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Abstract

Proof logging is a way to increase trust in the conclusion reached by an algorithm. Alongside
any answer, a proof logging algorithm should automatically output a mathematical certificate of
correctness in a machine-checkable format. This can be of critical importance in areas where
the results of algorithms have safety implications; are of academic mathematical significance; or
simply have tangible effects on people’s lives.

This thesis introduces new proof logging techniques in the area of constraint program-

ming (CP). CP is a powerful algorithmic paradigm for modelling and solving problems expressed
in terms of variables; possible values for those variables; and constraints on allowed combinations
of values. The field has matured over the past several decades to the point where general-purpose
solvers are routinely used to tackle large real-world problem instances efficiently. However,
certification has remained a challenge and currently very few CP solvers implement proof logging.
Part of the reason for this is the difficulty of capturing in a proof system the expressive, high-level
reasoning techniques used by specialised constraint propagation algorithms. Expressivity and
convenience need to be carefully balanced against trustworthy and efficient checking.

The main objective of this work is to investigate the extent to which pseudo-Boolean (PB)
reasoning can be used to develop feasible proof-logging versions of state-of-the art constraint
propagation algorithms. We use the VeriPB proof checker and its associated PB proof system
based on 0-1 linear inequalities and cutting planes derivations, augmented with convenience and
strengthening rules. VeriPB has previously been used in certification for a number of combina-
torial solving paradigms, including for some constraint propagation and search techniques. We
refine and build on this foundation, developing new PB proof logging methods for a number
of important constraint propagators, with a particular focus on smart table, regular language
membership, Hamiltonian circuit, and ternary multiplication constraints. Many of the techniques
we develop can be generalised. They establish that, in principle, a wide variety of CP propagators
are amenable to PB certification. We also implement our methods within a proof-logging CP
solver, and present empirical evaluation in terms of logging overhead and checking time.

This work opens a clear avenue to a future where solvers are more trustworthy and auditable.
It also gives us fresh insights into the applied capabilities of PB reasoning, adding new techniques
to the PB justification repertoire.
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Chapter 1

Introduction

“Suppose, for the moment, we did have such a powerful routine that when we gave

the machine the Riemann Hypothesis it finally gave out some 500 pages of closely

printed detail purporting to be a proof. Suppose further, that we have an independent

routine called a ‘theorem-proof checker.’ Such a routine would be much easier to

write than the first one. And suppose the alleged proof passed the second test. Would

that constitute a proof of the theorem?”

— Richard Hamming, The Mechanisation of Science, 1961

1.1 Solving Problems with Constraints

Many important real-world tasks are naturally expressed as constraint satisfaction or constraint

optimisation problems (CSPs/COPs). They can be understood in terms of a set of variables;
a set of corresponding domains (possible values) for those variables; and a set of constraints

restricting the combinations of values that the variables can simultaneously take. Examples
include rostering [40], scheduling [100], routing [130], planning [186], configuration [69],
placement [197], and resource allocation problems [114] — applications that can often be
safety-critical and have a tangible effect on people’s lives.

Take the task of designing a simplified 5-day shift roster for a group of four doctors. Each
shift slot for each doctor might be either type 0 (off), type 1 (day shift) or type 2 (night shift). We
could represent this problem as 20 variables, one for each shift slot each taking a value in the set
{0, 1, 2}. For example, “shift1,3 = 2” could represent doctor 1 being assigned to night shift on
day 3.

It is easy to imagine the kind of requirements that might be imposed here:
Each day there must be at least 2 doctors working day shift.

Each day there must be at least 1 doctor working night shift.

A doctor may not work a night shift followed immediately by a day shift, or vice versa.

A doctor may not work more than 3 consecutive days.
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Day 1 Day 2 Day 3 Day 4 Day 5
Doctor 1 1 1 0 1 1

Doctor 2 2 0 1 1 1

Doctor 3 1 1 1 0 2

Doctor 4 0 2 2 2 0

Figure 1.1: Example valid shift schedule, where 1 = day, 2 = night, and 0 = off.

If we wrote down these rules as mathematical constraints on the shiftij variables, then a valid
roster would be characterised by an assignment to the variables that satisfies these constraints.

Now, in a small example such as this, the problem seems friendly enough that it could be
solved by hand, similar to a kind of Sudoku puzzle. But if we scaled up to hundreds of doctors and
shifts, and more numerous and complex constraints, it would quickly become painful. It would
be particularly difficult to find an optimal solution with respect to some quantity to maximise
or minimise, or determine that some combination of constraints are incompatible, excluding
all possible solutions. For example, finding the solution that minimises number of night shifts
worked by certain doctors, or determining that it is not possible for any doctor to have a certain
number of days in a row off while respecting all other the constraints.

The discipline of constraint programming (CP) is concerned with modelling (precisely
representing) problems such as this and solving them with general-purpose computer programs
called solvers. It can be considered a subfield of artificial intelligence or automated reasoning,
depending on how these terms are defined, since the solver generally receives a description of
a problem, but not explicit instructions on how to solve it. The field has matured over the last
few decades to the point where state-of-the-art software can efficiently decide satisfiability and
optimality for an extensive variety of large-scale instances. This is despite theoretical computer
science categorising the general (discrete, finite) constraint satisfaction problem as NP-complete.
This means, very informally, that they are among the hardest in the class of computational
problems where we know how to check a solution “quickly”. In practice, solving is achieved
through the use of advanced search techniques, as well as specialised constraint propagation

algorithms that remove impossible values from variables’ domains.

1.2 The Point of Writing Proofs

Unfortunately, the complexity of modern CP solvers can make their reasoning inscrutable. And
concerningly, solvers will sometimes return the wrong answer. This is despite solving problems
with a precise mathematical definition, using algorithms that have a well-defined notion of
correctness. So a system might claim unsatisfiable when a solution exists; optimality of a solution
when a better solution exists; or exhibit an assignment that does not in fact satisfy the constraints
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as required. This fact is documented in academic publications, presentations, and as part of issue
reports in solver repositories.

“There have been three wrong-answer bugs found in released versions of Minion

since the introduction of metamorphic testing.” [4, pg. 8]

“CPLEX’s solution to instance 3 is apparently incorrect.” [199, pg. 41]

“In MZC 2014 one third of the solvers provided at least an unsound answer.” [5, pg. 6]

“In MZNC 2015 sunny-cp checked HaifaCSP, [. . . ] This allowed sunny-cp to detect 21

incorrect answers” [6, pg. 8]

“Conversely, Opturion and OR-Tools solvers provided a lot of incorrect, and unfortu-

nately unchecked, answers.” [6, pg. 9]

“the organisers enabled the solutions checking of G12/LazyFD, HaifaCSP, Mistral,

Opturion, OR-Tools. This allowed sunny-cp to detect 19 incorrect answers.” [6, pg.
10]

“Experiments carried out using Choco JaCoP and MiniCP revealed the presence of

numerous non-trivial bugs, no matter how carefully the test suites of these solvers

have been engineered.” [85, pg. 1]

“In the 2021 MiniZinc challenge, at least 45 out of 3,500 claimed solutions were

incorrect [. . . ] and previous years saw similar rates.” [94, pg. 1]

“Out of all bugs discovered, 13 bugs were soundness bugs, 5 of which had their origin

in backend solvers. In particular, we found 2 soundness bugs in the OR-tools solver

and three in the MiniZinc system.” [192, pg. 13]

See Appendix A for a sample of issue reports where open-source solvers apparently
gave wrong answers.

This is not especially surprising to anyone who has experience developing software. Bugs in
both algorithm design and implementation (and in interactions between the two) are a common
occurrence. And even if they were not, computer hardware is itself not infallible, susceptible to
design or degradation-related faults [167], and even interference from cosmic rays [202].

For constraint programming, occasional undetected wrong answers are often tolerable. The
use of a solver is simply about getting a solution that is “good enough” or “approximately
right”. However, in certain applications, errors could be extremely problematic or even morally
unacceptable. Examples include areas that have life-altering consequences, such as kidney
exchange [57], or where absolute mathematical correctness is intrinsic to the task, such as
searching for new classes of combinatorial objects [122]. There are also cases where a CP solver
can be used as part of verifying the correctness of another software or hardware tool [48, 147];
and here, the possibility of incorrect results undermines the whole process. And when optimising
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to obtain a good-enough result that is not necessarily proven optimal, even off-by-one errors in
an internal subproblem could amplify to result in huge discrepancies in the final objective.

It is worth noting that finding case studies of when wrong answers have actually had a direct
negative impact in industry is difficult, since CP systems are in practice often deeply integrated
with other tools [69], among code that is proprietary and not publicly available. We would
not necessarily expect companies to publish accounts of situations where commercial software
making use of CP was incorrect and led to personal or financial consequence. But we can surmise
from the kind of areas where CP is used, along with the available evidence of occasional solver
inaccuracy, that this has been and continues to be a problem.

Regardless, even if a particular solver were always 100% correct, and its authors were
completely confident of this, there would still be the challenge of convincing sceptical users that
apparent “black-box” results are reliable.

The standard approach to this in software engineering is to perform extensive testing. There
has been much research into how to effectively test CP solvers, including performing “metamor-
phic” or “fuzz” testing to randomly mutate solver inputs and check that certain properties are
preserved after solving [4, 85, 192]. This can be very effective at finding bugs. Indeed, testing
methodologies are responsible for identifying many of the wrong answers mentioned in the
examples above.

But we should not be content with testing alone, as famously argued by Edsger Dijkstra [63]:

“Besides the notion of productivity, also that of quality control continues to be

distorted by the reassuring illusion that what works with other devices works with

programs as well. It is now two decades since it was pointed out that program testing
may convincingly demonstrate the presence of bugs, but can never demonstrate
their absence. After quoting this well-publicized remark devoutly, the software engi-

neer returns to the order of the day and continues to refine his testing strategies, just

like the alchemist of yore, who continued to refine his chrysocosmic purifications.”

To expand on this: testing only shows that software works for the inputs used in the test cases,
under the specific conditions they were tested under, and not accounting for unpredictable events
affecting hardware. This is particularly salient for CP systems, since unlike simpler computer
programs, the space of possible inputs is huge, so there is absolutely no hope of testing every
possible scenario in advance. For some users, a promise that fairly extensive testing has been
performed might be satisfactory. But for others, stronger guarantees of software reliability would
be highly desirable.

One way to get a stronger mathematical guarantee of correctness of a piece of software is
to formally verify the source code itself. There are various ways of achieving this, within the
broad field of formal methods [185]. At a high level, formal verification of software usually
starts by defining a precise mathematical specification of how a program should behave. Then
tools such as model checkers [47] or theorem provers [159, 26, 172] can be used to rigorously
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prove that a concrete implementation meets this specification. This might involve verification of
existing code by treating it as a mathematical object. Alternatively, formally verified code may
be extracted from the verification process itself, generating an implementation that is “correct by
construction” [135].

Unfortunately, writing code using a theorem prover can be extremely difficult and time-
consuming. Although formal methods have delivered very promising results in other areas,
they are yet to be able to directly tackle constraint problems with the full power of methods
employed by modern solvers. There has been work on creating a formally verified CP solver by
extracting executable code from specifications using the Coq (now Rocq) proof assistant [38, 66].
This has been successful at capturing the notions of variables and domains, and certain limited
kinds of constraints and propagation. But it is still far from being able to certify the techniques
and specialised propagators used by the state of the art, and far from achieving comparable
performance.

So aside from testing or formal verification, what other approaches are available? Of course,
a simple idea that can be effective in practice is running multiple solvers and seeing whether
they agree. Doing this and getting differing answers demonstrates that at least one of the solvers
must be wrong, and majority agreement among many independent solver implementations will
increase some confidence in the result [6]. But this does not guard against multiple solvers being
wrong in the same way, and it is not particularly useful when only one solver is actually capable
of solving the problem.

