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Abstract

This thesis presents PhD work at the Institute for Gravitational Research and Caltech
LIGO Lab that was done between October 2021 and February 2026 as part of the PhD
programme. The overarching aim is to develop and validate key experimental technologies
that enable precision displacement measurements at the levels required for gravitational-
wave detectors and their future upgrades, with a particular focus on cryogenic instru-
mentation, low-noise sensing, and optical readout. The work spans two closely connected
contexts: (i) the Glasgow Cryogenic Interferometer Facility (GCIF), a cryogenic GW
detector prototype facility intended to directly measure coating thermal noise by monit-
oring the thermal noise in a short Fabry—Pérot cavity; and (ii) Advanced LIGO upgrade
activities at the Caltech LIGO Laboratory, centred on the Output Mode Cleaner (OMC)
and readout architectures relevant to squeezed-light operation and balanced homodyne

detection.

A major component of this thesis addresses the suspension design required to realise
a cryogenic coating-thermal-noise measurement in GCIF. Achieving the target sensitiv-
ity demands simultaneous control of multiple competing requirements: strong isolation
from ground and platform motion at frequencies of interest, practical integration into a
compact cryostat, and compatibility with cryogenic heat-load constraints. To meet these
goals, a common platform suspension architecture is developed and analysed, in which
the two suspension chains that form the cavity share a common top stage to enhance
practical implementability and enable partial common-mode rejection. A combination of
analytical modelling, numerical eigenmode studies, and state-space simulations is used
to quantify longitudinal isolation, cross-coupling between degrees of freedom, and mode

visibility across the chain. These studies inform design choices such as mass distribution,
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wire parameters, and damping strategy. The outcome is a mechanically feasible suspen-
sion concept with a clear pathway to prototyping and commissioning, together with a
modelling workflow that connects design parameters to measurable performance metrics

and supports iterative refinement.

To control and read out the motion of cryogenic suspended stages, the thesis discusses
development of a low-noise cryogenic shadow sensor, designed to provide robust local
displacement sensing with minimal heat load. The sensor concept employs an infrared
LED source, a flag attached to the moving stage, and an InGaAs quadrant photodiode
(QPD) readout. The work presents a systematic experimental characterisation of LED
and photodiode performance at cryogenic temperature, including optical efficiency, re-
lative intensity noise, and electronic noise contributions. Particular emphasis is placed
on identifying practical operating points that maximise displacement sensitivity and dy-
namic range while maintaining cryogenic compatibility. The sensor geometry is explored
to understand how beam size, flag dimensions, and alignment tolerances shape linear-
ity and noise performance, and how these trade-offs propagate into suspension damping
capability. The resulting sensor design and measurement results establish a quantitative
basis for sensor selection and integration in GCIF, and more broadly demonstrate an ap-
proach to engineering cryogenic-compatible displacement sensors where thermal budget
and low-frequency stability are both critical. We achieved a shot-noise-limited displace-
ment sensitivity of ~ 5 x 10_10m/\/m for f = 100Hz. We also discuss how this can be

improved further.

The thesis also reports work at the Caltech LIGO Laboratory (January—October 2023,
April-July 2024, and August 2025) related to optical filtering and readout in kilometre-
scale detectors. A central component is the Output Mode Cleaner (OMC), which rejects
higher-order spatial modes and radio-frequency sidebands at the interferometer output,
thereby reducing technical noise couplings and improving the effectiveness of squeezed-
light operation. This work contributes to the development and characterisation of en-
hanced OMCs that meet the high-throughput requirements of greater than 98% efficiency

for the next upgrade of LIGO. These upgrades are closely linked to the adoption of bal-
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anced homodyne detection (BHD) in the O5 era: an enhanced readout scheme that enables
full use of squeezed light and reduces quantum noise by reading out the interferometer
signal via interference with a local oscillator. In this context, the thesis highlights key
practical complexities associated with deploying BHD on a kilometre-scale detector, and
assesses the feasibility of a polarisation-based implementation as an alternative strategy.
The final chapter develops the mathematical framework and modelling tools required to
analyse polarisation BHD, and presents an experimental demonstration that validates the

approach and informs requirements for robust, high-efficiency readout.
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the shot—noise level. The right—hand axis converts voltage spectral density to
equivalent displacement noise using the measured responsivity. . . . . . . . ..
Cryogenic setup for component-level testing of the shadow sensor. The image
shows the integration of the FCI InGaAs Q3000 photodiode (QPD1 and QPD2
systems) and the LED1200L sources inside the cryostat. Dedicated temper-
ature monitors are installed near both QPDs and the LED system to track
thermal conditions during cooldown to 5 K. QPD2 is additionally configured
for tests with an LED beam injected from outside the cryostat. . . . . . . ..
Comparison of forward [-V characteristics for two near-infrared LEDs meas-
ured during cool-down in the cryostat. The Thorlabs LED1200L exhibits ab-
normal behaviour and poor efficiency at low temperatures, whereas the Hama-
matsu L13072-0120L performs more reliably and is better suited for cryogenic
operation. . . . . . ..o oL e
Comparison of LED optoelectronic efficiency across temperature. Subfigures
(a) and (b) show 7 for the Thorlabs LED1200L and Hamamatsu L13072-
0120L, respectively. . . . . . . . . .o
Thorlabs LED relative intensity noise. (a) Broadband spectra across temper-
atures; (b) temperature trend at a representative line frequency of 117 Hz.

Both panels use the same normalisation to total QPD optical power. . . . . .
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3.16

3.17

3.18

3.19

3.21

Comparison of relative intensity noise (RIN) of the Hamamatsu and Thorlabs
LEDs measured under cryogenic conditions. Each curve corresponds to the
unbiased (grounded) configuration of the shadow sensor at different baseplate
temperatures. The solid lines represent the Hamamatsu LED and the dashed
lines represent the Thorlabs LED, with colour indicating the corresponding
baseplate temperature. The plot illustrates that the Thorlabs LED 1200L ex-
hibits higher RIN levels across the measured frequency range. . . . .. . . ..
Amplitude spectral density (ASD) of the QPD differential dark noise (AB —
CD) versus frequency for temperatures from 5 to 287 K (colour-coded; plasma
map, see bar). Solid lines denote biased operation (Viis = 2.3V); dashed lines
denote unbiased. Spectra are estimated with a Welch periodogram (Hanning
window) and then downsampled onto logarithmic frequency bins using the per-
bin median to suppress narrow spectral lines, revealing the broadband floor.
The grey trace shows a room-temperature electronics-noise reference with the
input shorted. The plot highlights the temperature- and bias-dependence of
the low-frequency noise, while the broadband floor above ~ 100Hz varies only
moderately across temperatures. . . . . ... ...
Temperature dependence of the QPD responsivity. The quantity plotted is
R =Vopp/(GPLEp) with G =330 kQ, i.e. the QPD output voltage normalised
by the LED optical power and the transimpedance gain. Each curve is then
normalised to its room-temperature point so that R(295-300 K) = 1. Two
independent measurement runs (different LED powers) are shown; markers

denote the measured points and lines guide the eye. The responsivity increases

with mount temperature and approaches its room-temperature value near 300 K.137

Transfer-function measurements of the QPD mounted next to the cryostat
window. (a) Representative 5K sweep highlighting the flat passband used for
characterisation. (continued on next page) . . . . ... ... ... ... .. ..

Image showing photograph of the flag used in the setup in Figure 3.20
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3.20

3.22

3.23

3.24

3.25

3.26

3.27

Photograph of the cryostat used for helium testing of the shadow sensor. The
setup includes the QPD holder, the flag mounted on a translation stage moved
via a motion feedthrough, a heater for controlled thermal loading, cold anchors
for thermalisation, and temperature sensors placed near the LED and on the

cold plate. The flag is a circular aperture that has an aperture diameter of 2.5

Cryogenic shadow—sensing response of the QPD (flag diameter 2.5 mm). The
black curve shows the raw differential voltage and the red curve is normalised
by the total sum signal to compensate LED intensity changes. Dashed lines
indicate local linear fits (tangents) to the normalised curve: at the centre the
responsivity is —4.085 V/mm, and at —1.00mm it is —15.179 V/mm. . . . . .
Relative intensity noise (RIN) spectra measured at 47 K for the shadow sensor.
The orange and green traces correspond to the raw and normalised responses
when the flag is displaced from the centre, respectively. The normalisation
effectively suppresses LED intensity fluctuations, reducing the low-frequency
excess noise towards the shot-noise limit (dashed lines). The blue curve shows
the RIN with the flag centred, while the black trace represents the dark noise
floor of the readout electronics. The equivalent displacement noise can be
read from the right-hand axis where the voltage spectral density has been
scaled using the measured responsivity of the sensor when the flag is centred.
This gives a worse case upper limit for the displacement noise floor as the
responsivity is lowest when the flag is centred. . . . . . . . . . ... ... ...
IRLED carrier assembly. Left: cross-sectional view of the IRLED carrier. Right:
exploded view showing the constituent parts. . . . . . . ... ... ... ...
Photodiode carrier assembly. Left: cross-sectional view of the photodiode car-
rier. Right: exploded view showing the constituent parts. . . . . . . . . .. ..
Exploded CAD views of the (left) LED carrier assembly and (right) QPD
carrier assembly. . . . ... L

GOSEM assembly. . . . . . . ..
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4.1

4.2

4.3

4.4

4.5

4.6

Simplified schematic of the Advanced LIGO interferometer operated with DC
readout. A pre-stabilised laser is injected into the power-recycling cavity,
formed by the power-recycling mirror (PRM) together with the input test
masses (ITMs) and the recycling optics (PR2, PR3), to build up carrier power
at the beamsplitter. The arms are Fabry—Pérot cavities formed by the I'TMs
and end test masses (ETMs). The differential arm-length signal exits at the
antisymmetric port, where a small intentional offset provides carrier light as
a local oscillator for DC readout. The output field is shaped by the signal-
recycling cavity (SRM with SR2, SR3 and the ITMs), spatially filtered by the
output mode cleaner (OMC), and detected at the photodiode (PD) [116, 104].
Standard balanced homodyne detection (BHD) configuration in the A+ inter-
ferometric gravitational-wave detector: This schematic we see how the local os-
cillator (LO) and interferometer output fields are combined at the BHD beam
splitter. No vacuum ports are open, ensuring minimal quantum noise contri-
bution. The output beams pass through orthogonal Output Mode Cleaners
(OMC A and OMC B) and are detected at photodiodes PD1 and PD2. The
phase shifter, which is basically a mirror, allows control over the quadrature
being measured. . . . .. .. L
CAD of A+ Output Mode Cleaner Cavity: This figure highlights the bowtie
geometry of the cavity. The beam enters through flat mirror 1 and exits
through flat mirror 2. The grey surrounding the cavity is the bonding tem-
plate used to guide the optics bonding process. The cavity consists of two flat
mirrors and two curved mirrors. The curved mirror sub-assemblies are held
against a couple micrometers to aid cavity alignment [94]. . . . . .. ... ..
Components of the curved mirror subassembly: curved optic, piezoelectric
transducer (PZT), and tombstone mounting prism. . . . . .. ... ... ...
Shift in the position of the curvature minimum of the curved optic manifests
as wedging of the curved optic. . . . . . . . .. ... L

7Y GO curvature minimum measurement setup in the Downs Lauriston Labs,

Caltech. . . . .
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4.7

4.8

4.8

4.9

4.10

4.11

4.12

4.13

4.14

In the left graph we see the position vectors of curvature minimum for various
clockings of the fiducial. In the graph on the right the curvature minimum po-
sitions after de-clocking is shown i.e. projecting the position vectors of various
clockings to 12 o’ clock. Red - 12 o’ clock, green - 3 o’ clock, blue - 6 o’ clock,
black - 90’ clock. . . . . . .
Diagrams indicating PZT wedge direction and the length of the arrows indicate
the amount of wedging. The number in the bracket is the wedge angle . . . . .
Diagrams indicating PZT wedge direction and the length of the arrows indicate
the amount of wedging. The number in the bracket is the wedge angle . . . . .
Subassembly preparation and bonding process for the A+ LIGO Output Mode
Cleaner curved mirrors using a bonding fixture. Left: Subassembly bonding
step showing EP30 epoxy applied to the PZT surface. Middle: Close-up of
a fully stacked subassembly consisting of a curved mirror, a PZT actuator,
and a mounting prism held in a precision bonding fixture. Right: Four com-
pleted subassemblies placed inside an oven for curing. This subassembly is
later mounted on the optical breadboard along with the flat mirrors to form
the full cavity. . . . . . . . . .
Scatter map for three of the A+ OMC curved mirrors. Measurements and
plots by Dr. Liyuan Zhang, LIGO Lab, Caltech [183]. . . . . . . . . .. .. ..
Example curved mirror subassembly glueing instruction sheet for A+ OMC
curved mirror subassembly. . . . . ... Lo
Inspection and cleaning of the OMC glass breadboard using high-purity TPA
wipes and halogen lighting to remove and detect particulate and fibrous con-
taminants prior to template bonding. . . . . ... ..o
Cavity bonding template mounted and aligned on the OMC glass breadboard.
The template is centred such that the cavity waist coincides with the beam
waist, and mirrors are placed in their designated cutouts. . . . . . . . . . . ..
Bonding template setup used for positioning the curved cavity mirrors (CM1
and CM2). The micrometer adapter plates are adjusted to set the nominal
cavity length, and the mirrors are placed such that they simultaneously contact
the micrometers and template pads. Visual and tactile checks are performed

to ensure proper seating and alignment before final securing. . . . . . . . . ..
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4.15

4.16

4.17

Fitting of transfer function between excitation of the EOM and the OMC
transmission PD: As the EOM sideband is scanned, the various HOM side-
bands beat with the carrier. When the carrier sideband gets closer to FSR,
the transfer function sees a dip in frequency which is seen in the plot above
between 250 MHz and 300 MHz. This scan is done with a pitch misalignment
thus the HOMs in the plot are TEM,¢ modes for x = 1,2,3,..The OMC mirrors
are bonded here (Courtesy: M. Nakano, A+ OMC team). . . . . . . . . . ...
Higher Order Mode (HOM) distribution in the optical cavity, showing the
Gouy phase (expressed in units of FSR) as a function of mode order. Each
colour represents a different RF sideband frequency used for controlling the
interferometer and auxiliary optical cavities in LIGO. The data corresponds
to the configuration where PZT1 is held at 0V and PZT2 at 50 V, resulting in
measured mode spacings of TMS, /FSR = 0.21983 for yaw degree of freedom
and TMS,, /FSR = 0.21950 for pitch degree of freedom. The vertical black line

at the centre marks the laser fundamental mode carrier resonance frequency.

This measurement was taken immediately after bonding the optics on the cavity. 186

Transverse mode distribution as a function of PZT drive voltage, showing the
frequency locations of higher-order modes (HOMs) and their sidebands relat-
ive to the fundamental mode. Each coloured band corresponds to a specific
HOM and its frequency shift as the cavity length is varied through PZT actu-
ation. The vertical spread of each band arises from cavity astigmatism, which
causes the transverse mode spacing (TMS) to vary between the sagittal and
tangential Gouy phase limits. The black dashed lines indicate the minimum
required frequency separation from the TEMgg carrier (two linewidths) for
reliable OMC operation. The green dashed region marks the optimal PZT
range where modal degeneracies are avoided while satisfying this separation
criterion—Tlabelled as the "useful PZT range” on each plot. The top panel

corresponds to length tuning via PZT1, and the bottom panel to tuning via
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4.18

4.19

4.20

4.21

5.1

Higher Order Mode (HOM) distribution in OMC cavity with roundtrip length
of 111.7 cm: In this plot, we see the Gouy phase (in units of FSR) as a function
of mode order. Each colour corresponds to a different RF sideband frequency
used in the LIGO interferometer control scheme. In this configuration, PZT1
is held at 0V and PZT2 at 50V, resulting in measured mode spacings of
TMSy/FSR = 0.2191 and TMS,/FSR = 0.2186. This HOM configuration is
not suitable for OMC operation due to a coincidental resonance of the 9th-
order mode sideband with the fundamental mode, which violates the require-
ment of avoiding higher-order mode overlap within at least two linewidths of
the fundamental resonance. Such modal degeneracy can lead to excess power
leakage through the OMC and reduced filtering performance. . . . . . . . ..
DC Response of PZT Actuators. (a) and (b) correspond to measurements for
PZT 1 and PZT 2, respectively. The plots on the left show cavity transmission
as a function of PZT drive voltage, scanning across several free spectral ranges
(FSRs). Prominent peaks correspond to the fundamental TEMyy mode and
higher-order modes (HOMs). Separate traces are shown for upward and down-
ward voltage sweeps. Using the known cavity geometry to determine the FSR
and transverse mode spacing (TMS), the plots on the right convert this data
into PZT displacement versus applied voltage, characterising the DC response
of each actuator (Courtesy: M. Nakano, A+ OMC team). . . . . . . . . .. ..
Cavity beam spot position verification by imaging beam spots on the cavity
mirrors. The cavity axis appears to be well centred by eye, with beam spots
located within 1 mm of the mirror centres. . . . . . . . . ... ... ... ...

OMC 101 mirrors bonded. . . . . . . . . . .

OMC Circulating Power: This plot shows exaggerated birefringence effects
in an optical cavity. §.%/.% is 0.1 and &fy/v is 0.5. The measured cavity
birefringence for the A+ OMC cavity number 6 are 0.025 (0.0005) and 0.0038
(0.0012) respectively. . . . . . ..
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5.2

5.3

5.4

Schematic of the A+ LIGO interferometer output with polarisation homodyne
readout chain: A local oscillator (LO) field is picked off from the input beam
path and reflected off of a phase shifter mirror and a HWP to control its phase
angle and power relative to the . This LO field is then recombined with the
signal field Erpg at a PBS. The resulting beams are filtered through a single
OMC to remove higher-order spatial modes and control sidebands. Balanced
homodyne detection (BHD) is performed using a PBS. The red and yellow
paths represent the LO and signal fields, respectively, with polarisation states
shown schematically at various points. . . . . . . . .. . ... ... .. ....
After the OMC, a half-wave plate (HWP) is inserted to rotate the polarisation
angle by 45° prior to balanced homodyne detection (BHD), which is performed
using a PBS and a pair of photodiodes (P1 and P2). Red and yellow lines rep-
resent the LO and signal paths, respectively, with polarisation states indicated
schematically. . . . . . . . . o
Simplified schematic of the A4+ LIGO interferometer output with polarisation
homodyne readout chain: The main interferometer consists of two orthogonal
arm cavities formed by input (ITM) and end test masses (ETM), with the
beamsplitter (BS) at the center. The power recycling cavity, formed by PRM,
PR2, and PR3, enhances circulating laser power, while the signal recycling
cavity, formed by SRM, SR2, and SR3, shapes the frequency response of the
interferometer. A local oscillator (LO) field is picked off from the input beam
and directed through a phase shifter mirror and a power-adjusting HWP-PBS
combination before being combined with the signal field Etpg at a polarizing
beamsplitter (PBS). The combined beam is filtered by a single output mode
cleaner (OMC), which suppresses higher-order spatial modes and unwanted
sidebands. Before and after the OMC, half-wave plates (HWP) are inserted to
rotate the polarisation angle by 45°, combined, prior to balanced homodyne
detection (BHD), which is performed using a PBS and a pair of photodiodes
(P1 and P2). Red and yellow lines represent the LO and signal paths, respect-

ively, with polarisation states indicated schematically. . . . . .. . ... ...
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2.5

5.6

Experimental setup to measure cavity birefringence: Schematic of the optical
setup used for characterising the output mode cleaner (OMC) on the transport
fixture. A 1064 nm Innolight laser (output power ~60 mW) is passed through
a Faraday isolator to prevent back-reflections, and then phase modulated at
32 MHz using a resonant electro-optic modulator (EOM) for Pound-Drever-
Hall (PDH) locking. The beam is mode-matched into the OMC using a tele-
scope consisting of two plano-convex lenses (f =35mm and f = 125mm). A
PBS shown downstream the EOM cleans the polarisation entering the cav-
ity. A BS directs a small fraction of light to a power reference photodiode for
monitoring input power. The main beam is passes through a PBS to clean
the polarisation. The input polarisation is adjusted at 45 degree angle using a
combination of a half-wave plate (HWPy) and a quarter-wave plate (QWP).
After interacting with the OMC cavity, the reflected light is directed to a
reflection photodetector and a CCD camera for PDH locking and alignment
diagnostics, respectively. The transmitted beam is analyzed using a balanced
homodyne detection (BHD) setup comprising a polarizing beam splitter (PBS)
and two photodiodes (PDj and PD;). The OMC cavity optics are mounted on
a glass breadboard which is held in a dedicated transport fixture to maintain
mechanical stability and optical alignment. . . . . . . . . ... ... ... ...
Normalised p-polarisation cavity resonances. Each trace shows the pho-
todiode signal for a single resonance window after converting the fitted drive
voltage to a normalised detuning f = (V —Vp) /7. v here was extracted by calcu-
lating the difference in voltage at half maximum of the resonance peak for every
peak. The data used in the fitted using Lorentzians L(f) = A/(1+ f?). The
dashed line at f =0 marks the fitted resonance centre. The per-peak voltage-
domain normalisation collapses distinct scans onto a common lineshape suit-

able for averaging and comparison. . . . . . ... ...
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5.7

5.8

5.9

5.10

5.11

Differential signal fit L, — L;. The measured differential photodiode sig-

A
nal versus the normalised detuning f. The scatter is fit with offset + —— —

1+ f2
A+ 0A
, where 0 fy is the relative p—s resonance offset, B en-
1+ [(14+B)(f = 6/0)]

codes the linewidth (finesse) asymmetry, and 8A captures contrast (amplitude)

mismatch. This parameterisation separates resonance spacing, finesse differ-
ence, and contrast into orthogonal fit knobs for subsequent statistical analysis.
The data is averaged over 54 peaks. . . . . . . . . .. ...
Distributions of birefringence and lineshape parameters from OMC
cavity scans. For each resonance window the p-peak is fit in voltage (see

Figure 5.6) to obtain (Vp,7,4), and the differential model offset +

A+ A
L+ [(1+B)(f =80

DC offset of the differential channel, the polarisation resonance separation 8 fj

T+
(see Figure 5.7) yields (clockwise from top left) the

(reported in MHz via the cavity calibration), the finesse difference A.Z = .%y
with .%o = 378, and the contrast mismatch 8A. Each panel annotates the
sample mean y and standard deviation ¢ of the inlier set, as printed on the
plots. . . .
Tabletop setup for polarisation BHD The input laser setup is same as that
used for birefringence measurement in Figure 5.5. Waveplate stack HWPg—
QWP provides control of the LO-IFO relative phase (homodyne angle) and
also helps maintain a similar power ratio between the two orthogonal polarisa-
tions across measurements. Downstream, HWP; and HWP, before and after
the OMC balance the rotation before and after the OMC enabling cancellation
of birefringence-induced noise while preserving net 45 degrees rotation.
Characterisation of the HWPO-QWP angle pairs that realize the input power
ratio P,: Py = 10:1. Plotted are the measured QWP angles 6, versus HWPO0
angles 0; (two measurement series). Angles are reported relative to calibration
offsets 6 =HWPO— 0,9 and 6, =QWP—-6o. . . . . ... ... ... .. ...
Phase difference 8 between the s- and p-polarized outputs evaluated at the
waveplate settings from Figure 5.10. The phase is inferred from the balanced-
homodyne relation P = chos 0 with P=E,—E, and (Py,Ps) = (PLo, Piro)-

Two measurement series are shown. . . . . . . . . . . .. ...
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5.12

5.13

5.14

Output powers P; and P, versus HWPO0 angle 6, after the HWP-QWP-HWP
stage set to 22.5°. Curves show the modeled intensities |E,|> (p) and |E,|?

(s) for two series; markers show the corresponding measured channel fractions

Optimal polarisation angle as a function of homodyne angle. The solid curve
shows the model prediction for @gp from Eq. 5.27, evaluated using the meas-
ured birefringence parameters. The markers denote the measured HWP | angles
that minimise the OMC length-to-homodyne noise transfer at the indicated
homodyne angles. . . . . . . . . ..
Determination of the optimum HWP; mixing angle for a range of homodyne
angles. Each panel shows the measured peak level of the driven line (in dBm)
versus the HWP; FA angle, while HWP; is counter-rotated so that the ho-
modyne angle remains fixed at the value indicated in the panel (6gp). The
minimum in each curve identifies the HWP setting that minimises the OMC

length-to-homodyne signal noise transfer for that @gp. . . . . . . . . . . . ..

Photograph of the LED driver printed circuit board. The circuit diagram for
this is found in Figure 3.1 . . . . . . . .. ... o
Photograph of the QPD amplifier printed circuit board. . . . . . . . . .. . ..
Calibration of HWPO, the power ratio half wave plate. The normalised pho-
todiode signals in the s- and p-polarisation channels are shown as a function
of the HWPO rotation angle. The data are fitted with the expected sinusoidal
responses, f;(6) =Aysin*(2(6 — 6y )) +off, and f,(8) = A, cos>(2(6 — 60,p)) +
off ), confirming the orthogonal mixing of the two polarisations. Vertical dashed
and dotted lines indicate the fitted extrema (peaks/dips) within the scan
range, which define the effective fast-axis reference angles used for subsequent

polarisation-BHD alignment and balancing. . . . . ... ... ... ... ...
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Calibration of the quarter-wave plate (QWP), the power ratio quarter wave
plate. The photodiode signal after the PBS is shown as a function of QWP
rotation angle. The data are fitted with the expected periodic dependence of
the transmitted power for an initially linearly polarised field passing through
a QWP and analysed by a PBS, f(0) = 24 sin*(6 — 6y) cos?(8 — 6p) + off. The
vertical dashed and dotted lines indicate the fitted extrema (dip and peak)
within the scanned range, which define the effective QWP fast-axis reference

angle used for setting the desired polarisation state in the polarisation-BHD

experiment. . . . .. oLL L oL 240
Calibration of the first mixing half-wave plate (HWP1) . . . . .. ... .. .. 240
Calibration of the second mixing half-wave plate (HWP2) . . ... ... ... 241

Calibration of the first mixing half-wave plate (HWP1) in the presence of
all the other waveplates upstream i.e. HWP0O and QWP, and other optical
components (see Figure 5.9) . . . . .. ... oo Lo 241
Calibration of the first mixing half-wave plate (HWP1) in the presence of all
the other waveplates upstream i.e. HWP0O, QWP and HWP1, and other optical

components (see Figure 5.9) . . . . .. ... Lo oo 242
Common platform suspension modes (1-6). . . . ... ... ... ... .... 246
Common platform suspension modes (7-12). . . . . . . .. ... ... ... 247
Common platform suspension modes (13-18). . . . . . .. .. ... ... ... 248
Common platform suspension modes (19-24). . . . . ... .. ... ... ... 249
Common platform suspension modes (25-30). . . . . . . ... ... ... ... 250
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Chapter 1

Fundamentals of Gravitational Wave

Detection

1.1 Gravitational-Wave Astronomy

The notion that gravity allows disturbances that propagate through space has roots that
predate general relativity. In the 1870s, Clifford advanced the geometric idea that what we
perceive as matter and gravitation could be understood as variations in the curvature of
space, implicitly inviting the possibility of dynamical (time-dependent) curvature rather
than instantaneous action-at-a-distance [60]. A more explicit wave picture appears in
Poincaré’s relativistic discussions of gravity, where he argued that a Lorentz-consistent
theory suggests retarded gravitational influence and “ondes gravifiques” propagating at
the speed of light [129]. Gravitational waves entered their modern form with Einstein’s
development of the theory of general relativity; in 1916 he showed that the field equations
admit wave-like solutions—small perturbations of spacetime that propagate outward from

accelerating masses—establishing gravitational radiation as a generic prediction of the

theory [66].
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Figure 1.1: Ring of freely falling particles in a GW that stretches and squeezes space-
time. This figure illustrates two different (orthogonal) polarisation of GWs. These time
series images depict how space-time curvature changes for wr =0, w/2, w,37m/2. in the
plane of the paper for an incident GW that propagates out of the page.

Within general relativity, gravity is not treated as a force but as the curvature of space—
time caused by energy and momentum [66, 147] of an object. Gravitational waves are
produced by accelerating mass distributions with a time-varying quadrupole moment
and induce a characteristic tidal stretching and squeezing of freely falling test particles,

corresponding to two independent transverse polarisations [147, 65].

Figure 1.1 illustrates the effect of a passing gravitational wave on a ring of freely falling
test particles. As the wave propagates perpendicular to the plane of the ring, it induces a
time-dependent tidal distortion, alternately stretching and compressing the separation L
between particles along orthogonal directions. The dimensionless gravitational-wave strain

is defined as the fractional change in separation,

h(t) = —, (1.1)

where L is the unperturbed separation and AL(z) is the wave-induced differential displace-

ment. The measurement of AL enables detection of gravitational waves.
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1.2 Sources of gravitational waves

Gravitational waves can, in principle, be emitted by any accelerating mass distribution
with a time-varying quadrupole moment. Everyday objects therefore generate gravita-
tional radiation, but the resulting strains are extraordinarily small and far beyond the
reach of current detectors. Detectable signals require compact, relativistic sources with

large masses and strong accelerations, typically of astrophysical or cosmological origin.

In the wave zone far from an isolated source [48], the leading-order metric perturbation
in general relativity can be written in terms of time derivatives of the source multipole
moments. Unlike electromagnetism, where dipole radiation is generic, gravitational radi-
ation has no monopole or dipole contribution for isolated systems. The mass monopole
corresponds to the total mass—energy M, which is conserved, so M = 0 and it cannot radi-
ate. The mass dipole moment is proportional to the centre-of-mass position; its first time
derivative is the total linear momentum, which is also conserved for an isolated system.
As a result, the leading radiative term is the mass quadrupole moment Q;;, giving the
familiar quadrupole formula

2G ..
W) = S O (1= 7)) (1.2)

T tr

where r is the source distance and TT denotes the transverse-traceless projection [149].
This immediately shows why strong GW sources require large masses undergoing rapid,

non-spherically-symmetric acceleration.

The first direct detection of gravitational waves was made on 14 September 2015 and
originated from the merger of two stellar-mass black holes [7]. Gravitational-wave sources

are commonly grouped into three broad families, described in the following subsections.
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1.2.1 Compact Object Binaries

Coalescing binaries of compact objects are among the most important sources for direct
gravitational-wave (GW) detection. They produce strong, repeatable signals whose main
features are well understood from general relativity, and they populate the observing band
of ground-based interferometers for a wide range of masses and distances [145, 14]. The
observed waveform depends on intrinsic source properties (component masses and spins,
and—when neutron stars are involved—finite-size matter effects) and extrinsic parameters
(luminosity distance, sky location, and the inclination of the orbital plane relative to the
line of sight). These factors set both the signal amplitude and how long the signal remains

in-band.

Across all compact-binary classes, the emission mechanism is the same: as the binary
orbits, it loses energy and angular momentum through GW radiation, causing the orbital
separation to shrink and the orbital frequency to increase. This produces the character-
istic chirp in which both the GW frequency and amplitude rise with time. For stellar-mass
sources, the inspiral can last from seconds to minutes in the sensitive band, followed by
a rapid merger and the ringdown of the remnant compact object. The relative promin-
ence of these stages depends mainly on the total mass: lower-mass binaries spend more
time in inspiral, while higher-mass binaries merge at lower frequencies and may be ob-
served primarily through their late inspiral and merger [145]. There have been over 200

detections/candidate events as shown in Figure 1.2 [6, 13, 6, 15, 6, 2].

The compact-binary population is typically grouped into three source classes:

« Binary Neutron Star (BNS): two neutron stars in orbit. BNS signals can re-
main in-band for relatively long durations and, at the highest frequencies, exhibit
measurable finite-size effects due to tidal deformation. The first observed BNS event

was GW170817 [9].
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« Binary Black Hole (BBH): two black holes in orbit. BBH mergers often produce
high signal-to-noise transients dominated by the late inspiral, merger, and ringdown,
and they currently make up the largest class of detections in the LIGO—Virgo—
KAGRA catalogues [4, 14]. The first direct detection of gravitational waves was
from a BBH merger event GW150914 from a luminosuty distance of about 410 Mpc

[7].

o Neutron Star—Black Hole (NSBH): a neutron star and a black hole in or-
bit. NSBH mergers have been observed in GWs (e.g. GW200105 and GW200115).
Whether an electromagnetic counterpart is produced depends on whether the neut-
ron star is tidally disrupted outside the black hole horizon, which in turn depends

on the mass ratio and black-hole spin [16].
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Figure 1.2: Cumulative number of gravitational-wave detections as a function of month
(UTC). The curve is constructed by converting event GPS times to UTC, binning de-
tections by month, and taking the cumulative sum. Shaded vertical ribbons indicate the
LIGO-Virgo-KAGRA observing runs O1-04 (csv file).

In the quadrupole approximation, the characteristic strain amplitude from a compact

binary inspiral scales as [109, 145]

o e NP P/ 100Mpe
h(f) ~10 (m) <1OOHZ) (T) (1.3)


https://gwosc.org/api/v2/catalogs/GWTC/events?format=csv&include-default-parameters=true&utm_source=chatgpt.com
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where .#, is the chirp mass and d the luminosity distance to the source. For a binary
neutron star system at d ~ 100Mpc emitting near f ~ 100Hz, this corresponds to a

characteristic strain 4 ~ 10721,

1.2.2 Continuous Sources

Continuous gravitational-wave (CW) sources produce long-duration, nearly monochro-
matic signals, most commonly expected from rapidly rotating neutron stars with a small
non-axisymmetric deformation (e.g. “mountains” supported by the crust or magnetic
stresses) or from long-lived oscillation modes [136]. In contrast to compact-binary chirps,
CW signals are extremely weak and are therefore searched for by integrating coherently
(or semi-coherently) over weeks to months while correcting for Doppler modulation from
the Earth’s motion and for intrinsic spin evolution. To date, no CW signal has been con-
fidently detected, and LIGO—-Virgo-KAGRA searches have instead placed stringent upper
limits on CW strain from both wide-parameter-space all-sky surveys (e.g. using O3 data)

and targeted searches for known pulsars (including O4a analyses) [105, 3].

For a steadily rotating, non-axisymmetric neutron star, the intrinsic continuous-wave

strain can be estimated as [136]

47’G Ief?
o~ ————,
c d

(1.4)

which gives hy ~ 1072°-1072 for optimistic Galactic sources (d ~ kpc, f ~ 102-10°Hz,

£<107%).



1.2. Sources of gravitational waves 7

1.2.3 Burst Sources

Burst sources are short-duration gravitational-wave transients (from milliseconds to minutes)
whose waveform is not known accurately or source is not known. Instead, “burst” searches
typically look for statistically significant excess power and coherence across a detector
network with minimal assumptions about signal morphology, making them sensitive to
a broad range of unexpected or poorly modelled phenomena [11]. Astrophysical scen-
arios that may produce burst-like emission include core-collapse supernovae, magnetar
giant flares/short bursts, and other violent, rapidly changing processes; dedicated tar-
geted analyses use external electromagnetic triggers (e.g. optically observed supernovae
or gamma-ray activity) to reduce background and improve sensitivity [164, 18]. To date,
no confident burst detection from a non-compact-binary source class has been reported,
and current results are expressed as upper limits on burst strain (and corresponding con-
straints on plausible emission models) from both all-sky and targeted searches [11, 164,

18].

1.2.4 Stochastic Sources

A stochastic gravitational-wave background (SGWB) is a persistent, noise-like GW sig-
nal formed by the superposition of many individually unresolvable sources (astrophysical
foregrounds) and/or by processes in the early Universe. Experimentally, SGWB searches
are performed by cross-correlating the strain data from separated detectors, since a genu-
ine background produces a correlated contribution that accumulates with observing time
while most instrumental noise remains uncorrelated between sites. Using Advanced LIGO
and Advanced Virgo data through O3, no SGWB has been detected in the ground-based
band and analyses instead place upper limits on the isotropic and anisotropic background
amplitude [19][17]. At much lower frequencies (nanohertz), pulsar timing arrays have re-
ported evidence consistent with a gravitational-wave background, commonly interpreted

as arising from a population of supermassive black-hole binaries [23].
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1.2.5 Notable Observations from LIGO

The landmark event GW150914 marked the first direct detection of gravitational waves
and established compact-binary coalescences as observable astrophysical sources. The sig-
nal was consistent with the inspiral and merger of two stellar-mass black holes, confirming
that such binaries exist in nature and demonstrating that the radiated gravitational-wave
energy can be measured directly from the waveform. Parameter estimation indicated a
binary black-hole origin with source-frame component masses of ~ 36 My and ~ 29M),
producing a remnant black hole of ~ 62M; and dimensionless spin ~ 0.67. This detec-
tion also enabled the first precision tests of the strong-field, dynamical regime of general

relativity using gravitational-wave data alone [8].
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Figure 1.3: GW151014 event as observed by LIGO Hanford (left) and LIGO Livingston
(right). From top to bottom, are the strain signal, waveforms, residual noise, and a time-
frequency representation of the strain data [10].
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The strain plot from the event is shown in Figure 1.3. It was recorded during Advanced
LIGO’s first observing run with a consistent waveform observed in both instruments and
an inter site arrival-time delay of about 7 ms. In the detectors’ most sensitive band, the
strain data show the characteristic “chirp”: the instantaneous frequency rises from ~ 35 to
~250Hz over ~ 0.2 s as the amplitude grows toward merger, reaching a peak strain of order
10721, The event was recovered with high network signal-to-noise ratio (SNR ~ 24) and
an extremely low false-alarm probability, making it a statistically robust detection despite
the limited two-detector network and correspondingly coarse sky localization (hundreds

of square degrees) [8].

GW170817 provided the first observation of a binary neutron star inspiral, and it had an
especially broad impact because it inaugurated gravitational-wave multi-messenger as-
tronomy. In addition to the gravitational-wave detection, the event was associated with
electromagnetic emission, enabling joint constraints that are not accessible with grav-
itational waves alone. The long inspiral in band also allowed informative constraints on
matter effects through tidal signatures, linking the observed waveform to the neutron-star

equation of state [5].
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Figure 1.4: Time-frequency representations of data containing the binary-neutron-star
inspiral GW170817, observed by the LIGO-Virgo network: LIGO Hanford (top), LIGO
Livingston (middle), and Virgo (bottom). Time is shown relative to the coalescence time
(17 August 2017, 12:41:04 UTC). The colour scale shows the amplitude in each detector,
normalised by that detector’s noise amplitude spectral density, revealing the character-
istic “chirp” track that sweeps upward in frequency toward merger. In the LIGO data,
independently observable noise sources and the short instrumental transient in Livingston
were subtracted as part of the analysis. [5]
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GW190814 revealed a compact binary with an extreme mass ratio and a secondary com-
ponent in the ~few-M, range, a regime that is particularly interesting because it overlaps
the putative neutron-star/black-hole “mass gap”. The high signal-to-noise ratio and strong
parameter estimation from the detector network made this system an important case study
for population inference and for understanding the maximum neutron-star mass and the

astrophysical formation channels of highly asymmetric compact binaries [12].

Finally, GW200105 and GW200115 provided the first confident detections of neutron-star—
black-hole coalescences. These events completed the observational triad of CBC source
classes (BBH, BNS, and NSBH), and they are key for constraining compact-object popu-
lations and merger rates, as well as for understanding when (and whether) NSBH mergers

produce observable electromagnetic counterparts [16].

