A University
of Glasgow

Kaminski, Leo Anthony Joseph (2026) Legendre transformations for special
solutions of the WDVV equations. PhD thesis.

https://theses.gla.ac.uk/85834/

Copyright and moral rights for this work are retained by the author

A copy can be downloaded for personal non-commercial research or
study, without prior permission or charge

This work cannot be reproduced or quoted extensively from without
first obtaining permission from the author

The content must not be changed in any way or sold commercially in
any format or medium without the formal permission of the author

When referring to this work, full bibliographic details including the
author, title, awarding institution and date of the thesis must be given

Enlighten: Theses
https://theses.gla.ac.uk
research-enlighten@glasgow.ac.uk



https://theses.gla.ac.uk/85834/
mailto:research-enlighten@glasgow.ac.uk

Legendre transformations for special
solutions of the WDVV equations

Leo Anthony Joseph Kaminski

Submitted in fulfilment of the requirements for the

Degree of Doctor of Philosophy

School of Mathematics and Statistics
College of Science and Engineering

University of Glasgow

' Un1ver51ty

of Glasgow

||||||||||||

March 2026



Abstract

The Witten—Dijkgraaf-Verlinde—Verlinde (WDVV) equations admit many interrelated
classes of exact solutions, some of which are associated with the richer structure of a
Frobenius manifold. This thesis explores a symmetry of the WDVV equations known as
a Legendre transformation. Remarkably, Legendre transformations have previously been
shown to connect rational and trigonometric solutions in limited examples.

Legendre transformations are generated by a choice of vector field, which must satisfy
a geometric requirement called the Legendre field condition. In the first part of the thesis,
we analyse the Legendre field condition in the setting of each of the two-dimensional
Frobenius manifolds. We explicitly describe all homogeneous Legendre fields for these
manifolds. We also consider so-called twisted Legendre fields for the Frobenius manifold
associated with the Coxeter root system A,. Twisted fields arise from almost duality for
Frobenius manifolds, which provides a mapping between certain polynomial and rational
solutions of the WDVV equations.

In the second part of the thesis, we investigate particular examples of Legendre trans-
formations applied to multi-parameter families of rational solutions. The solutions we
consider are associated with deformations of the A,, and B, root systems; for special val-
ues of the parameters, these are almost dual to the corresponding polynomial Frobenius
manifold. In all cases that we consider, Legendre transformations of the rational solutions
produce trigonometric solutions which are also related to root systems. The B, -type ratio-
nal solutions are mapped to a sub-class of a family of BC,,_;-type trigonometric solutions
already known in the literature.

Motivated by results in the type A case, we introduce a new multi-parameter family
of A-type trigonometric solutions. We show that this family generalises and relates some
previously known trigonometric solutions of the same form. We find that two different
types of Legendre transformations applied to A,-type rational solutions both produce

sub-families of the new A,_;-type trigonometric solutions.
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Chapter 1

Introduction

1.1 The Witten—Dijkgraaf—Verlinde—Verlinde equations

The Witten—Dijkgraaf-Verlinde—Verlinde (WDVV) equations are a nonlinear system of
third-order partial differential equations for a function F' = F(¢!,...,t"). Since their
origins in two-dimensional topological quantum field theory, they have appeared in many
different mathematical settings such as quantum cohomology, singularity theory, and the
study of Frobenius manifolds.

In the 1980s, the WDVV equations appeared for the first time as equations of asso-
ciativity for an operator algebra in two-dimensional topological field theories [15, 61]. In
these works, the physicists Witten, Dijkgraaf, Verlinde, and Verlinde constructed a family
of algebras A; depending on ¢t = (t!,...,t") with a commutative, associative, and unital

multiplication. This multiplication, which we denote as o, can be written as

n
e oej = Z cfj(t)ek,
k=1

where eq,...,¢e, form a basis in an n-dimensional space. The structure constants cfj(t)
depend on a three-point function ¢;;;(t) and two-point function (or metric) n;;(t) = c145(1),

as follows:
i) =) 0" eim(t),

! is the matrix inverse of (1;;) = 1. The element e; is the multiplicative

where (n¥) =n~
identity of A;. Sometimes, the object 7 is required to have constant entries and the
algebras A, are identified with the tangent spaces of a manifold M. In this case, 1 defines
a flat metric on M, as discussed below in Section 1.2.

The symmetry of the three-point function and that of its derivatives imply the existence
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of a potential function F' = F(t), called the free energy for the field theory, such that

D3F(t)

) = Grgnor

The associativity of the multiplication o is then equivalent to the system of equations

FF'Fy = FIT'F, (1.1.1)
where F; denotes the n x n matrix of third-order derivatives of F' and Fy, = n. The (r,s)""
entry of F; is given by 5
F
(F)rs = 3riprae:
Equations (1.1.1) became known as the WDVV equations; however, we refer to (1.1.1)
as the ordinary WDVV equations in contrast with a later formulation, given below and
known as the generalised WDVV equations.
The ordinary WDVV equations have a distinguished direction, ¢!. In the late 1990s,
Marshakov, Mironov, and Morozov showed that similar systems of equations with no
distinguished direction arise in Seiberg—Witten theory [46, 45]. The Seiberg—Witten pre-

potential F' satisfies the equations
FQ'F, = F,Q'F, (1.1.2)

for some linear combination Q = Y_,_, ¢*F with ¢* = ¢" (¢*,...,t"). We refer to (1.1.2)
as the generalised WDVV equations. Note that the “metric” @) is not required to be
constant. The ordinary WDVV equations can be recovered by setting () = n = F}; in
fact, the equations (1.1.1) and (1.1.2) are equivalent for non-degenerate @ [45].

Solutions of the generalised WDVV equations also give a family of associative algebras
A; defined in the same way as for the ordinary WDV'V equations, but with identity element
> or_ ¢"ex. The algebras A; are examples of Frobenius algebras when @) is constant. A
Frobenius algebra A can be described in a coordinate-free way as having an associative,

symmetric, unital multiplication o and non-degenerate inner product (-, -) such that
(uowv,wy = (u,vow)

for all u,v,w € A. In the context of the (generalised) WDVV equations, the inner product
is defined by the matrix @ so that (e;, e;) := @Q;;. A Frobenius algebra uniquely defines a
two-dimensional topological quantum field theory, as discussed by Kock [37].

A differential-geometric approach to the WDVV equations was developed as a field of
study in its own right by Dubrovin, in his theory of Frobenius manifolds [18]|. At the same

time, the WDVV equations and their associated Frobenius algebras continued to be stud-
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ied in supersymmetric gauge theories (see, for example, work by Martini and Gragert [47]).
The WDVV equations and Frobenius manifolds are also connected to quantum cohomol-
ogy, which can be thought of as a deformation of, for example, de Rham cohomology on a
manifold. The cup product is replaced with a (big or small) quantum product, which can
be defined using Gromov—Witten invariants. These are rational numbers which in some
sense count curves intersecting certain submanifolds. Both the big and small quantum co-
homology define families of Frobenius algebras; see, for example, the treatment by Cotti,
Dubrovin, and Guzzetti in [13]. Kontsevich and Manin showed that the Gromov-Witten
potential, a generating function for the Gromov-Witten invariants, satisfies the WDVV
equations [38].

The WDVYV equations admit many interconnected classes of exact solutions — some
of which are associated with the richer structure of a Frobenius manifold — as well as a
symmetry known as a Legendre transformation. We now introduce some important exam-
ples of solutions from Seiberg—Witten theory and quantum cohomology, before discussing

Frobenius manifolds and symmetries of the WDVV equations.

1.1.1 Rational solutions

We consider the class of solutions F = Fj‘at where

F'(x) =) (a,2)’ log (v, ), (1.1.3)

acA

xr eV 2C" and A C V. Solutions of this form, which we call rational solutions, appear
as (the perturbative parts of) Seiberg-Witten prepotentials in four-dimensional N = 2
supersymmetric gauge theories; see [46] for an early example. In particular, Martini and
Gragert proved that F'?" satisfies the generalised WDVV equations when A = R is the
root system of a Weyl group [47]. Veselov derived a set of geometric conditions for a
collection of vectors A which ensure that F'?" is a solution of the generalised WDVV
equations [60]. These configurations are known as V-systems and include the Coxeter
root systems [60]. Later work by Feigin and Veselov showed that certain projections and
deformations of Coxeter root systems are also V-systems [26]. The corresponding multi-
parameter deformations of the root systems of A, and B,, and their associated rational

solutions, were first presented by Chalykh and Veselov in [11].

1.1.2 Trigonometric solutions

Another important class of solutions of the generalised WDVV equations have the form

Fi®(x,y) = Zf( (a,2)) + P(z,y), (1.1.4)

acA
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where P is a cubic polynomial in z = (z!,...,2") € C" and y € C. The function f(z) is
given by
fle) = 67— (s (7).
6 4

where Liz(2) is the trilogarithm function. These solutions are called trigonometric solu-
tions, in reference to the third-order derivative f”(z) = coth z. Trigonometric solutions
arise in five-dimensional Seiberg—Witten theory, as originally shown in [45]. Solutions of
the form Fﬁfig when A = R is a crystallographic root system were constructed in this con-
text by Hoevenaars and Martini [35, 36]. Of particular interest is the following A,,_;-type

solution, which appears only in the preprint version of [35]:

FiM () = Z f(xi—z;)+a <Z l‘z) +b (Z xl> <Z :1:?) + ch?, (1.1.5)

1<i<j<n

where the parameters a, b, c € C are subject to some constraints. Bryan and Gholampour
obtained Frobenius algebras corresponding to trigonometric solutions for the ADFE-type
Weyl groups, by studying the (equivariant) quantum cohomology of resolutions of the
ADE singularities C?/G where G is a finite subgroup of SU(2) [10]. In the same paper,
they produced Frobenius algebras for arbitrary reduced irreducible root systems, which
also correspond to solutions of the form Fj{ig. Trigonometric solutions associated with
multi-parameter deformations of classical root systems have been found by Pavlov [49];
Pavlov’s approach uses reductions of Egorov hydrodynamic chains to produce explicit
solutions for the related WDVV equations.

More recently, Shen obtained trigonometric solutions, and their corresponding Frobe-
nius algebra structures, by investigating toric mirror arrangements associated with root
systems [56]. A family of flat, torsion-free connections — originally defined in the context
of Frobenius manifolds in [18] — is used to produce a multiplication on the tangent bun-
dle of the complement of these mirror arrangements. The resulting solutions are of the
form F;fig, where A = R is the root system of a Weyl group W, and include arbitrary
W-invariant multiplicity parameters. These results include solutions presented in [35, 36,
10] for special values of these multiplicity parameters. The A-type solution found by Shen
is equivalent to (1.1.5).

In analogy to the rational case, geometric and algebraic conditions for a collection of
vectors A such that Ff;ig satisfies the WDV'V equations have been developed. This work on
trigonometric V-systems, begun by Feigin [24]| and expanded on jointly with Alkadhem [2],
provides an alternative construction of multi-parameter families of trigonometric solutions
from (deformations of) root systems. Solutions of BC D-type previously found in [35, 36,
10, 49, 56] are generalised by an (n+3)-parameter family Fffg, where A is the non-reduced

root system BC,, [2]. However, the A-type solutions obtained in [2] are not equivalent, for
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any choice of the parameters, to (1.1.5) with ¢ # 0.

1.2 Frobenius manifolds

Solutions of the ordinary WDVV equations, with certain extra conditions, were interpreted
geometrically by Dubrovin in the early 1990s [18]. We now provide a brief summary of
this structure, ahead of a detailed description in the following chapter.

A Frobenius manifold M is a complex manifold with a flat metric  and a unital multi-
plication o on 7T),/M, such that each tangent space forms a commutative Frobenius algebra.
A flat metric is such that its Riemann curvature tensor is zero everywhere; equivalently,
there exists a local coordinate system —referred to here as flat coordinates—in which the
entries of the metric are constant. The multiplicative identity e is required to be flat with
respect to the Levi-Civita connection V of n; that is, Vxe = 0 for all vector fields X.
Frobenius manifolds are also equipped with another distinguished vector field F, known
as the Euler field, which is linear in the flat coordinates of 1. Both the metric and the
multiplication are required to be homogeneous with respect to the Lie derivative along F.

Finally, a symmetric (0, 3)-tensor ¢ is defined by
¢ (u,v,w) =n(uowv,w)

for u,v,w € T, M. The covariant derivative of ¢, denoted Ve = Vy¢(X,Y, Z), is required
to be totally symmetric in the vector fields W, XY, Z.

Dubrovin showed that the existence of a Frobenius manifold structure on some n-
dimensional manifold M is equivalent to the existence of a solution F'(t) of the ordinary
WDVV equations, defined on a chart of M [18]. The variables t!, ..., ¢" are flat coordinates
of the metric 7. The two- and three-point functions of F' can be reinterpreted as the

components of 77 and ¢, so that
ni;(p) = 1 (0, 0;)
and

cije(p) = ¢ (0i, 05, 0)

where 0; = % € T, M. A solution associated with a Frobenius manifold has the additional

property of quasi-homogeneity:

LpF(t) = (3 —d)F(t) + quadratic terms.
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Here, E is the Euler field of the corresponding Frobenius manifold, and d € C is known
as the charge of the manifold. We refer to a quasi-homogeneous solution of the ordinary
WDVYV equations as a prepotential.

In this thesis, we will focus on semisimple Frobenius manifolds in concrete examples.
A Frobenius manifold M is said to be semisimple if the Frobenius algebra on 7,M is
semisimple for a generic point p € M; that is, T, M contains no nilpotent elements.
Semisimplicity provides Frobenius manifolds with additional structure and constrains the
associated solutions of the WDVV equations, which has aided their classification (see, for
example [18, Lecture 3]). A semisimple Frobenius manifold can be completely described

by a function of one variable, called the Landau-Ginzburg superpotential [18].

Example 1.2.1 [18, 34]. In two dimensions, there exist six families of Frobenius manifolds,
consisting of one trivial case — case (1.2.1) below — and five semisimple cases. Their

prepotentials are as follows.

F ('} = % (1) ¢, (1.2.1)
F () = % () 2 et r#£0; (1.2.2)
F (£ ) = % (1Y) ¢ + log 1% (1.2.3)
F(t',?) = % () £ + (2) log t%; (1.2.4)
F (') = % )2+ (), k+£0,1,2 (1.2.5)
F (') = é () + %tl () + g (), k+#0. (1.2.6)

1.2.1 Orbit spaces of reflection groups

An important class of polynomial prepotentials is related to finite reflection groups, known
also as finite Coxeter groups. The corresponding Frobenius manifolds originate in singu-
larity theory, notably in work by Saito on universal unfoldings of functions with an isolated
critical point. Saito [54] showed that the orbit space My, of a complexified vector space
V 2 C" carrying the reflection representation of a finite Coxeter group W of rank n is en-
dowed with a flat metric, now known as the Saito metric. The flat coordinates of the Saito
metric are special W-invariant polynomials and were found by Saito, Yano, and Sekiguchi
in most cases [55]. Dubrovin then found that My, carries the structure of a semisimple
Frobenius manifold, with a prepotential which is polynomial in the flat coordinates of the
Saito metric 7 [19, 18]. He conjectured that all polynomial prepotentials, under some
assumptions, correspond to the orbit space My, for some finite Coxeter group W. This

was later proved by Hertling [32].
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For example, the prepotential associated with the Frobenius manifold on the orbit

space C?/A,, where Ay is the symmetric group on 3 elements, can be written as

Fa, (1,1 = S ()2 + (12)". (1.2.7)

N | —

The group A, can also be written as I5(3), where the dihedral group I5 (k) is the group
of symmetries of a regular k-sided polygon. The prepotentials associated with I, (k) are
given by (1.2.5) with & = k + 1. Closed form expressions for A, and B, prepotentials
were found by Natanzon [48|. In general, there is no unifying formula for polynomial
prepotentials.

It has since been shown that Frobenius manifold structures can also be defined on the
orbit spaces of extended affine Weyl groups. Given a Weyl group of rank n, with a root
system defined in a vector space V, the extended affine Weyl group W* acts on V@R where
k € {1,...,n} represents a choice of simple root. The Frobenius manifold on the orbit
space of W* was initially constructed, with some assumptions, by Dubrovin and Zhang in
[22], and expanded on by Dubrovin, Strachan, Zhang, and Zuo in [21|. The prepotentials
for these Frobenius manifolds are polynomial or rational functions of ¢',..., ", """,
The prepotential for the extended affine Weyl A; is given by (1.2.2) with r = 2.

1.2.2 Almost duality

In [54], Saito also introduced an inner product known as the intersection form (in the
context of singularity theory). The intersection form defines a second flat metric, denoted

g, which is related to the Saito metric n via the expression

g 0 ..
W) = 5597 (0).

The second flat metric can be defined for any Frobenius manifold M [18], along with a

second multiplication x on 7, M such that

uxv=FElououw.

Here, £~! is the inverse of the Euler field as an operator with respect to o; the new

multiplication « is therefore only defined on the complement of the discriminant locus
Y:={pe M|FE e€T,M is not invertible}.

Dubrovin used the new metric ¢ and multiplication x to define an almost dual Frobenius
manifold structure in [20]. Given a Frobenius manifold M, this construction on M \ X

satisfies most but not all of the axioms of a Frobenius manifold. Namely, the unity field
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for the almost dual is not flat. A second solution of the WDVV equations is associated
with the almost dual, known as the almost dual prepotential or F*. However, this is a
solution of the generalised, rather than the ordinary, WDVV equations.

While keeping in mind that almost duality is defined for Frobenius manifolds only, it
can be thought of as a symmetry of the WDVV equations; given a function F' and metric
() = n satisfying (1.1.2), almost duality produces a new solution F* with metric @ = g.

In [20], the almost dual prepotential for the orbit space My, was shown to have the
form F*(z) = F'f*(z) for F?* as in (1.1.3), where A = R is a root system of W, and

xr = (z',...,2") are the flat coordinates of g.

Example 1.2.2 [20, Example 2|. Setting W = A,, the almost dual prepotential of (1.2.7)

can be written as
i (ah,27) = (:Cl)Qlog T+ (x2)2log 2+ (a! - :1:2)210g (z' — 2?). (1.2.8)

Trigonometric solutions of the form (1.1.4) associated with a root system A = W have
appeared as the almost dual prepotentials of Frobenius manifolds defined on the orbit
spaces of the extended affine Weyl group W* 22, 21]. The almost dual prepotential for the
extended affine Weyl group of type A was found by Riley and Strachan in [52], along with
an example of a transformation, known as a (twisted) Legendre transformation, relating a
rational A-type solution to a trigonometric A-type solution. The almost dual prepotentials
for the BC' D-type extended affine Weyl groups were found in [21]|. Recently, the Ga-type
almost dual prepotential was derived by Wright [62|, using the corresponding Landau-
Ginzburg superpotential found by Brini and van Gemst [8]. In the ADE case, Brini, Ma,
and Strachan [9] have shown that the almost dual Frobenius manifolds for the extended

affine Weyl groups are isomorphic to the Frobenius manifold structures considered in [10].

1.2.3 Other developments

Elliptic solutions of the WDVV equations have also been found, from the study of both
Frobenius manifolds and supersymmetric gauge theories. Frobenius manifold structures
on the orbit spaces of Jacobi groups, as constructed for types A and B by Bertola in [5],
were shown to have elliptic almost dual prepotentials for types A and B by Riley and
Strachan [53, 57]. Strachan conjectured that this is the case for arbitrary Weyl groups,
and developed an elliptic version of V-systems [57]. Elliptic solutions have appeared
as Seiberg-Witten prepotentials in six-dimensional Seiberg—Witten theory, in works by
Braden, Marshakov, Mironov, and Morozov [44, 7].

The range of constructions associated with Frobenius manifolds has motivated the
definition and study of weaker objects, which typically satisfy some but not all of the

Frobenius manifold axioms. Hertling and Manin introduced the F-manifold, which is,
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roughly, a Frobenius manifold without a fixed flat metric n and without the assumption
that the multiplicative identity is flat [33]. Manin then extended the notion of almost dual-
ity to F-manifolds with a certain flat structure, that is a torsionless flat connection which
is compatible with the multiplication o [42]. Integrable hierarchies of hydrodynamic types
associated with F-manifolds were studied by Arsie and Lorenzoni, leading to the definition
of bi-flat F-manifolds [4, 3]. Bi-flat structures are associated with the multiplication o and
the dual multiplication * defined via a version of almost duality.

Generalised Frobenius manifolds, which satisfy all the axioms of a Frobenius manifold
except quasi-homogeneity and flatness of the identity field, have been defined by Liu,
Qu, and Zhang [39]. A generalised Frobenius manifold locally defines a solution of the
generalised WDVV equations.

1.3 Legendre transformations

Legendre transformations were first defined as a symmetry of Frobenius manifolds by
Dubrovin [18]|. They were later generalised to include symmetries of the generalised WDVV
equations by Strachan and Stedman [59]. In this thesis, we use the definition given in [59],
which we refer to simply as a Legendre transformation. We start with a solution F(¢) of the
generalised WDVV equations, whose domain is (a chart of) an n-dimensional manifold M
with flat metric n, corresponding Levi-Civita connection V, and multiplication o defined
on the tangent spaces. The multiplication can be described by structure constants cfj such
that

n
_ E k
81- @) 8j = Cijak,
k=1

where 0; = % € T,M. A Legendre transformation (F,t,n) (ﬁ,f, ﬁ) is defined by a

choice of vector field § = Y"1 | §°0; € T M such that
XoVyd=YoVyd VX,Y €TM. (1.3.1)

Equation (1.3.1) is called the Legendre field condition. The new structures are defined by

the relations,

Mij = iy (1.3.2)
OF =g
i > ok, (1.3.3)
k=1
2F O*F
0 (1.3.4)

ofiob  otioti

Then F(f) solves the generalised WDVV equations (1.1.2) with metric 7.
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In this language, Dubrovin’s earlier definition of a Legendre transformation corresponds
to the requirement that a Legendre field 0 is flat, i.e. Vxd = 0. When the Legendre field

is flat, one may choose new coordinates ¢ defined by

th = iinijdkajak (F(t)). (1.3.5)

k=1 j=1

The right-hand side of this expression is straightforward to compute. However, to find the
new solution F , one needs to be able to write the second-order derivatives of F' in terms
of { so that relation (1.3.4) can be integrated. This requires that (1.3.5) can be inverted
explicitly; this step typically presents some difficulty and is not always possible. It is still
unclear for which combinations of Legendre field § and solution F' it is possible to find F
explicitly, or what properties one should look for in a Legendre field to allow this.

In [52], a low-dimensional example was presented of a Legendre transformation map-
ping a trigonometric to a rational solution of the WDVV equations. Notably, these two
solutions are respectively almost dual to two prepotentials, themselves connected by an-

other Legendre transformation. We reproduce this example as follows.

Example 1.3.1 [52]. The Legendre transformation produced by the field 6 = 0, trans-
forms prepotential (1.2.2) with r» = 2, which we denote F', into (1.2.4), which we denote F\;
see also [18, Example B.1|. The almost dual prepotential of F'is given by the trigonometric

solution

1

1 1
F* — —plp2 (CL’l +:L‘2) L ((Il)S I (1:2)3> 41 <Li3 <€$1_$2> 4 Liy <e$2_$1>> '
4 12 2
The almost dual prepotential of Fis given by the rational solution

P = 1 () 1og (1) + § (%) 1os (7)° — (' — )’ log (2 — )"

o |

The functions F* and F™* are connected by a “twisted” Legendre transformation generated
by the field E 0§, where E' is the Euler field associated with F.

Strachan and Stedman showed that the twisted field F o § of a Legendre field 9 for a
Frobenius manifold M is always a Legendre field for the almost dual of M [59]. More re-
cently, other properties of Frobenius manifolds related by Legendre transformations have
been studied. In [63], Yang found that two semisimple Frobenius manifolds related by
a (flat) Legendre transformation share the same monodromy data. Liu, Qu, and Zhang
showed that certain integrable hierarchies associated with (generalised) Frobenius mani-
folds related by Legendre transformations are themselves related by linear transformations
[40]. In this last work, the authors also showed that Legendre transformations produced by

homogeneous Legendre fields map Frobenius manifolds to generalised Frobenius manifolds
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[40, Proposition 2.7|; conversely, certain flat Legendre fields map generalised Frobenius
manifolds to Frobenius manifolds.

The Legendre field condition (1.3.1) appears in an equivalent form in work by Loren-
zoni, Pedroni, and Raimondo on integrable hierarchies associated with F-manifolds [41].
In this paper, (1.3.1) characterises the symmetries of these integrable hierarchies, which
generalise the principal hierarchy defined for Frobenius manifolds in [18]. Solutions of

(1.3.1) act as generators for commuting flows.

1.4 Present work and thesis structure

1.4.1 Main results

The focus of this thesis is two-fold. We explore the conditions in which a Legendre trans-
formation can be defined for two-dimensional Frobenius manifolds. We then investigate
specific examples of Legendre transformations which map rational solutions of the WDVV
equations to trigonometric solutions. These mappings give rise to a new family of trigono-
metric solutions associated with (deformations of) a root system of the Weyl group A,.

The two overarching questions that motivate this work are:
(I) When is a vector field a Legendre field?

(II) What happens to (rational) solutions of the WDVV equations under a Legendre

transformation?

The results presented in this thesis can be thought of as investigating these two questions

in restricted settings.

I The Legendre field condition for two-dimensional Frobenius manifolds

We begin by studying the Legendre field condition (1.3.1) for each of the two-dimensional
Frobenius manifolds listed in Example 1.2.1 (Chapter 3). We describe all homogeneous
Legendre fields for these manifolds.

Consider an arbitrary vector field § = ud; + vd,, for some functions v = wu (t!,1?),
v = v (t',#?). Then § is a Legendre field for a two-dimensional Frobenius manifold M
with multiplication o, metric 7, and associated Levi-Civita connection V if (1.3.1) is
satisfied.

For prepotentials (1.2.1)-(1.2.5), we show that (1.3.1) is equivalent to the system of
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partial differential equations

ou ov

o5 = (1.4.1)
ou  Ov

where 90 = ¢ (0, 0o, 02) is dependent on the Frobenius manifold in question.

We obtain general solutions to (1.4.1), (1.4.2) for the trivial Frobenius manifold de-
scribed by (1.2.1).

In cases (1.2.2)—(1.2.5), we restrict our attention to homogeneous Legendre fields; that

is, we assume that 0 additionally satisfies
Lgd = po, (1.4.3)

where F is the Euler field of the Frobenius manifold and i € C is the degree of homogeneity
of 6. We find that (1.4.3) implies that the components of § have the form

(1.4.4)

where A(z), B(z) are unspecified functions, and both z = z (t!,#?) and o € C depend on
the Frobenius manifold. Substituting the ansatzes in (1.4.4) into (1.4.1), (1.4.2) produces
a pair of ordinary differential equations (ODEs) in A(z), B(z) of the form

2(1=2)X"(2) +[c— (a+ b+ 1)2]X'(2) — abX (2) = 0, (1.4.5)

where X = A, B. The parameters a,b,c € C depend on the choice of X, on the degree
of homogeneity p, and on the Frobenius manifold. The ODE (1.4.5) is a hypergeometric
differential equation. We use the extensive literature on solutions of hypergeometric dif-
ferential equations, and other methods, to describe all homogeneous Legendre fields for
the Frobenius manifolds (1.2.2)—(1.2.5).

For the prepotential (1.2.6), we show that the potential of a Legendre field must satisfy
the wave equation

9’h  0h
a2 o)

The potential h = h(t',#?) is a scalar function that defines a Legendre field § via the
relation § = gradh = 3=, ;7"0;(h)0;. We find that a homogeneous Legendre field in this

case must be of degree 0 or —1.

We also consider a specific example of twisted Legendre fields for the almost dual of
the Frobenius manifold on M4, = C?/A,, that is the almost dual Frobenius manifold to
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F(t) as written in (1.2.5) with £ = 4. As we have seen in Example 1.2.2, the almost dual
prepotential is the A-type rational solution (1.2.8), given here in the coordinates z. We
are interested in flat twisted fields, that is Fod = ad,1 + £0,2 for a,, B € C. We show that
for some vector field § to produce a flat twisted field, it must be homogeneous. Using the

homogeneous Legendre fields for the Frobenius manifold (1.2.5), we describe all Legendre
fields ¢ for M 4, such that E o ¢ is flat.

II Legendre transformations connecting rational and trigonometric solutions

We apply Legendre transformations, for certain flat Legendre fields, to families of rational
solutions associated with multi-parameter A- and B-type V-systems (respectively Chapters
5 and 6). The resulting solutions are trigonometric in all cases studied here. We relate these
trigonometric solutions to existing solutions in the literature; in doing so, we generalise
results from [35, 51, 56| by introducing a new family of (n + 3)-parameter A, i-type
trigonometric solutions of the WDVV equations (Chapter 4).

The following A- and B-type V-systems were found by Chalykh and Veselov [11]. Let

A, (k) be the n-parameter collection of vectors

An(k) = { ket <i <nfu{Riksle - )1 < i< j < nj,

where k = (kq,...,k,) € C" describes the deformation parameters, and ey, ..., e, is the
standard basis of C". The root system of type A, (in a non-standard realisation) is

recovered by setting all k; = 1. Similarly, B, (k) is the (n + 1)-parameter configuration

By (k) = {\/2/@(1@ T ho)eill <i< n} U {\/kikj(ei te)l<i<j< n}

with deformation parameters k = (ko, k1, ..., k,) € C""!. The root system of type B, is
recovered by setting kg = —% and k;, =1V 1<i<n.

A-type solutions:

The family of rational solutions associated with configuration A, (k) is given by

Fiiv(x) = Z ki (xi)Qlog («') + Z kikj (o — xj)2 log (o —a7) (1.4.6)
=1

1<i<j<n

for x = (z!,...,2™) € C". In Chapter 5, we apply Legendre transformations generated by
the fields 0g = 0,~, for arbitrary v € {1,...,n}, and dw = > ,_, O,». In the Coxeter case
k; = 1, the field 6z corresponds to a root vector while the field dy corresponds to the nt?
fundamental weight of A,,.

We find that Legendre transformations via both g and oy applied to F;f(k) produce



CHAPTER 1. INTRODUCTION 14

trigonometric solutions of the form

n 3
FEE () = 3 momsf (- ) +a (z my)
1<i<j<n i=1
+b (Z mzyz> (Z mgﬂ?) + CZ myy;. (1.4.7)
i=1 j=1 i=1

The parameters a,b,c € C and m = (my, ..., m,) € C" are all functions of the parameters
k;. In the Coxeter case, both types of Legendre transformation produce solutions which

are equivalent to each other and to (1.4.7) with all m; = 1 and special values of a, b, c.

Example 1.4.1. The almost dual A, prepotential ' = I} (x) as written in (1.2.8) is in-
cluded in the family (1.4.6) when k; = 1. Applying the Legendre transformation generated
by 0,1 to F produces the solution

2 .
(#)° + (3")° 4 + 23" (#)° - 5 (#%)" — 5 Lig ().
where 2 are new coordinates defined by the transformation. The function F can be written

in the form (1.4.7) when n = 2 using the following relations (c¢f. Theorem 5.4.1):

3. 3, .
Y1 = —§$1, Y2 = 5 (xz —.751),
my = My = ]_,
1 1 2
= —— b= — = _—_.
“= Ty 2 ‘T3

Hoevenaars and Martini showed that functions of the form (1.4.7) satisfy the WDVV
equations when m; = 1Vi € {1,...,n}, under some conditions on a,b, ¢ [35] (note that
this result appears explicitly only in the preprint version of [35]). The solutions found
in [35] include the Legendre transformations via ép and oy of Fj‘it(k) in the undeformed
case where all k; = 1. However, the Legendre transformations for arbitrary k are not in
general equivalent to solutions in [35], or to other known A-type trigonometric solutions
(for example, those found in [49, 51, 10, 2, 56]). This motivated the question of whether
functions of the form (1.4.7) satisfy the WDVV equations for arbitrary m.

We therefore state and prove the following theorem in Chapter 4.

Theorem 1.4.2 (cf. Theorem 4.0.1). Let F = Fﬁ‘j‘i denote the function given by (1.4.7),
and let M =" m;. Suppose that bM + 3c # 0, aM?* +bM + ¢ # 0, and m; #0Vi €
{1,...,n}. Thenn = >_,_, F) is a constant non-degenerate matriz. Furthermore, F

solves the generalised WDV'V equations with () = n if the following relation holds:

46° M + 6b%c — 108ac® + 3aM? + 3bM + 3¢ = 0. (1.4.8)
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Conversely, the WDV V equations (1.1.2) imply relation (1.4.8) when n > 3.

The trigonometric solutions of the form (1.4.7) connect several existing results in the
literature. In particular, they draw directly on work by Hoevenaars and Martini, being
multi-parameter deformations of (1.1.5). The A-type trigonometric solutions found by
Riley and Shen are also included for special values of the parameters a, b, c, m, as shown

in Section 4.3.

B-type solutions:

The family of rational solutions associated with the V-system B, (k) is

Fitoy =Y 2ki(ko + ki) (2")’log(z') + Y kikj(a’ £27)*log(a’ £27),  (1.4.9)
=1

1<i<j<n

1...,2") € C" [11]. In Chapter 6, we apply Legendre transformations via the

for z = (x
fields 0 = 0, for arbitrary v € {1,...,n}.

We find that the resulting solutions belong to a large class of trigonometric solutions
associated with the non-reduced root system BC,_ 1, found by Alkadhem and Feigin [2]

(see also [49]). In general, these solutions have the form

. 1 n—1 n—1
Fge, , = §fg + hé&o Z mi&; + A Z m; f(&)
=1 =1
- 1
#AX (st qamin = 1)) 5260 0 Y mymfig = i6)

1
i=1 1<j<k<n—1

with coordinates £ = (&,&1,...,&-1) € C", and independent parameters ¢,r,s € C,
m = (my,...,m,_1) € C""!. The constants h, A are functions of ¢, r, s, m;.
The solutions obtained by Legendre transformations from F ]git(k) form a sub-class of
trig

solutions of the form Fp~ .

1.4.1.3 Explanatory schematic diagrams

Included below are two schematics showing the relationships between different objects
studied in this thesis. Figure 1.1 depicts the main classes of known solutions of the
WDVYV equations that are relevant to this work, mappings between different solutions,
and some of the new results discussed above. In this diagram, horizontal arrows indicate
that two solutions are related by almost duality for Frobenius manifolds. Vertical arrows
(annotated with “LT”) represent a Legendre transformation. Red dashed lines represent a
new result presented in this thesis.

In Figure 1.2, red arrows represent Legendre transformations generated by different

Legendre fields. Frobenius manifolds are depicted as a subset of generalised Frobenius
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manifolds, as defined by Liu, Qu, and Zhang [39].

/ Generalised WDVV (with flat metric)
/Ordinary WDVV ~ Frobenius manifold\ m-'(ational solutions from v-system}

- - Deformations of
Polynomial prepotentials Coxet Tover
oxeter root systems
Orbit spaces Almost duality
of finite
Coxeter
groups [18] / - [11] [29
Cases 1,6 /' H
LT/~ I
2D f s i Trigonometb
on = - - 1
Cases 3,4 ﬁ /New family X v-systems
ase 1
L N | of A-t.ype ]
Orbit spaces K k A, i solutions ! 2]
of extended = 1 [34] ]
H 1 1
affine Weyl ALK Ll agy| (54

groups  21,20] — ) o g
\ Trigonometric solutions j/

Figure 1.1: Relationships between different classes of solutions of the WDVV equations.

1.4.2 Structure of the thesis

Chapter 2 presents a self-contained overview of the theory of Frobenius manifolds and the
WDVYV equations, with an emphasis on the material most relevant to subsequent chapters.
We introduce the notational conventions used throughout the thesis in Section 2.1.