An alternative approach, and the subject of this thesis, is proof logging. This is the approach
where alongside any answer, a solver should output a proof of correctness that can be checked
line-by-line by an external program. In a way, it generalises the method of verifying the output of
one solver by running another one, by having the second “solver” use a detailed output from the
first solver as its input. The proof should be produced incrementally during the solving process
by justifying individual reasoning steps, hence “logging”. This makes it an auditable record of
the steps taken to obtain the result, as well as a verifiable certificate that the result is correct. In
principle, proof logging will work providing that the proof language used is sound — it should
be mathematically impossible to have a correct proof of an incorrect answer for a given input.
And in practice, for maximum trust in the system, the proof-checking program should be simple
enough to be trusted directly, or be itself amenable to formal verification.

This remedies several of the issues with the other approaches to reliability. Although it does
not show that a solver is free of bugs, it does guarantee that a wrong answer can always be
detected. This is regardless of whether it is due to a software bug, hardware failure, design
flaw, mathematical error, or sporadic interference. Furthermore, correct answers can be forever
accompanied by a persistent certificate. So even if a problem was later discovered with a solver,
the answers remain trustworthy, and the certificate would in principle be available forever for
sceptical users to independently check.
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Figure 1.2: Proof logging at a high level.

Beyond certifying correctness, a proof log also provides a “trace” of execution of a solver,
since it breaks down the process into reasoning steps following what the solver actually did. This
is a useful source to mine for debugging and for insights into solver behaviour. The point at
which an incorrect proof fails may lead to some insight into where the solver went wrong.

Proof logging falls within the framework of certifying algorithms: the philosophy that a proce-
dure itself should be responsible for producing any additional information required to validate its
output. This idea was first defined explicitly in 2011 by McConnell et al. [149], but arguably was
understood in the 1990s via “certification trails” for fault-tolerant computing [182], and earlier
still as a feature of foundational methods in operations research via “Farkas’ certificates” [178].
Going back even further, certain mathematical algorithms defined long before the invention of
computers, such as the extended Euclidean algorithm, could be argued to meet the criteria to be
considered certifying.

Notwithstanding this, the current incarnation of certifying algorithms — as a method of
verifying results from exact solvers — is mostly a development of the last two decades. It
has been most prominent within the field of Boolean satisfiability (SAT), a specialised solving
paradigm related to but distinct from general constraint programming. At the time of writing,
SAT solvers can produce proofs as standard, and proof logging is seen as broadly successful.
This same level of success is yet to be replicated in CP.

One reason for this is the difficulty of expressing higher-level CP constraints and reasoning
mechanisms not present in SAT within a self-contained, usable proof language. A fundamental
tradeoff in any proof logging system is between ease of logging and ease of verification. It
is well understood how to instrument a CP solver to output some kind of “trace” file that
closely documents exactly the steps it took, which can be useful for analysis and debugging
purposes [3]. But to make this log a certificate of correctness by any reasonable definition,
we require extremely strong mathematical guarantees from our independent checking program.
This in turn will place restrictions on what kind of logging statements we can allow. Richer
descriptions will require more complex checking logic, which is likely to be less trustworthy,
less easy to write formally verified code for, and potentially slower per proof step. On the other
hand, allowing only very simple operations as proof steps might make it very difficult or even
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impossible to express sophisticated solver techniques within a log of manageable size. On top of
this, it is (arguably) desirable for the logging format to use a unified proof language. This means
that there should be a standard way of building representations of solver concepts, and general
proof rules that operate on this standard representation. This ensures that new solver features
should not require re-engineering of the proof system and checker, and different solvers that have
different representations and features can still use the same standard format.

To put these points in their proper context, it will be useful to explain this area in some more
detail and outline the development of proof logging over the last 25 years, particularly as it relates
to SAT and CP.

1.3 A Short History of Proof Logging

In logic, Boolean variables, also called propositional variables or truth variables, are symbols
that can only be associated with values true or false. We can construct statements about truth
variables using logical connectives “and”, “or” and “not”. For example,

(x and y) or (z and not x). (1.1)

This expression is satisfied if we say x = false; y = true; and z = true, because this respects
the meaning of the logical connectives, i.e. “either both x and y are true, or z is true and x is
false”. A mapping of truth values to variables that is allowed by an expression in this way is
called a satisfying assignment, and in general an expression is satisfiable if there exists at least
one satisfying assignment, and unsatisfiable otherwise. It is standard to write ∨ instead of or;
and ∧ instead of and; and put a small bar above a variable x to denote negation, so x̄, instead of
“not x”. This gives us a way to write compact Boolean formulas,

(x ∧ y) ∨ (z ∧ x̄) (1.2)

Within a Boolean formula, variables x and their negations x̄ are referred to collectively as
literals. An expression of the form ℓ1 ∨ · · · ∨ ℓn, where ℓ1, . . . , ℓn are literals, is called a clause,
and it expresses a disjunction: at least one of these literals must be true. For example, x∨ ȳ∨p∨ q̄
says that at least one of (“x is true”, “y is false”, “p is true”, “q is false”) must be the case in a
satisfying assignment. If we connect a collection of clauses with “∧”, we create a “conjunction
of disjunctions”: a Boolean formula saying that all the clauses must be simultaneously satisfied.
Such formulas are said to be in conjunctive normal form.

Determining whether a Boolean formula in conjunctive normal form (CNF) can be satisfied
is the quintessential NP-complete problem [49]. This can be viewed as a very restricted type of
constraint satisfaction problem, one where only 0-1 variables are allowed, and the only constraint
type is clauses. It is known simply as the Satisfiability problem or “SAT” problem for short.
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Although it appears at first glance to be a restricted case, it encompasses the general satisfiability
problem for Boolean formulas. This is because an arbitrary formula can be converted to a CNF
formula whose size is not unreasonably larger than the original (more formally, within a linear
factor), while preserving a mapping from its solutions back to the original solutions [188].

Despite its computational hardness in theory, automated SAT solving has enjoyed consider-
able success in practice. The Davis-Putnam-Logemann-Loveland (DPLL) algorithm was created
in 1960 by Davis et al. [54, 55], who also built one of the first implementations. This algorithm
formed the basis for most practical SAT solving programs over the years, and the first SAT com-
petition for these solvers took place in 1992 [125]. With the advent of the conflict-driven clause

learning (CDCL) paradigm in 1996 [146], a multitude of substantial performance improvements
allowed solvers to tackle progressively larger CNF formulas [125]. These could scale to hundreds,
thousands, and even millions of variables and clauses, and hence were increasingly used as a
component of automated problem-solving systems in massive industrial applications [145].

But improving performance meant increasingly complex software, so naturally there were
concerns about the reliability of these solvers. By the early 2000s, with an annual international
SAT competition established and a myriad of important applications in operation, a desire for
verification had become apparent.

When a CNF formula is declared satisfiable, it is straightforward for a solver to produce a
“witness” satisfying assignment that can be efficiently verified as such. It is simply a case of
checking that in each clause, there is at least one Boolean literal set to true. In contrast, it is not
so clear how to convince someone that a formula is unsatisfiable (UNSAT). Some kind of proof
should be required.

One possible means to achieve this is to construct a sequence of clauses that are implied by
the original formula. A clause C is implied by a formula F if every assignment that satisfies F
also satisfies C. The idea is that the act of adding each implied clause should be a “derivation”
that is easy to check, and then when a clause is added that is obviously, trivially unsatisfiable,
this shows that the original formula had no solutions. It should be completely convincing to
say that if a formula F and a formula G are equisatisfiable — either they are both satisfiable
or both unsatisfiable — and G contains the trivially-false empty clause, then F simply must be
unsatisfiable.

To make this possible, we need one or more proof rules for introducing clauses while
preserving satisfiability. An example of such a rule, first introduced formally in 1965 [173], is
the resolution rule. It can be applied if there are two clauses in a formula with a variable that
appears negated (negatively) in the first and not-negated (positively) in the second. When this is
the case, say for a variable x, a new clause called the “resolvent” can be derived by taking the
disjunction of all literals, other than x and x̄, appearing in either clause.

If C can be derived from F using the resolution rule, it must be the case that F implies

C. Thus, satisfiability is preserved (F and F ∧ C are equisatisfiable). Hence, a sequence of



Chapter 1. Introduction 9

resolvents, ending with the empty clause, provides a valid proof for an UNSAT claim. This is
known as a resolution refutation.

In 2002, Van Gelder [79] described how a DPLL-based SAT solver could emit such refutations,
demonstrating the first independently-checkable proof-logging methodology for SAT solvers.
Following this, Zhang and Malik [200] implemented the first verifier for their proof-logging
solver Chaff in 2003.

Resolution proofs were known to have theoretical limitations, however. In 1985 Haken [101]
had shown that CNF encodings of the classic “Pigeonhole Principle” would require exponential-
length proofs using standard resolution. Furthermore, the process of constructing each resolvent
was thought to require maintaining a directed acyclic graph (DAG) of clauses, which could be
difficult to implement and grow prohibitively large.

A parallel approach, outlined also in 2003 by Goldberg and Novikov [97], made use of the
well understood notion of unit propagation from the DPLL algorithm. Unit propagation relies
on the basic observation that if a clause (called a unit clause) contains only a single literal, that
literal must be true in any satisfying assignment. So we can simplify a formula by iteratively
setting any literals that appear in unit clauses to true until either a conflict is reached or no unit
clauses remain.

It is clear that unit propagation produces equisatisfiable formulas. It can also be shown
that it is confluent: it will always reach the same fixed point regardless of the order clauses are
considered in. So when a conflict (the empty clause) is reached by performing unit propagation
on a formula F , the formula has been shown to be UNSAT; and this can be externally checked by
running the same polynomial-time procedure.

A key observation for turning this into a derivation rule is that if F is UNSAT, i.e. false under
every assignment, then the logical negation ¬F is a tautology, i.e. true under every assignment
(we use ¬ to denote formula or clause negation to distinguish from literal negation). If we wish
to show F and F ∧ C are equisatisfiable, it is sufficient to show that ¬F ∨ C is a tautology, and
hence sufficient to show we can reach a conflict on unit propagation from ¬(¬F ∨ C), which
is equivalent to F ∧ ¬C. This forms the basis of the reverse unit propagation (RUP) rule of
inference. A clause is RUP with respect to a formula if adding its negation to the formula and
running unit propagation results in a conflict.

For example, the clause (x̄ ∨ y) is RUP with respect to the formula

(y ∨ z̄) ∧ (x̄ ∨ w̄) ∧ (z ∨ w). (1.3)

To see this, observe that the negation ¬(x̄ ∨ y) is x ∧ ȳ, i.e. two unit clauses, and if we set x and
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ȳ to true (and hence x̄ and y to false) in the formula we get

(false ∨ z̄) ∧ (false ∨ w̄) ∧ (z ∨ w), (1.4)

which simplifies to (z̄) ∧ (w̄) ∧ (z ∨ w). (1.5)

This now contains two further unit clauses: z̄ and w̄; so we continue unit propagation and set z̄
and w̄ to true, and hence z and w to false, to yield

(true) ∧ (true) ∧ (false ∨ false). (1.6)

This last formula contains the clause (false ∨ false), which is equivalent to the empty clause — a
contradiction.

Goldberg and Novikov demonstrated a proof logging methodology by which a SAT solver
outputs a sequence of RUP clauses, ending with an assertion that the empty clause is RUP,
and also implemented a checker containing an efficient unit propagation procedure. By 2008
a similar idea had been implemented by Biere in the checker program TraceCheck [28] for the
proof-logging solver PicoSAT [29], while Van Gelder defined a general proof format, based on
the same principles, simply called RUP [80, 81]. The methodology became known as clausal

proof logging, as it allowed authors of CDCL-type solvers to “retrofit” verification by simply
outputting learned clauses. In theory, any fact learned by a basic CDCL SAT solver could be
expressed as a RUP clause, and so this was a complete proof logging method.

