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Abstract

The Witten–Dijkgraaf–Verlinde–Verlinde (WDVV) equations admit many interrelated
classes of exact solutions, some of which are associated with the richer structure of a
Frobenius manifold. This thesis explores a symmetry of the WDVV equations known as
a Legendre transformation. Remarkably, Legendre transformations have previously been
shown to connect rational and trigonometric solutions in limited examples.

Legendre transformations are generated by a choice of vector field, which must satisfy
a geometric requirement called the Legendre field condition. In the first part of the thesis,
we analyse the Legendre field condition in the setting of each of the two-dimensional
Frobenius manifolds. We explicitly describe all homogeneous Legendre fields for these
manifolds. We also consider so-called twisted Legendre fields for the Frobenius manifold
associated with the Coxeter root system A2. Twisted fields arise from almost duality for
Frobenius manifolds, which provides a mapping between certain polynomial and rational
solutions of the WDVV equations.

In the second part of the thesis, we investigate particular examples of Legendre trans-
formations applied to multi-parameter families of rational solutions. The solutions we
consider are associated with deformations of the An and Bn root systems; for special val-
ues of the parameters, these are almost dual to the corresponding polynomial Frobenius
manifold. In all cases that we consider, Legendre transformations of the rational solutions
produce trigonometric solutions which are also related to root systems. The Bn-type ratio-
nal solutions are mapped to a sub-class of a family of BCn−1-type trigonometric solutions
already known in the literature.

Motivated by results in the type A case, we introduce a new multi-parameter family
of A-type trigonometric solutions. We show that this family generalises and relates some
previously known trigonometric solutions of the same form. We find that two different
types of Legendre transformations applied to An-type rational solutions both produce
sub-families of the new An−1-type trigonometric solutions.
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Chapter 1

Introduction

1.1 The Witten–Dijkgraaf–Verlinde–Verlinde equations

The Witten–Dijkgraaf–Verlinde–Verlinde (WDVV) equations are a nonlinear system of
third-order partial differential equations for a function F = F (t1, . . . , tn). Since their
origins in two-dimensional topological quantum field theory, they have appeared in many
different mathematical settings such as quantum cohomology, singularity theory, and the
study of Frobenius manifolds.

In the 1980s, the WDVV equations appeared for the first time as equations of asso-
ciativity for an operator algebra in two-dimensional topological field theories [15, 61]. In
these works, the physicists Witten, Dijkgraaf, Verlinde, and Verlinde constructed a family
of algebras At depending on t = (t1, . . . , tn) with a commutative, associative, and unital
multiplication. This multiplication, which we denote as ◦, can be written as

ei ◦ ej =
n∑

k=1

ckij(t)ek,

where e1, . . . , en form a basis in an n-dimensional space. The structure constants ckij(t)
depend on a three-point function cijk(t) and two-point function (or metric) ηij(t) = c1ij(t),
as follows:

ckij(t) =
∑
m

ηkmcijm(t),

where (ηij) = η−1 is the matrix inverse of (ηij) = η. The element e1 is the multiplicative
identity of At. Sometimes, the object η is required to have constant entries and the
algebras At are identified with the tangent spaces of a manifold M. In this case, η defines
a flat metric on M, as discussed below in Section 1.2.

The symmetry of the three-point function and that of its derivatives imply the existence

1



CHAPTER 1. INTRODUCTION 2

of a potential function F = F (t), called the free energy for the field theory, such that

cijk(t) =
∂3F (t)

∂ti∂tj∂tk
.

The associativity of the multiplication ◦ is then equivalent to the system of equations

FiF
−1
1 Fj = FjF

−1
1 Fi, (1.1.1)

where Fi denotes the n×n matrix of third-order derivatives of F and F1 = η. The (r, s)th

entry of Fi is given by

(Fi)rs =
∂3F

∂ti∂tr∂ts
.

Equations (1.1.1) became known as the WDVV equations; however, we refer to (1.1.1)
as the ordinary WDVV equations in contrast with a later formulation, given below and
known as the generalised WDVV equations.

The ordinary WDVV equations have a distinguished direction, t1. In the late 1990s,
Marshakov, Mironov, and Morozov showed that similar systems of equations with no
distinguished direction arise in Seiberg–Witten theory [46, 45]. The Seiberg–Witten pre-
potential F satisfies the equations

FiQ
−1Fj = FjQ

−1Fi, (1.1.2)

for some linear combination Q =
∑n

k=1 q
kFk with qk = qk (t1, . . . , tn). We refer to (1.1.2)

as the generalised WDVV equations. Note that the “metric” Q is not required to be
constant. The ordinary WDVV equations can be recovered by setting Q = η = F1; in
fact, the equations (1.1.1) and (1.1.2) are equivalent for non-degenerate Q [45].

Solutions of the generalised WDVV equations also give a family of associative algebras
At defined in the same way as for the ordinary WDVV equations, but with identity element∑n

k=1 q
kek. The algebras At are examples of Frobenius algebras when Q is constant. A

Frobenius algebra A can be described in a coordinate-free way as having an associative,
symmetric, unital multiplication ◦ and non-degenerate inner product ⟨·, ·⟩ such that

⟨u ◦ v, w⟩ = ⟨u, v ◦ w⟩

for all u, v, w ∈ A. In the context of the (generalised) WDVV equations, the inner product
is defined by the matrix Q so that ⟨ei, ej⟩ := Qij. A Frobenius algebra uniquely defines a
two-dimensional topological quantum field theory, as discussed by Kock [37].

A differential-geometric approach to the WDVV equations was developed as a field of
study in its own right by Dubrovin, in his theory of Frobenius manifolds [18]. At the same
time, the WDVV equations and their associated Frobenius algebras continued to be stud-
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ied in supersymmetric gauge theories (see, for example, work by Martini and Gragert [47]).
The WDVV equations and Frobenius manifolds are also connected to quantum cohomol-
ogy, which can be thought of as a deformation of, for example, de Rham cohomology on a
manifold. The cup product is replaced with a (big or small) quantum product, which can
be defined using Gromov–Witten invariants. These are rational numbers which in some
sense count curves intersecting certain submanifolds. Both the big and small quantum co-
homology define families of Frobenius algebras; see, for example, the treatment by Cotti,
Dubrovin, and Guzzetti in [13]. Kontsevich and Manin showed that the Gromov–Witten
potential, a generating function for the Gromov–Witten invariants, satisfies the WDVV
equations [38].

The WDVV equations admit many interconnected classes of exact solutions — some
of which are associated with the richer structure of a Frobenius manifold — as well as a
symmetry known as a Legendre transformation. We now introduce some important exam-
ples of solutions from Seiberg–Witten theory and quantum cohomology, before discussing
Frobenius manifolds and symmetries of the WDVV equations.

1.1.1 Rational solutions

We consider the class of solutions F = F rat
A where

F rat
A (x) =

∑
α∈A

(α, x)2 log (α, x), (1.1.3)

x ∈ V ∼= Cn, and A ⊂ V . Solutions of this form, which we call rational solutions, appear
as (the perturbative parts of) Seiberg–Witten prepotentials in four-dimensional N = 2

supersymmetric gauge theories; see [46] for an early example. In particular, Martini and
Gragert proved that F rat

A satisfies the generalised WDVV equations when A = R is the
root system of a Weyl group [47]. Veselov derived a set of geometric conditions for a
collection of vectors A which ensure that F rat

A is a solution of the generalised WDVV
equations [60]. These configurations are known as ∨-systems and include the Coxeter
root systems [60]. Later work by Feigin and Veselov showed that certain projections and
deformations of Coxeter root systems are also ∨-systems [26]. The corresponding multi-
parameter deformations of the root systems of An and Bn, and their associated rational
solutions, were first presented by Chalykh and Veselov in [11].

1.1.2 Trigonometric solutions

Another important class of solutions of the generalised WDVV equations have the form

F trig
A (x, y) =

∑
α∈A

f
(
(α, x)

)
+ P (x, y), (1.1.4)
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where P is a cubic polynomial in x = (x1, . . . , xn) ∈ Cn and y ∈ C. The function f(z) is
given by

f(z) =
1

6
z3 − 1

4
Li3
(
e−2z

)
,

where Li3(z) is the trilogarithm function. These solutions are called trigonometric solu-
tions, in reference to the third-order derivative f ′′′(z) = coth z. Trigonometric solutions
arise in five-dimensional Seiberg–Witten theory, as originally shown in [45]. Solutions of
the form F trig

A when A = R is a crystallographic root system were constructed in this con-
text by Hoevenaars and Martini [35, 36]. Of particular interest is the following An−1-type
solution, which appears only in the preprint version of [35]:

FHM(x) =
∑

1≤i<j≤n

f (xi − xj) + a

(
n∑

i=1

xi

)3

+ b

(
n∑

i=1

xi

)(
n∑

j=1

x2j

)
+ c

n∑
i=1

x3i , (1.1.5)

where the parameters a, b, c ∈ C are subject to some constraints. Bryan and Gholampour
obtained Frobenius algebras corresponding to trigonometric solutions for the ADE-type
Weyl groups, by studying the (equivariant) quantum cohomology of resolutions of the
ADE singularities C2/G where G is a finite subgroup of SU(2) [10]. In the same paper,
they produced Frobenius algebras for arbitrary reduced irreducible root systems, which
also correspond to solutions of the form F trig

A . Trigonometric solutions associated with
multi-parameter deformations of classical root systems have been found by Pavlov [49];
Pavlov’s approach uses reductions of Egorov hydrodynamic chains to produce explicit
solutions for the related WDVV equations.

More recently, Shen obtained trigonometric solutions, and their corresponding Frobe-
nius algebra structures, by investigating toric mirror arrangements associated with root
systems [56]. A family of flat, torsion-free connections — originally defined in the context
of Frobenius manifolds in [18] — is used to produce a multiplication on the tangent bun-
dle of the complement of these mirror arrangements. The resulting solutions are of the
form F trig

A , where A = R is the root system of a Weyl group W , and include arbitrary
W -invariant multiplicity parameters. These results include solutions presented in [35, 36,
10] for special values of these multiplicity parameters. The A-type solution found by Shen
is equivalent to (1.1.5).

In analogy to the rational case, geometric and algebraic conditions for a collection of
vectors A such that F trig

A satisfies the WDVV equations have been developed. This work on
trigonometric ∨-systems, begun by Feigin [24] and expanded on jointly with Alkadhem [2],
provides an alternative construction of multi-parameter families of trigonometric solutions
from (deformations of) root systems. Solutions of BCD-type previously found in [35, 36,
10, 49, 56] are generalised by an (n+3)-parameter family F trig

A , where A is the non-reduced
root system BCn [2]. However, the A-type solutions obtained in [2] are not equivalent, for
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any choice of the parameters, to (1.1.5) with c ̸= 0.

1.2 Frobenius manifolds

Solutions of the ordinary WDVV equations, with certain extra conditions, were interpreted
geometrically by Dubrovin in the early 1990s [18]. We now provide a brief summary of
this structure, ahead of a detailed description in the following chapter.

A Frobenius manifold M is a complex manifold with a flat metric η and a unital multi-
plication ◦ on TpM, such that each tangent space forms a commutative Frobenius algebra.
A flat metric is such that its Riemann curvature tensor is zero everywhere; equivalently,
there exists a local coordinate system —referred to here as flat coordinates—in which the
entries of the metric are constant. The multiplicative identity e is required to be flat with
respect to the Levi-Civita connection ∇ of η; that is, ∇Xe = 0 for all vector fields X.
Frobenius manifolds are also equipped with another distinguished vector field E, known
as the Euler field, which is linear in the flat coordinates of η. Both the metric and the
multiplication are required to be homogeneous with respect to the Lie derivative along E.
Finally, a symmetric (0, 3)-tensor c is defined by

c (u, v, w) = η (u ◦ v, w)

for u, v, w ∈ TpM. The covariant derivative of c, denoted ∇c = ∇W c(X, Y, Z), is required
to be totally symmetric in the vector fields W,X, Y, Z.

Dubrovin showed that the existence of a Frobenius manifold structure on some n-
dimensional manifold M is equivalent to the existence of a solution F (t) of the ordinary
WDVV equations, defined on a chart of M [18]. The variables t1, . . . , tn are flat coordinates
of the metric η. The two- and three-point functions of F can be reinterpreted as the
components of η and c, so that

ηij(p) = η (∂i, ∂j)

and

cijk(p) = c (∂i, ∂j, ∂k) ,

where ∂i =
∂

∂ti
∈ TpM. A solution associated with a Frobenius manifold has the additional

property of quasi-homogeneity:

LEF (t) = (3− d)F (t) + quadratic terms.
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Here, E is the Euler field of the corresponding Frobenius manifold, and d ∈ C is known
as the charge of the manifold. We refer to a quasi-homogeneous solution of the ordinary
WDVV equations as a prepotential.

In this thesis, we will focus on semisimple Frobenius manifolds in concrete examples.
A Frobenius manifold M is said to be semisimple if the Frobenius algebra on TpM is
semisimple for a generic point p ∈ M; that is, TpM contains no nilpotent elements.
Semisimplicity provides Frobenius manifolds with additional structure and constrains the
associated solutions of the WDVV equations, which has aided their classification (see, for
example [18, Lecture 3]). A semisimple Frobenius manifold can be completely described
by a function of one variable, called the Landau-Ginzburg superpotential [18].

Example 1.2.1 [18, 34]. In two dimensions, there exist six families of Frobenius manifolds,
consisting of one trivial case — case (1.2.1) below — and five semisimple cases. Their
prepotentials are as follows.

F
(
t1, t2

)
=

1

2

(
t1
)2
t2; (1.2.1)

F
(
t1, t2

)
=

1

2

(
t1
)2
t2 + e

2
r
t2 , r ̸= 0; (1.2.2)

F
(
t1, t2

)
=

1

2

(
t1
)2
t2 + log t2; (1.2.3)

F
(
t1, t2

)
=

1

2

(
t1
)2
t2 +

(
t2
)2

log t2; (1.2.4)

F
(
t1, t2

)
=

1

2

(
t1
)2
t2 +

(
t2
)k
, k ̸= 0, 1, 2; (1.2.5)

F
(
t1, t2

)
=

1

6

(
t1
)3

+
1

2
t1
(
t2
)2

+
k

6

(
t2
)3
, k ̸= 0. (1.2.6)

1.2.1 Orbit spaces of reflection groups

An important class of polynomial prepotentials is related to finite reflection groups, known
also as finite Coxeter groups. The corresponding Frobenius manifolds originate in singu-
larity theory, notably in work by Saito on universal unfoldings of functions with an isolated
critical point. Saito [54] showed that the orbit space MW of a complexified vector space
V ∼= Cn carrying the reflection representation of a finite Coxeter group W of rank n is en-
dowed with a flat metric, now known as the Saito metric. The flat coordinates of the Saito
metric are special W -invariant polynomials and were found by Saito, Yano, and Sekiguchi
in most cases [55]. Dubrovin then found that MW carries the structure of a semisimple
Frobenius manifold, with a prepotential which is polynomial in the flat coordinates of the
Saito metric η [19, 18]. He conjectured that all polynomial prepotentials, under some
assumptions, correspond to the orbit space MW for some finite Coxeter group W . This
was later proved by Hertling [32].
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For example, the prepotential associated with the Frobenius manifold on the orbit
space C2/A2, where A2 is the symmetric group on 3 elements, can be written as

FA2(t
1, t2) =

1

2

(
t1
)2
t2 +

(
t2
)4
. (1.2.7)

The group A2 can also be written as I2(3), where the dihedral group I2 (κ) is the group
of symmetries of a regular κ-sided polygon. The prepotentials associated with I2 (κ) are
given by (1.2.5) with k = κ + 1. Closed form expressions for An and Bn prepotentials
were found by Natanzon [48]. In general, there is no unifying formula for polynomial
prepotentials.

It has since been shown that Frobenius manifold structures can also be defined on the
orbit spaces of extended affine Weyl groups. Given a Weyl group of rank n, with a root
system defined in a vector space V , the extended affine Weyl groupW k acts on V ⊕R where
k ∈ {1, . . . , n} represents a choice of simple root. The Frobenius manifold on the orbit
space of W k was initially constructed, with some assumptions, by Dubrovin and Zhang in
[22], and expanded on by Dubrovin, Strachan, Zhang, and Zuo in [21]. The prepotentials
for these Frobenius manifolds are polynomial or rational functions of t1, . . . , tn+1, et

n+1 .
The prepotential for the extended affine Weyl A1 is given by (1.2.2) with r = 2.

1.2.2 Almost duality

In [54], Saito also introduced an inner product known as the intersection form (in the
context of singularity theory). The intersection form defines a second flat metric, denoted
g, which is related to the Saito metric η via the expression

ηij(t) =
∂

∂t1
gij(t).

The second flat metric can be defined for any Frobenius manifold M [18], along with a
second multiplication ⋆ on TpM such that

u ⋆ v = E−1 ◦ u ◦ v.

Here, E−1 is the inverse of the Euler field as an operator with respect to ◦; the new
multiplication ⋆ is therefore only defined on the complement of the discriminant locus

Σ := {p ∈ M|E ∈ TpM is not invertible}.

Dubrovin used the new metric g and multiplication ⋆ to define an almost dual Frobenius
manifold structure in [20]. Given a Frobenius manifold M, this construction on M \ Σ

satisfies most but not all of the axioms of a Frobenius manifold. Namely, the unity field
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for the almost dual is not flat. A second solution of the WDVV equations is associated
with the almost dual, known as the almost dual prepotential or F ⋆. However, this is a
solution of the generalised, rather than the ordinary, WDVV equations.

While keeping in mind that almost duality is defined for Frobenius manifolds only, it
can be thought of as a symmetry of the WDVV equations; given a function F and metric
Q = η satisfying (1.1.2), almost duality produces a new solution F ⋆ with metric Q = g.

In [20], the almost dual prepotential for the orbit space MW was shown to have the
form F ⋆(x) = F rat

A (x) for F rat
A as in (1.1.3), where A = R is a root system of W , and

x = (x1, . . . , xn) are the flat coordinates of g.

Example 1.2.2 [20, Example 2]. Setting W = A2, the almost dual prepotential of (1.2.7)
can be written as

F ⋆
A2

(
x1, x2

)
=
(
x1
)2

log x1 +
(
x2
)2

log x2 +
(
x1 − x2

)2
log
(
x1 − x2

)
. (1.2.8)

Trigonometric solutions of the form (1.1.4) associated with a root system A = W have
appeared as the almost dual prepotentials of Frobenius manifolds defined on the orbit
spaces of the extended affine Weyl group W k [22, 21]. The almost dual prepotential for the
extended affine Weyl group of type A was found by Riley and Strachan in [52], along with
an example of a transformation, known as a (twisted) Legendre transformation, relating a
rational A-type solution to a trigonometric A-type solution. The almost dual prepotentials
for the BCD-type extended affine Weyl groups were found in [21]. Recently, the G2-type
almost dual prepotential was derived by Wright [62], using the corresponding Landau-
Ginzburg superpotential found by Brini and van Gemst [8]. In the ADE case, Brini, Ma,
and Strachan [9] have shown that the almost dual Frobenius manifolds for the extended
affine Weyl groups are isomorphic to the Frobenius manifold structures considered in [10].

1.2.3 Other developments

Elliptic solutions of the WDVV equations have also been found, from the study of both
Frobenius manifolds and supersymmetric gauge theories. Frobenius manifold structures
on the orbit spaces of Jacobi groups, as constructed for types A and B by Bertola in [5],
were shown to have elliptic almost dual prepotentials for types A and B by Riley and
Strachan [53, 57]. Strachan conjectured that this is the case for arbitrary Weyl groups,
and developed an elliptic version of ∨-systems [57]. Elliptic solutions have appeared
as Seiberg–Witten prepotentials in six-dimensional Seiberg–Witten theory, in works by
Braden, Marshakov, Mironov, and Morozov [44, 7].

The range of constructions associated with Frobenius manifolds has motivated the
definition and study of weaker objects, which typically satisfy some but not all of the
Frobenius manifold axioms. Hertling and Manin introduced the F -manifold, which is,
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roughly, a Frobenius manifold without a fixed flat metric η and without the assumption
that the multiplicative identity is flat [33]. Manin then extended the notion of almost dual-
ity to F -manifolds with a certain flat structure, that is a torsionless flat connection which
is compatible with the multiplication ◦ [42]. Integrable hierarchies of hydrodynamic types
associated with F -manifolds were studied by Arsie and Lorenzoni, leading to the definition
of bi-flat F -manifolds [4, 3]. Bi-flat structures are associated with the multiplication ◦ and
the dual multiplication ⋆ defined via a version of almost duality.

Generalised Frobenius manifolds, which satisfy all the axioms of a Frobenius manifold
except quasi-homogeneity and flatness of the identity field, have been defined by Liu,
Qu, and Zhang [39]. A generalised Frobenius manifold locally defines a solution of the
generalised WDVV equations.

1.3 Legendre transformations

Legendre transformations were first defined as a symmetry of Frobenius manifolds by
Dubrovin [18]. They were later generalised to include symmetries of the generalised WDVV
equations by Strachan and Stedman [59]. In this thesis, we use the definition given in [59],
which we refer to simply as a Legendre transformation. We start with a solution F (t) of the
generalised WDVV equations, whose domain is (a chart of) an n-dimensional manifold M
with flat metric η, corresponding Levi-Civita connection ∇, and multiplication ◦ defined
on the tangent spaces. The multiplication can be described by structure constants ckij such
that

∂i ◦ ∂j =
n∑

k=1

ckij∂k,

where ∂i = ∂
∂ti

∈ TpM. A Legendre transformation (F, t, η) 7→
(
F̂ , t̂, η̂

)
is defined by a

choice of vector field δ =
∑n

i=1 δ
i∂i ∈ TM such that

X ◦ ∇Y δ = Y ◦ ∇Xδ ∀X, Y ∈ TM. (1.3.1)

Equation (1.3.1) is called the Legendre field condition. The new structures are defined by
the relations,

η̂ij = ηij, (1.3.2)

∂t̂i

∂tj
=

n∑
k=1

δkcijk, (1.3.3)

∂2F̂

∂t̂i∂t̂j
=

∂2F

∂ti∂tj
. (1.3.4)

Then F̂ (t̂) solves the generalised WDVV equations (1.1.2) with metric η̂.
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In this language, Dubrovin’s earlier definition of a Legendre transformation corresponds
to the requirement that a Legendre field δ is flat, i.e. ∇Xδ = 0. When the Legendre field
is flat, one may choose new coordinates t̂ defined by

t̂i =
n∑

k=1

n∑
j=1

ηijδk∂j∂k (F (t)) . (1.3.5)

The right-hand side of this expression is straightforward to compute. However, to find the
new solution F̂ , one needs to be able to write the second-order derivatives of F in terms
of t̂ so that relation (1.3.4) can be integrated. This requires that (1.3.5) can be inverted
explicitly; this step typically presents some difficulty and is not always possible. It is still
unclear for which combinations of Legendre field δ and solution F it is possible to find F̂
explicitly, or what properties one should look for in a Legendre field to allow this.

In [52], a low-dimensional example was presented of a Legendre transformation map-
ping a trigonometric to a rational solution of the WDVV equations. Notably, these two
solutions are respectively almost dual to two prepotentials, themselves connected by an-
other Legendre transformation. We reproduce this example as follows.

Example 1.3.1 [52]. The Legendre transformation produced by the field δ = ∂2 trans-
forms prepotential (1.2.2) with r = 2, which we denote F , into (1.2.4), which we denote F̂ ;
see also [18, Example B.1]. The almost dual prepotential of F is given by the trigonometric
solution

F ⋆ =
1

4
x1x2

(
x1 + x2

)
− 1

12

((
x1
)3

+
(
x2
)3)

+
1

2

(
Li3

(
ex

1−x2
)
+ Li3

(
ex

2−x1
))

.

The almost dual prepotential of F̂ is given by the rational solution

F̂ ⋆ =
1

4

(
x̂1
)2

log
(
x̂1
)2

+
1

4

(
x̂2
)2

log
(
x̂2
)2 − (x̂1 − x̂2

)2
log
(
x̂1 − x̂2

)2
.

The functions F ⋆ and F̂ ⋆ are connected by a “twisted” Legendre transformation generated
by the field E ◦ δ, where E is the Euler field associated with F .

Strachan and Stedman showed that the twisted field E ◦ δ of a Legendre field δ for a
Frobenius manifold M is always a Legendre field for the almost dual of M [59]. More re-
cently, other properties of Frobenius manifolds related by Legendre transformations have
been studied. In [63], Yang found that two semisimple Frobenius manifolds related by
a (flat) Legendre transformation share the same monodromy data. Liu, Qu, and Zhang
showed that certain integrable hierarchies associated with (generalised) Frobenius mani-
folds related by Legendre transformations are themselves related by linear transformations
[40]. In this last work, the authors also showed that Legendre transformations produced by
homogeneous Legendre fields map Frobenius manifolds to generalised Frobenius manifolds
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[40, Proposition 2.7]; conversely, certain flat Legendre fields map generalised Frobenius
manifolds to Frobenius manifolds.

The Legendre field condition (1.3.1) appears in an equivalent form in work by Loren-
zoni, Pedroni, and Raimondo on integrable hierarchies associated with F -manifolds [41].
In this paper, (1.3.1) characterises the symmetries of these integrable hierarchies, which
generalise the principal hierarchy defined for Frobenius manifolds in [18]. Solutions of
(1.3.1) act as generators for commuting flows.

1.4 Present work and thesis structure

1.4.1 Main results

The focus of this thesis is two-fold. We explore the conditions in which a Legendre trans-
formation can be defined for two-dimensional Frobenius manifolds. We then investigate
specific examples of Legendre transformations which map rational solutions of the WDVV
equations to trigonometric solutions. These mappings give rise to a new family of trigono-
metric solutions associated with (deformations of) a root system of the Weyl group An.

The two overarching questions that motivate this work are:

(I) When is a vector field a Legendre field?

(II) What happens to (rational) solutions of the WDVV equations under a Legendre
transformation?

The results presented in this thesis can be thought of as investigating these two questions
in restricted settings.

I The Legendre field condition for two-dimensional Frobenius manifolds

We begin by studying the Legendre field condition (1.3.1) for each of the two-dimensional
Frobenius manifolds listed in Example 1.2.1 (Chapter 3). We describe all homogeneous
Legendre fields for these manifolds.

Consider an arbitrary vector field δ = u∂1 + v∂2, for some functions u = u (t1, t2),
v = v (t1, t2). Then δ is a Legendre field for a two-dimensional Frobenius manifold M
with multiplication ◦, metric η, and associated Levi-Civita connection ∇ if (1.3.1) is
satisfied.

For prepotentials (1.2.1)–(1.2.5), we show that (1.3.1) is equivalent to the system of
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partial differential equations

∂u

∂t2
= c222

∂v

∂t1
, (1.4.1)

∂u

∂t1
=
∂v

∂t2
, (1.4.2)

where c222 = c (∂2, ∂2, ∂2) is dependent on the Frobenius manifold in question.
We obtain general solutions to (1.4.1), (1.4.2) for the trivial Frobenius manifold de-

scribed by (1.2.1).
In cases (1.2.2)–(1.2.5), we restrict our attention to homogeneous Legendre fields; that

is, we assume that δ additionally satisfies

LEδ = µδ, (1.4.3)

where E is the Euler field of the Frobenius manifold and µ ∈ C is the degree of homogeneity
of δ. We find that (1.4.3) implies that the components of δ have the formu = (t1)

µ+1
A(z),

v = (t1)
µ+α

B(z),
(1.4.4)

where A(z), B(z) are unspecified functions, and both z = z (t1, t2) and α ∈ C depend on
the Frobenius manifold. Substituting the ansatzes in (1.4.4) into (1.4.1), (1.4.2) produces
a pair of ordinary differential equations (ODEs) in A(z), B(z) of the form

z(1− z)X ′′(z) + [c− (a+ b+ 1)z]X ′(z)− abX(z) = 0, (1.4.5)

where X = A,B. The parameters a, b, c ∈ C depend on the choice of X, on the degree
of homogeneity µ, and on the Frobenius manifold. The ODE (1.4.5) is a hypergeometric
differential equation. We use the extensive literature on solutions of hypergeometric dif-
ferential equations, and other methods, to describe all homogeneous Legendre fields for
the Frobenius manifolds (1.2.2)–(1.2.5).

For the prepotential (1.2.6), we show that the potential of a Legendre field must satisfy
the wave equation

∂2h

∂ (t2)2
=

∂2h

∂ (t1)2
.

The potential h = h(t1, t2) is a scalar function that defines a Legendre field δ via the
relation δ = gradh =

∑
i,j η

ij∂j(h)∂i. We find that a homogeneous Legendre field in this
case must be of degree 0 or −1.

We also consider a specific example of twisted Legendre fields for the almost dual of
the Frobenius manifold on MA2 = C2/A2, that is the almost dual Frobenius manifold to
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F (t) as written in (1.2.5) with k = 4. As we have seen in Example 1.2.2, the almost dual
prepotential is the A-type rational solution (1.2.8), given here in the coordinates x. We
are interested in flat twisted fields, that is E ◦ δ = α∂x1 +β∂x2 for α, β ∈ C. We show that
for some vector field δ to produce a flat twisted field, it must be homogeneous. Using the
homogeneous Legendre fields for the Frobenius manifold (1.2.5), we describe all Legendre
fields δ for MA2 such that E ◦ δ is flat.

II Legendre transformations connecting rational and trigonometric solutions

We apply Legendre transformations, for certain flat Legendre fields, to families of rational
solutions associated with multi-parameter A- and B-type ∨-systems (respectively Chapters
5 and 6). The resulting solutions are trigonometric in all cases studied here. We relate these
trigonometric solutions to existing solutions in the literature; in doing so, we generalise
results from [35, 51, 56] by introducing a new family of (n + 3)-parameter An−1-type
trigonometric solutions of the WDVV equations (Chapter 4).

The following A- and B-type ∨-systems were found by Chalykh and Veselov [11]. Let
An(k) be the n-parameter collection of vectors

An(k) =
{√

kiei|1 ≤ i ≤ n
}
∪
{√

kikj(ei − ej)|1 ≤ i < j ≤ n
}
,

where k = (k1, . . . , kn) ∈ Cn describes the deformation parameters, and e1, . . . , en is the
standard basis of Cn. The root system of type An (in a non-standard realisation) is
recovered by setting all ki = 1. Similarly, Bn(k) is the (n+ 1)-parameter configuration

Bn(k) =
{√

2ki(ki + k0)ei|1 ≤ i ≤ n
}
∪
{√

kikj(ei ± ej)|1 ≤ i < j ≤ n
}
,

with deformation parameters k = (k0, k1, . . . , kn) ∈ Cn+1. The root system of type Bn is
recovered by setting k0 = −1

2
and ki = 1 ∀ 1 ≤ i ≤ n.

A-type solutions:
The family of rational solutions associated with configuration An(k) is given by

F rat
An(k)(x) =

n∑
i=1

ki
(
xi
)2

log
(
xi
)
+
∑

1≤i<j≤n

kikj
(
xi − xj

)2
log
(
xi − xj

)
, (1.4.6)

for x = (x1, . . . , xn) ∈ Cn. In Chapter 5, we apply Legendre transformations generated by
the fields δR = ∂xγ , for arbitrary γ ∈ {1, . . . , n}, and δW =

∑n
k=1 ∂xk . In the Coxeter case

ki = 1, the field δR corresponds to a root vector while the field δW corresponds to the nth

fundamental weight of An.
We find that Legendre transformations via both δR and δW applied to F rat

An(k)
produce
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trigonometric solutions of the form

F trig
An−1

(y) =
∑

1≤i<j≤n

mimjf (yi − yj) + a

(
n∑

i=1

miyi

)3

+ b

(
n∑

i=1

miyi

)(
n∑

j=1

mjy
2
j

)
+ c

n∑
i=1

miy
3
i . (1.4.7)

The parameters a, b, c ∈ C and m = (m1, . . . ,mn) ∈ Cn are all functions of the parameters
ki. In the Coxeter case, both types of Legendre transformation produce solutions which
are equivalent to each other and to (1.4.7) with all mi = 1 and special values of a, b, c.

Example 1.4.1. The almost dual A2 prepotential F = F ⋆
A2
(x) as written in (1.2.8) is in-

cluded in the family (1.4.6) when ki = 1. Applying the Legendre transformation generated
by ∂x1 to F produces the solution

F̂ (x̂) =
2

3

(
x̂1
)3

+
(
x̂1
)2
x̂2 + 2 x̂1

(
x̂2
)2 − 1

3

(
x̂2
)3 − 2

9
Li3

(
e−3x̂2

)
,

where x̂ are new coordinates defined by the transformation. The function F̂ can be written
in the form (1.4.7) when n = 2 using the following relations (cf. Theorem 5.4.1):

y1 = −3

2
x̂1, y2 =

3

2

(
x̂2 − x̂1

)
;

m1 = m2 = 1;

a = −1

9
, b =

1

2
, c = −2

3
.

Hoevenaars and Martini showed that functions of the form (1.4.7) satisfy the WDVV
equations when mi = 1∀ i ∈ {1, . . . , n}, under some conditions on a, b, c [35] (note that
this result appears explicitly only in the preprint version of [35]). The solutions found
in [35] include the Legendre transformations via δR and δW of F rat

An(k)
in the undeformed

case where all ki = 1. However, the Legendre transformations for arbitrary k are not in
general equivalent to solutions in [35], or to other known A-type trigonometric solutions
(for example, those found in [49, 51, 10, 2, 56]). This motivated the question of whether
functions of the form (1.4.7) satisfy the WDVV equations for arbitrary m.

We therefore state and prove the following theorem in Chapter 4.

Theorem 1.4.2 (cf. Theorem 4.0.1). Let F = F trig
An−1

denote the function given by (1.4.7),
and let M =

∑n
i=1mi. Suppose that bM + 3c ̸= 0, aM2 + bM + c ̸= 0, and mi ̸= 0 ∀ i ∈

{1, . . . , n}. Then η =
∑n

k=1 Fk is a constant non-degenerate matrix. Furthermore, F
solves the generalised WDVV equations with Q = η if the following relation holds:

4b3M + 6b2c− 108ac2 + 3aM2 + 3bM + 3c = 0. (1.4.8)
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Conversely, the WDVV equations (1.1.2) imply relation (1.4.8) when n ≥ 3.

The trigonometric solutions of the form (1.4.7) connect several existing results in the
literature. In particular, they draw directly on work by Hoevenaars and Martini, being
multi-parameter deformations of (1.1.5). The A-type trigonometric solutions found by
Riley and Shen are also included for special values of the parameters a, b, c,m, as shown
in Section 4.3.

B-type solutions:
The family of rational solutions associated with the ∨-system Bn(k) is

F rat
Bn(k) =

n∑
i=1

2ki(k0 + ki)(x
i)2 log(xi) +

∑
1≤i<j≤n

kikj(x
i ± xj)2 log(xi ± xj), (1.4.9)

for x = (x1, . . . , xn) ∈ Cn [11]. In Chapter 6, we apply Legendre transformations via the
fields δ = ∂xγ for arbitrary γ ∈ {1, . . . , n}.

We find that the resulting solutions belong to a large class of trigonometric solutions
associated with the non-reduced root system BCn−1, found by Alkadhem and Feigin [2]
(see also [49]). In general, these solutions have the form

F trig
BCn−1

=
1

3
ξ30 + hξ0

n−1∑
i=1

miξ
2
i + λr

n−1∑
i=1

mif(ξi)

+ λ
n−1∑
i=1

(
smi +

1

2
qmi(mi − 1)

)
f(2ξi) + λq

∑
1≤j<k≤n−1

mjmkf(iξj ± iξk),

with coordinates ξ = (ξ0, ξ1, . . . , ξn−1) ∈ Cn, and independent parameters q, r, s ∈ C,
m = (m1, . . . ,mn−1) ∈ Cn−1. The constants h, λ are functions of q, r, s,mi.

The solutions obtained by Legendre transformations from F rat
Bn(k)

form a sub-class of
solutions of the form F trig

BCn−1
.

1.4.1.3 Explanatory schematic diagrams

Included below are two schematics showing the relationships between different objects
studied in this thesis. Figure 1.1 depicts the main classes of known solutions of the
WDVV equations that are relevant to this work, mappings between different solutions,
and some of the new results discussed above. In this diagram, horizontal arrows indicate
that two solutions are related by almost duality for Frobenius manifolds. Vertical arrows
(annotated with “LT”) represent a Legendre transformation. Red dashed lines represent a
new result presented in this thesis.

In Figure 1.2, red arrows represent Legendre transformations generated by different
Legendre fields. Frobenius manifolds are depicted as a subset of generalised Frobenius
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manifolds, as defined by Liu, Qu, and Zhang [39].

Generalised WDVV (with flat metric)

Ordinary WDVV ~ Frobenius manifold

Polynomial prepotentials

Orbit spaces 
of finite 
Coxeter 
groups

Orbit spaces 
of extended 
affine Weyl 
groups

2D

Cases 1, 6 Case 5

Cases 3, 4
Case 2

An

A2B2

A1
1

An
k

Bn

Rational solutions from v-systems

Deformations of

Coxeter root systems
Bn

An

An(k) Bn(k)

Trigonometric solutions

Trigonometric 
v-systems

[11] [26][18]

[21,20]

[2]

New family 
of A-type 
solutions

[34]

[54][49]

Almost duality

BC

LT LT

Figure 1.1: Relationships between different classes of solutions of the WDVV equations.

1.4.2 Structure of the thesis

Chapter 2 presents a self-contained overview of the theory of Frobenius manifolds and the
WDVV equations, with an emphasis on the material most relevant to subsequent chapters.
We introduce the notational conventions used throughout the thesis in Section 2.1.

Section 2.2 introduces the WDVV equations and associated differential-geometric prop-
erties. We begin with the generalised WDVV equations and build up to the more restricted
ordinary WDVV equations, which appear in the context of Frobenius manifolds. This ma-
terial is well-known but some results are reformulated to be applicable to the generalised
WDVV equations. For example, we show that the generalised WDVV equations with
constant Q are equivalent to the flatness of a certain deformed connection, first defined
by Dubrovin for Frobenius manifolds in [18].

In Section 2.3, we provide definitions and examples of basic concepts related to Frobe-
nius manifolds. This includes a subsection on the Frobenius manifolds defined on the orbit
spaces of Coxeter groups, which correspond to polynomial prepotentials. The material in
this section closely follows Dubrovin’s works [18, 20].

Section 2.4 discusses symmetries of the WDVV equations; in particular, we focus on
almost duality for Frobenius manifolds, inversion, and Legendre transformations. In Sub-
section 2.4.1, on almost duality, we present an important result from [20], which states that
the almost dual of a polynomial prepotential is given by a rational solution. In Subsection
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F

F̂

F*

F*^

Generalised WDVV (with flat metric)

Frobenius
manifolds

Almost duality

Almost duality

[57]

δ δ*
Flat 
Legendre 
field

Twisted 
Legendre 
field

?

?

Generalised 
Frobenius 
manifolds:
Gen. WDVV + Euler field

[39]

Homogeneous
Legendre fields

(some) flat 
Legendre fields

Figure 1.2: Transformations of Frobenius manifolds produced by Legendre fields with
different properties.

2.4.2, on the inversion symmetry, we show that the two two-dimensional Frobenius mani-
folds given by prepotentials (1.2.3) and (1.2.4) are related under inversion. In Subsection
2.4.3, we define Legendre transformations for solutions of the WDVV equations following
results in [59]. Dubrovin’s definition of Legendre transformations is discussed as a spe-
cial case. We also discuss Legendre transformations in combination with almost duality,
looking at twisted Legendre fields for almost dual Frobenius manifolds as introduced in
[59]. Note that Subsection 2.4.3 includes a few unpublished results. Propositions 2.4.26
and 2.4.27 deal with properties of homogeneous twisted Legendre fields. All Legendre
fields are shown to have potential functions in Theorem 2.4.31, and the remaining results
in § 2.4.3.3 explore relations between properties of Legendre fields and properties of their
potentials.

In Section 2.5, we present some important known classes of rational and trigonometric
solutions of the WDVV equations. Subsection 2.5.1 summarises the theory of (rational)
∨-systems, following material in [60], [27]. We see that certain root systems of Coxeter
groups are examples of ∨-systems, and that the corresponding rational solutions are exactly
the almost dual prepotentials for the polynomial Frobenius manifolds. Multi-parameter
deformations of A- and B-type root systems, found in [11], are defined. In Subsection 2.5.2,
we discuss trigonometric solutions. Trigonometric ∨-systems, as developed by Feigin and
Alkadhem in [24], [2], and their corresponding solutions are introduced. We review other
families of trigonometric solutions related to root systems: of particular relevance are
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results from [35, 51, 56].
In Chapter 3, we analyse the Legendre field condition in the context of each of the

two-dimensional Frobenius manifolds in turn. Section 3.1 presents some general consider-
ations valid for the Frobenius manifolds (1.2.1)–(1.2.5), followed by a brief overview of the
hypergeometric differential equation and its solutions in Section 3.2. The results for each
Frobenius manifold are presented in Subsections 3.3.1–3.3.6, labelled Cases 1–6, following
the ordering used in Example 1.2.1.

The almost dual structure of the A2 Frobenius manifold, with prepotential (1.2.7), is
discussed in Section 3.4. Twisted fields for arbitrary vector fields are found in Subsection
3.4.1. In Subsection 3.4.2, we find the Legendre fields for the original Frobenius manifold
which produce flat twisted fields for the almost dual.

Section 3.5 deals briefly with the Legendre field condition in canonical coordinates for
the semisimple Frobenius manifolds (1.2.2)–(1.2.5). This section is the result of comments
by Paolo Lorenzoni, whom I would like to thank for his input.

In Chapter 4, we introduce a new family of trigonometric solutions of the WDVV
equations. Theorem 1.4.2 is proved in Section 4.1. In Section 4.2, we discuss the case
when bM+c = 0. We show that the function F trig

An−1
still satisfies equations (1.1.2) when Q

is not in general a linear combination of its third-order derivatives. The results of Sections
4.1 and 4.2 are published in [25]. In Section 4.3, we show that trigonometric solutions
found in [51], [56] are equivalent to F trig

An−1
for special values of the parameters a, b, c.

