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Abstract

The retina is the layer of sensory tissue that lines the interior surface of the human eye. The retinal
cells are nourished by a network of blood vessels, which are fed by a single artery/vein pair that
enters and exits through the optic nerve. Retinal vein occlusion is a blockage in one of the veins
of the retinal circulation, which can subsequently lead to retinal haemorrhage. Such blockages
often occur at points of arterio-venous crossing, where the retinal vein and artery share a com-
mon sheath, and gradual swelling of the artery (due to arteriosclerosis) results in compression
of the adjacent vein, narrowing the blood vessels, damaging their wall and eventually leading to
a venous thrombus which rapidly occludes the vein. Retinal vein occlusion is the second most
common retinal vascular disease and a common cause of vision loss in older patients. For the
first time, we aim to understand how occlusion in one part of the retinal circulation can lead to
haemorrhage in other parts of the network using a combination of cutting-edge image analysis
and a mathematical model based on continuum mechanics. The clinical images suggest that the
bursting of vessels occurs several generations upstream of the site of arterio-venous crossing. To
investigate this clinical observation, we develop a one-dimensional network model composed of
three generations of vessels informed by clinical images; we consider a locally applied (exter-
nal) perturbation to drive an occlusion of the vein. We find that wave propagation only plays a
significant role on timescales much faster than the typical timescales of thrombus growth, and so
expansion of upstream vessels is more clearly aligned to the accumulation of blood upstream of
the constriction due to the reduced outflow. Using this viscous model, we show that such flows
can be captured with a model based only on Stokes flow and observe that as an external pressure
is applied to the parent vein, there is a substantial overshoot in blood pressure in the generation
of vessels immediately upstream of the occlusion. However, this overshoot diminishes as we
increase the perturbation time and eventually becomes negligible. Furthermore, we show that
the pressure increases monotonically in generations which are further upstream of the occlusion

without exhibiting any overshoot.

In summary, this thesis develops a general framework for building realistic arterial and venous
networks from patient images to study the retinal micro-circulation, which can be easily extended
to bigger networks. Moreover, at the end, we use our three-generation arterio-venous model to
study the real patient data extracted directly from images. Hence, our model does not predict a

clear mechanism which might lead to a localised increase in blood pressure, which could drive
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vessel rupture and help explain retinal haemorrhage in the vessel upstream of the constriction.
Further work is therefore necessary to refine the model to robustly predict the onset of retinal
haemorrhage.

This research has been presented at several national and international conferences, including
the British Applied Mathematics Colloquium (BAMC), the UK Fluids Conference, and the Soft-
Mech International Tissue Workshop. Manuscripts are currently in preparation for submission

to relevant journals.
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Chapter 1
Introduction

The retina is the layer of highly specialised sensory neuronal cells lining the back surface of the
human eye [128, 170]. The retina plays a critical role in vision by identifying light stimuli from
the external environment and transforming them into electrical signals [170]. These signals are
transmitted through the optic nerve to the visual cortex of the brain, where they are interpreted
to form the visual experience [170]. This transformation of light into neural impulses is made
possible by the complex structure of the constituent cells known as photoreceptors. For the proper
functioning of these cells, the retina relies on a dense and specialised vascular system composed
of two circulations: the retinal circulation and the choroidal circulation. The former is the focus

of this study and supplies the nutrients for the innermost part of the retina.

The retinal vasculature represents a unique microcirculation in the body that can be observed
invivo [90, ]. Moreover, the retinal vasculature possesses a distinctive structure and function,
shaped by the retina’s high metabolic demands and the presence of blood-retinal barriers [20].
Despite these unique features, it shares structural and functional similarities with other vascu-
lar systems, particularly the cerebral vasculature, in terms of blood flow regulation and barrier
properties [90]. The retinal vascular network comprises arteries, veins, arterioles, venules, and
capillaries, all of which play a crucial role in delivering oxygen, metabolites, and vital nutri-
ents essential for maintaining retinal health and function. The retina is vulnerable to a variety
of internal and external disturbances that can trigger pathological processes and result in reti-
nal conditions such as retinal haemorrhage. This thesis concerns a particular pathway to retinal

haemorrhage as a result of retinal vein occlusion.

The following section provides a brief overview of the retina and retinal vasculature (see sec-
tion 1.1). Section 1.2 highlights key pathological changes associated with retinal haemorrhage.
A detailed discussion on mathematical models for vascular networks, including the retinal cir-
culation, is given in section 1.3. The following sections discuss different modalities of retinal
imaging (see section 1.4), the basics of fundus imaging (see section 1.5), and a brief overview
of pre-processing techniques is given in section 1.6. The next two subsections list all the com-

ponents used for feature extraction from the fundus image (see section 1.7) and different retinal
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vessel segmentation approaches (see section 1.8). Following this, section 1.9 outlines the novelty
and the contribution of this thesis. In the last subsection 1.10, we discuss the research question,
hypothesis and the objectives of this thesis.

1.1 The retina and retinal vasculature

Figure 1.1(a) presents the cross-sectional view of the human eye showing different parts of the
eye and the relative position of the retina. The sagittal view of the human eye reveals three distinct
structural layers (see figure 1.1a). The outer layer comprises the sclera and cornea. The middle
layer, known as the uveal tract, is divided into three parts: the anterior iris, the intermediate
ciliary body, and the posterior choroid. The inner layer, also known as the sensory layer, is the
retina [170]. Three distinct chambers are located within three distinct layers discussed above
(see figure 1.1a) [51]; the anterior chamber, located between the cornea and the iris, is filled
with aqueous humour (see figure 1.1a) [51]; the posterior chamber lies between the iris and lens,
enclosed by the ciliary body, and it also contains aqueous humor, which is the fluid that nourishes
these structures and maintains intraocular pressure (see figure 1.1a) [51]; the vitreous chamber,
situated between the lens and the retina, is filled with a transparent, colourless, gel-like substance
known as the vitreous or vitreous body (see figure 1.1a) [51].

In this work, we focus mainly on the structure of the retina and retinal circulation. We start by
discussing the anatomical structure of the retina in detail (see subsection 1.1.1). Then, the next
two subsections outline the blood supply to and drainage from the retina (see subsection 1.1.2),
and various techniques that have been developed to assess the hemodynamics of both human and

animal eyes (see subsection 1.1.3).

1.1.1 Structure of the retina

The retina is a thin, semi-transparent, and highly organised structure composed of multiple layers
of neurons. It lines the inner surface of the posterior two-thirds of the eye wall and plays a central
role in visual processing [170]. The retina is an extension of the central nervous system and
is connected to the brain by the optic nerve [51]. The retina has two primary layers: retinal
pigment epithelium (RPE), and an inner neuro-sensory retina or neural retina [170, 10]; figure
1.1(b) shows a schematic diagram of the human retina. The RPE is derived from the outer layer
of neuroectoderm, and the neural retina is derived from the inner layer of neuroectoderm [10,

1.

The RPE is a layer of cells adjacent to the Bruch’s membrane (see green dashed line in figure
1.1b), separating the retina from the choroid [170]. There exists a potential space between the
RPE and the neural retina, referred to as the sub-retinal space. The RPE regulates the movement

of fluids, nutrients, metabolites, and waste to and from the highly vascularized choroid to the
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Figure 1.1: Organisation of retina showing:(a) Microscopic view of the vertical section through
human peripheral retina and four quadrants of the right eye. Image source: Webvision[170], and
(b) micrograph of a vertical section through the central human retina.

deep layers of the retina [128]. Both the vascular endothelium (lining of the blood vessels) and
the RPE contain well-developed cell-cell junctions crucial for maintaining tissue integrity [ 128].
Moreover, the RPE contributes to forming the specialized blood-retinal barrier (BRB), which is
essential for protecting the microenvironment required for the proper function of the retina and
its microvasculature [128].

The other layer of the retina is the neural retina. The neural retina can further divided into
nine distinct layers, including: the layers of outer and inner segments of photoreceptors (rods and
cones), external limiting membrane (ELM), the outer nuclear layer (ONL), the outer plexiform
layer (OPL), the inner nuclear layer (INL), the inner plexiform layer (IPL), the ganglion cell
layer (GCL), the nerve fiber layer (NFL), and the inner limiting membrane (ILM) (see figure
1.1b) [128, ]. The neural retina is firmly attached at two key points: anteriorly at the ora
serrata (see figure 1.1a) and posteriorly at the optic disc (optic nerve head) [170].

Within all layers of the retina discussed above, there are six cell types, each with a specialised
role in converting incoming light into electrical signals. The six different cell types in the retina
include: photoreceptors (rods and cones), retinal ganglion cells, bipolar cells, horizontal cells,
amacrine cells, and Miiller glia cells [ 128, , 170]. Structurally, all retinal layers are supported
and interconnected by specialized radial glial cells known as Miiller cells, which span the entire
thickness of the retina [128]. They are the principal glial cell in the retina, helping to maintain
the retinal environment and metabolic regulation [157]. The output neurons of the retina, the
retinal ganglion cells, are located in the GCL and are responsible for generating action potentials
[128, ]. The axons of ganglion cells form the NFL, where they converge and exit the eye
through the lamina cribrosa at the optic disc, collectively forming the optic nerve that transmits
visual information to the brain [ 128, ]. This area lacks photoreceptors and is often referred
to as the blind spot [128].

The densities of the retinal layers of cells are not the same across all parts of the retina. Based

on these, the retina is functionally and anatomically divided into two main regions: the central
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retina and the peripheral retina [ 10, 90]. There exists an imaginary circular line called the equator
that divides the eye into anterior (peripheral retina) and posterior (central retina) hemispheres,
located midway between the anterior and posterior poles (see figure 1.1a) [10]. The central
retina comprises the macula lutea, with the fovea centralis (or simply fovea) situated at its centre,
specialised for high-acuity vision (see figure 1.1a) [170]. The fovea lies at the posterior pole of
the eye (see figure 1.1a) [128]. At the core of the fovea is the foveola, where the retinal layers
are significantly thinner than other parts of the retina, enabling the light to reach the underlying
photoreceptors [86, 1 70]. The peripheral retina encircles the central retina and stretches from the
outer margin of the macula to the ora serrata [ 168]. It can be further divided into different zones
according to their distance from the fovea. The structure of the retinal layers varies between the
central and peripheral regions. While the central retina is rich in cones, the peripheral retina
is predominantly composed of rods [98, , ]. A significant difference is observed in the
relative thicknesses of the inner plexiform layer (IPL), ganglion cell layer (GCL), and nerve fiber
layer (NFL) when comparing the central and peripheral retina. This difference is due to the large
quantity and dense packing of ganglion cells necessary for the working pathways of cone in the
central retina, in contrast to the rod-dominated peripheral retina [958, ].

Based on spatial orientation, the retina is anatomically divided into four quadrants: superior
nasal, superior temporal, inferior nasal, and inferior temporal (see figure 1.1a). The central retina
is located in the superior temporal and inferior temporal quadrants of the retina, while the periph-
eral retina fully spans over above four quadrants. The quadrant system is essential for accurately
localizing and describing retinal landmarks, vascular structures, or pathological changes, and
is commonly used in clinical examinations and imaging interpretations. In our mathematical
model, we consider the parameter values from the superior temporal quadrant.

To get the proper nutrients and blood flow, the different parts of the retina, retinal cells, and
retinal layers primarily depend on two blood supplies: the choroidal circulation and the retinal

circulation. In the following subsection, we discuss the two circulations that support the retina.

1.1.2 Blood flow in the retina

The human eye receives its blood supply primarily from the ophthalmic artery (OA), which
branches into the different arteries to supply blood nutrients to the retina, choroid, and other
parts of the human eye [10, 48]. The choroidal circulation is responsible for the majority of
ocular blood flow, accounting for approximately 65 — 85% of the total flow [10, 81, ]. In
contrast, the remaining blood supply is delivered through the retinal circulation [170].

The choroidal circulation is a component of the choroidal vascular system (or uveal system)
that contains the iris, the ciliary body, and the choroid [48]. The choriocapillaris, the innermost
capillary layer of the choroid, plays a crucial role in supplying oxygen and nutrients to the outer
one-third of the retina, including bipolar cells, the RPE, and the photoreceptor layer of the retina,

which are among the most metabolically active cells in the human body (see figure 1.1b) [128,
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, ]. It also nourishes the avascular fovea, which lacks direct retinal blood vessels [90),
, ]. The choriocapillaris lies directly beneath the RPE (see figure 1.1b) [90, , ].
The choriocapillaris receives its blood supply from Sattler’s layer, which contains medium-sized
vessels branching from the larger vessels of Haller’s layer, the outermost layer of the choroid [90,
, ]. This vascular system is supplied by the short posterior ciliary arteries, branches of

the ophthalmic artery, and venous drainage occurs through the vortex veins [ 128, , 90].

The retinal circulation contains the central retinal artery (CRA) and central retinal vein (CRV),
retinal arterioles and venules, and capillary plexi, and they together form the retinal vascular

bed. The retina receives blood and all necessary nutrient supply from the central retinal artery,

a branch of the ophthalmic artery, and the CRV drains the blood from the retina [0, , 1.
The CRA nourishes the inner retinal layers, including the NFL, GCL, IPL, and INL (see figure
1.1b), and also the most anterior portion of the optic nerve head [48, , ].

The CRA emerges at the centre of the optic disc (the blind spot, see figure 1.1a), where it
divides into two branches, namely superior and inferior branches, which further divide into tem-
poral and nasal vessels [90]. Each of these branches nourishes a quadrant of the retina and further
divides into smaller branches. The CRV drains the blood from the retina into the superior oph-
thalmic vein [128]. The CRV exits the eye, passing through the optic nerve, and runs parallel
to the CRA [128]. The CRV is the merging of four major venules (i.e., superotemporal, super-
onasal, inferotemporal, and inferonasal) that drain different regions of the retina [128]. These

branches roughly follow the same pattern as the branches of the CRA.

The major retinal arteries and veins travel through the superficial NFL and branch to pre-
capillaries (see figure 1.1b) [90, ]. Pre-capillaries branch out to form the retinal capillary
plexi, which are anatomically organised into three distinct layers: the superficial, intermediate,
and deep plexi [90, ]. The superficial vascular plexus (SVP) is supplied by the central retinal
artery and is composed of larger arteries, arterioles, capillaries, venules, and veins. SVP is
primarily in the GCL. There are two deeper capillary networks above and below the INL, referred
to as the intermediate capillary plexus (ICP) and deep capillary plexus (DCP), respectively, which
are supplied by small blood vessels that form connections between two plexi, known as vertical
anastomoses from the SVP (see figure 1.1b) [90, 128, 162]. The deep capillary plexus is typically
denser and more intricate than the superficial one [0, ]. There is another capillary network
called the radial peripapillary capillary plexus (RPCP) [128]. The radial peripapillary capillaries
run in parallel with the ganglion cell axons in the NFL [128]. The RPCP is crucial for supplying
the densely packed NFL bundles in this region [ 128]. Retinal capillaries are arranged in parallel

layers, with the highest density near the optic disc and decreasing toward the periphery [128].

The capillary network acts as the crucial link between the arterial and venous systems, fa-
cilitating the exchange of oxygen, nutrients, and waste products between the blood and retinal
tissues. It is important to note that in Chapter 6, we incorporate the capillary plexi to construct a

complete arterio-venous network comprising three vascular generations. Building on this under-
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standing of the retinal vasculature, we can now explore how blood flow in the retinal vasculature

is measured both in animals and humans.

1.1.3 Measurement of retinal blood flow

There are several methods for retinal blood flow measurement, but no gold standard is available.
Studies have been conducted both on human and animal models, including genetically modified
animals in laboratory [157]. Measuring ocular blood flow is challenging because the posterior
pole of the eye is supplied by two distinct vascular systems: the retina and the choroid. These
two systems differ markedly in their physiological functions and pathological characteristics.

The primary techniques presently employed to assess ocular blood flow in humans are, namely:
Colour Doppler Imaging (CDI), Angiographic Techniques, Blue Field Entoptic Technique, Laser
Speckle Technique, and Laser Doppler Velocimetry [48, 47]. Details of the principles behind
these techniques are given in [157]. However, all the above-mentioned techniques are limited in
that they provide information only on blood velocity, not on actual blood flow per unit of time
[47]. As aresult, interpreting the findings becomes challenging, since it is difficult to determine
whether an observed increase in blood velocity reflects a true rise in blood flow or is instead due
to constriction within the measured vascular bed [47].

To determine blood flow accurately, the exact determination of vessel diameter is important
[47, ]. The retinal vessel analyser (RVA) is a system for real-time measurement of vessel
diameter, which contains a fundus camera attached to a computer, allowing the computation of
the retinal arterial and venous diameters [157].

More advanced techniques to measure retinal blood flow combine the blood flow measure-
ment technique with the retinal vessel diameter measurement techniques. The Canon Laser
Doppler blood flowmeter (CLDF) is one of the methods that combines the Laser Doppler Ve-
locimetry with a retinal vessel diameter assessment system [157].

Optical coherence tomography (OCT) is used to take images of retinal structure, and this
method generates cross-sectional or three-dimensional images by measuring the echo time delay
and magnitude of reflected light [47, ]. Doppler OCT is an advanced non-invasive imaging
technique that integrates OCT with Doppler velocimetry [93]. DOCT aims to provide quantita-
tive volumetric information about blood flow, together with the vascular and structural anatomy
of retinal layers [93].

Garhofer et.al. carried out a study to measure retinal blood flow in 64 healthy volunteers
[76]. In this work, the vessel diameters are measured using the dynamic vessel analyser (DVA),
and then retinal blood velocities are computed using Laser-Doppler Velocimetry (LDV) [76].
Garhofer et. al. measured the total retinal blood flow as 44.0 + 13.3u L /min [76]. Among the
retinal quadrants, blood flow is highest in the temporal inferior quadrant, followed by the temporal
superior, nasal inferior, and nasal superior quadrants [76]. Measurements indicate that retinal
blood flow is 42.1 +13.0u L /min in the venules and 43.3 + 12.1x L /min in the arterioles [76].
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1.2 Retinal vein occlusion (RVO) and retinal haemorrhage (RH)

Retinal vein occlusion (RVO) is a blockage in the retinal venous network, either in the main
veins or in one of the smaller veins. Retinal vein occlusion (RVO) is the second most common
retinal vascular occlusive disorder, following diabetic retinopathy [69]. It typically presents as a
sudden, painless loss of vision in a patient’s eye. The severity of vision loss varies depending on
the degree of retinal involvement and the status of macular perfusion [22, 69].

According to the site of occlusion, there are mainly two types of RVO, namely branch retinal
vein occlusion or BRVO, and central retinal vein occlusion or CRVO [22, 70]. BRVO involves
the blockage of a branch of the retinal vein. This may affect a major vein draining one retinal
quadrant, a macular branch vein serving part of the macula, or a peripheral branch vein supplying
a section of the retinal periphery [70]. CRVO is the occlusion of the CRYV, and it takes place at the
level of or posterior to the lamina cribrosa [69, 70]. The specific site of the CRVO can influence
the optic nerve head swelling [69, 70]. A CRVO without optic nerve head swelling may occur at
the level of the lamina cribrosa, whereas occlusions located further posteriorly are more likely
to be associated with such swelling [70]. Among the two main types of RVO, BRVO is more
common than CRVO [22]. It is important to note that in this work, our primary focus is on
BRVO.

BRVO most commonly occurs at arterio-venous (A-V) crossings [70]; however, not all ves-
sels with A-V crossings exhibit BRVO. At the A-V crossing, the artery and vein share a common
vascular wall along with a thickened adventitial and glial sheath, regardless of which vessel,
the artery or the vein, is positioned internally [22, 70]. A typical clinical image of the retinal
circulation in the aftermath of the BRVO is shown in figure 1.2(b), obtained from our clinical
collaborator. It shows the retinal blood vessel network (red lines) along with an arterio-venous
crossing, which is labelled in figure 1.2(b). The clinical expert identified BRVO from an arterio-
venous crossing (see the annotation in figure 1.2b).

The condition that promotes BRVO is believed to result from a combination of three systemic

changes collectively known as Virchow’s triad [22, 69]:
e hemodynamic changes (venous stasis or slowing of blood flow in vessels),
e degenerative changes of the vessel wall, and
e blood hypercoagulability.

However, the role of hypercoagulability in the formation of RVO is not yet fully understood [22,
].
The second component of Virchow’s triad, i.e., the vessel wall damage, plays a key role in the
development of BRVO [22, 70]. Figure 1.3(a-d) describes the steps involved in BRVO occurring
at the A-V crossing. Figure 1.3(a) shows a typical cross-sectional view of A-V crossing and

the relative positions of artery and vein bounded by a common sheath. Atherosclerosis is a
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Figure 1.2: (a) Fundus photo of a patient is being taken by an expert in a fundus camera. Im-
age source: StatPearls Publishing [169] and (b) clinical image of branch retinal vein occlusion
(BRVO) showing the site of occlusion at an arterio-venous crossing and an associated retinal
haemorrhage clearly visible

pathological condition characterised by the accumulation of plaques within the arterial wall (see
figure 1.3b). These plaques, composed of cholesterol, fat, and other blood-borne substances,
deposit on the artery walls, leading to thickening and loss of elasticity of the wall. This arterial
stiffening is believed to play a significant role in the development of BRVO [22, 70, 154]. At
the points of A-V crossing, the swelling of the arterial wall due to atherosclerosis results in the
compression of the adjacent thin-walled vein (see figure 1.3b) [22, 69]. This causes damage to the
endothelial membrane of the vein, which then fails to control the blood pressure and to maintain
the anticoagulant surface of the vascular bed [22, 36, 69]. The damaged endothelium expresses
pro-coagulant behaviour and loses its ability to repel blood cells. Consequently, platelets and red
blood cells begin to adhere to the injured venous wall (see figure 1.3c). As a result, blood flow
through the vein becomes slow, which is known as stasis [22]. The resulting stasis and cellular
adhesion promote the development of an intravenous thrombus, a blood clot formed within the
vein [22, 36]. This thrombus progresses to occlude the vein over time (see figure 1.3d) [22].
A venous occlusion can interrupt or even completely shut off the venous outflow. The sudden
obstruction of venous outflow prevents the retinal venous network from draining blood properly,
leading to a rapid increase in intravascular pressure within the retinal circulation proximal to the

site of the venous thrombus [22].

As pressure increases in the retinal capillaries and small venules upstream of the site of RVO,
retinal capillaries are fragile and thin-walled; they can not withstand the increased pressure and
rupture. As a result, blood leaks out onto the surface of the retina, and this eventually leads to
retinal haemorrhage (bleeding in the retina). Figure 1.2(b) shows the additional patches of blood

(haemorrhage) resulting from the rupture of capillaries and smaller (possibly more fragile) veins.

Retinal haemorrhages (RH) are classified into various types depending on their anatomical

location, each presenting with distinct characteristics [158]. Based on the anatomical locations
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(a) Normal condition (b) Venous compression and arterial (c) Damage to venous wall (d) Thrombus formation
expansion

Thrombus generation

cells adhering into venous wall

Figure 1.3: Progression of venous occlusion at arterio-venous (A-V) crossing showing:(a) normal
condition, (b) arterial wall thickening because of atherosclerosis, (c) damage to the venous wall
due to arterial wall thickening and (d) thrombus production and retinal vein occlusion at A-V
crossing.

RH can be localised in the anterior chamber (known as hyphema), vitreous cavity (known as
vitreous haemorrhage), beneath the posterior hyaloid membrane, a thin layer located between
the posterior vitreous cortex and the ILM (known as subhyaloid haemorrhage), or beneath the
ILM but anterior to the NFL (known as sub-ILM haemorrhage) [ 1 58]. Within the NFL, RH often
appear as superficial, linear, or flame-shaped haemorrhages [158]. In the GCL, IPL, and INL,
RH typically appear as a dot and blot [ 1 58]. Haemorrhages in Henle’s layer of the choroid inside
the OPL present a petaloid pattern, while those beneath the neurosensory retina or the RPE are
termed as sub-retinal and sub-RPE haemorrhages, respectively [ 1 58]. Bleeding may occur within
the choroid or in the suprachoroidal space, which lies between the choroid and sclera and in this
case, the haemorrhage is known as suprachoroidal haemorrhage [ 1 58]. Haemorrhage can happen
at the optic disc, known as optic disc haemorrhage [158]. Additionally, retinal haemorrhages are
also observed in infants and typically resolve within a few days [87]. However, when caused by
violent shaking, such as in cases of shaken baby syndrome, a form of physical non-accidental
injury to infants, characterised by acute retinal haemorrhages, may lead to permanent visual
impairment [35, 87]. Figure 1.2(b) is a typical example of a flame-shaped retinal haemorrhage.
However, note that haemorrhage occurs several generations of blood vessels proximal to the A-V

crossing site.

1.3 Different mathematical models for microcirculation

Mathematical models enable a deeper understanding of a wide range of complex systems, and the
human circulatory system is no exception. The human circulatory system comprises the four-
chamber heart (including the four heart valves), the systemic vessels that supply blood to and
collect blood from the peripheral organs, and the pulmonary vessels that deliver blood through
the lungs for the exchange of oxygen and carbon dioxide. The systemic and pulmonary vessels

each can be divided into a bifurcating network of aorta/pulmonary artery, main and small arteries,
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arterioles, veins, venules, vena cava/pulmonary vein, and capillaries [72]. As blood flows from
the aorta into the arteries, arterioles, and eventually the capillaries, the vessels branch in a tree-
like pattern. With each successive generation of branching, the diameter of individual vessels
decreases [72]. The aorta and the larger arteries are elastic, working as reservoirs that help buffer
the pulsatile flow generated by the heart [72]. Similarly, the vena cava and larger veins are elastic,
and some veins, which have venous valves to control the directionality of blood flow, are also
subjected to the compressive action of the surrounding muscles, providing a pumping action
that returns blood to the right side of the heart [72]. Due to the changing vessel properties and
bifurcations, there are pulse wave reflections in the arterial system. Generally, the mean intra-
luminal pressure and the pressure pulsatility decrease along the blood flow direction from arteries
to veins, although in the aorta and larger arteries, the pulsatile nature can increase due to pulse
wave reflections [72]. Like all fluid dynamical systems, blood flow in the cardiovascular system

must obey the laws of mass conservation, momentum conservation, and energy conservation.

Over the past half-century, considerable effort has been devoted to modelling the human
circulatory system [33]. In this context, mathematical models can be manipulated to test the
hypotheses, predict future outcomes and uncertainties, and conduct non-invasive experiments
that would be otherwise unfeasible [39, ]. Haemodynamic modelling was introduced in the
201" century by McDonald [53], Womersley [3, 4], and Pedley [9]. Over the time, in micro-
circulatory modelling studies, the focus is shifted to more domain-specific modelling, such as
the systemic circulation [23, 68, 89, 94], the pulmonary circulation [50, 96], the retinal micro-
circulation [61] or the coronary circulation [52] while representing regions outside this domain
using a lumped parameter approach. Domains of particular interest are modelled using in 0D,
1D and 3D models providing boundary conditions. 3D models for the entire cardiovascular

system are not feasible due to high computational expense [ |44].

Initial attempts have been made to model the human arterial tree using the lumped parameter
models. The first Windkessel model (2-element) was a lumped parameter model of the whole
arterial tree, which was introduced by Frank et. al. [1]. This lumped parameter model considered
the entire arterial tree as a parallel combination of the arterial compliance and the peripheral re-
sistance [1]. The 3-element Windkessel added aortic characteristic impedance to the 2-element
Windkessel model [108]. Other simple mathematical models of the cardiovascular system have
been developed using hydrodynamic equations [2 1], while some mathematical models employ
electrical analogues to represent the vascular system [5, 21]. However, the lumped-parameter
model provides limited insight into regional circulatory system issues. Moreover, these early
models overlook the intricate details of pressure and wave propagation through the arterial net-
work. The regular expansion and contraction of arteries (the pulse) follows cardiac contraction,
propagating in the form of pulse waves [54]. The pulse wave propagation is a unique character-
istic of the arterial blood circulation. These produce continuous changes in blood pressure and

flow, which can be analysed as pressure and flow wavefronts running away from (forward) and
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towards the heart (backward), respectively, with backward wavefronts originating from reflected
forward wavefronts at sites of vascular impedance mismatch [54]. Pulse waves travel along the
elastic arteries at a speed known as the pulse wave velocity. Pulse wave propagation in arteries
is crucial for transporting blood from the heart to tissues and organs throughout the body. The
pulsatile flow in rigid tubes was first studied by Witzig et. al. [2]. Then, Womersley et. al.
provided the solution for the velocity profile in a rigid tube [3]. It was further extended to ad-
dress pulsatile flow in elastic-walled tubes, incorporating wall viscoelasticity [4]. McDonald’s
work was mainly concerned with pulsatile blood flow and associated pulsatile pressure changes.
Womersley et. al. applied mathematical and computational techniques to the analysis of arte-
rial blood flow, and described a dimensionless parameter, the Womersley parameter, a = R\/% ,
where R is the tube radius, w is the angular frequency, and v is the kinematic viscosity [3].
This Womersley parameter characterises the nature of unsteady flows. When the Womersley
parameter value is low, viscous forces dominate; when the Womersley parameter is large, the
unsteady inertial forces dominate the total flow [26]. In general, smaller vessels are considered
as Womersley-type vessels (i.e., Womersley number is low) while the primary branches are mod-
elled based on one-dimensional Navier-Stokes equations [45]. Pedley et. al. and Lighthill et. al.
studied the propagation of small-amplitude pressure waves in the fluid through a bifurcating net-
work of elastic-walled tubes [, 12]. Later, Pedley et. al. conducted pioneering research on the
fluid-structure interactions in elastic-walled tubes and the pressure drop within the lung [©]. The
inviscid flow in each constituent vessel of a small arterial network is described through a char-
acteristic impedance, and the division of mass across the network junction is characterised by a
reflection coefficient [6]. This type of approach has been applied for larger networks to mimic the
human cardiovascular system with physiological parameter values [! |, 54]. Commonly, cardio-
vascular flows can be considered as quasi-1D flow because the wavelengths of pressure pulses
are much longer than the diameter of blood vessels [7]. Olufsen et. al. developed an arterial
1D flow model by using the impedance of a structured tree as the outlet boundary condition and
showed a better pressure/flow phase relationship compared to models with a constant periph-
eral impedance [23, 29, 31]. Vaughan et. al. extended the work of Olufsen et. al. to develop
a new model for the pulmonary circulation, including arterial and venous flows and pressures,
and connecting the arterial and venous sides using boundary conditions [68, 80]. This boundary
condition allowed him to capture venous pulse wave dynamics [68, 80]. Later, Qureshi et. al.
developed and expanded Vaughan’s 1 D flow model to improve its ability to predict pulmonary ar-
terial and venous blood flow and pressure dynamics [85]. The improvement was done by refining
the venous morphometry, physiological parameters, and boundary conditions, and by extending
the model to predict pressure drop across vascular beds [85]. Mynard et. al. and Nithiarasu et.
al. designed a 1D flow model for the coronary and systemic circulations that includes the com-
pression of the coronary vasculature by the left ventricle [52]. The external pressure applied to

the coronary vasculature was modelled using the constitutive relation for vessel lumen area, fol-
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lowing the same approach later used in this thesis for modelling external pressure for mimicking
retinal vein occlusion, as well as by Miiller et al. [94] and Mackenzie et. al. [143] in the con-
text of pulmonary and coronary circulation modelling. Formaggia et. al., Quarteroni et. al., and
Veneziani et. al. offered a thorough overview of the current state of the art in the modelling of the
cardiovascular system [65]. All of the models discussed above are 1 D flow models for which the
authors have made reasonable assumptions and approximations to linearise the Navier—Stokes

equations.

Blood flow in arterial networks is influenced by wave propagation and wave reflection. To
study the role of wave reflections in shaping pressure and flow waveforms in systemic arteries,
wave separation analysis (WSA) and wave intensity analysis (WIA) have been used extensively
[59, ]. WSA uses measured aortic pressure and flow waves directly to distinguish forward
waves from the backward (reflected) waves, where the pressure and flow waveforms at any arterial
site are a superposition of a forward and backward wave [7, 59, ]. Forward waves in the
arterial systems are largely caused by the heart, and backward waves are considered to be the
result of reflections [59]. The pulse pressures (both forward pressure A Pr. and backward pressure
A Pp) are calculated from the amplitudes of Pr(f) and Pg(?) [163]. The ratio of APy to APp
is called the reflection magnitude (RM), and the ratio of APy to the sum of APy and APp is
defined as the reflection index (RI) [163]. RM and RI are used to quantify the reflected wave
in the aorta. WIA is also based on measured pressure and flow, but unlike WSA, to separate
forward and backward waves it uses time derivatives of pressure (d P) and flow (dU), where d P
and dU are the differences in the measured P(¢) and U (¢) during the interval dt [ 108]. The water
hammer equation gives the relationship between d P and dU across a wavefront, and it follows

from the method of characteristics [59, ]. The water hammer equations can be written as

d Pp = pcdUp for forward wavefronts [59]

d Pg = pcdUp for backward wavefronts [59].

where p is the density of blood, which is assumed to be constant. ¢ the wave speed at any
particular position is a constant. d P can be positive (compression) or negative (decompression),
and dU can be positive (acceleration) or negative (deceleration) [59]. The wave intensity d I is
defined as the product of the measured d P and dU where d I(t) = (d P(t)/dt) X (dU (¢)/dt) [59,

]. d1I is positive for forward waves and negative for backward waves[59]. A key limitation
of these approaches is their inability to explain diastolic behaviour, i.e., the exponential fall-off

of pressure and zero velocity during diastole (pressure decay with near-zero flow).

This problem gave rise to the reservoir-wave hypothesis [59]. According to the reservoir-
wave hypothesis, the arterial pressure consists of two components, namely a reservoir pressure
generated because of the expansion of the elastic arteries during systole, followed by their con-
traction during diastole (the Windkessel effect, describing the gradual fall in pressure) and a wave

pressure, which is responsible for the propagation of arterial waves [59, ]. It is also impor-
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tant to understand how these waves propagate through the network when there are impedance
mismatches (e.g., bifurcations, diameter changes) in the network. Whenever a wave encounters
a discontinuity of conditions, such as a change in vessel diameter, a bifurcation, or a variation
in the local wave speed, it gives rise to reflected and transmitted waves which must satisfy the
boundary conditions at sites of impedance mismatch [59, 88]. Waves generated by the heart
propagate toward the periphery and are reflected at impedance mismatches in smaller vessels
[59]. As these reflected waves travel back, they undergo repeated reflections at bifurcations, gen-
erating successive forward and backward waves [59]. This process of reflection and transmission

of waves plays a crucial role in understanding blood flow in the vascular network [59].

There are studies available specifically focused on the retinal microcirculation. The model
presented in this thesis captures arterial and venous flow and pressure in retinal microcirculation.
To mimic RVO, retinal veins are occluded by applying external pressure to the vein. Itis designed
to be implemented using only data that can be directly measured or inferred from physiological
observations, making it applicable to modeling any arterial or venous system, provided sufficient
data are available. There are many predecessors to this model. Below, we highlight some of the

most notable.

Takahashi et. al. described the retinal micro circulation using a simple mathematical model
by considering the vessel as rigid tubes [0 ]]. He proposed a simple computational model to anal-
yse blood flow dynamics within an idealised representation of the retinal microvascular network
[61]. The microcirculatory model is based on a system characterised by symmetric dichotomous
branching [61]. In this idealised network, each parent vessel gives rise to two daughter ves-
sels, and then each of these daughter vessels gives rise to two further offspring, and so on [61].
Four capillaries are considered to originate from each precapillary [61]. The theoretical model
developed in quantifies the hemodynamic parameters, including blood pressure in the idealised
network, shear rate, shear stress, blood flow, and flow velocity as a function of vessel diameter
[61]. Table 1.1 presents the morphological and geometrical parameters of the idealised retinal
arteries and veins, as adopted from [61]. Our model for the arterio-venous network given in
Chapter 6 is greatly inspired by Takhashi’s microcirculatory model, but there are key notable
differences which we discuss in the following section. We adopted the values from Takahashi’s
work given in the table 1.1 for the simulation in the rest of the thesis. As discussed in subsection
1.1, the central retinal artery and central retinal vein (CRA, CRV) enter the eye through the optic
nerve. These are denoted as generation 1. Upon entering the retina, the CRA and CRV divide
into two primary branches: the superior and inferior. These are denoted as generation 2. The
superior and inferior branches further divide into the superior temporal, superior nasal, inferior
temporal and inferior nasal branches. These branches are denoted as generation 3. We follow
a similar naming convention in the rest of the thesis, and we consider the artery and vein of
generations 3 and 5 in the superior temporal quadrant of the retinal circulation to show different

numerical results in later chapters. The input data for vessel diameters rg (for vein 147 um and
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for artery 108um) listed in the table 1.1 for generation 3 were measured from the superior tem-
poral quadrant in normal eyes of 13 healthy young human male volunteers ranging from 19 to
23 years [61]. The length L* of the blood vessel segments between the midpoint of bifurcations
was derived using the branch length-radius relationship L*(r) = 7.4(1’3)1'15 [61]. The appearent
viscosity u* of blood for different vessel size is given by

%
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where p7  is the asymptotic viscosity of blood flowing through the large tubes [01]. pZ  is
give by an empirical formula p* = 1.09¢002<Het where Het is the hematocrit of the systemic
blood [61]. The constant 6 is 4.29 [61]. The blood viscosity in venular vessels was approxi-
mately 8% higher than in arteriolar vessels, primarily due to the relatively low shear rate [61].
Total retinal blood flow was measured in 64 healthy human volunteers, and the value was re-
ported as 44.0+ 13.3uL/min [76]. Based on total retinal blood flow, we considered that each
of these retinal quadrants gets almost an equal amount of blood flow, which is approximately
1.88x 10™*ml /s. The Poisson’s ratio v was determined using the digital image correlation (DIC)
technique to measure the induced strains of 9 healthy human coronary arteries at two different
longitudinal strain rates: Smm/min and 20mm/min [114]. The findings showed that the mean
Poisson’s ratio for healthy adults was 0.49098 at a strain rate of Smm/min and 0.49156 at a strain
rate of 20mm/min [114]. Poisson’s ratio of the venous wall is assumed to be the same as that
for the arterial wall [91].In principle, the Young’s modulus of the tissue can be obtained (ap-
proximately) from experimental measurements of the pulse wave velocity (PWV) within human
retinal blood vessels [136]. However, PWV measurements in retinal arteries provide a wide
range of values, including 4 X 10~*ms~1, 0.01 —0.03ms™!, and 0.6ms! [136]. However, it is
very unlikely that such variability is seen between patients [ 1 36]. Due to these inconsistencies in
measurement, we take E* = 0.3 M Pa in the artery and E* = 0.6 M Pa in the vein, as a baseline
value of Young’s modulus, which have previously been used in different studies to model the
retinal circulation [136, 91] and are of comparable magnitude to Young’s modulus of similarly
sized blood vessels elsewhere in the body [136]. The value for the vessel wall thickness A* listed
in table 1.1 was used in others studies [ 136, 91]. The value was initially obtained from the cross-
sectional study which was conducted over 23 patients of age 57.5+9.4 years with acute transitory
ischemic attack or lacunar cerebral infarct, who were compared with two age-matched control
groups of 83 patients of age 53.7 + 5.5 years with essential hypertension and 16 normotensive
patients of age 52.2 + 8.3 years [55]. The detailed discussion on ‘tube law’ parameters, namely

vessel stiffness k* is given in the subsection 4.2.1 of Chapter 4.

Stewart et. al. considered a theoretical model to study the venous pulsation in the central
retinal vein, focusing on self-excited oscillations in a collapsible channel [131]. He modelled

the flow through a long flexible-walled channel, which is formed from four compliant and rigid
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Table 1.1: Reference parameter values of the artery and the vein of generations 3 and 5 in the
retinal network at the superior temporal quadrant.

generation 3 parameter symbol | unit | arterial value | venous value | source
lumen radius rg um 94 73.5 [61]
length L* um 726.9 1036.2 [61]
apparent viscosity u* Pa—s 0.0037 0.0042 [61]
blood flow o* mls~1 | 1.88x107% 1.88x10~% [61]
wall thickness h* um 32.1570 8.6670 [136]
wall stiffness k* Pa 2106 32.40 [
Young’s modulus E* Pa 243000 486000 [136]
Poisson ratio Y - 0.49 0.49 ,
density of blood P kgm™ 10° 10° [12]
generation 5 parameter symbol | unit | arterial value | venous value | source
lumen radius ré um 33.2 45.2 [61]
length L* um 415.5 592.3 [61]
apparent viscosity u Pa-—s 0.0034 0.0039 [61]
blood flow o~ mls1 | 471x107 | 471x107° [61]
wall thickness h* um 26.0472 7.0203 [
wall stiffness k* Pa 1706 26.244 [
Young’s modulus E* Pa 196800 393700 [136]
Poisson ratio v - 0.49 0.49 [91]
density of blood P kgm™ 103 103 [12]

compartments arranged alternately in series [

]. This study explored the parameter space and

found that if the flow rate along the vein is reduced, the onset of oscillations can be delayed

until the intraocular pressure (IOP) becomes significantly larger [

]. Additionally, this delay
in oscillation is accompanied by a notable increase in the frequency of the oscillations [131].

Spelman et. al. developed theoretical frameworks to study the response of the eye to an

acute rise in cerebrospinal fluid (CSF) pressure in the brain (or the intracranial pressure (ICP)),

which leads to retinal haemorrhage, accompanied by a rise of intraocular venous pressure [

)

]. The proposed theoretical model studied the propagation of large amplitude elastic jumps

(shock waves) in retinal blood vessels, and also through a junction from a parent vessel into two
(identical) daughter vessels, which arise because of an acute change in ICP [136, 1. However,
this study focuses on retinal haemorrhage because of accidental head injury, where the timescale
of perturbation is significantly shorter than in our case here. The timescale of perturbation is
considered as t; ~ 0.1 —10ms in [136], which is comparable to the estimated timescale of contact

for free-fall, whereas in this study, we consider that t; is in the range of seconds.

1.4 Different modalities of retinal imaging

The retina is the only human tissue where blood vessels can be visualised non-invasively in vivo,

making the study of the retinal hemodynamics and blood flow regulation particularly valuable for
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studying the physiological and pathological conditions of the retina [73, 74, , ]. Fundus
examination allows for direct observation of the retinal blood vessels and any related abnormal-

ities [110].

Fundus imaging originated in the early 20th century and has undergone significant advance-
ments since then [99]. The earliest attempt to capture an image of the retina was made by French
physician Jean Mery, who demonstrated that the retinal vessels in a cat could be seen externally
[64]. Subsequently, the fundamental concepts of the ophthalmoscope were introduced in 1823
by Czech scientist Jan Evangelista Purkyné (often spelled Purkinje), and later reinvented in 1845
by Charles Babbage [64]. The first images of the retina were published by the Dutch ophthalmol-
ogist van Trigt in 1853 [64]. The first useful photographic images of the retina, showing blood
vessels, were obtained in 1891 by the German ophthalmologist Gerloff [64]. In 1910, Gullstrand
developed the fundus camera, a concept still used to image the retina today, and he later received

the Nobel Prize for this invention [64].

There are a handful of imaging modalities available that can acquire both 2D and 3D images
using both invasive and non-invasive imaging techniques, which include fluorescein angiography
(FA), optical coherence tomography (OCT), and digital fundus photography [ 10]. These tech-
niques are employed not only for diagnosing and classifying diseases but also for monitoring their
progression over time [ | 10]. Fundus imaging is increasingly being recognized as a valuable tool
for assessing retinal health and for diagnosing and managing various pathological conditions,
such as retinal haemorrhage and diabetic retinopathy [73, 74], age-related macular degeneration
[127], and glaucoma [125]. Moreover, fundus imaging is also useful in studying several systemic
diseases that are directly linked to the changes in the geometrical features of retinal vasculature
[75, 92]. Though in this work we have used digital fundus photography to extract retinal vessel

geometry, we begin by introducing two other techniques and their limitations.

Fluorescein angiography (FA), a 2-D imaging technique, has served as the gold standard for
invivo imaging of the retinal vasculature and its primary advantage lies in its ability to provide
dynamic information about vascular flow and vessel permeability, features not captured by most
other imaging modalities [103]. However, FA is an invasive procedure requiring the injection
of an intravenous dye [103]. It must be conducted with caution, particularly in patients with

advanced DR and coexisting systemic vascular conditions [103].

Unlike FA, OCT is a 3-D, high-resolution imaging technique, capturing cross-sectional views
of internal retinal layers by detecting optical reflections and the echo time delay of light [64,

]. OCT was first introduced in 1991 as a diagnostic tool in ophthalmology and has become
a cornerstone of retinal imaging [103]. However, digital fundus imaging is a commonly used
retinal imaging technique to extract retinal vessel geometry. It provides high-resolution images
with minimal radiation exposure, and its non-invasive nature makes it a safer option for children,
pregnant women, and those needing frequent examinations [64]. It is affordable, easy to use, and

facilitates convenient storage and sharing, offering reduced overall risk and enhanced diagnostic
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accuracy [64].

Digital fundus imaging is a non-invasive imaging technique where the reflected light from
the retina creates a two-dimensional (2D) representation of the three-dimensional (3D) semi-
transparent retinal tissues projected onto the imaging plane [64]. Fundus cameras are used to take
digital fundus images. Fundus cameras can be of two types: standard fundus cameras and wide-
field laser-based cameras [99]. Most clinicians use standard fundus cameras. In this procedure,
the first step is to dilate the pupil of the human eye. However, some modern cameras do not
need that. After that, a beam of light is directed toward the patient’s retina through the pupil
to illuminate the retina [| 16]. Then the reflected rays off the retina are condensed to a real
retinal image using a handheld indirect ophthalmoscopy lens [116]. Then, clinicians can see
the real inverted fundus image of retinal vasculature from the handheld lens [ 16]. Nowadays,
smartphone fundus photography is also gaining popularity, which uses a simple technique to
obtain ocular fundus pictures using a smartphone camera and a conventional handheld indirect
ophthalmoscopy lens [ 16]. The overall working principle for smartphone fundus photography
is similar to the conventional one we discussed earlier [! 16]. Figure 1.2(a) displays a typical
standard fundus camera used to capture a digital fundus photograph of a patient, and figure 1.2(b)
shows a typical fundus image.

In this work, we have used colour fundus images, which are a special type of digital fundus
image (see figure 1.2b). It is important to note that the digital fundus images analysed in this
work are based on a single-time observation, serving as a snapshot (static) within the biological
cycle rather than a continuous longitudinal observation. Due to the static nature of digital fundus
images, they have technical and physiological limitations in capturing rapid, subtle variations in
vessel geometry caused by pulsatility linked to the cardiac cycle. For a more detailed discussion
of how pulsatility may influence the measurement of geometrical attributes of retinal vessels,
refer to Chapter 3. The retinal vasculature, consisting of a branching network of arteries, veins,
arterioles, and venules, with several generations of vessels, arterio-venous (A-V) crossing, and
retinal haemorrhage, can be observed in figure 1.2(b). For a detailed discussion on colour fundus
image, please see subsection 1.5. However, there are other types of digital fundus photography
available, including red-free imaging (RFFP), stereo fundus photography, hyperspectral imag-
ing, scanning laser ophthalmoscopy (SLO), adaptive optics SLO, fluorescein angiography, and
indocyanine angiography [64, ]. A detailed discussion of these photography techniques is

out of the scope of this chapter.

1.5 Introduction to digital fundus imaging

Our objective is to segment retinal blood vessels up to the eighth generation from the background
and subsequently extract geometrical properties such as blood vessel length and radius.

We begin by introducing the fundamental concepts of digital imaging in subsection 1.5.1;
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then summarise the RGB colour image and its properties in subsection 1.5.2, and then introduce
the concept of a single-colour channel image and its mathematical representation in subsection
1.5.3.

1.5.1 Basics of digital images

Fundus images are a type of digital image made up of a finite number of pixels. The centre of
each pixel is positioned at a specific location in the R? plane, defined by the coordinates (x, y).
A digital image has two main properties, namely size (i.e, width X height) and colour space. The
colour space F provides information about the colours of each pixel of the image in a standard
way; RGB (red, green and blue) is an example of such a colour space, composed of three channels
for the three constituent colours.

In mathematical notation, a (continuous) image is a mapping I : Q +— F from an image
domain Q C R? to the colour space F. If we choose the set of pixel locations Q = {(x;,y ) =
0,...,n—1,j=0,...,m—1} as an array of discrete points in R2, then I is called a discrete image,
also known as a digital image in practice. For the remainder of this thesis, we will refer to a
digital image simply as an image unless stated otherwise.

For a given pixel located at (x;,y;) in I, the pixel of the image I generally contains infor-
mation from multiple colour channels present in F. These colour spaces are discussed in more
detail in the following section.

For a grayscale image, the colour space F consists of only one channel, and each pixel (x;, y;)
holds information from this single channel, with pixel intensity values ranging from 0 to 255.
Generally, a pixel value of 0 indicates black and 255 indicates white. Hence, smaller pixel values
(close to zero) represent darker shades, and the larger values (close to 255) represent lighter
shades. However, a colour image uses more than one channel, each with its own intensity. For
a detailed discussion on colour space F and its geometrical representation, see the discussion

below in the subsection 1.5.2.