Section 2.2 introduces the WDVV equations and associated differential-geometric prop-
erties. We begin with the generalised WDVV equations and build up to the more restricted
ordinary WDVV equations, which appear in the context of Frobenius manifolds. This ma-
terial is well-known but some results are reformulated to be applicable to the generalised
WDVV equations. For example, we show that the generalised WDVV equations with
constant () are equivalent to the flatness of a certain deformed connection, first defined
by Dubrovin for Frobenius manifolds in [18].

In Section 2.3, we provide definitions and examples of basic concepts related to Frobe-
nius manifolds. This includes a subsection on the Frobenius manifolds defined on the orbit
spaces of Coxeter groups, which correspond to polynomial prepotentials. The material in
this section closely follows Dubrovin’s works |18, 20].

Section 2.4 discusses symmetries of the WDVV equations; in particular, we focus on
almost duality for Frobenius manifolds, inversion, and Legendre transformations. In Sub-
section 2.4.1, on almost duality, we present an important result from [20], which states that

the almost dual of a polynomial prepotential is given by a rational solution. In Subsection
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Generalised WDVV (with flat metric)

?
f
- '~/ N
Generalised I
| f \ \ Almost duality *
Frobenius F F
manifolds:
Twisted
Gen. WDVV + Euler field Flat agon
O | Legendre " | Legendre
field field
Homogeneous
Legendre fields
’IE Almost duality IIE*
(some) flat Frobenius [67]
Legendre fields manifolds

< _

Figure 1.2: Transformations of Frobenius manifolds produced by Legendre fields with
different properties.

2.4.2, on the inversion symmetry, we show that the two two-dimensional Frobenius mani-
folds given by prepotentials (1.2.3) and (1.2.4) are related under inversion. In Subsection
2.4.3, we define Legendre transformations for solutions of the WDVV equations following
results in [59]. Dubrovin’s definition of Legendre transformations is discussed as a spe-
cial case. We also discuss Legendre transformations in combination with almost duality,
looking at twisted Legendre fields for almost dual Frobenius manifolds as introduced in
[59]. Note that Subsection 2.4.3 includes a few unpublished results. Propositions 2.4.26
and 2.4.27 deal with properties of homogeneous twisted Legendre fields. All Legendre
fields are shown to have potential functions in Theorem 2.4.31, and the remaining results
in § 2.4.3.3 explore relations between properties of Legendre fields and properties of their
potentials.

In Section 2.5, we present some important known classes of rational and trigonometric
solutions of the WDVV equations. Subsection 2.5.1 summarises the theory of (rational)
V-systems, following material in [60], [27]. We see that certain root systems of Coxeter
groups are examples of V-systems, and that the corresponding rational solutions are exactly
the almost dual prepotentials for the polynomial Frobenius manifolds. Multi-parameter
deformations of A- and B-type root systems, found in [11], are defined. In Subsection 2.5.2,
we discuss trigonometric solutions. Trigonometric V-systems, as developed by Feigin and
Alkadhem in [24], [2], and their corresponding solutions are introduced. We review other

families of trigonometric solutions related to root systems: of particular relevance are
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results from [35, 51, 56].

In Chapter 3, we analyse the Legendre field condition in the context of each of the
two-dimensional Frobenius manifolds in turn. Section 3.1 presents some general consider-
ations valid for the Frobenius manifolds (1.2.1)—(1.2.5), followed by a brief overview of the
hypergeometric differential equation and its solutions in Section 3.2. The results for each
Frobenius manifold are presented in Subsections 3.3.1-3.3.6, labelled Cases 1-6, following
the ordering used in Example 1.2.1.

The almost dual structure of the Ay Frobenius manifold, with prepotential (1.2.7), is
discussed in Section 3.4. Twisted fields for arbitrary vector fields are found in Subsection
3.4.1. In Subsection 3.4.2, we find the Legendre fields for the original Frobenius manifold
which produce flat twisted fields for the almost dual.

Section 3.5 deals briefly with the Legendre field condition in canonical coordinates for
the semisimple Frobenius manifolds (1.2.2)—(1.2.5). This section is the result of comments
by Paolo Lorenzoni, whom I would like to thank for his input.

In Chapter 4, we introduce a new family of trigonometric solutions of the WDVV
equations. Theorem 1.4.2 is proved in Section 4.1. In Section 4.2, we discuss the case
when bM +c¢ = 0. We show that the function FXE _ still satisfies equations (1.1.2) when @
is not in general a linear combination of its third-order derivatives. The results of Sections
4.1 and 4.2 are published in [25]. In Section 4.3, we show that trigonometric solutions
found in [51], [56] are equivalent to inE . for special values of the parameters a, b, c.

In Chapter 5, we investigate Legendre transformations of A, -type rational solutions.
Section 5.1 discusses the geometrical meaning of the chosen Legendre fields for the root sys-
tem case. In Section 5.2, we consider the Legendre transformation produced by a Legendre
field of the form %, for arbitrary v € {1,...,n}, and find the resulting (trigonometric)
solution. In Section 5.3, we carry out the same process for the Legendre field ) . , %.
Both types of Legendre transformation produce trigonometric solutions; we show in Sec-
tion 5.4 that the two resulting families of functions are sub-classes of the family FE:% )
introduced in Chapter 4. The results of Section 5.2 and some results from Section 5.4
were published in [25].

In Chapter 6, we explore Legendre transformations of the B,,-type rational solutions.
In Section 6.1, we compute the result of applying a Legendre transformation produced by
the field %, for arbitrary v € {1,...,n}, to Fg’:(k). In Section 6.2, the resulting solutions
are shown to form a subclass of the BC,,_;-type trigonometric solutions obtained in [2].
The results of this chapter are published in [25].

In Chapter 7, we comment on future research directions suggested by the problems

explored in this thesis.



Chapter 2

Background

2.1 Notation and terminology

This section introduces the basic objects and notation used in the thesis. Familiarity with
fundamental concepts from differential geometry is assumed. Note that although many
concepts are introduced in the smooth setting, one can equivalently take all geometric

data associated with a manifold to be holomorphic.

2.1.1 Differentiable manifolds

Let M be an n-dimensional smooth complex manifold, with a local coordinate system
u = (u',...,u") defined on an open chart Y C M. We denote

u T Qui’

and by default take the induced bases e; = d; on T,M and e’ = du’ on Ty M, where p € U

and 1 < i < n. We will often use multiple coordinate systems; for example, if also we have

a coordinate system @ = (a',...,4") on M we denote
~ 0
81 - 8A7, - .
uout

The spaces C*°(M), X(M), and Q'(M) denote the spaces of smooth functions, vector

fields, and one-forms on M, respectively.

2.1.2 Einstein summation

The Einstein summation convention is used throughout and is described as follows: an

undefined index repeated once as a subscript and once as a superscript implies summation

19
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over this index. For example, a vector field may be written

X = X'9; == ZXZ&».

2.1.3 Lie derivatives

The Lie derivative, or Lie bracket, of two vector fields on a differentiable manifold is
denoted
LxY =[X,Y]:=X(Y)-Y(X)=X0;(Y)9; —Y'0; (X7) 9;

for X = X0, Y =Y'9; € X(M).
The Lie derivative of a smooth function with respect to a vector field is defined as the

directional derivative, so that
Lxf=X(f) = X'0i(f)

for X = X0, € X(M), f € C®(M).

2.1.4 Metrics on a manifold

We work almost exclusively with pseudo-Riemannian manifolds M equipped with a metric
n, which can equivalently be represented as an inner product (-, -). A metric is a symmetric
nondegenerate C-bilinear form on each tangent space 7, M varying smoothly with p € M.
For pseudo-Riemannian manifolds, there is no requirement that the metric is positive-
definite.

The metric can be represented in a coordinate system u by its Gram matrix (7;;) with
entries 1;; = (0;, 0;). We say that n has (covariant) components 7;;.

The inverse of the Gram matrix of 7 describes the components of the inverse, or
contravariant, metric 1. We denote the components of n=! as n%.

The metric provides an isomorphism between the tangent space 7, M and the cotangent
space T M; any vector v € T, M uniquely determines a covector o € Ty M via (v,w) =

a(w) for all w € T, M, and vice versa.

2.1.5 Subscripts and superscripts

Lower indices are typically used to denote covariant objects and upper indices used for
contravariant objects.
A coordinate system v may be written using contravariant components u’ or covariant

components u;, where u; = n;;u’ and u' = n"u,;.
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Note that coordinates u’ are preferentially represented with subscripts in concrete
examples; this notation is limited to cases where the covariant components do not appear
at all.

2.1.6 Connections and curvature

Given a pseudo-Riemmanian manifold M with metric 7, the Levi-Civita connection is
the unique affine connection V that is compatible with the metric and is torsion-free. A

connection V is compatible with the metric (and is called a metric connection) if
Vxn:=VxnY,2) —n(VxY,Z) =n(Y,VxZ) =0
for all X,Y,Z € X(M). The connection V is torsion-free if the torsion tensor
TV(X,Y)=VxY - VyX — [X,Y]

vanishes for all X,Y € X(M).

A metric is flat if there exist a set of coordinates ¢ in which the entries of the matrix
1i;(t) = (O, 0y) are constant. The Levi-Civita connection for 7 in the flat coordinates ¢
is simply A

Vil = X(Y) = Xi%
for X = X0, Y = Y'0, € X(M). A vector field X = X0, is said to be flat with respect
to V if

atj

VyX =0

in the flat coordinates ¢, for all Y € X(M); that is, its components X’ must be constant.

2.1.7 Matrices

An indexed matrix M; has entries (Mz)gk = M;jx. For a holomorphic function F(t',... "),

we denote by F; the n x n matrix of third-order derivatives of F' with (7, k)th entry

PF
Fie = Fik = Fggam:

2.1.8 Sets

We include 0 in the set of natural numbers, so that N = {0,1,2,3...}. We denote
A*=A\{0} and A<y, ={a € A|a <k} for aset A CR.
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2.2 The WDVYV equations

The Witten—Dijkgraaf—Verlinde-Verlinde (WDVV) equations were first found in [15], [61]
in the context of two-dimensional topological field theory, where they encode the associa-
tivity of an operator algebra. We refer to the original equations as the ordinary WDVV
equations and introduce them later in § 2.2.2. We begin, instead, with a more general

formulation of the WDVV equations obtained by Marshakov, Mironov, and Morosov.

Definition 2.2.1 (cf. [46]). Let F* = F(t) be a holomorphic function of n complex
variables t = (t',...,t"), defined in an open set U C C". The generalised WDVV equations

are the system of nonlinear partial differential equations

FF'Fy = B FUF; (2.2.1)
where i, 5,k € {1,...,n}.
One can think of U as (a chart of ) some complex manifold with local coordinates !, ... ¢".
We refer to t!,...,t" as coordinates for this reason.

The system (2.2.1) may be rewritten as a particular instance of the equations
FQ'F; = F,Q7'F, (2.2.2)

for a non-degenerate linear combination @ = ¢*F with functions ¢* = ¢* (¢t!,...,t").
In fact, Marshakov et al. showed that these two formulations are equivalent for a given

function.

Proposition 2.2.2 [45]. If a function F satisfies (2.2.2) for some choice of Q = ¢*Fy, it
will satisfy the equations
F,B™'F; = F;B7'F,

for any choice of invertible matriz B = bV*F,, b* = b* (¢, ... t").

We refer to both (2.2.1) and (2.2.2) interchangeably as the generalised WDVV equations,
and say that I is a solution of the generalised WDVV equations if F' satisfies (2.2.2) for

some ().

Remark 2.2.3. The object @ = (Q;;) is a matrix with entries Q;; = ¢"Fy;;. We denote
by Q¥ the entries of the inverse matrix (Q~!. These objects can be used to raise and lower

indices so that we have, for example, t; = Q;;t/ and t' = Q"t;.

Although @ is not required to be constant in (2.2.2), we typically deal with constant Q.

For brevity, we introduce the following terminology:.

Definition 2.2.4. The WDVV equations refer to the system (2.2.2) with constant Q.
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The generalised WDV'V equations are preserved under linear changes of variables and
the addition of quadratic terms to F(t). We formalise a notion of equivalence between

solutions as follows.

Definition 2.2.5. Let F(t), F (t) be two solutions of the generalised WDVV equations

in n variables. We say that F' and F are equivalent if
F(t) = aF (i(t)) + x(t)
where x(t) is a quadratic function, o € C, and the relations
—
are invertible with /{é. € Cforalli,je{l,...,n}.

Although more restricted versions of the WDVV equations can be associated with
richer geometric structures, all solutions of the generalised WDVV equations define an

associative unital multiplication on the tangent spaces of their domain.

Definition 2.2.6. Given a solution F'(t) of the generalised WDVV equations, we define

the symmetric three-point (correlation) function

DPF(t)
i) = Frap o
and two-point function
C?j (t) = leclij(t)- (2.2.3)

Note that cfj is symmetric only in its lower indices.

Proposition 2.2.7. Let F be a solution of the generalised WDV'V equations on U C C".
We define the multiplication o, for p € U as

0; 0p 0; = (). (2.2.4)

Then o, is commutative and associative with identity element e = ¢'0; .

Proof. We begin by rewriting the generalised WDVV equations in terms of ¢:

Ciik Q" Clm = L Q™ Cimn V4, 5,1, m. (2.2.5)
The associativity condition for the multiplication,

0; 0p (05 0p O) = (05 0, 0;) op Ok,
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can be written
ml ml
Q Cuprqujq =Q Ckpopqcijqa

which is equivalent to (2.2.5). Commutativity follows from the symmetry of cf]

To show that e is the identity, we require
eo,0; =0; Vi. (2.2.6)
We have that e o, 9; = ¢’c};0k, so condition (2.2.6) is equivalent to
qjcfj = leqjcijl = 5f~

Multiplying through by Qy, this becomes ¢/c;; = Q;, which is true by definition of Q. [

Where U is (a chart of) a manifold M, we thus have a pointwise multiplication o, on
the tangent spaces of T,M. We often denote this simply as o. However, it is important
to recall that w o v, where u,v are tangent vectors, is only defined if u,v € T, M for the

same p € M.

2.2.1 Solutions with flat metrics

From this point on, we restrict our attention to solutions of the generalised WDVV equa-
tions (2.2.2) where Q(t) is constant. Using definitions from Riemannian geometry, we call

such a matrix @) = n a flat metric.

Definition 2.2.8. Let F'(t) be a solution of the WDVV equations with Q = 1. We define
an inner product (-,-) as

(0i, 05) = mij. (2.2.7)

When U is (a chart of) a manifold M, (-,-) is a nondegenerate C-bilinear inner product
on TM. By definition, this makes n a flat metric on M with flat coordinates ¢t. The
Levi-Civita connection for 7 is denoted V.

Of particular relevance to this thesis are three classes of solutions of the WDVV equa-
tions: polynomial, rational, and trigonometric!. Polynomial solutions F(t), as expected,
are polynomial in t',... " a large class of polynomial solutions is presented in § 2.3.4.
Rational solutions include logarithmic terms, and are discussed in § 2.5.1. Trigonometric
solutions feature the trilogarithm function Liz(z), which is defined in § 2.5.2.

The WDVV equations are trivially satisfied in two dimensions; when n = 2, no choice
of i,j,k can be made such that equations (2.2.1) are non-trivial. We now present a

3-dimensional example of each type of solution, while noting that 2-dimensional cases

IThese terms make reference to the third-order derivatives of the solutions.
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are sometimes studied as restrictions of higher-dimensional solutions or as examples of

Frobenius manifolds.

Example 2.2.9 [18, Appendix A|. The function
1 1 1 1
F (ty,to, t3) = —tit tits + =313 t
(17273) 2 3+21 +4 +60

is a polynomial solution, with metric given by

= o O
o = O
o O =

Example 2.2.10 [60]. The function

F(x1,29,23) Zm log z; + Z z; — ;) log (x; — ;)

1<i<j<3
is a rational solution, with metric given by
3 6 -2 -2
n=>Y zFi=|-2 6 -2
=1 -2 -2 6

Example 2.2.11 [25]. The function

1 )
1
—3 [Li?, (6_4y2) + Lis (e_4y3> + Lis (6—4(y2—y3) }

is a trigonometric solution, with metric given by

6 —2 -2
n=F=\|-2 6 -2
2 2 6

As we will later see, the solutions in Examples 2.2.9, 2.2.10, 2.2.11 are related to each
other through various symmetries of the WDV'V equations.

We can build on Proposition 2.2.7 for solutions with a flat metric to define a family of
algebras with inner products at each point of the region /. To this end, we introduce the

concept of a Frobenius algebra as follows.

Definition 2.2.12 [18, Definition 1.1]. A (commutative) Frobenius algebra A is defined
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as the tuple (A, o,e, (-, >) such that
1. Ais a C-algebra with associative (and commutative) multiplication o : A x A — A

and identity e € A.

2. (-,-) : Ax A — C is a symmetric non-degenerate C-bilinear inner product on A

satisfying the Frobenius condition

(uowv,w) = (u,vow) VYu,v,w e A. (2.2.8)

We consider a smooth, complex, n-dimensional manifold M with flat metric n, Levi-
Civita connection V, and flat coordinates ¢ defined on an open chart Y C M. Let o on
TM denote a pointwise multiplication with identity e, with the restriction of o to 7T, M
denoted o, for all p € Y. We define the (0, 3)-tensor

¢ (u,v,w) = (uowv,w), (2.2.9)

where the inner product is given by (u,v) = n(u,v). Note that T,M is a commutative

Frobenius algebra if ¢|, is symmetric. The covariant derivative Ve is
(VZC> (u7 v, w) =V, (c(u, v, w)) —C (vzua v, w) —C (u’ vzvv U}) —C (uv v, Vzw) )

for u,v,w, z € TM.

Theorem 2.2.13. Let the tensor ¢ given in (2.2.9) be symmetric and let (V,c) (u, v, w)
be symmetric in u,v,w,z. Then there exists a local solution F = F(t) of the WDVV

equations, defined on U, such that its three-point function is given by

O3F

e — 0 . 2.2.1
ka atiatjatk C (81, 0], Gk) ( O)

This solution is unique up to equivalence, as defined in Definition 2.2.5.

Conversely, let F(t) be a solution of the WDV'V equations defined on an open chart
U C M. Then the multiplication (2.2.4) and inner product (2.2.7) define a commutative
Frobenius algebra on T, M for allp € U.

Proof. We repeatedly apply the Poincaré Lemma to show the existence of F' as in (2.2.10).

In flat coordinates for 7, the tensor Ve becomes
(Valc> (81, 8j, 8k) = 810 (81, 8j, 8k) .
Since this is symmetric, we have

O (03,05, 0y) = Oxe (03,05, 0))
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for all k, . By the Poincaré Lemma, there exists a local solution G;;, unique up to constant

7R
terms, such that

& (8,, (‘9j, 8k) = 6kG,]

Similarly, using the symmetry of ¢, two more applications of this method show that there

exists locally some F'(t), unique up to quadratic terms, such that

OPF
m = C(ai,aj,ak) .

To check that this F' satisfies the WDVV equations, we see from
Ciji = ¢ (04,05, 0x) = (0; 0 0j, )
that the multiplication can be written as
0;00; = Uleijlam

where 7%/ are the entries of the inverse matrix () = (n;;)”". We can also rewrite the
WDVYV equations as

km km .
CiikTl " Cimn = CiikT]  Cimn;

this is then satisfied by associativity of o. Finally, we can write the identity as e = ¢*0j

for some functions ¢*(¢). Then we have
¢"cijp = cle, 0, 05) = (0:,0;) = ny,
so we see that the metric has components
nij = q"ciji = ¢" Fr.

For the converse statement, we already have from Proposition 2.2.7 that the multipli-
cation o, defined by F' is associative and unital for all p € . It follows from (2.2.4) and
(2.2.7) that

(05 op 05, 0) = ciji(p),
so we can see that the Frobenius condition (2.2.8) holds by symmetry of n and ¢;j,. O
ko
ij
as the structure constants of the associated Frobenius algebra. The indices of this object

The components of the tensor ¢, = nklclij introduced in Definition 2.2.6 are referred to
may be raised once more to define the cotangent structure constants c}ij =n'ld,.
We now introduce the Dubrovin connection, a one-parameter family of connections on

a manifold M. This is typically defined in the context of a Frobenius manifold. However,
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we already have the required ingredients when working with any solution of the generalised
WDVV equations such that () = 7 is constant.

Definition 2.2.14 [18, Lecture 3|. Let M be a smooth manifold with multiplication o,
flat metric 7, and Levi-Civita connection V. The Dubrovin connection *V depending on

spectral parameter \ € C is defined as
AWxY =VxY +AX oY

for XY € X(M).

Recall that a connection, denoted by V, on a (pseudo)-Riemannian manifold is flat if

the Riemann curvature tensor
R(X, Y) = [VX, Vy] — V[X,y}

vanishes for all X,Y € X(M). The Levi-Civita connection associated with a flat metric

is always flat.

Proposition 2.2.15 [18, Lemma 3.1]. The Dubrovin connection *V on M is flat if and
only if there exists a local solution F' = F(t) of the WDV'V equations such that its three-

point function is given by

PF

Ciji(t) = DL c(0;, 05, 0) , (2.2.11)

where c is the tensor defined in (2.2.9). This solution is unique up to equivalence.

By Theorem 2.2.13, the flatness of the Dubrovin connection is also equivalent to the exis-
tence of commutative Frobenius algebra structures on the tangent spaces of M, provided

that Ve is symmetric.

2.2.2 The ordinary WDVYV equations

We now set up the original formulation of the WDVV equations, which appears in the
context of Frobenius manifolds (see [18, Equation (1.14)]) and which we refer to as the
ordinary WDVV equations. Note that the ordinary WDVV equations are obtained from
the generalised WDVV equations (2.2.2) by setting n = Q where ¢* = §y;, so that the

multiplicative identity is given by e = 0;.

Definition 2.2.16. Let F' = F(t) be a holomorphic function of n complex variables

t = (t*,...,t"), defined up to quadratic terms on some open set U > t. The ordinary
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WDVYV equations are the system
Fay\Fy = i 'F, (2.2.12)

where 1 := F} is a nondegenerate matrix with constant entries.

It is useful to distinguish between solutions to the ordinary WDVV equations in general
and those which are quasi-homogeneous; the quasi-homogeneity condition which follows al-
lows a solution to be associated with a Frobenius manifold. We refer to quasi-homogeneous

solutions to the ordinary WDVV equations as prepotentials to highlight this distinction.

Definition 2.2.17. A prepotential F(t) is a solution to the ordinary WDVV equations
(2.2.12) such that
F (<Mt o e™t") =R (.. ")

for any ¢c € C*, and some dy, . ..,d,,dr € C. The numbers dy, ..., d, are called the degrees
of F', and are often normalised so that d; = 1. The constant d = 3 — dp is called the

charge of F'.

The quasi-homogeneity of a prepotential F' = F(t) can be rewritten in terms of a
vector field £ = E'0;, known as the Euler vector field. The Euler field is such that

LpF = E'0; (F) = dpF + quadratic terms. (2.2.13)

2.3 Frobenius manifolds

In this section, we provide an overview of Frobenius manifolds and some related structures
which are most relevant to this thesis.

We will find that the previous sections have already introduced everything needed to
define a Frobenius manifold. The formal definition of these structures, and much of the
surrounding theory, was developed by Boris Dubrovin to provide a geometric interpretation
of the ordinary WDV'V equations. In particular, we will see that there is a correspondence
between prepotentials and Frobenius manifolds.

We denote by a subscript p the restriction of a pointwise-defined object on T'M to the
tangent space 1, M.

Definition 2.3.1 [18, Definition 1.2]. A Frobenius manifold M is defined by the tuple
(M,o,e,n, E), where M is a manifold, such that

1. Every tangent space 7T, M has a commutative Frobenius algebra structure
(T,M, 0y, €p, (-, -)p) depending smoothly on p € M.



CHAPTER 2. BACKGROUND 30

2. The inner products (-, ),, p € M, define a flat metric on M, denoted 7. We denote

by V the Levi-Civita connection for this metric.
3. There exists a flat vector field e which is the identity for o.
4. The tensor field ¢ defined in (2.2.9) has a totally symmetric covariant derivative Ve.

5. There exists a vector field E € X(M), called the Euler vector field, with the following

properties:

(d) Lgn=(2—d)n, whered € C is called the charge of the Frobenius manifold.

Property 2 of the definition of a Frobenius manifold means that there locally exist coordi-
nates t', ... t" on M with respect to which 7 is constant. Property 5(b) may equivalently
be replaced by the invariance requirement Lrc = (3 — d)c.

We have previously seen that solutions of the WDVV equations defined on a manifold
are associated with a (flat) metric and Frobenius algebra structures on the tangent spaces.
Combining this with the property of quasi-homogeneity lets us associate a Frobenius man-

ifold structure to a prepotential, and vice versa.

Theorem 2.3.2 [18, Lemma 1.2|. Any prepotential F(t) on a chart U C M, with d; # 0,

defines a Frobenius manifold structure on U as follows:

1. The multiplication, identity field, and inner product are given by Proposition 2.2.7
and Definition 2.2.8.

2. The Euler vector field E(t) is given by (2.2.13).

Conversely, any Frobenius manifold has a local structure corresponding to some solution
of the WDV'V equations.

We can define a notion of equivalence for Frobenius manifolds as follows.

Definition 2.3.3 [18, Definition 1.3]. Let M and N be two Frobenius manifolds with
metrics 7, & and Euler fields Ey, Ex respectively. We say that M and N are (locally)

equivalent if there exists a (local) diffeomorphism ¢ : M — A such that, over some open

UC M with pel:
1. The differential ¢, : T,M — Ty, is an algebra isomorphism.

2. &op) (0 (w), ¢ (v)) = anp(u,v) for all u,v € T,M and some nonzero « € C.
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The final condition is an addition from [62, Def. 2.2.10|; we include this for the same
reasoning as provided by Wright, namely that we expect the Euler vector field to be the
same object under an equivalence of Frobenius manifolds. The first two conditions are
enough to ensure that ¢.(E ) is an Euler field for A/, but not strong enough to imply
that ¢.(Em) = En-

Equivalence of prepotentials is given in Definition 2.2.5. We might expect the pre-
potential F of a Frobenius manifold M to be given by the pullback ¢*F(t) = F (¢(t)),
t € M, where F is the prepotential of a Frobenius manifold N equivalent to M; however,
this is not always the case (see [18, p.17] for an example).

In two dimensions, the WDVV equations are trivially satisfied. However, the quasi-
homogeneity condition and the form of the metric n = F} specify six unique (families of)
prepotentials up to equivalence. For the derivation of the following prepotentials, see [18,
Lecture 1] and [34, § 3.4].

Example 2.3.4. The prepotential F' = F(t1,t,), Euler field £ = E(t1,ts), and charge d

for each of the 2D Frobenius manifolds are given in Table 2.1 below.

Prepotential Euler field Charge Parameter

F = %titg E=t0, d=1 (2.3.1)
F = %titg +ert2 E = 1,0 + rd, d=1 r£0 (2.3.2)
F = %tftz + log ty E =10, — 2ty0, d=3 (2.3.3)
F = %tftg +t3logty  E =101 + 2ty0, d=—1 (2.3.4)
F:%tftfrt’; E:t181+k31t282 d#—1,1,3 k:% (2.3.5)
F = étf + %tltg + gtg’ E = 1,01 + 120, d=0 k#0 (2.3.6)

Table 2.1: The two-dimensional Frobenius manifolds.

In cases (2.3.1)-(2.3.5), the metric with respect to (t1,1s) is

( )

Since the three-point functions c¢;j; only differ when ¢ = j = k = 2, we can write the



CHAPTER 2. BACKGROUND 32

multiplication o for these five Frobenius manifolds as

0;00; =1 0y i # 5 (2.3.7)

In case (2.3.6), the metric is given by the identity matrix /5. The multiplication for this
Frobenius manifold differs from (2.3.7) in that

82 O 82 = k}ag

2.3.1 The intersection form

The Euler field of a Frobenius manifold M can be used to produce a new flat metric on
M, which we refer to as the intersection form. We follow Dubrovin — see [18, Lecture
3] — in defining this first as a contravariant metric: that is, an inner product on T M,
p € M. Recall that we may identify tangent and cotangent spaces on M via the inner
product (-, ).

Definition 2.3.5. Let M be a Frobenius manifold with Euler field E, flat coordinates
t for the metric 1, and other arbitrary local coordinates x. We define the inner product
() onTyM,peM,as

(wl,wg)* ‘= LE (wl @) wg)

for wy,wy € Q' (M), where 1 denotes contraction with the Euler field. The intersection

form of M is the metric g with contravariant components
g7 (x) = (da', da?)*.
In the flat coordinates ¢, this becomes
g (t) = E*(t)c (t). (2.3.8)

For the intersection form to describe a well-defined (covariant) metric at p € M, ¢

must be invertible at this point.

Definition 2.3.6. The discriminant locus of a Frobenius manifold, denoted I, is the set
of p € M for which the matrix (¢¥) (p) is degenerate. Equivalently, Y is the set of points

at which F is not invertible as an operator of o-multiplication.

On M\ X, the intersection form specifies a metric on the tangent bundle with covariant

components g;; such that
-1

(955) = (9")



CHAPTER 2. BACKGROUND 33

The inner product
(03, 05) == gi;

is then dual to (-, -)". We denote by g the metric on T'M, where it is well-defined, and use
g~ ! to denote the metric on T* M.

Remarkably, the intersection form is flat. A proof of this key result may be found in
[18, Lecture 3]. The two flat metrics of a Frobenius manifold can be related using the

multiplication and the Euler field.

Proposition 2.3.7 [18, Lecture 3|. Let M be a Frobenius manifold with metric n defining
the inner product (-,-), and intersection form g defined on M\ ¥. Then we can relate n
and g via

(u,v) = (E~' o, ) (2.3.9)

for allu,v e T,M, pe M.

Remark 2.3.8. We note briefly that the intersection form can be used to construct the
monodromy group of an n-dimensional Frobenius manifold, following [18, Appendix G].
The metric g is locally Euclidean, so one can define a local isometry between C™ and the
universal covering of M\ ¥. This isometry is defined by a (multivalued) mapping between
the flat coordinates of g, denoted z, and the flat coordinates ¢ of the metric . There

exists a representation u of the fundamental group, m; (M \ X), on C", so that
p:m (M\X) = E(n)

where E(n) is the group of isometries on C". The monodromy group is then defined as
the image p (m (M \ X)).

2.3.2 Flat pencils of metrics

The two metrics n and ¢g form a natural structure known as a flat pencil of metrics.

This structure, together with additional properties, can be used to completely describe a
Frobenius manifold: see [17] for the full construction.

Let M be a smooth n-dimensional manifold with a metric g and local coordinates

1 n

Uy, U

denoted V, can be uniquely described by the Christoffel symbols I‘fj such that

in which the metric has components g¢;;. The Levi-Civita connection for g,
Vigi; = Okgi; — Thigiy — T gim = 0,
Il =T%.

The metric g induces a contravariant metric g~ on M, or bilinear form (-,-)* on Ty M,

where g1 has components ¢” = (du’,du?)" and the matrix (¢¥) is the inverse of (g;;).
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Then the Christoffel symbols can be defined as

1
[‘fj = §gkl (0igi; + Oj9a — 019i5) »

and we introduce the contravariant Christoffel symbols,
Iy = —gilffk.

Definition 2.3.9. Let M be a smooth complex manifold with two non-proportional met-
rics g1, g2. The corresponding Levi-Civita connections, denoted V; and Vs, have asso-
ciated contravariant Christoffel symbols F?,;, Fgﬁ. We define a pencil of metrics as the

contravariant metric with components
97 = g7 + g3, (2.3.10)

1

where A € C and g; ', g, are the contravariant metrics corresponding to g;, g2, respec-

tively.

Definition 2.3.10 [18, Definition 3.1|. The two metrics g;, go are said to form a flat pencil
if

1. The corresponding Levi-Civita connection for the metric (2.3.10) has contravariant
Christoffel symbols
Ty =T% +A\T%,.

2. The metric given in (2.3.10) is flat for all A € C.

Proposition 2.3.11 [18, Proposition 3.2|. Let M be a Frobenius manifold with metric n

and intersection form g. Then the metrics n and g form a flat pencil.

2.3.3 Semisimplicity

We now introduce the notion of semisimplicity for Frobenius manifolds. Semisimple Frobe-
nius manifolds form an important and well-studied class; this includes the Frobenius man-
ifolds associated with Coxeter groups which we discuss in the following section.

Recall that an algebra A is called semisimple if it contains no nilpotents; that is, it

contains no nonzero elements a € A such that a™ = 0 for some n € N.

Definition 2.3.12. A point p in a Frobenius manifold M is said to be semisimple if
the Frobenius algebra defined on its tangent space 7,M is semisimple. The Frobenius

manifold M is said to be semisimple (or massive) if a generic point on M is semisimple.
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Remark 2.3.13. The Frobenius manifolds in Example 2.3.4 are all semisimple, with the

exception of (2.3.1).

A semisimple Frobenius manifold comes equipped with a set of distinguished coordi-
nates in which many of the geometric objects associated with the manifold have simple

forms.

Proposition 2.3.14 [18, Lecture 3, Main lemma|. Let M be an n-dimensional semisimple
Frobenius manifold, with some semisimple point p € M. Then there exists a set of local

coordinates u', ..., u"™ on a neighbourhood of p such that
8@' O 8j == 5@@,

where

B 0
out

The coordinates u' are called canonical coordinates. The canonical coordinates, as func-

0;

tions of the flat coordinatest of n, may be found as particular linearly independent solutions

of the system of equations

Ot iy = 200U
ot 9\ Bt op

The canonical coordinates are also defined as the roots u = 1’ of the characteristic equation
det (g”(t) —un”(t)) =0,
see [18, Proposition 3.3].

Example 2.3.15 [18, Lecture 3|. For the 2-dimensional Frobenius manifolds described by
(2.3.3)-(2.3.5), the flat coordinates t and canonical coordinates u are related as follows:
ul _|_ u2 (ul _ u2)26+1

th = = 2.3.11
2 2(2¢ + 1) ( )

The constant € € C parametrises the Frobenius manifolds, with value e = 1/2 correspond-
ing to (2.3.4), e = —3/2 corresponding to (2.3.3), and € # +1/2, —3/2 corresponding to
(2.3.5). The value e = —1/2 corresponds to the Frobenius manifold described by (2.3.2)
when r = 2; in this case, the canonical coordinates are given by

u' + u? 1 9

TR = 51ogu1 — (2.3.12)

th =

The Euler vector field, inner product, and intersection form on a semisimple Frobenius

manifold M can be expressed in terms of the canonical coordinates, as follows.
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Proposition 2.3.16 [18, Lecture 3]. Let u’ be the canonical coordinates on the neighbour-

hood of some semisimple point p € M, with 0; = a?u" Then,

1. The inner product (-,-) is diagonal in u:
(0, 05) = mia(u)dy.

The components of n have the form

(U) 8ul 1(1,6)
2. The unity vector field e has the form

GZZ@

3. The Euler vector field has the form

4. The intersection form is given by
9" (u) = u'ng;'bij.

Semisimple Frobenius manifolds can be completely described by a function of one

variable, known as a Landau-Ginzburg (LG) superpotential.

Definition 2.3.17 [18, Appendix I|. Let M be an n-dimensional semisimple Frobenius
manifold with flat coordinates ¢t and canonical coordinates u defined on a chart of M.
The LG superpotential of M is a holomorphic function A(p), where p depends on ¢t =
(t',...,t"), such that the canonical coordinates u are given by the critical points of A(p).
That is,

where the ¢* are such that

dA

W (¢'(t)) =0 forie{1,...,n}.