In Chapter 5, we investigate Legendre transformations of An-type rational solutions.
Section 5.1 discusses the geometrical meaning of the chosen Legendre fields for the root sys-
tem case. In Section 5.2, we consider the Legendre transformation produced by a Legendre
field of the form ∂

∂xγ , for arbitrary γ ∈ {1, . . . , n}, and find the resulting (trigonometric)
solution. In Section 5.3, we carry out the same process for the Legendre field

∑n
i=1

∂
∂xi .

Both types of Legendre transformation produce trigonometric solutions; we show in Sec-
tion 5.4 that the two resulting families of functions are sub-classes of the family F trig

An−1

introduced in Chapter 4. The results of Section 5.2 and some results from Section 5.4
were published in [25].

In Chapter 6, we explore Legendre transformations of the Bn-type rational solutions.
In Section 6.1, we compute the result of applying a Legendre transformation produced by
the field ∂

∂xγ , for arbitrary γ ∈ {1, . . . , n}, to F rat
Bn(k)

. In Section 6.2, the resulting solutions
are shown to form a subclass of the BCn−1-type trigonometric solutions obtained in [2].
The results of this chapter are published in [25].

In Chapter 7, we comment on future research directions suggested by the problems
explored in this thesis.



Chapter 2

Background

2.1 Notation and terminology

This section introduces the basic objects and notation used in the thesis. Familiarity with
fundamental concepts from differential geometry is assumed. Note that although many
concepts are introduced in the smooth setting, one can equivalently take all geometric
data associated with a manifold to be holomorphic.

2.1.1 Differentiable manifolds

Let M be an n-dimensional smooth complex manifold, with a local coordinate system
u = (u1, . . . , un) defined on an open chart U ⊆ M. We denote

∂i = ∂
ui

:=
∂

∂ui
,

and by default take the induced bases ei = ∂i on TpM and ei = dui on T ∗
pM, where p ∈ U

and 1 ≤ i ≤ n. We will often use multiple coordinate systems; for example, if also we have
a coordinate system û = (û1, . . . , ûn) on M we denote

∂̂i = ∂
ûi

=
∂

∂ûi
.

The spaces C∞(M), X(M), and Ω1(M) denote the spaces of smooth functions, vector
fields, and one-forms on M, respectively.

2.1.2 Einstein summation

The Einstein summation convention is used throughout and is described as follows: an
undefined index repeated once as a subscript and once as a superscript implies summation

19
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over this index. For example, a vector field may be written

X = X i∂i :=
∑
i

X i∂i.

2.1.3 Lie derivatives

The Lie derivative, or Lie bracket, of two vector fields on a differentiable manifold is
denoted

LXY = [X, Y ] := X(Y )− Y (X) = X i∂i
(
Y j
)
∂j − Y i∂i

(
Xj
)
∂j

for X = X i∂i, Y = Y i∂i ∈ X(M).
The Lie derivative of a smooth function with respect to a vector field is defined as the

directional derivative, so that

LXf := X(f) = X i∂i(f)

for X = X i∂i ∈ X(M), f ∈ C∞(M).

2.1.4 Metrics on a manifold

We work almost exclusively with pseudo-Riemannian manifolds M equipped with a metric
η, which can equivalently be represented as an inner product ⟨·, ·⟩. A metric is a symmetric
nondegenerate C-bilinear form on each tangent space TpM varying smoothly with p ∈ M.
For pseudo-Riemannian manifolds, there is no requirement that the metric is positive-
definite.

The metric can be represented in a coordinate system u by its Gram matrix (ηij) with
entries ηij = ⟨∂i, ∂j⟩. We say that η has (covariant) components ηij.

The inverse of the Gram matrix of η describes the components of the inverse, or
contravariant, metric η−1. We denote the components of η−1 as ηij.

The metric provides an isomorphism between the tangent space TpM and the cotangent
space T ∗

pM; any vector v ∈ TpM uniquely determines a covector α ∈ T ∗
pM via ⟨v, w⟩ =

α(w) for all w ∈ TpM, and vice versa.

2.1.5 Subscripts and superscripts

Lower indices are typically used to denote covariant objects and upper indices used for
contravariant objects.

A coordinate system u may be written using contravariant components ui or covariant
components ui, where ui = ηiju

j and ui = ηijuj.
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Note that coordinates ui are preferentially represented with subscripts in concrete
examples; this notation is limited to cases where the covariant components do not appear
at all.

2.1.6 Connections and curvature

Given a pseudo-Riemmanian manifold M with metric η, the Levi-Civita connection is
the unique affine connection ∇ that is compatible with the metric and is torsion-free. A
connection ∇ is compatible with the metric (and is called a metric connection) if

∇Xη := ∇X (η(Y, Z))− η (∇XY, Z)− η (Y,∇XZ) = 0

for all X, Y, Z ∈ X(M). The connection ∇ is torsion-free if the torsion tensor

T∇(X, Y ) = ∇XY −∇YX − [X, Y ]

vanishes for all X, Y ∈ X(M).
A metric is flat if there exist a set of coordinates t in which the entries of the matrix

ηij(t) = ⟨∂ti , ∂tj⟩ are constant. The Levi-Civita connection for η in the flat coordinates t
is simply

∇XY := X(Y ) = X i∂Y
j

∂ti
∂tj

for X = X i∂ti , Y = Y i∂ti ∈ X(M). A vector field X = X i∂ti is said to be flat with respect
to ∇ if

∇YX = 0

in the flat coordinates t, for all Y ∈ X(M); that is, its components X i must be constant.

2.1.7 Matrices

An indexed matrixMi has entries (Mi)jk =Mijk. For a holomorphic function F (t1, . . . , tn),
we denote by Fi the n× n matrix of third-order derivatives of F with (j, k)th entry

(Fi)jk = Fijk :=
∂3F

∂ti∂tj∂tk
.

2.1.8 Sets

We include 0 in the set of natural numbers, so that N = {0, 1, 2, 3 . . . }. We denote
A× = A \ {0} and A≤k = {a ∈ A | a ≤ k} for a set A ⊂ R.
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2.2 The WDVV equations

The Witten–Dijkgraaf–Verlinde–Verlinde (WDVV) equations were first found in [15], [61]
in the context of two-dimensional topological field theory, where they encode the associa-
tivity of an operator algebra. We refer to the original equations as the ordinary WDVV
equations and introduce them later in § 2.2.2. We begin, instead, with a more general
formulation of the WDVV equations obtained by Marshakov, Mironov, and Morosov.

Definition 2.2.1 (cf. [46]). Let F = F (t) be a holomorphic function of n complex
variables t = (t1, . . . , tn), defined in an open set U ⊂ Cn. The generalised WDVV equations
are the system of nonlinear partial differential equations

FiF
−1
j Fk = FkF

−1
j Fi , (2.2.1)

where i, j, k ∈ {1, . . . , n}.

One can think of U as (a chart of) some complex manifold with local coordinates t1, . . . , tn.
We refer to t1, . . . , tn as coordinates for this reason.

The system (2.2.1) may be rewritten as a particular instance of the equations

FiQ
−1Fj = FjQ

−1Fi (2.2.2)

for a non-degenerate linear combination Q = qkFk with functions qk = qk (t1, . . . , tn).
In fact, Marshakov et al. showed that these two formulations are equivalent for a given
function.

Proposition 2.2.2 [45]. If a function F satisfies (2.2.2) for some choice of Q = qkFk, it
will satisfy the equations

FiB
−1Fj = FjB

−1Fi

for any choice of invertible matrix B = bkFk, bk = bk (t1, . . . , tn).

We refer to both (2.2.1) and (2.2.2) interchangeably as the generalised WDVV equations,
and say that F is a solution of the generalised WDVV equations if F satisfies (2.2.2) for
some Q.

Remark 2.2.3. The object Q = (Qij) is a matrix with entries Qij = qkFkij. We denote
by Qij the entries of the inverse matrix Q−1. These objects can be used to raise and lower
indices so that we have, for example, ti = Qijt

j and ti = Qijtj.

Although Q is not required to be constant in (2.2.2), we typically deal with constant Q.
For brevity, we introduce the following terminology.

Definition 2.2.4. The WDVV equations refer to the system (2.2.2) with constant Q.
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The generalised WDVV equations are preserved under linear changes of variables and
the addition of quadratic terms to F (t). We formalise a notion of equivalence between
solutions as follows.

Definition 2.2.5. Let F (t), F̂
(
t̂
)

be two solutions of the generalised WDVV equations
in n variables. We say that F and F̂ are equivalent if

F (t) = αF̂
(
t̂ (t)

)
+ χ(t)

where χ(t) is a quadratic function, α ∈ C, and the relations

t̂i = κijt
j

are invertible with κij ∈ C for all i, j ∈ {1, . . . , n}.

Although more restricted versions of the WDVV equations can be associated with
richer geometric structures, all solutions of the generalised WDVV equations define an
associative unital multiplication on the tangent spaces of their domain.

Definition 2.2.6. Given a solution F (t) of the generalised WDVV equations, we define
the symmetric three-point (correlation) function

cijk(t) :=
∂3F (t)

∂ti∂tj∂tk

and two-point function
ckij(t) := Qklclij(t). (2.2.3)

Note that ckij is symmetric only in its lower indices.

Proposition 2.2.7. Let F be a solution of the generalised WDVV equations on U ⊂ Cn.
We define the multiplication ◦p for p ∈ U as

∂i ◦p ∂j = ckij(p)∂k. (2.2.4)

Then ◦p is commutative and associative with identity element e = qi∂i .

Proof. We begin by rewriting the generalised WDVV equations in terms of c:

cijkQ
knclmn = cljkQ

kncimn ∀ i, j, l,m. (2.2.5)

The associativity condition for the multiplication,

∂i ◦p (∂j ◦p ∂k) = (∂i ◦p ∂j) ◦p ∂k,
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can be written
QmlcilpQ

pqckjq = QmlcklpQ
pqcijq,

which is equivalent to (2.2.5). Commutativity follows from the symmetry of ckij.
To show that e is the identity, we require

e ◦p ∂i = ∂i ∀ i. (2.2.6)

We have that e ◦p ∂i = qjckij∂k, so condition (2.2.6) is equivalent to

qjckij = Qklqjcijl = δki .

Multiplying through by Qkl, this becomes qjcjil = Qil, which is true by definition of Q.

Where U is (a chart of) a manifold M, we thus have a pointwise multiplication ◦p on
the tangent spaces of TpM. We often denote this simply as ◦. However, it is important
to recall that u ◦ v, where u, v are tangent vectors, is only defined if u, v ∈ TpM for the
same p ∈ M.

2.2.1 Solutions with flat metrics

From this point on, we restrict our attention to solutions of the generalised WDVV equa-
tions (2.2.2) where Q(t) is constant. Using definitions from Riemannian geometry, we call
such a matrix Q = η a flat metric.

Definition 2.2.8. Let F (t) be a solution of the WDVV equations with Q = η. We define
an inner product ⟨·, ·⟩ as

⟨∂i, ∂j⟩ = ηij. (2.2.7)

When U is (a chart of) a manifold M, ⟨·, ·⟩ is a nondegenerate C-bilinear inner product
on TM. By definition, this makes η a flat metric on M with flat coordinates t. The
Levi-Civita connection for η is denoted ∇.

Of particular relevance to this thesis are three classes of solutions of the WDVV equa-
tions: polynomial, rational, and trigonometric1. Polynomial solutions F (t), as expected,
are polynomial in t1, . . . , tn; a large class of polynomial solutions is presented in § 2.3.4.
Rational solutions include logarithmic terms, and are discussed in § 2.5.1. Trigonometric
solutions feature the trilogarithm function Li3(z), which is defined in § 2.5.2.

The WDVV equations are trivially satisfied in two dimensions; when n = 2, no choice
of i, j, k can be made such that equations (2.2.1) are non-trivial. We now present a
3-dimensional example of each type of solution, while noting that 2-dimensional cases

1These terms make reference to the third-order derivatives of the solutions.
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are sometimes studied as restrictions of higher-dimensional solutions or as examples of
Frobenius manifolds.

Example 2.2.9 [18, Appendix A]. The function

F (t1, t2, t3) =
1

2
t21t3 +

1

2
t1t

2
2 +

1

4
t22t

2
3 +

1

60
t53

is a polynomial solution, with metric given by

η = F1 =

0 0 1

0 1 0

1 0 0

 .

Example 2.2.10 [60]. The function

F (x1, x2, x3) =
3∑

i=1

x2i log xi +
∑

1≤i<j≤3

(xi − xj)
2 log (xi − xj)

is a rational solution, with metric given by

η =
3∑

i=1

xiFi =

 6 −2 −2

−2 6 −2

−2 −2 6

 .

Example 2.2.11 [25]. The function

F (y1, y2, y3) = y31 − y21(y2 + y3) + 3y1(y
2
2 + y23)− 2y1y2y3 −

1

3
y32 −

5

3
y33

− 1

8

[
Li3
(
e−4y2

)
+ Li3

(
e−4y3

)
+ Li3

(
e−4(y2−y3

) ]
is a trigonometric solution, with metric given by

η = F1 =

 6 −2 −2

−2 6 −2

−2 −2 6

 .

As we will later see, the solutions in Examples 2.2.9, 2.2.10, 2.2.11 are related to each
other through various symmetries of the WDVV equations.

We can build on Proposition 2.2.7 for solutions with a flat metric to define a family of
algebras with inner products at each point of the region U . To this end, we introduce the
concept of a Frobenius algebra as follows.

Definition 2.2.12 [18, Definition 1.1]. A (commutative) Frobenius algebra A is defined
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as the tuple
(
A, ◦, e, ⟨·, ·⟩

)
such that

1. A is a C-algebra with associative (and commutative) multiplication ◦ : A× A → A

and identity e ∈ A.

2. ⟨·, ·⟩ : A × A → C is a symmetric non-degenerate C-bilinear inner product on A

satisfying the Frobenius condition

⟨u ◦ v, w⟩ = ⟨u, v ◦ w⟩ ∀u, v, w ∈ A. (2.2.8)

We consider a smooth, complex, n-dimensional manifold M with flat metric η, Levi-
Civita connection ∇, and flat coordinates t defined on an open chart U ⊆ M. Let ◦ on
TM denote a pointwise multiplication with identity e, with the restriction of ◦ to TpM
denoted ◦p for all p ∈ U . We define the (0, 3)-tensor

c (u, v, w) = ⟨u ◦ v, w⟩, (2.2.9)

where the inner product is given by ⟨u, v⟩ = η(u, v). Note that TpM is a commutative
Frobenius algebra if c|p is symmetric. The covariant derivative ∇c is

(∇zc) (u, v, w) = ∇z (c(u, v, w))− c (∇zu, v, w)− c (u,∇zv, w)− c (u, v,∇zw) ,

for u, v, w, z ∈ TM.

Theorem 2.2.13. Let the tensor c given in (2.2.9) be symmetric and let (∇zc) (u, v, w)

be symmetric in u, v, w, z. Then there exists a local solution F = F (t) of the WDVV
equations, defined on U , such that its three-point function is given by

cijk =
∂3F

∂ti∂tj∂tk
= c (∂i, ∂j, ∂k) . (2.2.10)

This solution is unique up to equivalence, as defined in Definition 2.2.5.
Conversely, let F (t) be a solution of the WDVV equations defined on an open chart

U ⊆ M. Then the multiplication (2.2.4) and inner product (2.2.7) define a commutative
Frobenius algebra on TpM for all p ∈ U .

Proof. We repeatedly apply the Poincaré Lemma to show the existence of F as in (2.2.10).
In flat coordinates for η, the tensor ∇c becomes

(∇∂lc) (∂i, ∂j, ∂k) = ∂lc (∂i, ∂j, ∂k) .

Since this is symmetric, we have

∂lc (∂i, ∂j, ∂k) = ∂kc (∂i, ∂j, ∂l)
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for all k, l. By the Poincaré Lemma, there exists a local solution Gij, unique up to constant
terms, such that

c (∂i, ∂j, ∂k) = ∂kGij.

Similarly, using the symmetry of c, two more applications of this method show that there
exists locally some F (t), unique up to quadratic terms, such that

∂3F

∂ti∂tj∂tk
= c (∂i, ∂j, ∂k) .

To check that this F satisfies the WDVV equations, we see from

cijk = c (∂i, ∂j, ∂k) = ⟨∂i ◦ ∂j, ∂k⟩

that the multiplication can be written as

∂i ◦ ∂j = ηklcijl∂k,

where ηij are the entries of the inverse matrix (ηij) = (ηij)
−1. We can also rewrite the

WDVV equations as
cijkη

kmclmn = cljkη
kmcimn;

this is then satisfied by associativity of ◦. Finally, we can write the identity as e = qk∂k

for some functions qk(t). Then we have

qkcijk = c(e, ∂i, ∂j) = ⟨∂i, ∂j⟩ = ηij,

so we see that the metric has components

ηij = qkcijk = qkFk.

For the converse statement, we already have from Proposition 2.2.7 that the multipli-
cation ◦p defined by F is associative and unital for all p ∈ U . It follows from (2.2.4) and
(2.2.7) that

⟨∂i ◦p ∂j, ∂k⟩ = cijk(p),

so we can see that the Frobenius condition (2.2.8) holds by symmetry of η and cijk.

The components of the tensor ckij = ηklclij introduced in Definition 2.2.6 are referred to
as the structure constants of the associated Frobenius algebra. The indices of this object
may be raised once more to define the cotangent structure constants cijk = ηilcjlk.

We now introduce the Dubrovin connection, a one-parameter family of connections on
a manifold M. This is typically defined in the context of a Frobenius manifold. However,
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we already have the required ingredients when working with any solution of the generalised
WDVV equations such that Q = η is constant.

Definition 2.2.14 [18, Lecture 3]. Let M be a smooth manifold with multiplication ◦,
flat metric η, and Levi-Civita connection ∇. The Dubrovin connection λ∇ depending on
spectral parameter λ ∈ C is defined as

λ∇XY = ∇XY + λX ◦ Y

for X, Y ∈ X (M).

Recall that a connection, denoted by ∇, on a (pseudo)-Riemannian manifold is flat if
the Riemann curvature tensor

R(X, Y ) = [∇X ,∇Y ]−∇[X,Y ]

vanishes for all X, Y ∈ X(M). The Levi-Civita connection associated with a flat metric
is always flat.

Proposition 2.2.15 [18, Lemma 3.1]. The Dubrovin connection λ∇ on M is flat if and
only if there exists a local solution F = F (t) of the WDVV equations such that its three-
point function is given by

cijk(t) =
∂3F

∂ti∂tj∂tk
= c (∂i, ∂j, ∂k) , (2.2.11)

where c is the tensor defined in (2.2.9). This solution is unique up to equivalence.

By Theorem 2.2.13, the flatness of the Dubrovin connection is also equivalent to the exis-
tence of commutative Frobenius algebra structures on the tangent spaces of M, provided
that ∇c is symmetric.

2.2.2 The ordinary WDVV equations

We now set up the original formulation of the WDVV equations, which appears in the
context of Frobenius manifolds (see [18, Equation (1.14)]) and which we refer to as the
ordinary WDVV equations. Note that the ordinary WDVV equations are obtained from
the generalised WDVV equations (2.2.2) by setting η = Q where qk = δ1k, so that the
multiplicative identity is given by e = ∂1.

Definition 2.2.16. Let F = F (t) be a holomorphic function of n complex variables
t = (t1, . . . , tn), defined up to quadratic terms on some open set U ∋ t. The ordinary
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WDVV equations are the system

Fiη
−1Fj = Fjη

−1Fi (2.2.12)

where η := F1 is a nondegenerate matrix with constant entries.

It is useful to distinguish between solutions to the ordinary WDVV equations in general
and those which are quasi-homogeneous; the quasi-homogeneity condition which follows al-
lows a solution to be associated with a Frobenius manifold. We refer to quasi-homogeneous
solutions to the ordinary WDVV equations as prepotentials to highlight this distinction.

Definition 2.2.17. A prepotential F (t) is a solution to the ordinary WDVV equations
(2.2.12) such that

F
(
cd1t1, . . . , cdntn

)
= cdFF

(
t1, . . . , tn

)
for any c ∈ C×, and some d1, . . . , dn, dF ∈ C. The numbers d1, . . . , dn are called the degrees
of F , and are often normalised so that d1 = 1. The constant d = 3 − dF is called the
charge of F .

The quasi-homogeneity of a prepotential F = F (t) can be rewritten in terms of a
vector field E = Ei∂i, known as the Euler vector field. The Euler field is such that

LEF = Ei∂i (F ) = dFF + quadratic terms. (2.2.13)

2.3 Frobenius manifolds

In this section, we provide an overview of Frobenius manifolds and some related structures
which are most relevant to this thesis.

We will find that the previous sections have already introduced everything needed to
define a Frobenius manifold. The formal definition of these structures, and much of the
surrounding theory, was developed by Boris Dubrovin to provide a geometric interpretation
of the ordinary WDVV equations. In particular, we will see that there is a correspondence
between prepotentials and Frobenius manifolds.

We denote by a subscript p the restriction of a pointwise-defined object on TM to the
tangent space TpM.

Definition 2.3.1 [18, Definition 1.2]. A Frobenius manifold M is defined by the tuple
(M, ◦, e, η, E), where M is a manifold, such that

1. Every tangent space TpM has a commutative Frobenius algebra structure
(TpM, ◦p, ep, ⟨·, ·⟩p) depending smoothly on p ∈ M.
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2. The inner products ⟨·, ·⟩p, p ∈ M, define a flat metric on M, denoted η. We denote
by ∇ the Levi-Civita connection for this metric.

3. There exists a flat vector field e which is the identity for ◦.

4. The tensor field c defined in (2.2.9) has a totally symmetric covariant derivative ∇c.

5. There exists a vector field E ∈ X(M), called the Euler vector field, with the following
properties:

(a) ∇ (∇E) = 0;

(b) LE(u ◦ v) = u ◦ v + LEu ◦ v + u ◦ LEv ∀u, v ∈ TM;

(c) LEe = −e;

(d) LEη = (2− d)η, where d ∈ C is called the charge of the Frobenius manifold.

Property 2 of the definition of a Frobenius manifold means that there locally exist coordi-
nates t1, . . . , tn on M with respect to which η is constant. Property 5(b) may equivalently
be replaced by the invariance requirement LEc = (3− d)c.

We have previously seen that solutions of the WDVV equations defined on a manifold
are associated with a (flat) metric and Frobenius algebra structures on the tangent spaces.
Combining this with the property of quasi-homogeneity lets us associate a Frobenius man-
ifold structure to a prepotential, and vice versa.

Theorem 2.3.2 [18, Lemma 1.2]. Any prepotential F (t) on a chart U ⊆ M, with d1 ̸= 0,
defines a Frobenius manifold structure on U as follows:

1. The multiplication, identity field, and inner product are given by Proposition 2.2.7
and Definition 2.2.8.

2. The Euler vector field E(t) is given by (2.2.13).

Conversely, any Frobenius manifold has a local structure corresponding to some solution
of the WDVV equations.

We can define a notion of equivalence for Frobenius manifolds as follows.

Definition 2.3.3 [18, Definition 1.3]. Let M and N be two Frobenius manifolds with
metrics η, ξ and Euler fields EM, EN respectively. We say that M and N are (locally)
equivalent if there exists a (local) diffeomorphism ϕ : M → N such that, over some open
U ⊆ M with p ∈ U :

1. The differential ϕ∗ : TpM → Tϕ(p)N is an algebra isomorphism.

2. ξϕ(p)
(
ϕ∗(u), ϕ∗(v)

)
= α ηp(u, v) for all u, v ∈ TpM and some nonzero α ∈ C.
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3. ϕ∗ (EM) = EN .

The final condition is an addition from [62, Def. 2.2.10]; we include this for the same
reasoning as provided by Wright, namely that we expect the Euler vector field to be the
same object under an equivalence of Frobenius manifolds. The first two conditions are
enough to ensure that ϕ∗(EM) is an Euler field for N , but not strong enough to imply
that ϕ∗(EM) = EN .

Equivalence of prepotentials is given in Definition 2.2.5. We might expect the pre-
potential F of a Frobenius manifold M to be given by the pullback ϕ∗F̃ (t) = F̃ (ϕ(t)),
t ∈ M, where F̃ is the prepotential of a Frobenius manifold N equivalent to M; however,
this is not always the case (see [18, p.17] for an example).

In two dimensions, the WDVV equations are trivially satisfied. However, the quasi-
homogeneity condition and the form of the metric η = F1 specify six unique (families of)
prepotentials up to equivalence. For the derivation of the following prepotentials, see [18,
Lecture 1] and [34, § 3.4].

Example 2.3.4. The prepotential F = F (t1, t2), Euler field E = E(t1, t2), and charge d
for each of the 2D Frobenius manifolds are given in Table 2.1 below.

Prepotential Euler field Charge Parameter

F =
1

2
t21t2 E = t1∂1 d = 1 (2.3.1)

F =
1

2
t21t2 + e

2
r
t2 E = t1∂1 + r∂2 d = 1 r ̸= 0 (2.3.2)

F =
1

2
t21t2 + log t2 E = t1∂1 − 2t2∂2 d = 3 (2.3.3)

F =
1

2
t21t2 + t22 log t2 E = t1∂1 + 2t2∂2 d = −1 (2.3.4)

F =
1

2
t21t2 + tk2 E = t1∂1 +

2

k − 1
t2∂2 d ̸= −1, 1, 3 k =

3− d

1− d
(2.3.5)

F =
1

6
t31 +

1

2
t1t

2
2 +

k

6
t32 E = t1∂1 + t2∂2 d = 0 k ̸= 0 (2.3.6)

Table 2.1: The two-dimensional Frobenius manifolds.

In cases (2.3.1)–(2.3.5), the metric with respect to (t1, t2) is

η =

(
0 1

1 0

)
.

Since the three-point functions cijk only differ when i = j = k = 2, we can write the
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multiplication ◦ for these five Frobenius manifolds as

∂i ◦ ∂j =


∂1 i = j = 1;

∂2 i ̸= j;

c222∂1 i = j = 2.

(2.3.7)

In case (2.3.6), the metric is given by the identity matrix I2. The multiplication for this
Frobenius manifold differs from (2.3.7) in that

∂2 ◦ ∂2 = k∂2.

2.3.1 The intersection form

The Euler field of a Frobenius manifold M can be used to produce a new flat metric on
M, which we refer to as the intersection form. We follow Dubrovin — see [18, Lecture
3] — in defining this first as a contravariant metric: that is, an inner product on T ∗

pM,
p ∈ M. Recall that we may identify tangent and cotangent spaces on M via the inner
product ⟨·, ·⟩.

Definition 2.3.5. Let M be a Frobenius manifold with Euler field E, flat coordinates
t for the metric η, and other arbitrary local coordinates x. We define the inner product
(·, ·)∗ on T ∗

pM, p ∈ M, as
(ω1, ω2)

∗ := ιE (ω1 ◦ ω2)

for ω1, ω2 ∈ Ω1 (M), where ιE denotes contraction with the Euler field. The intersection
form of M is the metric g with contravariant components

gij(x) = (dxi, dxj)∗.

In the flat coordinates t, this becomes

gij(t) = Ek(t)cijk (t). (2.3.8)

For the intersection form to describe a well-defined (covariant) metric at p ∈ M, g
must be invertible at this point.

Definition 2.3.6. The discriminant locus of a Frobenius manifold, denoted Σ, is the set
of p ∈ M for which the matrix (gij) (p) is degenerate. Equivalently, Σ is the set of points
at which E is not invertible as an operator of ◦-multiplication.

On M\ Σ, the intersection form specifies a metric on the tangent bundle with covariant
components gij such that

(gij) =
(
gij
)−1

.
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The inner product
(∂i, ∂j) := gij

is then dual to (·, ·)∗. We denote by g the metric on TM, where it is well-defined, and use
g−1 to denote the metric on T ∗M.

Remarkably, the intersection form is flat. A proof of this key result may be found in
[18, Lecture 3]. The two flat metrics of a Frobenius manifold can be related using the
multiplication and the Euler field.

Proposition 2.3.7 [18, Lecture 3]. Let M be a Frobenius manifold with metric η defining
the inner product ⟨·, ·⟩, and intersection form g defined on M\ Σ. Then we can relate η
and g via

(u, v) = ⟨E−1 ◦ u, v⟩ (2.3.9)

for all u, v ∈ TpM, p ∈ M.

Remark 2.3.8. We note briefly that the intersection form can be used to construct the
monodromy group of an n-dimensional Frobenius manifold, following [18, Appendix G].
The metric g is locally Euclidean, so one can define a local isometry between Cn and the
universal covering of M\Σ. This isometry is defined by a (multivalued) mapping between
the flat coordinates of g, denoted x, and the flat coordinates t of the metric η. There
exists a representation µ of the fundamental group, π1 (M\ Σ), on Cn, so that

µ : π1 (M\ Σ) → E(n)

where E(n) is the group of isometries on Cn. The monodromy group is then defined as
the image µ (π1 (M\ Σ)).

2.3.2 Flat pencils of metrics

The two metrics η and g form a natural structure known as a flat pencil of metrics.
This structure, together with additional properties, can be used to completely describe a
Frobenius manifold: see [17] for the full construction.

Let M be a smooth n-dimensional manifold with a metric g and local coordinates
u1, . . . , un in which the metric has components gij. The Levi-Civita connection for g,
denoted ∇, can be uniquely described by the Christoffel symbols Γk

ij such that

∇kgij = ∂kgij − Γl
kiglj − Γm

kjgim = 0,

Γk
ij = Γk

ji.

The metric g induces a contravariant metric g−1 on M, or bilinear form (·, ·)∗ on T ∗
pM,

where g−1 has components gij = (dui, duj)∗ and the matrix (gij) is the inverse of (gij).
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Then the Christoffel symbols can be defined as

Γk
ij =

1

2
gkl (∂iglj + ∂jgil − ∂lgij) ,

and we introduce the contravariant Christoffel symbols,

Γij
k := −gilΓj

lk.

Definition 2.3.9. Let M be a smooth complex manifold with two non-proportional met-
rics g1, g2. The corresponding Levi-Civita connections, denoted ∇1 and ∇2, have asso-
ciated contravariant Christoffel symbols Γij

1k, Γij
2k. We define a pencil of metrics as the

contravariant metric with components

gij = gij1 + λgij2 , (2.3.10)

where λ ∈ C and g−1
1 , g−1

2 are the contravariant metrics corresponding to g1, g2, respec-
tively.

Definition 2.3.10 [18, Definition 3.1]. The two metrics g1, g2 are said to form a flat pencil
if

1. The corresponding Levi-Civita connection for the metric (2.3.10) has contravariant
Christoffel symbols

Γij
k = Γij

1k + λΓij
2k.

2. The metric given in (2.3.10) is flat for all λ ∈ C.

Proposition 2.3.11 [18, Proposition 3.2]. Let M be a Frobenius manifold with metric η
and intersection form g. Then the metrics η and g form a flat pencil.

2.3.3 Semisimplicity

We now introduce the notion of semisimplicity for Frobenius manifolds. Semisimple Frobe-
nius manifolds form an important and well-studied class; this includes the Frobenius man-
ifolds associated with Coxeter groups which we discuss in the following section.

Recall that an algebra A is called semisimple if it contains no nilpotents; that is, it
contains no nonzero elements a ∈ A such that an = 0 for some n ∈ N.

Definition 2.3.12. A point p in a Frobenius manifold M is said to be semisimple if
the Frobenius algebra defined on its tangent space TpM is semisimple. The Frobenius
manifold M is said to be semisimple (or massive) if a generic point on M is semisimple.
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Remark 2.3.13. The Frobenius manifolds in Example 2.3.4 are all semisimple, with the
exception of (2.3.1).

A semisimple Frobenius manifold comes equipped with a set of distinguished coordi-
nates in which many of the geometric objects associated with the manifold have simple
forms.

Proposition 2.3.14 [18, Lecture 3, Main lemma]. Let M be an n-dimensional semisimple
Frobenius manifold, with some semisimple point p ∈ M. Then there exists a set of local
coordinates u1, . . . , un on a neighbourhood of p such that

∂i ◦ ∂j = δij∂i,

where
∂i =

∂

∂ui
.

The coordinates ui are called canonical coordinates. The canonical coordinates, as func-
tions of the flat coordinates t of η, may be found as particular linearly independent solutions
of the system of equations

∂u

∂tk
ckij(t) =

∂u

∂ti
∂u

∂tj
.

The canonical coordinates are also defined as the roots u = ui of the characteristic equation

det
(
gij(t)− uηij(t)

)
= 0,

see [18, Proposition 3.3].

Example 2.3.15 [18, Lecture 3]. For the 2-dimensional Frobenius manifolds described by
(2.3.3)–(2.3.5), the flat coordinates t and canonical coordinates u are related as follows:

t1 =
u1 + u2

2
, t2 =

(u1 − u2)
2ϵ+1

2(2ϵ+ 1)
. (2.3.11)

The constant ϵ ∈ C parametrises the Frobenius manifolds, with value ϵ = 1/2 correspond-
ing to (2.3.4), ϵ = −3/2 corresponding to (2.3.3), and ϵ ̸= ±1/2,−3/2 corresponding to
(2.3.5). The value ϵ = −1/2 corresponds to the Frobenius manifold described by (2.3.2)
when r = 2; in this case, the canonical coordinates are given by

t1 =
u1 + u2

2
, t2 =

1

2
log u1 − u2. (2.3.12)

The Euler vector field, inner product, and intersection form on a semisimple Frobenius
manifold M can be expressed in terms of the canonical coordinates, as follows.
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Proposition 2.3.16 [18, Lecture 3]. Let ui be the canonical coordinates on the neighbour-
hood of some semisimple point p ∈ M, with ∂i = ∂

∂ui . Then,

1. The inner product ⟨·, ·⟩ is diagonal in u:

⟨∂i, ∂j⟩ = ηii(u)δij.

The components of η have the form

ηii(u) =
∂

∂ui
t1(u).

2. The unity vector field e has the form

e =
∑
i

∂i.

3. The Euler vector field has the form

E = ui∂i.

4. The intersection form is given by

gij(u) = uiη−1
ii δij.

Semisimple Frobenius manifolds can be completely described by a function of one
variable, known as a Landau-Ginzburg (LG) superpotential.

Definition 2.3.17 [18, Appendix I]. Let M be an n-dimensional semisimple Frobenius
manifold with flat coordinates t and canonical coordinates u defined on a chart of M.
The LG superpotential of M is a holomorphic function λ(p), where p depends on t =

(t1, . . . , tn), such that the canonical coordinates u are given by the critical points of λ(p).
That is,

ui(t) = λ
(
qi(t)

)
,

where the qi are such that

dλ
dp
(
qi(t)

)
= 0 for i ∈ {1, . . . , n}.

Theorem 2.3.18 [18, Appendix I]. Any semisimple Frobenius manifold M with charge
d < 1 can be described by a superpotential λ(p). In the flat coordinates t of M, the metric
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η, intersection form g, and tensor field c are given by the residue formulas

ηij(t) =
n∑

i=1

res
p=qi

∂i (λ) ∂j (λ)

λ′
dp,

gij(t) =
n∑

i=1

res
p=qi

∂i (log λ) ∂j (log λ)

(log λ)′
dp,

cijk = η (∂i ◦ ∂j, ∂k) =
n∑

i=1

res
p=qi

∂i (λ) ∂j (λ) ∂k (λ)

λ′
dp,

where λ′ = dλ(p)
dp .

2.3.4 Coxeter groups and their orbit spaces

A subclass of the semisimple Frobenius manifolds are closely related to Coxeter groups,
otherwise known as reflection groups. Saito, for example in [54], established that the
orbit spaces of Coxeter groups admit certain flat structures; this work was then used
by Dubrovin to show that these orbit spaces are Frobenius manifolds with polynomial
prepotentials.

2.3.4.1 Coxeter groups and root systems

In this section, we set V to be a real n-dimensional vector space and denote by (·, ·) the
Euclidean inner product on V . We now make precise some of the important features of
Coxeter groups, following Bourbaki [6].

We denote by O(V ) the orthogonal group over V .

Definition 2.3.19. A reflection along non-zero α ∈ V is the linear operator sα ∈ O(V )

which sends α 7→ −α and pointwise fixes the hyperplane orthogonal to α, denoted Hα :=

{v ∈ V |(α, v) = 0}.

The operator sα can be written as

sα(v) = v − 2(α, v)

(α, α)
α, (2.3.13)

for any v ∈ V .
For any α ∈ V , there exists a decomposition of the vector space V = Rα ⊕Hα, where

Rα = {v ∈ V |v = kα for k ∈ R}.

Definition 2.3.20. A root system is a finite set of non-zero vectors R ⊆ V such that

1. The roots α ∈ R span V .

2. R∩ Rα = {α,−α} ∀α ∈ R.
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3. sα (R) = R ∀α ∈ R.

Definition 2.3.21. The finite Coxeter group W for the root system R is the finite reflec-
tion group generated by R, that is W = {sα |α ∈ R}.

Root systems arise in the theory of Lie algebras; in particular, every semisimple Lie algebra
has a crystallographic root system associated with it. We are interested in Weyl groups,
or finite Coxeter groups with crystallographic root systems.

Definition 2.3.22. Let R be a root system for a finite Coxeter group W . We say that
R is crystallographic, and call W a Weyl group, if

2(α, β)

(α, α)
∈ Z ∀α, β ∈ R.

Definition 2.3.23. Let W be a Coxeter group with root system R ⊆ V . Both W and R
are said to be irreducible if there do not exist linear subspaces V1, V2 ⊂ V with non-empty
root systems R1 ⊂ V1, R2 ⊂ V2 such that V = V1 ⊕ V2 and R = R1 ∪R2.

Definition 2.3.24. Let W be a finite Coxeter group with root system R and arbitrary
marked root γ ∈ R. The hyperplane Hγ divides V into two half-spaces. We say that
R+ ⊂ R is a set of positive roots if all α ∈ R are in the same half-space as γ.
A set of roots ∆ ⊂ R+ is called a set of simple roots for W if

1. ∆ is a basis for V .

2. Every root in R is a linear combination of α ∈ ∆ with only non-positive or only
non-negative coefficients.

The rank of W is given by the cardinality of ∆.

Note that neither sets of positive roots nor sets of simple roots are uniquely defined for a
given Coxeter group.

The finite irreducible Coxeter groups were completely classified by Coxeter [14]. We
reproduce the full list, consisting of groups An (n ≥ 1), Bn (n ≥ 2), Dn (n ≥ 4), E6,
E7, E8, F4, G2, H3, H4, I2(κ) for n, κ ∈ N, κ ≥ 2. The groups of A-, B-, D-, E-, F -, or
G-type are Weyl groups for their respective simple Lie algebras, and I2(κ) is the group of
symmetries of a regular κ-gon. Note the isomorphisms A2

∼= I2(3), B2
∼= I2(4), G2

∼= I2(6).

Definition 2.3.25. Let W be a Weyl group of rank n with a set of simple roots ∆. The
fundamental weights are the vectors ω1, . . . , ωn ∈ V such that

2(ωi, αj)

(αj, αj)
= δij ∀αj ∈ ∆.
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Definition 2.3.26. Let W be an irreducible finite Coxeter group of rank n with a root
system R. The Coxeter number of W is h = m

n
where m is the number of roots in R.

The Coxeter number is an integer which can be defined in several ways, including as the
order of a Coxeter element. A Coxeter element is a product of all simple reflections in an
irreducible Coxeter group W , and all Coxeter elements of W have the same order. For
example, the Coxeter number of An is h = n+ 1.

2.3.4.2 Frobenius manifold structures on the orbit spaces of Coxeter groups

This section follows the construction by Dubrovin in [18, Lecture 4], [19], and Saito in
[54].

The action of a finite irreducible Coxeter group W can be extended to a linear action
on the complexification of V , denoted V C := V ⊗C ∼= Cn. The orbit space of W is denoted
by MW , that is

MW = V C/W ∼= Cn/W.

Let x1, . . . , xn be the coordinates for an orthonormal basis of V C with respect to (the
bilinear extension of) the Euclidean metric (·, ·). We denote by R = C[x1, . . . , xn]W the
algebra of polynomials in x which are invariant under the action of W ; this action is
defined as

(wp)(v) = p
(
w−1v

)
for w ∈ W , p ∈ R, v ∈ V C. By Chevalley’s Theorem, R is generated by a set of
homogeneous algebraically independent polynomials y1(x), . . . , yn(x) ∈ R such that R ∼=
C[y1, . . . , yn] and the degrees di := deg (yi) are uniquely defined by W . The yi are called
basic invariants of W . The degrees of the basic invariants can be ordered as

d1 = h > d2 ≥ · · · ≥ dn−1 > dn = 2

where h is the Coxeter number of W , and they also satisfy the condition di+dn−i+1 = h+2

for all i ∈ {1, . . . , n}.
The orbit space MW has the structure of a manifold, with local coordinates given by

basic invariants of W . Recall that the orbit of an element v ∈ V C is W (v) = {wv|w ∈ W}.
A regular orbit has cardinality |W (v)| = |W |, while an irregular orbit has |W (v)| < |W |.

Definition 2.3.27. The discriminant, DiscrMW , is the union of all irregular orbits in
MW .

Theorem 2.3.28 [18, Theorem 4.1]. Let W be a finite irreducible Coxeter group with
Coxeter number h and a set of basic invariants y1, . . . , yn. Then M =MW is a Frobenius
manifold such that
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1. The unity vector field is e = ∂
∂y1

.

2. The Euler vector field is E = 1
h

∑
i diy

i ∂
∂yi

= 1
h
xi ∂

∂xi .

3. The intersection form g−1 is induced by the Euclidean metric on V . Its components
are given by

gij(y) =
(
dyi, dyj

)∗
=

n∑
k=1

∂yi

∂xk
∂yj

∂xk
. (2.3.14)

Such a Frobenius manifold structure on MW is unique up to equivalence.