Even with these improvements, along with an increased enthusiasm for “certifying algorithms”
more generally [149], many SAT solvers remained non-certifying by the time of 2011 SAT Com-
petition. While there was a Certified UNSAT track, where most solvers emitted RUP-style clausal
proofs, the main track did not require formal proofs of UNSAT claims, and uncertainty over
incorrect answers remained a problem [124]. This was partly due to the fact that the sophistication
of solvers was continuing to grow, with extensive preprocessing and even inprocessing techniques
that were either difficult or even impossible to efficiently justify with RUP alone [190, 181].
Indeed, from a proof complexity perspective, RUP is no more powerful than resolution, and so
also does not allow for short proofs of “pigeonhole”-type problems.

One way to make a proof system stronger, in terms of what can be refuted efficiently, is to
introduce an extension rule. This essentially allows introducing statements of the form y ⇔ F

(meaning “y is true if and only if F is true”) where F is an arbitrary Boolean formula and y is a
“fresh” variable not appearing anywhere previously in the derivation or starting formula [36]. In
the specific case of extended resolution, introducing three clauses of the form

x̄ ∨ p x̄ ∨ q p̄ ∨ q̄ ∨ x (1.7)

is allowed, where p, q are literals and x is a new variable not appearing in the input formula.
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These are equivalent to x⇔ p ∧ q.
Extended resolution was introduced by Tseitin in 1968 [98], and shown to allow polynomial-

length proofs of the pigeonhole principle encodings by Cook and Reckhow in 1979 [50], making
it exponentially stronger than resolution. Whilst proof logging for SAT making use of this system
had already been explored by Jussila et al. in 2006 [128], it was not until later that a more general
methodology leveraging it was introduced.

In 2013 Heule et al. [106] proposed a proof system based on the resolution asymmetric

tautology (RAT) property [126] which generalises both the RUP rule and the extension rule for
resolution. Unlike resolution and RUP, a clause derived by this rule is not necessarily implied by
the axioms and derived clauses. Instead, it is simply redundant with respect to them, meaning
equisatisfiability is still preserved. Although this somewhat goes against the standard intuition of
a mathematical proof being a series of logical consequences starting from an initial premise, it is
sufficient to allow for a certificate of unsatisfiability, which was the main focus at the time.

Together with the addition of clause deletion information (previously introduced in a proof
system called DRUP) [107, 112], the RAT rule became the foundation of the deletion resolution

asymmetric tautology (DRAT) proof system. Not only was this able to justify most of the
sophisticated techniques cutting-edge SAT solvers were using, it was relatively straightforward
for authors to integrate into existing work, similar to the RUP system, and was efficient to check
with a formally-verified verifier [196]. Part of the efficiency was due to proof trimming: reading a
proof backwards and only checking the clauses actually needed for the conclusion. This led to it
quickly becoming a de facto standard for SAT proof logging, and by 2014 proofs were mandatory
for solvers tackling UNSAT instances in the SAT competition [21].

Since the widespread adoption of DRAT, trust in SAT solvers’ claims of unsatisfiability
has increased dramatically. In recent years, disqualifications from the SAT competition due to
incorrect answers have dropped to negligible levels [103], and SAT solvers have even become
accepted by the mathematical community as having settled certain unsolved conjectures [104,
109, 138].

Although at this point proof logging for SAT solving could be considered a mature field, the
problem of formally justifying all techniques that modern SAT solvers employ had not been
entirely resolved. While new proof formats, such as LRAT [52], GRIT [53], and FRAT [13]
were proposed from 2017 onwards to decrease the unit propagation burden on the proof checker,
and to aid formally verified checking, certain solver capabilities remained beyond the scope of
any proof format. Foremost among these uncertified techniques was symmetry breaking: the
process of exploiting known mathematical symmetries in a problem to bypass some amount
of search [61]. Some restricted cases were known to be possible to prove within DRAT [108],
but in general it was not clear whether general symmetry breaking for SAT solving would be
expressible efficiently within this format. Parity reasoning over XOR constraints was another
example where the viability of DRAT proofs was unclear [168].
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Furthermore, the question of how to replicate the success of DRAT proof logs for combinato-
rial solving paradigms beyond classic Boolean satisfiability was gaining prominence. What if
someone wished to maximise an objective function over the variables of the formula, as in the
well studied domain of Maximum Satisfiability (MaxSAT) solving [12]? Or satisfy or optimise
over pseudo-Boolean constraints, i.e. inequalities over linear sums of 0−1 variables [33]? Or
indeed, expand to non-Boolean variables and make use of general constraint programming

techniques [175]?
The desire to certify constraint solving in a rigorous way has existed for a long time, but

proposed solutions have consistently struggled when faced with the scale and complexity of the
software. In 2010, Veksler and Strichman described a preliminary proof-producing CP solver
that supported some constraints, but required a complex proof system with constraint-specific
parametric inference rules for every different propagator [193]. They also did not provide a
formally verified checker for their proof system. Later, Gange et al. [75] made a serious effort to
develop a proof logging approach for a hybrid CP-SAT solver, using DRUP proofs as a “skeleton”
and relying on external specialised checkers for constraint-specific reasoning, although this was
never formally published. This, again, would require an extension of the proof framework for any
new constraint types.

The difficulties in adapting proof logging for constraint programming were mirrored in
the parallel efforts towards standardising proof production for “Satisfiability Modulo Theories”
(SMT) solvers. These are yet another kind of solver, which use SAT methods in combination
with solvers for specialised background “theories” such as linear real arithmetic [18, 17]. While
there have been significant advances in proof production for SMT in recent years [116, 16, 113],
standardisation and trusted checking remain challenging [15]. In particular, different checking
mechanisms for different theory solvers are required and there are, as yet, no complete unified
proof formats.

Going back to the fundamentals of proof logging philosophy, an ideal proof format:
is simple enough for a feasible formally verified checker;
has a flexible unified representation than can represent different aspects of a potentially
heterogenous solver;
is nevertheless based on a powerful proof system so that strong solver reasoning can be
expressed using proofs of a reasonable length.

Starting from 2019, a new line of work towards developing a proof system aiming to satisfy all
these criteria emerged.

An initial insight was centred on the cutting planes proof system [51] which operates on 0−1
integer linear inequalities, a.k.a. pseudo-Boolean constraints. This had long been studied in proof
complexity theory as an implicationally-complete proof system stronger than resolution but still
relatively simple. Somewhat surprisingly, it appeared to be able to express compactly various
kinds of solver reasoning relatively far removed from pseudo-Boolean representations, and in a
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way that was efficiently checkable.
A first version of a proof system involving cutting planes augmented with generalised RUP

steps was described by Elffers et al. [67] in 2020. This came with a verifier program called
“VeriPB” [1], which defined a compact format for PB constraints based on the standard OPB file
format, along with a format for cutting planes steps based on reverse Polish notation. The idea
was that an OPB model file would describe a given combinatorial problem in pseudo-Boolean

form, and then a VeriPB proof file would specify derivations of either RUP or cutting planes steps.
Elffers et al. demonstrated that the proof system could justify the reasoning performed for

an AllDifferent CP constraint, which says the values taken by a set of variables must all be
different [170]. In the same year Gocht et al. presented VeriPB justification methods for state-
of-the-art clique [91] and subgraph isomorphism [92] solvers. Following this, in 2021, proof
logging for the previously mentioned parity reasoning over XOR (exclusive-OR) constraints
was addressed [89], although this required introduction of a new rule in VeriPB to allow for
the use of extension variables. This rule generalised the formulation of clause redundancy for
SAT formulas given in 2017 by Heule et al. [110, 111], and inspired including the notion of
substitution redundancy, first proposed as a theoretical extension of DRAT by Buss and Thapen
[37].

With this in place, it became possible to justify many kinds of strong reasoning efficiently
within the VeriPB proof system. Another application demonstrated by Gocht et al. [93] in 2022
was showing how the same system of “cutting planes with RUP and redundancy” could certify
CNF translations of pseudo-Boolean constraints. There was also the question of optimality proofs,
which required a further modification to the proof system. PB optimisation, MaxSAT and COPs
provided a strong motivation for a unified system to support this.

The primary changes required to turn a system for proofs of unsatisfiability into one for
proofs of optimality are simple. First, the input for the proof needs to include a (pseudo-Boolean)
objective function to minimise over some set of variables. Then, when a solution is found by
a combinatorial algorithm it should be logged in the proof with a witness assignment. This is
interpreted by the verifier as a prompt to both check that the claimed solution unit propagates to
an actual solution for the PB model, and also to post a constraint that says any future solutions
logged must evaluate to an even smaller objective value. When the solver eventually finds no
better solution, it can proceed with a usual proof of unsatisfiability, making the whole proof a
rigorous demonstration that “this is a solution, and nothing better is possible”.

While this adaptation makes optimality proofs possible within VeriPB, the ultimate goal of
developing a unified proof system for a diverse set of combinatorial optimisation techniques
meant further changes were needed. For certified symmetry-breaking, Bogaerts et al. adapted
the substitution redundancy rule into a “redundance-based strengthening” rule, and “dominance-
based strengthening rule” [32]. They also specified further rules to make the proof system more
efficient and usable, including conditions for deleting derived constraints (deletion) and working
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with orders. This brings us (almost) to the version of pseudo-Boolean proofs (now known simply
as “the VeriPB proof system”) in use at the time of writing, and which will be described in
detail in Chapter 2. Since it was fully defined, it has been successfully applied in a certified
symmetry-breaking SAT solver [31]; in certified MaxSAT solving [191, 23, 123, 24]; certified
classical planning [64], and from 2023 onwards has been used as an alternative official format
and proof checker for the SAT Competition [7].

Of greatest interest from the point of view of this thesis is the 2022 “auditable constraint solver”
methodology of Gocht et al. [94], which uses VeriPB to certify reasoning performed by a basic
constraint programming solver. This was the first published work on proof logging for constraint
programming since Veksler and Strichman’s, and the first to demonstrate a methodology that was
applicable to a variety of global constraints without requiring modification to the proof system.

Applications of VeriPB have benefited from the development of a formally-verified checker
CakePB for a subset of the proof-format [7]. In 2023 the main VeriPB checker was adapted to
elaborate to this “kernel” format — both checking the proof and converting any unsupported
steps using supported rules. This allowed for end-to-end verification for subgraph solving [95],
where a high level logic description of a graph problem was translated to PB constraints, and
then a VeriPB proof for the conclusion was output by a specialised graph solver. Since the PB
translation and proof checker were both formally verified, this allowed for formal guarantees for
a high-level algorithm from the problem description all the way to a final answer.

Concurrent with the work presented for this thesis, another line of research on proof logging
for constraint programming also emerged. This was published in 2024 as a “multi-stage proof
logging framework” for CP solvers [70]. This involves optimisation of the logging process during
solving by outputting just a proof “scaffold” and then post-processing this into a full proof for
checking. In the published implementation, the scaffold is translated to pseudo-Boolean proofs
using the methods of Gocht et al. and checked using VeriPB, but research into developing a
specialised formally-verified CP proof checker is ongoing [184]. At the time of writing, the latter
part the of work is still in its early stages, and supports checking for a very limited range of
propagation algorithms. Hence, a direct comparison with PB-based methods is not yet possible.

1.4 Overview of This Thesis

The basic premise of this thesis is to investigate whether pseudo-Boolean reasoning can be used
to support a proof logging CP solver. Expressed as a thesis statement:

Pseudo-Boolean proof logging provides a complete and practical means to certify

and audit a wide range of modern constraint propagation techniques.

We will explain fully what is meant by “pseudo-Boolean proof logging” in Chapters 2 and 3.
For now, the fundamental point that allows it to be applied it to CP is that the input CSP/COP
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Figure 1.3: Adapted proof logging methodology for constraint programming.

should be first compiled or encoded to a pseudo-Boolean format. This means, essentially, that
before logging any proof steps, we first produce a set of 0-1 linear constraints (and optional
objective function) — a pseudo-Boolean model — that can be understood to faithfully represent
the same problem as the one passed to the solver. Then, if we have a proof system able to formally
certify conclusions (optimality, unsatisfiability), with respect to this model, we can treat these
as applying to the original CP problem — providing, of course, we trust the encoding process.
Similar to the philosophy of trusting a proof checker, we need an encoder that is simple enough
to be directly trusted or else formally verified.