1.3 Gravitational-wave detectors

Early experimental efforts to detect gravitational waves focused on resonant-mass an-
tennas called Weber bars, in which a passing wave would excite a high-Q vibrational
mode of a massive cylinder. While these early searches did not yield a confirmed de-
tection, they established the basic experimental challenge: measuring strains far below
those accessible to conventional metrology. The field shifted toward laser interferometry
in the 1970s, motivated by the prospect of broadband sensitivity and scalable baselines.
This development ultimately led to kilometre-scale Michelson interferometers: the LIGO
facilities in the United States, the 3km Virgo detector in Europe, and technology test-
beds such as GEO 600. The upgrade to second-generation instruments (Advanced LIGO
and Advanced Virgo) delivered the sensitivity required for the first direct detection of
gravitational waves (GW150914, observed on 14 September 2015), marking the begin-

ning of gravitational-wave astronomy. The global network has since expanded to include

11
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underground, cryogenic interferometers such as KAGRA, and is expected to evolve fur-
ther with planned third-generation ground-based observatories and future space-based
detectors targeting lower-frequency bands [127, 180, 20, 181] [177, 7, 104, 95] [110, 84,
67).

Current ground-based detectors use precision laser interferometry that infer the gravitational-
wave strain from a differential change in the cavity lengths of the two perpendicular arms
of a Michelson Interferometer. A 1064 nm wavelength laser is split at a beamsplitter
and sent down the arms, where highly reflective suspended test masses act as mirrors;
in kilometre-scale observatories the arms incorporate resonant optical cavities to increase
the phase response to small displacements. The interferometer is operated near a dark
fringe so that a gravitational wave produces a measurable change in the output light power
(or phase) at the antisymmetric port. The fundamental observable is the dimensionless

strain,

h(r) =222, (1.5)

where L is the arm length and AL is the gravitational-wave-induced differential arm-length
change. In practice, multiple coupled control loops maintain the optical resonances and
mirror alignment, while auxiliary subsystems (vacuum, seismic isolation and suspensions,
and the readout chain) suppress environmental disturbances and convert the optical signal

into a calibrated h(z) time series [104, 177] [95, 181].

The existing ground-based gravitational-wave detectors are presently in a commissioning-
and-upgrade phase between observing campaigns, during which major subsystems are
being installed and validated to improve broadband sensitivity. In the LIGO observat-
ories, this transition is captured by the upgrade path from Advanced LIGO to the A+
configuration, with further details deferred to a dedicated section. The A+ upgrade targets

an approximately factor-of-two improvement in strain sensitivity relative to the Advanced

12
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LIGO baseline, achieved primarily by suppressing the dominant mid-band thermal noise
(via improved low-loss mirror coatings) and reducing quantum noise across a wider band

using frequency-dependent squeezing implemented with a dedicated filter cavity [107, 44,

101, 64].

1.4 Noise Sources in GW Detectors

The design sensitivity of existing ground based gravitational wave is limited by shot noise
at high frequencies and mirror coating thermal noise at mid frequencies and quantum

radiation pressure noise and thermal noise at low frequencies. In figure we see the A+

LIGO design noise budget.
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Figure 1.5: A+ Design Curve with noise curves for all the fundamental noise sources in
LIGO and Seismic noise. [44].
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1.4.1 Thermal noise

Thermal noise in a Michelson-interferometer gravitational-wave detector arises from dis-
sipation (mechanical loss) in multiple subsystems. Through the fluctuation—dissipation
theorem, any mechanism that dissipates energy under an applied force produces corres-
ponding thermal fluctuations in the associated displacement readout. In the test masses,
the dominant internal contributions are typically substrate Brownian noise, substrate
thermoelastic noise, and coating Brownian noise, all driven by microscopic mechanical

and thermodynamic fluctuations in the mirror materials [89, 88, 70].

In Advanced LIGO, the leading internal thermal-noise contribution in the most sensitive
band (~50-200 Hz) is coating Brownian noise in the high-reflectivity dielectric multilayers
deposited on the test-mass surfaces [89, 88, 82]. This dominance reflects the fact that the
interferometer readout is directly sensitive to thermally driven surface displacement within
the beam spot, and the relevant mechanical loss angle of the coating stack is typically

higher than that of the low-loss fused-silica substrate.

In addition to test-mass internal noise, thermal noise is also associated with the suspension
system. Suspension thermal noise includes the Brownian motion of the pendulum modes of
each stage as well as the violin modes of the suspension fibres [146, 20]. Below ~20-30 Hz,
suspension thermal noise is often the dominant thermal contribution, motivating the use
of low-loss fused-silica fibres, multi-stage pendulum geometries, and careful optimisation

of fibre geometry and attachment design in Advanced LIGO [1].

Looking ahead, planned upgrades aim to further suppress thermal noise, particularly coat-
ing Brownian noise. In the A+ upgrade, the coating-thermal-noise contribution is targeted
to be reduced by approximately a factor of two, while more ambitious next-step concepts

(often referred to as “A#”) seek order-of-magnitude reductions through advanced coat-

14
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ing materials and related design changes. Third-generation observatories such as the Ein-
stein Telescope pursue even larger thermal-noise improvements by combining new low-loss
coatings with cryogenic operation, with the goal of pushing displacement-noise levels well

below those planned for second-generation detectors [70, 132, 22].

1.4.2 Quantum noise

Quantum noise in interferometric gravitational-wave detectors arises from vacuum fluctu-
ations of the optical field that couple into the readout at the antisymmetric port. In the
conventional picture, it can be separated into (i) shot noise, an imprecision noise associ-
ated with photon counting statistics that dominates at high frequencies, and (ii) quantum
radiation-pressure noise, a back-action force from fluctuating photon momentum that

drives test-mass motion and dominates at low frequencies.

In the simplest (power-recycled) Michelson picture, the high-frequency quantum-limited
strain sensitivity is set by photon shot noise, the corresponding strain amplitude spectral

density may be written as

1 [hcA

hsn(f) = 7\ 22p’ (1.6)

where L is the interferometer arm length, A the laser wavelength, ¢ the speed of light, % the
reduced Planck constant, and P the (circulating) optical power relevant for the readout.

At low frequencies, for a test mass of mass m, the associated strain amplitude spectral

1 | hP
hRP(f):msz 2m3cA’ (1.7)

making explicit the characteristic 1/f? rise of radiation-pressure noise and its increase

density can be expressed as

with optical power.

15
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Increasing the circulating power reduces shot noise but enhances radiation-pressure noise,
leading to the free-mass standard quantum limit (SQL) for a continuous displacement
measurement. For a test mass of mass m measured at angular frequency ®, the SQL

displacement amplitude is

2h

xsQL(®) = 2 (1.8)

which encapsulates the trade-off between measurement imprecision and quantum back-

action [58, 63, 52].

Modern detector configurations exploit quantum correlations to reshape this limit and
to reduce quantum noise over a broad band. The most widely deployed technique is the
injection of squeezed vacuum states, which can lower the phase-quadrature fluctuations
and hence reduce shot noise; however, frequency-independent squeezing typically increases
radiation-pressure noise at low frequencies. Broadband improvement therefore motivates
frequency-dependent squeezing, in which the squeezed quadrature is rotated as a func-
tion of frequency (e.g. using a low-loss filter cavity), enabling simultaneous reduction of
radiation-pressure noise at low frequencies and shot noise at high frequencies. Squeezing
has now been implemented in operating gravitational-wave detectors, delivering quantum-
enhanced strain sensitivity, and frequency-dependent squeezing has been demonstrated
and deployed as part of the pathway toward next-generation performance [43, 170, 114,
74].

1.4.3 Seismic noise

Seismic noise refers to ground motion (from natural and anthropogenic sources) that
couples into the interferometer as residual displacement and angular motion of the sus-
pended optics. It is not a fundamental noise source but a technical noise source in LIGO.
It is most problematic at low frequencies, where the amplitude of ground motion is large
and where maintaining optical resonance and alignment requires significant control forces,

which can themselves re-inject motion through sensing and actuation paths. In addition,

16
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ground motion can couple through scattered-light paths, producing excess phase noise that
contaminates the gravitational-wave readout. For these reasons, seismic disturbances set

key practical limits on low-frequency performance and on robust interferometer operation

1, 112].

Modern detectors mitigate seismic coupling using multiple cascaded stages of isolation: ex-
ternal active platforms and in-vacuum inertial isolation, followed by multi-stage pendulum
suspensions that provide strong passive attenuation above their resonances. In Advanced
LIGO this strategy combines active inertial control with carefully designed mechanical
isolation to achieve many orders of magnitude reduction of ground motion in the detection
band [112, 1]. However, at sufficiently low frequencies an irreducible contribution arises
from gravity-gradient (Newtonian) noise, where fluctuating gravitational forces from mov-
ing ground and atmosphere directly accelerate the test masses and therefore cannot be
screened by mechanical isolation; proposed mitigations include site selection (e.g. under-

ground facilities), environmental sensor arrays, and subtraction techniques [86].

Other Technical Noise Sources

Technical noises are non-fundamental noise contributions arising from imperfections in
the interferometer, its controls, and its environment, which couple auxiliary degrees of
freedom (laser, alignment, seismic, electronics) into the differential arm length readout.
In current generation GW detectors, the major contributor to technical noise is at low
frequencies and it comes from auxiliary controls such as length and alignment controls

[54]. We will not be covering these other noise sources in detail in this thesis.

17
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1.5 Suspension System in LIGO

Ground-based interferometric gravitational-wave detectors rely on multi-stage pendulum
suspensions to isolate their test masses from ground motion. Instruments such as GEO 600
and Advanced LIGO suspend the main optics as triple and quadruple pendulums, respect-
ively, combining low-frequency mechanical resonances with careful control of thermal-
noise and alignment requirements [128, 139, 99]. There are auxiliary suspensions in these
detectors that also hang their optics through a multi-stage pendulum, some double and
some triple. Above the pendulum resonances, each stage provides an approximate 1/ 12
attenuation of transmitted motion, so cascading multiple stages yields the broadband

seismic isolation required in the gravitational-wave observation band.

These suspensions are inherently multi-degree-of-freedom systems: each stage supports
six rigid-body coordinates (three translations and three rotations, see section 2.3 in the
next chapter), and the normal modes of a full chain are generally mixtures of these
degrees of freedom. As a result, practical suspension design must account not only for
the placement of resonance frequencies, but also for cross-couplings between nominally
independent motions that can complicate sensing and control [92, 169]. In addition to
providing passive isolation, LIGO suspensions are actively damped using local sensors and
actuators so that the interferometer can be acquired and held in lock, which motivates
modelling approaches that connect the mechanical plant directly to digital control design

[152, 161].

The Advanced LIGO suspensions (see Figure 1.6) are four-stage pendulums whose design
builds on the concepts developed for the GEO 600 prototype. The key elements of the
suspension system can be grouped into the main pendulum chain, the surrounding sup-
port structure, and various auxiliary components like sensors and actuators. The support
structure encloses both the main chain and the parallel reaction chain. It protects the

suspension from mechanical failure, provides convenient mechanical interfaces, and facil-

18



1.5. Suspension System in LIGO 19
itates installation, maintenance and recycling of suspension components. Multiple stages
are employed so that horizontal seismic isolation is achieved through the cascaded pen-
dulum stages, while vertical isolation is provided by soft blade springs at several levels in

the chain.
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Figure 1.6: Drawing of Advanced LIGO quadruple pendulum with a quadruple reaction
chain hanging behind it with its surrounding structure [39].

Passive isolation alone is not sufficient to operate a gravitational-wave interferometer at
its design sensitivity. Each pendulum stage has resonance modes with high quality factors;
if left undamped, these modes can lead to large residual motions and cause the interfer-
ometer laser to fall out of phase-lock during operation. Advanced LIGO therefore em-
ploys local active control using shadow sensors known as BOSEMs (Birmingham Optical
Sensor and Electro-Magnetic actuators) [56][40]. The BOSEMs provide both displacement
shadow sensing and coil-magnet actuation: the actuators apply forces to the test-mass
chain by pushing against the reaction chain, which serves as a relatively quiet mechan-
ical reference. This arrangement allows the suspension resonances to be actively damped
while preserving the high passive isolation at frequencies relevant to gravitational-wave

detection.
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1.6 Shadow Sensors

Shadow sensors are compact, non-contact displacement sensors widely used for local sens-
ing and damping of suspended optics in ground-based gravitational-wave detectors. In
their standard implementation an LED illuminates a photodiode while a “flag” attached
to the moving mass partially occludes the beam; small displacements of the flag changes
the transmitted optical power and hence the photodiode current, providing an approx-
imately linear displacement signal around a chosen operating point. This is illustrated in
detail Figure 1.7. The same module typically integrates a coil-magnet actuator so that the
sensor output can be used in local feedback to damp suspension resonances and to provide
robust acquisition and alignment support while avoiding the complexity of interferometric
readout at low frequencies. The ultimate performance is limited by a combination of fun-
damental photodetection noise (e.g. shot noise), electronic noise, and practical effects such
as LED relative-intensity noise and temperature-dependent responsivity, which become
particularly important when extending these sensors to upgraded (A+) requirements and

to cryogenic environments for future third generation GW detectors [144, 165, 61].

Figure 1.7: When the flag moves by a distance x, the amount of light falling on the
photodiode changes. This is registered as V.
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The remainder of this thesis makes extensive use of suspension modelling and mode ana-
lysis in the context of cryogenic interferometry. For readability, the introduction presents
only this high-level overview. A detailed treatment of single- and multi-stage pendu-
lum dynamics, state-space formulations, and the modal metrics used throughout this
work is deferred to Chapter 2, where we develop the specific models used for the GCIF
common-platform suspension and discuss their implications for sensing, damping, and

cross-coupling in a cryogenic setting.

1.7 Future upgrades to Advanced LIGO

The second-generation ground-based network has evolved through a sequence of observing
campaigns interleaved with commissioning periods, during which targeted hardware and
control upgrades are implemented to improve astrophysical reach. In this context, the
LIGO detectors progress from the Advanced LIGO configuration toward the A+ upgrade,
while longer-term post-O5 concepts (often referred to as A#) and more substantial re-
designs (e.g. Voyager) explore how far the existing facilities can be pushed before the
transition to third-generation observatories. This section summarises the principal up-

grade directions and the corresponding noise-reduction goals.

1.7.1 The A+ upgrade

A+ is an incremental but high-impact upgrade programme aimed at improving broadband
strain sensitivity primarily by reducing quantum noise and coating thermal noise for the
next observing run O5. A commonly used reference for quantitative comparisons is the
A+ design curve model, which modifies the Advanced LIGO noise budget by (i) lowering
coating thermal noise (implemented in the model as a reduction of coating mechanical

loss) and (ii) applying frequency-dependent squeezing using a dedicated filter cavity to
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obtain quantum-noise reduction across a wider frequency band (see Figure 1.5) [44, 114].
In the A+ design-curve parameter set, the frequency-dependent squeezing implementation
assumes a ~ 300 m filter cavity and improved optical losses in the squeezing and readout

paths, together with increased input power relative to earlier configurations [44].

A major design change for the detector during A+ is the incorporation of Balanced Ho-

modyne Detection Readout scheme (BHD).

1.7.2 LIGO India

LIGO-India is a planned kilometre-scale laser-interferometric gravitational-wave obser-
vatory that will add a major new site to the global network of ground-based detectors.
Following nearly a decade of planning, the project has moved into the construction phase,
with the Indian government authorising full-scale implementation and preparation of the
site infrastructure. The observatory is to be built on a remote ~174-acre tract of land at
Aundha in Maharashtra’s Hingoli district, selected to support the stringent environmental

requirements of precision interferometry. [130]

A central motivation for LIGO-India is improved GW sky localisation which relies on a
combination of time-of-arrival triangulation and the differing antenna responses of separ-
ated detectors. Adding a LIGO-class instrument in India lengthens the network baselines
and improves the distribution of detector orientations, which can substantially reduce typ-
ical localisation areas and strengthen multi-messenger follow-up by enabling faster and
more targeted electromagnetic observations. Beyond localisation, a better-distributed net-
work helps break parameter-estimation degeneracies (e.g. between luminosity distance, in-
clination, and polarisation) and increases the overall duty-factor resilience of the network

[142).
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Technically, LIGO-India is planned as a 4km Michelson interferometer with Fabry—Pérot
arm cavities, closely aligned with the design philosophy of the A4+ LIGO instruments,
and is being realised through a partnership between Indian funding agencies and insti-
tutions and the LIGO Laboratory. The project therefore strengthens both the scientific
reach of the international network and the regional capacity for large-scale precision in-

strumentation, commissioning, and long-term operations in gravitational-wave astronomy

[59).

1.7.3 Post-O5 concepts: A#

Beyond A+, the LSC Post-O5 Study Report recommends pursuing a coordinated set of
upgrades, collectively referred to as LIGO A# (“A-sharp”), as a post-A+ configuration
intended to extend the scientific reach of the existing 4 km facilities after O5 and to serve
as a technology stepping stone toward third-generation observatories (notably Cosmic
Explorer and the high-frequency Einstein Telescope concept). In the baseline A# fram-
ing, the detector remains a room-temperature, 1 pym interferometer with fused-silica test
masses, but incorporates four major hardware advances: (i) substantially heavier optics
(of order 40 — 100 kg) with improved suspensions, (ii) enhanced seismic isolation, (iii)
increased circulating arm power (targeting ~ 1.5 MW) together with improved squeezing
performance (targeting ~ 10 dB at high frequencies), and (iv) further reduction of coat-
ing thermal noise via improved low-loss coatings. The overarching motivation is to deliver
broadband sensitivity gains beyond A+ while simultaneously de-risking key technologies

and subsystem choices that are relevant for next-generation detector designs [106][42].

A more transformative concept is the LIGO Voyager upgrade, which explores the sensit-
ivity achievable in the existing 4 km facilities using advanced technologies that go beyond
the A+/A# room-temperature paradigm. A defining feature of Voyager is the adoption
of crystalline silicon test masses operated at cryogenic temperature (commonly discussed
around ~ 123 K) together with a longer-wavelength, high-power laser (around the ~ 2 pm

band), enabling substantial reductions in thermal noise and changes in optical absorp-
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tion/thermal lensing constraints. The Voyager concept is motivated as a route to signific-
antly extend astrophysical reach within the current observatory footprint, while serving
as a technology bridge toward third-generation facilities (e.g. through cryogenics, new

coatings, and long-wavelength high-power laser development) [22, 102].

1.8 Third-generation gravitational-wave detectors

Third-generation (3G) gravitational-wave observatories aim to extend ground-based sens-
itivity by roughly an order of magnitude over the advanced-detector era and to improve
low-frequency performance down to a few hertz, thereby increasing detection rates and
enabling precision tests of strong-field gravity and cosmology with large event popula-
tions. Achieving this requires simultaneous reductions in quantum noise, thermal noise
(especially coating and suspension thermal noise), and low-frequency disturbances (seis-
mic and Newtonian noise), motivating new facility-scale design choices such as longer

baselines, improved vacuum systems, and quieter sites [132, 110, 84].

The Einstein Telescope (ET) is a European 3G concept based on an underground, triangu-
lar interferometer with 10 km arms, designed to operate as three colocated interferometers
with multiple baselines and polarisations for robust signal reconstruction. A key element of
the ET strategy is the use of cryogenic operation and dedicated interferometers optimised
for different frequency ranges (often discussed as “xylophone” configurations), combining
low thermal noise at mid frequencies with improved low-frequency sensitivity enabled by
a seismically quiet underground environment [132, 110]. These design features target sub-
stantial reductions in coating and suspension thermal noise and mitigate low-frequency

environmental limitations relative to surface facilities [110].
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In the United States, Cosmic Explorer (CE) pursues a complementary approach based on
very long-baseline, L-shaped interferometers (tens of kilometres) to increase the gravitational-
wave signal response and relax several technical constraints that scale with arm length.
By combining longer arms with advanced quantum-noise reduction (including squeezing),
improved optics/coatings, and upgraded suspension and isolation technologies, CE aims
to deliver broadband sensitivity gains and a dramatic increase in accessible volume [84]. At
lower frequencies than ground-based instruments, the Laser Interferometer Space Antenna
(LISA) will open the milli-hertz band using a constellation of spacecraft in a heliocentric
orbit to form million-kilometre-scale laser interferometers. This enables observations of
massive black-hole binaries, extreme-mass-ratio inspirals, and Galactic compact binar-
ies, providing a low-frequency counterpart to ground-based 3G detectors and enabling

multi-band gravitational-wave astronomy for suitable sources [25, 67].

(a) An artist’s rendering of ET showing 10 km (b) An artist’s rendering of CE showing 40 km.
arms triangular configuration. (Credit: Eddie Anaya, California State Univer-
sity Fullerton)

Figure 1.8: Artist’s impression of the two thrid-generation GW detectors.
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Figure 1.9: Amplitude spectral density of strain noise, /S, (f), for representative current
and proposed ground-based gravitational-wave detectors. Shown are measured sensitivit-
ies from the third observing run (e.g. LIGO and Virgo), together with design or target
sensitivity curves for Advanced LIGO, Advanced Virgo, KAGRA, LIGO A+, LIGO Voy-
ager, Cosmic Explorer (40 km) and the Einstein Telescope (ET-D). The curves illustrate
the characteristic low-frequency limitation from seismic and Newtonian noise, the mid-

band thermal-noise floor, and the rise at high frequency dominated by quantum shot
noise[103] [68, 91][83, 133].

Figure 1.9 compares the strain sensitivity of the current detector network with pro-
jected upgrade and third-generation concepts across the ~Hz-kHz band. The famil-
iar “bucket” shape reflects the transition from low-frequency limitations (seismic and
Newtonian /gravity-gradient noise), through a mid-band floor dominated by thermal noise,
to a high-frequency rise set primarily by quantum shot noise. The upgrade trajectories
(e.g. A+ and Voyager) show incremental improvements within the existing facility scale,
whereas third-generation concepts (Cosmic Explorer and Einstein Telescope) target order-
of-magnitude sensitivity gains and significantly improved performance below ~ 10Hz [68,
91]. Cosmic Explorer sensitivities are often presented as a family of curves: CE1 and
CE2 denote staged implementations, with CE2 sometimes split into “silica” and “silicon”
variants to represent different technology paths (room-temperature fused-silica versus

cryogenic silicon/longer-wavelength operation) [68, 135, 83].
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1.9 Detector prototypes and technology demonstrat-

ors

A defining feature of gravitational-wave instrumentation is that many of the techniques re-
quired for future observing runs cannot be fully de-risked on the kilometre-scale detectors
without unacceptable commissioning risk. Instead, dedicated prototypes and technology
demonstrators provide controlled environments in which new interferometer configura-
tions, sensing and control schemes, high-power optical effects, and quantum-noise re-
duction methods can be developed to maturity before deployment. These facilities also
serve as platforms for end-to-end integration tests, allowing subsystem interactions (e.g.
optomechanical dynamics, scattered-light couplings, and control noise reinjection) to be

studied in regimes that resemble full-scale operation.

Historically, prototype interferometers have played a key role in bridging conceptual
designs to operational observatories. The Caltech 40 m prototype has been used as a
system-level testbed for advanced readout and control developments, including early
demonstrations of DC readout concepts relevant to the transition from RF to DC/balanced-
homodyne readout architectures [178]. Likewise, the University of Glasgow 10 m prototype
provided an early experimental platform for suspended Fabry—Pérot Michelson operation,
sensitivity characterisation, and suspension/laser developments that informed later gener-
ations of detectors [137, 154]. More recently, purpose-built facilities such as the AEI 10 m
prototype in Hannover have been designed explicitly to explore quantum-limited interfero-
metry and sub-SQL measurement techniques, combining ultra-high-vacuum infrastructure
with advanced seismic isolation concepts and suspended optical systems representative of

next-generation requirements [80].
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Alongside full interferometer prototypes, specialised test facilities address limiting noise
sources and scaling challenges expected for future upgrades. High-optical-power effects—
such as thermal lensing, angular/parametric instabilities, and power-dependent scattered-
light couplings—are difficult to study safely on observatories, motivating dedicated high-
power facilities such as the Gingin High Optical Power Test Facility [184]. In paral-
lel, prototypes have been central to demonstrating quantum-noise reduction methods:
squeezed-light injection was first shown to yield a clear sensitivity improvement on a
suspended-mirror prototype interferometer, providing an early validation of techniques
now routinely used on operating detectors [77]. Audio-band frequency-dependent squeez-
ing, realised using an external filter cavity, subsequently established the practicality of
broadband quantum-noise reduction in a detector-relevant band and informed the imple-

mentation pathway toward advanced-detector upgrades [121].

For space-based detection, where in-flight validation is essential, LISA Pathfinder served
as the principal technology demonstrator for the key measurement problem: placing freely
falling test masses in near-perfect geodesic motion and measuring their relative displace-
ment with exquisite precision. The mission demonstrated sub-femto-g differential free-fall
and achieved performance at (and later beyond) the required acceleration-noise levels for
LISA in relevant frequency bands, substantially reducing risk for the full observatory and
providing a mature experimental foundation for milli-hertz gravitational-wave detection

37, 36].

1.9.1 Glasgow Cryogenic Interferometer Facility (GCIF)

Interferometric gravitational-wave research in Glasgow dates back to the establishment of
Ronald Drever’s group in 1970 and the first operation of an interferometer prototype in
the 1980s. In the early 2000s the prototype facility was relocated to a clean-room labor-
atory and rebuilt with an upgraded layout comprising two 10 m arms and a parallel 5m
arm, supported by a vacuum system of nine 1m-diameter tanks and a modern control

and data-acquisition system comparable in architecture to that used in Advanced LIGO.
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This upgraded Glasgow 10 m facility operated from 2003 to 2024 and hosted a broad pro-
gramme of experiments, including speed-meter interferometry, studies of optical springs
to mitigate radiation-pressure effects, development of diffractive optics for GW detectors,
direct measurements of coating thermal noise at room temperature, and investigations of

sensing and control schemes for dual-recycled Michelson interferometers [81][79, 108, 93,

160, 182].

Figure 1.10: GCIF Cryostat in the JIF lab (Kelvin Building, University of Glasgow).
A section of the 10 m reference cavity beam tube is seen behind the cryostat in the

photograph.
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The Glasgow 10 m prototype underwent a major refurbishment in 2024-25 to incorporate
a cryostat housing a short (~10cm) optical cavity suspended using crystalline material.
Following this upgrade, the facility is now referred to as the Glasgow Cryogenic Interfer-
ometer Facility (GCIF). The ~1kg test masses for the 10 cm cavity are suspended using
a triple-stage chain that includes two stages of vertical blade springs, providing a plat-
form to demonstrate and characterise multi-material crystalline suspension concepts at
cryogenic temperature. A primary scientific objective is to measure coating thermal noise
in the 10 cm cavity, enabling comparative studies of candidate low-loss mirror coatings
relevant to third-generation cryogenic detectors. In addition, GCIF is designed to operate
at both 1550 nm and 2000 nm, supporting investigations of long-wavelength laser archi-
tectures for future observatories. More broadly, the facility provides an opportunity to
develop and validate sensing and control of silicon suspensions under cryogenic conditions

and to study practical issues such as ice formation on cold silicon optics [81].

1.10 Overview of thesis

In this chapter we introduced the basic concepts required for the rest of the thesis: the
astrophysical sources of gravitational waves, the operating principles of kilometre-scale
interferometric detectors, and the main noise sources that limit their sensitivity. We also
reviewed the role of multi-stage pendulum suspensions and local sensing schemes in current
detectors, with an emphasis on how these ideas motivate the developments presented in

later chapters.
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Chapter 2 focuses on the design of a triple-stage common platform suspension for the
Glasgow Cryogenic Interferometer Facility (GCIF). Using a Mathematica state-space
model, we investigate the dynamics of a split-pendulum configuration in which two double-
pendulum chains are suspended from a shared top stage. The chapter explores the result-
ing forest of normal modes, the implications for length noise, local control, and common-
mode rejection, and outlines design choices that make the suspension mechanically and

cryogenically feasible for a multi-material silicon—sapphire suspension system.

Chapter 3 describes the development of a cryogenic-compatible shadow sensor intended
for local control of the GCIF suspensions. We characterise a range of infrared LEDs,
quadrant photodiodes, and flag geometries down to cryogenic temperatures, and build a
detailed noise and performance model of the sensor. The resulting prototype meets the

combined requirements on sensitivity, dynamic range, and heat load.

Chapter 4 reports on the design, fabrication, and characterisation of the A4+ LIGO Output
Mode Cleaner (OMC) cavities. The chapter details the optical and mechanical design of
the monolithic bow-tie cavities, the screening and metrology of coated optics, the assembly
and bonding procedures, and the techniques used to optimise cavity throughput perform-
ance. The measured performance of the first set of A+ OMCs demonstrates transmission
in excess of 98%, meeting the requirements for squeezed-light operation in the upgraded

detectors.

Chapter 5 develops and tests a polarisation-based balanced homodyne detection scheme
that uses a single OMC to filter both the interferometer signal and the local oscillator. We
present the theoretical framework for this configuration, analyse the impact of cavity bi-
refringence and waveplate settings on noise coupling, and describe a table-top experiment
that validates the concept and identifies an operating point with suppressed coupling of

OMC length noise to the homodyne readout.
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Finally, the appendices collect supporting material that would otherwise interrupt the
flow of the main text, including analytical details of special suspension cases and extended

mode tables for the common-platform suspension models.
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Chapter 2

Glasgow Cryogenic Interferometer
Facility: Common Platform

Suspension Design

2.1 Introduction

The Glasgow Cryogenic Interferometer Facility (GCIF) is designed to directly measure
coating thermal noise at cryogenic temperatures. This will be achieved by observing the
displacement thermal noise of a Fabry—Pérot cavity with a round-trip length of 20cm,
formed by two suspended silicon test masses of mass 1kg each. A further objective of the
GCIF is to demonstrate and characterise a fully crystalline cryogenic suspension system.
The facility will operate in two phases: an initial phase at 123K and a later phase at 18K.
Both temperature regimes coincide with a zero crossing of silicon’s coefficient of thermal
expansion and are therefore of particular interest as potential operating temperatures.
This happens for sapphire at 123K making it a likely candidate too. Operating at these
temperatures reduces the overall thermal noise of the experimental system, enabling a dir-
ect measurement of coating thermal noise, and provides a testbed for the development and
characterisation of materials and technologies relevant for third-generation gravitational-

wave detectors.
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Ground-based gravitational-wave detectors employ multistage pendulum suspensions to
provide passive seismic isolation for the cavity mirrors. Increasing the number of sus-
pension stages improves the level of isolation, with each pendulum stage contributing
an attenuation that scales as 1/ f2 above its resonance frequency. Current-generation de-
tectors, such as Advanced LIGO, typically use four stages of pendulum isolation for the
test masses. For the Glasgow prototype, we intend to implement a three-stage suspension
system. The suspension design must simultaneously satisfy the stringent requirements on
both thermal noise and seismic isolation in order to achieve the sensitivity necessary for

coating thermal noise measurements.

In this chapter, we present the suspension modelling of common-platform triple-stage
suspensions in Mathematica, including the development of the model, the resulting per-
formance studies, and possible future directions [47]. We also worked on implementation
of a Python notebook designed to enable faster computation of the suspension model,
motivated by the fact that evaluating the state-space matrices becomes computationally
expensive for the common-platform suspension configuration. A comparison of double-
and triple-stage pendulum suspensions was done in the past [81] and concluded that a
triple-stage pendulum configuration was preferable. In this chapter, I will compare the

triple-stage suspension model with the common-platform triple-stage model.

2.2 Pendulum Dynamics: State Space

Multi-stage pendulum suspensions are the standard solution for providing seismic isola-
tion of test masses in ground-based interferometric gravitational-wave detectors such as
GEO 600 and Advanced LIGO [99][113]. In these instruments the main optics are suspen-
ded as double, triple, or quadruple pendulums in order to achieve sufficient attenuation of
ground motion in the observation band, while simultaneously satisfying stringent require-
ments on thermal noise and controllability [128, 139]. In GEO 600, for example, the main

mirrors are suspended as triple pendulums incorporating fused-silica fibres and cantilever
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springs to provide horizontal and vertical isolation, and the Advanced LIGO test masses
extend this concept to a quadruple suspension [128, 139]. Increasing the number of sus-
pension stages improves the level of isolation, with each pendulum stage contributing an

attenuation that scales as 1/f2 above its resonance frequency.

The dynamic behaviour of these suspensions is inherently multi-degree-of-freedom: each
stage has six rigid-body coordinates (three translations and three rotations, refer to figure
2.1), and the normal modes of the full system are in general mixtures of these degrees
of freedom. A detailed six-degree-of-freedom model of a triple pendulum were already
developed for GEO 600 to support suspension design, optimisation of attachment geo-
metry, and prediction of resonance frequencies and transfer functions [92, 128, 169]. In
this approach the equations of motion are first derived in terms of generalised coordin-
ates, usually starting from a Lagrangian formulation and linearising about the equilibrium

configuration, and then written in the standard second-order matrix form

Mi{+Cq+Kq=F, (2.1)

where q collects the translational and rotational coordinates of the suspended mass, M is
the mass/inertia matrix, C the damping matrix, K the stiffness matrix and F the vector

of generalised forces and torques.

For LIGO suspensions it is not sufficient to model only the passive isolation, the suspen-
sions are actively controlled using local sensors and actuators to damp suspension modes
so that the interferometer can be kept locked. This has led to use of state-space models,
in which the second-order equations are recast as a set of coupled first-order differential

equations,

x(t) = A()x(t) + B()u(t), (2.2)

y(t) = C(t)x(¢) + D(¢)u(z). (2.3)
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Equation 2.2 is the state equation and equation 2.3 is the output equation.

The state vector x that typically contains the coordinates q and their velocities q, y is the
output vector, u is the input or control vector. A, B, C and D are state space matrices.
The state variables we select must sufficiently describe the behaviour of the system. In the
context of multi-stage pendulum suspension modelling, the inputs are linear or angular
displacements of the structure and forces or torques on the pendulum coordinates. The
outputs are the pendulum coordinates and back reaction forces on the structure. The

state coordinates are the pendulum coordinates.

0 1
A= 3(—M'K ) (2'4>
SK(—MflKeff) <Tfeff)
0 0
B = , (2.5)
R(—M'Cygerry) M
1 0
c— , (2.6)
R(—Csx(etm) O
0 0
D= (2.7)
—Serr O

Here M is the mass matrix, K is the stiffness matrix for the pendulum with the structure
held fixed, Cgx(efr) is the coupling matrix from the structure to the pendulum (it’s a
symmetric matrix), and Seg is the structure stiffness matrix with the pendulum held

fixed at its nominal position.
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This formalism is particularly convenient for designing digital control systems (for ex-
ample using modal control and state estimation), and for integrating the mechanical plant,
sensors and actuators into a single consistent model. State-space techniques for suspen-
sion control have been developed and applied in the context of Advanced LIGO quadruple
suspensions and related prototypes, including modal damping and state-estimation-based
controllers [152, 161]. Within the LIGO collaboration, Mark Barton has developed a
suite of numerical tools that generate state-space models for a variety of suspension con-
figurations (single, double, triple, quadruple stages and split pendulum systems) from a
common parameter set describing the geometry and material properties [45]. In this frame-
work, the Mathematica suspension models first determine the resonance modes by solving
the undamped generalised eigenvalue problem of the linearised equations of motion. The
resulting dynamics are then recast into a state-space representation, which is used for
time-domain simulations and exported to Matlab, where the models are incorporated

into Simulink for further numerical and control-system studies.

These models provide the M, C, and K matrices, and hence the corresponding state-space
matrices A, B, C, and D, and have been extensively used for controller design and noise
studies. More recently, such state-space suspension models have been used in the analysis
and reduction of control noise in current detectors, where the full control loop (suspension

dynamics, filters, and sensing) is simulated in a unified framework [179].

2.3 Dynamics of a Single Stage Pendulum

Every finite-mass mechanical system exhibits resonance modes. In the case of a mass
suspended by a wire, the system forms a pendulum whose normal modes of vibration are
referred to as pendulum modes. Owing to the six mechanical degrees of freedom, these
modes can be classified into six types: longitudinal, bounce, side, roll, yaw, and pitch.

These are illustrated in Fig. 2.1.
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a Longitudinal b Transverse
(side view) (front view)

f  Yaw

d Pitch

Figure 2.1: Illustration of the six mechanical degrees of freedom of a single-stage pendu-
lum: (a) longitudinal translation, (b) side translation, (c¢) vertical (bounce) motion, and
rotations about the three orthogonal axes corresponding to (d) pitch, (e) roll, and (f) yaw.

A single-stage pendulum can be viewed as the simplest building block of the full multi-
stage suspension. Writing down its equations of motion in matrix form, and then convert-
ing them to state-space form, provides a transparent way to understand how the suspen-
sion geometry and material parameters enter the mass, damping, and stiffness matrices,
and how couplings between degrees of freedom (for example between longitudinal and

pitch, or sideways and roll for a four-wire suspension) appear as off-diagonal terms.

A detailed analysis of a single stage pendulum hung using four wires can be found in Calum
Torrie’s thesis [169]. The equations of motion for the pendulum are given in equations 2.8

and 2.9.
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Figure 2.2: Schematic of a rigid body suspended from a stationary platform by four
wires. The parameters n; and np denote the lateral distances of the wire attachment
points from the z-axis along the centre-of-mass (COM) line of the body. The quantity d
is the vertical offset of the attachment plane from the COM, [ is the wire length, and s is
the axial separation of the front and back attachment points.
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This is a generalised stiffness matrix with all the couplings.

2.3.1 Modes of a Single Stage Pendulum

The resonance modes for a single stage pendulum can be categorised as longitudinal,
transverse, bounce, pitch, yaw and roll according to the dominant component of the mo-
tion. For the common case of an optic with principal moments of inertia aligned with the
coordinate axes, the vertical and yaw modes are typically fairly pure, but the longitudinal
and pitch modes are usually somewhat blended, as are the transverse and roll modes, as

explained in the next section.

Longitudinal-Pitch (rotation about y) Modes

This mode is represented by the combination of motions illustrated in figures 2.1 (a)
and (d). The coupling between longitudinal motion and pitch arises from the fact that
the centre of mass is displaced by a finite distance d from the suspension point. In the
limit d — 0 the off-diagonal stiffness terms kg, and kg, in equations (2.12) and (2.13)
vanish, and the longitudinal and pitch degrees of freedom become dynamically decoupled.
However, for a realistic suspension d is non-zero, so that a longitudinal displacement of
the mass produces a torque about the pitch axis, and conversely a pitch rotation produces
a net longitudinal restoring force. This is explicitly seen in Eqs. (2.12) and (2.13), where
both coupling coefficients scale linearly with d, kg,x o< d and kyg, o< d, so that even a modest

geometric offset leads to measurable mixing of the two modes.
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The finite offset d also modifies the pure pitch stiffness, as reflected in the linear and
quadratic d-dependence of kg g, in Eq. (2.11). Physically, a rotation about the pitch axis
shifts the centre of mass longitudinally as well as vertically when d # 0, changing the
gravitational restoring torque compared to the idealised case where the COM lies exactly
in the suspension plane. Together, these effects mean that the normal modes of the system
are not purely longitudinal or purely pitch, but instead mixed modes whose degree of

coupling is controlled by the suspension geometry through the parameter d.

d 2 6pitch epitch —1 ¢ (stiff)
W = xgp y Axgp = —Mxep x@p . (210)
X X
where elements of the stiffness matrix are given by
2 2 272
mgs >, mgd mgd- 2ks°h
ko o — — _ — — — 2.11
ooy =~ M2 M) T T T T T (2.11)
mgd
kg = ——, 2.12
=1 (2.12)
d
ke, ‘%, (2.13)
ey = —%. (2.14)
1 .
fpitch/longitudinal = %\/abs(elg(Axep)) (2'15)

where abs returns the absolute value of the eigenvalues eig(Axgp) of the matrix Ayg,.

In the limits where np =n; and d =0 i.e. the wires are straight and the attachment points

are in the centre of mass plane, the stiffness matrix elements reduce to
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Key, = — (2.16)
y

kgye =0, (2.17)

kg, =0, (2.18)

Ky = —% (2.19)

These are very familiar forms we are used to seeing. The eigenfrequencies then become

1 |2ks?