The intersection form g−1 defined by (2.3.14) is a complex-valued flat metric with flat
coordinates xi. It is non-degenerate on MW \ DiscrMW ; in fact, the discriminant locus Σ

of M coincides with DiscrMW [19].

Remark 2.3.29 [18, Appendix G]. The monodromy group of the Frobenius manifold
M =MW is given by the Coxeter group W .

Theorem 2.3.30 [54], [18]. Let M =MW be the Frobenius manifold defined in Theorem
2.3.28. Then there exists a set of basic invariants t1, . . . , tn of W , known as the Saito
coordinates, such that the metric η, known as the Saito metric, defined by

ηij(t) =
∂

∂t1
gij(t)

is flat and anti-diagonal. The prepotential F of M defined by structure constants

ckij(t) = ηkm∂i∂j∂mF (t)

is polynomial in the Saito coordinates and has charge d = 2h + 2. The intersection form
may be rewritten as

gij(t) =
di + dj − 2

h
ηikηjm∂k∂mF (t).

Dubrovin showed that all Frobenius manifolds M = MW are semisimple and have poly-
nomial prepotentials [18, Lecture 4]. He also conjectured that all semisimple Frobenius
manifolds with polynomial prepotentials, positive degrees, and charge 0 < d < 1 are
described by such a construction; this was later proven by Hertling [32].

Example 2.3.31 [18, Example 4.1]. The prepotentials associated with the dihedral groups
I2(κ), that is the Frobenius manifold structures on C2/I2(κ), are described (up to equiva-
lence) by equation (2.3.5) where k = κ+ 1. In particular, k = 4 gives the prepotential for
A2 and k = 5 gives B2.

Example 2.3.32 [18, Example 4.3 and Theorem A.1]. In three dimensions, there are
exactly three semisimple polynomial solutions, corresponding to the three rank 3 finite



CHAPTER 2. BACKGROUND 41

Coxeter groups A3, B3, and H3. The prepotential for A3 is given in Example 2.2.9. There
is only one other 3-dimensional polynomial prepotential, given by

F (t) =
1

2

(
t21t3 + t1t

2
2

)
+ t42.

This has charge d = 1 and is not semisimple.

Remark 2.3.33. A similar construction was used by Dubrovin and Zhang [22] to show
that the orbit spaces of extended affine Weyl groups also have a Frobenius manifold struc-
ture. Without going into detail, we note that a root system of rank n has associated with
it a prepotential in n+ 1 variables, and a distinguished coordinate direction. An example
of such a prepotential is given by (2.3.2) for type A1.

2.4 Symmetries of the WDVV equations

We have already introduced trivial examples of symmetries of the WDVV equations and
Frobenius manifolds in the form of equivalences. We now define symmetries for both
objects in general, and introduce three specific types of symmetry.

Definition 2.4.1. A symmetry of the (generalised) WDVV equations (2.2.2) is a trans-
formation (F, t, Q) 7→

(
F̃ , t̃, Q̃

)
such that the (generalised) WDVV equations are satisfied

by F̃
(
t̃
)
, Q̃ if F = F (t) satisfies the (generalised) WDVV equations with metric Q.

This definition can easily be adapted for the ordinary WDVV equations; namely, F , F̃ in
Definition 2.4.1 must then both satisfy the ordinary WDVV equations (2.2.12).

We also define symmetries of Frobenius manifolds in the expected way.

Definition 2.4.2. A symmetry of Frobenius manifolds is a transformation taking

(M, ◦, e, η, E) 7→
(
M̃, ◦̃, ẽ, η̃, Ẽ

)
such that

(
M̃, ◦̃, ẽ, η̃, Ẽ

)
is a Frobenius manifold if (M, ◦, e, η, E) is a Frobenius manifold.

Given a prepotential F with Euler field E, a symmetry S of the WDVV equations
such that S(F ) = F̃ also defines a symmetry of Frobenius manifolds if F̃ is a prepotential
with Euler field Ẽ = S(E). Conversely, a symmetry of Frobenius manifolds automatically
describes a symmetry of the WDVV equations.

Dubrovin introduced two symmetries of Frobenius manifolds [18, Appendix B], namely
inversion and the Legendre-type transformation (or simply Legendre transformation). The
multiplication on M is preserved by both kinds of symmetry.

Before discussing inversion and Legendre transformations, we present an overview of
almost duality on Frobenius manifolds. This construction — also introduced by Dubrovin
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[20] — is particular to Frobenius manifolds, but can be thought of as a symmetry of the
WDVV equations.

2.4.1 Almost duality for Frobenius manifolds

The almost dual of a given Frobenius manifold is a new structure which itself satisfies
most, but not all, of the properties of a Frobenius manifold; namely, the unity vector
field for the almost dual is not flat. Although almost duality is therefore not a symmetry
of Frobenius manifolds, we do obtain a new solution of the WDVV equations. In this
way, it provides a symmetry of the WDVV equations if we restrict the input to the class
of prepotentials. We shall see that almost duality relates the polynomial prepotentials
associated with Coxeter groups to a large class of rational solutions.

We follow Dubrovin’s formulation in [20], and we set M to be an arbitrary Frobe-
nius manifold. The intersection form for M is denoted g, with flat coordinates x and
discriminant locus Σ. Setting M⋆ = M\Σ, we define a new multiplication ⋆ on TpM⋆ by

u ⋆ v = E−1 ◦ u ◦ v. (2.4.1)

The commutativity and associativity of ⋆ follow immediately from the commutativity and
associativity of ◦. It is also clear that the Euler field E is the identity for ⋆. We would
like to show that the multiplication ⋆ and the intersection form g pointwise define a family
of Frobenius algebras on TM⋆. This can be done by using relation (2.3.9) to check the
Frobenius condition: we find

(u, v ⋆ w) = ⟨E−1 ◦ u,E−1 ◦ v ◦ w⟩ = ⟨E−1 ◦
(
E−1 ◦ u ◦ v

)
, w⟩ = (u ⋆ v, w).

The multiplication ⋆ can be described using a new set of structure constants.

Definition 2.4.3. The dual structure constants denoted ⋆
ckij(x) are such that

∂i ⋆ ∂j =
⋆
ckij(x)∂k.

The dual three-point function is defined as

⋆
cijk := gkl

⋆
clij = (∂i ⋆ ∂j, ∂k) .

Theorem 2.4.4 [20]. Let (M, ◦, e, η, E) be a Frobenius manifold with intersection form g,
discriminant locus Σ, and charge d ̸= 1, and let M⋆ = M\Σ with multiplication ⋆ defined
by (2.4.1). Then M⋆ = (M⋆, ⋆, E, g, E) satisfies Definition 2.3.1, with the exception of
property 3, and has charge d.

We say that M⋆ is the almost dual of M.
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Remark 2.4.5 [20]. In the flat coordinates x of g, the Euler field has the form

E(x) =
1− d

2
xi∂i,

when d ̸= 1.

A new solution of the WDVV equations is associated to the almost dual Frobenius
manifold. Note that this is not a prepotential as in Definition 2.2.17 because it does not
satisfy the ordinary WDVV equations; that is, the metric g is not equal to F ⋆

1 .

Proposition 2.4.6 [20]. Let x(t) be the flat coordinates for the intersection form, defined
on M⋆. Then there locally exists a function F ⋆(x), which we call the dual prepotential,
such that the dual three-point function can be written as

⋆
cijk(x) =

∂3F ⋆(x)

∂xi∂xj∂xk
= gia(x)gjb(x)

∂tγ

∂xk
∂xa

∂tα
∂xb

∂tβ
cαβγ (t),

and F ⋆(x) satisfies the WDVV equations with metric g.

We now refer back to the polynomial Frobenius manifolds discussed in § 2.3.4. Since
we have a Frobenius manifold structure on the orbit space of any finite irreducible Coxeter
group W , one can obtain an almost dual structure, with a dual prepotential, for any W .
Dubrovin showed that this dual prepotential is described by the following formula.

Theorem 2.4.7 [20, Theorem 5.2]. Let W be a finite irreducible Coxeter group with a
set of positive roots R+. Then the dual prepotential for the almost dual of the Frobenius
manifold M =MW is

F ⋆(x) =
h

2

∑
α∈R+

(α, x)2 log (α, x), (2.4.2)

defined on Cn \
⋃

α∈R+
Hα, where the roots are normalised by (α, α) = 2.

Here we have an example of a symmetry of the WDVV equations mapping one class of
solutions to a different class: a polynomial prepotential is mapped to a rational solution
by almost duality.

Example 2.4.8 (cf. [20, Example 2]). The polynomial prepotential associated with A3,
given in Example 2.2.9, has the almost dual prepotential F ⋆(x) = F (x) where F (x) is
given, up to equivalence, in Example 2.2.10.

2.4.2 Inversion

One of the two symmetries of Frobenius manifolds introduced by Dubrovin is the inversion
symmetry, denoted I. We follow the definition given in [18, Appendix B], but note that
it also functions as a symmetry of the ordinary WDVV equations.
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Definition 2.4.9. Let F (t) be a solution to the ordinary WDVV equations with metric
η(t) such that η = F1, and flat coordinates t = (t1, . . . , tn). The inversion of F is said to
be the function

F̃
(
t̃
)
=
(
t̃n
)2
F +

1

2
t̃1t̃σ t̃

σ

with η̃ such that
η̃ij = ηij

and coordinates t̃ such that

t̃i =


1
2
(tn)−1 tσt

σ i = 1,

(tn)−1 ti i ̸= 1, n,

− (tn)−1 i = n.

Proposition 2.4.10 (c.f. [18, Appendix B]). The inversion transformation in Definition
2.4.9, when applied to prepotentials, describes a symmetry of Frobenius manifolds.

Inversion is then automatically a symmetry of the ordinary WDVV equations.

Example 2.4.11. Let F (t) be the prepotential given in (2.3.3). The inversion of F is the
function

F̃ (t̃) =
1

2
t̃21t̃2 − t̃22 log

(
−t̃2
)

with contravariant coordinates t̃1 = t1 and t̃2 = −t−1
2 . We find that F̃

(
t̃
)

is equivalent to

F̂
(
t̂
)
=

1

2
t̂21t̂2 + t̂22 log

(
t̂2
)

under the relations F̂ = −F̃ , t̂1 = t̃1 , t̂2 = −t̃2 . Since F̂ is the prepotential for the
Frobenius manifold described in (2.3.4), up to a change of notation, we can say that the
two Frobenius manifolds associated with (2.3.3) and (2.3.4) are related by the inversion
symmetry. We add to this mapping the following relations between differential operators,

∂̂1 = ∂̃1 = ∂1,

∂̂2 = −∂̃2 = − (t2)
2 ∂2,

where ∂̃i =
∂

∂t̃i
, ∂̂i =

∂

∂t̂i
. Finally, we check that the Euler field remains the same under

the coordinate transformation t 7→ t̂; that is,

E = t1∂1 − 2t2∂2 = t̂1∂̂1 + 2t̂2∂̂2 = Ê, (2.4.3)

where E is the Euler field for F and Ê is the Euler field for F̂ .
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2.4.3 Legendre transformations

As defined by Dubrovin, a Legendre-type transformation on a Frobenius manifold M
produces a new Frobenius manifold structure on M. The transformation produces a new
prepotential, flat metric, and flat coordinates, but the multiplication ◦ and the Euler field
remain geometrically unchanged.

In Dubrovin’s definition, a Legendre transformation is generated by an invertible flat
vector field. A vector field X on M is said to be invertible if it is an invertible element
of the Frobenius algebra on TpM for all p ∈ M. That is, given the multiplication ◦ with
identity e, X is invertible if there exists a vector field X−1 such that X ◦X−1 = e.

Dubrovin’s definition has since been expanded to provide a symmetry of the WDVV
equations by Strachan and Stedman [59], which was labelled the generalised Legendre
transformation. In this case, the transformation is determined by an invertible vector
field satisfying a condition which generalises flatness. We will call such a vector field a
Legendre field, and refer to the corresponding generalised Legendre transformation simply
as a Legendre transformation. This is consistent with terminology used by Liu et al [40].

Definition 2.4.12 [59, Definition 2.3]. Let M be a smooth manifold M with flat metric
η, Levi-Civita connection ∇, and let ◦ be an associative pointwise multiplication on TM,
with identity e, such that ◦, η satisfy the Frobenius condition (2.2.8). A Legendre field
δ ∈ X (M) is an invertible vector field that satisfies

X ◦ ∇Y δ = Y ◦ ∇Xδ (2.4.4)

for all X, Y ∈ X (M).

We may set Y = e in (2.4.4) to obtain the equivalent2 condition

∇Xδ = X ◦ ∇eδ, (2.4.5)

which we call the Legendre field condition. Following [59, Definition 2.1], we define a new
metric η̂ by

η̂(X, Y ) = η(δ ◦X, δ ◦ Y ),

noting that this is non-degenerate since δ is invertible. By [59, Lemma 2.2], the Levi-Civita
connection ∇̂ is given by

∇̂XY = δ−1 ◦ ∇X(δ ◦ Y ). (2.4.6)

Given a solution of the WDVV equations, we can use Legendre fields to construct
new solutions of the WDVV equations. Despite the fact that the following theorem was

2It is straightforward to check that a solution of (2.4.5) automatically satisfies (2.4.4).
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originally given with reference only to solutions of the ordinary WDVV equations, the
proof applies to any solution of the generalised WDVV equations with a flat metric η.

Theorem 2.4.13 [59, Theorem 4.1]. Let F (t) be a solution of the WDVV equations,
defined in a chart of a smooth manifold M with flat metric η and flat coordinates ti. If
δ ∈ X(M) is a Legendre field, then F̂

(
t̂
)

satisfies the WDVV equations (2.2.2) with flat
metric η̂ and flat coordinates t̂i, where

η̂ij = ηij, (2.4.7)

∂t̂i

∂tj
= δkcikj, (2.4.8)

∂2F̂

∂t̂i∂t̂j
=

∂2F

∂ti∂tj
. (2.4.9)

In particular,

t̂i = δk∂k∂i (F (t))

when δ is flat.

Remark 2.4.14. It is not always possible to write F̂
(
t̂
)

explicitly. To do this, one needs
to be able to write the second-order derivatives of F (t) in terms of t̂ so that the right-hand
side of relation (2.4.9) can be integrated with respect to t̂. Since the new coordinates
t̂ = t̂(t) are found using (2.4.8), these relations need to be inverted to find t

(
t̂
)
. This

inversion step typically presents some difficulty and is not always possible.

Following the discussion in [59], we show that flat sections of the Dubrovin connection
λ∇, given by Definition 2.2.14, provide an infinite family of Legendre fields. We consider
S ∈ X(M) such that λ∇S = 0, and take the series expansion of S given by

S =
∞∑
i=0

λisi, (2.4.10)

where λ is the spectral parameter of λ∇ and si ∈ X(M).

Proposition 2.4.15 [59]. Let M be a smooth manifold with associated η, ∇, ◦ as in
Definition 2.4.12. If S as in (2.4.10) is a flat section for the Dubrovin connection λ∇,
then si is a Legendre field for all i.

Proof. Since S is a flat section for λ∇, we have λ∇XS = 0 for all X ∈ X(M). Equivalently,

(∇X + λX◦)S = (∇X + λX◦)
∞∑
i=0

λisi = 0,
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so
∞∑
i=0

λi∇Xsi +
∞∑
i=0

λi+1 (X ◦ si) = 0. (2.4.11)

Comparing coefficients of λi, we have

∇Xs0 = 0,

∇Xsi = −X ◦ si−1, i > 0.

Therefore, Y ◦ ∇Xsi = −X ◦ Y ◦ si−1 = X ◦ ∇Y si when i > 0, and the Legendre field
condition (2.4.4) is satisfied for all i.

Following from the proof of Proposition 2.4.15, one can recursively construct an infinite
sequence of Legendre fields indexed by α ∈ N, given any flat Legendre field δ0 as a starting
point. New Legendre fields δi are produced according to the relation3

∇Xδα = X ◦ δα−1, (2.4.12)

for all α > 0, X ∈ X(M). In coordinate notation, (2.4.12) can be written

∇jδ
i
α = cijkδ

k
α−1. (2.4.13)

Remark 2.4.16. The objects we call Legendre fields are closely related to certain in-
tegrable hierarchies (recursively defined integrable systems) of hydrodynamic partial dif-
ferential equations. Dubrovin showed that all Frobenius manifolds have an associated
hierarchy of this type, known as the principal hierarchy of the manifold [18, Lecture 6].
The relation (2.4.13) appears in work by Lorenzoni, Pedroni, and Raimondo on generali-
sations of the principal hierarchy [41], where the PDEs being studied have the form

ut = δ ◦ ux. (2.4.14)

In this setting, the recursion relation (2.4.13) is used to define higher flows, or consecutive
systems of equations in the hierarchy. Legendre fields are exactly the generators δ of the
flows (2.4.14); the Legendre field condition (2.4.4) describes a symmetry condition of the
hierarchy. These connections are discussed in more detail in [40].

It has been shown that inverses and compositions of Legendre fields are also Legendre
fields [59, Propositions 2.4 and 2.5]. We reproduce the former statement as follows.

Lemma 2.4.17 [59, Proposition 2.4]. Let δ be a Legendre field for the Levi-Civita con-
nection ∇. Then δ−1 is a Legendre field for ∇̂ given by (2.4.6).

3The sign of the term on the right-hand side is immaterial, as it depends only on the sign of the spectral
parameter λ of the Dubrovin connection.
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The composition of a Legendre field and its inverse act as the identity transformation.

Proposition 2.4.18 See [59, Proposition 2.5]. If δ is a Legendre field which maps a
solution F to F̂ , the inverse field δ−1 maps F̂ to F .

The Legendre-type transformation defined by Dubrovin is an example of the transfor-
mation as defined above, where the Legendre field is given by one of n flat vector fields for
an n-dimensional Frobenius manifold. For later convenience, we introduce his notation as
follows.

Notation 2.4.19 [18, Appendix B]. Let F be a solution of the WDVV equations in n

variables. The Legendre transformation produced by ∂γ for γ ∈ {1, . . . , n} is denoted by
Sγ and we write Sγ (F ) = F̂ where F̂ is given by Theorem 2.4.13.

When δ = ∂γ, we recover the property given in [18] that

∂i = ∂γ ◦ ∂̂i (2.4.15)

for all i. To see this, one should use (2.4.8) to rewrite

∂γ ◦ ∂̂j = ckγl
∂tl

∂t̂j
∂k.

From (2.4.15), we have ∂̂i = ∂−1
γ ◦ ∂i and so it is straightforward to see that the unit

vector field in the new coordinates under Sγ is given by e = ∂̂γ. If F (t) is a solution of the
ordinary WDVV equations, so that e = ∂1, then the transformation S1 is the identity.

Example 2.4.20 [18, Example B.1]. Starting with the prepotential (2.3.2) with r = 2,
the Legendre transformation S2 produces new coordinates

t̂1 = et2 ,

t̂2 = t1.

The new prepotential is therefore

F̂ =
1

2
t̂1t̂

2
2 +

1

2
t̂21

(
log t̂1 −

3

2

)
,

which is equivalent to the prepotential in (2.3.4).

Note that, as mentioned in Remark 2.3.33, (2.3.2) is the Frobenius manifold associated
with the extended affine Weyl group of type A1.

Example 2.4.21. The A3 almost dual prepotential in Example 2.2.10 is mapped to the
trigonometric solution in Example 2.2.11 by the Legendre transformation S1.
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In the context of Frobenius manifolds, one can also consider homogeneous Legendre
fields.

Definition 2.4.22. Given a Frobenius manifold M with Euler field E, a vector field
X ∈ X(M) is called homogeneous of degree µ ∈ C if

LEX = µX. (2.4.16)

Recently, Liu, Qu, and Zhang showed that homogeneous Legendre fields map quasi-
homogeneous generalised Frobenius manifolds to each other [40]. A quasi-homogeneous
generalised Frobenius manifold automatically satisfies all the properties of a Frobenius
manifold except for flatness of the unity vector field; hence, they each locally define a
quasi-homogeneous solution of the WDVV equations. Frobenius manifolds are considered
a sub-class of quasi-homogeneous generalised Frobenius manifolds. In [40], it was also
noted that a generic quasi-homogeneous generalised Frobenius manifold can be mapped
to a Frobenius manifold by a Legendre transformation of the type Sγ.

2.4.3.1 Legendre fields for semisimple Frobenius manifolds

Recall that semisimple Frobenius manifolds admit a set of canonical coordinates, in which
many of the manifold’s associated structures have a simpler form than in flat coordinates.
When written in canonical coordinates, the Legendre field condition (2.4.4) can be reduced
to simple sets of equations. One such formulation is considered by Lorenzoni et al in [41],
which we reproduce here.

Proposition 2.4.23 [41, Proposition 19]. Let M be a Frobenius manifold with metric η,
associated Levi-Civita connection ∇, multiplication ◦, and canonical coordinates u. The
Legendre field condition (2.4.4) can be written in canonical coordinates as

∂iδ
j = Γj

ij(δ
i − δj), i ̸= j. (2.4.17)

Here, δi are the components of the Legendre field δ in canonical coordinates, and Γi
jk denote

the Christoffel symbols of the connection ∇.

We note that solutions of (2.4.17) for an n-dimensional manifold will depend on n arbitrary
functions of a single variable [41].

An alternative formulation of the Legendre field condition for semisimple Frobenius
manifolds was discussed in [59], where the reduced equation is written in terms of certain
rotation coefficients of the metric η.

While such reduced forms of the Legendre field condition may be easier to solve, trans-
forming between flat and canonical coordinates may pose problems. For this reason, we
will focus on Legendre transformations in flat coordinates.
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2.4.3.2 Twisted Legendre fields

An important result, first noted by Riley and Strachan [52] and expanded upon by Strachan
and Stedman in [59], is the existence of so-called twisted Legendre fields for Frobenius
manifolds. A twisted Legendre field can be constructed from a Legendre field to produce
a transformation of the almost dual Frobenius manifold. If two Frobenius manifolds are
connected by a Legendre field, the Legendre transformation produced by the twisted field
connects the corresponding dual prepotentials. In general, a Legendre transformation
applied to an almost dual Frobenius manifold is not guaranteed to map it to another
almost dual Frobenius manifold.

Let us schematically denote by

F F̂δ

that the Legendre transformation defined by Legendre field δ on F produces the new
solution F̂ . As noted in [59], a prepotential F is mapped to another prepotential F̂ if δ is
flat.

Theorem 2.4.24 [59, Theorem 5.1]. Let F be a prepotential with Euler field E and
multiplication ◦. Let δ be flat, and let F ⋆, F̂ ⋆ denote the almost dual prepotentials of F ,
F̂ respectively. Then the field E ◦ δ is a Legendre field for F ⋆, and the following diagram
commutes.

F F̂

F ⋆ F̂ ⋆

δ

E◦δ

The field E ◦ δ is called the twisted Legendre field.
It is important to note that the twisted field E ◦ δ exists and is a Legendre field

regardless of whether δ maps F to another prepotential or not. That is, one can define a
twisted Legendre field for any Legendre field attached to a Frobenius manifold.

Example 2.4.25 [52]. Let F be the prepotential for the extended affine Weyl group of
type A1, given by (2.3.2) for r = 2. Taking δ = ∂2, we obtain the commuting diagram

F F̂

F ⋆ F̂ ⋆

δ

E◦δ



CHAPTER 2. BACKGROUND 51

where, up to equivalence,

F̂ =
1

2
t̂1t̂

2
2 + t̂21 log t̂1,

F ⋆ =
i

3
x31 + ix1x

2
2 +

1

2

[
Li3
(
e2x2

)
+ Li3

(
e−2x2

) ]
,

F̂ ⋆ = x̂21 log x̂
2
1 + x̂22 log x̂

2
2 − (x̂1 − x̂2)

2 log (x̂1 − x̂2)
2.

This is an early example of Legendre transformations producing a mapping between ratio-
nal and trigonometric solutions. Note that the almost dual prepotential F ⋆ is a trigono-
metric solution, as opposed to the rational solutions of the form (2.4.2) associated with the
almost dual prepotentials of Coxeter groups. The Legendre transformation of the almost
dual, F̂ ⋆, has a similar but inequivalent form to (2.4.2).

A homogeneous (Legendre) field produces a homogeneous twisted field; the degrees of
the two fields can be related as follows.

Proposition 2.4.26. Let M be a Frobenius manifold with Euler field E, and let δ be a
homogeneous vector field of degree µ on M. Then the twisted field E ◦ δ is homogeneous
of degree µ+ 1.

Proof. By definition, we have LEδ = µδ. Then, using Property 5(b) of Definition 2.3.1,
the Lie derivative of the twisted field is

LE (E ◦ δ) = LE(E) ◦ δ + E ◦ δ + E ◦ LE(δ)

= (µ+ 1)E ◦ δ.

Flat Legendre fields are of particular interest to us, as they map Frobenius manifolds
to each other, and produce simpler coordinate relations which tend to be easier to invert
than those for non-flat fields (see Remark 2.4.14). However, a flat Legendre field does not
always produce a flat twisted field, as shown in [59, Proposition 5.2]. We now expand on
this result for homogeneous Legendre fields in general, giving the covariant derivative of
a twisted Legendre field.

In the following, let M denote a Frobenius manifold with degree d, Euler field E,
multiplication ◦, and Levi-Civita connection ∇ for the metric η.

Proposition 2.4.27. Let δ be a homogeneous Legendre field of degree µ for a Frobenius
manifold M. Let δ⋆ = E ◦ δ be the twisted Legendre field for the almost dual Frobenius
manifold, where the intersection form g has Levi-Civita connection denoted ∇⋆. Then

∇⋆
Xδ

⋆ =

(
µ+

1

2
(3− d)

)
δ⋆ ⋆ X.
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Proof. The connections ∇, ∇⋆ can be related by the following formula4, see [59, 43]:

∇⋆
XY = E ◦ ∇X

(
E−1 ◦ Y

)
−X ◦ ∇E−1◦YE +

1

2
(3− d)E−1 ◦X ◦ Y (2.4.18)

for all X, Y ∈ M.
We set Y = δ⋆ in (2.4.18) to obtain

∇X (E ◦ δ) = E ◦ ∇Xδ −X ◦ ∇δE +
1

2
(3− d)X ◦ δ. (2.4.19)

Since δ satisfies the Legendre field condition (2.4.5), we have

∇Xδ = X ◦ ∇eδ. (2.4.20)

Using the fact that ∇ is torsion-free and δ is homogeneous, we also have

∇δE = ∇Eδ − LEδ

= ∇Eδ − µδ. (2.4.21)

The Legendre field condition with X = E is used to substitute for ∇Eδ in (2.4.21), which
gives

∇δE = E ◦ ∇eδ − µδ. (2.4.22)

Substituting (2.4.20), (2.4.22) back into (2.4.19), we obtain

∇⋆
Xδ

⋆ = E ◦X ◦ ∇eδ −X ◦ (E ◦ ∇eδ − µδ) +
1

2
(3− d)X ◦ δ

=

(
µ+

1

2
(3− d)

)
δ ◦X.

By definition of the multiplication ⋆ in (2.4.1), we have

δ ◦X = E−1 ◦ E ◦ δ ◦X = δ⋆ ⋆ X.

Then the required statement follows.
4We note that equation (2.4.18) follows from straightforward but algebraically laborious manipulation

of results in, for example, [32, § II.9]. The definition given in [32] of the second structure connection ∇⋆

is unpacked using the symmetry of the tensor ∇◦ (X,Y, Z) := ∇X (Y ◦ Z), the fact that ∇ is torsion-free,
and properties of the Euler field.
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2.4.3.3 Legendre field potentials

An alternative way to define a Legendre field is through its potential function. For a vector
field X ∈ X(M), the function f : M → C is called a potential for X if

X = gradf = ηij∂j(f) ∂i,

where η is a flat metric on M. Equivalently,

(df) (Y ) = η(X, Y )

for all Y ∈ X(M). Potentials are defined up to a constant term.
Potentials of Legendre fields were considered in [59], but only for Legendre fields coming

from flat sections of the Dubrovin connection5. We show here that all Legendre fields admit
a potential.

Theorem 2.4.28. Let M be a smooth manifold with associated η, ∇, ◦ as in Definition
2.4.12. If δ ∈ X(M) is a Legendre field for ∇ then there exists a local potential h for δ.

Proof. Let ω be the one-form such that ω (X) = η (δ,X). The exterior derivative of ω is
given by

dω (X, Y ) = X (ω(Y ))− Y (ω(X))− ω([X, Y ])

= X (η (δ, Y ))− Y (η (δ,X))− η (δ, [X, Y ]) . (2.4.23)

By the compatibility of the Levi-Civita connection with η, we have

∇X (η(Y, Z)) = X (η(Y, Z)) = η (∇XY, Z) + η (Y,∇XZ) ,

so (2.4.23) can be rewritten as

dω(X, Y ) = η (∇Xδ, Y ) + η (δ,∇XY )− η (∇Y δ,X)− η (δ,∇YX)− η (δ, [X, Y ]) . (2.4.24)

Since the Levi-Civita connection is torsion-free, we also have

∇XY −∇YX − [X, Y ] = 0,

so
η (δ,∇XY )− η (δ,∇YX)− η (δ, [X, Y ]) = 0.

5This uses results from [18], where it was shown that the vector fields that define the principal hierarchy
can be written in terms of Hamiltonian densities. The relationship between Legendre fields and integrable
hierarchies is discussed in Remark 2.4.16
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Substituting this back into (2.4.24), we get

dω(X, Y ) = η (∇Xδ, Y )− η (∇Y δ,X)

= η (Y ◦ ∇Xδ, e)− η (X ◦ ∇Y δ, e)

by the Frobenius property. Therefore, if the Legendre field condition (2.4.4) is satisfied,
dω = 0. By the Poincaré Lemma, if dω = 0, there exists some function h such that
ω = dh.

Certain related Legendre fields share the same potential. We first show that a Legendre
field and its inverse have the same potential.

Proposition 2.4.29. Let δ be a Legendre field on M, with potential h. Then h is also a
potential for δ−1, in the flat coordinates for the new metric η̂ given by (2.4.3). That is

δ−1 = η̂ij ∂̂j(h)∂̂i.

Proof. By definition of a potential, we have

(dh) (X) = η(X, δ)

for all X ∈ X(M). By Proposition 2.4.18 and Theorem 2.4.28, there exists ĥ : M → C
such that (

dĥ
)
(X) = η̂

(
X, δ−1

)
for all X ∈ X(M). From the definition of η̂ in (2.4.3), and using properties of η, ◦, we get(

dĥ
)
(X) = η (δ ◦X, e)

= η (X, δ)

= (dh) (X).

Therefore h = ĥ+ c for c ∈ C.

Similarly, a twisted Legendre field E ◦ δ shares the potential of the original field δ.

Proposition 2.4.30. Let δ be a Legendre field on a Frobenius manifold M, and let h be
its potential. Then the twisted field δ⋆ = E ◦ δ also has potential h.

Proof. As usual, we denote by η, g the two flat metrics on M. Let δ be a Legendre field
for M with potential h. Following the proof of Theorem 2.4.28, the one-form

ω(X) = η(δ,X)
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is such that ω = dh for some h.
Let ω̃ be the one-form such that

ω̃(X) = g(δ⋆, X). (2.4.25)

By the same arguments as in the proof of Theorem 2.4.28, and by Theorem 2.4.24, there
exists some function h̃ such that ω̃ = dh̃.

The two metrics η, g can be related by (2.3.9), which gives

g(X, Y ) = η(E−1 ◦X, Y ),

for X, Y ∈ X(M). Then (2.4.25) becomes

ω̃(X) = g(E ◦ δ,X) = η(δ,X) = ω(X),

which implies that dh̃ = dh. Therefore h̃ = h, up to a constant.

As expected, a homogeneous Legendre field has a homogeneous potential. The degree
of homogeneity of a Legendre field can be related to that of its potential as follows.

Theorem 2.4.31. Let δ = ηij∂j(h)∂i be a Legendre field with potential h on a Frobenius
manifold with metric η, Euler field E, and charge d.

If δ is homogeneous of degree µ ̸= d− 2, then h+ c for some c ∈ C is homogeneous of
degree µ− d+ 2.

Conversely, if h is homogeneous of degree µ − d + 2, then the Legendre field δ is
homogeneous of degree µ.

Proof. For ϕ ∈ T ∗
pM, let η−1 (ϕ) ∈ TpM be such that ξ (η−1 (ϕ)) = η−1 (ϕ, ξ) for all

ξ ∈ T ∗
pM. By definition of the potential, we can write δ = η−1 (dh).

We take the Lie derivative along E of δ. In general,

LE(δ) = LE

(
η−1(dh)

)
= LE

(
η−1
)
(dh) + η−1

(
LE(dh)

)
.

By property 5(d) of Definition 2.3.1, we have

LE

(
η−1
)
= (d− 2)η−1,

and by the Cartan formula, we have

LE(dh) = d (ιEdh) + ιE
(
d(dh)

)
= d (E(h)) .
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Therefore,
LE(δ) = (d− 2)δ + η−1

(
dE(h)

)
. (2.4.26)

Let δ be homogeneous of degree µ ̸= d − 2. Then equation (2.4.16) holds for X = δ,
so by (2.4.26) we have

µη−1 (dh) = (d− 2)η−1(dh) + η−1
(
dE(h)

)
,

which implies

η−1
(
(µ− d+ 2)dh− dE(h)

)
= 0. (2.4.27)

Since η−1 is nondegenerate, the relation (2.4.27) is equivalent to

E(h) = (µ− d+ 2)h+ a,

where a ∈ C is a constant. Then

h̃ = h− a

µ− d+ 2

is a potential for δ which satisfies

E(h̃) = (µ− d+ 2)h̃.

Conversely, let h be homogeneous of degree µ− d+ 2. Then

LE(h) = E(h) = (µ− d+ 2)h,

which we can substitute into (2.4.26) to recover condition (2.4.16).

2.5 Rational and trigonometric solutions of the WDVV

equations

In this section, we present an overview of some important known classes of solutions of
the generalised WDVV equations. Recall that polynomial prepotentials are associated to
Frobenius manifold structures on the orbit spaces of Coxeter groups (discussed in § 2.3.4),
that these are mapped to rational solutions of the WDVV equations by almost duality
(§ 2.4.1), and that we have seen some examples of rational solutions being mapped to
trigonometric solutions via a Legendre transformation (§ 2.4.3).

We first discuss the wider class of rational solutions to the WDVV equations associated
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with (rational) ∨-systems, within which live the dual prepotentials given by Theorem 2.4.7.
Then we discuss some families of trigonometric solutions appearing in the literature, which
are also associated with (deformations of) root systems.

2.5.1 Rational solutions from ∨-systems

We consider solutions of the WDVV equations of the form

FA(x) =
∑
α∈A

α(x)2 logα(x), (2.5.1)

where A ⊂ V ∗ are a finite set of non-collinear covectors on a complex vector space V.
Formula (2.5.1) is a generalisation of the formula given in Theorem 2.4.7 for the dual
prepotential associated to a Coxeter group W .

The class of solutions represented by (2.5.1) was already known in four-dimensional
Seiberg-Witten theory before Dubrovin’s formulation of almost duality for Frobenius man-
ifolds, with early examples appearing in [45]. Martini and Gragert [47] established that
such functions satisfy the generalised WDVV equations when A = R is the root system
of a Weyl group. Veselov [60] then showed that solutions of the form (2.5.1) can be pro-
duced using real deformations of root systems known as ∨-systems, which include the root
systems of Coxeter groups. The definition of ∨-systems was later expanded to complex
spaces by Feigin and Veselov [27].

Let us assume that V is a complex n-dimensional vector space. Consider a symmetric
bilinear form GA defined on V as follows:

GA(u, v) :=
∑
α∈A

α(u)α(v),

where u, v ∈ V , and we assume that GA is non-degenerate6. The form GA defines an
isomorphism φA : V → V ∗ so we denote

α∨ := φ−1
A (α)

for any α ∈ A. Thus we have GA(α
∨, v) = α(v) for any v ∈ V .

Moreover, given a function F = FA as in (2.5.1), the matrix

η =
∑
i

xiFi (2.5.2)

is (proportional to) the matrix of GA. This can be seen by checking from (2.5.1) that the
6This non-degeneracy assumption implies that the elements of A span V ∗.
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third-order derivatives of F have the form

Fijk =
∑
α∈A

2α(ei)α(ej)α(ek)

α(x)
,

where e1, . . . , en is a basis in V .

Definition 2.5.1 [27]. A collection A ⊂ V ∗ is a ∨-system if the following ∨-condition is
satisfied for any α ∈ A and any 2-dimensional plane Π containing α:∑

β∈Π∩A

β(α∨)β∨ = λα∨

where λ = λ(α,Π) ∈ C.

Note that a set of positive roots A = R+ for any finite irreducible Coxeter group W is a
∨-system [60, Theorem 2] — an explicit proof is provided in [1]. The class of ∨-systems is
closed under the operations of restriction to a subspace and taking subsystems [27]; this
differs from the Coxeter case in that the restriction of a Coxeter root system is not in
general a Coxeter root system.

The main result of this theory finds an equivalence between A satisfying the ∨-
conditions and FA satisfying the WDVV equations.

Theorem 2.5.2 [27, Theorem 1]. The function FA in (2.5.1) is a solution to the WDVV
equations with metric η given by (2.5.2) if and only if A is a ∨-system.

We take the domain of FA to beMA := V \
⋃

α∈AHα, where we setHα = {v ∈ V |α(v) = 0}.
It was shown in [27] that the WDVV equations for FA are equivalent to the associativity
of the multiplication on the tangent space TpMA defined by

u ◦ v =
∑
α∈A

α(u)α(v)

α(p)
α∨. (2.5.3)

Certain multi-parameter deformations of Coxeter root systems, generalising those orig-
inally appearing in the theory of generalised quantum Calogero-Moser systems, were shown
to be ∨-systems. From Chalykh and Veselov’s work [11], we define the n-parameter An-
type ∨-system An(k) as

An(k) =
{√

kie
i|1 ≤ i ≤ n

}
∪
{√

kikj(e
i − ej)|1 ≤ i < j ≤ n

}
(2.5.4)

and the (n+ 1)-parameter Bn-type ∨-system Bn(k) as

Bn(k) =
{√

2ki(ki + k0)e
i|1 ≤ i ≤ n

}
∪
{√

kikj(e
i ± ej)|1 ≤ i < j ≤ n

}
, (2.5.5)
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where k0 ∈ C, k1, . . . , kn ∈ C×.

Example 2.5.3. The deformed A3-type ∨-system, where An(k) is given by (2.5.4), pro-
duces the rational solution

F (x1, x2, x3) =
3∑

i=1

kix
2
i log xi +

∑
1≤i<j≤3

kikj (xi − xj)
2 log (xi − xj). (2.5.6)

When all the parameters ki = 1, this reduces to the almost dual prepotential associated
with A3, as written in Example 2.2.10.

We are interested in taking Legendre transformations of the rational solutions associated
with the ∨-systems An(k) and Bn(k). Although there is so far no general statement
describing how rational solutions transform, we will see that the An-type and Bn-type
solutions can be mapped to trigonometric solutions.

2.5.2 Trigonometric solutions

The solutions discussed in this section all contain trilogarithmic as well as cubic terms.
We will write them in terms of the function

f(z) =
1

6
z3 − 1

4
Li3
(
e−2z

)
. (2.5.7)

The polylogarithm Lin is defined as

Lin(z) =
∞∑
k=1

zk

kn

for |z| < 1 and by analytic continuation elsewhere, so that Li1(z) = − log(1 − z). Its
derivatives have the following property:

dLin (e
u)

du
= Lin−1(e

u).

It is also useful to note the second-order derivative

d2

dz2
(
8f(κz/2)

)
= κ3z + 2κ2 log

(
1− e−κz

)
, (2.5.8)

where κ ∈ C.
We consider solutions F = F trig

A : V ⊕ U → C of the form

F trig
A =

∑
α∈A

cαf (α(x)) +Q(x, y),
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where x ∈ V ∼= Cn, y ∈ U ∼= C, A ⊂ V ∗, Q(x, y) is a cubic polynomial, and cα ∈ C denotes
the multiplicity or deformation parameter associated with each covector. Solutions of
this form for root systems appeared in [45], arising from five-dimensional Seiberg-Witten
theory, and were described in greater detail by Hoevenaars and Martini [35], [36]. In [36],
solutions were obtained for A = R, where R is the root system of a Weyl group and
cα = 1 ∀α ∈ R. Various families of trigonometric solutions have been studied by Pavlov
[49], Riley [52], Bryan and Gholampour [10], and Shen [56]; we will comment on these
shortly. First, let us give a brief summary of work by Feigin and Alkadhem in [24], [2]
which generalises many of these families of solutions.

2.5.2.1 Solutions from trigonometric ∨-systems

Let V be an n-dimensional complex vector space, with a collection of covectors A ⊂ V ∗

belonging to an n-dimensional lattice. The multiplicity function c : A → C gives the
multiplicity cα = c(α) for each covector. We assume that the bilinear form on V given by

G(A,c)(u, v) =
∑
α∈A

cαα(u)α(v),

where u, v ∈ V , is non-degenerate. An additional variable t ∈ U ∼= C is introduced. We
choose a basis e1, . . . , en+1 for V ⊕U and coordinates ξ1, . . . , ξn+1 such that ξ = (ξ1, . . . , ξn)

represents a vector in V and t = ξn+1 represents a vector in U .
We consider the functions F : V ⊕ U → C of the form

F trig
A =

1

3
t3 +

∑
α∈A

cαα(ξ)
2t+ λ

∑
α∈A

cαf (α(ξ)) , (2.5.9)

where λ ∈ C× and f(z) is given by (2.5.7). The matrix η = Fn+1 can then be written

η = 2

(∑
α∈A cαα⊗ α 0

0 1

)
,

where we denote by α ⊗ α the matrix with (i, j)th entry αiαj for α = αie
i. As in the

rational case, we can set MA to be the complement of the hyperplanes defined by the
kernel of α ∈ A. Then the associativity of the multiplication on T (MA ⊕ U), defined
in the standard way via the third-order derivatives of F trig

A , is equivalent to the WDVV
equations being satisfied for F trig

A with metric η = Fn+1. The multiplicative identity
element is given by e = ∂n+1 =

∂
∂t

.
As in the rational case, there exist a set of geometric conditions for A which are

equivalent to F trig
A satisfying the WDVV equations; see [2] for full details. These conditions

include the requirement that A is a trigonometric ∨-system, which we now define. Let
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Aα = {β ∈ A | β = kα for k ∈ C}. Then the complement A \ Aα can be represented as

A \ Aα =
k⊔

i=1

Γi
α,

where k = k(α) ∈ N. Here, the α-strings Γi
α are disjoint collections of covectors such that

if γ ∈ Γi
α, then Γi

α contains all covectors ±γ +mα ∈ A for m ∈ Z.