Theorem 2.3.18 [18, Appendix I|. Any semisimple Frobenius manifold M with charge
d <1 can be described by a superpotential A(p). In the flat coordinates t of M, the metric
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n, intersection form g, and tensor field ¢ are given by the residue formulas

() =Y 7’_65—@ WO,

i=1 P71 X
—~  3i(log)) 9 (log \)
(L) = res dp,
9is(1) Zz:;pmzi (log \)’ b
9NN a0
ciji, =1 (09; 0 0;,0k) = ;pm(fi ])\/ dp,
where N = )
dp

2.3.4 Coxeter groups and their orbit spaces

A subclass of the semisimple Frobenius manifolds are closely related to Coxeter groups,
otherwise known as reflection groups. Saito, for example in [54|, established that the
orbit spaces of Coxeter groups admit certain flat structures; this work was then used
by Dubrovin to show that these orbit spaces are Frobenius manifolds with polynomial

prepotentials.

2.3.4.1 Coxeter groups and root systems

In this section, we set V' to be a real n-dimensional vector space and denote by (-,-) the
Euclidean inner product on V. We now make precise some of the important features of
Coxeter groups, following Bourbaki [6].

We denote by O(V') the orthogonal group over V.

Definition 2.3.19. A reflection along non-zero o € V' is the linear operator s, € O(V)
which sends a +— —a and pointwise fixes the hyperplane orthogonal to o, denoted H, :=
{veV|(a,v) =0}.

The operator s, can be written as

a, (2.3.13)

for any v € V.
For any a € V, there exists a decomposition of the vector space V =R, & H,, where

R, = {v € V|v = ka for k € R}.
Definition 2.3.20. A root system is a finite set of non-zero vectors R C V such that

1. The roots o € R span V.

2. RNR, ={a,—a}VaeR.
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3. 5« (R)=RVaeR.

Definition 2.3.21. The finite Cozeter group W for the root system R is the finite reflec-
tion group generated by R, that is W = {s, | € R}.

Root systems arise in the theory of Lie algebras; in particular, every semisimple Lie algebra
has a crystallographic root system associated with it. We are interested in Weyl groups,

or finite Coxeter groups with crystallographic root systems.

Definition 2.3.22. Let R be a root system for a finite Coxeter group W. We say that
R is crystallographic, and call W a Weyl group, if

2(a, )
(o, )

Definition 2.3.23. Let W be a Coxeter group with root system R C V. Both W and R
are said to be irreducible if there do not exist linear subspaces Vi, Vo C V' with non-empty
root systems Ry C Vi, Ry C V5 such that V =V, & V5 and R = R1 U R..

eZ Ya,BeER.

Definition 2.3.24. Let W be a finite Coxeter group with root system R and arbitrary
marked root v € R. The hyperplane H, divides V' into two half-spaces. We say that
R+ C R is a set of positive roots if all & € R are in the same half-space as 7.

A set of roots A C R, is called a set of simple roots for W if
1. A is a basis for V.

2. Every root in R is a linear combination of @ € A with only non-positive or only

non-negative coefficients.
The rank of W is given by the cardinality of A.

Note that neither sets of positive roots nor sets of simple roots are uniquely defined for a
given Coxeter group.

The finite irreducible Coxeter groups were completely classified by Coxeter [14]. We
reproduce the full list, consisting of groups A, (n > 1), B, (n > 2), D, (n > 4), Eg,
E;, Es, Fy, Go, Hs, Hy, I5(k) for n,x € N, k > 2. The groups of A-, B-, D-, E-, F-, or
G-type are Weyl groups for their respective simple Lie algebras, and I5(k) is the group of
symmetries of a regular k-gon. Note the isomorphisms Ay = 15(3), By = I5(4), G2 = 15(6).

Definition 2.3.25. Let W be a Weyl group of rank n with a set of simple roots A. The

fundamental weights are the vectors wy,...,w, € V such that

2(&)@‘, Oéj)

(aj, @)

= 5@']' VOéj S A.



CHAPTER 2. BACKGROUND 39

Definition 2.3.26. Let W be an irreducible finite Coxeter group of rank n with a root

system R. The Cozeter number of W is h = ™% where m is the number of roots in R.

The Coxeter number is an integer which can be defined in several ways, including as the
order of a Coxeter element. A Coxeter element is a product of all simple reflections in an
irreducible Coxeter group W, and all Coxeter elements of W have the same order. For

example, the Coxeter number of A, is h =n + 1.

2.3.4.2 Frobenius manifold structures on the orbit spaces of Coxeter groups

This section follows the construction by Dubrovin in [18, Lecture 4], [19], and Saito in
[54].

The action of a finite irreducible Coxeter group W can be extended to a linear action
on the complexification of V', denoted V¢ := V®C = C". The orbit space of W is denoted
by My, that is

My, = VE/W = C"/W.

Let x',... 2" be the coordinates for an orthonormal basis of V¢ with respect to (the
bilinear extension of) the Euclidean metric (-,-). We denote by R = Clz!,... 2" the
algebra of polynomials in z which are invariant under the action of W; this action is
defined as

(wp)(v) =p (w'v)

for w € W, p € R, v € V. By Chevalley’s Theorem, R is generated by a set of
homogeneous algebraically independent polynomials y!(z),...,4y"(z) € R such that R =
Cly',...,y"] and the degrees d; := deg (y*) are uniquely defined by W. The y' are called

basic invariants of W. The degrees of the basic invariants can be ordered as
d1:h>d22"'2dn_1>dn:2

where h is the Coxeter number of W, and they also satisfy the condition d;+d,, ;11 = h+2
for all i € {1,...,n}.

The orbit space My, has the structure of a manifold, with local coordinates given by
basic invariants of W. Recall that the orbit of an element v € VC is W(v) = {wv|w € W}.
A regular orbit has cardinality |W (v)| = |W|, while an irregular orbit has |W (v)| < |W/|.

Definition 2.3.27. The discriminant, DiscrMyy,, is the union of all irregular orbits in
My .

Theorem 2.3.28 [18, Theorem 4.1|. Let W be a finite irreducible Coxeter group with
Coxeter number h and a set of basic invariants y', ... ,y". Then M = My, is a Frobenius
manifold such that
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1. The unity vector field is e = 8%1 .

2. The FEuler vector field is E = %ZZ dsy a?;i = %x’ a?ci .

1

3. The intersection form g— is induced by the Fuclidean metric on V. Its components

are given by
. Lk "L Oyt Oyl
Y(y) = (dy',dy’) = —. 2.3.14
97 (y) = (dy', dy’) 2 0 o ( )

Such a Frobenius manifold structure on My, is unique up to equivalence.

The intersection form ¢~! defined by (2.3.14) is a complex-valued flat metric with flat
coordinates z'. It is non-degenerate on My, \ Discr My ; in fact, the discriminant locus %
of M coincides with Discr My, [19].

Remark 2.3.29 [18, Appendix G|. The monodromy group of the Frobenius manifold
M = My, is given by the Coxeter group W.

Theorem 2.3.30 [54], [18]. Let M = My be the Frobenius manifold defined in Theorem
2.3.28. Then there exists a set of basic invariants t',... t" of W, known as the Saito

coordinates, such that the metric n, known as the Saito metric, defined by

» o ..
n(t) = @g” (t)

s flat and anti-diagonal. The prepotential F' of M defined by structure constants

15 polynomial in the Saito coordinates and has charge d = 2h + 2. The intersection form
may be rewritten as
y di+d,—2 ., .
g7(t) = %n’kn’m&c@mﬁj (t)-
Dubrovin showed that all Frobenius manifolds M = My, are semisimple and have poly-
nomial prepotentials [18, Lecture 4]. He also conjectured that all semisimple Frobenius
manifolds with polynomial prepotentials, positive degrees, and charge 0 < d < 1 are

described by such a construction; this was later proven by Hertling [32].

Example 2.3.31 [18, Example 4.1]|. The prepotentials associated with the dihedral groups
I1(k), that is the Frobenius manifold structures on C?/I5(k), are described (up to equiva-
lence) by equation (2.3.5) where k = k + 1. In particular, k = 4 gives the prepotential for
Ay and k = 5 gives Bs.

Example 2.3.32 [18, Example 4.3 and Theorem A.1]. In three dimensions, there are

exactly three semisimple polynomial solutions, corresponding to the three rank 3 finite
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Coxeter groups As, Bs, and H3. The prepotential for Aj is given in Example 2.2.9. There

is only one other 3-dimensional polynomial prepotential, given by

F(t) = = (6ts + t1t3) + t5.

N| —

This has charge d = 1 and is not semisimple.

Remark 2.3.33. A similar construction was used by Dubrovin and Zhang [22] to show
that the orbit spaces of extended affine Weyl groups also have a Frobenius manifold struc-
ture. Without going into detail, we note that a root system of rank n has associated with
it a prepotential in n 4+ 1 variables, and a distinguished coordinate direction. An example

of such a prepotential is given by (2.3.2) for type A;.

2.4 Symmetries of the WDVYV equations

We have already introduced trivial examples of symmetries of the WDVV equations and
Frobenius manifolds in the form of equivalences. We now define symmetries for both

objects in general, and introduce three specific types of symmetry.

Definition 2.4.1. A symmetry of the (generalised) WDV'V equations (2.2.2) is a trans-
formation (F,t,Q) — <ﬁ ., é) such that the (generalised) WDVV equations are satisfied

by F (ﬂ, Qif F=F (t) satisfies the (generalised) WDVV equations with metric Q.

This definition can easily be adapted for the ordinary WDVV equations; namely, F', F in
Definition 2.4.1 must then both satisfy the ordinary WDVV equations (2.2.12).

We also define symmetries of Frobenius manifolds in the expected way.

Definition 2.4.2. A symmetry of Frobenius manifolds is a transformation taking
(M7 O? 67 777 E) H ('//\-/lv7 67 é? ﬁ? E)

such that (M ,0,€,1, E) is a Frobenius manifold if (M, o, e, n, E) is a Frobenius manifold.

Given a prepotential F' with Euler field E, a symmetry S of the WDVV equations
such that S(F) = F also defines a symmetry of Frobenius manifolds if F is a prepotential
with Euler field E = S (E). Conversely, a symmetry of Frobenius manifolds automatically
describes a symmetry of the WDVV equations.

Dubrovin introduced two symmetries of Frobenius manifolds [18, Appendix BJ, namely
inversion and the Legendre-type transformation (or simply Legendre transformation). The
multiplication on M is preserved by both kinds of symmetry.

Before discussing inversion and Legendre transformations, we present an overview of

almost duality on Frobenius manifolds. This construction — also introduced by Dubrovin
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[20] — is particular to Frobenius manifolds, but can be thought of as a symmetry of the
WDVYV equations.

2.4.1 Almost duality for Frobenius manifolds

The almost dual of a given Frobenius manifold is a new structure which itself satisfies
most, but not all, of the properties of a Frobenius manifold; namely, the unity vector
field for the almost dual is not flat. Although almost duality is therefore not a symmetry
of Frobenius manifolds, we do obtain a new solution of the WDVV equations. In this
way, it provides a symmetry of the WDVV equations if we restrict the input to the class
of prepotentials. We shall see that almost duality relates the polynomial prepotentials
associated with Coxeter groups to a large class of rational solutions.

We follow Dubrovin’s formulation in [20], and we set M to be an arbitrary Frobe-
nius manifold. The intersection form for M is denoted g, with flat coordinates x and

discriminant locus . Setting M* = M\ ¥, we define a new multiplication * on 7, M* by
uxv=E"ououw, (2.4.1)

The commutativity and associativity of x follow immediately from the commutativity and
associativity of o. It is also clear that the Euler field F is the identity for x. We would
like to show that the multiplication x and the intersection form g pointwise define a family
of Frobenius algebras on TM*. This can be done by using relation (2.3.9) to check the

Frobenius condition: we find
(w,v*w) = (B ou, B ovow)=(E o (E ouov),w) = (u*v,w).

The multiplication x can be described using a new set of structure constants.

Definition 2.4.3. The dual structure constants denoted 55](@ are such that
0; x 0; = ()0
The dual three-point function is defined as
éijk = gkléij = (8, * 8]-, 8k) .

Theorem 2.4.4 [20]. Let (M, o,e,n, E) be a Frobenius manifold with intersection form g,
discriminant locus 3, and charge d # 1, and let M* = M\ X with multiplication * defined
by (2.4.1). Then M* = (M*,x, E g, E) satisfies Definition 2.3.1, with the exception of
property 3, and has charge d.

We say that M* is the almost dual of M.
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Remark 2.4.5 [20]. In the flat coordinates x of g, the Euler field has the form

when d # 1.

A new solution of the WDVV equations is associated to the almost dual Frobenius
manifold. Note that this is not a prepotential as in Definition 2.2.17 because it does not

satisfy the ordinary WDV'V equations; that is, the metric g is not equal to F7.

Proposition 2.4.6 [20]. Let z(t) be the flat coordinates for the intersection form, defined
on M*. Then there locally exists a function F*(z), which we call the dual prepotential,

such that the dual three-point function can be written as

. O3 F*(x) ot 0z Dz’ 4
) = puigmaer = 9ol ) gk g gy (1)

and F*(z) satisfies the WDV'V equations with metric g.

We now refer back to the polynomial Frobenius manifolds discussed in § 2.3.4. Since
we have a Frobenius manifold structure on the orbit space of any finite irreducible Coxeter
group W one can obtain an almost dual structure, with a dual prepotential, for any W.

Dubrovin showed that this dual prepotential is described by the following formula.

Theorem 2.4.7 |20, Theorem 5.2|. Let W be a finite irreducible Coxeter group with a
set of positive roots Ry. Then the dual prepotential for the almost dual of the Frobenius
manifold M = My s

Fo(z) =2 Y (o,7)*log (a, z), (2.4.2)

aER 4+

defined on C"\ |

acr, Ha: where the roots are normalised by (o, a) = 2.

Here we have an example of a symmetry of the WDVV equations mapping one class of
solutions to a different class: a polynomial prepotential is mapped to a rational solution

by almost duality.

Example 2.4.8 (cf. [20, Example 2|). The polynomial prepotential associated with As,
given in Example 2.2.9, has the almost dual prepotential F*(z) = F(x) where F(z) is

given, up to equivalence, in Example 2.2.10.

2.4.2 Inversion

One of the two symmetries of Frobenius manifolds introduced by Dubrovin is the inversion
symmetry, denoted I. We follow the definition given in [18, Appendix BJ, but note that

it also functions as a symmetry of the ordinary WDVV equations.
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Definition 2.4.9. Let F(t) be a solution to the ordinary WDVV equations with metric
n(t) such that n = Fy, and flat coordinates t = (¢!,...,t"). The inversion of F is said to
be the function .
o ) 2 A7 o
F(t)=(t") F+ <tt,t
(£) = (") F+5

with 7 such that

Nij = Nij

and coordinates ¢ such that

Proposition 2.4.10 (c.f. [18, Appendix B|). The inversion transformation in Definition

2.4.9, when applied to prepotentials, describes a symmetry of Frobenius manifolds.
Inversion is then automatically a symmetry of the ordinary WDVV equations.

Example 2.4.11. Let F(t) be the prepotential given in (2.3.3). The inversion of F is the

function

- 1. ~

with contravariant coordinates t; = ¢, and ty = —15 L We find that F (f) is equivalent to

~ n 1 o n R

F(t) = ét“%tg + i3 1og (12)
under the relations F' = —F .t =t , ty = —1y . Since F is the prepotential for the
Frobenius manifold described in (2.3.4), up to a change of notation, we can say that the
two Frobenius manifolds associated with (2.3.3) and (2.3.4) are related by the inversion

symmetry. We add to this mapping the following relations between differential operators,

é\1 :51 :ah

52 =—0) = — (t2)2 0s,

-9 -
where 0; = 5 0; = 5 Finally, we check that the Euler field remains the same under
the coordinate transformation ¢ — £; that is,

E = 1,0, — 2305 = 1,0, + 21,0, = E, (2.4.3)

where E is the Euler field for F and E is the Euler field for F.
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2.4.3 Legendre transformations

As defined by Dubrovin, a Legendre-type transformation on a Frobenius manifold M
produces a new Frobenius manifold structure on M. The transformation produces a new
prepotential, flat metric, and flat coordinates, but the multiplication o and the Euler field
remain geometrically unchanged.

In Dubrovin’s definition, a Legendre transformation is generated by an invertible flat
vector field. A vector field X on M is said to be invertible if it is an invertible element
of the Frobenius algebra on 7, M for all p € M. That is, given the multiplication o with
identity e, X is invertible if there exists a vector field X! such that X o X! =e.

Dubrovin’s definition has since been expanded to provide a symmetry of the WDVV
equations by Strachan and Stedman [59], which was labelled the generalised Legendre
transformation. In this case, the transformation is determined by an invertible vector
field satisfying a condition which generalises flatness. We will call such a vector field a
Legendre field, and refer to the corresponding generalised Legendre transformation simply

as a Legendre transformation. This is consistent with terminology used by Liu et al [40].

Definition 2.4.12 [59, Definition 2.3]. Let M be a smooth manifold M with flat metric
n, Levi-Civita connection V, and let o be an associative pointwise multiplication on T'M,
with identity e, such that o, 7 satisfy the Frobenius condition (2.2.8). A Legendre field
d € X (M) is an invertible vector field that satisfies

Xo VY(S =Yo Vxé (244)

for all X,Y € X(M).

We may set Y = e in (2.4.4) to obtain the equivalent® condition
Vxé=X0oV.9, (2.4.5)

which we call the Legendre field condition. Following [59, Definition 2.1], we define a new
metric 77 by
NX,)Y)=n(doX,00Y),

noting that this is non-degenerate since ¢ is invertible. By [59, Lemma 2.2], the Levi-Civita

connection V is given by
VxY =6 'oVx(6oY). (2.4.6)

Given a solution of the WDVV equations, we can use Legendre fields to construct

new solutions of the WDVV equations. Despite the fact that the following theorem was

2Tt is straightforward to check that a solution of (2.4.5) automatically satisfies (2.4.4).
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originally given with reference only to solutions of the ordinary WDVV equations, the

proof applies to any solution of the generalised WDVV equations with a flat metric 7.

Theorem 2.4.13 [59, Theorem 4.1]. Let F(t) be a solution of the WDVV equations,
defined in a chart of a smooth manifold M with flat metric n and flat coordinates t*. If
§ € X(M) is a Legendre field, then F (t) satisfies the WDVV equations (2.2.2) with flat

metric 0 and flat coordinates t', where

Mij = i (2.4.7)
ot
7 = 0"y (2.4.8)
2F  O°F
(2.4.9)

ofiol  otiot

In particular,

when 6 is flat.

Remark 2.4.14. It is not always possible to write F (f) explicitly. To do this, one needs
to be able to write the second-order derivatives of F(t) in terms of £ so that the right-hand
side of relation (2.4.9) can be integrated with respect to f. Since the new coordinates
t = {(t) are found using (2.4.8), these relations need to be inverted to find ¢ (£). This

inversion step typically presents some difficulty and is not always possible.

Following the discussion in [59], we show that flat sections of the Dubrovin connection
AV, given by Definition 2.2.14, provide an infinite family of Legendre fields. We consider
S € X(M) such that *V.S = 0, and take the series expansion of S given by

S=> N, (2.4.10)
=0

where ) is the spectral parameter of *V and s; € X(M).

Proposition 2.4.15 [59]. Let M be a smooth manifold with associated n, V, o as in
Definition 2.4.12. If S as in (2.4.10) is a flat section for the Dubrovin connection *V,
then s; is a Legendre field for all 1.

Proof. Since S is a flat section for *V, we have *V xS = 0 for all X € X(M). Equivalently,

(Vx +AX0)S = (Vx + AXo) > Xs; =0,

=0
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SO

SN Vxsi+ > AL (X 05;) =0, (2.4.11)
i=0 i=0
Comparing coefficients of \’, we have

VXSO = 0,

VXSi:—XOSi_l, 1> 0.

Therefore, Y o Vxs; = =X oY os; 1 = X o Vys; when ¢ > 0, and the Legendre field
condition (2.4.4) is satisfied for all i. O

Following from the proof of Proposition 2.4.15, one can recursively construct an infinite
sequence of Legendre fields indexed by o € N, given any flat Legendre field §, as a starting

point. New Legendre fields §; are produced according to the relation?
Vx0q =X 0041, (2.4.12)
for all @ > 0, X € X(M). In coordinate notation, (2.4.12) can be written
Vb4 = ¢k . (2.4.13)

Remark 2.4.16. The objects we call Legendre fields are closely related to certain in-
tegrable hierarchies (recursively defined integrable systems) of hydrodynamic partial dif-
ferential equations. Dubrovin showed that all Frobenius manifolds have an associated
hierarchy of this type, known as the principal hierarchy of the manifold [18, Lecture 6.
The relation (2.4.13) appears in work by Lorenzoni, Pedroni, and Raimondo on generali-

sations of the principal hierarchy [41], where the PDEs being studied have the form
u = 6 0 ug. (2.4.14)

In this setting, the recursion relation (2.4.13) is used to define higher flows, or consecutive
systems of equations in the hierarchy. Legendre fields are exactly the generators ¢ of the
flows (2.4.14); the Legendre field condition (2.4.4) describes a symmetry condition of the

hierarchy. These connections are discussed in more detail in [40].

It has been shown that inverses and compositions of Legendre fields are also Legendre

fields [59, Propositions 2.4 and 2.5|. We reproduce the former statement as follows.

Lemma 2.4.17 [59, Proposition 2.4]. Let 6 be a Legendre field for the Levi-Civita con-
nection V. Then 6! is a Legendre field for v given by (2.4.6).

3The sign of the term on the right-hand side is immaterial, as it depends only on the sign of the spectral
parameter A of the Dubrovin connection.
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The composition of a Legendre field and its inverse act as the identity transformation.

Proposition 2.4.18 See [59, Proposition 2.5|. If § is a Legendre field which maps a
solution F to 1/7\, the inverse field 6~1 maps FtoF.

The Legendre-type transformation defined by Dubrovin is an example of the transfor-
mation as defined above, where the Legendre field is given by one of n flat vector fields for
an n-dimensional Frobenius manifold. For later convenience, we introduce his notation as

follows.

Notation 2.4.19 [18, Appendix BJ|. Let F' be a solution of the WDVV equations in n
variables. The Legendre transformation produced by 0, for v € {1,...,n} is denoted by
S, and we write S, (F) = F where F is given by Theorem 2.4.13.

When ¢ = 0,, we recover the property given in [18] that

~

8, = 0,00, (2.4.15)

for all 7. To see this, one should use (2.4.8) to rewrite

~ ot!
(97 o (3]- = C:l%ak.

From (2.4.15), we have 0; = 97" 0 9; and so it is straightforward to see that the unit

vector field in the new coordinates under .S, is given by e = 0,. If F(t) is a solution of the

ordinary WDV'V equations, so that e = 0y, then the transformation S; is the identity.

Example 2.4.20 [18, Example B.1]. Starting with the prepotential (2.3.2) with r = 2,

the Legendre transformation S5 produces new coordinates

ti1=¢€ s
ty=1;
The new prepotential is therefore
~ 1. 1 ~ 3
F = §t1£§ + 5% <10gt1 - 5) )

which is equivalent to the prepotential in (2.3.4).

Note that, as mentioned in Remark 2.3.33, (2.3.2) is the Frobenius manifold associated

with the extended affine Weyl group of type A;.

Example 2.4.21. The A3 almost dual prepotential in Example 2.2.10 is mapped to the

trigonometric solution in Example 2.2.11 by the Legendre transformation Sj.
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In the context of Frobenius manifolds, one can also consider homogeneous Legendre
fields.

Definition 2.4.22. Given a Frobenius manifold M with Euler field E, a vector field
X € X(M) is called homogeneous of degree p € C if

LpX = uX. (2.4.16)

Recently, Liu, Qu, and Zhang showed that homogeneous Legendre fields map quasi-
homogeneous generalised Frobenius manifolds to each other [40]. A quasi-homogeneous
generalised Frobenius manifold automatically satisfies all the properties of a Frobenius
manifold except for flatness of the unity vector field; hence, they each locally define a
quasi-homogeneous solution of the WDVV equations. Frobenius manifolds are considered
a sub-class of quasi-homogeneous generalised Frobenius manifolds. In [40], it was also
noted that a generic quasi-homogeneous generalised Frobenius manifold can be mapped

to a Frobenius manifold by a Legendre transformation of the type S,.

2.4.3.1 Legendre fields for semisimple Frobenius manifolds

Recall that semisimple Frobenius manifolds admit a set of canonical coordinates, in which
many of the manifold’s associated structures have a simpler form than in flat coordinates.
When written in canonical coordinates, the Legendre field condition (2.4.4) can be reduced
to simple sets of equations. One such formulation is considered by Lorenzoni et al in [41],

which we reproduce here.

Proposition 2.4.23 [41, Proposition 19|. Let M be a Frobenius manifold with metric n,
associated Levi-Civita connection V, multiplication o, and canonical coordinates u. The

Legendre field condition (2.4.4) can be written in canonical coordinates as
00" =T (6" = ¢7), i#3]. (2.4.17)

Here, 6° are the components of the Legendre field & in canonical coordinates, and I’ék denote
the Christoffel symbols of the connection V.

We note that solutions of (2.4.17) for an n-dimensional manifold will depend on n arbitrary
functions of a single variable [41].

An alternative formulation of the Legendre field condition for semisimple Frobenius
manifolds was discussed in [59], where the reduced equation is written in terms of certain
rotation coefficients of the metric 7.

While such reduced forms of the Legendre field condition may be easier to solve, trans-
forming between flat and canonical coordinates may pose problems. For this reason, we

will focus on Legendre transformations in flat coordinates.
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2.4.3.2 Twisted Legendre fields

An important result, first noted by Riley and Strachan [52| and expanded upon by Strachan
and Stedman in [59], is the existence of so-called twisted Legendre fields for Frobenius
manifolds. A twisted Legendre field can be constructed from a Legendre field to produce
a transformation of the almost dual Frobenius manifold. If two Frobenius manifolds are
connected by a Legendre field, the Legendre transformation produced by the twisted field
connects the corresponding dual prepotentials. In general, a Legendre transformation
applied to an almost dual Frobenius manifold is not guaranteed to map it to another
almost dual Frobenius manifold.

Let us schematically denote by

that the Legendre transformation defined by Legendre field 6 on F' produces the new
solution F. As noted in [59], a prepotential F' is mapped to another prepotential Fifdis
flat.

Theorem 2.4.24 [59, Theorem 5.1]. Let F' be a prepotential with Euler field E and
multiplication o. Let § be flat, and let F*, * denote the almost dual prepotentials of F,
F respectively. Then the field o is a Legendre field for F*, and the following diagram

commutes.

F—9%,F

L

* Eod F*

The field E o is called the twisted Legendre field.
It is important to note that the twisted field £ o § exists and is a Legendre field
regardless of whether é maps F' to another prepotential or not. That is, one can define a

twisted Legendre field for any Legendre field attached to a Frobenius manifold.

Example 2.4.25 [52|. Let F' be the prepotential for the extended affine Weyl group of
type Ay, given by (2.3.2) for r = 2. Taking § = J,, we obtain the commuting diagram

“ij<—dj
ﬁj)(—“ij)
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where, up to equivalence,
F= %fﬂ% + 17 log i,
F* = %ﬁ’ + w123 + %[Lig (e*) 4 Liz (e7>*2) ],
F* = #2log 22 + #2log £2 — (&) — £2)° log (&1 — £2)°.

This is an early example of Legendre transformations producing a mapping between ratio-
nal and trigonometric solutions. Note that the almost dual prepotential F™* is a trigono-
metric solution, as opposed to the rational solutions of the form (2.4.2) associated with the
almost dual prepotentials of Coxeter groups. The Legendre transformation of the almost

dual, F *, has a similar but inequivalent form to (2.4.2).

A homogeneous (Legendre) field produces a homogeneous twisted field; the degrees of

the two fields can be related as follows.

Proposition 2.4.26. Let M be a Frobenius manifold with Euler field E, and let 6 be a
homogeneous vector field of degree p on M. Then the twisted field E o § is homogeneous
of degree jn+ 1.

Proof. By definition, we have L0 = ud. Then, using Property 5(b) of Definition 2.3.1,
the Lie derivative of the twisted field is

Lp(Eod)=Lg(E)od+Eod+ EoLg(d)

[]

Flat Legendre fields are of particular interest to us, as they map Frobenius manifolds
to each other, and produce simpler coordinate relations which tend to be easier to invert
than those for non-flat fields (see Remark 2.4.14). However, a flat Legendre field does not
always produce a flat twisted field, as shown in [59, Proposition 5.2]. We now expand on
this result for homogeneous Legendre fields in general, giving the covariant derivative of
a twisted Legendre field.

In the following, let M denote a Frobenius manifold with degree d, Euler field F,

multiplication o, and Levi-Civita connection V for the metric 7.

Proposition 2.4.27. Let § be a homogeneous Legendre field of degree p for a Frobenius
manifold M. Let 6* = E o ¢ be the twisted Legendre field for the almost dual Frobenius

manifold, where the intersection form g has Levi-Civita connection denoted V*. Then

1
V5o = (u +56- d)) 5 % X.
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Proof. The connections V, V* can be related by the following formula?, see [59, 43]:
1
XY =EoVyx(E oY)~ XoVuiyE+ 5(3 —d)E'oXoY (2.4.18)

for all X,Y € M.
We set Y = 6* in (2.4.18) to obtain

Vx (Eoé):EoVX(S—XoV(;E—l—%(S—d)Xoé. (2.4.19)
Since ¢ satisfies the Legendre field condition (2.4.5), we have
Vxd=XoV.d. (2.4.20)
Using the fact that V is torsion-free and ¢ is homogeneous, we also have

VsE = Vi — Lgb
= Vil — ud. (2.4.21)

The Legendre field condition with X = FE is used to substitute for Vg in (2.4.21), which

gives
VsE = EoV.0— ud. (2.4.22)

Substituting (2.4.20), (2.4.22) back into (2.4.19), we obtain
V}(S*:EoXoVeé—Xo(EOV65—M5)+%(3—CZ)X05
= (u+%(3—d)) doX.
By definition of the multiplication x in (2.4.1), we have
JoX=FE1oFofoX =8§*X.

Then the required statement follows. O]

4We note that equation (2.4.18) follows from straightforward but algebraically laborious manipulation
of results in, for example, [32, § I1.9]. The definition given in [32] of the second structure connection V*
is unpacked using the symmetry of the tensor Vo (X,Y, Z) := Vx (Y o Z), the fact that V is torsion-free,
and properties of the Euler field.
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2.4.3.3 Legendre field potentials

An alternative way to define a Legendre field is through its potential function. For a vector
field X € X(M), the function f : M — C is called a potential for X if

X = gradf =n"0;(f) 9,
where 7 is a flat metric on M. Equivalently,

(df) (V) = n(X,Y)

for all Y € X(M). Potentials are defined up to a constant term.
Potentials of Legendre fields were considered in [59], but only for Legendre fields coming
from flat sections of the Dubrovin connection®. We show here that all Legendre fields admit

a potential.

Theorem 2.4.28. Let M be a smooth manifold with associated n, V, o as in Definition
2.4.12. If 6 € X(M) is a Legendre field for V then there exists a local potential h for §.

Proof. Let w be the one-form such that w (X) = 1 (4, X). The exterior derivative of w is
given by

dw (X,Y) = X (w(Y)) = Y (w(X)) = w([X,Y])
=X (0(6,Y)) =Y (5, X)) —n(0,[X,Y]). (2.4.23)

By the compatibility of the Levi-Civita connection with 1, we have
Vx (Y, 2)) = X (n(Y, 2)) =n(VxY, Z) +n(Y,VxZ),
so (2.4.23) can be rewritten as
dw(X,Y) =n(Vxo,Y)+n(0,VxY)—n(Vyd, X)—n(0,VyX) —n(0,[X,Y]). (2.4.24)
Since the Levi-Civita connection is torsion-free, we also have
VxY - VyX - [X,Y] =0,

n(0,VxY)—n(5,VyX)—n(0,[X,Y]) =0.

5This uses results from [18], where it was shown that the vector fields that define the principal hierarchy
can be written in terms of Hamiltonian densities. The relationship between Legendre fields and integrable
hierarchies is discussed in Remark 2.4.16
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Substituting this back into (2.4.24), we get

dw(X, Y) = U(VX(S, Y) - U(VY(S, X)
=n(YoVxde)—n(XoVyd,e)

by the Frobenius property. Therefore, if the Legendre field condition (2.4.4) is satisfied,
dw = 0. By the Poincaré Lemma, if dw = 0, there exists some function A such that
w = dh. O

Certain related Legendre fields share the same potential. We first show that a Legendre

field and its inverse have the same potential.

Proposition 2.4.29. Let § be a Legendre field on M, with potential h. Then h is also a
potential for 61, in the flat coordinates for the new metric i given by (2.4.3). That is

~

571 = 778;(h)d;.
Proof. By definition of a potential, we have
(dh) (X) = n(X,9)

for all X € X(M). By Proposition 2.4.18 and Theorem 2.4.28, there exists h:M—=C
such that

(ar) (xX) =77 (X,57)
for all X € X(M). From the definition of 7 in (2.4.3), and using properties of 7, o, we get
(dﬁ) (X)=7(0X,e)
=1(X,9)
= (dh) (X).
Therefore h = h + ¢ for ¢ € C. O

Similarly, a twisted Legendre field E o § shares the potential of the original field §.

Proposition 2.4.30. Let 6 be a Legendre field on a Frobenius manifold M, and let h be
its potential. Then the twisted field 0* = E o also has potential h.

Proof. As usual, we denote by 7, g the two flat metrics on M. Let § be a Legendre field
for M with potential h. Following the proof of Theorem 2.4.28, the one-form

w(X) = n(, X)
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is such that w = dh for some h.

Let @ be the one-form such that
O(X) = g(6*, X). (2.4.25)

By the same arguments as in the proof of Theorem 2.4.28, and by Theorem 2.4.24, there
exists some function h such that @ = dh.

The two metrics 7, g can be related by (2.3.9), which gives
g(XY) =n(E 0 X,Y),
for X, Y € X(M). Then (2.4.25) becomes
B(X) = g(F 06, X) = n(8, X) = w(X),

which implies that dh = dh. Therefore h = h, up to a constant. O

As expected, a homogeneous Legendre field has a homogeneous potential. The degree

of homogeneity of a Legendre field can be related to that of its potential as follows.

Theorem 2.4.31. Let 6 = n9;(h)0; be a Legendre field with potential h on a Frobenius
manifold with metric n, Euler field E, and charge d.

If & is homogeneous of degree p # d — 2, then h + ¢ for some ¢ € C is homogeneous of
degree pp — d + 2.

Conversely, if h is homogeneous of degree p — d + 2, then the Legendre field § is

homogeneous of degree .

Proof. For ¢ € TyM, let n~' (¢) € T,M be such that £ (n~" (¢)) = n~'(¢,&) for all
¢ € Ty M. By definition of the potential, we can write § = 7~" (dh).
We take the Lie derivative along E of §. In general,

Lg(6) = Lg (n " (dh))
=Lg (n7") (dh) + 7 (LE(dR)).

