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Abstract

In fields such as finance and environmental science, modelling the entire distribution of events
with a particular focus on extremes is critical for risk management. Extreme Value Theory (EVT)
offers a rigorous framework for such modelling. Initially developed to study the asymptotic
behaviour of maxima of i.i.d. sequences, EVT was later extended to characterise the tails of
distributions. A widely used result in univariate EVT is the peak-over-threshold (PoT) method,
which approximates the tail of a distribution using the Generalised Pareto Distribution (GPD)
above a sufficiently high threshold. This has motivated a “sliced” modelling framework that
combines a separate distribution for the bulk (below threshold) with a GPD for the tail.

This thesis extends the sliced model to the multivariate setting and proposes three frame-
works to either address the practical challenges arising in such extensions or provide alternate
approaches for joint modelling of the bulk and tail.

Our first contribution is a multivariate analogue of the sliced model, combining a parametric
bulk distribution with a multivariate GPD (mGPD) for the tail. The threshold separating bulk and
tail is treated as a free parameter to avoid manual specification. Simulation studies demonstrate
that the model robustly estimates marginal behaviour and both bulk and tail dependence, even
under misspecification (e.g., when data are asymptotically independent but the model assumes
asymptotic dependence). However, three limitations hinder scalability and realism in higher
dimensions or large datasets. First, the mGPD is infinitely parameterised, with only a few closed-
form representations available, risking bias if the true dependence deviates from these forms.
Second, the piecewise construction introduces discontinuities at the bulk-tail boundary, both in
the margins and in the dependence structure, which are unrealistic for large datasets. Third,
structural inconsistency arises: while the mGPD is always asymptotically dependent, the bulk
model (e.g., Gaussian) may be asymptotically independent, leading to conflicts in dependence
representation. Moreover, the fixed dependence class of the mGPD limits its applicability in
contexts such as spatial modelling, where tail dependence may vary with distance.

To address the first issue, we introduce GPDFlow, a novel mGPD framework in which
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the dependence structure is modelled using normalising flows, which is a flexible class of
generative models. Unlike classic mGPDs, GPDFlow avoids closed-form constraints and instead
learns a parameterised dependence structure through flows, with density evaluation performed
numerically. GPDFlow explicitly transforms light-tailed distributions into heavy-tailed ones,
overcoming typical limitations of generative models. It performs well in describing the data
where only subsets of variables are extreme and outperforms standard mGPDs in estimating both
marginal and tail dependence.

To address the issues of discontinuity and fixed asymptotic dependence, we develop a second
framework combining the extended GPD (eGP) with a latent Gaussian model, implemented in
the R-INLA package using the integrated nested Laplace approximation (INLA). The eGP is a
sub-asymptotic distribution that retains the key properties of the GPD while avoiding the need
for threshold specification, yielding a fully continuous model. Dependence is captured through
latent Gaussian fields, ensuring coherence and continuity across the entire distribution. We
illustrate this approach in a one-month-ahead spatio-temporal wildfire forecast application in
Portugal, focusing on moderate and extreme burn areas. A two-stage ensemble design integrates
environmental and historical data: in the first stage, an XGBoost model learns complex covariate
patterns, producing pseudo-covariates that feed into the second-stage latent Gaussian model. This
addresses key limitations of the INLA framework in handling high-dimensional covariates and
obtaining future environmental inputs in retrospective analyses. The eGP model and associated
priors are now fully implemented in R-INLA and publicly available to users.

Finally, to explore a purely deep learning-based solution without asymptotic constraints or
rigid latent structures, we propose a model tailored to the EVA Data Challenge 2025, which
involves estimating the expected number of daily precipitation extremes across a Sx5 spatial grid
over 165 years. We use a long short-term memory (LSTM) network to encode spatio-temporal
patterns and condition a denoising diffusion probabilistic model (DDPM) on the resulting hidden
states. The model operates on log-transformed, zero-adjusted precipitation data. For comparison,
we also develop a sliced model with conditional independent margins, using a Weibull distribution
for the bulk and a GPD for the tail. The diffusion-based model performs better for five out of six
target quantities in the data challenge evaluated at lower thresholds, and accurately captures tail

heaviness, as validated by marginal GEV shape parameter analysis on simulated and real data.
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Chapter 1

Introduction

Extreme events, defined as rare observations with exceptionally large or small values, arise
frequently in fields such as engineering, finance, and environmental science. Examples include
dam overtopping caused by probable maximum floods, sudden stock market crashes, and record-
breaking heatwaves. Although rare, these events often have severe consequences. For instance,
in July 2011, intense rainfall from Tropical Storm Nock-ten triggered devastating floods across
65 provinces in Thailand, resulting in more than 800 fatalities and an estimated USD 46 billion
in economic losses.

Given the high impact and economic cost of such extremes, it is crucial to develop statistical
tools capable of describing and quantifying them. In practice, interest often lies not in a single
observed extreme, but rather in estimating the probability of events at least as extreme as the
one observed. In other words, reliable extrapolation to unobserved data is essential. From a
statistical perspective, this corresponds to studying the tail region of a distribution /' that models
the underlying events. Although I’ is typically unknown, its asymptotic tail behaviour can be

well approximated using methods from Extreme Value Theory (EVT).

1.1 Univariate extreme value theory

EVT was first formally established by Fisher and Tippett (1928), who studied the limiting
distribution of the maximum

M, = max(Yy,...,Y,),
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where Y7,...,Y, are independent and identically distributed (i.i.d.) random variables with

cumulative distribution function (CDF) F'. The distribution of M,, can be written as

P(M, <y)=PY, <y,...,Y, <vy)
={P(11 <y)}"
={F(y)}",

which is not particularly useful, as it depends on the unknown F'. However, if we can find a

sequence of constants o, > 0 and (3,, n = 1,2, ... such that the normalised maximum
Mn - ﬁn
O,

converge in distribution to a nondegenerate limiting distribuiton G/(z) as n — o0, i.e.,

lim F"(a,x + B,) = G(x), (1.1)

n—oo

then the following Fisher-Tippett—-Gnedenko Theorem (De Haan and Ferreira, 2006, p. 6)
provides a unified characterisation of (G, analogous to the Gaussian limit in the classical central

limit theorem.

Theorem 1 (Fisher-Tippett—Gnedenko Theorem). The nondegenerate distribution G(x) in (1.1)
is in the form

G(z;7) =exp (—(1+7y2)" ), 147z >0.

When v = 0, G(z;0) = lim,,0G(x;7v) = exp(—exp(—=z)). This family, known as the
generalised extreme value (GEV) distribution, encompasses the Fréchet (v > 0), Gumbel (v = 0),
and Weibull (v < 0) distributions.

A crucial condition of the theorem is the existence of a non-degenerate limit G. If a
distribution F' satisfies this property, it is said to belong to the max-domain of attraction of G.
A detailed account of the necessary and sufficient conditions for this, as well as explicit forms
of «,, and f3,, can be found in De Haan and Ferreira (2006). Fortunately, most commonly used
distributions fall within a max-domain of attraction. Below is an example of using Theorem 1

to show that the standard Fréchet distribution is in the max-domain of attraction of itself.
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Example 1.1.1. Consider the standard Fréchet distribution with
F(z) =exp{—1/z}, x>0.
Setting o, = n and 3,, = 0, we obtain

n—oQ n—oo

i () = lim exp {n- (=) | = Flo)

In practice, when modelling M,, with a GEV distribution, the normalising constants «,, and
B, need not be explicitly known. Since they are fixed given n, they can be absorbed into the

location and scale parameters in the GEV distribution:

Mn_5n<x_5n)

]P’(Mngx):IP’(
ay, o,
zG(x_Bn;’O
an
_ -1/~
:exp<—[1+’y<xaﬁn>} ) (1.2)
n +
=1/
:exp<_{1+fy<“"“)] )
« +

= G, ,),

where ;1 = (3, is the location parameter, & = «, is the scale parameter, and ~y is the shape
parameter. Thus, the block maxima of i.i.d. sequences can be modelled using the three-parameter
GEV distribution, laying the foundation for the block maxima method. Before introducing this
method, we present a non-stationary version of the Fisher—Tippett—Gnedenko theorem, starting

with the D(u,) condition.

Definition 1. For random vector (Y1, ...,Y,) and any integer indices 1 < i; < ... <1, < j; <

. < Jg <mwith j; —i, >, and l,, = o(n), the D(u,,) condition is said to be held if

P(Yi, < tUn,... Y5, <tp,Yj, <tp,...Y; <up)

—P(Yi, <tp,... Y, <un)P(Y), <tp,...Y;, <uy)| <e(n,ly)

where ¢(n, l,,) — 0 as n — oc.
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This condition generalises independence: while completely independent sequences satisfy
e(n,l,) = 0, D(u,) allows short-range dependence, provided that sufficiently distant obser-
vations behave approximately independently at extreme levels. For the random vector that
satisfies the D(u,,) condition, the following theorem demonstrates that its maxima can still be

approximated by a GEV distribution.

Theorem 2 (Leadbetter (1983)). Let Yi,...,Y, be a random vector with maximum M, =
max(Yy,...,Y,). Suppose there exists o, > 0 and [3,, and an nondegenerate distribuiton G
such that the D,,(u,) condition holds for u, = a,x + 5,, © € R, and

P (M < :1:> S G(a).

an
Then G is a generalised extreme value distribution.

With the above preparation, the block maxima method can be naturally introduced. The idea
is straightforward: divide observations into blocks (commonly by year) and model the maximum
of each block using the GEV distribution. In environmental applications, such as precipitation
or temperature analysis, the D(u,) condition is typically satisfied for daily data when grouped
annually, thus well justifying the use of GEV models. The left panel of Figure 1.1 illustrates the
block maxima approach.

Block Maxima Peaks Over Threshold
1

20 20

value
value

1 1 1 1 ! 1 1 1 1 0
0 2500 5000 7500 10000 0 2500 5000 7500 10000
sample index sample index

Figure 1.1: Tlustrations of the block maxima method (left) and the peak-over-threshold method (right). In each
plot, 10,000 i.i.d. samples are generated from a Gamma distribution with scale parameter 1 and shape parameter
8. The red dots denote the observations used in the block maxima or peak-over-threshold approaches. In the left
panel, the grey vertical lines partition the samples into 10 blocks. In the right panel, the grey horizontal line marks
the threshold, corresponding to the 0.99-quantile of the Gamma distribution.

One limitation of the block maxima method is that it relies solely on the maximum observation
within each block and discards the near-maximum values that also contain valuable information

about the tail behaviour of the underlying distribution. To address this inefficiency, we return to
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the key relation in equation (1.1), which underpins the Fisher—Tippett—-Gnedenko theorem. By

taking logarithms on both sides of (1.1) and applying a first-order Taylor expansion, we obtain

1—F(x)%—%log(}'(x_ﬁ") :—%logG(x;u,a,’y) (1.3)

n

This suggests that, instead of fitting a GEV distribution to block maxima, we can directly
approximate the upper tail of F' using a GEV distribution. To eliminate the normasling factor

1/n in (1.3), we introduce a fixed high threshold u such that
1
n

Taking the ratio between (1.3) and 1 — F'(u) yields a conditional exceedance probability, leading

to the following result.

Theorem 3 (Pickands—Balkema-De Haan theorem). Let Y be a random variable with CDF F
in the max-domain of attraction of a GEV distribution G(-; ui, o, y). Then, for a sufficiently large
threshold u,

PY—-u<z|Y >u) — H(x),

where

—1/y

x

H(x)zl—(l%—Z—) ;o oy =a+y(u—p).
u/ +

Here, the sign (-); means that the term inside the parentheses must be nonnegative. The
distribution H (z) is a generalised Pareto distribution (GPD), with shape parameter -y and scale
parameter o,. The shape parameter, identical to that of the corresponding GEV distribution,

governs the tail behaviour and the support of the GPD:
1. 7 > 0: GPD is supported on [0, o) and exhibits a Pareto-type (heavy) tail.

2. v = 0: GPD is supported on [0, 00) and reduces to the exponential distribution, corre-

sponding to a light tail.
3. v < 0: GPD has finite support on [0, —c /7.

The scale parameter o, depends on the GEV parameters (u, «v,7y) and the threshold u, and is

therefore threshold-specific. In practice, the threshold is fixed to ensure the identifiability of o,,.
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For distributions in the max-domain of attraction of a GEV, Theorem 3 implies that the tail

beyond a sufficiently high threshold can be approximated by a GPD:
1=Fy) = {1 -F)iH{y—u), y>u

This motivates the peak-over-threshold (POT) method for modelling extremes: select a high
threshold, and fit a GPD to the exceedances. The right panel of Figure 1.1 illustrates this
approach.

A critical issue in applying the POT method is threshold selection, which entails a bias-
variance trade-off. If the threshold is too low, the asymptotic justification for the GPD ap-
proximation may fail, introducing bias. Conversely, if the threshold is too high, the number of
exceedances becomes too small for reliable estimation, inflating variance. A common strategy
for threshold choice is to use diagnostic plots. The idea is to identify quantities with theoretically
stable behaviour under the GPD model, and to examine their empirical behaviour across a range
of thresholds. For example, for a random variable Y with CDF F' in the max-domain of attraction
of a GEV distribution G(-; p, cv, y), Theorem 3 indicates that for a sequences of sufficiently high
threshold u;, £ =1,2,...,

v —1/y
P(Y—uk<w|Y>uk)—>1—(1+—> ,
Ou, )
with 0,, = a + y(ux — p). This implies that both the shape parameter v and the modified
scale parameter ¢ = o, — yu; remain constant across valid thresholds. Hence, by plotting the
estimated 7 and ¢ against candidate thresholds, one may identify the smallest threshold at which

both estimates stabilise, and adopt this as the working threshold.

1.2 Multivariate extreme value theory

When the joint tail behaviour of multiple random variables is of interest, it is natural to extend
the univariate EVT framework, which is based on the GEV distribution and GPD, to multivariate
settings. We begin with the multivariate analogue of the max-domain of attraction condition in
(1.1). Throughout, we use V to denote the element-wise maximum: for vectors @ = (a1, ..., aq)
andb = (by,...,b4),aVb = (max(as,by),...,max(ag,by)). Similarly, A denotes the element-

wise minimum. LetY;, ¢ = 1,... ,nbei.i.d. d-dimensional vectors with CDF F'. We say F’ lies
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in the max-domain of attraction of a nondegenerating distribution G if there exists normalising

sequences o, > 0 and 3,, such that

lim F"(a,x + B,) = G(x). (1.4)

n—oo

Intuitively, this states that, with appropriate normalising, the distribution of the componentwise

maximum M, = /!, Y, converges to a nondegenerating distribution G:

P (M < a:) = {]P <M < a:) }n = F"(a,x + B) — G(x)

oy ap

Marginally, (1.4) reduces to the univariate condition in (1.1):
Tim F (a5 + Bn,y) = Gj(2;),

where F); and G; are the marginal distribution of /" and G, respectively. Thus, if such a limit
G exists, each of its marginals must be GEV distributions. Accordingly, G in (1.4) is called
a multivariate generalised extreme value (mGEV) distribution (Beirlant et al., 2006). Without
loss of generality, we can standardise GG to standard Fréchet margins via the componentwise

transformation

T(z) = (Ty(z).. .. Taxa)) (—m_m> (1.5)

and then only focus on its dependence structure.

Let GG, denote the standardised G. Then

1 1
6@ = G.(1@) = 6. (g i)

and conversely,

G.(2) = G(T™!(2)) = G{GT (exp{—1/21}), ..., Gi (exp{—1/za})},

where G¥~ is the quantile function of the univariate GEV distribution G}, given by

pi+ SH(=logp)™ = 1] p€(0,1),7; #0

1 — o log(—log p) pe(0,1),7,=0
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with location y;, scale «;, and shape ;.

To facilitate characterising G' and G, we first introduce the following concept.

Definition 2. A distribution P is said to be max-stable if there exists a,, > 0 and b,, such that
P*(a,x+b,) = P(x)
The mGEYV distribution G is max-stable. To see this, note that for any ¢ > 0,

F' o,z + 3,) — G(x),
F[nt](a[nt}w + ﬂ[nt]) — G(w),
Fi'l(a,z + 8,) = (F*(anz + 8,))"/" = G(x).

By Theorem 14.2 in Billingsley (1995), there exist functions a(t) and b(t) such that o, /o, —
a(t), (Byy — B,)/an — b(t), and

G'(a(t)x + b(t)) = G(x).

This shows raising GG to a power corresponds only to a location—scale transformation; the resulting
distribution is still a multivariate GEV with the same dependence structure (that is, characterised
by the same G.).

We can also show that the standardised distribution GG, is also max-stable. Since the marginals

of a max-stable distribution are themselves max-stable, the transformation 7" satisfies

1 1
T(a(t)z +b(t)) = (_log Gilar(D)z1 +b1(8)" log Galaa(t)za + bd<t>>)
t t
=tT(x),

with inverse transformation

a(t)T~(y) +b(t) = T~ (ty).
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Therefore,

Gl (tz) = G'(T\(t2))
= G a(t)T ' (z) +b(t))
= G(T!(2))
= G.(2).

With normalising constants ¢(t) = ¢ and d(t) = 0, this can be expressed as
Gl(c(t)z +d(t) = G.(2). (1.6)
Definition 3. A distribution P is called max-infinitely divisible (max-id) if for every integer k,

PV, is still a distribution.

Clearly, every max-stable distribution is max-id. The following Proposition shows that any
max-id distribution admits a representation in terms of a Radon measure, also known as the

exponent measure.

Proposition 4 (Resnick (1987), Chapter 5). If G is max-id, then for some l € [—o00, 00)?, there
exists an exponent measure (i on FE := [l, 0o]\{l} satisfying

1. u(E\ =00, 00)%) = 0

2. zj =1; = —oo for some j =1,2,..., dimplies j(]—o0, x]") = o0
such that

exp{—pu(|—oo, x|¢ x >1
oy = (o021}

0 otherwise.

Let i, denote the exponent measure associated with G,. Since G, has standard Fréchet

margins with positive support, we can take I = 0 so p, is concentrated on E = [0, oo]\{0}, and
G.(z) = exp{—.([0, 2]}, z€E.
From (1.6), we know (G, is max-stable:

Gl(tz) = G.(z), t>0
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This implies the following homogeneity property for i,:
1(B) = ty.(tB) (17)

for a Borel set B C F and tB = {tb : b € B}. The homogeneity property suggests a natural
separation of size and direction in p.: the size component is universal and less informative,
while the directional component captures dependence. Now, fix anorm || - || and let = = {z €

R?: ||z]| = 1} denote the unit sphere, we can define a polar mapping 7 : £ — (0,00) x Z by
T(z) = (], Iz ~"2).
A finite measure S, called the spectral measure, can then be defined on = by
S(A) = m({z : [lzl] = 1, z/[|z]| € A})
for Borel subset A C =. The homogeneity condition (1.7) translates into
p{z € E: 2] =1 2/||2] € A}) =r718(A), (1.8)

showing that i, factors into a measure R in the radial measure R({z : ||z|| > r}) = r~! and the

spectral measure .S. Equivalently, (1.8) can be written as a pushforward measure
p o T H(dr, dw) = r2drS(dw). (1.9)
Using (1.9), the distribution of G, (z) can be formulated as

—log G.(2)

/ / r2drS(dw)

7([0,z]°)

= _2d7“)
r>m1n 1(z5/wj)]
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The standard Fréchet margins of G, requires that

Wi

1 1
_:/max(O,...,—,...,())S(dw):—/ij(dw), j=1,...,d
<j E Zj Zj J=

and therefore

/ij(dw) =1 forj=1,....d
The above results are summarised in the following theorem.

Proposition 5 (Resnick (1987), Chapter 5). If G, is a multivariate extreme value distribution

with standard Fréchet margins, then G, has the form

G.(z) = exp{-V(2)},

where
V(z) = /: 1 (%) S(dw)
is called the exponent function, and S is a finite measure S on Z = {z € R? : ||z|| = 1} that
satisfies
/ij(dw) =1 forj=1,...,d
To obtain a parametric form of G., both the norm || - || and the spectral measure S (or

equivalently, its normalised probability measure) must be specified. We demonstrate the choice
of these two terms for deriving the logistic family of the mGEV distribution. Let the norm be
¢ (sum): |||l = |z1] + - - - + |z4]- Under this choice, the support of the spectral measure is the
simplex = = {w € [0,00) : wy + -+ +wq = 1}, since z > 0 as a consequence of the standard

Fréchet margins of G,.. The total mass of S on = is

S(E):/El-S(dw):/E(w1—|—~~-—|—wd)-5(dw):d.

Thus, S can be normalised to a probability measure ) via () = S/d. When d = 2, taking the
density of () as
(™t =1) {w(1 - w)} it {w_l/o‘ + (1 — cu)_l/o‘}a_2 ; we(0,1)

q(w) = %
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yields the logistic family of bivariate GEV distributions (Coles et al., 2001):
G.(z1,29) = exp {— (zl_l/a + 22_1/&>a} ., 21 >0,29 > 0. (1.10)
The dependence structure in (1.10) is controlled by a € (0, 1). As @ — 0, G, converges to
G.(21,2) — exp{—max(z; ', 2z 1)},
indicating that Z; and Z, become perfectly dependent. In contrast, as o — 1,
Gu(21,22) = exp{—(27" + 2 1)},

and Z; and Z, approach independence.
In Proposition 5, the exponent function was defined in terms of a spectral measure. It can

also be expressed through the exponent measure ju,:
V(2z) = 1([0,00)\[0, 2]),  z € [0, 00].

Evaluating V' at 1/z leads to another important tail dependence characterising function, namely

stable tail dependence function (stdf, Beirlant (2004)) ¢:

Uz)=V(1/2,... 1))

] (1.11)
— Er?:alx (w;zj) S(dw), =z € [0, 00].
The stdf ¢ can equivalently be defined in terms of G with arbitrary GEV margins:
U(z) = —log G(GY (exp{—21}),...,Gy (exp{—=24})), =z €]0,00]
and conversely,
—log G(x) = l(—log G1(z1), ..., —log Gy(z4)), x € {x:G(x)> 0}. (1.12)

Thus, although introduced via the exponent function of an mGEV distribution with Fréchet
margins, ¢ more generally characterises the dependence structure of (7, invariant under any

monotone marginal transformations.
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The purpose of introducing stdf is that, in practice, it is more convenient to deal with this
function than the exponent or spectral measure. We will look into the stdf a bit more, as it will
be frequently mentioned when we define a multivariate generalised Pareto distribution.

Since the marginal distributions do not affect ¢, we study it under the standardised distribution
G .. Using the convexity of the max function, the homogeneity of j, and the standard Fréchet

margins of G, the stdf ¢ has the following properties:
1. /7 is convex;
2. l(cz) = cl(z) for 0 < ¢ < o0;
3. ((e;) = 1 for unit vector ej, j =1,...,d in R%

Another useful representation of ¢ is
((z) = Elmax(zV)], z € [0,00], (1.13)

where V' is arandom variable with values in [0, co) with E(V;) = 1 (Rootzén et al., 2018b). This
representation can be obtained by normalising the spectral measure S to a probability measure

Q = S/m, where m = S(Z), and set V.= mW , W ~ (). Then

lz) = m%fc (w;zj) S(dw) = m%fc (mw;z;) P(dw) = E[max(zV)].
g J= 5 J=
Conversely, if a function ¢ : [0, co] — [0, 0] can be expressed in the form (1.13), then it is a
valid stdf Segers (2012). The corresponding spectral measure on = defined as S = gP, o T, !
for a map 7. (v) = v/||v||, weight function g(v) = ||v||, and probability measure Py of random

variable V. Equivalently

S(A) = /1 {ﬁ e A} I[v]| Py (dv) = E (11 {ﬁ c A} ||V||) . AcE

Multivariate Threshold Exceedance Modelling

We can construct a multivariate generalised Pareto distribution (mGPD) in a manner analogous
to the univariate case. To start with, suppose the max-stable domain of attraction condition in

(1.4) holds for the CDF F’ of arandom vector Y. Then the survival probability of the normalised
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Y has the limit

Y — 1
IP’( Bn f:v) =1—- F(a,z+ 3,) = ——logG(x).
o, n
Without loss of generality, we can evaluate this probability at O and use the result as a conditioning

term in a conditional distribution to remove the effect of n:

P (% e 0) —1-F(B,) — —%logG(O).

Thus, 3, can be interpreted as a threshold, and the set {Y" £ 3, } defines threshold exceedance
events, i.e. at least one component exceeds the threshold. Now, conditioning on {Y ¢ 8,1}, a

straightforward calculation shows that the distribution of the conditional random vector (Y —

B,)/ o |'Y £ 3, converges to

P(Y_ﬂ"<w\ygﬁn)

Flopx : B,) — Fla,(z A0)+3,)
1 - Fla,x+8,)
1= F(a,(xA0)+8,) — [l — Fla,z + 3,)]
- 1—-Fla,z+8,)
1 G(xAO0)
TlogG0) % Glwy )

(1.14)

We call this H a multivariate generalised Pareto distribution (Beirlant, 2004; Rootzén and Tajvidi,
2006). To ensure this definition is valid, G(0) must lie in (0, 1), i.e. G;(0) > 0 and G;(0) < 1
foratleastone j € 1, ..., d. For convenience in defining the parameters of //, we may strengthen
this condition slightly by requiring G;(0) > 0 forall j € 1,...,d. Such restrictions can always
be met through an appropriate choice of a,, and 3,,.

In the above definition, H is closely linked to an mGEV distribution GG. Let p, o, ~ denote
the location, scale, and shape parameters of the marginal GEVs, and ¢ to represent the stdf. If
we parameterise G by (u, ¢, «, ¢), then H inherits this parameterisation. However, just like the
univariate GPD in Theorem 3, where we lose one free parameter when deriving a GPD from a
GEV distribution, gt and o cannot both be identified in /7. The reason is that for any ¢ > 0,
the mGEYV distributions G and G* produce the same H. Owing to the max-stability of G, G'
can be obtained by applying a location—scale transformation to G; hence, they differ only in the

marginal location and scale parameters. If we parameterise G* as (u(t), a(t),~, (), then it is
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easy to show

pt) =p+a(t’=1) /v,

a(t) =t a.

by applying power transformation on marginal GEVs in (1.2) and comparing the parameters.

Notice that the equality
a—yp=a(t) - ypu)

holds for all £ > 0. This indicates H can be parameterised in terms of & = o — «yu to remove
the identification issue, which aligns with the form of scale parameter in GPD in Theorem 3.
Furthermore, o can be interpreted as the scale parameter, since 0; = o; — 7; > 0 is guaranteed
by G;(0) > 0. With this reparameterisation, an mGPD has identifiable marginal parameters o
(scale) and ~ (shape).

We can further explicitly express H in terms of o, «y and ¢ by substituting (1.12) into (1.14):

1 G(x NO)
H@) =160 ¢ G
:;{E(log G1(z1 N0O), ..., log Gg(zqg A 0O)) — L(log G1(x1), ..., log Gy(xq))}

log G(0)
—1/ _
:K{w(l—l—’yx/\0> }—E{w(1+7£> 1/7}’
o o
(1.15)

where w = (w1, ...,wq), w; = {log G;(0)}/{log G(0)}. The last line follows from dividing

each argument of ¢ by log G;(0) and compensating with the corresponding factor, while the
homogeneity of ¢ permits log G(0) to be taken inside. The vector w consists of the ratios
log G;(0)/log G(0) and therefore carries certain dependence structure information. By defini-
tion, w € (0, 1] and satisfies the normalisation condition /(w) = 1. As Rootzén et al. (2018b)
pointed out, H can be fully determined if o, 7y, w and ¢ are all known . We therefore denote this
distribution by mGPD(o, vy, w, ¢).

Before examining the dependence structure of the mGPD, we highlight some elegant prop-
erties that follow directly from the definition (1.14). These results can be established using only

the mGPD definition and the max-stability of G.

Proposition 6 (Kiriliouk et al. (2019)). Suppose X is a d-dimensional random vector and

X ~ mGPD(o,~,w, ) with its CDF denoted as H, then the following properties hold.
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1. Threshold Stability. For a threshold u > 0 satisfying H(u) < 1 and o + yu > 0,

X —u|X £u~mGPD(o +~u,v,w,{).

2. Lower dimensional conditional margins. Forany J C 1,....d, X; | X; £ 0, isa

mGPD.

The threshold stability result implies that increasing the threshold of an mGPD leads to
another mGPD, differing only in the marginal scale parameters. As w and ¢ remain unchanged
with threshold choice, tail dependence metrics based on them are constant for an mGPD. This
property is useful for threshold selection in threshold exceedance modelling, a point to be
discussed later.

For the second property, in the special case J = j, the conditional distribution X; | X; > Ois
univariate GPD, thereby revealing the connection between univariate and multivariate definitions.
One caveat is that the unconditional distribution of X ; is not, in general, an mGPD (Kiriliouk
et al., 2019).

Now, the only thing we need to do is to specify w and ¢. Equation (1.15) suggests a

transformation to simplify the form of [/

Z = 11{7750}l10g <1+'y£) —i—]l{'y:O}{. (1.16)
~ o o

Intuitively, this transformation standardises each conditional margin X, | X; > 0 to a stan-
dard univariate GPD with scale parameter o; = 1 and shape parameter 7; = 0. We denote
mGPD(1,0, w, ¢) as the standard mGPD, with CDF H (z) and density h(z).

One approach to developing a parametric form for mGPD(1,0,w, ¢) is to use directly the
w and /¢ derived from an exponent function (e.g. (1.10)). However, this method only yields the
CDF and density of an mGPD, while simulation from the distribution is not straightforward. We
can actually have both a simple sampling algorithm and an explicit density function of an mGPD
using its stochastic representation.

Recall that a function ¢ : [0, 00) — [0, 00] is a valid stable tail dependence function (stdf) if
there exists a random vector V' > 0 with E(V;) = 1 for j = 1,....,d. Such a vector V' can be

constructed from another random vector S by

exp{S}

V= Elexp(5])
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If we further assume S takes values in [—oo, 0] and satisfies

1. P(max(Sy,...,S4) =0)=1
(1.17)
2. P(S;>—00)>0 forallj=1,...,d

then S is called a spectral random vector. The following proposition establishes the link between

an mGPD and a spectral random vector.

Proposition 7 (Rootzén et al. (2018b)). For any mGPD(1,0,w,¢) with w € (0, 1] and stdf
l(w) = 1, there exist a spectral random vector S unique in distribution, and a unit exponent

exponent random vector E independent of S, such that
S+ E ~mGPD(1,0,w,¥?).
w, ¢, CDF and density functions are given by

w; = E(exp{S;}), j=1,...,d;

U(z)=E (max <%{S}>> :

H(z) =1 — E[min(1, e™>5-2))];

h(z) = 1{z £ 0} fs(z — max(z)) exp{— max(z)},

where fg is the Lebesgue density of S.

Proposition 7 is crucial: it elevates the mGPD from a theoretical construct to a practical
modelling tool. It not only supplies a direct sampling method but also reconstructs the CDF and
density in terms of S, which is often more intuitive than working with the spectral measure.
Building on this, three equivalent representations facilitate practical implementation of the

mGPD.

1. T-Representation. The idea of the T-representation is to relax the restrictions on the
spectral random vectors. Let T" be a random vector taking values in [— oo, 0o) and satisfy

the following two mild conditions

(@) P(T; > —oo0) > 0forallj=1,....,d;

(b) P(max(T) > —o0) = 1.
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Then, a spectral random vector .S can be represented as
S =T —max(T).
The quantities in Proposition 7 are then rewritten in terms of 1" as:
w; = E(exp{T; —max(T)}), j=1,...,d;

((z) = & (o (2RI mx (D)),

w

H(z) - 1 - E[mln(:[’ emaX(T—z)_max(T))];

h(z) = 1{z £ 0} ! )7 /Ooo fr(z +logt)t~'dt,

exp{max

2. R-Representation The R-representation arises from a point-process perspective of the

mGEYV distribution. Let o € (0,00)%, v € R%, and let R be a random vector with support

D and distribution function F'r, where

[07 OO) if Y > 0,
D=1 x---x1, Ij: (—O0,00) 1ff)/]:07 ]:1,,d (1.18)
(—o00,0] ify; <O,
Assume 0 < E(|R;|Y%) < oo if 7; # 0 and E(exp{R;/0;}) < oo if v; = 0. Let (T});>1
be the points of a unit-rate Poisson process on (0, co), independent of an i.i.d. sequence

R;);>1 with common law F'r. Thus the point process w = » .., d(r..r,) on (0,00) x D
> i>1 YT, Ry)

has intensity p(d¢, dr) = dt Fgr(dr). Define mapping ¢ : (0,00) x D — R%:

_r_g ith - _ 23 o logtif v =
o(t,r) = i (w1th i interpreted as ; — 0 logt if v; = O> ,

and a point process N = > ., 4(7,,r,) ON R?. Its intensity measure A is the pushforward

JIxe o1 ie.,

A(B) = /0 h /D 1{6(t,r) € B} Fa(dr)dt, B C R Borel,
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Let A, = {y € R?: y £ x}, then the distribution

G(z) =P (ng ¢(Ti, R;) < w)

—P (N(Ag) = 0)

=exp{—A(4z)}
enl- [ oo+ 3)))

is an mGEYV distribution (Rootzén et al., 2018a). Here, Fr = 1 — Fg, and t" (z; + 0;/7;)

(1.19)

is interpreted as z; + o;logt when v; = 0. Conversely, for any mGEV distribution G,
there exists an R such that G(x) = P(sup;»; ¢(1;, R;) < x). Substituting (1.19) into
(1.14) yields

_ b Fr®(@+0/y) - Fr®((zA0)+0/v))}dt
I Fr(to/vy)dt ’

max{(ﬁ;R/o-)l/'y}> /000 fr(t (@ + o /y)) t=i=17 dt

h(z)=1(x £ O)E(

3. U-Representation For a random vector R as in the R-representation, define

1
U= —log <ﬁ),
¥ o

with components taking the limit form when «; = 0. This change of variable leads to the

U-representation:

B I {FU (rly log (1 + 1) + logt) — Fy (,—1y log (2(x A0)+1) + logt) } dt

Hy(e) > Fu(logt)dt

where Fy; is the CDF of U and Fyy = 1 — Fy. Using the transformation in (1.16), this

simplifies to

S AFu(z 4+ logt) — Fy(z A0+ logt)} dt
B I Fu(logt)dt
_ E(exp{max(U — (2 A 0)} — exp{max(U — z)})
E(exp{max(U)})
E (exp{max(U)} A exp{max(U — z)})
E (oxp{max(D)})

H(z)

—1—
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Here we use the fact that

/OO Fy(logt)dt = /OO P(U # logt)dt
_ /0 " Plexp{max(U)} > Ddt

— E (exp{max(U)})

for the denominator (and a similar derivation for numerators), and identities max{U —
(zN0)} =max(U — z) Vmax(U),anda Vb —a = b — b A a. Note that the Hy(z)
has a very similar form compared to Hg(z). In fact, by comparing these two CDFs, one

can define a spectral vector S via U as

Elexp{max(U)} f(U — max{U}) € ]

Elf(S) e ]= E(exp{max(U)})

for any measurable function f. Taking f(-) = 1{-} verifies that this .S satisfies (1.17).

The corresponding density of the U-representation is

h(z)=1(z £ 0)E (exp{nllax(U)}) /000 fu(z +logt)dt.

Since the T, U, and R representations are all linked to the spectral random vector S, and
the law of S’ is invariant across them, they are equivalent at the distributional level. Practically,
it is easier to specify generators 1", U, or R than the bounded S. However, the integral in
their density expressions restricts generator choices if a closed-form h(z) is required. In that
sense, the various representations are one way to increase the expressivity of the h(z) when
rich forms of the generator are unavailable. Kiriliouk et al. (2019) studied several parametric
generator families, including multivariate Gaussian, independent components with Gumbel,
reverse Gumbel, reverse exponential, log-Gamma, and structured components, all of which yield
closed-form h(z). We conclude this section by presenting the h(z) with independent reverse

exponential components in the T-representation. In this case, fr is assumed to be

d
fr(w) = [ [ ajexp{a;(u; + 8))},  uj € (—00,=B;), a; >0, B; € R.
7=1
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The corresponding density is

—max(z) — max(z C-l—1O‘j .
p{ (2) Zd (i' +’8)23_ }Hajexp{aj(xj"'ﬁj)}-

h(z)=1(z 40

Tail Dependence

A central question in multivariate extremes is whether extreme events occur simultaneously; in
other words, the tail dependence. This arises frequently in environmental applications, both
when studying a single process across multiple locations and when analysing multiple processes
at a single site (e.g. modelling still-water level and waves for flood detection (Bortot et al.,
2000)). For a two-dimensional random vector X = (X3, X3) with marginal distributions F; and
F5, a widely used measure of tail dependence is the tail dependence coefficient y (Coles et al.,

1999) defined as

x = lim x(u), X(w) =P(F(Xs) >u| F(X1) >u), ue(0,1)

u—1

This definition can be extended to d dimensions by replacing x (u) with

x(u) =P(F;(X;) > uforall j | F;(X;) > u)

F mjﬂ{ff?) g u}>, ue (0,1).