Importantly, none of this means that the solver itself must become a PB solver, or only use PB
reasoning. It can still use its native CP solving methods; and only the proof logging functionality
needs to depend on the encoding. As originally argued by Gocht et al. [94], a proof logging CP
solver can create a complete proof of unsatisfiability or optimality providing it can justify the
reasoning performed by constraint propagation algorithms using pseudo-Boolean proof steps.

This was shown to be possible for several fundamental propagators, but whether it is practi-
cally achievable for all constraint programming techniques is an open question. This is worth
exploring, because if we are able to capture everything in a simple, unified system with a formally
verified checker, we gain several important advantages for long term trustworthy solving. We
avoid having to extend the checker and format for every new technique, and can focus on having
a relatively small, efficiently-engineered verification pipeline. This in turns provides a better
hope for a standardised format that can be adopted in different solvers, avoiding the situation
of multiple competing heterogenous formats, as seen previously in the SMT community [116].
We would also expect a low-level proof logging format that uses a unified mathematical lan-
guage to be ultimately more successful for reasoning that operates globally (i.e. over the whole
problem representation), such as breaking symmetries during search [68] and automatic problem
reformulation [158].

The range of constraint programming techniques is vast, even when restricted just to tech-
niques for propagation. We therefore limit the scope of this thesis to the following research
topics.

R1. Expanding and more rigorously defining the methodology of Gocht et al., making ex-
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plicit the properties required from encodings and proof logging propagation algorithms to
guarantee correct proof production.

R2. Developing proof logging methods for efficiently justifying important propagation algo-
rithms for specific constraints types not covered by previous approaches.

R3. Extracting more general proof logging methods from ideas developed for R2 to show, in
principle, that larger families of constraint types can be efficiently justified.

R4. Implementing proof logging methods within a proof-of-concept CP solver, and demonstrat-
ing empirical evidence that they work on a feasible timescale.

For the purposes of this thesis, a “correct” proof logging method is one which will always

produce a proof that will be validated by the proof checker, and should do so in all cases
of the propagation algorithms under consideration, regardless of the input parameters. There
will therefore be a focus on proving, on paper, that proof logging methods always result in a
correct proof, when implemented correctly with a correct solver. This will be complemented by
experimental evidence that the proofs produced indeed pass checking.

An “efficient” proof logging method is somewhat more difficult to define. There will neces-
sarily always be some overhead to adding proof logging to a solver, although the exact increase
in solving time could be very implementation-dependent. Disk-write speeds, file formats, and
logging mechanism could all conceivably have an impact on the exact overhead observed in prac-
tice. For this work, we will focus on designing methods that log a number of steps proportionate
(by a linear or small polynomial factor) to the number of steps performed by the propagation
algorithm. This will be made clear using explicit algorithm descriptions, and there will not be a
focus on formal complexity or proof complexity theory via reductions or similar techniques.

Also not in scope will be methods for optimising the logging and checking processes them-
selves. We will not explore optimisations such as binary formats, or “scaffolding” and proof
reconstruction as proposed by Flippo et al. [70] and Reeves et al. [169]. We will also not place
focus on proof trimming — the process of reading a proof backwards from the conclusion and
only checking steps that are actually needed. This idea has been key to the success of proof
checkers for SAT formats [112], and very recently has been explored for VeriPB proofs too [2].
The work in this thesis should not conflict with any of these optimisations, and our contributed jus-
tification methods should hopefully be mutually beneficial with improved logging and checking
mechanisms.

The primary contributions of this thesis will be structured as follows:

Part 1: A Certification Framework (Chapter 2 and Chapter 3) In this part we will review the
necessary fundamentals of proofs based on pseudo-Boolean reasoning and how it can
be applied to constraint programming. Most of Chapter 2 will be reviewing previous
work, but we will specifically contribute explicit proofs and formal statements for various
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properties that were previously “folklore” or referred to only in passing. In Chapter 3 we
will contribute the expansion and explication of the framework of Gocht et al. [94], which
we then use for the remainder of the thesis.

Part 2: General Justification Procedures In each of Chapters 4 and 5 we will begin with a
particular recognised constraint type — smart table and regular language membership

constraints respectively — and show how propagation for this constraint can be justified
within our chosen proof framework. These are entirely novel, and not covered by any
previous certification approaches. We will then argue that the proof logging methods
developed for this constraint are somehow more broadly applicable, demonstrating for the
first time a wider variety of constraints that can have certifying propagators. Each of these
is accompanied by a reference implementation and experiments to demonstrate checking
validity; and measure proof logging overhead and checking time.

Part 3: Specialised Justification Procedures In part 3, we will devise specialised justification
methods for two constraint types that present particular challenges for the chosen proof
framework. Chapter 6 is a detailed treatment of proof logging for the constraint enforcing
that variables represent a Hamiltonian circuit in a graph, while Chapter 7 deals with
fundamental arithmetic constraints of the form X × Y = Z, where X , Y and Z are all
variables.

Some of the work in Chapters 4 and 5 previously appeared in the conference publication

[151] Matthew J. McIlree and Ciaran McCreesh. Proof Logging for Smart Extensional Constraints.

In Roland H. C. Yap, editor, 29th International Conference on Principles and Practice of Constraint

Programming (CP 2023), volume 280 of Leibniz International Proceedings in Informatics (LIPIcs),

pages 26:1–26:17, Dagstuhl, Germany, 2023. Schloss Dagstuhl – Leibniz-Zentrum für Informatik. ISBN

978-3-95977-300-3. doi:10.4230/LIPIcs.CP.2023.26.

The work in Chapter 6 will be an expanded version of the conference publication

[153] Matthew J. McIlree, Ciaran McCreesh, and Jakob Nordström. Proof Logging for the Circuit

Constraint. In Bistra Dilkina, editor, Integration of Constraint Programming, Artificial Intelligence, and

Operations Research, pages 38–55, Cham, 2024. Springer Nature Switzerland. ISBN 978-3-031-60599-4.

doi:10.1007/978-3-031-60599-4_3.

And the work in Chapter 7 will be an expanded version of the conference publication

[152] Matthew J. McIlree and Ciaran McCreesh. Certifying Bounds Propagation for Integer Multipli-

cation Constraints. In Proceedings of the AAAI Conference on Artificial Intelligence, volume 39, pages

11309–11317, 2025.

The author of this thesis was the lead author and primary contributor for all of the above.

https://doi.org/10.4230/LIPIcs.CP.2023.26
https://doi.org/10.1007/978-3-031-60599-4_3
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Additionally, some of the discussion and the worked example in the latter part of Chapter 5 is
based on the conference publication

[59] Emir Demirović, Ciaran McCreesh, Matthew J. McIlree, Jakob Nordström, Andy Oertel, and Kon-

stantin Sidorov. Pseudo-Boolean Reasoning About States and Transitions to Certify Dynamic Programming

and Decision Diagram Algorithms. In Paul Shaw, editor, 30th International Conference on Principles and

Practice of Constraint Programming, CP 2024, September 2-6, 2024, Girona, Spain, volume 307 of LIPIcs,

pages 9:1–9:21. Schloss Dagstuhl - Leibniz-Zentrum für Informatik, 2024. doi:10.4230/LIPICS.CP.2024.9.

This was also co-authored by the author of this thesis, but not as the lead author or primary
contributor. The work in the appendix of this paper was the primary contribution of the author of
this thesis, and this is re-presented here as part of Chapter 2.

1.5 Notation and Prerequisites

In this thesis we are assuming a background (to an undergraduate level) in general computer
science and discrete mathematics. In particular, we will assume familiarity with the basic
notations of functions, sets and relations, and some fundamental graph-theoretic concepts such as
vertices, directed and undirected edges, trees. We will also sometimes refer to very basic concepts
from the study of computational complexity, such as linear/polynomial/exponential procedures,
“big-O” notations.

We will not require knowledge of any particular programming languages, but we will make
use of pseudocode with standard imperative programming constructs such as if, while, for, and
switch, along with variables, tuples, sets, and functions. As part of this, we will use← to denote
object naming/assignment, and occasionally use this multiple times for clarity. So

MyNamedObject←
∑

aixi ≥ b← MyFunction() (1.8)

means MyFunction() returns (some representation of) a linear inequality with coefficients ai and
left-hand side b, and this will henceforth be assigned the name MyNamedObject.

https://doi.org/10.4230/LIPICS.CP.2024.9
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Chapter 2

Pseudo-Boolean Reasoning

A Boolean function is a function of the form f : {0, 1}n → {0, 1}. If we instead allow the
output to be a real number, we have a general pseudo-Boolean function with Boolean inputs and
non-Boolean outputs. Any constraint which restricts the output of a pseudo-Boolean function
could rightly be called a pseudo-Boolean constraint, but in practice we will reserve the term for
constraints defined by inequalities such as

n∑
i=1

aixi ≥ b, where a1, . . . , an, and b are all integers. (2.1)

Even in this restricted case, pseudo-Boolean constraints are expressive and associated with
powerful reasoning. This chapter will be dedicated to setting up the necessary definitions, proof
rules, and properties involving constraints of this form that are required throughout the rest of
the thesis. More details on the standard material in Section 2.1 can be found in Chapter 7 of the
Handbook of Satisfiability (second edition) [36], while a formal description of the proof system
outlined in Section 2.2 is given by Bogaerts et al. [32]. Section 2.3 introduces some common
tricks and patterns that arise in pseudo-Boolean proofs and are generally known to experienced
practitioners. Some of these have never been explicitly written down or formalised, and it will be
noted when the presentation is original.

2.1 Basic Definitions

A Boolean variable is a symbol which can only be associated with the values 0 (false) or 1 (true).
We will also refer to Boolean variables as “PB variables” in the context of pseudo-Boolean
reasoning, and denote them as is standard using lowercase letters from near the end of the
alphabet, possibly with subscripts. The logical negation of PB variable is usually denoted with a
bar above the symbol, so x = 1−x, and PB variables and their negations are collectively referred
to as literals (positive and negative literals respectively). The negation of a negated variable is the
original variable again, x = x, hence we are free to write ℓ = 1− ℓ and ℓ = 1− ℓ for any literal ℓ.
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2.1.1 Forms of Pseudo-Boolean Constraints

We will consider a pseudo-Boolean (PB) constraint to have the general form
n∑

i=1

aiℓi ≥ b, where a1, . . . , an, and b are all integers; and ℓ1, . . . , ℓn are literals. (2.2)

We may assume that the literals ℓ1, . . . , ℓn are over distinct variables, since we can cancel opposite
signed literals (ax+ bx = (a− b)x+ b) and collect literals with the same sign.

It will often be convenient to consider PB constraints in equivalent normalised forms. If
we replace any negated literals x with (1− x), we can rearrange any PB constraint to obtain a
constraint in the form of (2.1) with only positive literals, and we call this its variable normal

form. On the other hand, if we replace any literals ℓ with (1− ℓ) whenever they have negative
coefficients, and then increase a negative right-hand-side to 0 if necessary, we can rearrange
to obtain a constraint in the form of (2.2) except with each ai ≥ 0 and b ≥ 0, and we call
this coefficient normal form. When we simply say a constraint is “normalised”, we mean “in
coefficient normal form” unless otherwise stated, and for a normalised constraint the non-negative
integer on the right-hand side is the degree of falsity, or simply the degree of the constraint.

Example 2.1 (PB normal forms). Let C := 3x − 2y + 5z − w ≥ 3. The coefficient

normal form of C is 3x+2y+5z+w ≥ 6, and so the degree of C is 6, while the variable

normal form of C is 3x− 2y − 5z − w ≥ −2.