1.5.2 RGB fundus image and its analysis

In colour fundus images obtained from our clinical collaborators, each pixel contains information
about three colour channels, namely red (R), green (G), and blue (B). The RGB colour space of
the image, representing the full range of colours achievable through combinations of red, green,
and blue intensities, can be visualised as a cube in three-dimensional space, with the origin at
the corner (0,0,0). Figure 1.4 provides the schematic diagram of the colour cube model, where
we consider three axes: R, G, and B. We know all pixel values range from O to 255, but for
convenience, we normalise all colour values to assume the cube as a unit cube so that all values
of red (R), green (G), and blue (B) are in the range [0, 1]. Each point on the surface or inside of the
RGB cube can be interpreted as a three-dimensional vector extending from the origin to that point
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Figure 1.4: A schematic representation of the colour model showing the spatial locations of
different colours red, green, black, blue, magenta, yellow, grey, and cyan in the unit cube.

in the plane. Each component of the vector represents the colour intensity of the red, green, and
blue colours, respectively, and overall colour information of the given pixel (x;, y;) is determined
by the superposition of the pixel intensities of the given amount of red, the given amount of blue,
and the given amount of green. All grey colours are placed on the main diagonal of this cube
(see figure 1.4) extending from black (R =0,G =0, B =0) to white (R=1,G=1,B=1). Red
(R=1,G=0,B=0), green (R=0,G=1,B=0), and blue (R=0,G =0, B = 1) colours are
at three corners of the cube, and magenta (R=1,G=0,B=1),cyan (R=0,G=1,B=1) and

yellow (R=1,G =1, B =0) colours are at other three corners.

The first step to separate the retinal blood vessels from the background is to select the appro-
priate colour channel from the three available colour channels (i.e., red, green and blue). In the
case of vessel segmentation, it is common and convenient to use only a single-colour channel
image [46, 74]. Therefore, in Chapter 2 below, we select only a single colour channel image
from the RGB image, as it simplifies the algorithm, reduces computational load, and offers the

best contrast between blood vessels and the background.

1.5.3 Single-colour channel image

A single-colour channel image is typically represented as a finite matrix structure I, commonly of
size n X m, where n and m denote the height and width of the image in pixels, respectively. In this
case, we denote the pixel at (x;,y;) € Qas the (i, j yh pixel and I(x;,y;) = I;; is the corresponding
pixel value for that colour channel. The pixel value is also called the pixel intensity at the point

(x;, yj). By convention, the direction of the i coordinate runs from top to bottom, and the j
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coordinate goes from left to right. The matrix I is given by the following compact form:

Ly Iog - Iom-i
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Ixpy)=1;;=| N . S (1.1)
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These pixel values are used for vessel/non-vessel pixel classification in Chapter 2. The method-
ology for extracting a single colour image from an RGB image is described in the section 2.2 in
Chapter 2. From this point forward, only a single-color channel image will be used for further
processing.

Pre-processing is a crucial first step in preparing the image before feeding it into the vessel
segmentation algorithm. In section 1.6, we discuss the general approach to performing pre-

processing on a single-colour channel image.

1.6 Overview of pre-processing techniques

Image pre-processing refers to transforming raw fundus images into formats suitable for vessel
segmentation and interpretation. It allows us to eliminate unwanted distortion and enhance blood
vessels essential for segmentation work. There are several techniques available for the fundus
image pre-processing.

One of the first steps in pre-processing images is to resize and crop all the images to a uniform
size and aspect ratio. This can help reduce computational cost while also avoiding distortion
and inconsistency in the input image. The processes of resizing, formatting, and cropping are

discussed in greater detail in section 2.3.1 of Chapter 2.

1.6.1 Background removal

Background removal is another commonly used pre-processing technique that isolates the region
of interest (ROI), such as blood vessels and haemorrhage, from the image background. This is
particularly beneficial when retinal images include a black area outside the ROI, as focusing
solely on the ROI can enhance both the efficiency and accuracy of the segmentation process.
However, the images provided by our collaborator, as illustrated in figure 1.2(b), contain only
the ROI without any surrounding black regions. Consequently, this pre-processing step is not

required in our case.
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1.6.2 Histogram equalization and adaptive histogram equalization

The histogram of a single colour channel image is a graphical representation of the distribution of
pixel intensity values in that image. It shows how frequently each pixel’s intensity value appears.

Histogram equalization (HE) is an important image pre-processing technique where the high
pixel intensity values in the histogram are spread out to enhance the image [159]. The workflow
for creating a histogram equalization is as follows. Firstly, we calculate the frequency of each
pixel intensity value i.e., count how many times each pixel intensity level (ranging from O to 255)
appears in the image. Suppose the original image I contains W number of pixels in total, and the
pixel intensity range lies in the interval [ X, X;_;], where X, =0, X;_; =255 [141]. Next, we
plot these frequencies against the corresponding pixel intensity values to generate the histogram,
which visually represents the distribution of pixel intensities. After that, we normalise the his-
togram by dividing each frequency by the total number of pixels W in the image I, resulting in
a probability distribution H(X ) =n, /W, 0 <k < L—1, where n,, is the total number of pixels
in the image that have the intensity level X,. H (X, ) indicates the likelihood of occurrence of
each intensity value X . Then, we compute the ‘Cumulative Distribution Function (CDF)’ by
summing these probabilities H (X ) cumulatively from the lowest to the highest pixel intensity
values, and the CDF is given by CDF(X,) = ZfZOH (X;). Note that the CDF is always a non-
decreasing function that ranges from O to 1. In the last step, traditional HE maps the original
pixel intensity to a new pixel intensity using the intensity remapping function (or CDF) given
by f(X)=Xy+(X;_; — Xy)CDF(X) such that overall pixel intensity of the histogram spread
evenly across [ X, X _{] [141].

Histogram equalisation is commonly used to increase the overall contrast in digital images.
Although the HE method is simple and effective for globally enhancing image contrast, but often
results in an unrealistic appearance of the image by over-enhancing small pixel intensity values
[159]. Additionally, it amplifies image noise, causes bright pixels to become overexposed, and
makes dark pixels appear underexposed [ 137, , ]. However, adaptive histogram equaliza-
tion (AHE), a local histogram equalization technique, is used when traditional global histogram
equalization cannot produce useful outcomes, as local details are necessary for retinal image
segmentation.

Adaptive Histogram Equalization (AHE) is a contrast enhancement technique that extends the
traditional histogram equalization approach. In AHE, the input image is divided into multiple
non-overlapping sub-regions of pixels, called ‘tiles’. For each tile, a histogram of pixel intensity
values is computed, typically using 256 bins. Histogram equalization is then performed inde-
pendently on each tile, following the standard procedure of histogram equalization as discussed
above. From the resulting histogram of all tiles of the image, a Cumulative Distribution Func-
tion (CDF) is derived. Each pixel intensity for all pixels obtained from the histogram obtained
in last step is then remapped using the CDF. This process results in locally enhanced tiles that

better reveal image details. To ensure smooth transitions across tile boundaries and avoid artifi-
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cial tile boundaries, bilinear interpolation is applied between adjacent tiles during the intensity
remapping step.

AHE increases noise in low pixel intensity areas and homogeneous areas where pixel intensity
values do not change significantly [19].

CLAHE is an improved variant of AHE designed to address the limitations of both Histogram
Equalization (HE) and Adaptive Histogram Equalization (AHE), as explained in detail in the
subsection 2.3.2 of Chapter 2.

1.7 Overview of the feature extraction from fundus images

Feature extraction is the initial step of the retinal vessel segmentation for detecting retinal blood
vessels in fundus images, aiming to distinguish them from the background. Feature extraction
involves identifying and isolating the most important information (features) from the image, such
as edges, shapes, or pixel intensity values. When the input image is too large to be processed
for image segmentation, then we usually transform the input image into a reduced representation
by obtaining the set of features [92]. By applying the feature extraction technique, we reduce
the amount of information to be processed for vessel segmentation into a manageable, lower-
dimensional space while preserving the essential aspects needed for further analysis.

Feature extraction is a pixel-based technique where we use a feature vector that comprises a
set of features to measure for each pixel of the input image in order to classify pixels as vessel or
non-vessel pixels and all other necessary features of interest.

In this study, we focus on four distinct features, namely:
1. Gradient orientation analysis (GOA)

2. Morphological transformation

3. Gabor filter response

4. Principal curvature

It is important to note that our final feature vector used in Chapter 2 includes these four features.
Each of these four features is discussed in greater detail in the subsections below (subsection
2.4.2- subsection 2.4.5) in Chapter 2.

The next step is to use the feature vectors discussed above to segment blood vessels. There
are different approaches available for retinal vessel segmentation (see subsection 1.8). In the
first part of this work, we use an unsupervised machine learning approach to segment blood
vessels in retinal images based on the constructed feature vector (see subsection 2.4 of Chapter
2). Building on this, we develop a more robust vessel segmentation method using a deep learning-

based approach (see subsection 2.8 of Chapter 2).
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1.8 A different vessel segmentation approach

Vessel segmentation is a necessary first step for accurately determining vessel length, radius, and
diagnosing vascular-related diseases. Several retinal vessel segmentation methods are available
in the literature. The state-of-the-art vessel segmentation methods can generally be categorised
into two main groups based on their underlying principles: rule-based methods and machine
learning-based methods [132].

The rule-based method is a segmentation method that uses predefined rules and human knowl-
edge to partition an image into meaningful regions or objects. The predefined rules may be
intensity-based (e.g., thresholding approach) or texture-based (e.g., Gabor filter). The rule-based
vessel segmentation methods can be further subdivided into the following: Hessian matrix-based
[27, 28], matching filtering-based [46], mathematical morphology-based [$4], minimal path-
based [25], and graph-based methods [132]. It is important to emphasise that in this study,
the Hessian-matrix-based approach (see subsection 2.4.5 of Chapter 2) and the mathematical
morphology-based approach (see subsection 2.4.3 of Chapter 2) are each incorporated as com-
ponents of our final feature vector [132]. The matching filter-based approach (e.g., line strength
feature [46]) is a type of rule-based segmentation approach where a line of fixed length is con-
sidered at each pixel location (known as a target pixel) of the image at multiple orientations [46].
For each orientation, the average and maximum pixel intensity values of the pixels in the selected
window along each of these lines are measured [46]. Finally, the line strength of the target pixel
is obtained by subtracting the average and maximum pixel intensities [46]. In practice, using the
line strength feature, we can separate the retinal blood vessel pixels from the background pixels
[46]. Minimal path-based or commonly known as minimal spanning tree (MST) techniques, are
commonly used in interactive frameworks [25]. In the minimal path-based technique, the seg-
mentation problem is formulated as the problem of finding the shortest paths between pixels in
an image. In the graph-based technique, the image is considered as a graph where pixels corre-
spond to nodes, and edges connect neighboring nodes (or pixels). We use a similar concept in
the Chapter 3 to track blood vessels of different generations. However, in recent times, machine-
learning-based segmentation approaches are gaining attention due to their high accuracy and
efficiency in segmenting complex retinal vasculature.

The machine learning-based algorithms can be broadly divided into three major groups,
namely: the conventional or classical machine learning-based method, the decision-tree-based
method, and the deep neural network-based method [ 132]. Each of these methods can be broadly
classified into two types based on their underlying working principles: unsupervised and super-
vised [75, ]. Unsupervised machine learning techniques have been widely used to discover
the latent pattern of the underlying images without prior observations of the images. In these
approaches, the training data or hand-labelled ground-truth data do not contribute directly to the
design of the algorithm. Supervised learning techniques consist of two main phases: the train-

ing phase and the testing phase. In the training phase, the process begins with an input image
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alongside its corresponding target segmentation output. A set of features extracted from the in-
put image, each linked to a specific label, is fed into the algorithm. The algorithm learns retinal
vessel extraction rules from a training dataset composed of manually processed and segmented
reference images. In these ground truth images, vascular structures are precisely annotated by
ophthalmologists. The algorithm analyses these annotated examples in a multidimensional fea-
ture space to extract various relevant properties. Following the training phase, the system pro-
ceeds to the testing phase, where it classifies new input images that lack labelled data. A key
advantage of a supervised classification algorithm is its ability to detect and correct classifica-
tion errors. The classification decisions are guided by ground truth data derived from predefined
features. However, this approach requires the availability of accurately labeled ground truth data,
which can be a limitation in practical applications where such data may be scarce. In this work,
we have used both unsupervised and supervised machine learning approaches for retinal vessel
segmentation. The detailed discussion on the conventional unsupervised approach is given in
the subsection 2.4 of Chapter 2. Following this, a detailed discussion on deep learning-based

approaches for retinal vessel segmentation is given in subsection 2.8 of Chapter 2.

The idea of the decision-tree based ensemble approach is to combine the strong features
to enhance the ability to distinguish between vessel and non-vessel pixels [74, , , ].
One of the most commonly used decision-based methods for retinal vessel segmentation is the
ensemble of decision trees, particularly random forest-based approaches [49]. Fraz et al. applied
an ensemble system of bagged and boosted decision trees for segmentation [74]. Shahrian et
al. proposed a classifier based on ensembles of n decision trees to segment vessels in colour
retinal images [ 106]. Aslani et al. employed a random forest-based vessel segmentation method,
utilising 17 features due to its advantages in speed, simplicity, and effective information fusion

[109]. A detailed discussion of decision tree-based approaches is outside the scope of the thesis.

Deep learning (DL) is a subset of machine learning that focuses heavily on methods based
on artificial neural networks (see subsection 2.8.1 in Chapter 2 for a detailed discussion). Deep
learning techniques can be applied in both supervised and unsupervised learning settings and
have recently gained greater attention from the research community due to their performance in
segmenting medical images [ 140, ]. One of the advantages of deep learning-based methods
is that deep learning algorithms can automatically learn complex, hierarchical features from raw
pixel data through their layered structures (see Chapter 2 for a detailed discussion), reducing the
need for human intervention for manual feature engineering and improving the generalisation
and accuracy of automatic segmentation methods. Over the years, several deep learning networks
have been utilised in the field of retinal image segmentation. Among all the different types of deep
learning networks, the CNNs have drawn greater attention in numerous applications, especially
in medical image analysis [154, ]. Following the success of CNN, several variants of CNN
have been formulated over the years for retinal image segmentation. U-Net, a special type of

CNN network architecture, known for its unique structure and high segmentation accuracy, is
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discussed in greater detail in subsection 2.9 in Chapter 2.

1.9 Contributions of this thesis

The present study is motivated by the aim to quantify the onset of retinal haemorrhage (i.e. bleed-
ing of the retinal blood vessels at the back of the eye) following the retinal vein occlusion (RVO).
Due to different pathological conditions like RVO, the blood flow direction in the retinal micro-
circulation can be altered. The clinical hypothesis attributes retinal haemorrhage following RVO
to the fact that retinal haemorrhage arises as a result of an increase in blood pressure upstream
to the point of constriction, as blood can not leave the vessel because of RVO. According to the
hypothesis, this increased blood pressure spreads through the retinal circulation and drives ex-
pansion of the vessel walls, and possible rupture, of more fragile vessels in the distal parts of the
network [22].

In the clinical image (see figure 1.2b), we observe the spatial separation between the site
of haemorrhage and the site of occlusion. It is also important to note that the localisation of
haemorrhage is observed upstream to the point of occlusion. As discussed in subsection 1.2,
branch retinal vein occlusion (BRVO) most commonly occurs at the arterio-venous crossing,
known as the site of occlusion. The condition that promotes BRVO is commonly known as
Virchow’s triad (see the discussion given in subsection 1.2). According to the triad, at the arterio-
venous crossing, due to arterial thickening, the corresponding vein gets compressed following
the venous wall damage. Platelets and red blood cells start to adhere to the injured venous wall.
As aresult, we observe intravenous thrombus formation, which over time becomes large enough
to occlude the vein. The possible mechanism of progression of venous occlusion at A-V crossing
is given in figure 1.3.

There are modelling frameworks developed to study retinal haemorrhage [136, ]. How-
ever, those models focus on quantifying retinal haemorrhage following a traumatic brain injury.
In traumatic brain injury, retinal haemorrhage is thought to result from the propagation of pres-
sure waves through the vascular network [165]. An abrupt increase in pressure at the inlet to
the parent vessel produces a shock wave that propagates through the parent vessel and interacts
with the junction of the network [165]. Furthermore, this shock wave splits into propagating
shock waves that travel along the two daughter vessels and reflect a rarefaction wave towards the
inlet [165]. The main contribution of this thesis is to fill this gap and to develop a mathemati-
cal model for 1D blood flow and blood pressure to investigate the onset of retinal haemorrhage
following retinal vein occlusion in the retinal microcirculation. To investigate the mechanism of
RVO, in this work, we will combine fundus image analysis and mathematical modelling (based
on continuum mechanics). The proposed network consists of a two-sided arterial-venous tree,
along with capillary beds in between. The intention is to use the fundus image to construct the

network geometry. We will then mimic the condition of RVO or the mechanical obstruction on
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the large vein due to the thrombosis by considering a localised external pressure that will be
applied to the venous side of the tree. By applying occlusion in one vessel, we will predict how
that changes the shape, blood pressure, and flow dynamics in the network. We aim to develop
a novel modelling framework to study retinal microcirculation in both health and disease that
will incorporate fluid-structure interaction, which is necessary to model the capacitance effect
of the retinal veins. Generally, veins can be considered as blood reservoirs, and their ability to
hold this much blood is due to their high capacitance, that is, their capacity to expand to store a
high volume of blood, even at a low pressure. The large lumens and relatively thin walls of veins

make them far more distensible than arteries; thus, they are said to be capacitance vessels.

1.10 Organisation of this thesis

This thesis is organised into six Chapters. This, the first Chapter 1, provides an overview of the
retinal, retinal haemorrhage, basics of medical and fundus imaging and discusses some of the
history of cardiovascular, pulmonary, coronary and retinal microcirculation modelling. In Chap-
ter 2, we discuss different techniques used in fundus images obtained from a clinical collaborator
to extract the vessel tree outline. In the following Chapter 3, we adopted a graph-based technique
to track the retinal vessel of each generation to infer useful information such as the vessel out-
line and the length and radius of the constituent blood vessels, several generations of vessels, so
that we can use them to parameterise the mathematical model developed in later chapters. Then,
in Chapter 4, for simplicity, we initially model the retinal network as a long single vessel and
discuss different numerical schemes used to solve the single vessel model. The insights gained
from the single-vessel model and the network structure extracted in Chapter 2 and Chapter 3 are
used to construct a bifurcation model for both arteries and veins, consisting of two generations of
blood vessels discussed in Chapter 5. Then, in Chapter 6, we join the two bifurcation models for
arteries and veins by considering capillary beds in between to make a three-generation arterio-
venous network. It is important to note that the segmentation method developed in Chapter 2 and
graph-based tracking algorithm developed in 3 have been used directly in Chapter 6 to extract
the vessel length and radius from the clinical image. The extracted values have been used to

parameterise the mathematical model developed for the arterio-venous network in Chapter 6.



Chapter 2

Retinal vessel segmentation

2.1 Introduction

The intricate structure of the retinal vasculature presents significant challenges for retinal image
segmentation. These difficulties are further amplified by arterio-venous (A-V) crossings and the
presence of pathological features such as haemorrhages (see figure 1.2b in Chapter 1). Additional
elements commonly observed in retinal images include the retinal boundary, the optic disc, and
various other pathological signs, such as bright and dark lesions and exudates. In this chapter,
the primary goal is to segment a retinal fundus image to isolate up to 8-9 generations of retinal
blood vessels from the background.

The organisation of the chapter is as follows. In section 2.2, basic concepts for extracting
single-channel images (i.e., green channel images) are introduced. Pre-processing steps of ves-
sel segmentation are discussed in section 2.3, and section 2.4 provides an unsupervised method
for image segmentation using an ensemble classifier. Section 2.5 and 2.6 explain the K-means
and weighted K-means clustering approaches, which have been employed to obtain the final
segmented image. In the following subsection 2.7, we outline the limitations of the classical
machine learning based unsupervised approach. Subsection 2.8 provides an overview of deep
learning based approach. Subsection 2.9 introduces the U-Net-based retinal vessel segmenta-
tion approach, and then in the following subsection 2.10, we evaluate the performance of the
two segmentation approaches, namely the classical unsupervised approach and the U-Net-based
approach, against a ground truth image. Finally, in subsection 2.11, we conclude the chapter by

summarising its objectives and intended purposes.

2.2 Extraction of the green channel from the RGB image

As discussed earlier in subsection 1.5.2 in Chapter 1, the first step for processing fundus images
is to select an appropriate single-colour channel image I from the original RGB image [74],[75].

Figure 2.1 shows a typical colour fundus image showing haemorrhage, blood vessel, the optic

27



CHAPTER 2. RETINAL VESSEL SEGMENTATION 28

(a) (b)
Original image Red channel image

(c)

Blue channel image

Figure 2.1: (a) The original fundus image showing blood vessel, haemorrhage area and optic
disc and three channels: (b) R,(c) B and (d) G, respectively.

disc (figure 2.1a) along with the corresponding red (see figure 2.1b), blue (see figure 2.1c), and
green (see figure 2.1d) colour channel images. These three colour channels (i.e., red, blue, and
green) from the original fundus image are extracted using the ‘imsplit’ built-in function from the
image processing toolbox in MATLAB 2023a. By visually inspecting the results it is evident that
the green channel image (figure 2.1d) provides the highest contrast between haemorrhages, blood
vessels, the optic disc, and the background and contains all necessary information compared to

the red (figure 2.1b) and blue (figure 2.1c) channels of the original image (figure 2.1a).

To process the image figure 2.1(a) further, we start with the green channel image. The stan-
dard procedure for extracting vessels from fundus images involves three main steps: image pre-
processing (if required, see section 2.3), and vessel segmentation (see section 2.4). The general
approaches for each of these two main steps are discussed in detail in two subsections 1.6 and
1.8 of Chapter 1, respectively. In this chapter, we mainly focus on how the methods are applied

to our images.
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Figure 2.2: Cropping of eyelashes from images obtained from collaborator showing:(a) original
image and (b) cropped image obtained from (a).

2.3 Pre-processing of the green channel image

Pre-processing is an important step to ensure that our image dataset obtained from the collabo-
rator is consistent and displays only relevant features. There are different steps involved in pre-
processing, which we discuss in detail in the subsection 1.6 of Chapter 1. In subsection 2.3.1,
we outline the cropping and resizing procedure applied to all our images, and the subsection
2.3.2 describes the enhancement technique used to improve the visibility of retinal blood ves-
sels. These steps are essential to simplify the workload for the subsequent vessel segmentation

process.

2.3.1 Cropping, formatting and resizing

Cropping, formatting, and resizing are three important pre-processing tasks because original
images obtained from our collaborator often vary in size, with some having cropped sections at
the top or bottom of the image, requiring standardisation. Some fundus images obtained from
our clinical collaborator contain eyelashes, necessitating cropping. Figure 2.2 shows such an
example where cropping is necessary. Figure 2.2(a) shows the original image obtained from the
clinical collaborator, where eyelashes appear in one corner of the fundus image (see the black
box in figure 2.2a). Figure 2.2(b) is the final image obtained after cropping the region containing
eyelashes in the figure 2.2(a).

All images are converted to ‘.png’ format with a resolution of 400 x 500 pixels (i.e., n =
400, m = 500). This resolution is chosen because it effectively preserves all important features,
which include both large and small retinal blood vessels up to 8-9 generations, as well as retinal
haemorrhages. To avoid image distortion after cropping, we maintain the original aspect ratio
(the relationship between width and height of the image before cropping) and avoid stretching

the image pixels.
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Figure 2.3: A typical workflow of the CLAHE algorithm apphed to a sample image showing:
(a) tile generation, (b) histogram equalisation, and (c) merging of all tiles [153].

2.3.2 Contrast limited adaptive histogram equalization (CLAHE)

We apply contrast-limited adaptive histogram equalisation (CLAHE) as a pre-processing step on
the green channel image (see figure 2.1(d) above) to enhance the distinction between the blood
vessel and the background.

Traditional histogram equalisation works well when the pixel values are similar throughout
the image. For a detailed discussion of HE and AHE techniques, please refer to the section 1.6.2
in Chapter 1. In our images, pixel values vary widely as they contain pathological regions like
haemorrhage. Adaptive histogram equalization (AHE), a refinement of traditional histogram
equalization, enhances image assessment quality and contrast. However, the enhancement by
the AHE method causes breakups of small structures like retinal blood vessels, causing a dis-
continuity in the overall structure of the retinal vasculature.

CLAHE is a refinement of the adaptive histogram equalisation (AHE) technique [100]. It
is effective in enhancing our low-contrast medical images while reducing the issue of over-
enhancement associated with AHE [100]. It is also beneficial for enhancing the particular char-
acteristics (for blood vessels) of the image while preserving the inherent structural information
present in the original image. To apply CLAHE to the image, we use the built-in function
‘adapthisteq’ from the image toolbox in MATLAB 2023a.

Figure 2.3 explains the typical workflow of the CLAHE technique for a sample image. Firstly,

CLAHE divides the green channel image into multiple non-overlapping sub-regions of pixels
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Figure 2.4: CLAHE applied on the green channel image showing: (a) green channel image and
(b) enhanced green channel image. The image resolution is 400 X 500 pixels.

called a ‘tile’ (see figure 2.3a). We select an arrangement of 8 rows and 8 columns of tiles,
resulting in each tile having dimensions of approximately 50X 62 pixels. The original image size
is 400 x 500 pixels. The numbers 50 x 62 pixels come directly from dividing the original image
height 400 pixels by 8 (=40 pixels) and the original image height 500 pixels by 8 (x 62.5 pixels).
In this case, we round the value to the nearest integer.

To understand how CLAHE operates on each tile, we first focus on a single tile and then
generalise the idea to all tiles across the image. Figure 2.3(b) shows how the CLAHE is applied
to each tile. For the chosen tile, we compute a histogram of pixel intensity values as a set of bins
(which is 256 here, the number of elements in the colour map). After computing the histogram of
the tile, a threshold (which is applicable for all tiles across the image) is defined for the maximum
height of any bin in the histogram, i.e., allowable frequency of image pixels —this is referred
to as the ‘clip limit’. In our case, we chose the default clip limit value of 0.01. Histogram bin
height higher than the clip limit 0.01 is accumulated and evenly distributed across all bins (i.e.,
256 bins in each tile) in the histogram. The clip limit prevents the over-amplification of noise
and excessive contrast in nearly uniform intensity regions. Then we follow the same procedure
as explained for adaptive histogram equalisation in subsection 1.6.2 in chapter 1 to create a new
image tile with enhanced contrast.

We repeat the steps given in figure 2.3(b) for all tiles. Figure 2.3(c) shows how the resulting
remapped tiles are stitched together using bilinear interpolation to generate an enhanced green
channel image with improved contrast to eliminate artificially induced tile boundaries.

Figure 2.4 shows the green channel image (figure 2.4a) before and after applying the CLAHE
(figure 2.4b). Looking at figure 2.4(b), it is evident that the blood vessels are significantly en-
hanced after applying CLAHE. We use the enhanced green channel image (figure 2.4b) for the
vessel segmentation work in this thesis. In the following subsection 2.4, we first discuss the

unsupervised vessel segmentation approach in detail.
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2.4 Unsupervised machine learning-based approach for reti-

nal vessel segmentation

Among the various available unsupervised techniques, clustering algorithms are the most popular
and have a long-standing history for retinal vessel segmentation [66]. In the initial part of this
work, we integrate ensemble methods with K-Means clustering for retinal vessel segmentation.
We apply K-means clustering to ensemble all features into a feature vector. K-means clustering
is a classical unsupervised machine learning technique that partitions data into groups based on
similarities (e.g., pixel intensity values) in the image. Other traditional methods include the K-
nearest neighbor (KNN) classifier [38], Fuzzy C-means clustering [44], Gaussian mixture model
(GMM)-based classifiers [43], and approaches based on Support Vector Machines (SVM) [121].
A detailed discussion of each of these methods falls outside the scope of this work.

The first step of unsupervised segmentation is finding an efficient feature vector. In the fol-
lowing subsection 2.4.1, we provide a detailed discussion of the feature vector employed in this

work.

2.4.1 Feature extraction

A feature vector is a collection of features that we extract from the input image. In our case,
we wish to identify information about each pixel so that classifiers can differentiate retinal blood
vessels from the background [74]. Our target is to choose a small and robust set of features that
can efficiently differentiate vessel and non-vessel pixels, and also extract existing patterns in our
images. This section presents only the set of feature vectors used for segmentation purposes.
Although we experimented with other alternative features, their poor performance on images led
us to exclude them from the final feature set.

All the features used in this chapter are computed from the enhanced green channel image
(see figure 2.4b) of the original image (see figure 2.1a), unless specified otherwise. Our final

feature vector contains four features, namely:
1. multi-scale orientation analysis of the gradient vector field (see subsection 2.4.2),
2. morphological transformation (see subsection 2.4.3),
3. multi-scale Gabor filter response (see subsection 2.4.4),
4. the principal curvature (see subsection 2.4.5).

It is important to note that we do not apply any post-processing techniques to the segmented
images obtained from each feature because we have observed that post-processing has no signif-
icant impact on these images. However, the exception is feature 4, i.e., the maximum principal

curvature, where we post-process the image using iterative self-organising data analysis (ISO)
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Figure 2.5: A typical illustration of convolution operation showing how 3 X 3 kernel operates on
the original digital image 1.

thresholding to remove disconnected white regions from the segmented image. The detailed

discussion on the ISO thresholding approach is given in subsection 2.4.5.

2.4.2 Multi-scale orientation analysis of gradient vector field (GOA)

The orientation analysis of the pixel intensity gradient vector field (or GOA) is our first feature.
In the GOA method, the idea is to check each pixel in the given input discrete image I and then
identify where the pixel intensity changes significantly (i.e., above a set threshold value €, see
below) from one pixel to the next. This enables us to isolate fine anatomical structures like retinal
blood vessels. To do that more accurately and systematically, the multi-scale GOA method looks
for a gradient measuring the change in pixel intensity in multiple directions using the directional

derivative on multiple spatial scales to capture the vessel across different length scales.

At each location (x;,y;) in the image I, the gradient vectors in the principal directions are
calculated based on the enhanced green channel image, figure 2.4(b). To obtain the gradient
vectors in x— and y— directions, we consider a convolution operation between the input (the

enhanced green channel image ) and first derivative kernels in x and y directions, denoted as
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sy and s, respectively. Mathematically, the operation can be written as

G (x;,y;)= [I * sx](xi,yj)

=22 s, (LKI(x;—1,y; —k), ke {-1,0,1}, o1
G, (x;,y;)= [I * sy] (x;,¥;)

=355, (LI (x; — 1y, — k), 1k e{~1,0,1}.

The operation ‘*’ is called the discrete convolution operation. It is a commonly used fundamen-
tal operation in image segmentation due to its ability to effectively extract and analyse spatial
features from an image. We choose a ‘Sobel kernel’ of size 3 X 3, which is significantly smaller
than the input image. A smaller kernel concentrates on a localised region of the image, enabling
the detection of fine-grained features such as edges and blood vessels, whereas larger kernels
may lead to over-smoothing, resulting in the loss of fine details. Here, the kernel can be thought
of as a spatial filter, and the convolution operation can be viewed as a spatial operation. The
convolution operation described above does not allow the centre of each kernel to overlap the
outermost element of the input image. As a result, this operation reduces the height and width
of the output feature map compared to the input matrix. To maintain the dimension throughout,

zero padding is used (see figure 2.17 in subsection 2.8).

Figure 2.5 provides the visual representation of the process of the convolution operation be-
tween the image and the kernels s, and s, respectively. In case of the discrete convolution op-
eration, the chosen kernel convolves on the input image, and convolution computes a weighted
average of the pixel intensity values of the input image I using the kernel s, or s, as given in
figure 2.5. To compute the corresponding pixel value of the output image at each spatial position
(x;,¥;), the kernel is applied to the image point by point, and then the resultant values are added

together using (2.1).

The next step involves determining the direction in which the pixel intensity changes are
maximal. To achieve this, we compute the unit gradient vectors in the x and y directions, denoted
as u, and u,, respectively, by normalising the gradient components G, and G . The unit gradient

vectors at point (x;,y j) are defined as

le(x,-,yj) :Gx(xi,)’j)/ G}%+G§,
(2.2)
uy(xi’yj):Gy(x[,y]‘)/ G§+G§.

The direction of maximum pixel intensity change is 8 of the gradient vector relative to the x—

Iy
0 = arctan <—> .
IX

Unit vectors are considered to be zero if the magnitude of the gradient is too small (< €). To

axis and is given by
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find an appropriate threshold value e, we first calculate the mean value of the magnitude of the
gradient. We then use a trial-and-error method to check what works best for our images. We

choose € to be 10% of the mean gradient magnitude.

Once the direction of maximum pixel intensity change has been determined for each pixel
in the image, the next step is to analyze how this direction evolves spatially as we move from
one pixel to the next across the image. To do that we compute the first-order derivatives of
the unit gradient vector u, and u,, along the principal directions x and y. These derivatives are
commonly referred to as the Laplacian or directional derivatives. The first-order derivatives of
the unit gradient vectors are obtained by convolving the kernels over the unit gradient vectors in

both directions, and are given by

dyox (X, ;) = [ux ¢ sxl (x;¥7)

=YY s, (Llu(x; =Ly, —k), Lke{-1,0.1},
Ik

dxy(xi7yj) = lux * Syl (xl?yj)

=2 ) s, (Liu, (e~ Ly, —k), Lke{-1,0,1},
bk (2.3)
dyy(x;> ;) = [“y * Syl (xi> )

=Y Zys, (L buy(x;— Ly, k), Lke{-1,0,1},
l

dyx(x[’yj) = [uy * le (xi9yj)

= Y Zys (L kuy(x; —Ly; —k), Lk {-1,0,1}.
/

Laplacians are sensitive to changes in the gradient, such as high curvature or abrupt changes in

pixel intensity across blood vessels.

Next, we calculate the magnitude of the Laplacians obtained from equation (2.3) to quantify
the total discontinuities in the gradient orientation for each spatial location (x;, ;). The discon-

tinuity magnitude in the gradient orientation D is given by

D;; = D(x,',yj) = \/d%x(xi,yj') +d)%y(x[ayj)+d§x(x[’yj) +d)2,y(x[ayj)' (2.4)

The scalar value D;; obtained for a given pixel (x;, y;) from the equation (2.4) represents how
strongly the gradient orientation (i.e., edge direction) is changing around the point (x;,y;). A low
value of D;; indicates that the orientation of edges is fairly smooth and continuous (e.g., along
the blood vessels), and a high value of D means the orientation of edges is rapidly changing.

A typical example of D is given in figure 2.6(a), where we see that it contains a GOA map of
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Figure 2.6: GOA map of enhanced retinal blood vessels at multiple scales showing: (a) the image
of D obtained using equation (2.4), (¢) 6 = 1, (d) 6 =2V/2, () 6 =2 and () o = 2V/2.

curvilinear-shaped retinal blood vessels that are enhanced but with much noise.

Since the length and width of the retinal blood vessels vary as they traverse radially from the
optic disk, it is essential to incorporate a measurement technique that can capture these vessel
dimensions. Multi-scale techniques have been introduced to measure different geometric features

of retinal blood vessels at different spatial scales. To introduce a multi-scale feature, we first

(%)
1 - 262
5¢€ , (2.5)

o

introduce a Gaussian kernel of the form

g(xl"yj'QU) = >

where o is the standard deviation of the Gaussian function and (x;, y ) is the position of a partic-
ular pixel in the image. Here, o determines the extent of the smoothing effect and controls the
size and spread of the Gaussian kernel. We convolve the GOA map D with the Gaussian kernel

g for different choices of length scale o, denoted by

Dy(x;,y;) = [D * g] (x;,¥;,0)
" (2.6)
=Y Y gll.k.0)D(x;—1.y; —k).
I=1 k=1
The size of the D is n X m pixels, which is the same size as I. To capture both fine and coarse-
scale features, we use a range of four different o values namely o; = 1,0, = \/5,03 =2,04= 2\/5,
and obtain four distinct D, values at each pixel location, each corresponding to one of the chosen
o values. In particular, we denote the discontinuity magnitude of gradient orientation at each of

the four scales by Dgl, DGZ, DG3 and D(74 as shown in figure 2.6(b),(c),(d) and (e), respectively.
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Depending on the value of o, we see that blood vessels or parts of blood vessels in different
directions are enhanced. To preserve small-scale features like fine vessels and capillaries, smaller
values of o are used (see figure 2.6b,c), while for large-scale features like large blood vessels and
the overall structure of the retinal vasculature, larger values of ¢ are used (see figure 2.6d,e).

The GOA map is obtained by adding up all the individual maps obtained at these four scales
(see figure 2.6b,c,d, and e) and is given by

Dgoa(x;,y;) = \/D¢271 (x;,y;)+ D(zfz(x,y') + D,273(xi,yj') + D§4(x,-,yj). (2.7)

Then we first rescale all the pixels of the image Dgn,4 in the range of 0 —255 and then invert
the final segmented image obtained from GOA (mathematically Do 4 inverted(Xi» ¥;) = 255 —
Dgoa(x;,y;) at each pixel position (x;, ;) so that the vessels appear brighter than the back-
ground. Figure 2.6(f) shows the final inverted GOA map. It is evident from figure 2.6(f) that the
curvilinear-shaped blood vessels are enhanced while noises and non-vessel structures are sup-
pressed. To quantify the enhancement, we assess the performance of our unsupervised vessel
segmentation approach by comparing the segmented image obtained after integrating all four
features with the ground truth image, as presented at the end of this chapter, in subsection 2.10.

The GOA method relies on the orientation of the gradient vector field rather than the magni-
tude of the gradient vector, making it particularly beneficial for our image segmentation. This is
because our images are often noisy and suffer from non-uniform illumination. Since GOA relies
on the orientation of the gradient rather than its magnitude, GOA remains effective even when
illumination varies across the image. This method is also less affected by noise, as it emphasises

directional changes in the image rather than absolute pixel values.

2.4.2.1 Algorithm: Orientation Analysis of a Gradient vector

The proposed algorithm 1 for the orientation analysis of the gradient field vector is implemented
in MATLAB (MathWorks, Natick, MA) using the built-in functions ‘imgradient’ and ‘imgauss-

filt’ from the image processing toolbox.

2.4.3 Morphological transformation

Morphological transformation is the second component of our feature vector.

Morphological transformation is a widely used feature extraction technique in retinal image
processing, primarily employed to reveal the underlying structure of the retinal vasculature. The
foundation of morphological image processing lies in two basic operations: erosion and dilation.
All other morphological operations, like opening, closing, top hat, and black hat transformation,
are derived from combinations of these two essential processes. In the following subsection

2.4.3.1, we begin by examining the mathematical formulations of erosion and dilation, followed
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Algorithm 1 Orientation Analysis of a Gradient vector

Require: Enhanced green channel image I(x,y), Sobel operators s, and Sy standard deviation
o
Ensure: The inverted GOA map of the enhanced blood vessel
1: Obtain the gradient vectors using equation (2.1).

Calculate G = /G + Gg.

Calculate € = mean(G(:)) * 0.1

Derive the unit gradient vectors using equation (2.2).

The unit gradient vectors are zero if | /G2 + G2 <e.

Find the first order derivatives of u,(x,y), uy,(x,y) in both directions using equation (2.3).
Sum up all the derivatives obtained in step 6 using equation (2.4).

Employ D(x, y) at for different scales o = {1, \/5,2,2\/5}.

Add all four individual maps obtained at step 8 using equation (2.7).

Invert the image obtained at step 9.

oo 3N kD

_
=4

by an exploration of the operations derived from these fundamental techniques. Then, in sub-
section 2.4.3.2, we focus on the specific morphological transformation operations applied to our

images.

2.4.3.1 Basics of morphological operations

Morphological operations were first applied to binary images [13]. A binary image is a digital
image that consists of pixels that can have one of exactly two colours, usually black and white, so
the matrix I can have only two pixel intensity values, either O (for black) or 1 (for white). Next,
we extend the idea of morphological transformation from binary images to single colour channel
images [ 7].

In general, a morphological operation needs two inputs: one is the original single colour
channel image, and the second is called the structuring element, an array of pixels. The struc-
turing element is typically smaller in size compared to the original image. Depending on the
structure and size of the structuring element, we can use it to extract different patterns from the
images.

Morphological transformation for binary image: Suppose !/ is the binary input image and

B is the structuring element, where the size of B is smaller than the size of I. There are two types
of pixels in the binary image I, namely foreground and background pixels. The pixel intensity
value of the foreground pixel is 1, and the pixel intensity value of the background pixel is 0.
B contains a combination of both foreground and background pixels. The centre pixel of B is
known as the ‘anchor point’. Dilation and erosion are two operations derived from two basic set
operations, namely, reflection and translation. We first revisit the definitions of reflection and
translation of sets.

Suppose b is the element of the set B then the reflection of the set B about its origin is denoted
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Figure 2.7: Schematic representation of morphological transformation on a binary image show-
ing: (a) erosion [146] and (b) dilation [146].

by B and is defined as
B={rlr=-b,be B}. (2.8)

Likewise, the translation of B by an element (i.e.,pixel) § is denoted by (B); and is defined as

(B)y = {wlw=b+p,b€ B}. (2.9)

Figure 2.7(a) illustrates the erosion operation applied to a binary image. The structuring
element determines the neighbourhood surrounding the pixel of interest (the pixel marked by the
circle). This circled pixel is the anchor point of the structuring element. The erosion function
assigns to each output pixel the minimum pixel intensity value found among all the pixels in
its neighbourhood (i.e, the neighbourhood of the circle) defined by the structuring element. In
a binary image, a pixel intensity value is set to O if any of the neighbouring pixels have the
intensity value O (see figure 2.7a). The erosion of I by a structuring element B, denoted as
I © B, is defined as the set of all pixels f such that B, when translated by f, is completely

contained within 7. Mathematically, this can be expressed as
ITeB={p|(B)gC I} (2.10)

Figure 2.7(b) illustrates the dilation of a binary image. The structuring element defines the
neighbourhood of the pixel of interest (i.e, pixel in circle centred at in figure 2.7b). The dilation
function assigns to each output pixel the maximum pixel intensity value among all the pixels
in its neighbourhood as defined by the structuring element. In a binary image, a pixel intensity
value is set to 1 if any of the neighbouring pixels have the intensity value 1 in case of the dilation
operation (see figure 2.7b). The dilation operation on the image I is a combination of reflection

and translation operations and is defined as
1®B={pl(BynIlC1}, (2.11)

where B is the reflection of the structuring element B about the origin (see equation (2.8)) and

then we translate B by f (see equation (2.9)).
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Figure 2.8: Schematic representation of morphological transformation on a single colour channel
image showing: (a) dilation [146] and (b) erosion [146].

Now we extend the idea of the dilation and erosion for the single colour channel image.

Morphological transformation for the single colour channel image: The dilation operation

for a single colour channel image is similar to that of a binary image. Figure 2.8(a) explains the
dilation operation on a single colour channel image by a linear structuring element B. According
to the dilation operation rule, as described in the case of the binary image (see figure 2.7b), the
dilation operation is performed in the neighbourhood of the anchor point of B. The structuring
element B slides over the image I until it covers all the pixels in 1. Then, we compute the local
maximum for the pixel intensity value from the overlapping region of I and B. Then, in the
output matrix, the pixel intensity value at the pixel location corresponding to the anchor point of
the structuring element is replaced with the local maximum value (see figure 2.8a). The dilation

operation for the single colour channel image is defined as
(IEBB)(xf,yj)=(g})aexB{I(x,-—s,yj—t)}- (2.12)

In retinal fundus images, dilation restores the general shape of the vessel structure while dilating
the bright structure, like retinal blood vessels. It also fills small dark holes inside the vessels or
connects broken parts of the vessels.

In the erosion operation, unlike the dilation operation explained above, we compute the local
minima of the pixel intensity values from the overlapping region of I and B. Figure 2.8(b)
explains the erosion operation on the single colour channel image by a structuring element B.

The erosion operation for the single colour channel image is defined as
(IeB)(xl-,y,-)=($§B{I(xi+s,yj+t)}. (2.13)

Erosion effectively eliminates small bright artefacts such as camera light reflections, exudates,
and image noise. Additionally, it smooths vessel boundaries by trimming their edges and helps
separate closely connected vessels or pathological regions by breaking narrow connections, thereby
improving the accuracy of detection.

There are other important morphological operations available for the image segmentation
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task. These operations are essentially the combination of erosion and dilation operations. These

operations include opening, closing, top-hat, and black-hat transformations.

The opening of an image I involves performing a erosion, followed by dilation [32, 56]. The

opening of set I by a structuring element B, denoted by 7o B and is defined as

(IOB)(xi,yj')= l(IeB)@Bl (xi,yj')- (2.14)

The opening operation smooths out the background that does not fit the structuring element [32,
]. Since dilation follows erosion, it preserves overall structures while removing overlapping

narrow regions, which is crucial for obtaining clear segmented blood vessels [32, 56].

The closing of an image I involves a dilation followed by erosion [32, 56]. The closing of
set I by structuring element B, denoted by I « B and is defined as

(I'B)(xiayj) = [(IGBB)GBI (xi’yj)' (2.15)

The closing operation is used to smooth the edges of blood vessels, eliminate small holes within

them, thereby enhancing the continuity and clarity of retinal vessel structure [32, 56].

The black-hat operation is a type of morphological transformation that computes the differ-
ence between the closing of the input image and the original input image [32, 56]. Mathemati-

cally, the black-hat transformation 1, can be written as

Typ(x;y)) = I(I-B)—Il (x5 ¥;)- (2.16)

The black-hat transformation is effective for detecting dark features (e.g., vessels) that are smaller
than the structuring element and are located on a bright background [32, 56]. However, retinal
fundus 1mages have bright vessels on a dark background, so we do not include the Black-hat

transformation in our feature vector.

The top-hat operation is a morphological transformation that calculates the difference be-
tween the original input image and its opening [32, 56]. This operation is especially effective for
extracting small, bright features, such as blood vessels, that appear against a darker background.
It is particularly beneficial to our images, where the vessels are bright, and the background is
dark, and we apply the sum of top hat transformation to the image as our second feature vector

to extract blood vessels.

The next step is to use the sum of top-hat morphological transformations to extract small
bright structures like branches of retinal blood vessels of different widths from the complex
background of the image containing pathological regions like haemorrhage. First, we explain
how the top-hat transformation is applied to the image, followed by an introduction to the concept

of the sum of top-hat transformations.
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Before applying the morphological transformation to our image, we invert the enhanced green

channel image by using the following expression
19(x;,y,) =255 - 1(x;,;),

for all the spatial locations (x;,y;). I @) is the inverted green channel image. Inverting the en-
hanced green channel is an important pre-processing step that helps us enhance the blood vessels
and fine structures to appear brighter than the background. Before explaining the process of ap-
plying morphological transformation to images, we briefly explain the basics of morphological

transformation.

2.4.3.2 Top-hat transformation and sum of top-hat transformation

The two important input elements for the top-hat transformation are the inverted discrete en-
hanced green channel image 1) and the structuring element .S, at a given pixel (x;,y )

The purpose of the structuring element .S, is to eradicate the vessel or some part of the vessel,
which can only be achieved when the structuring element is oriented orthogonal to the vessel.
Mathematically, this means the dot product between the direction vector of the blood vessel at
a given pixel (x;,y;) and the direction vector of the rotated structuring element at a given pixel
(x;,y;) 1s zero. A more detailed discussion of the underlying mathematics is provided later in
this section.

To account for the orientation of the structuring element, we introduce a parameter 8’ in the
structuring element .S, representing the angular rotation measured relative to the x— axis. From
this point onward, we refer to the structuring element as Sf/. Moreover, the shape of the struc-
turing element Sf’ influences the shape of the extracted features, and retinal blood vessels can
be thought of as a piecewise linear structure— we choose a linear structuring element for the
morphological transformation to effectively enhance the vessels. Additionally, the structuring
element must not be entirely contained within the vessel to ensure removal of only parts of the
vessel (such as narrow branches or small non-vessel structures), which is useful for enhancing
vessel edges and protecting overall retinal vasculature structure during the morphological oper-
ation. Taking this into consideration, the structuring element Sf/ is chosen to be smaller in size
than the size of the blood vessels contained in the inverted green channel image. However, the
size of the Sf/ needs to be large enough so that we can extract the blood vessels having large
diameters. Depending on the size of the retinal blood vessels in Fundus images in this study, we
find that the number of pixels in retinal blood vessels is not more than 21 pixels, so we consider
a structural element of 21 pixels long and 1 pixel wide. We start with the 8’ = 7 /2 to see how
well the structuring element extracts blood vessels when the Sf "is perpendicular to the x— axis
of the image. Then, in the next step, we consider multiple 6" values between 0 and 7 to extract

blood vessels in different directions.
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(a) (b)

Figure 2.9: Morphological transformation:(a) inverted enhanced green channel image, (b) top-
hat transformed image, and (c) sum of top-hat transformed image.