We call X asymptotically dependent (AD) if x > 0, and call it asymptotically independent (AI)
when xy = 0. This AD/AI classification is distinct from classical dependence/independence:
dependence does not imply asymptotic dependence. For example, Sibuya et al. (1960) showed
that for a bivariate normal distribution, one has xy = 0 and hence the distribution is AI when its
correlation p satisfies |p| < 1. Tail dependence, therefore, requires separate investigation from
bulk dependence.

For an mGPD in Section 1.2, taking the T-representation as an example, and letting u* =

max(H,(0),...,Hy(0)), one can show that its tail dependence coefficient is

X = x(u;u > u")
= E(min(V)) (1.20)

=K (min {Efjfif}f_nﬁi@)} N E(e:fp{{j;‘id_—nflj;{}ig)}}) }>
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by applying the inclusion-exclusion formula on the stdf (Rootzén et al., 2018b; Hu and Castro-
Camilo, 2025). Two implications follow from (1.20). First, an mGPD is AD regardless of
the generator, as the x is always positive. Consequently, the mGPD is only suitable for data
exhibiting AD behaviour, which can be checked via the diagnostic plot of the empirical y(u).
Second, when u > u*, that is, in the region where all components exceed the threshold, x(u)
is constant and equals . This constancy follows from the threshold-stability of the mGPD and
can be exploited to select a suitable threshold in applications. Specifically, we can standardise
the margins to the uniform scale using empirical CDFs and plot the empirical y(u) over a grid
0 <wu; <---<wu, < 1. Asuitable threshold could be the u-quantile of the margins, where @ is

the smallest u; such that the empirical x(u) is approximately constant for all v > 1.

1.3 Jointly modelling the bulk and tail

In many applications, both median-level and extreme events are of interest. For example, in
modelling wildfires in Portugal, where annual economic losses are estimated at €60—140 million
(Government of Portugal, 2021), it is important to capture both mega-fires with large burned
areas and the frequent, smaller fires in order to support accurate fire risk management. This
motivates modelling the full distribution of the data, with particular attention to the tail.

Since the tail of a distribution can be well approximated by a GPD, a natural idea is to use one
distribution for the bulk and splice in a GPD for the tail. If we consider only the right tail (typical
in environmental applications due to non-negative observations), the piecewise framework can

be sketched as

F(z) = huk() v (1.21)

Foux(u) + [1 — Foux(u)| Fopp(z — u), = > u.

where Fiyi is @ CDF on (0, 0o0) for the bulk component and may be specified parametrically
(Behrens et al., 2004), semi-parametrically (do Nascimento et al., 2012), or non-parametrically
(MacDonald et al., 2011). The threshold u defines the boundary between the bulk model and
the tail model: values below u are described by Fy,, while exceedances above u are modelled
using the GPD approximation. An advantage of this framework is that « is treated as a learnable
parameter, bypassing manual threshold selection in peak-over-threshold methods. Inference is

typically performed in a Bayesian framework, which further provides insight into the uncertainty
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of w.

A natural extension is to ask whether this bulk—tail joint modelling can also be done in the
multivariate setting. Returning to the wildfire example, one may be interested not only in the
distribution of wildfires at a single site but also across municipalities, in order to understand
spatial patterns. The answer is yes, but three main challenges must be addressed before using

multivariate EVT for the tail:

1. Parametric forms of the tail. Unlike univariate EVT, where the asymptotic distribu-
tions of maxima and threshold exceedances are uniquely defined, multivariate EVT admits
infinitely many parameterisations of the dependence structure. The few available para-
metric families are typically designed to admit closed-form expressions for tractability.
This restricts flexibility and can introduce bias if the chosen dependence structure deviates

substantially from reality.

2. Discontinuity in margins and dependence. The support of the mGPD is a subset of R,
so combining it with another distribution for the bulk inevitably introduces discontinuities
in both margins and dependence. Such discontinuities may be unrealistic when the dataset

is large.

3. Restricted tail dependence. Classic multivariate EVT is built on the max-stable mGEV
distribution. A direct consequence is that the tail dependence is always asymptotically de-
pendent. If we insist on mixing a multivariate EVT distribution with another distribution for
the bulk, the resulting framework cannot model cases with asymptotic independence. This
is restrictive in high-dimensional applications such as spatial modelling, where pairwise
tail dependence may vary with distance between sites, and may exhibit both asymptotic

dependence and asymptotic independence.

In this thesis, we propose three methods, ranging from statistical modelling to deep learning,
to address these challenges and provide practical frameworks for modelling of bulk and tail
simultaneously.

As a first step, we construct a mixed distribution by piecing together a bivariate normal
distribution with a bivariate GPD. This can be viewed as a bivariate extension of the work of
Behrens et al. (2004) and do Nascimento et al. (2012). The main motivation is to preserve
all EVT-guaranteed tail properties while providing a simple framework, which is particularly

valuable for small samples. The framework proves effective on small datasets, with performance
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comparable to alternative threshold-free joint models focused on the dependence modelling
(André et al., 2024). However, it does not resolve the three challenges above and thus is limited
in high-dimensional, large-sample applications.

To address the infinite-parameterisation issue, we focus on the mGPD and propose repre-
senting its dependence structure with normalising flows, a class of deep generative models. This
framework, termed GPDFlow, allows the dependence structure of the mGPD to be learned from
the data rather than pre-specified. Owing to the high expressivity of normalising flows, GPDFlow
can, in principle, approximate any well-behaved dependence structure.

The discontinuity issue can be mitigated if both margins and dependence are continuous.
Continuous margins can be obtained using sub-asymptotic distributions, which reproduce EVT-
consistent tails, i.e., Fréchet (v > 0), Gumbel (v = 0), or Weibull (7 < 0), while tailoring the
bulk to the task. One such distribution is the extended generalised Pareto (eGP) distribution
(Naveau et al., 2016), which behaves like a GPD in the right tail but resembles a Gamma
distribution on the left tail. For the dependence structure, one approach is to use a Gaussian
field to represent the latent dependence structure among different components, and parametrise
the likelihood function in terms of linear projections of latent Gaussian fields to capture the
dependence of the observations implicitly. This leads to the latent Gaussian modelling, which is
widely applied in areal modelling where spatial dependence is naturally expressed via adjacency
structures such as the conditional autoregressive model. By using the eGP as the likelihood, we
obtain a joint bulk-tail model with EVT-compliant margins.

The above latent Gaussian model framework is already able to relax the strong AD assumption
of the multivariate EVT while retaining EVT-consistent margins. However, it relies on the fact
that latent Gaussian fields can adequately represent the dependence, and this is not always
realistic. For example, when modelling precipitation and sea level at a single coastal location,
it is hard to find a proper latent Gaussian field to describe the dependence between these two
quantities.

To allow more flexibility, we explore whether generative models, particularly the Denoising
Diffusion Probabilistic Model, can represent the entire dependence structure and thereby model
both bulk and tail jointly. The key distinction from GPDFlow is that here the generative model
is applied to the full dataset, not just threshold exceedances. While GPDFlow is necessarily
asymptotically dependent, the diffusion model can, in principle, accommodate more flexible tail
dependence structures. A common challenge, however, is that generative models often struggle

to represent heavy-tailed data (Jaini et al., 2020; Pandey et al., 2024). This can be alleviated either
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by adapting the model architecture to account for heavy tails, as in GPDFlow, or by transforming
the data (e.g. logarithmic or Box—Cox transformations) to reduce tail heaviness prior to model

fitting. We adopt the latter approach and examine its effectiveness as our final contribution.

1.4 Outline of the thesis

The remaining part of the thesis is organised as follows.

* Chapter 2 provides the methodological background required to understand the work in
this thesis. We first review posterior simulation methods in Bayesian inference, with
emphasis on Markov Chain Monte Carlo methods and integrated nested Laplace approx-
imation. We then summarise the core machine learning components that appear in later
chapters: gradient boosted decision trees via XGBoost, and deep learning architectures,
including multilayer perceptron (MLP), recurrent networks (LSTM) and generative models

(normalsing flows, diffusion models).

 Chapter 3 presents the methodology for piecing together a multivariate bulk distribution
and an mGPD for the tail. We illustrate the framework in two dimensions, using a
bivariate Gaussian distribution for the bulk and a U-representation mGPD with independent
reverse exponential components as the generator. This framework shows a competitive
performance in dependence modelling compared to a method that focuses on smoothly

mixing a copula tailored to the bulk and a copula tailored to the tail (André et al., 2024).

» Chapter 4 proposes GPDFlow, which tackles the infinite-parameterisation issue by rep-
resenting the mGPD generator via normalising flows. We investigate its tail properties
and propose a threshold selection method tailored for partial exceedance probabilities (i.e.
when only a subset of components exceeds the threshold). Simulations and an application
to systemic risk among five major US banks demonstrate the accuracy and flexibility gains

of GPDFlow over classical parametric mGPDs.

» Chapter 5 develops a spatio-temporal joint bulk—tail model using a latent Gaussian frame-
work with an eGP likelihood, applied to wildfire forecasting in Portugal. Forecasting
challenges include modelling both moderate and extreme burned areas, handling complex
covariate effects, and managing the absence of future environmental covariates. We pro-

pose a two-stage ensemble: a gradient boosting model first identifies wildfire patterns and
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generates pseudo-covariates, which are then used in a latent Gaussian model with eGP
likelihood. Inference is carried out via integrated nested Laplace approximation, with a
detailed discussion of penalised-complexity priors for eGP parameters. Our framework
effectively addresses the existing challenges in the spatio-temporal forecast and accurately

describes the monthly total fire count and burnt area.

* Chapter 6, motivated by the Extreme Value Data Challenge 2025, explores a fully deep
learning approach to extrapolate event probabilities over a 5 x 5 grid of daily precipitation
data spanning 165 years. We combine an LSTM to capture temporal dependence with a de-
noising diffusion probabilistic model for spatial dependence among grid cells, conditional
on the LSTM outputs. Since precipitation is non-negative, a logarithmic transformation
with zero-adjustment is applied to reduce tail heaviness, enabling the diffusion model to
better represent the extremes. Diagnostics on dependence and tail behaviour demonstrate

the accuracy of this framework.

 Chapter 7 concludes the thesis and outlines potential directions for integrating deep learning

and EVT.



Chapter 2

Methodological framework

In this chapter, we introduce the statistical inference techniques, as well as several machine

learning and deep learning models, that will be used in later chapters.

2.1 Methods for Bayesian inference

In a Bayesian statistical model, the unknown parameter vector @ is treated not as a fixed value,
but as a random vector with a probability distribution 7(@). This distribution, known as the
prior, represents our a priori belief about 8 before observing any data. Once the data vector y is

observed, the prior can be updated via Bayes’ rule:

m(y | 6)m(6)  7(y|6)n(6)

"0y = T T Ty | 0)n(8)a8

where 7(y | 0) is the likelihood specified by the statistical model. The distribution 7(0 | y) is
called the posterior and is the key quantity for inference on 8. In most problems, the posterior
does not have a closed-form as the normalising constant in the denominator is analytically

intractable, so approximation methods are required.

2.1.1 Metropolis—Hastings algorithm

The Metropolis—Hastings algorithm (Metropolis et al., 1953; Hastings, 1970) is one of the most
widely used methods for approximating a posterior distribution. It is a Markov chain Monte
Carlo (MCMC) method: it generates samples by constructing a Markov chain whose stationary

(equilibrium) distribution is the target distribution, and then simulating the chain.

27
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A sequence of random vectors oW 0@ ... 0" inR?is a first-order Markov chain if, for

allt € {1,...,T — 1}, the distribution of ©+1) conditional on the past depends only on e
P(@ (t+1) 9(t+1 | @ 0(1), e @(t) _ O(t)) _ ]Py(@(t—i-l) _ 0(t+1) ‘ @(t) _ O(t))

Such a chain can be specified by an initial distribution and a transition probability IP)(@(t“) =
el+Y | oW = O(t)) fort =1,...,7 — 1. If the transition probabilities do not depend on ¢, the

chain is homogeneous. In that case, the transition kernel can be written as
T(6%,0) =P(@") =9 | 0" =0,

for all 8, 6" in the state space and all ¢.

For a discrete state space, the marginal distribution evolves according to
PO = ZIP’ )T(6*,6).

Let p(6) = P(©Y) = 6) denote the marginal distribution at time ¢. If applying one transition

leaves the distribution unchanged, i.e.,

then p(-) is called invariant (or stationary). A sufficient condition for invariance is the detailed
balance condition:

p(0)T(0,6") = p(6")T(6",8).

Indeed, under detailed balance,
PO = Zp (6")7(6" Zp T(6,6%) =p(6) > p(6" | 6) = p(6).
o

Under mild conditions on the invariant distribution and the transition probabilities, the marginal
distribution of a homogeneous Markov chain converges to a unique invariant distribution, regard-
less of the initial state (Bishop and Nasrabadi, 2006). In this case, the chain is called ergodic,
and the invariant distribution is also referred to as the stationary (or equilibrium) distribution.
The key idea behind the Metropolis—Hastings algorithm is to construct a transition kernel

whose stationary distribution is a desired target distribution, denoted 7(0). Starting from the
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current state ), we first draw a proposal 8’ ~ ¢(0' | ), where ¢(- | -) is a proposal
distribution. In general, the proposal move alone does not satisfy detailed balance, because
typically w(0™)q(0" | 81 # 7(8")q(8'") | @'). To correct for this, we introduce an acceptance
probability A(-,-), with 0 < A(+,-) < 1, such that

m(6")q(6" | 6")A(6',0) = m(6)q(0") | 6) A0, 6").
This yields a transition kernel of the form
T(6",8) :=q(6' | 6)A(6',0").

With this choice, the resulting transition kernel satisfies detailed balance with respect to 7.
Operationally, sampling from the resulting kernel is implemented via an accept-reject step, as
in a rejection sampling: draw @' from ¢(- | "), then accept it with probability A(0’,61");
otherwise, keep the current state.

To determine a suitable form for A(8’, ")), consider

A0,89)  7(8)q(0" | @)

= =7r(0",0). 2.1
R L AT e .

By symmetry, one may take A(8',01) = ¢(r(8',8")) for some function g : [0, 00) — [0,1].
(2.1) implies the functional requirement g(r) = rg(1/r) for all » > 0. A standard choice is

g(r) = min(1, ), which yields

7 9 — min 7(9/)61(‘9@)‘9/)
A= {1’ #(07)q(0' | 0)

The resulting Metropolis—Hastings algorithm is summarised in Algorithm 1.

2.1.2 Gibbs sampling

Gibbs sampling (Geman and Geman, 1984; Gelfand and Smith, 1990) is a Markov chain Monte
Carlo (MCMC) method that is particularly useful when the full conditional distributions of the
target distribution are available in a form that is easy to sample from.

Let ® = (04, ...,0,) be a d-dimensional random variable with target density (6, ..., 6;).

For each coordinate j € {1,...,d}, write 6_; for the vector of all components except the jth
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Algorithm 1 Metropolis—Hastings Algorithm

1: Input: unnormalised target density 7 (-); proposal distribution ¢(- | -)
2: Initialise: choose 8V such that 7(8")) > 0

3: fort=1,2,...do

4:  Sample proposal @' ~ ¢(- | 8Y)

5: Compute
A(9.69) = min {1 n(6)4(6" | ) }

6: Sample u ~ Uniform(0, 1)
7. ifu< A(6,0") then

8: Ot ¢’

9: else

10: O+ g

11: end if

12: end for

one. The full conditional density of ©); is then

(05| 0_;) :=7(0; | Or,...,0;_1,0,41,04).

Gibbs sampling generates a Markov chain by repeatedly updating one component at a time: at
each step, it samples ©; from its full conditional distribution given the current values of all other
components. Cycling through j = 1,...,d produces one full Gibbs update. This procedure is
summarised in Algorithm 2.

The validity of Gibbs sampling can be understood by viewing each coordinate update as a
Metropolis—Hastings step in which the proposal distribution is the corresponding full conditional
m(0; | 0_;). Because this proposal exactly matches the target conditional distribution, every

proposed update is accepted, so the acceptance probability is identically 1.

Algorithm 2 Gibbs Sampling Algorithm

1: Input: unnormalised target density r(-) with full conditionals 7(#; | @_;),forj =1,...,d
2: Initialise: choose 8 such that 7(8V) > 0
3: fort=1,2,...do

4 0 Y

5: forj=1,...,ddo

6: Sample ¢ ~ 7(- ] 6" ;)
7: Set 9} — 9;

8: end for

9. 0D ¢

10: end for
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2.1.3 Slice sampling

Suppose the goal is to sample 8 € R from a target density w(0). Instead of sampling di-
rectly from 7, slice sampling (Neal, 2003) introduces an auxiliary variable i and considers
the augmented space (6, h). The main idea is to sample uniformly from the region under the
(unnormalised) density curve, R = {(0,h) : 0 < h < 7(0)}. If (8, h) is uniformly distributed
over R, then the marginal distribution of 6 is proportional to 7(€). Therefore, we can obtain
samples from the target distribution by drawing from R and discarding h.

Direct uniform sampling from R is generally difficult, but it becomes straightforward if we
alternate between the two full conditional distributions, i.e. performing a Gibbs sampler on the

augmented space. Consider the joint density
p(0,h) x 1{0 < h < 7(0)},
Conditioning on 6, the auxiliary variable is uniform on (0, 7(0)):
h | 8 ~ Uniform(0, 7(8)). (2.2)
Conditioning on h, @ is is uniform over the horizontal slice S(h) = {0 : 7(6) > h}, so that
6 | h ~ Uniform(S(h)). (2.3)

In one dimension d = 1, sampling from Uniform(S(h)) can be implemented by finding an
interval that contains the current  and lies largely within the slice. In higher dimensions
(d > 1), one often uses a rectangle or hyperrectangle that covers the current point and captures
a substantial portion of the slice (Neal, 2003). These alternating updates constitute the slice

sampling method, outlined in Algorithm 3.

Algorithm 3 Slice Sampling Algorithm

1: Input: unnormalised target density 7 (-)
2: Initialise: choose 8" such that 7(0)) > 0
3:fort=1,2,...do
4 Sample h ~ Uniform (0, 7(6'"))
5 Define the slice region
S(h) = {0 :7(0) > h}

Sample ¢+ ~ Uniform (S(h))
7: end for

A
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2.1.4 Automated factor slice sampling

Factor slice sampling is a variant of slice sampling designed to improve efficiency when the
components of 6 are strongly (linearly) correlated under the target density 7(€). Factor slice
sampling updates the state along an orthogonal set of directions that better matches the principal
axes of the target, so that each one-dimensional slice update makes meaningful progress along
narrow “ridge-like” regions of high probability.

A convenient way to motivate this is through a local Gaussian (quadratic) approximation to

the target,
. 1 1 _
(8) o = 2exp{—§<e s 1<e—u>}

where p and X are (approximately) the mean vector and covariance matrix of 7(@). Performing
the spectral decomposition & = EAE” yields an orthonormal basis E = (e, ..., e4), where
e; is the eigenvector associated with the jth eigenvalue. Then € can be written in the rotated

coordinates as

d
0=p+En=p+) ne;,

j=1
for coefficients n = (ny,...,nq4)7. Updating 0 in slice sampling can therefore be carried out
by updating the rotated coordinates 7n; (equivalently, moving along the directions e;), which

leverages the dispersion information encoded in E. This idea is reflected in Algorithm 4.

Algorithm 4 Factor Slice Sampling Algorithm

1: Input: unnormalised target density 7(-); dimension d; standard basis vectors {e;}_,

2. Initialise: choose 8" such that 7(0V) > 0
3: fort=1,2,...do

4: Sample i, ~ Uniform (0, W(O(t)))
50 0« 0Y
6: forj=1,2,...,ddo
7: Sample
o~ Uniform({rj (0 +rje;) > h}>
8: 0/ <— 0, —+ T;€;
9: end for
10 0D — ¢
11: end for

Step 6 in Algorithm 4 can be interpreted as a Gibbs update in the rotated coordinates.
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Conditioning on h, we have a uniform distribution over the slice in 7)-space,
n | h ~ Uniform({n : 7(n + En) > h}),

which is simply a reparameterisation of sampling 6 uniformly from the slice region. The

corresponding one-dimensional full conditional for 7; is

n; | n—j, h ~ Uniform({n; : 7(p + nje; + Y _ nrex) > h})
k#j
and sampling 7); in this way is equivalent to sampling the increment r; from the set {r; :
m(rje; +0') > h}.

Choosing a good orthonormal basis E typically requires some knowledge of the dependence
structure of the target. Tibbits et al. (2014) proposes an automated procedure that estimates a
suitable basis during an initial tuning phase by repeatedly drawing samples, computing a sample
covariance estimate, and updating the implied eigenvector basis until the basis stabilises. One

version of this idea is sketched below.

Algorithm 5 Iterative Covariance Update

1: Initialise: E(l) — 1, »h I,t+ 1, converged + False
2: while not converged do

3: Draw N samples using E(t) in Algorithm 4

4:  Compute X*Y and its eigenvectors E+Y

5:  Estimate a rotation matrix R such that X R ~ X+
6: t+—t+1

7: if Y (R — I) is below a preset tolerance threshold then
8: converged < True

9: end if

10: end while

In addition, Tibbits et al. (2014) discusses how to automate the tuning of the slice “width”
used when constructing practical approximations to the set {6 : w(0) > h}, for example via
Robbins—Monro recursion from the optimisation literature. Together, these automated steps
yield the automated factor slice sampler, which aims to reduce the need for prior dependence

knowledge and manual tuning.
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2.1.5 Integrated nested Laplace approximation

Integrated nested Laplace approximation (INLA) (Rue et al., 2009) is a fast, deterministic method
for approximating posterior distributions in a broad class of Bayesian models known as latent
Gaussian models. It is designed for settings where the latent variables have a Gaussian prior
with a sparse precision structure, enabling efficient numerical computations.

In a Bayesian latent Gaussian model, each observation y;, © = 1,..., /N, is assumed to be
conditionally independent given the linear predictor 7; and hyperparameters 0, of the observation
model. The response’s mean or quantiles are linked to 7); as in the generalised linear model

framework, and 7; comprises random and fixed effects that describe the data in an additive way:
ni=Bo+ > Bivij+ ¥ Wik,
j k

where v; ; are covariates for the fixed effects, w; ;, are latent Gaussian random effects, and [, 3;
are linear coefficients. Using 6, to denote all hyperparameters in 3;, w;, the latent field

u = (Bo,P1,-..,wi1,- ) is assumed to have a Gaussian prior
w60, ~N(0,Q7(62)),

where ()(0-) is the precision matrix. The linear predictor n = (7, - - , 7,) can be expressed by
u and a sparse design matrix A by

n = Au.

Let @ = (64, 02) and its prior as 7(8), the full posterior distribution is

m(w.8 | y) o 7y | Au,0)(u | 6)7(6)

ocm(u | O)n(0) [ [ (v | (Au),, ),

i=1

A central idea in INLA is to approximate w(wu | 8, y) by the Laplace approximation 7(u | 6, y)

so that 7(6 | y) can be approximated by

70 |y) o Z 0V

)

u=u*(0)

m(u|6,y)

where u*(60) is the mode of 7(u | 6, y), or equivalently, the mode of the joint density in w for
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fixed 8. Once 7(@ | y) is available, marginal posteriors of §; can be obtained by numerically

integrating out the nuisance parameters 0_;:

n(6; | y) = / 70| y)do_.

Next, taking the Gaussian margins 7 (u; | 8,y ) from 7(u|0, y), the marginal posterior 7(u; | y)
is approximated by
T (u; | y) = Z%(Uz | 0k, y) T (O | y) A,
k

with integration points 6, and weights A;. The marginal posterior of the linear predictors
7(n; | y) is derived in a similar manner. Starting with the Gaussian approximation 7(u | 0, y),
the conditional posterior 7(7;|6, y) is then also approximated as Gaussian. Its mean and variance
can be efficiently computed leveraging the linear relationship n = Aw and some tricks on
computing the :-th diagonal element of the inverse of the precision matrix associated with

7(u|60,y) (Van Niekerk et al., 2023). The marginal posterior 7(7;|y) is then approximated by:

T ly) =D 70| 0k y) 7T (0r | y) Ar.
k
Finally, Van Niekerk et al. (2023); van Niekerk and Rue (2024) proposed a low-rank correction

to the mean of 7(u | 8, y) using variational Bayes, further improving the approximation of both

m(u; | y) and 7(n; [ y).

2.2 XGBoost

XGBoost (Chen and Guestrin, 2016) is a scalable and efficient gradient boosting framework
(Friedman, 2001) designed for structured data. As an ensemble method, it builds a strong
predictive model by adding many simple tree models in sequence. Each new tree is fitted to
correct the errors made by the current ensemble, so the model improves in an additive, iterative
manner.

In a regression setting, a regression tree f () with input & € R¢ partitions the feature space
into L disjoint regions R;, Ry, -+, Ry, known as leaves, through a sequence of binary splits.

For any input vector «;, = = 1,..., N, the tree returns the leaf weight w; corresponding to the
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region R; that contains x;:

fla:) =) wil{z; € R},
=1

where 1{-} is the indicator function. An XGBoost model with M trees predicts

M

@:me(il?z), fmefa

m=1

where F denotes the space of all possible trees.
XGBoost fits the trees in a forward stagewise fashion. At boosting iteration m, it adds a new

tree f,, to minimise the following regularised objective:

N

L£m = Zé(y“’y\l(m Y + fm(wl)) + Q(ﬁﬂ)?

where /() is a differentiable convex loss function, @(m_l) = ZT:_II fi(x;) is the prediction
from the ensemble up to iteration m — 1, and Q(f,,) = 7L + $A||w]||* penalises the model
complexity through the number of leaves L and the leaf weights w = (wy, ..., w). To improve

the optimisation efficiency, the loss is approximated using a second-order Taylor expansion:

N
Z[ Uy, 0 Y) + gifm(a:) + 5 th (wz)} + L+ )\Zw (2.4)

=1 7j=1

9% 9% L(yi,f) ‘
a5z f=

loss function Wlth respect to 7"~ '. Ignoring the regularisation terms and the terms that does not

gm=D and h; = Fom are the first and second derivatives of the

where g; = % y“f |f

depend on f,,,, minimising (2.4) is equivalent to minimising
ngm ;) + 5 h ifom ()

L, g\ 1g?

Hence, in a conceptual sense, the new tree f,, is fitted to targets {—g;/h;}Y., with weights h;,

which is why XGBoost is often described as a second-order gradient boosting method.

In practice, XGBoost does not explicitly fit a tree by regressing on {(x;, —g;/h;) } Y. Instead,
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it directly optimises the split structure and leaf weights using the aggregated gradients and
Hessians. Let ¢ : R? — {1,2,..., L} denote the tree structure, which is a mapping from each
input to a leaf index, and let /; = {i : g(x;) = j} be the set of training indices assigned to leaf

7. For a fixed structure ¢, L™ can be written as

N
Z|:ngm wz + hf2(331):|+’}/[1+ )\ZUJ

=1 7j=1

L
Z Zgri—;w]z Zhrl')\ + L.

j=1 i€l; i€l;
The optimal weight for leaf j is therefore

B Zie[j 9i
D SR Y

and the substituting w} back yields the optimal value of the objective for that fixed tree:

s 1 i€l Gi
£ :‘§§:§ff;;IX

i=1

+ L.

To optimise the tree structure ¢, XGBoost typically starts from a single leaf and greedily adds
splits. For a candidate split of a node with index set [ into left and right children 7, and /g, the

loss reduction in Z(m)* 1S

Esplit = E(m)* - Z(m)*

before after

_ 1 (ZiGIL gi)2 (ZiEIR 91)2 o (Ziel gi>2 — .
2 ZieILhi+)‘ ZieIRhi_'—)‘ Yoicrhi+ A

A split is accepted if this gain is positive or exceeds a user-specified threshold, and the algorithm
selects the split with the largest gain among the candidates, subject to any additional constraints

such as maximum depth, minimum child weight, or minimum loss reduction.
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2.3 Deep learning

2.3.1 Multilayer perceptron

A multilayer perceptron (MLP) is a class of feed-forward neural networks widely used for
supervised learning tasks in modern deep learning. An MLP represents information using
neurons. Each neuron stores a single scalar value, and a collection of neurons forms a layer,
which represents a vector. An MLP typically consists of an input layer (which receives the input
vector, such as features in tabular data or a vectorised image), several hidden layers (which learn
intermediate representations), and an output layer (whose dimension and constraints depend on
the task). For example, in a k-class classification problem, the output layer often has k neurons and
produces values that can be interpreted as class probabilities. In a standard MLP, every neuron in
one layer is connected to every neuron in the next layer through an affine transformation followed
by a non-linear activation function. This is known as a fully connected layer, or dense layer. A

sketch of an MLP is shown in Figure 2.1.

Input Layer Hidden Layers Output Layer

Figure 2.1: Illustrated architecture of an MLP with 3-dimensional input and 2-dimensional output. All neurons
are fully connected to neurons in the next layers by an affine transformation followed by a nonlinear activation
function.

Formally, consider a input vector & € R% and an MLP with J layers. Let W) e Ré*di—1

denote the learnable weight matrix between layer 7 — 1 and j, and let b € R% denote the
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learnable bias term in layer j. The forward pass through the network is given by

a® =g

ah) = gD (WD) 1 p0y =1, ]

where ¢/ is the element-wise nonlinear activation function (e.g., sigmoid, ReLU, tanh) in layer

j. Equivalently, the MLP defines a nested composition of mappings:
f(x:0) = o) (W(J)qg(J—l) ( A (W(l)x + b(l)) .. ) + b(J)) ’
where @ = {W b7}/_ is the all parameters.
To train the MLP over a dataset {x;,y;}~ ,, we can choose a differentiable loss function
¢(-) that measures the discrepancy between the target y; and the prediction f(x;;@). Common

choices include mean squared error for regression and cross-entropy loss for classification.

Training typically minimises the regularised empirical risk

N

Z€<f(wi;9>ayi) +202(0); A>0,

=1

1
L=—
N
where €2(0) is a regularisation term based on parameter norms and A controls the strength of
regularisation.

Parameters are commonly updated using gradient-based optimisation. The simplest form is

gradient descent:

0+ 06— UV9£7 (2.5)

where n > 0 is the learning rate. Computing V¢ L requires applying the chain rule through all
layers; the standard algorithm for doing this efficiently is known as backpropagation. In practice,
variants such as stochastic gradient descent (Robbins and Monro, 1951) and adaptive methods
like Adam (Kingma and Ba, 2015) are often used, but they rely on the same backpropagation

gradients.

2.3.2 Long short-term memory

Long short-term memory (LSTM) networks (Hochreiter and Schmidhuber, 1997) are a type of
recurrent neural networks (RNN) widely used for modelling sequential data, such as time series.

A defining feature of time series is temporal dependence: values at a given time point are often
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correlated with previous values. RNNs capture this dependence by maintaining a hidden state
that is updated at each time step and carried forward through the sequence.

In a standard RNN, the hidden state h; € R" at time ¢ depends on the current input x; € R¢
and the previous hidden state h;,_; € R", thereby implicitly incorporating information from all

past inputs up to time ¢. A common formulation is
hi = ¢(Wihi_y + Wz, +b),

where ¢ is a non-linear activation function, typically tanh, and W, € R"*" W, € R"*4 and
b € R" are learnable parameters. While RNNs are, in principle, able to represent long-term
dependencies, they often struggle in practice because gradients can vanish or explode during
training with backpropagation through time (BPTT).

To illustrate this issue in a simplified univariate setting, consider a loss function ¢ and the

gradient with respect to the hidden state at an earlier time step k. Using BPTT,

T

ag Ohy Oy
= 11 = o H¢Whht1+W:vt+b) (2.6)

t k+1 t=k+1

For common activation functions such as tanh, |¢/(-)| < 1, and it is often strictly less than 1 over
much of their range. As a result, the gradient magnitude is governed by repeated multiplication
of terms, and is strongly influenced by the scale of WhT ~*_ Consequently, gradients tend to vanish
when |IV,,| < 1 and can explode when |WW},| > 1, making it difficult to learn dependencies over
long time horizons.

LSTM networks alleviate this problem by introducing an explicit memory cell with an additive
update, together with gating mechanisms that control information flow. An LSTM unit maintains
a cell state ¢; € R” to carry long-term memory, and uses three gates: an input gate %;, an output
gate o;, and a forget gate f,. These gates determine what information is written to memory,
what is retained from the past, and what is exposed as the hidden state. Given an input vector

x; € R? and a previous hidden state h;_; € R", the gates are computed as:

’l:t = Slngld(WlaJt -+ Uiht,1 + bl),
o, = sigmoid(W ,x; + U ,hy_1 + b,),
f, = sigmoid(W sz, + U sh;_1 + by),



CHAPTER 2. METHODOLOGICAL FRAMEWORK 41

where sigmoid(-) is the sigmoid activation function, and W, € R"*4 U, € R"" and
b, € R" are the learnable parameters. Because the sigmoid maps to (0, 1), each gate can be
interpreted as a soft switch that controls how much information passes through.

With the gates defined, the cell state ¢, € R" and hidden state h, € R" are then updated via:

¢, = tanh(W .z, + U h,_; +b.),
Cy = ft ®c1+ it ®Et7

h; = o, ® tanh(c¢;),

where tanh(-) is the hyperbolic tangent function, ® denotes element-wise Hadamard product,
and W, U, and b, are additional learnable parameters. The intermediate quantity ¢; is the
candidate memory content computed from the current input and previous hidden state. The
overall architecture is illustrated in Figure 2.2. The additive form of the cell-state update
helps stabilise gradient propagation over time, avoiding the exploding-gradient behaviours often

observed in standard RNNs. To see this in the same univariate setting as in (2.6), apply BPTT

through the cell states. Since ¢; = fic;_1 + i:¢;, We have affjl = fi, and

T T

8€ ey 8€
8_% - H 8 = H ft

t=k+1 T k11

Because each f; € (0,1), the product Hfzk 1 fi cannot blow up. This rules out the kind
of gradient explosion that can occur in a standard RNN, where repeated multiplication by an
unconstrained recurrent weight can lead to exponential growth.

The hidden state h, is typically treated as the output representation at time ¢. It can be
mapped to a prediction as a one-step-ahead forecast via an additional output layer, such as a
linear projection whose output dimension matches the target variable. Model parameters in

LSTM can be updated by minimising a suitable loss function using gradient-based optimisation.

2.3.3 Normalising flows

Normalising flows are a class of generative models that represent a probability distribution by
applying a sequence of invertible and differentiable transformations to a simple base distribution.
Each transformation is differentiable, and so is its inverse; such a map is called a diffeomorphism.

Let Z € R? be a random vector with density pz(z), and let T : R¢ — R? be a diffeomorphism.
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Fi gure 2.2: Architecture of an LSTM block that updates the cell state ¢;_1 and hidden state h;_ using the current
input x;. The circular + denotes element-wise addition, while the circular x denotes element-wise multiplication.
Rectangles indicate activation functions, labelled accordingly.

Define X = T'(Z), then the density of X is given by the change-of-variables formula

px(z) = pz(z) |[detJr(2)] ", 2.7)

where Jr(z) is the d x d Jacobian matrix of 7" evaluated at z, and = T'(z). Although (2.7) is
just the change-of-variables formula, one can show that for any well-behaved densities pz and
px , there exists an invertible transformation 7' that maps Z to X (Papamakarios et al., 2021).

One way to see this is via an autoregressive factorisation. We can write

d

px(@) = [[plz; | z<;),

J=1

and define a mapping F' = (F7, ..., Fy) elementwise by

Zj

u; = Fy(ajxe;) = / p(t | @)t

—00

For each j, F};(+; ;) is the conditional cumulative distribution function (CDF) of X; | X ;. It
is non-decreasing and satisfies

OF;
8_:yj =p(z; | T<j).