A set of PB constraints is called a formula, which is to be interpreted as the logical conjunction
of the constraints. The expressiveness of PB formulas stems from the fact that the individual
constraints can express usual logical connectives like ∧ and ∨, but also encompass (weighted)
counting of how many variables are true or false. When all coefficients ai of a constraint are equal
to 1, we call it a cardinality constraint, and if the right-hand side of a cardinality constraint b is
also 1 we call it a clause, as used in Boolean satisfiability (SAT). This makes sense, since a PB
constraint such as x+ y + z + w ≥ 1 is equivalent to x ∨ y ∨ z ∨ w. So every Boolean formula
in conjunctive normal form (CNF) can be written as an equivalent PB formula. A cardinality
constraint where the right-hand side is equal to the number of literals on the left is similarly easy
to interpret as a conjunction of its literals. For example, x + y + z + w ≥ 4 is equivalent to
x ∧ y ∧ z ∧ w.

2.1.2 Assignments and Substitutions

In both PB proofs and PB solving, we require the notions of assignments and substitutions of
the variables in a formula. A (partial) assignment is a (partial) mapping from PB variables to
the values 0 or 1, while a substitution maps variables to 0, 1 or a literal. It is helpful to also treat
variable assignments as applying to literals and write ρ(x) = 1− ρ(x) for a variable x. We also
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write ρ(ℓ) = ℓ for any literal over a variable not mapped by a partial assignment ρ. Applying an
assignment or substitution ρ to a PB constraint C consists of replacing any positive literals x with
ρ(x), and any negative literals x with 1 − ρ(x), and then rearranging to obtain a constraint in
the form of (2.2) — note that the left-hand side is allowed to be 0, since this is considered to be
the empty sum. We denote the result of this by C↾ρ and denote the result of applying ρ to every
constraint in a formula F by F↾ρ.

Example 2.2 (PB substitutions). Let C := 3x − 2y + 5z − w ≥ 3, and suppose a

substitution ρ is defined by y 7→ 1, z 7→ 0, w 7→ y. Then

C↾ρ = 3x− 2(1) + 5(1− 0)− (y) ≥ 3 = 3x− y ≥ 0

With this definition of assignments, standard notions from SAT extend to PB formulas as
expected. An assignment is total if it maps all the variables in a formula, and a total assignment ρ
satisfies a constraint C if the relation specified by C↾ρ holds over the integers. A total assignment
that satisfies all the constraints is a solution for the formula. A normalised PB constraint∑n

i=1 aiℓi ≥ b is a tautology (it is satisfied by any assignment) if b ≤ 0, whereas if b >
∑n

i=1 ai

it’s a contradiction (it can never be satisfied).

2.1.3 Unit Propagation

We can also extend the notion of unit propagation from SAT to the PB setting. The name is
unfortunately less apt for PB constraints, since it is not just clauses that become “units” under
a partial assignment that can propagate, and the same constraint can propagate more than once.
But we will stick with this name to stay consistent with the literature. We say a PB constraint
propagates a literal ℓ if it cannot possibly be satisfied unless ℓ = 1. In a slight perversion of
terminology, we might also phrase this as “ℓ propagates (due to the constraint)”. Unit propagation
of a PB formula F is then the process of starting with a (usually empty) assignment ρ; adding
ℓ 7→ 1 (i.e. x 7→ 1 for a positive literal x, or x 7→ 0 for a negative literal x) for any literals
propagated by a constraint in the formula; and then repeating with F↾ρ until either a constraint
becomes a contradiction or no further literals propagate. This can be implemented in polynomial
time by making use of the slack of a PB constraint under an assignment ρ, defined as follows for
a constraint in coefficient normal form.

slack

(
n∑

i=1

aiℓi ≥ b, ρ

)
:=

∑
i:ρ(ℓi) ̸=0

ai − b (2.3)

This function can be computed in at worst O(n), and potentially recomputed even more efficiently
if we knew a previous slack value. As we will see it tells us precisely what should propagate and
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when the assignment conflicts with C.

Proposition 2.1 (Slack and propagation).
Let C :=

∑n
i=1 aiℓi ≥ b be a normalised PB constraint and ρ be a partial assignment.

Then we have:

1. C↾ρ is a contradiction if and only if slack(C, ρ) < 0;

2. For 1 ≤ i ≤ n, C propagates the literal ℓi under ρ if and only if slack(C, ρ) < ai.

Proof.

1. Note that C↾ρ =
∑

j:ρ(ℓj)=ℓj
ajℓj ≥ b−∑k:ρ(ℓk)=1 ai.

If slack(C, ρ) < 0, then
∑

i:ρ(ℓi )̸=0 ai =
∑

j:ρ(ℓj)=ℓj
aj +

∑
k:ρ(ℓk)=1 ai < b, and hence

the relation cannot hold regardless of how the remaining unassigned literals ℓj are set.
Conversely, suppose slack(C, ρ) ≥ 0. Then

∑
j:ρ(ℓj)=ℓj

aj +
∑

k:ρ(ℓk)=1 ai ≥ b and so
extending ρ to a total assignment by setting each unassigned ℓj to 1 satisfies C — so C↾ρ
is certainly not a contradiction.

2. Let ρ′ = ρ ∪ {ℓi 7→ 0} and observe that slack(C, ρ′) = slack(C, ρ)− ai.
We have: C propagates ℓi under ρ ⇐⇒ C↾ρ′ is a contradiction (by definition) ⇐⇒
slack(C, ρ′) < 0 (by the previous part) ⇐⇒ slack(C, ρ) < ai.

If we let N be the total number of literals (including repetitions) in the input formula F ,
a naïve algorithm for unit propagation will have worst-case O(N2) running time, as it simply
iterates through all the constraints and recalculates the slack each time, adding at least one literal
to the assignment at every iteration. In practice, however, much more efficient algorithms are
possible, similar to the watched literal scheme for CNF unit propagation [60, 157, 155]. And
as with unit propagation in SAT, PB unit propagation is confluent, so the same fixed point will
always be reached regardless of the propagation order.

2.1.4 Convenience Notation

Finally, we can define some further syntactic sugar on top of pseudo-Boolean constraints to make
their logical meaning clearer. First, the negation of a general PB constraint C :=

∑n
i=1 aiℓi ≥ A

is given by

¬C :=
n∑

i=1

−aiℓi ≥ −A+ 1, (2.4)

which when normalised is
n∑

i=1

aiℓi ≥
n∑

i=1

ai − A+ 1. (2.5)
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Any assignment that satisfies C does not satisfy ¬C, and vice versa, as one would expect.

Example 2.3 (PB constraint negation). Let C := 3x− 2y + 5z − w ≥ 3. Then ¬C is

−3x+ 2y − 5z + w ≥ −2.

We will also denote integer linear combinations with non-negative coefficients λ1, . . . , λk of
PB constraints C1, . . . , Ck, where Cj :=

∑nj

i=1 ajiℓji ≥ bj , as

λ1C1 + · · ·+ λkCk (2.6)

and this is understood to mean computing the 0-1 inequality

n1∑
i=1

λ1a1iℓ1i + · · ·
nk∑
i=1

λkakiℓki ≥ λ1b1 + · · ·+ λkbk (2.7)

and rearranging — cancelling opposite literals and collecting like literals — to obtain a PB
constraint again in the form of (2.2).

Example 2.4 (PB linear combination).
Let C1 := 3x− 2y + 5z − w ≥ 3, and C2 := x+ 4y + z − 3w ≥ 8.

Then C1 + 2C2 = (3x+ 2x) + (−2y + 8y) + (5z + 2z)− (w + 6w) ≥ 3 + 16

= (x+ 2) + 6y + (3z + 2)− (5w + 1) ≥ 19

= x+ 6y + 3z − 5w ≥ 16.

Note also that C + ¬C = 0 ≥ 1 for any C.
Another important notation, which has a slightly less obvious native PB interpretation,

represents reified constraints. Semantically, the reification of a PB constraint C with respect to a
set of literals r1, . . . , rk is the constraint

r1 ∧ · · · ∧ rk ⇔ C, (2.8)

which says that in any total assignment ri = 1 for all i ∈ {1, . . . , k} if and only if C is satisfied.
This can be equivalently be viewed as the k + 1 half-reified constraints

r1 ∧ · · · ∧ rk ⇒ C; (2.9)

r1 ⇒ ¬C; . . . ; rk ⇒ ¬C. (2.10)

which say, respectively, that if ri = 1 for all i ∈ {1, . . . , k} in an assignment, then C must be
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satisfied (2.9), and if ri = 0 for any i ∈ {1, . . . , k}, then ¬C must be satisfied (2.10). We can
actually express each of these half-reified constraints with an equivalent native PB constraint,
and so use the implication symbols as a syntactic sugar.

Proposition 2.2 (PB constraint half-reification). Let C :=
∑n

i=1 aiℓi ≥ b be a nor-

malised PB constraint and r1, . . . , rn be a set of distinct literals. Then

r1 ∧ · · · ∧ rk ⇒ C (2.11)

is equivalent to

br1 + · · ·+ brk +
n∑

i=1

aiℓi ≥ b. (2.12)

Proof. We need to show that the two constraints admit exactly the same solutions.
First let ρ be a total assignment that satisfies (2.11) as a logical expression. Suppose that

ρ(ri) = 1 for all i ∈ {1, . . . , n}. Then we must have
∑n

i=1 aiρ(ℓi) ≥ b by the half-reification
semantics, and so (2.12) is also satisfied by ρ since ρ(ri) = 0 for all i ∈ {1, . . . , n}. On the other
hand if ρ(ri) = 0 for some i ∈ {1, . . . , n}, then the left-hand side of (2.12) is already at least b
regardless of the other value assignments, since all coefficients and b are non-negative, and hence
(2.12) is again satisfied by ρ.

Now let ρ be a total assignment that does not satisfy (2.11). By the half-reification semantics,
we must have ρ(ri) = 1 (i.e. ρ(ri) = 0) for all i ∈ {1, . . . , n}, and nevertheless

∑n
i=1 aiρ(ℓi) < b.

So ρ does not satisfy (2.12).

Even without Proposition 2.2, the correctness of a given reification representation is usually
obvious on inspection, as we can see in the following example.

Example 2.5 (Full PB reification). Let C := 3x− 2y+5z−w ≥ 3. Then we can define

a variable r with the semantics r ⇔ C using the two PB constraints.

6r + 3x− 2y + 5z − w ≥ 3 (2.13)

6r − 3x+ 2y − 5z + w ≥ −2. (2.14)

If r = 1 then C is enforced by (2.13), and (2.14) becomes a tautology; and if r = 0 then

¬C is enforced by (2.14), and (2.13) becomes a tautology. Recall that this value 6 is

easily calculated from the normalised form of C (Example 2.1).

Note that sometimes for a set of literals Lits we will often simply write Lits⇒ C as a further
shorthand for

∧
ℓ∈Lits ℓ⇒ C.
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2.2 A Pseudo-Boolean Proof System

In its most general setting, a proof system is simply a means of computing efficiently whether
a given string (a sequence of symbols) is a member of some formal language (a set of strings).
Mathematically speaking (see Buss and Nordström [36]), any proof system is specified by a
predicate P(x, π) where the inputs x and π are both strings, and P is computable in polynomial
time in the length of its inputs. We say π is a P-proof of x if P(x, π) holds, and that P is a proof
system for a language L if two important properties are respected:

Completeness: If x ∈ L there is some string π such that P(x, π) is true.

Soundness: If x /∈ L there is no string π such that P(x, π) is true.

Usually proof systems are based on derivation rules, with a proof specifying a sequence of
rule applications that derive facts from the input string and previously derived facts. Soundness
and completeness can then be ensured as properties of the chosen rules.