By property 5(d) of Definition 2.3.1, we have

and by the Cartan formula, we have

Le(dh) = d (tgdh) + g (d(dR))
= d(E(h)).
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Therefore,
Lr(0) = (d—2)5 +n~ ' (dE(h)). (2.4.26)

Let 0 be homogeneous of degree p # d — 2. Then equation (2.4.16) holds for X = 9,
so by (2.4.26) we have

pn " (dh) = (d = 2)n~"(dh) +n~ " (dE(h)),
which implies
n " ((p—d+2)dh — dE(h)) = 0. (2.4.27)
Since ™! is nondegenerate, the relation (2.4.27) is equivalent to
E(h) = (u—d+2)h+a,

where a € C is a constant. Then

is a potential for § which satisfies

E(h) = (p—d+2)h.
Conversely, let h be homogeneous of degree 1 — d + 2. Then
Lg(h)=FE) = (u—d+2)h,

which we can substitute into (2.4.26) to recover condition (2.4.16). O

2.5 Rational and trigonometric solutions of the WDVV

equations

In this section, we present an overview of some important known classes of solutions of
the generalised WDVV equations. Recall that polynomial prepotentials are associated to
Frobenius manifold structures on the orbit spaces of Coxeter groups (discussed in § 2.3.4),
that these are mapped to rational solutions of the WDVV equations by almost duality
(§ 2.4.1), and that we have seen some examples of rational solutions being mapped to
trigonometric solutions via a Legendre transformation (§ 2.4.3).

We first discuss the wider class of rational solutions to the WDV'V equations associated
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with (rational) V-systems, within which live the dual prepotentials given by Theorem 2.4.7.
Then we discuss some families of trigonometric solutions appearing in the literature, which

are also associated with (deformations of) root systems.

2.5.1 Rational solutions from V-systems

We consider solutions of the WDVV equations of the form

Fa(z) = a(z)’loga(z), (2.5.1)
acA
where A C V* are a finite set of non-collinear covectors on a complex vector space V.
Formula (2.5.1) is a generalisation of the formula given in Theorem 2.4.7 for the dual
prepotential associated to a Coxeter group W.

The class of solutions represented by (2.5.1) was already known in four-dimensional
Seiberg-Witten theory before Dubrovin’s formulation of almost duality for Frobenius man-
ifolds, with early examples appearing in [45]. Martini and Gragert [47| established that
such functions satisfy the generalised WDVV equations when A = R is the root system
of a Weyl group. Veselov [60] then showed that solutions of the form (2.5.1) can be pro-
duced using real deformations of root systems known as V-systems, which include the root
systems of Coxeter groups. The definition of V-systems was later expanded to complex
spaces by Feigin and Veselov [27].

Let us assume that V' is a complex n-dimensional vector space. Consider a symmetric

bilinear form G 4 defined on V' as follows:

Ga(u,v) = Z a(u)a(v),

acA

where u,v € V, and we assume that G4 is non-degenerate®. The form G4 defines an

isomorphism ¢4 : V' — V* so we denote

o = it (a)

for any o € A. Thus we have G 4(a”,v) = a(v) for any v € V.

Moreover, given a function F' = F4 as in (2.5.1), the matrix
n=>» a'F (2.5.2)

is (proportional to) the matrix of G 4. This can be seen by checking from (2.5.1) that the

6This non-degeneracy assumption implies that the elements of A span V*.
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third-order derivatives of F' have the form

By = Y0 2tedatedale)

a(x)

Y

acA

where eq,...,¢e, is a basis in V.

Definition 2.5.1 [27]|. A collection A C V* is a V-system if the following V-condition is

satisfied for any o € A and any 2-dimensional plane II containing «:

> Ba¥)BY = Aa¥

BEIINA
where A = Ao, II) € C.

Note that a set of positive roots A = R, for any finite irreducible Coxeter group W is a
V-system [60, Theorem 2| — an explicit proof is provided in [1]. The class of V-systems is
closed under the operations of restriction to a subspace and taking subsystems [27]; this
differs from the Coxeter case in that the restriction of a Coxeter root system is not in
general a Coxeter root system.

The main result of this theory finds an equivalence between A satisfying the V-

conditions and F4 satisfying the WDVV equations.

Theorem 2.5.2 |27, Theorem 1|. The function F4 in (2.5.1) is a solution to the WDVV
equations with metric n given by (2.5.2) if and only if A is a V-system.

We take the domain of Fi4 to be M4 := V\U,c 4 Ha, where we set H, = {v € V|a(v) = 0}.
It was shown in [27] that the WDVV equations for F4 are equivalent to the associativity
of the multiplication on the tangent space T),M 4 defined by

wov=>_ awalv) v (2.5.3)

acA Oé(p)

Certain multi-parameter deformations of Coxeter root systems, generalising those orig-
inally appearing in the theory of generalised quantum Calogero-Moser systems, were shown
to be V-systems. From Chalykh and Veselov’s work [11], we define the n-parameter A,,-
type V-system A, (k) as

A (k) = {\/Eeiﬂ <i< n} U {\/ﬁ@(ei _e1<i<j< n} (2.5.4)

and the (n + 1)-parameter B,-type V-system B, (k) as

B, (k) = { 2k (ks + ko)el|l < i < n} U {\/kikj(ei tel)l<i<j< n} (2.5.5)
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where kg € C, ky,...,k, € C*.

Example 2.5.3. The deformed As-type V-system, where A, (k) is given by (2.5.4), pro-

duces the rational solution

F(xq, 29, x3) Z kix? log z; + Z kik; (x; — x;)° log (z; — ;). (2.5.6)

1<i<j<3

When all the parameters k; = 1, this reduces to the almost dual prepotential associated

with Az, as written in Example 2.2.10.

We are interested in taking Legendre transformations of the rational solutions associated
with the V-systems A, (k) and B,(k). Although there is so far no general statement
describing how rational solutions transform, we will see that the A,-type and B,-type

solutions can be mapped to trigonometric solutions.

2.5.2 Trigonometric solutions

The solutions discussed in this section all contain trilogarithmic as well as cubic terms.

We will write them in terms of the function

f(z)= %z:s — %lLig (e7). (2.5.7)

The polylogarithm Li,, is defined as
Li, ( —
i kz:: o

for |z| < 1 and by analytic continuation elsewhere, so that Li;(z) = —log(l — 2). Its
derivatives have the following property:
d Li, (e*)
————= =Li,_1(e").
du -1 (e”)
It is also useful to note the second-order derivative
2

%(8]%&2/2)) =K’z + 2k log (1 — %), (2.5.8)

where k € C.
We consider solutions F' = FEig VU — C of the form

Fi® =Y "cof (o)) + Q(a,y),

acA
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wherez € V=C" ye U =C, ACV* Q(z,y) is a cubic polynomial, and ¢, € C denotes
the multiplicity or deformation parameter associated with each covector. Solutions of
this form for root systems appeared in [45], arising from five-dimensional Seiberg-Witten
theory, and were described in greater detail by Hoevenaars and Martini [35], [36]. In [36],
solutions were obtained for A = R, where R is the root system of a Weyl group and
co = 1 Va € R. Various families of trigonometric solutions have been studied by Pavlov
[49], Riley [52], Bryan and Gholampour [10], and Shen [56]; we will comment on these
shortly. First, let us give a brief summary of work by Feigin and Alkadhem in [24], [2]

which generalises many of these families of solutions.

2.5.2.1 Solutions from trigonometric V-systems

Let V be an n-dimensional complex vector space, with a collection of covectors A C V*
belonging to an n-dimensional lattice. The multiplicity function ¢ : A — C gives the

multiplicity ¢, = ¢(«) for each covector. We assume that the bilinear form on V' given by

AC)UU an

acA

where u,v € V, is non-degenerate. An additional variable ¢ € U = C is introduced. We
choose a basis ey, . . ., e,11 for VAU and coordinates £y, . .., &, 1 such that £ = (¢1,...,¢&")
represents a vector in V' and ¢ = &, 1 represents a vector in U.

We consider the functions F': V @& U — C of the form

Fis = t?’—i—an VA caf (@), (2.5.9)

acA acA

where A € C* and f(z) is given by (2.5.7). The matrix n = F,, ;1 can then be written

o (Seeatama 0)
0 1

where we denote by @ ® a the matrix with (4,7)" entry a;a; for @ = aze’. As in the
rational case, we can set M4 to be the complement of the hyperplanes defined by the
kernel of v € A. Then the associativity of the multiplication on T (M4 @ U), defined
in the standard way via the third-order derivatives of Fj‘rig, is equivalent to the WDVV
equations being satisfied for F, g with metric n = F,y1. The multiplicative identity
o

As in the rational case, there exist a set of geometric conditions for A which are

element is given by e = 0,11 =

equivalent to F g satisfying the WDVV equations; see [2] for full details. These conditions

include the requirement that A is a trigonometric V-system, which we now define. Let
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A, ={8 € A| B = ka for k € C}. Then the complement A\ A, can be represented as
k
A \ Aa = |_| fov
i=1
where k = k(a) € N. Here, the a-strings I, are disjoint collections of covectors such that

if v € I, then I' contains all covectors =y + ma € A for m € Z.

Definition 2.5.4 |2, Definition 2.7]. The pair (A, ¢) is a trigonometric V-system if

> esa (BY) (a(u)B(v) — a(v)B(u)) =0

Ber,
forallao € A,i e {1,...,k(a)}, u,v € V.

Similarly to the rational case, root systems of Weyl groups give rise to a sub-class
of trigonometric V-systems. In this case, the scalar A in (2.5.9) represents a generalised

version of the Coxeter number, as discussed in [2].

Proposition 2.5.5 [2, 24]. Let R be an irreducible root system for Weyl group W, with a
W -invariant multiplicity function c. Then R is a trigonometric V-system, and ngg given

by (2.5.9) satisfies the WDV'V equations.

2.5.2.2 Known families of trigonometric solutions

Hoevenaars and Martini [36] found solutions to the WDVV equations of the form

FlEr,. . by t) = 2634 2 SHEE +5 Zf

aER

6

where £ = (&,...,&) € R", t € R, (-,+) is the Euclidean inner product, R is the root
system of a Weyl group, and the parameter v is fixed for each Weyl group. The value of
~ was found in [36] for root systems of type A, B, C, D, E, and F.

Hoevenaars and Martini also considered trigonometric solutions with a small number
of additional parameters in [35]; of particular relevance is an A-type family, which is dealt
with in its most general form only in the preprint version of [35]. We reproduce here

Theorem 2.1 from the preprint.

Theorem 2.5.6 [35|. Let F'= FH pe the function

F™My) =" f(yz-—yj>+§ (Zy) +§ (Zy> (Zf) Zyz (2.5.10)

1<i<j<n
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with parameters a,b, ¢ such that nb+c # 0 and na+2b # 0. Then the matrizn =Y ,_, Fy
s constant and nondegenerate, and F' satisfies the WDVV equations with respect to n if

and only if the following relation holds:
b’n + 3b*c — ac® + an® + 3bn + ¢ = 0.

We discuss a generalisation of this result in Chapter 4.

Pavlov obtained (n 4 1)-parametric families of trigonometric solutions of A,, B,, C,
type in [49]. These B,-, C,-type solutions were generalised in [2] to a BC),-type solution
of the form (2.5.9). Pavlov’s A-type solutions also seem to be related to solutions found
in [2], up to unresolved typos in [49].

In [51], Riley used the LG superpotentials of Frobenius manifold structures associated
with the extended affine Weyl group of type A, to find almost dual prepotentials. As
noted in Example 2.4.25, the almost dual prepotential is a trigonometric solution. In fact,
Riley showed that his solution in the undeformed case is a 2-parametric generalisation
of the A-type solution obtained in [36]. By considering superpotentials restricted to the
discriminant submanifold (that is, precisely the points where the intersection form is de-
generate), Riley obtained an (n 4+ 1)-parameter family of A,-type trigonometric solutions.
We discuss these in more detail in Chapter 4.

Bryan and Gholampour found Frobenius algebras corresponding to trigonometric solu-
tions for the AD E-type Weyl groups, by studying the quantum cohomology of resolutions
of the ADFE singularities C?/G where G is a finite subgroup of SU(2) [10]. In the same
paper, they extended their result to produce a family of Frobenius algebras associated with
arbitrary reduced irreducible root systems of rank n. These Frobenius algebras were recon-
structed in [56], and the corresponding trigonometric solutions to the WDVV equations
were shown to be of the form (2.5.9) in [2].

Shen’s results in [56] produce trigonometric solutions, and their corresponding Frobe-
nius algebra structures, from reduced irreducible root systems with multiplicities and
additional parameters. Shen notes that these Frobenius algebras include those found by
Bryan and Gholampour, and the solutions are, with the exception of his A-type configu-
ration, equivalent to those found in [2]. Shen’s A-type solutions are equivalent to those of
the form (2.5.10); see comments in [56], and the analysis in Chapter 4.

The solutions of the form (2.5.9) found by Alkadhem and Feigin in [2| include a non-
reduced system of BC,,-type that produces an (n + 3)-parameter family of solutions, gen-
eralising earlier results of BC'D-type. However, the A-type solutions considered in [56],
[51], [35] contain additional cubic terms as compared to (2.5.9). In the notation of the

previous section, these are “cross-terms” of the general form £'¢7¢* for i, 5,k # n + 1.

Example 2.5.7. Let F(z) be the A3 rational solution, as given in Example 2.2.10. Then
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the Legendre transformation S; maps F' to the trigonometric solution given in Example

2.2.11, which may equivalently be written as

—~ 5 5
F(y) =} —yi(v2 +ys) + 3y1(y5 + 43) — 2y192y3 — gyg - gyg
1
+ Yoy (ye +y3) + 5 [f(2yz) + f(2y3) + f(2y2 — 21/3)}-

Due to the cubic terms without y; (which here has the same role as ¢ in (2.5.9)), this
solution is not part of the family described by (2.5.9) for the A, case. However, it can be
written in the form (2.5.10).



Chapter 3
Legendre fields in two dimensions

In this chapter, we consider arbitrary Legendre fields for each of the six 2-dimensional
Frobenius manifolds listed in Example 2.3.4. We solve the Legendre field condition (2.4.5)
for homogeneous Legendre fields in all six cases. In addition, we find twisted Legendre fields
for the almost dual prepotential on C?/A,; that is for the almost dual Frobenius manifold
to (2.3.5) when & = 4. Throughout this chapter, subscripts are used to represent the
contravariant components — denoted elsewhere in the thesis as t* — of a given coordinate
system t. The only exception to this is in Section 3.5, where we briefly discuss the Legendre

field condition in canonical coordinates for semisimple Frobenius manifolds.

3.1 Legendre fields and their potentials

We discuss here some considerations which are common to five out of the six Frobenius
manifolds. The Frobenius manifold described by (2.3.6) differs from the other five, in that
its metric is diagonal instead of anti-diagonal. We treat this case separately.

Let F(t1,t2) be the prepotential for one of the 2D Frobenius manifolds described by
(2.3.1)-(2.3.5). Then the metric is given by

n(t) = (? é)

and we denote by V the Levi-Civita connection for 1. An arbitrary Legendre field
0= u@l + 1)82
satisfies the Legendre field condition

Vxd =X 0V.6 (3.1.1)

64
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for all vector fields X = x0y + yda, where u = w(ty,t2), v = v (t1,t2), © = x(t1,t2),
y =y (t1, ) are some functions. We require throughout that ¢ # 0.
Recall from Example 2.3.4 that the multiplication o is defined as

0;00; = { 0y i # J; (3.1.2)

where cg99 = Fha9 depends on each Frobenius manifold. If we calculate each side of (3.1.1),

we obtain
Vx0 = x01(u)0 + y0a(u)0; + x01(v)Dy + yOa(v)0s (3.1.3)

and

Xo Veé = (x@l + yag) o (81(1081 + 81<U)62)
= $61 (u)@l + ZU81 (U)az + y@l (u)ag + CQQanl (v)@l,

where we have used the multiplication given in (3.1.2). Considering the 0; and dy compo-

nents of condition (3.1.1) separately, we obtain the two differential equations

ou ov

ou ov
_ v 1.
oty Oty (3.15)

We can rewrite (3.1.4) in terms of the potential for §, which is a function h = h(ty, t2)
such that

or equivalently, u = 0xh and v = 0;h. Then (3.1.4) becomes a second-order PDE for h:

0*h *h

— = (20— -
o2~ g

Note that h is only defined up to a constant.

3.1.1 Homogeneous Legendre fields

As equations (3.1.4) and (3.1.5) may be very hard to solve in the general case, one can

impose homogeneity on d to find a smaller set of solutions. In this case, ¢ satisfies

Lpd = ud (3.1.7)
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where FE is the Euler field and u € C.
For cases (2.3.1), (2.3.3), (2.3.4), (2.3.5), the Euler field has the same form, namely

E = tlal + Oétgag (318)
for some o € C depending on the Frobenius manifold in question. We therefore find

L6 = E(5) — §(E)
== tlf)l (u)81 + tlf)l (U)ag + Oétgag (u)@l + Oétgag(v)ag - Ual - O[’Uag.

Then, the homogeneity condition given by equation (3.1.7) becomes

ou ou
— — = 1 1.
t1 8t1 + ats at2 (,u + )U, (3 9)
and
) ov
— — = . 1.1
tlatl + aty T (b+a)v (3.1.10)

It follows, by applying the method of characteristics, that

w(ty, ty) = th 1 A(2),

(3.1.11)
v (ty,ty) = YT B(2),

where A(z), B(z) are functions of z = t]“t. With these substitutions, the Legendre field
condition (3.1.4), (3.1.5) becomes the two equations

tf(lfa)A'(z) = Cooo(pt + @) B(2) — compazB'(2),
and
B'(z) = (pn+1)A(z) — azA'(2).

In cases (2.3.3), (2.3.4), (2.3.5), these equations can be used to produce a hypergeometric
differential equation for each of the functions A(z) and B(z). In the trivial case, (2.3.1),
equations (3.1.4) and (3.1.5) can be solved directly. In case (2.3.2), the Euler field has
a different form, however, a very similar procedure can be used which also results in

hypergeometric differential equations for A(z) and B(z).
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3.2 Hypergeometric differential equations

We refer to the Digital Library of Mathematical Functions [16] and Erdélyi [23] for the
material in this section. Care must be taken when using standard formulas in the lit-
erature, as we will be considering hypergeometric differential equations with non-generic
parameters.

The hypergeometric differential equation with parameters a,b,c € C is the following

linear second-order ordinary differential equation for a function A(z):
2(1=2)A"(z)+[c— (a+b+1)2]A(z) — abA(z) = 0. (3.2.1)

Since this equation has three regular singular points — at z = 0, 1, 00 — special solutions
are considered in the neighbourhoods of each singular point. These solutions are written
in terms of the hypergeometric function.

The (ordinary) hypergeometric function is denoted oF} (a,b; c; z) and can be written

as the power series,
= n b n "
2F1(a,b;csz)zz(a) (B)n 2

TR
—~ (¢)n n!

(3.2.2)
where (¢),, is the (rising) Pochhammer symbol defined by

1 n=20
(Q)n:
qglg+1)...(¢g+n—1) n>0.

When ¢ # 0,—1,—2,-3,..., the hypergeometric function is well-defined on |z| < 1 and
is a solution to the hypergeometric differential equation with the same set of parameters.
Note that both the function and the differential equation are symmetric in @ and b.

To describe general solutions of the hypergeometric differential equation, we also use

the digamma function. The digamma function is denoted v (z) and defined as

v(z) = < logI(z) =

where I'(z) is the gamma function. We will later use the following properties of the

digamma function [23, § 1.7.1]:

Y(l+n)= % — YEM (3.2.3)
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if n € N*, where yg); denotes the Euler-Mascheroni constant, and

V(14 2)=9Y(2) + %, (3.2.4)

for any z € C*.

3.2.1 Solutions around 0

For non-integer ¢, all solutions of (3.2.1) in the neighbourhood of z = 0 can be given as
linear combinations of (essentially) hypergeometric functions. More precisely, from |16,
15.10.2], we have A(z) = ay; + By, for «, B € C, where

y1 =2F1 (a,b;¢;2),
Yo =2"%F (a—c+1,b—c+1;2—¢;2).

We will need to consider solutions of (3.2.1) when ¢ € Z, which we split into two cases:
(i) c € N*  and (ii) ¢ € Z<o.

In case (i), the function y; is well-defined but y, is either not well-defined (¢ > 1) or
equal to y; (¢ =1). Let y3 = G (a,b; ¢; z), where we define

c—1

G abici2) = F (0, bici2)logls) = 3 T

A
' kg (?Z;C;flz)!ksk(@a bie)2" + H (a,bic;2), (3.2.5)

and A, S, H are given below. Let @ = max (a,b) and b = min (a, b). Then we define

O a)b ¢ Z<C7

gy S Era-DIb)
H (a,b;c;2) = = )!k;a (¢)ik! € Lo b D (3.2.6)

(—1)7% (—a)! i (kta—DHb), s a,b € Lep;

\ k=1-a (c)xk!

Pla+k)+ PO +k) =1+ k) =+ k) b ¢ ZLice,
Sk(a,b;¢) = (1l —a—k)+b+k)— (1 +k)—lc+k) a € Z<o, b¢ Z.,
Y(1—a—k)+¢Q—-b—Fk)—y(1+k)—¢(c+k) a,be Z;
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as well as the summation upper limit

oo a,bé¢Z.,
A — —a a & Zgo, b ¢ Z<C,
—a (l,b S ZSO-

These formulas combine [16, Equations 15.10.8-15.10.9]. Note that if a ¢ Z.. and b € Z<,
then solution y3 can be written as y3 = G (b, a; ¢; z). The general solution to (3.2.1) around
z=01is A(z) = ay1 + Bys, a, f € C, with exceptions when a or b € NZX_. These exceptions
correspond to degenerate cases dealt with in [23, § 2.2], which are not covered by the above
considerations.

In case (ii), y2 is well-defined while y; is not. A second solution is then given by
ys = 27°Gla+1—¢,b+1—¢;2 — ¢;2), so that the general solution around z = 0 is
A(z) = ays + Bys, o, B € C.

3.2.2 Solutions around the other singular points

The solutions to equation (3.2.1) around 1 (respectively, co) can be found by transforming
the equation under coordinate shift z; = 1— 2z (respectively, zo, = %) and solving it around
21 = 0 for the function A;(z;) = A(2) (respectively, solving around z,, = 0 for A (200) =
A(z)). Since (3.2.1) remains a hypergeometric equation under these transformations, the

formulas in §3.2.1 can be used to solve for A;(z;) and As(2s0)-

3.3 Legendre fields for Frobenius manifolds

We now analyse the Legendre field equations for each of the 2D Frobenius manifolds
(2.3.1)—(2.3.6) in Sections 3.3.1-3.3.6, labelled Cases 1-6 respectively. In Cases 2, 4, and 5,
corresponding to Frobenius manifolds (2.3.2), (2.3.4), and (2.3.5) respectively, solutions to
the hypergeometric differential equations associated with homogeneous Legendre fields are
only found around the singular point 0. In Case 3, corresponding to (2.3.3), solutions are

found around all three singular points and the monodromy of these solutions is discussed.
3.3.1 Casel
The trivial 2D Frobenius manifold has prepotential F' given by

1
F(ty,ty) = §t§t2 (3.3.1)
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and Euler field
E=t0,.

To complete the description of the multiplication given by (3.1.2), we see that cag = 0.
We consider an arbitrary Legendre field 6 with potential A, so that

0= u(tl,tQ)(?l + ’U(tl, t2)82 == 82<h)81 + 81<h)82 (332)

Condition (3.1.4) then becomes

ou
=0 (3.3.3)

Theorem 3.3.1. A Legendre field §, as in (5.3.2), has a potential h of the form
h (tl, tg) == tghl (tl) + hQ (tl) 5 (334)

where hy and hy are some functions of t1. The field has components

Proof. By (3.3.3), we have u = hy(t1). By definition of the potential as in (3.1.6), we
also have u = 0, (h) and v = 0;(h). Integrating the expression 0y (h) = hy(t1), we obtain
formula (3.3.4). Substituting (3.3.4) into v = 9;(h) produces the formula for v. O

3.3.1.1 Homogeneous Legendre fields

We now consider the case when § in (3.3.2) is homogeneous of degree p € C.

Theorem 3.3.2. Let ¢ given by (3.3.2) be an arbitrary homogeneous Legendre field of
degree 1. Then its potential s

h (tl, tg) = tﬁH—l (Cltg + CQ)
and its components are given by

u (tl) = CltéH_l,

v (tl, tz) = ([L + 1)#{ (Cth + CQ) s

where ¢1,co € C are free parameters.
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Proof. Imposing homogeneity on § via (3.1.9), (3.1.10) produces the equations

tu' (t1) = (p+ Du(ty), (3.3.5)
1%;’“) — (41, 15) . (3.3.6)

Equation (3.3.5) gives u = ¢;t**'. By Theorem 3.3.1, we have the general form of h, with
hy = u, along with
v=cy(p+ Dthts + hi(ty) (3.3.7)

for some function hs(t;). The substitution of (3.3.7) into (3.3.6) gives
tihy(t) = phy(th),

which can be solved for
h2 (tl) = CgtllH_l.

m
3.3.2 Case 2
The Frobenius manifold with prepotential given by
1 2 2t2
F(tl, tg) = §t1t2 +er (338)
has Euler field
FE = tlal + 7"62,
and .
_ 2t
Co99 =— 7"_367 2,
Condition (3.1.4) applied to § = ud; + vd, then becomes
Ou _ 8 2, 00 (3.3.9)

8_752 N r3 0751 ’
3.3.2.1 Homogeneous Legendre fields

Note that the following results partially reproduce and expand on Example 4.2 in [59],
which deals with the case r = 2.

Let us impose homogeneity on 4. The homogeneity condition (3.1.7) produces the
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equations

ou ou

te— 7o = 1
; ov . ov

— 4 r— = uw.
Yo, o, M

Using the method of characteristics, we get

u(ty,ts) =ty U (w),

v (ty, ) =tV (w), (3.3.10)

where w = %tIQe%tQ and U(w),V(w) are some functions. With these substitutions, the

Legendre field condition given by (3.1.5) and (3.3.9) becomes the two ordinary differential

equations,
U'(w) = zﬂrww) - %v’(@, (3.3.11)
V'(w) = %U(w) U W), (3.3.12)

Theorem 3.3.3. Let § = udy + v0y, with u,v given by (3.3.10), be an arbitrary homoge-
neous Legendre field of degree p. Then U(w) satisfies

w(l —w)U"(w) + 2“2_ 1wU’(w) — WU(W) =0, (3.3.13)
and V(w) satisfies
w(l—w)V"(w)+ (1 + 2,u2— 3w> V'(w) — WV@)) =0. (3.3.14)

Proof. Differentiating (3.3.11) and (3.3.12) with respect to w produces

U (w) = MQ—_TQV’(W) -2y, (3.3.15)
V(W) = —%U(w) + %U’(w) U W), (3.3.16)

Equations (3.3.12) and (3.3.16) can be used to eliminate V' in (3.3.15) and produce the
hypergeometric equation (3.3.13). Similarly, U can be eliminated from (3.3.16) to produce
(3.3.14). O

Equations (3.3.13) and (3.3.14) are instances of the hypergeometric equation (3.2.1)
with (a,b, ¢, 2) = (—%, —%,O,w) and (a,b,c,z) = (—%,PT“,l,w), respectively. All ho-

mogeneous Legendre fields for F' can be described in terms of solutions to (3.3.13) and
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(3.3.14). We now find solutions around w = 0 for general p ¢ {1,0, —1}; these solutions
are divided into two cases depending on whether u ¢ N or p € N.

Theorem 3.3.4. Let 6 = u0,+v0s, with u,v given by (3.3.10), be a homogeneous Legendre
field of degree u ¢ NU {—1}. Then U = c1y1 + coyo and V = 2—; (c1ys + coyq) in the

netghbourhood of w = 0, where

o~ 55 (36 i
yQ(w):yl(wﬂngu( +1>+kz_: k— 1)k Ft
{@D(T“Jrk)ﬂp(l_ﬂwc) Y (14 k) ¢(2+k)}
ys(w) =251 (—g,lgu,l,w )

and c1,co € C are free parameters.

Proof. To solve (3.3.13), we refer to case (ii) in § 3.2.1, since ¢ = 0. A ﬁrst solution is given
by y1 = woF} (2_7“, I_T“; 2;w) and a second solution is yo = WG ( 52 w) where the
function G is defined in (3.2.5). We have p ¢ NU {—1}, so 2%, 1= L =k 7é 1,0,— and
the correction term H (2—5’1, 1—?; 2; w) given in (3.2.6) is equal to zero.

For (3.3.14), we have ¢ = 1 so case (i) in § 3.2.1 is applicable. A first solution is
then y3 = 2F1( g, 2”; 1;w) and a second solution is y4 = G (—%, 12“, 1,w) Since
1 ¢ NU{—1}, we have —£, 1*7“ #0,—1,—2,..., and the correction term H ( g, 12“, 1,w)
is again equal to zero.

We get that U(w) = 131 + coy2 and V(w) = c3ys + c4ys for yi, y2,ys, ys as above and
some ¢y, o, c3,¢4 € C. Let us now relate these constants by using (3.3.11) to compare
similar terms in the series expansions with respect to w on both sides of the equation.
First, we consider terms of the form logw arising in (3.3.11). Using the definition of the
hypergeometric function, (3.2.2), and noting that no terms of the form alogw, o € C, can

appear in the expansion of wV’(w), we find
c
clogw + g1(w) = l;—: logw + g2 (w)

where the g;(w) are analytic at w = 0, which implies that

2
=Ly (3.3.17)
1
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Next, we consider the constant terms arising on both sides of (3.3.11). Note that the

constant terms in U’(w) are produced by the linear and wlogw terms in U(w). We have

U’(w) =C + CQf(,LL) + hl(w), (3318)
where 5 .
fw) =1+ (T") + ¢ (T“) —¥ (1) -9 (), (3.3.19)
and h;(w) are linear combinations of terms of the form w*, k > 1, and w'logw, > 0. We
also have
WV (W) = ¢4 + ho(w), (3.3.20)
and

Ve =atalo(-5) 4o (151) ~20 )] +

2
=3+ ¢y |:f(,U) + ;1 + hg(CL)), (3.3.21)

where we have used (3.2.4) and (3.3.19) to rewrite the digamma functions. Substituting
(3.3.17), (3.3.18), (3.3.20), and (3.3.21) into (3.3.11) produces

2r
C3 = —(Cy.
1%

The analogous statement for p € N is as follows.

Theorem 3.3.5. Let § = ud; + v0y with u,v as in (3.3.10) be an arbitrary homogeneous
Legendre field of degree i € N\ {0,1}. Define m,l € Z<y and p,q ¢ Z such that

2op lop _p 1_—/1) if 1 is even

(m,p,1,q) = W orw in oy e
—5) if pois odd.
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Then, U = c1y1 + coyo and V = QN—’" (c1y3 + coy4) in the neighbourhood of w = 0, where

yl(w) = wo (map; Q;UJ) )

= (k+m—1)
yQ(w) = yl(w) logw + m + ( lkzgl_:m m_ 1 'k|(p)kwk+1
+Z _1,,:, WY (1 —m = k) + 6 (p+ k) — v (1+K) =¥ (2+K)],
—0
ys(w) = 2F1 (I, ¢; L;w),

(1 1)
ya(w) = ys(w) logw + (— ! + I

k=1-I

WA =l=k)+¢(g+k) =2 (1 +k)],

and c1,co € C are free parameters.

Proof. We use § 3.2.1 to find the following solutions. To solve (3 3.13), we use case (ii)
and find y; = woFy (352, 54 2;w). Note that {a+1,b+1} = {Z4£, 54} = {m, p} where
m € Z<o, p ¢ Z. Hence, yo = wG (m, p; 2;w), and we get U(w) = c1y; +62y2 for ¢1, ¢y € C.

Similarly, using case () to solve (3.3.14) leads to y3 = oFy (4, 2 S 1 w) and yy =
G (1, q; 1;w) where {—H =t =Al,q} with | € Z<y, ¢ ¢ Z. We have V(w) = c3y3 + c4ys
for c3,c4 € C.

Using the same method as in the proof of Theorem 3.3.4, we find

2r 2r
c3 = —cy and ¢4 = —Ca.
1

]

We now deal with the three values of u excluded in Theorems 3.3.4 and 3.3.5: namely
€ {—1,0,1}. For these values, the last term in one or both of (3.3.13), (3.3.14) vanishes.
We find the solutions U(w), V(w) as well as the components and potential of the Legendre

field in these cases.

Theorem 3.3.6. Let 6 = ud,+v0s, with u,v given by (3.3.10), be a homogeneous Legendre
field of degree p € {—1,0,1}. Then the components v and v of § are given in Table 3.1,

where

and ¢y, co € C. The potentials h such that u = 0y(h) and v = 01(h) are given in Table 3.2.

Proof. Case 1: = —1.
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Table 3.1: Components of a homogeneous Legendre field in Case 2.

Degree p First component u Second component v
c
S t1s
0 ci1t1s —cyrarctanh(s)
c1 (o 8 2 dey 2,
1 o tis — —erarctanh(s) | + —-er” ¢ty (s — arctanh(s)) + cot
r r r

Components u = u(ty,ta), v = v(t1,tz) for a Legendre field § = ud; + vdy of degree p, with
Cc1,Co € C.

Table 3.2: Potential function of a homogeneous Legendre field in Case 2.

Degree p Potential h
-1 —cyrarctanh(s) + cato
0 cirty (8 — arctanh(s))
4 4
1 % (Stfs —2 (tf + ;e?h) arctanh(s)) + %2 <tf + ;63”)

Potential h = h(ty, t2) for a Legendre field § of degree u. Constants c1, ¢y € C are as in Table 3.1.
Equation (3.3.13) becomes
2w(w — 1)U"(w) + 3wl (w) = 0.

Substituting Y (w) = U’'(w), we can rearrange this to get

Yiw), 3 1
/ v ¥ =2 ) T

which has the solution
C1

(1 — w2’

with ¢; € C. After rescaling the constant ¢y, this gives us

Y(w) =

C
U(W): 11_w+627

for ¢y, co € C. Substituting U(w) into (3.3.11), (3.3.12) produces

By definition of U,V in (3.3.10), we have u = U(w) and v = #; 'V (w) where w = %tl_Ze%”.



CHAPTER 3. LEGENDRE FIELDS IN TWO DIMENSIONS 7

The formulas for u, v, h can then be verified.
Case 2: p=0.
Equation (3.3.13) becomes

2w(w — 1) U"(w) + wU'(w) = 0.
By the same methods as in the previous case, we find
Ulw) = V1 —w+ ¢,
which we substitute into (3.3.12) to obtain
V(w) = —cyrarctanh (VI —w) + % log w.
However, for U,V to satisfy (3.3.11), we must set ¢ = 0: so we have
Uw) =iVl —w,V(w) = —¢yrarctanh (V1 — w).

From the relations in (3.3.10), the given formulas for u, v, h may be verified.
Case 3: pu=1.

In this case we start with equation (3.3.14), which becomes
20w(1 — w)V"(w) 4+ (2 —w)V'(w) = 0.
Setting Y (w) = V’'(w), this produces
Y'(w) 1 [ w—2
dw = = d 3.3.22
/Y(w)w 2/w—w2w ( )

The substitution z = w — w? can be used to integrate the right-hand side (3.3.22) as
1 w—2 3 1 1 1 avV1—w
- ——dw=— [ ——dw— - [ —dz =log ———.
2) w—w? 4) w—w? 4 ) x w

Equation (3.3.22) therefore has the solution

follows:

which gives us

V(w) = (V1 —w— arctanh (V1 — w)) + co.
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Substitution into (3.3.11), (3.3.12) produces

U(w) = a (V1 — w — warctanh (V1 —w)) + 2.