The first step is to perform the opening operation on the enhanced green channel image using
the structuring element Sf'. The opening operation is the combination of two basic morpholog-
ical operations, namely erosion and dilation. The opening operation is applied using the built-in
function ‘imopen’ from MATLAB. The opening operation is denoted by ‘o’.

The next step is to subtract the opened image I)oS?" from the inverted green channel image

I®_ This is known as the top-hat transform, and it can be defined as
19 = 17 = A D089)] (x;,)). (2.17)

As previously discussed, retinal vessels vary in both width and orientation. To effectively ex-
tract vessels oriented in different directions, we compute the sum of top-hat transformations per-
formed along multiple orientations. This cumulative top-hat transformation using a set of linear

structuring elements is expressed as:

3z

T
-, —.. 2.1
4’ 8 ’ﬂ}’ ( 8)

L5, (xiy) = X T (xiy)). 6 € (0.,
0

where I is the sum of all top-hat transformation. Equation (2.18) is obtained essentially by
summing all top-hat transformations obtained in multiple directions. The structuring element
See' is rotated at an angle between 0 and = in steps of %. It is important to note that it is a trial-
and-error method, so we consider other angles. We observe that including additional values of
0’ improves the results, but the improvement is not substantial compared to the increase in com-
putational time. To quantify the improvement, we assess the performance of our unsupervised
vessel segmentation approach by comparing the segmented image obtained after integrating all
four features with the ground truth image, as presented at the end of this chapter, in subsection

2.10. Therefore, we trade off between accuracy and computational efficiency.

Figure 2.9 provides the resultant image obtained after applying the sum of the top hat trans-
form. Figure 2.9(a) provides the inverted enhanced green channel image, and figure 2.9(b) is the
top-hat transformed image after applying the top-hat transformation as given in equation (2.17).

Figure 2.9(c) shows the resultant image obtained using the sum of all top-hat transformations
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using equation (2.18). It is clear that in the final image (see figure 2.9c¢), the retinal blood vessels

are enhanced regardless of their directions, including small vessels.

2.4.3.3 Algorithm: Morphological transformation

A sample algorithm 2 for morphological transformation is given below and implemented in
MATLAB (MathWorks, Natick, MA) using the Image Processing Toolbox.

Algorithm 2 Sum of top-hat transformation

Require: 7 and length, angle (6”) and type of S,
Ensure: Resultant image I

1: Create a linear structuring element .S, of 21 pixel long and with angle 7 /2.
Perform opening operation using .S, on 1)
Find I, using equation I, = I') —(I0.S,)
0 <0: % >
for¢’ < O0tor

Given S, vary the angle 6’ and obtain the structuring element Sg'

Given Sf/, find Iﬁ: using equation (2.17) and step 3.
Add all 1 f}: to obtain the final image I using equation (2.18)
end for

Y ;N RN

2.4.4 Multiscale Gabor filter

The Gabor filter response is the third component in the feature vector.

Gabor filters are highly effective tools that have been extensively used as feature extractors
for vessel segmentation purposes in image processing [58, 74, ]. In this work, we use a Gabor
2D filter, which has been shown to mimic human visual processing by forming a filter combining
a sinusoidal wave with a Gaussian function [24]. The sinusoidal wave controls frequency and
orientation sensitivity of the filter, and the Gaussian function controls localization of the filter in
space. Overall, Gabor filters, with their ability to selectively detect oriented features and fine-tune
to particular frequencies and scales, serve as effective edge detectors [74]. Both the spatial and
frequency domains can be adjusted to specific frequencies, scales, and directions. As a result,
they facilitate noise suppression, feature extraction, and vessel enhancement concurrently in a
single operation [58, 74].

The Gabor filter is capable of extracting blood vessels of different widths in multiple direc-
tions, and we use it to enhance different types of edges present in the image while suppressing
noise. To detect edges of retinal blood vessels of varying widths at multiple scales, we construct
the Gabor filter bank by combining the maximum Gabor filter responses. We first discuss the
mathematical construction of 1D Gabor filter and then generalise the idea of 1D Gabor filter to
2D.
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The response of the 1D Gabor filter kernel is a wave of wavenumber k, multiplied by a

Gaussian function and is given by

x2 A
e 202 0¥, (2.19)

g(x)=
2r

2
where %ﬂe_;;_z is a Gaussian-shaped function, known as the envelope, and e’*0* is a complex
sinusoiX;sponse, known as the carrier. Here, o is the standard deviation of the Gaussian func-
tion. Also, ky = (27 /A1) where 4 is the wavelength of the sinusoidal term inside the Gaussian
envelope. Suppose we have a 1 D image and the idea is to convolve the 1D image with the 1D
Gaussian kernel g given in (2.19) to enhance the edges present in the image while suppressing
the noise. The convolution operation is already discussed in subsection 2.4.2. In reality, the
fundus images we are using in this work are of 2D, so we have to use a 2D Gaussian kernel for

convolution.

The 1D Gabor filter response can be extended to 2D rotating to a new coordinate system

(x',y") form as

_l(x/2+}’y’2> ,(2 o, ) 590
g,y hay,oy)=e S\ 2 AT (2.20)
where (x’,y’) are the rotated coordinates

x'=x cosa+y sina, y =—x sina+y cosa. (2.21)

In the multiscale Gabor filtering approach, we rotate the 2 D filter, which is mathematically equiv-
alent to rotating the coordinate system to obtain a new coordinate system at each orientation, to
capture different edges at multiple orientations and scales. The rotated coordinate system is con-
nected to the original coordinate system by the expression given in (2.21). This is particularly
important in fundus images, as retinal blood vessels appear with varying widths and in different
directions. In the literature (e.g., [74]), it is suggested that A values for retinal vessel segmenta-
tion usually lie between 1/2 and 2. We choose A = 2 as it is found to work best for our images to
capture the comparatively thicker blood vessels. Note that y is the phase offset, and we consider
v =0 as this gives a symmetric Gabor filter, and the symmetric kernel responds strongly to lines
and structures like blood vessels that match its orientation. Also, y is the spatial aspect ratio of
the envelope. When y < 1, the Gaussian envelope is elongated along the x” direction compared
to the y’ direction. We consider the aspect ratio y = 1/2, which means the Gaussian envelope is
twice as spread out along the x’ direction compared to the y’ direction. This gives a Gaussian en-
velope elongated along the direction of its preferred orientation (i.e., x’) and improves sensitivity
to the elongated structures. Usually, the retinal blood vessels are elongated, so it is sufficient to

enhance the vessel structures in the chosen orientation. Here, « is the orientation and o is the
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Figure 2.10: Gabor filter response:(a) average Gabor filter response, and (b) the maximum Gabor
filter response.

Gaussian envelope scale and ranges of @, ¢ are given below.

The filter defined in (2.20) has a real and an imaginary component. The real part of the Gabor

filter can be written as

_l<x12+},y12> ,
Grea (X Vs Aaw,o,p)=e “\ ¥/ cos <2frx7+w> (2.22)

and the imaginary part is given by

1 <x12+yy/2 > ,
gy ay,oy)=e >\ > Jsin <27rx7 +1//>. (2.23)

Now we convolve the green channel image I using the Gabor filter defined above to obtain an
image with enhanced blood vessels. In this work, only the real part of the Gabor filter (2.22) is
used for convolution to enhance elongated structures (blood vessels). This is because the real
component of the Gabor filter contains a cosine function, which is an even function, so the fil-
ter becomes mirror-symmetric about its centerline. As a result, the filter responds strongly to
structures (e.g., blood vessels) that have similar pixel intensity on both sides of the filter axis.
Moreover, the input enhanced green channel image is real-valued, so for simplicity and compu-

tational efficiency, the real part of the Gabor filter alone is sufficient.

To extract multi-scale and multi-orientation features from the fundus image, a Gabor filter
bank is constructed, which is made of filters composed of four different spatial scales (i.e, o val-
ues) and 19 different orientations (i.e, different « values). We find that 19 different values of « are
sufficient to enhance the large blood vessels of interest, which are used later for the parameteri-
sation of the mathematical model. To quantify the performance, we compare the image obtained
from an unsupervised vessel segmentation approach after integrating all four features with the
ground truth image, as presented at the end of this chapter, in subsection 2.10. To extract blood
vessels at multiple scales and orientations, we perform a convolution between the enhanced green

channel image I and the real part of the Gabor filter, which is designed for various scales and
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directions and G, , is the filtering response at a given pixel location (x;, y;) which is obtained by
applying a 2D convolution operation. For a given o, and a, the convolution operation is defined

as:
G(;,a(xi’ yj) =[I * greal(i’ a,y,o, 7)] (xi’ yj)

nom (2.24)
= Z Zgreal(lak’ /l,a,l//,O',)/)I(xi - l’yj —k).
I=1 k=1

where ‘*’ is the convolution operation. For the detailed discussion on the convolution operation,
see subsection 2.4.2. We use the built-in function ‘gabor’ from MATLAB to compute the Gabor
filter.

The next step is to find the maximum and average magnitude of the Gabor filter response
given in equation (2.24). Here, Gmax is the maximum Gabor filter response at a given pixel

(x;5 ;) and is defined as

GmaX(Xi’yj)=O'EI;IS'1,aaX€T(GO-’a)(Xi’yj)’ S= {2’374’5}’ T= {0’ 171-_8’ ’---97[}’ (2'25)

oy

and Gavg is the average Gabor filter response at a given pixel (x;,y;) and is defined as

T

Gavg(xi’yj) = meanaeS’aeT(G(y’a)(xi’yj)’ S = {2,39475}’ T = {O, 185%"*"

), (2.26)

Gmax and Gavg are the two matrices of the same size as the input enhanced green channel
image. Here we experiment with different values for «, observing that the above values for a are
sufficient to enhance blood vessels in different directions. For ¢ values, we observe that the large
retinal vessels in all our clinical images (5-6 images in total) obtained from the collaborator are
4 -5 pixels wide. Based on our observation of all the clinical images studied so far, the specified
range for vessel widths appears to be appropriate in our case. We use ‘imgaborfilt’ from the

MATLAB image toolbox to obtain the magnitude of the filter response.

Figure 2.10 shows the inverted green channel image and responses of the maximum (figure
2.10b) and average Gabor filter (figure 2.10c), which are calculated at different scales for differ-
ent orientations. After applying the Gabor filter on the enhanced green channel image given in
figure 2.10(a), we observe the suppression of background noise while enhancing the blood ves-
sels. We choose the maximum Gabor filter response given in figure 2.10(b) as our feature vector
because the maximum Gabor filter response enhances contrast, making vessel structures more
distinguishable from the background. Moreover, the maximum Gabor filter response captures
the highest Gabor filter response across all directions and scales at a given pixel (x;, y;), so this
is ideal for detecting elongated structures like blood vessels, which strongly respond to Gabor

filters at a specific orientation and scale.
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2.4.4.1 Algorithm: Maximum of Gabor filter response

The proposed algorithm 3 for Gabor filter response is implemented in MATLAB (MathWorks,
Natick, MA) using the Image Processing Toolbox.

Algorithm 3 Algorithm: Gabor filter response

Input: 7(x,y), wavelength (1) and orientation «
Output: Maximum Gabor filter response
A<=05:05:2,y <0
c«2,3,4,5
a<0:15°:180°
Create a Gabor filter with A and 6
Apply the Gabor filter bank on the input image I to find the magnitude response matrix
gabormag for the Gabor filter bank
for i < 0 to number of rows of gabormag
for j < 0 to number of columns of gabormag
Find the maximum response of the Gabor filter bank gabormag(i, j)
end for
10: end for

AR S

YLD

2.4.5 Maximum principal curvature

Maximum principal curvature is the fourth component in the feature vector.

The principal curvature is a feature that has been shown to improve edge contrast in digital
images, yielding clearer segmentation results. The principal curvatures of a surface K at a point
p in the surface .S’ are the maximum and minimum values of the curvatures of curves through p.
The maximum principal curvature is used to detect edges on a dark background. The directions
corresponding to these principal curvatures are known as the principal directions. The principal
curvatures and directions are a convenient way of indicating how the surface curves in the vicinity
of a point on the surface. The changes in the surface indicate the sharp changes in pixel intensity
values in the image.

The principal curvatures can be computed in various ways. The easiest way to calculate
curvature is to compute the Hessian matrix based on the second-order derivative of the Gaussian
kernel convoluted on the image. The principal curvatures are then proportional to the eigenvalues
of the Hessian matrix. For structure analysis, such as vessel detection, the eigenvalues help
identify regions of high or low curvature by analysing how the pixel intensity changes around a
given pixel in the image I.

We employ the principal curvature at multiple scales to improve the contrast of lines and

edges of different widths in retinal blood vessel segmentation.
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2.4.5.1 Principal curvature

To find the curvature of the enhanced green channel image I, we first find the height map K of
I. Recall that the pixel intensity value at given pixel (x;,y;) is 1(x;,y;). The height map K is
given by

K(xi,yj‘) = (xiayj"l(xiayj'))- (2.27)

The image I forms a 2D surface embedded in 3D. Finding the curvature of the surface K is
equivalent to finding the eigenvalues of the Hessian matrix of I. Structures like blood vessels,
which are of high curvature, are known as ridges. The local shape characteristics of the surface
K at a given pixel (x,-,yj) where i € {0,2,....n—1},j € {0,2,...,m— 1} is given by the Hessian

matrix H and is defined as

I, I
H(x;,y;) = [ “ "y] : (2.28)
Iyx Iyy

where I,,.1,,,1,.,1,, are second order derivatives of I along the x— and y— directions. It
is important to note that H is defined at a pixel (x;,y;) only when all the second-order partial

derivatives of I exist at that pixel.

In order to compute the second-order derivatives of the discrete image I, we convolve I with
the Gaussian kernel g(x;,y j,a) given in the equation (2.5) (see subsection 2.4.2) and compute
the second-order derivatives of I for a given pixel (x;, y;) in the x— and y— directions are defined

as

aZ

Ixx(xi,yj§0') a 2 lg(a) * l(xl’y] (229)
Here, s’ denotes a 2D convolution operation (for details about the convolution operation see
subsection 2.4.2). Due to the linearity and shift-invariance of convolution and differentiation,

the equation (2.29) is equivalent to:

0? g(a)

(xpyj’a)_ [ I](xlayj): [gxx(o-)*l](xi’yj)' (230)

Similarly, all other second-order derivatives of I in x— and y— directions can be written as
Ixy(x[$yj;o-) = gxy(o-) * Il (x[$yj)7

Ly (%, 7150) = |8,:(0) * T](x;,)), (2.31)

Iyy(xivyj;o-) = gyy(a) * Il (xiayj)'

The size of the Gaussian kernel g is the same as that of the image I, where o is the spatial

scale parameter of the Gaussian kernel. The symmetric Gaussian kernel is used to ensure that
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derivative estimates remain consistent regardless of the vessel orientation. We have to choose
o values carefully so that we can enhance blood vessels and reduce the noise. Using the trial-
and-error method, we observe that ¢ = 1.45—1.5 is sufficient to enhance multiple generations of
blood vessels and also minimises the noise present in the image.

The eigenvalues obtained from the Hessian matrix H given in equation (2.28) are known as
the principal curvatures at a given pixel (x;,y;). The evaluation of the principal curvatures is
performed at every pixel location (x;,y ) of the image I (see figure 2.11a). Let us consider that
AS.) and /1512.) are the two eigenvalues of the Hessian matrix H given in equation (2.28) obtained

at a pixel (x;, y;). Then, the maximum and the minimum values of the eigenvalues are given by

A= max {1V, 1@,
j ij 2 %ij

M 3@y
ij ij

(2.32)

A7

= min{A

In the next step, we construct two eigenvalue matrices at every point (x;, ;) in image I where
one contains the maximum eigenvalues /1:; and the other contains the minimum eigenvalues /1;
Let A*, A~ denote the matrices representing the maximum and minimum principal curvatures,

respectively, and are defined as follows:

nxm»

A™ = (7)) e

At = (i;;.)
(2.33)

Both the matrices A* and A~ have the same dimensions as the input image I. Now we have the

image obtained from the matrix of the maximum principal curvature (A*), but with much noise.

2.4.5.2 Post-processing using thresholding

The maximum principal curvature captures the maximum changes of pixel intensity values at
each pixel location on the surface defined above. Unlike other features we have seen, these kinds
of curvature-derived features are often sensitive to minor fluctuations in pixel values. ISO thresh-
olding is a method to regularise or stabilise fluctuations in pixel values before further processing
[155]. This is used in image processing to determine an optimal threshold for separating an im-
age into foreground and background. This thresholding approach helps isolate regions where
maximum principal curvature exceeds a certain value, which often corresponds to significant
anatomical features like blood vessels [155].

The first step is to start with an initial threshold value 7;;. A common choice is the middle of
the grey-level range T, = 128. Now we divide the image pixels into two groups: foreground, pix-
els with intensity > T;), and background: pixels with intensity < 7},. The next step is to compute
mean intensities where (m f): mean of foreground pixel values and (m;): mean of background

pixel values. Then, we compute the new threshold value T as the average of these two means,
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" -

Figure 2.11: Principal curvature: (a) schematic diagram of principal curvature and principal
direction, and (b) principal curvature applied on the inverted green channel image.

where I
Tl = f b
2

Now we update the threshold value T}, by setting T, = T; and repeat these steps until the threshold

stabilises (i.e., it no longer changes).
The final segmented image figure 2.11(b) is obtained using ISO Data thresholding. We see

that principal curvature enhances all vessels irrespective of the vessel width.

2.4.5.3 Algorithm: Maximum principal curvature

The proposed principal curvature algorithm 4 is implemented in MATLAB (MathWorks, Natick,
MA) using the Image Processing Toolbox.

2.5 K-means clustering for pixel classification

As discussed earlier in subsection 2.4, we first apply an unsupervised machine learning (cluster-
ing) approach to obtain the final segmented image from each of the four features discussed above.
Clustering is a widely used vessel segmentation approach. In the clustering approach, we group
all pixels of the image based on certain pre-defined similarity criteria. Each of these groups
is called a cluster. There are different clustering approaches available. However, the K-means
algorithm is computationally simple compared to other clustering algorithms [66, ], so we
start with the K-means clustering in the proposed work, and it provides satisfactory results. For
a detailed discussion on other conventional machine learning approaches, please see subsection
1.8 of chapter 1 and subsection 2.4.

In K-means clustering, all the pixels are classified based on their distance from the cluster
means, the arithmetic average of all the data points in that cluster. It takes the input parameter,
K, as a number of clusters and partitions a data set into K clusters so that the resulting objects

of one cluster are dissimilar based on their distance from the cluster means to other clusters and
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Algorithm 4 Principal Curvature

Require: I(x,y), standard deviation o
Ensure: Output: I (x,y;0)

1:

AR I

10:
: &yy < first order derivative of g, along y direction
12:
13:
14:

15:
16:

17:
18:
19:
20:
21:
22:
23:
24
25:
26:

27

28:
29:
30:
31:

32

33:
34
35:

36

37:
38:
39:
40:
41:
42:

Apply erosion operation on I using diamond shaped structuring element of size 20 pixels
o < 1.45 and apply a Gaussian filter on the image obtained in step 1

Find maximum principal curvature of the image obtained in step 3 using PRINCUR function
Apply histogram equalisation on the resultant image

Compute global image threshold using the iterative isodata method on the image obtained
in step 5

Obtain the binary image of the resultant image

Use connected component analysis to filter out all small vessels

g, < first order derivative of I along x direction

g, < first order derivative of I along y direction

8y, < first order derivative of g, along x direction

g,y < first order derivative of g, along y direction
m < number of rows in [
n < number of columns in 1
> % Defining functions%
function A; =PRINCUR(/)
Find g,,. 8, &y,
> % Finding maximum (4;) and minimum (4,) eigen values of hessian matrix%
fori <« m
fori—n
(413, ) Ag(is NI=LAM DAFIN D(8, i, /), 84 (i )s 8y (i )
end for
end for
Find 4, using equation (2.32)
end function
function [4,,,]=LAM DAFIN D(g,, &y &yy)
Find Hessian matrix H using equation (2.28)
Obtain eigenvalues
%Obtain maximum and minimum lambda values% if 1, > A_ then

A =A4
12=l_
Ay < A_
/11:/1_
Ay = A, else
A=Ay
Ay =A_

end function
function [threshold, M AT, M BT'] = isodata(I)
Compute mean intensity of image from histogram, set T' = mean([I)
Compute Mean above T(MAT), Mean below T (MBT) and cumulative sum using T
newr (i) = round(M AT + M BT)/2
Do step 3 to n: repeat step 2if T(i)) #T(i—1)
Normalize the threshold to the range [i, 1]
end function
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Flgure 2. 12 K —means clusterlng apphed on the three feature Vectors showmg images obtained
from: (a) GOA (I { ), (b) sum of top hat transformation (Ié), and (c) multiscale Gabor filter re-
sponse (1 3’,), respectively.

similar to objects of the same cluster. The similarity of the data point depends on the distance
of the data point from the cluster mean. All the points whose distance from the cluster mean is
below a threshold value then all of them belong to the same cluster. For applying a feature-wise
clustering algorithm, the number of clusters is provided by the user. However, the performance
of segmentation is highly sensitive to the cluster centers and their numbers, which are sometimes
challenging for users to determine directly in advance. For simplicity, we set the number of clus-
ters to K =2, namely C,(vessel), the cluster containing vessel pixels, and C,,(non-vessels), the
cluster containing non-vessel pixels. It is important to note that the resultant image obtained
after applying K—means clustering becomes a binary image, i.e., the image contains only two
types of pixels (i.e., vessel and non-vessel pixels). In the following subsection 2.5.1, we discuss
the mathematical concept behind the K—means clustering approach. Subsection 2.5.2 outlines
the post-processing techniques applied to the image obtained from the K—means clustering ap-

proach.

2.5.1 K-means clustering

We consider a data set consisting of nX m pixel intensity values x;, x5, ...., X, € R. We partition

the data points into K =2 clusters C;, C, based on the objective (or cost function)

Cost(x,Cy,Cy) = mm 2 Z [, —x; 112 (2.34)
212 1 lJEC

This cost function (2.34) is a weighted average of the cluster variances, with weights proportional

to cluster size in terms of the number of points |C;| in the cluster C;. Let,

nxXm

Hi =17 X
| ll ieC,
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Flgure 2.13: Final images obtalned after applylng K —means and post processmg showing: (a)
I, for gradient orientation analysis, (b) I, for morphological transformation, and (c) I3 for the
multiscale Gabor filter.

be the centroids of the cluster C;. Now the cost function (2.34) can be rewritten in terms of y; as

Cost(x,C;,Cy) =ming ¢ D I |1x;— ;]I (2.35)

mH j=1ieC;

We choose a set of binary indicator variables r; ;€ {0,1} wherei=1,..,nXm,j=1,2indicating
that the data point x; is assigned to any one of the 2 clusters or not. If the pixel intensity x; is
assigned to j cluster thenr; ; =1 and r; ; =0 for j # i. We define an objective function J known as
the distortion measure, and the goal of K-means clustering is to minimise J over all | K| clusters.

This distortion measure J is given by

2
2 Z ro = 11, (2.36)
j=1 C

representing the sum of the squares of the distances of each data point to its assigned vector pg.
We aim to find the values for {r, g} and {ug} so that we can minimize J. We do this using
an iterative procedure where each iteration has two successive steps corresponding to successive
optimisations with respect to {r, g} and {pg}. In the first step, we keep ug fixed, and we
minimise J with respect to r, x. In the second step, we minimise J with respect to the ug,
keeping r, g fixed. This two-stage optimisation process is repeated until convergence or until
some maximum number of iterations is exceeded.

After creating the feature vector as given in subsection 2.4.1, we apply the K—means clus-
tering algorithm separately to each extracted feature (i.e. gradient orientation analysis in sub-
section 2.4.2, morphological transformation in subsection 2.4.3, multiscale Gabor filter in sub-
section 2.4.4 and maximum principal curvature in subsection 2.4.5), resulting in two clusters
assignments for each pixels present in each feature. Let, I ]’ be the image obtained after apply-
ing K—means on the orientation analysis of the gradient vector (see subsection 2.4.2), Ié be
the image obtained after applying K—means on the morphological transformation (see subsec-

tion 2.4.3) and 1 g be the image obtained after applying K—means on the multiscale Gabor filter
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response (see subsection 2.4.4).

Figure 2.12 shows the images I|(see figure 2.12a), I (see figure 2.12b) and Ié (see figure
2.12c). We observe that vessels of different generations are enhanced, but with much noise
(see figure 2.12). The noises appear in the form of isolated white pixels that do not belong to
any vessels. At this stage, it is crucial to remove this noise as it will hamper the performance
of the vessel tracking algorithm developed in Chapter 3. To eliminate the noise present in the
image, the next step involves a post-processing technique. In the following subsection 2.5.2, we
discuss the post-processing used to obtain the final images from each feature discussed above.
It is important to note that we have not applied the Connected Component Labelling (CCL)
post-processing technique to the image obtained from maximum principal curvature, as we have

already implemented another post-processing approach (ISO thresholding in subsection 2.4.5.2).

2.5.2 Post-processing

The Connected Component Labelling (CCL) algorithm is a fundamental post-processing tech-
nique in image processing used to detect and label connected regions (also called components)
in binary images. It is important to note that the resultant image obtained after K— means clus-
tering is a binary image. To detect and eliminate all irrelevant small white regions (noise) in the
resulting image that do not represent vessel pixels, we apply the Connected Component Labeling
(CCL) algorithm.

The basic idea behind the CCL algorithm is to group pixels that belong to the same con-
nected component and are indexed with a unique label, where a connected component is a set
of pixels that are connected via some predefined criterion. The most common criterion used for
defining connected components is 4-connectivity or 8-connectivity. In 4-connectivity, two pixels
are considered connected if they share a common edge, while in 8-connectivity, two pixels are
considered connected if they share a common edge or corner. We implement the CCL algorithm
using the built-in function ‘bwconncomp’ from MATLAB, and the 8-connectivity is considered.
A detailed discussion of the CCL algorithm is out of the scope of this work.

Figure 2.13(a,b,c) shows the final images obtained after applying the K—means and CCL
algorithm on the images obtained from three features, namely gradient orientation analysis (see
figure 2.13a), sum of top hat transformation (see figure 2.13b) and maximum Gabor filter (see
figure 2.13c) which show that the CCL algorithm successfully removes the unnecessary white
spots.

1, is the final image obtained after applying K—means and CCL technique on the orientation
analysis of the gradient vector (see section 2.4.2), I, is the final image obtained after applying
K—means and CCL technique on the morphological transformation (see section 2.4.3), I5 is
the final image obtained after applying K—means and CCL technique on the multiscale Gabor
filter response (see section 2.4.4) and 1, is the final image obtained from the maximum principal

curvature after applying thresholding approach (see subsection 2.4.5).
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Figure 2.14: Weighted K-Means clustering applied on the inverted green channel image with
variable weights: (a) w;-means clustering applied, and (b) CCL algorithm applied on the image.

To combine the four classified images obtained from the four features after applying the K-
means and post-processing algorithms, we compute a weighted sum, and the detailed discussion

on this is given in the following subsection.

2.6 Weighted K-means clustering for feature fusion

We select a set of weights wy, w,, w3, w, corresponding to each feature in such a way that their
total sum w = w; + w, + w5 + w, equals 1. Each weight corresponds to a specific feature: w;
for image 1, w, for I,, w5 for I5, and w, for I,. The expression to obtain the final segmented
image is given by
T =wi i +wyly) +wslz +wyly, (2.37)
Wi+ wy+wsz+wy =1.

We consider different combinations of weight values. Figure 2.14 shows the final image
I, obtained with different weights. In figure 2.14(a), for all weights equal, we observe that
blood vessels are not clear at all. In figure 2.14(b,d,e,f), large blood vessels are broken in a few
spatial locations in the image. As our ultimate goal is to track large blood vessels using a graph-
based approach (see Chapter 3), it is beneficial to have a segmented image where vessels are not
broken in between. However, it is evident that among all these in figure 2.14(c), the blood vessels
are enhanced in all directions while the structures of large blood vessels are mostly preserved.
Considering all these, we decide to keep figure 2.14(c) as our final segmented result obtained

from the unsupervised vessel segmentation approach.
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2.7 Limitations of the classical machine learning approach

Classical machine learning techniques, as discussed above in sections 2.4 and 2.6, require human
intervention to manually select the proper features for creating a feature vector. Additionally,
these feature selection methods often rely on trial and error, require expert knowledge, and are not
well-suited for large-scale fundus retinal vessel segmentation. Moreover, these feature extraction
methods are more subjective and may not perform consistently across different images, indicating
a lack of robustness. As we have seen, the classical vessel segmentation algorithm discussed
above performs well on images of a similar type (see figure 1.2b). However, its effectiveness
declines in images in poorly illuminated fundus images, which may result from camera quality,
inadequate dilation of the pupil in the eye, or variation in the location and severity of the retinal
haemorrhages. In that situation, the current set of features yields unsatisfactory results. To
improve segmentation accuracy, it is necessary to identify and incorporate a new set of features.
Additionally, the weights assigned to these features within the K-means clustering framework
need to be carefully adjusted to enhance performance.

In contrast to these more conventional approaches, deep learning-based vessel segmentation
approaches are more robust and require less human intervention for feature selection. To over-
come the limitations of the unsupervised segmentation approach and to reduce the requirement
of human intervention for designing the feature vector, we build a deep learning-based vessel
segmentation algorithm. Deep learning methods excel by automatically learning complex, hier-
archical features from images, making them more robust and well-suited for tasks that demand
high precision and accuracy. In the next subsection 2.8, we outline the workflow of deep learning-
based approaches and highlight several advantages of using deep learning-based techniques. In
the following subsection 2.9, we provide a detailed discussion of the U-Net-based retinal vessel

segmentation approach.

2.8 Deep learning based approach for retinal vessel segmen-

tation

Deep learning (DL) is a subset of supervised-based machine learning approach that focuses on
methods based on neural networks (see subsection 2.8.1). Deep learning methods have recently
gained greater attention from the research community due to their performance in segmenting
medical images [ 140, ]. As mentioned earlier, one of the advantages of deep learning-based
methods is that deep learning algorithms can automatically learn complex, hierarchical features
from raw pixel data through their layered structures (see subsection 2.8.1), reducing the need
for human intervention for manual feature engineering and improving the generalization and
accuracy of automatic segmentation methods.

Over the years, several deep learning networks have been utilized in the field of retinal image
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Figure 2.16: Structure of a simple neural network containing only one hidden layer

segmentation. Among all the different types of deep learning networks, the CNNs have drawn
greater attention in numerous applications, especially in medical image analysis [ 54, ]. To
understand the convolutional neural networks, it is important to discuss the basics of neural
networks (NNs). In the next subsection 2.8.1, we begin by outlining the fundamental concepts of
NN and its workflow. Then, in subsection 2.8.2, we discuss the basic idea of a convolution neural
network. Following the success of CNN, there are several variants of CNN have been developed
over the years for retinal image segmentation. U-Net, a special type of CNN network architecture,

known for its unique structure and high segmentation accuracy, is discussed in subsection 2.9.

2.8.1 Basics of neural network (NN)

Artificial Neural Networks (NNs) are biologically inspired nonlinear computational models de-
signed to mimic the information processing of the human brain using simple computational units
called artificial neurons, which are organised into structures known as layers. NN can potentially
perform complex calculations, similar to the human brain [63]. NNs can be classified into dif-
ferent types, such as feed-forward neural networks, cascade neural networks, recursive neural
networks, recurrent neural networks (RNN), bi-directional NN, and stochastic NNs [71]. In this
work, we specifically concentrate on the concept of the feed-forward NNs.

To understand the workflow of feedforward NN, it is crucial to recall the basic structure of
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the biological neuron. A biological neuron has a cell body, a branching input structure (or the
dendrite), and a branching output structure (or the axon) [71]. The axon connects the dendrite
via synapses [71]. Electrochemical signals are transferred from the dendritic input, through the
cell body, and then reach the axon to other neurons [71]. NN can be thought of as a collection of
all single neurons that are interconnected in an acyclic order (i.e., there are no feedback cycles or
loops and the information flows strictly forward from input to output nodes without cycles) [71].
A basic artificial neural network consists of three layers of nodes (or artificial neurons): an input
layer (also referred to as the first layer or the 0/ layer), an intermediate layer (also known as the
hidden layer), and an output layer. Similar to a biological neuron, in this framework, the input
is passed to the input layer, which distributes it to the hidden layers [7!], and the final result is
obtained from the output layer. Typically, the input takes the form of a multidimensional vector.
The output of one neuron becomes the input of another neuron [71]. This process is known as
learning, where the hidden layers make decisions based on the outputs of the previous layer and
assess how a random internal change influences or improves the final result [71]. Each of the
hidden layers plays a crucial role in extracting and refining features that contribute to the final
segmentation result. Each layer connects to the next layer with weights. These weights can be
fine-tuned by training the network on data with known outputs (known as training data). The
array of collection of all such weights is called the kernel. The detailed discussion on each layer
is given in subsection 2.8.2. Figure 2.15 shows a typical example of a simple fully connected
neural network with no hidden layer, and figure 2.16 shows an artificial fully connected neural

network containing only one hidden layer.

We start with a simple fully connected neural network containing an input layer and an output
layer (see figure 2.15). Suppose, the input to the input layer of NN is a grayscale image I of size
nXm (see figure 2.15).I,~j (i=0,1,...,n—1,j=0,1,...,m—1) represent the pixel intensity values
of the image I in a given pixel location (x;,y;). Now, we write all the I;; in a column vector

called x € R"*1 is given by

Iy
: X,
IO,m—l x
X = = ‘2
Iy
. xnm'
In—l,m—l

The process of converting a 2D matrix into a 1D vector is called flattening of the image. The
input x is processed in the neuron through weights denoted by w;,i = 1,2...,nm, producing an

output z which is then transformed into the final output y through a function ¢ such that y = ¢(z).
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The quantity z can be computed as follows

X1

%)

Z(X):(wl’wz’""wnm) +b

Xnm (2.38)

nm
= Zwl-xi+b
i=1
=W-X+b

where w € R Here b € R is the bias term. Biases arise in the neural networks from various
sources, including the image datasets and the training process. The bias term plays a crucial role
in enhancing the flexibility of the neural network model by improving its ability to capture non-
linear complex relationships in the image data, and boosting model performance and robustness

in the image segmentation task. A detailed discussion on biases is outside the scope of this work.

The process of converting nm-inputs into a scalar result z(x) is known as the transfer function
[147]. Here, we consider the weighted sum operator as the transfer function. It is essential to note

that numerous alternative transfer functions are available, depending on specific needs [147].

The final output y is obtained by applying both the transfer function (linear) z and the acti-

vation function (non-linear) ¢(z) on the inputs x;,i = 1,2,...,n,
=" w;x;
Y= Picy i (2.39)
= ¢p(w-x+b).

The idea is to generalise the output z(X) for a neural network that contains multiple neurons.
The first step is to rewrite (2.39) in a functional form, and then we use this function to generate
an output for a neural network containing several neurons. (2.39) can be written in a functional

form as
y=f1(x1, X0, X, ) = p(W!-x+b1), (2.40)

where w! is the weight and b is the bias for the single neuron [147]. The function ¢ is known
as the activation function. ReLU, sigmoid, or tanh are a few examples of activation functions,
which are introduced in more detail in the following subsection 2.8.2. The activation function is
responsible for introducing the nonlinearity in the neural network model. The activation func-
tion should satisfy certain fundamental properties, such as being differentiable and monotonic,

meaning it should maintain the direction of the gradient vector [147].

Now, we extend the idea for the NN with more than one layer. The network with more than
one middle layer is called a multilayer perceptron (MLP). When the NN contains fewer hidden
layers (typically one), it is referred to as a shallow neural network (see figure 2.16). Having
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multiple hidden layers stacked upon each other is commonly called a deep learning network [71].
The generalisation of equation (2.40) for multi-layers is straightforward. As explained before,
inputs to a neuron are processed, typically as a weighted linear combination, and the resulting
output is passed on as input to neurons in the next layer. This flow of information from one layer
to the next is referred to as feed-forward propagation. Mathematically, a multilayer perceptron

is a function F : R"™ — R™ and it can be written as

F(x)=o(fL(fL-1C- /1)), (2.41)

where f ;(x) are an affine function of the form f ; (x) =w/x+ b/ [147]. Re-writing this in equation
(2.41), we obtain

y = F(x) = p(wh..(wX(w!'x + b1 +b?)...+ b)), x € R"™1, (2.42)

which applies a nonlinear function ¢ to a composition of 7 affine functions of the form w/x +
b/,j=1,-+,L [147]. The column vector y contains scalar values, generally known as class
scores. The final layer typically contains as many outputs as there are target classes of the
problem. By target classes, we mean a group of pixels that represent a particular structure of
the image, namely, in our case, the vessel class, non-vessel class, background class, etc. An
output vector from the final fully connected layer is given by y = [yl, Vosees Y L], where each
y;,i=0,1,2,..., L is the logit corresponding to the L™ class.

The output layer most commonly does not have an activation function. Usually, for the ves-
sel segmentation task, the output layer contains a softmax function. The softmax function nor-
malises the class scores to the target class probabilities, where each value ranges between 0 and
1 and all values sum to 1. This final output performs the final classification task. A softmax
function is applied to y to convert these values into probabilities, indicating the likelihood of
each pixel belonging to a given class. Mathematically, the softmax function can be written as

edi
Yi= 1

. (2.43)
Zj:] e’

2.8.1.1 Training a convolutional neural network

Since we employ a pre-trained neural network model in this work, we have not implemented
any training steps. We restrict ourselves to a brief overview of the training process instead of an
in-depth discussion.

Training a NN involves teaching it to learn key features from input ground truth images using
corresponding ground truth labels. Suppose we have a training set of k ground truth images at
our disposal (x;, yi)f.‘zl, where x; is the flattened input image and y; is the corresponding ground

truth class labels, for instance, class of vessel pixels and class of non-vessel pixels, etc. In other
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words, y; can be thought of as a response we expect from the MLP F (see equation (2.42)) with

X as input.

The first step before training is to identify an appropriate loss function C, a non-negative real-
valued function to quantify the model’s performance on new, unseen data. The loss function or
cost function quantifies how well the model predictions match the actual labels y of the input
data. The choice of a loss function depends on the specific problem and dataset. For instance,
for image classification tasks, the binary cross-entropy loss function is often used. Other options
include mean squared error, hinge loss, or focal loss, depending on the nature of the problem.
The ultimate goals of the NN are to adjust its parameters to minimise the loss function, enabling

it to identify similar features in new, unseen images.

Now we define a risk function R which is the average over the training set and is given by

k
_1
R=- ; C(F(x,),7,). (2.44)

The goal of learning is to find parameters w,b such that R is minimal.

Training of NN consists of two phases, namely, the forward phase and the backward phase.
During the forward phase, the input image is passed through the network layer by layer (see
figure 2.19). Each layer performs the computations, and the result is a scalar loss R. Once
the forward phase is completed, the backward phase or backpropagation algorithm begins (see
figure 2.19). As mentioned earlier, we want to minimise R by computing the derivative of R with
respect to the model parameters, i.e., weights w and biases b. However, numerically evaluating
such derivatives is computationally expensive. Using the backpropagation algorithm, we can
determine the derivatives in an efficient way.

The idea is to find the derivatives

O0R OR

Y
owl " b,

where wij is the weight (i.e., an entry in the matrix w) connecting the j'* entry of the /'" layer of
neurons to the k' neuron in (I — 1)"" layer and b;. is the corresponding bias. It is important to note
that to train the NN model efficiently, we require a sufficiently large image dataset, as neurons
are fully connected between different layers, which increases the total number of weights and
biases in the system [138]. As a result, a standard fully connected neural network introduces a

vast number of parameters to train during the training process.

In the backpropagation algorithm, we want to know how much changing the model’s output
z would change the risk function R. The derivative of the risk function R with respect to z
indicates how much we need to change parameters in z to minimise R. It acts as the error term

that gets propagated backwards through the network to update parameters. We denote it by e},
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the error of the j** node in the /" layer, and is given by

. OR
€ =——
Vo
J
g (2.45)
- I+1 A
k Ozk aZj

We compute ej. iteratively using ej“, so we proceed by computing the error from the last layer
L using the chain rule
oyt
L ()R k
€r =)y ——— (2.46)
/ ; ay,f dsz

and, when k # L and y = ¢(z),

L
. _0R9Y _oR

€ = =
J L L L
6yj 62}. 6yj

¢'(z) (2.47)

Now, for all other layers, we compute a rule to derive ej. from e:;“. Now looking into the (2.46),

we can rewrite the first term on the right-hand side of the equation as

azijl

I S Ry e |

o =wy; (b(zj). (2.48)
J

The final expression for the ej. becomes
el = zk: elt! wglqb’(zj.) (2.49)

This is called the backpropagation rule. In summary, to compute the derivative of R with respect
to the weights and biases, it is sufficient to obtain the error €’. This can be done using (2.47) for
the final layer L and using (2.49) for all other layers.

Now building upon the basic principles of the feed-forward neural network, we discuss a spe-

cial type of feed-forward neural network commonly known as the convolutional neural network

[140].

2.8.2 Introduction to convolutional neural network (CNN)

In the context of medical image segmentation, the convolutional neural network (CNN), influ-
enced by the structure of the human visual cortex, is used widely to interpret data with a grid
pattern, such as images [138, ]. CNN’s straightforward yet effective architecture, combined
with its strong performance and accuracy in feature extraction, makes it the preferred choice for

image segmentation tasks, while also reducing the number of parameters required to train deep



CHAPTER 2. RETINAL VESSEL SEGMENTATION 64

learning models [ 132, , ].
In subsection 2.8.2.1, we first introduce the basic terminology used in CNN. Subsection
2.8.2.2 discusses the general structure of the CNN. Then subsection 2.8.2.3 highlights the differ-

ent types of CNN available for medical image segmentation.

2.8.2.1 Terminology used in CNN

The following terminologies are consistently used throughout this section and in the following
Chapter 2, where we discuss CNN and related models.

Learnable parameter: The ‘learnable parameter’ stands for a variable that is automatically
learned during the training process.

Hyperparameter: The ‘hyperparameter’ is a variable that needs to be fixed before the training
process begins.

Kernel: A ‘kernel’ refers to the collection of learnable parameters (called weights here) ap-
plied for convolution operations. We often use ‘weight’ and ‘parameter’ interchangeably in gen-
eral. However, we use ‘weight’ to refer to ‘parameter’ outside of convolutional layers (see sub-
section 2.8.2.2), for example, the parameters in fully connected layers (see subsection 2.8.2.2).

Stride: Stride is a parameter that dictates the movement of the kernel, or filter, across the
input image. When performing a convolution operation or a pooling operation (see subsection
2.8.2.2), the stride determines how many units the filter or the kernel shifts at each step. This
shift of the kernel can be horizontal, vertical, or both, depending on the configuration of the
stride.

Zero padding: Zero padding is a technique where rows and columns of zeros are added on
each side of the input image to fit the center of a kernel on the outermost element of the input
image and keep the dimension of the input image the same throughout the convolution opera-
tion. Without zero padding, each successive feature map would get smaller after the convolution
operation, and eventually, we would lose spatial information on each subsequent operation.

Overfitting: Overfitting occurs when the error margin between the model’s output and the
training dataset is below a set threshold value (depends on the specific task), making it unable to

generalise well to new, unseen images outside the training dataset [ 124].

2.8.2.2 Building blocks of CNN architecture

A CNN has three main building blocks, namely, convolutional layers, pooling layers, and fully-
connected layers. The first two layers are used for feature extraction, and the fully connected layer
is used to make predictions based on extracted features from previous layers. It is important to
note that there are various CNN architectures available that have been proposed over the years for
solving different image segmentation tasks. The general computational blocks are the same in all
of these architectures. However, depending on the task, the number of intermediate layers may

vary. For instance, LeNet-5 [18] and AlexNet [78] share very similar general building blocks;
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Figure 2.17: A convolution operation with zero padding to retain in-plane dimensions. Note that
an input dimension of 5 X 5 is kept in the output feature map. In this example, a kernel size of 3
X 3 and a stride of 1 are set.

however, AlexNet incorporates a greater number of hidden layers compared to LeNet-5. Now, we
will explain each building block of the CNNs. Unlike the classical vessel segmentation approach,
CNNs do not require separating the three colour channels from the RGB image; instead, the
original RGB image can be used directly as input image I (see figure 1.2b). Figure 2.17 shows
a typical structure of a CNN and its training process [126].

Convolutional layers: The convolutional layers serve as the primary building blocks of the
CNN and are the first few layers in the CNN through which the image data is processed (see figure
2.17). The convolution layer consists of a combination of linear and nonlinear operations, i.e., a
convolution operation and an activation function (e.g., ReLU function, see discussion below on
activation function). In a convolutional layer, CNN employs a convolution in at least one of its
layers to extract different features from the input image.

Figure 2.17 shows the schematic representation of the convolution operation on an input
tensor (single colour channel) of size 5 X 5 by a kernel K of size 2 X2 and produces a feature of
size 5X 5. The output image obtained from the convolution operation is called a ‘feature map’
(see figure 2.17). The detailed discussion on the convolution operation is given in subsection
2.4.2 of Chapter 2. The input image for the convolution operation discussed in subsection 2.4.2
is a single colour channel image. However, in this case for CNN , the input image is an RGB
colour image of dimension n X m X3, where n is the number of rows, m is the number of columns,
and 3 represents the number of colour channels in /. Similarly, the kernel K is of dimension
/X f X3, where f is the spatial dimension of the filter. The given pixel (x;, y;) of the kernel K
contains a vector of three weights for each channel. The convolution operations are carried out
in the same way as for the single colour channel images (see figure 2.17 and subsection 2.4.2 of

Chapter 2). When a filter K is applied to an RGB image, it convolves across all three channels.
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The convolution operation is performed across all three channels using three different kernels
and computes a weighted sum of the pixel values in each channel. Mathematically, for a filter K

and an input image I:

n—1m—1c¢=3

Sija=80y3) = # Kl(xpy) =) Y Y K(a.b,e)I(x;—a,y;—b,c), (2.50)
a=0 b=0 c=1

where “*” is the discrete convolution operation, ¢ denotes the color channel, and (x;, y;) repre-
sents the spatial location in the output feature map. After the convolution operation, each filter
produces a single feature map S. This convolution procedure is repeated by using different ker-
nels to construct an arbitrary number of feature maps, which represent different features of the
image. Each of these kernels is responsible for extracting a particular feature from the input
tensor. To extract that particular feature, the same kernel is used in all spatial locations of the
image. This is called weight sharing. The advantage of weight sharing is that it reduces the
model’s complexity by reducing the number of parameters, making the model training process

easier.

Additionally, kernels establish local connectivity with a small portion of the input image,
referred to as the receptive field (RF) (see figure 2.19). The RF represents the size of the input
region that contributes to the generation of a particular feature. The size of RF is defined by the
size of the kernel. This is particularly useful for identifying regional changes in the image, for
example, edges, and also reduces the number of parameters compared to traditional NN discussed
in subsection 2.8.1. Moreover, the two key hyperparameters, the size and number of kernels,

describe the convolution operations.

Non-linear activation function: After the convolution operation, the output .S is passed
through a nonlinear activation function (see figure 2.17). The concept of activation function
is motivated by the biological neuron. Non-linearities are essential for neural network design
to detect the nonlinear features (i.e., pathological regions like haemorrhage, curvatures, vessel
crossings, vessel boundaries) and to improve the training speed of the CNN. The Rectified Linear
Unit (ReLU) is one of the most widely used activation functions and has been found to train CNN's
effectively [67]. Mathematically, ReLU is defined as

¢i,j,3 = d)(xi’yja 3)= max(Si,jg,O) (2.51)

where S, ; 5 given in equation (2.51) is the input to the ReLU, and ¢, | 5 is the output. The ReLU
activation function is applied independently to each element of the feature map. The ReLU
function keeps the positive part of the input and sets the negative part to zero. There are other
types of activation functions available, namely leaky ReLLU (or LReLU), Exponential Linear Unit
(or ELU), and the Sigmoid function.

Pooling layers: The pooling layer is generally placed after the convolution layer, and a CNN
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structure can contain more than one pooling layer (see figure 2.19). Similar to the convolutional
layer, the pooling layer also applies filters to the input image, but filters are not weights; instead,
an aggregation function. The aggregation function can be a maximum, summation, mean, or
average function. The most popular pooling operation is the maximum pooling function.

The pooling layer takes the feature map ¢ from the last layer as its input, and the purpose
of the pooling layer is to reduce the spatial dimensions (width and height of the feature map) of
the input feature maps while retaining the most important information. This process is known as
down-sampling of the feature map. Eventually, it reduces the number of learnable parameters and
the computational burden during the training process. Moreover, the pooling layer introduces
translation invariance to small shifts and distortions in the feature map. However, the depth
dimension of feature maps remains unchanged in this layer.

