightly improves overall economic 

performance by guiding the schedule toward sustainable asset utilization. 

4. Scalability through Distributed Optimization (Chapter 6): To address the 

computational challenges of large-scale networks, Chapter 6 successfully 

implemented accelerated variants of the Alternating Direction Method of Multipliers 

(ADMM), namely Fast ADMM (FADMM) and Adaptive ADMM (AADMM). These 

distributed algorithms effectively decomposed the centralized SDP problem into 

manageable sub-problems, achieving near-optimal solutions with significantly 

improved convergence speed and reduced computational burden. This demonstrates 

a viable pathway for the real-time application of the proposed optimization models 

in extensive distribution networks. 

5. Effectiveness of the Convex Optimization Framework: The application of a 

Semidefinite Programming (SDP) approach, enhanced with symmetrical 

components transformation for unbalanced networks, proved to be a robust and 

computationally efficient method for solving the complex, non-convex Optimal 

Power Flow (OPF) problem. This formulation guaranteed global optimal solutions 

for the relaxed problem and was successfully implemented using the MOSEK solver, 

demonstrating its practicality for planning and operational studies in ADNs. 

In summary, this thesis provides a holistic set of models and strategies that validate the 

critical role of coordinated power electronic and storage technologies in future distribution 

networks. The findings offer concrete evidence that the integrated operation of OLTCs, SOPs, 

and ESS, solved via advanced centralized and distributed optimization techniques, is a viable 

and highly effective pathway towards managing the complexities introduced by high 

renewable energy penetration, ensuring both technical efficiency, economic sustainability, 
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and operational scalability. 

7.2 Future work 

While this research has addressed several important aspects of ADN optimization, it also 

opens numerous avenues for future investigation. The following directions are proposed to 

build upon the findings of this thesis: 

• Uncertainty and Stochastic Optimization: This work utilized forecasted profiles 

for load and PV generation. A critical next step is to explicitly model the uncertainties 

inherent in these forecasts, as well as in electricity prices and component availability. 

Future research could develop a stochastic or robust optimization framework to 

derive operating strategies that are resilient against forecast errors and variability, 

thereby enhancing the real-world robustness of the proposed methods. This could be 

integrated with the distributed ADMM framework for scalable uncertainty 

management. 

• Real-Time and Multi-Timescale Control: The optimization models presented are 

primarily suited for day-ahead scheduling. To bridge the gap between planning and 

real-time operation, future work should investigate a multi-timescale control 

architecture. This could involve a hierarchical framework where day-ahead 

schedules (solved via SDP) are adjusted in a receding horizon manner using 

distributed ADMM for intra-day and real-time control, incorporating real-time 

measurements to handle rapid fluctuations. 

• Advanced Battery Degradation and Asset Health Models: The battery 

degradation model used in the economic chapter was a linear cost based on energy 

throughput. Future studies could incorporate more sophisticated, non-linear health 
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models that account for factors such as C-rate, depth of discharge, temperature, and 

calendar aging. Furthermore, the framework could be extended to include condition-

based maintenance scheduling for both the battery and the OLTC, optimizing 

operational costs alongside long-term asset health. 

• Fully Decentralized Optimization with Privacy Preservation: Building on the 

ADMM work, future research could explore a fully decentralized architecture where 

different areas of the network (or even different asset owners) solve their local 

problems with minimal information exchange. Fully decentralized architecture refers 

to a system design where no single central authority, controller, or server is needed. 

Each node operates independently, makes decisions autonomously, and 

communicates directly with peers, ensuring resilience, scalability, and fault tolerance 

without a central point of failure. This would enhance data privacy and security while 

still achieving near-global optimality, a key consideration for future smart grids with 

multiple stakeholders. 

• Hardware-in-the-Loop (HIL) Validation: To further validate the practical 

applicability of the proposed coordination strategies, HIL simulations are 

recommended. This would involve implementing the distributed ADMM-based 

control algorithms on a real-time digital simulator coupled with physical controllers 

for SOPs and OLTCs, testing their performance, communication requirements, and 

convergence under dynamic and transient conditions. 

By pursuing these research directions, the promising foundations laid by this thesis can be 

further developed into comprehensive tools and strategies for the secure, efficient, and 

intelligent operation of the next-generation power grid. 
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