N Btk 2.20
fpltch 2T Iy ) ( )

1 /g
flongitudinal = % 7; (221)

Transverse-Roll (rotation about x) Modes

The equations of motion for this mode which is a combination of translation along y and

roll i.e. rotation about x axis (see figures 2.1 (b) and (e)) are given by:

d* [6ron| Broll koo, ke.y

- [®) ) v6, — )
dl2 YUr T
y y kye. Ky

(2.22)
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where

mgny(ny —ny)  mgd  mgd*h mgn%(nz—nl)2 2kd?*(ny —ny)?

ko6, =

hil, I, 121, I2hl, 1’1,
2mgdny(np —ny)  4kdnyh(n, —ny) an%h2 (2.23)
1’1, I’I, I, )

o — mgdh mgny(ny—ny) 2kd(np—ny)?  2knyh(ng —ny) 9 24
oy T pp 121, 121, 121, ’ (2:24)

ga’h gnz(nz —n1) 2kd(n2 —n1)2 2kn2h(n2 —n1)
e m2 (2.25)

gh 2k(ny—ny)?
1 .

ftransverse/roll = E \/abs(elg(AyOr)) (2'27)

where abs returns the absolute value of the eigenvalues eig(A,q,) of the matrix A,

The transverse-roll coupling has a similar geometric origin as the longitudinal-pitch coup-
ling discussed above: it arises because the suspension wires do not act through the centre
of mass and are laterally angled with respect to the z axis. In the transverse case the two
fibres are attached at positions displaced by (ny —n;) in the horizontal direction and by
a finite vertical offset d from the centre of mass. A pure transverse displacement y there-
fore changes the lengths, and hence the tensions, of the left and right fibres by different
amounts. This imbalance in fibre tension generates a net torque about the roll axis, which

appears as the off-diagonal stiffness terms kg, and kyq in Eq. (2.22).

Conversely, a pure roll rotation 6,y tilts the mass so that the fibre attachment points
move transversely as well as vertically whenever the lever arms d and ny —n; are non-
zero. The resulting change in the horizontal components of the fibre tensions produces a

net transverse restoring force. This is reflected in the explicit dependence of the coupling
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coefficients on d, np and (ny —nj) in Egs. (2.24) and (2.25). In the symmetric limit where
the left and right fibres are straight (ny —n; — 0) and the attachment offsets vanish
(d — 0), these off-diagonal terms go to zero and the transverse and roll degrees of freedom

decouple, yielding normal modes that are purely translational or purely rotational:

2kn?
X
key =0, (2.29)
kyo, =0, (2.30)
g
sz—j- (2.31)

and the eigenfrequencies become

1 1 [2kn3
=-—1/lke.6.| = 5= 2.32
froll o | 9r9r| o Ix ; ( )
1/ 1
Jtransverse = ﬁ |kyy| = E\/% (233)

Bounce mode (vertical translation)

For a pendulum mass supported by four inclined fibres at angle Q (so cosQ = h/l), a

small vertical displacement z changes each fibre length by

mg
Al = Q+ ==
zcosf2 + % (

ztan?Q )

: (2.34)
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where k is the axial spring constant of a single fibre. To first order, the vertical equation

of motion is

2
Q
mi = —4kAlcosQ ~ — | 4kcos?Q 4 T8N 22 (2.35)
lcosQ
Thus the bounce resonance is a simple harmonic mode with frequency
5 1 [4kcos?Q  gsin’Q (2.36)
bounce = 5 7 m lcosQ ‘

The first term is the elastic vertical stiffness of the fibres projected along z; the second is
a geometric gravitational stiffness that appears because the fibres are inclined (sinQ # 0)

so a vertical motion changes the vertical projection of the suspending forces.

In the limit Q — 0, Eq. (2.36) reduces to fhounce = ;—n\/4k/m, which corresponds to the

standard mass—spring resonance for four vertical springs in parallel.

Yaw mode (rotation about z)

With two fibre pairs attached at transverse/lateral offset s and longitudinal offsets ny,ny,

a small yaw rotation ¢ produces the total restoring torque

2 Ak 2 _ 2
L6 = —%<s2(%> +n1n2) o — %G, (2.37)

which yields the yaw resonance

1 |mg 2 4k s2(ny —nyp)?
Fyaw = E\/ﬁ (s2 (%) +n1n2> +—(1 72 ) : (2.38)
Z Z
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The first (gravity) term arises from the lever-arm geometry: when the suspension points
are offset from the COM, a yaw rotation lifts one side and lowers the other, creating a grav-
itational restoring torque. The second term is a differential elastic (torsional) stiffness: if
the two fibre pairs are not longitudinally symmetric (ny # n;), a yaw rotation differentially
stretches the left /right fibres and adds an elastic restoring torque proportional to their

axial stiffness k.

For ny = ny, the elastic-asymmetry term vanishes and Eq. (2.38) becomes

fyvaw = =—1/ = (s*+n?). (2.39)

Takeaway

It is useful to pause here and compare the angular eigenmodes. The pitch and roll ei-
genfrequencies, Eqgs. (2.20) and (2.32), take closely analogous forms: in both cases the
restoring torque is set by the elastic response of the suspension fibres, and the mode fre-
quency scales linearly with the relevant wire separation (i.e. the lever arm in the direction
of the tilt). This reflects the fact that pitch and roll motion involves differential stretching
and compression of the fibres, so the effective stiffness enters explicitly in the square-root

dependence.

In contrast, the yaw eigenfrequency, Eq. (2.39), does not arise from fibre extension but
from torsional motion, and consequently its restoring term is dominated by gravity rather
than the fibre spring constant. The yaw frequency also depends on the wire separations

in both transverse directions through the geometric factors appearing in Eq. (2.39).
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2.3. Dynamics of a Single Stage Pendulum 47
It is generally desirable to minimise coupling between nominally independent suspension
modes, since such couplings complicate both the interpretation of transfer functions and
the design of robust control filters. In particular, mixing between longitudinal and pitch,
and between transverse and roll, can lead to situations in which a controller designed
to act on one degree of freedom inadvertently excites motion in another. This is already
a concern for room-temperature multi-stage suspensions such as those used in GEO 600
and Advanced LIGO, where careful optimisation of the suspension geometry and tuning
of local damping loops are required to keep modal cross-couplings within acceptable limits

[128, 139, 161].

In cryogenic suspensions these issues become even more pronounced. Cooling introduces
additional asymmetries through differential thermal contraction of structural elements,
changes in wire or fibre tension, and possible non-uniform temperature gradients along
the suspension chain. All of these effects can perturb the nominal geometry and mater-
ial properties, effectively shifting the elements of the mass and stiffness matrices M and
K, and thereby enhancing off-diagonal terms that mix the different degrees of freedom.
Experience from cryogenic prototype systems and from the KAGRA cryogenic interfero-
meter indicates that such thermo-mechanical drifts can lead to slow changes in resonance
frequencies, increased modal coupling and, in the worst case, degraded controllability or

excess control noise [26, 155].

Besides the cross-couplings between independent DOFs studied above (longitudinal-pitch
and transverse-roll), like in any real system, small imperfections such as unequal wire
lengths, slight differences in wire diameter or tension, and machining tolerances on attach-
ment points further break the ideal symmetry of the suspension, introducing additional
off-diagonal elements in both K and M that mix longitudinal/pitch and transverse/roll
motion with yaw and bounce [92, 47]. For a cryogenic system, these imperfections are de-
signed to be small at room temperature, but the cooling cycle can amplify them through
differential contraction. It is therefore essential to provide sufficient local sensing and
actuation authority to monitor and compensate for these drifts over the lifetime of the

experiment. Shadow sensors, optical levers and interferometric position sensors, combined
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with appropriately designed state-space controllers, offer a route to actively suppress un-
wanted couplings and maintain a well-behaved set of modes [152, 179]. In the next chapter,
we describe the development of a cryogenic-compatible shadow sensor intended specifically

for this role in the GCIF suspension system.

Transfer Function

The transfer function from longitudinal motion of the suspension point to longitudinal
motion of the test mass for a representative single-stage pendulum hung using four vertical

wires with the attachment points 10 mm above the COM plane is shown in Figure 2.3.
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Figure 2.3: Transfer functions for a representative single-stage pendulum. The orange
trace shows the magnitude of the transfer function from longitudinal motion of the support
to longitudinal motion of the suspended mass, |Hy|. Below the pendulum resonance the
mass follows the support motion with approximately unity gain, while near the resonance
the response is amplified before rolling off with an asymptotic 1/f2 dependence at higher
frequencies, providing seismic isolation in the observation band. The green trace shows
the corresponding cross-coupled transfer function from support longitudinal motion to
optic pitch, [Hy_spitch|- The blue trace displays the ratio |Hy_spitch|/|Hy|, which quantifies
the longitudinal-to—pitch coupling: it peaks near the coupled resonance and tends to a
constant at high frequency, reflecting the fixed geometrical ratio between translational
and rotational response in the inertial regime.
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2.4 Triple Stage Pendulum

In contrast to a single stage pendulum, a triple-stage pendulum comprises three such
suspended masses (or stages), each with the same six degrees of freedom. Consequently, a
triple-stage pendulum exhibits a total of 18 normal modes (six per stage), corresponding
to the full set of coupled longitudinal, bounce, side, roll, yaw, and pitch motions of the
three-stage system. It is crucial to design the suspensions such that the resonance mode
frequencies are as low as possible, since noise above the pendulum resonance frequency
is attenuated in that degree of freedom. In a triple-stage suspension each stage has its
own set of pendulum modes, giving a total of 18 modes. Each successive mode provides
an additional 1/ £2 of isolation, so it is important to place these modes at sufficiently low
frequencies in order to maximise isolation for each degree of freedom. Among these, the
longitudinal motion is the most critical, as it couples directly to the cavity error signal.
In practice, there is usually cross-coupling between different resonance modes. This cross-
coupling depends on the number of fibres used and on geometric parameters such as the
fibre attachment points, as depicted in Figure 2.6. Even for an ideal, perfectly constructed
suspension there is an inherent coupling of a small fraction of vertical motion into the
longitudinal direction. For example, in LIGO the 4-km arm length combined with the
curvature of the Earth requires the suspensions at each end station to be tilted slightly
with respect to the local surface. This geometric effect leads to a coupling of vertical
motion into longitudinal motion at the level of ~ 0.1% [139, 128]. For the GCIF cavity,

this geometric coupling is expected to be significantly smaller than in the LIGO case [81].

Adding additional stages to the pendulum offers further isolation. In figure 2.4 we see how

a two stage pendulum and three stage pendulum offer further isolation.

The multi-stage pendulums used in current detectors can be generalised to a split pen-
dulum configuration, in which two independent lower chains are suspended from a single
common top mass. A schematic of such a configuration is shown in Figure 2.5. Each lower

chain can carry its own optic (for example a silicon and a sapphire test mass), while
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Figure 2.4: Longitudinal transfer functions from support motion to test-mass motion,
|H,|, for single-, double-, and triple-stage pendulums. At low frequency all three systems
follow the support motion with approximately unity gain, while around the pendulum res-
onances the response is amplified. Above the highest resonance the attenuation improves
with each additional stage, approaching asymptotic slopes of 1/f2, 1/f* and 1/f° for
the single-, double-, and triple-stage configurations respectively, illustrating the enhanced
seismic isolation provided by multiple cascaded stages.

the shared top stage acts as a mechanical reference that supports both. In the context
of the GCIF common-platform suspension, this opens up the possibility of exploiting
the common-mode rejection between the two chains to reduce the effective coupling of
platform motion into the cavity length, while still allowing independent control of the
individual optics. In the following chapter we develop a state-space model of such a split
pendulum and investigate how the choice of geometry and mass distribution determines
the normal modes, the level of common-mode rejection, and the residual cross-coupling

relevant for interferometric sensing and control.
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Figure 2.5: Split pendulum configuration with common top mass.

2.4.1 Some Definitions

Cross Coupling

The mode-shape vectors reported in this work are Euclidean normalised [45]. For a mode
eigenvector q formed by stacking all translational and rotational DOF components of all

suspended bodies, the normalisation condition is

lal2=, /> ai=1. (2.40)

To quantify modal cross-coupling from the eigenvector listings, let’s consider a six DOF

eigenvector vector for a single stage pendulum for a given mode,

-
q= (%c: dy; 4z; 9yaw; Ypitch; Qroll) ) (2.41)
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where the components are taken directly from the eigenvector table output in Math-
ematica [45][47]. We define the dominant DOF as the index of the largest-magnitude
component,

Jdom = argmjax \qj|. (2.42)

The cross-coupling from the dominant DOF into another DOF j is then defined as the
relative amplitude

_lajl

’ |qjdom| ’

]?’é jdom; (2.43)

and the maximum cross-coupling for the mode is

Cmax = max C;. (2.44)

J# Jdom

Mode Visibility

The resonance spectrum of a multi-stage suspension contains many closely spaced modes
distributed across the six rigid-body degrees of freedom (DoFs) of each stage. For suspen-
sion and control design it is therefore not sufficient to list eigenfrequencies alone: one must
also quantify how strongly each mode appears at a location of interest (e.g. the common
platform) relative to the optic, and in which DoF the mode is primarily expressed. To do
this, we compute a mode visibility metric that compares the modal amplitude of a given

stage to the modal amplitude of the optic.

For each eigenmode k, we obtain the corresponding eigenvector @) from the linearised
equations of motion. The eigenvector is partitioned into the six DoFs of each rigid body.
We identify the dominant DoF of mode k at the optic as the coordinate with the largest

magnitude component,

jg;)m = argmax ©
J

Qopt.j| (2.45)
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(k)

opt, j denotes the optic component of the eigenvector in DoF j € {x,y,z, yaw, pitch, roll}.

where ¢
The mode visibility of the top (common platform) mass for mode k is then defined as the

ratio of the top-mass amplitude to the optic amplitude in this dominant DoF,

(2.46)

(k)

op K 1 indicates a mode that is largely localised to the optic (poorly

By construction, V,
visible at the top mass) and would need to be controlled at the middle mass, whereas
Qt((l,?, ~ 1 indicates a mode with comparable participation at the top mass and the op-
tic, which is generally more accessible to local sensing and damping at the top mass as
desirable. The same definition is used to compute visibilities for other stages (e.g. inter-

mediate masses) by replacing the numerator in Eq. (2.46) with the corresponding stage

component.

This visibility metric provides an intuitive measure of how strongly each mode is expressed
at potential local-control locations relative to the optic motion that is most directly relev-
ant to cavity length. In addition, the eigenvector components can exhibit cross-coupling
between DokFs; therefore, alongside 0% we also record the dominant DoF and the largest
cross-coupled DoF using the coupling metric defined in equation 2.43. The resulting mode-
visibility tables are used throughout this thesis to compare suspension geometries, identify
modes that are likely to be controllable from the common platform, and highlight config-

urations in which cryogenic asymmetries may introduce additional modal mixing.

53



54 Glasgow Cryogenic Interferometer Facility: Common Platform Suspension Design
2.5 Split Triple Stage Pendulum: Common Platform

Suspensions

The common-platform suspension is modelled as a split pendulum in which two suspension
chains share a common upper mass. The primary motivation for this architecture is the
prospect of common-mode rejection between the two chains that form the cavity, since
a significant fraction of the support motion is transmitted through the shared top stage.
By mechanically correlating the excitation of the two chains, the common top mass can
reduce the differential motion that directly appears as cavity length noise, while retaining

the multi-stage isolation of a cascaded pendulum.

To assess the performance of this configuration, we compare several figures of merit,
including the resonance-mode visibility at relevant stages, the longitudinal isolation in-
ferred from the suspension transfer functions, and mode cross couplings all while keeping

mechanical feasibility in mind.

2.5.1 Common-Platform vs. Conventional Triple Suspensions

In a conventional three—stage single—chain suspension [81], the resonance structure is close
to separable: each stage contributes six canonical rigid-body resonances (longitudinal
x, transverse y, bounce z, yaw, pitch, and roll), giving a tidy set of 3 x 6 = 18 modes
whose dominant motion is largely confined to one DOF at one stage. Weak geometric
couplings do exist—notably longitudinal-pitch and transverse-roll—but they are small
enough that modes can be classed cleanly as longitudinal, transverse, bounce, yaw, pitch,
and roll; observed degeneracies mostly reflect the symmetric participation of the input and

end chains (I/E) rather than true mixing. Sensing and control for separate triple—chain
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suspensions are therefore straightforward: modes of the lower stages that are sufficiently
visible at the top mass are sensed and damped by the shadow sensor and coil-magnet
actuators on the top mass, while modes that are not visible there can be sensed and

damped by the sensors and actuators on the middle mass.

By contrast, the common—platform suspension is based on a split—pendulum design and
introduces systematic, symmetry—breaking couplings that reorganise the resonances into
clusters with mixed DOF content. The shared top mass ties transverse motion of the
bottom stages to platform rotation, producing measurable transverse-roll modes with
occasional platform—yaw leakage even when the optic motion is nominally transverse.
Likewise, the split geometry makes top—stage pitch tilt the chains and drive off-phase
vertical (bounce) motion in the lower stages, so the “bounce family” contains a mixed
Z+pitch resonance rather than a perfectly isolated pitch motion of the top mass. As a
result, several modes that would be distinct in a single chain collapse into near—degenerate

groups, and the I/E ordering often swaps within a cluster.

These differences have practical consequences:

1. Sensing and actuation must be designed with the mixed families in mind, since
platform readouts can be driven by non—platform DOFs and some modes are not
visible at the top mass but can be controlled at the intermediate stage;

2. Deliberate design choices (e.g. introducing small asymmetries, increasing top—stage
yaw/pitch moments of inertia, or detuning vertical stiffnesses) may be required to

reduce cross—couplings and separate troublesome coincidences.

Besides the suspension parameters indicated in the diagram in Figure 2.6 there are ad-
ditional parameters that can be explored to further understand the dynamics of the sus-

pension, these parameters are summarised in Tables 6, 7 and 8 in Appendix C.
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2.5.2 Design Requirements and Considerations

When the circulating laser field in a resonating optical cavity interacts with coatings
on the surface of the cavity mirrors, Brownian thermal noise in the coatings produces
fluctuations in the optical phase. These appear as apparent cavity length fluctuations
and are registered as noise in the cavity error signal. For the GCIF cavity the target
coating thermal noise performance is a displacement sensitivity of 1 x 1077 m/v/Hz at
100 Hz at 123 K operation, and 4 x 107!8 m/\/m at 100 Hz at 18 K operation, with
an approximately 1/4/f dependence above 100 Hz [81]. The suspension system must
therefore be designed such that its contribution to the cavity length noise budget remains
comfortably below these targets above 100 Hz, which is the frequency band of interest. The
common platform suspension introduces an additional set of design constraints beyond
those of a single chain: the common platform must provide sufficient isolation for both

optical chains, while keeping cross—coupling between the two as small as possible.

Besides the length noise requirements discussed in the previous paragraph, we want to
understand the requirements in the modelling phase of the design of the suspensions.
When designing the suspensions it is important to understand the parameter space and
what we want to optimise for those parameters. These parameters are highlighted in the
schematic in figure 2.6. In particular, the normal modes that couple strongly to the cavity
length must lie at low enough frequencies, with adequate attenuation above the science
band (i.e. observation frequency band), and the differential motion between the two chains

must be controllable without exciting large common—mode motion of the platform.
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187.5

(a) Top view of the common platform showing suspension point geometry for the
common platform. The six blade spring locations used to hang the common platform
from the cryostat platform is shown.
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(b) Triple-stage common platform suspension model (front and side views).

Figure 2.6: Triple-stage common platform suspension model. The input and end chains
are identical double pendulums suspended from a rigid common platform or upper mass.
The upper mass is hung from the top plate, also referred to as cryostat platform, using 6
metal wires and 6 blade springs as shown in (a). The upper blade tips lie on the top plate on
a circle of radius 392.3 mm, and they one metal wire hanging from them each. The left two
chains show these head on and the right set shows side view. The three masses mp, my and
m3 represent the upper, intermediate and optic masses of the cryogenic suspension with
succeeding letter “I” or “E” indicating Input or End chain respectively. The parameters
[1—13 denote the pendulum wire lengths, dy—d4 give the vertical separations between wire
attachment points and COM planes for the respective masses; ny—ns indicate horizontal
separation between wire attachment points when viewed head on. The s; and s; parameters
indicate the wire separation along the cavity axis. We keep the wires vertical in the model
to minimise cross couplings.
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2.5.2.1 Length Noise and Mode Placement

From the point of view of the cavity error signal, the relevant requirement is that the
total cavity noise in the longitudinal degree of freedom is below the coating thermal
noise target across the observation band. For Advanced LIGO, the quadruple suspensions
were designed such that the suspension displacement noise at each test mass is of order
1071 m/v/Hz at 10 Hz, well below the overall design noise curve [139, 1]. A similar
approach is adopted for the common-platform suspension model in Mathematica/Python.
The suspension mechanical parameters and blade-spring parameters are tuned to obtain

a design that meets the longitudinal noise requirements. Specifically, the target is cavity

length isolation below 4 x 1078 m/v/Hz at 100Hz at 18K [81].

The low—frequency resonance modes which couple directly to longitudinal motion should
lie low so that the passive 1/f" attenuation of a pendulum reduces seismic motion to an

acceptable level in the observation band [138, 72].

We also require the visibility of the resonance modes to be large enough so that the local

sensors on the top mass and the intermediate mass are able to detect and damp them.

2.5.2.2 Local Control and Sensing Requirements

In addition to passive isolation, the suspensions must support the active control sys-
tem that keeps the cavity on resonance. In GEO 600, Advanced LIGO and KAGRA the
interferometer lengths must be held within a small fraction of the laser wavelength to
maintain lock and achieve design sensitivity [139, 72, 152]. The RMS motion of the cavity
after damping should be smaller than the laser linewidth for the PDH locking to keep the
interferometer under lock. We also do not want large swinging of the optics as this makes

it hard for the control loop keep the interferometer under lock.
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2.5.2.3 Mechanical and Cryogenic Feasibility

As the suspensions are cooled, a number of mechanical parameters change by significant
amounts. Structural elements and blades contract, changing wire lengths and blade pre—
curvature (work in progress); and the Young’s moduli and loss angles of the materials
change with temperature. In room—temperature fused-silica suspensions, such as those
used for the Advanced LIGO test masses, the vertical compliance of the silica fibres is
large enough that dedicated blade springs are not required at the lowest stage [1]. In
contrast, sapphire and silicon fibres are significantly stiffer, so vertical isolation must
be provided by carefully designed blade springs at the top stages and other isolation
techniques [24, 98].

For the common—platform design this leads to several mechanical feasibility constraints:

o The stresses in all fibres and blade springs must remain below a limit that depends
on the strength of the fibres at the lowest operating temperature, with a comfortable
safety factor against fracture [176, 24]. This is also an on-going work in the Institute
for Gravitational Research, Glasgow [168][120].

o Vertical and horizontal resonance frequencies involving the platform and chains must
be kept within ranges that are compatible with both isolation and controllability
(e.g. avoiding very high vertical modes that up—convert seismic noise, and avoiding
very low modes that are difficult to damp).

o Differential contraction between different materials (e.g. blades, maraging steel, sil-
icon or sapphire fibres, bonding interfaces) must not over—stress joints or introduce
excessive misalignment during cool-down [24, 98].

o The suspension must provide sufficient thermal conductance to cool down to 18K
and to further extract the absorbed laser power from the test mass while maintaining
the required operating temperature, which strongly constrains the fibre cross—section

and thus the achievable pendulum thermal noise [24, 70].
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The silicon masses and the top stage should also be designed such that the parametric
internal modes involving the masses do not cause instabilities in the control system [69].
The masses also need to provide suitable attachment points for the sapphire or silicon
fibres [62]. The design parameters indicated in the Figure 2.6 should also be practical such
that the variations in the geometries of the fibres or attachments due to thermal drift and

machining tolerances do not lead to unwanted asymmetries in the suspensions 2.10.

2.5.3 Resonance Mode Forest

As introduced earlier, Advanced LIGO-style suspensions comprise a main chain and a re-
action chain. The reaction chain is a pendulum suspension that acts as a recoil frame for
the main suspension chain and provides inertial reference for the displacement sensors. In
our Mathematica framework we consider two reaction—chain idealisations: (i) a stiff reac-
tion structure, and (ii) a pendulum reaction chain mirroring the main chains. The current
GCIF conceptual design omits blade springs at the lowest stage—fabricating silicon blade
springs at that location is presently impractical-—so the bottom stage is modelled without

blades.

This section surveys the resonance modes and their mode wvisibility (i.e. which degrees
of freedom are observable at the common platform and, when platform motion cancels,
at the intermediate mass). Two platform configurations to isolate how the equations of

motion and inter-stage couplings change with recoil implementation can be considered:

1. a common platform supporting two double-pendulum chains (main only), with the
recoil realised as a rigid structural cage [38, 174, 119].
2. a common platform supporting four double-pendulum chains (main + reaction for

two optics) [39][139];

In this chapter we consider only the first model as this is the nominal plan for the GCIF

cryogenic suspensions design.
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Accurate modal modelling is essential for commissioning; when a resonance rings up, we
must identify the dominant degree of freedom and any cross-DOF' leakage. Minimising
such cross—couplings simplifies sensing and damping design, reduces controller spillover

between channels, and ultimately improves robustness of the local control loops.

2.6 Model A - Cage like Reaction Mass

The suspension dynamics were modelled in Mathematica using the Advanced LIGO sus-
pension modelling toolkit developed by Barton [45]. In this work I used the Common
Platform model (CommonPlatformTriple 6B6W_ 2x4B4W4B4W), for which the toolkit
formulates the Lagrangian, derives the linearised equations of motion, and solves the res-

ulting eigenvalue problem to obtain the normal-mode eigenfrequencies and eigenvectors.

To enable rapid exploration of the numerical parameter space, the symbolic state-space
matrices for Model A were exported directly as Python code, avoiding repeated symbolic
evaluation inside Mathematica. The corresponding state-space export assumes a fixed

parameter vector; the complete list of parameters used for this model is given in Table 2.1.
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Table 2.1: Key mechanical parameters used in the suspension model of Sec. 2.6. The listed
d-values are effective attachment offsets: the corresponding physical attachment distances

are obtained by subtracting the relevant flexure length from these effective values.

Symbol Description Units TOP IM TST

m Mass kg 8.483 0.996937 0.996937

Ly Roll moment of inertia (about x) kgm? 0.537952 1.17252x 1073 1.17252x 1073

Lyy Pitch moment of inertia (about kgm? 0.538075 8.64773x 107* 8.64773 x 10*
y)

I, Yaw moment of inertia (about z) kgm? 0.12227 8.64773x 107 8.64773 x 107*

Ly Product of inertia (x—y) kgm?  3.41396 x 1073 0 0

I, Product of inertia (y—z) kg m? 0 0 0

L Product of inertia (z—x) kg m? 0 0 0

dip/di/d3 (upper) wire vertical attachment mm 0.05 1 1
distance

do/dr/ds  (lower) wire vertical attachment mm 1 1 1
distance

no/na/na  (upper) wire transverse attach- mm 30 45 45.5
ment half-spacing

ni/n3/ns  (lower) wire transverse attach- mm 40 45.5 45.5
ment half-spacing

Su/si/si front—back wire attachment half- mm 10 22.5 10
spacing

L/h/l Stretched wire length m 0.298167 0.298167 0.298167

ky Net longitudinal (axial) wire N/m 1396.07 1396.07 186218
stiffness

kp; Net vertical blade stiffness N/m 2490 201.51 N/A

Y Young’s modulus (wire material) Pa 2.12 x 10" 2.12x 10" 1.67326 x 10!

Mgirt Second moment of area (direction m* 3.06796 x 10712 3.06796 x 10717 8.76241 x 1013

1)

This model comprises two double pendulum chains suspended from a common platform.
The top stage is intended to be fabricated from aluminium, while the lower two stages
are silicon. The optic stage is planned to be suspended using silicon/sapphire fibres from
the intermediate mass, with the top and middle stages supported by metal wires. The
masses belonging to the bottom two stages are made of silicon. This makes the bottom
two stages in the Figure 2.6b (quasi-)monolithic. The sensors and actuators for the lower
masses are mounted on a safety /actuation/sensing cage extending down rigidly from the

top mass, rather than on independently suspended recoil masses.
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2.6. Model A - Cage like Reaction Mass 63
The common platform mass and overall height budget are constrained by the cryostat
geometry, following an initial mechanical design by Russell Jones. The reaction cage is

assumed to have negligible mass and moment of inertia (MOI) in the dynamical model.

Two levels of blade springs are included: one at the top stage and one at the upper mass
stage. The silicon test masses have a mass of 1kg, limited primarily by cost considerations,
and are designed with diameter approximately equal to thickness in order to maximise

the internal mode frequencies.

The suspension fibres are sapphire with a diameter of 650 um, chosen to satisfy thermal
load constraints. The fibres are attached 1mm above and below the centres of mass
(COMs) of the intermediate mass (IM) and the optic, respectively, resulting in small ef-
fective d parameters and therefore reduced pitch—longitudinal cross-coupling. The model
exhibits 30 normal modes (Table 2.2). In the following, we identify these modes, highlight
any significant cross-couplings, and evaluate their mode visibility (Figure 2.7). Tolerances
of I mm are assumed for the d parameters; comparable tolerances are also assumed for the

s and n parameters. The impact of suspension asymmetry is deferred to future sections.
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Figure 2.7: Mode visibility for the common—platform triple suspension. The model cor-
responds to a configuration in which the recoil masses are realised as a cage structure
integrated with the top mass.
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Figure 2.8: Split Pendulum diagram indicating the notation used for the degrees of
freedom for each stage used in Table 2.2

Table 2.2: Suspension mode list for the two-chain (I/E) common-platform suspension
model with reaction cage. Refer to the diagram in Figure 2.8 for guidance on the DOF
notations. The mode images can be found in Appendix D

# Frequency (Hz) Mode (dominant DOFs)
1 0.641210 x3E, x3I, x2E

2 0.641280 y3I, y3E
3 0.723078 y3E, y3I, y2E
4 0.728643 x3I, x3E
5 1.085460 x3I, x3E, pitchl, x1, pitch2E
6 1.086016 y3I, y3E, rolll, roll2I, roll2E, roll3I
7 1.190957 yaw3l, yaw3E
8 1.204083 yaw3E, yaw3l
9 1.677232 yaw3l, yaw3E
10 1.761336 pitch3E, pitch3l, pitch2E, pitch2l
11 1.763599  y2I, y2E, roll3I, roll3E, roll2l
12 1.769449 x2I, x2E
13 1.847908 yaw3l, yaw3E, yawl
14 2.381061 pitch3E, pitch3l, pitch2E
15 2.406700 pitch3l, pitch3E, pitch2l
16 2.500904 231, z3E, z21
17 2.620410 pitch3l, pitch3E, pitch2l
18 2.658471 roll3l, roll3E, roll2l, roll2E
19 2.907044  yaw2l, yaw2E
20 2.916330 yaw2E, yaw?2l
21 3.093916 pitch3l, pitch3E, pitch2l, pitch2E
22 4.019618 roll3I, roll3E, roll2l
23 4.048402 roll3E, roll3l, roll2E
24 4.787872 71, z3E, z31, z2E
25 66.101819 pitch2E, pitch2l, pitch3E
26 66.101820 pitch2l, pitch2E, pitch3l
27 194.577838  z2E, 721, z3E
28 194.577840 721, z2E, z31
29 258.154297  roll2l, roll2E, roll3I
30 258.154297 roll2E, roll2I, roll3E
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2.6. Model A - Cage like Reaction Mass 65
The calculated spectrum naturally organises into frequency clusters that reflect the split—
pendulum couplings described above. The 30 resonance modes comprise 11 longitudinal-
pitch modes, 8 transverse-roll modes, 7 yaw, and 4 bounce modes. This in contrast to
the 6,6,3,3 structure observed for a traditional triple stage suspension. Since the split
pendulum has 5 masses, we expect 10 longitudinal-transverse modes, 10 transverse-roll,

and 5 of yaw and bounce.

Cross-couplings outside the usual families.

Several modes exhibit secondary components outside the standard longitudinal-pitch and

transverse—roll pairings:

« Transverse-yaw mixing (Mode 3). Mode 3 (f ~ 0.723Hz) shows appreciable
simultaneous y and yaw content at the lower stages/optic, indicating a transverse—
yaw family rather than a pure transverse-roll mode. Mode 13 also exhibits this
behaviour although the mixing is lower.

« Bounce leakage into longitudinal-pitch modes (e.g. Mode 5). Mode 5 (f ~
1.085Hz) is longitudinal-pitch dominated but has a noticeable bounce component
at the optic. This corresponds to coupling of ~ 5.7%. This is substantially larger
bounce leakage than Mode 1. Other modes that exhibit this are Mode 10, 17 and
21

It is important to understand the downsides of this model before we explore the para-
meter space to improve the model. Mode 3 has significant transverse-yaw coupling, the
eigenvectors for these modes are shown in Table 2.3 and the mode shape in Figure 2.10.
The plot in Figure 2.9 shows the relevant transfer function summarising the behaviour.
Other cross couplings that naturally occur, either due to the geometry of the suspensions:
longitudinal to vertical, or the finite effective d values: longitudinal-pitch coupling, are

plotted in Figure 2.11.
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Table 2.3: Mode eigenvector components for the translational (x,y,z) and rotational
(yaw, pitch, roll) DOFs for each stage for Mode 3 at 0.723078 Hz.

X y z yaw pitch roll
Mass U 0 0 0 0.146099 0 0
Mass 11 0 -0.268244 0 0.192529 0 -0.0374406
Mass TE 0 0.268244 0 0.192529 0 0.0374406
Input Optic 0 -0.564069 0 0.243573 0 -0.0374485
End Optic 0 0.564069 0 0.243573 0 0.0374485
10 IM transverse force to optic yaw
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Figure 2.9: Transfer function from a transverse force disturbance ap-
plied at the intermediate mass to the resulting yaw displacement of the
optic, HE,—syaw(f), shown as magnitude and phase versus frequency.
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Figure 2.10: Top view of the suspension model in Mathematica with common platform
mass shown as semi-transparent for clarity. Resonance mode 3 at 0.723078 Hz. Here we
see the dominant optic stage transverse motion coupling to top mass yaw motion that in
turn couples to yaw motion of the bottom stages.

From the mode-visibility plot we see that 8 out of 30 modes are not visible enough at the
top mass and requires controlling at the intermediate stage. In the next section we will

see if moving the COM of the top mass back to the centre improves cross coupling.
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(a) Longitudinal — vertical transfer function, (b) Longitudinal — pitch transfer function,
Hy,.(f), showing the magnitude and phase of H,g(f), showing the magnitude and phase of
optic vertical motion per unit longitudinal ex- optic pitch rotation per unit longitudinal excit-
citation at the suspension point. ation at the suspension point.

Figure 2.11: Cross-coupling transfer functions from longitudinal excitation at the sus-
pension point to (left) optic vertical displacement and (right) optic pitch rotation. Each
panel shows magnitude and phase as a function of frequency, evaluated for the common-
platform suspension model.
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2.7 Moving the COM to the centre of top mass

In the previous model in Figure 2.7, the COM of the common platform is below the

geometric centre of the top mass, this is due to the presence of the reaction cage.

10!

Observation band
O
e (]
E O
10° = g (0] D o} ® O
® e o
=
= a
% 10!
&
e o
ﬁ B
]
10 o
10°*
10! 10° 10 10* 10%
Frequency (Hz)
Marker = Visibility
[l Visible at Common Platform Color = DOF Model (alpha)
X Cross Coupled to Common Platform @ x ® O pitch © COM lower
@ Control at Penultimate Mass @ v @ yaw O roll @ COM centered

Figure 2.12: Mode visibility for the common—platform triple suspension with COM of
the common platform at the centre of the top mass.

The average mode visibility of this configuration is higher than that of the model with the
centre of mass (COM) located lower. This improvement arises primarily from the reduced
moment of inertia: with a smaller inertia, the top mass is more readily rotated by the
suspension forces, leading to larger angular components in the eigenvectors and therefore

improved visibility of the corresponding modes in the top-mass degrees of freedom.

Raising the COM also alters the geometric interpretation of the offset parameters. In
this model, the values of d are defined relative to the shifted COM plane, meaning the
attachment points lie effectively closer to the COM. Consequently, the effective lever
arm responsible for pitch—longitudinal coupling is reduced, and we observe weaker cross-

coupling between these degrees of freedom.
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Cross-coupling: top longitudinal to optic vertical Cross-coupling: top longitudinal to optic pitch

- COM below top mass
100 L AN - COM Centred

- COM below top mass

+ COM Centred

B El

= g

E g 10
L 107° =

E < 10

20 £
£l g 10
41070 =

100 100
Loy I e

£ £
= =
s 0 s 0
E &
A A [

~100 ~100

107" 10° 10" 10? 10° 107" 10° - 10" 102 10°
Frequency [Hz| Frequency [Hz|
(a) Longitudinal — vertical, H,,(f). (b) Longitudinal — pitch, H,_¢(f).

Top-mass transverse force to optic yaw

- COM below top mass
~—— COM Centred

Magnitude [rad/N]

Phase [deg]
o

107! 10° 10! 10? 10%
Frequency [Hz]

(c) Transverse force — yaw, Hg,y(f).

Figure 2.13: Comparison of cross-coupling transfer functions for the common-platform
suspension model with the top-mass centre-of-mass (COM) centred and with the COM
lowered relative to the top-mass reference plane. In each panel, the magnitude and phase
are overlaid for the two configurations (baseline COM-centred model and COM-lowered
model), illustrating how the COM shift modifies the coupling pathways from the applied
disturbance to the optic motion for pitch motion improving the performance.

2.7.1 Takeaway

Moving the top-mass COM closer to the geometric reference plane of the top mass is
desirable from both a mode-visibility perspective (Figure 2.12) and in terms of reducing
longitudinal-to-pitch (Figure 2.13). In practice, this implies incorporating compensating
masses on the top mass to offset the COM shift due to the recoil structure located below

the common platform.
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2.8 Making the final stage longer- More Crystal, less
Metal

We observe four modes, two bounce and two roll modes in the observation band (see Figure
2.7 and Table 2.2). The filter for the active control system is rolled off at frequencies below
the observation band so that the sensor and actuator noise doesn’t trickle down to the
final stage of the suspensions. So to be able to damp these modes we want to reduce their
frequencies. One of the ways this can be done is by increasing the length of the final stage
relative to the other stages. In Figure 2.15 we show how increasing the length changes
the frequency of the bounce and roll modes. Although this is what is generally desired,

for our purposes we can damp these modes interferometrically.
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Figure 2.14: Overlay of mode-visibility scatter plots for a set of lower stages length
configurations. Opacity indicates the length setting for each configuration (from lowest
length to highest length for the bottom stage), the total length of the suspension is
maintained constant.
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Figure 2.15: Variation of the roll and bounce mode frequencies in the observation band as
a function of the final suspension-stage length, with the upper-stage lengths held fixed. The
observation band contains two degenerate roll modes and two degenerate bounce modes.
As the final-stage length increases, the out-of-phase bounce mode becomes increasingly
cross-coupled to pitch motion of the upper mass, and the annotation in the plot indicated
the mode-visibility value for this mode.

Beyond the overall decrease in the roll and bounce resonances, several mode-specific trends
emerge in Figure 2.14. Most resonances improve; however, Mode 8— a pure yaw mode at
1.204 Hz with zero visibility at the common platform— shows a decrease in its visibility

at the middle mass as the final-stage length /3 increases.