T2 2r

Once again, the relations given by (3.3.10) can be used to check the formulas provided for
w, v, h. O

3.3.3 Case 3

The Frobenius manifold with prepotential
L,
F(tl, tg) = §t1t2 + IOg tg (3323)

has
C229 = %
and Euler field
E = tlal — 2t282,

that is & = —2. Condition (3.1.4) therefore becomes

ou 2 Ov
— = = 3.3.24
oty 30t ( )
3.3.3.1 Homogeneous Legendre fields
For the homogeneous case, we represent the Legendre field § as
0= u(tl, tg)al + U(tl, t2)82 = t’f“U(w)@l + tlf_QV(UJ)aQ, (3325)

where w = 8t %t, ', 11 is the degree of homogeneity, and U, V' are related to A, B in (3.1.11)
by U(w) = A(z) and V(w) = B(z). The Legendre field condition, given by equations
(3.1.4) and (3.1.5), can then be restated as

U'(w) = 2;—2%‘/@) + T—;V’(w), (3.3.26)
V() = —wmw) + 1;6(]/@;). (3.3.27)

Theorem 3.3.7. Let § given by (3.58.25) be an arbitrary homogeneous Legendre field.
Then U(w) satisfies

w(l — ) U (w) + (2“2_ Lo - 1) U(w) — WU(W) 0, (3.3.28)
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and V(w) satisfies

(1 — W) V" (w) + (2 T _22%) T 21(“ 3w = 0. (3.3.20)

Proof. Differentiating (3.3.26) and (3.3.27) with respect to w produces

U'(w) = 23_—2'UV(w) + 63_—2'qu’(w) + T—GV”(w), (3.3.30)
V() = Dy B D ) 4 DO (3331)

Equations (3.3.26), (3.3.27) and (3.3.31) can be used to eliminate V" in (3.3.30) and produce
the hypergeometric equation in terms of U, with parameters {a, b} = {—£, —%1}, c=—1.
Similarly, U can be eliminated from (3.3.31) to produce the hypergeometric equation for
V with parameters {a,b} = {%£, 2L}, ¢ = 2. O

Equations (3.3.28) and (3.3.29) are instances of the hypergeometric equation, (3.2.1),
with (a,b,¢,z) = (—g, —“TH, —1,w) and (a,b,c,z) = (2_7“, ?’_T’“‘,Q,w) respectively. We can
now describe all homogeneous Legendre fields in terms of solutions to equations (3.3.28)
and (3.3.29). We first consider solutions for u ¢ {—1,0,1,2,3} in the neighbourhoods of
the singular points w = 0, 1, co; these are dealt with in Theorems 3.3.8-3.3.11. In these
cases, we use formulas given by [16, §15.10|, as partially reproduced above in §3.2.1.

When p € {—1,0,1,2,3}, either the last term vanishes in one of (3.3.28), (3.3.29), or
the resulting parameters {a, b, ¢} for one or both differential equations correspond to one
of the degenerate cases discussed in [23, §2.2]. We deal with these special cases separately
in Theorem 3.3.14.

We begin by finding solutions around w = 0 for u ¢ {—1,0,1,2,3}. Solutions here
are split into the two cases u ¢ N and p € N, dealt with respectively in Theorems 3.3.8
and 3.3.9. The treatment of solutions around 1 and oo, in Theorems 3.3.10 and 3.3.11

respectively, is more condensed.

Theorem 3.3.8. Let 0 given by (3.3.25), with n ¢ NU{—1}, be a homogeneous Legendre
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field. Then, U = c1yy + coyo and V' = c1y3 + coyq in the neighbourhood of w = 0, where

64 2 2
B 1 1 w 2 — [l (%)k(%)k k+2
y2(w) _yl(w)logw+ 2(M_ 1) (,u(,u-l-l) N 4) * 64 kzg (3)kk5' “ 8
{@w (T”+k> +¢(3_T“+k) —1/}(1+k)—¢(3+k)},
yg(w)— 2 I (2_Tu,3;M,2> )7
) = (2), (%),
ya(w) = y3(w) logw + i — 1w . (k- 1)lk! 8

and c1,co € C are free parameters.

Proof. To solve (3.3.28), we refer to case (ii) in § 3.2.1, since ¢ = —1. A first solution is
given by y; = w?oF} (4%“, ?’_T“; 3;w) and the second solution is 1, = w?G (4_7“, ?’_T“; 3;w)
where the function G is defined in (3.2.5). We have p ¢ N U {1}, so &, 58 +£

2,1,0,—1,... and the correction term given in (3.2.6) is equal to zero.

For (3.3.29), we have ¢ = 2 so case (i) in § 3.2.1 is applicable. A first solution is
then y3 = oF) (277“, 377”;2;w) and a second solution is y;, = G (277“, 3;—“;2;w). Since
p ¢ NU{—1}, we have a,b # 1,0,—1,—2, ..., so the correction term H is again equal to
Zero.

Writing U(w) = c1y1 + coye and V(w) = e3y3 + cays for yi,ys,y3,ys as above and
arbitrary c1,c9,c3,¢4 € C, we can relate these constants by using (3.3.26) to compare
coefficients of terms in the series expansions with respect to w on both sides of the equation.
First, we consider terms of the form wlogw arising in (3.3.26). Using the definition of the
hypergeometric function, (3.2.2), and noting that no terms of the form wlogw can appear

in the expansion of w?V’'(w), we find

2cowlogw = _QMc4w log w,

equivalently,

2—p

G (3.3.32)

Co =
Next, we consider linear terms in w arising on both sides of (3.3.26). We have

Uw) = [201 + o (2f () + 1)]w + nonlinear terms, (3.3.33)
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where we define

F) = v (4‘7“) o (?"T“) —p (1) -9 (3). (3.3.34)

Note that the linear terms in U’(w) are produced by the quadratic and w?logw terms in

U(w). We also have

w?V'(w) = c4w + nonlinear terms,

and

wV (W) = |es+ ¢4 (w (2_7“) +¢ (S_T“) —v (1) =9 (2>>

= C3+C4<f(/ﬁ)—%+%>

w -+ nonlinear terms

w + nonlinear terms, (3.3.35)

where we have used (3.2.3), (3.2.4), and (3.3.34) to rewrite the digamma functions. Sub-
stituting (3.3.32), (3.3.33), and (3.3.35) into (3.3.26) produces

2—p
64

C1 = C3.

Constants c3 and ¢4 are renamed and functions y;, y» are rescaled in the theorem statement.
O

In the next statement, we deal with most of the remaining values of y not covered by
Theorem 3.3.8.

Theorem 3.3.9. Let 0 given by (3.5.25), with p € N\ {0,1,2,3}, be a homogeneous
Legendre field. Define m,l € Z<y and p,q ¢ Z such that

if pis even

(m.p.lg)=1{ "> $
(3—_H4“3_T“,2_T“) if u is odd.
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Then, U = c1yy + coyo and V = c1y3 + coyy in the neighbourhood of w = 0, where

n(w) =~ W (mpi3iw)
() =g + 1 (s -2
2 SRy = ) v+ ) = 00 ) = 0G5 )
CEBCIREO e ie!

64 Bkl

k=1-m

y3(W) = 2F1 (l7 q; va) )

ya(w) = y3(w) logw +

_l — sk (E+1-1)q)
,u(u—l)w+<_1) (_l)!;;_l“’ (k —1)!k! :

1
'y —(]il)_k(f’))!’;dwk (61— 1= k) + (g + k) — b(1+ k) — 92+ k)],

and c1, co € C are free parameters.

Proof. We use § 3.2.1 to find the following solutions. To solve (3.3.28), we use case (ii)

and ﬁnd y1 = w? o (— 3_7“;3;w) as before. Since p=4,5,6,7,... and {a+2,b+2} =

e i we always have {45£ 21 = {m, p} for some m € Z<g, p ¢ Z. Thus,

2 0 2 2 0 2
Yo = wW?G (m, p; 3;w), and we write U(w) = c1y; + coys for ¢1, ¢y € C.

Similarly, using case (1) to solve (3.3.29) leads to y3 = 2F) (2 koogk S ,2,w) and 1y, =
G (I, ¢;2;w) where { 3£, = {l,q} for somel € Z<y, q ¢ Z. We have V( ) = C3Y3+CaYs

for ¢3, ¢4 € C.
Using the same methods as in the proof of Theorem 3.3.8, we find

2—p d 2—p
C3 and C9 =
64

C1 = Cyq.

Constants c3 and ¢4 are renamed and functions y;, y» are rescaled in the theorem statement.
O

We now consider the solutions to (3.3.28) and (3.3.29) in the neighbourhoods of the
singular points 1 and co. Around w = 1, we have three cases: p is not a half-integer, pu is

a half-integer less than or equal to 1/2, and p is a half-integer greater than 1/2.

Theorem 3.3.10. Let § given by (3.3.25) be a homogeneous Legendre field of degree
p ¢ {-1,0,1 ,3} Then the formulas for U, V in the neighbourhood of w = 1 are as
follows, with c1 ,02 € C and G defined by (3.2.5).
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Case 1: 1 # 22 for k € Z.

1 3—-2
Uw) =i 2 Fy (—ﬁ Ry M;l—w>

2’ 2 2
Fg - an (2 S ),
Vi = WD (2o Sop By )

Case 2: = 2 for k € Z<.

1 3-2 1 3-2
U(w) :C§I)2F1 <—H e ; M;l—w> +C§1)G <—H —&Q M;l—w>7

2’ 2 2 2’ 2 2
(1)
16V (u+1 2—p 3—p 3—2
Viw) = 12(_M,u )2F1( 2“; 2”; Qﬂ;l—w)
_+méWM+UG 2-p 3—p 3=
2— 2 7 2 ' 2 '

Case 3: 1= 2L for k € N*.

2p—1

U(w) :cgl)(l—w) 2 2F1(

w—2 p—1 2u+1
; ; il—w
2 2 2

. 2 p—1 2u+1
+é%1—m%fa<“ a -“+-1—w),

2 7 2 7 2
(1)
V@%=wq<u+na—wf%iﬂ M+{M+22M+%1—w
2—u 2 2 2
1
+mé%u+nu_wﬁyG pol g2 el N
2— p 2 2 2

Proof. We define the coordinate shift wy = 1 — w, with U(w) = Uj(w;) and V(w) =

Vi(wi). Under this transformation, equation (3.3.28) becomes a hypergeometric differ-

ential equation for U;(w;) with parameters (a,b,c, z) = (—g, —“TH, %,wl), and equa-

tion (3.3.29) becomes a hypergeometric differential equation for Vi (wy) with (a,b, ¢, z) =
(2—55, 3—;’% %ﬁ, wl). We may now solve both equations around w; = 0 using the formulas
in § 3.2.1, before rewriting them in terms of w. Since ¢ = % for both equations, the
solutions for each can be split into the same three cases dependent on the value of p.

To relate the constants in the general solutions for U and V/, it is simplest to work in w;

and rewrite equations (3.3.26) and (3.3.27) in this variable. Respectively, these equations
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become

Ui(w) = 'UB—_QQ(I —wy)Vi(wr) + %V{(uﬂ),

(1 —w)*V{(w1) = 8(p + 1)U (w1) + 16(1 — wi)Uj (wn).

Using the same methods as in the proof of Theorem 3.3.8 produces the required statements.
m

Finally, the solutions to (3.3.28) and (3.3.29) around oo can be written with one ex-
pression for all p.
Theorem 3.3.11. Let § be as in (3.3.25), with u ¢ {—1,0,1,2,3}. Then, the formulas
for U(w), V(w) in the neighbourhood of w = oo are as follows, with cloo), céoo) e C.

u wid—p 31 00) mtl p+1 3—pn 11
Uw) = ¥wih <_‘ —;§s5) +Tw TR (_TaT@;; :

0 u=3 3—pu 1—p 3 1
Proof. We may either transform equations (3.3.28) and (3.3.29) with wy, = w™, U(w) =
Uso(Weo), V(w) = Vo(wso) and solve the resulting equations around w,, = 0 using § 3.2.1;

or, we can refer to [16, formulas 15.10.6 and 15.10.7]. Either way, we obtain the general

solutions
u wd—p 31 pt1 p+1 3—p 11
_ J 2 Pl J 2 N o Pl
U(w) C1W?29 1( 27 9 72aw)+02w 2 9 1( 9 ) 9 ’2’(,4) )
—2 2—pu w11 p—3 3—p 1—p 31
1% _ L= F I F L2
(w) C3wW 2 2 1( 9 ) 2a27w)+c4w 2 9 1( 9 ) 9 ’2,(,() )

for any p ¢ {—1,0,1,2,3}.

We use the expansion of (3.3.26) and (3.3.27) in w to relate ¢y, ¢s, c3, ¢4 by the same
methods as in the proof of Theorem 3.3.8. In particular, comparing terms of degree & in
(3.3.27), recalling that by definition u # 0,2, produces

16
2—p

C3 = C1.

Comparing terms of degree "%1 in (3.3.26), given u # —1,3, produces

cs = —16(pu + 1)co.

We rewrite ¢; = ¢\, ¢5 = ™ in the theorem statement. O
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We now consider the monodromy of these solutions for all x ¢ {—1,0,1,2,3}. Since
V' is similar in structure to U around all the singular points, and in all cases, it has the

same monodromy as U. In the following, we let

U(w) = My (w) + ey (w),

S e (3.3.36)
V(w) =y (W) + Sy ()

denote solutions to (3.3.28), (3.3.29) respectively, around the singular point i. We set

c§0) = ¢; and y](.o) = ;.
Corollary 3.3.12. We have U, V as in (3.3.36) given by Theorems 3.3.8 — 3.3.11. The
monodromy matrices for U, with basis yf), yéi), and V', with basis yéi), yff), around 0, 1,

oo are denoted by My, My, M., respectively. The matrices are as follows:

1 0
if 1 1s a half-integer,
2 1
Ml —
1 0
if i 1s not a half-integer;
0 _627rm
\
( .
e 0 L :
' if o is mot an integer,
0 —e™
1 0
My, = if 1 s even,
0 —1
-1 0 o
iof s odd.
0 1

\

| () ()
w — e®w as ¢ completes a single period, going from 0 to 27. Although the expressions

Proof. We wish to write M, such that (yl (w)) — My (yl (w)) under the transformation

for U are split into two cases around w = 0 (given in Theorems 3.3.8 and 3.3.9), in
both cases we have that y; consists entirely of analytic terms and gy, has the form of
log(w) x analytic terms + analytic terms. This leads to the stated expression for My. It
can also be easily verified that the same is true with V', y3, y4 replacing U, y1, yo.

To find M;, we consider the monodromy around w; = 1 — w = 0 for the formulas

given in Theorem 3.3.10. If x is not a half-integer (Case 1 in Theorem 3.3.10), we have
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2u—1
that ygl) consists entirely of analytic terms and yél) has the form w; > X analytic terms +

analytic terms. Meanwhile, if x is a half-integer (Cases 2 and 3 in Theorem 3.3.10), yg)

again is analytic while yél) has the form log(w;) x analytic terms + analytic terms.

! = 0 using the formulas in

)

For M., we consider the monodromy around ws,, = w™

Theorem 3.3.11. Here, y§°°) has the form weo? X analytic terms + analytic terms and yéoo
ptl

has the form we 2> X analytic terms + analytic terms. [

It is desirable to be able to express the solutions around the different singular points
in relation to each other (over appropriate domains). Such connection formulas are read-
ily available in the literature for the “generic” solutions of a hypergeometric differential
equation, i.e. where ¢ is non-integer; for example, see [16, § 15.10(ii)]. However, we
are concerned with special values of ¢ where solutions include correction terms. We re-
fer to Haraoka [30] for a complete set of connection relations between solutions' in all
cases, including “non-generic” parameters. These relations also allow the free parameters

c1, ea, Y, Vel ) to be related to each other.

Example 3.3.13 Relating solutions and monodromy around w = 0, w = 1 for specific p.
For the purposes of this example, we only consider solutions to equation (3.3.28), which
has parameters a = —4, b = — ¢ = —1. We take y ¢ N and p ¢ Z + L so that
the solution to (3.3.28) around w = 0, denoted Uy(w), is given by Theorem 3.3.8 and the
solution around w = 1, denoted U;(w), is given by Case 1 in Theorem 3.3.10. Using the

notation in [30], we rewrite these solutions as
Un(e) = ext + ea(Bi -+ (a1 ) 400+ 1-¢) — (1) — (2 — ) ).
Ur(w) = c{ys + 5y,

where functions ya, J1,ys3, y4 are given by [30, formulas (3.3), (3.13), (3.4), (3.5)] respec-

tively and cq, co, cgl), cgl) are as written in Theorems 3.3.8 and 3.3.10. We define

=0+ Wat+1—c)+9b+1-c)—9(1) =2 -0)p

so that the solution Uy = ¢1y2 + CoU1.
By [30, Theorem 4.1, Case (ii-2)|, we have the relations

Y2 = NY3 + V2Yu, (3.3.37)
Y1 = nPys, (3.3.38)

!Some of the solutions given in [30] are expressed in terms of different bases of fundamental solutions
to those defined in § 3.2.1. However, they are equivalent to the solutions given here.
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with constants

y :F(Z—c) (c—a—Db)
YT T —a)(1-0b)

_ IO (*5)
NENE)
I'2—c¢Il(a+b—2c)
IF'a+1—=cI'(b+1—¢)

rEr ()

T ()

B=va+1—c)—v(c—a)+(b+1—c)—1(c—Db)
o(5) o () 0 (52) 0 25,

These relations hold in the domain C\ ((—o0,0]U[1,00)). Here, I'(z) denotes the gamma
function. When p ¢ Z, we can further simplify 3 as follows:

Y2 =

B = —m(cot(ma) + cot(wb))
= 2meot(um).

For this, we use the property of the digamma function, given in [23, § 1.7|, that

(1 = 2) = (2) = meot(mz),

as well as standard trigonometric identities.

From equations (3.3.37) and (3.3.38), we can define transformation matrices
72
TOI = )
(715 0 >

0o L

To=To'={, ™

72 V28

such that %2 ] = T ) and (%) = Ty 32 in the domain C\ ((—o0,0] U1, 00)).

n Ya Ya %

We can now refer to Corollary 3.3.12 for the appropriate monodromy matrices My, M,
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where analytic continuation around w = 0 and w = 1 respectively sends

gQ = My gz = MoTh Y3 )
n n Ya
y3 —> Ml y3 = M1T10 352 .
Ya Ya (!

By composing transformations, we find that the effect of taking the analytic continuation

of Up(w) around both w = 0 and w = 1 can be represented by the matrix

e—27ri,u % (1 _ e—27ri,u,)
MoTon MiTho = 1

27m'e—2m',u 27rz< _ —2m‘u)+1

such that ?iz — MoTo1 M1 T gQ :
Y1 Y1

We now return to the task of finding solutions for equations (3.3.28) and (3.3.29) for
the special cases of p not covered by the previous discussion — namely p € {—1,0, 1,2, 3}.
In this cases, we also use U, V to find the components and potential of the Legendre field

for each value of p.

Theorem 3.3.14. Let § as in (3.8.25) be a Legendre field of degree p € {—1,0,1,2,3}.
Then the components u = u(ty,tz) and v = v(ty,t2) of 0 are given in Tables 3.3 and 3.4
respectively, where

8

s= |1 ——
2,

and c¢y,co € C. The potentials h = h(t1,t3) such that u = Oy(h) and v = 0y(h) are given
i Table 3.5.

Proof. We consider the five values of 1 successively.
Case 1: p=—1.
The equation (3.3.28) becomes

2w(w — HU"(w) + (3w + 2)U' (w) = 0.
Substituting Y (w) = U’(w), we can rearrange this ODE to get
Y'(w) 3w + 2
dw= | —dw. 3.3.39
e e 13339

The right-hand side of (3.3.39) can be integrated, using the substitution z = w — w?, as
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Table 3.3: First component of a homogeneous Legendre field in Case 3.

Degree 1 First component u
12
-1 |l 5——1)s?+c
' (t% ) ’
0 1|1 i + cot
c —— | s c
11 21 201
» 4 2
2 atis®
t! 20 24 Co
3 ¢ {Z (1 — t%_tg) s+ garctanh (s)| — 2

First component u = u(t,t2) of a Legendre field 6 = ud; + vy of degree p. Constants ¢p,c2 € C
are as in Table 3.4.

Table 3.4: Second component of a homogeneous Legendre field in Case 3.

Degree 1 Second component v
-1 8cit;?s™?
0 citas ™t + coty
2citits + 2cotitas
2 3¢y (ttas — Barctanh (s) ) + ¢z
3 c |:t?t2 (1 + %) s — 24t arctanh (s)] + coty
1

Second component v = v(t1, t2) of a Legendre field § = ud; +v0s of degree . Constants ¢, ca € C
are as in Table 3.3.

3w+ 2 7 1 3 [1 aw
——dw=- [ —=dw—- | —dz =log ——.
/2(w—w2) “ 4/w—w2w 4/xx Og(l—w)5/2

Thus, (3.3.39) has the solution

follows:

1w
Y((,(J) = —(1 — w)5/2,
and we obtain 3 2)
Ci1{oW —
U((,U) = m —|— Co.

Since this is a closed-form solution, it is easiest to solve (3.3.26) and (3.3.27) directly for

V(w). We find
1661

V(w) = m
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Table 3.5: Potential function of a homogeneous Legendre field in Case 3.

Degree p Potential A
-1 Coty — cltgs_l
0 cititas + cotqts
c (t%tg —4log t2) + ¢ (t%tgs — 8arctanh (s) )
2 city [ (t%tg + 16) s — 24arctanh (s)} + coty
3 o] [% (1 + é—i) s—12 (tf + %) arctanh (3)] + ¢ <§ + %)

Potential h = h(t,t2) for a Legendre field ¢ of degree . Constants c1,co € C are as in Tables
3.3, 3.4.

From (3.3.25), we have u(t;,t;) = U(w) and v(ty,ty) = t;°V(w), where w = 8t;°t; ",
which (after rescaling ¢;) lead to the formulas for u(ty,t2) and v(t,t3) as in the theorem
statement. Finally, the formula for the potential h(t;,t3) can be easily verified using
(3.1.6).

Case 2: p=0.
The equation (3.3.28) becomes

2w(w — 1) U"(w) + (w+2)U'(w) = 0.

The same method as used in the case p = —1 leads to the equation:
Y'(w) 1w
dw = log ————
| Ty = e

where Y (w) = U'(w). This gives us

(2 —w)
Uw) = —+co.
W="i= o
We can either substitute this into (3.3.26), (3.3.27) to find V(w), or refer to |23, § 2.2.2],
case 17 with m = 0 = [, for the appropriate solution to (3.3.29). Either method produces

16¢; 8¢y
V(w) = Vi N + -
In this case, (3.3.25) gives us u(t;,ts) = t;U(w) and v(ty,ty) = t;°V(w). From these
relations and the definition of the potential h(t1,s) in (3.1.6), the given formulas can be
verified.
Case 3: p=1.
Neither ODE (3.3.28) or (3.3.29) changes in form, but the general formulas given in the-
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orems 3.3.8 and 3.3.9 are not applicable since they result in singularities. We refer to the
degenerate cases dealt with in |23, § 2.2.2]. The solution to (3.3.28) is given in case 12
(ibid) with m = 1 and n = 0 = [, while the solution to (3.3.29) is given in case 17 (ibid)
with m = 0 = [. Both expressions can be written in terms of elementary functions, and

we obtain

Ulw)=c1(2—w)+ vl —w

32 16c9v/1 —
Viw) = 224 22 )

w w

where (3.3.26) has been used to relate constants. We have u(t, t3) = t2U (w) and v(t, t3) =
71V (w) from (3.3.25), from which the formulas in the table follow.
Case 4: = 2.
The solution to (3.3.28) can be obtained from [23, § 2.2.2|, case 12 with m = 1 and
n =0 ={. We obtain
Uw) = ¢1(2 = 3w) + (1 — w)¥2 (3.3.40)

The ODE (3.3.29) becomes
" 3 /
w(l —w)V"(w)+ (2 - §w)V (w) =0.
We use the same method as in the case = —1 to arrive at the equation

o= [ 2175,

w2

The substitution z = /1 — w, with the standard integral [(1 — 2?)"'dax = arctanh(z),

lets us solve this integral for

VW) o (m _ arctanh (m)) res

w

Equation (3.3.26) can be used to relate this to U(w) in (3.3.40), leading to
c1 = 0 and c3 = 24c¢,.

Finally, we use (3.3.25), which gives u(t;,ts) = t;U(w) and v(t;,ts) = V(w), and (3.1.6)
to verify the formulas in the statement.

Case 5: = 3.
Equation (3.3.29) becomes

SIV'(w) =0,

w(l—w)V"(w)+ (2 - 5
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which can be solved using the same methods as in the case 4 = 2. This produces

2w

V(w) —cl( =1 /T=% - 3arctanh (m)> te

w
To obtain U(w), note that the formula for U(w) in Theorem 3.3.9 is applicable, as u = 3
does not produce singularities. The formula may be written in closed form for this case,
but it is more convenient to find this expression by substituting V" into (3.3.26). By doing
this, we find

3
Ulw) = % (warctanh (\/1 —w) —V1l-w) - C;—;d,
hence )
Uw) = g—; (3w? arctanh (V1 — w) + (2 — 5w)V1 — w) — 0261} :

We use u(ty, to) = t1U(w) and v(t,t2) = ¢,V (w) from (3.3.25), and (3.1.6) to arrive at the
formulas in the statement, where ¢; and ¢y have been rescaled. O
3.3.4 Case 4
Next, we consider the Frobenius manifold with prepotential

[l 1 i 2 N

F(t) = §t1t2 + t2 IOg tg, (3341)

that is, Fis given by (2.3.4) up to a change of notation. For the purposes of this section,
we denote this prepotential as I to distinguish it from the one given by F in (3.3.23).
The corresponding Frobenius manifolds are related by the inversion symmetry, as shown
in Example 2.4.11.

We find

Cooo = Figg =

Y

RN

and the Euler vector field is
E = 1,0, + 2£50,
where we set 51 = 05'. Condition (3.1.4) for the arbitrary Legendre field 5 = ﬁé\l + @52
now becomes 90 2 85
L (3.3.42)
Ota ty Oty
3.3.4.1 Inversion relations

We saw in Example 2.4.11 that F (f) is related to the Frobenius manifold described by
(3.3.23), referred to as F'(t). Under the relations established in this example, the Legendre
fields of F' can be used to describe those of F. For brevity, we say that ¢ is a Legendre
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field for a prepotential F' if it is a Legendre field for the Levi-Civita connection of the
Frobenius manifold associated with F.

Recall from Example 2.4.11 that the coordinates t and ¢ are related by

~

A 1
thh=1t, ta=—;
to (3.3.43)

51 = 0, 52 = — (t2)2 0s,

where 0; = %.

Theorem 3.3.15. Let F be the prepotential given by (3.3.23) and F by (3.5.41). There

is a one-to-one correspondence between the Legendre fields of F' and those of ﬁ, provided

by the following statements.

1. Let  be a Legendre field for F, with potential h. Then the vector field

~

0 =ty — hoy (3.3.44)
is a Legendre field for ]3, and has potential

h = —tsh. (3.3.45)

2. Letd be a Legendre field for ﬁ, with potential h. Then the vector field

-~

§ = 50 — hy (3.3.46)

is a Legendre field for F', and has potential

~

h = —tyh. (3.3.47)

3. Ifg is defined by (3.5.44), then
528\— ilé\l == (5

Proof. Let § = 0y(h)0; + 01(h)0y be an arbitrary Legendre field for F. Since 0 satisfies
the Legendre field condition for F, its components u = 0y(h) and v = 0;(h) satisty the
differential equations (3.3.24) and (3.1.5). Under the coordinate transformation t v £,

these two equations become

2 (1) By(h) + (&))" Oy (52<h>) = 2(£)° 9, (51(h)> , (3.3.48)
b, <52(h)> — 5, (51(h>) . (3.3.49)
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To show that 8 = @9, + 90, given by (3.3.44) is a Legendre field for F, we must show that

it satisfies the Legendre field condition for 2 ; equivalently, that its components satisfy

B () = %51 (o), (3.3.50)
Oy (4) = D5 (D), (3.3.51)

which are equations (3.3.42) and (3.1.5) in the new notation. Since from (3.3.44) we have

o = —t,05(h) — h, (3.3.52)
b = —t,01(h), (3.3.53)

we use (3.3.48) to show that the left-hand side of (3.3.50) becomes
By (@) = —28u(h) — 1205 <52(h))
— 23, (51(h)) .

This expression is equivalent to the right-hand side of (3.3.50), and so § satisfies this first
condition. Similarly, (3.3.51) is equivalent to equation (3.3.49), which is already satisfied.
This proves that the § constructed in Statement 1 is a Legendre field.

We now check that (3.3.45) describes the potential of 5. Recall that we should have
o = Oy (ﬁ), b = 0, (iL) Substituting h = —fsh, we recover equations (3.3.52), (3.3.53),
which hold by definition of 5. Statement 1 is therefore proven.

To prove Statement 2, we can use the same methods. We know that 5 satisfies equations
(3.3.50) and (3.3.51), which become

2 (t3)° 9 (ﬁ) + (t2)" 9 (32 (il)> = 250, (al (il)> ;

) (82(5)) — 8, (al(i}))

under the transformation £ ~ t. A new vector field with potential (3.3.47) has components

A~

u = 0y(h) = —ts95(h) — h,
v =201(h) = —ty01 (il)7

which coincides with the vector field ¢ given by (3.3.46). This implies Legendre field
condition (3.1.5), and the condition (3.3.24) is easy to check as well.

To prove Statement 3, we begin with §, a Legendre field for F. We construct $ as in
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(3.3.44), which then gives us

f20 — hOy = Ly (t26 — hdy) — hd,
=06 — t3h0y — (—tsh) O
=9
as required, where we have used relation (3.3.45). [

Therefore, Legendre fields for F can be found using the Legendre fields for F'; although
we note that the potential for a given Legendre field is also required. Since we described
all homogeneous Legendre fields for F' in §3.3.3, we check whether the homogeneity of a

Legendre field carries over under the relations given in Theorem 3.3.15.

Lemma 3.3.16. Let 0 be a homogeneous Legendre field for F' of degree p with potential
h. Then g, h as given by (8.3.44), (3.8.45) satisfy the relation

2L (5) = £ (A1) = (1~ 2)iz3 — phd. (3.3.54)

Furthermore, let 5 bea homogeneous Legendre field for a of degree i with potential h.
Then 60, h as given by (3.3.46), (3.3.47) satisfy the relation

toly (8) — L (hdh) = (fu + 2)tad — jih.

Proof. The field 6 is homogeneous if it satisfies equation (3.1.7). By Theorem 3.3.15, we
also have that § = fgg— ﬁgl, SO

£(6) = L (10— hd) )
— (I8 — 1) — (i3 — 1y ) (E)
where the Euler fields are given by (2.4.3). Continuing, we have
Lp(8) = ioE (5) 4260 — B (551) ) (E) +hd, (E)
— 2L (5) + 2030 — £ (hD))
By equation (3.1.7), we obtain
2L () + 2020 — L (D)) =y (20 — 1D )

from which the first statement follows.

The proof of the second statement follows similarly. m
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By Theorem 2.4.31, homogeneous Legendre fields for a Frobenius manifold with charge
d have homogeneous potentials, provided that the Legendre field in question has degree
i # d — 2. We note that the charge for the manifold with prepotential F' is d = 3, and
the charge for the manifold with prepotential Fisd=—1.

Corollary 3.3.17. Let 6 be a homogeneous Legendre field for F of degree yn # 1, and let
h be its homogeneous potential. Then S asin (8.3.44) is homogeneous of degree 1 = 1 — 2.

Let d be a homogeneous Legendre field for F of degree i # —3, and let h be its homo-
geneous potential. Then § as in (3.5.46) is homogeneous of degree jn = i + 2.

Proof. By Lemma 3.3.16, it is enough to check that flé\l is homogeneous of degree .
Recalling that h = —ish by Theorem 3.3.15, we have

n~ 1
£ (hd)) = L (—ghal)
= E(R)3) — oy + hd,(E). (3.3.55)
2 2 2

We therefore have E(h) = (1 — 1)h, which we can substitute into (3.3.55) to get
The second statement can be verified by the same method. O

In principle, this means we can use results from §3.3.3 to describe homogeneous Legendre
fields for F. The construction for & in (3.3.44) still requires knowledge of the potential h,
so in practice we will only use results from Theorem 3.3.14.

3.3.4.2 Homogeneous Legendre fields

Imposing homogeneity on 5= 1251 + ’052 of degree ji, as in § 3.1.1, gives us
3\: 1?6 ({17 fg) 51 —|— 1} ({17 52) 52 - f{ﬂrl(/j(a})é\l —|— 79l11+2‘7((1))52, (3356)

where & = 8t;%ty; compare ansatz (3.1.11). We see also that & = w = 8t7°t; ", where
w is as defined in §3.3.3, by the coordinate transformation in (3.3.43). The Legendre
field condition, represented by equation (3.3.42), is then equivalent to the two differential

equations
U'(w) = M\?(w) — AV (w), (3.3.57)
7(w) = P B w0 - Y. (3.3.58)
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Theorem 3.3.18. Let & be an arbitrary homogeneous Legendre field, as in (3.3.56).
Then U(&) = U(w) satisfies

w(l — w)U" (w) + (Qﬂ; Lot 1) U (w) — Mﬁ(w) =0, (3.3.59)

and V(&) = V(w) satisfies

~ ~

201+ 1w‘7,(w) _(a+ 1L(M+ 2)

w(l —w)V"(w) + V(w) =0. (3.3.60)

Equations (3.3.59) and (3.3.60) are instances of the hypergeometric equation (3.2.1), with

(a,b,c,z) = (—%, —ﬂzil, 1,w) and (a,b,c,z) = (—’lzil, —’gﬂ,o,w), respectively.

Proof. Differentiating (3.3.57) and (3.3.58) with respect to w produces

2(ji+2)
Cd2

2+ 2)

U'(w) = — V(w) + V'(w) — 4V" (), (3.3.61)

N h— 1~ N

V"(w) = ”TU'(W) - %U”(w). (3.3.62)
Equations (3.3.57), (3.3.58) and (3.3.62) can be used to eliminate V in (3.3.30) and produce
the hypergeometric equation in terms of (7, with parameters {a,b} = {—%, —%}, c=1.
Similarly, U can be eliminated from (3.3.62) to produce the hypergeometric equation for

V with parameters {a,b} = (-8 —E82Y = 0. O

We have § and h for p € {—1,0,1,2,3} from Theorem 3.3.14. By Theorem 3.3.15
and Corollary 3.3.17, we can use these to construct the homogeneous fields § for i €
{—3,—-2,0,1}. We obtain the field of degree i = —1 directly, by solving (3.3.59) and
(3.3.60).

Theorem 3.3.19. Let & given by (3.3.56) be a homogeneous Legendre field of degree
o€ {—=3,-2,—1,0,1}. Then the components i and 0 ofg are given in Tables 3.6 and 3.7
respectively, where
s=4/1— %
G
and cq,co € C. The potentials h=h (fl, 52) such that 4 = /8\23 and U = (iiz are given in
Table 3.8.

Proof. We consider two different cases for the value of /.

Case 1: 1 # —1.
We refer to Theorem 3.3.14 for Legendre fields 6 of F', of degree of homogeneity u €
{=1,0,2,3}. By Theorem 3.3.15 and Corollary 3.3.17, these fields correspond to Legendre
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Table 3.6: First component of a homogeneous Legendre field in Case 4.

Degree i First component
-3 4eyt?s™3
-2 ety ts
-1 ciarctanh (s) + co
0 24¢1tq (s — arctanh (s) ) + Coty

c1 [18t1s — 12 ({7 + 4y) arctanh (s)] + cp (7 + 4)

First component 4 = @(fl, 52) of a Legendre field 5= @51 + @52 of degree fi. Constants c1,co € C
are as in Table 3.7.

Table 3.7: Second component of a homogeneous Legendre field in Case 4.