The pooling operation involves sliding a 2D filter (of size f X f) over each channel of the
feature map ¢ and combining the features lying within the region covered by the filter. Figure
2.18 illustrates the maximum pooling operation on an image of size 4 X4 by a 2 X2 filter with
a stride size 2. It extracts patches from the input feature maps, outputs the maximum pixel
intensity value in each patch, and discards all the other values (see figure 2.18). Mathematically,

max pooling can be written as
Sij3:max¢(xi*Ux+n’yj*vy+m,3)7 (2.52)
e nm

where s is the output of the max pooling function, v, and v, are the stride values of the 2D max
pooling filter in the horizontal and vertical directions, respectively, and the pooling window is
defined by the filter size f X f and centered at the output index (x;,y;). It is important to note
that there is no learnable parameter in any of the pooling layers, whereas filter size, stride, and
padding are hyperparameters in pooling operations.

For input feature map ¢; ; 3 having dimensions n X m X 3, the dimensions of output s, ; 3
obtained after a pooling layer is given by (n— f +1)/s")X((m— f +1)/s")x3 where s’ is the size
of the stride which is usually 1 or 2 and these dimensions are always integers. The stride size of
1 is common when it is important to maintain a high resolution of features, which is particularly
important in the initial layers of the CNN. In figure 2.18, the stride size is 2.

Fully connected layers (FC): Once the features have been extracted by the convolutional
layers and down-sampled by the pooling layers, they are passed to one or more fully connected
layers. Each neuron in the fully connected layer receives its inputs from all the neurons in the
previous layer and produces an output by applying a set of weights and biases, followed by an ac-
tivation function. The final output obtained after applying the activation function is a probability
that classifies pixels to obtain the final segmented image.

The workflow in fully connected layers is similar to the one discussed for a fully connected
neural network in subsection 2.8.1. As explained in subsection 2.8.1, features s obtained from

the last layer are converted to a 1 D vector x. By connecting every neuron to every other neuron
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Figure 2.18: Illustration of Max Pooling with a 2 X 2 pixel filter size from 4 X4 pixel input. At
max pooling, each filter takes the maximum value, then is arranged into a new output with a size
of 2 X2 pixels.

in the fully connected layer, the fully connected layer serves as a powerful tool for learning
relationships and dependencies in image pixels, converting the learned features into a format
suitable for classification tasks.

Though the large number of parameters in CNN models allows the network to learn complex
representations, this also increases the risk of overfitting of data. To effectively overcome the
overfitting problem, regularization techniques are employed. The fully connected (FC) layer of
CNN plays a key role in model regularization. Most commonly used regularization techniques
are dropout [77], L1 regularisation, and L2 regularisation [|24] are often applied after the final

FC layers. The detailed discussion on regularisation is given in the subsection 2.9 of Chapter 2.

2.8.2.3 Different types of CNN

There are different DL networks available for the image segmentation task. In this work, we
restrict ourselves to the CNN models that are specially designed to study medical images. DL
is used in various fields of medicine, including the classification and identification of various
diseases. In 2012, AlexNet, the first modern deep CNN, developed by Krizhevsky et al., won the
ImageNet competition, marking a pivotal moment for the rapid advancement of neural networks
[78]. AlexNet showed that deep convolutional neural networks (CNNs) can reach remarkable
accuracy in image classification tasks [78]. Following the success of AlexNet in the 2012 Im-

ageNet competition, other architectures such as VGGNet [97], GoogleNet [107], and ResNet
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Figure 2.19: Typical structure convolutional neural network (CNN) architecture and the training
process [126]

[113] gained significant attention, further enhancing the advancement of DL algorithms. In VG-
GNet, Simonyan and Zisserman et. al. explained that increasing network depth,i.e., number of
channels using small 3 X 3 convolution kernels, can improve image segmentation performance
significantly [97]. Following the success of VGGNet and GoogleNet, He et al. introduced the
ResNet architecture, which addressed the vanishing gradient problem in deep networks through
the use of skip connections [ 13]. The vanishing gradient problem occurs during the backprop-
agation process in the training of deep neural networks (see the subsection 2.8.1.1) when the
gradients (partial derivatives of the loss with respect to the weights) become extremely small
(close to zero) as they are propagated backwards in the network. As a result, weights in the
early layers learn very slowly or may even stop updating altogether. To overcome this problem,
skip connections are used, which we discuss in detail in subsection 2.9. This concept trans-
formed CNN design by enabling the efficient training of models with depths of up to 1000 layers
[113]. Following this trend, in 2015, Long et al. introduced the Fully Convolutional Network
(FCN), which replaced fully connected layers with deconvolution (or transposed convolution)
layers [101]. The deconvolution layer performs the reverse operation of the regular convolution
operation. Instead of reducing the spatial dimensions of the final feature map (as in traditional
convolutions), a deconvolution layer increases the spatial dimensions (height and width). This
architecture enabled the upsampling of the final convolutional feature maps, allowing for dense,
pixel-wise predictions [101]. In 2015, inspired by FCN, Ronneberger et al. introduced U-Net,
a U-shaped architecture built upon the fully convolutional network, featuring skip connections
that bridge corresponding layers in the encoder and decoder [105]. Due to its high segmentation
accuracy and strong performance, U-Net has inspired numerous variants over time, representing

a major advancement in the task of retinal vessel segmentation. [105]. In this work, the lack of
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hand-labelled ground truth images, where vascular structures are manually annotated by experts,
poses a challenge initially for applying supervised methods to retinal vessel segmentation. As a
result, we begin by employing unsupervised learning approaches to better analyze and process
the fundus images. In this approach, we first identify various features of interests from the in-
put image which contains useful information about each pixel of the input image and then apply
an unsupervised weighted K-means clustering (see subsection 2.6) approach to each of these
four features to decide if a given pixel is part of a vessel (or not). For a detailed discussion of

unsupervised techniques used for retinal images, please refer to the subsection 2.4.

2.9 U-Net-based retinal vessel segmentation approach

To train a fully connected neural network, it requires a large number of images. However, in med-
ical image segmentation, thousands of training images are beyond reach. It is important to note
that there are open-source repositories (for e.g DRIVE, STARE, ARIA, REVIEW, CHASEDBI,
FIVES) for retinal vessel segmentation, available for studying retinal vasculature [148]. To the
best of our knowledge, most open-source repositories are primarily derived from patients with di-
abetic retinopathy (DRIVE, ARIA, REVIEW, FIVES), age-related macular degeneration (ARIA,
FIVES), or glaucoma (FIVES). However, in this thesis, the primary focus is on retinal haemor-
rhage following RVO to understand the spatial scale separation between the site of occlusion and
the site of haemorrhage (upstream to the point of occlusion). Therefore, open source reposito-
ries are not sufficient to test our research hypothesis. As a result, we rely on real patient images
obtained from a clinical collaborator with visible retinal haemorrhage following RVO.

U-Net is a CNN architecture that is particularly useful when a large training dataset is not
readily available, as in our case. In addition to the typical strengths of deep learning models de-
scribed in subsection 2.7 U-Net architecture leverages an encoder-decoder structure (for detailed
discussion see subsection 2.9.1) along with skip connections (for detailed discussion see sub-
section 2.9.1) to capture both broad contextual information and precise spatial details required
to map complex retinal vascular networks, leading to high accuracy for pixel-level classification
(e.g., separating vessels from background) and provides a high degree of ground truth similarity
[135]. As aresult, U-Net is better suited for our retinal image segmentation task due to its high
accuracy, which provides better measurement for geometrical attributes extracted in Chapter 3.

The number of images required to train a U-Net model varies significantly based on the com-
plexity of the segmentation task. To train a U-Net model for the retinal vessel segmentation task,
a minimum of 32 images (see [152]) to 150 images (see [ | 7]) are required. At present, we lack
access to a sufficient number of images, and the available ones are inconsistent in terms of pa-
tient age, gender, ethnicity, clinical conditions, medications and the type of fundus camera used to
capture them. Moreover, we do not have access to ground truth images annotated by clinicians,

which is necessary to train a U-Net model effectively. In future, we aim to establish a formal
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database of retinal images that takes all these factors into account, accompanied by ground truth
images. Due to the limited availability of consistent training image data, a pre-trained U-Net
model is utilised.

The pre-trained U-Net model is developed by Arkaniva Sarkar [152], with necessary modi-
fications made to suit our segmentation task. This model is trained and tested on images from
HREF, DRIVE and STARE datasets [ 152]. Pre-training on retinal images makes it adept at recog-
nising the specific features required for our study. The training dataset is split into 70 : 30 ratio
for training and validation [152]. The training process is already explained briefly in subsection
2.8.1.1. In the training process, IoU (Intersection over Union) loss is used as the loss function
[152]. ToU, also known as the Jaccard index, is the most commonly used metric for comparing
the similarity between two arbitrary shapes [133]. For two finite sample sets A and B, their IoU
is defined as the intersection (A N B) divided by the union (AU B) of A and B [133]. The IoU
loss is defined as L;,; = 1—1oU [133]. As IoU satisfies 0 < IoU <1, then the L, is also
bounded between 0 and 1 [133]. The testing dataset contains 10 images from the DRIVE and
STARE datasets and 12 images from the HRF dataset [ 1 52]. HRF contains 15 images of healthy
patients, 15 images of patients with diabetic retinopathy and 15 images of glaucomatous patients
[82]. The DRIVE ((Digital Retinal Images for Vessel Extraction) database were obtained from
a diabetic retinopathy screening program in the Netherlands [38]. DRIVE consists of a total of
40 colour fundus photographs [38]. The screening population consisted of 453 subjects between
31 to 86 years of age [38]. Of the 40 photographs, 33 show no signs of diabetic retinopathy, and
7 contain pathology, namely exudates, haemorrhages, and retinal pigment epithelium changes
[38]. The STARE (Structured Analysis of the Retina) dataset contains 20 colour fundus images
[34]. Of the 20 images, ten images show signs of different diseases that distort or obscure the
blood vessel appearance [34].

In the following subsection 2.9.1, we briefly outline the building blocks of the U-Net model.
Subsection 2.9.2 focuses on the unique characteristics of the attention U-Net model. Finally,
subsection 2.9.3 presents segmentation maps of various types of fundus images provided by the

clinical collaborators using the U-Net model.

2.9.1 Basic structure of U-Net

Figure 2.20 shows the U-Net architecture proposed by [105]. The structure of the U-Net looks
like the English letter ‘U’, from where the name comes. The U-Net architecture can be divided
into two components: a contracting path, also known as the encoder path (left side of figure
2.20), and an expanding path, also referred to as the decoder path (right side of figure 2.20). We
explain here the working process of the U-Net step by step as given in figure 2.20, considering
an example image of size 572X 572. This is exactly what we follow to process all our images.
Contracting Path: The contracting path has a similar architecture to the CNN (see subsec-
tion 2.8.2.2 of Chapter 1). It contains a total of 5 blocks [105]. We start by explaining each block
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Figure 2.20: Structure of U-Net where the long grey arrows represent the skip connections be-
tween contracting and expanding path, the blue boxes represent the feature map at each layer of
the network, and the small white boxes represent the cropped feature maps from the contracting
path. This structure of U-Net was first proposed by [105].

and its purpose. In Block 1, suppose we start with a green channel image as the input image
of dimensions 572 x 572 (see figure 2.20). In the next phase, the input image is passed to the
convolution layers. Each convolution layer performs a convolution operation (unpadded convo-
lution, i.e., no layer of pixels of intensity O added outside the image) on the input image using
a filter of size 3 x3 [105]. At this stage, the input image is convolved with 64 different filters
to extract 64 different features of the input image [105]. These features include edges, pixel in-
tensity information, etc. In the original U-Net architecture developed by Ronneberger et al., the
contracting path has 64 filters at this stage [105]. However, some other U-Net variants modify
the number of filters. These 64 feature maps (or matrices) are stacked together along the depth
dimension of the output feature map, and each of them is called a channel of the output feature
map. In this case, the total number of channels now becomes 64. Each convolution operation
is followed by a non-linear rectified linear unit activation function (ReLU). The ReL.U is one of
the most widely used activation functions, which takes the feature map as its input and keeps the
positive part of the input and sets the negative part to zero. The detailed discussion on the ReLLU
activation function is given in subsection 2.8.2.2 (see (2.51) of Chapter 1). A 2X2 max pooling
operation with a stride of size 2 is then applied on the feature maps (for detailed discussion on
max pooling operation see Subsection 2.8.2.2 of Chapter 1). This reduces (or downsamples)
the size of the feature maps to 284 X 284 (see figure 2.20). Down-sampling reduces the spatial
resolution (height and width) of feature maps.
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In blocks 2,3, and 4, we repeat the same sequence of operations as in block 1. With each
subsequent block, the number of filters is doubled, which increases the number of feature maps
and the number of channels. In the final block of the contracting path, the number of feature
channels reaches 1024 (64 X2 X2 x 2 x2) after being doubled at each block. Once all complex
features and patterns have been extracted from the input image, the final feature maps obtained

from the contracting path are passed to the expanding path.

Expanding Path: The novelty of the U-Net lies in the extracting path, where at each step
the feature map is up-sampled using the up-convolution operation [105]. In Block 5, continuing
from the contracting path, a second 3 X 3 convolution (unpadded) is applied, followed by apply-
ing the ReLLU activation function. Then in Block 4, a 2 X2 convolution (up-convolution) layer
is applied on the feature map for up-sampling the spatial dimensions of the feature maps. In
the next stage, the feature map from the corresponding layer in the contracting path is cropped
and concatenated onto the up-sampled feature map in the expanding path using a skip connec-
tion, doubling the channel numbers of the resultant feature map to 1024. The cropping on the
feature map is performed to match the loss of border pixels of the feature map in every convolu-
tion operation (the working principle of the convolution operation is given in subsection 2.8.2.2
of Chapter 2). This is followed by two successive 3 X 3 convolution operations followed by a
ReLU activation, reducing the channel numbers to 512. After that, again a 2 X2 convolution
(up-convolution) operation is applied on the feature map to up-sample the spatial dimension of
the feature map. In the next two blocks, i.e., block 3 and block 2, we repeat the same process as
discussed above. In the final Block 1, an additional 1 X 1 convolution operation followed by a
Sigmoid activation function is applied on the feature map obtained from Block 2. The Sigmoid
function is a mathematical function which is commonly used in a segmentation task like this,
where the aim is to classify each pixel as a vessel pixel or a non-vessel pixel (see the discussion
Sigmoid function in subsection 2.8.2.2 of Chapter 2). Mathematically, the Sigmoid function can

be written as
1

T T4e
where u is the input pixel value and e is Euler’s number (e =~ 2.718). The output of the Sigmoid

(2.53)

Oy

function lies between 0 and 1, which indicates the likelihood of belonging of u to a target class
(e.g., vessel class or non-vessel class). This produces a probability measure for each pixel of the
feature map for performing the final vessel/non-vessel pixel classification (i.e., binary classifi-
cation), similar to the process explained in the case of CNN (see subsection 2.8.2.2 of Chapter
2). Moreover, this reduces the spatial dimensions of the feature map by reducing the number of
channels of the feature map. In our case, the required number of channels for the final feature
map is 2, i.e., one for vessel pixels and the other for non-vessel pixels. At the end of the process,
we obtain the final segmented image as the final output of the U-Net model. We have seen before
that in the U-Net architecture, unpadded convolution is used, resulting in an output image size

that is smaller than the input image size. The missing pixels in the border of the final feature
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map are extrapolated from the input image. This overlap strategy for pixels is important for large

images; otherwise, the resolution of the final output images would be limited.

There are many variants of the U-Net available based on the task. In the following subsection

2.9.2, we focus on one of those variants called Attention U-Net.

2.9.2 Introduction to attention U-Net

Despite having many advantages of the U-Net, this architecture relies on multi-stage cascaded
CNN:s. In this cascaded framework, multiple processing blocks are arranged sequentially to ex-
tract a region of interest (ROI) by repeatedly refining the prediction. Feature maps are passed
through all these processing blocks for both low and high-level feature extractions. As a result,
computational resources and model parameters (for example, biases, weights of the kernels used
in convolution) are used excessively and redundantly; for instance, similar low-level features
are extracted repeatedly within the network cascade. However, attention gate (AG) focuses on
target-specific structures without further increasing computational overhead and does not intro-
duce a large number of learnable model parameters. In this work, we focus on specific objects
like blood vessels while ignoring unnecessary areas, e.g., haemorrhage, optic disc (see figure
2.1a). Incorporating an AG unit in the traditional U-Net structure, known as the attention U-net,
achieves this type of object-specific segmentation.

An AG is a unit that filters features that are not relevant to the current segmentation task,
e.g., the haemorrhage area present in our images (see figure 2.1a). The overall structure of the
attention U-net model is very similar to the general U-net model discussed in the last subsection
2.9.1. However, in the attention U-net model, the AG unit is attached to the skip connections
of the decoding path, through which the corresponding features from the contracting path must
pass. Adding the AG after each layer significantly improves segmentation performance. First,
we explain the use of the attention gate unit for a simple segmentation task and its workflow.
Then we extend the idea of attention gate for the segmentation task having multiple classes, for

example, blood vessels vs background, bifurcation of branches, etc.

Suppose we start with a U-Net model having multiple layers cascaded into it. Suppose the
feature maps produced by the encoder block of the U-Net (i.e., the left-hand side of the U-Net
shown in figure 2.20) for the layer L are Xt € RFLXmxmx¢ where F; corresponds to the number
of feature maps in layer L and X is a matrix of size n X m containing ¢ channels. Suppose each
pixel value of each channel for a given spatial location (i, j) of X is contained in a pixel vector
X l];C e RfL where i = 1,2,...n, Jj =1,2,..,m denotes the spatial location of the corresponding
pixel. X iﬁc is then the input to the attention gate. The attention gate usually contains a coefficient
called the attention coefficient, denoted by «; ; € [0, 1], which identifies the key spatial locations
in the feature map X * specific to the task and filters out unnecessary regions to preserve only

the responses relevant to the specific task. The output of AG is the element-wise multiplication
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of X 5 . and attention coefficients a;;. Mathematically, the output of AG can be written as
xL =xL a. (2.54)

A single scalar attention value is computed for each pixel vector X l.];c for all channels. If a

region of the feature map has g;; close to 1, then the region is of highér importance compared
to the region having a;; value near 0, which gets relatively lower importance. In the case of a
multiple-class segmentation task, we generally use multidimensional attention coefficients. Each
AG coefficient has a specific task to enhance salient features passed through the skip connection
during the segmentation process. We now explain the workflow of getting a multi-dimensional

additive attention coefficient.

Suppose the feature map of the decoder block for the layer L is DL € RFeXm>xmixer gpq
the gating vector is g;; = D*. D’ is a matrix of size n; X m; containing ¢, channels and F,
corresponds to the number of gating vectors in layer L of the decoder. Usually, the feature
map extracted at a coarse scale of the decoder is chosen as a gating vector g;;, as in this stage,
feature maps are still low-resolution and contain global context. g;; is used to determine focus
regions by trimming lower-level noisy, unnecessary feature responses for each pixel at location
(i, j) of the feature map. To obtain an additive attention coefficient, both X lﬁc and g; jare passed
through two different convolution layers Wy € F; X F;,, and W, € F, X F,,, to perform channel-
wise convolution and each of these two convolution layers employs a kernel of size 1 X1 X 1.

Then, the two outputs are concatenated and passed through the ReLU activation function. F;,
L
ij,c

Now the output of the RelLU is again passed through another 1 X 1 X 1 convolution followed

is the intermediate space where the concatenated features X, = and g;; are linearly mapped.
by a Sigmoid activation function to get an output map containing only one channel (but the
spatial dimensions are preserved), where each spatial location of the feature map has a score
between 0 and 1 indicating how much importance to be given to a particular region of the image.

Mathematically, the additive attention coefficient can be written as
Fo =Y@Wx X[+ W,g,+b)+b,. (2.55)

where Wy € RFXFim, W, € R and W € RFin*! are two linear transformations and b, €
R and b,, € R are two bias terms. Finally, the input X l]; . 1s multiplied by the attention coef-
ficient f n’;, producing the final output of the attention block

;= 01(f o (X5 8155V m)): (2.56)

where o1 (X;; ) =1+ exp(—Xij,C))_1 is the sigmoid activation function (see discussionin 2.9.1).

Note that, y,, contains WX,Wg,y/, bias terms bg and bw.
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Figure 2.21: Segmente image obtained using attention U-Net model

2.9.3 Segmentation results obtained using attention U-net model

Figure 2.21 shows the original images obtained from the clinical collaborator and the corre-
sponding segmented images using the proposed attention U-Net model. Several example images
are considered in figure 2.21, where the U-Net model has performed well despite significant
variations in the type and location of pathological regions. This strong performance is because
features are not hand-crafted and are rather learned hierarchically from raw images through dif-
ferent convolution filters. However, in a classical machine learning based approach, we use dif-
ferent handcrafted features and threshold values, which are mainly based on the pixel intensity
values (for e.g., figure 2.14). However, those features and threshold values might not always be
appropriate for all types of fundus images containing different pathological regions, and manual

adjustment is often necessary.

As discussed earlier in subsection 2.3.1, we have shown that if the image contains anything
other than the region of interest (e.g., eyelashes), cropping the unnecessary element from images
is important before applying a classical machine learning based segmentation approach. How-
ever, in the U-net-based approach, any prior cropping or resizing of images is not needed before

segmentation (see figure 2.21).
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2.10 An evaluation of performance measures for the vessel

segmentation algorithm

In subsection 2.6, we obtain the final segmented image using the weighted feature fusion using
the K-means algorithm. Then, from subsection 2.9.3, we use the U-Net-based deep learning ap-
proach to segment the fundus images. Figure 2.22 shows the segmented image obtained from
the two different approaches to the same argued image. The performance assessment of a given
segmentation result can be done by either doing a qualitative or a quantitative analysis. The
qualitative analysis is performed visually, which is more susceptible to human error and also
time-consuming [ 129]. In the quantitative analysis approach, the final segmented image is com-
pared to a ground truth reference image via a computed numerical measure. The reference ground
truth image is a manually segmented image where the segmentation is performed manually by
us (figure 2.22b). The dice similarity coefficient is commonly used to evaluate the performance
of image segmentation by comparing the segmented image with the ground truth image [139].
There are other performance measures for vessel segmentation available, such as average Haus-
dorff distance [139], Jaccard index [ 1 39], etc. However, in this chapter, we only consider the dice
coefficient. The dice coefficient compares the segmented image and its corresponding ground
truth image pixel by pixel. This is called the overlap-based measures, where the coefficient is
measured based on the overlap of the corresponding pixel values between two images. For pixel-
to-pixel comparison, it is always easier to use binary images. For dice score measurement, since
both the segmented images are already binary images so we convert the ground truth image (fig-
ure 2.22b) into a binary image where pixel values are either 0 or 1. The formula for the dice
similarity coefficient is given by

DICE(X,Y)=2><M (2.57)

| X[+1Y]

where X is the set of pixels obtained from the segmented image and Y is the set of pixels obtained
from the ground truth image. There is no well-defined or fixed range specified for the DICE score
in retinal vessel segmentation. Generally, the higher the value of the dice coefficient, the better
the agreement between the segmented image and the ground truth image and therefore better
segmentation performance. Evaluation is primarily done on DRIVE, STARE, and CHASEDB1
datasets. The DICE score for the DRIVE dataset is 0.8692, for the STAR dataset is 0.8847 and
for the CHASEDBI1 is 0.8799 [166]. It is important to note that the dice score reflects only the
overlap accuracy between the segmented image and the ground truth image, not all aspects of

accuracy.

The author manually segmented the image shown in figure 2.22(b) to obtain a ground truth
image. For the segmented image obtained from the classical unsupervised approach given in

figure 2.22(c), we have the dice score of =~ 0.750. Similarly, the dice score for the segmented
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Figure 2.22: Comparison between two segmentation approaches showing: (a) original image,
(b) ground truth image, (c) segmented image obtained using classical machine learning based
unsupervised approach (K-means clustering) and (d) segmented image obtained from U-Net.

image obtained from the U-Net-based approach given in figure 2.22(d) is 0.905. Based on the
dice score value, we conclude that the segmented image obtained from the U-Net-based approach
has better agreement with the ground truth image compared to the segmented image obtained
from the classical unsupervised approach. It is also important to note that compared to the DICE
scores reported in the literature (for e.g. [166]) for vessel segmentation in fundus images, the
pre-trained U-Net model performs quite well on our dataset. It is important to note that we would
need to do this on more images to be sure the agreement is better. Considering the dice score,
we proceed with the segmented image obtained from the U-Net model (figure 2.22d) for further
analysis.

2.11 Conclusion

In this chapter, we started with a colour fundus image of retinal haemorhhage provided by the
clinical collaborator. We wanted to extract the vessel tree from the colour fundus image. How-
ever, initially, we did not have sufficient images available, and to gain a good understanding of
these types of images, we started with a traditional machine learning approach. We essentially
followed the following pipeline: the extraction of the green colour channel image, pre-processing
if needed and finally extraction of feature vectors to study the nature of each pixel of the image.
This pipeline is designed for vessel segmentation from colour fundus images using a feature-
based approach. It leverages the green channel for enhanced vessel contrast, followed by prepro-
cessing to normalise image quality and extraction of pixel-level feature vectors to characterise
vascular structures. This unsupervised ensemble method is intended for datasets with no annota-
tions available and aims to provide interpretable features for analysis. We successfully formed a
feature vector containing four features, namely gradient orientation analysis, multiscale morpho-
logical transformation, multiscale Gabor filter and principal curvature. The idea behind this mul-
tiscale feature vector was to enhance all blood vessels irrespective of their orientations, widths
and thickness. We then combined all four images obtained after applying these four features to
obtain the final segmented image. To do that, we used the K-means feature fusion approach.
First, we applied the K-means clustering algorithm to each of those four images obtained from

four features to obtain a binary image, containing only two types of pixels, namely vessel pixels
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(with pixel value 1) and non-vessel pixels (with pixel value 0). We then combined these four
final images by applying weighted K-means clustering to form the final segmented image. In
this approach, we assigned a weight to each of the four images based on their performance. We
also set the sum of the four weights to 1 and varied the individual weights accordingly to obtain
different segmented images. The novelty of this pipeline lies in a two-stage unsupervised feature
fusion framework for vessel segmentation. The compact yet effective feature vector integrates
complementary descriptors of vascular structures. While each feature has been studied individ-
ually, their combined use provides a unified representation capturing directional, structural, and
geometric characteristics of vessels across multiple scales. This strategy preserves the discrim-
inative strengths of individual features while enabling adaptive fusion, resulting in improved
segmentation of vessels across varying scales and imaging conditions. However, we noticed that
the traditional approach sometimes is not very robust, and the segmentation performance was
significantly deteriorated in some images. Also, in the unsupervised approach, other types of
images (see the original images given in figure 2.21) containing a black background needed to
be treated separately to remove the black background before processing them for segmentation.
Considering all these factors, we decided to try a deep learning-based algorithm to see whether
the segmentation results improve. Due to time constraints and limited availability of data, we
started with a pre-trained attention U-Net model and made necessary adjustments to segment
our images. At the end, by comparing the dice score of the two segmented images obtained
from two different approaches, we observed that the attention U-Net algorithm outperformed the
unsupervised algorithm for our example image. However, we are aware that we have only com-
pared one sample and the fact that the dice score is not the only measurement for comparing the
segmentation result. There is a possibility that the unsupervised model might score better on a
different performance measure. Also, the segmentation performance of the U-Net model could
be enhanced by fine-tuning its parameters and retraining it on our own retinal image dataset.
For now, in the absence of a more expensive set of retinal fundus images, we consider retinal
vessel trees extracted from images processed by the alternative U-Net method. Extraction of the
vessel tree is described in Chapter 3, and we then use this information in the later modelling

chapters.



Chapter 3

Retinal Vessel Tracking, Vessel Length and

Radius Measurement

3.1 Introduction

Our ultimate goal is to construct a mathematical model for an arterio-venous network, whose
structure is informed by the retinal vessel network obtained from fundus images provided by our
clinical collaborator. In particular, we wish to parameterise the mathematical model using vessel
length and radius information extracted from these images. From Chapter 2, we have already
obtained a final segmented image using two different methods. In this Chapter, we now focus
on how to extract the length and radius of the retinal blood vessels from the segmented image
(see figure 3.1a). For this, we need to track the centreline of the blood vessels across different
generations of the vascular tree.

We begin our discussion with how to isolate the centreline of the vessel in the segmented
image (see subsection 3.2). In section 3.3, we discuss the vessel tracking algorithm in detail
to form a connected network. Then, in the following two sections 3.4 and 3.5, the statistical
methods for measuring the length and radius of vessels of different generations are given. In
section 3.6, we briefly outline the possible sources of uncertainties in the measurement related
to the length and radius of the blood vessels. Finally, in subsection 3.7, we conclude the chapter

by highlighting the outcomes from this chapter.

3.2 Skeletonisation of the segmented image

Figure 3.1(b) is an example of a final segmented image obtained from the methods outlined in
Chapter 2. We denote this digital image [;; as I. The first step is to detect the centerline of
the vessel from this segmented image I. This process is commonly known as skeletonisation.
This skeletonisation process is typically applied to the binary image, where each pixel value of

image I is either O or 1 (see detailed discussion on Chapter 1) [57]. It is important to note that

80
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(a) Original image (b) Final segmented image (c) Skeleton image

Figure 3.1: Skeletonisation of s
mented image, and (c) skeleton image of (a).

a white pixel (i.e., pixel value is 1) dictates a vessel pixel while a black pixel (i.e., pixel value
is 0) dictates a background pixel. There are various skeletonisation methods available in digital
image processing [57]. The morphological skeletonisation process is one of them, which is our
primary focus. For simplicity, we refer to morphological skeletonisation as skeletonisation in the

rest of this chapter.

The process of skeletonisation reduces the width of the retinal vessels to a 1—pixel wide
structure, while preserving the overall essential structure of the vessel and vessel topology. The
centreline of the vessel is important for different quantitative measurements of geometrical at-

tributes like length and radius of the vessel.

Morphological skeletonisation is an operation that can be obtained by combining two basic
morphological operations as described in subsection 2.4.3.1 of Chapter 1, known as erosion and

opening operations. Mathematically, the skeletonisation operation is defined as [16]

K
s = s, (3.1)
k=0

where
S, (I)=U©kB)—(I©kB)oB),

as before‘®©’ denotes the erosion operation while ‘o’ denotes the opening operation. .S, is com-
monly known as the morphological granulometric function, which extracts structures of size k.
Here, B is the structuring element, and kB denotes the structuring element obtained by scaling

the original structuring element B by k. Mathematically, kB is defined as
kB=kb:beB.

We consider a linear structuring element for the skeletonisation process. The detailed discussion
on the structuring element is given in subsection 2.4.3 of Chapter 2. K is the largest scale factor
k such that eroding the image I by the scaled structuring element k B results in a non-empty set,

i.e., I © kB # ¢. In the first step, we apply the erosion operation on I by the structuring element
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kB to trim edges and to separate closely connected vessels and finally obtain an image of the
same size as I. To smooth out the boundaries of the edges of the eroded image, we apply an
opening operation on the eroded image, i.e.,(I © kB)oB. Now we subtract the opening eroded
image from the eroded image to keep all the vessel structures which are of size around kB. It is
important to note that I is already a binary image, and so we can readily apply the skeletonisation
operation on I. To perform the skeletonisation operation, we use the built-in function ‘bwskel’
from the MATLAB 2023a image toolbox.

Figure 3.1 shows the final segmented image (figure 3.1b) and the skeletonised image .S of the
final segmented image (figure 3.1c). Figure 3.1(c) shows the centerline of the vessels appearing
in figure 3.1(b) while preserving the overall structure of the retinal vessel network. For further

analysis, we consider figure 3.1(c).

3.3 Construction of vascular tree

The algorithm to develop a vascular tree used in this work was originally developed by Dr J.
Mackenzie (PhD 2021, University of Glasgow) for building a computational domain to perform
the haemodynamic simulations in the myocardium by using a graph-based approach to represent
the corresponding vasculature [167]. Building on the core concept of Mackenzie’s algorithm,
we adapted it as necessary.

We begin by introducing the basic terminology of graph theory in subsection 3.3.1, which
will be used frequently in this chapter. The detailed discussion on the algorithm developed for

retinal vascular tree construction is given in subsection 3.3.2.

3.3.1 Basic terminology of graph theory

Let us consider, G = {V, E'} is a graph with n nodes vy, v,,...,0, € V and m edges e, e,, ...,e,, €
E CV XV, where e; = (v;,0;) C E contains the connection from node v; to node v;. A graph G
is said to be undirected if there exists an edge between node v; to v; that does not have a direction.
The edges in an undirected graph represent a two-way relationship, in which each edge can be
traversed in both directions and is counted as one edge. In the undirected graph, the total number
of edges m is %n(n -1).

Let the neighbourhood N; of a node v; be the set of nodes v; such that e; = (v;,v;) C E. The
degree d; of a node v; is the number of its incident edges e;, and is given by d; = N;.

3.3.2 Graph-based algorithm

We now explain the algorithm step by step. In the following subsection 3.3.2.1, we start with

choosing vertices from the skeleton image .S.
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Step 1: Choosing vertices column 7 = x-coordnate (column In Image) Row number
i ion = olumn £ = y-coordinate (row in image 5

=[50 8] el T g e

oo pixel location =(3,3) I V=|12 == VertexID (v?)

3 3= VertexID (v*)

Step 2: Making edges using vertices Step33: Classification of nodes

1 v

['173, v w5, -173]
2

Junction node Terminal node

174—

J Only “short” edges (length < 2) are kept. Mid vessel node

) . Duplicate edges are removed
Delaunay triangulation

Figure 3.2: Schematic diagram of Delaunay triangulation with the circumcircles of the triangle.

3.3.2.1 Step 1: Choosing vertices

The next step is to identify all the pixel locations (x;, y ) of .S where pixel value .S; j is 1 (see Step
1 in figure 3.2), which correspond to white pixels (i.e., vessel pixels). We refer to all the white
pixels as the vertices or nodes of the graph S. For this example image in figure 3.2, the vascular
tree is represented by a set of N = 6218 nodes, each of which has a known location in R2. Tt
is important to note that these nodes lie along the centre lines of the retinal vessel following the
process of skeletonisation. Then, we save all the vertices (i.e., the white pixel locations) in a
matrix V' (see Step 2 in figure 3.2) where the row number works as a unique identifier of the
corresponding pixel location (i.e., vertex location) to identify each vertex of .S. These unique
numbers corresponding to each vertex are called the vertex IDs. We denote the vertex ID with
the corresponding number in the superscript of that vertex. Thus, V' contains the location of each
vertex of .S and the corresponding vertex IDs. From now on, we denote each vertex by its vertex
ID, and alternatively, term the vertex ID as a vertex for simplicity.

The next step is to join two adjacent vertices from the set V' by a straight line to make an edge.
The easiest way to create a set of edges from a set of vertices is to form a Delaunay triangulation.

In the following subsection 3.3.2.2, we explore the Delaunay triangulation in greater detail.

3.3.2.2 Step 2: Making edges using vertices

A triangulation is a technique for partitioning the nodes of the set V' into simplices (e.g., triangles
in 2D), such that no two simplices overlap and every element of V' is a vertex of at least one
triangle. An example of triangulation is provided in step 2 of figure 3.2, where the black triangles
are the simplices in 2D. Every triangle has a unique circumcircle that passes through all three

vertices of that triangle.

A Delaunay triangulation is a special type of triangulation that obeys the Delaunay condi-
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tion. According to the Delaunay condition, the circumcircle of any triangle of the triangulation
contains no vertex v' € V in its interior. An example of such a circle is shown in green in figure
3.2(b).

Delaunay triangulation outputs a list of triangles, each triangle contains 3 vertices from V.
It is important to remember, in graph theory, in order to close the structure of the simplices, the
starting vertex and the ending vertex have to be the same. Keeping that in mind, the next step

k

is to choose the three vertex IDs, namely v’ — v/ — v* — v’ at one step from the set V', which

forms three edges ¢;,e;, e, respectively by joining the following vertices vt — v/,v/ - v* and
v* — v to make one triangle in the Delaunay triangulation (see step 2 of figure 3.2). We repeat
the process until the algorithm visits all the vertices of V. Finally, the starting node and the
ending node of each edge are saved in a new matrix E. For this image given in figure 3.1(c),
there are 6205 unique edges. We use the built-in ‘delaunay’ function in MATLAB to build the
Delaunay triangulation.

Delaunay triangulation not only connects immediate neighbours but also vertices that are far
apart. However, to get a realistic vessel tracking, we only want to join the direct neighbouring
vertices, 1.e, adjacent or diagonal vertices of a given vertex. To do that, we have to restrict the
length /; of the edge e; (which joins two adjacent vertices v’ and v/) of the triangle obtained from
the Delaunay triangulation. The length /; is calculated using the Euclidean distance between
two vertices (i.e., x— and y— coordinates of white pixel). If two vertices v’ and v/ are adjacent
horizontally or vertically, then /; = 1. If the two vertices are diagonal neighbours, then /; = \/5
we impose a condition on the length of /; of each edge of the triangle. However, in both cases,
the length /; of the edge e; is always less than 2. Based on this, we impose a condition on the
maximum value of the length /; and choose /; < 2, i.e.,/; > 2 means the pixels are not considered
to be adjacent. As a result, by implementing this condition, we effectively filter out long trian-
gulation edges, keeping local connections only (i.e., pixels that are immediate neighbours in the
skeleton) and removing spurious edges.

At the end of this step, we obtain the actual edge rather than a full triangular mesh, where
we can track the path connecting one vertex to another. This approach is useful for us to find the
length of the retinal vessel of any given generation. The vascular data form a graph G = {V, E},
and it can be thought of as an undirected graph.

Once we have vertex IDs for all edges, in the next step, we characterize a given vertex id v’
based on the degree d; of that vertex, given in the following subsection 3.3.2.3 (For discussion
on d;, see subsection 3.3.1).

3.3.2.3 Step 3: Characterisation of vertices

As the edges in E are unique, it is straightforward to categorise a node given the number of times
it appears in E. If the node appears exactly once in E, it is called a terminal node; if it appears

exactly twice, it is a mid-vessel node or body node. If the node appears more than twice, then
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it is a junction node. Body nodes lie between two junction nodes or between a junction and a
terminal node. The order of a junction corresponds to the number of daughter branches. In the
case of a bifurcation (a one-to-two branching), the junction node appears three times in E. This
is called the characterisation of the vertices of the graph. We save all the terminal nodes in a list
T, mid-vessel nodes in the list M, and junction nodes in the list J.

Before proceeding to step 4 given in 3.3.2.4, we look for connected components. Connected
components are groups of nodes that can be reached by traversing edges starting from an initial
node. The search for these connected nodes is carried out using the Dijkstra algorithm. The
Dijkstra algorithm is a widely used graph algorithm that finds the shortest paths between nodes
in a weighted graph. A weighted graph is a graph where numerical values, called weights, are
assigned to its edges. These weights are the distance here. According to the Dijkstra algorithm,
the first step is to calculate the initial distances from the source node (say v!) to all other nodes
in the graph [42]. From node v!, the algorithm examines all directly connected neighbours [42].
Next, the algorithm selects the unvisited node with the smallest known distance [42]. Again, the
algorithm selects the next unvisited node and repeats this process until all the nodes are visited
[42]. These distances represent the shortest path tree originating from node v', showing the
minimum distance to reach every other node in the graph [42].

All nodes that cannot be reached from the initial node are considered disconnected and there-
fore discarded; there are 26 such nodes. After disconnected nodes are removed, their edges cor-
responding to these nodes can also be discarded, but we find that there are no edges related to
the disconnected nodes. There are now 6192 nodes in N for this image given in figure 3.1(c).

To reduce the complexity of the graph G and to make the algorithm computationally efficient,
we join adjacent edges into larger edges or segments, which effectively represent longer connec-
tions between vertices. In the following subsection 3.3.2.4, we discuss how to make segments

from edges.

3.3.2.4 Step 4: Making segments

The adjacent mid-vessel nodes between two junctions or between a junction and a terminus are
joined to obtain edges, and edges are further connected to build a segment. Segments can be
thought of as a set of edges E; with the set of nodes V| consisting of the junction and terminal
nodes. Together, E; and V| form a simple connected graph G, containing 563 segments for this
example image given in figure 3.1(c). G, is significantly smaller than the original graph G which
contains 6205 edges, so it is more convenient to work with G.

To build a segment, the first step is to choose an inlet node from 7" and run Dijkstra’s algorithm
to find paths starting from the inlet terminal node and traversing through all terminal nodes given
inT [145]. Fora given inlet node v', the algorithm finds the next body node v from the collection
M and continues to find the next node from the newest node v until reaching a junction node

given in J. This results in a path from the inlet terminal node to a given terminal node. However,
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if the path reaches a junction node in between, it splits to create new paths between a junction and
another junction node or a junction to a terminus node. This path is made of a set of connected
nodes, including terminal nodes, mid-vessel nodes, and junction nodes, referred to as a segment.

The set of paths spans to cover the entire vascular tree, so do the segments.

3.3.2.5 Removing spurious segments

Once all nodes are visited, we have obtained all the required segments, and we call the collection
(or set) of all segments .S;. S| contains spurious edges, which are likely to be artefacts coming
from the image segmentation and skeletonisation process, and they need to be removed. Before
removing, we first sort the segments into their respective generations. Sorting is useful because
it helps us easily locate vessels from different generations, which is important for us to extract
the length and radius of a particular generation. Also, this hierarchy information about vessel
generations provides insight into the expected anatomical hierarchy, which in turn helps identify
and remove spuriously short segments.

Segments in .S can be hierarchically ordered according to the generation to which they be-
long. The 0" generation contains the segment with the inlet node. Given the i’ sorted genera-
tions, the (i + 1)"" generation contains segments that start with the final nodes of the i’ genera-
tion. In this way, all the segments can be sorted into different generations.

By construction, we have seen that a segment should always contain at least two nodes, but
those containing exactly two nodes are quite short segments (it is basically an edge). Now we
want to remove the short segments. When the short segments are mistakenly inserted as arte-
facts within the reconstructed tree structure (i.e., vessel tree), they indicate two bifurcations tak-
ing place in immediate succession, which is often misleading, indicating pseudo-trifurcations.
These need to be corrected by first identifying daughters connected to this spurious short seg-
ment and then reassigning the proximal node of each daughter branch to the proximal node of
the short segment. Doing these, all these short segments are discarded, effectively connecting
the daughters directly to their parents. As a result, the daughter segments are effectively moved
up one generation, and the spuriously short segment can be removed without loss of information.

There are 563 such short segments that are detected and removed in the sample image.

3.3.2.6 Choosing the pathway

Considering the mathematical model we want to construct, we include retinal vessels of gener-
ations 3,4 and 5 for both arteries and veins. The pathway we want to construct is the collection
of three generations of arteries and three generations of veins that transport blood to and form
the retina. It is important to note that this pathway is also a subtree of the original, as it can only
contain segments and nodes that were present in the original tree. Also, all the segments of our

chosen pathway must be accessible from the root, i.e. the graph must be simply connected.
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(€)

Figure 3.3: Vessel tracking using the algorithm showing:(a) reconstructed vessel trees using the
graph-based algorithm, (b) the three generations of vessels marked in the original segmented
image and (c) extracted vessels used for vessel length measurements.

Now, because we want to model both arterial and venous networks separately and later com-
bine them using capillaries, we need to extract the length for both arteries and veins. There
are different graph-based and U-net-based methods available to identify arteries and veins from
fundus images [117],[149]. However, given the time constraints, we have not applied any com-
putational algorithm to distinguish between arteries and veins. After discussing with the clinical
collaborator and exploring relevant literatures, it is evident that in fundus images, veins are of-
ten identified as thicker, darker vessels compared to the thinner, brighter, and straighter arteries
[119]. We therefore characterise the network of thicker vessels as the veins and the network of
thinner vessels as the arteries.

Figure 3.3(a) plots the reconstructed vessel tree obtained using the graph-theory-based al-
gorithm discussed above, and different colour schemes represent vessels obtained at different
generations. Reconstruction of all the large blood vessels is done quickly while keeping the
necessary connected vessels. We occasionally observe isolated vertices, some representing true
vessel nodes and others arising from noise. Though it is possible to remove this noise, consider-
ing the computational complexity and our interest in modelling the blood flow in large vessels,
we refrain from further modifying the tree. In figure 3.3(b), we overlay the reconstructed ves-
sel tree on the original segmented image, and it is evident that they match quite well. In figure
3.3(b), we choose three generations of vessels, of which we want to find the length and radius
later in this chapter. The red lines in figure 3.3(b) show the venous network, consisting of three
generations. We name each branch of each generation alphabetically in ascending order.

We have all the required information for each segment, and in the following subsection 3.4,

we discuss the method used to determine the length of the vessel.

3.4 Finding the length of the vessel

The first step is to select the vessels of interest, for which we want to find the length. Suppose

we want to find the length of the vessel network containing vessels a,b,c,d, e, f as labelled in
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figure 3.3(b). We describe the process of finding the length for a particular vessel, say a (see
figure 3.3b), and necessarily repeat the same process for all others.

Firstly, to calculate the length of each vessel, we need the required pixel locations (i.e., x and
y coordinates ) for all vertices (i.e., white pixels) contained in the vessel segments a. The vertex
IDs for each segment are already saved in the list .S;. Also, the x and y coordinates (i.e., pixel
location) corresponding to each vertex ID can be accessed from V. Suppose, v, contains all the
x coordinates and v, has all y coordinates for the given vessel a (see figure 3.3b). We have all
the information that we need to find the length of the vessel. From subsection 3.4.1-3.4.4, we

explain the process for finding the length of the vessel step by step.

3.4.1 Step 1: Fitting a smoothing spline

We have data v, and vy, but we do not know the curve or the functional form that describes
the relationship between v, and v,,. The process of finding this curve is known as curve fitting.
There are different methods available for curve fitting. In this work, we use a special type of
curve-fitting approach called spline interpolation or spline fitting.

Splines, a complex smooth curve, are used to represent the smooth shape. Splines are created
using a small set of control points or knots, along with a function that generates the curve through
these control points. A curve that actually passes through each control point is known as an
interpolating curve. The spline interpolation is a process to draw a piecewise polynomial curve
that passes exactly through all data points given. It is a way to draw a smooth curve through
n points (x;,y;),...,(x,,y,). Thus, we seek a smooth function f(x) so that f(x;) = y; for all
i=1,2,...,n. In particular, we seek n smoothing polynomials p,...,p,_; so that f(x) = p;(x)
for all x in the interval [xi, X; +1].

The next step is to find a spline curve that passes through v, and v,

3.4.2 Step 2: Prepare for interpolation

Suppose the length of the vector v, is n. The idea is to compute the vessel length by summing
the Euclidean distances between consecutive white pixels. However, the retinal vessels are not
perfectly straight lines, but in a few spatial locations, they bend. With the coarse sampling we
have, the approximation of length is rough and can underestimate the true length. However,
using interpolation techniques, we can create more data points along the length of the vessel to
calculate a smoother and more accurate length. As the interpolated points follow the curve more
closely, they reduce the error in length estimation.

To do that, we create a finer sequence 1 : 0.2 : n of x— coordinates which subdivides the
segment along the length, so we have five times as many intermediate points.

The next step is to interpolate the original x— coordinates from v, onto the new finer sequence

obtained above.
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Vessel name | Vessel generation | Length(in pixels) | Diameter(pixels)
5 56 3

39
25
96
44
54
41
79
109
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Table 3.1: Vessel length and radius (rounded to the nearest pixel) calculated directly from fundus
images

3.4.3 Step 3: Interpolate x— coordinates and corresponding y— values

We use the built-in function ‘interpl’ from Matlab to interpolate the original x— coordinates
linearly onto the finer sequence obtained from step 3.4.2. We obtain a new vector V;emp that
contains all x— values spaced more densely along the vessel a. In a similar manner, we interpolate
the y— values using the smoothing spline approach and obtain a new vector Vtyemp containing all
y— values. We have all the x— and y— values along the vessel a, and we want to calculate the

length of the vessel using these points as discussed in the following subsection 3.4.4.

3.4.4 Step 4: Compute the distance between consecutive points

Once we have all the x— and y— values, then we can compute the change in x— and y— values
between consecutive points (x;, ¥;) and (x;_y, y;_1) using the built-in function *diff” from Matlab.
We denote the changes in x— values where x— values contained in V;emp , by d,. and the changes
in the y— values (y— values contained in Vtyemp ) are denoted by d,.

Finally, we compute the Euclidean distance d,, between each interpolated consecutive pair

of points from d, and d ) Mathematically, we write this as

dyy = \/d£+d§. (3.2)

We repeat all the steps 3.4.1-3.4.4 for all other vessels to obtain the required length of each vessel
of the network.

Figure 3.3(c) shows the paths shown extracted from figure 3.3(b). The length of the vessels
is given in the table 3.1. We compare the lengths given in table 3.1 to the values given for
idealised retinal circulation in [61]. The original generations of vessel a and vessel b in the
retinal vasculature visible in figure 3.3(b) are 8 and 9. As discussed in subsection 1.3 of Chapter
1, the parameter values for the retinal circulation provided in [61] correspond to the superior-

temporal quadrant, which originates from generation 3 of the retinal vasculature. We want to
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compare the value of the lengths obtained from images with the values given [61]. To avoid
any ambiguity in the derivation of the unit for the length obtained from images, we consider the
ratio of lengths rather than the direct values of the length of a particular generation. From figure
3.3, taking the ratio between vessel a and vessel b, we get 0.69, and similarly, considering the
corresponding vessels of generation 5 and 6 from the literature [61], we obtain 0.78.