Definition 2.5.4 [2, Definition 2.7]. The pair (A, c) is a trigonometric ∨-system if∑
β∈Γi

α

cβα (β∨)
(
α(u)β(v)− α(v)β(u)

)
= 0

for all α ∈ A, i ∈ {1, . . . , k(α)}, u, v ∈ V .

Similarly to the rational case, root systems of Weyl groups give rise to a sub-class
of trigonometric ∨-systems. In this case, the scalar λ in (2.5.9) represents a generalised
version of the Coxeter number, as discussed in [2].

Proposition 2.5.5 [2, 24]. Let R be an irreducible root system for Weyl group W , with a
W -invariant multiplicity function c. Then R is a trigonometric ∨-system, and F trig

R given
by (2.5.9) satisfies the WDVV equations.

2.5.2.2 Known families of trigonometric solutions

Hoevenaars and Martini [36] found solutions to the WDVV equations of the form

F (ξ1, . . . , ξn, t) =
γ

6
t3 +

γ

2
t⟨ξ, ξ⟩+ 1

2

∑
α∈R

f (α(ξ)) ,

where ξ = (ξ1, . . . , ξn) ∈ Rn, t ∈ R, ⟨·, ·⟩ is the Euclidean inner product, R is the root
system of a Weyl group, and the parameter γ is fixed for each Weyl group. The value of
γ was found in [36] for root systems of type A, B, C, D, E, and F .

Hoevenaars and Martini also considered trigonometric solutions with a small number
of additional parameters in [35]; of particular relevance is an A-type family, which is dealt
with in its most general form only in the preprint version of [35]. We reproduce here
Theorem 2.1 from the preprint.

Theorem 2.5.6 [35]. Let F = FHM be the function

FHM(y) =
∑

1≤i<j≤n

f (yi − yj) +
a

6

(
n∑

i=1

yi

)3

+
b

2

(
n∑

i=1

yi

)(
n∑

j=1

y2j

)
+
c

6

n∑
i=1

y3i (2.5.10)
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with parameters a, b, c such that nb+c ̸= 0 and na+2b ̸= 0. Then the matrix η =
∑n

k=1 Fk

is constant and nondegenerate, and F satisfies the WDVV equations with respect to η if
and only if the following relation holds:

b3n+ 3b2c− ac2 + an2 + 3bn+ c = 0.

We discuss a generalisation of this result in Chapter 4.
Pavlov obtained (n + 1)-parametric families of trigonometric solutions of An, Bn, Cn

type in [49]. These Bn-, Cn-type solutions were generalised in [2] to a BCn-type solution
of the form (2.5.9). Pavlov’s A-type solutions also seem to be related to solutions found
in [2], up to unresolved typos in [49].

In [51], Riley used the LG superpotentials of Frobenius manifold structures associated
with the extended affine Weyl group of type An to find almost dual prepotentials. As
noted in Example 2.4.25, the almost dual prepotential is a trigonometric solution. In fact,
Riley showed that his solution in the undeformed case is a 2-parametric generalisation
of the A-type solution obtained in [36]. By considering superpotentials restricted to the
discriminant submanifold (that is, precisely the points where the intersection form is de-
generate), Riley obtained an (n+1)-parameter family of An-type trigonometric solutions.
We discuss these in more detail in Chapter 4.

Bryan and Gholampour found Frobenius algebras corresponding to trigonometric solu-
tions for the ADE-type Weyl groups, by studying the quantum cohomology of resolutions
of the ADE singularities C2/G where G is a finite subgroup of SU(2) [10]. In the same
paper, they extended their result to produce a family of Frobenius algebras associated with
arbitrary reduced irreducible root systems of rank n. These Frobenius algebras were recon-
structed in [56], and the corresponding trigonometric solutions to the WDVV equations
were shown to be of the form (2.5.9) in [2].

Shen’s results in [56] produce trigonometric solutions, and their corresponding Frobe-
nius algebra structures, from reduced irreducible root systems with multiplicities and
additional parameters. Shen notes that these Frobenius algebras include those found by
Bryan and Gholampour, and the solutions are, with the exception of his A-type configu-
ration, equivalent to those found in [2]. Shen’s A-type solutions are equivalent to those of
the form (2.5.10); see comments in [56], and the analysis in Chapter 4.

The solutions of the form (2.5.9) found by Alkadhem and Feigin in [2] include a non-
reduced system of BCn-type that produces an (n+ 3)-parameter family of solutions, gen-
eralising earlier results of BCD-type. However, the A-type solutions considered in [56],
[51], [35] contain additional cubic terms as compared to (2.5.9). In the notation of the
previous section, these are “cross-terms” of the general form ξiξjξk for i, j, k ̸= n+ 1.

Example 2.5.7. Let F (x) be the A3 rational solution, as given in Example 2.2.10. Then
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the Legendre transformation S1 maps F to the trigonometric solution given in Example
2.2.11, which may equivalently be written as

F̂ (y) = y31 − y21(y2 + y3) + 3y1(y
2
2 + y23)− 2y1y2y3 −

5

3
y32 −

5

3
y33

+ y2y3(y2 + y3) +
1

2

[
f(2y2) + f(2y3) + f(2y2 − 2y3)

]
.

Due to the cubic terms without y1 (which here has the same role as t in (2.5.9)), this
solution is not part of the family described by (2.5.9) for the A2 case. However, it can be
written in the form (2.5.10).



Chapter 3

Legendre fields in two dimensions

In this chapter, we consider arbitrary Legendre fields for each of the six 2-dimensional
Frobenius manifolds listed in Example 2.3.4. We solve the Legendre field condition (2.4.5)
for homogeneous Legendre fields in all six cases. In addition, we find twisted Legendre fields
for the almost dual prepotential on C2/A2; that is for the almost dual Frobenius manifold
to (2.3.5) when k = 4. Throughout this chapter, subscripts are used to represent the
contravariant components — denoted elsewhere in the thesis as ti — of a given coordinate
system t. The only exception to this is in Section 3.5, where we briefly discuss the Legendre
field condition in canonical coordinates for semisimple Frobenius manifolds.

3.1 Legendre fields and their potentials

We discuss here some considerations which are common to five out of the six Frobenius
manifolds. The Frobenius manifold described by (2.3.6) differs from the other five, in that
its metric is diagonal instead of anti-diagonal. We treat this case separately.

Let F (t1, t2) be the prepotential for one of the 2D Frobenius manifolds described by
(2.3.1)–(2.3.5). Then the metric is given by

η(t) =

(
0 1

1 0

)

and we denote by ∇ the Levi-Civita connection for η. An arbitrary Legendre field

δ = u∂1 + v∂2

satisfies the Legendre field condition

∇Xδ = X ◦ ∇eδ (3.1.1)

64
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for all vector fields X = x∂1 + y∂2, where u = u (t1, t2), v = v (t1, t2), x = x (t1, t2),
y = y (t1, t2) are some functions. We require throughout that δ ̸= 0.

Recall from Example 2.3.4 that the multiplication ◦ is defined as

∂i ◦ ∂j =


∂1 i = j = 1;

∂2 i ̸= j;

c222∂1 i = j = 2;

(3.1.2)

where c222 = F222 depends on each Frobenius manifold. If we calculate each side of (3.1.1),
we obtain

∇Xδ = x∂1(u)∂1 + y∂2(u)∂1 + x∂1(v)∂2 + y∂2(v)∂2 (3.1.3)

and

X ◦ ∇eδ = (x∂1 + y∂2) ◦ (∂1(u)∂1 + ∂1(v)∂2)

= x∂1(u)∂1 + x∂1(v)∂2 + y∂1(u)∂2 + c222y∂1(v)∂1,

where we have used the multiplication given in (3.1.2). Considering the ∂1 and ∂2 compo-
nents of condition (3.1.1) separately, we obtain the two differential equations

∂u

∂t2
= c222

∂v

∂t1
, (3.1.4)

∂u

∂t1
=
∂v

∂t2
. (3.1.5)

We can rewrite (3.1.4) in terms of the potential for δ, which is a function h = h(t1, t2)

such that
δ = ηij∂j (h(t1, t2)) ∂i, (3.1.6)

or equivalently, u = ∂2h and v = ∂1h. Then (3.1.4) becomes a second-order PDE for h:

∂2h

∂t22
= c222

∂2h

∂t21
.

Note that h is only defined up to a constant.

3.1.1 Homogeneous Legendre fields

As equations (3.1.4) and (3.1.5) may be very hard to solve in the general case, one can
impose homogeneity on δ to find a smaller set of solutions. In this case, δ satisfies

LEδ = µδ (3.1.7)
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where E is the Euler field and µ ∈ C.
For cases (2.3.1), (2.3.3), (2.3.4), (2.3.5), the Euler field has the same form, namely

E = t1∂1 + αt2∂2 (3.1.8)

for some α ∈ C depending on the Frobenius manifold in question. We therefore find

LEδ = E(δ)− δ(E)

= t1∂1(u)∂1 + t1∂1(v)∂2 + αt2∂2(u)∂1 + αt2∂2(v)∂2 − u∂1 − αv∂2.

Then, the homogeneity condition given by equation (3.1.7) becomes

t1
∂u

∂t1
+ αt2

∂u

∂t2
= (µ+ 1)u, (3.1.9)

and

t1
∂v

∂t1
+ αt2

∂v

∂t2
= (µ+ α) v. (3.1.10)

It follows, by applying the method of characteristics, thatu (t1, t2) = tµ+1
1 A(z),

v (t1, t2) = tµ+α
1 B(z),

(3.1.11)

where A(z), B(z) are functions of z = t−α
1 t2. With these substitutions, the Legendre field

condition (3.1.4), (3.1.5) becomes the two equations

t
2(1−α)
1 A′(z) = c222(µ+ α)B(z)− c222αzB

′(z),

and

B′(z) = (µ+ 1)A(z)− αzA′(z).

In cases (2.3.3), (2.3.4), (2.3.5), these equations can be used to produce a hypergeometric
differential equation for each of the functions A(z) and B(z). In the trivial case, (2.3.1),
equations (3.1.4) and (3.1.5) can be solved directly. In case (2.3.2), the Euler field has
a different form, however, a very similar procedure can be used which also results in
hypergeometric differential equations for A(z) and B(z).
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3.2 Hypergeometric differential equations

We refer to the Digital Library of Mathematical Functions [16] and Erdélyi [23] for the
material in this section. Care must be taken when using standard formulas in the lit-
erature, as we will be considering hypergeometric differential equations with non-generic
parameters.

The hypergeometric differential equation with parameters a, b, c ∈ C is the following
linear second-order ordinary differential equation for a function A(z):

z(1− z)A′′(z) + [c− (a+ b+ 1)z]A′(z)− abA(z) = 0. (3.2.1)

Since this equation has three regular singular points — at z = 0, 1,∞ — special solutions
are considered in the neighbourhoods of each singular point. These solutions are written
in terms of the hypergeometric function.

The (ordinary) hypergeometric function is denoted 2F1 (a, b; c; z) and can be written
as the power series,

2F1 (a, b; c; z) =
∞∑
n=0

(a)n(b)n
(c)n

zn

n!
, (3.2.2)

where (q)n is the (rising) Pochhammer symbol defined by

(q)n =

1 n = 0

q(q + 1) . . . (q + n− 1) n > 0.

When c ̸= 0,−1,−2,−3, . . . , the hypergeometric function is well-defined on |z| < 1 and
is a solution to the hypergeometric differential equation with the same set of parameters.
Note that both the function and the differential equation are symmetric in a and b.

To describe general solutions of the hypergeometric differential equation, we also use
the digamma function. The digamma function is denoted ψ(z) and defined as

ψ(z) =
d
dz

log Γ(z) =
Γ′(z)

Γ(z)
,

where Γ(z) is the gamma function. We will later use the following properties of the
digamma function [23, § 1.7.1]:

ψ(1 + n) =
n∑

k=1

1

k
− γEM (3.2.3)
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if n ∈ N×, where γEM denotes the Euler-Mascheroni constant, and

ψ(1 + z) = ψ(z) +
1

z
, (3.2.4)

for any z ∈ C×.

3.2.1 Solutions around 0

For non-integer c, all solutions of (3.2.1) in the neighbourhood of z = 0 can be given as
linear combinations of (essentially) hypergeometric functions. More precisely, from [16,
15.10.2], we have A(z) = αy1 + βy2 for α, β ∈ C, where

y1 = 2F1 (a, b; c; z) ,

y2 = z1−c
2F1 (a− c+ 1, b− c+ 1; 2− c; z) .

We will need to consider solutions of (3.2.1) when c ∈ Z, which we split into two cases:
(i) c ∈ N×, and (ii) c ∈ Z≤0.

In case (i), the function y1 is well-defined but y2 is either not well-defined (c > 1) or
equal to y1 (c = 1). Let y3 = G (a, b; c; z), where we define

G (a, b; c; z) = 2F1 (a, b; c; z) log(z)−
c−1∑
k=1

(c− 1)!(k − 1)!

(c− k − 1)!(1− a)k(1− b)k
(−z)−k

+
Λ∑

k=0

(a)k(b)k
(c)kk!

Sk(a, b; c)z
k +H (a, b; c; z) , (3.2.5)

and Λ, S, H are given below. Let ã = max (a, b) and b̃ = min (a, b). Then we define

H (a, b; c; z) =



0 a, b /∈ Z<c,

(−1)−a(−a)!
∞∑

k=1−a

(k + a− 1)!(b)k
(c)kk!

zk a ∈ Z≤0, b /∈ Z<c,

(−1)−ã (−ã)!
−b̃∑

k=1−ã

(k + ã− 1)!
(
b̃
)
k

(c)kk!
zk a, b ∈ Z≤0;

(3.2.6)

Sk (a, b; c) =


ψ(a+ k) + ψ(b+ k)− ψ(1 + k)− ψ(c+ k) a, b /∈ Z<c,

ψ(1− a− k) + ψ(b+ k)− ψ(1 + k)− ψ(c+ k) a ∈ Z≤0, b /∈ Z<c,

ψ(1− a− k) + ψ(1− b− k)− ψ(1 + k)− ψ(c+ k) a, b ∈ Z≤0;
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as well as the summation upper limit

Λ =


∞ a, b /∈ Z<c,

−a a ∈ Z≤0, b /∈ Z<c,

−ã a, b ∈ Z≤0.

These formulas combine [16, Equations 15.10.8–15.10.9]. Note that if a /∈ Z<c and b ∈ Z≤0

then solution y3 can be written as y3 = G (b, a; c; z). The general solution to (3.2.1) around
z = 0 is A(z) = αy1+βy3, α, β ∈ C, with exceptions when a or b ∈ N×

<c. These exceptions
correspond to degenerate cases dealt with in [23, § 2.2], which are not covered by the above
considerations.

In case (ii), y2 is well-defined while y1 is not. A second solution is then given by
y4 = z1−cG(a + 1 − c, b + 1 − c; 2 − c; z), so that the general solution around z = 0 is
A(z) = αy2 + βy4, α, β ∈ C.

3.2.2 Solutions around the other singular points

The solutions to equation (3.2.1) around 1 (respectively, ∞) can be found by transforming
the equation under coordinate shift z1 = 1−z (respectively, z∞ = 1

z
) and solving it around

z1 = 0 for the function A1(z1) = A(z) (respectively, solving around z∞ = 0 for A∞(z∞) =

A(z)). Since (3.2.1) remains a hypergeometric equation under these transformations, the
formulas in §3.2.1 can be used to solve for A1(z1) and A∞(z∞).

3.3 Legendre fields for Frobenius manifolds

We now analyse the Legendre field equations for each of the 2D Frobenius manifolds
(2.3.1)–(2.3.6) in Sections 3.3.1–3.3.6, labelled Cases 1–6 respectively. In Cases 2, 4, and 5,
corresponding to Frobenius manifolds (2.3.2), (2.3.4), and (2.3.5) respectively, solutions to
the hypergeometric differential equations associated with homogeneous Legendre fields are
only found around the singular point 0. In Case 3, corresponding to (2.3.3), solutions are
found around all three singular points and the monodromy of these solutions is discussed.

3.3.1 Case 1

The trivial 2D Frobenius manifold has prepotential F given by

F (t1, t2) =
1

2
t21t2 (3.3.1)
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and Euler field
E = t1∂1.

To complete the description of the multiplication given by (3.1.2), we see that c222 = 0.
We consider an arbitrary Legendre field δ with potential h, so that

δ = u(t1, t2)∂1 + v(t1, t2)∂2 = ∂2(h)∂1 + ∂1(h)∂2. (3.3.2)

Condition (3.1.4) then becomes
∂u

∂t2
= 0. (3.3.3)

Theorem 3.3.1. A Legendre field δ, as in (3.3.2), has a potential h of the form

h (t1, t2) = t2h1 (t1) + h2 (t1) , (3.3.4)

where h1 and h2 are some functions of t1. The field has components

u (t1) = h1 (t1) ,

v (t1, t2) = t2h
′
1(t1) + h′2 (t1) .

Proof. By (3.3.3), we have u = h1(t1). By definition of the potential as in (3.1.6), we
also have u = ∂2 (h) and v = ∂1(h). Integrating the expression ∂2 (h) = h1(t1), we obtain
formula (3.3.4). Substituting (3.3.4) into v = ∂1(h) produces the formula for v.

3.3.1.1 Homogeneous Legendre fields

We now consider the case when δ in (3.3.2) is homogeneous of degree µ ∈ C.

Theorem 3.3.2. Let δ given by (3.3.2) be an arbitrary homogeneous Legendre field of
degree µ. Then its potential is

h (t1, t2) = tµ+1
1 (c1t2 + c2)

and its components are given by

u (t1) = c1t
µ+1
1 ,

v (t1, t2) = (µ+ 1)tµ1 (c1t2 + c2) ,

where c1, c2 ∈ C are free parameters.
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Proof. Imposing homogeneity on δ via (3.1.9), (3.1.10) produces the equations

t1u
′ (t1) = (µ+ 1)u (t1) , (3.3.5)

t1
∂v (t1, t2)

∂t1
= µv (t1, t2) . (3.3.6)

Equation (3.3.5) gives u = c1t
µ+1
1 . By Theorem 3.3.1, we have the general form of h, with

h1 = u, along with
v = c1(µ+ 1)tµ1 t2 + h′2(t1) (3.3.7)

for some function h2(t1). The substitution of (3.3.7) into (3.3.6) gives

t1h
′′
2(t1) = µh′2(t1),

which can be solved for
h2 (t1) = c2t

µ+1
1 .

3.3.2 Case 2

The Frobenius manifold with prepotential given by

F (t1, t2) =
1

2
t21t2 + e

2
r
t2 (3.3.8)

has Euler field
E = t1∂1 + r∂2,

and
c222 =

8

r3
e

2
r
t2 .

Condition (3.1.4) applied to δ = u∂1 + v∂2 then becomes

∂u

∂t2
=

8

r3
e

2
r
t2
∂v

∂t1
. (3.3.9)

3.3.2.1 Homogeneous Legendre fields

Note that the following results partially reproduce and expand on Example 4.2 in [59],
which deals with the case r = 2.

Let us impose homogeneity on δ. The homogeneity condition (3.1.7) produces the
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equations

t1
∂u

∂t1
+ r

∂u

∂t2
= (µ+ 1)u,

t1
∂v

∂t1
+ r

∂v

∂t2
= µv.

Using the method of characteristics, we get

u (t1, t2) = tµ+1
1 U(ω),

v (t1, t2) = tµ1V (ω),
(3.3.10)

where ω = 8
r
t−2
1 e

2
r
t2 and U(ω), V (ω) are some functions. With these substitutions, the

Legendre field condition given by (3.1.5) and (3.3.9) becomes the two ordinary differential
equations,

U ′(ω) =
µ

2r
V (ω)− ω

r
V ′(ω), (3.3.11)

V ′(ω) =
(µ+ 1)r

2ω
U(ω)− rU ′(ω). (3.3.12)

Theorem 3.3.3. Let δ = u∂1 + v∂2, with u, v given by (3.3.10), be an arbitrary homoge-
neous Legendre field of degree µ. Then U(ω) satisfies

ω(1− ω)U ′′(ω) +
2µ− 1

2
ωU ′(ω)− µ(µ+ 1)

4
U(ω) = 0, (3.3.13)

and V (ω) satisfies

ω(1− ω)V ′′(ω) +

(
1 +

2µ− 3

2
ω

)
V ′(ω)− µ(µ− 1)

4
V (ω) = 0. (3.3.14)

Proof. Differentiating (3.3.11) and (3.3.12) with respect to ω produces

U ′′(ω) =
µ− 2

2r
V ′(ω)− ω

r
V ′′(ω), (3.3.15)

V ′′(ω) = −(µ+ 1)r

2ω2
U(ω) +

(µ+ 1)r

2ω
U ′(ω)− rU ′′(ω). (3.3.16)

Equations (3.3.12) and (3.3.16) can be used to eliminate V in (3.3.15) and produce the
hypergeometric equation (3.3.13). Similarly, U can be eliminated from (3.3.16) to produce
(3.3.14).

Equations (3.3.13) and (3.3.14) are instances of the hypergeometric equation (3.2.1)
with (a, b, c, z) =

(
−µ

2
,−µ+1

2
, 0, ω

)
and (a, b, c, z) =

(
−µ

2
, 1−µ

2
, 1, ω

)
, respectively. All ho-

mogeneous Legendre fields for F can be described in terms of solutions to (3.3.13) and
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(3.3.14). We now find solutions around ω = 0 for general µ /∈ {1, 0,−1}; these solutions
are divided into two cases depending on whether µ /∈ N or µ ∈ N.

Theorem 3.3.4. Let δ = u∂1+v∂2, with u, v given by (3.3.10), be a homogeneous Legendre
field of degree µ /∈ N ∪ {−1}. Then U = c1y1 + c2y2 and V = 2r

µ
(c1y3 + c2y4) in the

neighbourhood of ω = 0, where

y1(ω) = ω 2F1

(
2− µ

2
,
1− µ

2
; 2;ω

)
,

y2(ω) = y1(ω) logω +
4

µ(µ+ 1)
+

∞∑
k−0

(
2−µ
2

)
k

(
1−µ
2

)
k

(k − 1)!k!
ωk+1×[

ψ

(
2− µ

2
+ k

)
+ ψ

(
1− µ

2
+ k

)
− ψ (1 + k)− ψ (2 + k)

]
,

y3(ω) = 2F1

(
−µ
2
,
1− µ

2
; 1;ω

)
,

y4(ω) = y3(ω) logω +
∞∑
k=0

(
−µ

2

)
k

(
1−µ
2

)
k

(k!)2
ωk

[
ψ
(
k − µ

2

)
+ ψ

(
1− µ

2
+ k

)
− 2ψ(1 + k)

]
,

and c1, c2 ∈ C are free parameters.

Proof. To solve (3.3.13), we refer to case (ii) in § 3.2.1, since c = 0. A first solution is given
by y1 = ω 2F1

(
2−µ
2
, 1−µ

2
; 2;ω

)
and a second solution is y2 = ωG

(
2−µ
2
, 1−µ

2
; 2;ω

)
where the

function G is defined in (3.2.5). We have µ /∈ N ∪ {−1}, so 2−µ
2
, 1−µ

2
̸= 1, 0,−1, . . . , and

the correction term H
(
2−µ
2
, 1−µ

2
; 2;ω

)
given in (3.2.6) is equal to zero.

For (3.3.14), we have c = 1 so case (i) in § 3.2.1 is applicable. A first solution is
then y3 = 2F1

(
−µ

2
, 1−µ

2
; 1;ω

)
and a second solution is y4 = G

(
−µ

2
, 1−µ

2
; 1;ω

)
. Since

µ /∈ N∪{−1}, we have −µ
2
, 1−µ

2
̸= 0,−1,−2, . . . , and the correction term H

(
−µ

2
, 1−µ

2
; 1;ω

)
is again equal to zero.

We get that U(ω) = c1y1 + c2y2 and V (ω) = c3y3 + c4y4 for y1, y2, y3, y4 as above and
some c1, c2, c3, c4 ∈ C. Let us now relate these constants by using (3.3.11) to compare
similar terms in the series expansions with respect to ω on both sides of the equation.
First, we consider terms of the form logω arising in (3.3.11). Using the definition of the
hypergeometric function, (3.2.2), and noting that no terms of the form α logω, α ∈ C, can
appear in the expansion of ωV ′(ω), we find

c2 logω + g1(ω) =
µc4
2r

logω + g2(ω)

where the gi(ω) are analytic at ω = 0, which implies that

c4 =
2r

µ
c2. (3.3.17)
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Next, we consider the constant terms arising on both sides of (3.3.11). Note that the
constant terms in U ′(ω) are produced by the linear and ω logω terms in U(ω). We have

U ′(ω) = c1 + c2f(µ) + h1(ω), (3.3.18)

where
f(µ) = 1 + ψ

(
2− µ

2

)
+ ψ

(
1− µ

2

)
− ψ (1)− ψ (2) , (3.3.19)

and hi(ω) are linear combinations of terms of the form ωk, k ≥ 1, and ωl logω, l ≥ 0. We
also have

ωV ′(ω) = c4 + h2(ω), (3.3.20)

and

V (ω) = c3 + c4

[
ψ
(
−µ
2

)
+ ψ

(
1− µ

2

)
− 2ψ (1)

]
+ h3(ω)

= c3 + c4

[
f(µ) +

2

µ

]
+ h3(ω), (3.3.21)

where we have used (3.2.4) and (3.3.19) to rewrite the digamma functions. Substituting
(3.3.17), (3.3.18), (3.3.20), and (3.3.21) into (3.3.11) produces

c3 =
2r

µ
c1.

The analogous statement for µ ∈ N is as follows.

Theorem 3.3.5. Let δ = u∂1 + v∂2 with u, v as in (3.3.10) be an arbitrary homogeneous
Legendre field of degree µ ∈ N \ {0, 1}. Define m, l ∈ Z≤0 and p, q /∈ Z such that

(m, p, l, q) =


(
2−µ
2
, 1−µ

2
,−µ

2
, 1−µ

2

)
if µ is even(

1−µ
2
, 2−µ

2
, 1−µ

2
,−µ

2

)
if µ is odd.
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Then, U = c1y1 + c2y2 and V = 2r
µ
(c1y3 + c2y4) in the neighbourhood of ω = 0, where

y1(ω) = ω2F1 (m, p; 2;ω) ,

y2(ω) = y1(ω) logω +
4

µ(µ+ 1)
+ (−1)−m(−m)!

∞∑
k=1−m

(k +m− 1)!(p)k
(k − 1)!k!

ωk+1

+
−m∑
k−0

(m)k (p)k
(k − 1)!k!

ωk+1 [ψ (1−m− k) + ψ (p+ k)− ψ (1 + k)− ψ (2 + k)] ,

y3(ω) = 2F1 (l, q; 1;ω) ,

y4(ω) = y3(ω) logω + (−1)−l(−l)!
∞∑

k=1−l

(k + l − 1)!(q)k

(k!)2
ωk

+
−l∑
k−0

(l)k (q)k
(k!)2

ωk [ψ (1− l − k) + ψ (q + k)− 2ψ (1 + k)] ,

and c1, c2 ∈ C are free parameters.

Proof. We use § 3.2.1 to find the following solutions. To solve (3.3.13), we use case (ii)
and find y1 = ω 2F1

(
2−µ
2
, 1−µ

2
; 2;ω

)
. Note that {a+1, b+1} =

{
2−µ
2
, 1−µ

2

}
= {m, p} where

m ∈ Z≤0, p /∈ Z. Hence, y2 = ωG (m, p; 2;ω), and we get U(ω) = c1y1+ c2y2 for c1, c2 ∈ C.
Similarly, using case (i) to solve (3.3.14) leads to y3 = 2F1

(
−µ

2
, 1−µ

2
; 1;ω

)
and y4 =

G (l, q; 1;ω) where
{
−µ

2
, 1−µ

2

}
= {l, q} with l ∈ Z≤0, q /∈ Z. We have V (ω) = c3y3 + c4y4

for c3, c4 ∈ C.
Using the same method as in the proof of Theorem 3.3.4, we find

c3 =
2r

µ
c1 and c4 =

2r

µ
c2.

We now deal with the three values of µ excluded in Theorems 3.3.4 and 3.3.5: namely
µ ∈ {−1, 0, 1}. For these values, the last term in one or both of (3.3.13), (3.3.14) vanishes.
We find the solutions U(ω), V (ω) as well as the components and potential of the Legendre
field in these cases.

Theorem 3.3.6. Let δ = u∂1+v∂2, with u, v given by (3.3.10), be a homogeneous Legendre
field of degree µ ∈ {−1, 0, 1}. Then the components u and v of δ are given in Table 3.1,
where

s =

√
1− 8

rt21
e

2
r
t2

and c1, c2 ∈ C. The potentials h such that u = ∂2(h) and v = ∂1(h) are given in Table 3.2.

Proof. Case 1: µ = −1.
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Table 3.1: Components of a homogeneous Legendre field in Case 2.

Degree µ First component u Second component v

−1
c1
s
+ c2 −c1r

t1s
0 c1t1s −c1rarctanh(s)

1
c1
2r

(
t21s−

8

r
e

2
r
t2arctanh(s)

)
+

4c2
r2
e

2
r
t2 c1t1

(
s− arctanh(s)

)
+ c2t1

Components u = u(t1, t2), v = v(t1, t2) for a Legendre field δ = u∂1 + v∂2 of degree µ, with
c1, c2 ∈ C.

Table 3.2: Potential function of a homogeneous Legendre field in Case 2.

Degree µ Potential h

−1 −c1rarctanh(s) + c2t2

0 c1rt1
(
s− arctanh(s)

)
1

c1
4

(
3t21s− 2

(
t21 +

4

r
e

2
r
t2

)
arctanh(s)

)
+
c2
2

(
t21 +

4

r
e

2
r
t2

)
Potential h = h(t1, t2) for a Legendre field δ of degree µ. Constants c1, c2 ∈ C are as in Table 3.1.

Equation (3.3.13) becomes

2ω(ω − 1)U ′′(ω) + 3ωU ′(ω) = 0.

Substituting Y (ω) = U ′(ω), we can rearrange this to get∫
Y ′(ω)

Y (ω)
dω =

3

2

∫
1

1− ω
dω

which has the solution
Y (ω) =

c1
(1− ω)3/2

,

with c1 ∈ C. After rescaling the constant c1, this gives us

U(ω) =
c1√
1− ω

+ c2,

for c1, c2 ∈ C. Substituting U(ω) into (3.3.11), (3.3.12) produces

V (ω) = − c1r√
1− ω

.

By definition of U, V in (3.3.10), we have u = U(ω) and v = t−1
1 V (ω) where ω = 8

r
t−2
1 e

2
r
t2 .
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The formulas for u, v, h can then be verified.
Case 2: µ = 0.

Equation (3.3.13) becomes

2ω(ω − 1)U ′′(ω) + ωU ′(ω) = 0.

By the same methods as in the previous case, we find

U(ω) = c1
√
1− ω + c2,

which we substitute into (3.3.12) to obtain

V (ω) = −c1rarctanh
(√

1− ω
)
+
c2r

2
logω.

However, for U, V to satisfy (3.3.11), we must set c2 = 0: so we have

U(ω) = c1
√
1− ω, V (ω) = −c1rarctanh

(√
1− ω

)
.

From the relations in (3.3.10), the given formulas for u, v, h may be verified.
Case 3: µ = 1.

In this case we start with equation (3.3.14), which becomes

2ω(1− ω)V ′′(ω) + (2− ω)V ′(ω) = 0.

Setting Y (ω) = V ′(ω), this produces∫
Y ′(ω)

Y (ω)
dω =

1

2

∫
ω − 2

ω − ω2
dω (3.3.22)

The substitution x = ω − ω2 can be used to integrate the right-hand side (3.3.22) as
follows:

1

2

∫
ω − 2

ω − ω2
dω = −3

4

∫
1

ω − ω2
dω − 1

4

∫
1

x
dx = log

c1
√
1− ω

ω
.

Equation (3.3.22) therefore has the solution

Y (ω) =
c1
√
1− ω

ω
,

which gives us
V (ω) = c1

(√
1− ω − arctanh

(√
1− ω

))
+ c2.
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Substitution into (3.3.11), (3.3.12) produces

U(ω) =
c1
2r

(√
1− ω − ωarctanh

(√
1− ω

))
+
c2
2r
ω.

Once again, the relations given by (3.3.10) can be used to check the formulas provided for
u, v, h.

3.3.3 Case 3

The Frobenius manifold with prepotential

F (t1, t2) =
1

2
t21t2 + log t2 (3.3.23)

has
c222 =

2

t32

and Euler field
E = t1∂1 − 2t2∂2,

that is α = −2. Condition (3.1.4) therefore becomes

∂u

∂t2
=

2

t32

∂v

∂t1
. (3.3.24)

3.3.3.1 Homogeneous Legendre fields

For the homogeneous case, we represent the Legendre field δ as

δ = u(t1, t2)∂1 + v(t1, t2)∂2 = tµ+1
1 U(ω)∂1 + tµ−2

1 V (ω)∂2, (3.3.25)

where ω = 8t−2
1 t−1

2 , µ is the degree of homogeneity, and U, V are related to A,B in (3.1.11)
by U(ω) = A(z) and V (ω) = B(z). The Legendre field condition, given by equations
(3.1.4) and (3.1.5), can then be restated as

U ′(ω) =
2− µ

32
ωV (ω) +

ω2

16
V ′(ω), (3.3.26)

V ′(ω) = −8(µ+ 1)

ω2
U(ω) +

16

ω
U ′(ω). (3.3.27)

Theorem 3.3.7. Let δ given by (3.3.25) be an arbitrary homogeneous Legendre field.
Then U(ω) satisfies

ω(1− ω)U ′′(ω) +

(
2µ− 1

2
ω − 1

)
U ′(ω)− µ(µ+ 1)

4
U(ω) = 0, (3.3.28)
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and V (ω) satisfies

ω(1− ω)V ′′(ω) +

(
2− 7− 2µ

2
ω

)
V ′(ω)− (µ− 2)(µ− 3)

4
V (ω) = 0. (3.3.29)

Proof. Differentiating (3.3.26) and (3.3.27) with respect to ω produces

U ′′(ω) =
2− µ

32
V (ω) +

6− µ

32
ωV ′(ω) +

ω2

16
V ′′(ω), (3.3.30)

V ′′(ω) =
16(µ+ 1)

ω3
U(ω)− 8(µ+ 3)

ω2
U ′(ω) +

16

ω
U ′′(ω). (3.3.31)

Equations (3.3.26), (3.3.27) and (3.3.31) can be used to eliminate V in (3.3.30) and produce
the hypergeometric equation in terms of U , with parameters {a, b} = {−µ

2
,−µ+1

2
}, c = −1.

Similarly, U can be eliminated from (3.3.31) to produce the hypergeometric equation for
V with parameters {a, b} = {2−µ

2
, 3−µ

2
}, c = 2.

Equations (3.3.28) and (3.3.29) are instances of the hypergeometric equation, (3.2.1),
with (a, b, c, z) =

(
−µ

2
,−µ+1

2
,−1, ω

)
and (a, b, c, z) =

(
2−µ
2
, 3−µ

2
, 2, ω

)
respectively. We can

now describe all homogeneous Legendre fields in terms of solutions to equations (3.3.28)
and (3.3.29). We first consider solutions for µ /∈ {−1, 0, 1, 2, 3} in the neighbourhoods of
the singular points ω = 0, 1,∞; these are dealt with in Theorems 3.3.8–3.3.11. In these
cases, we use formulas given by [16, §15.10], as partially reproduced above in §3.2.1.

When µ ∈ {−1, 0, 1, 2, 3}, either the last term vanishes in one of (3.3.28), (3.3.29), or
the resulting parameters {a, b, c} for one or both differential equations correspond to one
of the degenerate cases discussed in [23, §2.2]. We deal with these special cases separately
in Theorem 3.3.14.

We begin by finding solutions around ω = 0 for µ /∈ {−1, 0, 1, 2, 3}. Solutions here
are split into the two cases µ /∈ N and µ ∈ N, dealt with respectively in Theorems 3.3.8
and 3.3.9. The treatment of solutions around 1 and ∞, in Theorems 3.3.10 and 3.3.11
respectively, is more condensed.

Theorem 3.3.8. Let δ given by (3.3.25), with µ /∈ N∪{−1}, be a homogeneous Legendre



CHAPTER 3. LEGENDRE FIELDS IN TWO DIMENSIONS 80

field. Then, U = c1y1 + c2y2 and V = c1y3 + c2y4 in the neighbourhood of ω = 0, where

y1(ω) =
2− µ

64
ω2

2F1

(
4− µ

2
,
3− µ

2
; 3;ω

)
,

y2(ω) = y1(ω) logω +
1

2(µ− 1)

(
1

µ(µ+ 1)
− ω

4

)
+

2− µ

64

∞∑
k=0

(
4−µ
2

)
k

(
3−µ
2

)
k

(3)kk!
ωk+2×[

ψ

(
4− µ

2
+ k

)
+ ψ

(
3− µ

2
+ k

)
− ψ (1 + k)− ψ (3 + k)

]
,

y3(ω) = 2F1

(
2− µ

2
,
3− µ

2
; 2;ω

)
,

y4(ω) = y3(ω) logω +
4

µ(µ− 1)ω
+

∞∑
k−0

(
2−µ
2

)
k

(
3−µ
2

)
k

(k − 1)!k!
ωk×[

ψ

(
2− µ

2
+ k

)
+ ψ

(
3− µ

2
+ k

)
− ψ (1 + k)− ψ (2 + k)

]
,

and c1, c2 ∈ C are free parameters.

Proof. To solve (3.3.28), we refer to case (ii) in § 3.2.1, since c = −1. A first solution is
given by y1 = ω2

2F1

(
4−µ
2
, 3−µ

2
; 3;ω

)
and the second solution is y2 = ω2G

(
4−µ
2
, 3−µ

2
; 3;ω

)
where the function G is defined in (3.2.5). We have µ /∈ N ∪ {−1}, so 4−µ

2
, 3−µ

2
̸=

2, 1, 0,−1, . . . and the correction term given in (3.2.6) is equal to zero.
For (3.3.29), we have c = 2 so case (i) in § 3.2.1 is applicable. A first solution is

then y3 = 2F1

(
2−µ
2
, 3−µ

2
; 2;ω

)
and a second solution is y4 = G

(
2−µ
2
, 3−µ

2
; 2;ω

)
. Since

µ /∈ N ∪ {−1}, we have a, b ̸= 1, 0,−1,−2, . . . , so the correction term H is again equal to
zero.

Writing U(ω) = c1y1 + c2y2 and V (ω) = c3y3 + c4y4 for y1, y2, y3, y4 as above and
arbitrary c1, c2, c3, c4 ∈ C, we can relate these constants by using (3.3.26) to compare
coefficients of terms in the series expansions with respect to ω on both sides of the equation.
First, we consider terms of the form ω logω arising in (3.3.26). Using the definition of the
hypergeometric function, (3.2.2), and noting that no terms of the form ω logω can appear
in the expansion of ω2V ′(ω), we find

2c2ω logω =
2− µ

32
c4ω logω,

equivalently,

c2 =
2− µ

64
c4. (3.3.32)

Next, we consider linear terms in ω arising on both sides of (3.3.26). We have

U ′(ω) =
[
2c1 + c2

(
2f(µ) + 1

)]
ω + nonlinear terms, (3.3.33)
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where we define

f(µ) = ψ

(
4− µ

2

)
+ ψ

(
3− µ

2

)
− ψ (1)− ψ (3) . (3.3.34)

Note that the linear terms in U ′(ω) are produced by the quadratic and ω2 logω terms in
U(ω). We also have

ω2V ′(ω) = c4ω + nonlinear terms,

and

ωV (ω) =

[
c3 + c4

(
ψ

(
2− µ

2

)
+ ψ

(
3− µ

2

)
− ψ (1)− ψ (2)

)]
ω + nonlinear terms

=

[
c3 + c4

(
f(µ)− 2

2− µ
+

1

2

)]
ω + nonlinear terms, (3.3.35)

where we have used (3.2.3), (3.2.4), and (3.3.34) to rewrite the digamma functions. Sub-
stituting (3.3.32), (3.3.33), and (3.3.35) into (3.3.26) produces

c1 =
2− µ

64
c3.

Constants c3 and c4 are renamed and functions y1, y2 are rescaled in the theorem statement.

In the next statement, we deal with most of the remaining values of µ not covered by
Theorem 3.3.8.

Theorem 3.3.9. Let δ given by (3.3.25), with µ ∈ N \ {0, 1, 2, 3}, be a homogeneous
Legendre field. Define m, l ∈ Z≤0 and p, q /∈ Z such that

(m, p, l, q) =


(
4−µ
2
, 3−µ

2
, 2−µ

2
, 3−µ

2

)
if µ is even(

3−µ
2
, 4−µ

2
, 3−µ

2
, 2−µ

2

)
if µ is odd.
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Then, U = c1y1 + c2y2 and V = c1y3 + c2y4 in the neighbourhood of ω = 0, where

y1(ω) =
2− µ

64
ω2

2F1 (m, p; 3;ω) ,

y2(ω) = y1(ω) logω +
1

µ− 1

(
1

µ(µ+ 1)
− ω

8

)
+

2− µ

64

−m∑
k=0

(m)k(p)k
(3)kk!