Conversely, Mode 27, a high-frequency bounce mode, begins to cross-couple into platform
pitch as [3 is increased as shown in figure 2.15. The mode at 2.907 Hz, which is a pure
yaw mode, is not visible at the common platform but its visibility at the intermediate
stage increases drastically with increase in [3 as seen in figure 2.14. This happens to a

longitudinal-pitch mode at 1.769 Hz.
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Figure 2.16: Comparison of cross-coupling transfer functions for the common-platform
model as the lower-stage lengths are varied. Each panel overlays magnitude and phase for
five length sets (11 : I : 13): 0.290 : 0.290 : 0.290, 0.290 : 0.270: 0.310, 0.290 : 0.230 : 0.350,
0.290 : 0.190 : 0.390, and 0.290 : 0.150 : 0.430 m. The transfer functions shown are (a)
Structure longitudinal excitation to optic vertical displacement, (b) Structure longitudinal
excitation to optic pitch rotation, and (c¢) top-mass transverse force disturbance to optic
yaw rotation.

Looking at the cross-coupling transfer functions (Figure 2.16) we do not see any trend. In
the top-mass transverse force disturbance to optic yaw rotation transfer function we see

a decrease in the height of the peaks with increasing 13.

2.8.1 Takeaway

From a mode-visibility point of view, a longer lower stage is preferable: on average, the
mode-visibility values increase across the resonance-mode forest. From a cross-coupling
point of view, there is little difference between the models. Hence, subject to mechanical

constraints, using more crystal and less metal is clearly favourable.
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2.9 Massive Top Mass

It is likely that the final common-platform (top-mass) design will be appreciably heavier
than the main chain suspension chains beneath it for the main cavity optics. To anticipate
the impact of this change, we carry out a parametric study of the resonance—mode forest
as the platform mass is increased. The overlay in Figure 2.17 illustrates how the mode
frequencies and their visibilities at the platform evolve with mass, highlighting which

families shift, merge, or remain robust.
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Figure 2.17: Overlay of mode—visibility scatter plots for several common—platform mass
configurations. Each point marks the visibility of a normal mode at its eigenfrequency; col-
our encodes DOF and marker encodes where the mode is sensed (platform, cross—coupled,
or intermediate mass). Opacity monotonically maps the mass setting from lightest (most
transparent) to heaviest (least transparent), enabling direct visual comparison of fre-
quency shifts and visibility changes across configurations.
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As the platform mass m is increased, the mode visibility at the top mass generally
decreases. The primary mechanism is the increase in the platform moments of inertia,
which raises the rotational/translation impedance of the top stage and makes platform
DOFs harder to excite. This trend, although beneficial for mitigating cross-couplings, is

not ideal for other modes.

From the mode-visibility plot we identify a cross-coupled mode at ~ 3 Hz: a bounce
resonance that couples into pitch at the top mass. For m; = 8.4 kg, this resonance is in fact
classified as a pitch mode, but the underlying bounce—pitch coupling still persists, as also
evidenced by the transfer-function comparisons (Figure 2.18). Increasing the common-
platform mass increases its moment of inertia, making the platform harder to rotate;
correspondingly, the mode-visibility plot shows that this cross-coupling decreases as m
is increased. The same increase in mechanical impedance, however, reduces the direct
visibility of several useful mode families at the platform—most notably the yaw modes
between 1 and 3 Hz and the roll and bounce modes between 3 and 5 Hz—so that most

modes appear weaker at the top mass in Figure 2.17.

Two exceptions stand out. A roll mode and a bounce mode between 2 and 3 Hz exhibits an
increase in platform visibility as m; grows. By contrast, the high-frequency pitch, bounce,
and roll doublets near ~ 66 Hz, ~ 195 Hz, and ~ 258 Hz are essentially insensitive to m

and show negligible movement or visibility change across the mass sweep.
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Figure 2.18: Comparison of cross-coupling transfer functions for the top-heavy common-
platform configurations, parametrised by the common-platform mass m; (8.483, 12.725,
16.966, and 21.208 kg). Each panel overlays the magnitude and phase for the correspond-
ing coupling path: (a) Structure longitudinal excitation to optic vertical displacement,
(b) structure longitudinal excitation to optic pitch rotation, and (c) top-mass transverse
force disturbance to optic yaw rotation.

Looking at the cross-couplings (Figure 2.18), the zeros in the longitudinal-to-vertical
transfer function remain essentially unchanged and the resonance peaks maintain com-
parable heights. However, we can control where these peaks sit in frequency by tuning
the mass of the common platform. The > 10 Hz features in both the longitudinal-to-
vertical (Figure 2.18a) and longitudinal-to-pitch (Figure 2.18b) transfer functions show
little dependence on the platform inertia, which is consistent with these resonances being
dominated by motion of the bottom stages. For the transverse-force-to-yaw cross-coupling
(Figure 2.18c), we see a more consistent improvement as the mass is increased; this is ex-
pected because increasing the top-mass moment of inertia raises its rotational impedance

and makes it harder to excite yaw motion.
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2.9.1 Takeaway

From a mode-visibility point of view, a lower common-platform mass is desirable. From
a cross-coupling point of view, a more massive top mass is preferable. This therefore
represents a trade-off between mode visibility and cross couplings. Given that we will use
local control at the middle stage in any case, it may be reasonable to compromise on mode

visibility and increase the top-mass mass to reduce cross couplings.

2.10 Asymmetric chains

We introduced an asymmetry in the ds values (see Fig. 2.19) between the two chains to
investigate its effect on the resonance modes. We chose to vary dy because it corresponds
to the monolithic stage: the technology for ear-bonding to the silicon mass is still under
investigation, unlike the top stages where we will use metal wires as in existing GW
detectors. This implies that the wire attachment point at the optic for the input chain
may differ from that of the end chain and it is worth investigating how this asymmetry
affects the suspension dynamics. We also want to see if introducing asymmetry breaks

certain degeneracies with modes involving the lower stages.
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Figure 2.19: Common Platform Model highlighting asymmetry in d4 between the chains.

We investigated three asymmetric cases with difference in d4 between the two chains:

1. Ady = —1 mm,
2. Ady =+1 mm,
3. Ady = +5 mm,

4. Ady = —1 mm and As; = —1 mm.

Interestingly, from the transfer-function comparisons in Fig. 2.20, the Ady = +5 mm case
is very similar to the symmetric scenario, whereas the Ads = 1 mm cases deviate more
noticeably. From an overall behaviour point of view, however, all cases remain broadly

similar. The main benefit is improved common-mode rejection, as illustrated in Fig. 2.21.

We also observe that for Ady = +5 mm the pitch and roll modes begin to localise to
either optic, which compromises common-mode rejection, as shown in Fig. 2.22. This is
expeected with the asymmetry. Asymmetry in d values at the optic stage doesn’t seem

to affect the mode-visibility of the modes in general.
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Cross-coupling: Structure longitudinal to optic vertical (d-value asymmetry sweep) Cross-coupling: Structure longitudinal to optic pitch (d-value asymmetry sweep)
10! —— Symmetric (Ad=0) —— Symmetric (Ad=0)
. Ll Adg= —1mm = 10 Sk Ady= = T
£ 107 Ady=1mm s, Ady=1mm
£ -==- Ady= +5mm s 10 ~==- Ad;= +5mm
2 10°° o
g £ 10
=t &
2 107 =l s
& g 10
& Z
2 o1 =it
100 100 ‘ ||
o0 o0
& &
= =
¢ 0 s 0
E £
o [
-100 ~100
107! 10° 10! 10? 10% 107! 10° 10" 10% 10°
Frequency [Hz] Frequency [Hz|
a) Longitudinal — vertical, Hy—.(f). b) Longitudinal — pitch, H, ,g(f).
I X—2Z b X
o Top-mass transverse force to optic yaw (d-value asymmetry sweep)
1 -
—— Symmetric (Ad=0)
10 —eAdy= =1
= di= —1mm
< 10 Ady=1mm
5 --== Ad;=+5mm
S0
<
Z1w0m
‘g
@ g0
o
100
0
&
=
s 0
g
[
~100
1071 10° 10" 10? 10°

Frequency [Hz|

(c) Transverse force — yaw, Hg,y(f)-

Figure 2.20: Comparison of cross-coupling transfer functions for the common-platform
suspension model under dy4-value asymmetry between the two suspension chains. The
symmetric baseline (Ady = 0) is compared against three asymmetric cases: Adg = —1 mm,
Ady = +1 mm, and Ads = +5 mm. Each panel overlays the magnitude and phase for (a)
structure longitudinal excitation to optic vertical displacement, (b) structure longitudinal
excitation to optic pitch rotation, and (c¢) top-mass transverse force disturbance to optic
yaw rotation. The transfer functions are taken to the end chain in (a) and (b) and input
chain in (c).

asymmetry

e

Figure 2.22: Example of mode-shape localisation for Ads = 45 mm, where pitch/roll
motion becomes more strongly associated with one optic chain, reducing the degree of
common-mode rejection.
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Figure 2.21: Differential (common-mode rejected) cryostat seismic length-noise projec-
tion for the common-platform model under Ady asymmetry, overlaid with the CryoTriple
large-upper-blade (LUB) reference model [81].

We also observed splitting of the high-frequency pitch doublet (modes 25 and 26; see
Table 2.2) in the case where both d and s asymmetries are present, with a separation of
approximately 7 Hz. This splitting does not significantly affect the cross-coupling transfer

functions, nor the seismic-noise common-mode rejection.

From the cryostat seismic length-noise in Figure 2.21, we find that the common-mode
rejection, even for d and s asymmetries that lie within the assumed tolerances, offers 4
orders of magnitude extra isolation over the Large Upper Blade spring triple chain model.
We also observe that the change in common-mode rejection is not significant for increasing

asymmetry.
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2.10.1 Takeaway

The mode visibility at the top mass is not strongly affected by asymmetries between
the two suspension chains. We also find that the cross-coupling transfer functions remain
very similar to the symmetric case. The primary effect is the lifting of degeneracies (mode
splitting), which is beneficial in practice. Overall, these results suggest that modest chain-

to-chain asymmetry is acceptable, and can even be advantageous.

2.11 Conclusion and Future Development

This chapter presented the modelling and design study of a common-platform (split—
pendulum) triple-stage suspension for the Glasgow Cryogenic Interferometer Facility
(GCIF). The motivation for the architecture is to exploit mechanical common-mode re-
jection between the two cavity chains while retaining the seismic isolation benefits of
a multistage pendulum. Using the established Mathematica modelling framework [47],
supported by a Python-based workflow for faster evaluation, we assessed the resonance-
mode structure, mode visibility at the common platform and the intermediate stage, and
the cross-coupling transfer functions relevant for longitudinal length noise and control

spillover. The results were benchmarked against a conventional triple-stage model [81].

The baseline two-chain model with a cage-like recoil structure exhibits a reorganised mode
spectrum relative to a conventional triple chain: the shared platform introduces system-
atic couplings that cluster modes into mixed families, with the expected longitudinal-pitch
and transverse-roll pairings accompanied by occasional off-family mixing (e.g. transverse—
yaw and bounce leakage into longitudinal-pitch modes). For the baseline configuration, a

subset of modes are insufficiently visible at the top mass and therefore require sensing and
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damping at the intermediate stage. This directly informs the local-control architecture:
platform sensors/actuators alone are not sufficient to robustly damp the full resonance-
mode forest, and intermediate-stage instrumentation is required for commissioning mar-

gin.

A set of parametric studies was then used to explore practical design levers:

e Top-mass COM location. Shifting the common-platform centre of mass closer
to the geometric reference plane improves mode visibility at the platform and re-
duces the longitudinal-to-pitch coupling. In practice, this motivates incorporating
compensating masses to offset COM shifts introduced by the recoil structure.

« Longer final stage (more crystal, less metal). Increasing the lower-stage length
improves the average mode visibility across the resonance-mode forest. The cross-
coupling transfer functions are broadly similar across the length sweep, with only
modest changes in specific peaks, indicating that the primary benefit is improved
controllability rather than a systematic reduction in coupling.

« Top-heavy platform. Increasing the platform mass (and hence its moments of in-
ertia) generally reduces platform mode visibility, but improves certain cross-coupling
pathways—most clearly for transverse-force to yaw coupling—by increasing the ro-
tational impedance of the platform. This highlights a real trade-off between wvisibility
(controllability at the platform) and cross-coupling (isolation against off-axis dis-
turbances). Given that local control at the intermediate stage is required in any case,
a modest increase in platform mass may be acceptable if it provides a meaningful
reduction in problematic coupling.

o Chain asymmetry. Introducing modest chain-to-chain asymmetry in the monolithic-
stage geometry (d4, and one combined d and s case) does not strongly affect top-
mass mode visibility, and the cross-coupling transfer functions remain similar to the
symmetric baseline. The main dynamical effect is the lifting of degeneracies (mode
splitting), including a measurable splitting of the high-frequency pitch doublet when
both d and s asymmetries are present. In the cryostat seismic length-noise pro-

jection, however, the common-mode rejection can degrade substantially even for
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Figure 2.23: Preliminary CAD rendering of the cryostat showing the current work-in-
progress integration of the common-platform suspension assembly. The model is primarily
used for envelope, clearance, and access checks, and does not represent a final mechanical
design.

asymmetries within assumed tolerances; importantly, the degradation appears to
plateau rather than worsen indefinitely with increasing asymmetry. Despite this,
the common-platform concept still offers additional isolation margin relative to the

conventional triple suspension.

In Figure 2.23 the CAD integration of the cryostat with the common-platform suspension
assembly is illustrated. ! This model is used to verify overall envelope constraints, available
height, and mechanical clearances between the suspension chain, cryostat internals, and
access ports. The integration design is ongoing, and detailed interfaces will be iterated as

the mechanical design matures and component-level drawings are finalised.

1. Cryostat mechanical design CAD developed by Russell Jones.
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Overall, the modelling supports the feasibility of the common—platform approach for GCIF
and clarifies the key design trade-offs: (i) maximising resonance-mode visibility at the plat-
form favours a lighter, more easily rotated top stage with a well-centred COM, while (ii)
minimising cross-coupling favours a more massive, higher-inertia platform. These con-
straints must be balanced alongside cryogenic practicality (thermal conduction through
fibres, blade feasibility at the lowest stage, and tolerance-driven asymmetries) and the

sensing/actuation plan for commissioning.

Future development

Several extensions follow naturally from this work:

« Control-oriented modelling. Incorporate the measured sensor/actuator noise
and realistic control filters in the Simulink model to quantify loop noise injection
and stability margins for both platform and intermediate-stage control.

o« Damping layout and heat load. Optimise the placement of shadow sensors
and actuators across stages to ensure observability of low-visibility modes while
minimising cryogenic heat load and wiring complexity.

o Manufacturing tolerances and asymmetry survey. Extend the asymmetry
study to the full set of relevant geometric parameters (including s and n variations),
and map tolerance-driven degradation of common-mode rejection to explicit align-
ment and bonding tolerances.

» Reaction-chain realism. Revisit the four-chain (main+reaction) configuration to
assess additional mode families and coupling pathways once a mechanically realistic
recoil implementation is available.

o Prototype validation. Use early suspension prototypes to validate the predicted
mode families, mode visibility trends, and cross-coupling transfer functions, and

feed measured parameters back into the model for iteration.
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Chapter 3

Development of a Cryogenic Shadow

Sensor

3.1 Introduction

In the Introduction chapter we discussed the importance of local control in suspensions.
The objective of this project is to characterise light-emitting diodes (LEDs), quadrant pho-
todiodes (QPDs), and various flag geometries to develop a high-sensitivity, low-noise, and
high-dynamic-range cryogenic shadow sensor with minimal thermal load on the cryostat.
The sensor design must satisfy all these requirements simultaneously. A high sensitivity
(or equivalently, a high signal-to-noise ratio, SNR) is essential to achieve lower, measur-
able suspension noise levels. A wide dynamic range is particularly important for cryogenic
suspensions, as small differences in the thermal expansion coefficients and wire lengths of

the suspension elements can lead to misalignments during cryogenic cooldown.

KAGRA employs photoreflective displacement sensors with a dynamic range of approx-
imately 10 mm, which is sufficient to accommodate the expected thermal contractions
during cooldown [174]. In cryogenic interferometers such as KAGRA, thermal contrac-
tion in the suspensions during cooldown is expected to occur particularly in the vertical
and yaw degrees of freedom (on the order of 1 mrad). Pitch motion also occurs, though

typically to a lesser extent (around 150prad). Additionally, the suspension wires may
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twist as they thermally contract, producing angular displacements of a few milliradians
[173]. For the multi-material suspension planned for the Glasgow Cryogenic Interferometer
Facility (GCIF), calculations are currently in progress to establish the corresponding dis-
placement requirements. It is equally important to quantify the heat load from the LED,
ensuring that the sensor can be properly incorporated into the overall thermal budget of

the cryostat (see Figure 3.14).

Alternative approaches for cryogenic displacement sensing include capacitive sensors [35,
156] and Linear Variable Differential Transformers (LVDTs) [166]. While we investigated
capacitive sensing for displacement readout, we ultimately adopted shadow sensing, as it
can be integrated more straightforwardly into the existing suspension architectures used

in ground-based gravitational-wave detectors.

The prototype Glasgow Optical Sensor and Electromagnetic Actuator, or GOSEM, con-

sists of the following key components:

1. Optical Sensor: A quadrant photodiode (QPD), model FCI InGaAs Q3000.

2. Emitter: An infrared LED (IRLED) with a central wavelength of 1200 nm. Devices
tested include LED1200L and LED2100E from Thorlabs, and L.13072-0120L
and L13072-0120K from Hamamatsu.

3. Flag: A mechanical element that partially occludes or transmits light to the QPD,

forming the shadow pattern used for displacement sensing.

For the first prototype the mount design for the shadow sensor is similar to the BOSEM

design [41][40], but parts are modified to suit cryogenic requirements (Section 3.5).
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3.1.1 Photodiodes

Quadrant photodiodes (QPDs) are position-sensitive optical detectors widely used in pre-
cision metrology, beam alignment, and displacement sensing applications [143, 96]. A QPD
consists of four photodiode elements arranged in a quadrant configuration on a single sub-
strate, each generating a photocurrent proportional to the incident optical power in its
respective region. By comparing the photocurrents from the four quadrants, both the pos-
ition and displacement of a light spot or shadow on the detector surface can be determined

with high spatial resolution.

The InGaAs photodiode employed in this work is a heterostructure device supplied by OSI.
In such photodiodes, incident radiation is absorbed within the semiconductor material
through interaction with electrons, resulting in an electrical signal. This signal arises from
a redistribution of the electronic energy states. The response of these detectors exhibits a
selective wavelength dependence, typically expressed as responsivity in units of amperes

per watt (A/W) of incident optical power [165, 144].

Noise Sources in photodiodes

Several fundamental and practical noise sources contribute to the overall performance
of a photodiode and its readout chain [140, 144]. In the context of optical displacement
sensing, these noise terms limit the achievable signal-to-noise ratio and, depending on

operating conditions, different mechanisms can dominate:

1. Shot noise: Fluctuations in the detected photocurrent arising from the discrete
arrival of photoelectrons (and hence the quantised nature of charge), producing a
white current-noise floor that scales with the square root of the average photocurrent

[144).
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2. Photon—electron (conversion) noise: Additional statistical fluctuations associ-

ated with the stochastic conversion of incident photons into collected charge carri-

ers, which can include effects of non-unity quantum efficiency and carrier-collection
statistics [140, 144].

3. Gain noise: In photodiodes that exhibit internal multiplication (e.g. avalanche
photodiodes), the amplification process introduces excess noise due to fluctuations
in the multiplication gain; for unity-gain PIN photodiodes this term is typically
negligible [144, 140].

4. Receiver (electronic) noise: Noise generated by the front-end electronics (e.g.
Johnson-Nyquist noise of resistors, amplifier voltage and current noise, and 1/f
noise), which is shaped by the transimpedance and filtering stages and can dominate
at low photocurrent or outside the measurement band [144].

5. Background noise: Photocurrent fluctuations produced by unwanted optical power
incident on the detector (e.g. stray light and thermal background), which adds
both a DC offset and an associated shot-noise contribution proportional to the
background-induced photocurrent [140].

6. Dark-current noise: Noise associated with the detector dark current, arising from
mechanisms such as thermal generation-recombination, tunnelling, and surface leak-
age currents; this contributes an additional shot-noise-like term even in the absence

of illumination and generally increases with temperature [165, 140].

In this project, we use FCI InGaAs Q3000 quadrant photodiodes (QPDs) sourced from
OSI. These devices are employed in KAGRA'’s photoreflective displacement sensors, provid-
ing a well-established starting point with prior demonstration of reliable operation at

cryogenic temperatures.
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3.1.2 Light Emitting Diodes

A Light Emitting Diode or an LED is a p-n junction device that generates monochro-
matic incoherent light under forward bias. In early 1900s, a British scientist Henry Joseph
Round, discovered that when current was passed through silicon carbide crystals it gen-
erates light. What happens is recombination of electrons and electron holes in a process

called electroluminescence.

Noise Sources in LEDs

At the device level, LED intensity noise arises from several carrier-dynamics processes

that imprint power fluctuations on the spontaneous emission rate:

1. Shot (quantum) noise: Poisson statistics of photon emission produce a white floor
that, when referred to absolute power, scales with P and with detection bandwidth;
in relative form, the shot limit is constant for fixed P [78].

2. Generation—recombination noise: Stochastic trapping/de-trapping and recom-
bination events modulate the carrier population and radiative rate, often giving
Lorentzian PSD components with corner frequencies set by trap lifetimes. A distri-
bution of lifetimes produces quasi-1/f behaviour [123, 76].

3. 1/f (flicker) noise: In III-V LEDs (LEDs made from Group 3-5 elements) this is
widely observed at low frequencies (Hz—kHz) and is linked to defects, dislocations,
and interface inhomogeneities that modulate current flow and quantum efficiency.
Its level is strongly device- and bias-dependent and is a known reliability/ageing
indicator [141, 49].

4. Driver/electronics coupling: Residual current noise from the LED driver trans-
fers to optical power with a roughly linear electro-optical gain; good current reg-
ulation and filtering are therefore essential in low-Relative Intensity Noise (RIN)

setups.
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Lowering the temperature alters carrier lifetimes, trap kinetics, and nonradiative path-
ways in III-V LEDs, so the mechanisms that drive optical-power fluctuations change
with 7. At the same time, stochastic trapping/detrapping (generation-recombination)
processes slow as traps become less thermally activated, shifting Lorentzian corner fre-
quencies and often enhancing the relative prominence of generation—recombination/1/f
components at low f [118, 124]. In parallel, external quantum efficiency and emission
characteristics are themselves temperature dependent, so the mapping from drive-current
fluctuations to optical-power fluctuations is modified as T changes [126]. Empirically,
cryogenic investigations on commercial LEDs for space/astrophotonics report substan-
tial changes in brightness and operating behaviour across ~ 77-300 K, reinforcing that
RIN should be measured directly as a function of temperature rather than inferred from

room-temperature values [125, 57].

We tested several LED models to assess their suitability for use in GOSEMs: the Thorlabs
LED1200L and LED1200E, and the Hamamatsu L.13072-0120L and L13072-0120K. While
KAGRA employs the LED1200E in their photoreflective displacement sensors, we were
motivated to investigate alternative devices with smaller divergence angles and higher

optical efficiency.

3.2 GOSEM Electronics

3.2.1 Light Emitting Diode

In a GOSEM, a 1200 nm light-emitting diode (LED) serves as the primary near-infrared
(NIR) illumination source. The 1200 nm wavelength was chosen due to the known avail-
ability of cryogenically compatible LED’s and the availability of InGaAs QPDs that can
operate at this wavelength and at low cryogenic temperatures. We initially employed the

Thorlabs LED1200L to perform testing, which is a near IR diode with a spectral emission
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peak centred at 1200 nm. The device comprises compound semiconductor heterostructures
formed from Indium Gallium Arsenide Phosphide (InGaAsP), grown on an Indium Phos-
phide (InP) substrate, as reported in the manufacturer’s datasheet [167]. The InGaAsP
material system enables precise bandgap tuning in the 1.0-1.6 um range when lattice-
matched to InP, making it especially suitable for optoelectronic components operating in

the short-wavelength infrared (SWIR) region [163, 131].

LEDs based on InGaAsP typically feature a double heterostructure (DH) configuration,
where the active light-emitting layer is enclosed between wider-bandgap cladding lay-
ers. This structure enhances carrier confinement and overall internal quantum efficiency
by suppressing non-radiative recombination processes [90]. These NIR LEDs are widely

utilised in spectroscopy, biomedical diagnostics, and integrated photonic systems [148].

At cryogenic temperatures, particularly around 4 K, the bandgap of InGaAsP increases
owing to reduced phonon interactions, leading to a blue shift in the emission wavelength
[175, 21]. Moreover, lower phonon scattering at such temperatures improves carrier mobil-
ity and minimises non-radiative decay channels, which can lead to enhanced radiative effi-
ciency [185]. These properties render InGaAsP LEDs highly applicable to low-temperature
photonics and quantum optics, including experiments involving superconducting detect-

Ors.

Driver Circuit

The LED driver circuit used in the shadow sensor system is designed as a low-side current
regulation topology. It employs an ADA4891 high-speed, low-noise operational amplifier,
an N-channel MOSFET, and a 10 Q current-sensing resistor. This configuration enables
precise control of the current passing through the LED, which is essential for maintaining
consistent light output in shadow sensing applications where accuracy and repeatability

are critical.
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GND v+
Drive_Input <
Vi 2>
Drive 100 ohms > NMOS
— 1| + Q2
T L =
4 ADA%4891

Figure 3.1: Closed-loop LED driver circuit using the ADA4891 operational amplifier and
an N-channel MOSFET for low-side current regulation. The op-amp senses the voltage
across the 0.2 Q current-sense resistor and adjusts the MOSFET gate drive to regulate
LED current based on the Drive_ Input control voltage. The feedback loop ensures precise
LED current control independent of LED forward voltage or supply variations, making it
suitable for optical sensing applications such as shadow sensors.

In this implementation of low side operation as shown in circuit diagram Figure 3.1, the
LED is connected between the +5V ground and the current-sensing resistor (Rqyive). The
other end of the resistor connects to the drain of the N-MOSFET, while the MOSFET’s
source is tied to positive power supply. The voltage across Rgyrive, Which is proportional
to the LED current, is fed into the inverting input (—) of the ADA4891. A drive voltage
used to control the current through the LED is applied to the non-inverting input (+) of
the op-amp. The op-amp, which compares these two voltages and adjusts its output to
control the gate of the MOSFET, creates a closed-loop system that regulates the LED

current according to the relationship:

o VbDrive
ILgp = :
Rdrive

For instance, if Vpiive = 1V and Rgyive = 100Q, the resulting LED current will be 10mA.
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The ADA4891 is particularly well-suited for this role due to its rail-to-rail output, low in-
put offset voltage, and high slew rate of 55V /us. These characteristics allow it to respond
quickly and accurately to variations in the control voltage, ensuring stable and responsive
LED current regulation. This is especially important in the shadow sensor, where small

deviations in LED brightness can significantly affect detection accuracy.

Using a low-side MOSFET configuration offers several practical benefits, including simpli-
fied gate driving, accurate current sensing, and compatibility with control voltages from
digital-to-analog converters (DACs) or analog signal sources. Additionally, the program-
mable nature of the drive voltage enables dynamic control of LED brightness, which can

be valuable in adaptive sensing environments.

In summary, the combination of the ADA4891 op-amp, N-channel MOSFET, and low-side
current sensing forms an efficient and precise LED driver tailored for high-performance
shadow sensing. The circuit delivers excellent linearity, fast response, and reliable oper-
ation under varying conditions, contributing significantly to the overall performance and

reliability of the sensor system.

3.2.2 Quadrant Photodiode

In this project, a QPD is employed to detect the motion of a shadow cast by a flag onto
the photodiode surface, forming the basis of a cryogenic shadow sensor. The sensor is
designed for high sensitivity, low noise, and a wide dynamic range, while maintaining
minimal thermal load on the cryostat. Among commercially available devices, InGaAs-
based QPDs, such as the FCI-InGaAs-Q3000 from OSI Optoelectronics, are well-suited
for this application due to their high responsivity in the near-infrared range, low dark

current, and excellent performance at low temperatures [122].
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The QPD operates by reverse-biasing each photodiode element to improve linearity, re-
duce junction capacitance, and enhance response speed [85]. The sum of the photocurrents
provides a measure of total incident optical power, while differential signals between op-
posing quadrants yield the lateral position of the shadow. This capability makes QPDs
ideal for precise, contactless position detection in optomechanical and cryogenic sensing

systems.

The Quadrant Photodiode (QPD) amplifier PCB is a critical component of the shadow
sensor system. It is responsible for converting the small photocurrents generated by each
quadrant of the QPD into usable voltage signals, enabling accurate detection of the shadow
position. This circuit processes optical signals produced when a flag partially or fully
intercepts light from the LED, casting a shadow onto the QPD. I designed the circuit
using Autodesk EAGLE software.

The PCB is structured into three primary functional blocks: trans-impedance amp-
lifiers (TIAs), a summing amplifier, and a set of instrumentation amplifiers for

signal subtraction.

The four QPD anodes are connected to a dedicated TTA. These amplifiers convert the
input photocurrent (I hot0) into a voltage signal using a high-value feedback resistor (Ry)
and a capacitor to roll of high frequency noise. The general form of the output voltage is
given by:

Vout = _Iphotocurrent X Rf

The use of high-gain, low-noise op-amps with low input bias current is essential to preserve

signal integrity and avoid current leakage.

93



9 Development of a Cryogenic Shadow Sensor
A summing amplifier stage is implemented to calculate the sum of adjacent quadrants.
Test pins are located on the PCB to extract these signals so that total incident light
intensity can be measured and is useful for normalisation and intensity compensation.

The output of the quad summing amplifier is:

Vsum == _<Vi+vj)7

where i,j = A, B, C, D are the outputs of the quad TIA.

To detect positional changes caused by the moving shadow, the circuit includes two in-
strumentation amplifiers that compute the difference between opposing quadrants as il-

lustrated in Figure 3.3. Specifically:

Xaig = (Va+Vg) — (Ve +Vp)

Yair = (Va+Ve) — (Ve +Vb)

These differential outputs allow the system to determine the lateral (X) and vertical (Y)
displacement of the shadow across the sensor surface. Instrumentation amplifiers are used
to provide high common-mode rejection, precision gain, and minimal offset, which are

critical for extracting small signal variations against background light or noise.

Special care is taken in the PCB layout to minimise parasitic capacitance and feedback
loop instability in the TIA stage. Shielding and ground planes are incorporated to re-
duce electromagnetic interference. Component selection prioritises low-noise performance,
thermal stability, and matched resistor networks to ensure balanced subtraction and ac-

curate summing.
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In summary, the QPD amplifier PCB provides a complete analog signal conditioning
path from photocurrent generation to differential position signal output. Its modular
architecture—composed of TTAs, a summing amplifier, and precision subtractors—facilitates
accurate and robust shadow position detection, forming the core of the optical sensing

system. See Appendix Section A for PCB images.

3.2.3 Noise Modelling and Measurements

Noise in the shadow sensor consists of electronic noise from the circuitry, QPD dark noise
and LED shot noise. Let us first estimate electronic noise from the QPD amplifier board.
The circuit noise consists of Johnson nosie from the resistor, voltage noise and voltage
noise from the opamp. An LTspice simulation of the QPD amplifier circuit was run and

the simulation was compared to measurements in Figure 3.2.

Shadow Sensor Noise

—— Electronic Noise measured with DataLogger
——— Spice Simulation
—— Moku noise floor
105 |
N
£
= 107°
z P l |
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< AA"“' ‘A | “
1077 ¢
1078
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Figure 3.2: Comparison of measured and simulated noise spectral densities of the QPD
amplifier output: The traces show noise measurements for two output channels (AB-CD
and BD-AC) obtained using a Moku spectrum analyser, the modelled electronic noise
from LT'Spice simulations, and the baseline noise floor of the Moku. The simulation aligns
well with the measured spectra above 10 Hz, validating the noise performance of the QPD
circuit and we see many ground loops on top of the baseline curve.
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3.2.4 Discussion

We designed and fabricated custom circuit boards comprising a low-noise, stable constant-
current driver for the LED and a transimpedance amplifier to convert the QPD photocur-
rents into measurable output voltages. The measured electronic noise spectra show good
agreement with the corresponding LT Spice simulations. In the next section, we investigate

the impact of different flag geometries on sensor performance.

3.3 Python Modelling of Different Flag Geometries

In this section we will go through analytical models of different flag geometries and com-
pare them from heat load and dynamic range point of view. These are python models.
After understanding these models we built a prototype sensor based on one of the flag

geometries.

Introducing the definitions first and then diving deeper into rectangular flags and circular

aperture flags.

Geometry and Beam

Let the quadrant photodiode (QPD) be a disc of radius R with aperture

o = {(x,y) € R*: x* +y* <R?}.
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We model the optical field as a circular Gaussian with 1/e? radius w, normalised so that
the total optical power is independent of w (see figure 3.4a). Writing P for the total power
in the beam plane,

2P 212
I(yiw) = —— exp( -2, (3.1

w

which satisfies

//zl(x,y;w)dxdy =P for all w.
R

The total power transmitted by the bare aperture (no flag) is therefore

Pap(w) = //ﬂl(x,y;W)dxdsz(l —e*ZRZ/W2>- (3.2)

Equivalently, the fraction of the beam captured by the QPD is F(R,w) = Pyp(w)/P =
1 —exp[—2(R/w)?].

Flags and Transmission Masks

A shadow sensor works by sensing changes in photocurrent caused by changes in the
amount of light obstructed by a flag when it moves. The flag here is attached to the
moving mass whose motion we want to damp and the rest of the optics forming the sensor
is attached to a fixed reference. It is important to understand the effects of different flags
on the response of the sensor to identify the best geometry depending on the requirements

and purpose.

The flag is centred at (xp,0) and translated along the x-axis. Two geometries are con-
sidered: (i) a rectangular flag that blocks light and produces a shadow at the centre of the
QPD in its nominal position, and (ii) a circular aperture, representing the complementary

case in which light transmission rather than blocking defines the signal.
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(i) Rectangular flag (vertical bar) of width a

As an occluder (opaque, see Figure 3.3) its transmission is

0, [x—xo|<a/2,
Xrect(xay;xma) = (3.3)
1, otherwise.

A transmissive slit uses 1 — Yrect-

(ii) Circular aperture of diameter d

As an aperture (see Figure 3.6a) its transmission is

0, (x—x0)2+y*><(d/2)?,
%circ(x7Y§x0>d) = (34)

1, otherwise.

A transmissive circular aperture (hole) uses 1 — Xirc.

Net transmission with aperture

T(x,y;xo) = X(X,)’;xoa') 1%(16,))), (35)

where y is chosen from (3.3) or (3.4) (or their complements for transmissive cases) and

1./(x,y) is a mask that is 1 for coordinates inside the QPD aperture and 0 otherwise.
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Detected Powers and normalised Signal

Left /right powers (within the finite aperture) are

L(xo) = //gm{x<0} I(x,y;w) T (x,y;x0) dxdy, (3.6)
R(xp) = //Mﬂ{x>0} I(x,y;w) T (x,y;x0) dxdy, (3.7)
P(xo) = L(x0) + R(xo). (3.8)

The normalised QPD signal is defined as

_ L(xo) —R(x0) _
S0) = [ rie) € 1 (3.9)

(If S=(R—L)/(L+R) is preferred, all results hold with an overall sign flip.)

Transmitted fraction onto the QPD (flag centred)

Let the QPD active area be the disk &7 = {(x,y) : x> +y* < R?}. A Gaussian beam of total

optical power P and 1/¢? radius w has

2P
I(x,y;w) = 2 P [ - %(Je2 +y2)] . (3.10)

With no flag, the power that lands on the QPD is
Pyp(w) = //%I(x,y;w) dxdy =P [1 — e_z(R/W)z] , (3.11)

so the corresponding fraction of the LED power that reaches (and is confined to) the QPD

is

P
Fop(wiR) = aplgw) =1 — e 2R/W, (3.12)
The complement,
Fmiss(W;R) =1 _Fap(W§R) = eiz(R/W)z, (3.13)
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100 Development of a Cryogenic Shadow Sensor
is the fraction that misses the diode (relevant for stray-light management and cryostat

heating).

General flag description

Place the flag center at (xo,0) and, for a centered analysis, set xg = 0. Let (x,y) € [0,1] be
the flag transmissivity mask (unity where light is transmitted, zero where it is blocked).

The fraction of power transmitted onto the QPD in the presence of the flag is

// x,y;w) T(x,y dxdy
Fon(W;R|T) = / I(x,y;w) T(x,y)dxdy. (3.14)

//Ixy, )dxdy

Raw centre slope

The geometric transfer of optical power between halves is captured by the raw slope

d _ [L-R](+A) - [L—R](-A)
. (L—R) ~ A ,

x0:0

which does not include normalisation by the total . Here A is the infinitesimal flag dis-
placement about the zero point. It highlights how the flag edges intersect regions of high
intensity inside the aperture (Figure 3.5¢). For small values of w/R the flag intercepts the
high intensity section of the Gaussian beam and hence the response is high. But as the
beam size gets bigger the intensity drops to conserve power so this causes the responsivity
to drop. For larger flag widths the tail end of the Gaussian beam is intercepted by the
edges of the flag thus the slope is small and as the beam size gets bigger the the amount
of power in the tail gets bigger causing the responsivity to increase. For a fixed beam size,
as the flag width increases the edges of the flag intercepts tail end of the Gaussian beam

eventually making the slope smaller.
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Normalised Centre Slope

The small-signal responsivity at the origin is

ds _ S(+A) —S(-A)
dx - 2A

. A>0. (3.15)

XOZO

Dynamic Range: Physical Definition and Interpretation

As the flag translates across the detector, the normalised quadrature signal

L(xp) — R(xo)

S(XO) = L(X()) —|—R(.X())’

rises from zero near the origin (where the left/right illumination is balanced), then ap-
proaches a plateau where the output stops changing appreciably with further motion.
Physically, this saturation occurs when one side of the split detector has become effect-
ively fully shadowed (or fully illuminated) by the flag, so that additional displacement no

longer alters the left-right power ratio.

We define the dynamic range (DR) as the span of flag positions over which the output

lies between the two saturated regions on either side:
DR=x; —x_,

where x (right) and x_ (left) are the first positions at which |S| reaches its plateau level.
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Figure 3.3: Rectangular flag moving across a QPD and intercepting the incident beam-
the green highlighted edge shows the leading edge.

Geometric intuition

For an opaque flag, saturation begins when the flag’s leading edge first reaches the part of
a detector half that dominates the remaining light (see figure 3.3). Thus, wider flags enter
saturation sooner and reduce DR. The beam size w (Gaussian 1/e? radius) shapes where
power resides within the finite aperture: concentrating power near the center or near the
rim shifts the position at which additional motion ceases to change the left—right balance.
Consequently, DR varies with both flag size (geometry) and beam size (weighting), and

is independent of the chosen sign convention for S.
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Relation to linear operation

Near xp = 0 the response is approximately linear with a slope dS/dxp|o. The DR measures
how far one can move before the output becomes uninformative due to saturation. In
design, there is a trade-off: increasing the flag size typically sharpens the slope due to
decrease in the total power falling on the QPD (improving small-signal sensitivity) while
shrinking the DR (reducing usable range). Both metrics, central sensitivity and dynamic

range, are needed to characterise performance.