There are potential reasons for discrepancies between our value and Takhahasi’s value [61].
First of all, they consider an idealised model of dichotomous branching where parents bifurcate
into two identical daughters. In contrast, we are using real patient images where the daughters
are of different lengths. Moreover, no details are available on how the values are measured and
what type of images/experiments they have used to measure these quantities. Using different

methods can be a potential source of discrepancies.

3.5 Finding the radius of the vessel

We compute the vessel diameter from the reconstructed retinal vasculature given in figure 3.1(c).
The approach consists of two steps: candidate point selection from the skeleton image and di-
ameter estimation. Figure 3.4 explains the process of candidate points selection on the skeleton,
and also the boundary point detection on the segmented vessel. Figure 3.5 shows how we apply

our radius detection algorithm on the segmented vessel image.

3.5.1 Candidate point selection from the skeleton image

Suppose we want to find the diameter of the vessel d (figure 3.5a), we select three different types
of vertices from v’ and v};""”. As the two vectors contain finer grid points along the length of

the vessel so it is effective to choose the centre location more precisely than choosing from V. and

temp

¢ .
7 and v, This vertex represents the centre

Vy. Firstly, we choose the middle point from v
location (x,,y,) of vessel d (figure 3.5b). To make sure the centre is not a bifurcation point (i.e.,
where one parent vessel bifurcates into two daughter vessels), two additional measurement points
are chosen at 10% of the vessel length away from either end of the segment. These are called left
and right reference points of vessel d and are denoted by (x,, y,) and (x;, y;), which are the closest
points to 10% from the vessel end (figure 3.5¢,d). The diameter of the vessel is not always the
same along the length of the vessel, and to make sure the vessel diameter measurements are not
influenced by bifurcations or by extreme vertices of a segment, we choose these three different

locations of vertices to obtain the diameter.

In the following subsection 3.5.2, we discuss how we find the radius using these three types

of vertices.
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by b, Vessel centerline

Figure 3.5: Diameter estimation by detecting boundary points showing: (a) identification of the
vessel, detection of (b) the midpoint (x,,y,), (c) the left point (x;,y;) and (d) the right point
(x,,¥,) along the length of the vessel.

3.5.2 Diameter estimation

We denote the x— coordinate and y— coordinated of the i™ vertex as (x;,y;) where i = c,l,r.
Also, as before, we discuss the process of finding the diameter for the vessel segment d (see
figure 3.3c). For all other vessels, we necessarily repeat the same process as discussed here.
We apply the following steps at each selected point (x;, ;) where i = ¢, [, r discussed in sub-
section 3.5.1:
Compute vessel tangent: For a given (x;,y;), the local tangent ¢ is calculated using the two

immediate neighbors (x;,1,¥;,1) and (x;_;,¥,_1) :

(X1 = X1 Y1 — Yi1)

t= .
Xi41 = X1 Vie1 — Yicall

(3.3)

The unit vector perpendicular to the tangent ¢ given in (3.3) is: p = (—=ty,1,) (see figure 3.4).

3.5.2.1 Boundary detection:

Now we want to detect the boundary vertices of the vessel segment d in both directions (vertical)
of (x;,y;) (see figure 3.4). Starting from (x;,y;), we step along both the positive and negative
directions of p. At each step, the pixel intensity values of all pixels in d are checked (see figure
3.4). Traversal continues until the intensity falls below 1 (i.e., leaving the vessel region). It is
important to note that in this case we can have only two pixel intensities, either O for background
or 1 for vessel. The last foreground pixels (i.e., pixel value is 1) encountered on either side of

(x;,y;) are called the vessel boundary points and denoted by by, b,.
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3.5.2.2 Diameter calculation:

The vessel diameter at (x;,y;) is computed as the Euclidean distance between b, and b,:
d=|lb, ~b,l. (3.4)

We record three local diameter measurements for the vessel segment a: d, at the midpoint
(x.,y.), d; at the left offset (x;,y;), and d, at the right offset (x,,y,). The mean diameter per
vessel d is then computed as the arithmetic mean %(d, +d.+d,) (see figure 3.4). This provides

a robust estimate of vessel diameter, minimising the effect of local irregularities.

3.6 Uncertainties in the measurements of length and radius

of the vessel

There are various uncertainties in the method used for the extraction of the skeleton image,
lengths and radii of the vessels. The choice of hyperparameters used in vessel segmentation can
also be a potential source of uncertainty. In particular, there are possible uncertainties related to
the vessel length measurements, which come from the spline fitting approach for reconstructing
vessel centerlines from segmented images. Also, the particular choices of splines and their or-
ders used could be a potential source of uncertainty. Moreover, when a smoothing spline is used,
the choice of the smoothing parameter can generate uncertainties in the outcome.

Diameter estimation from skeleton image and boundary points is inherently sensitive to pixel-
level segmentation errors. A small segmentation inaccuracy of one pixel at the vessel boundary
can affect the estimated diameter. Because vessel widths in our images are only a few pixels,
a one-pixel deviation represents a substantial fraction of the total width and based on that, the
computed diameter can be overestimated or underestimated. To mitigate this, we calculate the
width of the vessel at three different locations and then take their average as the final diameter.
This approach reduces the impact of local irregularities and random segmentation fluctuations
along the vessel boundary. Another potential source of uncertainty in measuring radius arises
from pulsatility, as mentioned in subsection 1.4 in Chapter 1. During each cardiac cycle, the
vessel diameter does not remain constant as the vessel wall expands during systole and contracts
during diastole. The image we use in this study is a single snapshot that captures the vessel at
a single time point. This means the measured radius may be slightly overestimated or under-
estimated, depending on when the image was acquired. However, measurements of diameters
for large retinal venules are generally less variable [37]. It is important to note that uncertainty
quantification analysis is not included in this thesis as it requires a dedicated framework, which

will be addressed in future work.
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3.7 Conclusion

Initially, we started with the segmented image obtained from Chapter 2. However, we intended to
extract the length and radius of arteries and veins from the given images so that we can use those
extracted values of the geometrical attributes to parameterise a three-generation arterio-venous
network developed in Chapter 6. Before extracting the length and radius from the segmented
image, it was important to track several generations of the blood vessels. In order to track these
blood vessels, the first step was to reconstruct the segmented image. In a skeletonised form based
on a graph-based reconstruction algorithm was initially developed by Dr Jay Mackenzie from the
University of Glasgow [167]. After reconstructing the vessel tree, we were able to use the pixel
information to calculate the vessel lengths and diameters for five generations of vessels, which

will be used to parameterise the arterio-venous network in Chapter 6.



Chapter 4

Flow along a single blood vessel

4.1 Introduction

In Chapter 1, we discuss how the venous wall can become damaged at the site of A-V crossing
because of arteriosclerosis. This can spontaneously lead to a venous thrombosis (a blood clot in
a vein), which further constricts the vein’s lumen on a much faster timescale. Over time, it can
lead to retinal haemorrhage. For a detailed discussion on this, see the subsection 1.2 in Chapter
1.

In this chapter, we want to understand better blood flow in the neighborhood of an A-V cross-
ing by quantifying how the blood flow dynamics and cross-sectional area of a single blood vessel
change in response to a prescribed impingement. The impingement is modeled by an external
pressure with a localized spatial profile applied over a prescribed timescale on the vessel wall.
Note that this external pressure distribution is a relatively crude analogue for mimicking both
mechanical obstruction on the vein coming from arterial expansion at the site of A-V crossing,
and also the compression occurring because of thrombus formation.

In this chapter, we model blood flow in a long single blood vessel that is being externally
compressed and derive a mathematical model in the subsection 4.2. In the following subsection
4.3, we discuss the different numerical methods employed to solve this mathematical model. We
then discuss the results of the steady state of the model in subsection 4.4, examining how the
timescale of the compressive, time-independent pressure perturbation influences the outcome.
Additionally, we analyze the resulting flow upstream and downstream of the constriction in sub-
section 4.5. Specifically, we investigate the role of inertial wave propagation from the site of
occlusion, the impact of fluid accumulation upstream and downstream of the constriction, and
the effect of upstream boundary conditions by analyzing blood flow driven by either a fixed inlet
flux or a fixed inlet pressure. In the subsection 4.6, we apply a time-dependent external pressure
perturbation to observe the effect of the external pressure perturbation on the blood flow in a
single vessel model. In subsection 4.7, we conclude the chapter by outlining the key outcomes

obtained from this chapter.

94
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Figure 4.1: Schematic diagram showing (a) the single vessel structure characterized by the cylin-

drical polar coordinates (r*,6,x*) and (b) different constitutive models for the vessel response

to changes in blood pressure, showing our choice of ‘tube law” F = ((A*/ A;)10 —(A*/ Ag)‘3/ 2)

(blue solid line), the revised tube law for arteries considered here F = ((A*/ Ag)l/ 2_1) (red solid

line).

4.2 Derivation of the model

The flow of blood is considered to be Newtonian, homogeneous, and incompressible, as appro-
priate for blood vessels of diameter greater than 100um [14]. We begin with a single, long,
straight blood vessel of length L*. The vessel is characterized by cylindrical polar coordinates
(r*,0,x™) oriented along the axes of the tube, where r* and 6 represent the typical radial and
azimuthal coordinates, respectively, and x* is measured along the axis of the tube with corre-
sponding unit vectors e,, €, and e, . Figure 4.1(a) shows a schematic diagram of a single blood
vessel structure characterized by the cylindrical polar coordinate (r*, 8, x*).

Time is denoted by #*. In general, we consider that the vessel wall is located at a radius
r* = R*(0,x*,t"), and the vessel cross-sectional area is given by A*(x*,#*). The baseline radius
is Rg with baseline cross-sectional area A;. The typical baseline velocity of blood is U™, and

the blood viscosity (assumed to be constant) is u*

. In practice, the viscosity will depend on
the size of the blood vessel [61]. In this simple model, we use two possible upstream boundary
conditions, either a prescribed inlet flux Q("; or a prescribed inlet pressure PS‘. The outlet pressure
is denoted by pg, and the pressure external to the blood vessel is denoted by pJ(x*,*) with
maximum amplitude Ap?. The baseline elastic stiffness of the vessel wall is given by k*. We
denote the density of the blood as p*, which is assumed to be constant. The baseline values are
adopted directly from the literature, as presented in table 1.1 and table 4.1. However, in Chapter
6 for the three-generation arterio-venous network, the baseline values for radius R(”;, length L*
and area AS are directly measured from clinical images as described in Chapter 3 to provide a
patient-specific measurement of retinal blood flow during retinal vein occlusion.

In the next subsection 4.2.1, we describe the ‘tube law’, which relates the wall deformation
to the transmural pressure. The form of the applied localized constriction is given in subsection
4.2.2. Then, in the following subsections 4.2.3, 4.2.4, and 4.2.5, we derive the dimensionless
governing equations, the dimensionless boundary conditions, and the dimensionless ‘tube law’.

In the following section 4.2.6, we simplify the model by assuming that each cross-section is
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axis-symmetric, and so the resulting system of equations does not depend on 6. Then the long-
wavelength version of the model is derived in subsection 4.2.7. In the next two subsections, we
derive two different types of models, namely the inertial model (see subsection 4.2.8) and the
viscous model (see subsection 4.2.9). The final forms of the two models are given in subsection
4.2.10. All the model parameters are listed in subsection 4.2.11. The time-independent static

solutions of the two models are provided in subsection 4.2.12.

4.2.1 The ‘tube law’

We do not solve the full problem for the deformation of the 3 D vessel wall. Studies have indicated
that the pressure—area relationships of uniform elastic tubes of different sizes and wall thickness
can be approximately characterised by a ‘tube law’ [30]. In particular, we consider a simple

elastic response modelled in the form of a ‘tube law’ when the transmural pressure is written as

A*
0

defined in terms of the local cross-sectional area A*(x,t) and vessel wall stiffness k*. The form

of the external pressure pj(x*,t*) is discussed below in subsection 4.2.2. In this case, F is a

nonlinear function of the tube cross-sectional area representing the local resistance to expansion

or compression, and it is given by

(- -())

where m,n > 0 and most data for m,n are obtained ex vivo [136]. The parameters m and n dis-
cussed above are used to distinguish between arteries and veins. In this work, we choose the
exponents m = 10 and n = 3/2 for the veins, which are values proposed for the giraffe jugular
vein [30]. Later these values are also used to characterise human veins [95, ] and also for
retinal veins [ 136, ]. From figure 4.1(b), we see that the large values of m in the expansion
mean that the tube stiffens rapidly as it expands, and n opposes the vessel collapse. We know
arteries are much stiffer (i.e, k* values are larger) than veins, so to mimic a vein properly, we
use a revised choice of exponents and consider m = 1/2,n =0 [111]. The functional form of an
artery is plotted as a red line in figure 4.1(b). From figure 4.1, it is clear that to see even a small
change in the cross-sectional area of the tube, the system must exert a large amount of pressure

on the tube.

In particular, we estimate the dimensional vessel stiffness parameter k* in terms of the Young’s

modulus of the tissue, denoted by E*, its Poisson ratio v, the vessel wall thickness ~2*, and inner
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Figure 4.2: Structures of the functions:(a) f*(x* — x;) and (b) g*(t* — t;). The spatial extent
k* =200 and the pressure perturbation applied over the time interval t;‘; = (0.5sec on the middle
of the vessel x; = (0.5m along the length of the vessel L* = 1m.

lumen radius r("; [136, 83]. For arteries, we consider [111]

E* h*
* = L 42
k (1—V2) <r(>;> ( a)

while for veins we consider [111]

3
=L (H) (4.2b)
12(1-v?) \ rg

The parameter values specific to arteries and veins are given in table 1.1 and table 4.1.

4.2.2 Applied localised constriction of the vein

To mimic impingement by the corresponding artery and occlusion due to thrombus accumulation
in the vein, we apply a localised compression centred at some location x* = x: over the timescale

t; through a prescribed external pressure, choosing p of the form
p, =Ap g (1" — 1) [T (x" —x7), (4.3)
where Ap? is the maximal amplitude and /™, g* are prescribed functions chosen in the form
frsty = (44)
and
W pcr<tr,

g =9 (4.5)
1, > t;‘; + t(*).
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We choose g*(¢*) as a function of time #* which rises linearly over timescale t; until it attains its
unit amplitude and then remains constant, while f*(x*) is spatial function which takes the value 1
around x* = x; and decays exponentially in either direction to ensure the effect is localized. This
assumption introduces five parameters namely xl";, k;‘;, tr, t; and Ap’e“, where x; is the location of
the occlusion, k; describes the spatial extent of the occlusion, t;‘ is the time interval over which
the external pressure is applied, té is the starting time and Ap, is the maximal pressure amplitude.

Figure 4.2 plots these functions, including the spatial profile of f* (see figure 4.2a) and the
temporal profile of g* (see figure 4.2b).

4.2.3 Dimensionless governing equations

We non-dimensionalise all lengths on the square root of the baseline cross-sectional area (AS)I/ 2,
velocities on a general scale U* (determined later), time on (Ag)l/ 2 /U*, and pressure on a general
pressure scale P* (specified later). All dimensionless variables are denoted without the asterisk,
while their dimensional counterparts are given with the asterisk. This choice of non-dimensional
scales yields the following dimensionless groups

0, _ P} e Ap* X, Ut Ut

=—’P__9 k=_’A =_e’ = at= ’t= ’
U*AS 0~ p= P Pe P *p (A(”;)l/z p (A;)l/z 0 (Ag)l/z

Qo

where Q) is the non-dimensional inlet flux, P, is the non-dimensional inlet pressure, Ap, is the
non-dimensional maximum amplitude of the external pressure, k is the non-dimensional vessel
wall stiffness, x » 1s the non-dimensional location of the occlusion, ¢ » is the non-dimensional time
interval over which the external pressure is applied and 7, is the non-dimensional starting time
to = 0. We also introduce I = (p*(U*)?/ P*) as the ratio of the inertial pressure based on U* to
the general pressure scale P*, while ¥V = y*U*/ ((A;)l/ 2P*) is the ratio of the viscous pressure
scale based on U™ to the general pressure scale P*.

For simplicity, we assume that the flow is axis-symmetric throughout, so all variables are
independent of the polar coordinate 8, and the azimuthal component of the fluid velocity is zero
(up = 0). In this case, the cross-section of the tube is always circular, and so A(x,?) = 7R%(x,1).
The dimensionless (axis-symmetric) flow velocity u = u,.e.+u, e, and dimensionless blood pres-

sure p follow the non-dimensional Navier-Stokes equations

I(‘;—‘t‘ +u -Vu> = —Vp+ VYV, (4.6)

V-u=0, 4.7)

where the gradient operator is defined in (dimensionless) cylindrical polar coordinates.
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4.2.4 Boundary conditions

Assuming axis-symmetry, we apply a dimensionless kinematic boundary condition on the tube

wall in the form

u —a—R+ua—R+u R
"ot Tor Yox’

We also apply the no-slip boundary condition on the tube wall in the form

(r=R). (4.8)

u-t=0, (r=R), (4.9)

where t is a unit tangent to the wall in the e, —e, plane.

4.2.5 Dimensionless tube law

The dimensional ‘tube law’ (4.1) reduces to
p=p,+k(A"—AT"), (4.10)

in dimensionless variables, where A(x,?) is the dimensionless cross-sectional area of the tube.

4.2.6 Model reduction

The corresponding axial flux along the vessel is given as

R
q=2ﬂ/ u.rdr. 4.11)
0

The non-dimensional Navier-Stokes equations (4.6-4.7) along with the boundary conditions (4.8-
4.9) and the tube law (4.10) are (in principle) solvable for u, p and A(x,?). However, to close
the system, we must impose boundary conditions at the ends of the vessel to drive the flow. As
discussed above, at the upstream end of the vessel, we prescribe either fixed flux Q or fixed
pressure P, in the form

g=Q, or p=PF,, at x=0. (4.12)

If we prescribe one of these (either flux or pressure at x = 0), then the other can be calculated
as part of the solution. At the outlet, we prescribe free return of the fluid to the heart so that
the pressure is effectively zero, so that p = 0. In cases where p,(L,?) =0, we obtain the reduced
condition A(L,t) = 1.

It emerges that there are now several pertinent limits that can be considered. In the first in-
stance, we retain flow inertia (see subsection 4.2.7) and derive the ‘inertial model’ (see subsection

4.2.8), and then reduce to a ‘very viscous model’ (see subsection 4.2.9).
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4.2.7 Derivation of the long-wavelength model

Retaining flow inertia, we set P* = k* and T = 1 which implies U* = (k*/p*)'/2. This choice of

scaling yields the following dimensionless groups

The non-dimensional Navier-Stokes equations reduce to

Jdu 1 2
— -Vu=-V —V 4.13
o +u -Vu p+R u ( )

V-u=0. 4.14)

Since the blood vessels of retinal circulation are typically long compared to their radius, we
reduce the complexity of the model using a long-wavelength approximation. We construct a

small parameter f = 1/L < 1 and re-scale the independent variables according to

the dependent variables according to

BN
I
P

ux:ﬁ)"ca ur:ﬁafa p:ﬁ’ R:R’
and the model parameters according to
R=p"'R, Py=PF, k,=p""%k, x,=p7'%, k=1, 0Qy=0, Ap,=Ap,.

All long-wavelength variables and parameters are denoted using the same symbol as before, but

with a tilde. The final system of governing equations, neglecting terms involving O(f?), reduces

to
Ol Ol il op 11 0 (.0
— tilp—=tiy—=——=+=== == |, 4.15
o7 TR TR ox T Tax T Rror \ o (4152)
05
P _y, (4.15b)
or
1‘3(~~)+ag’?—0 (4.15¢)
For P T oz T e
subject to a dimensionless, long-wavelength, kinematic condition
__O0R, _o0R . =
Up = E+ui£, (I’:R), (416)

and long wavelength no-slip condition éi;(R,7) = 0.
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Integrating over the vessel cross-section, the conservation of mass equation (4.15c) becomes

_ R 57
~~ 1R Us _ .
2x[Fiz], +27r/ —FdF =0. (4.17)
0 ox
Now the first term can be obtained directly using the boundary conditions at 7 = R and 7 = 0,

and the second term can be written using the Leibniz integral rule, in the form

R -
~ 0 ~0R
27 Rii +2r— i FdF —2n R—ii. =0. 4.18

7 Rii; a ﬂdfc /0 igfdF—2m 3% 7 o ( )
Substituting the kinematic condition (4.16) we obtain
~ R

2 RR 4 2;zi~ fizFdF = 0. (4.19)

ot ox 0

Since the tube is assumed to be axis-symmetric, we express equation (4.19) entirely in terms of

cross-sectional area A = 7 R? in the form

= R
94 1222 [ ardr=o. (4.20)
02‘ @x 0
Writing in terms of the dimensionless axial flux g = § (see equation (4.11)), then equation (4.20)
reduces to © g
0A 04
—+—==0. 4.21
or 0x ( )
The corresponding conservation of momentum equation (4.15a) becomes

R Oii- R Oii- Oii- R 5~ Oii- R
2 / M i+ / B i | FdF = 271 / Prgr 22 [ 25 42
o Ot 0 or 0x o OX R | oF ],

Manipulating the convective inertia term in equation (4.22) and using the conservation of mass

equation (4.15¢) and the kinematic condition (4.16) we obtain

P P £ )
i
2L / ddi+2n2 / i2rdF | = -2 / Prars ZR%s] (4.23)
ot 0 ox 0 X 0 ox R or =R

Rewriting the first term of the equation (4.23) (the unsteady inertia term) in terms of axial flux,

while from equation (4.15b) it is clear that p is independent of 7, so we have

_ % o g
% el (/ agfdf> _ 4% 27 % (4.24)
0

0x R or =R



CHAPTER 4. FLOW ALONG A SINGLE BLOOD VESSEL 102

4.2.8 Derivation of the inertial model

The long-wavelength system of equations (4.21) and (4.24) is not closed. There are a handful
of approaches available in the literature on flow in collapsible tubes to close the system based
on specific assumptions or empirical measurements [15]. Here, we impose a modified Hagen-
Poiseuille flow profile of the form
24 = -
= (R-P), ©O<i<R). (4.25)
T R*
This empirical flow profile automatically applies the no-slip condition on the vessel wall, and the

governing equations can be written in closed form as

0A 0q

ot  0X ( Y
04 40 (P\__;9 8
99,49 () - _z% _°74 4.26b
o7 3a>~c<A> 0% RA (3.260)

The model includes both viscous and inertial contributions and will henceforth be referred to as

the ‘inertial model’.

4.2.9 Derivation of the viscous model

However, we also wish to consider the limit where the flow is dominated by viscous effects. In
this case, it is easier to use a different non-dimensionalisation where we set ¥V = 1 and define
P(;‘ or QS based on the upstream boundary condition. For instance, for a prescribed upstream
flux, we set U™* = (QE")/A(";) and as V = 1 which implies P* = (y*QS/(A8)3/2). Conversely, for
a prescribed upstream pressure we set P* = P(;" and U* = (PJ(A’S)I/ 2/u*). In both cases, the

model can be written in terms of the non-dimensional parameters

1
p*U*(Ap)? K Ap;
IZR:T, k:F’ Ap, = e

b

where R is again a Reynolds number (see subsection 4.2.7 above).

The non-dimensional Navier-Stokes equations for this viscous model reduce to

R(aa—‘t‘ +u-Vu) = _Vp+Vu, 4.27)

V-u=0, (4.28)

We again assume long-wavelength deformations (f = 1/L <« 1) and re-scale the independent

variables according to
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dependent variables according to

and the model parameters according to
PR =R, Py=P), k,=p""k, .k=p"k, Qy=0y Ap,=p'Ap,.

In a simplified version of the viscous model, we assume the flow is very viscous and so set R = 0.

The final long-wavelength version of the governing equations becomes

72 4.29
(%) e

along with the boundary conditions (4.12). In this case, we do not need to use a flow profile

assumption, and instead, (4.29) can be integrated directly to obtain

- 2q~ = ) ~ N
= (R-P), 0<F<R), g=—22L 4.30
i = — (R =), 0<F< R, q =g (4.30)

Note that this profile is entirely consistent with the Hagen-Poiseuille profile assumed in subsec-

tion 4.2.7. Substituting into (4.21), we finally obtain the governing equation for viscous flow in

i -
o4 _ 0 (AZ9P) 4.31)
ot 0x \ 8z 0x

the closed form as

We henceforth refer to this system as the ‘viscous model’.

4.2.10 Final model

We now consider these two models in the subsequent discussion; as already stated, we refer
to (4.26) as the inertial model and the model (4.31) as the viscous model. In both cases, the

non-dimensional, long-wavelength version of the ‘tube law’ is given by
B(R,1) = po(X,D) + k(A" = A7), (4.32)
where the external pressure p,(%,7) is assumed of the form
Pe=Ap8(F—1p) f(X—%,).

In the derivation of the inertial model, we set P* = k*, which gives k = 1, so the ‘tube law’
reduces to
P, D) =P (X, D)+ (A" = A", (4.33)
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Using this in the system of equations (4.26) for the inertial model, we obtain a closed system that

can be written as

Y og
aA+_q=

—4+—==0, (4.34a)
of 0x
0G 40 (@ - (0P, iml a1y OA\ 87§
- - - = - e Am A " - — = ~> 434b
(3t+305€<A> <ax+<m A ) " %a (4.34b)

subject to the boundary conditions (assuming 5,(0,7) = p,(1,7) = 0)

Qp or p=(A"-A"") =P, (x=0), (4.34c)
0

q
7 x=1). (4.344d)

Conversely, in the case of the viscous model, we define the dimensionless stiffness of the vessel

in terms of the upstream driving conditions, so the ‘tube law’ reduces to
PR, = PR, D)+ (A" — A7"). (4.35)

Substituting the viscous model equation (4.31) facilitates a closed system that can be written in

>> , (4.36a)

terms of the cross-sectional area A only in the form

0A 0 (A% (OPe =~/ im_1 7on-1
— = — | — k Am A "
ot ax<8n<afc+ (mA"™ +n A7)

1IN

subject to boundary conditions (assuming 5,(0,7) = p,(1,7) = 0)

. - S )
2= % or p=k(A"-A™") =P, (x=0), (4.36b)
0x k (mAm+1 4+ nA-n+1)

A=1,onlyif Ap,=0 x=1). (4.36¢)

4.2.11 Model Parameters

Recall that in Chapter 2, we measured the ratio of length, radius, and cross-sectional area of
arteries and veins in the superior temporal quadrant (generations 3 and 5) of the human retinal
circulation from clinical fundus images, and then compared the values extracted from the images
with an idealised retinal circulation [61]. In this chapter, we use the morphological and geometric
parameters of the idealised retinal arteries and veins given in Table 1.1 in Chapter 1.

As discussed previously, the central retinal artery and vein (CRA, CRV) enter the eye through
the optic nerve. These are denoted as generation 1. Upon entering the retina, the CRA and

CRV divide into four primary branches: the superior temporal branch, inferior temporal branch,
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Table 4.1: Reference parameter values applicable to both the vein generation 3.

parameter symbols | unit | arterial value | venous value | source

tube law parameter m - % 10 [111]

tube law parameter n - 0 % [111]
maximum amplitude Ap; mmH g 1-20 1-20 -
timescale of perturbation t; sec 0.0001-0.1 | 0.0001-0.1 -
location of occlusion x; um %L* %L* -
starting time 1 sec 0 0 -
spatial extent k; - 200 200 -

Table 4.2: Non-dimensional parameter values for generation 3 used in simulations

parameter symbol arterial value venous value
Inertial Model | length L 7.59461 7.953921
Reynolds number R 58.0286 1.7570
inlet flux 0Oy 0.0012 0.0246
inlet pressure P, - -
maximum amplitude Ap, 0.00046 —0.0092 0.6567—-13.135
timescale of perturbation fp 2.3437—-2343.7 0.0435—-43.4818
parameter symbol arterial value venous value
Viscous Model | length L 7.59461 7.95392
inlet flux (N 1 1
inlet pressure P, -
vessel wall stiffness k 41993.306 62.29877
maximum amplitude Ap, 46.9353-442.56 46.935-938.70
timescale of perturbation fp 0.002823 —2.823 0.001069 — 1.069

superior nasal branch, and inferior nasal branch. In this chapter, we consider a single blood vessel
in each of generations 3 and 5 in the superior temporal quadrant of the retinal circulation using
an idealised description [61]. Unless stated otherwise, the parameter values used for simulation
in this chapter are given in table 1.1 and table 4.1. The parameter values listed in the table 4.2
are non-dimensional parameter values derived using the non-dimensionalisation described in
subsection 4.2.3 and in table 4.1.

4.2.12 Static solutions

We begin by isolating the time-independent (static) solution of the inertial model (4.34), both
with and without external pressure perturbation p,. Throughout the chapter, static solutions are
denoted with the superscript ().

Static solutions of the perturbed inertial model (4.34) must have constant flux (§ = q) while

the corresponding cross-sectional area profile A = A®)(X) must satisfy the first order nonlinear
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ordinary differential equation (ODE)

— 2 -1 — ~
~ ~ o 4 q 87q ~ ()pe B
AD)e = — (m(AS)Y" +n(AS)y™ — 2 —— + A= 0<x<1).
(A <(m( AnAT =3 70 a0 T4 ox ) O=%=D

(4.37)

Conversely, for static solutions of the unperturbed inertial model (4.34), we consider p, = 0 in
(4.37).

For the flux-driven boundary condition, we impose g = Q,, at the inlet X = 0 (see table 4.3
for baseline inlet blood flow value Q). Conversely, for the pressure-driven boundary condition
the inlet flux Q, must be solved for as part of the solution, where we impose the additional
constraint (A®(0))" — (A®)(0))~" = 130 where 150 (see table 4.3 for value of 130) is the prescribed
inlet pressure at the boundary X = 0.

Similarly, the static solution of perturbed steady state viscous model (4.36) must also have

constant flux (§ = g) while the corresponding cross-sectional area profile A = A®)(X) must satisfy

292,

(AW, = k! (m(A‘(s))m—H +n(A‘(s))—n+1>_1 <87[5+ (A‘(s)) ~
X

) , (0<x<1). (438
Conversely, to find the static solution of the unperturbed system, we consider p, = 0 in (4.38).

As for the inertial model, for a flux boundary condition at X = 0 we have g = QO whereas
for the pressure boundary condition at ¥ = 0 the inlet flux O, must be solved for as part of the
solution for A by setting the additional constraint k((A®(0))™ — (A®(0)™") = Po where Po is
the given constant inlet pressure.

In all cases discussed above, at the outlet, we prescribe free return of the fluid to the heart
so that the pressure is effectively zero, so that p = 0. In cases where p,(1) = 0, we obtain the

reduced condition A® = 1.

4.3 Numerical Methods

This section describes the numerical schemes used to solve both the steady and the unsteady
versions of both the inertial and viscous models. Numerical simulations for both models were
carried out using MATLAB version 2023a.

In each case, we discretise the spatial domain onto a uniformly spaced grid X; = j(d %) for j =
0,1,2,....N grid points in the computational domain with the step size dX = 1/ N. The temporal
grids #; = I(df),1 = 0,1/d%,2/d1,...f,/dt are discretized using step size d7. The relationship
between dX and df is model-specific and is addressed separately for each model in section 4.3.2.
The geometrical representation of the spatial discretisation is given in figure 4.3. We discretise all

spatial derivatives using second-order finite difference stencils and temporal derivatives using a
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first-order finite difference stencil, respectively. In all instances, we denote A(x 1) and §(x;,1;)
as A; and qj, respectively. Our unsteady semi-implicit scheme used here is inspired by the work
of Stewart et. al. [60], where they found that an implicit representation of the highest order spatial
derivative in each governing equation and an explicit representation of all the remaining terms
is sufficient to ensure the numerical stability [60]. Moreover, the semi-implicit scheme remains
stable and convergent within the time steps that are practically attainable in our simulations.

In subsection 4.3.1, the numerical methods employed to solve the steady-state solutions of
both the viscous and inertial models are discussed. Subsection 4.3.2 provides a detailed descrip-
tion of the implicit and semi-implicit schemes used to solve the full unsteady versions of both

models.

4.3.1 Numerical methods for static models

To solve the non-linear static inertial (4.37) and viscous (4.38) models, we discretize the spatial
derivatives using the method listed above and employ Newton’s method to compute the profiles
A®(%) using the “fsolve’ solver in MATLAB to solve these nonlinear algebraic equations. At in-
ternal grid points, the corresponding discretisations follow in the expected manner from the finite
difference approximations. However, the boundary conditions require careful consideration.

In all cases, at the outlet we assume the effect of the external perturbation is negligible and
use the Dirichlet boundary condition A® (% = 1) = 1 which sets Agf]) = 1. At the inlet at ¥ = 0,
application of the boundary condition depends on the case being considered.

In case of the pressure driven viscous model (4.38) model, where the inlet pressure is specified
as p(0) = Py, the value of A can be solved directly by setting an additional constraint I}((AE)S)(SC =
0)™ — (fiés)(fc =0)™") = 130 where 130 is the given constant inlet pressure (for more detailed
discussion see subsection 4.2.12). The chosen value of P, is given in Table 4.3.

For the pressure-driven inertial model (4.37), we follow the same process as discussed in
the case of the viscous model above. However, the constraint for solving A(Os)()”c = 0) is slightly
different and is given by (A" (% = 0))" — (AL (% = 0)) ™" = B,

For a flux-driven viscous model, where the inlet flux is prescribed as § = Qy = 1 (flux is

constant everywhere), we discretise the first-order derivative in (4.38) using a second-order off-
centred finite difference stencil. The chosen value of Qy is given in table 4.3.

For a prescribed flux-driven inertial model (4.37) where inlet flux is given as §(0) = QO,
the spatial derivative at the inlet X = 0 is again discretised using an off-centred finite difference

approximation, as in the viscous case.

4.3.2 Numerical methods for unsteady models

Full unsteady, non-linear simulations of both the inertial model (4.34) and the viscous model

(4.36) can be constructed using a semi-implicit finite difference method. We start with a semi-
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Figure 4.3: Finite difference scheme for approximation of spatial derivatives.

implicit approach where the highest-order spatial derivative involving §, A is treated implicitly
while all other terms are handled explicitly. To analyse the stability of our numerical scheme, we
explore different combinations of explicit and implicit discretisation techniques. For instance,
a second strategy involves implicitly treating the terms associated with the highest-order spatial
derivative, external pressure, and its derivative while keeping the remaining terms explicit. We
use this strategy later in subsection 4.5 to check if the implicit vs explicit discretisation makes
any difference to the convergence of the unsteady numerical scheme.

At all internal grid points j = 1,2,..., N — 1 in the computational domain, we obtain a system
of linear equations in the 2N —2 unknowns on A;, c’jj. for the inertial model (4.34) while for the
viscous model (4.36) we formulate a system of linear equations for the N —1 unknowns on /ii..

In all cases, at the outlet we impose the Dirichlet boundary condition A = 1 (assuming p, =0
at X = 1) which gives A = 1.

In case of the flux-driven boundary condition, for the inertial model (4.34) at the inlet j = 0,
we impose ﬁé = Q, directly and use an off-centered stencil to compute the corresponding spatial
derivatives of A and § (for details see subsection 4.2.12).

In the case of pressure boundary condition for the inertial model (4.34), at the inlet j = 0
where the inlet pressure P, is prescribed, we determine Aj. (0,7) by setting (/15. 0,7H)"— (Aﬂ(O, "=
P, and we obtain this constraint directly from ‘tube law’ given in (4.35) where the external pres-
sure p, = 0, as explained in subsection 4.2.12.

In case of the flux-driven viscous model at the inlet j = 0, we introduce a fictitious node at
the inlet X = —dX and compute the corresponding cross-sectional area Aj. at the fictitious node
by solving the boundary condition (4.36b). We then use the ghost point value to evaluate the
second-order stencil for the given equation (4.36).

In case of pressure driven viscous model (4.36), at the inlet j = O the pressure P, is prescribed.
We find A by setting k(((Aj.(o, Hym — (Aj.(o, )™ = B,

We observe that how we discretise (i.e., implicitly or explicitly) the spatial terms present in
the final model makes no difference to the outcome. The other factor, for example, the spatial

grid size, plays a crucial role (see the detailed discussion in subsection 4.5).
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Figure 4.4: Behavior of the single vessel viscous and inertial models of vein and artery of two
generations 3 & 5 using flux boundary condition at a steady state when maximum pressure am-
plitude Ap? = 0: spatial profiles of the blood pressure along the vein of (a) generation 3 & (b)
generation 5 and spatial profiles of the blood pressure along the artery of (c) generation 3 & (d)
generation 5. pg = 0 is the prescribed pressure at the outlet of the vessel. The solid blue line
represents the viscous response, and the red circle represents the inertial response.

4.4 Steady Model Results

To understand the steady state behaviour of the viscous and inertial models in response to a
fixed external pressure perturbation p}, we begin by isolating the time-independent steady state
solutions. Throughout this work, we consider the baseline blood flow direction from left to right.

In subsection 4.4.1, we examine normal blood flow conditions in the absence of external pres-
sure p’, applied to the blood vessel. The key differences in the responses of different generations
(3 and 5) of arteries and veins are outlined. Next, to assess the impact of a fixed (localised) exter-
nal pressure perturbation on the shape of the retinal artery and vein, we perturb the steady-state
models by applying a fixed external pressure of the form (4.3), which is spatially localised but

uniform in time. The responses of these perturbed models are presented in the subsection 4.4.2.

4.4.1 Steady baseline case with no external pressure

We start by analysing the baseline case first, where we study the steady unperturbed solutions by

considering p, = 0 for both the inertial model (4.37) and for the viscous model (4.38) for a single
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Table 4.3: Comparison of steady pressure drop between viscous model (4.38) and [61]

Artery(mmH g) Vein(mmH g)

GenNo. | Qx(mis™") | Ap? Ap; | Aph | Ap Ap; | Aps
3 1.88x 10~ [ 1.1418 [ 1.1297 | 1.1 | 0.5190 | 0.5190 | 0.5

4 9.41x10™ | 1.1082 | 1.1027 | 1.1 | 0.5021 | 0.5021 | 0.5

5 471x107° | 1.0472 | 1.0448 | 0.9 | 0.4942 | 0.4942 | 0.5

6 2.35x 107 [ 0.9801 | 0.9791 | 0.9 | 0.4692 [ 0.4692 | 0.5

7

8

9

1.18x 107> | 0.8965 | 0.8961 | 0.9 | 0.4463 | 0.4463 | 0.4
5.88x107° [ 0.8303 | 0.8303 | 0.7 | 0.4069 | 0.4069 | 0.4
2.94x107% [ 0.7371 [ 0.7371 | 0.6 | 0.3811 | 0.3811 | 0.4
10 1.47x107% | 0.6426 | 0.6426 | 0.6 | 0.3439 | 0.3439 | 0.4
11 7.35x 1077 [ 0.5578 | 0.5578 | 0.4 | 0.2937 | 0.2937 | 0.3
12 3.68x1077 | 0.4619 | 0.4619 | 0.4 [ 0.2536 | 0.2536 | 0.2
13 1.84x1077 [ 0.3669 | 0.3669 | 0.3 [ 0.2182 | 0.2182 | 0.2

vessel under a prescribed inlet flux boundary condition. Additionally, in subsection 4.4.1.1, we
compare the influence of prescribed inlet flux and prescribed inlet pressure on the steady-state
responses. In the next subsection 4.4.1.2, we compute the total pressure drop across different
generations of arteries and veins calculated from the unperturbed inertial and viscous models
and compare the results with values reported in the literature [61].

Figure 4.4 plots the arterial (see figure 4.4a,b) and venous (see figure 4.4c,d) responses for
generations 3 and 5 for both viscous and inertial responses solved using flux-driven boundary
conditions. The pressure profiles for both arteries and veins (see figure 4.4) for both generations
decrease almost perfectly linearly with the slope set by the prescribed flow rate. The negative
pressure gradient is due to the work done against viscous effects in the baseline flow. For this
choice of parameters, the prediction of the inertial model agrees almost perfectly with that of the
viscous model in all cases. However, the pressure gradients are much smaller in the vein as the
vein is less stiff than the artery. In both types of vessel (artery and vein), we observe that the
pressure drop is much larger in generation 3 than in generation 5 because the corresponding flow
rate in generation 3 is four times larger compared to that in generation 5.

In the next subsection 4.4.1.1, we compare the steady responses obtained by using the pres-

sure boundary condition and flux-driven boundary condition.

4.4.1.1 Comparison of flux and pressure-driven steady flow

Figure 4.5 compares the steady flow along a vein of generation 3 computed using both the inertial
model (4.37) and the viscous model (4.38). In each case, we prescribe one of the upstream pres-
sure or upstream flow rate and compute the corresponding quantity using the numerical solution
of the steady model (see subsection 4.2.12). In figure 4.5, we plot these two quantities against one

another and find that in the absence of external pressurisation, the inertial and viscous models
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Figure 4.5: Comparison of boundary conditions for venous response of generation 3 for steady
models showing inlet flux QZ’; vs inlet blood pressure P(;“ showing (a) viscous model and (b)
inertial model. pg = 0 is the prescribed pressure at the outlet of the vessel. The solid line is for
a pressure-driven boundary condition, and the circle is for a flux-driven boundary condition.

show almost identical qualitative and quantitative behaviour. This is because the inertial model
(4.37) difters from the viscous model (4.38) only by one additional term, the convective inertia
term, which, for these parameters, has a minimal impact on the response since the inlet flux is
relatively small.

In summary, for the steady-state unperturbed model, the inlet pressure P(;“ and inlet flux QS

are interchangeable, allowing Q(’; to be determined explicitly when P(;" is given, and vice versa.

4.4.1.2 Comparison of steady flow for upstream boundary conditions

We now calibrate these steady predictions to a small network which mimics the superior temporal
quadrant of the human eye [61]. We denote the pressure difference between the inlet and outlet
of the vessel by Ap*, where Ap? is obtained from the inertial model, p; from the viscous model,
and p7. from the model retina given in [61]. Figure 4.6 and table 4.3 compute the pressure
difference Ap;, Ap} across different generations from 3 to 13 for both arteries (see figure 4.6a)
and veins (see figure 4.6b) from the unperturbed steady state (i.e., p, = 0) for inertial (4.37)
and viscous (4.38) models using the prescribed flux boundary condition and then compare these
values with the baseline values (Ap;) available in the literature, assuming a retinal vessel as a
rigid tube [61]. Similarly in figure 4.6(c,d), we compare the inlet flow rate Q7, O’ obtained from
the steady unperturbed viscous (4.38) and inertial model (4.37) solved using pressure-driven
boundary condition for different generations of vessels and then compare these inlet flow rates
with the baseline flow rate QS given for rigid tube in the literature [6]]. Note that the flow at each
generation is assigned by equally splitting the total retinal blood flow across all bifurcations.
For both arteries and veins, the pressure drop decreases with each successive generation along
the vascular tree (see table 4.3, figure 4.6). From figure 4.6(a,b), we see that the responses from
the inertial and the viscous models become increasingly similar with each successive generation

along the vascular tree. As previously discussed, the only distinction between the two steady
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Figure 4.6: Comparison of steady flow for upstream flux-driven boundary condition: compar-
isons of ApZ,Ap;.",Ap; vs generation number for steady (i.e., p, = 0) in viscous (4.38) model
and steady inertial model (4.37) with the model retina values given in [61] (a) for artery, (b) for
the vein and comparison of Qi, Q;.“, Q("; between different generation shown for (c) for the artery
and (d) for the vein. Here Ap™ and Q(’; are the inlet and outlet pressure difference across each
generation calculated and inlet flow condition from our model, Api, Qi for the viscous model,
Ap;", Q;k for the inertial model, and Ap;, Q; denote the pressure difference calculated from [61].
The blue line represents the arterial response, and the red line for the viscous response. The solid
line represents the viscous model, the dashed line represents the inertial response, and the circle
represents the baseline parameter values.

models is the convective inertia term in the inertial model. However, for the given parameters,
this term has minimal influence on the system’s response, as the inlet flux decreases with each

successive generation, and viscous effects are getting stronger compared to inertial effects.

Looking at figure 4.6(a,b), we observe that our model is slightly over-predicting the pressure
drops compared to the Takahashi et. al., listed in table 4.3; they developed a theoretical model
describing hemodynamics in the retinal microvascular network under the assumption of vessels
with fixed cross-sectional area. For a detailed discussion on this model, see the subsection 1.3
of Chapter 1. Conversely, in our models (4.37,4.38), retinal vessels have flexible walls, allowing
for interaction with the blood flow. Moreover, since the outlet pressure condition we choose is
p =0, the vessel can not inflate at the outlet. As a result, the vessel has to inflate at every other

point along the vessel to account for the work done against the viscous effects. This inflation
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causes the overall increase in pressure as we move backwards along the vessel. Also, the values
quoted by Takahashi et al. in [61] are rounded up to one significant digit, which is also a potential
source of discrepancies between our predictions.

Similarly, for the pressure-driven case, our predicted inlet flux is initially slightly higher than
their values (see figure 4.6(c,d)) reported in the literature [61], but as we move towards smaller
values, our predictions show increasing agreement. This is because larger vessels are more com-
pliant than smaller vessels. As a result, the vessel has to inflate at all other points in the vessel
except at boundaries where values are already prescribed. This inflation causes an increase in
flow rate compared to the rigid-tube case. However, as vessel size decreases, our predictions
align with theirs. Also, as discussed before, the values obtained from [61] are rounded up to two
significant digits, which might be another source for discrepancies.

Overall, the predictions obtained from our steady unperturbed models (for both viscous and
inertial models under the flux-driven and the pressure-driven boundary conditions) are not sig-
nificantly different from those of the rigid-tube model reported in [61]. This indicates that if
we want to model the blood flow in a healthy retina, we can consider blood vessels as rigid
tubes. This approach reduces the computational complexity of the numerical scheme developed
to solve the model. Having established the behaviour in the healthy case, in subsection 4.4.2, we

concentrate on pathological scenarios, specifically retinal vein occlusion (RVO).

4.4.2 Steady baseline case with fixed external pressure

We start with the same steady unperturbed model (sup) as described in subsection 4.4.1, where
for the artery in the case of the flux-driven boundary condition, we prescribe the baseline inlet
flux QE“) =1.88x10™*mis~! [61] and for the pressure-driven case, we prescribe the baseline inlet
pressure Pg = 1.1344mmH g. In this section, we consider the vein of generation 3. For instance,
in the flux-driven case, we consider the baseline inlet flux Q(”; =1.88x10"*mis~ ! [61], and in the
pressure-driven case, we prescribe the baseline inlet pressure P(;k = 0.5209mmH g. At the inlet
p, =0 and as discussed in subsection 4.4.1.1, when p} = 0, the inlet pressure P(;k and inlet flux
Q(’; are interchangeable. The values of P(;k for both artery and veins can be obtained directly from
the flux-driven case. However, to mimic the effect of retinal vein occlusion on a single vessel and
to see how the vessel cross-sectional area and blood pressure change, we perturb the sup inertial
(4.37) and sup viscous (4.38) models by applying a time-independent localized external pressure
perturbation p’ of the form (4.3) at the midpoint along the length of the vessel. While keeping
everything else identical, we directly compare the responses of this steady perturbed model (sp)
with the sup response. In the following two subsections 4.4.2.1 and 4.4.2.2, we discuss the effect
of spatial extent k;’; and maximum pressure amplitude Ap? on the responses of steady perturbed
model.

Figure 4.7 compares the sup and sp flow along a vein (or artery, see figure 4.8) of generation

3 obtained from the inertial model (4.37) and the viscous model (4.38) solved using either a
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Figure 4.7: Steady-state responses of vein of generation 3 for the inertial and the viscous models,
obtained using flux boundary conditions under an externally applied pressure perturbation with a
maximum amplitude of Apj =5mmH g, showing: (a) cross-sectional area A*, (b) blood pressure
p*, and external pressure perturbation p for flux-driven boundary condition, (c) cross-sectional
area A* and (d) blood pressure p*, and external pressure perturbation p’ for pressure-driven
boundary condition. The black dashed line represents the spatial location of the point of occlu-
sion. The red-dashed lines are for the steady perturbed (SP) viscous response, the blue circles for
the steady perturbed (SP) inertial response, the solid cyan line for the steady viscous response,
and the cyan dashed line for the steady inertial response. ‘sup’ stands for steady unperturbed
state.

prescribed upstream flux (see figure 4.7(a,b) for vein and figure4.8 (a,b) for artery) or a prescribed
upstream pressure boundary condition (see figure 4.7(c,d) for vein and figure 4.8(c,d) for artery).