2.2.1 Cutting Planes Rules

If we are interested in proving that a set of PB constraints is unsatisfiable, we should consider a
proof system for the language consisting of all unsatisfiable PB formulas, using a set of rules that
derive pseudo-Boolean constraints from a pseudo-Boolean input formula. A fundamental starting
point is the well-known cutting planes proof system, which was developed from the method for
solving integer linear programs of the same name, and was first analysed in the context of PB
formulas by Cook et al. in 1987 [51]. The system has since been extensively studied as part of
the discipline of proof complexity within theoretical computing science [133].

The rules in this system for deriving constraints from a formula F are specified below. We use
a standard notation for proof rules where required antecedents are specified above an inference
line, and the derived constraint is given underneath.

Rule 1 (Formula Axiom). Constraints C ∈ F are trivially derivable.

Rule 2 (Literal Axiom). Constraints of the form ℓ ≥ 0 are also trivially derivable and

are called literal axioms.

Rule 3 (Linear Combination). A positive linear combination of constraints in F , as

defined by (2.7), can be derived by specifying which constraints to add and their scalar

coefficients λ1, . . . , λk ≥ 0.
C1, . . . , Ck

λ1C1 + · · ·+ λkCk

. (2.15)
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This means in particular we have an addition rule for two constraints, and a scalar
multiplication rule for a single constraint.

Rule 4 (Division). We can apply a form of division to any constraint in the formula,

dividing each coefficient and the degree in its normalised form through by a positive

integer λ and rounding up. ∑n
i=1 aiℓi ≥ b∑n

i=1⌈ai/λ⌉ℓi ≥ ⌈b/λ⌉
. (2.16)

Each of these rules derives a constraint D that is implied by the initial formula F , which
means any solution to F also satisfies D. This is straightforward to show, although division
requires slightly more care because it relies on the integrality of the 0-1 variables. The cutting
planes proof system for unsatisfiable PB formulas then takes an input formula F , and requires the
proof π to derive a sequence of constraints D1, . . . , DL, where Di must be derived by a specified
cutting planes rule from PB constraints in {D1, . . . , Di−1}. The proof is accepted if all the rule
applications are valid and DL is a contradiction.

The soundness of this proof system follows by an easy induction on the implicational property
of the rules, since, naturally, a formula implies a contradicting constraint if and only if it is
unsatisfiable. Completeness follows less obviously from more general results in the theory of
rational polyhedra which show that cutting planes is implicationally complete, i.e. if F implies
a constraint C then it is always possible to derive C from F , although this could require an
exponential number of steps [177, 165].

Example 2.6 (Cutting planes proof).
Let F be the PB formula consisting of the constraints

C1 := x1 + x2 ≥ 1 C2 := y1 + y2 ≥ 1 C3 := z1 + z2≥ 1

C4 := x1 + y1 ≥ 1 C5 := y1 ≥ 1 C6 := x1 + z1≥ 1

C7 := x2 + y2 ≥ 1 C8 := y2 ≥ 1 C9 := x2 + z2≥ 1
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One possible cutting planes proof of unsatisfiability of F is as follows:

C10 := C4 + C5 + C6 = 2x1 + 2y1 + z1 ≥ 3;

C11 := C10/2 = x1 + y1 + ⌈1/2⌉z1 ≥ ⌈3/2⌉ = x1 + y1 + z1 ≥ 2;

C12 := C7 + C8 + C9 = 2x2 + 2y2 + z2 ≥ 3;

C13 := C12/2 = x2 + y2 + ⌈1/2⌉z2 ≥ ⌈3/2⌉ = x2 + y2 + z2 ≥ 2;

C14 :=
∑

j∈{1,2,3,11,13}Cj = 0 ≥ 1.

The actual proof string π for cutting planes does not need to specify the inequality derived at
each step, however, any verifier will need to compute them in order to check that the derivation
is valid. Hence, following Buss and Nordström [36], we consider the length of a cutting planes
derivation to be the total number of steps, or equivalently, the total number of constraints derived;
while the size is the sum of the bit-lengths of all coefficients appearing in derived constraints. So
the length of the derivation in Example 2.6 would be 5, while the size would be 25.

2.2.2 Additional VeriPB Rules

The pseudo-Boolean proof system VeriPB augments pure cutting planes with additional rules.
First is saturation, which has been shown to allow shorter derivations for certain kinds of formula
when added to the cutting planes rule set [90].

Rule 5 (Saturation). For any (normalised) constraint in the formula we can derive a new

constraint by reducing all coefficients until they are no larger than the degree. This is

called saturating the constraint. ∑n
i=1 aiℓi ≥ b∑n

i=1min{ai, b} · ℓi ≥ b
(2.17)

Next, there is the reverse unit propagation rule, which provides a convenient way to add
constraints that are “obviously” implied without writing down the details of the cutting planes
derivation.

Rule 6 (Reverse Unit Propagation). A constraint C can be derived from a formula F by

reverse unit propagation (RUP) if applying unit propagation to F ∪ {¬C} results in a

contradiction. We call C a RUP constraint in this case.

Directly from the definition of this rule, we have that if a partial assignment ρ falsifies any
constraint in a formula F , then

∑
ℓ∈ρ ℓ ≥ 1 will be a RUP constraint with respect to F . This
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means that the RUP rule on its own is in fact complete for unsatisfiable PB formulas (but not
necessarily implicationally complete, see Example 2.16), since we can always write out a full
search tree of all possible assignments as a sequence of RUP constraints. This will be discussed
in more detail in the next chapter.

Another convenience rule for even more obviously implied constraints is the syntactic impli-

cation rule.

Rule 7 (Syntactic Implication). A constraint C is syntactically implied by another con-

straint C ′ if C can be derived from the formula {C ′} using only addition of literal axioms

and saturation steps. If C is syntactically implied by any constraint in the formula F , we

allow derivation of C in a single step.

This rule is often applied for convenience to (partially) weaken constraints, e.g. to replace a
term aℓ with its maximum contribution by adding literal axioms ℓ ≥ 0 or ℓ ≥ 0, or to reduce the
degree of a constraint by (conceptually) adding opposite literal axioms ℓ ≥ 0 + ℓ ≥ 0 = 0 ≥ −1.
It is straightforward once again to show that these additional rules derive constraints implied by
the original formula, and so including them with cutting planes is still sound and complete.

It is, however, not strictly necessary for a proof system for unsatisfiable PB formulas to only
allow derivation of implied constraints. Equisatisfiability is a weaker property that can ensure
soundness of a proof by an easy induction. Two formulas are equisatisfiable if they are either
both satisfiable or both unsatisfiable. So a proof ending in contradiction will still be valid as
long as any derived constraint D guarantees F and F ∪ {D} are equisatisfiable, where F is the
conjunction of initial and previously derived constraints. Clearly, implied constraints already
respect this property, but VeriPB has further rules for deriving constraints that are not necessarily
implied, but can be derived “without loss of satisfaction”.

For a PB formula F and constraint C, F and F ∧ C are trivially equisatisfiable if F is
unsatisfiable. So to show that the introduction of some constraint C preserves satisfiability, one
approach is to assume F is satisfiable and use that fact to show C is also satisfiable. In particular,
if F is satisfiable, there exists at least one satisfying total assignment ρ. If ρ also satisfies C we
are done, so we are otherwise left with the task of showing that there exists at least one other
assignment ρ′ that satisfies both F and C. A key observation for turning this into the application
of an efficiently-verifiable rule is that if ρ is a total assignment for F ∧ C and ω is a substitution

then ρ ◦ ω is also a total assignment. So if it is possible to show that for any assignment ρ that
satisfies F but falsifies C there exists a substitution ω such that ρ satisfies ω(F ∧C), then we know
ρ′ = ρ ◦ ω is an assignment satisfying both F and C and hence satisfiability is preserved. This
forms the basis of the redundance-based strengthening rule, also called simply the “redundance”
rule.
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Rule 8 (Redundance-Based Strengthening). A constraint C can be derived from a formula

F by redundance-based strengthening if there exists a witness substitution ω such that

ω(F ∧ C) can be derived (via the previous implicational rules) from F ∧ ¬C. Using ⊨ to

represent an implicational derivation, we can notate this rule as follows.

F ∪ {¬C} ⊨ F↾ω ∪ {C↾ω}
C

(2.18)

For this to be efficiently checkable, the proof should specify explicitly the witness, as well as
the derivation of any non-trivial constraints in ω(F ∧ C) via a subproof – we call these proof
“obligations”.

Example 2.7 (Redundance with subproof). Let F be the PB formula consisting of the

constraints

C1 := 4z + x1 + 2x2 − y1 − 2y2 ≥ 1 C2 := 4q + x1 + 2x2 − y1 − 2y2 ≥ 1

C3 := 4w − x1 − 2x2 + y1 + 2y2 ≥ 1 C4 := z + w ≥ 1

then we can derive the (non-implied) constraint D := 4q − x1 − 2x2 + y1 + 2y2 ≥ 1 via

redundance-based strengthening using the substitution ω = {q 7→ 1}. Since C1, C3 and

C4 are unaffected by this substitution, the only proof obligations according to (2.18) are

F ∪ {¬D} ⊨ C2↾ω and F ∪ {¬D} ⊨ D↾ω. Since D↾ω = −x1 − 2x2 + y1 + 2y2 ≥ −3 is

a tautology we only need a subproof for the former, which is as follows:

Begin Subproof: (¬D := −4q + x1 + 2x2 − y1 − 2y2 ≥ 0)

D1 := ¬D + C3 + 4 · (q ≥ 0) = 4w ≥ 1;

D2 := saturate(D1) = w ≥ 1;

D3 := 4 ·D2 + C1 + 4 · C4 + 4 · (z̄ ≥ 0) = x1 + 2x2 − y1 − 2y2 ≥ 1

(= C2↾ω.)

End Subproof.

Another non-implicational rule included in the VeriPB system is the dominance-based

strengthening rule, but since the applicability conditions are more complex, and it is not strictly
required for the work in this thesis, its description is omitted here — the interested reader can
consult Bogaerts et al. [32] for full details.

Finally, we note that in practice for automatic verification it is useful to be able to delete

constraints. This is effectively an annotation that tells the verifier it can henceforth disregard
a constraint because it is no longer needed. This means it can no longer be used as a premise
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for any rules, but any previously derived consequences of the deleted constraint remain valid
unless they are also deleted. From a proof verification perspective, we can refer to the set of
non-deleted constraints as the current database, and keeping this small is crucial to efficient
checks, particularly for RUP and syntactic implication.

Notwithstanding the dominance rule, one way to ensure soundness of deletion is to simply
decree that only derived constraints are allowed to be deleted, which is what we will assume in
this thesis going forward. With dominance, more subtle issues can arise, leading to the concepts of
checked and unchecked deletions, and core and derived constraint sets, as discussed by Bogaerts
et al. [32]. VeriPB does in fact allow constraints in the original formula to be deleted in some
circumstances, and it provides nuanced rules which we will not use for moving between proof
“configurations” and modifying core and derived sets.

2.2.3 Proofs of Optimality

This system can also be adapted to prove the optimal value of some (linear) PB objective function
to be minimised subject to the constraints of a PB formula. From a formal perspective, the input
x to the system P(x, π) in this case needs to be split into three parts: the input formula F ; the
objective function f ; and an answer string v; which is either a claimed minimum objective value,
or the string UNSAT. If a suitable delimiter is used, we can then consider the proof system to
be a quaternary predicate P(F, f, v, π). Soundness and completeness is then defined over the
language of all possible conjunctions of PB formulas, objective functions, and correct answers
for the given formula-objective pair. If v = UNSAT then a valid proof is an unsatisfiability proof
exactly as described above. Otherwise, a valid proof must have two parts: a derivation of the
constraint f ≥ v, and a witness assignment ρ∗ such that f↾ρ∗ = v. For VeriPB the derivation can
still use all the rules described above, along with an additional solution improving rule that can
be used to lower a stored objective bound by specifying solutions that achieve a lower value.

Rule 9 (Solution Logging). For a PB formula F and linear objective function f to be

minimised, if a witness total assignment ρ can be provided such that ρ satisfies F and

f↾ρ′ = v, then a constraint −f ≥ −v may be introduced.