Shot-Noise-Limited Position Floor

Let I(xp) be the total photocurrent through the QPD at xo, with a nominal no-flag current
Io. If we scale by the fraction of power transmitted when the flag is positioned centrally

(nentre) ) thena
P(0)
Pap(w)

Icenter = IO = IO Tcenter- (316)

For the normalised signal S = (L—R)/(L+R), error propagation with uncorrelated shot-

noise currents in L and R gives a signal amplitude spectral density (ASD)

2
SsN = 4 (3.17)
Icenter
where ¢ is the electron charge. The equivalent displacement ASD is
SsN
= —. 3.18
SN = T (3.18)
dxo x0=0

It % is reported in units of 1/R, then xgN is in R/+/Hz; multiply by the physical R to

obtain m/+v/Hz. (If your system holds photocurrent constant, set Ieenter = Ip in (3.17).)
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3.3.1 Rectangular Flag

Conventional shadow sensors use rectangular flags. A similar flag geometry could be in-
corporated into a QPD based shadow sensor. The concept of shadow sensing with a
rectangular flag moving across the QPD is shown in Figure 3.4. As the flag moves the
difference signal can be plotted as in Figure 3.4b. For sensing we use the normalised in-
tensity instead of raw intensity because this helps with removing LED power drifts as
will be discussed in future sections. Understanding how flag and beam dimensions influ-
ence the sensing metrics is essential for selecting geometries that are optimal for a given

application.

Heat maps for the rectangular flag

To map performance over geometry and beam size, five plots are shown in Figure 3.5
as functions of the normalised flag width a/R and Gaussian beam radius w/R, evaluated

with a finite QPD aperture of radius R. The beam is modelled as

2(x? +y?)
w2 ’

e = oo

so that the total optical power P is independent of w and the power captured by the bare

aperture (no flag) is

Pp(w) = P(l —ei2R2/W2> 1gq
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(a) Rectangular flag moving across a QPD
and intercepting the incident beam.

Normalized (L — R)/(L+ R)

0.75 [~~~ Raw (L~ R) ]
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(b) Simulated normalised signal (L—R)/(L+R) in solid blue and raw signal
(L—R) in dashed green as a function of flag centre position xo/R. Here L =
A+B and R=C+D. The flag width a = R and beam size w = R.

Figure 3.4: Concept and response of shadow sensing with a rectangular flag and QPD.
(a) Schematic illustration of the flag partially blocking the incident Gaussian beam on a
QPD. (b) Corresponding simulated normalised and raw differential signal measured from
the QPD as the flag translates across the beam.
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Optical power delivered to the QPD

Let the QPD be the disk &7 = {(x,y) : x> +y> < R?} and the flag an opaque vertical strip

{|x| < a/2} centred at x =0. A Gaussian beam of total power P and 1/e® radius w has

2P
I(x,y;w) = WCXP[— %(xszyz)} :

The power that would hit the QPD with no flag is
Pp(w) = // I(x,y;w)dxdy =P [1 - e_z(R/W)z] . (3.19)
o
The power blocked by the strip is (which corresponds to the numerator in equation 3.14)

Block(a,w;R) = // 1(x,y;w) dxdy.
A N{|x|<a/2}

Writing the integral explicitly and carrying out the y-integration,

Boock (@, w;R) 2 / “/? o280 / * RLXQe*Zyz/wzdydx

P - w? —a/2 _VR—2
2 [92 min(a/2,R) D)
== —/ e 2/ erf<\/—— R? —x2> dx,
wV T Jo w

which we record as

2 [2 min(a/2,R) 2
Fyjoek (@, Wi R) == =4 = / e 2 erf(ﬁx/RLxZ) dx. (3.20)
0

w T w

Then the fraction of the light power that falls on the QPD is

FiYa,w;R) =1 — Ky (a,w;R), (3.21)
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Figure 3.5: Heat map characterisation of a QPD shadow sensor with a rectangular flag.
Axes are normalised to the QPD radius R and the total beam power is held fixed.
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Raw centre slope

The geometric transfer of optical power between halves is captured by the raw slope

diXO(L—R) L L=K] (M)Z_A[L_R}(_A), (3.22)

which does not include normalisation by the total power. It highlights how the flag edges
intersect regions of high intensity inside the aperture (Figure 3.5¢). For small values of
w/R the flag intercepts the high intensity section of the Gaussian beam and hence the
response is high. But as the beam size gets bigger the local intensity drops as the total
power in the beam is conserved so this causes the responsivity to drop. For larger flag
widths the tail end of the Gaussian beam is intercepted by the edges of the flag, thus the
slope is small and as the beam size gets bigger the amount of power in the tail gets bigger
causing the responsivity to increase. For a fixed beam size, as the flag width increases the
edges of the flag intercepts the tail end of the Gaussian beam eventually making the slope

smaller.

Normalised centre slope

The small-signal responsivity of the normalised output,

ds| _ S(+A)—S(-A)

— = 3.23
with
L—R
= (3.24)
L+R

is shown in Figure 3.5b. Compared to the raw slope it is reduced where the denominator
L+R is large. For a fixed beam size the responsivity of the QPD increases with flag width

because the total power falling on the QPD decreases.
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Shot—noise floor

Assuming the total photocurrent at the centre position Iepge, the shot-noise ASD of the

normalised signal is

2
Ssn =) —L, (3.25)
Icentre
and the position floor is
SSN
= > 3.26

reported in R/v/Hz (Figure 3.7d). The best noise is obtained where the slope is high yet
sufficient light still reaches the QPD. Performance worsens for narrow bars (slope too

small) and very wide bars (too little light remains).

Dynamic range

We define the dynamic range as the interval of flag—centre positions xo over which the

normalised response
L—R

Sl =15k

(3.27)

is approximately linear, i.e. before it reaches the side plateau (or the absolute peaks
when a true plateau is absent). The heat map shows that the dynamic range is largest
at intermediate bar widths and diminishes towards both extremes. For very wide bars,
one half of the QPD becomes effectively fully shadowed or fully illuminated shortly after
leaving the origin, so saturation is reached early and the usable range shrinks as a/R
increases. For very narrow bars the contrast is weak and the response turns over at modest
|xo|, again shortening the linear region. The beam size matters as well for intermediate
flag widths: small w/R means the intensity of the beam is high, so a given bar width
drives one half of the detector into saturation sooner, further compressing the dynamic
range. But a large beam size means the beam is more uniform across the QPD and the
rate of change of slope is small. In this case we get the best dynamic range. In practice,
choosing a/R ~ €(1) together with a moderate w/R offers a good compromise between a

steep central slope and a delayed onset of saturation.
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3.3.2 Circular Flag

A circular flag is an aperture flag that traverses across the QPD to produce signal as

shown in Figure 3.6.

Heat maps for a circular aperture flag

In Figure 3.7 we have summarised the behaviour of a QPD shadow sensor when the moving
flag is a circular aperture (i.e. a transmissive hole) that scans laterally across the detector.
As in the rectangular case, the incident beam is a circular Gaussian of 1/ e? radius w, and
the QPD has a finite circular aperture of radius R. To compare different beam sizes fairly,
the beam normalisation keeps the total optical power fixed; widening the beam therefore
lowers the on-axis peak but spreads the power over a larger area. Both the axes in the

plots are normalised to R.

Optical power delivered to the QPD

The optical power incident on the QPD is shown in Figure 3.7a)) as a thermal plot. Let
the aperture be the disk &, = {(x,y) : x> +y*> < r?} (with radius r = d/2), coaxial with the
QPD disk ./ = {x>+y*> < R?}. The Gaussian beam is I(x,y;w) = ”252 exp[ —2(x*+y%) /w?].
The power that reaches the QPD through the aperture is the integral over the intersection
o/ NG,. Because the two disks are concentric, o# N %, is simply the disk of radius min(R, r),

so in polar coordinates

P (1, w;R) // I(x,y;w)dxdy,

21 mmRr 202 /2
:/ / —Ze_ P pdpde,
0 0 Tw

e 2MEY)]
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Dividing by the no-flag power on the diode (3.19) gives the fraction of the beam power

that reaches (and is confined to) the QPD:

_ Pcirc ‘R in(R 2
FEie (rw; R) = ~on DT (;;W ) _ {1—exp(—2mmfv—2’r)>]. (3.28)

This reduces to the expected limits: FS' — 0 as r — 0 (pin-hole closed) and FS — 1 for

r > R (aperture fully covers the QPD).
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— W —

(a) Circular aperture flag moving across a
QPD and intercepting the incident beam.

Normalised Response aperture diameter 1.0R ]

0.4F

=== Raw Response aperture diameter 1.0R

—1.00 —0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 1.00
Flag centre position xy/R

(b) Simulated normalised signal (L—R)/(L+R) and raw signal (L—R) as a
function of flag centre position xo/R. Here L =A+ B and R =C+ D. Here the
aperture diameter is R same as the QPD radius and the beam radius w is
same as the QPD radius R.

Figure 3.6: Concept and response of shadow sensing with a rectangular flag and QPD. (a)
Schematic illustration of the flag partially blocking the incident Gaussian beam incident
on the QPD. (b) Corresponding simulated normalised and raw differential signal measured
from the QPD as the flag translates across the beam.
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Raw Response

The slope or the raw response (see Figure 3.7c) of the detector is most sensitive when
a small lateral motion of the aperture moves a significant amount of light from one half
of the QPD to the other. This occurs when the size of the beam is comparable to the
size of the aperture. And the peak responsivity occurs when the beam size is small and
intense. A large flag samples the tail end of the Gaussian spot thus making the detector
response at the centre smaller than that for smaller flag diameters. A larger beam is more
more spread out, as we want to keep the power across the detector constant to maintain

a constant shot noise performance, thus making the slope smaller.

Normalised Responsivity

The differential signal, S = (L —R)/(L+R), as function of beam radius and aperture
diameter is shown in Figure 3.7(b). Sensitivity at the operating point is set by the gradient
dS/dx at xg = 0. This not only depends on the slope but also the total power detected.
For a given flag size, as the beam size gets bigger, power detected gets smaller and so does
the slope of the raw response. But the decrease in the latter is faster thus the normalised
responsivity increases with an increase in the beam size. Given a fixed beam size, the
response decreases with increasing aperture size due to the increase in the amount of light

falling on the detector and the fact that the flag samples the tail of the Gaussian spot.
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Figure 3.7: Heat map characterisation of a QPD shadow sensor with a circular aperture
flag. Axes are normalised to the QPD radius R and the total beam power is held fixed.
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Shot-noise floor

The shot noise limited displacement noise floor scales like

v/2q/Ipp

TSN T1aS Jdx]

so it improves when less photocurrent is collected (more blocked light) and when the raw
slope is steep (see Figure 3.7(d)). We know from (Figure 3.7c) that the centre slope is the
steepest for flag diameters and beam size of similar dimensions. And from (Figure 3.7a)
we see that the amount of light is high smaller flag diameters and larger beams. This is
reflected well in the heat map for shot noise limited sensitivity where the shot noise floor
exhibits a broad valley for where the blocked fraction is high and the slope is steep and
then for large flag diameter and small beam size the slope is negligible and the amount
of light detected by the detector is maximum hence the shot noise performance is at its

worst.

Dynamic range

Following the same definition for dynamic range as for rectangular flags, we infer the

following (see Figure 3.7(d) for the thermal plot):

o Very small holes reach saturation quickly: one half becomes effectively fully illu-
minated early in the scan. They maintain linearity over only a short distance then
as soon as the aperture moves past from one side of the QPD to the other the
normalised signal plateaus.

o Very large holes: The dynamic range is limited by the size of the aperture.

Overall, a larger aperture size will result in a larger dynamic range. But this clashes with
the shot noise performance and clearly means we must accept trade-offs in the design

depending on the requirements of the sensor application.
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3.3.3 Design implications

The objective of this project is to evaluate photodiodes, LEDs, and flag geometries that
can enable a shadow sensor with minimal thermal load on the cryostat while achieving
a linear dynamic range on the order of millimetres and high sensitivity. By design, the
sensitivity is limited by shot noise. In addition, it is important to consider the linearity of
the sensing response, as non-linearities can introduce unwanted harmonics into the control

signals.

The two primary factors influencing the choice of beam and flag dimensions are the
dynamic range and the shot-noise floor. From the heat maps, we observe that the circular
aperture flag (Figure 3.7e) provides nearly twice the dynamic range of the rectangular
flag (Figure 3.5¢). For the circular geometry, the shot-noise floor scales as \/Lﬁ, so higher
optical power is desirable, provided that the QPD is not saturated and the cryostat heat
load remains acceptable. A sufficiently large beam waist w further reduces the shot-noise

floor (see Figure 3.7(d)).

For the rectangular flag, the dynamic range is maximum at intermediate flag widths (Fig-
ure 3.5¢). In this region of interest, the shot-noise floor remains approximately constant,

while increasing the beam size helps to reduce the heat load on the cryostat.

In summary, the optimal operating region for the circular aperture flag lies toward the
middle-right edge of the heat maps, whereas for the rectangular flag the most favourable
region is near the middle-top edge. Below we examine the response curves and linearity

within these regions.
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(a) QPD difference-signal response versus normalised flag position xo/R. Solid lines: norm-
alised (difference/sum); dashed: raw. Beam 1/e? radius varied at fixed aperture d = 1.6R:
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(b) Response versus xo/R at fixed w = 1.4R for different aperture diameters; d/R €
{1.0, 1.4, 1.6, 1.8}. Solid = normalised, dashed = raw.

Figure 3.8: Circular aperture flag: simulated QPD response for varying beam radius w
and aperture diameter d in the region of interest of Figure 3.7 (max transmission, low
shot-noise floor). Normalised (solid) and raw (dashed) signals are plotted versus the flag-
centre position, normalised to the QPD active radius.
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Now let’s look at the response curves in the region of interest for the rectangular flag.
The region of interest is the portion of design space where the combination of beam and
flag dimensions yields the largest dynamic range (Figure 3.5). Our selection proceeds
in two steps. First, we choose the flag width that maximises dynamic range. For beam
radii that are sufficiently large (w 2 R), the dynamic range is governed almost entirely by
the flag geometry; varying w has little influence on the span, and the associated penalty
in linearity is small (Figure 3.9a). Second, with the width fixed at its optimum (here
illustrated with width = 1.6R), we tune the beam radius to maximise the linearity of the
response (Figure 3.9b). This choice incurs a modest degradation in the shot-noise floor;
however, the loss in sensitivity can be offset by increasing the LED optical power, provided

QPD saturation and cryostat heat-load limits are respected.
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(a) Rectangular flag: QPD difference-signal response versus normalised flag position xo/R. Solid
lines show the normalised (difference/sum) signal; dashed lines show the raw difference. The flag
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(b) Rectangular flag: response versus xo/R with flag width fized at 1.6R. Curves show the effect
of the beam radius; colours encode w/R € {0.5,0.8, 1.0, 1.4, 1.8}. Solid = normalised, dashed =
raw.

Figure 3.9: Rectangular aperture flag: simulated quadrant-photodiode response for vari-
ations in flag width and beam radius, for operating points taken from the thermal maps
(Figure 3.5). Normalised (solid) and raw (dashed) signals are plotted against the flag-
centre position, normalised to the QPD active radius R.
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Takeaway

Within the design space explored here, the circular aperture flag is the preferred baseline
geometry for GOSEMs. It offers a substantially larger usable (approximately linear) dy-
namic range—nearly a factor of two compared to the rectangular flag—and provides
a straightforward route to improved shot-noise-limited sensitivity by increasing optical
power and/or beam waist, subject to QPD saturation and cryostat heat-load constraints.
The rectangular flag, in contrast, provides a steeper central slope and higher small-signal

responsivity but a reduced dynamic range.

3.4 The Prototype

The prototype sensor is mounted on an aluminium baseplate, and the LED and QPD are
mounted in an aluminium cylinder as shown in Figure 3.10a. A 9 mm aspheric lens is
placed inside the cylinder which helps in collimating the LED beam. A moveable circular
flag is held between the QPD and the LED holders so that the responsivity curve can be
measured. Refer to Figure 3.20 which shows a photograph of the inside of the cryostat,

this will be described in detail in a future section.

For the purposes of the study we chose a larger aperture diameter for the flag as this takes
into account the larger beam size when measured at the photodiode due to diffraction

around the flag.
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3.4.1 In-Air Characterisation using Circular Aperture Flag

The image in Figure 3.10 the setup that was used to characterise the LED-lens-flag-QPD
system in air is shown. The figure 3.10b indicates the responses at the centre and at
displaced flag position. The response at the centre is lower than at other flag position
because the flag edges intercept the tail ends of the Gaussian beam spot. But as the
flag moves away from the centre the edges get closer to the centre of the beam spot
hence increasing the response. The shot-noise performance is independent of whether the
response is taken in normalised or raw form. The equations 3.26 and 3.25 can also be

written as

SsN = \ 2chentreRf, (329)

where Ry is amplifier feedback resistance.

(3.30)

From the above equations, it is easy to see that when the flag is centred the amount of light
falling on the photodiode is large and the slope is small because the flag is intercepting
the less intense parts of the Gaussian beam away from the centre. This makes the shot
noise floor higher. In contrast, when the flag is displaced the amount of light falling on
the QPD is smaller due to the new shadow, but the slope is larger as explained above;
this makes the shot-noise floor lower for displaced circular flag position. Now, the contrast
between flag-centred and flag-displaced is less prominent for larger beam diameter and/or
larger flag apertures. But going for larger beam diameter and/or larger flag apertures

comes with a compromise with the responsivity hence shot noise floor for the sensor.
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(a) Experimental setup for characterising the GOSEM in air. The LED illuminates the flag on a
translation stage; the transmitted beam is detected on the QPD. During the measurement, the
QPD incident power was 180 uW with a beam radius of 1.89 mm. The flag aperture diameter
was 2.5 mm.

In Air characterisation (Flag @ 2.5 mm)

—8— Raw

101 —e— Normalised

----- Tangent @ centre (0 mm): 5.919 V/mm
***** Tangent @ -0.62 mm: 7.920 V/mm

—10+

-1.0 —0.5 0.0 0.5 1.0
Flag Displacement relative to centre (mm)

(b) Measured sensing curves corresponding to (a). Black: raw QPD left-right difference. Red:
normalised (difference/sum). Local linear fits give 5.92 V/mm at x =0 and 7.92 V/mm at
x=—0.62 mm.

Figure 3.10: Characterisation of the GOSEM in air. (a) Optical/mechanical setup with
LED illumination, flag aperture, and QPD detection. (b) Measured raw and normalised
sensing curves with local-slope responsivities.
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Figure 3.11: Relative intensity noise (RIN) spectra of the GOSEM output shown in a
single plot. Traces display the normalised RIN with the flag displaced (green), the raw RIN
with the flag displaced (orange), the RIN with the flag centred (blue), the calculated shot—
noise limits for the displaced and centred configurations (dashed lines), and the dark—noise
floor of the readout electronics (black). The comparison illustrates that normalisation
suppresses excess LED intensity fluctuations when the flag is displaced, lowering the
apparent noise floor toward the shot—noise level. The right—hand axis converts voltage
spectral density to equivalent displacement noise using the measured responsivity.

For the response curve in Figure 3.10b the RIN noise curves are presented in Figure 3.11.
When the flag is centred the intensity noise is equal on both sides and cancels out leaving
you with shot noise, but when the flag is off-centre the common mode cancellation is not
sufficient and we are limited by the actual intensity noise of the light. However, if you
normalise by the total power from all four quadrants the RIN is reduced and once again
you're left with the shot noise limit even for the off-centre flag position as described in

the section below.
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124 Development of a Cryogenic Shadow Sensor

Normalisation of the Differential Signal in Shadow Sensing

In the shadow sensing configuration, the measured signal is obtained as the difference
between two opposing segments of the photodiode, which we denote as the channels AB

and CD. The raw differential signal is given by

IA<[) :IAB(I)—ICD<[), (331)

where I4p(t) and Icp(t) represent the instantaneous photocurrents in the two channels.

Each of these consists of a deterministic mean intensity level and small fluctuations,

Iap(t) = AB+AB SriN ap(t) + Osx.a (1), (3.32)

Icp(t) = CD+CD 8pincp(t) + 8sn.cn (1), (3.33)

where AB,CD are the DC photocurrents, Sgin represent relative intensity noise (RIN),

and Ogyn denote shot-noise fluctuations.

The raw difference therefore contains both the desired signal and residual intensity noise,

In(t) = (AB—CD) +AB Srix ag(t) — CD Srin cp () + 8sn ap(t) — Ssn.cp (). (3.34)

It is evident that RIN contributions from the two halves do not cancel perfectly, since they
are weighted by the relative DC powers. This leads to residual RIN in the raw differential

respoinse.

To mitigate this effect, the differential signal is normalised by the total detected power,

_ IAB(Z‘) —ICD(Z)

0 = O T

Imax» (335)
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where I . is a reference scaling factor, chosen here as the maximum of the mean intensities
in the two channels. This rescaling ensures that the output is dimensionally consistent

and comparable across different operating points.

Expanding the normalised expression in the limit of small noise fluctuations (6 < 1), we

obtain

AB—CD
AB+CD
Tax (— ——
_mx (4B t)—CD £)+ 1) — z)
E1CD ORIN AB(t) OrRIN,cp(t) + 6N aB(t) — Osn.cp(t)
Imax(lﬁ_@)
(AB+CD)?

Igorm (l‘) ~ Imax

(E Srin a5 (1) + CD Spin cp (1) + Ssn (1) + 5SN,CD(f)> :

(3.36)

The first term represents the deterministic differential response, while the remaining terms
capture noise contributions. Crucially, the RIN components now appear in two distinct

forms:

o A differential contribution, weighted by the imbalance between the two halves.
e A common-mode contribution, coupled via the denominator of the normalisation.

This enters only if the DC levels are imbalanced.

It is worth noting that in the perfectly balanced case (AB ~ CD, corresponding to the flag
centred on the beam), both the raw and normalised difference signals are predominantly
limited by shot noise, since the RIN contributions cancel to first order. Normalisation

therefore offers no significant advantage at the balance point.

125



126 Development of a Cryogenic Shadow Sensor
The advantage of normalisation becomes evident when the flag is displaced, such that AB #
CD. In this regime, the raw differential signal acquires residual RIN terms proportional
to the imbalance, leading to an elevated noise floor. The normalised response, on the
other hand, suppresses this imbalance-induced RIN by dividing out the total detected
intensity. As a result, the RIN floor remains low even when the flag is moved away from

the symmetric position.

This property is directly observable in the measured spectra: while the raw difference
exhibits a rising RIN background for displaced flag positions, the normalised response

maintains a flat, shot-noise-like floor (see Figure 3.11).

3.4.2 Cryogenic Characterisation

We tested the FCI InGaAs Q3000 photodiode and the LED1200L emitter down to cryo-
genic temperatures of 5 K. These two components constitute the core of the shadow sensor.
The prototype shadow sensor, previously characterised in air (see Figure 3.10a), was sub-

sequently integrated into a cryostat to enable operation at liquid helium temperatures

(see Figure 3.12).

It is important to test the LED and QPD independently to untangle any changes in the
shadow sensor efficiency due to temperature. The setup for these tests is shown in Figure

3.12.
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QPD2

Tests with LED QPD1 LED system

beam injected Temperature Monitor QPD1 LED
from outside - system
QPD2

Temperature
Monitor

Figure 3.12: Cryogenic setup for component-level testing of the shadow sensor. The
image shows the integration of the FCI InGaAs Q3000 photodiode (QPD1 and QPD2
systems) and the LED1200L sources inside the cryostat. Dedicated temperature monitors
are installed near both QPDs and the LED system to track thermal conditions during
cooldown to 5 K. QPD2 is additionally configured for tests with an LED beam injected
from outside the cryostat.

3.4.2.1 LED Characterisation: I-V Curve

We first measured the current—voltage (I-V) characteristics of the Thorlabs LED1200L as
a function of temperature to assess its performance under cryogenic conditions. The LED
was cooled to a minimum temperature of 28 K, and the measured -V curves are shown
in Figure 3.13. The device exhibited anomalous electrical behaviour at low temperatures,
with an irregular -V response and a significant reduction in optical output power. In
several trials the LED failed to turn on reliably, indicating that the device does not operate
efficiently when cooled below approximately 200 K. The underlying cause remains to be
investigated. In some instances the LEDs ceased emission when cooled below 198 K but
recovered upon warming. For reference, KAGRA employs the LED1200E—a sister device
to the LED1200L used above—which is packaged in epoxy and lacks the attached lens.
The LED1200E exhibits a substantially larger output divergence than the LED1200L,

making it a less efficient candidate for this application. To identify a more suitable light
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128 Development of a Cryogenic Shadow Sensor
source for cryogenic operation, we also tested the Hamamatsu L.13072-0120L LED under
the same conditions. The corresponding -V curves, shown in Figure 3.13, demonstrate a
more stable and reproducible behaviour across the temperature range, indicating improved

low-temperature performance compared to the Thorlabs device.

3.4.2.2 LED Characterisation: Optoelectronic efficiency

Having established the -V characteristics of the candidate LEDs, we now quantify their
optoelectronic efficiency to inform cryogenic operation. For a shadow sensor operated in
a cryostat, the electrical power dissipated in the emitter sets a significant heat load. We

therefore define the efficiency
_ Fom
v’

where Py is the emitted optical power and IV is the electrical input power. Measuring
N as a function of drive current at fixed temperatures allows us to select a drive current

that provides sufficient optical power while keeping the thermal load acceptable.

When the LED is mounted in a carrier as part of the shadow-sensor package, additional
optical power is lost along the path to the photodiode due to clipping at the lens and the
LED carrier aperture. There is also light lost due to flag obstruction and diffraction at
the flag. Losses between the LED and lens can be reduced by selecting a lens with a large
numerical aperture. However, because the source has a finite size, improving collimation
generally requires limiting the numerical aperture, which reduces collection efficiency.
This introduces a fundamental trade-off between (i) light captured by the lens and (ii)
divergence of the resulting beam, which in turn affects diffraction around the flag and the
fraction of light ultimately reaching the photodiode. At room temperature, our preliminary
efforts to collimate the beam from the LED1200L LED using an 8 mm aspheric lens
indicate an optical loss of ~ 60% through the packaged LED carrier assembly. To obtain ~
5V per quadrant at the readout, the LED is typically driven at I ~ 2.8 mA, corresponding

to an electrical input power of Peec &~ 6.44mW (from the measured P = VI characteristic
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(a) Thorlabs LED1200L: forward I-V characteristics measured in the cryostat during cool-
down. Each curve corresponds to a stabilised temperature (colour-coded, see bar). The LED
shows abnormal behaviour and reduced optical output below 100 K.
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(b) Hamamatsu L13072-0120L: Forward I-V characteristics measured under identical cryogenic
conditions. The LED maintains regular behaviour and higher efficiency down to 18 K.

Figure 3.13: Comparison of forward I-V characteristics for two near-infrared LEDs
measured during cool-down in the cryostat. The Thorlabs LED1200L exhibits abnormal
behaviour and poor efficiency at low temperatures, whereas the Hamamatsu L13072—
0120L performs more reliably and is better suited for cryogenic operation.
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of the LED- see Figure 3.13a).
Pijec =~ 6.44mW. (3.37)

The nominal optical output power of the LED is Py ep ~ 200 uW, but measurements
indicate only Py &~ 75 uW is available outside the LED carrier. The remaining electrical

power is therefore dissipated predominantly as heat,

Pheat = Petec — Popt.LED & 6.44mW — 0.20mW = 6.24mW, (3.38)

while an additional

Prad,loss ~ Popt7LED — Pout ~ 200 FLW =75 IJ'W ~ 125 PLW' (339)

of optical power is lost within the carrier (e.g. due to geometric clipping at the lens and
carrier aperture. Further losses occur downstream before the remaining light is ultimately
measured on the QPD. This implies the total loss is about 6.365 mW before light reaches
the flag.
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(a) Thorlabs LED1200L. Optoelectronic efficiency 1 = Pop/(IV) versus forward current at sta-
bilised cryogenic temperatures. Each curve is from simultaneous optical and electrical measure-
ments in the cryostat.
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(b) Hamamatsu L13072-0120L. Optoelectronic efficiency 1 = Popi/(IV) versus forward current
at the same set of temperatures, measured with the identical setup and procedure.

Figure 3.14: Comparison of LED optoelectronic efficiency across temperature. Subfig-
ures (a) and (b) show n for the Thorlabs LED1200L and Hamamatsu L13072-0120L,
respectively.
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3.4.2.3 LED Characterisation: Relative Intensity Noise

We measured RIN for the Thorlabs LED and Hamamatsu LED. The light output of
the Thorlabs LED during this measurement run was low. But the light output of the
Hamamatsu LED was enough to produce 20 V signal on the QPD. The RIN of the
Hamamatsu LED was better than that of the Thorlabs LED (Figure 3.16). In the figure

3.15b we see that the general trend is RIN increasing with temperature.

3.4.2.4 LED Characterisation: Reliability Testing

We investigated the performance of four different infrared LEDs: Thorlabs LED1200L and
LED1200E, and Hamamatsu L13072-0120L and L13072-0120K. The Thorlabs LEDs with
integrated lenses, as well as both Hamamatsu models, failed after the first few thermal
cycles (in some cases after the initial run). This degradation is likely related to the pack-

aging, where the LED chip reacts with the surrounding atmosphere within the package.

In contrast, the Thorlabs LED without a lens, which uses an epoxy-sealed package with no
internal air, exhibited stable and repeatable behaviour over multiple cooldowns. The elec-
trical impedance of these LEDs decreased from approximately 140 Q at room temperature

to about 40 Q at 5 K.
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Thorlabs LED RIN: Unbiased vs Biased
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(a) RIN amplitude spectral density (ASD) of the Thorlabs LED versus frequency. Solid: un-
biased; dashed: biased; dotted: dark-noise floor; thin dashed: shot-noise prediction. Shot and
dark noise are expressed in the same relative units, normalised to the total optical power incid-

ent on the QPD.

Thorlabs RIN at 117 Hz
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(b) RIN ASD at 117Hz as a function of baseplate temperature for the same dataset. Circles:

unbiased (gnd); squares: biased (bias). Values are obtained from the Welch ASD at 117 Hz (log—
log interpolation) and share the same normalisation as (a).

Figure 3.15: Thorlabs LED relative intensity noise. (a) Broadband spectra across tem-
peratures; (b) temperature trend at a representative line frequency of 117 Hz. Both panels
use the same normalisation to total QPD optical power.
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Figure 3.16: Comparison of relative intensity noise (RIN) of the Hamamatsu and Thor-
labs LEDs measured under cryogenic conditions. Each curve corresponds to the unbiased
(grounded) configuration of the shadow sensor at different baseplate temperatures. The
solid lines represent the Hamamatsu LED and the dashed lines represent the Thorlabs
LED, with colour indicating the corresponding baseplate temperature. The plot illustrates
that the Thorlabs LED 1200L exhibits higher RIN levels across the measured frequency
range.
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From Figure 3.16 we see that the RIN performance of Hamamatsu LEDs is better than
that of the Thorlabs LEDs. But it should also be noted that the Thorlabs LED that
was tested in this configuration LED 1200L is a lens packaging and the light output was
unreliable at low temperatures. A future testing of other LED 1200L or different packaging

without the ball lens (which corresponds to the LED 1200E model) is necessary.

3.4.2.5 QPD Characterisation: Dark noise

We discussed in Section 3.1.1 how dark noise is one of the contributing noise sources
in a photodiode. Here we will look at how the dark noise of the QPD changes with
temperature. The dark noise of the QPD exhibits a slight bump at high frequencies for

low temperatures, but we don’t see any trend across temperatures (see Figure 3.17).

QPD Characterisation: Efficiency

In Figure 3.12 QPD2 is mounted close to the window of the cryostat and from outside
a 1200 nm LED beam is injected to monitor the change in the response of the QPD
with temperature. In Figure 3.18 we plot the change in responsivity of the LED with

temperature. The response of the QPD seems to increase with temperature.

QPD Characterisation: Transfer function

The transfer function of QPD2 was measured by performing a swept sine. In the plot in
Figure 3.19a we see that the transfer function is flat till 100 Hz and then it starts rolling
off. In Figure 3.19b we see how the transfer function of the QPD varies with temperature.

This agrees with the QPD efficiency trend with temperature in Figure 3.18.

185



136 Development of a Cryogenic Shadow Sensor

QPD2 Dark Noise vs Temperature
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Figure 3.17: Amplitude spectral density (ASD) of the QPD differential dark noise
(AB —CD) versus frequency for temperatures from 5 to 287 K (colour-coded; plasma map,
see bar). Solid lines denote biased operation (Vyis = 2.3 V); dashed lines denote unbiased.
Spectra are estimated with a Welch periodogram (Hanning window) and then down-
sampled onto logarithmic frequency bins using the per-bin median to suppress narrow
spectral lines, revealing the broadband floor. The grey trace shows a room-temperature
electronics-noise reference with the input shorted. The plot highlights the temperature-
and bias-dependence of the low-frequency noise, while the broadband floor above ~ 100Hz
varies only moderately across temperatures.
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FCI InGaAs Q3000 Response
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Figure 3.18: Temperature dependence of the QPD responsivity. The quantity plotted
is R =Vopp/(GPgp) with G =330 kQ, i.e. the QPD output voltage normalised by the
LED optical power and the transimpedance gain. Each curve is then normalised to its
room-temperature point so that R(295-300 K) = 1. Two independent measurement runs
(different LED powers) are shown; markers denote the measured points and lines guide
the eye. The responsivity increases with mount temperature and approaches its room-
temperature value near 300 K.
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(a) Transfer function of the mounted QPD at 5K. The response is flat over 10 Hz to 100 Hz; the
dashed horizontal line marks the band-mean magnitude. Drive compensation equalises the injected
source level.

Figure 3.19: Transfer-function measurements of the QPD mounted next to the cryostat window.

(a) Representative 5 K sweep highlighting the flat passband used for characterisation. (continued
on next page)
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Band-mean Transfer Magnitude vs Temperature
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(b) Band-mean transfer magnitude computed over 10 Hz to 100 Hz as a function of baseplate
temperature. Each point is the mean of the linear magnitude within the band (averaged across
available sweeps at that temperature) and then expressed in dB. Measurements correspond to the
cryogenic configuration in Figure 3.12.

Figure 3.19: (b) Temperature dependence of the band-mean magnitude (10 Hz to 100 Hz)
from 5K to 287 K.

3.4.2.6 Discussion

We tested five FCI InGaAs Q3000 quadrant photodiodes (QPDs) down to a base tem-
perature of 5 K. During cooldown, one QPD exhibited a drop in impedance between the
cathode and one of the anode legs, necessitating its replacement. In another device, the
bond wires connecting the casing pins to the active area broke; however, this was the
QPD from which the protective can had been deliberately removed to position the flag
closer to the active surface. So mechanical shock from this process might have been the

cause.
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The remaining two QPDs, along with the replacement unit, operated reliably through-
out the cryogenic tests. The overall responsivity of the QPDs decreased with decreas-
ing temperature, while their transfer function remained flat over the frequency range of

interest—specifically, in the band where the suspension modes are to be actively damped.

3.4.2.7 Sensor Characterisation

In the preceding subsections, we examined the performance of individual components—
specifically LEDs and QPDs—under cryogenic conditions. These studies provided insight
into their electrical and optical behaviour, enabling us to identify the most suitable devices
for integration into a shadow sensing setup. Building on those results, the next step was
to investigate how the complete sensor assembly performs when operated at liquid helium

temperatures, particularly in the presence of a moving flag.

The experimental setup used for these measurements is shown in Figure 3.20. The shadow
sensor was assembled inside a cryostat. The LED and QPD were mounted within a cyl-
indrical aluminium carrier, which was itself fixed to an aluminium baseplate. Indium wires
were employed to enhance thermal conduction between the aluminium baseplate and the

cryostat cold plate.
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Figure 3.21: Image showing photograph of the flag used in the setup in Figure 3.20

LED
temperature
sensor

g

Figure 3.20: Photograph of the cryostat used for helium testing of the shadow sensor. The
setup includes the QPD holder, the flag mounted on a translation stage moved via a motion
feedthrough, a heater for controlled thermal loading, cold anchors for thermalisation, and
temperature sensors placed near the LED and on the cold plate. The flag is a circular
aperture that has an aperture diameter of 2.5 mm.

In Figure 3.10b, the shadow sensor was characterised under ambient (in-air) conditions.
In Figure 3.22 we present a corresponding measurement performed at liquid-helium tem-
perature using the same optical configuration. The slight irregularity observed between
+1 mm +1.5 mm position arises from minor mechanical stiction in the motion feedthrough.

The translation stage, positioned outside the cryostat, was coupled to the internal flag
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via this feedthrough. It should be noted that the signal normalisation, applied to correct
for LED intensity variations, was implemented in this measurement as described in Fig-
ure 3.23 and it can be seen that normalisation reduced the LED RIN to shot noise level

when the flag is displaced. We can also see that the RIN levels are shot noise limited.

Cryogenic characterisation (Flag @ 2.5 mm)

20 —8— Raw
—8— Normalised

I - Tangent @ centre (0 mm): -4.085 V/mm |
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Figure 3.22: Cryogenic shadow—sensing response of the QPD (flag diameter 2.5 mm).
The black curve shows the raw differential voltage and the red curve is normalised by the
total sum signal to compensate LED intensity changes. Dashed lines indicate local linear
fits (tangents) to the normalised curve: at the centre the responsivity is —4.085 V/mm,
and at —1.00mm it is —15.179 V/mm.
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Figure 3.23: Relative intensity noise (RIN) spectra measured at 47K for the shadow
sensor. The orange and green traces correspond to the raw and normalised responses
when the flag is displaced from the centre, respectively. The normalisation effectively
suppresses LED intensity fluctuations, reducing the low-frequency excess noise towards the
shot-noise limit (dashed lines). The blue curve shows the RIN with the flag centred, while
the black trace represents the dark noise floor of the readout electronics. The equivalent
displacement noise can be read from the right-hand axis where the voltage spectral density
has been scaled using the measured responsivity of the sensor when the flag is centred.
This gives a worse case upper limit for the displacement noise floor as the responsivity is
lowest when the flag is centred.

3.5 Package Design

The original BOSEM package details can be found in [41]. This design cannot be used
directly in a cryogenic environment because the material choices and thermal interfaces are
not optimised for low-temperature operation, where high thermal conductivity is required
to manage local heat loads. In addition, cooldown tests of BOSEM hardware to 77 K have
reported stress concentrations at specific locations in the package [171]. Given the limited

electrical-to-optical efficiency of the LED and the associated heat dissipation, it is also
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144 Development of a Cryogenic Shadow Sensor
desirable to select materials and interfaces that provide an effective thermal path from the
LED package to the reaction cage. Besides modifications in dimensions to accommodate
the new LEDs and QPD size, the BOSEM sensor package for this work therefore differs

primarily in its choice of materials and its approach to thermal management.

We studied the BOSEM packaging to identify which elements could be modified with
minimal disruption while meeting cryogenic requirements. In Figures 3.25 and 3.24, we
see the photodiode (QPD) and LED carrier assemblies from the BOSEM design. In both
carriers, the optoelectronic component is fitted in a carrier and held together with the lens
using a sleeve. In the original BOSEM, the IRLED and photodiode sleeves are ceramic in
order to electrically isolate the devices from the surrounding aluminium structure while

still providing a mechanically robust locating interface.

o IRLED PEEK retainer

IRLED (OP232)

Pin-hole
locator

IRLED ceramic sleeve

4—— Machined flat

Mask

IRLED phosphor bronze lens retainer
(1.4%4.5 mmy)

o IRLED Ilens (& 6.3 mm)

Figure 3.24: IRLED carrier assembly. Left: cross-sectional view of the IRLED carrier.
Right: exploded view showing the constituent parts.
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@ 44— Machined flat

. Photodiode ceramic sleeve

Pin-hole
locator

Photodiode (BPX65)

Photodiode PEEK retainer

Figure 3.25: Photodiode carrier assembly. Left: cross-sectional view of the photodiode
carrier. Right: exploded view showing the constituent parts.