Looking at flux-driven flow for vein of generation 3 given in figure 4.7(a,b), the constriction
restricts the local blood flow, and so the blood is displaced and redistributed upstream (i.e., the
left side of the point of constriction, the black dashed line in figure 4.7) and downstream (i.e.,
the right side of the point of constriction, the black dashed line in figure 4.7). As expected, the
cross-sectional area A* (the red dashed line and blue circles in figure 4.7a) expands upstream
of the point of constriction compared to the sup profile (cyan solid line and cyan circle in figure
4.7a) to accommodate the displaced fluid. Similarly, pressure p* (red dashed line and blue circles
in figure 4.7b) increases upstream of the point of construction relative to the sup state (cyan solid
line and cyan circle in figure 4.7b). However, we note that downstream of the constriction, the

pressure remains almost unchanged and the area profile is similar to the sup case. This lack of
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Figure 4.8: Steady-state responses of artery of generation 3 for the inertial and the viscous mod-
els, obtained using flux boundary conditions under an externally applied pressure perturbation
with a maximum amplitude of Ap? = SmmH g, showing: (a) cross-sectional area A*, (b) blood
pressure p*, and external pressure perturbation p’; for flux-driven boundary condition, (c) cross-
sectional area A* and (d) blood pressure p*, and external pressure perturbation p’ for pressure-
driven boundary condition. The black dashed line represents the spatial location of the point
of occlusion. The red-dashed lines are for the steady perturbed (SP) viscous response, the blue
circles for the steady perturbed (SP) inertial response, the solid cyan line for the steady viscous
response, and the cyan dashed line for the steady inertial response.

expansion can be attributed to the downstream boundary condition assuming the outlet pressure
to remain fixed. As the vessel is inflated, pressure p* is higher than the external pressure p;
(i.e., p* > p) both in the upstream and downstream regions whereas the external pressure p? is
much higher than the blood pressure p* in the middle of the vessel as we apply the constriction
externally in the middle of the vessel along the length.

Now looking at the pressure-driven case for vein given in figure 4.7(c,d), the slope of the
pressure profile at the inlet (the cyan line in figure 4.7d) in the sp state is set by the pressure drop
between the inlet (i.e.,p = 150) and the outlet (i.e.,p = 0) of the vessel. Unlike the flux-driven case,
we observe that the area and pressure profiles are inflated both upstream and downstream of the
constriction (see figure 4.7c,d). However, the amount of expansion for the pressure-driven case
is much smaller than the flux-driven case, and the overall pressure gradient is reduced both up
and downstream as the global value must be maintained (the gradient of the profile is reduced).

As a result, the inlet flow rate for the viscous model reduces by 75.3% to 1.416 x 10™*mls~!
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compared to the baseline value for the sup state given above. For the inertial model, the inlet
flow rate reduces by 75.47% to 1.419 x 10~*mis~!. Following our discussion for the sup state
given in subsection 4.4.1, we can conclude that the effect of upstream boundary conditions is only
negligible before the flow is perturbed. However, in pathological situations when the constriction
is applied to the vein, the boundary condition now has a significant impact on the behaviour of
the model. This will be particularly interesting in the context of upstream propagation of pressure
through a larger network, where boundary conditions are set by matching to neighbouring vessels.

The artery of generation 3 is much stiffer (i.e., by three orders of magnitude) than the corre-
sponding vein of generation 3, resulting in smaller expansions in the artery (see figure 4.8a,b,c,d)
compared to the vein (see figure 4.7a,b,c,d) in response to the same external pressure applied and
similar boundary conditions. Now comparing the responses obtained from prescribed pressure-
driven boundary condition (see figure 4.8c,d) and prescribed flux-driven boundary condition (see
figure 4.8a,b), we observe that for a pressure-driven system, the inlet flow through the viscous
model decreases to Qf = 1.877 X 10~*mls! Q) =1.879% 10~*mls~! for inertial model) com-
pared to the baseline flow rate given for the flux-driven boundary condition of sup model. Thus,
for the pressure-driven case, we observe only limited upstream effect for both cross-sectional
area A™ (see figure 4.8c) and pressure p* (see figure 4.8d) responses compared to the flux-driven
flow. To this end, it is safe to conclude that to see a noticeable deformation in an artery, we need
to apply a substantial amount of external pressure perturbation, which is much smaller for the
vein of the same generation. However, it is important to note that we are primarily interested
in studying the mechanism of retinal vein occlusion. Henceforth, we disregard the arteriole net-
work and continue to work with the vein in the rest of this chapter. We return to the arterioles in

Chapter 5 as it is important to build a complete arterio-venous network in Chapter 6.

4.4.2.1 Effect of the spatial extent of occlusion k;

To examine how the control parameter k;, which dictates the spatial extent of the occlusion,
influences the responses of the sp model, we start with the sp inertial model (4.38) and the sp
viscous model (4.37) discussed in subsection 4.4.2. For the vein of generation 3, in flux-driven
case, we consider the baseline inlet flux Q(*) =1.88x10~*mls~! and for the pressure-driven case,
we prescribe the baseline inlet pressure P’ = 0.5209mmH g and systematically we vary the value
of k;, allowing us to observe how the cross-sectional area A* changes in each case (figure 4.9a,b).
Also, we discuss how the inlet pressure P(;k changes under a flux-driven boundary condition (see
figure 4.9¢) and the inlet flow rate QS varies under a pressure-driven boundary condition for
different values of k;‘) (see figure 4.9d).

As we increase k;, the spatial effect of the external pressure p’ becomes confined around
the immediate vicinity of the point of occlusion xl*,. As expected, we observe a corresponding
confinement in the profile of the cross-sectional area A* for both flux-driven and pressure-driven

cases (see the dot-dashed line corresponding to k; = 800 in figure 4.9a,b). Furthermore, for the
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Figure 4.9: Effect of the three different spatial extents of occlusion k;’; on the vein of generation
3 in the steady-perturbed inertial and viscous models, subjected to an externally applied pressure
perturbation with a maximum amplitude of Ap? = 1mmH g, showing: (a) spatial profiles of the
cross-sectional area A* obtained for flux-driven case, (b) spatial profiles of the cross-sectional
area A* obtained for pressure-driven case, (c) inlet pressure P, and (d) inlet flux Q(’; for three
different k;. r, 1s for the viscous response, and r; is for the inertial response. ‘sup’ denotes the
steady unperturbed state.

flux-driven case, while the inlet flux QE") is constant, the pressure drop along the vessel P(;" for
both viscous and inertial models decreases steadily as we increase the value of k; (see figure
4.9¢). This is because as we increase k;, the effect of p} becomes more confined to the point
of occlusion x; so the expansion of cross-sectional area from the sup state (see the cyan dashed
line for viscous model and cyan circle for inertial model in figure 4.9a) becomes less evident
in the upstream and downstream of the constriction (see figure 4.9a). As the blood pressure is
connected to the area by ‘tube law’, so as the area expansion in the upstream end decreases with
increasing k;, the driving pressure P(;" also decreases (see figure 4.9c). Now, looking at figure
4.9(d) for the pressure-driven case, we observe that the inlet flux QS increases as we increase k;;.
Increasing k; reduces the change in pressure gradient through the constriction, and therefore, the
inlet flow Q(’; must increase to maintain the overall pressure gradient. As the flow rate increases,

we now observe minor discrepancies between inertial and viscous models.
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Figure 4.10: Effect of the different maximum amplitude of pressure Ap? applied externally on the
steady-state inertial and viscous models showing: (a) minimum cross-sectional area obtained us-
ing flux boundary condition, (b) minimum cross-sectional area obtained using pressure boundary
conditions, (c) the inlet pressure P(;k for flux-driven case, and (d) the inlet flux QE“) for pressure-
driven case. ‘sup’ stands for steady unperturbed state and ‘sp’ stands steady perturbed state.

4.4.2.2 Effect of maximum pressure amplitude Ap’

To examine the impact of the second control parameter, the maximum pressure amplitude Ap
on the vein of generation 3, we start from the sp inertial (4.37) and sp viscous (4.38) discussed in
subsection 4.4.2 and vary Ap’ between 1mmH g and 15mmH g and examine its influence on the
degree of vessel constriction in the sp state. Figure 4.10 illustrates how the minimum area A*
changes for both flux-driven (see figure 4.10a) and pressure-driven (see figure 4.10b) boundary
conditions and also the changes in driving pressure P(;k (see figure 4.10c) and inlet flux Qg(see
figure 4.10d) as the maximum pressure amplitude Ap’ increases.

As we increase the amount of pressure perturbation A p:, the minimum value of the cross-
sectional area for the constricted vessel reduces steadily and goes below the baseline value ob-
tained from the sup state (see sup state in figure 4.10a,b). This is because as Ap? increases, the
vessel experiences greater constriction, leading to a reduction in the cross-sectional area A* and,
as a result, the minimum value of A* reduces significantly.

Looking at the flux-driven case given in figure 4.10(c), when the inlet flux Qj = 1.88 X
10~*mis~! is fixed, as we increase the maximum pressure amplitude Ap?, P(;“ increases. In
contrast, for the pressure-driven case when the driving pressure Pg =0.5209mmH g 1s fixed, the

inlet flux Q’S decreases with increasing Ap? (see figure 4.10d) to maintain the overall pressure
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gradient.

4.5 Unsteady Model Validation

Before exploring the full non-linear dynamical behaviour of both models, we first aim to under-
stand the convergence of the numerical schemes developed to solve both the unsteady inertial
system (4.34) and the viscous system (4.36); in this case, we consider prescribed upstream flux
boundary conditions. In this section, we consider a vein in generation 3 with prescribed inlet
flux Qp = 1.88x 10~*mls~!, the steady baseline value computed earlier in the absence of any
perturbation. To study the convergence of the numerical scheme, we investigate the role of two
key numerical parameters: the time step df and the number of spatial grid points N, where
the spatial step size is given by dX = 1 /(N —1). We consider four different values of N, i.e.,
N =801,1201,1601,2501, to understand the influence of the number of spatial grid points on the
convergence of the numerical schemes. In the viscous model, the time step d7 is calculated using
the balance df = ocl(a’ic)2 while in the case of the inertial model, the time step d7 is calculated
using the balance df = a,(d %), where in this case aj is called the Courant number. To investigate

the impact of the choice of time-step d7, we choose different a; and a, values, and analyse the

7
’10
L* is the length of vein generation 3. We start with the unperturbed unsteady model in sub-

solution at three different spatial locations along the vessel namely x* = %L*, %L* L*, where
section 4.5.1. In the following subsection 4.5.2, we perturb the model by applying a non-zero

time-independent fixed external pressure perturbation.

4.5.1 Zero external pressure perturbation

As no external pressure perturbation is applied (Ap} = 0, f* = 0 in equation 4.3), in this case,
we consider unsteady simulations starting from the sup state (see subsection 4.2.12).

To understand the convergence of the numerical scheme, we quantify the relative errors by
comparing the area and flux values v = (4, §) obtained from the unsteady unperturbed model
(uup) at time 7 with those responses obtained from the sup model for a given spatial location X.

Mathematically, we define the error eg) as a function of X for each N as:

v(X,t)— Usup(fc)

e(%) = lim , (4.39)

t—00

vsup(ic)

where v, (%) indicates the corresponding sup response of the corresponding system. In this
calculation, it is not possible to actually consider the limit as 7 — co, and so we approximate the
infinite limit by a large value of 7, which we denote as ¥ . We endeavour to choose 7, such that
the behaviour has settled down into the steady state.

We observe that when we start the unsteady simulation from the sup state with no perturbation
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applied, the error eg) does not accumulate substantially for any of the spatial grid resolution
we tested, and remains essentially fixed for all time. Conversely, we also observe that as we
change the values of ay, a, while keeping all other parameters, including N fixed, no appreciable
differences are observed in the convergence of the scheme.

We conclude that the choice of N and d7 has no significant impact on the convergence of the

numerical scheme when no external pressure is applied.

4.5.2 Non-zero fixed external pressure perturbation

To understand the convergence of the perturbed unsteady viscous and inertial models (solved
using flux-driven boundary condition), we introduce a non-zero but time-independent external
pressure perturbation (i.e., /* =1 in equation 4.3) with a maximum amplitude Ap} = 1mmH g,
while keeping all the other parameters the same as before. However, we consider a wider range
of Ap? in figure 4.13 below. In this section, we initiate all unsteady simulations from the sp state
described in subsection 4.2.12, unless stated otherwise.

To quantify the errors in the numerical scheme, for a given spatial location X we define the

error as o~ -
U(X, t) - Usp(X)

— , v=(A,9), (4.40)
Vgp(X)

e (%) = lim
t—>o0

where v, indicates the sp state of the inertial and viscous models.

In the following two subsections 4.5.2.1 and 4.5.2.2, we consider the role of the spatial grid
resolution N and time steps d7 in the convergence of the numerical scheme developed to solve
the unsteady inertial and viscous models. The discrepancies observed in the convergence of the
unsteady viscous model to the sp state motivate the introduction of a fixed point map to examine

the unsteady viscous model in more detail, as discussed in subsection 4.5.2.3.

4.5.2.1 Convergence of the inertial model

To understand the dependence of the convergence of the numerical scheme developed for the in-
ertial model on the spatial grid resolution, for a given factor a, = 0.01, we consider four different
numbers of spatial grid points, namely N = 801,1201,1601,2501.
At time £ = 0.2s, keeping a, = 0.01, figure 4.11(a) plots the amplitude of eg) at the spatial
location x* = %L*, as we change N, while figure 4.11(b) keeps the value of N =801 fixed and
1

changes the value of a, plotted at spatial location x* = EL*' Figure 4.11(c) plots the value of

eg) at the spatial location x* = %L* for different Ap’ while keeping N = 801 fixed. From figure

4.11(a), as we increase the spatial grid resolution, the amplitude of efiz) decreases, indicating

that the unsteady perturbed inertial profiles are approaching the sp inertial state. As expected

the error e® of the scheme is proportional to % (see the solid blue line in figure 4.11a). It
@)

is important to note that the amplitude of e is almost identical at all three spatial locations
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Figure 4.11: Effect of spatial grid-points and time-steps N,d7, respectively on inertial model
(solved using flux-driven boundary condition) showing: measure of the error quantity eéz) ob-
tained for (a) various spatial grid points N at the spatial locations x* = %L*, (b) for different
values of a, = 0.001,0.01,0.1 and (c) for different values of maximum pressure amplitude Apz

at the spatial locations x* = %L* where L* is the baseline length of the vein generation 3. The
red-dashed line in (a) is the reference line of slope —2. The final time of simulation in each spatial
response is 17 = 0.2s.

x* = iL*, %L*, %L* in the long-time limit (i.e, #7 = 0.2s) for large N. From this observation,
we conclude that for arbitrarily large N, the predicted state from the unsteady perturbed inertial
model will approach the sp model. Considering computational resources and time, we choose a

large enough N such that the amplitude of efiz) remains sufficiently small over a simulation. To
@

y 2
of a, at the spatial location x* = %L*. For fixed grid resolution N = 801, the values of efi)

understand the role of d7, in figure 4.11(b) we change the @, value and plot e>” as a function

obtained for three different a, are nearly identical (differences are of order 10~7), indicating
that a, has no significant influence on eéz) and, consequently, on the convergence behaviour of
the numerical scheme. It is safe to conclude that when the number of grid points is fixed, the
convergence of the numerical scheme developed for the inertial model does not depend explicitly
on the choice of time step df when «, lies between 0.001 and 0.1. In figure 4.11(c), we observe
that as we increase the maximum pressure amplitude Ap?, the value of eéz) increases and reaches
1.8 1073 for Ap; =20mmH g. However, if we increase spatial grid resolution to N = 1201, the
value of esz) decreases significantly and becomes 0.81 x 103 for Ap; =15mmH g. In this case,
for N =801 and Ap} = 20mmH g, the error is 0.18% for the spatial location x* = %L*, which
we deem to be acceptable.

In the following subsection 4.5.2.2, we discuss the convergence of the numerical scheme

developed for the unsteady viscous model.

4.5.2.2 Convergence of the viscous model

Figure 4.12 plots the response of the viscous model including the temporal response of the cross-
sectional area A™ (see figure 4.12a), and the axial flux ¢* (see figure 4.12c¢) at three spatial loca-
tions x* = %L*,%L*,%L*, where L* is the length of vein generation 3 and figure 4.12(b,d) plots
the spatial responses of the cross-sectional area A* (see figure 4.12b), axial flux g* (see figure
4.124d).
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Figure 4.12: Responses of the viscous model (solved using flux boundary condition) response
to a time-independent fixed pressure perturbation of maximum amplitude Ap; = 1mmH g ex-
ternally applied showing: (a) temporal profiles of the cross-sectional area A* at three differ-

ent spatial locations x* = ZL*,%L*, %L*, (b) spatial profiles of the cross-sectional area A™ at
three time steps Zt; t; 2t* (c) time traces of the axial flux g* at three different spatial loca-
tions x* = %L*, %L*, %L*, where L* is the length of vein generation 3 and (d) spatial profiles

of the cross-sectional area A™ at three time steps Ly p, 2t* The final time of the simulation is
2P
= 2t; =0.2s.

We observe that the unsteady predictions of the viscous model for the cross-sectional area
A* and the axial flux ¢* reach a steady configuration in the long-time limit at all three spatial
locations (see figure 4.12a,c). Ideally, this state should be approaching the sp state from where
the unsteady simulation begins. However, e~) (see equation 4.40) is not precisely zero for all
= JL*, €? =2.5x1073) at the final time

2
1%, = 0.2s (where the system is already saturated), indicating that the unsteady response of the

three spatial locations (e.g., for spatial locatlon x*

viscous model does not perfectly converge to the sp state.

Looking at spatial profiles given in figure 4.12(b,d), for the axial flux ¢* in a long time limit,
the discrepancies between unsteady profiles and sp viscous state (the cyan dashed line in fig-
ure 4.12d) at three different times %t;,t;’;,Zt; are now much greater than those observed for the
cross-sectional area A* (the cyan dashed line in figure 4.12b). From the temporal plot in figure
4.12(c), we see that all three different temporal profiles of g* converge to a steady state which is

significantly different from the sp viscous state (see figure 4.12d). The flux profile exhibits spa-
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Figure 4.13: Effect of spatial grid-points and time-steps N ,d7, respectively on viscous model

(solved using flux-driven boundary condition) showing: measure of the error quantity eg) ob-
tained for (a) various spatial grid points N at the spatial location x* = %L*, I%L*, (b) for different
values of «; =0.01,0.1,0.5,0.8, 1 at the spatial location x* = %L* and (c) for different maximum

amplitude Ap? plotted at the spatial location x* = L1* for N =801, and where L* is the baseline
length of the vein generation 3. The final time of simulation in each spatial response is £ = 0.2s

tial oscillations across the externally perturbed region, and approaches a constant value different
to the sp state near the downstream outlet.

We previously observed that when no external pressure is applied, the numerical scheme
developed for the viscous model converges well (see the discussion in subsection 4.5.1). How-
ever, unlike the inertial model, the unsteady viscous model does not cunningly converge to the
sp state of the model. It is important to note that keeping the numerical parameter values N,d7
fixed, we use different combinations by treating each term of the viscous model either implic-
itly or explicitly, but the outcome remains qualitatively unchanged, although results do improve
as N becomes large. The discrepancies in the scheme appear because of the presence of the
second-order spatial derivative in the external pressure p’; in the model (4.36).

Figure 4.13 plots the error quantities efiz) for the axial flux ¢* obtained at different spatial
locations from the different methods for different number of spatial grid points N (figure 4.13a),
different time steps d7 (figure 4.13b) and different maximum pressure amplitude Ap? (figure
4.13c). From figure 4.13(a), we observe that the error quantities efiz) related to the axial flux
q* obtained by comparing unsteady profiles g> obtained at the spatial location x* = %L*, %L*
at time ¢ = 0.2s and the profiles obtained from the corresponding steady perturbed model at
the same spatial locations, are getting smaller as we increase N. As mentioned for the inertial
case (see 4.5.2.1), as the error of the spatial finite difference approximations is proportional to
1/N?, so eéz) decreases as we increase N. Figure 4.13(b) plots the error quantity eéz) (%L*)
as a function of five different values of a; = 0.01,0.1,0.5,0.8,1, while keeping N = 801, and
the maximum pressure amplitude Ap} = lmmH g fixed. We observe that when N is fixed, ef;)
does not change significantly as we vary a;, meaning the flux profiles corresponding to different
a; values converge to the same steady state as t* — o0. A similar observation has been made
while keeping the maximum pressure amplitude Ap’ = SmmH g fixed. This behaviour indicates
that, for a fixed N, 0.01 < a; <1 have no significant influence on the convergence behaviour of

the numerical scheme, so the discrepancies between unsteady and sp profiles cannot be reduced
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by using different a; values. As a result, the convergence of our numerical schemes does not
depend significantly on the time step df. Instead, the convergence of the numerical scheme
depends crucially on the spatial grid resolution N.

To examine the influence of the maximum pressure amplitude Ap? on efiz) , figure 4.13(c)
presents how the value of efiz) obtained at spatial location x* = %L* changes by varying Ap}
between 1 and 15mmH g, while keeping a; = 0.01 and the spatial grid resolution N fixed. As
we increase the maximum pressure amplitude Ap?, the value of eg) increases for a fixed grid
resolution N, becoming approximately 0.03 for Ap? = SmmH g (see figure 4.13c). For Ap? =
15mmH g, ef;) is even larger (=~ 0.5). However, as we increase N to 2501, the value of eg)
significantly decreases for all cases (eg) is 0.002 for Ap} = 5SmmH g).

Ideally, the acceptable error margin should be around 1% which would mean restricting Ap}
to 3mmH g. However, to extend the range of analysis, for the viscous model, with the choice
of the grid points N = 801, we restrict the maximum pressure amplitude Ap? to a maximum
of 5mmH g as seen in figure 4.13(c) where the error is eg) = 0.03 i.e., 3% for spatial location
x* = %L*, which we deem to be acceptable. Identifying that in this regime, the error for running
the unsteady viscous model is approximately 3%, and we consider Ap? < 5mmH g and N =801
as our baseline case for the viscous model, which will be used in later chapters. Moreover, the
pressure drop in the steady state along the retinal vein of this type is around 1mmH g, and our

consideration of Ap? is still larger than the pressure drop along the retinal vein.
Following our discussions for the inertial model in subsection 4.5.2.1 and above, it is evident
that the convergence of the numerical scheme depends on the choice of N. Now, we want to

compare the value of eéz) with another error quantity obtained from the fixed point map.

4.5.2.3 Fixed point map of the unsteady viscous model

Recall that a point X" is called a fixed point of a function F if X* = F(x"). To quantify the error
evident in the viscous numerical scheme (see subsection 4.5.2.2), we view the numerical method
as a non-linear map from one timestep to the next and look for the fixed point of this map.

To construct such a map, we use similar numerical techniques as discussed in subsection
4.3.2. The highest-order spatial derivative is discretised implicitly, while all other terms are
treated explicitly. This choice of discretisation results in a nonlinear algebraic system, linking
each timestep to the next. However, if we impose that the dependent variables do not change
over time, then we obtain a nonlinear algebraic system of equations, which can be solved using
a Newton solver. We use the ‘fsolve’ solver in MATLAB to numerically solve the system and
extract the fixed point of the map, denoted as v,,. It is essential to note that fixed-point mapping
is well-defined, and a detailed discussion on the existence of a fixed-point map for the model is
beyond the scope of our work.

To quantify the error in the convergence of the numerical methods for the viscous model, we
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introduce the error quantity e® defined as

v(&,1) = v7,(X)

, 4.41
07, Ay

eD)(%) = lim
=00

where v ¢, denotes the profiles obtained from the fixed point map method. We aim to understand

how the error quantity ‘> changes as we vary the spatial grid resolution N and the time step d7.

We find that for the baseline grid resolution N =801 and Ap} = 5mmH g, value of ef;) (%L* )

(see equation (4.41)) is ~ 107® and is much smaller than eéz) (%L*) (see figure 4.13c), stating
that as * — oo the unsteady response of the viscous model is indeed approaching the fixed point
(fp) of the numerical map rather than the steady perturbed state (sp) of the viscous model (see

red circles in figure 4.12b,d).

Based on the findings reported so far, we conclude that for large Ap?, sufficiently large values
of N are needed to ensure the numerical convergence of the scheme developed to solve the
viscous model. However, this improvement comes at the cost of increased computational time
and resources, requiring a trade-off. To conclude, we consider Ap: <5mmHg and N =801 as

our baseline case for the viscous model.

4.6 Time-dependent external pressure perturbation

In section 4.5, we observed that when a time-independent external pressure perturbation of maxi-
mum amplitude Ap7 is applied, for large enough N values, both the inertial and viscous responses
eventually converge to the steady states. However, the inertial model is strongly influenced by
inertial effects during the initial period of the simulation. This raises an interesting question:
What happens if we add a new timescale t; over which we perturb the system? We aim to in-
vestigate how the time scale of perturbation and the inherent time scales of the model interact
and how the responses of the inertial model differ from the viscous model across both short and
long timescales. In this section, we start the unsteady simulation from the unperturbed steady
state given in subsection 4.2.12 and apply a time-dependent external pressure perturbation of the
form (4.5).

In the following two subsections 4.6.1 and 4.6.2, we discuss the key features obtained from
the viscous and inertial models using both the flux-driven and the pressure-driven boundary
conditions. In the following subsection and 4.6.3, we outline the thresholding approach needed
to ensure we only extract realistic solutions from the inertial model. Then, in the last subsection

4.6.4, we outline the key differences between the viscous and inertial responses.
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4.6.1 Unsteady Baseline Case: Viscous Model

To further understand the effect of the time-dependent external pressure, we analyse the time-
dependent solution of the viscous model (4.36) solved using either the prescribed upstream
flux condition (setting Q("; = 1.88x 10~ mis~!) or the prescribed upstream pressure condition
(setting P(;‘ = 0.5209 mmH g). An external pressure perturbation p; of maximum amplitude
Ap; =2mmH g is applied midway along the vessel over the time interval t; = 0.01s, and the
solution is analysed within the time scale tj‘, = 2tz. Figure 4.14 is obtained using an upstream
prescribed flux-driven boundary condition, and figure 4.15 is obtained using an upstream pre-
scribed pressure-driven boundary condition, each plotting the temporal (figure 4.14a,c,e and fig-
ure 4.15a,c,e) and spatial (figure 4.14b,d,f and figure 4.15b,d,f) profiles of the cross-sectional area
A*, axial flux g*, and blood pressure p* at three different spatial locations x* = %L*, %L*, lloL*
lt*, t* 2t:, where L* is the length of vein generation 3.

2 pp
Looking at spatial location x* = %L* of the temporal profiles given in figure 4.14(a,c,e), as

and at times t* =

the constriction is applied, the cross-sectional area A* decreases rapidly while the blood pressure
p* increases (through the ‘tube law’) as a combined effect of external pressure p;; and decreasing
cross-sectional A*. However, over time, the flow rate also increases, drawing fluid away from
the part of the constriction. Note that this motion in the constriction is presumably due to the
difference in response upstream and downstream of the constriction (see figure 4.14c). Once the
external pressure p, is fully applied, the flux profile reduces to the steady value over time, and
the time-traces of A* and p* reach a plateau where the pressure is 18% of the applied pressure
value around 7% = 0.002s.

Looking at the temporal profiles downstream of the constriction x* = 17—0L*, in figure 4.14(a,c,e),
as the constriction is applied, the time traces of area A* increase to accommodate the displaced
fluid, as does the time trace of flux ¢*. The corresponding time trace of pressure p* also in-
creases. Once the external pressure p is fully applied, the temporal profile of the area almost
stays constant, while the temporal profile of p* slightly decreases over time towards the steady
State.

Looking upstream of constriction, x* = %L* in figure 4.14(a,c,e), as the vessel is constricted
at the middle of the vessel, flux is driven backwards, i.e., upstream of the constriction (figure
4.14c) as a result initially flux seems to be decreasing. The corresponding time-traces of area
and pressure increase initially (figure 4.14a,e). Once the external pressure p; is fully applied, the
temporal profile of flux gradually increases towards the steady value while the temporal profile
of the cross-sectional area A* and pressure p* approach a plateau.

The corresponding spatial profiles given in figure 4.14(b,d,f) validate our observations from
the temporal plots. Looking at profiles at early time ¢* = %t;, as the constriction is applied, the
cross-sectional area decreases around the point of constriction. As the constriction is applied,
the flow upstream moves upstream and the flow downstream moves downstream. However, in-

coming flow keeps coming in, and we observe a slight increase in flow crossing the constriction
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(becomes asymmetric) and flow accumulates upstream (as flow can not leave across the upstream
boundary)(figure 4.14d). To accommodate the displaced fluid, the cross-sectional area inflates
upstream and downstream from the sup state (the cyan line in figure 4.14b). As expected, the
pressure profile expands from the sup state; but the expansion is greater upstream of the con-
striction compared to downstream due to the global boundary condition imposed at the outlet.
Looking at the profiles when the perturbation is fully applied (+* = t;), we observe that the area
profile is now even more inflated from the sup state at the upstream end, but now slightly reduced
at the downstream end due to the global boundary condition as flow leaves across the downstream
boundary. The corresponding flux is again redistributed, but greater in the downstream than up-
stream (figure 4.14d). As time progresses, the corresponding pressure profile also expands from
the sup state, where the expansion is more prominent at the upstream end compared to the down-
stream, again due to the global outlet boundary condition. For a long time, all the spatial profiles
approach the sp steady state (figure 4.16b,d,f).

The corresponding plots for the pressure-driven system are shown in figure 4.15. The spatial
responses remain almost unchanged at the downstream end for both flux and pressure-driven
boundary conditions, as the global boundary condition is the same in both cases. However, the
effect of the upstream boundary condition is evident upstream of the constriction. Comparing
the flux-driven and pressure-driven viscous responses given in figure 4.14(b,d,f) and in figure
4.15(b,d,f), we observe that many features are similar. However, we only highlight the unique
characteristics of the pressure-driven system responses. The temporal profile of flux is almost
perfectly symmetric about the centre of the vessel x* = %L* (see figure 4.15¢). Flux now leaves
from both ends of the vessel due to the prescribed pressure boundary condition (see figure 4.15c).
As a result, we observe much less accumulation of fluid and a small increase in area up and
downstream of part of maximal constriction (see figure 4.15b). Also, the increase in pressure is
much more localised around the part of maximal constriction (see figure 4.15f).

It is important to note that the viscous model does not allow any wave formation. Over time,
in the viscous model, the profiles for both flux-driven and pressure-driven boundary conditions
spread out smoothly from the sup state, and the only way to transfer information is through blood
flow. As a result, the viscous model responds instantaneously (but very slowly) at all parts along
the vessel. We note that the significant differences between flow-driven and pressure-driven
responses may have implications for flow in networks where the boundary conditions are more

complicated.

4.6.2 Unsteady Baseline Case: Inertial Model

As discussed earlier, the pressure drop along the retinal vein is around 1mm H g. However, when
the external pressure becomes large enough, the inertial model has the potential to exhibit other
interesting behaviours such as wave propagation within the system. To study the influence of

an unsteady perturbation on the inertial model, we isolate the solutions of the unsteady inertial
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model (4.34) solved using a prescribed upstream flux (setting QF = 1.88x 107 mls~!) or a
prescribed upstream pressure condition (setting P = 0.5209 mmH g). It is important to note
that the inlet flux QS and inlet pressure P(;" result in the same steady state flow, and they are
interchangeable as discussed in subsection 4.4.1.1. Now we are going to first focus on an extreme
case, where the pressure amplitude is larger than section 4.5 and the pressure perturbation is
applied more quickly. However, we also explore the responses of the unsteady inertial model
with an external pressure perturbation p? = Smm H g (as discussed in subsection 4.5) and compare

with the viscous responses in section 4.6.4 below.

An external pressure perturbation p? of maximum amplitude Ap’ = 10mmH g is applied
midway along the length of the vessel over the time interval t; = 0.002s, and the solution is
analysed within the time scale t;‘i = 2t:. It is important to note that in this inertial case, for
N =801 and Ap’e“ = 10mmH g, the error is 0.12%, which we consider to be acceptable. Figure
4.16 is obtained using an upstream prescribed flux-driven boundary condition, and figure 4.17
is obtained using an upstream prescribed pressure-driven boundary condition, each plotting the
temporal (figure 4.16a,c,e and figure 4.17a,c,e) and spatial (figure 4.16b,d,f and figure 4.17b,d,f)
profiles of the cross-sectional area A*, axial flux ¢*, and blood pressure p* at three different
spatial locations x* = %L*,%L*, llOL* and at times t* = %tZ,t;’;,Zt:, where L* is the length of
vein generation 3.

Looking at the spatial profiles in figure 4.16(b,d,e) obtained for flux-driven case, we observe
that applying a constriction at the midpoint of the vessel along its length leads to a decrease in
cross-sectional area in the neighbourhood of constriction (figure 4.16b). As the constriction is
applied, it reduces the venous outflow across the constriction (see red line corresponding to the
spatial location x* = %L* in figure 4.16¢), so the fluid is displaced, and over time the displaced
fluid accumulates in the upstream and downstream of the constriction (figure 4.16¢,d). As a re-
sult, the pressure profiles expand away from the constriction as time progresses (figure 4.16f).
Looking at a profile while the perturbation is being applied, the perturbations are localised near
the constriction, forming a wave front away from the constriction. As a result, we do not see an
instantaneous response at the ends, and so the early time behaviour of the model is more symmet-
ric between the upstream and downstream ends. Pressure increases up and downstream of the
constriction. However, at later times, at t* = t:, the pressure profiles gradually start steepening in
the far field from the constriction and develop large propagating fronts with very steep gradients.
Over time, the maximum gradients of the front of the profile become even larger, forming sharp
spikes. Looking at profiles corresponding to the later time * = 0.00026s, we observe that these
oscillatory spikes become even steeper and reach both the upstream and downstream boundaries
(figure 4.16b,d,f). In this case, the system is steepening toward a shock wave (or elastic jump)
[136]. These waves eventually reflect at the boundaries. Then, interestingly, we observe that
the effect of boundary conditions becomes more visible, which is discussed later in the section

and observe that the response now becomes asymmetric (see figure 4.16d and figure 4.17d). Af-
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ter reflecting from boundaries, propagating waves are moving back toward the constriction but
with reduced amplitude. However, it is important to note that at later times, the profile gradients
become so steep that our numerical scheme for solving the simulation is no longer reliable. Con-
sequently, we can no longer guarantee that the profile steepening observed in figure 4.16(b,d,f)
and figure 4.17(b,d,f) represent purely physical phenomena (such as shocks) rather than numer-
ical instabilities. To guarantee that, we would have to solve the shock-capturing model [30], or
include a membrane tension term in the model to stabilise the oscillation and disperse the shock
[136]. Alternatively, upon detecting irregularities in the spatial and time traces of the inertial
responses, we could devise a method to halt the simulation once the maximal gradient surpasses
a pre-defined threshold value. The detailed discussion on the thresholding approach is given in
subsection 4.6.3.

The effect of the upstream boundary condition is evident in the inertial model responses.
Comparing with the spatial responses obtained from the flux-driven case (figure 4.16b,d,f) and
from the pressure-driven case (figure 4.17b,d,f), we observe that, due to the same global boundary
conditions at the downstream end, the spatial responses at the downstream end remain almost
unchanged. However, the effect of the boundary condition is evident upstream of the constriction.
For early times t* = (1/ 2)t;‘; and t* = t;‘;, the responses of the inertial model for the flux-driven
case and the pressure-driven case are almost identical, as the propagating pressure profiles are far
from boundaries. However, the effect of boundary conditions is not realised until the wave hits
the boundary as mentioned earlier. Looking at the spatial plot corresponding to time t* = 2t;,
we observe that the pressure-driven and flux-driven responses are now very different for two
boundary conditions (figure 4.16d,f and figure 4.17d,f). In the case of flux-driven condition,
the flow continues to accumulate (blue profile in figure 4.16d), and so the pressure continues to
rise (blue profile in figure 4.16f). Conversely, for the pressure-driven condition, the flow moves
across the boundary, and so there is a much less pronounced increase in pressure upstream of the
constriction (comparing blue profiles in figure 4.16f and figure 4.17f).

In the following subsection 4.6.3, we discuss the thresholding approach implemented in the

inertial numerical scheme to make the prediction reliable.

4.6.3 Thresholding approach for the unsteady inertial model simulation

As discussed in Section 4.6.2, our numerical scheme cannot handle shocks, rendering the simula-
tion unrealistic beyond a certain threshold. To achieve a realistic solution for the inertial model,

we implement a threshold detection approach based on the gradient of the cross-sectional area
0A
0%
for all similar parameter values, beyond which the profile front steepens, indicating that the sim-

'. The idea is to identify a global threshold value for the gradient that can be generally used

ulation can no longer be trusted. Figure 4.18 plots how the cross-sectional area A (figure 4.18a)
and the gradient of the cross-sectional area change over space and time when an external pres-

sure of maximum amplitude Ap? = 10mmH g is applied over a timescale of t; =0.0002s (figure
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4.18b).

Upon closer inspection of figure 4.18(a), we observe that profile irregularities first appears at
time 7 ~ 0.08 (the black line in figure 4.18a). As time progresses, indicated by the direction of
the arrowheads, the profile becomes progressively more irregular and oscillatory.

To determine a threshold value, we calculate the maximum gradient of the cross-sectional
area, (3—’2) at each time point 7. Looking at the temporal plots in figure 4.18(b) and comparing
with corresponding spatial profiles given in figure 4.18(a), we observe that the maximum value
of <3—§> corresponding to the time 7 = 0.08 is 15.02 where we first observe the profile begins
to steepen significantly. We therefore find and select 15.02 as our threshold value. The blue
point in figure 4.18(b) corresponds to 7 = 0.08, and it indicates our chosen global threshold value
for simulation. Beyond this point, the gradient at the front of the spatial profiles continues to
steepen, and the solution becomes increasingly unreliable, prompting us to halt the simulation at
this stage.

Building on the detailed discussion on the viscous (see subsection 4.6.1) and the inertial (see
subsection 4.6.2) responses, we observe significant differences between their time-dependent

behaviour. In the following subsection 4.6.4, we summarise our observations and key differences.

4.6.4 Differences between viscous and inertial responses

Figure 4.19 plots time-dependent spatial responses of both inertial and viscous models solved
using the fixed upstream flux boundary condition. In this simulation, we consider the inlet flux
Q(’; =1.88x10"*mis~!. We vary both the maximum pressure amplitude, Ap, and the time of
perturbation, t;, one at a time and observe how these two control parameters affect the overall
responses of both the viscous and inertial models. Figure 4.19(a,c,e) describes the response of the
inertial model, plotting the spatial profiles of the vessel cross-sectional area, and figure 4.19(b,d,f)
shows the corresponding time-dependent spatial responses of the viscous model at three selected
time points %t;,tZ,Zt;. We noted above in the subsection 4.5 that in the viscous model for the
maximum pressure amplitude Ap’ = 10mmH g, the error was too large to be acceptable with
N =801 so in this simulation we use a grid size of N = 2501 and the error amplitude efiz) at the
spatial location x* = %L* is 0.021 i.e., 2.1%, where L* is the length of the generation 3.

Comparing figure 4.19(a,b) for t;’; =0.0001s, the viscous model initially responds more quickly
compared to the inertial model. Inertial model responses are limited by wave speed, so it takes
time to get mass out of the way. In the inertial model, a propagating front is evident, whereas
in the case of the viscous model, the boundary responds instantly, resulting in mass being more
uniformly distributed upstream of the constriction (figure 4.19a,b). However, in both responses,
we observe a localised peak close to constriction in the spatial responses of the cross-sectional
area A*, eventually overwhelmed by mass redistribution (figure 4.19a,b).

Now looking into figure 4.19(c,d), the observation is very similar to figure 4.19a,b), but now

propagating wave fronts in the inertial model become very steep and tend toward a shock. In con-
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trast, the viscous model responds instantaneously, and there are no steep wave fronts observed.

Now moving to figure 4.19(e,f), we observe that in this case, inertial and viscous model
responses are almost indistinguishable at all times. However, in the case of inertial response,
the profile of cross-sectional area A* corresponding to the time step t* = %t;‘; has some evidence
of wave propagation in the upstream region and also it takes slightly longer time to adjust at
the downstream end (figure 4.19¢e) compared to corresponding viscous response given in figure
4.19(%).

In summary, for rapid perturbation times and large enough maximum pressure amplitude,
the inertial model responds by sending a rapidly propagating wave both up and downstream of
the constriction, followed by a slower adjustment in flow. Conversely, the viscous model only
allows flow adjustment. However, as the perturbation time tl"; increases, profile steepening at the
front is not visible in the inertial response any more, and profiles are expanded almost linearly
from the sup state. For long enough t;, the wave reaches the boundaries at very early times and
so the effect is quickly washed out of the system while the perturbation is being applied (see blue
line corresponds to the time 21;‘; in Figure 4.19¢). Moreover, for large enough t;, the qualitative

behaviour of the viscous and inertial models becomes nearly identical.

4.6.5 Finding a threshold for wave-dominated and flow-dominated responses

Following our discussion from the subsection 4.6.2, we observe that the responses of the in-
ertial model can be divided broadly into two categories, namely steepening and no-steepening.
Steepening of profiles is largely dominated by the wave and its reflection from the boundary and
interaction with other waves present in the system. However, no-steepening is prevalent in flow-
dominated response where an external pressurisation is applied for a long enough t; as discussed
in subsection 4.6.4. To quantify the threshold between wave-dominated and flow-dominated re-
sponses, we ran simulations for the inertial model with different t; and Ap’ values. Based on
the threshold identified above in subsection 4.6.3, figure 4.20 plots the corresponding parameter
space of the inertial response (figure 4.20a) and the spatial responses for the cross-sectional area
A* for viscous and inertial models solved using flux-driven boundary conditions for different t;
and Ap? values (figure 4.20 b-g). The system exhibits clearly two different states: steepening (a
filled circle in figure 4.20a) and no-steepening (open circle in figure 4.20a), respectively. Fol-
lowing our discussion from subsection 4.6.4, the steepening is observed in two scenarios: either
t; is very small or Ap is very large. However, even at the large value of Ap? =25mmH g, no
steepening is observed for sufficiently large t’; = 0.0005s —0.0007s. In contrast, when Ap? is
small enough, i.e., SmmH g, even for smaller t; = 0.0001s, the steepening of spatial profiles is
not evident. We have seen that for large values of t;’;, the inertial responses are largely domi-
nated by the flow adjustment in the system, resembling the viscous responses, whereas for rapid
perturbation time, i.e., small values of tz, we observe steepening of the profile.

In summary, when an external pressure perturbation Ap’ is applied over a sufficiently short
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timescale t;, typically in milliseconds, the inertial model behaves distinctly from the viscous
model, and steepening of the profiles is evident upstream and downstream of the constriction,
leading to shock wave formation over time. Conversely, when Ap? is applied over a longer dura-
tion, the viscous and inertial responses become comparable, and the response is predominantly

viscous, with profiles spreading smoothly (with no steepening).

4.7 Conclusion

Clinical literature indicates that venous thrombus production caused by RVO is a slow process,
often taking anywhere from several minutes to days to fully occlude the vein, which leads to
haemorrhage [69]. As seen in figure 4.19(e,f), for the long-timescales the inertial and viscous
responses are nearly identical. To observe the wave steepening in the inertial model, we need the
maximum pressure amplitude Ap’ to be very large and an extremely short timescale of pertur-
bation t;. Note that, in cases of accidental or non-accidental head injury, the estimated timescale
during a free-fall impact is typically measured in milliseconds [5]. Therefore, in such scenarios
where retinal haemorrhage occurs due to trauma or an accident, a fast timescale is more appro-
priate to consider [136].

In this chapter, we constructed a model by considering the whole network of blood vessels as
a long single blood vessel in section 4.2, developed numerical methods specific to viscous and
inertial models along with the relevant boundary conditions in section 4.3. In section 4.4, we
discussed the behaviour of the steady models (viscous and inertial) and the effects of all control
parameters on the steady state results and then validated our results with available literature.
In section 4.5, we studied the convergence of these numerical schemes by calculating different
errors and discussing the dependence of the convergence of the numerical schemes on the spatial
grid resolutions and time step. In the following section 4.6, we studied the behaviour of unsteady
viscous and unsteady inertial models in response to a time-dependent perturbation applied to the
middle of the vessel and discussed the main difference in the responses between the viscous and
inertial models.

To conclude, we aim to study retinal haemorrhage followed by RVO and in line with insight
obtained from clinical literature, we found that for thrombi production, the long-term scale is
preferred, in which we are interested, the responses of the viscous and inertial model are nearly
identical. Whereas shocks are only relevant for extremely fast perturbations. In principle, for our
problem, itis safe to consider the viscous model only. In order to ensure numerically resolved per-
turbation in viscous model, we need the spatial grid points to be N =801 when Ap} <5mmH g;
otherwise, the error for the numerical scheme is unacceptable. This motivates our choices in

later chapters.
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Figure 4.14: Temporal and spatial responses of viscous models solved using flux boundary condi-
tion and time-dependent pressure perturbation of maximum amplitude Ap? =2mmH g externally
applied over interval t* = 0.001s showing: temporal responses of (a) cross-sectional area A*, (c)
flux g*, (e) blood pressure p* and spatial responses of (b) cross-sectional area A*, (d) flux ¢* and
(f) blood pressure p*. The temporal profiles are plotted at three spatial locations %L*, %L*, and

%L*. The cyan line is for the unperturbed steady state (sup state). The red solid line is for 2t;‘),

the magenta solid line is for t;, and the blue solid line is for %t;. The final time of simulation
is t; = 2t:. The black dashed line in spatial plots represents the point of occlusion. The arrow-
head in spatial plots indicates the direction of increasing ¢*. ‘sup’ stands for steady unperturbed
response.
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Figure 4.15: Temporal and spatial responses of viscous model solved using pressure boundary
condition and time-dependent pressure perturbation of maximum amplitude Ap? =2mmH g ex-
ternally applied over interval t;‘; =0.001s showing: temporal responses of (a) cross-sectional area
A*, (c) flux ¢*, (e) blood pressure p* and spatial responses of (b) cross-sectional area A*, (d) flux
q* and (f) blood pressure p*. The final time of simulation is 2t;“) = 0.002s. The black dashed
line and the arrow in spatial plots represent the point of occlusion and the increasing direction
of time, respectively. The spatial profiles are plotted at three different temporal locations Zt;;’

t;‘;, and %t;‘;, and the temporal profiles are plotted at three spatial locations %L*, %L*, and 17—0L*,
where L* is the length of the vein of generation 3. The arrow in the spatial plots indicates the
direction of increasing ¢*. ‘sup’ stands for steady unperturbed response.
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Figure 4.16: Temporal and spatial responses of inertial model solved using flux boundary con-
dition and time-dependent pressure perturbation of maximum amplitude Ap? = 10mmH g ex-
ternally applied over interval t: = 0.0002s showing: temporal responses of (a) cross-sectional

area A", (c) flux ¢* (inset figure: flux plotted at x* = %L*), (e) blood pressure p* and spatial
responses of (b) cross-sectional area A*, (d) flux ¢* and (f) blood pressure p*. The final time
of simulation is 2¢* = 0.0004s. The black dashed line and the arrow in spatial plots represent
the point of occlusion and the increasing direction of time, respectively. The spatial profiles are
plotted at three different temporal locations 2t;, t;, and %t}*}, and the temporal profiles are plotted
at three spatial locations %L*, %L*, and %L*, where L* is the length of the vein of generation

3. The arrow in the spatial plots indicates the direction of increasing ¢*. ‘sup’ stands for steady
unperturbed response.
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Figure 4.17: Temporal and spatial responses of inertial model solved using pressure boundary
condition and time-dependent pressure perturbation of maximum amplitude Ap; = 10mmH g
externally applied over interval t; = (0.0002s and inlet prescribed pressure P(;k = 0.5209mmH g
showing: temporal responses of (a) cross-sectional area A*, (c) flux ¢* (inset figure: flux plotted
atx* = %L*), (e) blood pressure p* and spatial responses of (b) cross-sectional area A*, (d) flux g*
and (f) blood pressure p*. The final time of the simulation is tj‘, = 2t: =0.0004s. The black dashed
line and the arrow in spatial plots represent the point of occlusion and the increasing direction
of time, respectively. The spatial profiles are plotted at three different temporal locations 2t;,

t;’;, and %t;, and the temporal profiles are plotted at three spatial locations %L*, %L*, and 17—0L*,
where L* is the length of the vein of generation 3. The arrow in the spatial plots indicates the
direction of increasing ¢*. ‘sup’ stands for steady unperturbed response
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Figure 4.18: Thresholding on the gradient of the cross-sectional area A showing: (a) cross-
sectional area A vs space % and (b) max <|%|> vs f where Ap* = 10mmH g applied over the

time-scale t; = 0.0002s. The final time for the simulation is t"} = 2t;‘;. ‘sup’ stands for steady
unperturbed response
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Figure 4.19: Responses of both models (inertia and viscous models solved using flux-driven
boundary condition) to a pressure perturbation of maximum amplitude Ap? =5mmH g, 10mmH g
externally applied over the time interval t;‘) = 0.0001s,0.00003s,0.0005s at three different time

steps Zt:,t*, lt’; showing spatial profiles of the cross-sectional area: (a,b) t;‘) = 0.0001s,Ap; =
SmmHg, (c,d) t; = 0.00003s,Ap;; = 10mmH g, and (e,f) t; = 0.0005s,Ap; = 10mmH g. The
left-hand panel is for the inertial responses (a,c,e), and the right-hand panel is for the viscous
responses (b,d,f). The black dashed line in all figures represents the point of occlusion. ‘sup’
stands for steady unperturbed response.
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Figure 4.20: Time-dependent spatial responses of the inertial model obtained for different t;‘;
and Ap’ solved using flux boundary conditions showing (a) Ap’ vs t;,(b) t; = 0.0002s,Ap; =
20mmHg, (c) t;‘; = 0.0002s,Ap> = SmmHg, (d) t;’; = 0.0003s,Ap> = 20mmH g, (e) t; =
0.0005s,Ap; = 20mmH g, (f) t; = 0.0004s,Ap} = 20mmHg and (g) t;‘; = 0.0005s,Ap; =
10mmH g. The profiles are plotted at three temporal locations %t;, tz, and 2t:. The final time
of each simulation is t* = 2t:. The cyan line represents the steady state of the inertial model.