Completeness follows again from the implicational completeness of cutting planes, but
soundness in optimisation proofs requires somewhat more care, since the rules now need to
preserve at least one optimal solution, rather than simply any solution. This is not a problem for
the implication rules, but, for example, the conditions of the redundance-based strengthening rule
become

F ∪ {¬C} ⊨ F↾ω ∪ {C↾ω} ∪ {f↾ω ≤ f}
C

(2.19)

and further care is needed to handle dominance/deletions. Again, Bogaerts et al. [32] gives full
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details.

2.2.4 Machine-Readable Syntax

A crucial aspect of this system is that, as well as being efficiently checkable, the rules are
efficiently expressible in a machine-readable format. To emphasise this, we will examine some
examples in the current syntax recognised by the VeriPB proof checker. All of these pass with
version 3.0 of the implementation available at the time of writing on GitLab [1].

As mentioned, there is already a standard format for pseudo-Boolean problems, OPB, which
VeriPB syntax builds upon [176]. Here PB constraints are expressed as strings of text with spaces
separating alternating variable names and integer coefficients, followed by >= and an integer
bound, and the tilde symbol (~) is used to represent negation.

Example 2.8 (OPB constraints). The three forms of the constraint in Example 2.1:

3x− 2y + 5z − w ≥ 3; 3x+ 2y + 5z + w ≥ 6; 3x− 2y − 5z − w ≥ −2;

can be written in the OPB format as

3 x0 -2 y0 5 ~z0 -1 w0 >= 3 ;

3 x0 2 ~y0 5 ~z0 1 ~w0 >= 6 ;

3 x0 -2 y0 -5 z0 -1 w0 >= -2 ;

Each variable identifier must be at least two characters, and cannot begin with a number.

An objective function can be specified similarly by prepending the string “min:” (or “max:”
as a newer syntactic sugar) to an OPB expression. Hence, the input problem for any VeriPB

proof can be completely specified as an OPB file. Comments, which are lines beginning with an
asterisk (*) are also allowed, and are ignored by the verifier.

For the proof itself, some extension of the OPB format is needed. The VeriPB checker expects
a proof to be in a separate file with a .pbp extension and this should begin with the header
line “pseudo-Boolean proof version 3.0” (for the 3.0 format). This is followed by lines
specifying how to derive all the constraints comprising the proof, ending with “output” and
“conclusion” lines saying where contradiction or bounds were derived, and finally a footer “end
pseudo-Boolean proof”. Since asterisks have another meaning in this format, comments in a
pbp file are instead prefixed with a percent sign (%).

Cutting planes and saturation derivations (Rules 2 to 5) can be expressed concisely as a
sequence of operations in reverse Polish (postfix) notation, using +, *, s, d as operators, and
integers or term names (for literal axioms) as operands. Note that each constraint present in the
OPB file or derived in the proof is assigned a unique sequential integer ID by the verifier, and
whether an operand is interpreted as an ID or a scalar is context dependent, but never ambiguous.
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The sequence of reverse Polish operations is initiated with the string “pol” and terminated with a
line break.

Example 2.9 (pol step syntax). The following line in a .pbp file

pol 1 2 + 3 * 5 + 4 d s x5 + ;

tells the verifier to add the constraints with IDs 1 and 2, multiply the result by 3, then add

the constraint with ID 5, then divide by 4, saturate, and add the literal axiom x5 ≥ 0.

This is already sufficient syntax to allow us to rewrite Example 2.6 in the machine-checkable
VeriPB format.

Example 2.10 (UNSAT VeriPB proof syntax).
The following two files are a complete description of a PB problem and a machine-

checkable proof of unsatisfiability for that problem.

pol_proof.opb:

* Constraint IDs 1-10:

1 x1 1 x2 >= 1 ;

1 y1 1 y2 >= 1 ;

1 z1 1 z2 >= 1 ;

1 ~x1 1 ~y1 >= 1 ;

1 ~y1 >= 1 ;

1 ~x1 1 ~z1 >= 1 ;

1 ~x2 1 ~y2 >= 1 ;

1 ~y2 >= 1 ;

1 ~x2 1 ~z2 >= 1 ;

pol_proof.pbp:

pseudo-Boolean proof version 3.0

% Derive constraint id 10:

pol 4 5 + 6 + 2 d ;

% Derive constraint id 11:

pol 7 8 + 9 + 2 d ;

% Derive constraint id 12 (contradiction)

pol 1 2 + 3 + 10 + 11 + ;

output NONE ;

conclusion UNSAT : 12 ;

end pseudo-Boolean proof ;

For syntactically implied constraints (Rule 7), the full constraint to be derived must be written
to the .pbp file, prepended with “ia” and terminated with a semicolon. Optionally, an ID can be
appended to tell the verifier which previous constraint syntactically implies the derived constraint
and save verification time. Similarly, for RUP constraints (Rule 6), the string “rup” is used,
followed by the constraint that should follow by reverse unit propagation. For solution-improving
constraints in optimisation proofs (Rule 9), we use the string “soli”, and it is followed instead by
a space separated list of literals specifying a partial assignment that propagates to a full solution.

Example 2.11 (rup, ia, step syntax).
The line

ia 3 x0 2 y0 1 z0 >= 1 : 3 ;
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in a .pbp file says that 3x0 + 2y0 + z0 ≥ 1 can be derived from the constraint with ID 3

by syntactic implication, while

rup 3 x0 2 y0 1 z0 >= 1 ;

means it follows from the verifier’s current constraint database by RUP. The line

soli x0 ~z0 ;

means that running unit propagation on the current database starting with the assignment

{x0 7→ 1, z0 7→ 0} should result in a full solution, and the upper bound on the objective

function resulting from this solution should be added to the constraint database.

The syntax for the redundance rule is more involved, so we will give one example (translating
Example 2.7 to machine-readable form) to illustrate the idea and omit a complete description.
Essentially, each non-trivial proof obligation should have its subproof enclosed inside a block
denoted with proofgoal and the ID of the obligation. Inside this environment, temporary IDs
are assigned to the negation of the constraint to be introduced and the negation of the proof goal,
and it is sufficient to derive contradiction from these.

Example 2.12 (VeriPB red syntax).
Suppose the following are the first four lines of a .opb file.

4 ~z0 1 x1 2 x2 -1 y1 -2 y2 >= 1 ;

4 ~q0 1 x1 2 x2 -1 y1 -2 y2 >= 1 ;

4 ~w0 -1 x1 -2 x2 1 y1 2 y2 >= 1 ;

1 z0 1 w0 >= 1;

Then, in a .pbp file, the lines

red 4 q0 -1 x1 -2 x2 1 y1 2 y2 >= 1 : q0 -> 1 : subproof

proofgoal 2

pol -2 3 + q0 4 * + s 4 * 1 + 4 4 * + -1 +;

qed : -1;

qed ;

are a valid VeriPB derivation of the constraint 4q0 − x1 − 2x2 + y1 + 2y2 ≥ 1 by

redundance-based strengthening. The line proofgoal 2 specifies that the subsequent

lines (up to the qed delimiter) provides a proof that the constraint with ID 2 is implied

under the given witness (q0 -> 1). The pol line then specifies the same derivation as

Example 2.7, except an explicit contradiction is achieved by adding the negation of the

proof goal constraint. This also uses the relative IDs VeriPB syntax feature – so -1 means

“one before the current ID”.

In some cases, and particularly for readability, it can be useful to specify a label for a
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constraint that can be used in place of its ID. Labels can be any valid identifier, prefixed with an
“@” symbol, and are written at the start of the line where the constraint to be labelled is defined or
derived.

Example 2.13 (Labels syntax). Suppose in a .opb file we define

@foo 1 x1 1 x2 >= 1 ;

@bar 1 ~x2 3 x3 10 x4 >= 2 ;

1 ~x2 3 x3 10 x4 >= 2 ;

5 x2 2 ~x3 1 x5 >= 2 ;

@foobar 5 x2 2 ~x3 1 x5 >= 2 ;

The following line in a .pbp file has the same effect as the one in Example 2.9, and the

resulting derived constraint is labelled with @myresult.

@myresult pol @foo @bar + 3 * @foobar + 4 d s x5 + ;

Full details of the current format of proof files recognised by VeriPB are available in the
checker specification for the SAT competition 2025 [7].

2.3 Useful Derivation Patterns

Now that we have the basics of pseudo-Boolean representation and the core VeriPB rules, we are
able to explore some useful derivation patterns that will be used in various places throughout this
thesis.

2.3.1 Patterns Involving Implicational Rules

We begin with a general property of implicational derivations that relates to partial assignments
and PB reification. Conceptually, if we restrict a PB formula F by applying a partial assignment ρ,
and then derive a consequence D from this restricted formula using Rules 1 to 7, then intuitively
we should be able to derive ρ⇒ D from F . As a more specific case, if we can derive D from a
formula F not containing any literals in ρ, then we should be able to derive ρ⇒ D from ρ⇒ F ,
the formula created by reifying every constraint in F by ρ. It turns out there is a straightforward
procedure to reconstruct the unrestricted proof from the restricted one with a low overhead. This
property was relied on implicitly in several proof logging works [94, 151], but it was not stated
or proved explicitly until it was included as an appendix by Demirović et al. [59], which was
contributed by the author of this thesis. For notational convenience in what follows, we will view
an assignment ρ as the set of literals {ℓ : ρ(ℓ) = 1} assigned true by ρ and assume all constraints
are normalised. We use Lits(C) to denote the set of literals with non-zero coefficients appearing
in a constraint C.
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Theorem 2.1 (Unrestricting proofs). Let F be a PB formula over n variables, ρ be a

partial assignment, and suppose that from F↾ρ we can derive a constraint D using a

derivation of length L employing Rules 1 to 7. Then we can construct a derivation of

length O(L) from F of the constraint ρ⇒ D using precisely the same rules in sequence,

except with some possible additional interleaved syntactic implication steps.

To prove this we make use of the following lemma.

Lemma 2.1 (Unrestricting proofs base case). For any PB constraint C and partial

assignment ρ, we can always derive ρ⇒ C↾ρ using derivation of length O(1).

Proof of Lemma 2.1. First, let us decompose C as∑
ℓi∈Lits(C) :
ρ(ℓi)=ℓi

aiℓi +
∑

ℓj∈Lits(C) :
ρ(ℓj)=1

bjℓj +
∑

ℓk∈Lits(C) :
ρ(ℓk)=0

ckℓk ≥ K. (2.20)

Then, if we let B =
∑

ℓj∈Lits(C) :
ρ(ℓj)=1

bj , we note that C↾ρ is the constraint

∑
ℓi∈Lits(C) :
ρ(ℓi)=ℓi

aiℓi ≥ K −B (2.21)

and ρ⇒ C↾ρ is the constraint∑
ℓj∈Lits(C) :
ρ(ℓj)=1

(K −B)ℓj +
∑

ℓk∈Lits(C) :
ρ(ℓk)=0

(K −B)ℓk +
∑

ℓi∈Lits(C) :
ρ(ℓi)=ℓi

aiℓi ≥ K −B. (2.22)

To derive (2.22) from (2.20) we can proceed as follows.

1. For all j, add the literal axioms amounting to bjℓj ≥ 0 to (2.20), yielding∑
ℓk∈Lits(C) :
ρ(ℓk)=0

ckℓk +
∑

ℓi∈Lits(C) :
ρ(ℓi)=ℓi

aiℓi ≥ K −B. (2.23)

2. Saturate to ensure that for all k, ck ≤ K −B.

3. Add multiples of literal axioms ℓi ≥ 0, ℓk ≥ 0 and ℓj ≥ 0 as needed to obtain (2.22).

This amounts to one syntactic implication step and hence the derivation has constant length 1.