Under mild assumptions, F' is invertible and differentiable almost everywhere. Note that F)
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depends only on (x1, ..., z;). Therefore, its Jacobian is lower triangular and
OF
8 ... 0 ¢ op .
det Jp(x) = det | = 8_] = Hp(xj | ;) = px(x).
oFy ... oFg| I =
ox1 Oxg

Applying the change-of-variables formula yields

pu(u) = px (@) |detJr(2)| " = px (@) [px ()] =1, (2.8)

so U is uniform on [0,1]%. In the univariate case, this is known as the probability integral
transform. Similarly, we can construct a transformation GG that maps Z to a uniform random
vector on [0, 1]%. Composing these maps gives T' = F~! o G, which maps Z to X.

The argument above establishes existence in principle. In practice, normalising flows ap-
proximate such a transformation by composing several learnable diffeomorphisms. Given K

learnable diffeomorphisms 7, k = 1,..., K, we define
X = (’TKQ...O’]'I)(Z)7

and the resulting density is
s 1
px (@) = pz(2) [detJro.or; (2)| ' = pz(2) | [ [detJ7 (2M)]
k=1
where z2(!) = z and z**1) = T, (2(®). The learnable 7}, is often parameterised using neural
networks to improve expressivity, while the architecture is designed so that invertibility and
tractable Jacobian determinants are preserved. Common families include autoregressive flows,
linear flows, and residual flows. Below, we describe Real NVP (Dinh et al., 2017), a widely used

coupling-based autoregressive flow with affine transformations.

Real NVP. In a Real NVP layer 7, the input zF) e RY is split into two blocks, zgf) and
zl()];), where by U by = {1,...,d} and by Nby = @. Often |b1| = |by|, and the roles of b; and
b, are alternated across layers or mixed via permutations so that all dimensions are eventually

transformed.
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Figure 2.3: Forward (left) and backward (right) propagation in a layer of a Real NVP model. The input vector z
is partitioned into two subvectors zp, and z, of the same dimension. ¢ and vy, are two neural networks in layer k
that take z;, as input and output vectors used as the scale and translation in an affine transformation, respectively.

The coupling layer leaves zé’f) unchanged and applies an affine transformation to zé’;):

k+1 k
20 o)
k+1 k k k
20 = exp{G (20} © 2 + o (2.

Here, (i and vy are neural networks (e.g. MLPs) that output vectors of the same dimension
as zé’;). Intuitively, (; produces a log-scale and vy produces a shift, both conditioned on z(()lf),
allowing the model to capture dependencies between the two blocks.

A key advantage is that the Jacobian of 7}, is triangular, so its determinant is easy to compute:

det Jr, (z(k)) = H exp{gk(zl(jf))j}.
JEb2
Thus, the log-determinant depends only on the output of (j, not on the internal complexity of
the networks, which keeps likelihood evaluation tractable.
Training a normalising flow is similar to fitting a parametric statistical model: because the
likelihood can be evaluated explicitly, the parameters of the transformations (i.e., the neural
network weights) can be learned by minimising the negative log-likelihood using gradient-based

optimisation.

2.3.4 Diffusion models

Diffusion models, in particular Denoising Diffusion Probabilistic Models (DDPMs) (Ho et al.,

2020), are a class of generative models that have achieved strong performance in computer
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vision tasks such as image and video generation. Given data (¥ ~ ¢(z(%)), the goal of diffusion
models is to learn a model distribution py(2(?)) that approximates the unknown data distribution
and from which we can sample efficiently. Diffusion models learn pg(2(?)) through two coupled

processes inspired by nonequilibrium thermodynamics (Sohl-Dickstein et al., 2015):
1. aforward (diffusion) process that gradually adds Gaussian noise to the data, and

2. areverse process that learns to remove the noise and recover a clean sample.

Forward (diffusion) process. In the forward process, the data are transformed over 7' dis-

T)

crete time steps into progressively noisier latent variables V), @ .. ™) via the Markov

transitions.
q(z® | ) D, /1— Bt B.I), (2.9)

where {3;}_, is a fixed noise schedule and I is the identity matrix. Define oy = 1 — 3; and
ay = H§:1 ;. It follows that the marginal distribution of 2*) given the original data 2(®) has

the closed form

gz | 20 = N(2; /az®, (1 — a)I), (2.10)

(T) is close in

which implies that, for sufficiently large 7" and an appropriate noise schedule, x
distribution to \V'(0, I), largely independent of the original distribution ¢(2(?)). The full forward

process can be written as

T

q(w(lzT)|w(0)> — Hq(w(t) | m(tfl)).

n=1

Reverse (denoising) process. The reverse process aims to invert the diffusion by sequentially
denoising. Starting from a simple base distribution p(x(™)) = AN(0,I), DDPMs define a

reverse-time Markov chain with Gaussian transitions:

po(@!" ™V [ &) = N(&V; g (¥, 1), Sp(x ), 1)),

T

The functions p,(x®,t) and Zy(x™®, t) are learned so that the reverse chain produces samples

0)

x(%) resembling the data distribution.
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Training via variational inference. Training a diffusion model is commonly formulated as
a variational inference problem with 2(*7) treated as latent variables. One can decompose the

log-likelihood as

: po(x 01)
logpg(ag(o)) KLD{q( |az(0)) I pg(a:(l T) | :L'(O))} +E, {1 gm
pe(m(O:T))

Z Eq |:10g W] = ELBO,

where ELBO denotes the evidence lower bound. Maximising the ELBO provides a tractable
objective for learning 6. Since the forward process q(z*")|z(?) is fixed and known, improving
the ELBO encourages the reverse process py(z(%?)) to match the implied reverse dynamics of

the diffusion, thereby increasing log pg(x(?).
Ho et al. (2020) shows that the ELBO can be decomposed into a sum of KL terms across

timesteps:
[ po(z*1))
e lgm
(t—1) ®) (0) (1)
- ™) 9(33 | 2) po(z? | ')
=E; |logp(x +Zl"g D], <o>)+1°g gz |z()

(t-1) (t) (t-1) (0) (0) (1)
_ (T) po(x |z) gz | ') po(z™ | x))
e oot +Zzl°g{q<m<“>|m<t>,w<0>> CREFC)N R TE =)

[ (t=1) | x®
_ po(x | z") (0) | (1)
=Eq |log om0 <T> | <o +221 201 [ 20, gy T 108Po(@ [T
I T
=E, |- KLD{g(z™ | z®) || p(x™)} = > KLD{g(x""V | &, 2O) || pg(a~" | &)} +log py(z | &)
n=2
LT Lt—l LO

The first term Ly is constant during training because both ¢(z(™ | 2(?)) and p(2™) are known.
The remaining terms involve matching the learned reverse transition py(z~ | £*)) to the true

reverse posterior ¢(z~V | £V (), which is Gaussian and available in closed form:

q(w(t—l) |w(t),az(0)) = N(z (t— D:Mt( ) 5tI)
(z®, 20) = v@t—lﬁtw(o) n \/@_t(l — at—l)m(t)
' ’ 1 - dt 1 — @t ’
~ 1—a
Bt - 1/8157
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Assuming Sg(z®),t) = 021, with o2 set to either 3, or 3, the KL term L;_; reduces to a

weighted squared-error objective:

o (2D, 8) — 1, (20, 20))||”

2
20}

E,(Li—1) =E,; +C, (2.11)
where C is constant with respect to f. Thus, training encourages pt,(x®,t) to match the true
posterior mean fi,(z®, ().

Using (2.10), we can reparameterise (") as

20 = Vam® + VT de, €~ N(O,I),

or equivalently,

20 = 1_ (a;(t) — V1 —ae).

(0%

o~

Substituting this into f1,(x), £(?)) yields an equivalent parametrisation in terms of the noise:

~ 1 Jé; )
®) ¢) = ® _ o ~N(, T 2.12
ll/ iﬂ ) 6 w — 6 ) 6 ) ( . )
(2,9 = o (- 2 0.1)
This shows that learning p, ("), t) is closely related to learning the noise term e at each timestep.
Ho et al. (2020) therefore proposed parameterising the reverse mean via a neural network € that

predicts the noise:

po(x® 1) = (m(t) — LEQ(m(t),t)) .

1
NG VI9I—ay

With this parameterisation, (2.11) simplifies to the weighted noise-prediction loss

2
Eq(Lt—l) —C = IEX(O)76 [m HE — €p (\/@_tx(o) —+ Na— dte,t> H2:| . (213)

The final term L corresponds to the likelihood model py(z® | 2(1)). Maximising Ly with
respect to p, yields an objective of the same general form, and under the Gaussian assumption,
it is optimised when p,(x™"), 1) matches z(?). This leads to a squared-error loss consistent with
(2.13):

e~ e (Varx® + VI—are, 1)

Finally, Ho et al. (2020) show that it is effective in practice to minimise a simplified version
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of the (negative) ELBO:
E o [le — €0 (vVax® + VT~ age, )] (2.14)

which is straightforward to implement and often improves sample quality.
After training, sampling proceeds by drawing ™) ~ A(0, I') and then iterating the reverse

updates

1 B
(t-1) _ (t) ¢ (®) -
T T ex\",t) | +oz, t=T,...,1,
\/_t( T—a, o( )) t

where z ~ N(0,I) fort > 1,and z = 0 for t = 1.



Chapter 3

A Bayesian multivariate extreme value

mixture model

Accurate risk assessment for natural hazards requires models that describe both extreme and non-
extreme events. In multivariate settings, extreme value theory (EVT) provides asymptotically
justified models for exceedances over high thresholds via the multivariate generalised Pareto
distribution (mGPD), but does not capture the bulk of the distribution. In this Chapter, we
propose a Bayesian multivariate extreme mixture model that jointly models the bulk and tail
regions while preserving the exact tail properties guaranteed by EVT. The bulk is modelled
parametrically and the tail with the mGPD, with both components defined on disjoint regions
separated by a multivariate threshold vector considered an unknown parameter. This formulation
decouples the bulk and tail, preserving theoretical tail properties under changes to the bulk,
while naturally incorporating uncertainty quantification for all parameters, including thresholds.
Posterior inference is performed using the automated factor slice sampler, which efficiently
explores the strong dependencies between parameters. Simulation studies show that the model
recovers parameters accurately across a range of tail behaviours, remains robust under model
misspecification, and estimates extremal dependence measures reliably. An application to UK

temperature extremes shows that the model captures the moderate and high quantiles accurately.

3.1 Introduction

In many applications, risk depends on both extreme and non-extreme events. For example,

flooding may arise from intense short-term precipitation or from sustained moderate rainfall over

49
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several days. Classical extreme value theory (EVT) provides asymptotically justified models for
the tail of a distribution, but does not describe the bulk, and is therefore insufficient when the
full range of the data is of interest.

In the univariate setting, this limitation has motivated numerous approaches that combine a
generalised Pareto distribution (GPD) for threshold exceedances with a lighter-tailed distribution
for the remainder of the data. Examples include the dynamically weighted mixtures of Frigessi
et al. (2002) and the Bayesian threshold models of Behrens et al. (2004), as well as semi- and non-
parametric extensions by Tancredi et al. (2006); do Nascimento et al. (2012); MacDonald et al.
(2011) and Huang et al. (2019). Other unified approaches, such as Naveau et al. (2016) and Stein
(2021), reproduce GPD behaviour in both tails without the need for explicit thresholding. Krock
et al. (2022) extended Stein’s model to accommodate nonstationary settings, while Opitz et al.
(2018a) and Castro-Camilo et al. (2019) employed discontinuous spliced models to represent the
bulk and tail of environmental variables over space and time, leading to improved prediction and
forecasting of extreme events.

In the multivariate case, both marginal distributions and dependence structures must be
modelled. A common approach transforms margins to a standard scale and models dependence
via copulas, often in a mixture form to represent both bulk and tail behaviour (Aulbach et al.,
2012b; André et al., 2024). When margins are also of interest, models combining marginal mix-
ture approaches with copula-based dependence have been proposed (Leonelli and Gamerman,
2020). However, existing copula-based multivariate mixture frameworks suffer from entangle-
ment between the bulk and tail: the bulk copula can influence the tail region, and the tail copula
remains sensitive to bulk data, even with optimised weighting. This dependency could become
problematic in small samples, where limited tail observations lead to fragile tail inference. Piece-
wise copula constructions, such as that of Aulbach et al. (2012a), offer partial relief but cannot
simultaneously model the margins.

To address these issues, we develop a Bayesian multivariate extreme mixture model that
combines a flexible parametric bulk distribution with the multivariate generalised Pareto dis-
tribution (mGPD) for the tail, defined on disjoint regions separated by a multivariate threshold
vector. The threshold vector is treated as an unknown parameter, allowing the data to determine
its value and enabling principled uncertainty quantification. Bulk and tail dependence structures
are specified independently, ensuring that the exact tail properties of the mGPD are preserved
regardless of the bulk choice. Posterior inference is carried out using the automated factor slice

sampler (Tibbits et al., 2014), which efficiently explores strong dependencies between bulk, tail,
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and threshold parameters in the posterior distribution. Through simulations, we demonstrate that
our framework recovers parameters accurately under a range of tail behaviours, remains robust
to model misspecification, and estimates extremal dependence measures reliably. Our method’s
applicability is illustrated by analysing UK temperature records containing extreme events.

The remainder of this paper is organised as follows. Section 3.2 presents our model, including
a detailed overview of the mGPD and our chosen representation. Section 3.3 describes the prior
specifications and the methodology for posterior inference. Simulation studies are presented in
Section 3.4, and Section 3.5 applies the model to UK temperature data. Section 3.6 discusses

practical considerations for implementation, and Section 3.7 concludes.

3.2 Multivariate extreme mixture model

3.2.1 Multivariate generalised Pareto distribution

LetY,,... Y, be n independent and identical copies of the d-dimensional random vector Y,
which is in the max domain of attraction of an mGEVD G. This means that there exists sequences

of normalising vectors v, € (0,00)% and 3,, € R? such that
P (an{lrgag( Y.} +03, < y) =P"(a,Y +8, <y) = G(y), n— . (3.1)

Here, operations on vectors are componentwise. For example, a.,Y + 3, = (a,1Y1 +
Bats ey naYa+ Bna) and max i<, {Y i} = (maxi<i<n{Yin}, -+ ,maxici<n{Yia}). G(y)
is an mGEVD with non-degenerating margins G;(z), j = 1, ..., d belonging to the univariate
generalised extreme value family of distributions. Without loss of generality, we can assume that
marginals are unit Fréchet with cumulative distribution function exp(—y~!), for y > 0. In that

case, we can write the joint distribution function G as

G(y):exp{—/Sdmax (“ﬂ ﬁ) dQ(w)}, y > 0. (3.2)

hn 7 Yd

@ is called the spectral measure, an arbitrary positive finite measure over the unit simplex

Si={we0,1]%: Z?Zl w; = 1} that satisfies the constraint

/wde('w)zl, j=1,...,d.
Sq
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Let Y £ 3, denote the event of at least one of the Y components exceeding the corresponding

3,, component. If the convergence in (3.1) holds, the conditional random vector defined as

Y -3,

870

Y £ 8, (3.3)

converges in distribution to a d-dimensional random vector X with multivariate generalised
Pareto distribution (mGPD) H (Rootzén and Tajvidi, 2006). Based on the relationship in (3.3),

H can be expressed as in terms of GG by

1 G(x AN O0)

H@) = 1560 ' ~Gam)

(3.4)

where A denotes the componentwise minimum and 0 < G(0) < 1 is assumed. The marginal
distributions of H (x) do not conform to univariate GPDs since Y & (3,, does not necessarily
imply that Y; > 3; for every j. However, if we condition on X; > 0, then the conditional margin
Hj(xj|x; > 0) are univariate GPD, i.e.,

H.

— H,(0) 2\ M
POX: > 2, X > 0) = 1 — L@ =10 (1 > 0. 35
( J > m]’ J > ) 1 . Hj (0) + fYJ 0_] I SC] > ( )

The lower endpoint n§~ and upper endpoint 7); of H; are né- = —0;/v; and nj = +o0 for v; > 0,
nt = —oc and 1Y = —o;/7; for ; < 0, and n} = —oo and 5} = 400 for 7; = 0. As we
can see from (3.2) and (3.4), both the mGEVD and the mGPD depend on the spectral measure
(2 and therefore have no unique representation. Based on the work by Rootzén et al. (2018b),
Kiriliouk et al. (2019) propose three equivalent representations of the mGPD density, denoted R,
U, and T, for use in parametric modelling. These forms can be transformed into one another via
a suitable change of variable. The choice of representation depends on the intended application

(see Kiriliouk et al. (2019) for details), and does not affect our framework. Here, we use the U

representation with density

hu(x) = 1{max(x) > 0} lge;(;(]i;;[?)))_]l /000 fu (% log <gm + 1) + log t) dt, (3.6)

where fy is called a generator and is the density of a random vector U satisfying Elexp(U;)] <

+00,j = 1,---,d, and [log(y;z;/0; + 1)]/v; takes its liming form z;/0; when v; = 0. A
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standardized form of (3.6) with v = 0 and o = 1 can be obtained by applying the transformation
1 v

Z = ~log (-X + 1) , 3.7)
ol o

where the random vector X has the density in (3.6), and operations are elementwise. As a result,

the standardised density can be expressed as

1

[exp(max

hy(z) = 1{max(z) > O}]E @) /000 fu(z +logt)dt. (3.8)
In practice, the mGPD is usually first defined on the standardised scale given in (3.8) and then
transformed back to the observation scale using (3.7). Note that the U density in (3.6) or (3.8) still
lacks finite parametrisation since it depends on the density function fy;, which determines the
extremal dependence of the mGPD. Here, we assume fi; to have independent reverse exponential
components, that is fy(x) = H’;:l a; ' exp(a;~'x;), for z; € (—00,0),a; > 0. Other forms of

the fyy and generators are briefly discussed in Section 3.6. In the reverse exponential case, (3.8)

can be explicitly expressed as

ho(z) — exp[— max(z)(1 + Z;'l=1 a7 TIL, a7t exp(a: ;)
U Elexp(max(U))] 1+ 2?21 aj—l

: (3.9)

where E[exp(max(U))] = [;°1 — P (exp(max(U)) < t)dt = (7 a;1)/1+ 30, a;h).

J=1"3

3.2.2 Multivariate bulk distribution

The mGPD in Section 3.2.1 is supported on the complement of the negative orthant. Introducing
the threshold vector w shifts this support to the region A = {& € R? :  — u £ 0} , that
is, the set of points where at least one component exceeds its corresponding threshold. On the
complement R? \ A, we model observations with a multivariate bulk distribution Fx on R¢,
having density fyux. The choice of Fiy is flexible and should be guided by the characteristics of
the system under study. The only requirement is that both f,,x and Fj,x can be evaluated exactly
over their support. This condition is met, for example, by a multivariate normal distribution or

by copula-based constructions with specified marginals (see Section 3.6). For illustration, in the
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remainder of this paper, we take Fj to be multivariate normal, with density

Pt (|2, B) = (27) 7/ (det £) 72 exp {—%(w —p)E 7 (z —- u)} , ®<u, (3.10)

where p is the mean vector and X is the covariance matrix.

3.2.3 Multivariate extreme mixture distribution

Since the tail and bulk define a partition of the mixture model’s support, combining (3.10) and

(3.9), the density function of our multivariate extreme mixture model can be written as

foux (x|, X2), ife<u
flxlp, X, a,0,v,u) = (3.11)

1 - Fu(ulp, D)hy(x — ula,o,7), otherwise.

The density in (3.11) indicates that data are characterised by the multivariate normal distribution
when all components are less than the threshold u and described by the U-representation of the
mGPD with a reverse exponential generator when at least one component exceeds the threshold.
Equation (3.11) can also be expressed in the standard mixture form by introducing the truncated
bulk density fi,(z|p,X) = H{x < u}fox(z|p, X))/ Foux(u|p,X). In this notation, our

extreme mixture model becomes

f(f”‘lia 27 a,o,?, U) = 7Tft;ku]k(a:““l’v E) + (1 - 7T)hU<$ - u|a,, 0'77)a

where the mixture probability is 7 = Fiu(u|p, X). This form is particularly convenient for
sampling from (3.11) when f;,, can be sampled directly.

To illustrate our model, Figure 3.1 shows a two-dimensional representation of the density
in (3.11). The dashed lines at X; = u; and Xy = us mark the boundary between the bulk
and tail regions, as well as the discontinuities in the density. These discontinuities are visible
as abrupt changes in the contour lines when crossing the threshold. Although the sharp change
in density at the threshold may appear artificial, its practical effect is minimal for small sample
sizes. Figure 3.1 also helps to interpret the marginal densities. For example, in the left-hand
panel, the marginal density f;(x;) behaves as follows. For X; > u; = 5.7, the tail region is

modelled entirely by the bivariate GPD, so the conditional marginal fi(x; | x; > ;) reduces
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Figure 3.1: Two-dimensional density contour plots derived from (3.11). Dashed lines indicate threshold values,
whereas the double-dashed lines in the right plot highlight the lower endpoints of the bivariate GPD. Shaded areas
represent the support of each mixture component. For the left plot, the bivariate GPD parameters are specified
aso =1,v =0,and a = (1,2). Conversely, the right plot employs parameters o = (1,1.2), v = (0.2,0.3),
and @ = (1,2). Both plots share common parameters for the bulk and threshold, represented by p = (3.5,3.7),
3 = (105238 ). and w = (5.7,7.5).

to a univariate GPD. For X; < us, the marginal density f;(z; | 1 < wu;) is obtained by
integrating xo out of a mixture of the bivariate GPD (triangular contours) and the bivariate
normal distribution (elliptical contours). In this sense, our framework extends the univariate
approach of do Nascimento et al. (2012) to the multivariate case, with both methods combining
a mixture of parametric bulk distributions with a univariate GPD for the tail in the marginal
analysis.

As shown in (3.11), the tail behaviour of our model is entirely determined by the mGPD.
Consequently, our multivariate extreme mixture model inherits all theoretical properties of the
mGPD, including threshold stability, GPD conditional margins, and sum-stability under shape
constraints (Kiriliouk et al., 2019). In particular, our model lies in the max-domain of attraction
of an mGEVD, as stated in Proposition 8, a result that follows directly from Theorem 2.2
of Rootzén and Tajvidi (2006) and the fact that the tail of our model is an mGPD. We include
the proof in Section 3.8.2 of the Supplementary Materials for completeness.

As a consequence of being in the max-domain of attraction of an mGEVD, our model is

always asymptotically dependent; that is, the coeflicient

x = lim x(r),  x(r) = P X > B (M)

r—1- 1—17r

, (3.12)

is strictly positive. This implies that the model may introduce bias when the underlying data
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exhibit asymptotic independence (i.e., x = 0 asr — 17). In practice, however, the distinction be-
tween weak asymptotic dependence and complete asymptotic independence is often ambiguous,
particularly in low-dimensional and small-sample settings. Our simulation results demonstrate
that the model can still provide reasonable estimates even when the data are asymptotically

independent.

Proposition 8. The distribution F' with density (3.11) lies in the max-domain of attraction of an

mGEVD, regardless of the choice of bulk distribution.

3.3 Bayesian inference

Although maximum likelihood inference could, in principle, be performed using methods such
as the EM algorithm for mixture models, the Bayesian framework provides a natural means of
quantifying all sources of uncertainty in our model, particularly for the threshold vector. Here,
we detail the prior specification for all model parameters: p and 32 for the bulk; the threshold

vector u; and a, 7, and o for the tail.

3.3.1 Priors for the parameters in the bulk

A standard approach for assigning priors in the multivariate normal setting is to use a multivariate
normal prior for the mean vector and an inverse-Wishart prior for the covariance matrix. While
this choice offers conjugacy, it can be overly restrictive for the covariance matrix, as noted by Sun
and Berger (2007). To address this limitation, Barnard et al. (2000) proposed decomposing the
covariance matrix as X = diag(S)Cdiag(.S), where C is the d-dimensional correlation matrix
and S is the d x 1 vector of standard deviations. Priors are then assigned separately to these
components. In our simulations and case study (Sections 3.4 and 3.5), we assign independent
Half-Normal(hy;) priors to each s; in S, choosing h, sufficiently large to be noninformative;
specifically, h,; is set to 50 times the scale of the data. For the correlation matrix, we adopt the

Lewandowski—Kurowicka—Joe (LKJ) prior (Lewandowski et al., 2009), given by
7(C) o (det C)°71,

where the parameter § controls the strength of correlation. When 6 = 1, the prior is uniform
over all valid d-dimensional correlation matrices. ¢ > 1 favors stronger correlations (larger

diagonal elements), while < 1 favors weaker correlations. For computational considerations,
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the LKJ prior can also be defined on the upper-triangular Cholesky factor L of C using a change
of variable. For the mean vector u, we adopt independent normal priors ; ~ N(m;, t?) for

j =1,...,d. In summary, the joint prior for the bulk parameters is

2

d
m(u, X)) =7(w, S, L) x |LTL|5H90 (@) exp {—222 } ]l(sj > 0) (3.13)
=1 !

S5

where ¢ denotes the standard normal density.

3.3.2 Prior for the threshold

The choice of threshold plays a critical role in the threshold exceedance framework. A high
threshold results in too few exceedances for reliable inference, leading to increased variance in
parameter estimates. Conversely, a low threshold may violate the asymptotic assumptions of
the mGPD, thereby introducing bias. We seek to retain thresholds in the upper quantiles while
allowing sufficient flexibility for the data to determine their optimal values and to quantify the
associated uncertainty. To this end, we parametrise the threshold w; using a marginal reference
location at the 7-quantile, denoted by ¢, ;, together with a positive offset. Specifically,

wj = qrj+0j, o0; ~ Half-Normal(h,), (3.14)
where h, is the scale parameter of the half-normal distribution, controlling how far the threshold
may deviate from the reference level. Although ¢, ; is data-dependent, our substantive prior is
placed on the uncertainty of exceedances and is itself data-independent.

The prior in (3.14) can be viewed as a location-aware extension of the truncated normal
prior for thresholds (Behrens et al., 2004; MacDonald et al., 2011; do Nascimento et al., 2012),
enabling its application to datasets that may include negative values. An alternative approach
is to impose a discrete prior on upper order statistics (de Zea Bermudez et al., 2001; Behrens
et al., 2004). However, in our framework, this choice is more prone to submixing issues during
Markov chain Monte Carlo (MCMC) inference than in univariate settings (Behrens et al., 2004;
MacDonald et al., 2011; do Nascimento et al., 2012). We therefore adopt a continuous prior on
the threshold to preserve flexibility and facilitate efficient MCMC sampling.

Assuming independence across marginal priors, the joint prior distribution of the threshold
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vector u is given by

) Hexp{ 2hZ”) } L(u; > g-;)

3.3.3 Priors for the parameters in the tail

The marginal parameters of the mGPD are v = (71,...,7q) and o = (04, ...,04), whose
interpretations mirror those in the univariate GPD, since each marginal conditional distribution
Hj(xz; | x; > 0) is univariate GPD. Various priors for GPD parameters have been proposed,
including quantile-based priors (Coles and Powell, 1996), Jeffreys priors (Castellanos and Cabras,
2007), and penalised complexity priors (Opitz et al., 2018b). In our framework, we impose weakly
informative priors with hard constraints to preserve essential tail properties, for example, ensuring
finite marginal excess expectations by restricting ; < 1, while avoiding further parameter
preference. Specifically, we assume -, BV Uniform((.,, ) and o; BV Half-Norm(h, ), where
[(y and r(.y denote lower and upper bounds, respectively. The components of the tail dependence

parameter @ = (aq, ..., aq), defined in (3.9), are independently assigned prior Half-Norm(h,,).

The joint prior for all tail parameters is therefore
d 2 o2
m(a,v,0) o HGXP {——] — —j} I(a; > 0)-1(o; > 0) - 1(l, <yj <ry). (3.15)

3.3.4 Posterior inference

Let 0, = (1, S, L), and 6; = (a,~,0). Let X = (x1,--- ,x,)T be an n x d sample matrix.
Define the mutually exclusive sets B and 7' to correspond to the rows of X classified as bulk

and tail data, respectively, with B, T C {1, ...,n}. The log posterior density of the multivariate
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extreme mixture model in (3.11) is given by:

log (0, u, 0| X) Zlog {foux(x:|0p) - L(x; < u)
i=1

+ [1 = Foun(u|0)] fruir (2 — u|0,)-1(z; £ u)}
+log (0y) + log 7w(u) + log w(6;)

o< > 108 foute(:]64) + Y _log fui(i — u|6,) + |T|log[l — Foun(u|6))]

i€B €T
+ log 7(6s) + log m(u) + log 7(6,),
(3.16)

where |T'| := |T'(u)| denotes the number of tail observations, which depends on the threshold.

We perform inference using Markov chain Monte Carlo (MCMC) sampling from (3.16). As
an initial step, we employ a multivariate random-walk Metropolis—Hastings (MH) algorithm
with independent normal proposals for each parameter. Proposal scaling is adaptively tuned to
achieve the theoretical optimal acceptance rate (Roberts and Rosenthal, 2001). However, this
approach can result in suboptimal mixing for the threshold parameters u and certain components
of 8,, due to strong posterior dependence among parameters. Specifically, the threshold stability
property of the mGPD (Kiriliouk et al., 2019) implies that increasing the threshold of an mGPD
with shape parameter <y and scale parameter o by w yields a new mGPD with identical marginal
shape and tail dependence structure, but with an updated scale parameter o + vyw. This induces
strong dependence between u and o in the posterior distribution.

To address this issue, we define & = o — ~yu, which is invariant for sufficiently high w, and
reparametrise (o, -y, u) as (&,-, u). Retaining the original priors for o, -+, and wu, the induced

prior for o is

d
7(& | w,) = 7 (& + ) - [1] o< [T exp
j=1

5A+7,u, 2 ~
{—%}1(% > ;)

To further improve sampling efficiency, we block update the threshold v and tail parameters
(a,o,~) using the automated factor slice sampler (AFSS; Tibbits et al., 2014). The AFSS
mitigates posterior dependence by performing univariate slice sampling along the eigenvectors
of the covariance matrix obtained from a quadratic approximation of the target distribution.
Empirically, this approach substantially improves computational efficiency, often by more than

an order of magnitude when measured by the ratio of effective sample size to runtime. The
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remaining bulk parameters are updated using MH with a Gaussian random-walk proposal. All
AFSS-based MCMC routines are implemented using the NIMBLE package in R (de Valpine
et al., 2017). For consistency with the parametrisation in (3.11), we report results using the

original parametrisation rather than the reparametrised form.

3.4 Simulations

We conduct simulation studies to evaluate: (i) the ability of our model to recover bulk, tail, and
threshold parameters under diverse tail behaviours; (ii) robustness to model misspecification,
particularly when the true process is asymptotically independent; and (iii) its capacity to capture
key dependence measures Y, Y and Kendall’s 7. These aspects are essential both for accurate
extrapolation to unseen observations and for a proper characterisation of the bulk data. For

computational tractability, the dimensionality is restricted to two.

3.4.1 Well-specified scenarios (Scenario 1)

In the first experiment, we assess parameter recovery under correctly specified models with three
different marginal tail types, detailed in Table 3.1. The bulk parameters and thresholds are fixed
across scenarios, as shown in the “True Value” (TV) columns of Table 3.2. Each dataset contains

n = 2000 observations, with approximately 5% classified as tail data.

Table 3.1: Tail shape parameters for the three well-specified simulation scenarios. Each scenario differs in the
heaviness of the marginal tails, as determined by the shape parameters (1, ¥2).

Scenario y; 7, Description
1.1 0.3 0.1 Both margins heavy-tailed
1.2 0.2 -0.2 One heavy-, one light-tailed
1.3 -0.1-0.3 Both margins light-tailed

We adopt weakly informative priors. For the bulk prior in (3.13), we set 6 = 1.3, m; =
mo = 0, and hs, = hs, = 50. The threshold vector is constrained to lie above the 0.8-quantile
of each margin, with scale parameter h, = 10. For the tail parameters in (3.15), we specify
he = hs = 50 to reflect limited prior information on the scale in both the margins and fy;. The
shape parameter bounds are set to [, = —1 and r, = 1 to ensure a finite mean for the GPD of

the marginal threshold excesses.
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Table 3.2: Average posterior means with 95% credible interval (CI) lengths in brackets, and coverage rates
(CR) for all parameters across three well-specified scenarios. Each scenario uses n = 2000 observations with
approximately 5% classified as tail data. The “True Value” (TV) column gives the parameter values used for data
generation. Results are averaged over 1000 simulation replicates. CI length is the average length of the marginal
95% credible interval across replicates. CR is the proportion of replicates in which the true value falls within the
CI. Bulk, tail, and threshold parameters are grouped separately for clarity.

Scenario 1.1 Scenario 1.2 Scenario 1.3

TV EST CR TV EST CR TV EST CR

Tail parameters
ax 0.5 0.55 (0.52) 095 0.5 0.54 (0.47) 095 0.5 0.53 (0.45) 0.94
as 1.2 1.23 (0.86) 095 1.2 1.25 (0.83) 096 1.2 1.25 (0.82) 0.96
o1 0.5 0.52 (0.30) 095 05 0.51 (0.29) 094 0.5 0.51 (0.28) 0.95
09 1.2 1.25 (0.66) 095 1.2 1.23 (0.64) 096 1.2 1.23 (0.64) 0.95
Y1 0.3 0.31 (0.40) 096 0.2 0.22 (0.39) 0.95 -0.1 -0.09 (0.35)  0.95
Y2 0.1 0.09 (0.25) 095 -0.2 -0.20 (0.30) 096 -0.3 -0.30 (0.32)  0.95

Threshold parameters
Uy 5.5 5.51(0.21) 095 55 5.50 (0.14) 094 5.5 5.50 (0.12) 0.95
U 6.7 6.70 (0.08) 094 6.7 6.70 (0.08) 095 6.7 6.70 (0.09) 0.95

Bulk parameters

L[1,2] 0.70 0.70 (0.05) 0.96 0.70 0.70 (0.05) 0.96 0.70 0.70 (0.05) 0.96

L[2,2] 0.71 0.71 (0.05) 0.96 0.71 0.71 (0.05) 0.96 0.71 0.71 (0.05) 0.96
1 35 3.50 (0.09) 097 35 3.50 (0.09) 098 3.5 3.50 (0.09) 0.98
2 4.0 4.00 (0.13) 098 4.0 4.00 (0.13) 098 4.0 4.00 (0.13) 0.98
51 1.0 1.00 (0.07) 097 1.0 1.00 (0.07) 096 1.0 1.00 (0.07) 0.96
S2 1.5 1.50 (0.10) 097 15 1.50 (0.10) 098 1.5 1.50 (0.10) 0.98
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Posterior samples are obtained using the AFSS sampler with three parallel chains, each of
length 30,000, a burn-in of 20,000, and thinning by a factor of 10. Each scenario is replicated
1,000 times to assess estimation variability. Table 3.2 reports average posterior means, the
average lengths of 95% credible intervals (in brackets), and coverage rates (CR). Across all
parameters and scenarios, CR values are close to 0.95, indicating accurate recovery of both

marginal and dependence parameters.

3.4.2 Misspecification scenario (Scenario 2)

We now assess robustness under departures from the model’s asymptotic dependence assumption.
This is relevant because our model is always asymptotically dependent (x > 0), and applying it
to asymptotically independent data can, in principle, induce bias.

We generate data from a bivariate normal distribution, which is asymptotically independent
(x = 0; Sibuya 1960). Bulk parameters match those in Table 3.2. We compare our bivariate
extreme mixture model (BEMM) to the bivariate mixture copula model (BMCM) of André et al.,
using their best-performing configuration for Gaussian data: a Student-t copula for the bulk and
an inverted Gumbel copula for the tail. For each method, we assess overall dependence through

the Kendall’s rank coefficient, defined as

T =2P((X; — X})(X2 — X3) > 0)

for a random pair (X7, X5) and its independent replicate (X7, X}), with marginal distribution
Fy and F5. For tail dependence, we use two measures. The first is , defined in (3.12), which
distinguishes between asymptotic dependence (x > 0) and asymptotic independence (x = 0).
For our model, based on the mGPD in (3.9), x has the closed-form expression (see Section 3.8.2

of the Supplementary Materials for derivation):

—1
x=1- M e 42 d1as (3.17)
1+ a(2) a1y @102 + ay + as’ '

where a1y = min{as, as}, ap) = max{ai, a,}. This expression further shows that our model is
asymptotically dependent, as x > 0 for all a;, as > 0.
While x(r) is effective for distinguishing between asymptotic dependence and independence,

it provides limited information on the strength of asymptotic independence. To address this, we
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also use y (Coles et al., 1999), defined as

% = lim (), () 2logP(F1(Xy) > 1)

- 1
rl1- log P(F1(X1) > 1), Fo(X3) > 1) ’

which differentiates among asymptotically independent cases. y takes valuesin [—1, 1), increases
with the strength of extremal dependence, and approaches 1 for asymptotically dependent distri-
butions.