Degree [1 Second component v
-3 —SCltAl’?’fzs’?’
—2 oy — 18t
—1 —ﬂfls
0 3¢ (t?s — 8tsarctanh (s) ) + Coty

ety [(t? + 1652) s — 24tsarctanh (3)] + 209t 1ty

Second component © = 17(51, fg) of a Legendre field 5= ﬁé\l —f—f}gg of degree fi. Constants cy,co € C
are as in Table 3.6.

fields 0 for F of degree of homogeneity i = pu — 2, where

8 = 130 — ho
= (f;lu - h) 5\1 — fQUé\Q

under the coordinate transformations given in (3.3.43). The Legendre fields with i €
{—3,—-2,0,1} therefore have their potential and components given by

h = —iyh,
o =ty'u —h, (3.3.63)
U= —tAQ’U,

where u, v, h can be read off from Tables 3.3, 3.4, and 3.5.
Case 2: 1 = —1.
While we can use the relations in (3.3.63) to produce a new Legendre field 5 = a0, + 00

from the Legendre field § of degree of homogeneity ;1 = 1, this new field will not necessarily
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Table 3.8: Potential function of a homogeneous Legendre field in Case 4.

Degree [1 Potential £
-3 18t — ¢
—2 cgfl — clfls
-1 ¢ |tyarctanh (s) — %S + ¢ty
0 ity [(t? + 161?2) s — 24tsarctanh (s)] + Cotqts
1 c1 t%s (t? + 5252) — 12t (ff + 252) arctanh (s) | + cafs (t? + 27?2)

Potential h = fz(fl, ty) for a Legendre field 5 of degree [i such that 5= gradiL. Constants c1,co € C
are as in Tables 3.6, 3.7.

be homogeneous. Indeed, by this method we obtain

U= 4c¢; (1 + log fQ) + 8coarctanh (s)
0= 20151 — 2C2£1$,
h=c (£ + 4z log t5) + ¢ [8arctanh (s) — i7s]

where § = ﬁé\l + 2752 is a Legendre field for F — as can be easily verified by substitution
into (3.3.42). However, this ¢ is only homogencous (of degree ji = —1 as expected) for
cp = 0.

We instead solve differential equations (3.3.59) and (3.3.60) for U(w), V(w) such that
a=U,d=1V by (3.3.56). Recall that @ = 8{;%f,. When i = —1, equation (3.3.59)
becomes

2w(w — 1)U"(w) + (3w — 2)U"(w) = 0.

Substituting Y (w) = U’(w), we can rearrange this ODE to get
Y’ —
/ (w)dw = / de,
Y(w) 2(w — w?)

Y(w) = w\/%—w

Thus, after integration and rescaling constants, we arrive at

which can be solved for

A~

U(w) = ciarctanh (V1 — w) + ¢, (3.3.64)
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equivalently,
U (fl, fg) = cjarctanh (s) + cs.

Substituting (3.3.64) into (3.3.58) gives us

SO
) (1?1,52) = —%1?18.

The potential h for it = —1 given in Table 3.8 can then be verified through differentiation.
O

To use the formulation in Theorem 3.3.15 we need the potential i, which we do not have
for generic y; instead we now solve (3.3.59) and (3.3.60) directly for g ¢ {—3,—2,—1,0,1}.
We only provide solutions around w = 0, which are split into the same two cases as in

§ 3.3.3.

Theorem 3.3.20. Let § given by (3.3.56) be a homogeneous Legendre field of degree
g ¢ NU{-1,—-2,—-3}. Then U= c1y1 + Coya, V= % (c1y3 + coys) in the neighbourhood

of w =0, where:

1 1+ 1
yl(w) = <_ga —'u—§ 1;w> )

Proof. We solve (3.3.59) with case (i) from §3.2.1, taking ¢ = 1. We find y; as written in
the theorem statement, and y, = G (—%, —%; 1;w) where G is defined in (3.2.5). Since
we are considering i1 ¢ N, parameters a,b ¢ Z<, and the correction term (3.2.6) is equal

to zero.
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To solve (3.3.60), we use case (ii) in §3.2.1 since ¢ = 0. The first solution, ys, is as
written, and the second solution is y; = WG ( , %; 2; w) with correction term H again
equal to zero; we then have V( ) = ¢c3ys + Caya.

The constants ¢y, co, c3, ¢4 can be related by comparing terms in (3.3.57) and (3.3.58),
using the same methods as in the proof of Theorem 3.3.8. We find ¢35 = %cl and

i+1
C4—TCQ O

Theorem 3.3.21. Let & given by (3.3.56) be a homogeneous Legendre field of degree
f€ N\ {0,1}. Define m,l € Z.oy and p,q ¢ Z such that

=

1 j 1 e
-8 B8 if fuis even

v 2072
1 _p1-p _f P
577,—5) if [1 1s odd.

, —

w‘

(m,p,l,q) =

IS
F -

M|

Then U = c1Y1 + C2Yo, Vo= il c1ys + coys) in the neighbourhood of w = 0, where
8

1 (w) = oF1 (m, p; L w),

) Z k+m—1)( e,

yo(w) = y1(w) logw + (—

—m

+Z%wk[¢(1—m—k)—i—w(erk)—?w(lJrk)],

y3(w) = wa 1 (1, ¢; 2, w)

4 'i (k+1—1) )kwkﬂ

= y51
pa(w) = yslogw + Ay s + Kk +1)!

k=1-1

+];ZO—(;(€Z)_];(1€;)!Z!WHI[w(l_l_k)+w(Q+k)_1/’(2—’_@_¢(1+k)]‘

Proof. From §3.2.1, case (i), we find y;(w) as written. Since i € N, we have {a,b} =
{—%, —’%1} = {m, p} for some m € Z_q, p ¢ 7Z. Hence, we can write ys(w) = G (m, p; 1;w)
and U(w) = c1y1(w) + caya(w).

Using case (ii) to solve (3.3.60) gives us y3 as written and y4(w) = G (I, ¢; 2; w), where
{a,b} = {—&, 5L} = {l,q} for some | € Zy, ¢ ¢ Z. We then have V(W) = csys(w) +

caya(w).
The constants ¢y, cq, ¢3, ¢4 can be related by comparing terms in (3.3.57) and (3.3.58),
using the same methods as in the proof of Theorem 3.3.8. We find ¢35 = ’“ c; and

C4 = ﬂcg O
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3.3.5 Case b

Consider the prepotential given by

1
F(ty,ty) = 51&%152 + th (3.3.65)

with Euler field
E = t161 + (1 - d)tgag - t181 +

2
L — 1t2627
where we recall d # —1,1,3 and k = % #0,1,2. Then

Co29 — F222 = k‘(k‘ — 1)(k’ — 2)t§_3,

so equation (3.1.4) becomes

ov

ou _
=k(k—1)(k— 2)t’2“ 33_751'

5 = (3.3.66)

3.3.5.1 Homogeneous Legendre fields

We impose homogeneity on a Legendre field § so that we may use (3.1.11) to write
_2
d=u (tl, tg) 81 + v (tl, tg) 82 == t‘f“U(w)@l + tllH_k_l V(w)ag (3367)

with w = 4“351%2)251_215’5_1. The Legendre field condition, given by (3.1.4) and (3.3.66), can

then be represented by the equations

) = ZEHEE (T ) V) - 260 -2) (11— T

1 1k — 2) 1k — 2)
(3.3.68)
ol (k= Dw\ 2 [ (k—1w\*T
Vi) = o=y <4k(k - 2)) Uw) -3 (4k(k - 2)) Ulw). (3:3.69)

Theorem 3.3.22. Let ¢ given by (3.3.67) be a homogeneous Legendre field. Then U(w)

satisfies

w(l —w)U" (W) + (k i -+ 2“2_ 1w) U'(w) — MU(w) =0, (3.3.70)
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and V(w) satisfies

Ozw(l—w)vll(w)+ (::i—k 7—3];<—|];2_M1<;f— 1) >V’(w)

3.3.71
=) 3Rk +2) (3:3.71)
4(k —1)2 '
Equations (3.3.70) and (3.3.71) are instances of the hypergeometric equation, (3.2.1),
with (a,b, ¢, z) = (_g’_lLTH kL w) and (a,b,c,z) = <2(kk—31) - §a2(kk_31 - uTH Z; >
respectively.

2

Proof. To start with, we will work in terms of A(z) = U(w), B(z) = V(w), with z = t; ..
Substituting the ansatzes (3.1.11) into the Legendre field condition (3.1.4), (3.1.5) with
o= %, we find
PTFAN2) = k(k —2)(2+ pu(k —1))B(2) — 2k(k — 2)2B'(2), (3.3.72)
2
11—k

B'(z) = (n+1)A(z) + 2A'(2). (3.3.73)

Differentiating (3.3.72) and (3.3.73) with respect to z produces
(3 —k)22 A (2) + 237 A" (2) = pk(k — 1) (k — 2)B'(2) — 2k(k — 2)2B"(2),  (3.3.74)

B"(z) = <,u + %) Al(z) + ! E sz"(z). (3.3.75)

Using (3.3.73) and (3.3.75) to eliminate B’(z) and B”(z) in (3.3.74), we obtain the equation

p(p+ DE(k —1)%(k —2)A(2) — 2k(k —2)(2u(k — 1) + k — 3)2zA/(2)
+ (k= 1)(k = 3)2>FA"(2) + 4k(k — 2)2%A"(2) — (k — 1) A"(2) = 0. (3.3.76)

Under the change of variables

 Ak(E—2) 4,
w=——7 * (3.3.77)
with U(w) = A(z), equation (3.3.76) becomes (3.3.70) after rescaling by a factor of —4k(k—

1)%(k —2).
We can rearrange (3.3.75) to obtain

A”(Z) _ 1 _kB”(Z)—I— <:u(k_ 1) + k2_23) A/(Z),

2z 2z
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which can substituted along with (3.3.72) into (3.3.74) to get

k(k—2)(u(k — 1) +3 = k) (u(k — 1) + 2) B(2) 4+ 2k(k — 2) (k — 3 — 2u(k — 1)) 2B'(2)
+ 22 (4k(k—2) — (k—1)2""%) B"(2) = 0. (3.3.78)

After the same change of variables (3.3.77) with V(w) = B(z), and some rescaling, the
equation (3.3.78) becomes (3.3.71). O

We will consider solutions to the equations (3.3.70) and (3.3.71) around w = 0 for

generic k, that is

k:e(C\({0,1,2}U{n:1]neNX}>. (3.3.79)

Note that the set described in (3.3.79) contains Z \ {0,1,2}. If k lies outside the set
(3.3.79), the parameter c for both equations (3.3.70), (3.3.71) is an integer, meaning that

these equations must be solved using different methods.

Theorem 3.3.23. Let § given by (3.3.67) be a homogeneous Legendre field with arbitrary
w, and k as in (3.3.79). Then, the formulas for U(w), V(w) in the neighbourhood of w = 0

are as follows, where ¢y, cy € C.

U(w) = aiyi(w) + cay(w),

deo(k —2) k-1 \*F1 E—1 \&T
V) = gt T () e el () e

woop+1 1
y1<W) 2 1( 27 9 7k_17w)5

k=2 k—2 w k-2 p+12k-3
wie) =hr (2 -8 - ).
k=3 p k=3  p+1 k-2
y3(W):2F1(—2<k_1)—572(1{;_1)— 5 ;k—l;w>’

1 1—u 1% k’
= - F _— Y .
y4(w) Wk=1g 1< 5 2ak_1aw)

1
k-1

the allowed values of k. As per the discussion in §3.2.1, the fundamental solutions for

Proof. Starting with (3.3.70), we see that the parameter ¢ = is never an integer for

U are given by y; = oF) (a,b;c;w) and yy = w'™%F (a —c+ 1,0 —c+ 1;2 — ¢;w) with

1
{a,0} = {5, -5}

Similarly, for equation (3.3.71) we have ¢ = %, which also cannot be an inte-
ger. A pair of linearly independent solutions for V' is then y3 = oF] (a,b;c;w) and

y=w"%F (a—c+1,b—c+1;2 — c;w) with {a,b} = {2(’2__31) -5, 2(’2__31) — “TH}
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Writing U = c1y1 + coy2 and V' = c3y3 + c4y4, we can relate cq, ¢, c3, ¢4 via equations
(3.3.68) and (3.3.69) with the same methods as in the proof of Theorem 3.3.8. The relations
can be most easily seen by considering constant terms and terms of degree —k—il in the
expansion of both sides of (3.3.68) with respect to w. O

3.3.6 Case 6

The Frobenius manifold with prepotential

1 1 k
F(t,t) = —t + ~t1t5 + ~t3, (3.3.80)
6 2 6
where k # 0, has metric 7 = I, and Euler field
E =110y + t20s.
The multiplication is given by
81 1= ] = 1,
0;00; =40y, i#7j; (3.3.81)
kOy i=j=2.

As in Section 3.1, we consider a Legendre field 6 = ud; + vd, which satisfies the
Legendre field condition (3.1.1). We can rewrite J in terms of its potential h = h(ty,ts)
such that § = 79;(h)d;. The components u, v are then given by u = 9;(h) and v = 95(h).

Theorem 3.3.24. Let § be a Legendre field with components u = u(ty,t2), v = v(ty,1ls)
and potential h such that uw = 0;(h) and v = 0y(h). The potential h has the form

h(tl, tg) =C (t% + t%) + Cgtl + Cgtg + cq (3382)

for some ¢; € C.

Proof. Let X = x0; + ydy for some functions z = z (t1,t2), y = y (t1,t2). Using the
multiplication (3.3.81), the right-hand side of (3.1.1) becomes

X oV = (201 + yda) o (01(u)0y + 01(v)0s)
= 201 (u)01 + Y01 (1) + 201 (v)0z + kyo (v)0s. (3.3.83)

Equating (3.1.3) and (3.3.83), we compare the 0; and 0 components to obtain the equa-
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tions
ou
— =0 3.3.84
Oty ’ ( )
v Ou v
— == —_— 3.3.85
o, ot on (3.3.85)
We rewrite (3.3.84), (3.3.85) in terms of h, so that they respectively become
0?h
=0 3.3.86
Oty 0ty ’ ( )
9*h  9*h 0%h
= k . 3.3.87
otz o2 * Ot10t5 ( )
Substituting (3.3.86) into (3.3.87), we obtain the wave equation,
0*h  O*h
— = =5 3.3.88
ot: o2 ( )

Together, (3.3.86) and (3.3.88) imply that h = G1(t1) + Ga(t2) with G(t1) = G45(t2) for

some functions G1, GGo; that is, h is quadratic in ¢, t5 with no term of the form ¢,¢t,. [

3.3.6.1 Homogeneous Legendre fields

We now impose homogeneity on ¢, so that condition (3.1.7) is satisfied.

Theorem 3.3.25. Let 6 = u0; + vdy be a homogeneous Legendre field of degree p. Then
d must have degree j € {0, —1}. Furthermore, the potential h of 0 is given by

h = C1 (t'iH_Q + t'g+2) + Co
for some ¢y, co € C, and the components of 6 are

w= (et 2t
v=(u+2)eth

Proof. As in § 3.1.1, the left-hand side of the homogeneity condition (3.1.7) is

L6 = B(5) — §(E)
= tl(?l (u)@l + t181 (’U)ag + tg@g(ﬂ)@l + t282<?})82 — u@l — 1]82. (3389)

By Theorem 3.3.24, we have

By(u) =0 (3.3.90)
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and
0\ (v) = 0. (3.3.91)
Using (3.3.90) and (3.3.91), we see that (3.3.89) becomes
L50 = 1101(u)0 + t205(v)02 — udy — v0s. (3.3.92)

We substitute (3.3.92) into the homogeneity condition (3.1.7) and compare components

to obtain the equations

t101(u) = (p+ 1,
t202(v) = (pu + 1)w.

These equations are both easily solved to find

u=oth™, (3.3.93)
v=Gth, (3.3.94)

for some a, € C. However, by Theorem 3.3.24, we also have that

u = 2¢c1ty + ¢,

v = 2c1ty + c3

for some ¢; € C. Therefore p must equal either 0 or —1, and the form of the potential
follows from (3.3.93), (3.3.94). O

3.4 Twisted Legendre fields for the A, almost dual

Frobenius manifold

When k£ = 4, the Frobenius manifold structure associated with (3.3.65) is defined on the
orbit space C?/A, [18]. Recall that the prepotential is

1
F(t) = Et%tz + 15 (3.4.1)
and the Euler field is

; 2
Eit)=FE 8tz. = tlatl + §t28t2. (3.4.2)



CHAPTER 3. LEGENDRE FIELDS IN TWO DIMENSIONS 108

The almost dual prepotential, F*(z), is equivalent to the rational solution

Fid'(x) = Z afx)?log a(z).

a€As

We use the realisation Ay = {,/7e’, \/7e%, /7 (' —€?)} with arbitrary v € C*, and
basis e!,e? € (C?)" being dual to the basis {e; = 0z, e2 = g, } C C? for x = (31, 29).
Relations between coordinate systems are made explicit in §3.4.1, where we construct the
intersection form and the almost dual prepotential. By Theorem 2.4.24, if § is a Legendre
field for F(t), the twisted field E o § is a Legendre field for F*. We saw in Proposition
2.4.26 that a homogenous § produces a homogeneous twisted field, so the general results
from §3.3.5 may be used to produce Legendre fields for the almost dual.

The focus of this section is on the question “When is the twisted Legendre field flat?”;
that is, on finding a Legendre field ¢ such that the twisted field E o ¢ is flat (with respect
to the Levi-Civita connection of the intersection form). We compute the twisted Legendre
field for arbitrary d, then use this expression along with Theorem 3.3.23 to find the family
of Legendre fields ¢ for which F o ¢ is flat.

3.4.1 Almost dual structures on C?/A,

Following |18, Example 4.1] with a change of notation, the Frobenius structure on C?/A,

has associated prepotential

- 1.~ -
F(t) = 55%1&2 + 811,

in the Saito coordinates t, where t; = 23 + 23, £, = ézE. The flat coordinates of the

intersection form are zq, z5 such that z = z; 4+ i25. Under some rescaling, the prepotential
(3.4.1) is given by F = %f with ¢, = 9t1, {5 = to; we then have

1 2
t = ) (23 —1—23) =9 (zf’ — 32123) ,
(3.4.3)
L_ 1.5 2
ty = EZZ: 6(21 —1—22).
The cotangent structure constants are given by
21ty (i,5,k) = (1,1,2)
C?(t) = T]ipnjqcqu(t> = 1 (Z.aj7 k) = (2a ]-7 1)7 (17 2’ 1)a (27 27 2) (344>

0 otherwise.
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Then, using formulas (2.3.8), (3.4.2), the intersection form g~! is given by

16t3 ¢

1 2 1

g ()= ,
( h §t2>
and the metric ¢ is given by

1 %, —3t
= — . 3.4.5
9(t) 3213 — 3¢2 (—3151 48t§> (3.45)

Recall that the discriminant locus X is

Y = {t|detg'(t) =0} (3.4.6)
where
132,50
detg " = §t2 — 7. (3.4.7)

The almost dual prepotential is defined on C?\ X.
For consistency with notation used in Chapter 5, we introduce another set of coordi-

nates x1, 9 € C defined by

Z:\/g<(1—i\/§)x1+<1+i\/§>902>,
E:\/g(<1+i\/§>x1+<l—i\/§>$2>,

for z as in (3.4.3) and arbitrary v € C*. Since 2, 23 are flat coordinates for the intersection

(3.4.8)

form ¢ and are related to z1, x5 by a linear transformation, the x coordinates are also flat
coordinates for g.
Using (3.4.3), (3.4.8), we have
8v/3 3/2
t = —\/_—7 (23(;? — 323wy — 33175 + 21’3) ,
81 (3.4.9)
o — 27 (o 2
2= g ($1 _xlflfz—i-xg).

The Jacobian of t(z), given by

o on

_ 2y (4\/2 (23 + 2z139 — 223) 44/F (¢ + 2m120 — 21‘%))

9 2%1 — T 2%2 — I
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has determinant det J;(z) = 12?/ 129 (2 — x1). By (3.4.6), (3.4.7), the discriminant

locus is defined in the x coordinates as

64
Y= {x | 8? aﬁx% (21 — x2)2 = O} ,

so Jy(z) is degenerate only on 3 and we may consider its inverse on the complement of 3.

By the Inverse Function Theorem, the inverse of J;(z) is the Jacobian of z(t): that is,

oxy 8:61
() = ) = | G 3;22
o, Oty (3.4.11)
B 1 (4‘&(2@ —x1) (203 — 21129 — m%))
2yx129(x0 — 1) ff(mg —2xy) (234 2xi20 —223) )

We are now equipped to describe the almost dual structures on C?/A, \ ¥ in the x coor-

dinates.

Proposition 3.4.1 (cf. [20]). Let F(t) be as written in (3.4.1). The almost dual prepo-

tential F* can be written
F*(z) = F}(z) = vai log z1 + x5 log xo + v (z1 — ) log (z1 — x3)7, (3.4.12)

where x1,xo are defined in (3.4.9).

Proof. By Proposition 2.4.6, F*(z) satisfies

D3F*(x) Oty 04 0p o
— = g , P (t 3.4.13
D,z el ) o ot a1, s (3:4.13)
where the metric g transforms tensorially via
Oty Ot
i o t 4.14
() = G G vl (3414

Using (3.4.5), (3.4.10) with the expression (3.4.14), we find

o(z) = 2?7 < 2 _1> | (3.4.15)

-1 2

We now use (3.4.4), (3.4.9), (3.4.10), (3.4.11), (3.4.15) to make substitutions in (3.4.13).
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This leads to the third-order derivatives of F*(x) as follows:

(2$1—$2) Z:]:kzl,

z1(x1—x2)

2y i=j=1k=2,
F(x) =47 (3.4.16)
P i=j=2k=1,

L :):2(1:217—12) (ml - 2%2) 7 :] =k =

The derivatives in (3.4.16) are equal to the third-order derivatives of the ansatz (3.4.12),

proving the statement. O]

Remark 3.4.2. The charge of F' is given by d = E = % By Remark 2.4.5, we expect

that the Euler field in z is | .

This agrees with the results of computing E(x) = E’8 20y ;, where E(t) = Eiati is given

by (3.4.2) and the partial derivatives 8; are given by (3 4.11).

Proposition 3.4.3. Given an arbitrary vector field 6 = u(t)0y, + v(t)0¢, for F(t), the

tunsted field E o & may be written in coordinates t, z, x respectively as

2
(E06)(t) = (tru+ 16t50) 8, + <§t2u + tlv) It» (3.4.18)
(Eod)(2) = % (zu+27%0) 07 + % (zu + 22%v) 5, (3.4.19)
(Eod)(z) =2 (3u — 4/3y(x1 — 29) ) Oz, (3.4.20)

+ 3 <3u — 4\/_7 (g — 2x1)v> Oy

Proof. By (3.1.2), the multiplication is described by the relations Op, 0 Oy, = 0O, and
8152 o 6t2 = 24t26t1. Then

2
(Eod)(t) = <tlat1 + 5@%) o (udy, +vd,)

produces expression (3.4.18).
Denoting (E 0 9) (t) = ¢'0y,, we find the twisted field under the coordinate transfor-

mations ¢ — z and ¢t — z using

(E0d)(z) =9 gfé‘z + cb o, O, (3.4.21)
(E0d)(z) =0 (Z] O (3.4.22)
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From the relations t(z) given in (3.4.3), we find the Jacobian

2
9
z

on on
Ji(z) = 5)'1522 5’?2 25
P

—_
N
Ol= N
ISl o
l=

which may be inverted on the complement of ¥ to find

0z 0z
ot ot | 3 z —2z2
LW =92 92| =5_= <__ 0.2 ) :

ot Oty

Substituting the components of (3.4.18) into (3.4.21), under the coordinate transformation
t — z in (3.4.3), we obtain

(E00)(2) = - ((“ (2% +2°) + w2"7?) 9z + (uzz + v (2 +7%)) %) e
9 at]_ atQ
1 5478 272 % = 3, =3 %
+ 5 ((u(z +7Z ) + dvzz ) o0 + (uzz—{—v(z +7Z )) ey B,

which becomes the required expression (3.4.19) using the partial derivatives given by J,(t).
By the same method as above, the partial derivatives gfj given by J,(t) in (3.4.11) and
components of (E o¢)(t) given by (3.4.18), under t — x as in (3.4.9), may be substituted

into (3.4.22) to obtain the expression (3.4.20). O

3.4.2 Flat twisted Legendre fields

Given an arbitrary vector field ¢ for F', the twisted field F o § is flat for the Levi-Civita

connection of the intersection form if and only if

Eod = aldr, + BOx,, (3.4.23)
or equivalently,

Eod=Fk0z+ k05 (3.4.24)

for some «, 3, k1, ks € C. For the purposes of this section, we refer to such a field simply
as a flat twisted field.

Lemma 3.4.4. Let E o be a flat twisted field. Then o, B, k1, ke as in (3.4.28), (3.4.24)



CHAPTER 3. LEGENDRE FIELDS IN TWO DIMENSIONS

are related by

by = \/g(a (1—N§> +B<1+i\/§>>,
o= [3 (0 (1+iv8) 45 (1-0v8)).
Proof. From the relations defining z — x in (3.4.8), we have the Jacobian

Oz 0z | |
9z 0% 3\1+iv3 1-iv3
8ZE1 6372
Then
Eod= Oéarl + 561;2
0z 0 0z 0 0z 0 0z 0

" Y0m0: " "o 0z om0z Vom 0z

113

(3.4.25)

(3.4.26)

= 3 (@ (1= 3) 45 (14 v8)) 0+ [ (o (1+4v8) +. (1~ 1v3) ) o

- klaz + kgaz

]

Proposition 3.4.5. Let 6p = “Fatl + vpﬁtZ be a vector field for F such that E o p is

flat, with E o 6p = aOgy + B0y, for some a, B € C. Then

ary(2z1 — x9) + fri(x) — 279)
$1$2(1‘1 - $2)

. \/3(5351 - OMQ)

A Amias (T — x)

up(z) =

Y

vp(z)

and the potential for dr is given by

2c 2
hp(x) = %(21’1 — 332) + %(2272 — .Tl).

Proof. Equating formulas (3.4.20) and (3.4.23) for § = dp, we get

o= % <3uF —4/3y(z1 — 2x2)vp> ,

£ = % <3uF — 4\/5(952 — 2x1)vp> Oy -

(3.4.27)

(3.4.28)

(3.4.29)

(3.4.30)

(3.4.31)
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Rearranging (3.4.30) produces

3
Up = _Oé + 4 1(1‘1 — 2I2>UF, (3432)
T 3
which can be substituted into (3.4.31) to find vr(x) as in (3.4.28). Similarly, replacing
vp(z) in (3.4.32) with (3.4.28) produces up(z) as in (3.4.27).

Recall that the potential for 65 is a function hr such that

U — 8hp . 8.%1 8hF 81'2 8hp
P70ty Oty Oxy | Oty Oxs
o — Ohp _ Oz Ohp N 0s 8hp'
oty Ot; 0xr; Oty Oxo

(3.4.33)

(3.4.34)

Referring back to J, () in (3.4.11) for the partial derivatives gf? , we check that the function
(3.4.29) satisfies these equations. From (3.4.33), we have

Ohr B 1 ) iy ) 2 N )
Oty Br1wa(rs — 71) < (223 — 20122 — 2Y) (20 = B) + (23 + 22122 — 227) (2 oz))
1
= o (- 2mm) 5 i - ) )
= up(x)

for up(x) given by (3.4.27). Similarly, (3.4.34) becomes

Ohp 1
6t1 N 4\/@1’11‘2(%’2 — 5(72)
B V3
N 4ﬁ$1?[)2(l‘2 — X9

= vp(x)

(222 = 21) (20 = B) + (w2 — 201) (28 - @)

] (e — Pxy)

for vp(z) given by (3.4.28). O

Since we have the Euler field in x given by (3.4.17), it is straightforward to see that

1
£E (a@xl + ﬁaxg) = —g (Oéa'pl + ﬁaq;Q) s (3435)

that is, a flat field a0y, + B0z, is homogeneous of degree —%. Therefore, by Proposition
2.4.26, any Legendre field ¢ such that E o4 is flat must be homogeneous of degree 1 = —%.
This allows us to connect the Legendre fields obtained in Proposition 3.4.5 with those

considered in Theorem 3.3.23.
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Remark 3.4.6. The relations for #(z) given in (3.4.3) can be inverted to find

1/3
9 , 32,
zZz = 5 tl + tl — th s
(3.4.36)

From these expressions, it is clear that the coordinates 2,7 € C? describe a 6-fold cover
over the chart of C?/A, with coordinates ¢. This is to be expected, as |Ay| = 6. The
monodromy group of the Frobenius manifold, which can be constructed via the mapping
(t1,t2) — (2,%), is the group As (see [18, Appendix GJ).

As (3.4.36) indicates, we will need to deal with multivaluedness arising from coordinate
transformations. For the following results, we restrict our attention to the open set U C
C?\ ¥ defined by 0 < Re (x5 — x1) < € for small € > 0. Note that 0 ¢ U.

We reintroduce, from Theorem 3.3.23, the variable w. By the coordinate change t — 2

given in (3.4.3), we have

3265 42373
3t} (23 + 53)2’

and

(23 +2%) 2347

vl—w—\/ — 22373 +z_ (z3—23>2

In the set U, we can continuously define

3 =3

23—z
When taking cube roots in U, we set (3)"? = z and (2%)"/* = 2. We also require

consistency of the choice of branches for (9t,)"% = (23 + 7 )1/3 and (9)7 = (2% + 7 )2/3
in the sense that
(547 (3 4 2 = 23 1 58,

Theorem 3.4.7. Let 6 = uF8t1 + vF8t2 be a Legendre field over U with

o (14 vT—w)” 4218 (1 - yT—w)??

ur(t) @) —w )
velt) = - (1= vI—w) + 23, (1+ VT =)™’

(12t,)2/3y/1 — w ’



CHAPTER 3. LEGENDRE FIELDS IN TWO DIMENSIONS 116
where w = 323172, and ¢1,¢5 € C. Then
Eo (SF = klaz + k?gaz = a@xl + 581’2 (3438)

for ki, ko, a, B € C given by equations

o =31 = VT (a (1—¢\/§> +5(1+z’\/§>),

3170

= (2) b= gl (o (1 4¥8) .5 (1 v3)).

16 ~ 94/3.31/6

Proof. Theorem 3.3.23 describes all homogeneous Legendre fields for F'; denoted here as
og = UHatl + vHatl. Recall from (3.4.35) and Proposition 2.4.26 that a field 5 of degree
= —% produces a flat twisted field. Setting k& = 4, u = —4/3 in Theorem 3.3.23, the

components of dy are

uy = t; U W), (3.4.39)
o =tV (W), (3.4.40)

211 455
(w> C12 1<376a37w) +02w 2 1(376737w>7

1/3
B c1 1/3 724 2w 5 1 2
Viw) = ——2 oBp (L 22.0) e () m(2 52
(w> 2‘62/3(") 2 1(673737w Co 9 241 673737w

for ¢1,co € C. Referring to case 104 in [50, § 7.3.1], we have the representation

Ry KT 55 4K = )
>t 2 4 Vvi—-y\1++v1—-y

for k € R. In terms of elementary functions, U(w), V(w) can therefore be expressed as

2/3
Y Y
Clw1/3 Co (1 + \V 1 — Cl.)) 1/3

V(w) =— — . (3.4.42)
( 21/3.323 (14 yT—w) "’ VT—w 351 —w

(3.4.41)

Noting that

w=(1+VI-w)(1-VvI-w),
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expressions (3.4.41) and (3.4.42) can be rewritten as

o (1+VT=w) " + 293¢, (1 = VT =)™

N 23 /T—w ’
o (1=vT=w) 4250, (14 vT=w)"
122/3\/1 —w '

U(w) (3.4.43)

V(w) = — (3.4.44)

By formula (3.4.37), we have

The expressions (3.4.43), (3.4.44) can then be rewritten in z,Z as

9

2 | 94/3,. =2
_ 127+ 2%°cZ% 4 _a\1/3
U(z,2) = (* — ) (8 +7°)
91/3.. % 4 95/3
c1Z + _ggz (zg n 73)2/3 ‘
122/3 (23 — 2°)

V(z,2z) = —

From (3.4.39), (3.4.40), the components of g in z are therefore

122 + 243,72
CEEUN

a23C1Z T+ 24/3¢y 2

2P

= 32/3 (3.4.45)

(3.4.46)

vy (z) =

The constants c1, o here are arbitrary; we must relate them to kq, ko, o, 8 as in (3.4.38).
Let 6 = 6p = uF8t1 + UF8t2 be such that £ odp = k10z + ke05. By Proposition 3.4.3,

we have

3k = zup + 2Z%vp,

3]{?2 = EuF -+ QZQUF,

which can be solved for

3(]6’122 — ]{222)
23—z

3(]6’15— 1{522)

2(z3—2%) 7

up(z,z) =

?

vp(z,2) =
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We set up = uy, vp = vy, where uy, vy are given by (3.4.45), (3.4.46), to find

3\ /3
CcCl = 31/3k1 and Cy = — (1—6> k’Q. (3447)

Finally, by Lemma 3.4.4 we have k(o (), k2(a, 8) where 0p = a0y, + $0z,. Substi-
tuting (3.4.25), (3.4.26) into (3.4.47) produces ¢ («, 8), c2(a, B) as in the statement. [

3.5 Legendre fields in canonical coordinates

As noted in § 2.4.3.1, the Legendre field condition can be reformulated as a much simpler
set of equations in the case of semisimple Frobenius manifolds, by using the canonical
coordinates of such manifolds. Since finding (and transforming to and from) the canonical
coordinates is in general non-trivial, we have so far chosen to work in the flat coordinates
of n. However, using canonical coordinates may allow us to obtain general solutions for
the Legendre field condition.

For the two-dimensional semisimple Frobenius manifolds with anti-diagonal metric —
discussed above in Cases 2-5 — the relationship between canonical and flat coordinates
is known. The flat coordinates ¢t expressed as functions of the canonical coordinates
u are given in Example 2.3.15. We find that in all of these cases, the Legendre field
condition (2.4.4) reduces to a single second-order partial differential equation of Euler-

Darboux-Poisson type. Throughout this section, we work in canonical coordinates u and

set O; = Oyi, mij = i (), N9 = 0" (u).

Proposition 3.5.1. Let M be one of the Frobenius manifolds described by (2.3.2)-(2.3.5),
with metric n, Levi-Civita connection V, multiplication o and canonical coordinates u.
Then the Legendre field condition (2.4.4) reduces to the following:

Ox oy  e(z—vy)

oz ou  ul—u?’ (3.5.1)

where v = x (u',u?), y = y (u',u?) are the components of the Legendre field § in canonical

coordinates, and € € C is the same as in Example 2.3.15.

Proof. By Proposition 2.4.23, the Legendre field condition in canonical coordinates is

equivalent to the two equations

T I3 (y — ), (3.5.2)
dy
Ewi I'ly(z —y), (3.5.3)

where F;k are the Christoffel symbols for V. By definition, Christoffel symbols can be
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derived from the entries of the metric n as follows:

i Lo Ok | O~ O
Uik = 5m <aul T T By |- (3.5.4)

Note that we require the entries of 7, n~! in terms of u.
By Property 1 of Theorem 2.3.16, we have the following expressions for the covariant

components of 7:

0; (1) = 0 (m; () V) i=j
i (u) = ! o (3.5.5)
nij(u) =0 i # 7.
Since we have
0 1
t prmy
n(t) (1 0)
for all the Frobenius manifolds in question, (3.5.5) becomes
nv(u) = ) / (3.5.6)
0 L7 7,
and we also have
y Shm 1=
N (u) =S (3.5.7)
0 1 # 7.
Substituting (3.5.6), (3.5.7) into (3.5.4), we find
1o\ 0%
ri == 5.
25 <au1) DU’ (3.5.8)
12\ 9
I}, == . 5.
29 <8u2) outou? (3:5.9)

Recall from Example 2.3.15 that the manifolds described by (2.3.3)—(2.3.5) share the

same expression for t?(u); we will consider these as one case first. From (2.3.11), we have

(ul . u2)26+1
= 3.5.10
22 +1) ( )

where € € C, € # —1/2. Substituting (3.5.10) into (3.5.8), (3.5.9) gives us

2 _ 1 -1 _ 1
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With this, the right-hand side of both (3.5.2), (3.5.3) evaluates to

e(r—y)
(ul —u?)

as required.