The black dashed line in all figures represents the point of occlusion, and the black arrow repre-
sents the direction in which time progresses.‘sup’ stands for steady unperturbed state.



Chapter 5

Flow through a venous bifurcation

5.1 Introduction

As discussed above, the retinal vasculature comprises a bifurcating network of arteries and veins
connected by capillary beds, with several generations of blood vessels visible in the retinal fundus
images (see Chapter 2). In this chapter, we aim to develop a mathematical model for a converging
venous network to investigate the impact of retinal vein occlusion on venous blood flow. As
explained in Chapter 4, considering the timescale of thrombus production and the timescales of
disturbance propagation, it seems reasonable to consider only the viscous model for modelling

the flow (see detailed discussion in subsection 4.6.4 of Chapter 4).

To model the flow in the single venous bifurcation, as shown in figure 5.1, we extend the
existing mathematical model introduced in the Chapter 4 for the single-vessel by modelling each
vessel of the network using the same framework. We label the parent vessel as generation 1,
the daughter vessels are then in generation 2 and so on. As discussed in Chapter 4, to mimic
an RVO, an external impingement is applied on the vein of generation 1 to stimulate an occlu-
sion, modelled by an external pressure with a localised spatial profile applied over a prescribed
timescale on the vessel wall (as given in subsection 4.2.2 of Chapter 4). In this chapter, we aim
to gain a deeper understanding of the blood flow dynamics in a bifurcating network of blood
vessels by analysing how blood flow, blood pressure, and the cross-sectional area of the daughter
blood vessels (generation 2) change in response to the prescribed constriction on the vessel of

generation 1.

In the following subsection 5.1.1, we discuss the structure and nomenclature used to describe
the venous network in the rest of the thesis. The corresponding arterial counterpart follows the

same protocol and is given in Appendix A.

140
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5.1.1 Structure of the network

We consider a small converging network of veins shown in figure 5.1, consisting of two gener-
ations of blood vessels, where the two branch vessels from generation 2 converge to form the
parent vessel in generation 1. In this work, the direction of blood flow is always from left to right
in the network, so the daughter vessels on the left are draining into the parent vessel on the right.

We index each vessel of the network by an index i, where i = 1 represents the first-generation
blood vessel, i = 2 represents the second-generation vessel, and so on, with increasing i indicat-
ing successive generations of branching blood vessels. It is important to note that for a venous
system, two vessels in (i + 1)’ generation converge to form the one vessel in i’ generation (see
figure 5.1). We introduce a second index, b, to denote the index of the vessel within each gener-
ation. For the venous system, we denote the 5" branch of the i"” generation as v,;.

In this chapter, we restrict our discussion to a single venous bifurcation characterised by b =
1,2 and i = 1,2. It is important to note that a similar structure can be adopted for a larger venous
network containing several generations of blood vessels. In order to model the whole arterio-
venous network, we also need to understand the unsteady flow through an arterial bifurcation,
but in this work, we are not considering an arterial constriction. The overall structure of the
network for the arterial counterpart is analogous to that of this venous bifurcation and is given
in Appendix A.

We start with deriving the long-wavelength model for the venous network as given in subsec-
tion 5.2. In subsection 5.3, we outline the numerical methods developed to solve the venous net-
work model. The subsection 5.4 lists all the parameter values used for the venous network model
simulation. In the following subsection 5.5, we explore the behaviour of the steady state venous
network model, both with and without an applied external pressure. Subsection 5.6 discovers
how an unsteady external perturbation is transmitted through a venous bifurcation, modelling
the flow in the daughter vessels. Finally, in subsection 5.7, we discuss our observation from the

venous network model to conclude the chapter.

5.2 Derivation of the venous network

Building upon the mathematical model derived for the single-vessel case in subsection 4.2 of
Chapter 4, we now extend the formulation to describe the blood flow in a bifurcating venous
network. While this chapter focuses on a bifurcating network of veins comprising three blood
vessels, we present the derivation in a more general framework, allowing the same approach to
be easily adopted in the Chapter 6 below for the arterio-venous network. This section specifically
addresses the modified non-dimensionalisation relevant for the network formation; all other scal-
ings and notation remain as those introduced in the single-vessel model, unless stated otherwise.
The diverging arterial network construction is built using the same methodology as the converg-

ing venous network one and is discussed in detail in appendix A. To eliminate the notational
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Figure 5.1: Schematic diagram of a converging venous network model showing two generations
of vessels

ambiguity, all baseline parameter values are denoted with an overline in this chapter.

The length of the b branch of generation i is denoted by ZZ;" We use a local coordinate
x* along each vessel, which parameter from the inlet (x* = 0) to the outlet (x* = fzi). We
also define a global coordinate X, which increases cumulatively with each generation. For the
model derivation, we consider only the local coordinate. We then denote the cross-sectional
area Azi(x*, ). The_bgseline radius of the b branch in the i’ generation is Ezi with baseline
cross-sectional area A,,.

For this kind of sophisticated vascular network in humans, flow in an individual vessel is
always driven by a combination of both flux and pressure at the inlet, as both are continuous
across each vessel junction. For simplicity, in this chapter, we use only a prescribed upstream
flux boundary condition, where the prescribed inlet flux is denoted by azl., 1.e., we prescribe the
inlet fluxes into both daughter vessels. For steady flow, the flow rate along the parent vessel is
ajl = 5?2 +§;2. The typical baseline velocity of the blood is selected based on the steady flow
along the parent vessel in the venous network as ﬁ?l = ETI / ZTI , and the blood viscosity in each
vessel is denoted by p; .

In subsection 5.2.1, we derive the dimensionless governing equation of the b'* branch of
i'" generation of the network. In the following subsection 5.2.2, we state the ‘tube law’ for the
b'" branch of the i'” generation of the network. Subsection 5.2.3 discusses the structure of the
applied constriction on the parent vein. Boundary and continuity conditions used to solve the
venous network are given in subsection 5.2.4. In the last subsection 5.2.5, we outline the final

model along with all boundary and continuity conditions.

5.2.1 Dimensionless governing equation for the 5" branch of the i’ gen-
eration of the network
We non-dimensionalise all variables relative to the parent vessel where lengths are scaled on

—x
the square root of the baseline cross-sectional area of the parent vessel (All)l/ 2, and time on

(A,)!/2/U,. We choose a viscous pressure scale P* = yikla;/(z;ﬁ/? The choice of non-
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dimensional scales yields the following non-dimensional groups

7 T N1/2
R = p*U (A Y ky, Moy = Ay Ly,

- k= e M= Ap == Ly bi=1,2
1

(AH)I/Z

where R is the Reynolds number, k,, is the non-dimensional vessel wall stiffness of the i’ vein,
Hy; is the non-dimensional viscosity of the i' vein, sz‘ is the non-dimensional vessel cross-
sectional area of the i vein, and L,; 1s the non-dimensional vessel length of the b branch of
the i vein.

We again assume long-wavelength deformations (f = 1/L; < 1) and re-scale the indepen-

dent variables according to

dependent variables according to
Uypi = Ug pis Uppi = Pllpis Dpi = ﬂ_lﬁb:" Ay = Abi
and model parameters according to
R = ﬁ_lk’ kyi = ﬂ_ll}bi’ Hpi = Hpi Zbi = ibi’ ij = ij’ Ly = ﬂ_libi'

For notational simplicity, we henceforth drop the tildes in all subsequent equations. Following
the same derivation as described in subsection 4.2.9 in Chapter 4, we finally obtain the governing

equation for the b branch vessel of i"* generation in the closed form as

2
0Ap _ 1 0 <ﬁ%> (5.1)
ot Ay iy, ox \ 8z ox

The flux in the parent vessel v;; of the venous network is given by

(A)? (op,
ox

0A
+k11 (m(All)m_l +n(A11)_n_1> %) s (52)

and the fluxes in the daughter vessels v,,, b = 1,2 of generation 2 of the venous network are given

by
k 0A
Gy = — b2 _ m (Abz)mH + +(Ab2)_n+2 )y (5.3)
87y (Ayy)m+2 (Ayy)~"+2 0x

5.2.2 Dimensionless ‘tube law’ for bifurcating network

As discussed in subsection 4.2.5 of Chapter 4, the elastic response of the vessel wall is modelled

using a ‘tube law’, and now it can be modified for a converging venous network. It is important
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to note that, as mentioned in subsection 5.2.3, we apply the external pressurization only on the

vein of generation 1. The modified ‘tube law’ for the generation 1 of the venous network is given

by
A*
pt=pikt P =), (5.4)
Aq
and the‘tube law’ for the b branch of generation 2 of the venous network is given by
A*
P =k, F <_—b2> . (5.5)
Ap

For all vessels the non-linear dimensionless function F is given by
F(s)=s"—s". (5.6)

A detailed discussion on ‘tube law’ is given in subsection 4.2.1 of chapter 4.

Assuming the long-wavelength approximation, the dimensionless ‘tube law’ for the parent

vessel can be written as

P10 = p(x,0) = ki (A" — (A D7), (5.7)

and the dimensionless ‘tube law’ for the other vessels in the network can be written as
A m A —n
sz(xJ):km((_—w) —(_—b2> ) (5.8)
Ap Ap

5.2.3 Applied localised constriction of the vein of generation 1

As discussed in subsection 4.2.2 of chapter 4, we apply a localized compression on the vein of
generation 1 centred at some location x* = x;';, over the timescale t: through a prescribed external

pressure p;; of the form
P, =Ap, g™ (" — 1) [T (x* = x7), (5.9)

where Ap? is the maximal amplitude and f™, g™ are the prescribed functions of the form

*2

(s = ek, (5.10)

and

"
| TR pcr<irtr,
gt )=9 (5.11)
* % %
1, tth+tO.
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The choice of external pressurisation yields the following non-dimensional groups

— —k
U, Ap* x* u,t
11 11
to_ 0 Ap = e =P t - P

(ZT1)1/2’ R (Zj‘l)l/z’p (Z’lkl)l/z’

where 1, is the non-dimensional starting time, Ap, is the non-dimensional maximum ampli-
tude of the external pressure, X, is the non-dimensional location of the occlusion, 1, is the non-
dimensional time interval over which the external pressure is applied on the vein of generation
1.

Again, assuming long-wavelength deformations, we re-scale the dependent variables accord-
ing to x, = f~'%,, Ap, = Ap,, to=p""T. t,= ',

After dropping the tildes, the final long-wavelength version of external pressure p,(x,?) is

assumed to be of the form
Pe = Ap&t—19) f(x—x,). (5.12)

5.2.4 Boundary and continuity conditions of the network

Based on the structure of the network, we choose suitable boundary conditions at the inlet and
outlet of the network, given in subsection 5.2.4.1. Also, to ensure the continuity of blood flow
within the vessels of the network itself, we need to impose suitable continuity conditions on

pressure and flow at each of the junction of the network, as discussed in the subsection 5.2.4.2.

5.2.4.1 Boundary conditions

As discussed above, in the case of the converging venous network consisting of two generations,
we prescribed the fixed fluxes Q, and Q,, at the two inlets of two vessels of generation 2 of
the venous network. It is important to note that Q, + Q,, = 1 to ensure the steady flow in the
parent always has a unit flow rate. At the outlet of the venous network, the outlet of the vein in
generation 1, we prescribe free return of fluid to the heart, so that the pressure is effectively zero,
1.e., p;; =0 at x = 1. In cases where the corresponding external pressure is zero p,(1,7) =0, we
obtain the reduced condition A(1,7) = 1.

5.2.4.2 Continuity conditions at junction of the network

The continuity of flux condition is physically motivated by the requirement that mass is conserved
through the junction (bifurcation) of the network.

The mass flux balance at the junction of generation 1 and generation 2 results in

q12(L12,1) + qro(Lyp, 1) = q11(0,7), (5.13)
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The continuity of pressure leads to the condition that the outlet pressure of generation 2 should

exactly match the inlet pressure of generation 1 neighbouring generation, which is given by

P12(L1o,1) = p11(0,1), prr(Lyy,1) = py1(0,1), (5.14)

5.2.5 Final model

The final system of equations for a vessel in the i** generation of the venous network is obtained
by substituting the ‘tube law’ (5.7-5.8) into (5.1) (see the discussion in subsection 5.2.2) and is
given by

Ay 1 o (A e oy 0Ay
arl:;, .£< 87’[ ky; (m(Ay)™ " +n(Ay) 1)a—x’ i (5.15a)
bi Mbi

Hence, the final model for the parent vessel (i.e., b=1,j=1)

2
%_i((m]) <ape+kn(m(AH)m_l+n(AH)_n_l)%>>, (5.15b)

of odx\ 8r 0x

subject to boundary conditions (b = 1,2) at the inlet

Ay - 8 Q . (x=0), (5.15¢)
T (e e
and at the outlet (assuming p,(0,7) = p,(1,7) =0)
A =1, (x=1), (5.154d)

and continuity of pressure and continuity of flux conditions at the junction between generation 1

and generation 2 in the venous network

DP12(Ly2,1) = p11(0,1), pyr(Loy, 1) = py1(0,1), (5.15¢)

q12(L12,1) + (Lo, 1) = q11(0,1). (5.15f)

5.2.6 Static solution

We begin by isolating the time-independent (static) solution of the venous network model (5.15),
both with and without an external pressure perturbation p,.
Static solutions of the perturbed model (or sp model) (5.15) must have constant flux (g;, =

Q15,97 = O»,, such that O, + Q,, = Q; = 1) while the corresponding cross-sectional area
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profile A;;, = Ag)(x) must satisfy the first-order nonlinear ordinary differential equation (ODE)

for the parent vessel

(s)y _ -1 m+1 —n+1 -1 (s) 20p
A =—k;) (m (A9)" e (40) ) <8n+(A;1) P,

0<x<1), (5.16a)

and for daughters in generation 2

-1
)y _ _ -1 m (s)ym+1 n ($)\—n+1
Hiads = (( (Ap)m+? > S ( (Ap) ™"+ ) i) ) ($eiaa).

(0<x<Ly)b=12. (516b)

Conversely, to find the static solution of the unperturbed system (or sup), we consider p, =0 in
(5.16).

5.3 Numerical methods

This section describes the numerical schemes used to solve both the steady and the unsteady
versions of the network model. Numerical simulations for both models were carried out using
MATLAB version 2023a. It is important to note that we follow a similar technique used for the
single model described in subsection 4.3 of Chapter 4. In this section, we discuss only the as-
sumptions and techniques that differ for the network model. For the convenience of numerical
computation, we collapse each governing equation into one consistent formulation. To do that,
we first rescale each local x coordinate into & = (x — 1)/ L,;, where 0 < & < 1. The spatial coordi-
nate £ is local to each vessel. To facilitate a numerical solution, we discretise the spatial domain
of each vessel onto a uniformly spaced grid &; = j(d¢) for j =0,1,..., N grid points in the com-
putational domain with the step size d§ = 1/N. The geometrical representation of the spatial
discretisation for the venous bifurcating network is given in figure 5.2. In subsection 5.3.1, we
discuss the numerical methods developed to solve the steady state version of the network model.
Then, in the following subsection 5.3.2, we focus on the numerical method used to solve the

unsteady network model.

5.3.1 Numerical methods for static models

As mentioned earlier, we discretise the spatial derivatives present in the equation (5.16) using
the second order finite difference method described in subsection 4.3.1 of Chapter 4 and employ
Newton’s method to compute the profiles A(b? using the ‘fsolve’ solver in MATLAB to solve

these nonlinear algebraic equations. Following the similar fashion adopted for the single vessel
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Figure 5.2: Finite difference scheme for venous bifurcating network for approximation of spatial
derivatives

model, at the outlet of the parent vessel £ = 1, we assume the effect of the external perturbation
is negligible and use the Dirichlet boundary condition A(lsl)(cf =1)=1.

At the inlet & = 0 of the two daughter branches (i.e., the two inlets of the venous network),
the inlet fluxes are prescribed as q;,(0) = Q1, = 1/2, ¢5,(0) = Q55 = 1/2 such that O, + O, =
0, = 1. At the inlet (¢ = 0), the first-order spatial derivative in (5.16) is discretised using an
off-centred finite difference approximation as described in subsection 4.3.1 of Chapter 4.

At the junction of the venous network, to employ the non-linear pressure conditions using
the equation given in (5.15¢), we use Newton’s method to compute the value of Ag). The value

of A(bj) can be solved directly by setting

A(s)(fz 1) n A(S)(§: 1) -
kiz <”_—> - (12_—) = k1 ((AT)(E = 0)" = (ATE = 0)™")
Ay A

and

A(S)(é:: 1) m A(S)(fz 1) "
| 22— ) - =) |=kn@P)E=0)"-APHE=0)™"
A22 A22

. We use ‘fsolve’ from MATLAB to solve the non-linear pressure formulae numerically without

requiring any further simplification.

5.3.2 Numerical methods for unsteady models

For the unsteady simulation of a bifurcating network, we use a similar approach discussed for
the single vessel model in subsection 4.3.2 of Chapter 4.

We again use second-order finite difference approaches to discretise spatial and temporal
derivatives using a first-order finite difference stencil. The temporal grids ¢, = I(dt),/ =0,1/dt,2/dt, ..
are discretised using step size d¢. We use a semi-implicit approach where the highest-order spa-

tial derivative involving A is treated implicitly while all other terms are handled explicitly as
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explained in subsection 4.3.2 of Chapter 4.

At the outlet £ = 1 of generation 1, we impose the Dirichlet boundary condition A; =1
(assuming p, =0 at & =1).

At the two inlets to the two daughter vessels, where the fluxes are prescribed, we introduce a
fictitious node at each inlet and compute the corresponding cross-sectional area at the fictitious
nodes by solving the boundary conditions (5.15¢). We then use the ghost point value to evaluate
the second-order stencil for the given equation (5.15) in each vessel.

At the junction node, we impose the continuity of pressure condition by matching the pressure
values at the inlet of the parent with the outlet pressure value of the two daughters. Mathemati-

cally, it can be written as

Py =@ )y =@ 1=0,1,2,.. (5.17)

where the superscripts indicate timesteps and the subscripts indicate grid locations. When written

in terms of the tube cross-sectional area, this reduces to (/ =0,1,2,...)

(A )l+l m (A )l+1 —h ” h
k12<< 2N > —(# =k11<(A”)6+1) — (A ) (5.18)
Ay Ay
(A )l+l m (A )l+l —h ” h
k22<< izN> —(& =k11<(,4“)’0+1) — (A ) (5.19)
Ap A

To enforce the pressure continuity condition, we discretise (5.18) and (5.19) using a combina-

tion of explicit and implicit discretisation, following the same approach used for the governing
equations. We write the non-linear terms involving A,; at the new timestep / + 1 in such a way
that it is related to A,; at the old time step / through a Taylor series. Mathematically, the Taylor

expansion related to A,; is given by

m m m-1(0A
(A" = (A" +m((Ap))) <E> bl_+<9(m2) (5.20)
= (A" +m((A)" ™ (A = (A)) + O, (5.21)

—n —n -n—1(0A
A" = A" =A™ (1) |+ (5.22)
= (A)) " = (A" (A = (A + O, (5.23)

Using this Taylor series expansion, we linearise the non-linear terms present in the algebraic
expressions (5.21) and (5.23) about the old time step / and end up with a non-linear correction
term which involves only the old time step /. In this case, all the terms required at the new time
step appear linearly. This formulation effectively linearises the nonlinear terms by expanding
them around the known solution at the previous time step.

To impose the continuity of flux condition at the junction of the generation 1 and the gener-
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ation 2, we consider
@) + @) =@, (5.24)

where ¢11,9;2.9>, are given in (5.2) and (5.3). To discretise the continuity of flux-condition
(5.24), we use a semi-implicit finite difference approach where the spatial derivative involving
A is computed implicitly (for details see subsection 4.2.12 of Chapter 4) and all other terms
are handled explicitly. Following this approach, we again obtain an algebraic expression where
non-linear terms appear only in terms of the old time-step / and all unknown terms in the new

time-step / + 1 are linear.

We finally have a system of linear equations for all grid points of the venous network when
the (known) right-hand side involves nonlinear components of area evaluated at the old timestep.
As the system of equations is linear, it is similar to the one used for the single vessel model. From
the error control and convergence analysis of the numerical scheme presented in subsection 4.5
of Chapter 4, we restrict the maximum pressure amplitude Ap? to SmmH g, use a spatial grid
resolution of N =801 and limit @; < 1. Under these restrictions, the error in the unsteady viscous
model remains (measured by e® as discussed in subsection 4.5.2.3 of Chapter 4) below 3%, and
we consider these values as our baseline values for all network simulations used in this thesis,

unless stated otherwise.

5.4 Parameter values of the bifurcating network

As discussed earlier in the subsection 1.3 of Chapter 1, in this work, we consider the parameter
values of the superior-temporal quadrant of the retina, which initiates in the generation 3 of the
retinal circulation. For generation 1 of our network model, we consider the parameter values for
generation 1 of Takahashi’s network given in the table 1.1 of Chapter 1. For the generation 2 of
our network model, we consider the parameter values for generation 2 of Takahashi’s network
given in the table 5.1. It is important to note that, to the best of our knowledge, the Young’s
modulus and vessel thickness for different generations of arteries and veins of retinal microcir-
culations are not available in the literature. However, the Young’s modulus and vessel thickness
for the central retinal artery and central retinal vein are given in [136]. For these two param-
eters, we start with the values given in [136]. However, to maintain the biological rationale,
we reduce the young’s modulus and vessel wall thickness by 10% from one generation to the
next [40]. In the case of homogeneous branching in generation 2, all the baseline values for the
two branches v, and v,, are assumed to be identical. Note that, in case of non-homogeneous
branching, the lengthi of vessels v, and v,, in generatioil 2 are all sampled from a normal dii_
tribution LZz ~N (ZZ, o1), b=1,2 centred with mean fz and a standard deviation ¢ = O.ZZZ.
It is important to note that the statistical baseline values are defined for the generation, not the

individual vessel. All other parameters are held fixed.
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oy, parameters syn;lzols unit value source
lumen radius R, um 57.65 [61]
length f; um 783.4 [61]
apparent viscosity Hy P 0.004 [61]
blood flow 52 mls™' | 9.41x107° [61]

wall thickness ﬁ: um 7.80 [136]

wall stiffness iz Pa 103.5757 | derived from [136], [61]

Young’s modulus %: Pa 437400 [136]
Poisson ratio % - 0.49 [91]
density of blood p* kgm™3 10° [12]
U1 lumen radius ﬁj um 73.5 [12]
length f;: um 1036.2 [61]
apparent viscosity Hy P 0.0042 [61]
blood flow 51 mls™! | 1.88x107* [61]

wall thickness f{ um 8.667 [136]

wall stiffness f; Pa 76.1765 derived from [136], [61]

Young’s modulus ET Pa 486000 [136]
Poisson ratio % - 0.49 [91]
density of blood p* kgm™3 10° [12]

Table 5.1: Reference parameter values for the branches of the vein of generations 3 and 4 in the
retinal network at the superior temporal quadrant.

5.5 Steady model results

To study the steady state behaviour of the venous network in response to a fixed external pres-

sure perturbation p;, we begin by isolating the time-independent steady state solutions. In this
flux-driven flow, the flux EZ =9.4x10"°mls™! is prescribed at the inlet of each daughter of
generation 2 of the venous network. From now on, we consider the global coordinate X * to plot
the behaviour of the network, which is clearly defined in figure 5.3; X™* = 0 is the bifurcation
point. The two daughter veins run from X* = —L;’)‘i, b,i=1,2to X* =0 (figure 5.3) and parent
vein is from X* =0to X* = L}, where X* = L7, is the outlet of the network. In tandem, we
use x* to understand the local behaviour of each vessel of the network. Going forward, in all
simulations v, indicates the parent vein of generation 1 and v;,,v,, are the two daughter veins
in generation 2. All the baseline parameter values for branches in generation 1 and generation 2

are listed in table 1.1 and table 5.1.

In subsection 5.5.1, we begin our discussion by examining the normal blood flow conditions
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X' =—-Ly,

X* =11

X' ==Ly,
Figure 5.3: Global coordinate X* showing the inlet X * = —Lzl., b,i =1,2, junction X* =0 and
the outlet X* = L’l‘1 of the bifurcating venous network.

in the absence of an external pressure perturbation p?. To assess the impact of a fixed external
pressure perturbation on the shape of the branch veins in generation 2, we perturb the steady-
state models by applying a fixed external pressure of the form (5.9), which is spatially localised
but uniform in time. The responses of these steady perturbed models are presented in subsection
5.5.2.

5.5.1 Steady baseline case with no external pressure

We consider a model network given in figure 5.1, which consists of one vessel of generation 1,
denoted by v;;, and two branch vessels of generation 2, denoted by v, and v,,. We begin our
discussion with the baseline case, where we study the sup response of the network by considering
Ap; = 0. Fluxes are prescribed at the two inlets of the network and assumed to be equal, where
in dimensionless form Q, = 0.5, O, = 0.5 and O, = 1. We consider two specific cases: one
in which the two daughter branches, v, and v,,, are identical (subsection 5.5.1.1), and another

in which the branches are non-identical (subsection 5.5.1.2).

5.5.1.1 Identical branching (or ib)

In this subsection, two branches v, and v,, of generation 2 of the venous networks are identical,
meaning that all the parameter values are equal for these two branches. Figure 5.4 plots the steady
state time-independent responses of the cross-sectional area (figure 5.4a) and blood pressure
(figure 5.4b) of the vessels of generation 1 and generation 2 (see the insets of the figure 5.4) of
the venous network when no external pressure is applied.

All the spatial profiles of the cross-sectional area decrease almost perfectly linearly with the
slope set by the prescribed flow rate (see figure 5.4a). The pressure gradients are different across
the two generations as flow is greater (in magnitude) across generation 1. As in Chapter 4, the
negative pressure gradient is due to the work done against viscous effects in the baseline flow.

From figure 5.4(b), we see that the outlet pressures of v}, and v,, are equal to the inlet pressure



CHAPTER 5. FLOW THROUGH A VENOUS BIFURCATION 153

%107 ‘ (a) ‘ ‘ (b)

. Tt 9‘09 — — — — sup v (ib)
mse\;‘\‘);\ T 0.6F Sa SFN — — — — sup vya(ib)
1ossf ol . — — — — sup vy (ib) ~ S SGS ©) sup vz (ib)

,—\1'6'1034 (\\“j\v — — — — sup v(ib) 1> osf 8\ 1
N e O sup vp(ib) Sy >
E 1.082 A E o7, N
O . 0.4 N
% 1.4} 108 ol i E e, AN
< el — 065 o N
1.078 ~ *Q_ 0.3 b AN
076y 08 06 04 02 [) o \8\@ AN
) i 3 0.2 el N
1.2} x10 ] . S N
Ss . N
0.1 = N
oG- 00-0-GGe0o 05 08 06 04 02 0 \\\
1 1 1 1 1 0 10° 1 L
-1 -0.5 0 0.5 1 -1 -0.5 *0 0.5 1
X*(m) 1073 X*(m) <1073

Figure 5.4: Behaviour of the venous network containing two generations of blood vessels (identi-
cal(ib)) at a steady state when maximum pressure amplitude Ap? = 0 showing: spatial profiles of
the (a) cross-sectional area A* (inset: A* profiles for daughters) and (b) blood pressure p* (inset:
p* profiles for daughters). The blue-dashed line represents the response of the parent vessel vy,
the black-dashed line is for the daughter vessel v;,, and the red circle is for the daughter vessel

Uyy.

of vy at the junction X * = 0 between generation 2 and generation 1 of the network, as expected.

5.5.1.2 Non-identical branching (or nib)

Now, we consider that the two branches of generation 2 are non-identical, where they differ in
their length. We systematically vary the baseline values of the lengths of v, and v,,, to see how
the inhomogeneity in the network structure changes the response of the two daughters while
keeping all other parameter values fixed. Varying the baseline lengths of two daughters v, and
Uy, of generation 2, figure 5.5 plots the cross-sectional area A* (figure 5.5a) and pressure p*
(figure 5.5b) profiles for the generations 1 and 2 of the bifurcating venous network.

In particular, we set the baseline length of v,, to be %fz, where ZZ is given in table 5.1.
Although the two daughter vessels in generation 2 have the same prescribed inlet flow, their
cross-sectional area profiles differ. In this case, we observe that the cross-sectional area of v,,
decreases slightly steeply compared to the corresponding cross-sectional area observed in the
identical branching case (black dashed line in figure 5.5a). Pressure profiles are almost identical
between the two daughter vessels despite the difference in baseline cross-sectional area.

To understand the influence of the vessel length on the time-independent steady responses

of the bifurcating venous network, in this section, the lengths of the two daughter veins v, and
—% —x%

v,, of the generation 2 are randomly sampled from a normal distribution N’ (Zz,O.ZZZ) while
keeping all other parameters values fixed. Figure 5.6 plots a histogram of the maximal area (figure
5.6a) and maximal pressure (figure 5.6b) changes of the two branches of generation 2 due to the
variation in their lengths. Looking at figure 5.6(a), the resulting histogram shows a pronounced
peak around 1.0785 x 10~3m?, indicating that most samples exhibit similar maximum areas to

these values. However, increasing the sample size and standard deviation would further smooth
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Figure 5.5: Behaviour of the venous network containing two non-identical branches (nib) of
different baseline length in generation 2 at a steady state when maximum pressure amplitude
Ap; = 0 showing: spatial profiles of the (a) cross-sectional area A* and (b) blood pressure p*.
For the ‘nib’ case, the blue circle is for the parent vessel v, the black circle is for the daughter
vessel v},, and the red star is for the daughter vessel v,,. For the ‘ib’ case, the blue dashed line
is for parent vessel vy, the black dashed line is for daughter vessel v;,, and the red circle is for
daughter vessel v,,.

the histogram. The output variance (o, = 0.14697) of generation 2 for maximum area changes
is much lower than the input variance (o, = 1.18017). A similar observation has been made
for maximum pressure changes: for generation 2, the output variability in maximum pressure
changes (where the coefficient of variance = 0.0358) is much lower than the input variance (where
the coefficient of variance = 0.2). Hence, in the sup model, variations in baseline branch lengths

have a relatively minor impact on the maximum area and maximum pressure change.

5.5.2 Steady baseline case with fixed external pressure

In this subsection, we start the simulation from the sup state as described in subsection 5.5.1.
To mimic the effect of retinal vein occlusion on a venous network and to see how the vessel
cross-sectional area and blood pressure of generation 2 of the network change as we perturb the
sup network model, we apply a time-independent localised external pressure perturbation p; of
maximum amplitude Ap? = SmmH g at the midpoint along the length of the vessel of generation

1. We keep all the other baseline values fixed and vary the baseline area values of v, and v,,,
—

which are both sampled from a normal distribution N (y,,0,) where the mean g, is Zz and the
standard deviation o, is given by the 20% of the sample mean Zz Figure 5.7 plots the spatial
responses of the cross-sectional area A* (see figure 5.7a) and blood pressure p* (see figure 5.7b)
for a time-independent external pressure on the vein of generation 1.

As the constriction restricts the local blood flow along generation 1, and flow is redistributed
upstream and downstream in the network (figure 5.7a). As expected, the cross-sectional area of
v 1s decreased around the point of constriction, while it is expanded upstream and downstream

of the constriction (compared to the sup profile, see the dashed line in figure 5.7a). However,
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Figure 5.6: Histogram of maximum vessel area for steady unperturbed bifurcating network model
showing: (a) maximum area changes and (b) maximum pressure changes in daughters, when the
baseline lengths of two daughter branches v, and v,, are chosen from a normal distribution with
% —%

a mean of Zz and the standard deviation of 0.212.

the expansion of the area is more evident at the upstream end of generation 1 compared to the
downstream. As expected, the cross-sectional area of v, and v,, (see the solid line in figure
5.7a) is increased compared to the sup profiles (see the dashed line in figure 5.7a) to accom-
modate the displaced fluid from generation 1. However, the daughter branches in generation 2
expand nearly uniformly from the corresponding sup state; the expansion of the two daughter
branches is not equal, as they are non-identical, but with an almost identical pressure gradient
(figure 5.7b). Looking at figure 5.7(b), the corresponding sp pressure profile of vy is inflated
from the sup profile as we constrict the vessel. Again, the inflation is primarily observed in the
upstream region. As a result, the pressure profiles of both branch vessels of generation 2 are also
inflated uniformly from the corresponding sup state (figure 5.7b). However, the overall spatial
structure of the sp profiles does not change qualitatively from the sup state, and as a result, the
overall pressure gradient in vessels of generation 2 also remains essentially unchanged. At the
downstream end of the constriction, there is almost no displacement in the area and pressure pro-
files relative to the corresponding sup state. This is an interesting feature of the steady perturbed
flow with prescribed inlet flow rates, which is similar to our observation in the case of the single
vessel model discussed in subsection 4.4.2 of Chapter 4.

We can conclude that due to a constriction applied on generation 1, we observe an increment
of pressure throughout the network and as a result, branches of generation 2 are inflated, and a

clear shift of the sp profiles from the sup state is observed in each case.

5.6 Unsteady model results for bifurcating venous network

In section 5.5, we observe that when a time-independent external pressure perturbation of maxi-
mum amplitude Ap; is applied, both branches in generation 2 expand almost uniformly from the

steady state. This raises an interesting question: how does the system reach a steady state when a
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Figure 5.7: Steady-state responses of the venous network containing non-identical branches in
generation 2 under an externally applied pressure perturbation with a maximum amplitude of
Ap; = 5mmH g, showing: (a) cross-sectional area profiles for vy, vy, and v,, and (b) blood
pressure profiles for vy, v, and v,,. The dashed line represents the sup state of the venous
bifurcating network. The blue line represents the parent vein vy, and the red and black lines
represent the daughter veins vy, and v,,, respectively. The magenta line represents the external
pressure p’. The dashed line represents the sup profile and solid line represents the sp profile.

time-dependent external pressure is applied on the vein of generation 1? Moreover, we are inter-
ested in investigating the transient dynamics of the unsteady response of the bifurcating network
and how it converges to the sp state of the system studied in subsection 5.5.2 in the long time
limit. We aim to investigate how the time scale of perturbation and the inherent time scales of the
model interact and what happens to the upstream of the network in response to the constriction
on generation 1. In this section, we start the unsteady simulation from the sup state given in
subsection 5.5.1 and apply a time-dependent external pressure perturbation of the form (5.12).
All the baseline parameter values used for unsteady simulation for branches in generation 1 and
generation 2 are listed in table 1.1 and table 5.1. It is important to note that the flow direction is
from left to right of the network.

In the following subsection 5.6.1, we discuss the unsteady responses of the bifurcating net-

work model when two daughter branches of generation 2 of the network are non-identical.

5.6.1 Unsteady Baseline Case: Non-identical Branching

To study the influence of an unsteady perturbation on the bifurcating venous network contain-
ing two non-identical branches in generation 2, we isolate the sohitions of the unsteady venous
network model (5.15) solved using the prescribed upstream flux 62 =9.4x10mis~!. We con-
sider that the two branches of generation 2 are non-identical, where we reduce the length of the
vessel v,, by 20% from its baseline value listed in table 5.1 and an external pressure perturbation
p, of maximum amplitude Ap = SmmH g is applied midway along the length of the vessel vy,
over the time interval t; = 0.01s, and the solution is analysed over 0 <t <t* = Zt;. Figure 5.8

f
is obtained by plotting the temporal (figure 5.8 a,c,e) and spatial (figure 5.8 b,d,f) profiles of
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the cross-sectional area, blood pressure and axial flux of parent v; and two daughters vy,, 05,

of the bifurcating venous network at three different spatial locations x* = 0, %sz,LZj and at
times 1* = %t;,t;,Zt; where sz,b =1,2,j = 1,2 is the length of the b branch of the j* vein
generation.

As the constriction is applied at the middle of the parent vessel x* = %LTI, fluid from the
parent vessel is displaced and pushed upstream and downstream of the perturbed region. As
a result, the flow rate and cross-sectional area of the parent vessel decrease over time (figure
5.8a,c). Now looking at the spatial location X* = 0, i.e., the junction between daughters and
parent of the network and the two inlets of the network at X™* = —LTZ, —L;Z, we observe that the
displaced fluid leaves the parent vessel, moves across the bifurcation point X™* = 0, and travels
upstream to the daughter branches in the network (figure 5.8c). Atvesselinlets X* =—L7,,—L7,
the overall flow rate across both daughter vessels increases over time due to the combined effect
of the displaced fluid from the parent and inlet flow coming from the prescribed boundary (red
and green solid lines for figure 5.8c). To accommodate the incoming fluid, the cross-sectional
area of the two daughter vessels expands, which, through the ‘tube law’, causes a corresponding
increase in the blood pressure (inset in figure 5.8a,e). In all three spatial locations plotted in
figure 5.8, we observe an overshoot in the time traces of both pressure and cross-sectional area
in both daughters, compared to the corresponding sp values. At each spatial location, there is
a well-defined maximum pressure which overshoots the steady perturbed state, and this can be
used as a basis for comparison as we vary the vessel properties of the daughters. This maximum
pressure can be defined in two ways: either as a difference to the sup state (see figure 5.8f) or
as a difference to the sp state. However, once the external pressure is fully applied, the flow
rate of the parent and both the daughters at the junction decreases to reach the corresponding sp
state (figure 5.8c). The corresponding time traces of area and pressure of the two daughters also
decrease (inset in figure 5.8a,e).

The corresponding spatial responses validate our observation from the temporal plots. Look-
ing at the spatial plots of the cross-sectional area given in figure 5.8(b), as constriction is applied
on the parent vein, the cross-sectional area of the parent decreases from the sup state around the
point of constriction. As an immediate consequence, fluid is displaced and driven upstream and
downstream of the constriction (figure 5.8d). The cusp in the spatial flux profile upstream and
downstream of the constriction across the parent (see figure 5.8d) is because the second-order
derivative of the external pressure profile takes its maximum value around these two locations.
It is important to note that this behaviour is a completely numerical issue which can be resolved

using a finer grid resolution in the parent vessel.

5.6.2 Influences of the time of occlusion t;‘; on the response of the network

We compare this maximal pressure at different spatial locations across the venous network as we

vary the ramping time t: over which the external pressure perturbation of maximum amplitude
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Ap; =5mmH g is applied on the parent vein of generation 1.

Figure 5.9 plots the temporal responses of blood pressure p* of the parent and two daughters
at the midpoint of each vessel x* = %LZ}. for different values of t;. If the perturbation time t;
is really small, i.e., t;‘; = 0.0001s, we observe a significant difference between the responses of
the parent and the two daughters (inset figure 5.9a). The maximum pressure values observed in
the two daughter vessels are nearly ~ 1.049mmH g, which is = 71.36% higher than the corre-
sponding steady value obtained from the sup state (figure 5.9a). Also, the maximum pressure
value in the parent (i.e.,~ 2.5mmH g) is much higher than the corresponding maximum pressure
values obtained from two daughters (figure 5.9a). However, if we perturb the system for a longer
duration, where the perturbation time t;‘) 1s 0.001s, the maximal pressure for the parent decreases
to ~ 1.2mmH g, while the daughters also exhibit a lower maximum value ~ 0.98mmH g. How-
ever, in this case, the maximum value of pressure for the daughter is only about 53% higher than
the corresponding steady value obtained from the sup state (figure 5.9b). Furthermore, as we
increase t; to 0.01s (figure 5.9¢) and 0.1s (figure 5.9d), the maximum values of pressures for the
daughters are only increased by &~ 29% from the sup state.

The perturbation time t: has a significant influence on the increase in maximal pressure for
both the parent and daughters. As we increase t;, the perturbation is ramped more slowly, al-
lowing enough time to adjust the displaced flow across the network. However, for the larger
perturbation times, the maximal pressure in the daughters now exceeds the maximal pressure in
the parent. In this case, the perturbation induced in the pressure is now affected by the difference

between the vessel pressure between generations in the sup state.

5.6.3 Influences of vessel length on the responses of the network

To understand the influence of the vessel length on the unsteady responses of the bifurcating
venous network, in this section, the lengths of the two daugh;Eer VeiI;S vy, and vy, of genera-
tion 2 are randomly sampled from a normal distribution N (ZZ,O.Zfz) while keeping all other
parameter values fixed. Figure 5.10 plots the histograms of the maximal net increase in pres-
sure at three different spatial locations across the network, namely at the junction X* = 0 (figure
5.10a,c) and at the inlets X* = —L’lkz, —L;Z (figure 5.10b,d). We compare for two different per-
turbation timescales t; = 0.001s, and 0.01s over which the time-independent external pressure
of maximum amplitude Ap” = SmmH g is applied on the parent vein vy, of generation 1.
Looking at two different timescales of perturbation t; = 0.001s and t; = 0.01s, for small
ramping time t; = 0.001s, there is a wide spread in the net maximal pressure increase (figure
5.10 a,b). In contrast, for a longer ramping timescale t; = 0.01s, the distribution of the net
maximal pressure is significantly tighter compared to the t; = 0.001s case (figure 5.10c,d). The
overall increase in the pressure at the inlets (~ 0.32mmH g for t: =0.001s, ~ 0.241mmH g for
t; =0.01s, see figure 5.10b,d) and at the junction or the bifurcation point X* =0 (=~ 0.36mmH g

for t; =0.001s, ~ 0.2458mmH g for t; =0.01s, see figure 5.10a,c) is interesting: there is a much
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greater difference between the maxima for the shorter ramping time (t;‘; = 0.001s), underlying a
much stronger spatial decay along the vessel in that case. For t: =0.01s, the maximum values are
almost perfectly comparable. Moreover, the output variation (the coefficient of variance= 0.0708
for t; = 0.001s and the coefficient of variance= 0.0237 for t;‘; =0.015) in all cases is much lower
than the prescribed input variance (the coefficient of variance= 0.2). The variability in the branch

length of daughters v, and v,, in generation 2 has a relatively minor effect on the output.

5.7 Conclusion

The ultimate goal of this work is to develop an image-informed arterio-venous flow network to
study the effect of retinal vein occlusion (RVO). To reduce the computational complexity, we first
established a single-vessel model in Chapter 4 where we treated the entire arterial-venous net-
work as a single vessel. From the single-vessel model response, we found that, to study thrombus
production, the long-term time scale is preferred, which is of interest to us, and that the responses
of the viscous and inertial models are nearly identical on this time scale. This observation from
Chapter 4 greatly influences our choice of using a viscous model to study the blood flow dynam-
ics in the venous network and then for the arterio-venous network in the next Chapter 6. In this
chapter, we developed a converging venous network to study the effect of RVO in a bifurcating
venous network. To mimic RVO, we applied an external pressurisation on the parent vein of
generation 1. It is important to note that the venous network is converging as two daughters of
generation 2 converge to form a parent in generation 1, which is opposite to the arterial network
discussed in Appendix A.

Following our observation from the single vessel model in Chapter 4, in subsection 5.2, we
considered only the viscous model (5.15) to construct the mathematical model to study the flow
across the bifurcating venous network driven by a prescribed flux boundary condition at the two
inlets of the network against a zero pressure outlet. This novel venous network modelling frame-
work incorporates fluid-structure interaction to model the capacitance effect of the retinal veins.
This is important for understanding how the blood vessels in the network accommodate a pertur-
bation, which then causes the vessel to burst. To solve this venous network model numerically,
we employ an efficient boundary condition at each junction of the network, as described in sub-
section 5.3.2. Implementing a pressure boundary condition (5.17) at the junction is particularly
challenging as the pressure expression is connected to the area through the ‘tube law’ which is
non-linear in A*. To handle the non-linearity, we employ a novel technique by breaking the non-
linear term both in new and old time steps in such a way that all non-linear terms are in old time
steps, whereas linear terms are in new time steps.

Next, we solved the venous network model for the time-independent steady state in order
to consider the behaviour of the two types of network, namely the bifurcating network having

identical branches in generation 2 and non-identical branches in generation 2. In all cases, when
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no external pressurisation was applied on the network, the cross-sectional area of all vessels
decreased almost perfectly linearly with the slope set by the prescribed flow rate.

As our ultimate goal is to study the effect of RVO, a time-dependent external pressure per-
turbation was applied on the parent vein of the sup model, and we called it the steady perturbed
model (sp) as before. We observed that the cross-sectional and pressure profiles of the daughter
vessels expanded almost linearly from the corresponding sup state to accommodate the displaced
fluid coming from the parent due to the constriction. However, it is also important to understand
whether the unsteady model ever reaches the sp state.

To understand the transient dynamics of the venous network model, we considered the time-
dependent response of the perturbed network model having non-identical daughter branches.
Again, we chose the lengths of the daughter vessel independently by sampling from a normal
distribution. Looking at the inlet, outlet and midpoints of each vessel, we observed that at each
spatial location, there was a well-defined maximum pressure that overshot the sp state as the
external pressure was applied to the parent. This overshoot of pressure was quite significantly
influenced by the time of occlusion tZ' For very long t;, we observed that the maximum pressure
value in the daughter exceeded the maximum pressure value calculated from the parent, indicat-
ing possibly a high risk of vessel rupture in the daughter compared to the parent. Moreover, in
the case of the unsteady response, the effect of variability in the branch length of daughters in

generation 2 was significantly minor.
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Figure 5.8: Time-dependent responses of the venous network containing non-identical branches
in generation 2 where the length of v,, is reduced by 20% from its baseline value under an
externally applied pressure perturbation with a maximum amplitude of Ap} =5mmH g, showing:
temporal responses of (a) cross-sectional area A* (inset: v, and v,,), (c) flux g*, (e) blood
pressure p* (inset: v, and v,,), and spatial responses of (b) cross-sectional area A* (inset: vy,
and v,,), (d) flux ¢* (inset: vy, and v,,) and (f) blood pressure p* (inset: v, and v,,). The time
of occlusion t; = 0.01s and the final time of the simulation is tj, = 2t;‘;. All Temporal profiles are
plotted at three spatial locations x* = O,O.SLZI., LZI., b,i =1,2. The blue line is for the parent v,
the red line is for the daughter vessel v;,, the green line is for the daughter vessel v,, and the
magenta line is for p}.
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Figure 5.9: Effect of time of occlusion t; when the time-dependent external pressure of maximum
amplitude Ap? = SmmH g applied on the vein of generation 1 of the bifurcating venous network
showing: (a) t; = 0.000IS,I’} =0.012s, (b) t;‘; = 0.00ls,t; =0.02s, (¢) t;'; = 0.0ls,t’} =0.02s and
(d) t;‘; = O.IS,tj‘, =0.12s, where tj, is the final time of the simulation. All temporal profiles are
plotted at spatial location x* = 0.5L; ,b,i = 1,2. The blue dashed line is for the parent v;, the
red dashed line is for the daughter vessel v;,, the green dashed line is for the daughter vessel v,,
and magenta line is for pJ.
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Figure 5.10: Histogram of maximum pressure value obtained from the time-dependent bifur-

cating network model as we apply the time-dependent external pressure of maximum amplitude

Ap; =S5mmH g on the vein of generation 1 over two different timescales 77 showing: at the junc-

tion of the bifurcation network X* = 0 for (a) t; = 0.001s and (c) t; = 0.01s, and the inlets of

the network X* = —L7, —L;z for (b) t; =0.001s and (d) t; = (0.01s when the baseline lengths
—%
of daughter veins vy, and v,, are chosen from a normal distribution with a mean of L, and a

standard deviation of 6, =0.2L,.



Chapter 6

Flow along the arterio-venous network

6.1 Introduction

The retinal microvascular network of humans comprises arteries, veins, arterioles, venules, small
arteries and small veins. Together, they regulate blood pressure to ensure perfusion of the capil-
lary vessels for nutrient exchange and the distribution of blood flow to meet the metabolic needs
of the retinal tissue. In this chapter, we combine the divergent arterial network discussed in Ap-
pendix A and the convergent venous network developed in Chapter 5 to form a three-generation
arterio-venous network, where the arterial network is connected to the venous network via cap-

illary beds, and each arterial and venous network contains three generations of blood vessels.