For comparability with BMCM’s frequentist inference, we obtain point estimates for the
BEMM by averaging the empirical dependence metrics (, Y, and Kendall’s 7) computed from
3,000 replicated datasets, each containing 2,000 observations. These replicated datasets, denoted

Yyep» are drawn from the posterior predictive distribution:

P(Urep X) = / p(y]0)p(6] X )de. (3.18)

where p(y|0) represents the density function in (3.11), and p(@|X) is the posterior distribution.

Figure 3.2 presents boxplots of x(7), x(r), and Kendall’s 7 from 100 BMCM experiments
and 1,000 BEMM experiments. The number of BMCM experiments matches those in André
et al., while the number of BEMM experiments is increased to account for the additional
parameter uncertainty arising from prior specification. For tail dependence, both models perform
similarly for » < 0.95. At r = 0.99, the BEMM slightly overestimates, and the BMCM slightly
underestimates these quantities; in both cases, true values (black dots) lie within the interquartile
range. Kendall’s 7 estimates are comparable across models, reflecting its lower sensitivity to tail
misspecification.

Overall, both simulation studies show that the BEMM delivers accurate parameter estimation
under correct specification, maintains nominal credible-interval coverage, and yields reason-
able dependence estimates even under asymptotic independence. These results suggest that
the model’s asymptotic dependence property is not unduly problematic in moderate-sample,
low-dimensional settings, where the empirical distinction between weak dependence and inde-

pendence is inherently blurred.

3.5 Application

The frequency of heatwaves in the United Kingdom has increased markedly in recent years, with

the 2022 event setting a record temperature of 40.3°C and causing substantial societal impacts,
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Figure 3.2: Boxplots comparing extremal dependence metrics (x(r), X(r)), and Kendall’s 7 for the bivariate
extreme mixture model (BEMM, blue) and the bivariate mixture copula model (BMCM, orange) under Scenario
2 (Gaussian data, asymptotic independence). Yellow boxes are based on estimates from 100 BMCM experiments.
Blue boxes correspond to empirical metrics from 1,000 BEMM experiments, where each experiment reports the
point estimates of the three metrics as averages over 3,000 replicated datasets. Black points denote the true values
of the dependence metrics.
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including an estimated 3,000 excess deaths. To study temperature behaviour during such extremes
and compare patterns across regions, we analyse daily maximum temperatures from two stations:
Bishop’s Lane (Ringmer, East Sussex) and Model Farm (Shirburn, Oxfordshire). Our aim is
to quantify joint tail risk while accounting for uncertainty in both thresholds and dependence
parameters. The data, obtained from the Centre for Environmental Data Analysis!, cover 2016-
2021, yielding 1,945 daily maximum temperature observations after removing records with

missing values.

3.5.1 Pre-processing and model specification

Daily temperatures exhibit strong seasonality and short-term dependence. We account for these
by including sinusoidal functions of time to model the annual cycle and a first-order autoregressive
term to capture temporal correlation. Specifically, for the air temperature Y; ; on day ¢ at site

J € 1,2, we assume

. 2 2T
Y;,j = ﬁ(],j + ﬁl’j sin <ﬁt) -+ ﬁQJ CcOos (%t) -+ ﬁg,jY;stj + €5, (3.19)

where (3, ; (1 = 0, 1,2, 3) are regression coeflicients and ¢; is a noise term. Stationarity of the
residuals is verified using autocorrelation plots (provided in Section 3.8.3 of the Supporting
Materials). The joint negative residual E = —(e1,¢5), as shown in Figure 3.3, presents heavy
right tails and strong extremal dependence. To characterise these joint residuals, we fit our
BEMM model to E using the priors from the simulation study, with the additional constraint
v; +1/a; > 0 (i = 1,2) to ensure finite marginal expectations. Finite marginal expectations
enable the use of proper scoring rules for model evaluation, as discussed at the end of this section.
The derivation of these constraints is provided in Section 3.8.2 of the Supplementary Materials.
We run three parallel chains of 20,000 iterations using the hybrid MH and AFSS sampler as in the
simulations, and discard the first 10,000 as burn-in and thinning by a factor of 10. Convergence
is assessed using trace plots and the Gelman—Rubin diagnostic (reported in Section 3.8.4 of the

Supplementary Materials).

thttps://catalogue.ceda.ac.uk/uuid/dbd451271eb04662beade68da43546¢1


https://catalogue.ceda.ac.uk/uuid/dbd451271eb04662beade68da43546e1

CHAPTER 3. A BAYESIAN MULTIVARIATE EXTREME VALUE MIXTURE MODEL 66

Shirburn

Ringmer

Figure 3.3: Scatterplot of the negative residuals from model (3.19).

3.5.2 Results

Thresholds. Figure 3.4 presents histograms of the posterior samples for all parameters. No-
tably, posterior distributions for v, and u5 are multimodal. For u, the dominant mode occurs near
the 92nd percentile, with smaller peaks at the 89th and 94th percentiles. For us, the histogram
is left-skewed, with clusters around the 93rd, 94th, and 95th percentiles. To investigate this
behaviour, we examine the joint posterior density 7(u | X) together with a binned expected log-
likelihood surface A(u) = E[log p(X | 8y, 8,, u)], computed by averaging log p(X | 0;, 6y, u)
over posterior draws whose u values fall within each bin, as shown in Figure 3.5. The joint
posterior exhibits three well-separated modes, and A(u) reveals near-equal values across the
modal regions. This indicates that the multimodality reflects genuine ambiguity in threshold
selection supported by the likelihood under the UK temperature data, rather than a sampling

artefact.

Marginal fit. Marginal model performance is assessed using posterior predictive checks.
Specifically, we generate 3,000 replications of E from (3.18) to construct posterior predic-
tive distributions for marginal quantiles. Figure 3.6 presents quantile—quantile (Q—Q) plots
comparing posterior predictive quantiles from the replicated data to the empirical quantiles of
E, evaluated at uniformly spaced percentiles from 0 to 0.99. For both margins, the posterior
predictive means lie close to the 45-degree line, which itself remains within the 95% credible
band. For comparison, we include quantiles from a bivariate normal distribution, commonly

used for residual modelling, fitted to ' via maximum likelihood, though it lacks the tail correc-
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Figure 3.4: Histograms of the posterior distributions for all model parameters. The first six plots correspond to
bulk parameters; the remaining plots show tail parameters and threshold components (last two plots).
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Figure 3.5: Joint posterior density of the thresholds and the binned mean log-likelihood surface. Contours
represent the joint posterior density 7(u | X). The background shading shows the binned mean log-likelihood,
A(u) = E[log p(X | 64, 8y, )], computed by averaging log p(X | 6, 8, u) over posterior draws whose u values
fall within each hexagonal bin.

tion offered by our mixture model. The results clearly show that our BEMM provides superior

estimation, particularly for higher quantiles in both margins.

Dependence. To assess dependence, we construct posterior predictive distributions for x(r),

X(r), and Kendall’s 7 using the 3,000 replications of E generated above. Figure 3.7 shows
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Figure 3.6: Q-Q plots of posterior predictive quantiles (blue) from 3,000 replicated datasets against the empirical
quantiles. The shaded region indicates the 95% credible band. Quantiles from a fitted bivariate normal distribution
(orange) using the maximum likelihood method are included for comparison.

posterior predictive distributions of x(r), x(r), and Kendall’s 7, alongside their empirical
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counterparts. The plots also include the 95% credible interval for the theoretical y computed
from (3.17). For both x(r) and y(r), empirical estimates fall within the 95% credible bands
for all r, except at » = 0.68. The theoretical y lies near the centre of the posterior predictive
x(r) distribution, confirming the validity of (3.17). As r approaches 1, the empirical x(r)
moves toward the tail of the theoretical y distribution, while Y (r) approaches the posterior mean.
Kendall’s 7 also falls within the high-density region of its posterior predictive distribution. All

these suggest that the BEMM effectively captures the dependence structure.
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Figure 3.7: Based on 3,000 replicates from the posterior predictive distribution, the upper two plots present
empirical values vs. means of the posterior prediction, each accompanied by a 95% credible band, of x(r) and
X(r). The error bar in the x(r) plot represents the 95% credible interval of the theoretical x, with the centre point
indicating the posterior mean. The lower plot features a histogram of the posterior predictive Kendall’s 7, with the
empirical value highlighted in red.

Predictive accuracy. We further compare the predictive accuracy of the BEMM and the
Gaussian model using the energy score, a multivariate generalisation of the continuous ranked

probability score (CRPS; Gneiting and Raftery, 2007). For an observation y and predictive
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distribution F', the energy score is
1
ES(F.y) = Er | X —y| - SEr[IX - X', (3.20)

where X and X' are independent draws from F', and || - || denotes the Euclidean norm. The score
measures the expected distance between predictions and observations, adjusted for the spread of
the predictive distribution, and is proper when [ has a finite expectation.

When specific regions of the distribution are of primary interest, such as the tail, threshold-
weighted CRPS is often used. This approach extends to the multivariate setting through the
threshold-weighted energy score (twES; Allen et al., 2023):

twES(F,y;v) = E([lo(X) —v(@)l]) — 5l[v(X) —v(X')]

where v : RY — R%is a chaining function derived from a weight function w : R? — R specifying

the region of interest. We consider two weighting schemes:

1. High-tail indicator weight wl(z) = :H_{Zl > q1,0.9,%2 > q270.9}, where q35,0.9 is the

0.9-quantile of margin j of E. The corresponding chaining function is

() z if wi(z)=1
mliz) =
o if wi(z)=0

for some fixed x, € R2.

2. Gaussian CDF weight: w;(z) is defined as the CDF of a bivariate normal distribution
fitted to EZ. With estimated means fi1, fio and standard deviations 51, So, the chaining

function is

va(z) = ((zl — )@ (2’1 A-[h) o (21 A_ﬂl) o i) (ZQA—[m) \ o (M))’
S1 S1 N %

where ® and ¢ are the standard normal CDF and PDF, respectively.

Table 3.3 reports the unweighted energy scores and their threshold-weighted variants for both the
BEMM and Gaussian models. Across all metrics, the BEMM yields consistently lower scores,
indicating superior predictive performance. However, because the models differ primarily in the

tail region, the magnitude of the score differences is small.
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Table 3.3: Energy score (ES) and threshold-weighted energy score (twES) for the BEMM and Gaussian models.
Weighting scheme 17, _applies only to the region where all components exceed the 90th percentile of E; W5 uses
the CDF of MVN(fi, X) as the weighting function, with £ and X estimated from E.

ES twES v twES vy
BEMM 2.0155 0.2512 1.0361
Gaussian 2.0197 0.2517 1.0384

3.6 Discussion

We now briefly discuss several practical challenges that may arise when implementing our model,

along with potential solutions.

3.6.1 Other distributions for the bulk and alternative representations for

the tail

The first issue concerns the choice of bulk and tail distributions. For the bulk distribution, we
illustrate our framework using a multivariate normal distribution for simplicity; however, this is
by no means the only viable option. Let f;(z;) and Fj(x;), j = 1,...,d denote the marginal
density and CDF, respectively, and let C(-) be a copula with corresponding copula density C'(-).

A multivariate distribution f(x) can be constructed as
d
f(@) = c(Fy(x), ..., Falea)) [ file)),

=1

with its CDF F' given by
F(ai,...,2q) = C(Fi(z1), ..., Fa(za)).

This allows for separate and flexible specification of the marginal distributions and the copula-
based dependence structure to best fit the data. The multivariate normal distribution fits naturally

within this copula framework, with copula C'r defined as
CR(ub s 7ud) = CDR(q)il(ul)? R (I)il(ud))v uj € [07 1]7

where @5 is the CDF of a d-dimensional standard normal with correlation matrix .

For mGPD in the tail, Kiriliouk et al. (2019) provided several alternative forms of generator
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fu in (3.8), including those with independent components of Gumbel, reverse Gumbel, log-
gamma, and multivariate normal components. These generators can be used in both R and T
representations of the mGPD, leading to richer model forms. Recent research explores the use
of generative models from machine learning to reformulate the mGPD (Hu and Castro-Camilo,
2025; Lhaut et al., 2025). Although these generative-model-based mGPDs can be integrated into
our framework, the inference procedure would need to shift to a frequentist approach because
the large number of parameters in generative models renders posterior sampling via MCMC

computationally infeasible.

3.6.2 Model selection

Given the variety of possible model components, a robust model selection procedure is essential.
Due to the large number of candidate models, information-criterion-based methods (e.g., WAIC
(Watanabe and Opper, 2010)) are generally preferred. However, from a practical standpoint,
fitting the full model in (3.11) across all combinations of bulk and tail distributions is com-
putationally prohibitive, due to the large number of possible distribution combinations and the
long MCMC runs required to obtain sufficient effective sample sizes in the presence of strong

within-chain autocorrelation. We propose a heuristic two-stage approach for model selection:

1. Stage One: Since the bulk and tail distributions are independent for a fixed threshold,
set the threshold to a relatively high quantile and select the best-fitting bulk and tail
distributions separately, using criteria such as WAIC, on the bulk and tail data, respectively.
This process can be repeated for multiple thresholds to account for variability, and the most

frequently selected bulk and tail distributions are chosen.

2. Stage Two: Fit the model in (3.11) using the bulk and tail components identified in Stage

One, following the inference procedure described in Section 3.3.4.

This approach avoids exhaustive MCMC fitting for all model combinations while still yielding a

reasonable and practical model choice.

3.6.3 High-dimensional generalisation

Our model is best suited for low-dimensional settings (e.g. d < 3). Although it is theoretically
applicable in higher dimensions, achieving satisfactory performance becomes challenging for

two main reasons. First, in high-dimensional settings, complex cross-dimensional dependence
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structures are generally difficult to capture using distributions with simple copula constructions.
While more flexible approaches, such as vine copulas (Kurowicka and Joe, 2010) or normalising
flows Papamakarios et al. (2021), can be used to model the bulk distribution, these methods are
primarily designed for density estimation and do not yield closed-form cumulative distribution
functions. As a result, the exceedance probabilities required by our framework are difficult to
evaluate. Second, the model’s tail behaviour is fully determined by the mGPD, which is only
justified when the data distribution is in the max-domain of attraction of an mGEVD. This is a
strong condition that tends to hold in low dimensions but is rarely satisfied in high-dimensional
contexts (Huser et al., 2025). In practice, it is advisable to respect these constraints and limit the

application of the model to low-dimensional cases.

3.7 Conclusion

This paper introduces a Bayesian multivariate extreme value mixture model designed to jointly
capture bulk and extreme observations. The proposed method models both the marginal distri-
butions and the dependence structure simultaneously, and circumvents the threshold selection
challenge in peaks-over-threshold modelling by treating the threshold as a learnable parameter.
Bivariate simulation studies demonstrate that our model performs well across diverse tail be-
haviours when properly specified, and remains competitive in estimation accuracy compared to
alternative bivariate approaches, even under model misspecification. An application to UK daily
maximum air temperatures shows that the proposed model substantially improves the precision
of residual tail estimates relative to a Gaussian benchmark.

We conclude by noting two limitations. First, the supports of the bulk and tail distributions
may be misaligned. The support of the mGPD depends on the marginal shape parameter ;, and
it could be lower bounded ~; > 0 or upper bounded ~; < 0. As a result, the bulk distribution
may be unbounded below while the marginal mGPD has a lower bound, or the bulk distribution
may be restricted to positive values while the mGPD extends to negative infinity. Since the
lower tail of the mGPD generally carries little mass (see Figure 3.1), this mismatch is usually
not problematic, but truncation of the mGPD can be applied if necessary. Second, because
the mGPD contributes to both bulk and tail components, censored-likelihood-based inference
cannot be applied to values below the threshold to reduce bias in parameter estimation (Kiriliouk
et al., 2019). This means that mGPD estimation may remain biased even when the data exhibit

asymptotic dependence. A potential remedy is to employ an mGPD with a flexible and learnable
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dependence structure, such as one based on normalising flows (Hu and Castro-Camilo, 2025),
though this would require adapting the inference procedure to integrate deep learning techniques,

as mentioned in Section 3.6.
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3.8 Supplementary materials

3.8.1 Code

Code to fit the bivariate version of our extreme mixture model and reproduce the data application
in Section 3.5 is freely available at https://github.com/hcl1516926907/Biv_Ext_

Mix_Mod.

3.8.2 Proofs

We introduce the following Lemmas to facilitate the proof of Proposition 8
Lemma 1. The mGPD H(x) in (3.4) is in the MDA of the nGEVD G(x).

Proof. Theorem 2.2 in Rootzén and Tajvidi (2006) states that if X follows an mGPD H (x)
defined in (3.4), then there exists an increasing curve u(t) with P(X < u(t)) — last — oo

and a function o (u©) > 0 such that

(ot =% oruty, £0) = @)

Following Theorem 2.1(ii) in the same paper, H(x) is in the MDA of G(x). O

Proof of Proposition 8. When all components exceed the threshold, we have

F(x) = Fouk(u) + [1 — Fouk(w)|Hy(x — u), x> u.


https://github.com/hcl516926907/Biv_Ext_Mix_Mod
https://github.com/hcl516926907/Biv_Ext_Mix_Mod
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Letx} = (27, -+, x;), where x = sup{Fj(z) < 1} is the upper bound of margin 7. Then,
1— H, —
lim = v(@—u)

_ 1— Hy(x —u)

1-— Fbulk('u,) — [1 — Fbulk(u)]HU(:B — U)
1

= ———>0.

1 — Fhux(uw)

By Lemma 1, there exist a sequence of vector o, > 0 and 3,, such that Hf}(a,(x — u) +
B,) — G(x). Following the proof to Theorem 2.1 in Resnick (1971), the above implies
that F"(a,z + B, — ayu) — G (), where G~ o) () is also an mGEVD by the
max-stable property of G. [

Condition for Finite Expectation of BEMM. We restrict attention to the BEMM with a bi-
variate normal distribution for the bulk and an mGPD with an independent reverse exponential
generator for the tail. Since the expectation of the bivariate normal is finite, it suffices to ensure
that the mGPD component also has a finite expectation.

Let Z = (7, Z5) follow the standardized mGPD in (3.9). The mGPD random variable
X = (Xj, Xy) is obtained from (3.7) as

X =~ (e{y2} - 1)

Then,

The first expectation term, E(X; | X; > 0), is the expectation of a univariate GPD, and hence is

finite if 7y; < 1. The second term is

0—.
E(X; | X; <0)= #E(GXP{Vij} | Z; <0) -1,

J
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where
0 00
E(exp{v;Z;} | Z; <0) = / eXP{%‘Z]‘}/ hu(zj, 2-5)dz-;dz;
—00 0
0
x / exp{;z;} - a; ' exp{a; ' z;}dz;
0
' / exp{(y; + a; ')z }dz;
The last integration is finite if and only if ~y; + ozj_1 > 0. U

Proof of Theoretical Y of BEMM. This proof is based on the mGPD with an independent
reverse exponential generator (density givenin (3.9)). Let F and F5 be the marginal distributions
in (3.11), and let w = (uy, u) be a threshold vector satisfying F;(u;) < 1, j = 1,2.

For max{F}(u1), Fa(ug)} <r < 1,

P(F;(X;) > ) = P (Foun(ur, ua) + [1 = Foux(u, u) | H; (X5 — uj) > )
r— Fbulk(u17u2)>

=P(H (X, —u;) >
( (& =) 1 — Fou(uq, ug)

where H; is the jth marginal of the mGPD in (3.9). Letr* = [r— Fyux(u1, u2)]/[1— Foux (w1, u2)].

Then

Y= lim X(?“*) _ P(Hl(Xl — ul) > 7”*, HQ(XQ — Ug) > 7”*>
r*—1- 1 —r*

1 (1 + a(l))lﬂ(?i a(2) a1aoy

1—|—CL(2) Il)alag—l—al—i—ag’

where a(1) = min{a, az}, a2y = max{as, az}. This follows from the x of the mGPD with an

independent reverse exponential generator, as derived in Kiriliouk et al. (2019). [l

3.8.3 Stationarity check of the temperature data

We apply (3.19) to remove the seasonal cycle and reduce autocorrelation in the daily air temper-
ature data. Stationarity is assessed using the autocorrelation function (ACF) of the residuals at
each station (Figure 3.8). The ACF values are close to zero for lags up to 32 days, indicating that

seasonality and autocorrelation have been effectively removed.
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Figure 3.8: Autocorrelation plots of the two sites after removing the seasonality and autocorrelation by
(3.19). The red dashed line indicates the confidence band at 95% confidence level.

3.8.4 MCMC convergence diagnostics

We assess convergence of the MCMC results, both in simulations and data applications, using
the potential scale reduction factor R (Gelman and Rubin, 1992), the effective sample size (ESS),
and trace plots. The statistic R compares the variance of parameter estimates across multiple
chains (total variance) with the average variance within each chain. Well-mixed chains yield
R ~ 1. ESS, derived from R, measures the number of effectively independent posterior draws.
We use the rank-normalised 12 and ESS proposed by Vehtari et al. (2021), which are more robust
than the traditional versions. For the data application, these diagnostics are shown in Table 3.1
and Fig. 3.1; simulation results are similar. Following Vehtari et al. (2021), stable inference

typically requires R < 1.01 and ESS > 400.

Table 3.1: Rank-normalised 12 and ESS (in parentheses) for the MCMC results in the data application. Three
parallel chains of 20,000 iterations each were run. The first 10,000 iterations were discarded as burn-in, and the
remaining samples were thinned by retaining every tenth draw.

Bulk Parameters Tail Parameters Threshold

Param R (ESS) Param R (ESS) Param R (ESS)

U[1,2] 1.0007 (2034) a1 1.0015 (2101)

U[2,2] 1.0007 (2030) az 1.0009 (1992)
1 1.0044 (1478) o1 1.0000 (1918) U1 1.0007 (775)
2 1.0031 (1806) 02 0.9996 (2662) U2 1.0018 (931)
51 1.0014 (1794) Y 0.9997 (1670)
59 1.0005 (1885) Y2 1.0006 (2716)
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Figure 3.1: Trace plots for the MCMC results in the data application, with parameters ordered as in Figure 3.4.



Chapter 4

Multivariate GPD with normalising flows

The multivariate generalised Pareto distribution (mGPD) is a common method for modelling
extreme threshold exceedance probabilities in environmental and financial risk management.
Despite its broad applicability, mGPD faces challenges due to the infinite possible parametri-
sations of its dependence function, with only a few parametric models available in practice.
To address this limitation, we introduce GPDFlow, an innovative mGPD model that leverages
normalising flows to flexibly represent the dependence structure. Unlike traditional parametric
mGPD approaches, GPDFlow does not impose explicit parametric assumptions on dependence,
resulting in greater flexibility and enhanced performance. Additionally, GPDFlow allows direct
inference of marginal parameters, providing insights into marginal tail behaviour. We derive
tail dependence coeflicients for GPDFlow, including a bivariate formulation, a d-dimensional
extension, and an alternative measure for partial exceedance dependence. A general relationship
between the bivariate tail dependence coeflicient and the generative samples from normalising
flows is discussed. Through simulations and a practical application analysing the risk among
five major US banks, we demonstrate that GPDFlow significantly improves modelling accuracy

and flexibility compared to traditional parametric methods.

4.1 Introduction

In multivariate extremes, accurately estimating joint exceedance probabilities is critical for
risk management. Traditionally, this refers to the probability that all components exceed their
respective thresholds simultaneously. However, recent studies increasingly focused on partial
joint exceedance probabilities, where only a subset of the components surpasses thresholds

(Heffernan and Tawn, 2004; Winter et al., 2016; Li et al., 2024).
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Estimating these probabilities falls within the realm of multivariate threshold exceedance
modelling, which is typically approached using the multivariate generalised Pareto distribution
(mGPD). The mGPD naturally extends the univariate generalised Pareto distribution (GPD), a
key concept in extreme value theory, as established by Balkema and De Haan (1974). Their
seminal work led to the Pickands-Balkema-de Haan theorem, which demonstrates that, un-
der certain conditions, the distribution of exceedances above a high threshold converges to a
GPD. The class of distributions satisfying this theorem is linked to the class of distributions
described by the Fisher-Tippett—-Gnedenko theorem, thereby establishing a connection between
the univariate GPD and the univariate generalised extreme value distribution (GEVD). This
relationship was later extended to the multivariate case by Rootzén and Tajvidi (2006), who also
demonstrated that the mGPD is the only threshold-stable multivariate distribution. While the
univariate GPD has been widely applied in threshold exceedance models (Davison and Smith,
1990; Chavez-Demoulin and Davison, 2005; Castro-Camilo et al., 2019; He et al., 2022), its
multivariate counterpart has seen relatively less use, primarily due to the challenges in extending
the univariate formulation to the multivariate case. This is mainly due to the absence of a unique
parametrisation, as the dependence structure in the multivariate GEVD allows for infinitely many
possible parameterisations (Coles et al., 2001). To overcome this, Rootzén and Tajvidi (2006);
Rootzén et al. (2018b,a) and Kiriliouk et al. (2019) proposed several parametrisations specifically
designed to yield closed-form expressions that facilitate efficient computation. However, these
parametrisations often fail to fully capture the complexity of real-world data.

To address this, we propose GPDFlow, an innovative flow-based mGPD model that employs
normalising flows to flexibly represent the dependence structure. Normalising flows are powerful
deep generative models that transform simple base distributions (such as Gaussian distributions)
through a sequence of invertible mappings, enabling the approximation of highly complex
distributions (Papamakarios et al., 2021). By leveraging normalising flows, GPDFlow avoids
restrictive assumptions on tail dependencies, allowing the data to dictate dependence structures
organically. Furthermore, embedding normalising flows within the mGPD framework makes
GPDFlow statistically rigorous and maintains the desirable theoretical properties of traditional
mGPD models.

The GPDFlow model offers two key advantages. First, it simultaneously captures marginal
distributions and dependence structures within a unified modelling framework, significantly
improving existing two-step extremal dependence modelling approaches that use generative

approaches (Boulaguiem et al., 2022; McDonald et al., 2022). The marginal scale and shape
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parameters are explicitly estimated outside the flow transformations, providing direct insight
into tail heaviness and overcoming known difficulties of affine triangular-based flow models
in modelling heavy tails (Jaini et al., 2020). Second, GPDFlow serves as a proper statistical
distribution with an explicit density function, facilitating straightforward maximum likelihood
estimation and efficient sampling. Consequently, statistical inference, including extrapolation
via Monte Carlo methods, is both reliable and computationally practical.

The rest of the paper is organised as follows. Section 4.2 provides the theoretical foundations
of mGPD, normalising flows, and our proposed GPDFlow model. In Section 4.3, we present the
inference procedure and derive an explicit formulation for the bivariate tail dependence coefficient
of a GPDFlow. We further extend this analysis to the d-dimensional case (d > 2) and introduce an
alternative coefficient designed to quantify the dependence of partial exceedances. Besides, we
explore how the GPDFlow tail dependence coefficient relates to the broader properties of samples
generated by normalising flows embedded within GPDFlow for d = 2. Simulation studies in
Section 4.4 assess GPDFlow’s performance under both correctly specified and misspecified
conditions. Section 4.5 illustrates the practical utility of GPDFlow in financial risk management,
specifically through calculating the Conditional Value at Risk (CoVaR) for negative returns of
five major U.S. banks. Lastly, Section 4.6 acknowledges existing limitations of GPDFlow and
outlines practical strategies to address these challenges.

Notation: Throughout the paper, max(-) and min(-) take one vector as input, returning its
largest or smallest element, respectively, while /A operates on two vectors, returning their ele-
mentwise minima. All operations between two vectors © = (x1,--- ,x4) and y = (y1, -+ ,Ya)
are performed elementwise. For example, xy denotes the Hadamard product of @ and y, i.e.
xy = (x1y1, -+ ,Zqya), and x A y represents the elementwise minima of x and y, where
(x AN y); = min{(z;,y;)}, 7 = 1,---,d. Similarly, logarithm, exponential, and indicator

functions are applied elementwise when operating on vectors.

4.2 Method

4.2.1 Multivariate GPD

Suppose Y is a d-dimensional vector with cumulative distribution function F' that is in the max-

domain of attraction of a non-degenerated distribution GG. This is to say, there exists sequences
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a, € (0,00)? and b,, € R? such that

lim n{l — F(a,y +b,)} = —log G(y). 4.1)
n—oQ
The multivariate generalised Pareto distribution (mGPD) H (x) arises when considering the
conditional probability of Y when at least one component of Y is extreme (Rootzén and Tajvidi,

2006). Formally,

H(z) = lim P{a,;' (Y — b,) <z|Y £b,}

1 G(z A 0) (4.2)
log
log G(0) G(x)

The distribution G in (4.1) and (4.2) is the multivariate generalised extreme value distribution.
As adirect result of the weak convergence in (4.1), which implies the convergence of both margin
and copula, the marginal distributions G;(x;), j = 1,...,d, are univariate generalised extreme
value distributions by Fisher-Tippett—Gnedenko theorem (Haan and Ferreira, 2006, p. 6), with

distribution function

exp {— {1475 (2 — py) /ij}fl/’”} if ; # 0,

oxp {—exp {—(z; = ;) /a;}} if 3, =0,

Gj(z;) =

where o; € (0,00), 1t5,7; € R and support {z; € R : o + v;(z; — p;) > 0}. Appropriate
choices of a,, and b, always ensure that O is in the support of ;. The convergence of the
corresponding copula implies

lim n {1 —Cp <1 — ﬂ, I ﬂ)} = —log Cq (exp{—x1}, - - ,exp{—z4}) ;== l(x)

n—00 n n

where Cr and Cg are the copulas of F' and G, respectively, and /(x) is called the stable tail
dependence function (stdf) of C;, which describes the dependence structure of G (Segers, 2012).
The stdf /(x) does not have finite parametrisations. In fact, any function £() : [0, 00)¢ — [0, c0)

1s a valid stdf if it can be written as

((x) = E[max(xV)], 4.3)
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where V is a d-dimensional random variable on [0, 00)? satisfying E(V;) = 1, j = 1,--- ,d
(Rootzén et al., 2018b). The expression in (4.3) defines ¢(x) as a norm, call D-Norm, and V is
the generator of /(x) (Falk and Stupfler, 2017).

Combining the margins and the stdf, we can express G(x) as

G(:IZ) = exp{—E{— 1Og Gl(‘rl)v Ty T 10g Gd(xd>}}

Consequently, H(x) is determined by the marginal parameters o = (o, - ,0q), 4 =
(1, s pta), ¥ = (71, ,7q) and the stdf ¢(x). As noted by Rootzén et al. (2018b), the
parametrization of H in terms of («, p, 7y, ¢) is not convenient since o and g are not identifiable
from H due to the max-stable property of (G. This could be addressed by reparameterising H by
(o,7,{), where ¢ = a« — vy can be seen as the marginal scale parameter of H (x). Note that
o; > 0is ensured by G;(0) > 0.
If a random vector X follows a mGPD, then the marginal distributions
1 G((0,---,0,2; A0,0,---,0))

Hylw;) = log G(0) tog Gj(z;) ’

O-J_’_’y]x]>07(7:177d7

4.4)

depend on the marginal parameters o;, 7; and stdf ¢. But the conditional distribution of

X; > x;|X; > Orelies only on o; and ;:

—1/~;
1 - Hj(z;) _ logGj(z;) _ (1 n Wj) " x> 0. (4.5)

1—H;(0)  logG,(0)

In other words, for an mGPD random vector, X, the conditional distribution of X; > x;|X; > 0
is a univariate GPD. Consequently, the parameters o; and ; retain the same interpretations as
the scale and shape parameters of a univariate GPD. What’s more, we can use the following

transformation

1 X X
Z = gu(X;0,7) =1{y # 0} —log (L + 1) +1{y=0}= (4.6)
B o o
to standardize the margins so that o = 1, v = 0, and P(Z; > z;|Z; > 0) = exp(—z;) for
z; > 0. We call this form the standardised mGPD and denote its cdf and density as H(z) and
h(z), respectively.

Although H(z) can be expressed as a function of V' through (4.2), deriving h(z) is less
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straightforward. Alternatively, H(z) and h(z) can be derived using a stochastic representation

of the mGPD called the T representation (Rootzén et al., 2018b), given by
Z =FE+T —max(T), 4.7)

where F is a unit exponential random variable, and T is a d-dimensional random variable
independent to £ and satisfying the weak conditions P(7; > —oo) > 0 and P(max(T") >
—00) = 1. T can be seen as a generator for the mGPD, which jointly influences the dependence
and margins of Z with E. The generator V in /(x) is associated with T' by V' = exp{T —
max(T)}/E(exp{T — max(T)}). Using (4.7), the density function h(z) is given by

h(z) = I{max(z >0

)} [
; /_Oo fr(z + s)ds, (4.8)

exp{max (z)

where fr is the density of T". Since both conditions of 1" are satisfied by most common distri-
butions, its flexibility allows for various parametrisations of the mGPD. For instance, Kiriliouk
et al. (2019) studied the cases when T follows a multivariate Gaussian and several multivariate
distributions with independent components (Gumbel, reverse Gumbel, reverse exponential, and
log-gamma), in which closed-form expressions of /(z) can be obtained.

There exist alternative representations of the mGPD based on point process representations
of extreme episodes (Rootzén et al., 2018b,a). For instance, the R representation is derived
directly from the point process in Section 3 of Rootzén et al. (2018a), while the U representation
transforms R into a standardised scale by (4.6). Although both the R representation and U
representation give rise to densities h(z) slightly different from (4.8), they can be transformed
into the T representation by adding constraints to the corresponding generators. Additionally,
Theorem 4.4 in Rootzén et al. (2018b) highlighted that for any standardised mGPD, there always
exists a random vector 1" capable of generating it. Therefore, without losing generality, we use

the T representation here due to its simple density form and straightforward sampling.

4.2.2 Normalising flows

Normalising flows are flow-based generative models that apply a sequence of changes of variables
to convert a simple distribution (base distribution) to any well-behaved distribution (target
distribution). Starting with a d-dimensional random variable U with base density fy () and

a invertible and differentiable transformation g (namely a diffeomorphism), the transformed
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random variable Y = ¢(U) has density

Fy(y) = fo(w)det J(w)|™!,  u=g""(y), (4.9)

where J,(u) is the d x d Jacobian matrix of g, i.e.,

91 .. 9q1

ouq Jug
Jy(u) =

99a ... 994

ouq Oug

In the generative model context, (4.9) represents the generative direction, where “noise” from
the base distribution is transformed into the target distribution. This process also corresponds to
the sampling mechanism in a flow-based model. The reversed process of (4.9) is the normalising
process, which transforms a target sample into the base sample and provides information for
updating J,. Such diffeomorphism ¢ always exists for any well-behaved fy (y) and fy(u)
(Papamakarios et al., 2021). To construct a g that is expressive enough in the sense that it can be
used to transform fy; to any fy, we can first use a neural network to represent a diffeomorphism
gi,1 = 1,..., K, where its expressive power is justified by the universal approximation theorem
(Hornik et al., 1989). We can then compose all g;’s into a single transformation g = g o---0¢g;
to further improve the expressivity of a single g;.