The modified BOSEM package for GOSEM prototype design is shown in Figure 3.26.
The SolidWorks modelling was carried out with the assistance of Andy Pevchikh (summer
student, 2025). We will discuss the appropriate choice of materials for the parts in detail

in the following subsections.
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146 Development of a Cryogenic Shadow Sensor

(a) LED subassembly (exploded view). (b) QPD subassembly (exploded view). Com-
From top to bottom: retainer ring, LED  ponents shown are the retainer ring, QPD
(LED1200L), LED sleeve, an 8 mm-mounted  sleeve, QPD, and carrier.

aspheric lens, and the carrier. The carrier is

split into two halves to minimise clamping-

induced stress on the lens (reducing the risk of

fracture) and to simplify integration of altern-

ative lenses, enabling a modular optical pack-

age.

Figure 3.26: Exploded CAD views of the (left) LED carrier assembly and (right) QPD
carrier assembly.

3.5.1 Cryogenic design drivers

The cryogenic package design is guided by the following considerations:

o Thermal conduction: the LED heat load should be efficiently conducted away to the
reaction cage to remain compatible with the cryostat thermal budget.

o FElectrical isolation: the LED and QPD packages must remain electrically isolated
from the sensor body to meet isolation requirements, without compromising thermal
performance more than necessary.

o Differential contraction and stress: material combinations and interfaces should
minimise thermally induced stress during cooldown, consistent with observations

of stress in cryogenic BOSEM cooldown tests [171].
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o Cooldown overhead: the specific heat of the package materials contributes to cool-
down time and operational cost; this motivates minimising unnecessary thermal

mass while maintaining adequate thermal conduction.

LED Carrier

Coilformer

QPD Carrier

(a) 3D print of the GOSEM LED and QPD  (b) Exploded view of GOSEM assembly in
subassmblies fitted into a mock-up of the  CAD.
BOSEM main body.

Figure 3.27: GOSEM assembly.

3.5.2 Material selection and insulation strategy

For cryogenic operation, high-purity copper is an attractive candidate for the main carrier
and surrounding body because of its excellent thermal conductivity at low temperatures.
An aluminium alloy (e.g. Al 6063-T5) provides an alternative with good machinability and
relatively low mass, but typically offers reduced thermal conductivity compared to high-
purity copper under cryogenic conditions. Fasteners and small hardware can be realised in

brass or bronze to provide good thermal conduction and a coefficient of thermal contrac-
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148 Development of a Cryogenic Shadow Sensor
tion broadly compatible with copper, while maintaining practical mechanical properties.
For the moving shadow mask/flag, a material with sufficiently high heat capacity can be
advantageous for thermal stability under illumination, provided that the added thermal

mass remains acceptable for cooldown.

The principal packaging change concerns the electrically isolating sleeve. The ceramic
sleeve used in the original BOSEM provides reliable electrical isolation but offers com-
paratively poor thermal conduction. For the cryogenic package, the intent is to replace
this approach with an isolation scheme that preserves alignment features while improving
the thermal path from the LED/QPD into the carrier body. One practical route is to use
a metallic sleeve/body for heat sinking, combined with a thin electrical insulating layer
(as noted in earlier design records, e.g. cigarette paper as a compliant electrical insulator)
between the optoelectronic package and the carrier. This maintains electrical isolation
while avoiding a thick, low-conductivity ceramic element, and also provides compliance
that can help accommodate differential thermal contraction. An insulating epoxy coating
may also be applied to a copper sleeve to provide the required electrical isolation while
maintaining an efficient thermal path for conducting heat away from the LED. One can-
didate material for such a coating is EP21TDC-2LOND, which is formulated to combine

electrical insulation with enhanced thermal conduction.

3.5.3 Implementation in the cryogenic package

In the proposed cryogenic carrier concept, the BOSEM alignment features (machined flat
and pin-hole locator) are retained to preserve assembly repeatability, while the surround-

ing structure is redesigned to:

« maximise metal-to-metal contact area between the carrier and the reaction cage (or
an intermediate thermal link),
« minimise thermal contact resistance at interfaces (surface finish, contact pressure,

and fastener placement),
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» reduce stress concentrations by avoiding over-constraint of parts that contract dif-

ferently on cooldown.

This package strategy is intended to provide a straightforward integration route with
existing suspension hardware, while improving thermal performance and reducing the

likelihood of thermally induced stress during cooldown.

3.6 Notes and Future Development

The primary goal of this work was to characterise and evaluate the performance of light-
emitting diodes (LEDs), quadrant photodiodes (QPDs), and flag geometries toward the
development of a high-sensitivity, low-noise, and wide-dynamic-range cryogenic shadow
sensor with minimal thermal load on the cryostat. The experiments carried out in this
study have demonstrated the feasibility of operating such a sensor at liquid-helium tem-
peratures, and have provided detailed insight into the thermal, optical, and electronic

behaviour of its constituent components.

The core components identified as suitable for cryogenic operation are the Thorlabs
LED1200E emitter and the FCI InGaAs Q3000 QPD. The LED exhibited consistent
optical output and stable impedance characteristics through repeated cooldowns, with
its resistance decreasing from approximately 140 Q at room temperature to 40Q at 5K.
The QPDs performed reliably across multiple thermal cycles, maintaining a flat transfer
function in the frequency band relevant for suspension damping, though with a modest
decrease in responsivity at low temperatures. Additionally, comparative tests revealed
that Hamamatsu LEDs exhibited improved relative intensity noise (RIN) performance
but suffered from packaging-related reliability issues during repeated cryogenic opera-
tion. These findings highlight the importance of packaging design in determining device
longevity and performance at low temperatures. We did not test LED1200E for its RIN

performance and this is part of future efforts.
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150 Development of a Cryogenic Shadow Sensor
Analytical and numerical modelling of different flag geometries showed that the circular
aperture flag offers a larger dynamic range and better linearity compared to the con-
ventional rectangular flag, at the expense of slightly higher shot-noise floor due to low
responsivity when the flag is centred. The rectangular flag, in contrast, provides a steeper
central slope and higher small-signal responsivity but a reduced dynamic range. The op-
timal operating point for each geometry was identified from the simulated thermal maps,

enabling a rational design trade-off between sensitivity, dynamic range, and heat load.

The in-air and cryogenic measurements of the prototype GOSEM confirmed the trends
predicted by the models. The normalised QPD response successfully suppressed LED in-
tensity noise to near shot-noise levels, validating the effectiveness of the normalisation
scheme. The cryogenic tests at 5 K demonstrated that the sensor can achieve stable op-
eration with measurable displacement sensitivity within the expected noise limits. Minor
non-linearities in the response curves were attributed to mechanical stiction in the motion
feedthrough and can be mitigated in future iterations through improved actuation and

alignment mechanisms.

Looking ahead, several avenues of development are recommended:

« LED packaging improvements: A key limitation observed in this work was
the degradation of certain LED packages under cryogenic cycling. Future studies
should focus on hermetically sealed or vacuum-encapsulated LED designs to prevent
interaction between the semiconductor chip and residual gases or moisture in the
package. Future work may include removing the casing so that a lens can be placed
close to the LED chip to enable better light collection and collimation.

o Closed-loop operation: Future prototypes should integrate the cryogenic shadow
sensor into an active control loop for suspended masses, enabling direct assessment of

displacement noise performance and feedback stability under cryogenic conditions.
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e Increased Sensitivity: From Figure 3.23 we see that the sensor noise is shot noise
limited. The sensitivity of the sensor can be improved by using a larger drive current

for the LED and increasing the optical output. This will increase the responsivity

and lower shot noise SNR and dark noise SNR. This should also be accompanied

with a rigorous study of heat extraction because with larger drive currents comes

higher heat load.

Finally, while this work focused on shadow sensing as the displacement readout scheme,
it is worth noting that alternative imaging-based sensors could, in principle, capture more
of the emitted light and offer spatially richer diagnostics. The Adelaide group have been
working on QOSEMs which use a lens as a flag with a QPD to sense displacement of sus-
pensions. This is however yet to be optimised for cryogenic purposes. Such approaches typ-
ically suffer from a reduced dynamic range and increased readout complexity at cryogenic
temperatures. The shadow-sensing approach developed here thus remains a robust and
low-heat-load solution, well-suited for implementation in future generations of cryogenic
suspension systems such as those envisioned for the Glasgow Cryogenic Interferometer

Facility (GCIF) and next-generation gravitational-wave detectors.
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Chapter 4

A+ LIGO: Output Mode Cleaner

Cavities

Over the course of a year at Caltech, I was part of a team that led the efforts to refine
assembly procedures, developed optical characterisation and tighter screening of optical
components to build Output Mode Cleaner (OMC) cavities with efficiency higher than
98% for O5 run. These enhanced OMCs will be installed during the A+ upgrade. In this
chapter, we discuss efforts to build the first OMC cavity and the characterisation efforts

of the optical components at the beginning of the build process.

The cavity design for A+ OMCs was developed by the aLIGO OMC team, which is same
as that for the aLIGO OMC cavities. I made major contributions to the characterisation
of all the components described in this thesis, and to the assembly and characterisation
of the first cavity. The mirror scatter measurements and associated plots were produced
by Dr Zhang at the LIGO Laboratory, Caltech. The piezo characterisation plots and
transverse mode spacing measurement plots were produced by Dr Nakano at the LIGO

Laboratory, Caltech.
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4.1 Introduction

The pursuit of ever-greater sensitivity in gravitational wave detectors has driven a con-
tinuous evolution of interferometric readout schemes. As part of the A+ upgrade to Ad-
vanced LIGO (aLIGO), a key development is the transition from DC readout to balanced
homodyne (BHD) readout, which promises to unlock access to quantum-noise-limited per-
formance across a wider frequency band. Central to this transition is the deployment of
enhanced Output Mode Cleaners (OMCs), which serve to filter unwanted spatial modes
and radio-frequency sidebands from the interferometer’s output beam, transmitting only
the fundamental TEMgg carrier mode with minimal loss. More details on the importance
of OMCs in LIGO can be found here [71]. The OMC is a bowtie shaped monolithic optical
cavity of about 1.1 m roundtrip length. In the current generation GW detectors an OMC
is placed between the antisymmetric output port and DC readout photodiodes that sense

DARM (Differential Arm signal) as seen Figure 4.2 [53].

In this chapter we will document the design philosophy, fabrication process, and experi-
mental implementation of these next-generation OMCs. The cavity design is very similar
to the aLIGO OMCs. The goal is to exceed the performance of existing alLIGO OMCs,
whose throughput typically falls below 97%, in order to support squeezing levels of 6 dB
and beyond, a target that necessitates OMC throughput above 98% [55]. Achieving this
level of performance requires an enhanced approach: tighter screening of optical com-
ponents, improved coatings with reduced transmission and scattering losses, more precise
cavity assembly and alignment and better cleanliness standards. These efforts were made
in constant consultation with the previous OMC team and their feedback was very valu-
able. We start with revisiting the DC Readout scheme that is employed in the existing
LIGO detectors to detect GW waves [73]. In this chapter we highlight the downsides of
DC readout in Section 4.1.1 and justify the necessity for BHD readout which is described

in detail in Section 5.3.
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154 A+ LIGO: Output Mode Cleaner Cavities

4.1.1 Transition from DC Readout to BHD

A passing gravitational wave induces a differential change in the light travel time along
the interferometer arms, from the beam splitter (BS) to the end mirrors (ETMX and
ETMY) and back. This perturbation alters the interference condition at the BS, resulting
in a portion of the light exiting through the antisymmetric (AS) port. However, operating
the interferometer exactly at the dark fringe causes the readout power to depend only
on the second order of the gravitational wave field amplitude. Whereas operating the
interferometer with a slight offset from the dark fringe setting introduces a DC static field

at the output port. The presence of this leakage field gives rise to a linear response to the

GW field amplitude.

Pas = |EDC‘2 —FEBCEGW + EDCE&k}W = ’EDc‘z +2%e (EDCEéW) , (4.1)

where Pyg is the power output at the anti-symmetric port, Epc is the leakage field at the
AS port from the offset operating point of the detector, and Egw is the GW signal field
amplitude. But this reliance on static carrier field at the AS port means the intensity
noise in LO field becomes indistinguishable from the GW signal as seen in the equation

below. If we substitute Epc = (1+ €)Epc in equation 4.1 we get

Pas = |Epc|* +2%e (Epc (Egw +€Epc)”) (4.2)

ignoring second order terms in €.

This leads to LO intensity noise coupling into the GW signal [159] which is a limitation
of DC readout.
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One other limitation of the DC readout scheme is the limited control of the phase angle
between the signal field Egw and the LO field Epc. As seen in equation 4.1, LO and
GW fields are in quadrature but some freedom in relative phase between the two can be
introduced by making the circulating field amplitudes in the two fields asymmetric [73].
But the amount of phase angle range achievable from this is small and less than desired.

This phase angle is called the homodyne angle.

ETMy

PR3 BS

Laser < ITMx ETMx

=i

PRM PR2  —)

PD

Figure 4.1: Simplified schematic of the Advanced LIGO interferometer operated with
DC readout. A pre-stabilised laser is injected into the power-recycling cavity, formed by
the power-recycling mirror (PRM) together with the input test masses (ITMs) and the
recycling optics (PR2, PR3), to build up carrier power at the beamsplitter. The arms are
Fabry—Pérot cavities formed by the ITMs and end test masses (ETMs). The differential
arm-length signal exits at the antisymmetric port, where a small intentional offset provides
carrier light as a local oscillator for DC readout. The output field is shaped by the signal-
recycling cavity (SRM with SR2, SR3 and the ITMs), spatially filtered by the output
mode cleaner (OMC), and detected at the photodiode (PD) [116, 104].
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156 A+ LIGO: Output Mode Cleaner Cavities
Some of the drawbacks of the DC readout scheme are carrier higher order modes and
RF modulation sidebands. These do not contribute to the signal but increase the signal’s
shot noise contribution, thus decreasing the signal to noise ratio. LIGO uses Output Mode
Cleaner, a short optical cavity of moderate finesse of about 400, to clean the field out of
the antisymmetric port spatially and also filter out the RF sidebands that are used to

control various cavities [71].

Balanced Homodyne Detection (BHD) is a readout scheme that is going to be employed
in the next upgrade to LIGO, A+. Unlike the DC Readout scheme, in BHD the LO field
does not co-propagate with the GW field. In this scheme, LO is picked off and interfered

with the signal from the anti-symmetric port (Figure 4.2).

Here,

PD; — PD> =2 %e (ei5ELOEgW) (4.3)

The presence of the complex phase e’ highlights the independence of LO field phase
from GW field phase [87]. Also, the output readout is, in principle, immune to intensity
fluctuations in LO field. For more details on challenges on BHD readout scheme refer
[73]. In the context of measuring squeezed states of light, several technical noise aspects
associated with balanced homodyne readout (BHR) have been extensively studied in

quantum optics [158][115].

The LIGO detectors use frequency dependent squeezing to reach their design sensitivity.
To effectively utilise squeezed states in gravitational-wave detectors, it is essential to
maintain precise control over their phase, that is, their orientation relative to the readout
quadrature [114] - the hommodyne angle. Limited range of the homodyne angle is a
major limitation of the DC readout scheme. BHD enables inpdependent control of the
homodyne angle using a phase shifter in the LO pick off path as shown in Figure 4.2.

Also, the readout is in principle free of LO noise since this is, in principle, rejected as a
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Figure 4.2: Standard balanced homodyne detection (BHD) configuration in the A+
interferometric gravitational-wave detector: This schematic we see how the local oscillator
(LO) and interferometer output fields are combined at the BHD beam splitter. No vacuum
ports are open, ensuring minimal quantum noise contribution. The output beams pass
through orthogonal Output Mode Cleaners (OMC A and OMC B) and are detected at
photodiodes PD1 and PD2. The phase shifter, which is basically a mirror, allows control
over the quadrature being measured.
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158 A+ LIGO: Output Mode Cleaner Cavities
common mode. Unlike DC readout, since LO and GW fields are not co-propagating, BHD
requires use of two OMC cavities to ensure ideal spatial overlap between the LO and GW
fields, which is a crucial requirement for squeezed light technology in LIGO so that the

laser modes in both fields overlap.

4.1.2 Requirements and Impact

Achieving the quantum noise reduction goals of the A+ upgrade requires a significant im-
provement in squeezed vacuum injection and the optical efficiency of the detection chain.
While current squeezing levels have reached up to 5.2dB at LIGO Hanford and 6.1 dB at
LIGO Livingston, maintaining stable operation at these levels remains a technical chal-
lenge. To reach the A+ design target of —6dB of quantum noise suppression [55], it is
essential to improve mode-matching, implement active alignment control, and reduce op-
tical losses, particularly in the Output Mode Cleaners (OMCs). The OMCs must exhibit a
transmission efficiency greater than 98% to support this level of squeezing, surpassing the
~96-98% efficiencies seen in current aLIGO systems. Meeting these stringent through-
put requirements demands improved coatings, careful fabrication and characterisation,
and better cleanliness standards of the OMC cavities and associated optics. This will be

discussed in detail in rest of the chapter.

The impact of A+ can be expressed either as a broadband reduction in the strain amp-
litude spectral density or as an increase in astrophysical range. For example, the A+
design model reports a binary-neutron-star (BNS) range of ~ 325 Mpa, compared with
~ 173 Mpa for the updated Advanced LIGO design curve, corresponding to a factor ~
1.9 increase in BNS range (and hence an order-of-magnitude increase in surveyed volume)
[117]. While the detailed commissioning trajectory depends on as-built performance and
run planning, this factor-of-two-class improvement captures the intended scale of the up-

grade.
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4.2 Cavity Design

Curved Mirror 1 Curved Mirror 2

Obsolete Obsolete Obsolete
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Figure 4.3: CAD of A+ Output Mode Cleaner Cavity: This figure highlights the bowtie
geometry of the cavity. The beam enters through flat mirror 1 and exits through flat
mirror 2. The grey surrounding the cavity is the bonding template used to guide the
optics bonding process. The cavity consists of two flat mirrors and two curved mirrors.
The curved mirror sub-assemblies are held against a couple micrometers to aid cavity
alignment [94].

The OMC is a rigid optical cavity constructed in a bow-tie configuration with four mirrors
to minimize retro-reflection (Figure 4.3). The even number of mirrors help make the higher
order mode spectrum simpler. It is formed of two curved mirrors and two flat mirrors. The
mirrors are attached to a glass breadboard that also holds the photodiodes for the DC
readout of the interferometer, ensuring beam stability. This makes the cavity monolithic.
The transmitted light from the OMC is split equally between two photodiodes, which
allows for characterisation of correlated and uncorrelated noises, higher transmitted power,
and redundancy. The OMC assembly, which includes the glass breadboard, the cavity,
and the DCPDs, is suspended on the Balanced Homodyne Readout Platform Suspension

(BHSS)[94] for vibration isolation and DC/slow control of its position.
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Further details on the design of OMC cavities can be found in the LIGO technical docu-
ment [34]. The optical testing document [32] describes all optical tests performed before
the installation of the aLIGO OMCs and is used as a reference during the build process
for the A+ OMCs. The A+ OMC cavities are very close in design to the current OMCs
but the OMC breadboard went through some major changes and are documented in the

LIGO document [162].

4.3 Testing of Cavity Optical Components

Thorough characterisation of the optical components is essential to enforce strict selection
criteria and ensure that only components meeting the required specifications are used in
cavity assembly. This section describes the optical tests performed as part of this qualific-
ation process. The components tested include prism flat mirrors and the components used
for the curved mirror subassemby units—comprising the curved mirrors, piezoelectric ring

actuators, and tombstone-style mirror mounts.

4.3.1 Characterisation of Prism Mirrors

Prism mirrors are the flat mirrors that along with two curved mirrors form an OMC
cavity in a bowtie configuration. Optics bonded on the glass breadboard all have some
deviation from perpendicularity but there’s no pitch freedom involved once the optics are
placed in the breadboard. So it’s essential to measure deviation from perpendicularity
and wedging of all the optics and ensure they’'re within the specification values. Wedging
here refers to deviation of the front and back surfaces of the mirrors from parallel-ness. In
section 4.3.2.2 we measured the curvature minimum position of the curved mirrors, this
is essentially the wedge angle of the curved mirrors. Although the specification values on
horizontal wedging is more relaxed, they are measured and ensured they’re within the

specification values.
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4.3.1.1 Wedge angle

The prism mirrors are inclined at an angle of 0.5 degrees (equivalent to 30 arcmin). A
deviation in the wedge angle from the prescribed specifications can result in unintended
beam deflection making cavity alignment harder. To ascertain the correctness of the wedge
angle, measurements were taken of the angle between the incident and reflected beams.
An autocollimator was used to perform this measurement as described in detail in the

[46]. Summary of the measurements can be found in Table 4.1.

Prt. No. Horizontal wedge (deg) Conform?

1 0.4788 Yes
2 0.5061 No
4 0.4856 Yes
5 0.4309 Yes
6 0.4993 Yes
7 0.4925 Yes
9 0.4651 Yes
10 0.4720 Yes
11 0.4856 Yes
12 0.4651 Yes
13 0.4651 Yes
14 0.4720 Yes
15 0.4788 Yes
16 0.4651 Yes
17 0.4788 Yes
22 0.4720 Yes
24 0.4720 Yes
26 0.4583 Yes

Table 4.1: Measured wedge angles of prism mirrors. Mirrors with wedge angles exceeding
0.5° fall outside specification and are excluded from cavity construction.
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Prt. No. Deviation from perpendicularity (arcsec) Direction of Tilt Conforming?

1 0 perpendicular Yes
2 2.8 obtuse Yes
4 8.4 obtuse Yes
5 9.9 obtuse Yes
6 27.0 obtuse Yes
7 12.8 acute Yes
9 6.8 obtuse Yes
10 6.0 obtuse Yes
11 5.7 obtuse Yes
12 12.8 obtuse Yes
13 31.5 obtuse No
14 19.2 obtuse Yes
15 39.2 obtuse No
16 16.5 obtuse Yes
17 6.3 acute Yes
22 57.0 acute No
24 36.8 acute No
26 10.7 acute Yes

Table 4.2: Prism mirror deviation from perpendicularity, as measured using a white
light autocollimator. Perpendicularity better than 30 arcsec is required to minimise beam
displacement due to the lack of internal pitch adjustment in the OMC cavity assembly.
Deviations beyond this limit are marked non-conforming.

4.3.1.2 Perpendicularity

The pitch alignment of the OMC cavity optics lacks internal adjustment as the two flat
mirrors and curved mirror sub-assemblies are directly affixed to the breadboard. A mis-
alignment of 10 arcsec (equivalent to 2.8 rad) results in an approximate beam shift of
0.1 mm upon traversing a cavity length roundtrip. Consequently, it is essential to ensure
excellent perpendicularity between the front and bottom surfaces of the prisms. To meet
this criterion, a requirement of better than 30 arcsec for perpendicularity was set and

should be verified. This was checked using an autocollimator (Table 4.2).

162



4.8. Testing of Cavity Optical Components 163

4.3.2 Characterisation of the Curved Mirror Subassemblies

The OMC is a bowtie cavity with two curved mirrors and two flat mirrors (Figure 4.3).
In the previous subsections we looked at the characterisation efforts for the flat mirrors
or prism mirrors. In this section we will look at the efforts to characterise the curved mir-
ror sub-assembly. This comprises of the curved mirror, a piezoelectric transducer (PZT)
and a mounting tombstone mirror (Figure 4.4). Each cavity has two curved mirror sub-
assemblies, thus two PZTs. One of the PZTs is used for cavity length adjustment and the
other as a shutter to prevent excessive power from entering the cavity in the case of an

accident.

Mounting optic
prism pzT °P

Figure 4.4: Components of the curved mirror subassembly: curved optic, piezoelectric
transducer (PZT), and tombstone mounting prism.
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4.3.2.1 Tombstone Mounting Mirrors

Just like the perpendicularity of the HR prisms was tested (section 4.3.1) the same setup
was used to test the perpendicularity of mounting prisms. These prisms hold the PZT

and the curved optic onto the glass breadboard as shown in the image in Figure 4.4.

Prt. No. deviation in arcsec Direction of Tilt Conforming?

40 4 Obtuse Yes
41 6 Obtuse Yes
42 0 Perpendicular Yes
43 26 Obtuse Yes
44 8 Obtuse Yes
45 19 Obtuse Yes
46 4 Obtuse Yes
47 9 Obtuse Yes
48 8 Obtuse Yes
49 8 Acute Yes
50 0 Perpendicular Yes
51 13 Acute Yes
52 30 Obtuse No
53 11 Obtuse Yes
54 4 Acute Yes
55 4 Obtuse Yes
56 7 Obtuse Yes
o7 0 Perpendicular Yes

Table 4.3: Tombstone mirror deviation from perpendicularity, as measured using a white-
light autocollimator. Perpendicularity better than 30 arcsec is required to minimise beam
displacement due to the lack of internal pitch adjustment in the OMC cavity assembly.
Deviations beyond this limit are marked non-conforming.

4.3.2.2 Curved Mirrors

Radius of curvature

The OMC’s curved mirrors were designed with a targeted radius of curvature of 2.5 m, but
a measurement was required to verify this value. We used a beam profiler (BP209-VIS)
and laser beam picked off from that input to the OMC test setup to perform the measure-

ment. The picked off beam was passed through a pair of lenses to expand the beam. The
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input beam projected onto the curved optic was characterised and then gaussian beam
propagation formula was used to fit the beam profile at the focus of the beam reflected off
of the curved optic to calculate the radius of curvature. The results of this measurement

are tabulated in Table 4.5.

H Mirror Prt. No. ROC p-plane (m) ROC s-plane (m) H

2 2.507 £ 0.004 2.528 £ 0.002
4 2.506 £ 0.002 2.527 £ 0.001
5 2.504 £ 0.003 2.530 £ 0.002
6 2.509 £ 0.002 2.525 £ 0.001
7 2.504 £ 0.005 2.534 £ 0.002
11 2.504 £ 0.006 2.529 £ 0.002
12 2.529 £ 0.006 2.529 £ 0.01
14 2.512 £ 0.006 2.534 £ 0.003
16 2.500 £ 0.002 2.524% 0.001
17 2.511 £ 0.002 2.527 £ 0.002
18 2.507 £ 0.002 2.526 £ 0.002
19 2.511 £ 0.002 2.534 £ 0.002
20 2.512 £ 0.003 2.526 £ 0.001
21 2.511 £ 0.003 2.539 £ 0.003
22 2.499 £ 0.007 2.536 £ 0.003
23 2.505 £ 0.002 2.528 £ 0.002
25 2.466 * 0.024 2.520 £ 0.004
26 2.495 £ 0.004 2.537 £ 0.006
29 2.507 £ 0.003 2.528 £ 0.002
30 2.509 £ 0.002 2.520 £ 0.002

Table 4.4: Radius Of Curvature (ROC) of the 20 A+ OMC curved optics.

Curvature minimum or Wedge angle

The centre of curvature of the curved mirrors is not always at its geometric centre and
this causes wedging when the mirrors are glued onto a flat surface. This is particularly
important to consider when the mirror is affixed to a mounting prism, using a piezoelectric
transducer to attach the back surface of the mirror. Since it is not possible to adjust the
mirror’s pitch angle after it has been attached to the prism, it is necessary to characterise
the location of the curvature minimum in order to align any misalignment along the
horizontal axis. The relationship between displacement of the curvature minimum and

the wedging can be written as
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166 A+ LIGO: Output Mode Cleaner Cavities

Original curvature
minimum position

curvature
minimum shift due
to wedging

Figure 4.5: Shift in the position of the curvature minimum of the curved optic manifests
as wedging of the curved optic.

d 180
= — % —— 4.4
0 R* T’ (44)

where ¢ represents wedge angle in degrees, d and R represent the distance of the curvature

minimum from the centre of the optic and radius of curvature of the optic respectively

(Figure 4.5).

We used a ZYGO Fizeau Interferomter setup to characterise the curvature minimum of
the optics. The Zygo setup consisted of a flat transmission sphere with the 0.5” curved
mirror mounted against a 1”7 flat mirror. A folded mirror mounted at a 45-degree angle
was utilised to direct the Zygo beam downwards onto the table. A 3-inch flat was chosen
as the reference surface, which was placed on a lens tissue parallel to the table surface.
Prior to use, the reference flat was inspected with a green flashlight to ensure that no
dust particles were present on the surface. Any dust was removed by blowing air using a

top gun. If necessary, any remaining dust was removed using an IPA swab.
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Flat transmission |
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Figure 4.6: ZYGO curvature minimum measurement setup in the Downs Lauriston Labs,
Caltech.

Similar cleaning and inspection methods were applied to the back surface of the curved
mirror. The curved mirror was then placed on the reference flat with the fiducial marker
positioned at 12:00, which was defined as the direction pointing towards the Zygo in-
strument. The fold mirror was adjusted in pitch and yaw until the fringes on the 3-inch
reference flat were nullified. This setup allowed for a larger surface area of the reference
flat to be visible. Once the fringes were nullified, the curved mirror was picked up and
replaced several times to ensure that the fringe pattern remained reproducible. The data
was then collected with the fiducial marker at the 12:00 position. This process was re-
peated at 3:00, 6:00, 9:00, and again at 12:00. The results obtained from this experimental
setup were reproducible, and it was subsequently used to measure the surface profile of all
the curved mirrors. Measurement of one of the mirrors can be found in Figure 4.7. Table

4.5 summarises the curvature minimum measurement data.
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Figure 4.7: In the left graph we see the position vectors of curvature minimum for various
clockings of the fiducial. In the graph on the right the curvature minimum positions after
de-clocking is shown i.e. projecting the position vectors of various clockings to 12 o’ clock.
Red - 12 o’ clock, green - 3 o’ clock, blue - 6 o’ clock, black - 9 o’ clock.

H Mirror Serial # d (mm) ¢ (deg) Wedge angle (arcmin) H

2 1.394 £ 0.06 311.015 1.903
4 0.848 £ 0.041 141.296 1.159
5 0.792 £ 0.043 112.812 1.082
6 1.266 £ 0.022 18.443 1.729
7 0.838 £ 0.058 300.549 1.144
11 0.072 £ 0.036 37.842 0.098
12 1.313 £ 0.047 269.077 1.785
14 1.104 £ 0.055 9.329 1.504
16 1.175 £ 0.057 129.497 1.608
17 0.917 £ 0.02  160.43 1.251
18 0.766 £ 0.011 257.557 1.047
19 0.594 £ 0.038 160.04 0.81
20 0.951 £ 0.031 257.958 1.298
21 0.782 £ 0.012 126.481 1.065
22 1.103 £ 0.034 162.341 1.506
23 0.916 £ 0.06 25.164 1.252
25 0.158 £ 0.036 304.796 0.218
26 0.257 £ 0.006 205.072 0.351
29 0.845 £ 0.022 214.892 1.154
30 0.849 £ 0.02 105.842 1.161

Table 4.5: Curvature minimum and wedge angle data for the curved optics.
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4.8. Testing of Cavity Optical Components 169

Piezo Wedge angle

The thickness of all 18 PZTs (Noliac 2124) were measured to characterise their wedge
angles (Figure 4.8). For each PZT, thickness was measured at eight points and the ori-
entation was determined by the position of the black dot that represents cathode. A least
square fitting of these eight points was done to determine the most likely PZT plane. The
thickness variation is 4 ym maximum. The estimated wedge angles vary between 9 and

89 arcsec.

In the following subsection we will see how this knowledge from the characterisation efforts
can be used to create a combination of curved mirror, PZT and mounting prism such that

the net deviation from perpendicularity is null.

4.4 Sub-assembly matching and bonding

In the preceding sections, we have observed that PZTs and mounting tombstone prisms
possess a specific vertical wedge angle resulting from machining tolerances. Furthermore,
we have explored how the displacement of the curvature minimum of curved optics relative
to the geometric centre translates into a wedge angle when the mirror is affixed to a flat

surface.

In Figure 4.9, the bonding of a curved optic with a PZT and a mounting prism, facilitated
by a bonding fixture is illustrated. However, there exists a certain degree of freedom in
the placement of the PZTs and the orientation of the curved optic fiducial. These orienta-
tions significantly impact the overall vertical wedging or deviation from perpendicularity
of the optic surfaces. It is imperative to ensure that the cavity axis remains well-centred
on the surfaces of the optical components and parallel to the breadboard surface. Con-

sequently, a constraint is imposed on the beam offset from the centre of the optic surfaces
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Piezo 31 Piezo 32 Piezo 33
wedge angle: 31.1 arcsec wedge angle: 29.1 arcsec wedge angle: 11.7 arcsec
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Figure 4.8: Diagrams indicating PZT wedge direction and the length of the arrows
indicate the amount of wedging. The number in the bracket is the wedge angle
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4.4. Sub-assembly matching and bonding 171

Piezo 46
wedge angle: 16.6 arcsec

(p)
Piezo 47

wedge angle: 9.1 arcsec Piezo 48

wedge angle: 11.7 arcsec

(a) (r)

Figure 4.8: Diagrams indicating PZT wedge direction and the length of the arrows
indicate the amount of wedging. The number in the bracket is the wedge angle

Curved
Mirror

Figure 4.9: Subassembly preparation and bonding process for the A+ LIGO Output
Mode Cleaner curved mirrors using a bonding fixture. Left: Subassembly bonding step
showing EP30 epoxy applied to the PZT surface. Middle: Close-up of a fully stacked
subassembly consisting of a curved mirror, a PZT actuator, and a mounting prism held in
a precision bonding fixture. Right: Four completed subassemblies placed inside an oven
for curing. This subassembly is later mounted on the optical breadboard along with the
flat mirrors to form the full cavity.
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172 A+ LIGO: Output Mode Cleaner Cavities
along the vertical axis. This deviation should be less than 0.5 mm, or the deviation from
perpendicularity should be lower than 40 arcsec [30]. Therefore, it is essential to align
the orientations of the PZT sub assembly components in a manner that adheres to this

constraint.

A python code was written by me to use the PZT wedge angle, mounting prism perpen-
dicularity deviation and, curved mirror radius of curvature measurement using the beam
profiler data along with the mirror scatter maps [29] to match sub-assembly components
for the A+ OMC build [150]. We had access to only four subassembly bonding fixtures at
a time. The python code goes through some iteration to choose for curved mirror-PZT-
Mounting prism and flat prism high reflector combinations that have zero net deviation
from perpendicularity. The idea is to prioritise the curved mirrors with least wedge angle,
but also ensure that we pick the mirrors with less high scatter points. For the highlighted
mirrors the risk factor includes not just the sensitivity to rotation but also the scatter
point location. But these scatter points can be placed in the horizontal axis to help us

avoid them by rotating the mirror with the help of micrometers.

Sr.No. | CM | Wedge in arcmin | Wedge dir in deg | TIS
1 30 1.161 105.842 1.4
2 14 1.504 9.329 1.6
3 29 1.154 214.892 1.9
4 22 1.506 162.341 2.1
) 21 1.065 126.481 2.4
6 17 1.251 160.430 2.4
7 18 1.047 257.557 2.7
8 12 1.785 269.077 2.0
9 6 1.729 18.443 2.2
10 16 1.608 129.497 2.3
11 2 1.903 311.015 2.9
12 4 1.159 141.296 2.8
13 25 0.218 304.796 4.0
14 23 1.252 25.164 4.0
14 20 1.298 257.958 4.6
16 5) 1.082 112.812 5.0
17 11 0.098 37.842 5.1
18 19 0.810 160.040 5.5
19 26 0.351 205.072 8.4
20 7 1.144 300.549 2.2

Table 4.6: Wedge parameters and TIS for various CMs.
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4.4. Sub-assembly matching and bonding 173
A total of 16 mounting prisms, 19 PZTs, and 20 curved mirrors were available for OMC
construction. Visual inspection of the mirror scatter maps was used to screen and cat-
egorise the curved mirrors based on their scatter maps. Each mirror was assigned to one
of three categories: “yes”, “maybe”, or “no”, depending on the density and location of
scatter points in the TIS map. Mirrors in the “yes” category exhibited minimal scatter-
ing and were considered high quality. “Maybe” mirrors showed a moderate number of
medium-level (green) scatter points, typically distributed away from the central region.
Mirrors in the “no” category displayed high-intensity scatterers in critical areas and were
excluded from use. Representative examples from each category are shown in Figure 4.10.
This screening process is essential for constructing high-throughput (>99%) OMCs, where

optical loss must be minimised through careful component selection.

Since we have only 16 mounting prisms this is the limiting number for the possible number
of subassemblies. Also the goal of the A+ project is to build 6 OMC cavities and two curved
mirror subassemblies per cavity implies 12 subassemblies in total. The code goes through
all the possible combinations of mounting prisms and PZTs to find the best match for
cach of the curved mirrors in the table 4.6. For more details on matching refer to [151].
The idea is to direct wedging in the p- plane such that the resulting wedge in the s- plane
is zero. Gluing instruction sheet for one of the combinations of mounting prism, PZT and

curved mirror is shown in Figure 4.11.

For more details on subassembly bonding procedure from aLIGO efforts refer to [33] and

further improvements for subsequent A+ OMC cavity build, refer to [111].
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(b) TIS map for CM 16: Here medium scat-
terers are distributed across the mirror HR

surface.

(c) This is a good mirror. CM 30 has very low scatter points and is an ideal mirror for cavity

construction.

Figure 4.10: Scatter map for three of the A+ OMC curved mirrors. Measurements and
plots by Dr. Liyuan Zhang, LIGO Lab, Caltech [183].
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4.4. Sub-assembly matching and bonding 175

NOT TO SCALE

Sub Assembly #37

PZT #37 Curved Mirr #14
wedge dir: 57.7 deg wedge dir: 9.32 deg
wedge angle: 0.631 arcmin fiducial at 12'o clock

wedge angle: 1.504 arcmin

Resulting vertical
N wedge angle = 0 arcmin

-37.5 deg
Mounting Prism #53 0 deg

Perp deviation: +0.18 O l O

|
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wedge dir: 57.7 deg
verttical wedge: +0.53
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Figure 4.11: Example curved mirror subassembly glueing instruction sheet for A+ OMC
curved mirror subassembly.
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176 A+ LIGO: Output Mode Cleaner Cavities

4.5 Cavity Assembly

The setup was built on an optical table in the West Bridge Labs at Caltech. The schem-
atic diagram of the optical layout can be found in Figure 5.5. The optical cavity was
stabilised using the Pound-Drever-Hall (PDH) locking technique. Phase modulation side-
bands were imposed on the input laser field at a frequency of 32.7 MHz using a resonant
electro-optic modulator (EOM). The light reflected from the cavity was detected by a
broadband photodetector (Thorlabs PDA255, bandwidth ~50 MHz), and the resulting
signal was demodulated at the modulation frequency to generate the PDH error signal.
Feedback control was implemented using a Newport LB1005 servo controller to apply the
appropriate filtering. The error signal was used to actuate the laser frequency via the fast

piezoelectric transducer (PZT) on the laser.

The input beam to the cavity was delivered via a polarisation-maintaining single-mode
fiber (Thorlabs P3-1064PM-FC-5), which ensured spatial mode filtering and polarisation
stability. Each end of the fiber was equipped with a collimation lens (Thorlabs CFC-2X-
C) mounted on a six-axis fiber positioner (Thorlabs K6X), allowing precise alignment for
mode matching both into the fiber and from the fiber output to the input of the output
mode cleaner (OMC) cavity. Accurate mode-matching of the input beam to the OMC
cavity was essential for precise power budget measurements. The mode-matching telescope
consisted of two plano-convex lenses with focal lengths of f =35mm and f = 125 mm.
The telescope was assembled on a separate sub-breadboard allowing the mode-matching
quality to be reliably reproduced by preserving the alignment of components on the sub-
breadboard, including the fiber and fiber coupler. The beam was elevated to the height

of the OMC cavity on the transport fixture using a periscope.