ωk+2
[
ψ(1−m− k) + ψ(p+ k)− ψ(1 + k)− ψ(3 + k)

]
+

(2− µ)(−1)−m(−m)!

64

∞∑
k=1−m

ωk+2 (k +m− 1)!(p)k
(3)kk!

,

y3(ω) = 2F1 (l, q; 2;ω) ,

y4(ω) = y3(ω) logω +
4

µ(µ− 1)ω
+ (−1)−l(−l)!

∞∑
k=1−l

ωk (k + l − 1)!(q)k
(k − 1)!k!

+
−l∑
k−0

(l)k(q)k
(k − 1)!k!

ωk
[
ψ(1− l − k) + ψ(q + k)− ψ(1 + k)− ψ(2 + k)

]
,

and c1, c2 ∈ C are free parameters.

Proof. We use § 3.2.1 to find the following solutions. To solve (3.3.28), we use case (ii)
and find y1 = ω2

2F1

(
4−µ
2
, 3−µ

2
; 3;ω

)
as before. Since µ = 4, 5, 6, 7, . . . and {a+2, b+2} ={

4−µ
2
, 3−µ

2

}
, we always have

{
4−µ
2
, 3−µ

2

}
= {m, p} for some m ∈ Z≤0, p /∈ Z. Thus,

y2 = ω2G (m, p; 3;ω), and we write U(ω) = c1y1 + c2y2 for c1, c2 ∈ C.
Similarly, using case (i) to solve (3.3.29) leads to y3 = 2F1

(
2−µ
2
, 3−µ

2
; 2;ω

)
and y4 =

G (l, q; 2;ω) where
{

2−µ
2
, 3−µ

2

}
= {l, q} for some l ∈ Z≤0, q /∈ Z. We have V (ω) = c3y3+c4y4

for c3, c4 ∈ C.
Using the same methods as in the proof of Theorem 3.3.8, we find

c1 =
2− µ

64
c3 and c2 =

2− µ

64
c4.

Constants c3 and c4 are renamed and functions y1, y2 are rescaled in the theorem statement.

We now consider the solutions to (3.3.28) and (3.3.29) in the neighbourhoods of the
singular points 1 and ∞. Around ω = 1, we have three cases: µ is not a half-integer, µ is
a half-integer less than or equal to 1/2, and µ is a half-integer greater than 1/2.

Theorem 3.3.10. Let δ given by (3.3.25) be a homogeneous Legendre field of degree
µ /∈ {−1, 0, 1, 2, 3}. Then, the formulas for U , V in the neighbourhood of ω = 1 are as
follows, with c(1)1 , c

(1)
2 ∈ C and G defined by (3.2.5).
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Case 1: µ ̸= 2k+1
2

for k ∈ Z.

U(ω) = c
(1)
1 2F1

(
−µ
2
,−µ+ 1

2
;
3− 2µ

2
; 1− ω

)
+ c

(1)
2 (1− ω)

2µ−1
2 2F1

(
µ− 2

2
,
µ− 1

2
;
2µ+ 1

2
; 1− ω

)
,

V (ω) =
16c

(1)
1 (µ+ 1)

2− µ
2F1

(
2− µ

2
,
3− µ

2
;
3− 2µ

2
; 1− ω

)
+ 16c

(1)
2 (1− ω)

2µ−1
2 2F1

(
µ+ 1

2
,
µ+ 2

2
;
2µ+ 1

2
; 1− ω

)
.

Case 2: µ = 2k+1
2

for k ∈ Z≤0.

U(ω) = c
(1)
1 2F1

(
−µ
2
,−µ+ 1

2
;
3− 2µ

2
; 1− ω

)
+ c

(1)
2 G

(
−µ
2
,−µ+ 1

2
;
3− 2µ

2
; 1− ω

)
,

V (ω) =
16c

(1)
1 (µ+ 1)

2− µ
2F1

(
2− µ

2
,
3− µ

2
;
3− 2µ

2
; 1− ω

)
+

16c
(1)
2 (µ+ 1)

2− µ
G

(
2− µ

2
,
3− µ

2
;
3− 2µ

2
; 1− ω

)
.

Case 3: µ = 2k+1
2

for k ∈ N×.

U(ω) = c
(1)
1 (1− ω)

2µ−1
2 2F1

(
µ− 2

2
,
µ− 1

2
;
2µ+ 1

2
; 1− ω

)
+ c

(1)
2 (1− ω)

2µ−1
2 G

(
µ− 2

2
,
µ− 1

2
;
2µ+ 1

2
; 1− ω

)
,

V (ω) =
16c

(1)
1 (µ+ 1)

2− µ
(1− ω)

2µ−1
2 2F1

(
µ+ 1

2
,
µ+ 2

2
;
2µ+ 1

2
; 1− ω

)
+

16c
(1)
2 (µ+ 1)

2− µ
(1− ω)

2µ−1
2 G

(
µ+ 1

2
,
µ+ 2

2
;
2µ+ 1

2
; 1− ω

)
.

Proof. We define the coordinate shift ω1 = 1 − ω, with U(ω) = U1(ω1) and V (ω) =

V1(ω1). Under this transformation, equation (3.3.28) becomes a hypergeometric differ-
ential equation for U1(ω1) with parameters (a, b, c, z) =

(
−µ

2
,−µ+1

2
, 3−2µ

2
, ω1

)
, and equa-

tion (3.3.29) becomes a hypergeometric differential equation for V1(ω1) with (a, b, c, z) =(
2−µ
2
, 3−µ

2
, 3−2µ

2
, ω1

)
. We may now solve both equations around ω1 = 0 using the formulas

in § 3.2.1, before rewriting them in terms of ω. Since c = 3−2µ
2

for both equations, the
solutions for each can be split into the same three cases dependent on the value of µ.

To relate the constants in the general solutions for U and V , it is simplest to work in ω1

and rewrite equations (3.3.26) and (3.3.27) in this variable. Respectively, these equations
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become

U ′
1(ω1) =

µ− 2

32
(1− ω1)V1(ω1) +

(1− ω1)
2

16
V ′
1(ω1),

(1− ω1)
2V ′

1(ω1) = 8(µ+ 1)U1(ω1) + 16(1− ω1)U
′
1(ω1).

Using the same methods as in the proof of Theorem 3.3.8 produces the required statements.

Finally, the solutions to (3.3.28) and (3.3.29) around ∞ can be written with one ex-
pression for all µ.

Theorem 3.3.11. Let δ be as in (3.3.25), with µ /∈ {−1, 0, 1, 2, 3}. Then, the formulas
for U(ω), V (ω) in the neighbourhood of ω = ∞ are as follows, with c(∞)

1 , c
(∞)
2 ∈ C.

U(ω) = c
(∞)
1 ω

µ
2 2F1

(
−µ
2
,
4− µ

2
;
3

2
;
1

ω

)
+ c

(∞)
2 ω

µ+1
2 2F1

(
−µ+ 1

2
,
3− µ

2
;
1

2
;
1

ω

)
,

V (ω) =
16c

(∞)
1

2− µ
ω

µ−2
2 2F1

(
2− µ

2
,−µ

2
;
1

2
;
1

ω

)
− 16c

(∞)
2 (µ+ 1)ω

µ−3
2 2F1

(
3− µ

2
,
1− µ

2
;
3

2
;
1

ω

)
.

Proof. We may either transform equations (3.3.28) and (3.3.29) with ω∞ = ω−1, U(ω) =
U∞(ω∞), V (ω) = V∞(ω∞) and solve the resulting equations around ω∞ = 0 using § 3.2.1;
or, we can refer to [16, formulas 15.10.6 and 15.10.7]. Either way, we obtain the general
solutions

U(ω) = c1ω
µ
2 2F1

(
−µ
2
,
4− µ

2
;
3

2
;
1

ω

)
+ c2ω

µ+1
2 2F1

(
−µ+ 1

2
,
3− µ

2
;
1

2
;
1

ω

)
,

V (ω) = c3ω
µ−2
2 2F1

(
2− µ

2
,−µ

2
;
1

2
;
1

ω

)
+ c4ω

µ−3
2 2F1

(
3− µ

2
,
1− µ

2
;
3

2
;
1

ω

)
,

for any µ /∈ {−1, 0, 1, 2, 3}.
We use the expansion of (3.3.26) and (3.3.27) in ω to relate c1, c2, c3, c4 by the same

methods as in the proof of Theorem 3.3.8. In particular, comparing terms of degree µ
2

in
(3.3.27), recalling that by definition µ ̸= 0, 2, produces

c3 =
16

2− µ
c1.

Comparing terms of degree µ−1
2

in (3.3.26), given µ ̸= −1, 3, produces

c4 = −16(µ+ 1)c2.

We rewrite c1 = c
(∞)
1 , c2 = c

(∞)
2 in the theorem statement.
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We now consider the monodromy of these solutions for all µ /∈ {−1, 0, 1, 2, 3}. Since
V is similar in structure to U around all the singular points, and in all cases, it has the
same monodromy as U . In the following, we let

U(ω) = c
(i)
1 y

(i)
1 (ω) + c

(i)
2 y

(i)
2 (ω),

V (ω) = c
(i)
1 y

(i)
3 (ω) + c

(i)
2 y

(i)
4 (ω)

(3.3.36)

denote solutions to (3.3.28), (3.3.29) respectively, around the singular point i. We set
c
(0)
j = cj and y(0)j = yj.

Corollary 3.3.12. We have U , V as in (3.3.36) given by Theorems 3.3.8 – 3.3.11. The
monodromy matrices for U , with basis y(i)1 , y(i)2 , and V , with basis y(i)3 , y(i)4 , around 0, 1,
∞ are denoted by M0, M1, M∞ respectively. The matrices are as follows:

M0 =

(
1 0

2πi 1

)
;

M1 =



 1 0

2πi 1

 if µ is a half-integer,

1 0

0 −e2πiµ

 if µ is not a half-integer;

M∞ =



e−πiµ 0

0 −eπiµ

 if µ is not an integer,

1 0

0 −1

 if µ is even,

−1 0

0 1

 if µ is odd.

Proof. We wish to write M0 such that

(
y1(ω)

y2(ω)

)
7→M0

(
y1(ω)

y2(ω)

)
under the transformation

ω 7→ eϕiω as ϕ completes a single period, going from 0 to 2π. Although the expressions
for U are split into two cases around ω = 0 (given in Theorems 3.3.8 and 3.3.9), in
both cases we have that y1 consists entirely of analytic terms and y2 has the form of
log(ω) × analytic terms + analytic terms. This leads to the stated expression for M0. It
can also be easily verified that the same is true with V , y3, y4 replacing U , y1, y2.

To find M1, we consider the monodromy around ω1 = 1 − ω = 0 for the formulas
given in Theorem 3.3.10. If µ is not a half-integer (Case 1 in Theorem 3.3.10), we have
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that y(1)1 consists entirely of analytic terms and y(1)2 has the form ω
2µ−1

2
1 × analytic terms+

analytic terms. Meanwhile, if µ is a half-integer (Cases 2 and 3 in Theorem 3.3.10), y(1)1

again is analytic while y(1)2 has the form log(ω1)× analytic terms + analytic terms.
For M∞, we consider the monodromy around ω∞ = ω−1 = 0 using the formulas in

Theorem 3.3.11. Here, y(∞)
1 has the form ω

−µ
2∞ × analytic terms+ analytic terms and y(∞)

2

has the form ω
−µ+1

2∞ × analytic terms + analytic terms.

It is desirable to be able to express the solutions around the different singular points
in relation to each other (over appropriate domains). Such connection formulas are read-
ily available in the literature for the “generic” solutions of a hypergeometric differential
equation, i.e. where c is non-integer; for example, see [16, § 15.10(ii)]. However, we
are concerned with special values of c where solutions include correction terms. We re-
fer to Haraoka [30] for a complete set of connection relations between solutions1 in all
cases, including “non-generic” parameters. These relations also allow the free parameters
c1, c2, c

(1)
1 , c

(1)
2 c

(∞)
1 , c

(∞)
2 to be related to each other.

Example 3.3.13 Relating solutions and monodromy around ω = 0, ω = 1 for specific µ.
For the purposes of this example, we only consider solutions to equation (3.3.28), which
has parameters a = −µ

2
, b = −µ+1

2
, c = −1. We take µ /∈ N and µ /∈ Z + 1

2
so that

the solution to (3.3.28) around ω = 0, denoted U0(ω), is given by Theorem 3.3.8 and the
solution around ω = 1, denoted U1(ω), is given by Case 1 in Theorem 3.3.10. Using the
notation in [30], we rewrite these solutions as

U0(ω) = c1y2 + c2

(
ŷ1 +

(
ψ(a+ 1− c) + ψ(b+ 1− c)− ψ(1)− ψ(2− c)

)
y2

)
,

U1(ω) = c
(1)
1 y3 + c

(1)
2 y4,

where functions y2, ŷ1, y3, y4 are given by [30, formulas (3.3), (3.13), (3.4), (3.5)] respec-
tively and c1, c2, c

(1)
1 , c

(1)
2 are as written in Theorems 3.3.8 and 3.3.10. We define

ỹ1 = ŷ1 +
(
ψ(a+ 1− c) + ψ(b+ 1− c)− ψ(1)− ψ(2− c)

)
y2

so that the solution U0 = c1y2 + c2ỹ1.
By [30, Theorem 4.1, Case (ii-2)], we have the relations

y2 = γ1y3 + γ2y4, (3.3.37)

ỹ1 = γ1βy3, (3.3.38)

1Some of the solutions given in [30] are expressed in terms of different bases of fundamental solutions
to those defined in § 3.2.1. However, they are equivalent to the solutions given here.
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with constants

γ1 =
Γ(2− c)Γ(c− a− b)

Γ(1− a)Γ(1− b)

=
Γ(3)Γ

(
2µ−1
2

)
Γ
(
µ+2
2

)
Γ
(
µ+3
2

) ,
γ2 =

Γ(2− c)Γ(a+ b− c)

Γ(a+ 1− c)Γ(b+ 1− c)

=
Γ(3)Γ

(
1−2µ
2

)
Γ
(
4−µ
2

)
Γ
(
3−µ
2

) ,
β = ψ(a+ 1− c)− ψ(c− a) + ψ(b+ 1− c)− ψ(c− b)

= ψ

(
4− µ

2

)
− ψ

(
µ− 2

2

)
+ ψ

(
3− µ

2

)
− ψ

(
µ− 1

2

)
.

These relations hold in the domain C \
(
(−∞, 0]∪ [1,∞)

)
. Here, Γ(z) denotes the gamma

function. When µ /∈ Z, we can further simplify β as follows:

β = −π
(
cot(πa) + cot(πb)

)
= 2πcot(µπ).

For this, we use the property of the digamma function, given in [23, § 1.7], that

ψ(1− z)− ψ(z) = πcot(πz),

as well as standard trigonometric identities.
From equations (3.3.37) and (3.3.38), we can define transformation matrices

T01 =

(
γ1 γ2

γ1β 0

)
,

T10 = T−1
01 =

(
0 1

γ1β
1
γ2

− 1
γ2β

)

such that

(
y2

ỹ1

)
= T01

(
y3

y4

)
and

(
y3

y4

)
= T10

(
y2

ỹ1

)
in the domain C \

(
(−∞, 0]∪ [1,∞)

)
.

We can now refer to Corollary 3.3.12 for the appropriate monodromy matrices M0, M1,
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where analytic continuation around ω = 0 and ω = 1 respectively sends(
y2

ỹ1

)
7→M0

(
y2

ỹ1

)
=M0T01

(
y3

y4

)
,(

y3

y4

)
7→M1

(
y3

y4

)
=M1T10

(
y2

ỹ1

)
.

By composing transformations, we find that the effect of taking the analytic continuation
of U0(ω) around both ω = 0 and ω = 1 can be represented by the matrix

M0T01M1T10 =

(
e−2πiµ 1

β
(1− e−2πiµ)

2πie−2πiµ 2πi
β
(1− e−2πiµ) + 1

)

such that

(
y2

ỹ1

)
7→M0T01M1T10

(
y2

ỹ1

)
.

We now return to the task of finding solutions for equations (3.3.28) and (3.3.29) for
the special cases of µ not covered by the previous discussion — namely µ ∈ {−1, 0, 1, 2, 3}.
In this cases, we also use U , V to find the components and potential of the Legendre field
for each value of µ.

Theorem 3.3.14. Let δ as in (3.3.25) be a Legendre field of degree µ ∈ {−1, 0, 1, 2, 3}.
Then the components u = u(t1, t2) and v = v(t1, t2) of δ are given in Tables 3.3 and 3.4
respectively, where

s =

√
1− 8

t21t2

and c1, c2 ∈ C. The potentials h = h(t1, t2) such that u = ∂2(h) and v = ∂1(h) are given
in Table 3.5.

Proof. We consider the five values of µ successively.
Case 1: µ = −1.

The equation (3.3.28) becomes

2ω(ω − 1)U ′′(ω) + (3ω + 2)U ′(ω) = 0.

Substituting Y (ω) = U ′(ω), we can rearrange this ODE to get∫
Y ′(ω)

Y (ω)
dω =

∫
3ω + 2

2(ω − ω2)
dω. (3.3.39)

The right-hand side of (3.3.39) can be integrated, using the substitution x = ω − ω2, as
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Table 3.3: First component of a homogeneous Legendre field in Case 3.

Degree µ First component u

−1 c1

(
12

t21t2
− 1

)
s−3 + c2

0 c1t1

(
1− 4

t21t2

)
s−1 + c2t1

1 c1

(
t21 −

4

t2

)
+ c2t

2
1s

2 c1t
3
1s

3

3 c1

[
t41
4

(
1− 20

t21t2

)
s+

24

t22
arctanh (s)

]
− c2
t22

First component u = u(t1, t2) of a Legendre field δ = u∂1+ v∂2 of degree µ. Constants c1, c2 ∈ C
are as in Table 3.4.

Table 3.4: Second component of a homogeneous Legendre field in Case 3.

Degree µ Second component v

−1 8c1t
−3
1 s−3

0 c1t2s
−1 + c2t2

1 2c1t1t2 + 2c2t1t2s

2 3c1
(
t21t2s− 8arctanh (s)

)
+ c2

3 c1

[
t31t2

(
1 +

16

t21t2

)
s− 24t1arctanh (s)

]
+ c2t1

Second component v = v(t1, t2) of a Legendre field δ = u∂1+v∂2 of degree µ. Constants c1, c2 ∈ C
are as in Table 3.3.

follows: ∫
3ω + 2

2(ω − ω2)
dω =

7

4

∫
1

ω − ω2
dω − 3

4

∫
1

x
dx = log

c1ω

(1− ω)5/2
.

Thus, (3.3.39) has the solution

Y (ω) =
c1ω

(1− ω)5/2
,

and we obtain
U(ω) =

c1(3ω − 2)

(1− ω)3/2
+ c2.

Since this is a closed-form solution, it is easiest to solve (3.3.26) and (3.3.27) directly for
V (ω). We find

V (ω) =
16c1

(1− ω)3/2
.
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Table 3.5: Potential function of a homogeneous Legendre field in Case 3.

Degree µ Potential h

−1 c2t2 − c1t2s
−1

0 c1t1t2s+ c2t1t2

1 c1
(
t21t2 − 4 log t2

)
+ c2

(
t21t2s− 8arctanh (s)

)
2 c1t1

[ (
t21t2 + 16

)
s− 24arctanh (s)

]
+ c2t1

3 c1

[
t41t2
4

(
1 +

52

t21t2

)
s− 12

(
t21 +

2

t2

)
arctanh (s)

]
+ c2

(
t21
2
+

1

t2

)
Potential h = h(t1, t2) for a Legendre field δ of degree µ. Constants c1, c2 ∈ C are as in Tables
3.3, 3.4.

From (3.3.25), we have u(t1, t2) = U(ω) and v(t1, t2) = t−3
1 V (ω), where ω = 8t−2

1 t−1
2 ,

which (after rescaling c1) lead to the formulas for u(t1, t2) and v(t1, t2) as in the theorem
statement. Finally, the formula for the potential h(t1, t2) can be easily verified using
(3.1.6).

Case 2: µ = 0.
The equation (3.3.28) becomes

2ω(ω − 1)U ′′(ω) + (ω + 2)U ′(ω) = 0.

The same method as used in the case µ = −1 leads to the equation:∫
Y ′(ω)

Y (ω)
dω = log

c1ω

(1− ω)3/2
,

where Y (ω) = U ′(ω). This gives us

U(ω) =
c1(2− ω)√

1− ω
+ c2.

We can either substitute this into (3.3.26), (3.3.27) to find V (ω), or refer to [23, § 2.2.2],
case 17 with m = 0 = l, for the appropriate solution to (3.3.29). Either method produces

V (ω) =
16c1

ω
√
1− ω

+
8c2
ω
.

In this case, (3.3.25) gives us u(t1, t2) = t1U(ω) and v(t1, t2) = t−2
1 V (ω). From these

relations and the definition of the potential h(t1, t2) in (3.1.6), the given formulas can be
verified.

Case 3: µ = 1.
Neither ODE (3.3.28) or (3.3.29) changes in form, but the general formulas given in the-
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orems 3.3.8 and 3.3.9 are not applicable since they result in singularities. We refer to the
degenerate cases dealt with in [23, § 2.2.2]. The solution to (3.3.28) is given in case 12
(ibid) with m = 1 and n = 0 = l, while the solution to (3.3.29) is given in case 17 (ibid)
with m = 0 = l. Both expressions can be written in terms of elementary functions, and
we obtain

U(ω) = c1(2− ω) + c2
√
1− ω

V (ω) =
32c1
ω

+
16c2

√
1− ω

ω
,

where (3.3.26) has been used to relate constants. We have u(t1, t2) = t21U(ω) and v(t1, t2) =
t−1
1 V (ω) from (3.3.25), from which the formulas in the table follow.

Case 4: µ = 2.
The solution to (3.3.28) can be obtained from [23, § 2.2.2], case 12 with m = 1 and
n = 0 = l. We obtain

U(ω) = c1(2− 3ω) + c2(1− ω)3/2. (3.3.40)

The ODE (3.3.29) becomes

ω(1− ω)V ′′(ω) + (2− 3

2
ω)V ′(ω) = 0.

We use the same method as in the case µ = −1 to arrive at the equation

V (ω) =

∫
c3
√
1− ω

ω2
dω.

The substitution x =
√
1− ω, with the standard integral

∫
(1 − x2)−1dx = arctanh(x),

lets us solve this integral for

V (ω) = c3

(√
1− ω

ω
− arctanh

(√
1− ω

))
+ c4.

Equation (3.3.26) can be used to relate this to U(ω) in (3.3.40), leading to

c1 = 0 and c3 = 24c2.

Finally, we use (3.3.25), which gives u(t1, t2) = t31U(ω) and v(t1, t2) = V (ω), and (3.1.6)
to verify the formulas in the statement.

Case 5: µ = 3.
Equation (3.3.29) becomes

ω(1− ω)V ′′(ω) + (2− ω

2
)V ′(ω) = 0,
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which can be solved using the same methods as in the case µ = 2. This produces

V (ω) = c1

(
2ω + 1

ω

√
1− ω − 3arctanh

(√
1− ω

))
+ c2.

To obtain U(ω), note that the formula for U(ω) in Theorem 3.3.9 is applicable, as µ = 3

does not produce singularities. The formula may be written in closed form for this case,
but it is more convenient to find this expression by substituting V into (3.3.26). By doing
this, we find

U ′(ω) =
3c1
32

(
ω arctanh

(√
1− ω

)
−
√
1− ω

)
− c2ω

32
,

hence
U(ω) =

c1
64

(
3ω2 arctanh

(√
1− ω

)
+ (2− 5ω)

√
1− ω

)
− c2ω

2

64
.

We use u(t1, t2) = t41U(ω) and v(t1, t2) = t1V (ω) from (3.3.25), and (3.1.6) to arrive at the
formulas in the statement, where c1 and c2 have been rescaled.

3.3.4 Case 4

Next, we consider the Frobenius manifold with prepotential

F̂ (t̂) =
1

2
t̂21t̂2 + t̂22 log t̂2, (3.3.41)

that is, F̂ is given by (2.3.4) up to a change of notation. For the purposes of this section,
we denote this prepotential as F̂ to distinguish it from the one given by F in (3.3.23).
The corresponding Frobenius manifolds are related by the inversion symmetry, as shown
in Example 2.4.11.

We find
ĉ222 = F̂222 =

2

t̂2
,

and the Euler vector field is
Ê = t̂1∂̂1 + 2t̂2∂̂2,

where we set ∂̂i = ∂
t̂i

. Condition (3.1.4) for the arbitrary Legendre field δ̂ = û∂̂1 + v̂∂̂2

now becomes
∂û

∂t̂2
=

2

t̂2

∂v̂

∂t̂1
. (3.3.42)

3.3.4.1 Inversion relations

We saw in Example 2.4.11 that F̂
(
t̂
)

is related to the Frobenius manifold described by
(3.3.23), referred to as F (t). Under the relations established in this example, the Legendre
fields of F can be used to describe those of F̂ . For brevity, we say that δ is a Legendre
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field for a prepotential F if it is a Legendre field for the Levi-Civita connection of the
Frobenius manifold associated with F .

Recall from Example 2.4.11 that the coordinates t and t̂ are related by

t̂1 = t1, t̂2 =
1

t2
;

∂̂1 = ∂1, ∂̂2 = − (t2)
2 ∂2,

(3.3.43)

where ∂̂i = ∂
∂t̂i

.

Theorem 3.3.15. Let F be the prepotential given by (3.3.23) and F̂ by (3.3.41). There
is a one-to-one correspondence between the Legendre fields of F and those of F̂ , provided
by the following statements.

1. Let δ be a Legendre field for F , with potential h. Then the vector field

δ̂ = t2δ − h∂1 (3.3.44)

is a Legendre field for F̂ , and has potential

ĥ = −t̂2h. (3.3.45)

2. Let δ̂ be a Legendre field for F̂ , with potential ĥ. Then the vector field

δ = t̂2δ̂ − ĥ∂̂1 (3.3.46)

is a Legendre field for F , and has potential

h = −t2ĥ. (3.3.47)

3. If δ̂ is defined by (3.3.44), then

t̂2δ̂ − ĥ∂̂1 = δ.

Proof. Let δ = ∂2(h)∂1 + ∂1(h)∂2 be an arbitrary Legendre field for F . Since δ satisfies
the Legendre field condition for F , its components u = ∂2(h) and v = ∂1(h) satisfy the
differential equations (3.3.24) and (3.1.5). Under the coordinate transformation t 7→ t̂,
these two equations become

2
(
t̂2
)3
∂̂2(h) +

(
t̂2
)4
∂̂2

(
∂̂2(h)

)
= 2

(
t̂2
)3
∂̂1

(
∂̂1(h)

)
, (3.3.48)

∂̂1

(
∂̂2(h)

)
= ∂̂2

(
∂̂1(h)

)
. (3.3.49)
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To show that δ̂ = û∂̂1+ v̂∂̂2 given by (3.3.44) is a Legendre field for F̂ , we must show that
it satisfies the Legendre field condition for F̂ ; equivalently, that its components satisfy

∂̂2 (û) =
2

t̂2
∂̂1 (v̂) , (3.3.50)

∂̂1 (û) = ∂̂2 (v̂) , (3.3.51)

which are equations (3.3.42) and (3.1.5) in the new notation. Since from (3.3.44) we have

û = −t̂2∂̂2(h)− h, (3.3.52)

v̂ = −t̂2∂̂1(h), (3.3.53)

we use (3.3.48) to show that the left-hand side of (3.3.50) becomes

∂̂2 (û) = −2∂̂2(h)− t̂2∂̂2

(
∂̂2(h)

)
= −2∂̂1

(
∂̂1(h)

)
.

This expression is equivalent to the right-hand side of (3.3.50), and so δ̂ satisfies this first
condition. Similarly, (3.3.51) is equivalent to equation (3.3.49), which is already satisfied.
This proves that the δ̂ constructed in Statement 1 is a Legendre field.

We now check that (3.3.45) describes the potential of δ̂. Recall that we should have
û = ∂̂2

(
ĥ
)
, v̂ = ∂̂1

(
ĥ
)
. Substituting ĥ = −t̂2h, we recover equations (3.3.52), (3.3.53),

which hold by definition of δ̂. Statement 1 is therefore proven.
To prove Statement 2, we can use the same methods. We know that δ̂ satisfies equations

(3.3.50) and (3.3.51), which become

2 (t2)
3 ∂2
(
ĥ
)
+ (t2)

4 ∂2

(
∂2
(
ĥ
))

= 2t2∂1

(
∂1
(
ĥ
))
,

∂1

(
∂2
(
ĥ
))

= ∂2

(
∂1
(
ĥ
))

under the transformation t̂ 7→ t. A new vector field with potential (3.3.47) has components

u = ∂2(h) = −t2∂2
(
ĥ
)
− ĥ,

v = ∂1(h) = −t2∂1
(
ĥ
)
,

which coincides with the vector field δ given by (3.3.46). This implies Legendre field
condition (3.1.5), and the condition (3.3.24) is easy to check as well.

To prove Statement 3, we begin with δ, a Legendre field for F . We construct δ̂ as in
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(3.3.44), which then gives us

t̂2δ̂ − ĥ∂̂1 = t̂2 (t2δ − h∂1)− ĥ∂̂1

= δ − t̂2h∂1 −
(
−t̂2h

)
∂1

= δ

as required, where we have used relation (3.3.45).

Therefore, Legendre fields for F̂ can be found using the Legendre fields for F ; although
we note that the potential for a given Legendre field is also required. Since we described
all homogeneous Legendre fields for F in §3.3.3, we check whether the homogeneity of a
Legendre field carries over under the relations given in Theorem 3.3.15.

Lemma 3.3.16. Let δ be a homogeneous Legendre field for F of degree µ with potential
h. Then δ̂, ĥ as given by (3.3.44), (3.3.45) satisfy the relation

t̂2LÊ

(
δ̂
)
− LÊ

(
ĥ∂̂1

)
= (µ− 2)t̂2δ̂ − µĥ∂̂1. (3.3.54)

Furthermore, let δ̂ be a homogeneous Legendre field for F̂ of degree µ̂ with potential ĥ.
Then δ, h as given by (3.3.46), (3.3.47) satisfy the relation

t2LE (δ)− LE (h∂1) = (µ̂+ 2)t2δ − µ̂h∂1.

Proof. The field δ is homogeneous if it satisfies equation (3.1.7). By Theorem 3.3.15, we
also have that δ = t̂2δ̂ − ĥ∂̂1, so

LE(δ) = LE

(
t̂2δ̂ − ĥ∂̂1

)
= Ê

(
t̂2δ̂ − ĥ∂̂1

)
−
(
t̂2δ̂ − ĥ∂̂1

)(
Ê
)

where the Euler fields are given by (2.4.3). Continuing, we have

LE(δ) = t̂2Ê
(
δ̂
)
+ 2t̂2δ̂ − Ê

(
ĥ∂̂1

)
− t̂2δ̂

(
Ê
)
+ ĥ∂̂1

(
Ê
)

= t̂2LÊ

(
δ̂
)
+ 2t̂2δ̂ − LÊ

(
ĥ∂̂1

)
.

By equation (3.1.7), we obtain

t̂2LÊ

(
δ̂
)
+ 2t̂2δ̂ − LÊ

(
ĥ∂̂1

)
= µ

(
t̂2δ̂ − ĥ∂̂1

)
from which the first statement follows.

The proof of the second statement follows similarly.
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By Theorem 2.4.31, homogeneous Legendre fields for a Frobenius manifold with charge
d have homogeneous potentials, provided that the Legendre field in question has degree
µ ̸= d − 2. We note that the charge for the manifold with prepotential F is d = 3, and
the charge for the manifold with prepotential F̂ is d̂ = −1.

Corollary 3.3.17. Let δ be a homogeneous Legendre field for F of degree µ ̸= 1, and let
h be its homogeneous potential. Then δ̂ as in (3.3.44) is homogeneous of degree µ̂ = µ−2.

Let δ̂ be a homogeneous Legendre field for F̂ of degree µ̂ ̸= −3, and let ĥ be its homo-
geneous potential. Then δ as in (3.3.46) is homogeneous of degree µ = µ̂+ 2.

Proof. By Lemma 3.3.16, it is enough to check that ĥ∂̂1 is homogeneous of degree µ.
Recalling that ĥ = −t̂2h by Theorem 3.3.15, we have

LÊ

(
ĥ∂̂1

)
= LE

(
− 1

t2
h∂1

)
= − 1

t2
E(h)∂1 −

2

t2
h∂1 +

1

t2
h∂1(E). (3.3.55)

We therefore have E(h) = (µ− 1)h, which we can substitute into (3.3.55) to get

LÊ

(
ĥ∂̂1

)
= µĥ∂̂1.

The second statement can be verified by the same method.

In principle, this means we can use results from §3.3.3 to describe homogeneous Legendre
fields for F̂ . The construction for δ̂ in (3.3.44) still requires knowledge of the potential h,
so in practice we will only use results from Theorem 3.3.14.

3.3.4.2 Homogeneous Legendre fields

Imposing homogeneity on δ̂ = û∂̂1 + v̂∂̂2 of degree µ̂, as in § 3.1.1, gives us

δ̂ = û
(
t̂1, t̂2

)
∂̂1 + v̂

(
t̂1, t̂2

)
∂̂2 = t̂µ̂+1

1 Û(ω̂)∂̂1 + t̂µ̂+2
1 V̂ (ω̂)∂̂2, (3.3.56)

where ω̂ = 8t̂−2
1 t̂2; compare ansatz (3.1.11). We see also that ω̂ = ω = 8t−2

1 t−1
2 , where

ω is as defined in §3.3.3, by the coordinate transformation in (3.3.43). The Legendre
field condition, represented by equation (3.3.42), is then equivalent to the two differential
equations

Û ′(ω) =
2(µ̂+ 2)

ω
V̂ (ω)− 4V̂ ′(ω), (3.3.57)

V̂ ′(ω) =
µ̂+ 1

8
Û(ω)− ω

4
Û ′(ω). (3.3.58)
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Theorem 3.3.18. Let δ̂ be an arbitrary homogeneous Legendre field, as in (3.3.56).
Then Û(ω̂) = Û(ω) satisfies

ω(1− ω)Û ′′(ω) +

(
2µ̂− 1

2
ω + 1

)
Û ′(ω)− µ̂(µ̂+ 1)

4
Û(ω) = 0, (3.3.59)

and V̂ (ω̂) = V̂ (ω) satisfies

ω(1− ω)V̂ ′′(ω) +
2µ̂+ 1

2
ωV̂ ′(ω)− (µ̂+ 1)(µ̂+ 2)

4
V̂ (ω) = 0. (3.3.60)

Equations (3.3.59) and (3.3.60) are instances of the hypergeometric equation (3.2.1), with
(a, b, c, z) =

(
− µ̂

2
,− µ̂+1

2
, 1, ω

)
and (a, b, c, z) =

(
− µ̂+1

2
,− µ̂+2

2
, 0, ω

)
, respectively.

Proof. Differentiating (3.3.57) and (3.3.58) with respect to ω produces

Û ′′(ω) = −2(µ̂+ 2)

ω2
V̂ (ω) +

2(µ̂+ 2)

ω
V̂ ′(ω)− 4V̂ ′′(ω), (3.3.61)

V̂ ′′(ω) =
µ̂− 1

8
Û ′(ω)− ω

4
Û ′′(ω). (3.3.62)

Equations (3.3.57), (3.3.58) and (3.3.62) can be used to eliminate V̂ in (3.3.30) and produce
the hypergeometric equation in terms of Û , with parameters {a, b} = {− µ̂

2
,− µ̂+1

2
}, c = 1.

Similarly, Û can be eliminated from (3.3.62) to produce the hypergeometric equation for
V̂ with parameters {a, b} = {− µ̂+1

2
,− µ̂+2

2
}, c = 0.

We have δ and h for µ ∈ {−1, 0, 1, 2, 3} from Theorem 3.3.14. By Theorem 3.3.15
and Corollary 3.3.17, we can use these to construct the homogeneous fields δ̂ for µ̂ ∈
{−3,−2, 0, 1}. We obtain the field of degree µ̂ = −1 directly, by solving (3.3.59) and
(3.3.60).

Theorem 3.3.19. Let δ̂ given by (3.3.56) be a homogeneous Legendre field of degree
µ̂ ∈ {−3,−2,−1, 0, 1}. Then the components û and v̂ of δ̂ are given in Tables 3.6 and 3.7
respectively, where

s =

√
1− 8t̂2

t̂21

and c1, c2 ∈ C. The potentials ĥ = ĥ
(
t̂1, t̂2

)
such that û = ∂̂2ĥ and v̂ = ∂̂1ĥ are given in

Table 3.8.

Proof. We consider two different cases for the value of µ̂.
Case 1: µ̂ ̸= −1.

We refer to Theorem 3.3.14 for Legendre fields δ of F , of degree of homogeneity µ ∈
{−1, 0, 2, 3}. By Theorem 3.3.15 and Corollary 3.3.17, these fields correspond to Legendre



CHAPTER 3. LEGENDRE FIELDS IN TWO DIMENSIONS 98

Table 3.6: First component of a homogeneous Legendre field in Case 4.

Degree µ̂ First component û

−3 4c1t̂
−2
1 s−3

−2 c1t̂
−1
1 s−1

−1 c1arctanh (s) + c2

0 24c1t̂1
(
s− arctanh (s)

)
+ c2t̂1

1 c1
[
18t̂21s− 12

(
t̂21 + 4t̂2

)
arctanh (s)

]
+ c2

(
t̂21 + 4t̂2

)
First component û = û(t̂1, t̂2) of a Legendre field δ̂ = û∂̂1+ v̂∂̂2 of degree µ̂. Constants c1, c2 ∈ C
are as in Table 3.7.

Table 3.7: Second component of a homogeneous Legendre field in Case 4.

Degree µ̂ Second component v̂

−3 −8c1t̂
−3
1 t̂2s

−3

−2 c2 − c1s
−1

−1 −c1
4
t̂1s

0 3c1
(
t̂21s− 8t̂2arctanh (s)

)
+ c2t̂2

1 c1t̂1
[(
t̂21 + 16t̂2

)
s− 24t̂2arctanh (s)

]
+ 2c2t̂1t̂2

Second component v̂ = v̂(t̂1, t̂2) of a Legendre field δ̂ = û∂̂1+v̂∂̂2 of degree µ̂. Constants c1, c2 ∈ C
are as in Table 3.6.

fields δ̂ for F̂ of degree of homogeneity µ̂ = µ− 2, where

δ̂ = t2δ − h∂1

=
(
t̂−1
2 u− h

)
∂̂1 − t̂2v∂̂2

under the coordinate transformations given in (3.3.43). The Legendre fields with µ̂ ∈
{−3,−2, 0, 1} therefore have their potential and components given by

ĥ = −t̂2h,

û = t̂−1
2 u− h,

v̂ = −t̂2v,

(3.3.63)

where u, v, h can be read off from Tables 3.3, 3.4, and 3.5.
Case 2: µ̂ = −1.

While we can use the relations in (3.3.63) to produce a new Legendre field δ̂ = û∂̂1 + v̂∂̂2

from the Legendre field δ of degree of homogeneity µ = 1, this new field will not necessarily
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Table 3.8: Potential function of a homogeneous Legendre field in Case 4.

Degree µ̂ Potential ĥ

−3 c1s
−1 − c2

−2 c2t̂1 − c1t̂1s

−1 c1

[
t̂2arctanh (s)− t̂21s

8

]
+ c2t̂2

0 c1t̂1
[(
t̂21 + 16t̂2

)
s− 24t̂2arctanh (s)

]
+ c2t̂1t̂2

1 c1

[
t̂21s

4

(
t̂21 + 52t̂2

)
− 12t̂2

(
t̂21 + 2t̂2

)
arctanh (s)

]
+ c2t̂2

(
t̂21 + 2t̂2

)
Potential ĥ = ĥ(t̂1, t̂2) for a Legendre field δ̂ of degree µ̂ such that δ̂ = gradĥ. Constants c1, c2 ∈ C
are as in Tables 3.6, 3.7.

be homogeneous. Indeed, by this method we obtain

û = 4c1
(
1 + log t̂2

)
+ 8c2arctanh (s) ,

v̂ = 2c1t̂1 − 2c2t̂1s,

ĥ = c1
(
t̂21 + 4t̂2 log t̂2

)
+ c2

[
8arctanh (s)− t̂21s

]
,

where δ̂ = û∂̂1 + v̂∂̂2 is a Legendre field for F̂ — as can be easily verified by substitution
into (3.3.42). However, this δ̂ is only homogeneous (of degree µ̂ = −1 as expected) for
c1 = 0.

We instead solve differential equations (3.3.59) and (3.3.60) for Û(ω), V̂ (ω) such that
û = Û , v̂ = t̂1V̂ by (3.3.56). Recall that ω̂ = 8t̂−2

1 t̂2. When µ̂ = −1, equation (3.3.59)
becomes

2ω(ω − 1)Û ′′(ω) + (3ω − 2)Û ′(ω) = 0.

Substituting Y (ω) = Û ′(ω), we can rearrange this ODE to get∫
Y ′(ω)

Y (ω)
dω =

∫
3ω − 2

2(ω − ω2)
dω,

which can be solved for
Y (ω) =

c1

ω
√
1− ω

.

Thus, after integration and rescaling constants, we arrive at

Û(ω) = c1arctanh
(√

1− ω
)
+ c2, (3.3.64)
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equivalently,

û
(
t̂1, t̂2

)
= c1arctanh (s) + c2.

Substituting (3.3.64) into (3.3.58) gives us

V̂ (ω) = −c1
4

√
1− ω,

so

v̂
(
t̂1, t̂2

)
= −c1

4
t̂1s.

The potential ĥ for µ̂ = −1 given in Table 3.8 can then be verified through differentiation.

To use the formulation in Theorem 3.3.15 we need the potential h, which we do not have
for generic µ; instead we now solve (3.3.59) and (3.3.60) directly for µ̂ /∈ {−3,−2,−1, 0, 1}.
We only provide solutions around ω = 0, which are split into the same two cases as in
§ 3.3.3.