A few architectures for g; have been studied to ensure its differentiability and invertibility
(Dinh et al., 2017; Kingma and Dhariwal, 2018; Papamakarios et al., 2017). In this paper,
we use the real-valued non-volume preserving (Real NVP; Dinh et al. 2017), which constructs
complex probability distributions by applying a sequence of invertible, affine transformations
with a triangular Jacobian structure to a base distribution, enabling efficient density evaluation
and sampling. Specifically, the Real NVP model constructs a transformation g by stacking
multiple coupling layers together. In each coupling layer, an input vector w is partitioned into
two parts (u,, , w,, ). Then u,, remains unchanged and an affine transformation dependent on u,,

is applied to w,,. The mathematical formulation for such single coupling layer transformation

gk + Y = gr(u) is given by

y = bu+ (1 b) {uwexp {¢:(bu)} + vi(bu)}, (4.10)

where (, v, : RY — R? are, respectively, the log-scale and translation functions, defined as
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multilayer perceptions (MLPs). MLP is a feedforward neural network that extends regression
by learning nonlinear transformations via weighted sums and activation functions, optimised
through backpropagation (Rumelhart et al., 1986). The vector b is a d-dimensional binary mask
vector that masks components, i.e. determine which components are u,,. Let M = {j =
1,---,d : bj = 1} denote the set of masked indices and N = {1,--- ,d}\M. Then, (4.10)
implies
Yrear = et @.11)
Yjen = Ujen exXp{Cr(bu)}jen + vi(bu)jen.
The components in the masked set M are invariant under the transformation, while the compo-
nents in the unmasked set /N are applied to an affine transformation with scale exp{(x(bu)} en
and translation vy (bu) ;e y. Due to the masking, bu is a d-dimensional vector that has u;, j € M
at the j-th component and O elsewhere. Hence, the scale exp{(;(bu)};cn and translation
vg(bu)jen are functions of ey, and by updating these functions, Real NVP will learn the
dependence information between wjcy and ujcy. To ensure comprehensive learning of the
dependence, b is usually flipped in every coupling layer (i.e., we swap M and N).
An appealing feature of (4.11) is that the determinant of the Jacobian of g;’s can be easily
calculated by rearranging the Jacobian into a lower-triangle matrix:

I 0

|det(gx)| = |det =[] exp {G(bw)}; .

Lnxp(wjenr)  diag(exp{Cr(bu)}jen) jEN

Since | det(gy)| only depends on the output of (;, and is irrelevant to the specific structure of (j
and vy, we can define (; and vy, as complex as needed without worrying about the differentiability
or invertibility of g;.

Suppose we specify a K-layer transformation g = g o - - - o g; with g defined as in (4.10).
Let 0 denote all weights in (; and vy, £ = 1,--- |, K. Then, the estimation of a Real NVP model
boils down to finding 8 that maximises the likelihood fy (y; @) given a known fy(u). Gradient
descent and backpropagation are usually used to update 8 and find the maximum likelihood.
Due to the flexibility of ¢, fy(u) does not have a huge influence on the expressivity of fy (y)
in most situations, so fyy(u) is commonly set as a standard multivariate Gaussian (Dinh et al.,
2017). The above reveals that the ReaINVP model can provide an exact density of fy (y; @), and
estimating a RealNVP model is much like fitting a statistical distribution. This exact likelihood

inference is one of the main distinctions of normalising flows from other generative models.
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4.2.3 GPDFlow

We propose a flow-based mGPD called GPDFlow by expressing fr in (4.8) using Real NVP.
Specifically, let  denote a d-dimensional threshold exceedance observation, and z be a stan-
dardized version of x, i.e. z = gg(x;0,~) as defined in (4.6), GPDFlow is a d-dimensional

distribution with density function

‘ - Hmax(z > 0)} [> 1 ‘ oy -1 : 1
f(x;0,7,0) = explmax (2)] /_Oo folg™ (2 + 5;0)}| det Jy(z + s;0)] dSH .
4.12)

where fy (w) is the density of a d-dimensional standard Gaussian distribution, o, 7y are marginal
parameters, g is the entire transformation in normalising flows with @ as the total weights.
Equation (4.12) can be understood in two ways. From a statistical perspective, we are
parametrising fr in (4.8) by normalising flows; hence, GPDFlow is a valid mGPD and inherits
all useful properties. These include threshold stability, closure under conditioning and marginal-
isation (i.e., lower-dimensional conditional margins remain mGPD), and sum-stability under
appropriate shape constraints: for any nonnegative weight vector, the conditional distribution
of a weighted sum of components, given that the weighted sum is positive, follows a univariate
GPD (Kiriliouk et al., 2019). Viewing (4.12) from a normalising flows angle, a random variable

X with density f can be obtained by

X = ggtd © GmGPD © Q(U); (4.13)

where gmepp(T) = E + T — max (T'), E ~ exp(1). For the output g(U) from Real NVP,
the transformation g,gpp squeezes it into a reversed L-shape (see Figure 4.3), ensuring that the
output satisfies the mGPD’s properties. The final layer transformation g4 adjusts for the scale of
the observations via o and accounts for marginal tail heaviness through ~. A key advantage of
the above structure is that it prevents Real NVP from directly modelling the marginal tail, where
standard Real NVP often struggles to accurately estimate tail heaviness (Jaini et al., 2020).
Unlike recent two-step generative approaches in extreme value modelling, which first trans-
form margins to a standard scale before estimating the dependence (Boulaguiem et al., 2022),
GPDFlow jointly estimates both the marginal distribution and tail dependence for threshold ex-
ceedances. The marginal distribution of the mGPD in (4.4) depends on ¢ and, consequently, on

T'. As aresult, the flexibility of f7 in GPDFlow helps reduce the bias in marginal estimations
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compared to the classic mGPD, which often struggles to balance marginal and tail dependence
estimation. Traditional mGPD models typically rely on the censored likelihood method to allevi-
ate the bias introduced by an inappropriate description of the lower tail margins (Kiriliouk et al.,

2019). However, this approach can become computationally expensive in high dimensions.

4.3 Inference

4.3.1 Likelihood and model estimation

Given d-dimensional observations @; = (x;1, -+ ,%;q), 7 = 1,--- , N, we estimate the parameter

(0,7, 0) in GPDFlow by maximizing the full log-likelihood

N

lo7.0)= > {log {/: fulg (2 + 5:0)}| det J, (z: + : 9)|‘1ds}

+log 1{max(z; > 0)} — max (z;) — Zlog(|0j + ")/jxij‘)} .z = gaa(@y).
- (4.14)
The integrand in (4.14), which is the flow density, maps R? to R. However, the integral is
univariate since the scalar s is added to each component of z; and the integration is over s. As
a result, the computation complexity does not scale with the dimension, and the integral can be

effectively approximated using numerical methods such as the trapezoidal rule or Monte Carlo.

In the practical implementation, z; is expressed as

2= 1y # 0y log (|yas/o + 1)) + 1{y = O}/

to avoid taking the logarithm of a negative value. Additionally, an extra penalty term

A Hoj+ ymiy < 0Hoy + i)’
ig
is added to (4.14) to penalize values of o; and ~y; that do not satisfy o; + v;z; > 0. Here, Ais a
hyperparameter that controls the penalty and is typically set to a large value.
An interesting characteristic of (4.8) is that fr cannot be uniquely identified from h(z). This
could be straightforwardly seen from (4.7) by noticing that, for any d-dimensional random vector
R = (R, ---,R), T and T+ R will always lead to same Z. The expression, T'—max (T") := S

is called spectral random vector in Rootzén et al. (2018b), and its density fs can be identified
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from h(z). A direct consequence of the unidentifiability of fr is that fr could have different
estimated densities depending on the initial weights of Real NVP, an issue illustrated in Figure
4.1. The reason we still build GPDFlow on fr rather than fg is that fr is an unbounded density,
whereas the support of fg is defined by the union of the coordinate hyperplanes where at least one
coordinate is zero. Applying such constraints of support for fs in normalising flows is difficult;
by contrast, no constraints are required in the fr modelling. Since we are only interested in h(z)
in the threshold exceedance modelling rather than specific fr, the unidentifiability of fr is not

an issue in the practical use of GPDFlow.

Samples of T Samples from the Normalizing Flows

T T T T T T T T T T T T
-14 -12 -10 -8 -6 -4 -2 -3 -2 -1 0 1

Figure 4.1: Comparison between 1000 samples (left) from fr(t1,t2) = exp{(t1 + 1)/2 + (t2 + 2)/0.5}
t; < —1,t3 < —2, and samples (right) from estimated fr from the mGPD data generated by fr, illustrating the
unidentifiability of fr.

Even though fr is not identifiable, we aim to identify characteristics of the mGPD associated
with fr, through which we can anticipate the behaviour of samples from the fitted normalising
flows. The following proposition addresses this by examining the bivariate tail dependence

coeflicient of the mGPD.

Proposition 9. Suppose Fy and F; are the marginal cdfs of a bivariate mGPD with generator T =
(T1,T3). Define q* as the quantile level from which both components exceed the threshold, i.e.,
¢ = inf{qg € (0,1) : FT'(q) > 0and Fy*(q) > 0} and let x12(q) = P(X; > F{ ' (q)| X >
Fy ' (q)). Then, the bivariate tail dependence coefficient of the mGPD, X1 = lim, ;- X1.2(q),

can be expressed as

— E ( min exp{T1 — max(T)} exp{Ty — max(T)}
X12=E ( {]E(exp{ﬂ — max(T)}) E(exp{T; — max(T)}) }) . (4.15)
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Specifically,

x12(q 19> q") = x1.2-

If T and T), are exchangeable, X > can be simplified to

) 2E(exp{—|Th — To[})
X2 = X2 [4>q") = 5 Eep{—T,— D]

Proposition 9 states that x1 2(q | ¢ > ¢*) is a positive constant and is equal to the bivariate tail
dependence coefficient. When estimating GPDFlow, this constant line pattern of x12(q | ¢ > ¢*)
is preserved regardless of the normalising flows output, and the value of x;12(q | ¢ > ¢*) or
X1,2 determines the general behavior of fr. Under the exchangeability assumption, x; 2 depends
solely on the distribution of the difference between 7} and 75. If the data exhibit weak tail
dependence (i.e., small xi2), 71 and 75 tend to spread across their sample spaces, exhibiting
large differences. In contrast, strong tail dependence (large ;) implies that 7} and 75 are
more concentrated around similar values, and display smaller discrepancies. In the extreme case
where x12 = 1, we have 77 = T5 almost surely. A proof for the proposition 9 can be found in

Section 4.7.2 of the supplementary material.

4.3.2 Threshold selection

Finding a suitable threshold is crucial in driving accurate tail inference in threshold exceedance
modelling, which involves bias and variance trade-offs in the estimation (Coles et al., 2001;
Murphy et al., 2024). In the univariate setting, a common approach is to identify a quantity, such
as the shape parameter £ of the GPD, that remains constant across suitable thresholds and use a
diagnostic plot to choose a threshold where this quantity stabilises. In the multivariate setting,
we could exploit Proposition 9, which states that x; »(¢) remains constant for sufficiently large
q. But instead of focusing on x; 2(q), we follow Kiriliouk et al. (2019) and generalise x;2(q) to
dimension d > 2. Similar to Proposition 9, let F; be the marginal cdf of a d-dimensional mGPD,

and ¢* = inf{q € (0,1) : F;'(q) > 0forVj =1,--- ,d}, define x1.4(q) as

P{NI_{X; > F; ' (¢)}}
l—gq

X1:a(q) =

Y

and x1.¢ = lim,,1- x1.4(¢), then for any ¢* < ¢ < 1,, we have

xta(q | ¢ > q") = X1a- (4.16)



CHAPTER 4. MULTIVARIATE GPD WITH NORMALISING FLOWS 91

To determine an appropriate threshold, Kiriliouk et al. (2019) suggested calculating the empirical
X1.4(¢q) from the data and using a diagnostic plot to define the threshold as the minimal marginal
g-quantile such that Y1.4(q) = x1.¢ holds for ¢ > ¢*. There are two concerns with Kiriliouk’s
method. Firstly, X1.4(¢q) inevitably goes to zero even for a relatively small ¢ in high dimensions
due to sparsity in the joint exceedance region. Hence, this approach is less effective in high-
dimensional applications. Secondly, Y1.4(¢) only considers the joint exceedance probability.
When probabilities of partial threshold exceedances are of interest, x1.4(¢q) fails to evaluate the
partial lower tail region, i.e., the region where some components fall below the threshold while
others exceed it.
We therefore consider another quantity wy.4(q), defined as

- P{UL X > FN )
w1;d<Q) = 1—¢ .

Let wy.q = lim,_,1- w1.4(¢) and ¢* be the same as in (4.16), we have

Wl:d(q ’ q> q*> = W1i-

Similar to x1.4(¢) and Xx1.4, wi.4(q) is constant when ¢ > ¢* and hence equal to its limit
wi.g- The advantage of using wq.4(¢q) and w4 is that they properly account for a suitable
description of the lower tail margins of the mGPD, which is crucial if partial exceedances are of
interest. Additionally, wy.4(¢q) accounts for all combinations of threshold exceedances, hence its
empirical estimation is more stable than the empirical y1.4(¢q) due to the relatively large number
of exceedances in the numerator, especially when the tail dependence of the data is weak. The
following proposition summarises the above results and further establishes the form of 1., and
w1.q for an mGPD with random vector 1" as the generator. Proofs are deferred to Section 4.7.2

of the supplementary material.

Proposition 10. Letr F; be the cdf of an mGPD, ¢* = inf{q € (0,1) : Fj_l(q) > 0forVj =
1,---,d}, then the following holds for X1.4, X1:4(q), W1.4, w1.4(q) defined previously:

exp{Tt —max(T)}  exp{Ty— max(T))}}) }) ,

x1a(q | 4> ¢) = x1a =E <min {E(exp{Tl —max(T)})’ " E(exp{T; — max(T

wia(q | ¢>q) =wiq=E <max {E(exp{Tl —max(T)})’ " E(exp{T; — max(T

exp{T} —max(T)}  exp{Ty— max(T)} })
M)
4.17)
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In practice, one can use both x1.4(¢) and wy.4(¢) to find two appropriate thresholds and take

the component-wise maxima as the final threshold. This approach is sketched in Algorithm (6).

Algorithm 6 Threshold Selection Method for GPDFlow
Input: All raw observations (rather than only the threshold-exceedance subset)
yi:(yi1>"' 7yid), 1=1,--- 7N
1. Calculate the empirical marginal cdf F(y;) = Yo, 1{y;; < y;}/Nforj=1,--- ,d
2. For ¢ € (0, 1), calculate the empirical value of
S NG (B () >ad}

551:d<q> = N{i—¢)
- N o1{ )¢ {F(Y;
Bralq) = Z= el

3. Find the minimal ¢, such that \1.4(¢) is approximately constant for ¢ > ¢,
4. Find the minimal ¢,, such that &;.4(q) is approximately constant for ¢ > ¢,
5. Set ¢* = max{(qy, ¢)}. The threshold is given by (F;(¢*),--- , F;'(¢*))
Output: d-dimensional threshold vector (F™'(¢*), - -+ , F7 (¢*))

4.3.3 Hyperparameter tuning

The hyperparameters in GPDFlow correspond to those of the Real NVP architecture, including
the number of transformations, the number of hidden layers, and the number of hidden neurons
per layer in the MLPs used to construct the transformations. We tune these hyperparameters
using standard hold-out validation, with 80% of the data randomly selected for training and the
remaining 20% used for validation. Given the small sample size of the threshold exceedance
data, we train the model for a relatively large number of epochs (200) and mitigate overfitting by
monitoring the negative log-likelihood on the validation set, terminating training if no improve-
ment is observed for 50 consecutive epochs. The hyperparameter configuration that achieves the
minimum validation negative log-likelihood is selected as the final setting, and the model with
the chosen hyperparameters and early-stopped epoch is refit to the full dataset for inference.
Throughout the simulation studies and data application, we fix the number of hidden layers
in the MLPs to one and perform a grid search over (4,8,12,16) for the number of transfor-
mations and (2d, 4d, 6d, 8d) for the number of hidden neurons in each MLP hidden layer. The
corresponding results, including implementation details and learning curves, are reported in

Section 4.7.3.
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4.4 Simulation

We design two simulation scenarios to assess the estimation of GPDFlow. The first one is a well-
specified scenario, where data are simulated from a traditional parametric mGPD. The purpose
is to evaluate if GPDFlow can be correctly estimated. Specifically, we assess dependence and
marginal estimation by examining all pairwise bivariate tail dependence coefficient estimates and
marginal parameters o and «y. The second scenario is misspecified to test the model’s robustness,
with data drawn from a distribution constructed using the copula approach. Here, we compare
the estimated density of threshold exceedance data and the joint exceedance probability.

In the first scenario, we evaluate the goodness of fit of GPDFlow in dimensions d = 2, 3, 5.
The data are simulated from a parametric mGPD with ¢ = (0.5,1.2,1,1.5,0.8), v =
(—0.1,0.2,0,0.15, —0.05), and fr(t) = H?Zl exp{t; + B;}/a;, where a = (2,0.5,1,5,1.5)
and 3 = (1,2,3,4,5). For d =2 or 3, the parameters are restricted to the first d elements of
each vector. For each dimension, we generate 100 samples from the parametric mGPD above
and fit a GPDFlow using the best flow architecture in Table 4.1 to assess robustness under sparse
data conditions.

We repeat the experiment 100 times for each dimension, and Figure 4.2 displays a comparison
between the theoretical values of pairwise tail dependence, marginal parameters, and their cor-
responding Monte Carlo estimates. The closed-form of the theoretical pairwise tail dependence
coefficient of the given fr in this simulation scenario can be found in the supporting materials of
Kiriliouk et al. (2019). Overall, the estimation performance is satisfactory, with most theoretical
values falling within the interquartile range of the GPDFlow estimates. The model effectively
captures both strong tail dependence (x ~ 0.72) and weak tail dependence (x ~ 0.35) present in
the same dataset (d = 5). Additionally, GPDFlow accurately estimates the values of -;, correctly
identifying whether each margin has a heavy, Pareto-like tail (7; > 0), a short or bounded tail
(7; < 0), or a light, exponential tail (; = 0). Notably, the estimations remain robust across

dimensions, as we do not observe increasing uncertainty or significant bias as d grows.
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Figure 4.2: Boxplots of estimated pairwise x (Top) and marginal parameters o, v (Bottom two) across dimension
d =2, 3, and 5. The true model is an mGPD with o = (0.5,1.2,1,1.5,0.8), v = (—0.1,0.2,0,0.15, —0.05), and
fr(t) = H?Zl exp{t; + f;}/a;, where @ = (2,0.5,1,5,1.5) and 8 = (1,2, 3,4,5). Point estimates for o and ~y
are directly obtained from the GPDFlow estimation based on 100 simulations, while the point estimates for x are
based on the empirical values derived from 10,000 predictions in each of the 100 simulations.

In the second scenario, we assess GPDFlow’s estimation performance when data are not in
the mGPD framework. To facilitate visualisation, simulations are conducted in two dimensions.
The data are generated from a bivariate Gumbel copula Cgympel (+; 0) with parameter # = 1.3, and
two Gaussian margins with location and scale parameters (1, s1) = (1,3) and (1o, s2) = (2, 5).

In other words, the data comes from the distribution

By, v, (Y1, 92) = Coumpe{®[s1 (y1 — 1)], ®[sy (2 — 112)]; 0}, (4.18)

where Coumpel (1, v;0) = exp{—[(—logu)’ + (—logv)?]'/?}, and ® is the cdf of a standard
Gaussian distribution. We generate 1200 samples, and Algorithm 6 identifies ¢ = 0.95 as a
suitable threshold, yielding approximately 100 threshold exceedance samples. These exceedance
samples are then fitted using a GPDFlow model with the best architecture presented in Table 4.2.
To assess estimation accuracy, we repeat this procedure 100 times and compare the Monte Carlo
mean of the GPDFlow estimates with the corresponding theoretical values.

The top two plots in Figure 4.3 compare the theoretical and GPDFlow-estimated densities of
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the threshold exceedance data. The theoretical density is obtained as

fam(@ +m,2+7) [, 5+ T — by
[13) = 1 P >0.95¢ b, (419
P (mna2) = 76 .05, 0.95:6) U 55 @19

where 7 = (7, 73) is the threshold, and 7; is the 0.95-quantile of margin j, j = 1,2 . (4.19)
corresponds to a truncated fy, y, (1, y2) with support only in the region where at least one com-
ponent exceeds the threshold. To facilitate the visualisation, we shift this support by subtracting
the threshold and positioning the new boundary along negative x- and y-coordinates. The contour
plots show that GPDFlow generally provides a good approximation of the theoretical density,
particularly in high-density regions. Minor discrepancies appear in the lower tail and areas
where the density is close to zero. These differences arise because GPDFlow defines a bounded
distribution with support depending on -, whereas the theoretical density remains unbounded.
We further scrutinise the performance of GPDFlow by checking the estimation of joint
probabilities associated with partial extremes. Specifically, we analize the estimation of P(Y; <
Q1.a,Y2 > G2099), Where Y] and Y5 are the random variables of the simulated data, ¢ ,, is the
a-quantile of margin 1 and gz ¢ 99 is the 0.99 quantile of margin 2. The theoretical value of such

probability is straightforward to calculate by the cdf of the Gumbel Copula. Indeed, we have

P(Y1 < @10, Y2 > q2099) =P(Y1 < q1.0) = P(Y1 < @10, Y2 < @2,0.99) (4.20)
= — CGumbel(Oéa 099, 9)

To estimate P(Y; < q1,4, Y2 > ¢2,0.99) by GPDFlow, we can write

P(Y1 < G0, Y2 > ¢2,099)

2
=P <Y1 < 1,0, Y2 > 2,0.99, U{Y} > Qj,0.95}>

J=1

2 2
=P <Y1 — 71 < Qo — T1, Y2 — T2 > G2,0.99 — T2 U{Y} — T > 0}> P (U{Y} > Tj}> .
= = (4.21)
The first term in the last equation of (4.21) is a probability conditioned on at least one extreme
component, making it well-suited for estimation via GPDFlow. The second term is a threshold
exceedance probability of a moderately high threshold, which can be well estimated empirically.

The bottom plot in Figure 4.3 compared the theoretical probability P(Y) < 1.4, Y2 > ¢20.99)

with its Monte Carlo estimate from GPDFlow for o € (0.5,0.9) on a logarithm scale. The
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Figure 4.3: Theoretical and estimated density contour plots of the threshold exceedance data (top panel) and plot
of log P(Y1 < ¢1,a, Y2 > ¢2,0.99) (bottom). The entire data comes from the distribution in (4.18). The theoretical
threshold density is obtained following (4.19), while the contour of the GPDFlow density is the average density
over 100 simulations. In the bottom plot, the theoretical line is derived from (4.20), while the dark blue line is the
mean of empirical estimation of (4.21) from 100,000 GPDFlow samples over 100 simulations, and the shaded area
covers the 2.5% and 97.5% of the empirical estimations.
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GPDFlow estimates closely align with the theoretical value, though a slight underestimation can
be observed across all . As « increases, both bias and variance decrease because the data
become more extreme and thus more closely match the theoretical limiting distribution, allowing

GPDFlow to characterise them more accurately.

4.5 Application

We apply our GPDFlow to multivariate risk analysis of five major US banks. The key risk measure
in this study is Conditional Value-at-Risk (CoVaR), a pairwise Value-at-Risk that accounts for
the dependence between two financial entities, such as institutions or portfolios. While the
definition of CoVaR may vary, it generally falls within a framework that quantifies the risk of
one entity given that one or more others are in distress. For instance, Mainik and Schaanning

(2014) defines the CoVaR of two random variable X and Y as
CoVaR, 3(Y|X) = VaR,{Y|X > VaRz(X)}, (4.22)

where VaR, (Z) = inf{z € R : Fz(2) > n},n € (0,1), and F; is the cdf of random variable
Z. This definition extends beyond individual risks by providing a method to measure systemic
risk. Estimating CoVaR requires the entire marginal distribution conditioned on the extreme

behaviour of the other component, a task that can be naturally handled by GPDFlow.

— x1:5(9) —— wi:s(qQ)
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Figure 4.4: Scatter plots of the negative log-return (left) of the five US banks and empirical x1.4(q) and w1.4(q)
of the negative log-return calculated by Algorithm 6.
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We demonstrate the application of GPDFlow in risk management by examining the CoVaR of
the following five large US banks: JPMorgan Chase (JPM), Bank of America (BAC), Citigroup
(C), Wells Fargo (WFC) and Morgan Stanley (MS). Using 5-day closing prices from these banks
between January 1, 2005, and February 1, 2025, sourced from Yahoo Finance, we examine the
negative log returns, which total 1,010 observations. Since our focus is on general risk rather
than forecasting, we do not remove heteroscedasticity from the negative log returns, which is
the same treatment as in the analysis of the negative return of bank stocks in Kiriliouk et al.
(2019). Figure 4.4 shows scatter plots of the negative log return as well as plots of the two
tail dependence measures introduced in Proposition 10 for the five banks. Clear asymptotic
dependence is observed in the scatter plot, which is confirmed by the positive values of X1.5(q)
on the right. The empirical w;.5(¢) seems to enter a plateau at around ¢ = 0.9, while this
happens at about ¢ = 0.95 for x1.5(¢). This suggests that the tail data can be well approximated
by GPDFlow when at least one component exceeds its 0.95-quantile. Consequently, we select
the marginal 0.95-quantile as the threshold and model the data above it (100 observations total)
using GPDFlow.

For comparison purposes, we also implement a parametric mGPD from Kiriliouk et al. (2019)
on our data and compare its performance with that of GPDFlow. This parametric mGPD is chosen
from three mGPD models, where fr is either independent reverse-exponential, independent
Gumbel, or multivariate Gaussian, following the selection procedure in the original paper. The
resulting model is given by fr(t1, - ,15) = H?:1 ajexp(—a;t;) exp[—exp(—a;t;)], o >0,
with free parameters o and ~. Parameters in this model are estimated via a censored-likelihood
method, in which components below the threshold are treated as censored.

Figure 4.5 compares the performance of GPDFlow and the parametric mGPD in estimating
both the marginal densities and tail dependence of the five banks’ threshold exceedance data.
For the marginal density of JPMorgan Chase and Morgan Stanley (with others provided in
Section 4.7.4 of the Appendix), GPDFlow provides a strong approximation across the lower tail,
upper tail, and high-density regions, without overfitting to the wiggly empirical right tails. In
contrast, although the parametric mGPD does a relatively good job of estimating the right tails,
it significantly deviates from the empirical density in the lower-tail and high-density regions of
the two banks.

In the tail dependence plots, both the estimated x7%(q), wi(q), m € {GPDFlow, mGPD}
from GPDFlow and the parametric mGPD show constant behavior for ¢ < 0.95, consistent

with Proposition 10. This constant trend theoretically extends to the region ¢ > 0.95 but is
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subject to more volatility due to the limited number of predicted observations in the simulated

data. Comparing the empirical .5 and w;.5 with the estimated x5 and w{’; (approximately by

X7%(q ] 0.5 < ¢ <0.95)andwi’(q | 0.5 < ¢ < 0.95), respectively), itis clear that the parametric

mGPD underestimates 1.5 and overestimates wy.5. Its estimates lie near the boundary of the 95%

bootstrap confidence interval of the empirical values. In contrast, GPDFlow estimations exhibit
GPDFlow

a much smaller bias, with both x{t and w{EPFY falling well within the central region of the

corresponding empirical confidence interval.
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Figure 4.5: Plots of marginal densities of the threshold exceedance data (top panel) and tail dependence measures
(bottom panel). The 95% CI for the empirical density and dependence measures is generated via Bootstrap. The
estimates from the mGPD and GPDFlow are averages derived from 100 Monte Carlo sample sets, each of the same
size as the threshold exceedance data and simulated using mGPD or GPDFlow.

Next, we use the GPDFlow predictions to estimate the CoVaR between the five banks. We
illustrate the CoVaR that conditions on the largest bank, JPM, under a stress scenario (specifically,
B = 0.95). Let the negative log-returns of the five banks be denoted by Yjpm, Yaac, Yc, Ywrc,

Ywus and their corresponding 0.95-quantile threshold by 7ypm, Tacs Tcs Twres Tms. By definition,
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for any two banks i, j € {BAC, C, JPM, MS, WEC}, i # j, (4.22) can be written as

, _ P{Y; < CoVaR, 5(Y;[Y), Y; > VaRs(¥;)}
P{Y; > VaRs(Y)}
_ P{Y; < CoVaR, 5(¥;|V;),Yi > VaRy(V;), UL {¥; > VaRs(¥i)}}
N P{Y; > VaRg(Y:), U {Y; > VaRs(Yi)}}
_ P{Yj < CoVaR,3(Y;|V;),Y: > VaRy(V;)| U, {Vi > VaRy(Vi)}}
N P{Y; > VaRy(Y;)| U, {Y; > VaRs(Y;)}}

(4.23)

When 3 > 0.95, we have VaRy(Y;) > 7,. Consequently, the set | J_,{V; > VaRg(Y;)} is
a subregion of the threshold exceedance data |J7_,{Y; > 7;}, which Algorithm 6 indicates
can be well approximated by GPDFlow. By setting a threshold 7*, where 77 = VaR;(YV;),
i € {BAC, C,JPM, MS, WFC}, both the numerator and denominator in the last equation of
(4.23) can be approximated by a GPDFlow model under this new threshold. Therefore, estimating
CoVaR, 3(Y;|Y;) on the raw negative log-return scale is equivalent to finding the CoVaR,, 5(Y; —
77|Y; — ) on the threshold exceedance scale and then translating it back by 7. Figure 4.6
displays the CoVaR of BAC, C, MS and WFC conditioned on JMP being in distress (i.e.,
Yiem > VaRg05(Yipm)). The GPDFlow estimates accurately fit the empirical CoVaR across all
ranges of «, with larger uncertainty for higher a. Nevertheless, nearly all empirical CoVaR
values fall within the 95% Monte Carlo confidence interval. Citigroup exhibits the strongest tail
dependence with JPMorgan Chase, with CoVaR,, ¢ 95(C|JPM) being higher for large o compared
to the other three banks. Conversely, Morgan Stanley is less affected by JPMorgan Chase’s

distress, showing the smallest CoVaR among the four banks.
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Figure 4.6: CoVaR, s(:[JPM) for the four banks, conditioned on JPM being in distress (3 = 0.95). The GPDFlow
line represents the average CoVaR from 100 Monte Carlo estimations, each derived from the GPDFlow simulated
samples that are of the same size as the exceedance data. The 95% Cl is derived from the 2.5% and 97.5% quantiles
of the Monte Carlo estimations.

4.6 Discussion

In this paper, we introduce GPDFlow, a flow-based mGPD model that leverages normalising flows
to capture dependence structures in multivariate threshold exceedances. GPDFlow explicitly
estimates marginal parameters, allowing direct inference on tail behaviour while offering flexible
dependence modelling. Simulation studies and a real data application show that GPDFlow
achieves strong approximation performance for stationary threshold exceedance data.

The GPDFlow framework easily accommodates non-stationary extensions. Specifically,
the marginal parameters o and < can be expressed as functions of covariates through, for
instance, MLPs. Moreover, the normalising flows component can seamlessly integrate additional
covariates by conditioning on them, as demonstrated by architectures like Masked Autoregressive
Flows (Papamakarios et al., 2017).

Despite these strengths, GPDFlow has three practical limitations that we address here. Firstly,

while GPDFlow benefits from the theoretically robust tail properties of the mGPD framework,
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it is constrained by the max-stable assumption in (4.1). Under this assumption, GPDFlow
always exhibits asymptotic dependence regardless of the structure of the normalising flows, as
evidenced by the positive upper tail coefficient .4 in Propositions 9 and 10. Although GPDFlow
can behave similarly to asymptotic independence (e.g., in the bivariate case, for sufficiently small
values of E(exp{—|T} — T»|}) so that the bivariate tail coefficient approaches zero), the steep
decline in y1.4(q) as ¢ — 1~ for asymptotically independent data (Huser and Wadsworth, 2019)
typically requires setting a very high threshold (e.g., the 0.99-quantile or higher) in GPDFlow
for a good approximation. Consequently, estimation accuracy can decrease due to increased
variance and instability caused by limited exceedance data. This limitation particularly affects
high-dimensional scenarios such as spatial extremes, where asymptotic independence often
occurs, especially at distant locations. A practical solution is to apply GPDFlow exclusively
to datasets known to exhibit asymptotic dependence (in the spatial context and depending on
the data, this could be data from adjacent or close regions) and check if exceedance data are
well-approximated by GPDFlow. A quick way to verify the suitability of GPDFlow is to use
Algorithm (6) to identify the existence of stable trends in x1.4(¢) and wy.4(q) at high thresholds.

Secondly, estimating uncertainty for marginal parameters in GPDFlow is challenging, despite
these parameters being maximum likelihood estimates. Computing statistical uncertainty typi-
cally requires the inverse of the Hessian matrix of all parameters, which becomes computationally
impractical given the large parameter space (often thousands) involved in the normalising flows.
A bootstrap approach may provide uncertainty estimates, but at a substantial computational cost.

Lastly, accurate and stable GPDFlow estimates require threshold exceedance data to be on
a similar scale. Divergent data scales can hinder gradient descent convergence or produce
inaccurate estimates, a common issue in deep learning models (Ioffe and Szegedy, 2015). To
mitigate this, data rescaling can be performed prior to model training. Specifically, fitting
a univariate GPD to each component’s exceedance data and transforming the data using the
estimated parameters o; and 7; via (4.6) helps improve training stability. While this method
compromises joint marginal and dependence modelling, it preserves the flexible dependence

modelling capability of GPDFlow.
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4.7 Supplementary material

4.7.1 Code and data

The code and data required to reproduce the results in Sections 4.4 and 4.5 are freely available

athttps://github.com/hcl516926907/GPDFlow.git.

4.7.2 Proofs

Proof of Proposition 9. The first part of Proposition 9 is a special case d = 2 of Proposition
10, so its proof is omitted here.

For the second part, let X; = exp{7} — max (T")} and Xy = exp{T5 — max (T")}. By the
exchangeability assumption of 7} and T3, we have E(X;) = E(X;) := ¢. Since X; and X5 can
only be pair (1, exp{—|T} — T»|}) or (exp{—|T1 — T»|}, 1),

E(Xl + Xg) =1 + E(exp{—]Tl — TQ’}) = 2c

1+E(exp{—|T1 —T>2|})

5 . Now

Hence ¢ =

— F ( min exp{Ty — max(T)} exp{Ts — max(T)}
X12 =E ( {E(exp{Tl —max(T)}) E(exp{T> — max(T)}) })

—E (min {% E()ié) }>

= %E (min {1, exp{—|T1 — T»|}})
_ E(exp{—|T1 — T3|})

2E(exp{—|Ty — To[})

T 1+ E(exp{—|Ti — T|})

]

Proof of Proposition 10. The tail copula (Schmidt and Stadtmiiller, 2006) R(x) : [0, 00)¢ —
[0, 00) defined as

R(x) = lim nP{F\(X1) >1—a1/n, -, Fy(Xq) > 1 —x4/n}

n—oo
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is associated to the stdf ¢(x) by inclusion-exclusion formula and can be expressed as
R(x) = E(min(zV))

by minimum-maximum identity and the same random vector V in (4.3) (Rootzén et al., 2018b).

By Proposition 7.1 in the same paper, when ¢ > ¢*, F;(X;) > 0,5 =1,--- .d

P{NL XS > (@)}

X1:a(q) = 1—gq
_ R(g,---.q)
4q
= E(min(V))
_ & (min exp{T; —max(T)}  exp{Ty — max(T)}
== (o G ) Bl i)
Similarly,
CPULAX > FN @)1
wl:d(Q) - 1— q
q
= E(max(V))
— B (o exp{T1 —max(T)}  exp{Ty — max(T)}
- ( {E(GXP{Tl —max(T)})" " E(exp{Ty — max(T)}) })

4.7.3 Hyperparameter tuning results

We report the hyperparameter tuning results for GPDFlow in Simulations 1 and 2, as well as
in the data application. Across all transformation layers, we use the same MLP architecture
for both the log-scale and translation functions. Each MLP consists of one input layer, one
hidden layer, and one output layer, where the input and output layers have dimensions equal
to the data dimension d, and the hidden layer dimension is selected from (2d, 4d, 6d, 8d). The
number of transformations is tuned over (4, 8,12,16). The negative log-likelihood (NLL) is
monitored on the validation set, and early stopping is triggered if no improvement is observed
for 50 consecutive epochs.

All models are trained using minibatches of size 64. Model parameters are updated using
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the Adam optimizer, with learning rates of 10~2 for the MLP parameters and 10~ for the log-
scale and shape parameters arising from the mGPD. A cosine annealing schedule is applied to
all learning rates. For numerical stability, the gradient norm of all parameters is clipped to a

maximum value of 1.