For PDH locking, the reflected beam from the cavity was detected by a Thorlabs PDA100CF
photodetector. The transmitted light through the cavity was monitored using two Thor-

labs PDA20CS photodiodes, which were used for alignment and transmission diagnostics.
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4.5. Cavity Assembly 177
The OMC was mounted on a transport fixture. The transport fixture was mounted rigidly
on the optical table to ensure the cavity doesn’t move during assembly and testing. The
glass breadboards were cleaned thoroughly using high grade IPA red wipes after using a
nitrogen gun to blow away contaminants (carefully away from rest of the optics on the
bench). The breadboard was examined under halogen light for contaminants from the lens

tissue as it can shed fibres that are hard to see under normal lighting 4.12.

Figure 4.12: Inspection and cleaning of the OMC glass breadboard using high-purity
IPA wipes and halogen lighting to remove and detect particulate and fibrous contaminants
prior to template bonding.

To centre the assembled template [27] on the glass breadboard, we used calipers to ensure
precise alignment. The breadboard was then secured in place by tightening the surround-
ing brackets. It is important to apply minimal force during this step, as excessive pressure
can cause the template to shift on the smooth glass surface. We found it most effective to

begin by securing one pair of opposite sides before moving on to the remaining sides. For
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178 A+ LIGO: Output Mode Cleaner Cavities
added convenience and speed, we typically used two calipers and enlisted an extra pair of
hands. The position mode-matching template was also adjusted such that the beam waist
coincides with the centre of the template i.e. the cavity waist. The mirrors were placed in

their respective template cutouts.

Figure 4.13: Cavity bonding template mounted and aligned on the OMC glass bread-
board. The template is centred such that the cavity waist coincides with the beam waist,
and mirrors are placed in their designated cutouts.

Each mirror and the top surface of the glass breadboard were carefully cleaned prior to
assembly. The procedure involved blowing the surface with an ionized air gun, followed
by wiping with lens tissue soaked in isopropyl alcohol. Particular care was taken to clean

only the areas immediately surrounding the cavity mirror cutouts.

The flat mirrors (FM1 and FM2) were placed into their respective template openings and
secured against the pads using an Allen key. The curved cavity mirrors (CM1 and CM2)
were then positioned. This involved first adjusting the micrometer adapter plates [28] to
their intended positions, centring the mounting screws within the available slot length

to set the nominal cavity length. Both micrometers were extended approximately to the
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4.5. Cavity Assembly 179

Figure 4.14: Bonding template setup used for positioning the curved cavity mirrors
(CM1 and CM2). The micrometer adapter plates are adjusted to set the nominal cavity
length, and the mirrors are placed such that they simultaneously contact the micrometers
and template pads. Visual and tactile checks are performed to ensure proper seating and
alignment before final securing.

midpoint of their travel range. The curved mirrors were then placed into their template
openings such that they simultaneously contacted the micrometers and template pad.
Visual and tactile checks were used to ensure the mirrors were seated flush at the bottom

face and free from interferences around the three contact points.

Once both curved mirrors were installed, their symmetry and alignment were verified.
Final adjustments were made by repositioning the adapter plates as needed. The optics

were then secured in place using Allen screws.
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4.6 Cavity Alignment Procedure

The following steps outline the beam alignment process used to position the optical mode
through the cavity mirrors with high precision. Here, the laser beam is walked using
steering mirrors 1 and 2 (SM1 and SM2 respectively, SM2 is closer to the cavity) and

enters the cavity through flat mirror 1 (FM1 - see Figure 4.3).

1. Initial Beam Centring on FM1 (Flat Mirror 1):
The beam was roughly centred on FM1 using the steering mirror SM1. The position
was monitored using an IR sensor card. Vertical centring was defined as 15 mm above
the optical table surface (or 8 mm below the top surface of FM1).
2. Initial Beam Centring on FM2 (Flat Mirror 2):
Similarly, the beam was roughly centred on FM2 using SM2, with vertical alignment
again set to 15 mm above the table (or 8 mm below FM2’s top surface), monitored
via the IR sensor card.
3. Verification of Beam Path Between SM1 and SM2:
The beam spot was checked to ensure it propagated close to the midpoint between
SM1 and SM2. If the spot was near the mirror edge or misaligned, the mirror
positions were iteratively adjusted by:
(a) Placing an IR card between SM2 and FM1 to visualise the beam.
(b) Adjusting the relevant steering mirror to bring the beam within 1 mm of the
mirror centre.
(c¢) Confirming alignment to the input iris, FM1, and FM2 centres.
(d) Fine-tuning the other steering mirror if necessary.
4. Beam Centring on CM1 (Curved Mirror 1):
The beam was directed toward CM1 by adjusting SM2 only. If alignment could not
be achieved, it was verified that CM1 was correctly seated against its micrometer
mounts and that both SM1 and SM2 were not misaligned. If issues persisted, the

procedure reverted to step 1.
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4.6. Cavity Alignment Procedure 181

5. Beam Centring on CM2 (Curved Mirror 2):
Horizontal alignment was performed exclusively using adjustments to CM1. If ver-
tical alignment was off, the beam was “walked” between CM1 and CM2 using
coordinated adjustments of SM1 and SM2. CM1 was then gently positioned into
contact with its micrometers and a three-point contact pad using minimal force to
avoid stressing the optic.

6. Final Beam Centring on FM1 (Return Path Overlap):
Finally, the beam position was refined to ensure proper overlap with the original

beam spot on FM1, confirming alignment consistency throughout the cavity.

Fine Alignment

Once a resonance flash is observed, a camera is placed at the transmission port to monitor
the cavity output; initially, high-order transverse modes may be present. The beam is then
walked towards the fundamental TEMgy mode via coordinated adjustments of the steering
mirrors SM1 and SM2. After a clear TEMg transmission is obtained, each cavity mirror
is lightly touched at the top to verify it is well-seated. Finally, the OMC transmission and
reflection photodiodes (TRANS PD and REFL PD) are aligned using steering mirrors so
the beam is fully incident on the active area; lenses are used to focus the beam onto the
photodiodes without saturation, enabling cavity lock acquisition once sufficient TEMgg

power is available.

Once the cavity was locked, fine alignment was performed using pico-motorised steering

mirrors.
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4.7 Cavity Characterisation

The OMC cavity is characterised pre-bonding and post-bonding. Characterisation efforts

involve the following:

1. Transverse Mode Spacing (TMS) and Free Spectral Range (FSR) measurement.
TMS and FSR are influenced by the geometry of the cavity,
2. PZT DC response,

3. Power Budget Measurement to evaluate the cavity throughput and loss.

Pre-bonding characterisation of the cavity is important as this helps us identify any issues
with the cavity before bonding. UV bonding is irreversible so it’s important to make sure
that the cavity parameters meet the requirements. In Table 4.7 below we see all the
important parameters as result of the measurements that we will see in detail in the

upcoming subsections.

4.7.1 Cavity Transverse Mode Spacing and Free Spectral Range

Cavity Free Spectral Range (FSR) is the frequency spacing between consecutive TEMgg
fundamental resonance modes of the cavity. Transverse Mode Spacing (TMS) is the fre-
quency mode separation between consecutive higher order modes. For more theoretical

background on optical cavities and laser beams refer to [153][97].

The TMS and FSR of the OMC cavity was measured by scanning the sidebands with
a locked carrier. An additional phase modulation was applied using a broadband EOM
with the modulation frequency scanned by a network analyser functionality in MOKU.
Some misalignment is introduced in pitch and yaw directions independently to measure
TMS yaw and TMS pitch, which are different due to inherent astigmatism in the cavity.

More details about this method can be found in [172]. A small clipping of the beam on
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4.7. Cavity Characterisation 188
Index Parameter Value  Error (%)
[1] Optical Throughput (%) 99.10 0.49
[2] Optical Loss (%) 0.87 0.49
[3] Free Spectral Range (MHz) 266.4614 0.0019
[4] Roundtrip cavity length (m) 1.125867  0.000008
[5] Transverse Mode Spacing, vertical (MHz) 58.7325 0.0010
[6] TMS as fraction of FSR, vertical 0.220417 0.000004
[7] Transverse Mode Spacing, horizontal (MHz) 58.66890 0.00100
[8] TMS as fraction of FSR, horizontal 0.220178 0.000004
[9] TMS to PZT1 voltage, linear coeff., vertical  -1.304E-05 5.7TE-07
[10] TMS to PZT1 voltage, y-intercept, vertical 0.220155 0.00063
[11] TMS to PZT1 voltage, linear coeff., horizontal -1.294E-05 4.1E-07
[12] TMS to PZT1 voltage, y-intercept, horizontal — 0.220518 0.000430
[13] TMS to PZT2 voltage, linear coeff., vertical — -1.30E-05 9.4E-07
[14] TMS to PZT2 voltage, y-intercept, vertical 0.220155 0.000630
[15] TMS to PZT2 voltage, linear coeff., horizontal -1.37E-05 3.7E-07
[16] TMS to PZT2 voltage, y-intercept, horizontal — 0.220518 0.000043
[17] PZT1 Operation Range (V) 7 -
[18] PZT2 Operation Range (V) 78 -
[19] PZT1 Actuation Range (um) 0.90845 -
[20] PZT2 Actuation Range (pm) 0.99138 -
[21] PZT1 Actuation Range (/FSR) 1.71 -
[22] PZT2 Actuation Range (/FSR) 1.77 —
[23] PZT1 DC Response (nm/V) 11.798 0.097
[24] PZT2 DC Response (nm/V) 12.710 0.11

Table 4.7: A+ OMC cavity performance parameters summary

the transmission PD is also introduced. This is because lobes of Higher Order Modes have

opposite polarity [97] and cancel each other when beat against the carrier, introducing a

this clipping on the transmission PD favours detection of one polarity over the other. We

then measured the transfer function between excitation of the EOM and transmission PD.

As the modulation frequency is swept, resonances are observed whenever either sideband

becomes coincident with a cavity higher-order mode (HOM). The resulting peaks occur

at frequencies determined by the HOM order m, with the upper sideband producing peaks

at

frgzlJ) ~ m frms,

and the lower sideband producing peaks at

frgzl) >~ frsR — M fTMms,
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form=1,2,....

In Figure 4.15, the transfer function of the transmission photodiode is shown for an EOM
sideband frequency scan. The HOM resonances are labelled by mode order in the main
panel, and the corresponding fits for each identified peak are shown in the subpanels

below.

When the scanning sideband modulation frequency is at the FSR, a dip in the transfer
function is seen. This happens because the cavity transfer function is symmetric for TEMgyg
unlike for the HOM and both the positive and negative sidebands pass through the cavity

at FSR frequencies.

Higher Order Mode Spectrum Analysis

The TMS values and FSR values measured go beyond just characterisation of cavity
geometry. The ratio between TMS and FSR for the pitch and yaw degrees of freedom
gives Gouy phase of the HOM:

TMS, TMS
Ph f TEM,, = m - : u
Gouy Phase o o = M TSR +n TSR

where m,n = 0,1,2,3...

This enables us to create an HOM plot for a particular voltage setting for PZT 1 and 2
i.e. for a certain cavity roundtrip length as shown in Figure 4.16. The goal here is to tune
the cavity length before bonding the optics such that the vertical black line in the plot
avoids HOM and their control sidebands. This ensures that in case a HOM is rung up in
the laser beam, the cavity does not transmit it. As shown in the plot, we have successfully
avoided all the lower HOMs by following a cavity length tuning procedure. In Figure 4.17,
HOM bands for full PZT scan from 0 to 200 V for each PZTs are shown.

184



4.7.

Cavity Characterisation

185

6/20/2024 TMS measurement for PIT (PZT1:0 V, PZT2:200 V)
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Figure 4.15: Fitting of transfer function between excitation of the EOM and the OMC
transmission PD: As the EOM sideband is scanned, the various HOM sidebands beat with
the carrier. When the carrier sideband gets closer to FSR, the transfer function sees a dip
in frequency which is seen in the plot above between 250 MHz and 300 MHz. This scan
is done with a pitch misalignment thus the HOMs in the plot are TEM,¢ modes for x =
1,2,3,..The OMC mirrors are bonded here (Courtesy: M. Nakano, A+ OMC team).
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Status: A+ Cavity 1 Bonded on Tue 25 June 2024

PZT1 at 0 V and PZT2 at 50 V, TMS'y/FSR = 0.21983, TMS'p/FSR = 0.21950
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Figure 4.16: Higher Order Mode (HOM) distribution in the optical cavity, showing the
Gouy phase (expressed in units of FSR) as a function of mode order. Each colour represents
a different RF sideband frequency used for controlling the interferometer and auxiliary
optical cavities in LIGO. The data corresponds to the configuration where PZT1 is held at
0V and PZT2 at 50 V, resulting in measured mode spacings of TMS, /FSR = 0.21983 for
yaw degree of freedom and TMS, /FSR = 0.21950 for pitch degree of freedom. The vertical
black line at the centre marks the laser fundamental mode carrier resonance frequency.
This measurement was taken immediately after bonding the optics on the cavity.
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4.7. Cavity Characterisation

Status: A+ Cavity 1 Bonded

187

Coincidental HOM sideband resonance with TEMO0O for FSR = 266.461 and RT length of 1.125 as measured on Tue 25 June 2024

Black dashed line: Two linewidth separation requirement

Green dashed line: Indicating PZT voltage range to avoid 9th order mode intereference

TMS Yaw at 0 V: 0.22052
TMS Pitch at 0 V: 0.22015
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(a) PZT1 cavity length actuation

Status: A+ Cavity 1 Bonded
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Coincidental HOM sideband resonance with TEMO0O for FSR = 266.461 and RT length of 1.125 as measured on Tue 25 June 2024

Black dashed line: Two linewidth separation requirement

Green dashed line: Indicating PZT voltage range to avoid 9th order mode intereference

TMS Yaw at 0 V: 0.22052
TMS Pitch at 0 V: 0.22015
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Figure 4.17: Transverse mode distribution as a function of PZT drive voltage, showing
the frequency locations of higher-order modes (HOMs) and their sidebands relative to the
fundamental mode. Each coloured band corresponds to a specific HOM and its frequency
shift as the cavity length is varied through PZT actuation. The vertical spread of each band
arises from cavity astigmatism, which causes the transverse mode spacing (TMS) to vary
between the sagittal and tangential Gouy phase limits. The black dashed lines indicate
the minimum required frequency separation from the TEMg carrier (two linewidths) for
reliable OMC operation. The green dashed region marks the optimal PZT range where
modal degeneracies are avoided while satisfying this separation criterion—labelled as the
"useful PZT range” on each plot. The top panel corresponds to length tuning via PZT1,
and the bottom panel to tuning via PZT2.
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Cavity length tuning

In the pre-bonding phase, measurements of the transverse mode spacing (TMS) and free
spectral range (FSR) help determine whether the cavity axis yields a higher-order mode
(HOM) spectrum that meets OMC operational requirements—that is, no coincidental
resonance of HOM carriers or sidebands with the fundamental mode, up to at least the
18th order. An example of an unsatisfactory configuration is shown in Figure 4.18. From
Figure 4.16, we know that the optimal cavity length is approximately 112.5cm. The
micrometers shown in Figure 4.14 are used to rotate the curved mirrors, thereby tuning

the cavity length by adjusting the optical axis.

The alignment procedure involves determining the required direction to steer the cavity
axis toward the centre (within 1-2mm), either by translating or pivoting the axis. There

are three main ways to move the cavity axis between the curved mirrors (CMs):

(a) Shift the axis toward FM1 and FM2 by rotating CM1 clockwise (CW) and CM2
counterclockwise (CCW).
(b) Shift the axis away from FM1 and FM2 by rotating CM1 CCW and CM2 CW.

(c¢) Yaw the cavity axis about the midpoint between CM1 and CM2.

The goal is to centre the beam spots on the curved mirrors, assuming those regions are
free of scatterers. A typical rule of thumb is that a 1 mrad rotation corresponds to a 1 mm
beam shift at the mirror, which equals a 10 um displacement on the micrometer. After

tuning, the laser is aligned to the cavity to optimize the TEMgg resonance.
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PZT1 at 0 V and PZT2 at 50 V, TMS_y/FSR = 0.2191, TMS p/FSR = 0.2186
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Figure 4.18: Higher Order Mode (HOM) distribution in OMC cavity with roundtrip
length of 111.7 cm: In this plot, we see the Gouy phase (in units of FSR) as a function
of mode order. Each colour corresponds to a different RF sideband frequency used in the
LIGO interferometer control scheme. In this configuration, PZT1 is held at 0V and PZT2
at 50V, resulting in measured mode spacings of TMSy/FSR = 0.2191 and TMS,/FSR =
0.2186. This HOM configuration is not suitable for OMC operation due to a coincidental
resonance of the 9th-order mode sideband with the fundamental mode, which violates the
requirement of avoiding higher-order mode overlap within at least two linewidths of the
fundamental resonance. Such modal degeneracy can lead to excess power leakage through
the OMC and reduced filtering performance.
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190 A+ LIGO: Output Mode Cleaner Cavities

4.8 Cavity Throughput Optimisation

In addition to satisfying the geometric constraints outlined above, the optical cavity must
also meet the transmission throughput requirement. Specifically, the cavity should trans-
mit approximately 98% of the incident power for a perfectly mode-matched TEM carrier
beam. However, in practice, point defects on the mirror surfaces can reduce the achievable
throughput below this target if no further optimisation is applied. To mitigate this, care-
ful alignment is necessary to position the beam spots away from scattering sites, thereby

maximising transmission efficiency through the cavity.

Cavity throughput optimisation involves several key steps. The first step is the careful
selection of mirrors from the available batch, ensuring that only those with minimal surface
defects and low scattering loss are used. If localised scatterers are present, their positions
are mapped and oriented such that they lie along the vertical axis and away from the
central region of the mirror. This precaution reduces the likelihood of the beam interacting
with high-scatter or high-absorption regions due to residual or accidental misalignments
during alignment and operation. This process is covered in detail in section 4.4 (refer
Figure 4.10). During the cavity alignment process, the beam spots on the mirrors are
frequently inspected using CCD cameras operated at low exposure settings to reveal high-
scatter regions. If a significant scatterer is identified—especially one visible to the naked
eye under halogen illumination—it is typically addressed by carefully blowing inert gas
using a gun on the affected mirror surface pointing away from the cavity. This procedure
is complemented by power budget measurements at various points along the optical path,

both inside and outside the cavity, to monitor losses and throughput.

If no obvious source of loss is visible on the mirror surfaces, a more systematic cleaning
approach is employed. First Contact polymer is applied sequentially to each mirror sur-
face, with cavity throughput measured after each cleaning cycle. This process allows the
identification of the mirror contributing most significantly to the optical loss. Every time

the cavity mirrors are touched it is crucial to perform FSR measurement to ensure the
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4.8. Cavity Throughput Optimisation 191
cavity geometry is not altered. In the worst case event of presence of a high scatter on
cavity axis that is not removable by any of the above techniques, then the cavity axis can
be slightly tuned until the cavity loss is small. This should be complemented with FSR
measurement to track changes in cavity geometry. Results from the cavity power budget

measurements for the first A+ OMC cavity is shown in Figure 4.8.

Category Parameter Value Error Units
BS TRANS 33.55 0.10 mW
BS REFL 0.00 0.00 mW

Power Measurements CM1 Transmission — 23.9 0.10 uw
CM2 Transmission  23.8 0.10 uw
Cavity Injection 34.33 0.10 W

Locked 31.8 2.00 mV
REFL PD Unlocked 3.42 0.02 \Y%
REFL -6.01 0.01 mV
Offset Reference 3.90 0.01 mV
Cavity Parameter Finesse 390 10 —
Throughput 0.9918  0.0088 —
PB Result Loss per mirror 14 18 ppm
Mode matching 0.98898  0.00060 —
FM loss 8000 210 ppm
Transmission CM1 loss 5.72 0.15 ppm
CM2 loss 5.72 0.15 ppm

Table 4.8: Summary of measured and derived cavity parameters from power budget
analysis of the bonded A4+ OMC cavity 101.

4.9 PZT Characterisation

The PZT DC response was measured by sweeping the PZT from 0V to 120 V. We injected
the PZT with a 3 Hz sinusoidal excitation signal and recorded the TRANS photodiode
(PD) signal over 30 cycles. The recorded signal was then divided into 30 segments corres-

ponding to increasing and decreasing PZT voltage, and averaged separately. The resulting

TRANS PD signal is shown in Figure 4.19.
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192 A+ LIGO: Output Mode Cleaner Cavities
The top and bottom plots display the averaged PD signals for upward and downward
sweeps, respectively. Using the TEMyy and HOM peaks as frequency markers, the PZT

displacement was estimated and is shown in the right figure.

The fitting was performed using the function:

v

PZT(v) =a;-(V—Vmin) + m

az - (Vmax — V) * (V= Vin) + 0fs

where a; is the actuator efficiency, a, is the hysteresis parameter, viin and vyax are the
minimum and maximum values of the sinusoidal input, and |—:| indicates the direction of
the voltage sweep. The first term in the above equation is the important term with a
giving the PZT response, the second term is the hysteresis term that assumes a parabolic
shape with values equating to zero at v = v, or v = v, and ofs emphasises any zero

offset. The fitting parameters are ay, ap, and ofs.

The fitted value of a; are,

« PZT1 DC response: 10.056 +0.082nm/V
o PZT2 DC response: 10.54+0.17nm/V

and the hysteresis parameters a; are,

o PZT1 hysteresis parameter: 0.00237 +0.00012 /V
o PZT?2 hysteresis parameter: 0.00218 +0.00018 /V

The AC response of the PZT actuator was characterised using transfer function measure-

ments between the OMC PZT excitation signal and the laser PZT loop feedback signal.
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4.9. PZT Characterisation

Cavity#1 PZT1 DC responce (2024-06-24)

averaged scan (down)
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Figure 4.19: DC Response of PZT Actuators. (a) and (b) correspond to measurements
for PZT 1 and PZT 2, respectively. The plots on the left show cavity transmission as
a function of PZT drive voltage, scanning across several free spectral ranges (FSRs).
Prominent peaks correspond to the fundamental TEMyg mode and higher-order modes
(HOMs). Separate traces are shown for upward and downward voltage sweeps. Using
the known cavity geometry to determine the FSR and transverse mode spacing (TMS),
the plots on the right convert this data into PZT displacement versus applied voltage,
characterising the DC response of each actuator (Courtesy: M. Nakano, A+ OMC team).
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194 A+ LIGO: Output Mode Cleaner Cavities
To begin, the OMC was locked using the laser PZT, and an excitation signal was injected
into the OMC PZT. The servo output signal was then connected to a spectrum analyser to
measure the transfer function from the excitation input to the servo output. This transfer

function (TF1) can be expressed as

TF1=Aomc-H-F/(1+G), (4.8)

where Ao is the actuator efficiency of the OMC PZT, H is the optical gain of the OMC

photodetector, F is the servo transfer function, and G is the open-loop gain.

Next, the excitation point was moved to the error point of the loop (the alternate input
to the servo), and the transfer function to the feedback signal was measured again—this

time representing TF2. This measurement yields

TF2=F/(1+G). (4.9)

Therefore, by taking the ratio TF1/TF2, we obtain the AC actuator response as

L (4.10)
TF2 — A0MC . .

Since H is known to be flat over the measurement bandwidth, this ratio directly provides
the frequency-dependent AC response of the actuator. The DC response is calibrated

independently and is available from previous measurements.
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4.10. Cavity Bonding 195

4.10 Cavity Bonding

Once all optical parameters were satisfactorily adjusted, the prism mirrors were bonded
sequentially, starting with flat mirrors. Prior to bonding the curved mirrors CM1 and
CM2, the transverse mode spacing (TMS) to free spectral range (FSR) ratio, frms/fesr,
was measured to ensure it remained within the specified tolerance. If deviations were

observed, the cavity length was readjusted by repositioning CM1 and CM2.

After bonding CM1, the TMS/FSR ratio was re-evaluated. If the ratio remained out of
tolerance, the cavity geometry was readjusted once more before proceeding. Finally, CM2
was bonded in place. Upon completion, the final values of both the TMS and FSR were
confirmed and recorded for reference. The cavity beam spot positions are also closely

monitored during every iteration of bonding as shown in figure 4.20.

Figure 4.20: Cavity beam spot position verification by imaging beam spots on the cavity
mirrors. The cavity axis appears to be well centred by eye, with beam spots located within
1 mm of the mirror centres.

195



196 A+ LIGO: Output Mode Cleaner Cavities

Figure 4.21: OMC 101 mirrors bonded.

4.11 Conclusion and Future Directions

This chapter was written at the end of my visit to Caltech in 2024. The cavity mirrors

were bonded and summary of the cavity parameters is shown below:

Table 4.9: Cavity Summary (after bonding)

Parameter Value
Serial # 101
FSR (MHz) 266.4614
Cavity Length (m) 1.1259
Throughput (%) 99.10%
PZT1 Actuation Range (V) 72.7
PZT1 Operating Voltage (V) | 14 — 86.6
PZT2 Actuation Range (V) 70.5
PZT2 Operating Voltage (V) | 13.6 — 84.1

During this visit the OMC team came up with the procedures and python scripts that
would be used in the coming months to build the other five OMC cavities. The build

summary of these cavities is tabulated below
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4.11. Conclusion and Future Directions

Table 4.10: Measured OMC parameters (OMC1-OMC3).

197

OMC1 oMC2 OoMC3
Finesse 390 375 380
OMC unit throughput 0.991 +0.005 | 0.9798 +-0.0054 | 0.983 +0.002
OMC loss per mirror (ppm) 16+11 4349+ 11.44 32+10
Table 4.11: Measured OMC parameters (OMC4-OMCG).
OMC4 OMC5 OoMC6
Finesse 380 387 378
OMC unit throughput 0.988 +0.007 | 0.986+0.008 | 0.9836 +0.0049
OMC loss per mirror (ppm) | 23.254+14.25 27+17 31+10
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Chapter 5

Polarisation Balanced Homodyne

Detection

5.1 Introduction

Balanced Homodyne Detection (BHD) was introduced in the previous chapter, it is a
method in which a local oscillator (LO) operating at the same optical frequency as the
signal is used to demodulate the signal from optical to lower frequencies [73]. In the A+
LIGO configuration, BHD is implemented using two output mode cleaner (OMC) cavities
per interferometer to spatially filter the signal field and the LO field independently, as
discussed in Section 4.1.1. This dual-OMC architecture is a significant increase in system
complexity relative to DC readout, and it introduces new pathways for technical noise
to couple into the readout. It also amplifies practical challenges in hardware delivery: as
shown in the previous chapter, constructing OMC cavities is itself non-trivial. Achieving
>98% throughput reproducibly across multiple units is demanding because the OMC is
a monolithic, bonded assembly with limited post-bond alignment freedom, and the build

process requires substantial time, cleanliness control, and coordinated person-effort.
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5.1. Introduction 199
A central challenge is that the noise rejection of BHD relies on symmetry between the two
detection paths (Figure 4.2). If the two OMCs are not closely matched in their optical
response—e.g., in throughput, mode filtering, higher-order-mode spectrum, or alignment
fluctuations—then the two photodetector signals (PD1 and PD2) no longer represent
equal-amplitude measurements of the same optical quadrature. Such asymmetries degrade
the subtraction that provides common-mode rejection, and can reintroduce coupling of
LO noise and other technical fluctuations, thereby reducing the quantum-noise advantage

that motivates BHD in the first place.

This chapter explores a polarisation-based approach that can mitigate these complications
by enabling both the LO and the signal to be spatially filtered by a single OMC. The
concept, originally proposed by Arai [31], assigns orthogonal polarisations to the two
fields—taking the interferometer signal to be p-polarised and the LO to be s-polarised—
so that they can be co-propagated through the same cavity while remaining separable
at detection. This approach was investigated before [100], here we revisit this concept
and develop the mathematical framework further by investigating the drawbacks of the
model (Section 5.4). Two polarisation BHD, although simpler in principle than usual
BHD, gives rise to an additional noise term due to birefringence in OMC cavity: cavity
length fluctuations couple to readout signal. We will try to understand mathematically

how this can be mitigated (Section 5.4.3) and discuss challenges.

In the subsequent sections we understand how this can be implemented in LIGO and

develop a table top experiemntal method to verify this model.
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200 Polarisation Balanced Homodyne Detection

5.2 Birefringence in Optical Cavities

Birefringence is an anisotropic optical property of materials that exhibit different re-
fractive index that depends on the polarisation and propagation direction of light. The
cavity mirrors in OMCs are not made of birefringent material and are composed of fused
silica substrates with high-reflectivity dielectric coatings (plus anti-reflective coatings on
the rear surfaces). In optical cavities it is the interaction of the optical fields with these

coating layers that causes birefringence.

To achieve the high reflectivity required for mirrors in gravitational wave interferometers,
multi-layer dielectric coatings are employed [134]. These coatings are composed of altern-
ating layers of materials with high and low refractive indices, deposited onto a substrate.
Each interface between layers partially reflects the incident light, and the layer thicknesses
are typically designed to be one quarter of the optical wavelength, ensuring constructive
interference of the reflected waves. Increasing the number of layers enhances the overall
reflectivity, and a larger contrast in refractive indices between adjacent layers improves
the reflection efficiency at each interface. Birefringence in optical coatings can occur due
to thermal stress between the multi-layered optical coating during the fabrication process
or sub-assembly bonding process or, non-normal angle of incidence [51]. In an OMC the
angle of incidence on the curved mirrors is 4 degrees which contributes to some level of
birefringence. These factors cause the difference in reflectivities for s- and p- polarisations

thus introduce mode splitting.

The frequency dependent transfer function of a cavity, like the OMC, in transmission can

approximately be written as [[50]]

1 e'?

ST ()

G(f) = |Gle'? (5.1)
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5.2. Birefringence in Optical Cavities 201
The difference in the transfer functions for s- and p- polarisations due to coating birefrin-
gence leads to different cavity parameters for the cavity. Since we want to resonate both

s- and p- polarisations simultaneously, the cavity is locked between the two resonance

peaks.
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Figure 5.1: OMC Circulating Power: This plot shows exaggerated birefringence effects
in an optical cavity. §.% /.7 is 0.1 and dfp/y is 0.5. The measured cavity birefringence
for the A+ OMC cavity number 6 are 0.025 (0.0005) and 0.0038 (0.0012) respectively.

A quarter-wave plate (QWP) with a general birefringence parameter 1 can be described

using the following Jones matrix representation [[157]]

i
e'2 0

Jowp = ; (5.2)
0

the fast axis of the QWP is horizontal here. Similarly, the birefringence effect in the OMC

cavity can be modelled as a waveplate with a birefringence of A¢ in the following way

Jomc = R (5.3)
0 G,er?
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202 Polarisation Balanced Homodyne Detection
where G, and Gy are p- and s- polarisation transfer function magnitudes respectively. The
Jones matrix of a HWP with fast axis at an angle 6 with respect to the horizontal can

be represented as [75]

Jwe (6) _,z |c0s26  sin26 (5.4)
HWP =e 2 ) .
sin20 —cos20

Since the phase difference between the s- and p-polarised fields in the cavity is inherently
relative, one of the resonant fields was chosen as the zero-phase reference. This approach
avoids the need to unwrap the cavity geometry and track the cumulative phase accrued
over multiple round trips. In the future sections we will be using these Jones matrices to

build a model for the experiment to understand birefringence noise cancellation.

5.3 Revisiting BHD equations

We discussed about the nominal plan for BHD scheme in the previous chapter in Section
4.1.1. Revisiting the concpet, a strong local oscillator (LO) field Eppe'® = /P oe!(3+®!)
is combined at a beam splitter with the interferometer output signal Ejpo = v/Piroe'?”,
where P o and Ppo represent the powers of the local oscillator and interferometer beams,
respectively, and { denotes the relative phase between the two fields. Assuming the LO
power dominates, Po > Pro, the detected power on each photodiode (see Figure 4.2) is
given by [100][73]:

PDy = 3 [Ro—2/Pioftro (¢ +¢7)], (5.5)
PD, — % [PLO +2v/PoPro <ei5 + e_i5>] . (5.6)
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5.3. Revisiting BHD equations 203
Taking the difference between the two photodiode signals yields an output proportional

to the interferometer signal

PD, — PD
P= % = v/ PLoProcos 9. (5.7)

5.4 Two-Polarisation BHD

Before introducing the polarisation-based implementation, it is useful to restate the core
requirements of balanced homodyne detection (BHD) that must also be satisfied by the

polarisation BHD scheme:

« Homodyne-angle control: the ability to control the relative optical phase between
the local oscillator (LO) and the interferometer signal field, thereby selecting the
measured quadrature.

« Field mixing: coherent mixing of the LO and signal fields at a 50/50 beamsplitter

(or an equivalent optical element) prior to balanced detection.

In the two-polarisation BHD concept, the LO is derived from a pick-off in the same manner
as in the nominal BHD architecture, but its polarisation is rotated so that it is orthogonal
to the interferometer output field. The relative LO—-signal phase (i.e. the homodyne angle)
is controlled using the same approach as in nominal BHD, via a dedicated phase shifter
in the LO path. The two fields are then mixed using polarisation optics: a half-wave
plate (HWP) with its fast axis set to 22.5° rotates each field by 45°, producing equal
projections of the orthogonally polarised LLO and signal onto a common polarisation basis.
This operation is equivalent to a 50/50 mixing step and enables subsequent balanced

detection.

This mixing can be implemented in two configurations as discussed in the following sec-

tions.
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204 Polarisation Balanced Homodyne Detection

5.4.1 BHD with HWP before the OMC

D" Mixing  OMC !
BHD PBS

e E;oe® @H Ve @
=

Phase % H | {:]®

shifter

P

HWPo Combining @ P1
+PBS PBS
T
90 P2

Figure 5.2: Schematic of the A+ LIGO interferometer output with polarisation homo-
dyne readout chain: A local oscillator (LO) field is picked off from the input beam path
and reflected off of a phase shifter mirror and a HWP to control its phase angle and power
relative to the . This LO field is then recombined with the signal field Epgo at a PBS.
The resulting beams are filtered through a single OMC to remove higher-order spatial
modes and control sidebands. Balanced homodyne detection (BHD) is performed using
a PBS. The red and yellow paths represent the LO and signal fields, respectively, with
polarisation states shown schematically at various points.

The Jones representation for the light fields past the combining PBS in Figure 5.2 is

shown below

OMC HWP FA angled 22.5° with horizontal Input
1 Gp 0 1 1 Erro E;
V2| 0 G,eitd 1 -1 ELoe® E,

Here the OMC matrix is used from equation 5.3 and Ejrp and Ejp are interferometer and

local oscillator fields as shown in Figure 5.2.

E=— 216, (Ewo+Eroe®) | - = |Gy (Ewo — Eroe®) | § (5.8)
\/§ » | LTFO LO P \/E s IFO LO
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5.4. Two-Polarisation BHD 205

1 0
Here p and § are and matrices respectively. The s- and p- fields here resonate

0 1
in the OMC cavity simultaneously. Homodyning (equation 5.7) this signal gives:

Pi—P,=-(G;-G>) (Pro+Po) — (G +G;) cos §1/PiroPrLo (5.9)

| =

If we assume G, =~ Gy (when the birefringence is very small) then the equation simplifies

to:

P —P
P= ! 2 _ v/ PLoProcos{. (5.10)

which is the BHD signal we saw in equation 5.7 as expected. Now let’s estimate the noise

spectral density associated with the readout.

The derivative of the cavity transfer function can be estimated as

I|G*  Sfo FSR
ox Y A

(5.11)

Now assuming [100]
IG,|> _ 9IG,)?
=—— 5.12
dx dx (5.12)

for small cavity birefringence, the partial derivative of equation 5.9 with respect to x
(cavity length) gives the noise spectral density

1/2 _ Pro+Pro frsr 0fo 12

Sy 5 PR (5.13)
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206 Polarisation Balanced Homodyne Detection
where frgr is free spectral range of the cavity, y is the cavity pole and 0 fy is difference
resonance frequencies for s- and p- fields due to cavity birefringence. The assumption
in equation 5.12 holds true if the laser locking point is half way between the s- and p-
resonances and the cavity birefringence is small. From equation 5.13 we see that the
readout noise ASD due to OMC cavity length fluctuations depends on the difference in

the resonance frequencies of the two polarisations due to the cavity birefringence.

5.4.2 BHD with HWP after the OMC

In this section we will see how BHD can be performed using a HWP after the OMC to
mix the LO and IFO beams as opposed to before the OMC.

@ EIF() oOMC o
e E, e @ l\ff@r;g®BHD PBS @
~L ‘
Phase % ”E E o H E b

shifter .
HWPo Combining @ P1
+PBs PBS
T

P2

Figure 5.3: After the OMC, a half-wave plate (HWP) is inserted to rotate the polarisation
angle by 45° prior to balanced homodyne detection (BHD), which is performed using a
PBS and a pair of photodiodes (P1 and P2). Red and yellow lines represent the LO and
signal paths, respectively, with polarisation states indicated schematically.

The Jones representation for the light fields past the combining PBS in Figure 5.3 is

shown below:

HWP FA angled 22.5° with horizontal OoMC Input
1 1 1 Gp 0 EIFO E;
V2 1 -1 0 G | | ELoe® E,
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5.4. Two-Polarisation BHD 207
Here the OMC matrix is used from equation 5.3 and Ejrp and Ejp are interferometer and

local oscillator fields as shown in Figure 5.3.

Performing matrix multiplication gives:

1 , .1 , A
£ V2 [GPEIFO + GsELoe’(A(PM)} P=n [GPEIFO —G,Ep o470 | §

1 0
Here p and § are and matrices respectively. Homodyning gives:
0 1
P —P
7 = 2G,Gs\/PLoPiro cos(0 +AQ) (5.14)

This is of the form of homodyne readout signal in Equation 5.7. Now because

IA) 48T
R (5.15)

taking partial derivative of equation 5.14 with respect to x (cavity length) and considering

A¢ ~ 0 gives noise spectral density in the homodyne readout as

oz
2‘1‘* sin 5] 5/2 (5.16)

sy = \/ProPLo

where 6 is homodyne angle introduced by the phase shifter, 6.% is difference in finesse for
s- and p- fields due to cavity birefringence. In equation 5.16 we see how the noise ASD for
the BHD readout related to OMC cavity length fluctuations through the finesse difference

for the two polarisations. This is again caused by the birefringence in the cavity.
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208 Polarisation Balanced Homodyne Detection
From equations 5.16 and 5.13 we see that using HWPs before or after to perform mixing
of the two beams gives rise to noise in the readout signal due to birefringence in the cavity.
But this can be mitigated as discussed in the next subsection. Noticing that the mixing
of the two fields due to rotation caused by the HWP (either before or after the OMC) can
also be done using two HWPs, one before and one after such that we balance the rotation
before and after the OMC. This enables cancellation of birefringence-induced noise while

preserving net 45° rotation.

5.4.3 Simultaneous Half-Wave Plate Mixing - Cancelling Bi-

refringence Noise

As we saw in the previous subsections, if we inject LO and IFO beams at orthogonal
polarisations, we can perform BHD by mixing the two fields using a half wave plate
whose fast axis is at 22.5° with respect to either polarisations. This enables a rotation of
the polarisations by 45°. But this gives rise to a problem, this leads to coupling of length
noise to the homodyne signal due to birefringence in the cavity. To perform BHD we want

to be able to mix the two polarisations, this can be done using two half wave plates

HWP, FA at 22.5°—6 HWP, FA at 0

1 [cos20 —sin20 cos26 +sin260 | |cos20 sin260
(5.17)

1
\/E sin20 +co0s26 sin20 —cos20 | | sin20 —cos26 \/§ 1 1

The right hand side represents matrix of a rotation matrix, rotating the polarisation states
by 45°. The matrix is also independent of 6 as expected. This means we can use two HWPs,
one before and one after the OMC and tune the angle 6 such that the birefringence noise
due to partial mixing using HWP; can be cancelled by that due to partial mixing using
HWP,. The Jones representation of half wave plate mixing of the orthogonally polarised

LO and IFO beams is given by:
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5.4. Two-Polarisation BHD 209

HWP, FA at 22.5°-6 OMC HWP, FA at 6 Input Output
1 |cos20 —sin26 cos26 +sin260 | |G, 0 cos20 sin260 Erro E;
V2 sin26 +cos20 sin260 —cos26 0 G| [sin20 —cos26 ELOei‘s E
(5.18)

where A¢ is phase difference between s- and p- polarisations introduced by the OMC, &

is the homodyne angle.