For the Frobenius manifold described by (2.3.2), the expression for t?(u) is

t? = ilogu1 — U’

Substituting this into (3.5.8), (3.5.9), we find
I}, =-1/2(u' - u2)_1 =I5,
Therefore (3.5.2), (3.5.3) produce the required statement with e = —1/2. O
We can now rewrite (3.5.1) in terms of the potential h, recalling that
§ = gradh = 10;(h)0;. (3.5.11)

Corollary 3.5.2. Let 6 = x0; +y0s be a Legendre field for one of the Frobenius manifolds
described by (2.8.2)-(2.8.5). Then its potential h = h (u',u?) satisfies the equation

0*h oh  Oh
1_ 2y 9 [Oh  OR
(u' —u?) R (8u2 8u1) : (3.5.12)

where € € C is the same as in Example 2.53.15.

Proof. Following from the proof of the previous proposition, we see that the contravariant

components of the metric are given in all cases by

2(ut —ud) i=j=1
=920 —u)* i=j=2
0 i # .

Using definition (3.5.11), we have
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and therefore

aIL‘ 1 2 —2e—1 8h 1 2 2€ a2h
8:(/ 1 9\ —2e—1 Oh 1 2\ 2¢ 82h

By Proposition 3.5.1, we can equate (3.5.13) and (3.5.14) to obtain the required second-
order PDE for h. O

Equation (3.5.12) is of Euler-Darboux-Poisson type. For specific values of €, a general
solution can be found computationally or by using recurrence formulae presented in [12].

For example, when e = —1, it can be verified that a general solution to (3.5.12) is

Gl (Ul) -+ GQ (’U,Q)

ul — 2

h:

Y

for arbitrary functions Gy, G,.



Chapter 4

Multi-parameter A, _{-type

trigonometric solutions

In this chapter, we generalise solutions found by Hoevenaars and Martini; see Theorem 2.1
in the preprint version of |35] for full details'. Solutions of this form were also considered
by Shen [56] and Riley [51]. We reproduce here results published in [25].

We introduce multi-parameter deformations of solutions of the form (2.5.10). The
corresponding function F' = inl‘i depends on the n-tuple m = (my, ..., my,), m; € C* Vi,
as well as on three parameters a, b, c € C. The non-polynomial part of FXE | 1s expressed
via the function f(z) given by formula (2.5.7). Relations between a,b,c and M = > m;
are needed to ensure that F trig . solves the WDVV equations. We will first consider a

generic case before looking at other situations.

Theorem 4.0.1. Let F = Fi® denote the function

3
FiE (y) Z mym; f (y % (Z mzyz>
1<i<j<n
+ g (Zl mi?Ji) (i mj?J?-) + g anmiyf, (4.0.1)
= J= i=
with m; € C*Vi e {1,...,n} and a,b,c € C. Suppose additionally that
bM +c 70, (4.0.2)

and

aM? + 3bM + ¢ # 0. (4.0.3)

INote that this theorem does not appear in the published version.

122
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Thenn =Y ",_, Fy is a constant non-degenerate matriz. Furthermore, F solves the WDV'V
equations (2.2.2) for Q = n if the following relation holds:

b’ M + 3b*c — ac® + aM?® + 3bM + ¢ = 0. (4.0.4)

Conversely, the WDV'V equations (2.2.2) imply relation (4.0.4) when n > 3.

In the case when m; = 1 for all i, Theorem 4.0.1 is equivalent to Theorem 2.5.6, which
appears in the preprint of [35].

The function (4.0.1) can also be rewritten in the form

F® (y) = Y mimf (i —yy) +a Y mimmeyiy;yn

1<i<j<n 1<i<j<k<n

1 — 1 <
T3 ;(“mi +b)mim;yly; + 6 Z;(am? + 3bm; + c)myys.  (4.0.5)
7] i=

4.1 Proof of Theorem 4.0.1

From the definition of f(z) in (2.5.7) we have that f"”(z) = coth z, and so

f///(_z) — _f///(z).

For convenience, we will use the following shorthand throughout the calculations:

coth (y; —y;) @ # 7,

0 otherwise.

Let 0;; be the Kronecker delta function. We also define

1 i=j=mr
R ’

0 otherwise.

First, we compute the matrices of third order derivatives of F. As before, let F} be

the n X n matrix with (r, s)™ entry

Lemma 4.1.1. The matrix Fy, for the function F = ngg_l given by (4.0.1) can be written

as

Fy =Wy + Vg,
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where the n x n matrices Wy and Vj, have (r, s)th entries respectively given by

Wkrs = amgmyms,

Vkrs = 5krsmk (Z mqﬁkq + C) + 5krmkmsﬁsk + 5k’smkm7"/8rk + 5rsmkmr6kr

q=1

+ Oprbmpmg + Orsbmpm, + 0,sbmpm,.

Proof. Considering each term in (4.0.1) individually, we can set out the following collection

of statements:

akaras (Z mzm]f(yz - y])> = 5kr5 Z mk’mqﬁkq + 5](:7“(1 - 5rs)mkmsﬂsk

1<J q=1
+ 5ks(1 - 57“8)mk’m7“57”k2 + 57”5(1 - 5kr>mkmr/8kr> (411)
n 3
a
00,0, G <; miyi> = ampm,ms, (4.1.2)

| oS

00,05 (

(Z miyi> (Z mw?)) = 3b0prsmy + Opr(1 — ) bmgpm
i=1 j=1

+ 5ks(1 — (5rs)bmkmr + 57“5(1 — (5kr)bmrmk, (413)

and

00,0, (g 3 m,-y§> = SprsCig. (4.1.4)

i=1

The expression (4.1.2) is equal to Wy, and the sum of (4.1.1), (4.1.3) and (4.1.4) equals
Virs. Note that we can use the fact that 0,8, = 0 to simplify (4.1.1) as required. O

For the WDVV equations to hold, we now need to check that the linear combination

n =73 r_, Fr is a constant, non-degenerate matrix.

Lemma 4.1.2. The n x n matriz n = S.r_, F has (r,s)" entry
Nrs = (@M 4 2b)m,mg + 6,5(bM + c)m,..

In particular, the (r,s)™ entry of the matriz Y ey Vi is given by

> Virs = 2bmymy + 6,,(0M + c)m, . (4.1.5)
k=1
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Proof. By Lemma 4.1.1, we have n =Y, Wi + >, V. It is clear that
Z Wkrs = aMmrms>
k=1

Additionally, we have that

Z Vkrs = 5rsmr <Z mqﬂrq + C) + mrmS/Bsr + msmrﬂrs

k=1 q=1

+ 5rsmr Z mkﬁkr + 2bmrms + 5rstm'r7

k=1
which can be simplified to the form (4.1.5). O
Note that the matrix n can be represented as
n=A+uw",
where the n X n matrix A has the entries
Aps = 6p5(DM + c)m, (4.1.6)
and u = (uy,...,u,)’, v=(vy,...,v,)" are n-dimensional column vectors such that

w; = m; and v; = (aM + 2b)m;.

Lemma 4.1.3. Suppose that bM + ¢ # 0, aM? + 3bM + c # 0, and m; # 0Vi. Then the

matriz 1 from Lemma 4.1.2 has determinant
detn = (aM?+3bM + c) (bM + o) H mi,
i=1
and the inverse matriz n~! has entries

rs Ors B aM + 2b (4.1.7)
T =M v oOm, (a2 +30M + ) (bM + ) -

Proof. Since we can write n = A + wvT, this implies that

det n = det(A + uv™). (4.1.8)
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By applying the Matrix Determinant Lemma (see Theorem 18.1.1 in [31]), we have
detn = (1 + o' A u) det A.

The matrix A, given in (4.1.6), has determinant

n

det A = (bM + ¢)" H m. (4.1.9)
i=1

As A is a diagonal matrix, it is straightforward to see that A~! exists and has the entries

67”8

A™Y, = — 4.1.10
(A7) (bM + c)m,, ( )
We can now compute
& (aM + 2b)m;d aM? + 3bM + ¢
1+v"Au=1 v : 4.1.11
oA +ZUZI (M + ) bM ¢ (4-1.11)

It follows from (4.1.8), (4.1.9) and (4.1.11) that

detn = (aM? + 3bM +¢) (bBM +¢)" H m;.
i=1
The condition aM? + 3bM + ¢ # 0 is equivalent to 1 +vT A~y # 0. It is then easy to
check (cf. the Sherman-Morrison formula, see e.g. [29]) that

g AT
1+oT Ay
We have
M +2b 0ri0;
AT A~ = a ri m
( uv )rs bM—|-c szrms 7
j=1 (4.1.12)
~aM +2b
~ (bM + )’
and then formulas (4.1.10)—(4.1.12) imply (4.1.7). O

For the WDVV equations (2.2.2) to hold we need

Fn 'F; — Fn~'F, = 0. (4.1.13)
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From Lemma 4.1.3, we have for non-singular n

_ 5kl
F 1F o — | Fys
i ,;;;{ (o ) i

1
_mZkaZFﬂs bM_'_CkaFirijks

n

1 1
—— N [ WiiWiks + WirkVis 4.1.14
bM+c;mk[ K Wiks T Wirk Vik ( )

= R riljs +
+ V;'rijks + V;Zrkv}ks )

where
aM + 2b

(aM? + 3bM + ¢)(bM + ¢)’

We will consider contributions to (4.1.13) from each of the five terms in (4.1.14) individ-
ually.

K= —

For a four-index expression M;ji;, we denote by Mj;;,; the anti-symmetrisation
Mg = Mijr — M-

Lemma 4.1.4. We have

(F‘in_lF}' - an_lﬂ)rs = )\[ij]rs + H(bM + C)2mrms(5ir5js - 5]'7”51'8)
+ (KJ(GM +2b)(bM + ¢) + a)mrmS (mj(éir — 0is) +m;(d55 — 5jr)),

where
n

1
wrs = bM+ck:

1

M

A

(Vi) (Vi) s - (4.1.15)

1

Proof. We start with the first term in (4.1.14). From Lemma 4.1.2 we have

Nriljs = (CZM + 2b)2mrmsmimj —+ 5ir(aM + 2b) (bM —+ C)meij
+ 8;5(aM + 2b) (DM + ¢)mgm,m; + 6;:0;5(bM + ¢)*m,my,

so the antisymmetrisation becomes

NriMjs — MrjTlis = (bM + C)2mrms(5z‘r5js - 5jr5is>
+ (aM + 2b)(bM + c)mymy(m; (i — 8is) + m;(8js — 0j)).  (4.1.16)

Next, we use Lemma 4.1.1 to consider the other terms in (4.1.14). We have

2
E WzrkVijs = a“m;m,m;msM,
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which leads to .

1

g

k=1

We continue with

n 1 n

§ _Wirk‘/jks = am;my E ‘/kjs;
my

k=1 k=1

since it follows from Lemma 4.1.1 that Vj; is symmetric in k, j, and s. By Lemma 4.1.2,

1

g — Wik Vjks = am;m, (Qbmjms + 6;5(bM + c)mj)
Mg

k=1

= 2abm;m;m,ms + 0;sa(bM + ¢)m;m;m,,

and so we find

n

1
Z — [Wwﬂ/jks — WkaViks} = a(bM + c)m,m; (6;5m; — dismy;) . (4.1.18)

m
=1 'k

By the symmetry of Vj;;, and W;j;, we similarly obtain

= 1

Z —_— [V;Tkl/ijS — V}rkVViks] = a(bM + ¢)m,ms(0;my — dpm;). (4.1.19)
my

k=1

The antisymmetrisation of (4.1.14) is then found by combining (4.1.16), (4.1.17), (4.1.18),

and (4.1.19) with A, to represent the remaining terms. O

To find the antisymmetrisation of \;j.s, given in (4.1.15), we now separately consider
terms in the expansion of this expression which are (without the use of any identities)
quadratic, linear and constant in f3,,. It will turn out by the use of various identities that

all terms in A, are constant.
Lemma 4.1.5. We have

mymg
A[U]TS = bM +e

( (M (> +1) + 2b¢) (665 — 6;10;s)

(L= ) (05— 630) + (1= 82) (6 — 6, )).
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Proof. Let Ajj),s be the terms in Aj;).s which are quadratic in 3,,. That is,

Aijrs = Z My (5kir Z Mg Brq + kit Bric + Ok Bk + 5irmi5ki>

X <5kjs Z Mg Brq + OrjmisBsk + ks Bin + 5jsmj5kj> ;

q=1

where we have used the expression for \;;,s given in (4.1.15), and for V; given in Lemma
4.1.1. Terms in the expansion of A;;.s with a factor of d;; will cancel after antisymmetri-

sation in 7, j, so we find

A[ij]rs = A[ij]rs;

where

Aijrs = 5irsmimj5ji (Z mqﬁiq) + 5ir5jsmimj5ij (Z mqﬁiq)
q=1 q=1

+ isimymy BriBji + 0jsmimyme BriBij + 0jrsmim; By <Z mqﬁjq)

q=1

+ 0jpmimym 35 Bej + Opsmimymiy Bir Bjr + 0j5mimmy. Biy Br;

+ 0ir05mim; B <Z mqﬁjq) + dirmimms 5 Bs;

g=1

+ 0ipmimmsBeiBis + 0ip0jsmim; (Z mkﬁkiﬂkj) .

k=1

Note that the antisymmetrisation of

Oirs MM By (Z mqﬁiq) + Ojrsmnim; By (Z mqﬁjq) + Orsmymmmy By By

q=1 g=1

is equal to zero. Hence,

A = AW
Afigirs = Apigirs = 4

[ij]rs

+ A7)+ AY) (4.1.20)

[if]rs ijlrs’
where

AD). = 6,.8;5mimy > my (BiiBiq + BijBai + BiaBia) -

q=1

/L(-?,)ns = 0pmimyms (BijBsj + BijBis + BisBis)
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and

Ag’}“s = 5i5mimjm7" (ﬁﬂ“ﬁzy + Brjﬁij + ﬁirﬁjr) .
We now apply the following identity:
BijBir + BijBrj + BirBix = 1

where i, j, k are distinct from each other. We get

Afilj)}rs = (1 — 5@')((5”5]'5 — 5J-T(5is)mimj (M —m; — Tle)
+ (1 = 64) (0ir0js — Gjr s )mimni (m; + mj) 7
+ 05 (0ir0js — 0003 )m; (Z myg i) :
g=1
and so

Afzj)}rs = (5ir6js — (5jr5,-s)m,-mj (M —m; —my + (m, + mj)ﬁfj) (4121)
since 5ij (6ir5js - 5jr5is) = 0. Furthermore,

Azy’rs = 617“5@)( - 518)m?msﬁz23 + 5JT6iS(1 - 52]>m$mjﬂz2j
+ 6jr5js(1 — (51])m1m3 12] + 5j1‘(]— — (51])(1 — 615)(1 — 5j5)mimjms,

which becomes

AP = §m2my B2 + 8;00;m m; B 4 8jpsmim’ 3

1jrs
+ 5jr( - 51])(1 - 515)(1 - 5js)mimjms. (4122)

Similarly,
Agi)”s = z]sm my 2 + 5 d; rm my; z+5'”’5mjmz2 327‘

+ (25(1 - 523)(1 - 5]7“)(1 - 5Z~r)mimjmr. (4123)

Note that the first term in the right-hand side of each of (4.1.22) and (4.1.23) becomes zero

after antlsymmetrlsatlon over ¢ and j, and that the second term in each of Ams, —Ams,

A® and —AY cancels with the ﬂfj terms in (4.1.21). Moreover, the third term in the

iJrs? jirs

right-hand side of (4.1.22) cancels with the third term in (4.1.23) after antisymmetrisation.
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Therefore
AW A AB) (S 55 ma (M — s — 1 g 4.1.24
iiirs T Ajifis T Apijins = (GirGjs — 5005 )mamy (M — m; — my) + oijirs, (4.1.24)
where

ijrs = 5jr(1 - 517‘)(1 - 523)(1 - 5rs>mimrms
+ (51 (1 — 5]7«)(1 — 5]5)(1 - 5rs)mjmwms.

Note that

Xiglrs = (6] - 5j ) (1 - 511“)(1 - 5i5)mim7’ms
+ (6is — 6i) (1 — 05 )(1 = &55)mym,ms.  (4.1.25)

It then follows from formulas (4.1.20), (4.1.24) and (4.1.25) that
A[z’j]rs = Mmrms(éir(%s — 5]' 515) + mymg (mi((Sjr — 5j5) + m]’(dis — 5”)) (4126)

We now consider those terms in Ayjj.s which are linear in 3,,. By Lemmas 4.1.4 and

4.1.1 the sum of these terms is given by Bj;;).s, where

BUTS = Z my <5kzr Z mqﬁkq + 5kimrﬁrkz + §k:7"mzﬂzk + 5zrmzﬁk1)

k=1 q=1

X (5kjsc + 5;€jbm5 + 5ksbmj + 5j$bmj)

+ Z My, <5kjs Z Mg Brq + OkiMsBsk + Oksm; Bix + 5jsmj/3kj)

k=1 q=1

X (6k:irc + (5kzbmr + 5;wbmi + 5Wbmz) .

By expanding, and cancelling terms which are symmetric in ¢ and j or in r and s, we
see that
Blijirs = Biijirs)»

where

Bijrs = mym; <5isbmr5m' + 05:bms Biy + 04r055¢B5; + 0ipbm B + 5irbmsﬂsz'>a

and

Biijiirs) = Biijirs — Blijlsr-

Note that the term 9;.9,,cm;m;3;; in Bijm cancels with the corresponding term in Bjm,
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and hence terms proportional to ¢ vanish in B[Z-j] rs)- The terms
Oisbmmymy Brs + 0ibmimymi Be = bmym; Brs (0ismy — Girm)

are together symmetric under the swap of r and s, hence the corresponding terms cancel
in Bl-j[m]. Finally, the sum of the remaining two terms is symmetric under the swap of ¢

and 7, hence the corresponding terms cancel in B[mm- Overall, we get that
Biijirs = Biijjirs) = 0.

Finally, we consider the contribution to Aj;.s from constant terms, denoted C;j;,, with

Cijrs = Z My (OgirC + Opibmy + Sprbmy; + 6;,0m;)

k=1
X <5kjsc + §kjbms + §ksbmj + (Sjsbmj) .

We can again omit terms symmetric in 7 and j to find Cij,.s = C‘[ij]rs, where

Cijrs = bmimj (5irsc + 5ir5js (20 + bM) + (Z-Sbmr + 25j5bm7~ + 5j7~SC + 5jrbms
+ 0,sbm, + 2(5irbms).

Note that the sum of the terms
bmim; (OirsC + djrsC + Oisbmy,. + d;5bmy,. + 05.bms + 6;,bmg + 0,.5bm,.)

is symmetric in ¢ and 7, hence vanishes after the antisymmetrisation. Therefore

O[ij]rs = é[ij]rs = bmrms(bM + 20) <5ir6js - 5]'7'61'5)
+ mejmrms(&r — 615) + b2mimrms(5js - 6]‘ ) (4127)

To finish the proof, we combine expressions (4.1.26)—(4.1.27) to obtain the required

statement for .

= Tar . Ai’rs Bi‘rs Oi‘rs .
bM+C( girs + Biisies + Clijirs)

Alijlrs

We are now ready to prove Theorem 4.0.1.



CHAPTER 4. A-TYPE TRIGONOMETRIC SOLUTIONS 133

Proof of Theorem 4.0.1. By Lemmas 4.1.4 and 4.1.5

(Em~'Fy),, — (En~'Fy), =

mrms((sjréis - 5ir6js) (

(aM +2b)(DM +¢) M +b*M + 2be
aM? + 3bM + ¢ bM + ¢

(aM + 2b)* b —1
+ memy (my (6is — 0i.) + mi(85 — 655)) (aM2 Ta3aM+c T DMt

_ m,my (M (0055 — 0r0is) +m (835 — 0ir) +mi(8jr — j5)) (4.1.28)
(aM? + 3bM +¢) (bM + ©) L

where
v =b*M + 3b*c — ac® + aM? + 3bM + c.
Therefore the WDVV equations hold when v = 0. It is also easy to see that v has to be

zero when n > 3 if expression (4.1.28) vanishes for all 7, j, r, s. O

Remark 4.1.6. In the special case b = —%aM , the metric 7 is diagonal, the condition
(4.0.3) reduces to (4.0.2), and the relation (4.0.4) can be rearranged to the form

a’M? — 4ac+4 = 0.

4.2 Other cases

Theorem 4.0.1 relies on the two conditions (4.0.2) and (4.0.3). We now consider the case

when condition (4.0.2) does not hold. The first statement is as follows.

Theorem 4.2.1. Suppose bM + ¢ = 0. Let Q) be the diagonal n x n matrixz with entries

Qrs = 0,sm,.. Then the equations
FQ7'F, = F;,Q7'F, (4.2.1)

hold for alli,j € {1,...,n} if b = +1. Moreover, equations (4.2.1) imply b = +1 provided
that n > 3.

Proof. Note that

n

1
(FQ'E),, = m—sz‘rijks,

k=1

and F; = W; +V; as in Lemma 4.1.1. By formula (4.1.14) and Lemmas 4.1.4, 4.1.5, we
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find that

"1
(FiQ_lF’j)rs - (FjQ_lE)rs - Z m_k [ (‘/;)Tk (V7)k:s - (‘/;)rk: (‘/;)ks]
k=1
= (M + bQM + 2bC) mymg (51'7"6]'3 — 51‘85]'7')

+ (b2 — 1) myMg (m,»((ijs — 5jr> + mj((sir - 5%5))

Since ¢ = —bM, we get M + b*M + 2bc = M(—b? + 1) and the statement follows. O
We also have the following statement on a solution of the WDVV equations.

Theorem 4.2.2. Suppose that bM + ¢ =0, b = +1, and aM + 2b # 0. Then the matriz

Q@ from Theorem 4.2.1 can be represented as
Q=r"") hiFy,
k=1

where .
hy, = —(aM + 2b)e*¥s 4 q Z mgeve (4.2.2)
=1
and .
Kk = —2b(aM + 2b) Z mge?va.
=1

Proof. By Lemma 4.1.1 and substituting ¢ = —bM, we have

Fkrs = ampm,ms + 5krsmk (Z mqﬁkq - bM) + 5krmkmsﬁskz

g=1

+ 5kzsmkmrﬁrk + 57"Smk‘m7‘/8k7’ + bmk (5krms + 5ksmr + 57‘sm7‘) .

We now compute the linear combination B = Y ,_, hjF), where hy, is defined in (4.2.2).

By expanding and cancelling terms, we find that the matrix entries of B are

Bys = —6,s(aM + 2b)m, Z m B, (€27 — €2%) + 6,.(aM + 2b)bm, Me*™r
k=1

+ (aM + 2b)m,mf, (e%yr — e%ys) — (aM + 2b)bm,mg (eQbyT + e%ys)

— 0ps(aM + 2b)bm, Z mye®VE. (4.2.3)
k=1

Observe that
b (62byi + 62byj) i 7& j,

ﬁij (€2byi . €2byj) —
0 otherwise.
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Then formula (4.2.3) can be simplified to B,s = k(Q,s as required. O

Theorems 4.2.1 and 4.2.2 generalise observations from the arXiv version of [35] to the

case of arbitrary (non-zero) parameters m,.

4.3 Comparison with known solutions

4.3.1 Riley’s work

In [51], Riley produced (n + 1)-parameter trigonometric functions related to the extended
affine Weyl group of type A,,_1. As the formula given in the relevant theorem, [51, Theorem
4.12], appears to contain typos, we provide a corrected version below. We then show that
these functions are included in the family described by (4.0.1).

Let V' be an n-dimensional vector space. We consider the function

Fl(¢) = ZZk kg Liz (e'(@r=90)) +ZAR¢3
p 1 g#p
+ZZBR 2¢q+zzz pqr¢p¢q¢r, (4.3.1)

p=1 g#p p=1 g>p r>q

where ¢ = (¢1,...,0,) €V, k= (ky,...,k,) € C", and

AR 2 _ _2 _ kyk (4.3.2)
p P
3 6u 6 124~
R __ ikpkq _ Zkqu
By == " o (4.3.3)
kg
R, = -2, (4.3.4)
W

for p € C. When p € {1,...,n — 1}, this corresponds to a choice of marked simple root

(or marked node in a Dynkin diagram) in the construction of the extended affine Weyl

group.

Remark 4.3.1. The expression for the parameter Af given by (4.3.2) contains corrections
to the analogous expression in [51, Theorem 4.12]. Without these corrections, the result
is inconsistent with [51, Lemma 4.11], which provides third-order derivatives of (4.3.1). It
can also be verified that the function (4.3.1) as defined here is a solution of the ordinary
WDVYV equations (2.2.12), while the function given in [51, Theorem 4.12] is not.

Let F = FE(¢) given by (4.3.1) and F = Ftrlg (y) given by (4.0.5), with the parameters
a,b,c,m, M as defined in Theorem 4.0.1.
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Theorem 4.3.2. Define a,b,c, and m = (mq,...,my,) by

mlzkz ViE{l,...,n},

(4.3.5)

Then functions F' and F satisfy
1 ~ .
—ZF(gb) = F(y) up to quadratic terms,
where the coordinate system y is given by

{ .
yj:§¢j V]G{l,,n}

Conditions (4.0.2) and (4.0.3) are both equivalent to the condition

I Z ki.
i=1

Condition (4.0.4) is satisfied for all values of k, p.

Proof. The function F' can be rewritten as

Zk: K (L13 ~40) 4 Lig (e ) +ZAR¢3

piq
EY BRGSO byt (430

P#q 1<p<q<7"<n

From the definition of f(z) in (2.5.7), we have
1z T . (i
—8f (5) = 623 + 2L13 (6 )
and
o3 iz i(e*+1) 0 L
@(—Sf <5>)_ 1 g (L () +Lis (7)),

Therefore,
Li; (eiz) + Lis (6_”) = —8f (%) up to quadratic terms,
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and (4.3.6) becomes

F = _4kakqf (% (¢p_¢q)) + ZAZI?QZ)?) + ZBIZ¢Z¢Q + Z C£T¢P¢q¢r

p#£q p=1 p#£q 1<p<g<r<n

up to quadratic terms. By comparison of the terms in —%F and F under the change of
variables y; = %(ﬁj, it is straightforward to recover the relations given by (4.3.5).
We then find that

DM +c=2> ki —2p,
=1

and
2 n n
aM?+3bM +c=—= <Zk> +4) ki —2p
K =1 =1
2 [ w— ’
K =1

Conditions (4.0.2), (4.0.3) are therefore both equivalent to

F Z ki.
i=1

The left-hand side of condition (4.0.4) becomes

5Zkz~+3 (Zki—m) +% (Zki—2M> —% (Zk) —2u =0,
=1 =1 =1

i=1

without any further restrictions. O

4.3.2 Shen’s work

Shen found trigonometric solutions to the WDVV equations in [56] associated with the
reduced irreducible root system R of a rank n Weyl group W. These structures include a
multiplicity parameter k = (kq),cxr € C"; however, this x is required to be W-invariant.
In the type A case that we consider here, this means that x is described by the single
value k = k, for all « € R. An additional parameter &’ € C appears in this construction,
so that it becomes a 2-parameter system.

The type A solution is obtained explicitly in [56, § 4]; we reproduce this as follows. We
consider a function ® = ¢ (x,£) : V x C — C, where £ € C, x = (21,...,2,) € C", and



CHAPTER 4. A-TYPE TRIGONOMETRIC SOLUTIONS 138

V' C C" is the hyperplane defined by > ", z; = 0. Let {ey,...,e,} denote the standard
basis of C", with dual basis {e',...,e"}. Let R, be the set of positive roots of A, ; given

by Ry ={e'—¢/|1 <i<j<n} Given a =¢€"— ¢ for some i, j, we define

n
/ 7 j 2 l
a =e +e ——E e.
n
=1

For the following expression, see formula (4.1) in [56]. The function ® associated with

A, _1 is given by

o = %3 — K5¢ Z a(z)* + nkK? Z q(a(z)) +nk'K° Z w, (4.3.7)

a€ER ¢ a€ER ¢ a€R ¢

where k, k" € C, and

where f(z) is given by (2.5.7).

Remark 4.3.3. The function (4.3.7) includes corrections to the last term in formula (4.1)
in [56]. Namely, a factor of § in [56] has been changed here to §. Without this change,
the function does not satisfy the ordinary WDVV equations (2.2.12).

We now set £ = > x; and let F = F(z) = ®(z,&(z)) so that FF : C* — C. As
before, let F' = Fi1'8(y) be given by (4.0.5).

Theorem 4.3.4. Define a,b,c and m;, 1 <1 < n, by

m;=1 Vie{l,...,n},
8+ (6 +2K) (k* — k%)
a =

nk (k2 — k'? ’
R ass
b= —
]{: b
LS
=

where k # 0, k2 # k. Then functions F and F satisfy

1 _
WF(%") = F(y),
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where the coordinate system y is given by
1 .
Yi = 5 Vie{l,...,n}.

Conditions (4.0.2), (4.0.3), (4.0.4) are all satisfied.
Proof. We start by rewriting (4.3.7) as

Fla) = snkKS Y f (% (xz._xj)> _KS (Zilxz> ( > 13?_2%513]‘4-%?)

1<i<j<n 1<i<j<n

(Z:m) + — KS Z (27 — 2x5m; + a3) ((n—Q)(:vi+arj)—22n:xl>.

1<i<j<n I#4,5

Rescaling this by (k2—k’2) we get

1 1 s
nk (k* — k:’2 =2 ( )) 6k (k> — k%) 4

1<i<j<n
1 k'

__BS+

S
4.3.
Snk 4871/’{:07 (4.3.9)

where

AS — (le> Z$ —1—321' mj—l—GZxxja:l, (4.3.10)
i=1

i#] 1<i<j<i<n

BS — (Z xz> ( Z x? — 2z, +x§> : (4.3.11)
i=1

1<i<j<n

CS — Z (27 — 2w, + 27) ((n —2)(x; +xj) —2 2”: xl> : (4.3.12)

1<i<j<n I#i,j

To simplify (4.3.11), note that

> (ﬁm@:%(ii 24 2) sz>: -1yt

1<i<j<n i=1 j=1

We then have

5_ (Zx> <n_1 I _;m>

n

=(n—1) ZI? + (n—3) fox] —6 Z LT T (4.3.13)

i=1 i#£] 1<i<j<i<n



CHAPTER 4. A-TYPE TRIGONOMETRIC SOLUTIONS 140

The expression (4.3.12) can similarly be expanded and simplified, as follows:

C%=(n-2) Z (2] — 2la; — w2l + 27) —2(n — 2) ZJIZQZC] +4 Z LT

1<i<j<n i 1<i<j<n
1#4,j
(n—1)(n—2 Za: —3(n—2 Zxxj+122xm]$l, (4.3.14)
i#£j 1<i<j<i<n

where we additionally used the formula

Z wiw 4 xim = Z Zixfm =(n—2) ixf%

1<i<j<n Gl £ i=1 i#£]
I#1,5

Substituting the expressions for A%, B%, C*¥ given by (4.3.10), (4.3.13), (4.3.14) back into
(4.3.9), we have

1 1 LG 2W
nk (k2 _ k;’2 Z f ( )) + (nk (k2 — I{:’Q) Sk )1 Z XTI

1<i<j<n <i<j<i<n
1 2(n—3)+K'(n
" <2nk (2 — k%) 16nk ) 2wt
7]
1+ (n—1(K(mn-2)—6) (k2 -K*) &
48nk (k2 — k%) —

Comparing the cubic terms in (4.3.15) with those in (4.0.5), under the change of variables
Y = %xi, produces the relations given in (4.3.8).
Since m; = 1V i, we have M = n. Using the values of a,b,c in (4.3.8), the left-hand

side of condition (4.0.2) becomes

2n
M +c=——
+c o
and the left-hand side of (4.0.3) becomes
8n (6+2K)n  (6+3K)n nk
M? 4 3bM + ¢ = - i
R o (v R Kk

8n
k (k2 — k7))’
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so both conditions hold. Finally, the left-hand side of (4.0.4) is

n (84 12K + 6k + k°)  3nk’ (444K + k%)
i3 * i3
Snk’” B nk'*(6 + 2k') n 8n
k3 (k2 _ k’2) k3 k (kQ _ k:’2) )

B3M + 3b%c — ac® + aM? + 3bM + ¢ = —

which is equal to zero as all the terms cancel. O



Chapter 5

Legendre transformations of A, -type

rational solutions

In this chapter, we apply Legendre transformations to the (n + 1)-parameter family of
rational solutions associated with the A,-type V-system found in [11]|. The transformations
considered produce families of A,,_;-type trigonometric solutions, of the form considered
in Chapter 4. We follow [25] for the results in Section 5.2.

Let eq, ..., e, be the standard basis of C", with coordinates x = (x!,...,2") € C". Let
ki,...,k, € C* besuch that K :=>""" | k; # —1. The multi-parameter A,-type V-system

is the collection of vectors [11]

An(k) = {\/Eeiu <i< n} U {\/Kk:j(ei —e)1<i<j< n} (5.0.1)

The corresponding solutions of the WDVV equations are
F= ngf(k) = Z ki (x’)Q log (xz) + Z kik; (xz — xj)Qlog (xz — xj) . (5.0.2)
i=1 1<i<j<n

The function F' satisfies the WDVV equations (2.2.2) with a choice of metric 7 as in
(2.5.2); that is,

n= ixF
=1

which has constant entries

2k (K — k; + 1), i=j,
ij =
’ —2k;k;, otherwise.

142
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Then the contravariant metric, denoted n~!, has entries given by

ki+1 C
i = i(K+)0 L= D (5.0.3)
m, otherwise.

5.1 Roots and fundamental weights of A, as Legendre
fields

Since the choice of Legendre field amounts to selecting a new distinguished direction, roots
and fundamental weights are a natural choice of Legendre field for a solution associated
with a root system. As fundamental weights are not defined for the deformed system
(5.0.1) with k; # 1, we refer here to the geometry of the Coxeter case, where k; = 1.

To recover the Coxeter A, root system from (5.0.1), we set k; = 1V i e {1,...,n}.
We choose the set of simple roots A = {51, fs,...,Bn_1, 0} C C* where 5; = e; — €;41,
1 <1i < n, and 5, = e,. This realisation of A, can be obtained from a realisation in
(n + 1) dimensions — see, for example, |6, Plate I| — as follows. Let fi,..., f,4+1 denote
the standard basis of C"™ with inner product (f;, f;) = d;;. A set of simple roots for A,
in C"* is

E = {fl — f27 Ce ,fnfl - fmfn - fn+1}'

Taking the orthogonal projection of A onto the hyperplane IT = {z € C*™ |z = 0}

~

C™, we can set a basis in the hyperplane II to be

ei:fi_fn+17 ]_SZSH

The projection of the inner product onto C" is then given by (e;, ;) = d;; + 1.

Referring to Definition 2.3.25, it can be verified that the first fundamental weight of
A,, in the n-dimensional realisation is w; = e; — n+r1 ZZZI e, and the last fundamental
weight is w, = n%l > i Gk

We will first consider the Legendre transformation of (5.0.2) along an arbitrary root
of the form e,. That is, we set the Legendre field to be § = 0, for some v € {1,...,n}.
The Legendre transformation produced by this field is denoted S, following Notation
2.4.19. We then consider the Legendre transformation of (5.0.2) via a rescaling of the last
fundamental weight of A,; that is, we choose the Legendre field d = k) _, 0.