Theorem 3.3.20. Let δ̂ given by (3.3.56) be a homogeneous Legendre field of degree
µ̂ /∈ N ∪ {−1,−2,−3}. Then Û = c1y1 + c2y2, V̂ = µ̂+1

8
(c1y3 + c2y4) in the neighbourhood

of ω = 0, where:

y1(ω) = 2F1

(
− µ̂
2
,− µ̂+ 1

2
; 1;ω

)
,

y2(ω) = y1(ω) logω +
∞∑
k=0

(
− µ̂

2

)
k

(
− µ̂+1

2

)
k

(k!)2
ωk×[

ψ

(
k − µ̂

2

)
+ ψ

(
k − µ̂+ 1

2

)
− 2ψ(1 + k)

]
,

y3(ω) = ω2F1

(
1− µ̂

2
,− µ̂

2
; 2;ω

)
,

y4(ω) = y3 logω +
4

(1 + µ̂)(2 + µ̂)
+

∞∑
k=0

(
1−µ̂
2

)
k

(
− µ̂

2

)
k

(k − 1)!k!
ωk+1×[

ψ

(
1− µ̂

2
+ k

)
+ ψ

(
k − µ̂

2

)
− ψ (2 + k)− ψ (1 + k)

]
.

Proof. We solve (3.3.59) with case (i) from §3.2.1, taking c = 1. We find y1 as written in
the theorem statement, and y2 = G

(
− µ̂

2
,− µ̂+1

2
; 1;ω

)
where G is defined in (3.2.5). Since

we are considering µ̂ /∈ N, parameters a, b /∈ Z≤0 and the correction term (3.2.6) is equal
to zero.
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To solve (3.3.60), we use case (ii) in §3.2.1 since c = 0. The first solution, y3, is as
written, and the second solution is y4 = ωG

(
1−µ̂
2
,− µ̂

2
; 2;ω

)
with correction term H again

equal to zero; we then have V̂ (ω) = c3y3 + c4y4.
The constants c1, c2, c3, c4 can be related by comparing terms in (3.3.57) and (3.3.58),

using the same methods as in the proof of Theorem 3.3.8. We find c3 = µ̂+1
8
c1 and

c4 =
µ̂+1
8
c2.

Theorem 3.3.21. Let δ̂ given by (3.3.56) be a homogeneous Legendre field of degree
µ̂ ∈ N \ {0, 1}. Define m, l ∈ Z<0 and p, q /∈ Z such that

(m, p, l, q) =


(
− µ̂

2
,− µ̂+1

2
,− µ̂

2
, 1−µ̂

2

)
if µ̂ is even(

− µ̂+1
2
,− µ̂

2
, 1−µ̂

2
,− µ̂

2

)
if µ̂ is odd.

Then Û = c1y1 + c2y2, V̂ = µ̂+1
8

(c1y3 + c2y4) in the neighbourhood of ω = 0, where

y1(ω) = 2F1 (m, p; 1;ω) ,

y2(ω) = y1(ω) logω + (−1)m(−m)!
∞∑

k=1−m

(k +m− 1)!(p)k

(k!)2
ωk

+
−m∑
k=0

(m)k (p)k
(k!)2

ωk [ψ (1−m− k) + ψ (p+ k)− 2ψ(1 + k)] ,

y3(ω) = ω2F1 (l, q; 2;ω) ,

y4(ω) = y3 logω +
4

(1 + µ̂)(2 + µ̂)
+ (−1)−l(−l)!

∞∑
k=1−l

(k + l − 1)!(q)k
k!(k + 1)!

ωk+1

+
−l∑
k=0

(l)k (q)k
(k + 1)!k!

ωk+1 [ψ (1− l − k) + ψ (q + k)− ψ (2 + k)− ψ (1 + k)] .

Proof. From §3.2.1, case (i), we find y1(ω) as written. Since µ̂ ∈ N, we have {a, b} =

{− µ̂
2
,− µ̂+1

2
} = {m, p} for somem ∈ Z<0, p /∈ Z. Hence, we can write y2(ω) = G (m, p; 1;ω)

and Û(ω) = c1y1(ω) + c2y2(ω).
Using case (ii) to solve (3.3.60) gives us y3 as written and y4(ω) = G (l, q; 2;ω), where

{a, b} = {− µ̂
2
, 1−µ̂

2
} = {l, q} for some l ∈ Z<0, q /∈ Z. We then have V̂ (ω) = c3y3(ω) +

c4y4(ω).
The constants c1, c2, c3, c4 can be related by comparing terms in (3.3.57) and (3.3.58),

using the same methods as in the proof of Theorem 3.3.8. We find c3 = µ̂+1
8
c1 and

c4 =
µ̂+1
8
c2.
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3.3.5 Case 5

Consider the prepotential given by

F (t1, t2) =
1

2
t21t2 + tk2 (3.3.65)

with Euler field
E = t1∂1 + (1− d)t2∂2 = t1∂1 +

2

k − 1
t2∂2,

where we recall d ̸= −1, 1, 3 and k = 3−d
1−d

̸= 0, 1, 2. Then

c222 = F222 = k(k − 1)(k − 2)tk−3
2 ,

so equation (3.1.4) becomes

∂u

∂t2
= k(k − 1)(k − 2)tk−3

2

∂v

∂t1
. (3.3.66)

3.3.5.1 Homogeneous Legendre fields

We impose homogeneity on a Legendre field δ so that we may use (3.1.11) to write

δ = u (t1, t2) ∂1 + v (t1, t2) ∂2 = tµ+1
1 U(ω)∂1 + t

µ+ 2
k−1

1 V (ω)∂2 (3.3.67)

with ω = 4k(k−2)
k−1

t−2
1 tk−1

2 . The Legendre field condition, given by (3.1.4) and (3.3.66), can
then be represented by the equations

U ′(ω) =
2 + µ(k − 1)

4

(
(k − 1)ω

4k(k − 2)

) 1
1−k

V (ω)− 2k(k − 2)

(
(k − 1)ω

4k(k − 2)

) k−2
k−1

V ′(ω),

(3.3.68)

V ′(ω) =
µ+ 1

4k(k − 2)

(
(k − 1)ω

4k(k − 2)

) 2−k
k−1

U(ω)− 2

k − 1

(
(k − 1)ω

4k(k − 2)

) 1
k−1

U ′(ω). (3.3.69)

Theorem 3.3.22. Let δ given by (3.3.67) be a homogeneous Legendre field. Then U(ω)

satisfies

ω(1− ω)U ′′(ω) +

(
1

k − 1
+

2µ− 1

2
ω

)
U ′(ω)− µ(µ+ 1)

4
U(ω) = 0, (3.3.70)
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and V (ω) satisfies

0 = ω(1− ω)V ′′(ω) +

(
k − 2

k − 1
+

7− 3k + 2µ(k − 1)

2(k − 1)
ω

)
V ′(ω)

−
(
µ(k − 1) + 3− k

)(
µ(k − 1) + 2

)
4(k − 1)2

V (ω).

(3.3.71)

Equations (3.3.70) and (3.3.71) are instances of the hypergeometric equation, (3.2.1),
with (a, b, c, z) =

(
−µ

2
,−µ+1

2
, 1
k−1

, ω
)

and (a, b, c, z) =
(

k−3
2(k−1)

− µ
2
, k−3
2(k−1)

− µ+1
2
, k−2
k−1

, ω
)
,

respectively.

Proof. To start with, we will work in terms of A(z) = U(ω), B(z) = V (ω), with z = t
2

1−k

1 t2.
Substituting the ansatzes (3.1.11) into the Legendre field condition (3.1.4), (3.1.5) with
α = 2

k−1
, we find

z3−kA′(z) = k(k − 2)(2 + µ(k − 1))B(z)− 2k(k − 2)zB′(z), (3.3.72)

B′(z) = (µ+ 1)A(z) +
2

1− k
zA′(z). (3.3.73)

Differentiating (3.3.72) and (3.3.73) with respect to z produces

(3− k)z2−kA′(z) + z3−kA′′(z) = µk(k − 1)(k − 2)B′(z)− 2k(k − 2)zB′′(z), (3.3.74)

B′′(z) =

(
µ+

3− k

1− k

)
A′(z) +

2

1− k
zA′′(z). (3.3.75)

Using (3.3.73) and (3.3.75) to eliminate B′(z) and B′′(z) in (3.3.74), we obtain the equation

µ(µ+ 1)k(k − 1)2(k − 2)A(z)− 2k(k − 2)(2µ(k − 1) + k − 3)zA′(z)

+ (k − 1)(k − 3)z2−kA′(z) + 4k(k − 2)z2A′′(z)− (k − 1)z3−kA′′(z) = 0. (3.3.76)

Under the change of variables

ω =
4k(k − 2)

k − 1
zk−1 (3.3.77)

with U(ω) = A(z), equation (3.3.76) becomes (3.3.70) after rescaling by a factor of −4k(k−
1)2(k − 2).

We can rearrange (3.3.75) to obtain

A′′(z) =
1− k

2z
B′′(z) +

(
µ(k − 1)

2z
+
k − 3

2z

)
A′(z),
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which can substituted along with (3.3.72) into (3.3.74) to get

k(k − 2)
(
µ(k − 1) + 3− k

)(
µ(k − 1) + 2

)
B(z) + 2k(k − 2)

(
k − 3− 2µ(k − 1)

)
zB′(z)

+ z2
(
4k(k − 2)− (k − 1)z1−k

)
B′′(z) = 0. (3.3.78)

After the same change of variables (3.3.77) with V (ω) = B(z), and some rescaling, the
equation (3.3.78) becomes (3.3.71).

We will consider solutions to the equations (3.3.70) and (3.3.71) around ω = 0 for
generic k, that is

k ∈ C \
(
{0, 1, 2} ∪

{
n± 1

n
|n ∈ N×

})
. (3.3.79)

Note that the set described in (3.3.79) contains Z \ {0, 1, 2}. If k lies outside the set
(3.3.79), the parameter c for both equations (3.3.70), (3.3.71) is an integer, meaning that
these equations must be solved using different methods.

Theorem 3.3.23. Let δ given by (3.3.67) be a homogeneous Legendre field with arbitrary
µ, and k as in (3.3.79). Then, the formulas for U(ω), V (ω) in the neighbourhood of ω = 0

are as follows, where c1, c2 ∈ C.

U(ω) = c1y1(ω) + c2y2(ω),

V (ω) =
4c2(k − 2)

2(k − 1) + µ(k − 1)2

(
k − 1

4k(k − 2)

) 1
k−1

y3(ω) + c1(µ+ 1)

(
k − 1

4k(k − 2)

) 1
k−1

y4(ω),

where

y1(ω) = 2F1

(
−µ
2
,−µ+ 1

2
;

1

k − 1
;ω

)
,

y2(ω) = ω
k−2
k−1 2F1

(
k − 2

k − 1
− µ

2
,
k − 2

k − 1
− µ+ 1

2
;
2k − 3

k − 1
;ω

)
,

y3(ω) = 2F1

(
k − 3

2(k − 1)
− µ

2
,
k − 3

2(k − 1)
− µ+ 1

2
;
k − 2

k − 1
;ω

)
,

y4(ω) = ω
1

k−1 2F1

(
1− µ

2
,−µ

2
;

k

k − 1
;ω

)
.

Proof. Starting with (3.3.70), we see that the parameter c = 1
k−1

is never an integer for
the allowed values of k. As per the discussion in §3.2.1, the fundamental solutions for
U are given by y1 = 2F1 (a, b; c;ω) and y2 = ω1−c

2F1 (a− c+ 1, b− c+ 1; 2− c;ω) with
{a, b} =

{
−µ

2
,−µ+1

2

}
.

Similarly, for equation (3.3.71) we have c = k−2
k−1

, which also cannot be an inte-
ger. A pair of linearly independent solutions for V is then y3 = 2F1 (a, b; c;ω) and
y4 = ω1−c

2F1 (a− c+ 1, b− c+ 1; 2− c;ω) with {a, b} =
{

k−3
2(k−1)

− µ
2
, k−3
2(k−1)

− µ+1
2

}
.
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Writing U = c1y1 + c2y2 and V = c3y3 + c4y4, we can relate c1, c2, c3, c4 via equations
(3.3.68) and (3.3.69) with the same methods as in the proof of Theorem 3.3.8. The relations
can be most easily seen by considering constant terms and terms of degree − 1

k−1
in the

expansion of both sides of (3.3.68) with respect to ω.

3.3.6 Case 6

The Frobenius manifold with prepotential

F (t1, t2) =
1

6
t31 +

1

2
t1t

2
2 +

k

6
t32, (3.3.80)

where k ̸= 0, has metric η = I2 and Euler field

E = t1∂1 + t2∂2.

The multiplication is given by

∂i ◦ ∂j =


∂1 i = j = 1;

∂2 i ̸= j;

k∂2 i = j = 2.

(3.3.81)

As in Section 3.1, we consider a Legendre field δ = u∂1 + v∂2 which satisfies the
Legendre field condition (3.1.1). We can rewrite δ in terms of its potential h = h(t1, t2)

such that δ = ηij∂j(h)∂i. The components u, v are then given by u = ∂1(h) and v = ∂2(h).

Theorem 3.3.24. Let δ be a Legendre field with components u = u(t1, t2), v = v(t1, t2)

and potential h such that u = ∂1(h) and v = ∂2(h). The potential h has the form

h(t1, t2) = c1
(
t21 + t22

)
+ c2t1 + c3t2 + c4 (3.3.82)

for some ci ∈ C.

Proof. Let X = x∂1 + y∂2 for some functions x = x (t1, t2), y = y (t1, t2). Using the
multiplication (3.3.81), the right-hand side of (3.1.1) becomes

X ◦ ∇eδ = (x∂1 + y∂2) ◦ (∂1(u)∂1 + ∂1(v)∂2)

= x∂1(u)∂1 + y∂1(u)∂2 + x∂1(v)∂2 + ky∂1(v)∂2. (3.3.83)

Equating (3.1.3) and (3.3.83), we compare the ∂1 and ∂2 components to obtain the equa-
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tions

∂u

∂t2
= 0, (3.3.84)

∂v

∂t2
=
∂u

∂t1
+ k

∂v

∂t1
. (3.3.85)

We rewrite (3.3.84), (3.3.85) in terms of h, so that they respectively become

∂2h

∂t1∂t2
= 0, (3.3.86)

∂2h

∂t22
=
∂2h

∂t21
+ k

∂2h

∂t1∂t2
. (3.3.87)

Substituting (3.3.86) into (3.3.87), we obtain the wave equation,

∂2h

∂t22
=
∂2h

∂t21
. (3.3.88)

Together, (3.3.86) and (3.3.88) imply that h = G1(t1) + G2(t2) with G′′
1(t1) = G′′

2(t2) for
some functions G1, G2; that is, h is quadratic in t1, t2 with no term of the form t1t2.

3.3.6.1 Homogeneous Legendre fields

We now impose homogeneity on δ, so that condition (3.1.7) is satisfied.

Theorem 3.3.25. Let δ = u∂1 + v∂2 be a homogeneous Legendre field of degree µ. Then
δ must have degree µ ∈ {0,−1}. Furthermore, the potential h of δ is given by

h = c1
(
tµ+2
1 + tµ+2

2

)
+ c2

for some c1, c2 ∈ C, and the components of δ are

u = (µ+ 2)c1t
µ+1
1 ,

v = (µ+ 2)c1t
µ+1
2 .

Proof. As in § 3.1.1, the left-hand side of the homogeneity condition (3.1.7) is

LEδ = E(δ)− δ(E)

= t1∂1(u)∂1 + t1∂1(v)∂2 + t2∂2(u)∂1 + t2∂2(v)∂2 − u∂1 − v∂2. (3.3.89)

By Theorem 3.3.24, we have

∂2(u) = 0 (3.3.90)
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and

∂1(v) = 0. (3.3.91)

Using (3.3.90) and (3.3.91), we see that (3.3.89) becomes

LEδ = t1∂1(u)∂1 + t2∂2(v)∂2 − u∂1 − v∂2. (3.3.92)

We substitute (3.3.92) into the homogeneity condition (3.1.7) and compare components
to obtain the equations

t1∂1(u) = (µ+ 1)u,

t2∂2(v) = (µ+ 1)v.

These equations are both easily solved to find

u = αtµ+1
1 , (3.3.93)

v = βtµ+1
2 , (3.3.94)

for some α, β ∈ C. However, by Theorem 3.3.24, we also have that

u = 2c1t1 + c2,

v = 2c1t2 + c3

for some ci ∈ C. Therefore µ must equal either 0 or −1, and the form of the potential
follows from (3.3.93), (3.3.94).

3.4 Twisted Legendre fields for the A2 almost dual

Frobenius manifold

When k = 4, the Frobenius manifold structure associated with (3.3.65) is defined on the
orbit space C2/A2 [18]. Recall that the prepotential is

F (t) =
1

2
t21t2 + t42 (3.4.1)

and the Euler field is
E(t) = Ei∂ti = t1∂t1 +

2

3
t2∂t2 . (3.4.2)
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The almost dual prepotential, F ⋆(z), is equivalent to the rational solution

F rat
A2

(x) =
∑
α∈A2

α(x)2 logα(x).

We use the realisation A2 =
{√

γe1,
√
γe2,

√
γ (e1 − e2)

}
with arbitrary γ ∈ C×, and

basis e1, e2 ∈ (C2)
∗ being dual to the basis {e1 = ∂x1 , e2 = ∂x2} ⊂ C2 for x = (x1, x2).

Relations between coordinate systems are made explicit in §3.4.1, where we construct the
intersection form and the almost dual prepotential. By Theorem 2.4.24, if δ is a Legendre
field for F (t), the twisted field E ◦ δ is a Legendre field for F ⋆. We saw in Proposition
2.4.26 that a homogenous δ produces a homogeneous twisted field, so the general results
from §3.3.5 may be used to produce Legendre fields for the almost dual.

The focus of this section is on the question “When is the twisted Legendre field flat?”;
that is, on finding a Legendre field δ such that the twisted field E ◦ δ is flat (with respect
to the Levi-Civita connection of the intersection form). We compute the twisted Legendre
field for arbitrary δ, then use this expression along with Theorem 3.3.23 to find the family
of Legendre fields δ for which E ◦ δ is flat.

3.4.1 Almost dual structures on C2/A2

Following [18, Example 4.1] with a change of notation, the Frobenius structure on C2/A2

has associated prepotential

F̃ (t̃) =
1

2
t̃21t̃2 + 81t̃42

in the Saito coordinates t̃, where t̃1 = z3 + z3, t̃2 = 1
6
zz. The flat coordinates of the

intersection form are z1, z2 such that z = z1 + iz2. Under some rescaling, the prepotential
(3.4.1) is given by F = 1

9
F̃ with t̃1 = 9t1, t̃2 = t2; we then have

t1 =
1

9

(
z3 + z3

)
=

2

9

(
z31 − 3z1z

2
2

)
,

t2 =
1

6
zz =

1

6

(
z21 + z22

)
.

(3.4.3)

The cotangent structure constants are given by

cijk (t) = ηipηjqcpqk(t) =


24t2 (i, j, k) = (1, 1, 2)

1 (i, j, k) = (2, 1, 1), (1, 2, 1), (2, 2, 2)

0 otherwise.

(3.4.4)
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Then, using formulas (2.3.8), (3.4.2), the intersection form g−1 is given by

g−1(t) =

(
16t22 t1

t1
2
3
t2

)
,

and the metric g is given by

g(t) =
1

32t32 − 3t21

(
2t2 −3t1

−3t1 48t22

)
. (3.4.5)

Recall that the discriminant locus Σ is

Σ = {t | det g−1(t) = 0} (3.4.6)

where
det g−1 =

32

3
t32 − t21. (3.4.7)

The almost dual prepotential is defined on C2 \ Σ.
For consistency with notation used in Chapter 5, we introduce another set of coordi-

nates x1, x2 ∈ C defined by

z =

√
γ

3

((
1− i

√
3
)
x1 +

(
1 + i

√
3
)
x2

)
,

z =

√
γ

3

((
1 + i

√
3
)
x1 +

(
1− i

√
3
)
x2

)
,

(3.4.8)

for z as in (3.4.3) and arbitrary γ ∈ C×. Since z1, z2 are flat coordinates for the intersection
form g and are related to x1, x2 by a linear transformation, the x coordinates are also flat
coordinates for g.

Using (3.4.3), (3.4.8), we have

t1 = −8
√
3γ3/2

81

(
2x31 − 3x21x2 − 3x1x

2
2 + 2x32

)
,

t2 =
2γ

9

(
x21 − x1x2 + x22

)
.

(3.4.9)

The Jacobian of t(x), given by

Jt(x) =

 ∂t1
∂x1

∂t1
∂x2

∂t2
∂x1

∂t2
∂x2


=

2γ

9

(
4
√

γ
3
(x22 + 2x1x2 − 2x21) 4

√
γ
3
(x21 + 2x1x2 − 2x22)

2x1 − x2 2x2 − x1

)
,

(3.4.10)
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has determinant det Jt(x) = 16γ5/2

9
√
3
x1x2 (x2 − x1). By (3.4.6), (3.4.7), the discriminant

locus is defined in the x coordinates as

Σ =

{
x | 64γ

3

81
x21x

2
2 (x1 − x2)

2 = 0

}
,

so Jt(x) is degenerate only on Σ and we may consider its inverse on the complement of Σ.
By the Inverse Function Theorem, the inverse of Jt(x) is the Jacobian of x(t): that is,

(Jt(x))
−1 = Jx(t) =

∂x1∂t1

∂x1
∂t2

∂x2
∂t1

∂x2
∂t2


=

1

2γx1x2(x2 − x1)

( √
3

4
√
γ
(2x2 − x1) (2x22 − 2x1x2 − x21)√

3
4
√
γ
(x2 − 2x1) (x22 + 2x1x2 − 2x21)

)
.

(3.4.11)

We are now equipped to describe the almost dual structures on C2/A2 \ Σ in the x coor-
dinates.

Proposition 3.4.1 (cf. [20]). Let F (t) be as written in (3.4.1). The almost dual prepo-
tential F ⋆ can be written

F ⋆(x) = F rat
A2

(x) = γx21 log x1 + γx22 log x2 + γ (x1 − x2)
2 log (x1 − x2)

2, (3.4.12)

where x1, x2 are defined in (3.4.9).

Proof. By Proposition 2.4.6, F ⋆(x) satisfies

∂3F ⋆(x)

∂xi∂xj∂xk
= gia(x)gjb(x)

∂tγ
∂xk

∂xa
∂tα

∂xb
∂tβ

cαβγ (t), (3.4.13)

where the metric g transforms tensorially via

gij(x) =
∂tα
∂xi

∂tβ
∂xj

gαβ(t). (3.4.14)

Using (3.4.5), (3.4.10) with the expression (3.4.14), we find

g(x) =
2γ

3

(
2 −1

−1 2

)
. (3.4.15)

We now use (3.4.4), (3.4.9), (3.4.10), (3.4.11), (3.4.15) to make substitutions in (3.4.13).
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This leads to the third-order derivatives of F ⋆(x) as follows:

F ⋆
ijk(x) =



2γ
x1(x1−x2)

(2x1 − x2) i = j = k = 1,

2γ
x2−x1

i = j = 1, k = 2,

2γ
x1−x2

i = j = 2, k = 1,

2γ
x2(x1−x2)

(x1 − 2x2) i = j = k = 2.

(3.4.16)

The derivatives in (3.4.16) are equal to the third-order derivatives of the ansatz (3.4.12),
proving the statement.

Remark 3.4.2. The charge of F is given by d = k−3
k−1

= 1
3
. By Remark 2.4.5, we expect

that the Euler field in x is
E(x) =

1

3
x1∂x1 +

1

3
x2∂x2 . (3.4.17)

This agrees with the results of computing E(x) = Ei ∂xj

∂ti
∂xj , where E(t) = Ei∂ti is given

by (3.4.2) and the partial derivatives ∂xi

∂tj
are given by (3.4.11).

Proposition 3.4.3. Given an arbitrary vector field δ = u(t)∂t1 + v(t)∂t2 for F (t), the
twisted field E ◦ δ may be written in coordinates t, z, x respectively as

(E ◦ δ) (t) =
(
t1u+ 16t22v

)
∂t1 +

(
2

3
t2u+ t1v

)
∂t2 , (3.4.18)

(E ◦ δ) (z) = 1

3

(
zu+ 2z2v

)
∂z +

1

3

(
zu+ 2z2v

)
∂z, (3.4.19)

(E ◦ δ) (x) = x1
9

(
3u− 4

√
3γ(x1 − 2x2)v

)
∂x1

+
x2
9

(
3u− 4

√
3γ(x2 − 2x1)v

)
∂x2 .

(3.4.20)

Proof. By (3.1.2), the multiplication is described by the relations ∂t1 ◦ ∂ti = ∂ti and
∂t2 ◦ ∂t2 = 24t2∂t1 . Then

(E ◦ δ) (t) =
(
t1∂t1 +

2

3
t2∂t2

)
◦
(
u∂t1 + v∂t2

)
produces expression (3.4.18).

Denoting (E ◦ δ) (t) = ϕi∂ti , we find the twisted field under the coordinate transfor-
mations t→ z and t→ x using

(E ◦ δ) (z) = ϕi ∂z

∂ti
∂z + ϕj ∂z

∂tj
∂z, (3.4.21)

(E ◦ δ) (x) = ϕi∂xj
∂ti

∂xj . (3.4.22)
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From the relations t(z) given in (3.4.3), we find the Jacobian

Jt(z) =

∂t1∂z ∂t1
∂z

∂t2
∂z

∂t2
∂z

 =
1

3

(
z2 z2

1
2
z 1

2
z

)
,

which may be inverted on the complement of Σ to find

Jz(t) =

 ∂z

∂t1

∂z

∂t2
∂z

∂t1

∂z

∂t2

 =
3

z3 − z3

(
z −2z2

−z 2z2

)
.

Substituting the components of (3.4.18) into (3.4.21), under the coordinate transformation
t→ z in (3.4.3), we obtain

(E ◦ δ) (z) = 1

9

((
u
(
z3 + z3

)
+ 4vz2z2

) ∂z
∂t1

+
(
uzz + v

(
z3 + z3

)) ∂z
∂t2

)
∂z

+
1

9

((
u
(
z3 + z3

)
+ 4vz2z2

) ∂z
∂t1

+
(
uzz + v

(
z3 + z3

)) ∂z
∂t2

)
∂z,

which becomes the required expression (3.4.19) using the partial derivatives given by Jz(t).
By the same method as above, the partial derivatives ∂xi

∂tj
given by Jx(t) in (3.4.11) and

components of (E ◦ δ)(t) given by (3.4.18), under t→ x as in (3.4.9), may be substituted
into (3.4.22) to obtain the expression (3.4.20).

3.4.2 Flat twisted Legendre fields

Given an arbitrary vector field δ for F , the twisted field E ◦ δ is flat for the Levi-Civita
connection of the intersection form if and only if

E ◦ δ = α∂x1 + β∂x2 , (3.4.23)

or equivalently,

E ◦ δ = k1∂z + k2∂z (3.4.24)

for some α, β, k1, k2 ∈ C. For the purposes of this section, we refer to such a field simply
as a flat twisted field.

Lemma 3.4.4. Let E ◦ δ be a flat twisted field. Then α, β, k1, k2 as in (3.4.23), (3.4.24)
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are related by

k1 =

√
γ

3

(
α
(
1− i

√
3
)
+ β

(
1 + i

√
3
))

, (3.4.25)

k2 =

√
γ

3

(
α
(
1 + i

√
3
)
+ β

(
1− i

√
3
))

. (3.4.26)

Proof. From the relations defining z → x in (3.4.8), we have the Jacobian

Jz(x) =

 ∂z

∂x1

∂z

∂x2
∂z

∂x1

∂z

∂x2

 =

√
γ

3

(
1− i

√
3 1 + i

√
3

1 + i
√
3 1− i

√
3

)
.

Then

E ◦ δ = α∂x1 + β∂x2

= α
∂z

∂x1

∂

∂z
+ α

∂z

∂x1

∂

∂z
+ β

∂z

∂x1

∂

∂z
+ β

∂z

∂x1

∂

∂z

=

√
γ

3

(
α
(
1− i

√
3
)
+ β

(
1 + i

√
3
))

∂z +

√
γ

3

(
α
(
1 + i

√
3
)
+ β

(
1− i

√
3
))

∂z

= k1∂z + k2∂z.

Proposition 3.4.5. Let δF = uF∂t1 + vF∂t2 be a vector field for F such that E ◦ δF is
flat, with E ◦ δF = α∂x1 + β∂x2 for some α, β ∈ C. Then

uF (x) =
αx2(2x1 − x2) + βx1(x1 − 2x2)

x1x2(x1 − x2)
, (3.4.27)

vF (x) =

√
3(βx1 − αx2)

4
√
γx1x2(x1 − x2)

, (3.4.28)

and the potential for δF is given by

hF (x) =
2αγ

3
(2x1 − x2) +

2βγ

3
(2x2 − x1). (3.4.29)

Proof. Equating formulas (3.4.20) and (3.4.23) for δ = δF , we get

α =
x1
9

(
3uF − 4

√
3γ(x1 − 2x2)vF

)
, (3.4.30)

β =
x2
9

(
3uF − 4

√
3γ(x2 − 2x1)vF

)
∂x2 . (3.4.31)
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Rearranging (3.4.30) produces

uF =
3α

x1
+ 4

√
γ

3
(x1 − 2x2)vF , (3.4.32)

which can be substituted into (3.4.31) to find vF (x) as in (3.4.28). Similarly, replacing
vF (x) in (3.4.32) with (3.4.28) produces uF (x) as in (3.4.27).

Recall that the potential for δF is a function hF such that

uF =
∂hF
∂t2

=
∂x1
∂t2

∂hF
∂x1

+
∂x2
∂t2

∂hF
∂x2

, (3.4.33)

vF =
∂hF
∂t1

=
∂x1
∂t1

∂hF
∂x1

+
∂x2
∂t1

∂hF
∂x2

. (3.4.34)

Referring back to Jx(t) in (3.4.11) for the partial derivatives ∂xi

∂tj
, we check that the function

(3.4.29) satisfies these equations. From (3.4.33), we have

∂hF
∂t2

=
1

3x1x2(x2 − x1)

( (
2x22 − 2x1x2 − x21

)
(2α− β) +

(
x22 + 2x1x2 − 2x21

)
(2β − α)

)
=

1

x1x2(x2 − x1)

(
α
(
x22 − 2x1x2

)
+ β

(
2x1x2 − x21

) )
= uF (x)

for uF (x) given by (3.4.27). Similarly, (3.4.34) becomes

∂hF
∂t1

=
1

4
√
3γx1x2(x2 − x2)

(
(2x2 − x1) (2α− β) + (x2 − 2x1) (2β − α)

)
=

√
3

4
√
γx1x2(x2 − x2)

(αx2 − βx1)

= vF (x)

for vF (x) given by (3.4.28).

Since we have the Euler field in x given by (3.4.17), it is straightforward to see that

LE (α∂x1 + β∂x2) = −1

3
(α∂x1 + β∂x2) , (3.4.35)

that is, a flat field α∂x1 + β∂x2 is homogeneous of degree −1
3
. Therefore, by Proposition

2.4.26, any Legendre field δ such that E ◦δ is flat must be homogeneous of degree µ = −4
3
.

This allows us to connect the Legendre fields obtained in Proposition 3.4.5 with those
considered in Theorem 3.3.23.
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Remark 3.4.6. The relations for t(z) given in (3.4.3) can be inverted to find

z =

(
9

2

(
t1 +

√
t21 −

32

3
t32

))1/3

,

z =

(
9

2

(
t1 −

√
t21 −

32

3
t32

))1/3

.

(3.4.36)

From these expressions, it is clear that the coordinates z, z ∈ C2 describe a 6-fold cover
over the chart of C2/A2 with coordinates t. This is to be expected, as |A2| = 6. The
monodromy group of the Frobenius manifold, which can be constructed via the mapping
(t1, t2) 7→ (z, z), is the group A2 (see [18, Appendix G]).

As (3.4.36) indicates, we will need to deal with multivaluedness arising from coordinate
transformations. For the following results, we restrict our attention to the open set U ⊂
C2 \ Σ defined by 0 < Re (x2 − x1) < ϵ for small ϵ > 0. Note that 0 /∈ U .

We reintroduce, from Theorem 3.3.23, the variable ω. By the coordinate change t→ z

given in (3.4.3), we have

ω =
32t32
3t21

=
4z3z3

(z3 + z3)
2 ,

and

√
1− ω =

√
z6 − 2z3z3 + z6

(z3 + z3)
2 =

√(
z3 − z3

z3 + z3

)2

.

In the set U , we can continuously define

√
1− ω =

z3 − z3

z3 + z3
. (3.4.37)

When taking cube roots in U , we set (z3)
1/3

= z and (z3)
1/3

= z. We also require
consistency of the choice of branches for (9t1)

1/3 = (z3 + z3)
1/3 and (9t1)

2/3 = (z3 + z3)
2/3

in the sense that (
z3 + z3

)1/3 (
z3 + z3

)2/3
= z3 + z3.

Theorem 3.4.7. Let δF = uF∂t1 + vF∂t2 be a Legendre field over U with

uF (t) =
c1
(
1 +

√
1− ω

)2/3
+ 24/3c2

(
1−

√
1− ω

)2/3
(4t1)1/3

√
1− ω

,

vF (t) = −
c1
(
1−

√
1− ω

)1/3
+ 24/3c2

(
1 +

√
1− ω

)2/3
(12t1)2/3

√
1− ω

,
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where ω = 32
3
t32t

−2
1 , and c1, c2 ∈ C. Then

E ◦ δF = k1∂z + k2∂z = α∂x1 + β∂x2 (3.4.38)

for k1, k2, α, β ∈ C given by equations

c1 = 31/3k1 =

√
γ

31/6

(
α
(
1− i

√
3
)
+ β

(
1 + i

√
3
))

,

c2 = −
(

3

16

)1/3

k2 = −
√
γ

24/3 · 31/6
(
α
(
1 + i

√
3
)
+ β

(
1− i

√
3
))

.

Proof. Theorem 3.3.23 describes all homogeneous Legendre fields for F , denoted here as
δH = uH∂t1 + vH∂t1 . Recall from (3.4.35) and Proposition 2.4.26 that a field δH of degree
µ = −4

3
produces a flat twisted field. Setting k = 4, µ = −4/3 in Theorem 3.3.23, the

components of δH are

uH = t
−1/3
1 U(ω), (3.4.39)

vH = t
−2/3
1 V (ω), (3.4.40)

where ω =
32t32
3t21

and

U(ω) = c1 2F1

(
2

3
,
1

6
;
1

3
;ω

)
+ c2ω

2/3
2F1

(
4

3
,
5

6
;
5

3
;ω

)
,

V (ω) = − c1
2 · 62/3

ω1/3
2F1

(
7

6
,
2

3
;
4

3
;ω

)
− c2

(
2ω

9

)1/3

2F1

(
5

6
,
1

3
;
2

3
;ω

)
for c1, c2 ∈ C. Referring to case 104 in [50, § 7.3.1], we have the representation

2F1

(
κ, κ+

1

2
; 2κ; y

)
=

1√
1− y

(
2

1 +
√
1− y

)2κ−1

,

for κ ∈ R. In terms of elementary functions, U(ω), V (ω) can therefore be expressed as

U(ω) =
c1
(
1 +

√
1− ω

)2/3
22/3

√
1− ω

+
c2 (2ω)

2/3(
1 +

√
1− ω

)2/3√
1− ω

, (3.4.41)

V (ω) = − c1ω
1/3

24/3 · 32/3
(
1 +

√
1− ω

)1/3√
1− ω

−
c2
(
1 +

√
1− ω

)1/3
32/3

√
1− ω

. (3.4.42)

Noting that
ω =

(
1 +

√
1− ω

) (
1−

√
1− ω

)
,
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expressions (3.4.41) and (3.4.42) can be rewritten as

U(ω) =
c1
(
1 +

√
1− ω

)2/3
+ 24/3c2

(
1−

√
1− ω

)2/3
22/3

√
1− ω

, (3.4.43)

V (ω) = −
c1
(
1−

√
1− ω

)1/3
+ 24/3c2

(
1 +

√
1− ω

)1/3
122/3

√
1− ω

. (3.4.44)

By formula (3.4.37), we have

1 +
√
1− ω =

2z3

z3 + z3
,

1−
√
1− ω =

2z3

z3 + z3
.

The expressions (3.4.43), (3.4.44) can then be rewritten in z, z as

U(z, z) =
c1z

2 + 24/3c2z
2

(z3 − z3)

(
z3 + z3

)1/3
,

V (z, z) = −21/3c1z + 25/3c2z

122/3 (z3 − z3)

(
z3 + z3

)2/3
.

From (3.4.39), (3.4.40), the components of δH in z are therefore

uH(z) = 32/3
c1z

2 + 24/3c2z
2

(z3 − z3)
, (3.4.45)

vH(z) = −32/3
c1z + 24/3c2z

2 (z3 − z3)
. (3.4.46)

The constants c1, c2 here are arbitrary; we must relate them to k1, k2, α, β as in (3.4.38).
Let δ = δF = uF∂t1 + vF∂t2 be such that E ◦ δF = k1∂z + k2∂z . By Proposition 3.4.3,

we have

3k1 = zuF + 2z2vF ,

3k2 = zuF + 2z2vF ,

which can be solved for

uF (z, z) =
3(k1z

2 − k2z
2)

z3 − z3
,

vF (z, z) =
3(k1z − k2z)

2 (z3 − z3)
.
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We set uF = uH , vF = vH , where uH , vH are given by (3.4.45), (3.4.46), to find

c1 = 31/3k1 and c2 = −
(

3

16

)1/3

k2. (3.4.47)

Finally, by Lemma 3.4.4 we have k1(α, β), k2(α, β) where δF = α∂x1 + β∂x2 . Substi-
tuting (3.4.25), (3.4.26) into (3.4.47) produces c1(α, β), c2(α, β) as in the statement.

3.5 Legendre fields in canonical coordinates

As noted in § 2.4.3.1, the Legendre field condition can be reformulated as a much simpler
set of equations in the case of semisimple Frobenius manifolds, by using the canonical
coordinates of such manifolds. Since finding (and transforming to and from) the canonical
coordinates is in general non-trivial, we have so far chosen to work in the flat coordinates
of η. However, using canonical coordinates may allow us to obtain general solutions for
the Legendre field condition.

For the two-dimensional semisimple Frobenius manifolds with anti-diagonal metric —
discussed above in Cases 2–5 — the relationship between canonical and flat coordinates
is known. The flat coordinates t expressed as functions of the canonical coordinates
u are given in Example 2.3.15. We find that in all of these cases, the Legendre field
condition (2.4.4) reduces to a single second-order partial differential equation of Euler-
Darboux-Poisson type. Throughout this section, we work in canonical coordinates u and
set ∂i = ∂ui , ηij = ηij(u), ηij = ηij(u).

Proposition 3.5.1. Let M be one of the Frobenius manifolds described by (2.3.2)–(2.3.5),
with metric η, Levi-Civita connection ∇, multiplication ◦ and canonical coordinates u.
Then the Legendre field condition (2.4.4) reduces to the following:

∂x

∂u2
=

∂y

∂u1
=
ϵ(x− y)

u1 − u2
, (3.5.1)

where x = x (u1, u2), y = y (u1, u2) are the components of the Legendre field δ in canonical
coordinates, and ϵ ∈ C is the same as in Example 2.3.15.

Proof. By Proposition 2.4.23, the Legendre field condition in canonical coordinates is
equivalent to the two equations

∂x

∂u2
= Γ1

21(y − x), (3.5.2)

∂y

∂u1
= Γ2

12(x− y), (3.5.3)

where Γi
jk are the Christoffel symbols for ∇. By definition, Christoffel symbols can be
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derived from the entries of the metric η as follows:

Γi
jk =

1

2
ηim

(
∂ηmk

∂ul
+
∂ηml

∂uk
− ∂ηkl
∂um

)
. (3.5.4)

Note that we require the entries of η, η−1 in terms of u.
By Property 1 of Theorem 2.3.16, we have the following expressions for the covariant

components of η:

ηij(u) =

∂i (t1) = ∂i (η1j(t) t
j) i = j

ηij(u) = 0 i ̸= j.
(3.5.5)

Since we have

η(t) =

(
0 1

1 0

)
for all the Frobenius manifolds in question, (3.5.5) becomes

ηij(u) =

∂i (t2) i = j

0 i ̸= j,
(3.5.6)

and we also have

ηij(u) =

 1
∂i(t2)

i = j

0 i ̸= j.
(3.5.7)

Substituting (3.5.6), (3.5.7) into (3.5.4), we find

Γ1
21 =

1

2

(
∂t2

∂u1

)−1
∂2t2

∂u1∂u2
, (3.5.8)

Γ2
12 =

1

2

(
∂t2

∂u2

)−1
∂2t2

∂u1∂u2
. (3.5.9)

Recall from Example 2.3.15 that the manifolds described by (2.3.3)–(2.3.5) share the
same expression for t2(u); we will consider these as one case first. From (2.3.11), we have

t2 =
(u1 − u2)

2ϵ+1

2(2ϵ+ 1)
, (3.5.10)

where ϵ ∈ C, ϵ ̸= −1/2. Substituting (3.5.10) into (3.5.8), (3.5.9) gives us

Γ2
12 = ϵ

(
u1 − u2

)−1
= −Γ1

21.
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With this, the right-hand side of both (3.5.2), (3.5.3) evaluates to

ϵ (x− y)

(u1 − u2)

as required.
For the Frobenius manifold described by (2.3.2), the expression for t2(u) is

t2 =
1

2
log u1 − u2.

Substituting this into (3.5.8), (3.5.9), we find

Γ2
12 = −1/2

(
u1 − u2

)−1
= −Γ1

21.

Therefore (3.5.2), (3.5.3) produce the required statement with ϵ = −1/2.