Now we want to compute P; and P> and estimate P» — P; which is the BHD signal. We

can then estimate % to evaluate the effective noise contribution.

[(005(29) —5in(20))G,cos(20) + (cos(28) +sin(28))Ge? sin(28)} Erro

+ % [(Cos(29) —5in(20))G,sin(26) — (cos(20) +sin(26))Gse™? cos(29)} Eroe®.

This represents signal on the first photodiode.
|E1|> = |A|* + |B|* +-2Re(AB)
where
A= [(005(29) —5in(20))G,cos(26) + (cos(28) +sin(20))G,e'*? sin(ZG)] Erro

B= [(cos(ze) —5in(26))G,sin(26) — (cos(2) + sin(20)) Gye'>? cos(ze)] Epoe®.
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210
Now evaluating these separately and substituting them in the above equation gives

sin(86)

A]? = {(1 —sin(46))G; cos®(20) + (1 +sin(40))G; sin*(20) + G,G; cos(A(p)} Piro

B> = [(1 — 5in(40))G2sin’(20) + (1 +sin(40)) G2 cos’(20) — Sin(zge) G,G; cos(Aq))} Pio

2Re(AB) = { [(1 - sin(49))giw]

—0s(48)G,G;cos*(260) cos(8 + A9)

+c0s(46)sin?(20)G,Gycos(8 — Ad)

_ {(1 +sin(49))Ggw} }

X2 PrroPro- (519)

P = [|A|2+ |B|> +2Re(AB)

sin(860
(2 )Gst COS(A(P)) PIFO

= N =

{ ((1 —5in(40))G) cos*(26) + (1 +sin(46))G; sin*(20) +

+ ((1 —5in(40))G, sin*(20) + (1 +sin(40))G; cos*(26) — Sin(zge)Gstcos(M’)) Pro

+ {(1 — sin(49))G§M —c0s(48)G,Gscos?(260) cos(8 + Ag)

+c08(40)G, G, sin2(20) cos(8 — A¢) — (1+ Sin(‘m))Gg sin(46) cos(9) } 2 PIFOPLO}
(5.20)

Similarly performing matrix multiplication for E, gives

E» = |(cos(20) +5sin(20))G,cos(20) + (sin(20) — cos(20)) Gy sin(29)eiA¢] Erro
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5.4. Two-Polarisation BHD 211

+ [(COS(ZO) +5in(26))G,sin(26) — (sin(20) — cos(20)) cos(26)G,e'*? Eoe®.

This gives

P, = [((1 +5in(46)) G cos?(26) + (1 —sin(40)) G2 sin’(26)

sin(86)
2

+ ((1+5in(46))G25in(20) + (1 - sin(48))G2 cos?(26)

N sin(86)

| =

6,6,50x(80) i

G,Gycos(A9) ) Pio (5.21)
(1+45in(48))G>sin(40)cos(§)
8 5
— c0s(48)G,G;sin*(20) cos(8 — A¢)

(1 —sin(40))G?sin(48)cos(8)

_ 2PP]
D) } IFOL'L.O

+¢0s(46)G,Gscos*(20) cos(8 + A9)

Now when |G,| and |G| = 1 and A¢ that is the relative phase shift introduced by the

cavity is zero, the equations for P; and P, become

P=2 PLOPIFO cos o (522)

as expected.

We can then compute the length fluctuations in P; and P>, by differentiating with respect

to the cavity length and using equation 5.12, this gives
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212
oPi _  PLo—Prro aG2 sin86 A¢>
e = ( 5 ) cos4—= ot ——G,G; s1nA¢
P.o+Pro, . ,,0G?
+(T)SIH4GW
2
+1 —sm460055aG +@COS46G Gy (5.23)
2 dx ox
X (cos2 20sin(8 + A¢) + sin®26 sin(8 — A¢))}
ProPLo
and

P, Po—Pro JG;  sin86 oA ¢
Ep = ( > ) | cos o > ———G,G; smAd)
PLo+Pro, . ,,9G;
— (—2 )sin46 e
1 dGI  0A
L B 9 (5.24)
dx dx

x (cos”20sin(8 + A@) +sin® 20 sin(5 — Ad)) }

X 2v/PrroPrLo

The above equations are generic and for any value of G,,Gs and A¢. Now substituting

Ap = 0, Gp,Gy = 1, the equations simplify to,

op 1 9G?
Za—xl = |:(PLO PIFO) cos46 + (PLO ‘|‘PIFO) sin46 — sin46 cos 5 PIFOPLO} 5
dA
+ [\/PIFOPLO cos40 sinS} 8_):])
dG?

0P,
2 _ [(PLO PIFO) cos46 — (PLO + PIFO) sin40 — sin40 cos 6 +/ P[F()PL()}  ——

= =
— [\/PIFOPLO cos46 sinS} a%q)

Subtracting them gives the length fluctuations in the homodyne signal
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P —P dG? JA
5 =[(PLo +Pro) sin46] "> + [\ /PrroPLo cos 48 sin 5} a_¢ (5.25)
X X X
Now using equations 5.11 and 5.15 gives the total birefringence noise
0 P—P o 46 F
a)zc = —(PLo+ Piro)sin46 - %—f— PiroPLocos46 sinS-T (5.26)

This equation is the total birefringence noise in the homodyne signal. This looks like the

sum of equations 5.16 and 5.13 but projected into different quadratures.

Equating this to zero gives:
1 Pro 46.F ’}’2 .
0,pt = —— arctan . . -sin & 5.27
opt 4 (\/ Po  fo Ofo (5.27)

This implementation for LIGO is illustrated in Figure 5.4. Equation 5.27 shows that the

optimum half-wave-plate balancing angles depend on both the cavity birefringence and the
chosen homodyne angle. It is therefore necessary to characterise the cavity birefringence
in order to determine the expected operating angles and to benchmark the experimental

settings against the theoretical optimum.
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Figure 5.4: Simplified schematic of the A+ LIGO interferometer output with polarisation
homodyne readout chain: The main interferometer consists of two orthogonal arm cavities
formed by input (ITM) and end test masses (ETM), with the beamsplitter (BS) at the
center. The power recycling cavity, formed by PRM, PR2, and PR3, enhances circulating
laser power, while the signal recycling cavity, formed by SRM, SR2, and SR3, shapes
the frequency response of the interferometer. A local oscillator (LO) field is picked off
from the input beam and directed through a phase shifter mirror and a power-adjusting
HWP-PBS combination before being combined with the signal field Etpg at a polarizing
beamsplitter (PBS). The combined beam is filtered by a single output mode cleaner
(OMC), which suppresses higher-order spatial modes and unwanted sidebands. Before
and after the OMC, half-wave plates (HWP) are inserted to rotate the polarisation angle
by 45°, combined, prior to balanced homodyne detection (BHD), which is performed using
a PBS and a pair of photodiodes (P1 and P2). Red and yellow lines represent the LO and
signal paths, respectively, with polarisation states indicated schematically.

5.4.4 Investigating Discrepancy

In the plot in Figure 5.13 we observe discrepancy between the measured and the predicted
optimum mixing angles. So we generalise the equations (5.23) and (5.24) further to invest-
igate this. Equations (5.23) and (5.24) can be written (by disregarding the assumption

in equation 5.12) more generally as
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0P
ox

(1—sin40)cos?(20)

+ (1 +sin40)sin’(26)

ox

2
p

0G?

 sin86 (aag

4 ox 0

(1—sin40)sin*(20) —L£

0G?

4

+2

~ 5in86 <8G2

[ (1 —sin40)sin46

;oG
ox ox

2
9G>

2

2
9G>

ox
0G?

cos?(40)cos & (
2

_ (1+sin46)sin46

ox + ox
dG?

2
+c0s40 sind &ﬂ

opP
ox

(1+sin46)cos?(20) =2~

+ (1 —sin40)sin’*(26)

i ox

2

8x

0G?
ox PIFO

cos O

ox

ox PIFO

N G
X

9G;
8x

+ (1+5in480) cos*(20) == 9. | Lo

)| s

215

(5.28)

4

ox

~ 5in8e <8G§

(1+sin40)sin*(20) =~

2G>

p
+ dx )
IG5

Bx
+ (1 —sin40) cos*(20)

sin80 [ dG>
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Factorising gives

1 in46 _8G12,
| (1 —sin >8x
dx 2 2
+ (1 +sin40) 8xs

[ 0G? 2
cos460 <—p — aGS)

(Pro+PB0)

% o (Pro — Po)

. . 2
(1 —sin46)sin46 085 G,
2 dx

+2

2

B cos?(40)cos & (3(;%,

ox

N 0G?
ox

0G?

2

1 +sin40 9G12)
(1+sin )W

+ (1 —sin40)

[ 0G?
+% cos40 < P

+c0s40 sind

(1+sin460)sin46 .

ox

2
s

ox

acf)

dx  ox

IAP

0s o

ox

(Pro+P0)

(1+sin40)sin46

2
IG2

2

cos O

ox

v PLoFiro -

(Pro —PLo)

+aG§
2 dx dx

1 —sin46)sin46 JG?

_ (1—sin46)sin cos8 205

2 ox
DAY

—cos40 sind ——

i ox

N cos?(40)cos & <8G[27
+2

vV PLoPro -

For small detuning 8 fp/y < 1 and small birefringence |B| < 1,

d|Gs|* _ 8fy FSR
ox P2 A

= A(),

258/ FSR
G~y (e (1+2p) = = -
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Here € indicated the lock point, € = 0 if the lock point is on the -p resonance and € = 1

for the lock point on -s resonance.

Substituting (5.32)—(5.33) into (5.30)—(5.31) gives

% = %{ [(1 +sin40) — k(1 — sin49)} (Piro + PLo) — cos460 (x + 1) (Pro —PLO)}

— Apcosd [(1 —sin40)sin40 K + cos?(40) (1 — k) + (14 sin40) sin49} v PLoPiro

+ 2co0s40 siné a%(p v/ PLoPro -
(5.34)

29 _ Ao
ox 2
+ Agcos [cos2(4e) (1K) — (1 +sin40)sin46 k — (1 — sin46) sin4e] VProPiro

— 2cos460 sinS&SLx(P v/ PLoPro -

{ [(1—sin48) — k(1 + sin48)] (Aro + ALo) — cos48 (k+ 1) (Piro —PLO)}

(5.35)

dP, OP
2<—1 - —2) = Ao(1+ ) sin(46) (Pro + PLo) —2A0(1 — k) cos & \/PLoPro

dx  dx (5.36)

+4cos(40) sind %qu) /PLoPrFo .

Ag= —5 —, Kk=2(1—¢)(1+2p).
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Ao(] + K') (PIFO —l—PLo) sin(49) +4sin o ang\/ B oPro COS(49) = 2A()(1 — K') cos 0 \/PLoPiro.-

Defining

dA
A EAo(l + K‘) (PIFO —}-PLo), B=4sino a_x(PVPLOPIFOa D= 2A0(1 — K)COSS v/ PLoPro.

Then Asin(40) + Bcos(40) = D. Let R = VA2+B? and ¢ = atan2(B,A). Since Asinx +

Bcosx = Rsin(x+ ¢), we obtain

D D
46+¢>:sin1<ﬁ>+2nn or 49+¢:n—sin1<i)+2nn, nez

i.e.

(valid when |D| <R).
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5.5 OMCG6 Birefringence Measurement
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Figure 5.5: Experimental setup to measure cavity birefringence: Schematic of the op-
tical setup used for characterising the output mode cleaner (OMC) on the transport
fixture. A 1064 nm Innolight laser (output power ~60 mW) is passed through a Faraday
isolator to prevent back-reflections, and then phase modulated at 32 MHz using a res-
onant electro-optic modulator (EOM) for Pound-Drever-Hall (PDH) locking. The beam
is mode-matched into the OMC using a telescope consisting of two plano-convex lenses
(f=35mm and f=125mm). A PBS shown downstream the EOM cleans the polarisation
entering the cavity. A BS directs a small fraction of light to a power reference photodi-
ode for monitoring input power. The main beam is passes through a PBS to clean the
polarisation. The input polarisation is adjusted at 45 degree angle using a combination
of a half-wave plate (HWPg) and a quarter-wave plate (QWP). After interacting with
the OMC cavity, the reflected light is directed to a reflection photodetector and a CCD
camera for PDH locking and alignment diagnostics, respectively. The transmitted beam
is analyzed using a balanced homodyne detection (BHD) setup comprising a polarizing
beam splitter (PBS) and two photodiodes (PD; and PD,). The OMC cavity optics are
mounted on a glass breadboard which is held in a dedicated transport fixture to maintain
mechanical stability and optical alignment.

The experimental setup to measure the birefringence of the optical cavity is shown in
Figure 5.5. Equal powers of s- and p- polarisation light fields were injected into the cavity

and cavity was scanned across multiple free spectral ranges.
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220 Polarisation Balanced Homodyne Detection
For the purposes of comparing the difference between the s- and p- polarisation cavity
transfer functions, it is useful to define these transfer functions in terms of Lorentzians.

Let’s define cavity transfer function for p polarised beam by a Lorentzian of the form

A
Lp(fifo,v.A) = ——— (5.37)
1+ (f—fo)
Y
where 7 is cavity pole. If the frequencies are normalised to ¥ then we have
. A
L,(v;vg,A) = T2 (5.38)

Then due to the birefringence effects described in the previous section, the cavity transfer

function for s - polarised beam can be written as:

A+ 6A

Ls(v; vo+6vo, A+ 6A) = 1+ (14 B)2(v+ 8vp)?

(5.39)

where B is cavity finesse difference normalised to p- polarised cavity finesse, dvy cor-
responds to difference in the resonance frequencies and 6A corresponds to difference in
amplitude for s- and p- polarised beams. The difference between the s- and p- polarisation

transfer functions can thus be written as

A A+ 0A

L,(v;vg,A) — Ls(v;vo + 0vp,A + 0A) = 142 14+ (14 B)%2(v+ 8vp)?

(5.40)
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5.5. OMC6 Birefringence Measurement 221
And the cavity birefringence can be measured by fitting this to PD; — PD; (see Figure
5.7).

p- Resonance
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Figure 5.6: Normalised p-polarisation cavity resonances. Each trace shows the
photodiode signal for a single resonance window after converting the fitted drive voltage
to a normalised detuning f = (V —Vj)/7. 7 here was extracted by calculating the difference
in voltage at half maximum of the resonance peak for every peak. The data used in the
fitted using Lorentzians L(f) = A/(1 + f?). The dashed line at f = 0 marks the fitted
resonance centre. The per-peak voltage-domain normalisation collapses distinct scans onto
a common lineshape suitable for averaging and comparison.
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Figure 5.7: Differential signal fit L, — L;. The measured differential photodi-
ode signal versus the normalised detuning f. The scatter is fit with offset +

A+0A
L+ [(1+B)(f = 6f0)]*
linewidth (finesse) asymmetry, and 8A captures contrast (amplitude) mismatch. This
parameterisation separates resonance spacing, finesse difference, and contrast into ortho-
gonal fit knobs for subsequent statistical analysis. The data is averaged over 54 peaks.

A
1+ f2

where O f) is the relative p—s resonance offset, B encodes the
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222 Polarisation Balanced Homodyne Detection
The finesse of the cavity is 378. The difference in the finesse between s- and p- polarisations
is A.# =9.741 and difference in resonance frequencies of the two polarisations is 8 fy = 1.36
kHz. The statistics of the cavity birefringence parameters are summarised with histograms

in Figure 5.8.
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Figure 5.8: Distributions of birefringence and lineshape parameters from OMC
cavity scans. For each resonance window the p-peak is fit in voltage (see Figure 5.6) to

A A+0A
L+ /2 1+[(L+B)(f = 6/0))
Figure 5.7) yields (clockwise from top left) the DC offset of the differential channel, the
polarisation resonance separation 0 fy (reported in MHz via the cavity calibration), the
finesse difference A% = B.%y with %y =378, and the contrast mismatch dA. Each panel
annotates the sample mean u and standard deviation o of the inlier set, as printed on
the plots.

obtain (Vp,7,A), and the differential model offset + (see

5.6 Measuring the Optimal Mixing Angles for OMCG6

As shown in Figure 5.4, realising a tabletop polarisation BHD requires control of the
relative phase (homodyne angle) between the local-oscillator (LO) and interferometer
(IFO) fields. In our bench setup this control is implemented using a cascaded half-wave

plate (HWP) and quarter-wave plate (QWP), as indicated. We first located the fast axes
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and verified the performance of each waveplate, and aligned the polarizing beam splitters
(PBSs) to a common plane (Appendix B). To account for any upstream phase imparted
by preceding optics, the waveplates were then characterized sequentially in the order
they appear in Figure 5.9 (Appendix B.1). This procedure ensures that any additional

phase shifts introduced earlier in the train are incorporated into the final homodyne-angle

calibration.
PD1
o
3
PD2 B
O,
(S ;
BHD HWP2
PBS -
L -

OMC transport fixture oo Usnoso

Figure 5.9: Tabletop setup for polarisation BHD The input laser setup is same
as that used for birefringence measurement in Figure 5.5. Waveplate stack HWP;-QWP
provides control of the LO-IFO relative phase (homodyne angle) and also helps maintain
a similar power ratio between the two orthogonal polarisations across measurements.
Downstream, HWP; and HWP, before and after the OMC balance the rotation before
and after the OMC enabling cancellation of birefringence-induced noise while preserving
net 45 degrees rotation.

We first characterised the HWPy—QWP pair to determine the mount settings that realise
a target power ratio between the p- and s-polarised fields (Figure 5.10). This ratio was
then fixed for the remainder of the experiment. Using those angle pairs, we estimated the
relative optical phase (homodyne angle) 8 for each setting (Figure 5.11) and measured the
corresponding output powers P; and P, (Figure 5.12). The homodyne angles were obtained
from the measured balanced-homodyne signal and the input powers in each quadrature

via Eq. 5.7.
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224
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Figure 5.10: Characterisation of the HWP0-QWP angle pairs that realize the input
power ratio P,:P; = 10:1. Plotted are the measured QWP angles 6, versus HWP0 angles 6,
(two measurement series). Angles are reported relative to calibration offsets ; = HWPO0 —
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Figure 5.11: Phase difference 6 between the s- and p-polarized outputs evaluated at the
waveplate settings from Figure 5.10. The phase is inferred from the balanced-homodyne

relation P =2,/P,P;cos§ with P = E, — E, and (P,,P;) = (PLo,Pro). Two measurement
series are shown.
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Figure 5.12: Output powers P; and P, versus HWPO angle 6, after the HWP-QWP-
HWP stage set to 22.5°. Curves show the modeled intensities |Ey|> (p) and |Ey|? (s) for
two series; markers show the corresponding measured channel fractions (data).

We excited the OMC piezoelectric transducer (PZT) to measure the noise transfer func-
tion from OMC length fluctuations to the homodyne signal. The input waveplates were
configured to realise the desired homodyne angle. Using the HWP; calibration (see Ap-
pendix B.1), HWP| was set to its mixing angle. HWP, was then introduced and adjusted
so that the FA did not introduce any further rotation of the polarisations. The homo-
dyne signal was recorded and verified against the model. Finally, HWP; and HWP, were
counter-rotated in opposite directions until the measured noise transfer function was min-

imised.

We determined the optimum mixing angle for a set of target homodyne angles by jointly
rotating HWP| and HWP, and identifying the HWP; setting that minimised the meas-
ured transfer function. The results for multiple 8ygp values are shown in Figure 5.14. In

Figure 5.13 we have plotted this as a function of homodyne angle.
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Figure 5.13: Optimal polarisation angle as a function of homodyne angle. The solid
curve shows the model prediction for ®gp from Eq. 5.27, evaluated using the measured
birefringence parameters. The markers denote the measured HWP; angles that minimise
the OMC length-to-homodyne noise transfer at the indicated homodyne angles.

As shown in Figure 5.13, the measured optimum fast-axis angles do not follow the the-
oretical prediction based on the independently measured birefringence parameters. The
origin of this discrepancy is not yet understood. Nevertheless, each experimental point
corresponds to the minimum of the measured transfer function from OMC length fluc-
tuations to the homodyne signal, and thus represents the empirically optimal setting for

that homodyne angle.
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Figure 5.14: Determination of the optimum HWP| mixing angle for a range of homodyne
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HWP; setting that minimises the OMC length-to-homodyne signal noise transfer for that
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5.7 Discussion

This chapter developed and tested a polarisation-based balanced homodyne detection
(BHD) scheme that uses a single output mode cleaner (OMC) to filter both the inter-
ferometer (IFO) and local-oscillator (LO) fields. By assigning orthogonal polarisations to
the two beams and distributing the mixing between half-wave plates (HWPs) before and
after the OMC, we derived a compact expression for the birefringence-induced coupling
of OMC length noise to the homodyne readout and identified a tunable operating point

that suppresses this coupling.
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We first measured the OMC birefringence (differences in resonance frequency and finesse
between s and p polarisations) and used these parameters to build a predictive model
for the noise transfer function. We then implemented a bench-top experiment in which
HWPy-QWP set the power ratio and homodyne angle, while HWP; and HWP, were
counter-rotated to locate the minimum of the length—to—homodyne transfer function.
The procedure yielded optimal mixing angles across homodyne phase, demonstrating em-
pirical suppression of birefringence coupling. Although the trend is broadly consistent
with the model, the measured optima deviate quantitatively from the prediction based on

independently measured birefringence; the source of this discrepancy remains unresolved.

5.7.1 Future directions

1. Model refinement: Incorporate alignment jitter, finite extinction ratios, spatial
retardance non-uniformity of waveplates, OMC depolarisation, and coating inhomo-
geneity into the noise model; propagate uncertainties from birefringence fits through
to Bopt-

2. Improved calibration: Re-calibrate HWP/QWP fast-axis angles and retardances
over the beam footprint; characterise temperature dependence and wavelength sens-
itivity.

3. Scaling to observatory conditions: Repeat the demonstration with a suspended
OMC and interferometer-like seismic and thermal environments; evaluate long-term
noise, thermal lensing, and alignment cross-couplings.

4. Comparison with nominal BHD: Quantitatively compare polarisation BHD
against the dual-OMC scheme in terms of quantum noise, classical noise couplings,

complexity, and maintainability.

In summary, polarisation BHD provides a practical path to reduce optical complexity
while preserving the essential benefits of BHD. With improved modelling and calibration,
and with validation on a suspended platform, the technique could become a competitive

readout option for future gravitational-wave detectors.
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Chapter 6

Conclusion

This thesis has addressed a set of closely connected experimental and modelling prob-
lems motivated by the next steps in gravitational-wave detector technology: the move
toward cryogenic operation for reduced thermal noise, and the increasing complexity of
optical readout chains required for quantum-noise-limited sensitivity. Across these themes,
the work presented here contributes (i) modelling and design studies for a cryogenic,
multi-material suspension architecture for the Glasgow Cryogenic Interferometer Facility
(GCIF), (ii) development and cryogenic investigation of a low-heat-load local displacement
sensor for suspension damping, (iii) Output Mode Cleaner development for the Advanced
LIGO A+ upgrade, including both high-throughput output mode cleaner (OMC) cavities,

(iv) and a simplified balanced-homodyne readout concept based on a single OMC.
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6.1 Summary of contributions

6.1.1 Common-platform suspension modelling for GCIF

A central goal of the GCIF is the direct measurement of coating thermal noise using
a short, cryogenic Fabry—Pérot cavity formed by suspended silicon test masses. Achiev-
ing the required displacement sensitivity demands stringent control of seismic coupling
while preserving practical damping and lock-acquisition capability. In Chapter 2, a Math-
ematica state-space model was developed to study a common-platform (split-pendulum)
suspension architecture, in which two suspension chains share a rigid upper mass. The
principal motivation of this design is the potential for common-mode rejection: disturb-
ances transmitted through the shared top stage can be mechanically correlated between
the input and end chains, thereby reducing the differential motion that appears as cavity

length noise.

The modelling results show that the split geometry reorganises the resonance structure
into clusters with systematic mixed-DOF content, in contrast to the more separable mode
families typical of conventional single-chain triple suspensions. This has two practical
consequences. First, sensing and damping must be designed with mixed families and oc-
casional cross-coupling pathways in mind. Second, the parameter space of the common
platform (mass properties, wire attachment geometry, and chain-to-chain symmetry) can
be used deliberately to manage degeneracies, improve observability, and mitigate trouble-

some couplings.

Several targeted studies were carried out to inform design choices: (i) shifting the top-
mass centre of mass toward the geometric reference plane improves overall mode visibility
and reduces longitudinal-to-pitch coupling, motivating compensating-mass strategies in
the presence of recoil structures; (ii) increasing the final-stage length generally improves

average mode visibility while leaving cross-coupling transfer functions broadly unchanged
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within the explored set, supporting the preference for longer monolithic lower stages
subject to mechanical constraints; and (iii) increasing the common-platform mass reduces
certain cross-couplings by raising the platform inertia, but simultaneously reduces the
platform visibility of several resonance families, highlighting a trade-off between cross-

coupling robustness and local-control observability.

Finally, realistic chain-to-chain asymmetries were introduced to reflect tolerances and un-
certainties in monolithic attachment geometry at the optic stage. The modelling indicates
that modest asymmetry does not strongly alter the overall cross-coupling transfer func-
tions, while beneficially lifting degeneracies (mode splitting). These results support the
practical feasibility of the common-platform approach for GCIF and provide a modelling

basis for the next iteration of mechanical design and controls planning.

6.1.2 Cryogenic shadow sensor for local damping

Reliable local sensing and damping remain essential for commissioning and stable op-
eration, particularly in cryogenic systems where actuator authority and alignment mar-
gins can be constrained. Chapter 3 presented the development of a cryogenic-compatible
shadow sensor intended for local control of the GCIF suspensions. A systematic char-
acterisation campaign was performed on infrared LEDs, quadrant photodiodes, and flag
geometries down to cryogenic temperatures, supported by a detailed performance and

noise model.

A key outcome is that the prototype sensor meets the combined requirements of sensitivity,
dynamic range, and heat load for cryogenic suspension use. In particular, the normalised
QPD readout scheme was demonstrated to suppress LED intensity noise to near shot-noise
levels, and cryogenic operation was validated in testing at 5 K with stable performance

consistent with the model predictions. The modelling and measurements jointly clarify
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the design trade space between responsivity (slope at the operating point), dynamic range
(linear range about that point), and heat load (set largely by LED drive power and heat
extraction pathways). This provides a rational route to selecting geometry and operating

point for the GCIF implementation rather than relying on purely empirical optimisation.

The chapter also identified the most important practical limitations to address in the
next hardware iteration: LED package robustness under thermal cycling, improved optical
collection/collimation strategies compatible with vacuum and cryogenic conditions, and
closed-loop demonstrations on suspended masses to directly validate displacement-noise

performance under feedback.

6.1.3 A+ LIGO OMC cavities: design, assembly, and perform-

ance

OMCs are critical components of the interferometer readout chain: they reject higher-order
spatial modes and RF sidebands while transmitting the carrier field with minimal loss. In
Chapter 4, the design, fabrication, and characterisation of the A+ LIGO monolithic bow-
tie OMC cavities were presented, including the screening and metrology of coated optics,
the bonding and assembly workflow, and the measurement methods used to optimise

throughput and confirm cavity geometry.

A major practical outcome of this work is the demonstrated optical performance of the A+
OMUC builds. For the first bonded cavity, an optical throughput of 99.10% was achieved,
with measured cavity parameters (FSR, round-trip length, transverse mode spacing) meet-
ing the design requirements. The refined procedures and scripts developed during the

build of the first cavity were then used to support the production of the subsequent cav-
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ities, enabling consistent measurement and acceptance of key metrics such as finesse, unit
throughput, and loss per mirror. Taken together, these results represent a meaningful im-
provement in OMC performance and reproducibility relative to earlier builds, and directly

support squeezed-light operation in the upgraded detectors.

6.1.4 Polarisation-based balanced homodyne detection with a

single OMC

Balanced homodyne detection (BHD) is a cornerstone of the A+ quantum-noise upgrade
but introduces significant optical complexity in its nominal implementation, including the
need for two OMC cavities and the associated risk of differential imperfections degrading
the “balanced” subtraction. In Chapter 5, we developed and tested a polarisation-based
BHD scheme in which the interferometer signal and local oscillator are carried on or-
thogonal polarisations and filtered by a single OMC. The work established the theoret-
ical framework for this configuration, explicitly treating birefringence-induced differences
between the s- and p-polarised cavity responses, and derived a compact expression de-

scribing the coupling of OMC length noise into the homodyne readout.

The central conceptual result is that the coupling can be tuned and, in principle, sup-
pressed by distributing the required polarisation mixing before and after the OMC using
appropriately chosen waveplate angles. A bench-top experiment demonstrated this prin-
ciple operationally: for a range of homodyne angles, an empirically optimal mixing setting
was found that minimised the measured length-to-homodyne transfer function, thereby
confirming practical suppression of birefringence coupling. While the observed trend was
broadly consistent with the model, the measured optimal angles deviated quantitatively
from predictions based on independently measured birefringence parameters, indicating
that additional effects (e.g. waveplate non-idealities, alignment jitter, finite extinction ra-
tios, or spatial retardance variations) must be incorporated before a full predictive model

can be claimed.

238



23/ Conclusion
Overall, the results position polarisation BHD as a credible path to reduce optical com-
plexity while preserving the essential benefits of homodyne readout, provided that mod-

elling, calibration, and suspended-platform validation are pursued.

6.2 Outlook and recommended future work

The studies in this thesis naturally motivate several next steps, grouped by subsystem.

6.2.1 GCIF suspension and controls integration

The common-platform modelling should now be coupled more tightly to the mechanical
design iteration: candidate top-mass geometries (including recoil structures, compensat-
ing masses, and realistic attachment tolerances) can be evaluated against the combined
criteria of (i) low longitudinal-to-angular cross-coupling, (ii) sufficient mode visibility at
available sensor/actuator stages, and (iii) robust common-mode rejection in the projec-
ted length-noise budget. As hardware prototypes mature, model-to-measurement valid-
ation should become a priority: transfer functions and resonance frequencies measured
on prototype assemblies will provide high-leverage constraints on stiffness and damping

assumptions in the model.
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6.2.2 Cryogenic shadow sensor further work and miniaturisation

For the shadow sensor, development of a mechanical package that withstands thermal
cycles and a closed-loop demonstration on a suspended mass to quantify in-situ displace-
ment noise, stability margins, and the interplay between sensor noise and actuator author-
ity. Finally, the modelling indicates a clear path to increased sensitivity (higher optical
power and responsivity), but this must be pursued alongside a rigorous heat-load and

heat-extraction analysis consistent with GCIF thermal constraints.

6.2.3 A+ OMC deployment and extension

For the A+ OMCs, continued emphasis on reproducible metrology, bonding workflows,
and loss budgeting will remain essential as cavities are installed, transported, and operated
in observatory conditions. The methods developed here can also inform future OMC
designs for third-generation detectors and also existing detectors looking to improve their

readout.

6.2.4 Polarisation BHD refinement and scaling

The polarisation BHD concept warrants further work in four directions: (i) model refine-
ment to include realistic non-idealities and to propagate parameter uncertainties through
to predicted optimal settings; (ii) improved calibration of waveplate retardance and fast-
axis angles over the relevant beam footprint and over environmental drifts; (iii) demon-
stration in a more interferometer-like environment, ideally including a suspended OMC
and long-duration stability measurements; and (iv) quantitative comparison against the
nominal dual-OMC BHD chain, including both classical noise couplings and practical
maintainability. The aim is also to understand the existing discrepancy between the ex-

perimental results and the model prediction.
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6.3 Closing remarks

The experimental direction of gravitational-wave detection continues to be shaped by
the need to suppress thermal noise and to realise low-loss, low-noise optical readout at
ever higher levels of quantum enhancement. The work presented in this thesis advances
both aims: it helps establish a credible cryogenic suspension architecture and local-sensing
solution for GCIF, and it contributes directly to A+ readout hardware through improved
OMC cavity performance and a demonstrated route to simplifying homodyne readout us-
ing polarisation multiplexing. Together, these results strengthen the technical foundations
for near-term upgrades and provide practical methods and insights that are relevant to

the design choices facing third-generation detectors.
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Appendices

A PCB Images

A.1 LED Driver
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Figure 6: Photograph of the LED driver printed circuit board. The circuit diagram for
this is found in Figure 3.1
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A.2 QPD Amplifier
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Figure 7: Photograph of the QPD amplifier printed circuit board.
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B Wave Plate Calibration Curves

Below we plot the calibration curves for the waveplates. They are calibrated independently.
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Figure 8: Calibration of HWPO0, the power ratio half wave plate. The normalised
photodiode signals in the s- and p-polarisation channels are shown as a function of
the HWPO rotation angle. The data are fitted with the expected sinusoidal responses,
f:(0) = Asin®(2(0 — 69 )) + offy and f,(0) = A,cos?(2(6 — 6y, ,)) + off,, confirming the
orthogonal mixing of the two polarisations. Vertical dashed and dotted lines indicate the
fitted extrema (peaks/dips) within the scan range, which define the effective fast-axis
reference angles used for subsequent polarisation-BHD alignment and balancing.
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Figure 9: Calibration of the quarter-wave plate (QWP), the power ratio quarter wave
plate. The photodiode signal after the PBS is shown as a function of QWP rotation
angle. The data are fitted with the expected periodic dependence of the transmitted
power for an initially linearly polarised field passing through a QWP and analysed by
a PBS, f(0) = 2A sin*(6 — 6y) cos?(6 — 6y) + off. The vertical dashed and dotted lines
indicate the fitted extrema (dip and peak) within the scanned range, which define the
effective QWP fast-axis reference angle used for setting the desired polarisation state in
the polarisation-BHD experiment.
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Figure 10: Calibration of the first mixing half-wave plate (HWP1)
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Figure 11: Calibration of the second mixing half-wave plate (HWP2)

B.1 Calibration of Waveplates In-Situ
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Figure 12: Calibration of the first mixing half-wave plate (HWP1) in the presence of all
the other waveplates upstream i.e. HWP0 and QWP, and other optical components (see

Figure 5.9)
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Figure 13: Calibration of the first mixing half-wave plate (HWP1) in the presence of all
the other waveplates upstream i.e. HWP0, QWP and HWP1, and other optical compon-
ents (see Figure 5.9)
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C Suspension Model Parameters for State Space Ex-

port

Table 6: Key model parameters used to construct the split-pendulum (common-platform)
Mathematica suspension model: masses and inertias. Here, mass 1 denotes the up-
per/common platform, mass 2 the intermediate masses, and mass 3 the optics. Subscripts
I and FE refer to the input and end chains respectively.

Parameter Description

Masses

my Mass of the upper/common platform (mass 1).

Moy, MoE Masses of the intermediate stages (mass 2) in the input and
end chains.

msr, M3g Masses of the optics (mass 3) in the input and end chains.

Moments/products of inertia

Iy, Iy, I,

ley,llyzallzx
by, by, D,

Dy, Diyz, Dz
DEx, by, bE;
DExy, bEyz; DEzx
By, By, Br;
By, Biyz, Bz

BEx, BEy, I3E;
BExy, B3Eyz, BEx

Principal moments of inertia of the upper/common platform
(mass 1) about its body x,y,z axes.

Products of inertia of the upper/common platform (mass 1).
Principal moments of inertia of the input-chain intermediate
mass (mass 21I).

Products of inertia of the input-chain intermediate mass
(mass 21).

Principal moments of inertia of the end-chain intermediate
mass (mass 2E).

Products of inertia of the end-chain intermediate mass
(mass 2E).

Principal moments of inertia of the input-chain optic (mass 3I).
Products of inertia of the input-chain optic (mass 3I).
Principal moments of inertia of the end-chain optic (mass 3E).
Products of inertia of the end-chain optic (mass 3E).
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Table 7: Key model parameters used to construct the split-pendulum (common-platform)
Mathematica suspension model: attachment-point heights and wire separations. Sub-
scripts I and F refer to the input and end chains, respectively.

Parameter Description

Attachment-point heights (along z) and blade-to-mass offsets
drop Distance down from the upper blades (on the structure) to the
upper-wire attachment points.

do Distance up from the upper-mass FRP to the upper-wire at-
tachment points.

di1, dig Distance down from intermediate blades (on the upper mass)
to attachment points for intermediate wires (input/end chain).

do1, dog Distance up from the intermediate-mass FRP to attachment
points for intermediate wires (input/end chain).

d31, d3g Distance down from blades (on the intermediate mass) to at-

tachment points for lower wires (input/end chain).

dyar, dag Distance up from the lower-mass FRP to attachment points
for lower wires/ribbons/rods (input/end chain).

Wire separations

no y-direction half-separation at the top end of the upper wires.

n y-direction half-separation at the bottom end of the upper wires.

nor, N2E y-direction half-separation at the top end of the intermediate
wires (input/end chain).

n3r, N3g y-direction half-separation at the bottom end of the intermedi-
ate wires (input/end chain).

n41, N4E y-direction half-separation at the top end of the lower wires
(input/end chain).

nsy, N5 y-direction half-separation at the bottom end of the lower wires
(input/end chain).

Su One-sided x-direction separation of the upper wires.

Sil, SiE x-direction half-separation of intermediate wires (input/end
chain).

SIT, SIE x-direction half-separation of lower wires (input/end chain).
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Table 8: Key model parameters used to construct the split-pendulum (common-platform)
Mathematica suspension model: stage lengths and elastic properties. Subscripts [ and F
refer to the input and end chains, respectively.

Parameter

Description

Stage lengths
I

b, g

l31, l3g

Upper wire length: structure blades — upper/common plat-
form.

Intermediate wire lengths: upper/common platform — inter-
mediate mass (input/end chain).

Lower wire/ribbon lengths: intermediate mass — optic (in-
put/end chain).

Elastic constants (vertical blades and longitudinal wire stretch)

kbuz
kpiz1, kpizE

kw 1
kywat, kwor

kW3I7 kW3E

Net vertical elasticity of the upper blades (on structure).

Net vertical elasticity of the intermediate blades (on the upper
mass), input/end chain.

Net longitudinal elasticity of upper wires (structure — upper
mass).

Net longitudinal elasticity of intermediate wires (upper mass
— intermediate mass), input/end chain.

Net longitudinal elasticity of lower wires/ribbons (intermediate
mass — optic), input/end chain.

Material stiffness and bending

"

Vo1, Yop
Y31, Y3
My,

M1, Ma g

M311, M31E

Young’s modulus of the upper wires.

Young’s modulus of intermediate wires (input/end chain).
Young’s modulus of lower wires/ribbons (input/end chain).
Second moment of area of the upper wires in direction “1”.
Second moment of area of the intermediate wires in direction
“1” (input/end chain).

Second moment of area of the lower wires/ribbons/rods in dir-
ection “1” (input/end chain).

D Suspension Modes for Common Platform Suspen-

sions
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Figure 14: Common platform suspension modes (1-6).
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Figure 15: Common platform suspension modes (7-12).
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Figure 16: Common platform suspension modes (13-18).
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(f) Mode 24: f=4.78787Hz

Figure 17: Common platform suspension modes (19-24).
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