Remark 5.1.1. For n = 2, we saw in Section 3.4 how the flat Legendre fields considered

here can be obtained from the twisting of homogeneous Legendre fields for the Frobenius

manifold C?/A,.
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5.2 Legendre transformation along a root of A,

We now compute the result of applying a Legendre transformation S, to F' for any v €
{1,....n}. Weset F = S, (F).

Note that since the WDVV equations are unaffected by the addition of quadratic
terms to a function F', we may disregard such terms during calculations. By definition,
the new coordinates z, are found using second-order derivatives of F'. For simplicity,
constant terms that appear from these calculations can be absorbed with the addition of
appropriate quadratic terms to F', and the flat coordinates z,, redefined. Since the addition
of such terms to F'is equivalent to a linear coordinate transformation of the resulting F ,
we will find and discuss F up to such transformations. We will use the notation A = B
to denote the equality of A and B up to constant terms.

Under the Legendre transformation S, the new flat coordinates &, can be chosen

(after constant coordinate shifts) as follows:

2k log(z?) + 2k, Y. kilog (27 —2') o=+,
i‘a _ Y g( ) "/El;ﬁ'y g( ) v (521>
—2ky ko log (27 — %) otherwise.

The original flat coordinates x® now must be rewritten in terms of the new contravariant

coordinates z¢.

Lemma 5.2.1. The flat coordinates x can be expressed as follows:

_ K41 s
r* = (1 —e * ) x for a # 7, (5.2.2)
n kl g
log (z7) = —z'. (5.2.3)
— [,

Proof. The new contravariant coordinates ¢ can be found by using the inverse metric
n~' (5.0.3) to raise the indices of the covariant coordinates in (5.2.1). Since the Legendre

transformation does not affect the metric, we have

Nap = 7/7\&[37
which implies that

:204

=0*Pi5 =g
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The contravariant coordinates are therefore

Ml log (27) + 25 s, kilog (27 —2f)  a =1,
3% = (5.2.4)

(x7) — K+1 (7 — z%) otherwise.

K+1

Considering the case when « # vy, we have

o k. | z?
¥ = 0
K+1 S\ Z e )

which can be rearranged to expression (5.2.2). In the case where v = 7 in (5.2.4), we see

:m:’;(::lg +—Zklog ).
iy

Using (5.2.2) to substitute for z* in the summation term gives

ky+1 K414
b e s T ()
T K+10g(m)+K+1Zk og (7) + log
iy
ki
—log (") = 3 ~Lii,
og («7) Zkfc
iy
This is easily rearranged to find (5.2.3). O

We may now find the second-order derivatives of .

Lemma 5.2.2. The second-order derivatives of 13, written ﬁag, can be expressed by the
following formulas for all o, 5 € {1,...,n}.
Case 1: a = 7.
Fop = 2kg(K — kg + 1)@ — 2k Y ki
i#p
Case 2: o = [ # 7.

Foa = 2ko(K + 1)@ +&(k —/f)(KH)W—%iw
aa — «a L i 2 i L

vy T oi=1

+ 2k, log (1—6*% >+2k S kilog (1—6* e (@ *"”)).

1£a,y

Case 3: «, B, distinct.

~ o 2k ks~ _Ktliza_j 2k ks(K +1) .
Fop=— 2 g Z k" — 2kokglog (1 e ﬁ)) + %xﬁ
Y

T =1
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Proof. Case 1: a = 1.

Using previously defined properties of the Legendre transformation .S, and the coordinate

system , we can see that
Fig = Fyp = &g = Napd” = 0agd®,

which leads to the statement.

Case 2: a = (3 # 7.

First we calculate the relevant second-order derivatives of F':

Foo = Foo = 2kolog (2%) + 2ka Y _ kilog (2% — 27) .
i#a

Using expression (5.2.2) to make substitutions, we find that

T

Fua = 2ha(K = ko + 1) log (27) + 2ko log (1= ¢ ™)

K414 _ﬁia)

— (K + 1)i O‘—|—2ka2kilog(6_ Gy =

i#a,y

We continue as follows, using expression (5.2.3) to substitute for log(z7):

= . N ka A~
Foo = 2ko(K — ko + 1)27 + = ((ka — ky) (K + 1) — k2)2°

k'Y
+2glog (1= 757 2k 3 ilog (1— e 5 7))

i,y

3

+2ka2kilog< ~Ed >+2I<: (K — ko + 1) Zﬁz
=1

o

i#a,y v

With some rearranging, this leads to the required statement.
Case 3: «, 3, distinct.

Here we again use the formulae in Lemma 5.2.1 to show that

Fop = Fas
= —2k,kslog (ma — xﬁ)
_K+14:8 _ K41 so
= —2kokslog(z") — 2kaks log (e R )
n k; 4 K41 (zo_36) Qkakjﬁ(K + 1) 5
= ~2kaks Y i —2kkglog(1—e = >+k—wx7

i=1 7

which has the required form.

]

Theorem 5.2.3. The Legendre transform S, of the function ' = Fg’jf(k), given by (5.0.2),
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has the form

- iy ~d “ T Qki/{-k‘ NDUR
F = M(j“/)S_F(jW)QZZ_’YIz_'_x"/Z%(xZ)?_ Z kj lxll.]l.l

6
iy iy 1<i<j<i<n 7

ki(ni — ~2‘ iy \ [ ai kinii + Kinig , iva .
+Z( (77 77’Y’Y) M +77_’Y) (xz)3+ Z i + /’7]<xz)2j]

e 12k, 24k;k, 12 pr 4k,
4IFY
+ T f ( x) + —f ( (2" — 9?;])) (5.2.5)
; (K + 1)2 2Ky 1§;§n (K + 1)2 2k
1,JFY

up to quadratic terms and coordinate shifts, where f(z) is defined in (2.5.7).

Proof. This can be checked by taking (5.2.5) as an ansatz and comparing its second-order
derivatives with the expressions given in Lemma 5.2.2. In particular, we use (2.5.8) to

rewrite the logarithmic terms. O]

We compare this solution of the WDVV equations with other families of trigonometric

solutions in §5.4.

5.3 Legendre transformation via the last fundamental

weight of A,

We compute the result of applying the Legendre transformation produced by the field
d = kY., 0; to the rational solution F' given by (5.0.2), where x € C*. We denote by F
the resulting solution of the WDVV equations, up to equivalence.

By Theorem 2.4.13, the new coordinates Z are defined by
Fo =K Y 0i0aF(1).
i=1
As in the previous section, we disregard constant terms and set

To = 2kkyloga® for 1 <a <n. (5.3.1)

Lemma 5.3.1. The flat coordinates x* are

K+1 1 .
% = exp < + ¢ — — Z kﬂ’) forl<a<n. (5.3.2)
K K 4
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Proof. Using the metric in (5.0.3) to raise the indices of z, in (5.3.1), we have

K , K
= ki1 ' | « 3.
K+1Z,ogw+K+1ogx (5.3.3)

i=1

for all 1 < a < n. Rearranging (5.3.3), we find

K: 1:2’0‘ = log <:C°‘ (xl)k>,
=1

7

so we have
K+1 " L
% = exp (—+:i°‘> (z") ki (5.3.4)
K

1

2

For all 3, we then obtain

or equivalently,

K+1
2% = 2% exp ( : (3 — a}ﬁ)). (5.3.5)

Substituting (5.3.5) into the right-hand side of (5.3.4), we have

% = exp (K: 1%“) ﬁ ((ma)_ki exp (@ (z* - f’)))

1=1

= (2%) " exp <—K: ! (:z“ + ) ki (- x)>)

i=1

K (K+1)? , K+l .
= (x® @ — k;x* |. 3.
(%)™ " exp ( — - ;1 T (5.3.6)
The final expression, (5.3.6), can be rearranged to find the stated formula. ]

Lemma 5.3.2. The second-order derivatives ﬁag ofﬁ’ can be expressed by the following
formulas for all o, € {1,...,n}.
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Case 1: o = [3.

~ 2k, (K —k, + 1) 2k (K —ky+1) o~ _
F, =~ ( + >[1~ja— ( + )Zkllﬂ
K

K
iFa

+ 2k, Z k;log (1 — e_K:I(ia_ii)).

iFa

Case 2: o # 5.

Fop = Qk:kﬁ > ki - @ (K — ko + 1) 7 — 2k, ks log (1 - e-Kil(f“—iB)).
i#a
Proof. By definition of the Legendre transformation, we have ﬁaﬁ = F,p for all o, 5.
Case 1: a = f.
We have
Foo = 2ko log 2® + 2k, Z kilog (z* — ).
ita

Expression (5.3.2) can be used to make substitutions, as follows:

~ o 2k (K +1) . 2k, " s K41 ~a K41 i
Faa = o — kl 4 2ka 1 ( PR kL >
T - ; T+ Z ogle e

K
£
- % > k> ki

iFa =1
UK +1) . 2%ko(IK — ko +1) <, . K+1_
— a k'L ) 2ka «
- T - ; T+ Z; - T
2kq Z log (1 e (fa_i"i)>

i#a

2%k — 2 — " .
o (K —kq+1) o 2ko (K — ko + 1) Z b
K K iz

+ 2k, i k;log <1 _e R (ja_ji))

i#a

Case 2: a # 3.
We have
Fop = —2kokiglog (2 — 27).

Using (5.3.2) to change variable from x to & again, we find

~ . 2kakg N, K41 za -
Fop = =203 i — 2kaks log (Jilw —eK:1$ﬁ>7

i=1
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from which the required statement follows. O

Theorem 5.3.3. The Legendre transform of F' = F/Tlit(k) via the Legendre field k., 0;

results in the function

~ k2 K+ i ~j k’,k‘] N2
1<i<j<n ]
D §; (2(K — ki + 1) — (K + 1)(K — k) (#)° + Y Q’f_f’za’fkmxz (5.37)

i=1 1<i<j<l<n
up to quadratic terms and coordinates shifts, where f(z) is defined in (2.5.7).
74 q s

Proof. This may be verified by comparing the second-order derivatives of (5.3.7) with the

expressions given in Lemma 5.3.2. We use (2.5.8) to rewrite the logarithmic terms. ]

5.4 Relating families of A, ;-type trigonometric solu-

tions

In Sections 5.2 and 5.3, we found two families of trigonometric solutions by applying
different Legendre transformations to a rational solution F;ﬁt(k), of the form (5.0.2). We
now show that in both cases, these trigonometric solutions belong to the family Fftﬁ% )
from Theorem 4.0.1, subject to some linear change of variables and a choice of parameters
m;,a,b,c. We will deal with the most general case, where the deformation parameters k;
have arbitrary (non-zero) values. In general, the solutions obtained in Theorems 5.2.3 and
5.3.3 are not equivalent to each other. However, they are equivalent for specific values of
the deformation parameters.

In the case when k; = 1 for all 7, the solution FXf(k) corresponds to the Coxeter root
system A,. In this case, the Legendre transformations produced by Legendre fields 0,
or kY ., 0; all produce solutions which are equivalent to that found by Hoevenaars and
Martini, discussed in Chapter 4.

Throughout this section, we set F = FXE (y), as written in (4.0.5). Let F =

S, <Fj‘1t(k)> for some v € {1,...,n}, given explicitly in Theorem 5.2.3. The coordinate

system Z is given by the Legendre transformation S, see formulas (5.2.1).
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Theorem 5.4.1. Define a,b,c, and m = (mq,...,m,) by

I a=7,
My =
ko otheruise;
2
-__- . (5.4.1)
¢ K+1
b=1,;

c=—(K+k,+1),

where K =" | k;. Then functions F and F satisfy

(K +1)?

52 F(2) = F(y) up to quadratic terms, (5.4.2)
2

where the coordinate system y is given by

K+1

a=r,
o= " ! (5.4.3)
[;:;1 (2> —27)  otherwise.

Proof. Inverting the expressions in (5.4.3) gives us

2k, _
s K+1 yw a = r)/a
25 (yo —y,)  otherwise.

K+1

We rearrange the sum of the terms in F' which are proportional to 2’274 as

B Z Qkkkl A“JAl_—Q"EVZkk pigd Z %iii‘ji‘l.

i<j<l i<j i<j<l v
4,J#Y ,J,1Fy

We then make the coordinate transformation # — y in the expression for F to obtain

8k2k 8k2kik; .
_Z K11 —Yy) +Z K+1) f(yi—yj)~l—cublcterms
1Z]<5£'Y
8k2
Z mym; f y;) + cubic terms,
1<z<j<n

since the m, are defined by (5.4.1). We now compare coefficients of the various cubic

terms in F' and KSE L F¥ to show that relation (5.4.2) is satisfied.

After the change of variables £ — y in F and some algebraic manipulation, we find
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that the sum of the cubic terms of the form y;y;y; in (1(8221 & F with 4, 5, k distinct, is equal

to

K+ 1 > kikjyyyiy; — K+1 > kikikwyiyiu.

i<j 1<j<l
LIFY B3, l#y
This is the same as the second term in (4.0.5), since m, =1 and a = —KLH
Next, we consider terms of the form yly;, with ¢ # 7, in (KSZQI P F. The coefficient of
the sum of the terms proportional to y%yi, for i # ~, in (I;Z%I PF s equal to
k., 2k:
—kik, +2k; (K + 1 —k;) — 2k;( K — k; — kik
T | Rk 2R (K 1= k) — 2k I
j<i
Jl;ém
k.
— k(K +1—k) — (K+1)(K+1+ky—k
o ) RO T k) = (K D 1 by — )]
k;
—— ki (3+3K —4k; —2k;). (5.4.4
eI DRNCERY

1751 2
By replacing the first sum in this expression with
ki 2 2
0 (K —ki— k)" = > k]
JFLY

and some straightforward but substantial manipulations, the expression (5.4.4) can be

simplified to ffﬂl)) All terms of the form y?y;, with i # j, in (1225)213 sum to
(K —1) ki(K —2k;+1) 5 kikj(K —2k; +1) ,
Z—yﬂry»yz vt s
P 2(K +1) = 2(K+1) 272 2(K+1)
6,37

which is equal to the third term in (4.0.5) since we have set b = 1.

In computing the coefficient of terms proportional to yi, it is useful to note that

1 5 1 3
E kikik; = K k,)? — E(K_l%)é k:l+§§ k.
i<j<l iy iy
1,5,l#y

The sum of all terms of the form y3 in (S%UF can be expressed as

K1-K) &Y\ , R kK k1)
(6(K+1) 6)y7+; 3K+1) 2 6 b

This agrees with the last term in (4.0.5), as ¢ = —(K + k, + 1). O
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Let F be the solution obtained from Fjﬁf(k) by the Legendre transformation in the

direction kY, 0;, given explicitly in (5.3.7).
Theorem 5.4.2. Define a,b,c, and m = (mq,...,my,) by

me = ko forl <a<mn;

2
a=——->,
K+1 (5.4.5)
b=1;
c=—(K+2),

where K =" | k;. Then functions F and F satisfy

K+1)?2~
—( 8+2 ) F(%) = F(y) up to quadratic terms, (5.4.6)
K

where the coordinate system y is given by

K+1
2K

Yo = — i, (5.4.7)

Proof. We follow the method used in the proof of Theorem 5.4.1. Since less involved
algebraic manipulation is needed here, fewer details are given.

By considering the second-order derivatives of F , given in Lemma 5.3.2, it is clear
that swapping the ordering of #%, 7 in the trilogarithmic terms of F will not affect the

equivalence class of F. That is, we may alternatively write

~ Sk? K+1, .
- o E . 7 i ] .
F K117 kik; f < 5 (ac z )) + cubic and lower-order terms.

1<i<j<n

Relation (5.4.6) is therefore satisfied when considering only the trilogarithmic terms in
(K+1)2
8K2
of the parameters given in (5.4.5). We now proceed to compare the cubic terms in these

F and F , after making the change of variables y — 7 in F' and taking the values

functions.

(K+1)? 75

It is immediate that terms of the form #'77%! with 4, j, [ distinct are equal in 52

and F.

Similarly, equating terms of the form (#)° %/ with 4, distinct in %ﬁ with the

analogous terms in F' leads to
(K +1)?

(K +1)3

163 (CLI{TZ + b)k’zk?]

As required, this is satisfied for the values a = b=1.

2
K+1°
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Finally, equating terms of the form (&) produces

(K +1)%k; 5 (K4 1%k,
153 (2K —ki+1? = (K+1)(K — k;)) = 5 (ak? + 3bk; + ¢) |
which is also satisfied for the parameters given in (5.4.5). O

In general, the family of solutions F' is larger than both families F and F. Note that
the choice of parameters a,b,c is the same in both cases. For the values in (5.4.1) or
(5.4.5), we have

bM +c=Fk, #0
and
%,
K+1"
By Theorem 4.0.1, it follows that condition (4.0.4) holds, which can also be checked directly

for this choice of parameters.

aM? 4+ 30M + ¢ = —

From the comparisons in Theorems 5.4.1 and 5.4.2, the relationship between Fand F

is straightforward to see.

Corollary 5.4.3. Let ﬁ(fc) be as written in (5.2.5) and F (%) as in (5.3.7). Let ky=1=
K, and define
7 o=,
i = ! (5.4.8)

7 — % otherwise.
Then F(i) = ﬁ(:ﬁ), up to quadratic terms.

Proof. By Theorems 5.4.1 and 5.4.2, both F and F are particular examples of solutions
of the form F'. We check the requirements for all relations (5.4.1), (5.4.2), (5.4.3), (5.4.5),
(5.4.6), (5.4.7) to hold simultaneously, with the same set of deformation parameters k;
for both F and F. Equating (5.4.1) and (5.4.5), we require k, = 1. Equating (5.4.2)
and (5.4.6), we require k = k,. Equating (5.4.3) and (5.4.7), we require the coordinate
relations given by (5.4.8). O

In particular we see that in the Coxeter case, when k; = 1 for all i € {1,...,n}, the
Legendre transformation defined by an arbitrary root e, produces the same result as the

Legendre transformation defined by the last fundamental weight.



Chapter 6

Legendre transformations of B,-type

rational solutions

In this chapter, we apply Legendre transformations to the (n + 1)-parameter family of
rational solutions associated with the B,-type V-system found in [11]|. The transformations
considered produce a known family of BC,,_;-type trigonometric solutions. We follow [25].

The B,-type V-system described in (2.5.5) produces the following family of rational
solutions of the WDVV equations. We have

=Fgly) = Z 2k; (ko + ki) (2")* log(z") + Z kik;(z" &+ 27)? log(z" & 27), (6.0.1)

1<i<j<n
with parameters kg € C, kq,...,k, € C* and where the sum of the parameters
n
K=Y k#0.
i=0

The metric for this system, n = z'F; as defined in (2.5.2), has entries

while the contravariant metric, denoted !, has entries given by

N 5
ij ] 2
n K (6.0.2)

6.1 Legendre transformation results

We now apply the Legendre transformation S, using Notation 2.4.19, to F' = Fg’:(k) for
an arbitrary v € {1,...,n}. Throughout this section, we set F = S, (F). As discussed

previously, solutions to the WDVV equations are only defined up to quadratic terms and

155
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so we may omit, for example, constant terms arising from second-order derivatives of such
solutions. Using the definition of a Legendre transformation, we choose the set of new

(covariant) coordinates Z,, as follows

Ak (ky + ko) log(z7) + 2]@2]@- log ((z7)* = (")) a =1,
i=1
i#y

2k, ko log (5122) otherwise.

TV —x

Go = (6.1.1)

To continue with the transformation, we now must find expressions for coordinates z“ in

terms of Z%.

Lemma 6.1.1. The flat coordinates x can be expressed as follows:

K
% = 27 coth (k—i"a) for a # 7, (6.1.2)
v
— k; K
Y — A ? . 2 22 Ad
log(z") = 2 ZZI T log (1 coth (kwaz )) : (6.1.3)
i#y

Proof. First, we use the inverse metric as in (6.0.2) to raise the indices of the covariant

coordinates Z, in (6.1.1) via the formula

ia

=735 = n*ig.

We obtain
. M Jog(27) + 3., 2 log ((27)7 = (27)%) o =7, 6.1
x = . .
Qk_;{ log (i:fﬁi) otherwise.

In the case where o # «, we can invert the expression for % to obtain

2K 0 7 4 ¢
(& k’Y =

Y —

which can be rearranged to find

N ., €2Ki°‘/kzﬂ, -1 y o

In the case where o = v in (6.1.4), we can use expression (6.1.2) to substitute for z°
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with ¢ # v as follows:

o kot k k; N
= T“’ log(x”) + Z 2% log ((27)*(1 — coth® (K2'/k,) )
i#0,y
1 ki 2 [ prni
= = <k0 +ky + Z k) log(z") + ‘Z o7 108 (1= coth® (K'/k,))
170,y 1#£0,y
From this, we obtain (6.1.3). O

From the definition of a Legendre transform, we have that

~

Fop = Fop.

We will use this, along with Lemma 6.1.1, to compute all the second-order derivatives of

F in terms of Z.

Lemma 6.1.2. The second-order derivatives ﬁag can be expressed, up to constant terms,
by the following formulae for all o, 5 € {1,...,n}.
Case 1: a = 7.

Fop = kg Ki’.

Case 2: aa =3 # .

~ R 4k K
F,, =4k, K17 +

(K — ko — 2ky)3°
Y
+ dko (ko + K)log (1 — 255 /5 4k (ko — K) log (1 — e3°/k)
- g e 2K
+ 2k, Z k; {log (1 _ 2K(@ @ )/kw) + log <1 _ 2K (@ )/1@) . _ﬁ] '
i=1

iy

Case 3: «, B, distinct.

~

Fog = 2kakg [log (1= 2RE ) g (1 — 2@k ) %i«ﬁ] .

Proof. Case 1: a=1.

By definition of the new coordinate system, we have

Flg = &5 = ngad® = npsd”,

since the metric 7 is diagonal.
Case 2: = and a # 7.
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Calculating ﬁaa directly, we have

~

Foo = Fao = 4k (ko + ko) log(x®) + 2ke Y _ kilog ((2')* — (2*)?) .
=1
i#a

We can use expression (6.1.2) to make substitutions, and collect terms in log (x7) as follows:

~ . K
Foo = 4ko K log(x7) + 4ko (ko + ko) log <coth (k—xa))
v

K
+ 2k, ko log (1 — coth? (—:&“))
k"Y
- K . K
ke, kil th? [ —2" | — coth® [ —2* ) | .
+ ZZI og(co <k7x> co <kv$ )>

iF#ayy

Next, we use (6.1.3) to substitute for the terms in log (z7):

= . N K ~
Foo = 4k K27 + 4k (ko + ko) log (coth (k—xo‘)>
Y

K
+ 2k (ky — ka) log (1 — coth? (k—:vO‘))
Y

a coth? (K#'/k.) — coth? (K2 /k.)
+ 2kq, kil 1 : .
2 hilos < 1~ coth® (K#i/k,) >

iF£ o,y

Since coth(u) = we note that

2u
2u+1 )
462u

2
1 —COth (U,) = m

and

46211(62(1171)) _ 1)(62(u+v) _ 1)

th?(u) — coth?(v) =
coth”(u) — coth”(v) (e2v + 1)2(e2v + 1)?2

This allows us to expand and simplify ﬁm as follows:

4k K

Fog = 4k K27 + (K — ko — 2ky)

ﬁ'M
R>

v
+4ka(/§a+k0)log( 2K [y 1) + 4k, (k: _ K) log (e 2K [k | 1)

+ 2k, Z k; [log< 2K (&' =2 /ky _ 1) —1—10g< 2K (& 42%) [hy _ 1)} )

z;éa 0%
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We may rewrite this expression using the following identity:
log(1 + €*) = log(1 — e**) — log(1 — e*).

This leads to the required statement.
Case 3: «, 3, distinct.

By direct calculation, we have
F\aﬂ = Fu.5 = 2kokglog (2* + azﬁ) — 2kokglog (2% — :L"B) ,

and we can make substitutions using Lemma 6.1.1 to find

O K K
F,5 = 2k kszlog (coth (—wo‘) + coth (—x5>>
k, k,
K K
— 2k, kg log (coth (—;?:") — coth (—i"ﬂ)> . (6.1.5)
k, k,

2(62(u+v) o 1)
@ I 1 1)

We note the following identities:

coth(u) + coth(v) =

and
2€2v(62(u—v) _ 1)
th(u) — coth(v) = .
coth(u) — coth(v) @) 1)
Using these, we can reformulate (6.1.5) to obtain the required expression. O]

Theorem 6.1.3. The Legendre transform S, for arbitrary v € {1,...,n}, applied to the
function F as defined in (6.0.1) has the form

. L " 2kik;k? N
F= %(f”)ngZ%:iﬂ ()" + 1 f (—5 (i’iﬁ))
=1

AVRNNS k,
i= 1<)
et el (6.1.6)
" T ARk (ko + K) K\ kk2 (ki — K) 2K . .
’Y T v _ T
P () e (R

i=1
iy

up to quadratic terms and coordinate shifts. The function f(z) is as defined in (2.5.7).

Proof. Taking (6.1.6) as an ansatz, we can compare its second-order derivatives with the
expressions given in Lemma 6.1.2. Note that we use identity (2.5.8) to express logarithmic

terms via the function f(z). O
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6.2 Relating families of trigonometric solutions

The function F = S, <F git(k)), given in equality (6.1.6), has a similar form to a known
trigonometric solution corresponding to a trigonometric V-system of type BC,,_;. Follow-
ing the results of Alkadhem and Feigin in [2], specifically Theorem 5.5, the trigonometric
BC,,_1-type WDVYV solutions have the form

n—1 n—1
Felevne > me+a Y mif(e)
=1 =1

3
n—1
T )\Z (smi + %qmi(mi — 1)) F(28) + N\g Z mim; f(& £ &),
— 1<i<j<n—1

with coordinates £ = (§o,&1,-..,&—1) € C", and independent parameters ¢, 7, s € C, such
that ¢ # 0, and m = (mq,...,m,_1) € (Cx)nfl. The constants h, A\, M € C* are defined

as follows:

h=r+4s+2q(M —1); (6.2.1)
2h3 1/2

A= ; 6.2.2
(Q(T+83+QCI(M—2))) 022)

n—1
M = Zmi; (6.2.3)

i=1

with the requirement that

q(r+8s+2q(M —2))#0. (6.2.4)

Finally, the function f(z) is given by
f(z) = = [f(—iz), (6.2.5)

where f(z) is defined in (2.5.7).
First, we show that an arbitrary solution of the form Fis equivalent to a solution of
the form F.
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Theorem 6.2.1. Suppose K =" ,k; # k. Define q,r,s,m as

2k2 6.2.6
q - RKQ’ ( L. )
4k2 (ko + K)
_ v i
k2K —1)
ko 1<a<ny,
Mg = (6.2.9)
ka—i—l Y S a S n— ]-7
where R € C* is an independent scalar. Then functions F and F satisfy
R~ .
XF (&) = F () (6.2.10)
with coordinate transformation
Ak (K — 1/2
R
i pa 1<a<y,
g =4k =as7 (6.2.12)

iK o+l _
e y<a<<n-—1.

Condition (6.2.4) is satisfied by the choice of parameters (6.2.6)—(6.2.9), and we also have
A, h #0.

Proof. We start by inverting expressions (6.2.11) and (6.2.12). The resulting coordinate

transformation z — £ in F' gives us

[ Amk3 (ko + K) - mik? (K —m;) -
F= Z{ &) s f(%)}
=1
n—1
— Z ZmK#f (& £ &) + cubic terms,
1<J

where we have also used (6.2.5) and (6.2.9). This expression matches the corresponding
terms in RF/\.

Note that M = K — ko — k, by (6.2.3). Since we have ¢, r, s, M in terms of the k,, we
may use (6.2.1) and (6.2.2) to derive

_ 41{%(1{37 - K)

h RK?

(6.2.13)
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and

16k, (K — k)

2 _
A= RK?

(6.2.14)

We can now consider the cubic terms in F(€), which are

KR3/2 . ]{53/2R1/2 n—1 , LR n—1 ,
1262 (K — k,)3/? S~ K(K — k)12 o Z i€ = A50 I z; ki

This matches the cubic terms in RF/A: hence, relation (6.2.10) holds.
Substitution of the expressions for ¢,r, s, M in terms of the k, into condition (6.2.4)

gives us
8k:5
R2K 4 7 0.

Also, expressions (6.2.13), (6.2.14) are non-zero. O

q(r+8s+2q(M —2)) =

The family of solutions 2 depends on n + 1 parameters ky, ..., k, while the family F
depends on n+ 2 parameters ¢, r, s, my, ..., m,_1. As we introduced an extra scale factor
R in Theorem 6.2.1, we can now relate a general solution of the family F to a solution of

the family F. More precisely, the following statement holds.

Theorem 6.2.2. Given a solution ﬁ, such that q # 2s, we define:

r—2q+4s _
== a=0,
Me, 0<a<y,
ko = | (6.2.15)
2q(2—M)—r—8s _
. 2q a = 77
 Ma—1 y<asn
8s + 2q(M — 2))?
R 8t 2l ) (6.2.16)
29(q — 2s)?
Then F and F are related by AF F(#) = F() with coordinate transformation
e <y,
% = ﬁfo a =7,
i(r+8s+2q(M—2)) 504 Ly < a S -

2(q—2s)

The proof follows by inverting parameter relations and the change of coordinates from
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Theorem 6.2.1. In particular, it is useful to note that

~9
K=khothy+M=21"2"
q




Chapter 7
Concluding remarks

In this thesis, we built on work by Strachan and Stedman [59], which expands Dubrovin’s
definition of a Legendre transformation to include transformations generated by non-flat
fields. We analysed the conditions for which an arbitrary vector field on a two-dimensional
Frobenius manifold defines a Legendre transformation. This enabled us to describe all
homogeneous Legendre fields for these manifolds.

In the second part of the thesis, we explored specific Legendre transformations applied
to families of rational solutions of the generalised WDVV equations found by Chalykh
and Veselov [11]. These transformations produced a mapping between rational solutions
and certain trigonometric solutions. We found that some Legendre transformations of
type A, rational solutions produce type A, _; trigonometric solutions, which are included
in a multi-parameter family of A-type trigonometric solutions. This family generalises
solutions previously found by Hoevenaars and Martini [35], among others. We also found
that some Legendre transformations of type B, rational solutions result in type BC,_;
trigonometric solutions, which belong to a family discovered by Alkadhem and Feigin [2].

We now discuss some possibilities for future research based on this work.

7.1 Legendre fields

In Chapter 3, we studied the Legendre field condition for the two-dimensional Frobe-
nius manifolds. When restricting the Legendre field condition to homogeneous fields, we
found that the hypergeometric differential equation controls all cases with a non-constant
multiplication.

In [40], Liu, Qu, and Zhang showed that homogeneous Legendre fields map Frobenius
manifolds to (quasi-homogeneous) generalised Frobenius manifolds, and that generalised
Frobenius manifolds are mapped to Frobenius manifolds by flat Legendre fields of the form
0;. Since we have now described all homogeneous Legendre fields for the two-dimensional

Frobenius manifolds, it is worth exploring whether these can be used to classify all gener-
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alised Frobenius manifolds in two dimensions.

A further step might be to explore the Legendre field condition for Frobenius manifolds
in higher dimensions, or for rational solutions of the WDVV equations. In the latter case,
one could use Coxeter root systems in two dimensions as toy examples. It would be
interesting to see whether the hypergeometric differential equation arises in other cases
when considering homogeneous Legendre fields in two dimensions. We note also that
general hypergeometric systems related to root systems have been studied by, for example,
Gelfand et al [28]. Whether there is a connection between this literature and Legendre
fields remains to be seen.

As discussed in Proposition 2.4.15, the series expansion of a flat section of the Dubrovin
connection provides an infinite family of Legendre fields indexed by the natural numbers.
Studying integral representations of these flat sections could provide a way to find a larger

family of Legendre fields.

7.2 Legendre transformations with non-flat fields

In § 3.4.2, we showed that flat twisted Legendre fields for the A, almost dual Frobenius
manifold are given by the twisting of non-flat Legendre fields for the A5 Frobenius manifold.
From the results in Chapter 5, certain choices of flat Legendre fields for the Ay almost
dual produce a trigonometric A;-type solution. A natural question is to ask what happens
to the A, Frobenius manifold under the corresponding non-flat Legendre transformation,
and whether any direct connection can be made between the resulting solutions and the
trigonometric solutions obtained in Chapter 5.

It seems that Legendre transformations with non-flat fields have only been carried
out in low-dimensional examples in [52, 59]. In both cases, the extended affine A; or
Ay Frobenius manifold, with a flat Legendre field 4, is taken as a starting point. The
twisted (non-flat) Legendre field is then applied to the almost dual, a trigonometric A-
type solution, which is mapped to a rational solution. Here, the original Legendre field ¢

is chosen to be a specific distinguished direction associated with the extended affine Weyl

group.

7.3 Natural choices of Legendre fields

Recall from Remark 2.4.14 that the inversion of the coordinate relations #(¢) presents
the main obstacle in explicitly calculating the new solution F produced by a Legendre
transformation. Since it is not always possible to complete this inversion step even for a flat
field, it is remarkable that it is sometimes possible for a non-flat field as in [52, 59|. It is also

remarkable that it was possible to achieve this for the Legendre transformations explored
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in Chapters 5 and 6, where there is no distinguished direction in the starting system. It
is not completely clear what makes Legendre transformations computationally achievable
for some fields and not others. It seems that Legendre fields which are in some sense
natural or distinguished directions produce “nicer” transformations, which are possible to
compute. More general geometric analysis on this question would be interesting.
Chapters 5 and 6 provide examples of Legendre transformations of A,- and B, -type
rational solutions for, arguably, natural choices of Legendre field. Although the A,, and B,,
root systems do not have one single distinguished direction, unlike their extended affine
counterparts, simple roots and fundamental weights encode the fundamental geometric
properties of these systems. We therefore take certain simple roots as Legendre fields for
both A, and B,, as well as the n'* fundamental weight for A,. The resulting Legendre
transformations in all cases are both possible to compute explicitly and map the original,
rational, solution to a trigonometric solution. Future research here could attempt to set
other simple roots or fundamental weights as a Legendre field, to see whether such a
transformation is possible to compute and whether it produces a trigonometric solution.

It would also be interesting to take this approach for other root systems.

7.4 Legendre transforms of trigonometric solutions

In Chapter 4, we introduced a new family of A-type trigonometric solutions. This class of
solutions contains, as smaller sub-classes, the trigonometric solutions obtained in Chapter
5 from Legendre transformations of a multi-parameter family of A-type rational solutions.
Since Legendre transformations are invertible, there exist Legendre fields such that the
corresponding Legendre transformations map (a sub-class of) the trigonometric solutions
to rational solutions. Finding these fields could be an entry-point to exploring Legen-
dre transformations of this larger class of trigonometric solutions in general. One may
investigate whether there exists a larger family of rational A-type solutions than that con-
sidered in this thesis, which could be obtained through Legendre transformations of the
new trigonometric family.

In [59, Example 5.5|, different Legendre transformations were applied to the extended
affine A5 almost dual prepotential, which is a trigonometric solution of the form considered
in Chapter 5. The Legendre transformations in this example produced distinct rational
solutions associated with certain extensions of the A, root systems. Such configurations
were studied as extended V-systems by Stedman and Strachan in [58]. The trigonometric
solutions given in Chapter 4, which contain the almost dual prepotentials of extended
affine A-type Frobenius manifolds, therefore provide a connection via Legendre transfor-
mations between completely distinct families of V-systems and extended V-systems, thus

connecting different rational solutions. More work is needed to understand the full picture
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of how these different objects all fit together.
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