To quantitatively assess the effect of retinal vein occlusion (RVO) on the arterio-venous net-
work, we apply an external impingement on the parent vein of generation 1, but do not consider
any arterial constriction. As discussed in Chapters 4 and 5, the impingement is modelled by
an external pressure with a localised spatial profile applied over a prescribed timescale on the
vessel wall. We want to understand the blood flow dynamics in an arterio-venous network of
the blood vessels by analysing how blood flow, blood pressure, and the cross-sectional area of
the blood vessels change in response to the prescribed constriction. In the following subsec-
tion 6.2, we introduce the three-generation arteriovenous network (the schematic diagram of the
arterio-venous network is given in figure 6.1). As discussed for the arterial and venous networks,
we label the parent vessel as generation 1, the daughter vessels are then in generation 2 and so
on. In subsection 6.3, we outline the parameter values used to simulate the blood flow in the
perturbed arterio-venous network. In the following subsection 6.4, we briefly outline the steady
state responses of the arterio-venous network. In subsection 6.5, we discuss the time-dependent
behaviour of the arterio-venous network in response to the external pressure perturbation applied
to the parent vein. In subsection 6.6, we briefly discuss the image-informed network. Finally, in

the subsection 6.7, we conclude the thesis by outlining the achievements of this work.

164
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Figure 6.1: Schematic diagram of the arterio-venous network model consisting of the arterial
network, the venous network and capillary beds used to study the blood flow in retinal microcir-
culation. The red arrow indicates the baseline flow direction of the arterio-venous network.

6.1.1 Structure of the arteriovenous network

We consider an arteriovenous network consisting of a divergent arterial network of three genera-
tions of arteries and a convergent venous network of three generations of veins, where the arterial
and venous networks are connected by capillary beds, as shown in figure 6.1. As mentioned ear-
lier in the case of the arterial network in Appendix A and for the venous network in Chapter 5,
blood flow is always from left to right in the network as we plot the system. The parent artery on
the left side of the arteriovenous network (figure 6.1) receives the blood flow at the inlet, while
the parent vein on the right-hand side of the arteriovenous network (figure 6.1) drains the blood
from the system across the outflow.

We are going to follow the same architecture for the arterio-venous network as for the arte-
rial network, given in Appendix A and for the venous network model in Chapter 5. We use a
superscript ‘a’ to denote all the parameters and variables related to the arterial network and the
superscript ‘v’ to denote all the parameters and variables related to the venous network. In this
chapter, we consider an arterio-venous network with three generations i = 1,2,3. The b branch
artery of the i'" generation is denoted as a,; and similarly the 5" branch vein of the i generation

is given by v,,.

6.2 Model description and boundary conditions

Building upon the mathematical model derived for the bifurcating venous network given in sub-
section 5.2 of Chapter 5 and the mathematical model for the divergent arterial network given in

subsection A.1 of Appendix A, we follow the same protocol to describe the arteriovenous net-
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work. This section only lists the non-dimensionalisation relevant for the arterio-venous network
formation; all other scalings and notation remain the same as those introduced in the bifurcating
venous network model from Chapter 5 and in appendix A, unless stated otherwise. For sim-
plicity, again in this chapter, we use only an upstream flux-driven boundary condition, and we
prescribe the inlet flux into the parent artery (see figure 6.1). The prescribed inlet flux is denoted
by ETT, in steady state, the steady flow across the parent vein is ETT = ET;} As mentioned in
A.1 of Appendix A, all the non-dimensionalisation of variables and parameters are based on the
baseline parameter values of the parent vein listed in Table 1.1. The typical baseline velocity of
the blood is selected based on the properties of the steady flow in the parent vein in the venous

—% d —% U
network as U 11—Q11 /A -

6.2.1 Dimensionless governing equation for the 5" branch of the i’ gen-

eration of the arteriovenous network

We non-dimensionalise all variables relative to the parent vein where lengths are scaled on the

—s0\1/2 —
. . . *U ., . *U
square root of the baseline cross-sectional area of the parent vein, <A11 ) , velocities on U |,

. —so\1/2 —p . " o~ —*U 3/2
and time on <A11 ) /U1 ;- We also choose a viscous pressure scale P* = My Q1 1/ ( > .

The choice of non-dimensional scales yields the following non-dimensional groups obtained as

*—*U —%D 1/2
P (A1) e ke i g
R= kl) a — ﬂl} — ﬂa —
*U ’ bi P* ’ bi P ’ bi *0? bi *U?
My 11 11
—_k D —ka *U *a PR
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)= — A, =0 pr=_ bW e W o _Tb
i Z*u bi Z*U bi N 1/2 bi —pn\ 1/2 P
11 11 <A11> < 11)

where R isthe Reynolds number, ka’U is the non-dimensional vessel wall stiffness of the b'" vessel
in i"" generation, ,ub is the non-dimensional viscosity of the b vessel in i’ generatlon Za *
is the non-dimensional baseline vessel cross-sectional area of of the b vessel in i’ generation,
LZ;'U is the non-dimensional vessel length of the 5" branch of the i’ vessel and pc,, is the capillary
pressure between the b branch artery of generation 3 and b branch vein of generation 3 of the
arteriovenous network.

We again assume long-wavelength deformations (f = 1/L{, < 1) and re-scale the model

parameters according to

_ p—=1p v _ p—17v a _ p-17a v _ ~U a _ ~a Y i
R=F"R, ky=pF"ky Fky,=F"ky Hy=Hy Hpi = Hp;> Ay = Ay
_a_:i v _ AU Aa v _ p-1l75v a _ p-17%a
Abi - Abi’ Qbi - Qbi’ bl bi’ Lbi - ‘H Lbi’ Lbi - ﬁ Lbi'

All the independent variables and dependent variables remain the same and are already listed in
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subsection 5.2.1 of Chapter 5 and in subsection A.1.1 of Chapter A. For notational simplicity,
we drop all tildes and finally obtain the governing equation for the 5" branch vessel (for both

artery and vein) of i’ generation in the closed form as

a,v a,v\2 5 ap
oAy, _ 1 0 (Abi ) Py, 6.1)
- —a,v : .
ot Ab[ ”Z;U ox 87 ox

The flux along the parent vein vy is given by (5.2) and the modified fluxes of vessels vy,;, a,;, b =

1,2,3,4,i = 2,3 of the arteriovenous network are given by

a,v a,v
ke 0A

a,v __ m a,v\m+1 n a,u\—n+2 bi
A ) TS DT o [ 62
(%)

Qbi - Sﬂ_ﬂgl,l} <ZQ’U>
6.2.2 Dimensionless ‘tube law’ for the arteriovenous network

bi

The dimensionless ‘tube law’ for the parent vein of generation 1 of the venous network is given

by (5.4), and for all the other vessels in the arteriovenous network, it can be written as

Aa,U m Aa,U —n
a,v _ ayu bi bi _ .
pbl. (x,t) = kbi st —\ =ao , b= 1,2,3,4, 1= 2,3 (63)
Abi Abi

For the arterial network, we choose the ‘tube law’ parameter values m = 0.5 and n = 0, and for

the venous network, we consider m = 10 and n = 1.5. The detailed discussion on the ‘tube law’

parameters is given in table 1.1 in subsection 1.3 of Chapter 1.

6.2.3 Applied localised constriction of the vein of generation 1 of arteri-

ovenous network

As discussed in subsection 5.2.3 of Chapter 5, we apply a localised compression on the parent
vein at some location x* = x;f, over a timescale t;, through a prescribed external pressure p’; given

in (5.9) and the final long-wavelength version of external pressure p,(x,?) is given by (5.12).

6.2.4 Boundary and continuity conditions of the arteriovenous network

To determine the boundary and continuity conditions, we follow the same protocol as already
discussed for the arterial network and venous network. We only discuss each of these conditions
very briefly in this chapter.

Again, for the continuity of pressure condition, we follow the same derivation described

in subsection 5.2.1 of Chapter 5 and A.1.3 of Appendix A at except the junctions where the
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arterial network is joined with the venous network. At all four junctions where the branches of
generation 3 of the arterial networks connect to their counterparts in the venous network, we
employ the four capillary beds shown in figure 6.1. To incorporate the capillary beds between
arterial and venous networks, we simply use a prescribed pressure drop pc,, d = 1,2,3,4. This is
a simpler representation of the smaller vessels and capillary plexii. We lump them together and
model them as a pressure drop between the arterial network and venous network. As a result, the
modified pressure continuity condition at these four junctions connecting the arterial and venous
networks becomes

Py (N)=pi5(0)+Dpcy, b,d =1,2,3,4, (6.4)

where p,; is corresponding the blood pressure for 5 branch vessel in generation 3. For all other
junctions on the arterial side, we employ (A.7), and for all junctions on the venous side, we use
(5.14).

6.2.5 Final model for the arteriovenous network

We obtain the final system of equations for 5" branch (for both artery and vein) of the i gener-

ation of the arterio-venous network and is given by

IA%Y (A%0)? DALY

bi 1 d bi a,v a,v\xm—1 a,o\—n—1 bi

ot 2%V avox 87 kbi (m(Abi ) +n(Abi ) ) Ox : (6.52)
Abi Hpi

The final model for the parent vein (i.e., b = 1,j = 1) where we apply the external pressure

perturbation p, is given by

2

JAY (AU ) 9 v

1 _d 11 Pe m—1 —n—1 11
— = — +kY AY +n(AY — 6.5b
o ox| 8z (ax iy (AT (43 > (6.5b)

subject to boundary conditions at the inlet of the network
0A? 8 Q¢ ut

1n_ 11711 C(x=0), (6.5¢)

” kﬁ(m<le>iii+n<le>iiii)
(1) (A7)

and at the outlet of the network (assuming p,(0,7) = p,(1,7) = 0)

AV =1, (x=1), (6.5d)
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parameters symbol | unit | value | source
capillary pressure | pc. | mmHg | 229 | [61]

Table 6.1: Prescribed capillary value at the four junctions of the arteriovenous network where
the arterial network connects to the corresponding venous counterpart.

continuity of pressure conditions at the four junctions between generation 3 of the arterial net-

work and generation 3 in the venous network

and continuity of pressure and continuity of flux conditions at all other junctions (these follow

from our discussion given in subsection 6.2.4).

6.3 Parameter values

As mentioned in subsection 5.4 of Chapter 5 and subsection A.3 of Appendix A, in our arterio-
venous network model, we consider the superior temporal quadrant, which originates from the
first generation of our network, as shown in figure 6.1. For generation 1 of our network model,
we consider the parameter values for generation 1 of Takahashi’s network; for the generation 2
of our network model, we consider the parameter values for generation 2 of Takahashi’s network
and so on (see summary in tables 1.1, 5.1, A.1). The corresponding four capillary pressure drop
values are adopted from [61], listed in table 6.1. For simplicity, we consider all four capillary
values to be equal. In future, a systematic review will be done in order to understand how the

capillary values can be changed for each of these four junctions.

6.4 Steady model results

To study the steady state behaviour of the arteriovenous network when no external pressure is
applied, we begin by isolating the time-independent steady state solutions. In this subsection, we
consider the arteriovenous network*consisting of non-identical branches in generations 2 and 3.
In this flux-driven flow, the flux 61(; = 1.88x 10™*mls~! is prescribed at the inlet of the parent
artery of generation 1 of the arteriovenous network.

We motivate our discussion by considering the baseline case, where we study the steady
unperturbed arterio-venous network response (sup) by considering Ap? = 0. The model arterio-
venous network is sketched in figure 6.1. While keeping all other parameter values fixed, the

length of the branches of generation 2 and generation 3 of arteries and veins are all randomly
—%a —*a

sampled from the normal distribution Lzl.“ ~N <Ll. ,0.2L, > ,b=1,2,3,4,i=2,3and Lzlf’ ~
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Figure 6.2: Behaviour of the arterio-venous network containing non-identical branches of differ-
ent baseline cross-sectional area in generation 2 and 3 at a steady state, when maximum pressure
amplitude Ap? = 0: spatial profiles of the (a) cross-sectional area A* and (b) blood pressure p*.
The blue dashed vertical line represents the junction between the arterial network and the venous
network

—%0 —*0U —*a
N <Li ,0.2L, > , b=1,2,3,4, i = 2,3 respectively where mean is the baseline length L, or

—%D
L, where i = 2,3, depending on whether the branch is arterial or venous and the standard devi-

ation is chosen to be 20% of the mean value. Figure 6.2 plots the cross-sectional area A* (figure
6.2a) and pressure p* (figure 6.2b) profiles for the three-generation arterio-venous network.

All the spatial profiles of the cross-sectional area and pressure decrease almost perfectly lin-
early with the slope set by the prescribed flow rate (see figure 6.2a,b). As expected, the pressure
gradients are different across each generation in line with the flow rate prescribed. Overall pres-
sure differences across two networks are small in comparison to the prescribed capillary pressure
drop. As mentioned earlier, this is not only the prescribed capillary pressure drop, but it reflects
the combined contribution of the capillaries and the upstream microvascular network of small

blood vessels.

6.5 Unsteady model results

Now, we aim to investigate the time-dependent behaviour of the arterio-venous network when
applying a time-dependent external pressurisation given by (5.12) to the parent vein of the net-
work (see figure 6.1). In this section, while keeping all other parameter values fixed, the length
of all the branches of generation 2 and generation 3 are again randomly sampled from a nor-
mal distribution as mentioned in subsection 6.4. It is important to note that, in principle, other
parameters could also be sampled randomly, leading to more stochastic variability in the out-

come. In the following subsection 6.5.1, we begin our discussion with the baseline unsteady
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Figure 6.3: Time-dependent responses of the arteriovenous network containing non-identical
branches in generation 2 and generation 3 where the length of all the branches of generation 2
and 3 are randomly sampled from a normal distribution N (u,,s,) where mean p, is the baseline

length Z*Tz or L 11)2’ depending on whether the branch is arterial or venous and the standard
deviation o, is chosen to be 20% of ¢,.. Pressure perturbation with a maximum pressure amplitude
of Ap; =5mmH g has been applied externally showing: temporal responses of pressure p* for
(a) arterial network, (b) venous network (inset: branches in generations 2 and 3) and spatial
responses of (c) arterial network (inset: branches in generations 2 and 3), (d) venous network
(inset: branches in generations 2 and 3). The time of occlusion t; =0.001s, and the final time of

the simulation is t’;, = 3t;.

case. Subsection 6.5.2 discusses the effect of the perturbation time t; on the unsteady response

of the arterio-venous network.

6.5.1 Unsteady baseline case

Figure 6.3 is obtained by plotting the temporal (figure 6.3a,b) and spatial (figure 6.3c,d) profiles
of the blood pressure at the outlet of each branch of generation 2 and generation 3 of the arterio-
venous network.

Looking at the venous side of the arteriovenous network, initially at time t* = 0, the pres-
sure in veins of generation 2 (black line for vy, and blue circle for v,, in figure 6.3b) is lower
than the pressure in veins of generation 3 (magenta line for v;3, cyan circle for v,3, green line

for v35 and red circle for v,3 in figure 6.3b) as the pressure drop between generations drives the
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flow. Once the parent vein becomes occluded, blood is displaced and redistributed upstream
and downstream of the constriction in the network. Over time, all the branches in the genera-
tions 2 and 3 receive the displaced fluid, and in all cases, blood pressure starts to rise (figure
6.3b). It is important to note that the pressure of generation 2 overshoots in a significant manner,
starting from nearly 0.54mmH g, then reaching up to 0.95mmH g, and once the effect of exter-
nal pressure is fully established, the pressure value drops below 0.77mmH g to reach the steady
perturbed value (figure 6.3b). This indicates that once the system approaches the steady state,
the overall pressure (steady) gain for generation 2 is &~ 0.23mmH g, whereas during the transient
overshoot, the pressure gain is much greater (= 0.41mmH g). Although there is no evidence of
overshooting for generation 3, we do observe quite a significant gain in overall pressure in this
generation (= 0.26mmH g). Once the effect of external pressure p is fully applied, the blood
pressure in generation 2 decreases and temporal profiles in generation 2 and 3 switch dominance
and eventually, the temporal profiles of pressure of all branches of generation 3 overtake the cor-
responding temporal responses of generation 2; this pressure difference between generations 2
and 3 is necessary to ensure the system can adapt a steady configuration.

Looking at the temporal responses of the arterial side of the network given in figure 6.3(a),
as expected, the largest pressure is within the parent artery with pressure drops in subsequent
generations (figure 6.3a). In all generations, blood pressure rises slowly over time as the system
feels the effect of the incoming fluid forced from the parent vein as a result of constriction (see
figure 6.3a). However, these pressure differences are much less pronounced than on the venous
side of the network. The corresponding spatial plots validate our observation given in figure
6.3(c,d). As the constriction is applied to the parent vein, fluid is displaced upstream of the
constriction and gradually into the arterial side. However, given the relatively large stiffness of

the arteries, they are only expanded by a relatively small amount.

6.5.2 Influence of the time of occlusion t:; on the response of the arteriove-

nous network

As seen earlier for the venous network in subsection 5.6.2 of Chapter 5, the occlusion time t: can
have a significant influence on the increase in maximal pressure in subsequent generations. In
this subsection, we compare this maximal pressure at the outlet of each vessel of the venous side
of the arteriovenous network, where we vary the ramping time t; over which the external pressure
perturbation of maximum amplitude Ap? = SmmH g is applied on the parent vein of generation
1. Figure 6.4 plots the relative changes in blood pressure p* of the parent vein and branches
in generations 2 and 3 at the corresponding outlet of each generation for four different t;. In
each case, we sample the length of vessels in generations 2 and 3 from a normal distribution, as
described above in subsection 6.4. In all cases, we compare to the steady state pressure profile

obtained from the steady unperturbed model (sup model), denoting the pressure p’;up. In all
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(a) tp = 0.0001s (b) t, = 0.0005s
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Figure 6.4: Effect of time of occlusion #* when the time-dependent external pressure of maximum
amplitude Ap’ = 5mmH g is applied on the vein of generation 1 of the arteriovenous network,
showing: the relative pressure increase for (a) t; =0.0001s, (b) t;‘; =0.0005s, (¢) t;‘) =0.001s and

(d) t; = 0.005s. pjup is the steady state pressure profiles obtained from the sup model.

0 0.5 1

four cases, as expected, the change in pressure (the black line in figure 6.4a,b,c,d) is greater in
generation 2 compared to generation 3, and we observe a significant overshoot in generation 2
(figure 6.4). As we vary the ramping time t;’;, the final steady state must become the same in all
cases. The overshoot value is greater for short ramping times and gradually diminishes toward
zero as the ramping time t; increases. It might be expected that the overshoot is eventually
suppressed as ramping time increases further, but we have not yet been able to run the model to

very long times.

6.6 Image-informed arteriovenous network

We have developed a theoretical model for an arterio-venous network consisting of three genera-
tions of arteries and three generations of veins. In Chapter 3, we have already extracted diameters
of retinal blood vessels from the one segmented clinical image for three generations of arteries
and veins from fundus images provided by our clinical collaborator. In this section, we want
to use those diameter values extracted from images to parameterise the arteriovenous network
developed in this chapter. We follow the clinical convention that the thicker vessel in the clinical

image is considered a vein, and the thinner vessels are considered to be arteries. All the lengths
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Vessel generation | Symbol | Vein( pixels) | Vein( um) | Artery(pixels) | Artery(um)
1 ET 3.3744 148.1 2.46 108
2 E; 3.1598 138.7 1.91 84
3 %: 2.2120 97.1 1.5 66

Table 6.2: Vessel diameter of artery and vein calculated directly from fundus images.

of the corresponding branches of different generations are listed in table 3.1 of Chapter 3. It is
important to note that, as the extracted diameters from the images are in pixels, it is important
to convert the diameter to a physical unit, possibly in gm and then use that in the mathematical
model. To convert retinal vessel diameter measurements (obtained from the fundus image) from
pixels to physical units, we use the optic disc as an internal reference. There are relatively con-
sistent measurements of the mean vertical diameter of the optic disc for healthy adults available
in the literature, which is typically around 1.80um [20]. Considering this, we have performed a

pixel to um conversion using the following scaling factor

D
phy . 1800
= o umpixed = =5
where D, = 1800um is the reference value obtained from [20], and D;,,,,, = 41pixels is the

vertical diameter measured in pixels from the original fundus image given in 2.22(a). To change
all the vessel diameter measurements obtained in pixels from the fundus images (figure 2.22a)
listed in table 3.1 of Chapter 3 to a physical unit (um), we multiply the vessel lengths (in pixels)
by the scalling factor s. The table 6.2 represents the diameter obtained from the image in Chapter
3.

Figure 6.5 shows the prediction of our arteriovenous network model, which is parameterised
based on the diameters extracted from real patient images. The diameter of the branches of
generations 1,2 and 3 of arteries and veins are all randomly sampled from the normal distribution
L~ N (Ija,o.zfja> . b=1,2,34,i=23and L}’ ~ N <Zju,o.2fjv> . b=1,234,i=

—%a —*U
1,2,3 respectively where mean is the baseline diameter R, or R, where i =2,3, depending

on whether the branch is arterial or venous and the standard deviation is chosen to be 20% of
the mean value. The mean values of the diameter used in the simulation are listed in table 6.2.
We note that in this image-informed case, the outcome is broadly very similar to the randomised

case presented above, with the same key features evident.
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Figure 6.5: Image informed three generation arterio-venous network where pressure maximum
pressure amplitude Ap? = SmmH g is applied over a timescale t;‘) = 0.0001s, showing: spatial
responses of (a) cross-sectional area, (c) pressure for arterial network and (b) cross-sectional

area, (d) pressure for venous network. The final time of simulation is t;“f = IOt;.

6.7 Conclusion

To build a mathematical model for the three-generation arteriovenous network, we started with
a single-vessel model, where, for simplicity, the whole network was treated as a single long
vessel in Chapter 4. In Chapter 5, we extended the single-vessel mathematical model to the two-
generation converging venous network. To study the effect of RVO on the parent vein, we apply
a time-dependent external pressure perturbation. As the external pressure is applied to the parent
vessel, we observe a well-defined maximum pressure in the daughter vessels that overshoots the
eventual steady state. It is therefore interesting to study, within the arteriovenous network model,
how these pressure peaks propagate through the network across the further generations.

Based on our observations from the venous network, we extend the existing venous network
model to a three-generation arteriovenous network in Chapter 6. In this arteriovenous network,
we consider a novel mathematical framework containing three generations of arteries and three
generations of veins connected by capillary beds. We prescribe the baseline flow at the inlet of the
parent artery, while everything else follows from the model of the venous network. To understand
the impact of the variability in parameters on the arterio-venous network model, we choose the

vessel lengths from a normal distribution. As an external pressure is applied to the parent vein,
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this increases the maximum pressure in the next generation upstream, which exceeds the eventual
steady value. However, this overshoot diminishes as the ramping time increases. Furthermore,
the blood pressure in subsequent generations increases monotonically toward the steady state,
and there is no overshoot. It is therefore not clear if this pressure propagation can eventually lead
to aretinal haemorrhage, as there is no localised increase in pressure in the peripheral generations
of the network.

At the end of this work, we have successfully built an image-informed three-generation arteri-
ovenous network for the first time, considering the fluid-structure interaction for real prediction to
study the effect of RVO on retinal microcirculation, and in principle, we can use all the informa-
tion about the lengths and radius extracted from the images to parameterise this arterio-venous
network. The simulation exhibits all the features identified in the randomised case discussed

above.



Chapter 7
Overview, conclusion and future direction

In this chapter, we summarise the outcome of this thesis and discuss how it all fits together
to predict pressure propagation across the retinal circulation, which may possibly lead to ves-
sel bursting (potentially leading to retinal haemorrhage) in response to a retinal vein occlusion
(RVO). The following subsection 7.1 provides the overview of the thesis. In subsection 7.2, we
outline the clinical relevance of the proposed mechanism to understand RVO. In the following
two subsections 7.3 and 7.4, we compare our approach with existing state-of-the-art studies to
clarify its necessity, novelty and to discuss how it addresses gaps in the current literature. The

last subsection 7.5 discusses the limitations and scope of this work.

7.1 Overview of the thesis

We analysed the clinical images of the retinal fundus, which have a visible retinal haemorrhage,
obtained from our clinical collaborator, example given in figure 1.2(b) of Chapter 1. Using
cutting-edge vessel segmentation algorithms (both classical machine learning-based approach
and deep learning-based approach), we successfully extracted several generations of blood ves-
sels in Chapter 2. The next step was to measure different geometrical attributes of the vessel in
the network, e.g., their length and radius, from the extracted segmented vessel map to param-
eterise the arteriovenous network so that we could build a realistic mathematical model which
closely resembles this structure. To do that, the first step was to extract a skeletonised tree, con-
taining the centrelines of the blood vessels appearing in the segmented image. In Chapter 3, we
used the graph-based reconstruction method to construct the vessel tree to compute the length
and radius of each vessel of the network.

To build the corresponding mathematical model, we first considered the whole arterio-venous
network as a long single blood vessel in Chapter 4. To mimic the RVO, we applied an external
pressurisation at the centre of a single vessel to study the role of fluid accumulation on the other
side of the occlusion and wave propagation away from the site of disturbance. To account for

fluid accumulation, we employed a viscous model, whereas the effect of wave propagation was
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analysed using an inertial model. As expected, for a purely viscous model with no inertia, we ob-
served that upon applying constriction on the vessel, the vessel expanded almost uniformly from
the corresponding steady state upstream to the point of constriction, depending on the boundary
condition. In contrast, including the effect of fluid inertia, we also observed the wave propa-
gation along the system due to the time-dependent constriction. Profile steepening was evident
in some cases, and the wave approached as a shock. The numerical method employed was not
shock-wave capturing, and so it was not possible to solve accurately once the profiles became
sufficiently steep. An in-depth analysis of the viscous and inertial models indicates that for short
perturbation times, the behaviour of the two models is very different. However, for long enough
perturbation time, the qualitative behaviour of the viscous and inertial models resembled each
other. In line with biological observation, the venous thrombus production caused by RVO was
a slow process relative to the wave propagation timescale, and so we felt that the viscous model
captured the essential physics. As a result, for further analysis, we proceeded with a viscous

model to build the arterio-venous network.

In Chapter 5, we build an efficient mathematical model for a two-generation converging ve-
nous network, where the flow was prescribed at the two inlets of the daughter veins. To study the
effect of RVO, we applied a time-dependent external pressure perturbation at the middle of the
parent vein and in order to understand the effect of inhomogeneity, we chose the lengths of the
daughter vessels independently from a normal distribution. As the external pressure was applied
to the parent vein, we observed a well-defined maximum fluid pressure in the daughter vessels
that overshot the eventual steady state value. It is important to understand how these pressure
peaks propagate through the network across the further generations within the arteriovenous net-
work model. This overshoot of pressure was quite significantly influenced by the perturbation
ramping time, contributing its largest value when the ramping time is short. We observed that
the maximum pressure value in the daughter exceeded the maximum pressure value calculated
from the parent, indicating a possible high risk of vessel rupture in the daughter compared to the

parent.

In Chapter 6, where we extended the existing venous network model to a three-generation
arteriovenous network. In this arteriovenous network, three generations of arteries and three
generations of veins were connected by capillary beds. As an external pressure applied to the
parent vein, this increased the maximum pressure in the next generation upstream, which ex-
ceeded the eventual steady solution shown in Chapter 5. However, this overshoot diminished as
the ramping time increased. The overshoot might eventually have been suppressed as the ramp-
ing time increased further, but we were not able to run the model to sufficiently long times. No
overshoot was observed in any of the further generations, so this effect was very localised, not
going to lead to pressure spikes in higher generations. Hence, it was not clear if this pressure

propagation could eventually lead to a retinal haemorrhage.

We successfully constructed an image-informed three-generation arteriovenous network for
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the prediction of the effect of localised constriction on the retinal microcirculation, where we
could use information about the lengths and radius of vessels directly extracted from the real

patient images to parameterise the geometry.

7.2 Clinical relevance of the hypothesis

From our extensive literature review in Chapter 1, we know that at a point of arterio-venous cross-
ing, the artery and vein are fixed within a vascular sheath of fixed cross-sectional area. Due to
diseases like arteriosclerosis, where the arterial wall becomes thickened, the corresponding vein
can become compressed at the site of arterio-venous crossing. This compression of the venous
wall damages the endothelial membrane of the vein, which then fails to regulate blood pressure
and maintain the anticoagulant surface of the vascular bed. The damaged endothelium expresses
procoagulant behaviour and loses its ability to repel blood cells. Consequently, platelets and red
blood cells begin to adhere to the injured venous wall. As a result, blood flow through the vein
slows, a condition known as stasis. The resulting stasis and cellular adhesion promote sponta-
neous development of an intravenous thrombus. This thrombus progresses to occlude the vein
over time scales of minutes. The sudden obstruction of venous outflow prevents the retinal ve-
nous network from draining blood properly, leading to a rapid increase in intravascular pressure
within the retinal circulation proximal to the site of the venous thrombus [22]. To understand
the role of RVO in vessel bursting, in this project, we use a combination of mathematical mod-
elling (based on continuum mechanics) and fundus image analysis to build a three-generation
arteriovenous network.

Our model predictions have the potential to offer a shift in clinical understanding by providing
early warnings of potential retinal haemorrhage, given the sign of occlusion already present in the
patients. The work presented in this thesis can be considered as a first working tool towards this
objective. Furthermore, the model highlights the importance of patient-specific vascular geom-
etry in determining susceptibility to retinal vein occlusion and subsequent haemorrhage. There
is the potential to make this model really robust and data-driven by using more clinical images
so that we can build a solid understanding from the clinical data that can tell us how predisposed
a patient is to have a retinal vein occlusion. In particular, investigating how morphological char-
acteristics of the vascular network influence flow dynamics may help identify key triggers for

retinal haemorrhage and improve risk assessment in clinical practice.

7.3 Comparison with previous works

There are existing studies on RVO which are primarily clinical in nature and focus on describing
observed features such as venous dilation, haemorrhage, and macular edema [79]. Experimental

animal models of RVO are widely used to study the pathogenesis of this disease, to understand
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the disease mechanism and to develop new therapeutics [| | 8]. However, these approaches do not
provide a mechanistic and quantitative framework for understanding the underlying mechanism

of RVO and its impact on flow dynamics.

Previous computational studies have attempted to address this gap. Image-based simulations
have been used to study the blood flow in a healthy retinal vascular tree, typically treating the
blood vessels as rigid tubes [102]. Other approaches focus on probabilistic description of oc-
clusion formation, considering the cell-scale adhesion processes [123]. While these approaches
offer valuable insights, they are often computationally expensive or primarily limited to mod-

elling retinal blood circulation under healthy conditions.

Three-dimensional fluid—structure interaction (FSI) models offer a detailed description of
blood flow in the cardiovascular system [165], and have been applied to individual vessel seg-
ments and junctions of the vascular network [1 12]. However, expanding these to model large
sections of the cardiovascular system becomes computationally challenging, especially for net-

works spanning multiple vessel generations [150].

A more computationally efficient and tractable approach is to derive a reduced order model
by averaging the three-dimensional governing equations across the vessel cross-section with an
appropriate closure condition, yielding a spatially one-dimensional (1 D) reduced order model of
the flow [165]. This one-dimensional (1 D) modelling framework shows great promise for accu-
rately predicting blood flow and pressure across the vascular network at a significantly reduced

computational cost [151].

Cardiovascular flows are considered as quasi 1D flow [7]. The existing 1 D model, such as
those for pulmonary networks, includes arterial and venous flows and pressures, and connects
the arterial and venous sides using boundary conditions [68], with some models focusing specif-
ically on the venous side of the circulatory system [95]. However, these models often consider
simplified network structures by limiting to two generations of vessels and excluding capillary
beds, instead directly coupling arterial and venous trees [68]. However, we develop a larger,
three-generation arteriovenous retinal network where the arterial network is joined to the venous
network through capillary beds, enabling a more physiologically realistic representation of retinal
microcirculation. While more comprehensive pulmonary models exist that integrate structured-
tree approaches for small vessels with patient-specific data [96], they employ a simplified version
for constitutive relations for vessel wall mechanics. However, we introduce a fully nonlinear re-
alistic ‘tube law’ relating blood pressure p* to the cross-sectional area A*, vessel stiffness k*
and external applied pressure p;. This non-linear formulation captures nonlinear vessel defor-
mation but presents significant numerical challenges, particularly at network junctions due to the

nonlinear dependence on A*.
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7.4 Contribution and novelty of this thesis

In the clinical image (see figure 1.2b in Chapter 1), we observed the spatial separation between
the site of haemorrhage and the site of occlusion. The localisation of haemorrhage was observed
upstream of the point of occlusion. The possible mechanism of progression of venous occlusion
at the A-V crossing was given in figure 1.3 in Chapter 1. These observations motivate the de-
velopment of a quantitative framework to understand how a localised occlusion influences blood
flow across the retinal microvascular network.

In this thesis, for the first time, the fundus image analysis was combined with patient-specific
mathematical modelling (based on continuum mechanics), to investigate the mechanism of reti-
nal haemorrhage following retinal vein occlusion. We presented a novel three-generation arterio-
venous model incorporating the fluid-structure interaction to study 1D blood flow and blood
pressure in a retinal microcirculation. A key contribution of this work was the incorporation of
fluid—structure interaction in the three genera, which enabled the model to capture the reservoir
effect of the vein. Under time-dependent external pressurisation on the parent vein, the displaced
blood from the occluded vein led to a transient increase in blood flow in the vessels upstream
of the point of constriction. This excess volume was accommodated through expansion of the
vessel.

Another major contribution was the development of a novel numerical strategy to efficiently
implement the nonlinear ‘tube law’. The nonlinear ‘tube law’ introduced significant numerical
challenges in enforcing the pressure continuity condition at all network junctions. To introduce
this, we devised a novel, efficient approach by breaking the nonlinear term involving A* into
linear and non-linear parts, where linear components were treated implicitly at the new time
step, while nonlinear contributions were evaluated explicitly using previous time-step values
as discussed in Chapter 5. This semi-implicit approach ensured computational efficiency while
retaining the essential nonlinear behaviour. In Chapter 6, we extracted the lengths and radii of all
arteries and veins from a real patient image using a cutting-edge fundus image analysis technique,

enabling realistic parametrisation of the network.

7.5 Limitations and future work

In this work, we considered a simple representation of the smaller vessels and capillary plexii.
We lumped them together and modelled them as a pressure drop p,. between the arterial network
and venous network. This is one of the limitations of the current arterio-venous network model.
However, to form a realistic network for the retinal microcirculation, it is important to model
each capillary plexus individually rather than lumping it together with smaller vessels of the
network. There are different approaches available to model the capillary beds. For example, we

could use the alveolar sac model, which is commonly used to study pulmonary gas exchange
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and the microcirculation within the lungs [41]. This framework represents the capillary network
as a highly interconnected, deformable surface surrounding the alveoli, allowing for detailed
analysis of fluid exchange across the capillary walls. Alternative approaches include representing
the capillary bed as a lumped hydraulic resistance, which introduces flow—pressure coupling but
still neglects nonlinear rheological effects and network heterogeneity [ 20]. More sophisticated
approaches, such as Windkessel-type representation, incorporate vascular compliance and thus
capture transient storage effects [62]. Another approach to modelling the branching network is
using Murray’s law [104]. It states that the cube of the radius of a parent vessel equals the sum
of the cubes of the radii of the daughters [ 104]. It provides constraints on vascular geometry but
does not directly impose a boundary condition relating flow and pressure.

As a direction for future work, the arterio-venous network model could be extended further
by incorporating alveolar sac—based representations to achieve a more physiologically realistic
description of capillary beds between arterial and venous networks. Furthermore, there is a need
for developing a detailed model of retinal vein occlusion (RVO) formation, including models of
thrombus formation and growth. Development of fully three-dimensional (3D) flow models at
bifurcations of the network to capture complex local haemodynamics would be beneficial.

There is a need to improve the numerical methods so that the numerical method can resolve
flow behaviour in the presence of occlusion in the parent vein robustly. This can be done either
by developing an adaptive grid technique or by using locally refined meshes in the parent vein.

In this work, we extracted the vessel network from a single colour fundus image. Expanding
this analysis to include multiple images would provide more robust estimates of vessel lengths
and radii. Also, the current modelling framework needs to be extended to construct larger vascu-
lar networks by incorporating all geometric information extracted directly from fundus images.

Uncertainty quantification remains an important challenge. Future work will focus on quan-
tifying errors arising from image-based reconstruction and analysing how these uncertainties
propagate through the network model to influence blood flow predictions. In particular, we aim
to develop a systematic framework for quantifying and analysing uncertainty in patient-specific

measurements and their influence on model outputs.



Appendix A

Arterial Network

A.0.1 Introduction

The arterial network branches divergently, where a parent bifurcates to form two subsequent
daughter vessels, opposite to the divergent venous network. We consider a small diverging ar-
terial network shown in figure A.1, consisting of two generations of blood vessels, where the
parent vessel in generation 1 bifurcates to the two daughter branch vessels of generation 2 to
form the arterial network. As mentioned earlier in this work for the venous network in Chapter
5, the direction of blood flow is always from left to right in the network, so the parent vessel on
the left side of the network sends blood flow into the daughter vessels on the right and daughter
vessels drain the blood flow from the system.

We index each vessel of the network by an index i, where i = 1 represents the first-generation
blood vessel, i.e., parent, i = 2 represents the second-generation vessel, and so on, with increasing
i indicating successive generations of branching blood vessels. It is important to note that for
an arterial system, one vessel in i’ generation bifurcates into two vessels in (i + 1)/ generation
(figure A.1). For the arterial system, we denote the 5" branch of the i’ generation as a,;.

In this chapter, we restrict our discussion to a single arterial bifurcation characterised by
b=1,2 and i = 1,2. It is important to note that a similar structure can be adopted for a larger
arterial network containing several generations of blood vessels. The overall structure of the
network for the venous counterpart is analogous to that of this arterial bifurcation and is given
in Chapter 5.

A.1 Derivation of the arterial network

Building upon the mathematical model derived for the single-vessel case in subsection 4.2 of
Chapter 4, we now extend the formulation to describe the blood flow in a bifurcating arterial
network. While this section focuses on a bifurcating network comprising three blood vessels,

we present the derivation in a more general framework, allowing the same approach to be easily
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artery gen 2

Baseline flow direction

artery gen 1(parent) .
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Figure A.1: Schematic diagram of a divergent arterial network model showing two generations
of vessels

adopted for the arterial network in the Chapter 6 for the arterio-venous network. This section ad-
dresses the modified non-dimensionalisation relevant for the arterial network formation; all other
scalings and notation remain as those introduced in the single-vessel model, unless stated other-
wise. It is important to note that in the case of the arterial network, all non-dimensionalisations
of variables are done based on the baseline parameter values of the parent vein listed in the ta-
ble 5.1. We denote the parameter values of the parent vein by a superscript ‘v’ and parameter
values of the parent artery by a subscript ‘a’. To eliminate ambiguity in the notation used for

constructing the network, all baseline parameter values are denoted with an overline.

For simplicity, in this chapter, we use only an upstream flux-driven boundary condition,

. . . _*a . . . .
where the prescribed inlet flux is denoted by Q,,, i.e., we prescribe the inlet flux into the parent
artery and the blood viscosity of the arterial network is y,*. The typical baseline velocity of the
—ka —*U

—xa
blood in arterial network is selected based on the properties of the parent veinas U, = Q,, /A,

_*U . . . .
where A || is the baseline cross-sectional area of the parent vein.

In subsection A.1.1, we derive the dimensionless governing equation of the b branch of i
generation of the arterial network. In the following subsection A.1.2, we state the ‘tube law’ for
the b branch of the i’ generation of the arterial network. Boundary and continuity conditions
used to solve the arterial network are given in subsection A.1.3. In the last subsection 5.2.5, we

outline the final model along with all boundary and continuity conditions.

A.1.1 Dimensionless governing equation for the " branch of the i’ gen-

eration of the arterial network

We non-dimensionalise all variables relative to the parent vein where lengths are scaled on
. . . (—0\1/2 .
the square root of the baseline cross-sectional area of the parent vein <A“> , and time on

—%D

—\ /2 —sp . % xo A Ta 3/2 .
<A11> /U11 . We choose a viscous pressure scale P* = '“11Q11/ (All) . The choice
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of non-dimensional scales yields the following non-dimensional groups
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where R is the Reynolds number, &} is the non-dimensional vessel wall stiffness of the b branch
. . . . . . —a .
of the i"" artery, u¢, is the non-dimensional viscosity of the b branch of the i"" artery, A,; is

the non-dimensional vessel cross-sectional area of the b branch of the i"" artery, and L} is the

non-dimensional vessel length of the b branch of the i"" artery.

We again assume long-wavelength deformations (f = 1/L{, < 1), where LY, is the length

of the parent vein and re-scale the independent variables according to
_p-le o _ p-lz

x=p0"X, t=p""1,

dependent variables according to
— 7 — A7 —pls — A
Uypi = ufc,bi’ Uppi = ﬁu?bi’ pZi - ﬂ p(bli’ A(bli - Acbzi
and model parameters according to
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For notational simplicity, we henceforth drop the tilde in all subsequent equations. Following the
same derivation as described in subsection 4.2.9 in Chapter 4, we finally obtain the governing

equation for the b branch vessel of i generation in the closed form as

2
0A?. A%)" op
bi — 1 0 ( bl) bi ‘ (5 1)

The flux in the »™* branch vessels ap;,b,i = 1,2 of the ith generation of the arterial network is
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given by

A.1.2 Dimensionless ‘tube law’ for arterial network

As discussed in subsection 4.2.5 of Chapter 4, the elastic response of the vessel wall is modelled

by using the ‘tube law’, and now it can be modified for a diverging arterial network.
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The‘tube law’ for the b branch of i’ generation of the arterial network is given by

A*a

* * bi
Py =k F ( — > : (A3)

Abi

For all vessels the non-linear function F is given by

F(s)=s"—s". (A4)

A detailed discussion on ‘tube law’ is given in subsection 4.2.1 of chapter 4.
Assuming the long-wavelength approximation, the dimensionless ‘tube law’ for the 5" branch

of the i"" generation of the arterial network can be written as

ACN" (AN
Ay Ay

A.1.3 Boundary and continuity conditions of the network

Based on the structure of the network, we choose suitable boundary conditions at the inlet and
outlet of the network, given in subsection A.1.3.1. Also, to ensure the continuity of blood flow
within the vessels of the network itself, we need to impose suitable continuity conditions on

pressure and flow at each of the junctions of the network, as discussed in the subsection 5.2.4.2.

A.1.3.1 Boundary conditions

For the converging arterial network consisting of two generations, we prescribed the fixed flux

a __

11
to note that Q‘fz + ng = 1. At the outlet of the arterial network, the outlets of the daughters in

1 at the inlet of the parent vessel of generation 1 of the arterial network. It is important

generation 2, we prescribe free return of fluid to the heart, so that the pressure is effectively zero,
. a a —

ie., pi, —O,p22 =0atx=1.

A.1.3.2 Continuity conditions at junction of the network

The continuity of flux condition is physically motivated by the requirement that mass is conserved
through the junction (bifurcation) of the network.

The mass flux balance at the junction of generation 1 and generation 2 results in

q;ll (L]]’t) = q;lz(oa t)+qu(0’ t)’ (A6)

The continuity of pressure leads to the condition that the outlet pressure of generation 1 should
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exactly match the inlet pressure of generation 2 neighbouring generation, which is given by

p(ll] (L]]’t) = p‘]lz(o’ t)9 plll] (Lll’t) = p;z(ov t) (A7)

A.1.4 Final model

The final system of equations for a vessel in the i’ generation of the arterial network is obtained
by substituting the ‘tube law’ (A.5) into (A.1) (see the discussion in subsection A.1.2) and is
given by

a
ot AbiMZ[ ox 87

0A% 1 o (A% 0A%
Y= —< d <kg,. (m(ALY™" +n(AG)™1) a;) , (A.8a)

subject to boundary conditions (b = 1,2) at the inlet

0AT, 8zQf, ui,

- _ , (x=0), (A.8b)

ox 4 (Azlll)m+1 (Aclll)—n+1

k11 m— +n—;
(A“)m+2 (A“)—n+2
and at the two outlets
AL = A" (x=1) (A.8¢)
12 120 ) .

AL =4, (x=1), (A.8d)

and continuity of pressure and continuity of flux conditions at the junction between generation 1

and generation 2 in the arterial network

pi(LT,.0) = p,0,1), pf (L5,.1) = p5,(0,1), (A.8e)
i, (L1, = 1,0, + g3,(0,1). (A.8f)

A.1.5 Static solution

We begin by isolating the time-independent (static) solution of the arterial network model (A.8).

Static solutions of (A.8) must have constant flux (qf, = Of,, such that Of, =07, + 03, = 1)

while the corresponding cross-sectional area profile A;. = Azi(s)(x) must satisfy the first-order
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nonlinear ordinary differential equation (ODE) for the b branch vessel of the i’ generation

-1
O -1 m (s)\m+1 n (8)\—n+1
(AZI )x - _(kZl) —4 mt2 (A(bll )m + ((Zz,)—nﬂ ) (A(bll ) " 871:’“21' Zi’ (Ag)
bi !

O<x<Li)bi=12.

A.2 Numerical methods

This section describes the numerical schemes used to solve both the steady and the unsteady
versions of the network model. Numerical simulations for both models were carried out using
MATLAB version 2023a. It is important to note that we follow the same technique used for the
venous network in subsection 5.3 of Chapter 5. In this section, we discuss only the assumptions
and techniques that differ from the venous network model discussed in subsection 5.3 of Chapter
5. In subsection A.2.1, we first discuss the numerical methods developed to solve the steady state
version of the arterial network model. Then, in the following subsection A.2.2, we focus on the

numerical method used to solve the unsteady arterial network model.

A.2.1 Numerical methods for static models

As mentioned earlier in subsection 5.3, we discretise the spatial derivatives present in the equa-
tion (A.9) using the second order finite difference method and employ Newton’s method to com-
pute the profiles A‘bli(s) using the ‘fsolve’ solver in MATLAB to solve these nonlinear algebraic
equations. Following the similar fashion adopted for the venous network, at the outlet of the
two daughter vessels & = 1, we use the Dirichlet boundary conditions A‘llz(s)(gg =1)= Ziz and
AL OE=1)=4,,.
At the inlet & = 0 of the parent vessel, the inlet flux is prescribed as qfl )= Q‘ll1 = 1 such that
‘1’1 = ‘]’2 + Q;z = 1. At the inlet (£ = 0), the first-order spatial derivative in (A.9) is discretised
using an off-centred finite difference approximation as described in subsection 5.3.1 of Chapter
5.

At the junction of the arterial network, to employ the non-linear pressure conditions using
the equation given in (A.8f), we use Newton’s method to compute the value of Azi(s). The value

of Agi(s) can be solved directly by setting

K9 (A9, )& = D)/A] D" = (A9, D& = 1)/A)™)
= k% (A9, )& = 0)" = ((A9,)E=0)"") (A.10)
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and

K9 (A9, )E = /AT = (A9, D)E = D/A)™)
= k5, (A, )E=0)" = (A5, E =)™, (A1D)

A.2.2 Numerical methods for unsteady models

For unsteady simulation of the arterial network, we use the same approach discussed for the
venous in subsection 5.6 of Chapter 5. We only highlight the differences in the numerical scheme
compared to the one presented for the bifurcating venous network; all remaining details follow
5.6 of Chapter 5.

At the two outlets £ = 1 of the two daughters of generation 2, we impose the Dirichlet bound-
[112’ A3, = Agz-
At the inlet of the parent in generation 1, where the flux is prescribed, we introduce one

., . a _ —
ary condition A}, = A

fictitious node at the inlet and compute the corresponding cross-sectional area at the fictitious
nodes by solving the boundary condition (A.8b). We then use the ghost point value to evaluate
the second-order stencil for the given equation (A.8).

At the junction node, we impose the continuity of pressure condition by matching the pres-
sure values at the outlet of the parent with the two inlet pressure values of the two daughters.

Mathematically, it can be written as

IR =N @R = 1=1.2,. (A.12)

where the superscripts indicate timesteps and the subscripts indicate grid locations. Then we
follow the same approach discussed in 5.6 of Chapter 5.
To impose the continuity of flux condition at the junction of the generation 1 and the gener-

ation 2, we consider
@ =@l )0 + @50, (A.13)

where qfl , qi’z, qz“2 are given in (5.2) and (5.3). We then follow the same techniques given in 5.6
of Chapter 5.

A.3 Parameter values of the arterial network

Following the similar approach discussed in subsection 5.4 of Chapter 5, for our arterial network
model, we begin with the superior temporal quadrant, which is the first generation of our arterial
network, as shown in Figure A.1. For generation 1 of our arterial network model, we consider
the parameter values for generation 1 of Takahashi’s network given in the table 1.1 of Chapter 4.

For the generation 2 of our network model, we consider the parameter values for generation 2 of
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a,, parameters syn;l:ols unit value source
lumen radius R, um 42.35 [61]
length f; um 549.6 [61]
apparent viscosity Hy Pa—s 0.0036 [61]
blood flow 0, | mis~! | 941x105 | [61]
wall thickness EZ um 28.941 [136]
wall stiffness i Pa 1895 [136]
Young’s modulus Ez Pa 218700 [136]
Poisson ratio % - 0.49 [91]
density of blood p* kgm™ 103 [12]

Table A.1: Reference parameter values for the branches of the artery of generation 4 in the retinal
network at the superior temporal quadrant.

Takahashi’s network given in the table A.1. Everything else follows from our discussion in 5.4
Chapter 5
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