Simulation 1

Table 4.1: Hyperparameter tuning results for GPDFlow in Simulation 1. A grid search is performed over the
number of flow transformations and the hidden-layer size of the one-layer MLPs used to parameterise the scale and
translation functions in the Real NVP. The average negative log-likelihood (NLL) on the validation set, evaluated at
the optimal epoch (50 epochs prior to early stopping), is reported.

d=2 d=3 d=5

# of transformation # of hidden neurons NLL Best epoch NLL Best epoch NLL Best epoch

4 2*d 23 120 3.49 83 7.76 26
4 4*d 2.29 87 3.42 95 7.98 19
4 6*d 2.27 103 3.48 147 7.84 16
4 8*d 2.29 91 3.48 100 7.99 23
8 2*d 2.27 41 3.49 94 7.75 11
8 4*d 2.31 31 3.38 159 7.84 31
8 6*d 2.29 140 3.45 &9 7.94 21
8 8*d 2.24 58 3.35 92 8.02 19
12 2*d 2.28 75 3.45 71 7.87 9
12 4*d 2.28 105 3.41 73 7.91 61
12 6*d 2.26 49 3.38 59 7.89 16
12 8*d 2.25 71 341 124 7.74 33
16 2*d 2.27 97 3.43 88 7.9 9
16 4*d 2.25 61 3.38 75 7.97 31
16 6*d 2.25 124 341 56 7.84 16

16 8*d 2.27 58 3.46 33 8.14 33
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Figure 4.7: Learning curves for the models in Simulation 1, plotted over epochs prior to early stopping. The
average negative log-likelihood is shown in red for the training set and in blue for the validation set.
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Simulation 2

Table 4.2: Hyperparameter tuning results for GPDFlow in Simulation 2. A grid search is performed over the
number of flow transformations and the hidden-layer size of the one-layer MLPs used to parameterise the scale and
translation functions in the Real NVP. The average negative log-likelihood (NLL) on the validation set, evaluated at
the optimal epoch (50 epochs prior to early stopping), is reported.

# of transformation # of hidden neurons NLL Best epoch

4 4 6.46 119
4 8 6.5 120
4 12 6.48 133
4 16 6.5 110
8 4 6.52 89
8 8 6.48 129
8 12 6.46 138
8 16 6.49 103
12 4 6.53 141
12 8 6.52 137
12 12 6.5 125
12 16 6.44 110
16 4 6.51 156
16 8 6.55 141
16 12 6.48 111
16 16 6.49 163
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Figure 4.8: Learning curves for the models in Simulation 2 plotted over epochs prior to early stopping. The
average negative log-likelihood is shown in red for the training set and in blue for the validation set.
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Application

Table 4.3: Hyperparameter tuning results for GPDFlow in the data application. A grid search is performed
over the number of flow transformations and the hidden-layer size of the one-layer MLPs used to parameterise the
scale and translation functions in the Real NVP. The average negative log-likelihood (NLL) on the validation set,
evaluated at the optimal epoch (50 epochs prior to early stopping), is reported.

# of transformation # of hidden neurons NLL Best epoch

4 4 -8.29 70
4 8 -8.60 109
4 12 -8.13 55
4 16 -7.98 76
8 4 -8.23 66
8 8 -8.19 72
8 12 -7.41 42
8 16 -8.28 80
12 4 -7.82 71
12 8 -8.00 58
12 12 -8.24 54
12 16 -8.07 58
16 4 -7.61 74
16 8 -8.07 56
16 12 -8.06 52
16 16 -8.03 63

Data Application
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Figure 4.9: Learning curves for the models in the data application, plotted over epochs prior to early stopping.
The average negative log-likelihood is shown in red for the training set and in blue for the validation set.
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4.7.4 Supporting plots

Below are the plots that are not shown in the main body for space considerations.

Figure 4.5 continued
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Figure 4.10: Marginal density estimation comparisons for bank BAC, C and WFC.



Chapter 5

Moderate and extreme wildfire forecast

Wildfires pose a major threat to Portugal, with over 115,000 hectares burned annually on aver-
age during 1980-2024, and the country has faced devastating mega-fires such as those in 2017.
Accurate forecasts of wildfire occurrence and burned area are therefore essential for firefighting
resource allocation and emergency preparedness. In this study, we propose a novel two-stage en-
semble that extends the widely used latent Gaussian modelling framework with integrated nested
Laplace approximation (INLA) for spatio-temporal wildfire forecasting. Stage 1 applies a gradi-
ent boosting model (XGBoost) to environmental covariates and historical fire records to produce
one-month-ahead point forecasts of fire counts and burned area. Stage 2 uses these predictions
as external covariates in a latent Gaussian model with additional spatiotemporal random effects
to generate probabilistic forecasts of monthly total fire counts and burned area at the council
level. To capture both moderate and extreme events, we implement the extended generalised
Pareto (eGP) likelihood (a sub-asymptotic distribution) within INLA, develop Penalised Com-
plexity (PC) priors for its parameters, and compare the eGP likelihood with common alternatives
(e.g., Gamma and Weibull). Our framework tackles the unavailability of future environmental

covariates at prediction time and performs strongly for one-month-ahead forecasts.

5.1 Introduction

Wildfires affect a vast portion of the vegetated surfaces of the Earth and may be defined as
unplanned and uncontrolled fires that quickly spread over the terrain. Wildfires are favoured by
prolonged drought, heat waves and by hot, dry and windy weather, and they may be triggered
by natural phenomena, such as lightning strikes, or by human activities, including negligence,

arson, and various forms of accidental ignition.

110
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Portugal is among the countries most severely affected by wildfires, due to its mild and humid
winters followed by hot and dry summers, strong winds, and extensive areas with forests and
shrublands. According to official records, in 2017 alone, more than 21,000 fire ignitions were
recorded, resulting in over 540,000 hectares burned (DaCamara, 2024). In addition to the high
number of fire events and extent of burnt area, Portugal regularly experiences mega-fires, i.e.,
individual wildfires with extreme consequences. For instance, the deadly wildfires of 17 June
2017 claimed at least 66 lives and affected more than 220,000 hectares in 24 hours. These types
of events result not only in economic losses and human casualties but also cause substantial
environmental damage, including widespread deforestation. Consequently, the development of
an effective wildfire forecasting system is crucial for enabling early warnings and better allocation
of firefighting resources (DaCamara et al., 2018).

The increasing demand for accurate wildfire modelling has led to a wide range of studies
employing statistical and machine learning methods. These approaches can be broadly cate-
gorised based on how they represent wildfires. One common approach models wildfire as an
event occurring at an ignition point, optionally with an associated burnt area. This perspective
motivates point process models for fire ignitions (Xu and Schoenberg, 2011; Gabriel et al., 2017;
Opitz et al., 2020; Woolford et al., 2021) and marked point processes where the burnt area serves
as the mark (Tonini et al., 2017; Xi et al., 2019; Koh et al., 2023; de Rivera et al., 2024; Duvsten
Ostin, Hanna and Gasslander, Tilda, 2025). Alternatively, ignition events and associated burnt
areas can be aggregated over spatial partitions, with models targeting either the total burnt area
or both fire count and burnt area per unit, leading to areal modelling approaches (Opitz, 2023;
Cisneros et al., 2024; Lawler and Shaby, 2024).

To capture the risk of extremely large burnt areas, extreme value theory (EVT) is often
employed to estimate high quantiles of the burnt area distribution. The Generalised Pareto
Distribution (GPD) is a widely used EVT-based model for peak-over-threshold methods and
has been applied to model exceedance probabilities (Pimont et al., 2021; Richards et al., 2023;
Koh et al., 2023). When modelling the entire distribution of burnt areas, however, GPD-based
methods require an auxiliary distribution for values below the threshold, which can lead to
discontinuities in the likelihood. Recent advances have introduced sub-asymptotic distributions,
which offer continuous density, flexible tail behaviour, and theoretical justification within EVT
(Papastathopoulos and Tawn, 2013; Naveau et al., 2016). These distributions have seen successful
applications in domains such as precipitation (Naveau et al., 2016), landslides (Yadav et al., 2021),

and wildfires (Cisneros et al., 2024; Lawler and Shaby, 2024).
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Bayesian hierarchical models with latent Gaussian fields are a popular framework for high-
dimensional spatial and spatio-temporal modelling (Opitz, 2017). While inference is traditionally
performed via Markov Chain Monte Carlo (MCMC), the integrated nested Laplace approximation
(INLA) offers a faster and accurate alternative for posterior approximation, especially in space-
time applications (Rue et al., 2009). Several studies have applied INLA-based frameworks to
wildfire modelling (Gabriel et al., 2017; Opitz et al., 2020; Koh et al., 2023). Machine learning
methods have also been explored, including tree-based models (Koh, 2023; Cisneros et al., 2023)
and neural networks (Richards and Huser, 2022; Richards et al., 2023; Cisneros et al., 2024).

Despite the breadth of existing research, practical wildfire forecasting methods remain limited.
The development and spread of wildfires are strongly influenced by environmental factors such
as humidity, temperature, wind, and vegetation type. Incorporating such information is essential
for improving predictive accuracy. However, most current spatio-temporal frameworks (e.g.
Koh et al., 2023; Cisneros et al., 2024) are designed for retrospective analysis, using covariates
observed at time ¢ + 1 to predict wildfires also occurring at time ¢ + 1. This setup limits
their use in real-time forecasting, as it assumes access to future covariates that would not be
available at the times for which predictions are to be made. Furthermore, within the popular
latent Gaussian modelling framework, the additive structure and the practical constraints on the
number of hyperparameters restrict the inclusion of multiple covariates in INLA-based models.
As a result, studies often rely on a small number of representative variables, such as the Fire
Weather Index (FWI), an index developed by the Canadian Forestry Service that has proven to
be an especially suitable indicator of meteorological fire danger in Mediterranean ecosystems
(DaCamara et al., 2014; Pinto et al., 2018; Nunes et al., 2023)

In this work, we aim to address the twin challenges of acquiring future covariates and the
limited capacity of the INLA framework to accommodate numerous predictors. We propose a
two-stage, interpretable modelling framework that relies entirely on readily available reanalysis
data for probabilistic forecasting, leveraging both machine learning and INLA. In the first stage,
we train a tree-based ensemble model, specifically, XGBoost (Chen and Guestrin, 2016), on a
window-based dataset, incorporating environmental covariates and historical wildfire data up to
time ¢, with the target being wildfire activity at time ¢ + 1. This model learns patterns from
historical data to produce a point forecast for the next time step. In the second stage, the XGBoost
forecast is used as a synthetic future covariate, combined with spatial and temporal Gaussian
effects in a latent Gaussian model estimated via INLA, yielding posterior predictive distributions.

The XGBoost model effectively encodes the information from all available covariates into a
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single, most informative predictor for Portuguese wildfires. This strategy reduces the reliance
on future environmental covariates, circumvents the limitations of INLA in handling a large
number of predictors, and enhances the INLA model’s ability to capture complex interactions
among covariates. Meanwhile, INLA provides a principled Bayesian framework for uncertainty
quantification through the posterior predictive distribution. This hybrid modelling framework
can be viewed as a stacking strategy (Wolpert, 1992), which has been shown to yield substantial
improvements in predictive performance (Van der Laan et al., 2007). In contrast to other hybrid
approaches for spatial and spatio-temporal modelling that require specialised mappings between
spatial processes or covariance structures (Wikle and Zammit-Mangion, 2023), our approach
minimises modifications to the underlying spatial structure, thereby preserving interpretability
and facilitating its application to other spatial or spatio-temporal modelling tasks within the
INLA framework. Our proposed method is also closely related to residual-learning approaches
(MacBride et al., 2025), but does not rely on iterative updates between the first-stage and second-
stage models. In our setting, such iterative training would be computationally expensive due to
the inclusion of complex spatio-temporal random effects in the INLA model, but the potential
gains from iterative residual learning are likely to be marginal.

Additionally, we contribute to the integration of the extended Generalised Pareto (eGP)
likelihood (Naveau et al., 2016) within the INLA framework. The eGP distribution belongs to
the family of sub-asymptotic models capable of jointly modelling the bulk and tail of the data.
We use this distribution to model burnt area data, thereby capturing the moderate and extreme
fires simultaneously in a continuous manner. As part of our implementation, we derive and
incorporate penalised complexity (PC) priors with a closed-form expression for the two shape
parameters of the eGP distribution.

The remainder of the paper is structured as follows. Section 5.2 introduces the Portuguese
wildfire dataset and the environmental covariates used. Section 5.3 presents the two-stage
modelling framework, including the choice of priors for the eGP parameters. Section 5.4 reports
forecasting results and model interpretation. Section 5.5 discusses the use of the eGP likelihood

and considerations for longer-horizon forecasting. Finally, Section 5.6 concludes the study.
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5.2 Data preparation

5.2.1 Wildfire data scope

The wildfire dataset used in this study is sourced from the Portuguese Institute for
Nature Conservation and Forests (ICNF, https://www.icnf.pt/florestas/gfr/
gfrgestaoinformacao/estatisticas), a governmental agency responsible for for-
est and conservation policy. The dataset includes detailed information on wildfire events, such
as ignition time (year, month, day, hour), fire duration, geographical coordinates (longitude and
latitude), burnt area by land type (urban, bush, or agricultural), and additional attributes including
cause and FWI.

This study focuses on wildfire records from 2011 to 2023, a 13-year period that captures
both typical wildfire activity and extreme events such as the 2017 mega-fires, while keeping
the temporal dimension manageable for computational modelling. To ensure that the analysis
excludes intentional land management fires (e.g. crop residue burning), only fire events with a
total burnt area exceeding 1 hectare and a duration longer than 3 hours are retained.

Administrative metadata, including council and district information, is mapped to each fire
record. Fires are then aggregated to the council-month level to facilitate areal modelling. This
choice is motivated by two factors: (1) The recorded ignition coordinates lack high spatial
precision, and repeated wildfires are often observed at the same location, making a regional
modelling unit such as the council more appropriate. (2) Council-level predictions are more
interpretable and actionable for policymakers than point-level estimates. As such, modelling
directly on aggregated data is preferred over integrating point process models post hoc. The
temporal aggregation to a monthly resolution is a deliberate balance between computational
feasibility and practical relevance. Modelling at higher temporal resolution (e.g. daily or hourly)
over a 13-year span would be computationally intensive and likely require oversimplified spatio-
temporal structures, potentially compromising model accuracy. Monthly aggregation allows for
a more complex spatio-temporal modelling without excessive computational burden (Krainski
et al., 2018).

After preprocessing, the dataset comprises 278 councils over 156 months, resulting in 43,368
council-month observations. For each observation, the total fire count and total burnt area are
computed and serve as the primary response variables in the modelling framework. Observations
with no recorded fire activity are assigned zeros for both responses. Unless otherwise specified,

“fire count" and “burnt area" hereafter refer to these council-monthly totals. This aggregation
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Figure 5.1: Histograms of fire count and burnt area at the council-month level, highlighting the prevalence of
zeros. Quantities are rescaled for visualisation purposes using a square-root transformation for fire counts and a
logarithmic transformation for burned area.

process naturally introduces a large number of zeros into the data, as illustrated in Figure 5.1,
resulting in zero-inflation in both response variables. Additionally, both the fire count and burnt
area distributions exhibit strong skewness, even after transformation (square root for fire count,
logarithm for burnt area). Due to the pronounced skewness and heavy-tailed nature of the burnt
area distribution, we model its square root to mitigate these effects. Alternative transformations
for burnt area are discussed in Section 5.5.

Figure 5.2 presents the spatial and seasonal patterns of wildfires across Portugal. Spatial
heterogeneity is evident: while fire count tends to increase with latitude and displays spatial
autocorrelation among neighbouring councils, extreme burnt areas are more concentrated in
central-north Portugal, with notable variability even between adjacent councils. Strong seasonal

patterns are also observed, with peak activity occurring during summer and autumn.

5.2.2 Environmental covariates

Wildfire behaviour is strongly influenced by environmental conditions, particularly, climate
related including, e.g., wind speed and direction, air temperature, and humidity. To enhance the
predictive capabilities of our model, we incorporate 11 environmental covariates derived from
reanalysis datasets spanning 2011-2023.

Five meteorological (air temperature, precipitation, wind speed and direction, dew point )
and two vegetation-related covariates (green leaf area for two vegetation types) are obtained
from ERAS5-Land, which offers a fine spatial resolution (0.1° x 0.1°). Four additional vegetation
covariates, related to land cover types and their coverage percentages, are sourced from the ERAS,

which has a relatively coarse resolution (0.25° x 0.25°) and is time-invariant. In addition, two
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Figure 5.2: Top: Average council-level fire count and burnt area. Bottom: Monthly average fire count and burnt
area across all councils. Spatial and seasonal variation is evident. Quantities are rescaled for visualisation purposes
using a square-root transformation for fire counts and a logarithmic transformation for burned area.

derived covariates computed from the daily meteorological data are included: relative humidity
and FWL

All covariates are spatially mapped to the nearest council unit by assigning each grid cell to
the council containing its centroid. Temporal aggregation is performed at the monthly level. For
continuous variables, the aggregated mean is used; for categorical variables, the mode is applied.
A complete list and description of all covariates are provided in Table 5.3 in the Supplementary

Materials.

5.3 Methods

5.3.1 Overview

We propose a two-stage modelling framework to provide probabilistic forecasts of wildfires at the

monthly council level. In the first stage, we employ the XGBoost algorithm to integrate historical
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wildfire activity data and current environmental covariates to generate one-month-ahead forecasts
of wildfire count and burnt area for each council. These forecasts are then passed to a latent
Gaussian model estimated via INLA, which incorporates spatio-temporal dependencies through
council adjacency and temporal encoding. The INLA framework outputs full posterior predictive
distributions for fire presence, fire count, and burnt area. To model the heavy-tailed behaviour
of burnt areas, we implement the extended generalised Pareto (eGP) likelihood in INLA, which
blends a Gamma-like left tail with a Pareto-like right tail, and is characterised by two shape
parameters and a scale parameter (see Section 5.3.3 for details). This two-stage approach can
be viewed as a form of model stacking (Wolpert, 1992), a type of ensemble learning where the
predictions of one model are used as input features for another. Figure 5.3 provides a high-level

overview of the proposed modelling pipeline.
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Figure 5.3: Diagram of the proposed two-stage wildfire forecasting framework combining XGBoost and INLA.

The combination of XGBoost and INLA utilises the strengths of each framework while
mitigating their individual limitations. XGBoost is particularly effective in modelling complex,
nonlinear interactions among environmental and historical variables. By incorporating past
wildfire activity in an autoregressive manner, the two XGBoost models, one for fire count and

one for burnt area, can partially recover information that may be lost due to the spatial smoothing
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inherent in gridded environmental data. However, a key drawback of XGBoost is its lack of
native uncertainty quantification. This is addressed in the second stage of our framework, where
the INLA-based Bayesian hierarchical model provides full posterior distributions, allowing for

straightforward uncertainty quantification.

5.3.2 Stage I: XGBoost

In stage I, we use two XGBoost models, both taking the accessible meteorological variables and
past wildfire activities as features but one taking one-month ahead fire count as the target and the
other one taking one-month ahead burnt area as the target, to generate two proxy covariates for
the next level modelling. The choice of loss function / is central to the performance of XGBoost
and should align with the distributional properties of the response variable. In our case, fire
count is a non-negative integer and is naturally modelled using a Poisson loss. By contrast, the
burnt area is of a mixed type: it is continuous and positive when fires occur, but has a point mass
at zero when no fire is observed. For this, we adopt the Tweedie deviance loss (Jgrgensen, 1987),
which corresponds to a compound Poisson-Gamma distribution. This distribution models a sum

of Gamma-distributed fire sizes conditional on a Poisson-distributed number of occurrences:

0 if N =0,
Y —

SV X, ifN=1,2,...

where NV is a Poisson random variable, and X; are i.i.d. Gamma random variables. Here, NV and
X, can be interpreted as the council-month level fire count and the burnt area in each fire ignition,
respectively, and Y represents the total burnt area at the council-month level. The corresponding

Tweedie deviance loss function of true value y and prediction (mean of the Tweedie) ¥ is

max{y, 0}>%  yg'*F g*F
_ l<k<?2
I-k2-Hk 1-k 2-%) ~~F=®

3.0 =2

where the index & governs the shape of the distribution: values closer to 1 approximate a Poisson,
and those nearer 2 approach a Gamma.
Window-based modelling

Tree-based models, including XGBoost, do not inherently account for sequential dependencies

in time-series data. A naive implementation would treat each time point independently, using
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covariates x; 1 to predict the target ¥, 1, thereby neglecting temporal autocorrelation and requir-
ing future covariates for forecasting. Given our 1-month modelling granularity, it is challenging
to obtain the future environmental covariates over such a large horizon.

To address this limitation, we adopt a window-based approach, a common practice in time-
series forecasting for non-sequential models (Elsayed et al., 2021). For a given forecasting
horizon of one month, we reformulate the data into a lagged autoregressive structure: each target
yr+1 1s modelled as a function of covariates and wildfire records from previous time steps, such
as (4, Y, Ye—1,- - -, Yt—w+1), Where w is the time window size. This configuration enables the
model to learn temporal dependencies and make forecasts based on available historical wildfire
data and covariates. It also helps mitigate the issue of smoothed covariate values, which are
uninformative for local fire prediction, by incorporating recent wildfire history. Figure 5.4
contrasts the window-based modelling with the naive approach.

Autocorrelation plots (ACF) of the monthly fire count and burnt area in Figure 5.13 in the
Section 5.7 reveal short-term dependencies and seasonal peaks at lags 12, 24, and 36, suggesting
strong annual cycles. Based on this, we set w = 36, and include both short and long-term
lag features. For short-term features, past fire count and burnt area up to lag 9 are included.
Long-term and periodic patterns are captured by feature-engineered covariates. A full list of
autoregressive features is provided in Table 5.4 in Section 5.7.

Let 5§t and izf . denote the complete feature vectors used to forecast fire count (C') and burnt
area (D), respectively, at council s and time ¢. Both vectors share the same covariates listed in
Table 5.3 and 5.4, except igt includes only fire count-based autoregressive covariates, while %ft
includes only those based on burnt area. The forecasts for fire count and burnt area at council s

and time ¢ + 1 are then given by:
§§t+1 = Z fgl(%gt)a (5.1)
mi

VIP =Y fh (@2, (5.2)
m2

where f¢ , and fﬁz are regression trees trained to minimise Poisson and Tweedie deviance losses,

respectively.

Output generation

We adopt a time-adjusted Super Learner cross-validation (CV) scheme (Van der Laan et al.,
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Figure 5.4: Comparison of naive and window-based modelling configurations. Arrows indicate the direction of
information flow from predictors to targets.

2007) to tune hyperparameters and generate one-month-ahead forecasts of fire counts and burnt
area. Standard k-fold CV is unsuitable for time series, as random splits may allow training on
observations that occur after the validation set, thereby introducing look-ahead bias. To avoid
this, we employ a chronological CV strategy, in which the model is trained exclusively on past
folds and evaluated on subsequent future folds.

Formally, let D,k = 1,...,12 denote the subsets of records corresponding to calendar
years 2011-2022 in the training set, and let &y mark the end of the warm-up period required to
accumulate sufficient history for stable forecasting in the first validation fold. For each validation
year kv, > ko, we fit the model on [ J, oo Dy, and evaluate it on Dy, . Hyperparameters are
selected by optimising metrics computed on pooled out-of-fold predictions, i.e. aggregating pre-
dictions from all validation years k., > ky and evaluating the metric once on this combined set.
After selection, we (i) refit on |, _ k.., Dk to generate within-training one-month-ahead forecasts

for D, ., and (ii) refit on U}f:l Dy, to forecast the test period (2023). This procedure prevents

val ?

information leakage and provides performance estimates that reflect out-of-time generalisation,

as illustrated in Figure 5.5.

5.3.3 Stage II: Bayesian latent Gaussian modelling

We incorporate the one-month-ahead forecasts of fire count and burnt area from equations (5.1)
and (5.2) as external covariates in a Bayesian latent Gaussian model, which yields the final
probabilistic predictions. This two-stage setup reflects the principles of stacked generalisation,
where the predictions from one model serve as informative inputs to a second, more interpretable
model to enhance overall performance.

The XGBoost forecasts compensate for the structural inflexibility of latent Gaussian models
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Figure 5.5: Time-series—aware cross-validation is implemented using yearly blocks for both hyperparameter
tuning and the generation of one-month-ahead forecasts. The first three years are excluded from the training set
because feature construction based on a 36-month rolling window results in missing values during this period.

in handling many covariates, particularly when those covariates have nonlinear interactions.
Conversely, the Bayesian latent Gaussian model addresses a key limitation of XGBoost: the
lack of native uncertainty quantification. The Bayesian latent Gaussian model provides full
posterior distributions for quantities of interest, thus combining flexibility with interpretability
and probabilistic reasoning.

In a Bayesian latent Gaussian model, observations y = (y,...,yy) are modelled in a
hierarchical manner: vy is assumed to be conditional independent given the linear predictor
n = (m,...,ny) and some hyperparameters €, in the observational likelihood. The linear
predictor n is further assumed to be a latent Gaussian field, whose mean vector and precision
matrix are parameterised by parameters 8, with assigned priors. A general form of this structure

is

02 ~ 7T(02)
n |0 ~ N(u(02),Q(8:)7")

N
) | 77791792 ~ Hﬂ(yl | nia01702)‘

=1
Likelihood specification

Although Poisson and Tweedie likelihoods perform well in modelling general wildfire trends
via XGBoost, they are not optimal in the latent Gaussian framework. Specifically, the Tweedie

distribution, being composed of i.i.d. Gamma components, features a light right tail and is
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therefore unsuitable for capturing extreme burnt areas. Instead, we adopt the extended generalised
Pareto (eGP) distribution (Naveau et al., 2016) for modelling the burnt area. This distribution
combines features of Gamma and Pareto distributions by applying a power transformation to the
standard Pareto distribution. It is defined on the positive real line and behaves like a Gamma for
small values and like a Pareto for large values. The right tail behaviour is controlled by a shape
parameter &, allowing flexibility in modelling heavy tails.

To handle zero-inflated data, we use a hurdle model, which separately models zero and

positive outcomes. The hurdle model is defined as:

P(Z = 0)7 y =0,
m(y) = (5.3)
P(Z=Vn(y|Z=1), y>0,

where Z is a latent Bernoulli variable indicating the presence of a non-zero event. The structure in
(5.3) can be easily implemented in the latent Gaussian model framework for wildfire modelling by
introducing an auxiliary Bernoulli variable Z of the same length as the observations. Conditional
on Z = 1, the response y is modelled using a suitable distribution 7(y | Z = 1) with positive
support.

For the fire count, the conditional distribution 7(y|Z = 1) is modelled using a zero-truncated

Poisson distribution with parameter A:

1 Y
—exp(—=A), y=12...

SN S T

For the burnt area, we model the square root of the area using the eGP distribution. The

cumulative distribution function of eGP is given by:

[1—(1+€y/0)*1/£ " y>0,§#0,

[1 —exp(—y/o)]", y>0,£=0,

F(y;0,8,k) = (5.4)

where £ € R controls the rate of upper tail decay, o > 0 is the scale, and « > 0 governs the shape
of the lower tail. The linear predictor 7 is linked to the a-quantile ¢, of eGP by ¢, = exp(n),

where « is typically set to be 0.5. By setting « and £ as hyperparameters, the scale parameter o
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can be expressed as a function of 7, «, k and &:

£Qa £ exp(n)
0(77) = (1 _ a1/n)75 1 - (1 _ al/n)ff -1

We define three linear predictors for each council s at time ¢ 4 1: 773,Z¢ 1 ngt 41 and nft 1
corresponding to fire presence (Z), fire count (C) and burnt area (B), respectively. The full

hierarchical model is described as:

Zsii1 | 773Z,t+1 ~ Bernoulli{logit_l(n§t+1)}

{Yﬁﬂ | 775t+1> Zs 41 = 1} ~ Trucated Poisson{exp(ngm)}

{\/ thﬂ | 775,t+1> Zstr1 = 1} ~ eGP{o (7753,t+1) & RY

¢, k ~ Hyperpriors.

Effects in the linear predictor

The latent effects in the linear predictors comprise Gaussian random effects derived from XG-
Boost predictions, as well as spatio-temporal Gaussian effects informed by adjacency structures
and time.

Although the XGBoost predictions gjgt 41 and @ft 41 could be included as fixed effects, doing
so would impose a linear relationship with the linear predictor. Given the complex spatial and
spatio-temporal dependencies present in the data, such a restriction is overly limiting. Instead,
we treat the XGBoost outputs as smooth random effects, allowing the second-stage model to

flexibly recalibrate the machine-learning predictions in a spatially coherent and uncertainty-

aware manner. Specifically, we model the effect of g’fsi 41 using a first-order random walk (RW1)
prior on 20 discretised bins of the prediction @é% 4
Rk - Rk*l NN(()?T];l)a (56)

where Ry, represents the effect of the £-th bin of the discretised covariate and 75 is the precision
parameter. As the fire count and burnt area contribute to the Poisson and eGP likelihoods only
when fire is present (i.e., when ygt 41 > 0) in the hurdle model training, we discretise @gt 41 and
ﬂft +1 conditional on ygt +1 > 0 when constructing the R, in their respective linear predictors
NS+ and . By contrast, 7, and §7, , are discretised unconditionally when constructing

the corresponding Ry, in 7, ;.
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We incorporate spatially structured and unstructured effects through the Besag—York—Mollié
model, using the reparameterised BYM?2 formulation (Riebler et al., 2016; Simpson et al.,
2017), as implemented in R-INLA. A BYM2 effect b combines a scaled intrinsic conditional
autoregressive (CAR) component § (with unit variance) and unstructured noise € ~ N (0, I).
Here, I represents the identity matrix with dimension defined by the length of €. The effect is

defined as

b= %m/l " g+ \/90),

where T is the precision parameter, and ¢ € [0, 1] controls the balance between spatial structure
(¢ = 1) and unstructured variation (¢ = 0). To reflect different spatial scales, we define two
adjacency graphs based on Portugal’s administrative boundaries: one at the council level (fine
granularity) and the other at the district level (coarse granularity), resulting in two distinct BY M2
effects, termed b, for the council-level effect and b, for the district-level effect. If we further

denote the covariance of b, as Y. and the covariance of b, as >4, then
b. ~N(0,X.), by ~N(0,X,).

To introduce temporal dynamics, we group the spatial effects over time. This provides greater
flexibility than additive spatial and temporal terms. We consider two grouping schemes: Group
1 is based on calendar month (i.e., periodic across years), capturing seasonality. On the other
hand, Group 2 is based on unique time indices, intended to capture residual temporal patterns

not explained by Group 1. For each group, we assume independent Gaussian priors:
tINN<O7Il)7 tQNN(O;IQ)a

where t; and t, represent the effects of unique indices in Group 1 and Group 2, respectively, and
I, and I, are identity matrices with dimensions matching the length of ¢, and ¢..

To manage model complexity, we group the council-level BYM2 effect b, by Group 1 and
the district-level BYM?2 effect b, by Group 2. This yields a council-level spatio-temporal effect

G, and a district-level spatio-temporal effect G:

GCNN(OaEC®Il)7 GdNN(O7Ed®I2)a
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with ® denoting the Kronecker product.
We also include a pure temporal effect for the year 7' to capture annual variation, potentially
driven by policy changes following major wildfire events. 7" is assigned a Gaussian prior with

precision 7p:
T ~ N(0,7;1).

Bringing all components together, the linear predictors for fire presence 1Z, fire count n®

and burnt area n® are expressed as:

e} N B
nZi =88+ Ge(sit+1li7g,,06.)+  Gals,t+L7g,,é6,) + T(t+ 1L,18) + RGS 78 )+ R@GE1i7E ),
01 = BS + BY Ge(s,t+ 1376, dc.) + BS Ga(s,t + 1;76,, 6c,) + T(t+ 1;78) + RGE 1 1578),

nBi1 = B8 +BEGe(s,t+ 176, 06.) + BF Ga(s,t + 1376, ¢a,) + T(t+ 1,78) + RGE 415 7E).

(5.7)

Here, 6((]') are intercepts, and ﬁi'), Bé') are scaling parameters controlling the contribution

of the shared spatio-temporal effects to each predictor. For parameters and effects that involve
subscripts and superscripts, subscripts indicate the associated effect, while superscripts specify
the predictor. Note that we include both predicted fire count and burnt area in n? since both
positive fire count and burnt area indicate a fire presence. In addition, the spatio-temporal effects
G and G4 are shared across all three linear predictors. Sharing allows the spatio-temporal effects
for fire count and burnt area to be informed by the full dataset rather than only the subset with
fire occurrence. This reduces the risk of overparameterisation and mitigates uncertainty arising

from the sparse nature of fire events.

Priors

We now elaborate on the priors used for the eGP likelihood hyperparameters (x and &) as well
as those associated with the linear predictor. For « and £, we adopt Penalised Complexity (PC)
priors following the framework of Simpson et al. (2017), which provide a principled mechanism
to control model complexity by penalising deviations from a simpler base model. This deviation
is measured via the Kullback-Leibler divergence (KLD; Kullback and Leibler 1951), and the
corresponding distance is defined as d = v/2KLD. An exponential prior is then placed on this
distance, yielding a memoryless penalty on increasing model complexity. The PC prior for each

parameter is obtained by transforming this exponential prior back to the original parameter scale.
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In the special case of the standard GDP (x = 1), Opitz et al. (2018b) derived a PC prior
for & > 0, using the base model with ¢ = 0. They computed the KLD between a GPD density

fe(y) = fopp(y; €) and the base model f¢,(y) = fepp(y; & = 0) as:

2

KLD{fellfeo} = 17 3

0<E<. (5.8)

Two options were then considered for deriving the PC prior for £: (1) using the exact expression
in (5.8), or (2) using the approximation KLD{ f¢|| f¢, } = &% as € — 0. These yield the following

prior formulations:

Option 1:  7(§) = Aexp {—(1 _A§)1/2} {(i:g)/f/?}’ 0<¢E<,

Option 2:  m(&) = Aexp {—A¢}, 0<&E<,

where ) is the rate parameter of the exponential distribution, controlling the strength of penali-
sation. The two priors are nearly indistinguishable for large A (e.g., A > 3), but diverge notably
for smaller values, as illustrated in Figure 3 of Opitz et al. (2018b).

For the eGP setting, we relax the constraint £ > 0 to allow for negative values, which may
be relevant in practice. The eGP density exhibits a Pareto-type tail whose heaviness is governed
by the shape parameter £, independent of «. For analytical tractability in deriving the KLD, we
fix Kk = 1, which leads to a form of KLLD same as that in (5.8) except for the support. Given the
limited prior knowledge on the sign of &, we adopt a symmetric PC prior centred at zero. Using

a second-order expansion of (5.8) around £ = 0, we obtain:

Aexp {—A|{]}

e = giU Aexp {—\|z|}dz’

§L <& <&, (5.9)

where &, and & are lower and upper bounds for ¢ selected to enforce desirable properties such
as finite moments. The resulting prior is symmetric around ¢ = 0, matches 7 (&) on the positive
half-line, and incorporates truncations to preserve key theoretical properties of the eGP. In the
R-INLA implementation, we use (£1,,&y) = (—0.5,0.5), ensuring a finite mean and variance
and desirable asymptotic properties for the maximum likelihood estimator of &.

The natural base model for constructing a PC prior for the parameter ~ in the eGP distribution

is kK = 1, which corresponds to the standard GP distribution. The KLD between f,(y) =
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feap(y; &) and [, (y) = feap(y; k = 1) is given by

—1
KLD{ fx|| fx,} = log k — F"T k>0, (5.10)

with derivation provided in Section 5.7.2. Following the approach for deriving a PC prior for
the parameter £, we may either use the exact KLD in (5.10), or apply a second-order Taylor

expansion around £ = 1, which gives
1
KLD{fllfui} % 5(r = 1% k>0. (5.11)

Given a penalisation rate ), the PC prior based on the exact KLD in (5.10) takes the form

T {_A <\/2 log = 2(x - 1)/“3) } w20 s

2K2 \/2 log k—2

A2, k=1,

(5.12)

m(k) =

whereas the PC prior based on the approximated KLD in (5.11) is given by

_ Aexp(—Alk — 1)
ma(k) = P —exp(—h) k> 0.

Figure 5.6 displays 7 (x) and m2(x) under various values of A. When \ is large (e.g. A > 5),
both priors concentrates around x = 1, exhibiting similar behaviour. As A decreases, the mode
of 7 (k) shifts leftwards towards zero and diverge as x — 0, whereas 7,(x) remains locally
symmetric around x = 1. This suggests that 7 (k) always shrinks x towards a value in (0, 1],
and it is less suitable for expressing weakly informative priors over £ > 1 compared to 7 (x). To
determine the more appropriate prior between 7 (x) and 7 (k), we consider the interpretation
and functional role of x. According to Naveau et al. (2016), x governs the lower-tail behaviour

of the cumulative distribution function of an eGP random variable Y via
P(Y < y) = constant x 3", asy — 0.