We can now rewrite (3.5.1) in terms of the potential h, recalling that

δ = gradh = ηij∂j(h)∂i. (3.5.11)

Corollary 3.5.2. Let δ = x∂1+y∂2 be a Legendre field for one of the Frobenius manifolds
described by (2.3.2)–(2.3.5). Then its potential h = h (u1, u2) satisfies the equation

(
u1 − u2

) ∂2h

∂u1∂u2
= ϵ

(
∂h

∂u2
− ∂h

∂u1

)
, (3.5.12)

where ϵ ∈ C is the same as in Example 2.3.15.

Proof. Following from the proof of the previous proposition, we see that the contravariant
components of the metric are given in all cases by

ηij =


2 (u1 − u2)

−2ϵ
i = j = 1

−2 (u1 − u2)
−2ϵ

i = j = 2

0 i ̸= j.

Using definition (3.5.11), we have

x = 2
(
u1 − u2

)−2ϵ ∂h

∂u1
,

y = −2
(
u1 − u2

)−2ϵ ∂h

∂u2
,
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and therefore

∂x

∂u2
= 4ϵ

(
u1 − u2

)−2ϵ−1 ∂h

∂u1
+ 2

(
u1 − u2

)2ϵ ∂2h

∂u1∂u2
, (3.5.13)

∂y

∂u1
= 4ϵ

(
u1 − u2

)−2ϵ−1 ∂h

∂u2
− 2

(
u1 − u2

)2ϵ ∂2h

∂u1∂u2
. (3.5.14)

By Proposition 3.5.1, we can equate (3.5.13) and (3.5.14) to obtain the required second-
order PDE for h.

Equation (3.5.12) is of Euler-Darboux-Poisson type. For specific values of ϵ, a general
solution can be found computationally or by using recurrence formulae presented in [12].
For example, when ϵ = −1, it can be verified that a general solution to (3.5.12) is

h =
G1(u

1) +G2(u
2)

u1 − u2
,

for arbitrary functions G1, G2.



Chapter 4

Multi-parameter An−1-type
trigonometric solutions

In this chapter, we generalise solutions found by Hoevenaars and Martini; see Theorem 2.1
in the preprint version of [35] for full details1. Solutions of this form were also considered
by Shen [56] and Riley [51]. We reproduce here results published in [25].

We introduce multi-parameter deformations of solutions of the form (2.5.10). The
corresponding function F = F trig

An−1
depends on the n-tuple m = (m1, . . . ,mn), mi ∈ C× ∀ i,

as well as on three parameters a, b, c ∈ C. The non-polynomial part of F trig
An−1

is expressed
via the function f(z) given by formula (2.5.7). Relations between a, b, c and M =

∑
mi

are needed to ensure that F trig
An−1

solves the WDVV equations. We will first consider a
generic case before looking at other situations.

Theorem 4.0.1. Let F = F trig
An−1

denote the function

F trig
An−1

(y) =
∑

1≤i<j≤n

mimjf (yi − yj) +
a

6

(
n∑

i=1

miyi

)3

+
b

2

(
n∑

i=1

miyi

)(
n∑

j=1

mjy
2
j

)
+
c

6

n∑
i=1

miy
3
i , (4.0.1)

with mi ∈ C× ∀ i ∈ {1, . . . , n} and a, b, c ∈ C. Suppose additionally that

bM + c ̸= 0, (4.0.2)

and

aM2 + 3bM + c ̸= 0. (4.0.3)

1Note that this theorem does not appear in the published version.
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Then η =
∑n

k=1 Fk is a constant non-degenerate matrix. Furthermore, F solves the WDVV
equations (2.2.2) for Q = η if the following relation holds:

b3M + 3b2c− ac2 + aM2 + 3bM + c = 0. (4.0.4)

Conversely, the WDVV equations (2.2.2) imply relation (4.0.4) when n ≥ 3.

In the case when mi = 1 for all i, Theorem 4.0.1 is equivalent to Theorem 2.5.6, which
appears in the preprint of [35].

The function (4.0.1) can also be rewritten in the form

F trig
An−1

(y) =
∑

1≤i<j≤n

mimjf (yi − yj) + a
∑

1≤i<j<k≤n

mimjmkyiyjyk

+
1

2

n∑
i ̸=j

(ami + b)mimjy
2
i yj +

1

6

n∑
i=1

(am2
i + 3bmi + c)miy

3
i . (4.0.5)

4.1 Proof of Theorem 4.0.1

From the definition of f(z) in (2.5.7) we have that f ′′′(z) = coth z, and so

f ′′′(−z) = −f ′′′(z).

For convenience, we will use the following shorthand throughout the calculations:

βij =

coth (yi − yj) i ̸= j,

0 otherwise.

Let δij be the Kronecker delta function. We also define

δijr = δijδjr =

1 i = j = r,

0 otherwise.

First, we compute the matrices of third order derivatives of F . As before, let Fk be
the n× n matrix with (r, s)th entry

Fkrs =
∂3F

∂yk∂yr∂ys
.

Lemma 4.1.1. The matrix Fk for the function F = F trig
An−1

given by (4.0.1) can be written
as

Fk = Wk + Vk,
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where the n× n matrices Wk and Vk have (r, s)th entries respectively given by

Wkrs = amkmrms,

Vkrs = δkrsmk

(
n∑

q=1

mqβkq + c

)
+ δkrmkmsβsk + δksmkmrβrk + δrsmkmrβkr

+ δkrbmkms + δksbmkmr + δrsbmkmr.

Proof. Considering each term in (4.0.1) individually, we can set out the following collection
of statements:

∂k∂r∂s

(∑
i<j

mimjf(yi − yj)

)
= δkrs

n∑
q=1

mkmqβkq + δkr(1− δrs)mkmsβsk

+ δks(1− δrs)mkmrβrk + δrs(1− δkr)mkmrβkr, (4.1.1)

∂k∂r∂s

a
6

(
n∑

i=1

miyi

)3
 = amkmrms, (4.1.2)

∂k∂r∂s

(
b

2

(
n∑

i=1

miyi

)(
n∑

j=1

mjy
2
j

))
= 3bδkrsm

2
k + δkr(1− δrs)bmkms

+ δks(1− δrs)bmkmr + δrs(1− δkr)bmrmk, (4.1.3)

and

∂k∂r∂s

(
c

6

n∑
i=1

miy
3
i

)
= δkrscmk. (4.1.4)

The expression (4.1.2) is equal to Wkrs, and the sum of (4.1.1), (4.1.3) and (4.1.4) equals
Vkrs. Note that we can use the fact that δabβab = 0 to simplify (4.1.1) as required.

For the WDVV equations to hold, we now need to check that the linear combination
η =

∑n
k=1 Fk is a constant, non-degenerate matrix.

Lemma 4.1.2. The n× n matrix η =
∑n

k=1 Fk has (r, s)th entry

ηrs = (aM + 2b)mrms + δrs(bM + c)mr.

In particular, the (r, s)th entry of the matrix
∑n

k=1 Vk is given by

n∑
k=1

Vkrs = 2bmrms + δrs(bM + c)mr. (4.1.5)
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Proof. By Lemma 4.1.1, we have η =
∑

kWk +
∑

k Vk. It is clear that

n∑
k=1

Wkrs = aMmrms,

Additionally, we have that

n∑
k=1

Vkrs = δrsmr

(
n∑

q=1

mqβrq + c

)
+mrmsβsr +msmrβrs

+ δrsmr

n∑
k=1

mkβkr + 2bmrms + δrsbMmr,

which can be simplified to the form (4.1.5).

Note that the matrix η can be represented as

η = A+ uvT,

where the n× n matrix A has the entries

Ars = δrs(bM + c)mr (4.1.6)

and u = (u1, . . . , un)
T , v = (v1, . . . , vn)

T are n-dimensional column vectors such that

ui = mi and vi = (aM + 2b)mi.

Lemma 4.1.3. Suppose that bM + c ̸= 0, aM2 + 3bM + c ̸= 0, and mi ̸= 0 ∀ i. Then the
matrix η from Lemma 4.1.2 has determinant

det η =
(
aM2 + 3bM + c

)
(bM + c)n−1

n∏
i=1

mi,

and the inverse matrix η−1 has entries

ηrs =
δrs

(bM + c)mr

− aM + 2b

(aM2 + 3bM + c)(bM + c)
. (4.1.7)

Proof. Since we can write η = A+ uvT, this implies that

det η = det(A+ uvT ). (4.1.8)
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By applying the Matrix Determinant Lemma (see Theorem 18.1.1 in [31]), we have

det η = (1 + vTA−1u) detA.

The matrix A, given in (4.1.6), has determinant

detA = (bM + c)n
n∏

i=1

mi. (4.1.9)

As A is a diagonal matrix, it is straightforward to see that A−1 exists and has the entries

(A−1)rs =
δrs

(bM + c)mr

. (4.1.10)

We can now compute

1 + vTA−1u = 1 +
n∑

i=1

n∑
j=1

(aM + 2b)miδij
(bM + c)

=
aM2 + 3bM + c

bM + c
. (4.1.11)

It follows from (4.1.8), (4.1.9) and (4.1.11) that

det η =
(
aM2 + 3bM + c

)
(bM + c)n−1

n∏
i=1

mi.

The condition aM2 + 3bM + c ̸= 0 is equivalent to 1 + vTA−1u ̸= 0. It is then easy to
check (cf. the Sherman-Morrison formula, see e.g. [29]) that

η−1 = A−1 − A−1uvTA−1

1 + vTA−1u
.

We have (
A−1uvTA−1

)
rs
=

aM + 2b

(bM + c)2

n∑
i=1

n∑
j=1

δriδjs
mrms

mimj

=
aM + 2b

(bM + c)2
,

(4.1.12)

and then formulas (4.1.10)–(4.1.12) imply (4.1.7).

For the WDVV equations (2.2.2) to hold we need

Fiη
−1Fj − Fjη

−1Fi = 0. (4.1.13)
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From Lemma 4.1.3, we have for non-singular η

(
Fiη

−1Fj

)
rs
=

n∑
k=1

n∑
l=1

[
Firk

(
κ+

δkl
(bM + c)mk

)
Fjls

]
= κ

n∑
k=1

Firk

n∑
l=1

Fjls +
1

bM + c

n∑
k=1

1

mk

FirkFjks

= κ ηriηjs +
1

bM + c

n∑
k=1

1

mk

[
WirkWjks +WirkVjks (4.1.14)

+ VirkWjks + VirkVjks

]
,

where
κ = − aM + 2b

(aM2 + 3bM + c)(bM + c)
.

We will consider contributions to (4.1.13) from each of the five terms in (4.1.14) individ-
ually.

For a four-index expression Mijkl, we denote by M[ij]kl the anti-symmetrisation
M[ij]kl =Mijkl −Mjikl.

Lemma 4.1.4. We have

(
Fiη

−1Fj − Fjη
−1Fi

)
rs
= λ[ij]rs + κ(bM + c)2mrms(δirδjs − δjrδis)

+
(
κ(aM + 2b)(bM + c) + a

)
mrms

(
mj(δir − δis) +mi(δjs − δjr)

)
,

where

λijrs =
1

bM + c

n∑
k=1

1

mk

(Vi)rk (Vj)ks . (4.1.15)

Proof. We start with the first term in (4.1.14). From Lemma 4.1.2 we have

ηriηjs = (aM + 2b)2mrmsmimj + δir(aM + 2b)(bM + c)mrmjms

+ δjs(aM + 2b)(bM + c)msmrmi + δirδjs(bM + c)2mrms,

so the antisymmetrisation becomes

ηriηjs − ηrjηis = (bM + c)2mrms(δirδjs − δjrδis)

+ (aM + 2b)(bM + c)mrms

(
mj(δir − δis) +mi(δjs − δjr)

)
. (4.1.16)

Next, we use Lemma 4.1.1 to consider the other terms in (4.1.14). We have

n∑
k=1

1

mk

WirkWjks = a2mimrmjmsM,
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which leads to
n∑

k=1

1

mk

[
WirkWjks −WjrkWiks

]
= 0. (4.1.17)

We continue with
n∑

k=1

1

mk

WirkVjks = amimr

n∑
k=1

Vkjs,

since it follows from Lemma 4.1.1 that Vkjs is symmetric in k, j, and s. By Lemma 4.1.2,

n∑
k=1

1

mk

WirkVjks = amimr

(
2bmjms + δjs(bM + c)mj

)
= 2abmimjmrms + δjsa(bM + c)mimjmr,

and so we find

n∑
k=1

1

mk

[
WirkVjks −WjrkViks

]
= a(bM + c)mrms (δjsmi − δismj) . (4.1.18)

By the symmetry of Vijk and Wijk, we similarly obtain

n∑
k=1

1

mk

[
VirkWjks − VjrkWiks

]
= a(bM + c)mrms(δirmj − δjrmi). (4.1.19)

The antisymmetrisation of (4.1.14) is then found by combining (4.1.16), (4.1.17), (4.1.18),
and (4.1.19) with λ[ij]rs to represent the remaining terms.

To find the antisymmetrisation of λijrs, given in (4.1.15), we now separately consider
terms in the expansion of this expression which are (without the use of any identities)
quadratic, linear and constant in βpq. It will turn out by the use of various identities that
all terms in λ[ij]rs are constant.

Lemma 4.1.5. We have

λ[ij]rs =
mrms

bM + c

((
M
(
b2 + 1

)
+ 2bc

)
(δirδjs − δjrδis)

+
(
1− b2

)
mi(δjr − δjs) +

(
1− b2

)
mj(δis − δir)

)
.
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Proof. Let A[ij]rs be the terms in λ[ij]rs which are quadratic in βpq. That is,

Aijrs =
n∑

k=1

mk

(
δkir

n∑
q=1

mqβkq + δkimrβrk + δkrmiβik + δirmiβki

)

×

(
δkjs

n∑
q=1

mqβkq + δkjmsβsk + δksmjβjk + δjsmjβkj

)
,

where we have used the expression for λijrs given in (4.1.15), and for Vq given in Lemma
4.1.1. Terms in the expansion of Aijrs with a factor of δij will cancel after antisymmetri-
sation in i, j, so we find

A[ij]rs = Ã[ij]rs,

where

Ãijrs = δirsmimjβji

(
n∑

q=1

mqβiq

)
+ δirδjsmimjβij

(
n∑

q=1

mqβiq

)

+ δismimjmrβriβji + δjsmimjmrβriβij + δjrsmimjβij

(
n∑

q=1

mqβjq

)
+ δjrmimjmsβijβsj + δrsmimjmrβirβjr + δjsmimjmrβirβrj

+ δirδjsmimjβji

(
n∑

q=1

mqβjq

)
+ δirmimjmsβjiβsj

+ δirmimjmsβsiβjs + δirδjsmimj

(
n∑

k=1

mkβkiβkj

)
.

Note that the antisymmetrisation of

δirsmimjβji

(
n∑

q=1

mqβiq

)
+ δjrsmimjβij

(
n∑

q=1

mqβjq

)
+ δrsmimjmrβirβjr

is equal to zero. Hence,

A[ij]rs = Ã[ij]rs = Ã
(1)
[ij]rs + Ã

(2)
[ij]rs + Ã

(3)
[ij]rs, (4.1.20)

where

Ã
(1)
ijrs = δirδjsmimj

n∑
q=1

mq (βijβiq + βijβqj + βiqβjq) ,

Ã
(2)
ijrs = δjrmimjms (βijβsj + βijβis + βisβjs) ,
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and

Ã
(3)
ijrs = δismimjmr (βirβij + βrjβij + βirβjr) .

We now apply the following identity:

βijβik + βijβkj + βikβjk = 1,

where i, j, k are distinct from each other. We get

Ã
(1)
[ij]rs = (1− δij)(δirδjs − δjrδis)mimj (M −mi −mj)

+ (1− δij)(δirδjs − δjrδis)mimj(mi +mj)β
2
ij

+ δij(δirδjs − δjrδis)m
2
i

(
n∑

q=1

mqβ
2
iq

)
,

and so

Ã
(1)
[ij]rs = (δirδjs − δjrδis)mimj

(
M −mi −mj + (mi +mj)β

2
ij

)
(4.1.21)

since δij(δirδjs − δjrδis) = 0. Furthermore,

Ã
(2)
ijrs = δjrδij(1− δis)m

2
imsβ

2
is + δjrδis(1− δij)m

2
imjβ

2
ij

+ δjrδjs(1− δij)mim
2
jβ

2
ij + δjr(1− δij)(1− δis)(1− δjs)mimjms,

which becomes

Ã
(2)
ijrs = δijrm

2
imsβ

2
is + δjrδism

2
imjβ

2
ij + δjrsmim

2
jβ

2
ij

+ δjr(1− δij)(1− δis)(1− δjs)mimjms. (4.1.22)

Similarly,

Ã
(3)
ijrs = δijsm

2
jmrβ

2
jr + δisδjrm

2
jmiβ

2
ji + δirsmjm

2
iβ

2
ji

+ δis(1− δij)(1− δjr)(1− δir)mimjmr. (4.1.23)

Note that the first term in the right-hand side of each of (4.1.22) and (4.1.23) becomes zero
after antisymmetrisation over i and j, and that the second term in each of Ã(2)

ijrs, −Ã
(2)
jirs,

Ã
(3)
ijrs, and −Ã(3)

jirs cancels with the β2
ij terms in (4.1.21). Moreover, the third term in the

right-hand side of (4.1.22) cancels with the third term in (4.1.23) after antisymmetrisation.
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Therefore

Ã
(1)
[ij]rs + Ã

(2)
[ij]rs + Ã

(3)
[ij]rs = (δirδjs − δjrδis)mimj (M −mi −mj) + α[ij]rs, (4.1.24)

where

αijrs = δjr(1− δir)(1− δis)(1− δrs)mimrms

+ δis(1− δjr)(1− δjs)(1− δrs)mjmrms.

Note that

α[ij]rs = (δjr − δjs) (1− δir)(1− δis)mimrms

+ (δis − δir) (1− δjr)(1− δjs)mjmrms. (4.1.25)

It then follows from formulas (4.1.20), (4.1.24) and (4.1.25) that

A[ij]rs =Mmrms(δirδjs − δjrδis) +mrms

(
mi(δjr − δjs) +mj(δis − δir)

)
. (4.1.26)

We now consider those terms in λ[ij]rs which are linear in βpq. By Lemmas 4.1.4 and
4.1.1 the sum of these terms is given by B[ij]rs, where

Bijrs =
n∑

k=1

mk

(
δkir

n∑
q=1

mqβkq + δkimrβrk + δkrmiβik + δirmiβki

)
× (δkjsc+ δkjbms + δksbmj + δjsbmj)

+
n∑

k=1

mk

(
δkjs

n∑
q=1

mqβkq + δkjmsβsk + δksmjβjk + δjsmjβkj

)
× (δkirc+ δkibmr + δkrbmi + δirbmi) .

By expanding, and cancelling terms which are symmetric in i and j or in r and s, we
see that

B[ij]rs = B̃[ij][rs],

where

B̃ijrs = mimj

(
δisbmrβri + δjrbmsβir + δirδjscβji + δirbmsβji + δirbmsβsi

)
,

and
B̃[ij][rs] = B̃[ij]rs − B̃[ij]sr.

Note that the term δirδjscmimjβji in B̃ijrs cancels with the corresponding term in B̃jisr,
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and hence terms proportional to c vanish in B̃[ij][rs]. The terms

δisbmimjmrβri + δirbmimjmsβsi = bmimjβrs (δismr − δirms)

are together symmetric under the swap of r and s, hence the corresponding terms cancel
in B̃ij[rs]. Finally, the sum of the remaining two terms is symmetric under the swap of i
and j, hence the corresponding terms cancel in B̃[ij]rs. Overall, we get that

B[ij]rs = B̃[ij][rs] = 0.

Finally, we consider the contribution to λ[ij]rs from constant terms, denoted C[ij]rs with

Cijrs =
n∑

k=1

mk (δkirc+ δkibmr + δkrbmi + δirbmi)

× (δkjsc+ δkjbms + δksbmj + δjsbmj) .

We can again omit terms symmetric in i and j to find C[ij]rs = C̃[ij]rs, where

C̃ijrs = bmimj

(
δirsc+ δirδjs (2c+ bM) + δisbmr + 2δjsbmr + δjrsc+ δjrbms

+ δrsbmr + 2δirbms

)
.

Note that the sum of the terms

bmimj (δirsc+ δjrsc+ δisbmr + δjsbmr + δjrbms + δirbms + δrsbmr)

is symmetric in i and j, hence vanishes after the antisymmetrisation. Therefore

C[ij]rs = C̃[ij]rs = bmrms(bM + 2c)(δirδjs − δjrδis)

+ b2mjmrms(δir − δis) + b2mimrms(δjs − δjr). (4.1.27)

To finish the proof, we combine expressions (4.1.26)–(4.1.27) to obtain the required
statement for

λ[ij]rs =
1

bM + c

(
A[ij]rs +B[ij]rs + C[ij]rs

)
.

We are now ready to prove Theorem 4.0.1.
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Proof of Theorem 4.0.1. By Lemmas 4.1.4 and 4.1.5

(
Fiη

−1Fj

)
rs
−
(
Fjη

−1Fi

)
rs
=

mrms(δjrδis − δirδjs)

(
(aM + 2b)(bM + c)

aM2 + 3bM + c
− M + b2M + 2bc

bM + c

)
+mrms

(
mj (δis − δir) +mi(δjr − δjs)

)( (aM + 2b)2

aM2 + 3bM + c
− a− b2 − 1

bM + c

)
=
mrmsγ

(
M(δirδjs − δjrδis) +mj (δis − δir) +mi(δjr − δjs)

)
(aM2 + 3bM + c) (bM + c)

, (4.1.28)

where
γ = b3M + 3b2c− ac2 + aM2 + 3bM + c.

Therefore the WDVV equations hold when γ = 0. It is also easy to see that γ has to be
zero when n ≥ 3 if expression (4.1.28) vanishes for all i, j, r, s.

Remark 4.1.6. In the special case b = −1
2
aM , the metric η is diagonal, the condition

(4.0.3) reduces to (4.0.2), and the relation (4.0.4) can be rearranged to the form

a2M2 − 4ac+ 4 = 0.

4.2 Other cases

Theorem 4.0.1 relies on the two conditions (4.0.2) and (4.0.3). We now consider the case
when condition (4.0.2) does not hold. The first statement is as follows.

Theorem 4.2.1. Suppose bM + c = 0. Let Q be the diagonal n × n matrix with entries
Qrs = δrsmr. Then the equations

FiQ
−1Fj = FjQ

−1Fi (4.2.1)

hold for all i, j ∈ {1, . . . , n} if b = ±1. Moreover, equations (4.2.1) imply b = ±1 provided
that n ≥ 3.

Proof. Note that (
FiQ

−1Fj

)
rs
=

n∑
k=1

1

mk

FirkFjks,

and Fi = Wi + Vi as in Lemma 4.1.1. By formula (4.1.14) and Lemmas 4.1.4, 4.1.5, we



CHAPTER 4. A-TYPE TRIGONOMETRIC SOLUTIONS 134

find that

(
FiQ

−1Fj

)
rs
−
(
FjQ

−1Fi

)
rs
=

n∑
k=1

1

mk

[
(Vi)rk (Vj)ks − (Vj)rk (Vi)ks

]
=
(
M + b2M + 2bc

)
mrms (δirδjs − δisδjr)

+
(
b2 − 1

)
mrms

(
mi(δjs − δjr) +mj(δir − δis)

)
.

Since c = −bM , we get M + b2M + 2bc =M(−b2 + 1) and the statement follows.

We also have the following statement on a solution of the WDVV equations.

Theorem 4.2.2. Suppose that bM + c = 0, b = ±1, and aM + 2b ̸= 0. Then the matrix
Q from Theorem 4.2.1 can be represented as

Q = κ−1

n∑
k=1

hkFk,

where

hk = −(aM + 2b)e2byk + a
n∑

q=1

mqe
2byq (4.2.2)

and

κ = −2b(aM + 2b)
n∑

q=1

mqe
2byq .

Proof. By Lemma 4.1.1 and substituting c = −bM , we have

Fkrs = amkmrms + δkrsmk

(
n∑

q=1

mqβkq − bM

)
+ δkrmkmsβsk

+ δksmkmrβrk + δrsmkmrβkr + bmk (δkrms + δksmr + δrsmr) .

We now compute the linear combination B =
∑n

k=1 hkFk, where hk is defined in (4.2.2).
By expanding and cancelling terms, we find that the matrix entries of B are

Brs = −δrs(aM + 2b)mr

n∑
k=1

mkβrk
(
e2byr − e2byk

)
+ δrs(aM + 2b)bmrMe2byr

+ (aM + 2b)mrmsβrs
(
e2byr − e2bys

)
− (aM + 2b)bmrms

(
e2byr + e2bys

)
− δrs(aM + 2b)bmr

n∑
k=1

mke
2byk . (4.2.3)

Observe that

βij
(
e2byi − e2byj

)
=

b
(
e2byi + e2byj

)
i ̸= j,

0 otherwise.
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Then formula (4.2.3) can be simplified to Brs = κQrs as required.

Theorems 4.2.1 and 4.2.2 generalise observations from the arXiv version of [35] to the
case of arbitrary (non-zero) parameters mi.

4.3 Comparison with known solutions

4.3.1 Riley’s work

In [51], Riley produced (n+1)-parameter trigonometric functions related to the extended
affine Weyl group of type An−1. As the formula given in the relevant theorem, [51, Theorem
4.12], appears to contain typos, we provide a corrected version below. We then show that
these functions are included in the family described by (4.0.1).

Let V be an n-dimensional vector space. We consider the function

FR
k (ϕ) =

1

2

n∑
p=1

∑
q ̸=p

kpkqLi3
(
ei(ϕp−ϕq)

)
+

n∑
p=1

AR
p ϕ

3
p

+
n∑

p=1

∑
q ̸=p

BR
pqϕ

2
pϕq +

n−2∑
p=1

∑
q>p

∑
r>q

CR
pqrϕpϕqϕr, (4.3.1)

where ϕ = (ϕ1, . . . , ϕn) ∈ V , k = (k1, . . . , kn) ∈ Cn, and

AR
p =

ik2p
3

−
ik3p
6µ

− ikpµ

6
+

i

12

∑
q ̸=p

kpkq, (4.3.2)

BR
pq =

ikpkq
4

−
ik2pkq

2µ
, (4.3.3)

CR
pqr = −ikpkqkr

µ
, (4.3.4)

for µ ∈ C. When µ ∈ {1, . . . , n − 1}, this corresponds to a choice of marked simple root
(or marked node in a Dynkin diagram) in the construction of the extended affine Weyl
group.

Remark 4.3.1. The expression for the parameter AR
p given by (4.3.2) contains corrections

to the analogous expression in [51, Theorem 4.12]. Without these corrections, the result
is inconsistent with [51, Lemma 4.11], which provides third-order derivatives of (4.3.1). It
can also be verified that the function (4.3.1) as defined here is a solution of the ordinary
WDVV equations (2.2.12), while the function given in [51, Theorem 4.12] is not.

Let F = FR
k (ϕ) given by (4.3.1) and F̃ = F trig

An−1
(y) given by (4.0.5), with the parameters

a, b, c,m,M as defined in Theorem 4.0.1.
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Theorem 4.3.2. Define a, b, c, and m = (m1, . . . ,mn) by

mi = ki ∀ i ∈ {1, . . . , n},

a = − 2

µ
,

b = 1,

c =
n∑
i

ki − 2µ.

(4.3.5)

Then functions F and F̃ satisfy

−1

4
F (ϕ) = F̃ (y) up to quadratic terms,

where the coordinate system y is given by

yj =
i

2
ϕj ∀ j ∈ {1, . . . , n}.

Conditions (4.0.2) and (4.0.3) are both equivalent to the condition

µ ̸=
n∑

i=1

ki.

Condition (4.0.4) is satisfied for all values of k, µ.

Proof. The function F can be rewritten as

F =
1

2

n∑
p ̸=q

kpkq

(
Li3
(
ei(ϕp−ϕq)

)
+ Li3

(
ei(ϕq−ϕp)

) )
+

n∑
p=1

AR
p ϕ

3
p

+
n∑

p̸=q

BR
pqϕ

2
pϕq +

∑
1≤p<q<r≤n

CR
pqrϕpϕqϕr. (4.3.6)

From the definition of f(z) in (2.5.7), we have

−8f

(
iz

2

)
=
i

6
z3 + 2Li3

(
e−iz

)
and

∂3

∂z3

(
−8f

(
iz

2

))
=
i (eiz + 1)

eiz − 1
=

∂3

∂z3

(
Li3
(
eiz
)
+ Li3

(
e−iz

) )
.

Therefore,

Li3
(
eiz
)
+ Li3

(
e−iz

)
= −8f

(
iz

2

)
up to quadratic terms,
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and (4.3.6) becomes

F = −4
n∑

p̸=q

kpkqf

(
i

2
(ϕp − ϕq)

)
+

n∑
p=1

AR
p ϕ

3
p +

n∑
p ̸=q

BR
pqϕ

2
pϕq +

∑
1≤p<q<r≤n

CR
pqrϕpϕqϕr

up to quadratic terms. By comparison of the terms in −1
4
F and F̃ under the change of

variables yj = i
2
ϕj, it is straightforward to recover the relations given by (4.3.5).

We then find that

bM + c = 2
n∑

i=1

ki − 2µ,

and

aM2 + 3bM + c = − 2

µ

(
n∑

i=1

ki

)
+ 4

n∑
i=1

ki − 2µ

= − 2

µ

(
n∑

i=1

ki − µ

)2

.

Conditions (4.0.2), (4.0.3) are therefore both equivalent to

µ ̸=
n∑

i=1

ki.

The left-hand side of condition (4.0.4) becomes

5
n∑

i=1

ki + 3

(
n∑

i=1

ki − 2µ

)
+

2

µ

(
n∑

i=1

ki − 2µ

)2

− 2

µ

(
n∑

i=1

ki

)2

− 2µ = 0,

without any further restrictions.

4.3.2 Shen’s work

Shen found trigonometric solutions to the WDVV equations in [56] associated with the
reduced irreducible root system R of a rank n Weyl group W . These structures include a
multiplicity parameter κ = (kα)α∈R ∈ Cn; however, this κ is required to be W -invariant.
In the type A case that we consider here, this means that κ is described by the single
value k = kα for all α ∈ R. An additional parameter k′ ∈ C appears in this construction,
so that it becomes a 2-parameter system.

The type A solution is obtained explicitly in [56, § 4]; we reproduce this as follows. We
consider a function Φ = Φ (x, ξ) : V × C → C, where ξ ∈ C, x = (x1, . . . , xn) ∈ Cn, and



CHAPTER 4. A-TYPE TRIGONOMETRIC SOLUTIONS 138

V ⊂ Cn is the hyperplane defined by
∑n

i=1 xi = 0. Let {e1, . . . , en} denote the standard
basis of Cn, with dual basis {e1, . . . , en}. Let R+ be the set of positive roots of An−1 given
by R+ = {ei − ej | 1 ≤ i < j ≤ n}. Given α = ei − ej for some i, j, we define

α′ := ei + ej − 2

n

n∑
l=1

el.

For the following expression, see formula (4.1) in [56]. The function Φ associated with
An−1 is given by

Φ =
ξ3

6
−KSξ

∑
α∈R+

α(x)2 + nkKS
∑
α∈R+

q (α(x)) + nk′KS
∑
α∈R+

α(x)2α′(x)

6
, (4.3.7)

where k, k′ ∈ C, and

KS =
1

8

(
k2 − k′

2
)
,

q(z) =
1

6
z3 − 2Li3

(
e−z
)

= 8f
(z
2

)
,

where f(z) is given by (2.5.7).

Remark 4.3.3. The function (4.3.7) includes corrections to the last term in formula (4.1)
in [56]. Namely, a factor of 1

2
in [56] has been changed here to 1

6
. Without this change,

the function does not satisfy the ordinary WDVV equations (2.2.12).

We now set ξ =
∑n

i=1 xi and let F = F (x) = Φ (x, ξ(x)) so that F : Cn → C. As
before, let F̃ = F trig

m (y) be given by (4.0.5).

Theorem 4.3.4. Define a, b, c and mi, 1 ≤ i ≤ n, by

mi = 1 ∀ i ∈ {1, . . . , n},

a =
8 + (6 + 2k′)

(
k2 − k′2

)
nk
(
k2 − k′2

) ,

b = −2 + k′

k
,

c =
nk′

k
,

(4.3.8)

where k ̸= 0, k2 ̸= k′2. Then functions F and F̃ satisfy

1

nk
(
k2 − k′2

)F (x) = F̃ (y),
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where the coordinate system y is given by

yi =
1

2
xi ∀ i ∈ {1, . . . , n}.

Conditions (4.0.2), (4.0.3), (4.0.4) are all satisfied.

Proof. We start by rewriting (4.3.7) as

F (x) = 8nkKS
∑

1≤i<j≤n

f

(
1

2
(xi − xj)

)
−KS

(
n∑

i=1

xi

)( ∑
1≤i<j≤n

x2i − 2xixj + x2j

)

+
1

6

(
n∑

i=1

xi

)3

+
k′

6
KS

∑
1≤i<j≤n

(
x2i − 2xixj + x2j

)(
(n− 2)(xi + xj)− 2

n∑
l ̸=i,j

xl

)
.

Rescaling this by 1

nk(k2−k′2)
, we get

1

nk
(
k2 − k′2

)F (x) = ∑
1≤i<j≤n

f

(
1

2
(xi − xj)

)
+

1

6nk
(
k2 − k′2

)AS

− 1

8nk
BS +

k′

48nk
CS, (4.3.9)

where

AS =

(
n∑

i=1

xi

)3

=
n∑

i=1

x3i + 3
n∑

i ̸=j

x2ixj + 6
∑

1≤i<j<l≤n

xixjxl, (4.3.10)

BS =

(
n∑

i=1

xi

)( ∑
1≤i<j≤n

x2i − 2xixj + x2j

)
, (4.3.11)

CS =
∑

1≤i<j≤n

(
x2i − 2xixj + x2j

)(
(n− 2)(xi + xj)− 2

n∑
l ̸=i,j

xl

)
. (4.3.12)

To simplify (4.3.11), note that

∑
1≤i<j≤n

(
x2i + x2j

)
=

1

2

(
n∑

i=1

n∑
j=1

(
x2i + x2j

)
−

n∑
i=1

2x2i

)
= (n− 1)

n∑
i=1

x2i .

We then have

BS =

(
n∑

i=1

xi

)(
(n− 1)

n∑
i=1

x2i −
n∑

i ̸=j

xixj

)

= (n− 1)
n∑

i=1

x3i + (n− 3)
n∑

i ̸=j

x2ixj − 6
∑

1≤i<j<l≤n

xixjxk. (4.3.13)
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The expression (4.3.12) can similarly be expanded and simplified, as follows:

CS = (n− 2)
∑

1≤i<j≤n

(
x3i − x2ixj − xix

2
j + x3j

)
− 2(n− 2)

n∑
i ̸=j

x2ixj + 4
∑

1≤i<j≤n
l ̸=i,j

xixjxl

= (n− 1)(n− 2)
n∑

i=1

x3i − 3(n− 2)
n∑

i ̸=j

x2ixj + 12
∑

1≤i<j<l≤n

xixjxl, (4.3.14)

where we additionally used the formula

∑
1≤i<j≤n

l ̸=i,j

x2ixl + x2jxl =
∑
j ̸=i,l

∑
l ̸=i

n∑
i=1

x2ixl = (n− 2)
n∑

i ̸=j

x2ixj.

Substituting the expressions for AS, BS, CS given by (4.3.10), (4.3.13), (4.3.14) back into
(4.3.9), we have

1

nk
(
k2 − k′2

)F (x) = ∑
1≤i<j≤n

f

(
1

2
(xi − xj)

)
+

(
1

nk
(
k2 − k′2

) + 6 + 2k′

8nk

) ∑
1≤i<j<l≤n

xixjxl

+

(
1

2nk
(
k2 − k′2

) − 2(n− 3) + k′(n− 2)

16nk

)
n∑

i ̸=j

x2ixj

+
1 + (n− 1) (k′(n− 2)− 6)

(
k2 − k′2

)
48nk

(
k2 − k′2

) n∑
i=1

x3i . (4.3.15)

Comparing the cubic terms in (4.3.15) with those in (4.0.5), under the change of variables
yi =

1
2
xi, produces the relations given in (4.3.8).

Since mi = 1 ∀ i, we have M = n. Using the values of a, b, c in (4.3.8), the left-hand
side of condition (4.0.2) becomes

bM + c = −2n

k
,

and the left-hand side of (4.0.3) becomes

aM2 + 3bM + c =
8n

k
(
k2 − k′2

) + (6 + 2k′)n

k
− (6 + 3k′)n

k
+
nk′

k

=
8n

k
(
k2 − k′2

) ,
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so both conditions hold. Finally, the left-hand side of (4.0.4) is

b3M + 3b2c− ac2 + aM2 + 3bM + c = −
n
(
8 + 12k′ + 6k′2 + k′3

)
k3

+
3nk′

(
4 + 4k′ + k′2

)
k3

− 8nk′2

k3
(
k2 − k′2

) − nk′2(6 + 2k′)

k3
+

8n

k
(
k2 − k′2

) ,
which is equal to zero as all the terms cancel.



Chapter 5

Legendre transformations of An-type
rational solutions

In this chapter, we apply Legendre transformations to the (n + 1)-parameter family of
rational solutions associated with the An-type ∨-system found in [11]. The transformations
considered produce families of An−1-type trigonometric solutions, of the form considered
in Chapter 4. We follow [25] for the results in Section 5.2.

Let e1, . . . , en be the standard basis of Cn, with coordinates x = (x1, . . . , xn) ∈ Cn. Let
k1, . . . , kn ∈ C× be such that K :=

∑n
i=1 ki ̸= −1. The multi-parameter An-type ∨-system

is the collection of vectors [11]

An(k) =
{√

kiei|1 ≤ i ≤ n
}
∪
{√

kikj(ei − ej)|1 ≤ i < j ≤ n
}
. (5.0.1)

The corresponding solutions of the WDVV equations are

F = F rat
An(k) =

n∑
i=1

ki
(
xi
)2

log
(
xi
)
+
∑

1≤i<j≤n

kikj
(
xi − xj

)2
log
(
xi − xj

)
. (5.0.2)

The function F satisfies the WDVV equations (2.2.2) with a choice of metric η as in
(2.5.2); that is,

η =
n∑

i=1

xiFi,

which has constant entries

ηij =

2ki(K − ki + 1), i = j,

−2kikj, otherwise.

142
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Then the contravariant metric, denoted η−1, has entries given by

ηij =

 ki+1
2ki(K+1)

, i = j,

1
2(K+1)

, otherwise.
(5.0.3)

5.1 Roots and fundamental weights of An as Legendre

fields

Since the choice of Legendre field amounts to selecting a new distinguished direction, roots
and fundamental weights are a natural choice of Legendre field for a solution associated
with a root system. As fundamental weights are not defined for the deformed system
(5.0.1) with ki ̸= 1, we refer here to the geometry of the Coxeter case, where ki = 1.

To recover the Coxeter An root system from (5.0.1), we set ki = 1 ∀ i ∈ {1, . . . , n}.
We choose the set of simple roots ∆ = {β1, β2, . . . , βn−1, βn} ⊂ Cn where βi = ei − ei+1,
1 ≤ i < n, and βn = en. This realisation of An can be obtained from a realisation in
(n + 1) dimensions — see, for example, [6, Plate I] — as follows. Let f1, . . . , fn+1 denote
the standard basis of Cn+1 with inner product (fi, fj) = δij. A set of simple roots for An

in Cn+1 is
∆̃ = {f1 − f2, . . . , fn−1 − fn, fn − fn+1}.

Taking the orthogonal projection of ∆̃ onto the hyperplane Π = {x ∈ Cn+1 |xn+1 = 0} ∼=
Cn, we can set a basis in the hyperplane Π to be

ei = fi − fn+1, 1 ≤ i ≤ n.

The projection of the inner product onto Cn is then given by (ei, ej) = δij + 1.
Referring to Definition 2.3.25, it can be verified that the first fundamental weight of

An in the n-dimensional realisation is ω1 = e1 − 1
n+1

∑n
k=1 ek and the last fundamental

weight is ωn = 1
n+1

∑n
k=1 ek.

We will first consider the Legendre transformation of (5.0.2) along an arbitrary root
of the form eγ. That is, we set the Legendre field to be δ = ∂γ for some γ ∈ {1, . . . , n}.
The Legendre transformation produced by this field is denoted Sγ, following Notation
2.4.19. We then consider the Legendre transformation of (5.0.2) via a rescaling of the last
fundamental weight of An; that is, we choose the Legendre field δ = κ

∑n
k=1 ∂k.

Remark 5.1.1. For n = 2, we saw in Section 3.4 how the flat Legendre fields considered
here can be obtained from the twisting of homogeneous Legendre fields for the Frobenius
manifold C2/A2.
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5.2 Legendre transformation along a root of An

We now compute the result of applying a Legendre transformation Sγ to F for any γ ∈
{1, . . . , n}. We set F̂ = Sγ (F ).

Note that since the WDVV equations are unaffected by the addition of quadratic
terms to a function F , we may disregard such terms during calculations. By definition,
the new coordinates x̂α are found using second-order derivatives of F . For simplicity,
constant terms that appear from these calculations can be absorbed with the addition of
appropriate quadratic terms to F , and the flat coordinates x̂α redefined. Since the addition
of such terms to F is equivalent to a linear coordinate transformation of the resulting F̂ ,
we will find and discuss F̂ up to such transformations. We will use the notation A

•
= B

to denote the equality of A and B up to constant terms.
Under the Legendre transformation Sγ, the new flat coordinates x̂α can be chosen

(after constant coordinate shifts) as follows:

x̂α =

2kγ log(x
γ) + 2kγ

∑
i ̸=γ ki log (x

γ − xi) α = γ,

−2kγkα log (x
γ − xα) otherwise.