Consequently, the corresponding density function fegp(y) satisfies

feap(y) < ky™ ', asy — 0T,

This characterisation implies that  plays a role analogous to the shape parameter in the Gamma
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or Beta distribution. Specifically, when « > 1, f.gp increases from zero to a mode, while
for 0 < k < 1, the density exhibits a singularity at zero, sharply peaking near the origin. In
environmental applications, data may be zero-inflated; however, the positive component is more
frequently well modelled by an eGP distribution with £ > 1 than with 0 < x < 1, as illustrated
in Figure 5.1. From this perspective, we seek a prior 7(x) that does not favour the region

0 < k < 1, irrespective of A\. Accordingly, we adopt (x) = ma(k) for fitting the eGP model.

5
A
7.5 4
0.1
— 0.5
250 1 =’
£ — > £ 5
2.5 5
—10 1
0.0 0 Z g
0 1 2 3 4 5 0 1 2 3 4 5
K K

Figure 5.6: PC priors for  based on exact KLD in (5.10) (left) and the approximated KLD around x = 1 (5.11)
(right) under penalisation rates A € {0.1,0.5,1,2,5,10}.

The priors for &, k, and the remaining hyperparameters in the linear predictor in (5.7) are

specified as follows:

1. £ and « have priors in (5.9) and (5.12), respectively. In both cases, the penalisation rate

parameter takes A = 10.
2. Intercepts ﬂé') are assigned weakly informative priors A/ (0, 1000);
3. Scaling parameters 65) are given more informative priors N(0,0.1);
4. Precision parameters in 7'(-) and R(-) follow priors Gamma(0.1,0.1);

5. PC priors are used for parameters in G..(-) and G4(+), with constraints P(1/,/7 > 1) = 0.01
and P(¢p < 0.5) = 0.5 to control the marginal standard deviation and spatial range,

respectively.

Here, we adopt Gamma priors rather than PC priors for the parameters in 7'(-) and R(-) because
numerical instabilities were observed during model fitting across a wide range of PC prior
specifications, from weakly informative to more informative choices. These instabilities were

substantially mitigated after switching to Gamma priors.
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5.4 Results

5.4.1 Model comparison

To evaluate the effectiveness of incorporating XGBoost-based wildfire forecasts into our mod-
elling framework and to assess the appropriateness of the eGP likelihood for wildfire modelling,
we compare several variations of the latent Gaussian model differing in their likelihood choices
and linear predictor components. Let M1 denote the full two-stage model introduced in Section
5.3. To examine the role of the eGP likelihood, we substitute it with two alternative distributions
commonly used in environmental applications: the Gamma and Weibull likelihoods, yielding
models M2 and M3, respectively. Additionally, we construct M4 to emulate a setting in which
future environmental covariates are unavailable. Specifically, the XGBoost-derived random ef-
fects are replaced by lag-1 values of the FWI and temperature. We retain FWI because it is one of
the most widely used fire danger indicators, and temperature due to its high feature importance,
as shown in Figure 5.8. All remaining random effects are kept identical to those in M1.

We use wildfire data from 2011 to 2022 as the training set and data from 2023 as the test set.
One-month-ahead forecasts of fire count and burnt area are generated as described in Section
5.3.2. The posterior predictive distributions of the fire presence Z;;,, fire count Ysct 41 and
square-root-transformed burnt area Ysﬁ 41 are obtained from 1000 posterior simulations. To
evaluate performance, we use Area Under Curve (AUC) to assess the predictive accuracy for fire
presence, where the posterior mean of Zs,t+1 serves as the estimate of P(Z; ;.1 = 1). The positive
burnt area }A/SBt +1 | Zs441 = 1 is evaluated by continuous ranked probability score (CRPS),
which is a proper scoring rule that measures the difference between a predictive distribution F’

and a single observation y by

CRPS(Fuy) = [ [F(0) =10 = o),

where 1 is the indicator function. CRPS is computed for each location—time pair and averaged
over all instances.

Since forecasts are typically communicated as probabilities over categorised bins, with
particular emphasis on large events, we also compute weighted binned scores following
the structure proposed by Opitz (2023). Specifically, for a fire count threshold vector
h¢ = (0,1,2,...,10,15,20,25,30), the weighted scoring for fire count 7 is the weighted

sum of squared residuals between predicted and empirical probabilities across all observations
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Table 5.1: Comparison of posterior predictive performance across model variants on the test set. AUC evaluates
fire presence predictions (higher is better). Lower values indicate better performance for CRPS and binned scores.
All results are based on 1,000 posterior predictive samples. Bold values highlight relatively better performance.

Metric M1 (eGP) M2 (Gamma) M3 (Weibull) M4 (eGP, lagged covariates)
AUC 0.862 0.857 0.860 0.815
CRPS 4.75 4.83 4.78 4.89
Unweighted r¢ 362 371 366 382
Weighted r¢ 4.84 4.93 4.88 5.14
Unweighted r? 565 578 577 594
Weighted 72 14.2 14.5 14.6 14.7
and thresholds:

~ 2
=30 W) [BOSa <0 -G < k)]
s,t+1 pbech®
where the normalised weight is given by w® (h) = w® (h)/w®(30), and the unnormalised weights

are defined as

@ (h) =1 — (1 + (h+1)?/1000)~1/4,

which increases approximately linearly with h. Here, IP’(YSC; 41 < h) is the unconditional
probability of Ys(’; 41 obtained by integrating out Z, ;; from the conditional distribution Y;Ct 1|
Zspy1 = L.

Similarly, for burnt area (on the original scale), the thresholds are defined as h? = (0,20, 40,
60, 80, 100, 200, 300, 400, 500, 1000, 2000, 5000, 10000, 20000, 50000). ~ The corresponding

weighted binned score 77 is given by

=SS W) [BO < ) - 10, <)
s,t+1 pehB

where the normalised weights are defined as w?(h) = w?(h)/w?(50000), w?(h) =1 — (1 +
(h+1)/1000)~/4, Similar to w® (h), w” () increases approximately linearly with the threshold
h, placing more emphasis on larger fire events.

Table 5.1 summarises the model performance on the test set in 2023 across six evaluation
metrics. Among models M1, M2, and M3, which differ only in the likelihood, the eGP likelihood
achieves slightly better performance across all metrics. M1 and M3 perform comparably, as both

eGP and Weibull likelihoods can accommodate heavy-tailed data through their shape parameter.
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In contrast, M2 employs a light-tailed distribution (Gamma) for burnt area and performs worst
on five of the six metrics. Notice that although the likelihood is modified only for burnt area,
changes also propagate to metrics such as AUC and binned scores for counts, owing to the
shared spatio-temporal effects in the joint modelling of fire presence, fire count, and burnt area.
Nonetheless, performance differences between M1, M2, and M3 are marginal, and the reasons
for this will be further discussed in Section 5.5.2. For consistency, we proceed with eGP (M1)
in the remainder of the paper.

Model M4, which excludes XGBoost-derived covariates, relies only on lagged temperature
and FWI covariates together with spatio-temporal effects in the latent Gaussian model to produce
one-month-ahead forecasts. A substantial deterioration in performance is observed across all six
evaluation metrics, with particularly pronounced declines in metrics that weight all events equally,
such as AUC, CRPS, and the unweighted correlations r¢ and rZ. These results underscore the
importance of incorporating dynamic, forecast-driven covariates that capture complex spatio-

temporal structure for accurate wildfire forecasting.

5.4.2 Posterior predictions

~

Figure 5.7 presents a detailed view of the posterior predictive distributions, 7T(Y;,(’; +1) and
W(S//\ﬁ +1), obtained from the second stage model. To assess predictive performance, we conduct
posterior predictive checks based on the threshold exceedance probabilities of fire count and
burnt area within the test set. The empirical exceedance probabilities at a given threshold h are

defined as

PYC > h) = % (S;:)ezn(ngﬂ > h), PYP>h) = |_ir| (Sgezn(nﬁﬂ > h),
where Z denotes the set of all spatial and temporal indices in the test set, and |Z| is its cardinality.
These quantities represent the overall proportions of exceedances in the test set, aggregated over
space and time, and are not conditioned on specific locations or time points.

The upper panels of Figure 5.7 show the posterior predictive check of the exceedance prob-
abilities over various thresholds based on 1000 posterior predictive replicates. Uncertainty is
notably higher at lower thresholds (e.g., 5 fires or 10 hectares) and diminishes as the threshold
increases. When compared with empirical exceedance probabilities, the model performs well

for burnt area: the observed values (red dashed lines) consistently fall within the 50th-90th per-
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centiles of the posterior predictive distribution. For fire counts, some deviations occur at lower
thresholds, but the observed statistics do not systematically fall outside the predictive envelopes.

The lower panels of Figure 5.7 display the posterior predictive distributions for the total fire
count and burnt area across Portugal at selected time points. We focus on one year from the
training set (2017), during which several severe wildfires occurred, and a full year from the
test set (2023), to evaluate the model’s ability to capture temporal dynamics. Each box plot
is generated from 1000 posterior samples, with aggregated totals over the entire Portugal and
specified time periods.

Overall, the results demonstrate that the model effectively captures the temporal evolution
trend of wildfire activity. For most time points, the observed fire counts and burnt areas lie
within 1.5 times the interquartile range (IQR) from the first and third quartiles of the posterior
predictive distributions. Notably, the model yields accurate predictions for October 2017, when
Portugal experienced an exceptionally intense wildfire episode, with over 350 reported fires and

a burnt area exceeding 250,000 hectares.
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Figure 5.7: Posterior predictive checks of threshold exceedance probabilities for fire count and burnt area in the
test set (top two panels), and posterior predictive distributions of total fire count and burnt area in Portugal for 2017
(training set) and 2023 (test set) (bottom two panels). In the top panels, red dashed lines indicate the empirical
exceedance probabilities. In the bottom panels, red points denote the observed total values.



CHAPTER 5. MODERATE AND EXTREME WILDFIRE FORECAST 133

5.4.3 Covariates and latent effects
XGBoost model interpretation

The XGBoost model provides point forecasts of wildfire activity, while the latent Gaussian
model primarily quantifies associated uncertainty. It is therefore essential to understand which
covariates most strongly influence the predictions generated by XGBoost. To this end, we assess
covariate importance using SHapley Additive exPlanations (SHAP) values (Lundberg and Lee,
2017).

SHAP values offer a principled approach to attributing the marginal contribution of each
covariate to the model output, drawing on the concept of Shapley values from cooperative game
theory (Shapley, 1953). For a model f fitted on a covariate set M = {1, %2, - , %y}, and
a subset S C M, the SHAP value ¢; of covariate z; is the average difference between the

predictions f(S U {z;}) and f(S) over all possible S. Formally, ¢; is defined by

S|N(|M| — [S| —1)!
3 [SIIM| =151 = 1)

6 = a S UED — £(5)]

SCM\{Z;}

Since f typically requires the full covariate set M, the output for a reduced set S is approximated

as f(S) = E[f(M) | S]. For tree-based models such as XGBoost, this conditional expectation
can be efficiently computed using the algorithm proposed by Lundberg et al. (2018).

A key property of SHAP values is that they enable an additive decomposition of the model

prediction:
M) =E(f(M)) + 3 &5 (5.13)

Lundberg and Lee (2017) showed that (5.13) is the unique additive representation that satisfies
local accuracy, missingness, and consistency. This decomposition provides an intuitive and
theoretically grounded measure of covariate influence, based on both the sign and magnitude of
the SHAP values.

Figure 5.8 displays the SHAP values for the ten most influential covariates in the XGBoost
models for fire count (5.1) and burnt area (5.2). In both models, autoregressive terms dominate
the set of top covariates, suggesting that historical wildfire activity contributes more to predictive
accuracy than the environmental variables. The most influential covariates are the averages of fire

count and burnt area of the three months centred at the forecast month over the past three years,
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aggregated at the council level (conc_fc_hist_3 and conc_ba_hist_3, respectively).
While high values of these autoregressive covariates do not always lead to large forecasts, they
are generally positively correlated with wildfire events. Among the environmental covariates,
average air temperature (Temp) contributes most strongly to the fire count model, while both
Temp and relative humidity (RHumi) are most important for the burnt area model. The SHAP
values of these variables exhibit an intuitive, non-causal relationship with the wildfire activity.
For instance, high fire count and burnt area are often associated with elevated temperatures
(reflected by large positive SHAP values), whereas low fire activity can occur across a broader
range of temperature levels (indicated by the mix of blue and red at the lower end of the SHAP

value), consistent with domain expectations.

conc_fc_hist_3 0.320 * = - — conc_ba_hist_3| 0.357 - -
conc_fc_hist_5| 0.267 - e = Temp| 0.331 [
dist_fc_hist_3| 0.167 — dist_ba_hist_3| 0.306 e e o e
dist_fc_lag_1 0.140 «*- o Year| 0.253 < e

Temp 0.133 } conc_ba_hist_5| 0.221 g -
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Figure 5.8: SHAP values for the top 10 covariates in the XGBoost models for fire count and burnt area. Covariates
are ranked by the mean absolute SHAP value (numbers next to the covariate names) across all predictions. Full
descriptions of the covariates are provided in Table 5.3 and 5.4.

Latent Gaussian effect of year and covariates

Figure 5.9 shows the posterior estimates of the year-specific effects 7'(-) and the effects of
XGBoost predictions R(-) in n° and n” as specified in (5.7). While the year effects vary over
time, only those for fire presence in 2017 and 2018 are significantly different from zero. This
aligns with historical records: Portugal experienced the highest number of fire ignitions in 2017 in
the past decade, followed by a sharp decline in 2018, possibly due to fire regulation adjustments
after the catastrophic wildfire activity of 2017. As the XGBoost model already incorporates
temporal information, the absence of significant year effects in most other years suggests that its
predictions capture interannual variation effectively.

The lower panels of Figure 5.9 illustrate the effects of the XGBoost predictions for fire count

and burnt area within the linear predictors ¢ and 7?, respectively. In both cases, a generally
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increasing relationship is observed, indicating that higher XGBoost predictions are associated
with higher contributions to the linear predictor. However, the relationship is not strictly linear,
especially in the case of large burnt area values. This nonlinearity may stem from the differing
likelihood assumptions in the two modelling components: the XGBoost model assumes a Gamma
distribution (coming from the Tweedie loss) for positive burnt areas, while the latent Gaussian

model employs an extended Generalised Pareto (eGP) distribution.
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Figure 5.9: Posterior estimation of year effect 7'(-) (top) and XGBoost prediction effects R(-) in n° (bottom left)
and 1 (bottom right). The values on the x-axis in the bottom two correspond to the raw XGBoost forecasts at each
spatio-temporal unit s, ¢. Black points in the three panels represent posterior means, while the vertical bars show
95% credible intervals.

Shared spatio-temporal effects

Figure 5.10 displays the posterior means of the council-level spatio-temporal effect G.(-), grouped
by month, and the average district-level spatio-temporal effect G 4(-) across all time indices. Their
uncertainty, quantified by 0.025 and 0.975 posterior quantiles, is provided in Figure 5.14. During
the high-risk wildfire season, particularly in July, August, and October, the council-level effects
exhibit greater spatial variability, with notable contrasts between neighbouring councils. In
contrast, during the remaining months, the spatial effects are more homogeneous and show
smooth transitions across adjacent regions. Noteworthy exceptions include Montalegre and
Vinhais councils: the former shows unusually elevated effects in January and March, while the

latter displays pronounced effects in April relative to its surrounding areas. At the district level,



CHAPTER 5. MODERATE AND EXTREME WILDFIRE FORECAST 136

Council-Level Effect District-Level Effect
January February March April
42°N . -
ot ° o Wil o
: 5 42°N
41°N| e ) ) .
40°N “t
39°N| b ; PR
; : 41°N
38°N
37°N o s o
May June July August
42°N o~
: Q’“’ 4 5 40°N o5
41°N ) ) ) Jried ¢ Mean 0.10
Mo : 0.05
40°N Sk ¥ g 0.5 0.00
53 0.0
39°N| b % : F; -0.5 39°N -0.05
2 Y -1.0
38°N s
37°N s 8
September October November December
42°N
e s 38°N
41°N e, 20 ) )
o ¥
40°N
0 b -
39°N|
’ 37°N
38°N
- NN BN BN =x=zzz:¢3
SESES53 5555335 5335533 2353332 n O ;n O 1 O un
PP RUSHPA P RO R OSSO pe o o B W N N O

Figure 5.10: Posterior mean of the council-level spatio-temporal effect G..(-) by grouped month (left), and average
of the posterior mean of the district-level spatio-temporal effect G4(-) (right), aggregated over all time indices.

a general spatial gradient is evident, with higher effect values observed in the northern districts
and lower values in the south. However, the scale of the average district level is relatively small,
with the maximum magnitude reaching only about 15% of that in the council-level.

The estimated posterior means of the scaling parameters for the shared effects are Bf =
—0.69, BIB = —0.43, BQC = 0.77, B\QB = 0.27. The signs of these parameters are not straight-
forward to interpret, given the dependence between council- and district-level spatio-temporal
effects. Focusing instead on magnitudes within each wildfire quantity, the scaling parameters
for fire count are consistently larger than those for burnt area, suggesting that the shared spatio-
temporal effects for fire count are more strongly correlated with those for fire presence. This
is because fire count is obtained by aggregating fire presence events, whereas burnt area is a

continuous measure conditional on those events.

5.4.4 Posterior Distributions of eGP Parameters

We now provide insights into the posterior inference for the parameters £ and ~ from the
perspective of implementing the eGP likelihood within the INLA framework. These parameters
are treated as global hyperparameters in the latent Gaussian model, meaning they are shared
across all observations. Figure 5.11 shows the prior and posterior distributions for ¢ and k.

The posterior of &, compared to its prior centred around zero, shifts markedly to the right and
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concentrates near 0.45. This suggests that the fitted eGP likelihood possesses a heavy-tailed
structure, which may be suitable for capturing the extreme behaviour observed in burnt area data.
Notably, the mode of the posterior for ¢ lies close to the upper bound of its prior, potentially
conflicting with the imposed constraint of (—0.5,0.5). However, we argue that the posterior of
¢ is particularly sensitive to the skewness and overall shape of the response distribution, and
that its value has only a minor influence on the posterior predictive distribution of burnt area.
This argument is further examined in Section 5.5.2. Therefore, rather than focusing on the
interpretability of the posterior of &, it is more critical to ensure that the fitted eGP likelihood
retains desirable properties, such as finite variance, by appropriately constraining the prior. As
for k, its posterior distribution deviates substantially from the prior, with mode concentrated
around 4.6, though the posterior of x shows larger dispersion compared to the posterior of
¢. This indicates that the posterior predictive probability fegp(ysi+1 | 72,1, €, &) does not
have a singularity at 0, and its shape is approximately bell-like, though potentially skewed (see
Figure 5.12).
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Figure 5.11: Prior and posterior distributions of the hyperparameters ¢ (left) and « (right) in the eGP likelihood.
The prior for § is 7(§) = 10exp{—10|¢|}/(2 — 2exp{—5}), —0.5 < & < 0.5, and the prior for x is w(x) =
m2(k) = 10exp(—10|x — 1|)/(2 — exp(—10)), & > 0.

5.5 Discussion

5.5.1 Data transformation and ¢ in eGP

In our framework, the burnt area is modelled on the square root scale, rather than on its original
scale or under alternative transformations. This decision is guided by both theoretical and
empirical considerations. The square root transformation reduces the extreme skewness of the

burnt area distribution while preserving a meaningful distinction between small and large events.
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This results in a more stable fit of the extended Generalised Pareto (eGP) model across the full
range of the data. In particular, the eGP tail parameter € is sensitive to the shape of the distribution
in both the bulk and the tail. When working on the original scale, the strong skewness of burnt
area data leads the model to prioritise fitting the bulk, often inflating tail estimates (§ > 0.5),
and causing tension with the prior support. On the other hand, aggressive transformations such
as the logarithm overly compress the upper tail, causing & to collapse toward the lower bound of
its prior support (—0.5), which in turn can distort inference about extremes.

The square root transformation strikes a practical balance, moderating skewness without
unduly suppressing large values. Our empirical investigations, which are guided by posterior
predictive checks and sensitivity analyses, show that this transformation yields stable and in-
terpretable posteriors for £, consistent with prior beliefs and with tail behaviour observed in
historical burnt area data. This choice aligns with modelling choices in recent wildfire literature,
such as Cisneros et al. (2024). While alternative power transformations (e.g., cube root, fourth
root, or logarithm) influence the posterior of £, they result in nearly identical posterior predictive

distributions once back-transformed, reinforcing the square root as a pragmatic and robust choice.

5.5.2 Similar performance to Gamma and Weibull likelihoods

Although the eGP likelihood outperforms the Gamma and Weibull likelihoods in Table 5.1,
the differences are modest, particularly relative to the Weibull, which also exhibits heavy-tailed
behaviour with a posterior mean shape parameter of approximately 1.35. Figure 5.12 compares
the three likelihoods using estimated hyperparameters. The linear predictors have been adjusted
so that the medians of the resulting distributions align at approximately 0.8, facilitating a shape
comparison. While the eGP distribution displays a heavier tail than the other two, the overall
shapes of the three densities are broadly similar, with the largest differences appearing near
the mode. These findings, consistent with Table 5.1, indicate that refining the likelihood to
capture tail behaviour has limited impact on forecast performance; instead, accuracy is primarily
determined by the flexibility of the latent structure and the incorporation of informative covariates
into the linear predictor. Indeed, within the hierarchical structure of our model, observations are
assumed conditionally independent given their respective linear predictors, which are functions
of Gaussian latent effects. The central tendency and quantiles of the marginal distribution (e.g.,
its mean or a-quantile) are controlled by the linear predictor. Since hyperparameters such as

¢ and x are shared across all observations, their influence on individual predictive densities



CHAPTER 5. MODERATE AND EXTREME WILDFIRE FORECAST 139

is limited relative to the localised effect of the linear predictor. When the latent structure is
sufficiently expressive, especially through the inclusion of informative covariates such as the
XGBoost predictions, the linear predictor can effectively account for both moderate and extreme
observations. Consequently, the observations tend to cluster within the high-density region of the
fitted marginal distribution, diminishing the role of the tail parameter in shaping the likelihood.
As aresult, the contribution of tail behaviour to overall model performance becomes less critical,

which explains the comparable predictive accuracy across the three likelihoods.
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Figure 5.12: Densities of Gamma (shape = 1.80), Weibull (shape = 1.35) and eGP (r = 4.64, & = 0.45) likeli-
hoods, based on estimated hyperparameters. The densities are scaled via the linear predictor to have approximately

equal medians (around 0.8).

5.5.3 Longer forecasting horizons

The current forecasting horizon considered in our framework is one month. That is, we generate
forecasts 1,,1 conditional on the past observations y;.; and additional covariates ;. Extending
this to longer-term forecasts (e.g. forecasting y,,, for A > 1) presents a key challenge: neither the
XGBoost model nor the latent Gaussian model is inherently designed to produce multi-horizon
predictions in a unified structure. As such, it is not straightforward to generate forecasts across
multiple future time points using a single model fit.

A practical solution is to apply the full two-stage modelling framework (as illustrated in
Figure 5.3) independently for each forecasting horizon h. While the process has been detailed

for h = 1, the extension to h = 2,3, ... involves adjusting and retraining the XGBoost model

to predict future outcomes based on features lagged by A months. We emphasise that this

approach does not constitute a fully coherent joint multi-horizon forecasting model, but rather
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a pragmatic, horizon-specific solution that remains compatible with the INLA framework and
preserves interpretability and uncertainty quantification. Specifically, the XGBoost models can

be modified to produce:
~C
g§t+h = Z frg(ws,t)7
[~ ~B
yft—i—h = Z fnlj(ms,t)a

(1 denotes the feature vectors at space s and time ¢ for fire count (C') and burnt area

where

(B). These yield point forecasts of fire count and burnt area at time ¢ + h, conditional on
information available at time ¢. These forecasts then serve as inputs to the latent Gaussian model
in the second stage, which is used to generate probabilistic predictions for the target variables
at the specified horizon. This iterative, horizon-specific approach offers a tractable solution for
multi-step forecasting while preserving the interpretability and modularity of the original model
structure.

Since the most influential covariates in the XGBoost models for h = 1 are derived from
historical wildfire activity at the same forecast month (See Figure 5.8 and Table 5.4), these
predictors tend to continue to dominate the feature set when i > 1. Consequently, the predictive
accuracy of the XGBoost models does not deteriorate substantially for longer forecast horizons
(h > 1). This stability implies that the proposed multi-horizon forecast method is less susceptible
to error propagation over time and can deliver robust uncertainty quantification. Table 5.2
presents a comprehensive comparison of forecast accuracy and uncertainty for model M1 with
the eGP likelihood across horizons h = 1,2, 3. In Stage 1, mean squared error (MSE) is used
to assess the performance of the XGBoost models. In Stage 2, forecast accuracy is evaluated
using the same metrics as in Table 5.1, while uncertainty is quantified by the average length of
the 95% credible interval derived from INLA. Only minor variations in predictive performance
and uncertainty are observed across horizons from one to three months, with no evidence of a

systematic degradation in performance.

5.5.4 Choices of the model in stage 1

In this study, XGBoost is adopted in Stage 1 to generate one-month-ahead wildfire forecasts at
the council level. Since Stage 1 only requires point forecasts, XGBoost is not the only viable

choice. Alternative models, such as ensemble methods (e.g., Random Forest; Breiman, 2001)
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Table 5.2: Comparison of prediction accuracy and uncertainty for model M1 across forecast horizons h = 1,2, 3.
Mean squared error (MSE) evaluates the accuracy of the two Stage 1 XGBoost models. Stage 2 prediction metrics
are identical to those reported in Table 5.1. Uncertainty in Stage 2 is quantified by the average length of the 95%
credible interval.

Forecast Horizon h=1 h=2 h=3

Stace 1 Prediction MSE for count 0.34 0.36 0.30

£ MSE for burnt area 8.26 8.27 8.24
AUC 0.862 0.857 0.864

CRPS 4.75 4.61 4.61

- Unweighted 7 362 367 345

Stage 2 Prediction Weighted ¢ 4.84 5.11 4.83

Unweighted 77 565 585 599

Weighted 77 14.2 14.8 14.4

Avg. CI for count 3.38 3.49 3.50

Stage 2 Uncertatinty Avg. CI for burnt area 24.33 24.28 23.92

or deep learning approaches for time series forecasting (e.g., long short-term memory networks;
Hochreiter and Schmidhuber, 1997, and attention-based models; Lim et al., 2021; Zhou et al.,
2021), could serve a similar role. In principle, multiple models targeting the same response
could be fitted in Stage 1, with their outputs jointly incorporated as covariates in Stage 2. This
strategy is not pursued here because the number of hyperparameters associated with existing
model components is already close to 20, which is near the recommended upper limit for INLA.
When selecting a single model, numerous studies have demonstrated that XGBoost achieves
state-of-the-art performance in both time series forecasting (Elsayed et al., 2021; Januschowski
et al., 2022; Santoro et al., 2024) and tabular data modelling (Gorishniy et al., 2021; Grinsztajn

et al., 2022). For these reasons, XGBoost is chosen as the Stage 1 model in our framework.

5.6 Conclusion

In this study, we propose a two-stage ensemble modelling framework that addresses the chal-
lenge of incorporating multiple future covariates in spatio-temporal forecasting using INLA. Our
approach integrates window-based XGBoost predictions as proxy covariates for future fire count
and burnt area, and couples them with a latent Gaussian model to produce calibrated posterior
forecasts. By compressing complex spatio-temporal dynamics and dozens of environmental pre-
dictors into two informative proxy covariates, the framework enables INLA to exploit information

that would otherwise be difficult to accommodate, thereby improving predictive performance.
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Furthermore, we introduce and implement the novel sub-asymptotic eGP likelihood within the
INLA framework and its companion R-INLA library, enabling joint modelling of both moderate
and extreme wildfire events.

By comparing posterior predictions under the eGP, Weibull, and Gamma likelihoods while
keeping the remainder of the model structure fixed, we observe only a marginal improvement in
predictive performance with the eGP likelihood. We attribute this to the conditional independence
assumption and the dominance of the linear predictor in shaping the marginal likelihoods. Similar
findings are reported in Yadav et al. (2023), who also reported minimal sensitivity to likelihood
choice in Bayesian hierarchical models for landslide size.

We also discuss a strategy for extending the framework to longer forecasting horizons by
replicating the two-stage procedure for each horizon separately. While this does not offer a
unified multi-horizon forecast, it provides a practical path forward within the current model
constraints. The result shows that our proposed framework can provide a stable forecast and
uncertainty for longer horizons.

One remaining limitation of the present work is the absence of explicit covariates that capture
human activity, which is known to play a critical role in wildfire ignition and propagation.
Incorporating such information, e.g., data on population density, land use, or proximity to
infrastructure, could further enhance the predictive capacity of the model and is a promising

direction for future research.

5.7 Supplementary material

5.7.1 Code and data

The code for implementing the two-stage model and reproducing the results in this paper is avail-
ableathttps://github.com/hcl1516926907/Portugal_Wildfire. The wildfires
and ERAS data are publicly available online. Due to the size of the data, they are not shared in

the above GitHub repository.

5.7.2 Derivation of the PC prior for x > 0

We construct a penalised complexity (PC) prior for the parameter « in the extended generalised
Pareto (eGP) distribution. The base model corresponds to x = 1, under which the eGP reduces

to the standard Generalised Pareto distribution (GPD).
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Let f.(y) = fecr(y; k) and fi, (y) = fecp(y; & = 1) denote the eGP densities for general
x > 0 and for the base model, respectively. The PC prior is defined by assigning an exponential

distribution to the Kullback—Leibler-based distance between f, and the base model:

d(k) = /2KLD(ful| fu ).

This distance quantifies the additional complexity introduced by allowing x # 1. The PC prior

is then given by:

)

7(k) = Nexp{—\d(k)} ‘82(:)

where A > 0 is a user-defined rate parameter.

Case £ # 0. The Kullback—Leibler divergence from f,, to f, is defined as:

KLD(7 ) = [ fulo)oe ( i) ) dy

fr (y)

Using the expression for the eGP density when £ # 0, we have:

fary) = g (1+¢2 Tt
Hence, 1
log (ﬁ(@;))) — log(k) + (s — 1) log (1 (i +§%>—5) |
and the KLLD becomes:
/OOO fr(y)-log (ﬁl((‘?)) dy = log(k) /Ooo Fuly) dy+(k—1) /OOO fuoly)log (1 - (1 + g%)*) dy.

(5.14)
The first term in (5.14) simplifies directly in log «, since fooo f«(y)dy = 1. For the second term,
applying the change of variable u = 1 — (1 + £y/o) /¢, yielding:

(ff—l)/ooofn(y)log (1— (Hf%)_é) dyz(/f—l)/lfsu”1logudu:—ﬁ_1

0 K

Therefore,
k—1

KLD(f,| fx,) = log k — (5.15)
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Using the exact KLLD in (5.15), the corresponding PC prior is:

Ar—1| o — —
EYENY oy Ty exp{ A (\/2 logk —2(k 1)//{)} , k>0, k#1,

A2, k=1

(k) =

Alternatively, approximating the KLD around x = 1 via a second-order Taylor expansion yields:
1
KLD(f, fs;) = 5(5_1)24‘0((%—1)3), as k — 1.

This leads to a locally symmetric PC prior:

_ Aexp(—=Alk — 1)
m(k) = 2 — exp(—A)

, k> 0.

Case £ = 0. When £ = 0, the eGP reduces to a power transformation of the exponential

distribution:

Using the change of variable v = 1 — exp{—y/c}, one can derive the same KLD expression as

in the case £ # 0, thereby recovering the same PC prior (k).

5.7.3 Covariates in XGBoost

Table 5.3 provides a description of the environmental covariates derived from the ERAS dataset,
while Table 5.4 summarises the feature-engineered autoregressive covariates constructed from

historical wildfire records.
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Table 5.3: Environmental Covariates used in the XGBoost model.

Spatial Temporal
Name Source Description
Resolution Resolution
Accumulated liquid and frozen water,
Pricp ERAS5-Land 0.1° x 0.1° Hourly  including rain and snow, that falls to the
Earth’s surface.
Temperature of air at 2m above the surface of
Temp ERA5-Land 0.1° x 0.1° Hourly
land.
Ucomp ERAS5-Land 0.1° x 0.1° Hourly = Eastward component of the 10m wind.
Vcomp ERAS5-Land 0.1° x 0.1° Hourly = Northward component of the 10m wind.
Temperature to which the air, at 2 metres
DewPoint ERAS5-Land 0.1° x 0.1° Hourly  above the surface of the Earth, would have to
be cooled for saturation to occur.
One-half of the total green leaf area per unit
HVegLAI ERAS5-Land 0.1° x 0.1° Hourly  horizontal ground surface area for high
vegetation type.
One-half of the total green leaf area per unit.
LVegL Al ERAS5-Land 0.1° x 0.1° Hourly  horizontal ground surface area for low
vegetation type.
The fraction of the grid box that is covered
HVegCov ERA5 0.25° x 0.25° Constant ) ) ) ) )
with vegetation that is classified as “high".
The fraction of the grid box that is covered
LVegCov ERA5 0.25° x 0.25° Constant
with vegetation that is classified as “low".
Indicator of the 6 types of high vegetation
HVegTyp ERAS 0.25° x 0.25° Constant  recognised by the ECMWF Integrated
Forecasting System.
Indicator of the 10 types of low vegetation
LVegTyp ERA5S 0.25° x 0.25° Constant  recognised by the ECMWF Integrated
Forecasting System.
FWI Derived 0.1° x 0.1° Hourly  Fire Weather Index
RHumi Derived 0.1° x 0.1° Hourly  Relative Humidity

145
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Table 5.4: Feature-engineered autoregressive covariates for fire count and burnt area. In this table, ¢ denotes the
forecasting time point, h is the forecast horizon, X indicates the spatial scale, taking values “dist" (district level) or
“conc" (council level); and Y specifies the source variable, with “fc" for fire count and “ba" for burnt area.

Name Index Range Formula Description

Lag j of monthly fire count/burnt area at

X_Y_la . ~:1’2’...’9 s.t—1q
o] j Ysit—j council/district level

Sy Moving average of past 7 months of fire

X Y_ma_j j=3,6,9,12,24,36
J count/burnt area at council/district level

D3NS i Y TR Average fire count/burnt area over centred j
k= i=—(j—1)/2 ’ -

X_Y_hist_j j=13,5 = )
month around month ¢ + h in the past 3 years
month_sin NA sin(27t/12) Angular representation of the month
month_cos NA cos(27t/12) Angular representation of the month
Year NA NA Year of the wildfire occurrence
Lon NA NA Longitude of the centroid of the council
Lat NA NA Latitude of the centroid of the council

5.7.4 Additional diagnostic plots

We use the ACF plots in Figure 5.13 to determine the extent of long-term temporal dependence,
specifically, the number of lags or amount of historical data to include in constructing the
autoregressive covariates. For each month, we first calculate the average fire count and burnt
area across all councils, and then compute the autocorrelation using these monthly averages

following the standard ACF formula.
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Figure 5.13: Autocorrelation Function plots of average fire count and burnt area at council-monthly level.

The uncertainty associated with the council-level spatio-temporal effect G, (+) and the district-
level spatio-temporal effect G4(+) is illustrated below. Uncertainty is quantified using the 0.025

and 0.975 posterior quantiles of the corresponding random effects.
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Figure 5.14: Posterior uncertainty of the spatio-temporal effects. The top panel shows the 0.025 and 0.975
posterior quantiles of the council-level spatio-temporal effect G.(-) grouped by month, while the bottom panel
displays the averages of the 0.025 and 0.975 posterior quantiles of the district-level spatio-temporal effect G(-)
aggregated over all time indices.



Chapter 6

Modelling bulk and tail distributions with

deep learning

Estimating probabilities of simultaneous high-threshold exceedances is central for assessing joint
risk from extremes (e.g., precipitation). While multivariate extreme value theory (EVT) often
relies on max-stability, this assumption can be overly restrictive for environmental data and is
rarely tenable in high dimensions. Motivated by the Extreme Value Data Challenge 2025, we
adopt a purely deep generative approach for extreme precipitation on a 5-by-5 grid (25 sites)
using 60,225 daily observations from the CESM2 Large Ensemble (LENS2), corresponding to
165 simulated years with geographic information removed. We model temporal dependence
with a Long Short-Term Memory network and, conditional on its output, use a diffusion model
to learn the joint daily precipitation distribution across sites. To handle heavy tails and zero
inflation, we apply a customised logarithmic transform. We evaluate performance via (i) ex-
ceedance probabilities at six high thresholds, (i1) marginal quantiles, and (ii1) marginal tail-shape
parameters from annual block maxima. Across metrics, the proposed model accurately captures

marginal tails and joint tail behaviour for daily precipitation.