(5.2.1)

The original flat coordinates xα now must be rewritten in terms of the new contravariant
coordinates x̂α.

Lemma 5.2.1. The flat coordinates xα can be expressed as follows:

xα =
(
1− e

−K+1
kγ

x̂α
)
xγ for α ̸= γ, (5.2.2)

log (xγ) =
n∑

i=1

ki
kγ
x̂i. (5.2.3)

Proof. The new contravariant coordinates x̂α can be found by using the inverse metric
η−1 (5.0.3) to raise the indices of the covariant coordinates in (5.2.1). Since the Legendre
transformation does not affect the metric, we have

ηαβ = η̂αβ,

which implies that

x̂α = η̂αβx̂β = ηαβx̂β.
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The contravariant coordinates are therefore

x̂α =


kγ+1

K+1
log (xγ) + 1

K+1

∑
i ̸=γ ki log (x

γ − xi) α = γ,

kγ
K+1

log (xγ)− kγ
K+1

log (xγ − xα) otherwise.
(5.2.4)

Considering the case when α ̸= γ, we have

x̂α =
kγ

K + 1
log

(
xγ

xγ − xα

)
,

which can be rearranged to expression (5.2.2). In the case where α = γ in (5.2.4), we see

x̂γ =
kγ + 1

K + 1
log (xγ) +

1

K + 1

∑
i ̸=γ

ki log
(
xγ − xi

)
.

Using (5.2.2) to substitute for xi in the summation term gives

x̂γ =
kγ + 1

K + 1
log (xγ) +

1

K + 1

∑
i ̸=γ

ki

(
log (xγ) + log

(
e
−K+1

kγ
x̂i
))

= log (xγ)−
∑
i ̸=γ

ki
kγ
x̂i.

This is easily rearranged to find (5.2.3).

We may now find the second-order derivatives of F̂ .

Lemma 5.2.2. The second-order derivatives of F̂ , written F̂αβ, can be expressed by the
following formulas for all α, β ∈ {1, . . . , n}.
Case 1: α = γ.

F̂γβ
•
= 2kβ(K − kβ + 1)x̂β − 2kβ

∑
i ̸=β

kix̂
i.

Case 2: α = β ̸= γ.

F̂αα
•
= 2kα(K + 1)x̂γ +

2kα
kγ

(kα − kγ)(K + 1)x̂α − 2k2α
kγ

n∑
i=1

kix̂
i

+ 2kα log
(
1− e

−K+1
kγ

x̂α
)
+ 2kα

∑
i ̸=α,γ

ki log
(
1− e

−K+1
kγ

(x̂α−x̂i)
)
.

Case 3: α, β, γ distinct.

F̂αβ
•
= −2kαkβ

kγ

n∑
i=1

kix̂
i − 2kαkβ log

(
1− e

−K+1
kγ

(x̂α−x̂β)
)
+

2kαkβ(K + 1)

kγ
x̂β.
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Proof. Case 1: α = γ.
Using previously defined properties of the Legendre transformation Sγ and the coordinate
system x̂, we can see that

F̂γβ = Fγβ
•
= x̂β = η̂αβx̂

α = ηαβx̂
α,

which leads to the statement.
Case 2: α = β ̸= γ.

First we calculate the relevant second-order derivatives of F :

F̂αα = Fαα
•
= 2kα log (x

α) + 2kα
∑
i ̸=α

ki log
(
xα − xi

)
.

Using expression (5.2.2) to make substitutions, we find that

F̂αα
•
= 2kα(K − kα + 1) log (xγ) + 2kα log

(
1− e

−K+1
kγ

x̂α
)

− 2kα(K + 1)x̂α + 2kα
∑
i ̸=α,γ

ki log
(
e
−K+1

kγ
x̂i

− e
−K+1

kγ
x̂α
)
.

We continue as follows, using expression (5.2.3) to substitute for log(xγ):

F̂αα
•
= 2kα(K − kα + 1)x̂γ +

2kα
kγ

(
(kα − kγ)(K + 1)− k2α

)
x̂α

+ 2kα log
(
1− e

−K+1
kγ

x̂α
)
+ 2kα

∑
i ̸=α,γ

ki log
(
1− e

−K+1
kγ

(x̂α−x̂i)
)

+ 2kα
∑
i ̸=α,γ

ki log
(
e
−K+1

kγ
x̂i
)
+ 2kα(K − kα + 1)

n∑
i=1

ki
kγ
x̂i.

With some rearranging, this leads to the required statement.
Case 3: α, β, γ distinct.

Here we again use the formulae in Lemma 5.2.1 to show that

F̂αβ = Fαβ

•
= −2kαkβ log

(
xα − xβ

)
= −2kαkβ log(x

γ)− 2kαkβ log
(
e
−K+1

kγ
x̂β

− e
−K+1

kγ
x̂α
)

= −2kαkβ

n∑
i=1

ki
kγ
x̂i − 2kαkβ log

(
1− e

−K+1
kγ

(x̂α−x̂β)
)
+

2kαkβ(K + 1)

kγ
x̂β,

which has the required form.

Theorem 5.2.3. The Legendre transform Sγ of the function F = F rat
An(k)

, given by (5.0.2),
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has the form

F̂ =
ηγγ
6

(x̂γ)3 + (x̂γ)2
∑
i ̸=γ

ηiγ
2
x̂i + x̂γ

∑
i ̸=γ

ηii
2
(x̂i)2 −

∑
1≤i<j<l≤n

2kikjkl
kγ

x̂ix̂jx̂l

+
∑
i ̸=γ

(
ki(ηii − ηγγ)

12kγ
− η2ii

24kikγ
+
ηiγ
12

)
(x̂i)3 +

∑
i ̸=j
i,j ̸=γ

kjηii + kiηij
4kγ

(x̂i)2x̂j

+
∑
i ̸=γ

8k2γki

(K + 1)2
f

(
K + 1

2kγ
x̂i
)
+

∑
1≤i<j≤n
i,j ̸=γ

8k2γkikj

(K + 1)2
f

(
K + 1

2kγ
(x̂i − x̂j)

)
(5.2.5)

up to quadratic terms and coordinate shifts, where f(z) is defined in (2.5.7).

Proof. This can be checked by taking (5.2.5) as an ansatz and comparing its second-order
derivatives with the expressions given in Lemma 5.2.2. In particular, we use (2.5.8) to
rewrite the logarithmic terms.

We compare this solution of the WDVV equations with other families of trigonometric
solutions in §5.4.

5.3 Legendre transformation via the last fundamental

weight of An

We compute the result of applying the Legendre transformation produced by the field
δ = κ

∑n
i=1 ∂i to the rational solution F given by (5.0.2), where κ ∈ C×. We denote by F̃

the resulting solution of the WDVV equations, up to equivalence.
By Theorem 2.4.13, the new coordinates x̃ are defined by

x̃α = κ

n∑
i=1

∂i∂αF (x).

As in the previous section, we disregard constant terms and set

x̃α = 2κkα log x
α for 1 ≤ α ≤ n. (5.3.1)

Lemma 5.3.1. The flat coordinates xα are

xα = exp

(
K + 1

κ
x̃α − 1

κ

n∑
i=1

kix̃
i

)
for 1 ≤ α ≤ n. (5.3.2)
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Proof. Using the metric in (5.0.3) to raise the indices of x̃α in (5.3.1), we have

x̃α = ηαβx̃β

=
κ

K + 1

n∑
i ̸=α

ki log x
i +

κ(kα + 1)

K + 1
log xα

=
κ

K + 1

n∑
i=1

ki log x
i +

κ

K + 1
log xα (5.3.3)

for all 1 ≤ α ≤ n. Rearranging (5.3.3), we find

K + 1

κ
x̃α = log

(
xα

n∏
i=1

(
xi
)ki),

so we have

xα = exp

(
K + 1

κ
x̃α
) n∏

i=1

(
xi
)−ki . (5.3.4)

For all β, we then obtain

xα

xβ
= exp

(
K + 1

κ

(
x̃α − x̃β

))
,

or equivalently,

xα = xβ exp

(
K + 1

κ

(
x̃α − x̃β

))
. (5.3.5)

Substituting (5.3.5) into the right-hand side of (5.3.4), we have

xα = exp

(
K + 1

κ
x̃α
) n∏

i=1

(
(xα)−ki exp

(
ki(K + 1)

κ

(
x̃α − x̃i

)))

= (xα)−K exp

(
K + 1

κ

(
x̃α +

n∑
i=1

ki
(
x̃α − x̃i

)))

= (xα)−K exp

(
(K + 1)2

κ
x̃α − K + 1

κ

n∑
i=1

kix̃
i

)
. (5.3.6)

The final expression, (5.3.6), can be rearranged to find the stated formula.

Lemma 5.3.2. The second-order derivatives F̃αβ of F̃ can be expressed by the following
formulas for all α, β ∈ {1, . . . , n}.
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Case 1: α = β.

F̃αα
•
=

2kα (K − kα + 1)2

κ
x̃α − 2kα (K − kα + 1)

κ

n∑
i ̸=α

kix̃
i

+ 2kα

n∑
i ̸=α

ki log
(
1− e−

K+1
κ (x̃α−x̃i)

)
.

Case 2: α ̸= β.

F̃αβ
•
=

2kαkβ
κ

n∑
i ̸=α

kix̃
i − 2kαkβ

κ
(K − kα + 1) x̃α − 2kαkβ log

(
1− e−

K+1
κ (x̃α−x̃β)

)
.

Proof. By definition of the Legendre transformation, we have F̃αβ = Fαβ for all α, β.
Case 1: α = β.

We have
F̃αα

•
= 2kα log x

α + 2kα
∑
i ̸=α

ki log
(
xα − xi

)
.

Expression (5.3.2) can be used to make substitutions, as follows:

F̃αα
•
=

2kα(K + 1)

κ
x̃α − 2kα

κ

n∑
i=1

kix̃
i + 2kα

∑
i ̸=α

log
(
e

K+1
κ

x̃α − e
K+1
κ

x̃i
)

− 2kα
κ

∑
i ̸=α

ki

n∑
j=1

kjx̃
j

=
2kα(K + 1)

κ
x̃α − 2kα(K − kα + 1)

κ

n∑
i=1

kix̃
i + 2kα

∑
i ̸=α

K + 1

κ
x̃α

2kα
∑
i ̸=α

log
(
1− e−

K+1
κ (x̃α−x̃i)

)
=

2kα (K − kα + 1)2

κ
x̃α − 2kα (K − kα + 1)

κ

n∑
i ̸=α

kix̃
i

+ 2kα

n∑
i ̸=α

ki log
(
1− e−

K+1
κ (x̃α−x̃i)

)
.

Case 2: α ̸= β.
We have

F̃αβ
•
= −2kαkβ log

(
xα − xβ

)
.

Using (5.3.2) to change variable from x to x̃ again, we find

F̃αβ
•
=

2kαkβ
κ

n∑
i=1

kix̃
i − 2kαkβ log

(
e

K+1
κ

x̃α − e
K+1
κ

x̃β
)
,
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from which the required statement follows.

Theorem 5.3.3. The Legendre transform of F = F rat
An(k)

via the Legendre field κ
∑n

i=1 ∂i

results in the function

F̃ =
8κ2

(K + 1)2

∑
1≤i<j≤n

kikjf

(
K + 1

2κ

(
x̃i − x̃j

))
−
∑
i ̸=j

kikj
2κ

(K − 2ki + 1)
(
x̃i
)2
x̃j

+
n∑

i=1

ki
6κ

(
2(K − ki + 1)2 − (K + 1)(K − ki)

) (
x̃i
)3

+
∑

1≤i<j<l≤n

2kikjkk
κ

x̃ix̃jx̃l, (5.3.7)

up to quadratic terms and coordinates shifts, where f(z) is defined in (2.5.7).

Proof. This may be verified by comparing the second-order derivatives of (5.3.7) with the
expressions given in Lemma 5.3.2. We use (2.5.8) to rewrite the logarithmic terms.

5.4 Relating families of An−1-type trigonometric solu-

tions

In Sections 5.2 and 5.3, we found two families of trigonometric solutions by applying
different Legendre transformations to a rational solution F rat

An(k)
, of the form (5.0.2). We

now show that in both cases, these trigonometric solutions belong to the family F trig
An−1

from Theorem 4.0.1, subject to some linear change of variables and a choice of parameters
mi, a, b, c. We will deal with the most general case, where the deformation parameters ki
have arbitrary (non-zero) values. In general, the solutions obtained in Theorems 5.2.3 and
5.3.3 are not equivalent to each other. However, they are equivalent for specific values of
the deformation parameters.

In the case when ki = 1 for all i, the solution F rat
An(k)

corresponds to the Coxeter root
system An. In this case, the Legendre transformations produced by Legendre fields ∂γ
or κ

∑n
i=1 ∂i all produce solutions which are equivalent to that found by Hoevenaars and

Martini, discussed in Chapter 4.
Throughout this section, we set F = F trig

An−1
(y), as written in (4.0.5). Let F̂ =

Sγ

(
F rat
An(k)

)
for some γ ∈ {1, . . . , n}, given explicitly in Theorem 5.2.3. The coordinate

system x̂ is given by the Legendre transformation Sγ, see formulas (5.2.1).



CHAPTER 5. LEGENDRE TRANSFORMS OF A-TYPE SOLUTIONS 151

Theorem 5.4.1. Define a, b, c, and m = (m1, . . . ,mn) by

mα =

1 α = γ,

kα otherwise;

a = − 2

K + 1
;

b = 1;

c = −(K + kγ + 1),

(5.4.1)

where K =
∑n

i=1 ki. Then functions F̂ and F satisfy

(K + 1)2

8k2γ
F̂ (x̂) = F (y) up to quadratic terms, (5.4.2)

where the coordinate system y is given by

yα =

−K+1
2kγ

x̂γ α = γ,

K+1
2kγ

(x̂α − x̂γ) otherwise.
(5.4.3)

Proof. Inverting the expressions in (5.4.3) gives us

x̂α =

− 2kγ
K+1

yγ α = γ,

2kγ
K+1

(yα − yγ) otherwise.

We rearrange the sum of the terms in F̂ which are proportional to x̂ix̂jx̂l as

−
∑
i<j<l

2kikjkl
kγ

x̂ix̂jx̂l = −2x̂γ
∑
i<j
i,j ̸=γ

kikjx̂
ix̂j −

∑
i<j<l
i,j,l ̸=γ

2kikjkl
kγ

x̂ix̂jx̂l.

We then make the coordinate transformation x̂→ y in the expression for F̂ to obtain

F̂ =
∑
i ̸=γ

8k2γki

(K + 1)2
f(yi − yγ) +

∑
i<j
i,j ̸=γ

8k2γkikj

(K + 1)2
f(yi − yj) + cubic terms

=
8k2γ

(K + 1)2

∑
1≤i<j≤n

mimjf(yi − yj) + cubic terms,

since the mα are defined by (5.4.1). We now compare coefficients of the various cubic
terms in F and (K+1)2

8k2γ
F̂ to show that relation (5.4.2) is satisfied.

After the change of variables x̂ → y in F̂ and some algebraic manipulation, we find
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that the sum of the cubic terms of the form yiyjyk in (K+1)2

8k2γ
F̂ , with i, j, k distinct, is equal

to
− 2

K + 1

∑
i<j
i,j ̸=γ

kikjyγyiyj −
2

K + 1

∑
i<j<l
i,j,l ̸=γ

kikjklyiyjyl.

This is the same as the second term in (4.0.5), since mγ = 1 and a = − 2
K+1

.

Next, we consider terms of the form y2i yj, with i ̸= j, in (K+1)2

8k2γ
F̂ . The coefficient of

the sum of the terms proportional to y2γyi, for i ̸= γ, in (K+1)2

8k2γ
F̂ is equal to

kγ
K + 1

−kikγ + 2ki(K + 1− ki)− 2ki(K − ki − kγ)−
2ki
kγ

∑
j<l

j,l ̸=i,γ

kjkl


+

ki
2(K + 1)

[
2ki(K + 1− ki)− (K + 1)(K + 1 + kγ − ki)

]
+

ki
2(K + 1)

∑
j ̸=i,γ

kj (3 + 3K − 4ki − 2kj) . (5.4.4)

By replacing the first sum in this expression with

− ki
kγ

(
(K − ki − kγ)

2 −
∑
j ̸=i,γ

k2j

)

and some straightforward but substantial manipulations, the expression (5.4.4) can be
simplified to ki(K−1)

2(K+1)
. All terms of the form y2i yj, with i ̸= j, in (K+1)2

8k2γ
F̂ sum to

y2γ
∑
i ̸=γ

ki(K − 1)

2(K + 1)
yi + yγ

∑
i ̸=γ

ki(K − 2ki + 1)

2(K + 1)
y2i +

∑
i ̸=j
i,j ̸=γ

kikj(K − 2ki + 1)

2(K + 1)
y2i yj,

which is equal to the third term in (4.0.5) since we have set b = 1.
In computing the coefficient of terms proportional to y3γ, it is useful to note that

∑
i<j<l
i,j,l ̸=γ

kikjkl =
1

6
(K − kγ)

3 − 1

2
(K − kγ)

∑
i ̸=γ

k2i +
1

3

∑
i ̸=γ

k3i .

The sum of all terms of the form y3i in (K+1)2

8k2γ
F̂ can be expressed as

(
K(1−K)

6(K + 1)
− kγ

6

)
y3γ +

∑
i ̸=γ

(
− k3i
3(K + 1)

+
k2i
2

− ki(K + kγ + 1)

6

)
y3i .

This agrees with the last term in (4.0.5), as c = −(K + kγ + 1).
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Let F̃ be the solution obtained from F rat
An(k)

by the Legendre transformation in the
direction κ

∑n
i=1 ∂i, given explicitly in (5.3.7).

Theorem 5.4.2. Define a, b, c, and m = (m1, . . . ,mn) by

mα = kα for 1 ≤ α ≤ n;

a = − 2

K + 1
;

b = 1;

c = −(K + 2),

(5.4.5)

where K =
∑n

i=1 ki. Then functions F̃ and F satisfy

(K + 1)2

8κ2
F̃ (x̃) = F (y) up to quadratic terms, (5.4.6)

where the coordinate system y is given by

yα = −K + 1

2κ
x̃α. (5.4.7)

Proof. We follow the method used in the proof of Theorem 5.4.1. Since less involved
algebraic manipulation is needed here, fewer details are given.

By considering the second-order derivatives of F̃ , given in Lemma 5.3.2, it is clear
that swapping the ordering of x̃i, x̃j in the trilogarithmic terms of F̃ will not affect the
equivalence class of F̃ . That is, we may alternatively write

F̃ =
8κ2

(K + 1)2

∑
1≤i<j≤n

kikjf

(
K + 1

2κ

(
x̃j − x̃i

))
+ cubic and lower-order terms.

Relation (5.4.6) is therefore satisfied when considering only the trilogarithmic terms in
(K+1)2

8κ2 F̃ and F , after making the change of variables y → x̃ in F and taking the values
of the parameters given in (5.4.5). We now proceed to compare the cubic terms in these
functions.

It is immediate that terms of the form x̃ix̃jx̃l with i, j, l distinct are equal in (K+1)2

8κ2 F̃

and F .
Similarly, equating terms of the form (x̃i)

2
x̃j with i, j distinct in (K+1)2

8κ2 F̃ with the
analogous terms in F leads to

−(K + 1)2

16κ3
kikj(K − 2ki + 1) = −(K + 1)3

16κ3
(aki + b)kikj.

As required, this is satisfied for the values a = − 2
K+1

, b = 1.
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Finally, equating terms of the form (x̃i)
3 produces

(K + 1)2ki
48κ3

(
2(K − ki + 1)2 − (K + 1)(K − ki)

)
= −(K + 1)3ki

48κ3
(
ak2i + 3bki + c

)
,

which is also satisfied for the parameters given in (5.4.5).

In general, the family of solutions F is larger than both families F̂ and F̃ . Note that
the choice of parameters a, b, c is the same in both cases. For the values in (5.4.1) or
(5.4.5), we have

bM + c = kγ ̸= 0

and

aM2 + 3bM + c = −
2k2γ
K + 1

̸= 0.

By Theorem 4.0.1, it follows that condition (4.0.4) holds, which can also be checked directly
for this choice of parameters.

From the comparisons in Theorems 5.4.1 and 5.4.2, the relationship between F̂ and F̃
is straightforward to see.

Corollary 5.4.3. Let F̂ (x̂) be as written in (5.2.5) and F̃ (x̃) as in (5.3.7). Let kγ = 1 =

κ, and define

x̂α =

x̃γ α = γ,

x̃γ − x̃α otherwise.
(5.4.8)

Then F̃ (x̃) = F̂ (x̂), up to quadratic terms.

Proof. By Theorems 5.4.1 and 5.4.2, both F̂ and F̃ are particular examples of solutions
of the form F . We check the requirements for all relations (5.4.1), (5.4.2), (5.4.3), (5.4.5),
(5.4.6), (5.4.7) to hold simultaneously, with the same set of deformation parameters ki
for both F̂ and F̃ . Equating (5.4.1) and (5.4.5), we require kγ = 1. Equating (5.4.2)
and (5.4.6), we require κ = kγ. Equating (5.4.3) and (5.4.7), we require the coordinate
relations given by (5.4.8).

In particular we see that in the Coxeter case, when ki = 1 for all i ∈ {1, . . . , n}, the
Legendre transformation defined by an arbitrary root eγ produces the same result as the
Legendre transformation defined by the last fundamental weight.



Chapter 6

Legendre transformations of Bn-type
rational solutions

In this chapter, we apply Legendre transformations to the (n + 1)-parameter family of
rational solutions associated with the Bn-type ∨-system found in [11]. The transformations
considered produce a known family of BCn−1-type trigonometric solutions. We follow [25].

The Bn-type ∨-system described in (2.5.5) produces the following family of rational
solutions of the WDVV equations. We have

F = F rat
Bn(k) =

n∑
i=1

2ki(k0 + ki)(x
i)2 log(xi) +

∑
1≤i<j≤n

kikj(x
i ± xj)2 log(xi ± xj), (6.0.1)

with parameters k0 ∈ C, k1, . . . , kn ∈ C× and where the sum of the parameters

K :=
n∑

i=0

ki ̸= 0.

The metric for this system, η = xiFi as defined in (2.5.2), has entries

ηij = 4kiKδij

while the contravariant metric, denoted η−1, has entries given by

ηij =
δij

4kiK
. (6.0.2)

6.1 Legendre transformation results

We now apply the Legendre transformation Sγ, using Notation 2.4.19, to F = F rat
Bn(k)

for
an arbitrary γ ∈ {1, . . . , n}. Throughout this section, we set F̂ = Sγ(F ). As discussed
previously, solutions to the WDVV equations are only defined up to quadratic terms and

155
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so we may omit, for example, constant terms arising from second-order derivatives of such
solutions. Using the definition of a Legendre transformation, we choose the set of new
(covariant) coordinates x̂α as follows

x̂α =


4kγ(kγ + k0) log(x

γ) + 2kγ

n∑
i=1
i ̸=γ

ki log
(
(xγ)2 − (xi)2

)
α = γ,

2kγkα log
(
xγ+xα

xγ−xα

)
otherwise.

(6.1.1)

To continue with the transformation, we now must find expressions for coordinates xα in
terms of x̂α.

Lemma 6.1.1. The flat coordinates xα can be expressed as follows:

xα = xγ coth

(
K

kγ
x̂α
)

for α ̸= γ, (6.1.2)

log(xγ) = x̂γ −
n∑

i=1
i ̸=γ

ki
2K

log

(
1− coth2

(
K

kγ
x̂i
))

. (6.1.3)

Proof. First, we use the inverse metric as in (6.0.2) to raise the indices of the covariant
coordinates x̂α in (6.1.1) via the formula

x̂α = η̂αβx̂β = ηαβx̂β.

We obtain

x̂α =


k0+kγ

K
log(xγ) +

∑
i ̸=0,γ

ki
2K

log
(
(xγ)2 − (xi)2

)
α = γ,

kγ
2K

log
(
xγ+xα

xγ−xα

)
otherwise.

(6.1.4)

In the case where α ̸= γ, we can invert the expression for x̂α to obtain

e
2K
kγ

x̂α

=
xγ + xα

xγ − xα
,

which can be rearranged to find

xα = xγ
(
e2Kx̂α/kγ − 1

e2Kx̂α/kγ + 1

)
= xγ coth (Kx̂α/kγ) .

In the case where α = γ in (6.1.4), we can use expression (6.1.2) to substitute for xi
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with i ̸= γ as follows:

x̂γ =
k0 + kγ
K

log(xγ) +
∑
i ̸=0,γ

ki
2K

log
(
(xγ)2(1− coth2

(
Kx̂i/kγ

) )
=

1

K

(
k0 + kγ +

∑
i ̸=0,γ

ki

)
log(xγ) +

∑
i ̸=0,γ

ki
2K

log
(
(1− coth2

(
Kx̂i/kγ

))
.

From this, we obtain (6.1.3).

From the definition of a Legendre transform, we have that

Fαβ = F̂αβ.

We will use this, along with Lemma 6.1.1, to compute all the second-order derivatives of
F̂ in terms of x̂.

Lemma 6.1.2. The second-order derivatives F̂αβ can be expressed, up to constant terms,
by the following formulae for all α, β ∈ {1, . . . , n}.
Case 1: α = γ.

F̂γβ = 4kβKx̂
β.

Case 2: α = β ̸= γ.

F̂αα
•
= 4kαKx̂

γ +
4kαK

kγ
(K − k0 − 2kα)x̂

α

+ 4kα(k0 +K) log
(
1− e2Kx̂α/kγ

)
+ 4kα(kα −K) log

(
1− e4Kx̂α/kγ

)
+ 2kα

n∑
i=1

i ̸=α,γ

ki

[
log
(
1− e2K(x̂i−x̂α)/kγ

)
+ log

(
1− e2K(x̂i+x̂α)/kγ

)
− 2K

kγ
x̂i
]
.

Case 3: α, β, γ distinct.

F̂αβ
•
= 2kαkβ

[
log
(
1− e2K(x̂α+x̂β)/kγ

)
− log

(
1− e2K(x̂α−x̂β)/kγ

)
− 2K

kγ
x̂β
]
.

Proof. Case 1: α = γ.
By definition of the new coordinate system, we have

F̂γβ
•
= x̂β = ηβαx̂

α = ηββx̂
β,

since the metric η is diagonal.
Case 2: α = β and α ̸= γ.
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Calculating F̂αα directly, we have

F̂αα = Fαα
•
= 4kα(kα + k0) log(x

α) + 2kα

n∑
i=1
i ̸=α

ki log
(
(xi)2 − (xα)2

)
.

We can use expression (6.1.2) to make substitutions, and collect terms in log (xγ) as follows:

F̂αα
•
= 4kαK log(xγ) + 4kα(kα + k0) log

(
coth

(
K

kγ
x̂α
))

+ 2kγkα log

(
1− coth2

(
K

kγ
x̂α
))

+ 2kα

n∑
i=1

i ̸=α,γ

ki log

(
coth2

(
K

kγ
x̂i
)
− coth2

(
K

kγ
x̂α
))

.

Next, we use (6.1.3) to substitute for the terms in log (xγ):

F̂αα
•
= 4kαKx̂

γ + 4kα(kα + k0) log

(
coth

(
K

kγ
x̂α
))

+ 2kα(kγ − kα) log

(
1− coth2

(
K

kγ
x̂α
))

+ 2kα

n∑
i=1

i ̸=α,γ

ki log

(
coth2 (Kx̂i/kγ)− coth2 (Kx̂α/kγ)

1− coth2 (Kx̂i/kγ)

)
.

Since coth(u) = e2u−1
e2u+1

, we note that

1− coth2(u) =
4e2u

(e2u + 1)2

and

coth2(u)− coth2(v) =
4e2v(e2(u−v) − 1)(e2(u+v) − 1)

(e2u + 1)2(e2v + 1)2
.

This allows us to expand and simplify F̂αα as follows:

F̂αα
•
= 4kαKx̂

γ +
4kαK

kγ
(K − k0 − 2kα)x̂

α − 4kαK

kγ

n∑
i=1

i ̸=α,γ

kix̂
i

+ 4kα(kα + k0) log
(
e2Kx̂α/kγ − 1

)
+ 4kα(kα −K) log

(
e2Kx̂α/kγ + 1

)
+ 2kα

n∑
i=1

i ̸=α,γ

ki

[
log
(
e2K(x̂i−x̂α)/kγ − 1

)
+ log

(
e2K(x̂i+x̂α)/kγ − 1

)]
.
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We may rewrite this expression using the following identity:

log(1 + eu) = log(1− e2u)− log(1− eu).

This leads to the required statement.
Case 3: α, β, γ distinct.

By direct calculation, we have

F̂αβ = Fαβ
•
= 2kαkβ log

(
xα + xβ

)
− 2kαkβ log

(
xα − xβ

)
,

and we can make substitutions using Lemma 6.1.1 to find

F̂αβ
•
= 2kαkβ log

(
coth

(
K

kγ
x̂α
)
+ coth

(
K

kγ
x̂β
))

− 2kαkβ log

(
coth

(
K

kγ
x̂α
)
− coth

(
K

kγ
x̂β
))

. (6.1.5)

We note the following identities:

coth(u) + coth(v) =
2(e2(u+v) − 1)

(e2u + 1)(e2v + 1)

and

coth(u)− coth(v) =
2e2v(e2(u−v) − 1)

(e2u + 1)(e2v + 1)
.

Using these, we can reformulate (6.1.5) to obtain the required expression.

Theorem 6.1.3. The Legendre transform Sγ, for arbitrary γ ∈ {1, . . . , n}, applied to the
function F as defined in (6.0.1) has the form

F̂ =
ηγγ
6

(x̂γ)3 +
n∑

i=1
i ̸=γ

ηii
2
x̂γ
(
x̂i
)2

+
n∑

i<j
i,j ̸=γ

2kikjk
2
γ

K2
f

(
−K
kγ

(
x̂i ± x̂j

))

+
n∑

i=1
i ̸=γ

[
4kik

2
γ(k0 +K)

K2
f

(
−K
kγ
x̂i
)
+
kik

2
γ (ki −K)

K2
f

(
−2K

kγ
x̂i
)]

,

(6.1.6)

up to quadratic terms and coordinate shifts. The function f(z) is as defined in (2.5.7).

Proof. Taking (6.1.6) as an ansatz, we can compare its second-order derivatives with the
expressions given in Lemma 6.1.2. Note that we use identity (2.5.8) to express logarithmic
terms via the function f(z).
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6.2 Relating families of trigonometric solutions

The function F̂ = Sγ

(
F rat
Bn(k)

)
, given in equality (6.1.6), has a similar form to a known

trigonometric solution corresponding to a trigonometric ∨-system of type BCn−1. Follow-
ing the results of Alkadhem and Feigin in [2], specifically Theorem 5.5, the trigonometric
BCn−1-type WDVV solutions have the form

F̃ =
1

3
ξ30 + hξ0

n−1∑
i=1

miξ
2
i + λr

n−1∑
i=1

mif̃(ξi)

+ λ
n−1∑
i=1

(
smi +

1

2
qmi(mi − 1)

)
f̃(2ξi) + λq

∑
1≤i<j≤n−1

mimj f̃(ξi ± ξj),

with coordinates ξ = (ξ0, ξ1, . . . , ξn−1) ∈ Cn, and independent parameters q, r, s ∈ C, such
that q ̸= 0, and m = (m1, . . . ,mn−1) ∈ (C×)

n−1. The constants h, λ, M ∈ C× are defined
as follows:

h = r + 4s+ 2q(M − 1); (6.2.1)

λ =

(
2h3

q(r + 8s+ 2q(M − 2))

)1/2

; (6.2.2)

M =
n−1∑
i=1

mi; (6.2.3)

with the requirement that
q (r + 8s+ 2q(M − 2)) ̸= 0. (6.2.4)

Finally, the function f̃(z) is given by

f̃(z) = −f(−iz), (6.2.5)

where f(z) is defined in (2.5.7).
First, we show that an arbitrary solution of the form F̂ is equivalent to a solution of

the form F̃ .
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Theorem 6.2.1. Suppose K =
∑n

i=0 ki ̸= kγ. Define q, r, s,m as

q = −
2k2γ
RK2

; (6.2.6)

r = −
4k2γ(k0 +K)

RK2
; (6.2.7)

s =
k2γ(K − 1)

RK2
; (6.2.8)

mα =

kα 1 ≤ α < γ,

kα+1 γ ≤ α ≤ n− 1,
(6.2.9)

where R ∈ C× is an independent scalar. Then functions F̃ and F̂ satisfy

R

λ
F̃ (ξ) = F̂ (x̂) (6.2.10)

with coordinate transformation

ξ0 =

(
4kγ(K − kγ)

R

)1/2

x̂γ; (6.2.11)

ξα =

 iK
kγ
x̂α 1 ≤ α < γ,

iK
kγ
x̂α+1 γ ≤ α ≤ n− 1.

(6.2.12)

Condition (6.2.4) is satisfied by the choice of parameters (6.2.6)–(6.2.9), and we also have
λ, h ̸= 0.

Proof. We start by inverting expressions (6.2.11) and (6.2.12). The resulting coordinate
transformation x̂→ ξ in F̂ gives us

F̂ =
n−1∑
i=1

[
−
4mik

2
γ(k0 +K)

K2
f̃ (ξi) +

mik
2
γ (K −mi)

K2
f̃ (2ξi)

]

−
n−1∑
i<j

2mimjk
2
γ

K2
f̃ (ξi ± ξj) + cubic terms,

where we have also used (6.2.5) and (6.2.9). This expression matches the corresponding
terms in RF̃/λ.

Note that M = K − k0 − kγ by (6.2.3). Since we have q, r, s,M in terms of the kα, we
may use (6.2.1) and (6.2.2) to derive

h =
4k2γ(kγ −K)

RK2
(6.2.13)
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and

λ2 =
16kγ(K − kγ)

3

RK2
. (6.2.14)

We can now consider the cubic terms in F̂ (ξ), which are

KR3/2

12k
1/2
γ (K − kγ)3/2

ξ30 −
k
3/2
γ R1/2

K(K − kγ)1/2
ξ0

n−1∑
i=1

miξ
2
i =

R

3λ
ξ30 +

hR

λ
ξ0

n−1∑
i=1

miξ
2
i .

This matches the cubic terms in RF̃/λ: hence, relation (6.2.10) holds.
Substitution of the expressions for q, r, s,M in terms of the kα into condition (6.2.4)

gives us

q (r + 8s+ 2q(M − 2)) = −
8k5γ
R2K4

̸= 0.

Also, expressions (6.2.13), (6.2.14) are non-zero.

The family of solutions F̂ depends on n + 1 parameters k0, . . . , kn while the family F̃
depends on n+2 parameters q, r, s, m1, . . . ,mn−1. As we introduced an extra scale factor
R in Theorem 6.2.1, we can now relate a general solution of the family F̃ to a solution of
the family F̂ . More precisely, the following statement holds.

Theorem 6.2.2. Given a solution F̃ , such that q ̸= 2s, we define:

kα =



r−2q+4s
2q

α = 0,

mα 0 < α < γ,

2q(2−M)−r−8s
2q

α = γ,

mα−1 γ < α ≤ n;

(6.2.15)

R = −(r + 8s+ 2q(M − 2))2

2q(q − 2s)2
. (6.2.16)

Then F̂ and F̃ are related by λ
R
F̂ (x̂) = F̃ (ξ) with coordinate transformation

x̂α =


i(r+8s+2q(M−2))

2(q−2s)
ξα 1 ≤ α < γ,

h
λ(q−2s)

ξ0 α = γ,

i(r+8s+2q(M−2))
2(q−2s)

ξα−1 γ < α ≤ n.

The proof follows by inverting parameter relations and the change of coordinates from
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Theorem 6.2.1. In particular, it is useful to note that

K = k0 + kγ +M =
q − 2s

q
.



Chapter 7

Concluding remarks

In this thesis, we built on work by Strachan and Stedman [59], which expands Dubrovin’s
definition of a Legendre transformation to include transformations generated by non-flat
fields. We analysed the conditions for which an arbitrary vector field on a two-dimensional
Frobenius manifold defines a Legendre transformation. This enabled us to describe all
homogeneous Legendre fields for these manifolds.

In the second part of the thesis, we explored specific Legendre transformations applied
to families of rational solutions of the generalised WDVV equations found by Chalykh
and Veselov [11]. These transformations produced a mapping between rational solutions
and certain trigonometric solutions. We found that some Legendre transformations of
type An rational solutions produce type An−1 trigonometric solutions, which are included
in a multi-parameter family of A-type trigonometric solutions. This family generalises
solutions previously found by Hoevenaars and Martini [35], among others. We also found
that some Legendre transformations of type Bn rational solutions result in type BCn−1

trigonometric solutions, which belong to a family discovered by Alkadhem and Feigin [2].
We now discuss some possibilities for future research based on this work.

7.1 Legendre fields

In Chapter 3, we studied the Legendre field condition for the two-dimensional Frobe-
nius manifolds. When restricting the Legendre field condition to homogeneous fields, we
found that the hypergeometric differential equation controls all cases with a non-constant
multiplication.

In [40], Liu, Qu, and Zhang showed that homogeneous Legendre fields map Frobenius
manifolds to (quasi-homogeneous) generalised Frobenius manifolds, and that generalised
Frobenius manifolds are mapped to Frobenius manifolds by flat Legendre fields of the form
∂i. Since we have now described all homogeneous Legendre fields for the two-dimensional
Frobenius manifolds, it is worth exploring whether these can be used to classify all gener-
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alised Frobenius manifolds in two dimensions.
A further step might be to explore the Legendre field condition for Frobenius manifolds

in higher dimensions, or for rational solutions of the WDVV equations. In the latter case,
one could use Coxeter root systems in two dimensions as toy examples. It would be
interesting to see whether the hypergeometric differential equation arises in other cases
when considering homogeneous Legendre fields in two dimensions. We note also that
general hypergeometric systems related to root systems have been studied by, for example,
Gelfand et al [28]. Whether there is a connection between this literature and Legendre
fields remains to be seen.

As discussed in Proposition 2.4.15, the series expansion of a flat section of the Dubrovin
connection provides an infinite family of Legendre fields indexed by the natural numbers.
Studying integral representations of these flat sections could provide a way to find a larger
family of Legendre fields.

7.2 Legendre transformations with non-flat fields

In § 3.4.2, we showed that flat twisted Legendre fields for the A2 almost dual Frobenius
manifold are given by the twisting of non-flat Legendre fields for the A2 Frobenius manifold.
From the results in Chapter 5, certain choices of flat Legendre fields for the A2 almost
dual produce a trigonometric A1-type solution. A natural question is to ask what happens
to the A2 Frobenius manifold under the corresponding non-flat Legendre transformation,
and whether any direct connection can be made between the resulting solutions and the
trigonometric solutions obtained in Chapter 5.

It seems that Legendre transformations with non-flat fields have only been carried
out in low-dimensional examples in [52, 59]. In both cases, the extended affine A1 or
A2 Frobenius manifold, with a flat Legendre field δ, is taken as a starting point. The
twisted (non-flat) Legendre field is then applied to the almost dual, a trigonometric A-
type solution, which is mapped to a rational solution. Here, the original Legendre field δ

is chosen to be a specific distinguished direction associated with the extended affine Weyl
group.

7.3 Natural choices of Legendre fields

Recall from Remark 2.4.14 that the inversion of the coordinate relations t̂(t) presents
the main obstacle in explicitly calculating the new solution F̂ produced by a Legendre
transformation. Since it is not always possible to complete this inversion step even for a flat
field, it is remarkable that it is sometimes possible for a non-flat field as in [52, 59]. It is also
remarkable that it was possible to achieve this for the Legendre transformations explored
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in Chapters 5 and 6, where there is no distinguished direction in the starting system. It
is not completely clear what makes Legendre transformations computationally achievable
for some fields and not others. It seems that Legendre fields which are in some sense
natural or distinguished directions produce “nicer” transformations, which are possible to
compute. More general geometric analysis on this question would be interesting.

Chapters 5 and 6 provide examples of Legendre transformations of An- and Bn-type
rational solutions for, arguably, natural choices of Legendre field. Although the An and Bn

root systems do not have one single distinguished direction, unlike their extended affine
counterparts, simple roots and fundamental weights encode the fundamental geometric
properties of these systems. We therefore take certain simple roots as Legendre fields for
both An and Bn, as well as the nth fundamental weight for An. The resulting Legendre
transformations in all cases are both possible to compute explicitly and map the original,
rational, solution to a trigonometric solution. Future research here could attempt to set
other simple roots or fundamental weights as a Legendre field, to see whether such a
transformation is possible to compute and whether it produces a trigonometric solution.
It would also be interesting to take this approach for other root systems.

7.4 Legendre transforms of trigonometric solutions

In Chapter 4, we introduced a new family of A-type trigonometric solutions. This class of
solutions contains, as smaller sub-classes, the trigonometric solutions obtained in Chapter
5 from Legendre transformations of a multi-parameter family of A-type rational solutions.
Since Legendre transformations are invertible, there exist Legendre fields such that the
corresponding Legendre transformations map (a sub-class of) the trigonometric solutions
to rational solutions. Finding these fields could be an entry-point to exploring Legen-
dre transformations of this larger class of trigonometric solutions in general. One may
investigate whether there exists a larger family of rational A-type solutions than that con-
sidered in this thesis, which could be obtained through Legendre transformations of the
new trigonometric family.

In [59, Example 5.5], different Legendre transformations were applied to the extended
affine A2 almost dual prepotential, which is a trigonometric solution of the form considered
in Chapter 5. The Legendre transformations in this example produced distinct rational
solutions associated with certain extensions of the A2 root systems. Such configurations
were studied as extended ∨-systems by Stedman and Strachan in [58]. The trigonometric
solutions given in Chapter 4, which contain the almost dual prepotentials of extended
affine A-type Frobenius manifolds, therefore provide a connection via Legendre transfor-
mations between completely distinct families of ∨-systems and extended ∨-systems, thus
connecting different rational solutions. More work is needed to understand the full picture
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of how these different objects all fit together.
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