6.1 Introduction

Quantifying the risk of extreme precipitation is fundamental in environmental science, with
direct relevance to hazards such as flooding and landslides (Iverson, 2000; Westra et al., 2014).
For a single site, EVT provides principled tools, including block maxima with a GEV fit
(Alaya et al., 2020; Tabari, 2021) and peaks-over-threshold based on the GPD (Wi et al., 2016;

148
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Thiombiano et al., 2017). While these univariate models rely on max-stability as a foundational
limit assumption, extending the framework to multiple sites is substantially more challenging:
classical multivariate EVT is typically built on joint max-stability (e.g., multivariate GEV
(Naveau and Segers, 2024)), an assumption that often becomes unrealistic in environmental
applications and increasingly restrictive in higher dimensions (Huser et al., 2025). Key issues

include:

1. Restrictive tail dependence: max-stable models enforce asymptotic dependence, poten-
tially biasing inference when the data are asymptotically independent. This limitation arises
from the fact that multivariate max-stable distributions are fundamentally constructed on
component-wise maxima, which can over-emphasise simultaneous extremes across sites

(Beirlant et al., 2006).

2. Limited flexibility: even when restricting to asymptotically dependent cases, multivariate
max-stable models lack flexibility due to the infinite-dimensional nature of their depen-
dence structures. In practice, only a limited subclass of parametric forms is typically used

(Coles et al., 2001; Rootzén and Tajvidi, 2006).

A range of alternatives has been developed, including conditional extremes (Heffernan and
Tawn, 2004), geometric extremes (Wadsworth and Campbell, 2024; Murphy-Barltrop et al.,
2024; De Monte et al., 2025), and angular-radial methods (Mackay et al., 2024, 2025). In
parallel, recent work uses deep generative models for heavy-tailed data (Allouche et al., 2022;
Hu and Castro-Camilo, 2025; Lhaut et al., 2025; De Monte et al., 2025).

In this paper, motivated by the Extreme Value Data Challenge 2025, we model daily precipi-
tation on a 5-by-5 grid (25 sites) using Denoising Diffusion Probabilistic Models (Ho et al., 2020)
with an emphasis on tail characterisation and extrapolation. We first apply a modified logarith-
mic transform to address zero inflation and heavy tails. Temporal dependence is captured with
a Long Short-Term Memory network (LSTM, Hochreiter and Schmidhuber (1997)); conditional
on the LSTM output, a diffusion model learns the joint distribution of transformed precipitation
across the 25 sites. This structure adapts the autoregressive multivariate time-series framework
of Rasul et al. (2021a) to an extremes setting.

As abaseline EVT approach, we model each site marginally by splicing a Weibull distribution
below a high threshold with a GPD for exceedances; the marginal parameters are produced by the
LSTM. The joint distribution across sites is then formed by assuming conditional independence

given these parameters.



CHAPTER 6. MODELLING BULK AND TAIL DISTRIBUTIONS WITH DEEP LEARNING150

Overall, the diffusion model better captures heavy-tailed behaviour and yields more realistic
tail dependence than the conditionally independent EVT baseline, though both approaches have
difficulty extrapolating beyond the observed range.

The paper proceeds as follows. Section 6.2 briefly describes the data and challenge tasks,
and summarises exploratory results on tail dependence. Section 6.3 presents the modelling
frameworks. Section 6.4 compares models, and Section 6.5 discusses limitations and open

challenges.

6.2 Data description and preliminary exploration

The dataset used in the Extreme Value Data Challenge 2025 comprises four simulated runs from
the CESM2 Large Ensemble Community Project (LENS2). Each run contains daily precipitation
records on a 5-by-5 grid spanning the period 1850-2014. Precipitation values are rescaled into
an artificial unit called “Leadbetters”, and, crucially, all geographical information about the grid
has been removed. Because the locations cannot be interpreted spatially, we treat the 25 grid cells
purely as components of a multivariate system. Thus, each day’s observations are represented
as a 25-dimensional vector, and the problem is framed as one of multivariate extreme-value
modelling rather than spatial analysis.

The challenge requires estimating six specific quantities defined by the organisers, labelled
@1 to (g, with two rounds of submission: a preliminary phase targeting (); to ()3, and a final

phase, focusing on ()4 to (). These quantities are as follows:

Q;. Expected number of times the sum of daily rainfall across all 25 locations exceeds 85

Leadbetters.
Q>. Expected number of times at least 3 of the 5 sites in the first row exceed 4.3 Leadbetters.

Q;. Expected number of times at least 3 of the 5 sites in the first row exceed 2.5 Leadbetters
Jor a run of at least two consecutive days (not necessarily the same sites on both days; a

run of three days counts only once).
Q.. Expected number of times all 25 locations exceed 1.7 Leadbetters.
Qs. Expected number of times at least 6 of the 25 sites exceed 5.7 Leadbetters.

Qs. Expected number of times at least 3 of the 25 sites exceed 5 Leadbetters for a run of at

least two consecutive days.
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These quantities measure the expected number of various extreme event occurrences within
each simulation run. Their mathematical formulations are provided in Section 6.4. To accurately
estimate these quantities, it is essential to construct a model that captures the daily threshold ex-
ceedance probabilities while accounting for temporal dependence. Here, “threshold exceedance”
refers specifically to partial threshold exceedance, i.e., cases in which at least one component
exceeds a given threshold. This is critical, as the target quantities involve both joint extremes
across all 25 sites and exceedances within subsets of the sites. In the latter case, exceedance
probabilities must be computed by integrating over the full range of the non-extreme sites.

A natural starting point for modelling partial exceedances is the multivariate generalised
Pareto distribution (mGPD) (Rootzén et al., 2018b; Kiriliouk et al., 2019), which is designed
specifically for such tasks and has been extended to allow flexible dependence structures (Hu
and Castro-Camilo, 2025). However, a fundamental limitation of the mGPD is that it inherits the
max-stable assumption, implying asymptotic dependence regardless of the specified dependence

structure. As a result, the extremal dependence metrics x(¢) and w(q), defined as

PN > B @
- o

CPULX > B
- o

x(q) ;o w(g) : q € (0,1),

become a strictly positive constant for large enough ¢ (Hu and Castro-Camilo, 2025), a char-
acteristic feature of asymptotic dependence. Figure 6.1 shows empirical estimates of x(¢) and
w(q) using runl computed separately for each calendar day across the years. The estimates show
X(q) decreasing and w(q) increasing monotonically over the entire range ¢ € (0.5,0.99), with
no indication of stabilisation. This strongly suggests that the max-stable assumption does not
hold for this dataset, further highlighting the inadequacy of traditional multivariate EVT models

in this context and reinforcing the need for alternative modelling approaches.

6.3 Methods

6.3.1 Long short-term memory

Long Short-Term Memory (LSTM) networks are a class of recurrent neural network (RNN) for
sequential data. Given covariates (1, ..., x7) and a multivariate series (y, ..., yr), an LSTM

updates a hidden state via

h’t:f(h’t—lymt;e)) t:]-w"vT)
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Figure 6.1: Tail dependence metrics x(q) and w(q) for runl, evaluated over ¢ € (0.5,0.99). Each of the 365
lines in each plot corresponds to the metric evaluated on a subset of runl data for a given day of the year.

where f is a neural network design consisting of forget gates, input gates and output gates to
efficiently update the historical memory and hidden state without the gradient exploding issue in
traditional RNNs. The hidden state h; summarises information up to time ¢ and can be taken as
the point forecast at ¢.

When a probabilistic forecast is needed, Salinas et al. (2020) proposed to specify an explicit
likelihood for y, | h, (often assuming conditional independence in high dimensions) and models
its parameters as functions of h;. Such factorised likelihoods can under-represent cross-variable
dependence. To improve flexibility, Rasul et al. (2021a,b) replace the conditional likelihood with
a generative model (e.g., normalising flows or diffusion models) conditioned on h;. This hybrid
approach, which integrates LSTM for temporal modelling and diffusion models for multivariate
distribution estimation, forms the basis of the framework proposed in this study for extrapolating

high-threshold exceedances in multivariate time series.

6.3.2 Diffusion models

We use Denoising Diffusion Probabilistic Models (DDPMs) (Ho et al., 2020; Sohl-Dickstein
et al., 2015) to approximate a data distribution ¢(x°) by a tractable generative model py(z?).

DDPMs define (i) a forward noising Markov chain and (ii) a learned reverse denoising chain.

Forward process For noising step n = 1,..., N, the latent state " has a state transition

equation

al@" | &) = N (25 /T=Boa' ™" BT )
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with a fixed noise schedule 3,. Writing o, := 1 — 3, and &, := []}_, o, the marginal has
closed form

g(x" | 2°) = N (" Va, 2°, (1 — a,)I),

so ™ approaches (0, I') for large N. The joint forward density is (" | £°) = [["_, (=" |

wn—1>.

Reverse process and training The reverse chain starts from p(x”) = N(0,I) and uses

Gaussian transitions

N

pol@™ | @) = N (2" pyla”,n), Zo(@" n)) . po(@®™) = p(@™) [ pol@™ " | ).
n=1

Following Ho et al. (2020), we fix 34 to be 3, I and parameterise the mean via a noise-prediction

network €y,

po(z", n) = \/La_n (w” P @ n)) ,

and train €y to minimise the following simplified objective derived from the evidence lower

bound:

E, 20 [He — €g(vVapx + 1 — o‘zne,n)Hz], e ~N(0,1).
Sampling  After training, new sample x° can be obtained by first drawing ¥ ~ A(0, I') and

iterate forn = N, ..., 1,

1 n
v _w/ozn (w V1 —a,

with z ~ NV(0,I) forn > 1and z = 0 forn = 1.

€z, n)> + 0,2,

6.3.3 Data transformation

Diffusion models assume continuous data, whereas precipitation is mixed: a point mass at
zero plus continuous positive values. In addition, like other deep generative models, diffusion
models can struggle with heavy-tailed targets (Pandey et al., 2024). We therefore apply a simple
transformation that (i) removes discreteness near zero via jittering and (ii) reduces tail-heaviness

via a log map.
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For y € R?, define
T(y) ZIOg(uQU@ﬂ(y<u)+y@1(yzu)>,

with u = 0.01. Thus, values below u; are treated as effectively zero and replaced by a random
draw in (0, u;) to yield a continuous input, after which we take logs. An (approximate) inverse
map is

T Hx) =00 1(z < logu) + exp(z ® 1(x > logu)).

Because of jittering, 7o 7" is not exact for y; € [0,0.01), but the induced error is negligible
for our focus on extremes.

A common EVT alternative is to fit a GPD above a high threshold and transform exceedances
to (approximately) exponential margins. We do not use this here because (i) fixed GPD parameters
implicitly assume stationarity, while the series is nonstationary across time and space. Fitting
separate GPD models for each location and time block might partially address this, but it would
require estimating hundreds of models, making it impractical. (ii) threshold-based transforms act
only on the upper tail, whereas our latent-state framework requires a transformation applied to the
full series. We therefore use the log-based transform, which is simple, robust to nonstationarity,

and directly compatible with conditional generative modelling.

6.3.4 Latent state modelling

Letd = 25 and T = 60,225. For day ¢, let y, € R?® denote precipitation and set x; = T'(y,).
An LSTM first encodes (&1, . .., x7) into hidden states (hq, ..., hr). Conditional on h;_1, the

transformed observation is generated by a conditional diffusion model:
:ctrvp(wt | htfl,@), t:2,...,T, (61)

where O collects LSTM and diffusion parameters. The above structure is illustrated in Figure 6.2.
Under the Markov/conditional-independence assumption, we maximise the log-likelihood of

the full sequence (excluding the initial day)

T
log p(@2 | hir—1), ©) = Y _logp(a; | hy_1,0),

t=2
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where each term in the sum is trained via the conditional DDPM objective

En,mt,e [HG - 66(\/d_nmt + V 1 - dnea h’t—la n)HQ] . (62)

After training, we obtain ﬁl:(T—l) by running the observed x;.(7_;) through the LSTM, then
sample &, ~ p(x; | hy_1,0) for t = 2,..., T and map back via g, = T~'(&,). We refer to

this combined framework of LSTM and diffusion model as M, and use it for the final-phase

xS,

Exponential
Transform

T
- .|

submissions.

|-
Po(ﬁ"il |z, ht)
z —> > T > @y 0% xf
k\~ B 2
-1
gt | @)

o —> hy /> LSTM —i : L;

Discretise & Log-
Transfrom

[

Figure 6.2: Architecture of the latent state framework for generating a new observation y,. Given the transformed
input x;_; and previous hidden state h;_1, the LSTM updates the hidden state to h;. Conditioning on hy, the
diffusion model generates a transformed observation x;, which is then inverse-transformed to obtain y,.

6.3.5 Other explorations

We briefly describe the model used for the preliminary submission. Like M, it is a latent-
state model with an LSTM encoder, but it replaces the conditional diffusion distribution with

parametric, conditionally independent marginals. A similar idea was explored in Pasche and
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Engelke (2024), where both a high quantile level in a quantile regression and parameters of a
GPD for data exceeding that quantile are estimated using two LSTM models for tail extrapolation.
Model M, assumes that, conditional on the latent state h;_, the 25 site-wise marginals F ,

are independent. To handle excess zeros we use a hurdle model:

11— p0(87t>a y:Oa

1— pO(Sat) +p0(87t) Gs,t<y)7 Yy > 07

Fs,t (y) =

where po(s,t) € [0,1] is the probability of positive precipitation, modelled as a one-layer
Multilayer perception (MLP) with sigmoid activation taking h;_; as input.

For the positive part G ;, we splice a Weibull body and a GPD tail at the Weibull y-quantile
s, (V)

eribull{y; )‘(37 t)’ k<3> t)}v Y < (st (7)7

(L =) FPP{y — aesn(7);0(s,1), (s, 1)}, 4 > qsn (),

Gs,t(y) =

with A, k,0 > 0 and £ € (—0.5,0.5) (finite variance), all produced by a one-layer MLP from
h,;_, using appropriate activations. We fix y and tune it by grid search, since Bayesian analyses
suggest the threshold posterior can be multimodal (Behrens et al., 2004; Hu et al., 2024), which
can hinder gradient-based optimisation.

Under conditional independence, the log-likelihood factorises as

T 25

T
Z lOg f(yt7 ht71> - Z Z log fs,t<ys,t; h’z‘fl)?
t=2

t=2 s=1

which we maximise over the LSTM/MLP parameters.
To sample from the fitted M1, we first compute po(s,t) and the distributional parameters

= = iid.

X(s, t), k(s,t),o(s,t),&(s,t) forall sand t > 2, then draw Uy, Uy ~ Unif(0, 1) and set

.

07 Ul >ﬁ0(37t)7

As, 1) {—log(1 — U) }/kes), Uy < pols, 1), Uy <7,

a(s,t) (1 % —7)_ 0 ]
L=

o
I

a(s,t)(’y) + = ) Ul S ﬁO(&t)a U2 > -

( £(s,1)
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6.4 Results

6.4.1 Evaluation metrics

The challenge targets six expected event counts ()1, ..., Qs (Section 6.2). Empirically, using
the four available runs, (:2\1 = 0 for ¢ # 1, so direct evaluation at the official thresholds is
uninformative. Following Li et al. (2024), we instead view each target as a threshold-indexed
functional P;(v) and assess models at lower v values where empirical counts are non-zero.

Let Y = (Y,;) € R?**T denote a random precipitation matrix with 7' = 60,225, row
Y:= (Y14 ..., Yos,), and site sets Sy = {1,...,25} (all sites) and Sy = {1,...,5} (first grid

row). For a threshold v, define

Ay(v) = {Yt D D v}, B (v) = {Yt H{s €S Y, >} > k}

Then
P(v)=E g 1Y, € A},
Py(v) =E ZT: 1y, e BOOw)},
Py(v) =E é Hmin Yy, > v}} :
Py(v) =E ET: 1Y, € B w)}].

=1
The persistence-based quantities P3(v) and Ps(v) count runs of length at least two consecutive
days for the corresponding daily event indicators. Let

P =1y e B} t=1...T,

and pad with Cés’k) (v) = C}iﬁ)(v) = 0. Define differences D; = Cy; — C;_; and the start/end
indices of runs

q):{t:thl}, \I/:{tDt:—l}7

with sorted elements & = {¢; < -+ < ¢,,} and ¥ = {¢); < --- < 9,,}. Run lengths are
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;= 1Pj — 5, 50

NE

pg(v):E[ ﬂ{gjzy,}] with (S, k) = (51, 3),

j=1

Py(v) = E[Z 1{¢, > 2}] with (S, k) = (S0, 3).
j=1
The original targets are recovered by

Q1= Pi(85), Q2 = P2(4.3), Q3 = P5(2.5), Q4 = Py(1.7), Qs = P5(5.7), Qs = Fs(5).

For evaluation we use 10 lower thresholds v; for each F;, chosen to yield non-zero empirical

estimates:

vy = (40.0,43.3,46.7,50.0, 53.3, 56.7, 60.0, 63.3, 66.7, 70.0),
vy = (2.0,2.2,2.4,2.7,2.9,3.1,3.3,3.6, 3.8, 4.0),
vy = (1.0,1.1,1.2,1.3,1.4,1.6,1.7,1.8,1.9, 2.0),
v, = (0.80,0.88,0.97,1.05,1.13,1.22,1.30, 1.38, 1.47, 1.55),
vs = (2.5,2.7,2.9,3.2,3.4,3.6,3.8,4.1,4.3,4.5),
ve = (1.8,2.0,2.2,2.5,2.7,2.9,3.1,3.4,3.6, 3.8).

Let ]32(1)2) € R' be empirical estimates aggregated over runs 2-4, and let ]32('01) be the
corresponding estimates from simulations generated by a model trained on runl. We score fit by

a range-scaled squared error,

Po(v.) — P(v:)2
R:ZRi, R, = | Pi(v;) acoll

max P;(v;) — min P,(v;)

Lower R indicates better agreement across exceedance levels.

6.4.2 Model tuning and comparison

We first tune the preliminary model M; (Section 6.3.5), which uses an LSTM with a site-wise
parametric likelihood. We proceed in two stages. (i) Fix the splice quantile v in g, (7) at

~ = 0.95 and grid-search LSTM hyperparameters over number of layers {1, 2} and hidden state
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Table 6.1: Model comparison via the scaled squared error R; between ng(vz) and ﬁl(vl) R = Z?Zl R;.

Ry Ry R Ry Rs R R

M, 0.046 0.056 0.028 0.010 0.057 0.055 0.251
M, 0.064 0.059 0.029 0.069 0.062 0.054 0.336

size {64, 128,256, 384}; the best score R is obtained with a two-layer LSTM and hidden size
384, which we keep thereafter. (ii) With this LSTM fixed, tune v € {0.60, 0.65, ...,0.95}; the
minimum R occurs at v = (.80, which defines the final M.

For M, we adopt the conditional diffusion architecture of Rasul et al. (2021a) for €y in
(6.2). In practice, R is far more sensitive to the LSTM than to the diffusion network, so for
comparability we use the same two-layer/384 LSTM as in M;. Since h; is high-dimensional, we
apply a linear projection to obtain a 25-dimensional conditioning vector for €.

To compute each R;, f’z(vz) is estimated by averaging over runs 2—4, and f’z(vz) is estimated
by the mean over 1,000 simulations from M/ trained on runl. Table 6.1 reports Ry, ..., R and
R =), R,. While differences for R;—R3 are small, M achieves lower error on five of the six
tasks. This is consistent with M;’s conditional-independence assumption across sites, which
forces dependence to be expressed only through the shared latent state, whereas M, can represent
residual multivariate dependence through the conditional diffusion component. Figure 6.3 shows

P,(v;) versus P;(v;); across tasks, curves align closely with no systematic bias.

R1 (Preliminary) R2 (Preliminary) R3 (Preliminary)
604 _— Emp?rical 60 80-
—— Predicted
95% CI
60
40+ 407
40
4 204
20 204
O‘ T T T T T T T 0 T T T T T O T T T T T T
40 45 50 55 60 65 70 2.0 2.5 3.0 3.5 4.0 1.0 1.2 1.4 1.6 1.8 2.0
Threshold Threshold Threshold
R4 (Final) R5 (Final) R6 (Final)
60 - 60
50 407 50
40 30 40+
30‘ 30<
204
20 204
104 10+ 104
0 04 0
0.8 1.0 1.2 1.4 2.5 3.0 3.5 4.0 4.5 2.0 2.5 3.0 3.5
Threshold Threshold Threshold

Figure 6.3: Predicted P, (v;) from My (mean over 1,000 simulations; bands are 2.5%-97.5% simulation quantiles)
versus empirical P;(v;) aggregated over runs 1-4, fori = 1,...,6.
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To further check marginal tail behaviour, we estimate the GEV shape parameter {ggy from
annual maxima at each site using runl and 1,000 simulations from M. Figure 6.4 shows
close agreement at most sites; noticeable discrepancies are limited to sites 11 and 15 (with only
marginal overlap of 95% intervals). Simulation-based intervals are systematically narrower than
those from runl, plausibly because (i) the simulations condition on fitted parameters and do not
propagate parameter uncertainty, and (ii) the expressive LSTM may yield overconfident latent

states. We revisit these limitations in Section 6.5.

§{ Simulated Data
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Figure 6.4: Site-wise £gpyv from annual maxima: runl MLEs with asymptotic 95% ClIs, and M, summaries
from 1,000 simulated runs (mean with 2.5%-97.5% quantiles).

Finally, Figure 6.5 compares predicted and empirical marginal quantiles for each site (quan-
tiles 0.5-0.999, excluding near-zero values). Agreement is good across sites, except for the
highest quantiles at site 5. A recurring issue is that simulated quantile bands are unusually
narrow, indicating underestimated predictive uncertainty, especially in the upper tail, which may

degrade extrapolation and joint exceedance estimation (Section 6.5).

6.4.3 Final submission results

Final-phase quantities are computed from simulations of M. For uncertainty quantification,
we use a temporal block bootstrap (no spatial resampling) to preserve within-block dependence.
With 7" = 60,225 and block size b, we partition time into X' = [1'/b] consecutive blocks (last

possibly shorter); for each block index £ = 1,..., K, we draw (with replacement) one of the
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Figure 6.5: Site-wise Q-Q plots: My quantiles versus empirical quantiles from runl; shaded regions are 95%
simulation intervals from 1,000 simulated runs.

four runs’ blocks at the same index k, and concatenate the selected blocks in order to form a
bootstrap dataset. We choose b by grid search to minimise R (using P, (v;) on bootstrap samples),
obtaining b = 8000. We generate 400 bootstrap datasets; for each, we fit M and simulate 1,000
runs to estimate ()4, (5, Q¢. Point estimates are bootstrap means and 95% ClIs are bootstrap

2.5%-97.5% quantiles (Table 6.2).
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Table 6.2: Final submission: 400 temporal block bootstrap samples (b = 8000). Point estimates are bootstrap
means; 95% ClIs are bootstrap 2.5%-97.5% quantiles.

Quantity Point Estimate 95% Confidence Interval

Q4 0.02 (0.00, 0.08)
Qs 0.12 (0.02, 0.68)
Qs 0.32 (0.02, 1.42)

6.5 Conclusion and discussion

We proposed a deep generative approach for modelling daily precipitation on a 25-site grid over
T = 60,225 days, with emphasis on joint high-threshold exceedances. Temporal dependence is
encoded by an LSTM, and conditional on the latent state we compare: M, a diffusion model
applied to jittered-log transformed data; and My, a conditionally independent baseline with
hurdle marginals and a Weibull-GPD splice. Using six exceedance-based functionals evaluated
at lower thresholds, M, outperforms M; on five metrics and reproduces marginal tail shape
reasonably well, as assessed by GEV shape estimates from annual maxima. Final submissions

were obtained by fitting M across 400 temporal block bootstrap samples.

6.5.1 Discussion

Diffusion models. Diffusion models play two roles in our framework. First, they provide a
flexible, continuous conditional likelihood for positive-valued precipitation, so the bulk and tail
are modelled within a single smooth distributional family on the transformed scale rather than
by piecing together two distributions with an explicit threshold splice. This contrasts with GPD-
based constructions, where threshold splicing induces discontinuities in the marginal models at
a chosen threshold. Within latent-variable extreme-value frameworks, an alternative route to
continuity is to adopt a continuous marginal family that has asymptotic tail properties from the
EVT (e.g., extended generalised Pareto forms), as explored by Cisneros et al. (2024).

Second, diffusion models can represent high-dimensional spatial dependence without impos-
ing a fixed parametric conditional dependence structure. Instead, dependence is learned jointly
with the marginal distributions through the backward propagation, which can be advantageous
when the dependence pattern varies across regimes. A caveat is that, absent tail-specific objec-
tives or constraints, diffusion models trained by standard denoising losses may underrepresent
very rare extremes. In our setting, the jittered-log transformation and the LSTM-conditioned

latent-state formulation can empirically stabilise training and improve tail behaviour, but they do
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not guarantee correct far-tail extrapolation; this motivates the diagnostic focus on exceedance-

based metrics and annual-maxima shape estimates reported above.

Role of the latent space. In both M, and M, the observation model is conditioned on the
LSTM hidden state. This latent state captures temporal dependence and regime information and
can encode predictors of conditional magnitude (e.g., time-varying location), thereby providing
a strong “context” for the conditional likelihood. When the LSTM state is highly expressive,
much of the spatiotemporal structure is absorbed into the latent representation, and the condi-
tional likelihood primarily learns residual variation around that context. Consistent with this
interpretation, we found that increasing the LSTM state dimension/depth had a larger impact on
predictive performance than tuning the likelihood-model hyperparameters, and that M, and M;
perform similarly on several metrics when the LSTM configuration is held fixed (Table 6.1). A
similar phenomenon is also found in Chapter 5 under a Bayesian latent Gaussian framework for

wildfire modelling.

6.5.2 Limitation

Two limitations are most salient. (i) Extrapolation instability: at very high quantiles, estimates
of (; can vary substantially across random seeds when fitting M/, on runl with fixed hyperpa-
rameters, caused by the simulation-based estimation and data sparsity in the far tail. Variance
reduction via ensembling/bootstrapping is therefore needed but computationally costly. (ii)
Underestimated uncertainty: simulation-based bands for quantities such as {ggy and marginal
quantiles are often overly narrow (Section 6.4.2), likely because parameter uncertainty is ignored
and because an expressive LSTM may produce near-deterministic latent states, leaving the con-
ditional diffusion model to learn only small residual noise. A simple train/validation split by
runs was not effective: models captured mean structure but missed tail behaviour. A possible
alternative is to condition the diffusion model on lower-capacity, shared temporal covariates
(e.g., day-of-year or week-of-year) rather than the full LSTM state, which may better balance

regularisation and tail fit.



Chapter 7

Conclusion & future work

In this thesis, starting from the idea of generalising the univariate piecing-together model to
the multivariate setting, we develop three distinct frameworks to achieve the goal of jointly
describing the multivariate bulk and tail data, together with one framework designed to address
the infinite parameterisation problem in multivariate threshold exceedance modelling.

Chapter 3 presents a direct generalisation of the univariate joint modelling approach that
combines a parametric or semi-parametric distribution for the bulk and a GPD for the tail. We
demonstrate our work by combining a bivariate Gaussian and an mGPD with an independent
reverse exponential generator. A criticism of this framework is that the bivariate Gaussian exhibits
asymptotic independence (AI) while the mGPD exhibits asymptotic dependence (AD), which
seems to make the use of the mGPD for tail approximation questionable. However, this design
is intentional: it ensures robust tail characterisation for small datasets. Through simulations,
we show that the model performs reasonably well even when the data are AI. We also discuss
alternative bulk distributions, such as constructing a multivariate distribution via customised
copula—marginal combinations. One might consider using a vine copula (Kurowicka and Joe,
2010) or normalising flows to achieve a more flexible dependence structure. Unfortunately, these
methods cannot be incorporated into the bivariate extreme mixture model framework, as they
lack an explicit form for the CDF values, which is essential for determining threshold exceedance
probabilities. For the tail, other parametric forms of the mGPD are possible, but constrained by
their limiting forms; they still lack expressiveness in modelling tail dependence. This limitation
directly motivates our work in Chapter 4.

Overall, the bivariate extreme mixture model represents a first attempt at multivariate joint

modelling of bulk and tail. It shows good performance in estimating tail shape and bulk—tail

164



CHAPTER']. CONCLUSION & FUTURE WORK 165

dependence through simulations and an application to UK air temperature data at two nearby
sites. Nevertheless, it has drawbacks, such as the abrupt cutoff of the joint density at the threshold
and the restriction that the tail is always AD. For this reason, after completing Chapter 4, we
move beyond this framework to explore alternative approaches for joint bulk—tail modelling.

Chapter 4 introduces GPDFlow, a framework that parameterises the generator 7' in the
mGPD using normalising flows, thereby providing a learnable and flexible dependence structure.
Unlike classical mGPD models, GPDFlow requires no explicit specification of 7’, and the learnt
T exhibits far richer forms than those previously studied. Its flexible dependence also enables
inference via the full likelihood, rather than the censored likelihood typically used to reduce bias
in dependence estimation from points near the lower endpoint of the mGPD. This feature makes
GPDFlow suitable for computing partial exceedance probabilities, provided diagnostic checks
support its application.

GPDFlow also contributes to the field of generative models: it demonstrates that a single
transformation can capture marginal tail heaviness if the remaining transformations map the base
distribution into a standard form (e.g. standard mGPD). This design enhances interpretability,
with tail heaviness clearly represented by the marginal tail shape parameters. Extensive sim-
ulation studies show that GPDFlow yields accurate estimates of marginal tail heaviness, tail
dependence, and partial exceedance probabilities. In an empirical application, GPDFlow out-
performs the classical mGPD in modelling margins and dependence of exceedance data from the
negative log-returns of five US banks.

One limitation, however, is that GPDFlow’s flexible tail dependence remains restricted to the
AD setting. By construction, due to the transformation derived from the stochastic representation
of the mGPD, GPDFlow is always AD, irrespective of the normalising flow structure. This
restriction makes it unsuitable for high-dimensional problems, where AD assumptions rarely
hold. The subsequent chapters, therefore, focus on addressing this limitation.

In Chapter 5, we turn to a high-dimensional spatial application: forecasting fire counts,
and moderate and extreme burnt areas, one month ahead across 278 Portuguese counties. To
overcome rigid tail dependence in multivariate EVT, we adopt a latent Gaussian model to
implicitly capture dependence across observations (fire counts and burnt areas). Moderate and
extreme burnt areas are jointly modelled via the sub-asymptotic eGP likelihood, which also
resolves the discontinuity issue since the eGP density requires no threshold. We employ INLA
for efficient Bayesian inference in this latent Gaussian model and carefully discuss PC priors for

the eGP hyperparameters.
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This approach achieves half of our joint bulk—tail modelling goal. For forecasting, we want to
incorporate environmental covariates (e.g. FWI, air temperature), which are strongly associated
with wildfires, to improve the forecast accuracy. However, the latent Gaussian model cannot
capture complex covariate interactions, and robust INLA implementation requires limiting the
number of covariates to avoid excessive hyperparameters. Additionally, obtaining environmental
covariates one month ahead is generally challenging. We therefore use an XGBoost model to
capture patterns among environmental covariates and wildfire histories, producing one-month-
ahead council-level predictions of fire counts and burnt areas. These are treated as pseudo-
covariates in the latent Gaussian model with INLA. This hybrid approach leverages the strengths
of both models: XGBoost effectively captures complex dependencies but lacks uncertainty
quantification, while the latent Gaussian model naturally provides uncertainty quantification via
Bayesian inference

When comparing eGP likelihood against alternative Gamma and Weibull likelihoods, only
marginal improvements are observed. We attribute this to the model structure: with a sufficiently
expressive linear predictor, extreme values are explained primarily by the predictor itself. This
makes us reflect on the necessity of EVT in such contexts.

Finally, in Chapter 6, we explore a deep learning approach independent of EVT to model
daily precipitation over a 5 x 5 grid for 165 years of climate-model simulations, and compare
its performance with an EVT-based alternative. We use an LSTM to encode spatio-temporal

information into hidden vectors and condition on these to fit:

1. aconditional diffusion model applied to logarithm-transformed data with zero adjustment,

characterising dependence across grid cells; and

2. aconditional independent distribution with sliced margins comprising a Weibull distribu-

tion for the bulk and a GPD for the tail.

The diffusion model-based approach achieves superior performance in five out of six metrics
derived from the expected number of extreme events. We also compare marginal tail shapes of
simulated data from the conditional diffusion model with the true one, by fitting a GEV to annual
block maxima and examining shape parameter estimates. Results show that the deep learning
approach accurately estimates tail shape, with estimated parameters aligning closely with those
from the true data. However, the 95% confidence intervals of the GEV shape parameters from
simulated data are narrower than those from the actual data, which is an inherent limitation of

deep learning models due to their lack of parameter uncertainty.
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7.1 Future work

In the past five years, the number of studies applying deep learning techniques to extreme value
analysis has grown rapidly. A key reason is the success of deep learning in fields such as
computer vision and natural language processing, making it natural to combine deep learning
with other disciplines. We regard deep learning as a great opportunity to bring new insights to
the statistical study of extremes, hence the two chapters in this thesis devoted to this direction.
Our results show that such a combination can address longstanding challenges in EVT, such as
complex tail dependence.

Future research at the intersection of EVT and deep learning can proceed in two main
directions. First, EVT can serve as the foundational framework, with deep learning acting as
a modelling component or inference tool to address challenges that are difficult to resolve in
classical EVT. Tail dependence provides a clear example: while its structure is complex, it
does not involve aspects that are inherently hard for deep learning to estimate, such as heavy
tails, making it particularly suitable for approximation by deep learning models. A current
focus in modern multivariate EVT is the radius—angular representation of extremes, where
observations are transformed into polar coordinates so that extremes are captured solely in the
radial component, facilitating the modelling of extremes in any direction. Several studies have
already explored the use of deep learning for modelling tail dependence in the radius—angular
representation (Murphy-Barltrop et al., 2024; De Monte et al., 2025; Mackay et al., 2024).

Deep learning is also emerging as a powerful inference tool in EVT. Max-stable processes,
such as the Brown—Resnick model, generalise multivariate EVT to infinite dimensions but face
limited application in spatial problems due to their intractable density functions and computa-
tional demands. Deep learning models can act as surrogate models, directly mapping observa-
tions to parameters and enabling likelihood-free inference. Related works include Lenzi et al.
(2023) and Richards et al. (2024).

Second, deep learning can serve as the base framework, with EVT mitigating its known
drawbacks, particularly its difficulty in handling heavy-tailed data. In the field of generative
models, numerous studies have investigated the learning and generation of heavy-tailed data
(Allouche et al., 2022; McDonald et al., 2022), but explicit and stable estimation of the tail index
remains an open challenge. This has been partly addressed in our GPDFlow framework and in
Hickling and Prangle (2024), where tail heaviness is entirely captured by the outermost layer

of normalising flows, specifically designed to transform light-tailed distributions into heavy-
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tailed ones. However, in GPDFlow (though not discussed in the main chapter), we observe that
bias in estimated shape parameters increases with dimension, which further affects dependence
estimation. For example, in an experiment with d = 25, GPDFlow was unable to reliably estimate
the tail coefficient y when marginal shape and scale parameters were free, whereas the issue did
not arise when marginal parameters were fixed. This suggests that single-layer transformations
are insufficient for accurately estimating the tail index in high-dimensional settings. Future work
could explore gradual transformations of the margins to alter tail heaviness progressively as the
layer of the deep learning model goes deeper, rather than in a one-step manner.

Another promising direction is to investigate whether censored likelihood inference can
enhance tail estimation in generative models. Existing frameworks for modelling heavy-tailed
data with generative models have focused primarily on architectural design to capture samples at
high quantiles, with less attention given to modifying the objective function. In EVT, censored
likelihood inference is a common technique to reduce the influence of bulk data on tail estimation
(Huser et al., 2016). Adapting this censoring approach to likelihood-based generative models
(e.g. normalising flows) could reveal whether censoring improves performance when the primary

interest lies in the tail region.
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