We are now able to prove the main result.
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Proof of Theorem 2.1. Let π = (D1, . . . , DL = D) be the derivation of D from F↾ρ, and denote
by πs the set {D1, . . . , Ds−1} of constraints prior to derivation step s. Then each Ds is one of the
following:

1. An axiom (constraint in F↾ρ);
2. A literal axiom;
3. The result of one of Rules 3–5 or 7, with antecedents in πs;
4. A RUP constraint with respect to F↾ρ ∪ πs.

We will proceed by structural induction on π and show that for any Ds we can construct a length
O(s) derivation that ρ⇒ Ds from F .

For the base cases, we consider an axiom Da ∈ F↾ρ. We must have some constraint C ∈ F

such that C↾ρ = Da. Hence, we can derive C as an axiom, and then by Lemma 2.1 we can derive
ρ⇒ C↾ρ, i.e. ρ⇒ Da, in O(1) steps. Note that if Da is instead a literal axiom then ρ⇒ Da is
also a literal axiom, because the reification coefficients will all be zero.

Now assume for any non-axiom constraint Ds we have already constructed a derivation of
length O(s − 1) deriving all the constraints in π′

s = {ρ ⇒ Di : Di ∈ πs}. We now consider
different cases depending on how Ds was derived in π.

Case 1: Ds is the result of taking a linear combination of constraints Da1 , . . . , Dak ∈ πs with
coefficients λ1 . . . λk.

Then by assumption ρ ⇒ Da1 , . . . , ρ ⇒ Dak have already been derived. If we let Kj be
the degree of Daj , we can write each of these in the form∑

ℓ∈ρ

Kjℓ+Daj (2.24)

and so taking a linear combination with coefficients λ1, . . . , λk yields∑
ℓ∈ρ

(λ1K1 + · · ·+ λkKk)ℓ+ λ1Da1 + · · ·+ λkDak . (2.25)

If Ks is the degree of Ds, note that we must have Ks ≤ λ1K1 + · · · + λkKk, since
cancellation of matching literals in the combination can only reduce the overall degree.
Hence, if we apply saturation to (2.25) we obtain

∑
ℓ∈ρKsℓ+D′

s, where D′
s is the saturated

version of Ds. Then we can add literal axioms to obtain ρ⇒ Ds, as required. Note that
this saturation and literal axiom “fixing” amounts to a single syntactic implication step.

Case 2: Ds is the result of dividing a constraint Di ∈ πs by a scalar λ.

Then again by assumption ρ⇒ Di has already been derived, and this time we will write
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this in full as ∑
ℓ∈ρ

Kiℓ+
∑
j

ajℓj ≥ Ki. (2.26)

If we divide this by λ we obtain∑
ℓ∈ρ

⌈Ki/λ⌉ ℓ+
∑
j

⌈aj/λ⌉ ℓj ≥ ⌈Ki/λ⌉ , (2.27)

which is precisely ρ⇒ Ds, as required.

Case 3: Ds is the result of applying saturation to a constraint Di ∈ πs.

Once again by assumption ρ⇒ Di has already been derived, and we can write this in full
as above in (2.26). After applying saturation to this we obtain∑

ℓ∈ρ

min(Ki, Ki)ℓ+
∑
j

min(aj, Ki)ℓj ≥ Ki, (2.28)

which is precisely ρ⇒ Ds, as required.

Case 4: Ds is syntactically implied by a constraint Di ∈ πs.

Then Ds is the result of adding literal axioms to Di and possibly saturating, so combining
the arguments in Case 1 and Case 3 tells us that ρ ⇒ Ds is the result of adding literal
axioms to ρ⇒ Di and possibly saturating. So we can derive ρ⇒ Ds with one syntactic
implication step.

Case 5: Ds is a RUP constraint. Write Ds =
∑

i aiℓi ≥ K and let A =
∑

i ai. Then ρ⇒ Ds is
the constraint ∑

ℓ∈ρ

Kℓ+
∑
i

aiℓi ≥ K, (2.29)

and its negation is ∑
ℓ∈ρ

Kℓ+
∑
i

aiℓi ≥ A+ 1 + (|ρ| − 1)K. (2.30)

We can see that for (2.30) to be satisfied, all the reification literals ℓ ∈ ρ must be set to
true. Recalling that all the constraints in π′

s = {ρ ⇒ Di : Di ∈ πs} are all assumed to
have been previously derived, we can see that performing unit propagation will reduce
constraints in F ∪ π′

s ∪ ¬(ρ⇒ Di) to be precisely the constraints in F↾ρ ∪ πs ∪ ¬D.
Since by assumption deriving Ds from F↾ρ ∪ πs by RUP was a legitimate derivation step,
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continued unit propagation on the constraint database must result in a contradiction. So we
can derive ρ⇒ Di from F ∪ π′

s as a single RUP step.

In all of these cases, we only need a constant number (at most two) proof steps, to derive
ρ ⇒ Ds, from what was assumed to already be derived, and so by starting from the axioms
and applying induction we can construct a derivation which includes all the constraints in
π′
L = {ρ⇒ Di : Di ∈ π} and in particular our desired ρ⇒ DL.

Since each of the L constraints in π′
L requires O(1) intermediate derivation steps, our con-

structed derivation has length O(L).

With Theorem 2.1 established we easily obtain the following useful corollary.

Corollary 2.1 (Proofs Under Assumptions). Let F be a PB formula over n variables

and let R be a set of literals over distinct variables not appearing in F (i.e. for any ℓ ∈ R,

we have ℓ /∈ R, ℓ /∈ Lits(F ), and ℓ /∈ Lits(F )).

Then let R(F ) be a set of reified constraints {RC ⇒ C : C ∈ F}, where each reifying

term RC is a conjunction of literals in R.

Then, if we can derive a constraint D from F using derivation of length L employ-

ing Rules 1 to 7, we can construct a derivation of length O(L) of the constraint∧
C∈F RC ⇒ D from R(F ) using the same rules.

Proof. Take the partial assignment ρ setting ℓ = 1 for each ℓ ∈ R and apply Theorem 2.1.

A similar related property is that linear combinations play particularly nicely with partial
assignments, even without requiring the reifying form.

Lemma 2.2 (Linear combinations with partial assignments). Let C1 . . . Ck be PB con-

straints and let ρ be a partial assignment. If D = λ1C1 + . . . λkCk for some positive

integer coefficients λ1, . . . , λk; then we must have D↾ρ = λ1C1↾ρ + · · ·+ λkCk↾ρ.

Proof. Let x1, . . . xn be the all the variables appearing in any constraint Ci or assigned by ρ.
We can write each Ci in its variable normal form (using 0 coefficients when necessary) as∑

j aijxj ≥ bi. So D =
∑

j(
∑

i λiaij)xj ≥ (
∑

i λibi). Assuming without loss of generality that
ρ assigns x1 . . . xt for some 0 ≤ t ≤ n, we have

D↾ρ =
∑n

j=t+1(
∑

i λiaij)xj ≥ (
∑

i λibi)−
∑t

j=0(
∑

i λiaij)ρ(xi)

=
∑

i λi(
∑n

j=t+1 aijxj) ≥
∑

i λi(bi −
∑t

j=0 aijρ(xi))

= λ1C1↾ρ + · · ·+ λkCk↾ρ.
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There are also some more specific derivation patterns involving Rules 1 to 7 that are worth
noting here. First is the well known fact [118, 119] we can generalise the resolution procedure
from CNF reasoning to PB constraints and implement this using cutting planes.

Theorem 2.2 (Generalised resolution). Suppose the following two (normalised) PB

constraints are present in a formula

C1 := ajℓj +
∑
i ̸=j

aiℓi ≥ K1 C2 := bjℓj +
∑
i ̸=j

biℓi ≥ K2 (2.31)

Then, letting d = gcd(aj, bj) we can derive

∑
i ̸=j

(
bjai + ajbi

d

)
ℓi ≥

bjK1 + ajK2 − ajbj
d

(2.32)

using O(1) cutting planes steps (Rules 2 to 4).

Proof. Straightforward application of addition and division, see Buss and Nordström [36, p.284].

The fact that cutting planes can implement resolution itself for clauses is an easy corollary of
this: the right-hand side of (2.32) in this case is guaranteed to be 1, so we can saturate or divide
to obtain the resolvent clause.

Another important but slightly lesser known fact is that we can efficiently recover cardinality
constraints from a clique of 2-clauses using PB reasoning. This has been stated as an exercise in
lecture notes on proof complexity [139], and discussed informally by McBride [148] and Gocht
et al. [91], but the presentation here is original, as is the count for the number of steps.

Theorem 2.3 (Recovering cardinality constraints).
Let {ℓ1, . . . , ℓn} be a set of n ≥ 2 literals and suppose we have the set of (n2 − n)/2

constraints

{Cij := ℓi + ℓj ≥ 1 : i, j ∈ [n], i < j} (2.33)

expressing that no two of these literals can be false simultaneously. Then we can recover

a cardinality constraint over the literals

n∑
i=1

ℓi ≥ n− 1, (2.34)

expressing that at most one can be false, using precisely (n2 + 3n− 10)/2 cutting planes

steps (Rules 2 to 4).
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Proof. For any k ∈ [n], let Dk :=
∑k

i=1 ℓi ≥ k− 1 and p(k) := (k2 + 3k− 10)/2, and note that
D2 = C12 is already derived (and so requires p(2) = 0 steps).

Now suppose for k ≥ 3 we have derived Dk−1 in p(k − 1) steps. We can derive

(k − 2) ·Dk−1 +
∑k−1

i=1 Cik

k − 1
(2.35)

=

∑k−1
i=1 (k − 2)ℓi +

∑k−1
i=1 ℓi + (k − 1)ℓk ≥ (k − 2)2 + (k − 1)

k − 1
(2.36)

=

∑k
i=1(k − 1)ℓk ≥ (k − 2)(k − 1) + 1

k − 1
=

k∑
i=1

ℓk ≥
⌈
k − 2 +

1

k − 1

⌉
= Dk, (2.37)

using an additional k + 1 steps (k − 1 additions, one multiplication and one division). Hence, we
can derive Dk in p(k − 1) + k + 1 = (k2 + 3k − 10)/2 = p(k) steps and the result follows by
induction.

Example 2.14 (Recovering cardinality constraints in VeriPB syntax).
The instantiation of Theorem 2.3 for n = 4 in VeriPB syntax would be as follows.

recover_card.opb:

* 4-clique of 2-clauses

1 ~x1 1 ~x2 >= 1 ;

1 ~x1 1 ~x3 >= 1 ;

1 ~x1 1 ~x4 >= 1 ;

1 ~x2 1 ~x3 >= 1 ;

1 ~x2 1 ~x4 >= 1 ;

1 ~x3 1 ~x4 >= 1 ;

recover_card.pbp:

pseudo-Boolean proof version 3.0

% Recover at-most-1 constraint:

pol 1 2 + 3 + 2 d 2 * 4 + 5 + 6 + 3 d ;

% Dummy conclusion

output NONE ;

conclusion NONE ;

end pseudo-Boolean proof ;

2.3.2 Patterns Involving Strengthening Rules

We next turn from pure cutting planes derivations to some tricks involving the redundance rule
(Rule 8). The most important of these is the ability to introduce fresh variables, reified on a
particular constraint. This means it can simulate what is often called an extension rule in proof
complexity, which has been known since the rule’s introduction [89].

Theorem 2.4 (Extension variables). Suppose x is a fresh variable that does not appear

anywhere in a PB formula or derivation. Then, for any PB constraint C :=
∑

i aiℓi ≥ b
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(also not containing x or x) we can introduce the constraints equivalent to x⇔ C

D1 := x⇒
∑
i

aiℓi ≥ b, and D2 := x⇒ −
∑
i

aiℓi ≥ −b+ 1, (i.e., x⇒ ¬C)

(2.38)
each with a single redundance-based strengthening step and an O(1) length subproof.

Proof. For D1 take the witness substitution ω1 = {x 7→ 0}. Observe that F↾ω1 = F , since x is a
fresh variable, and D1↾ω1 =

∑
i aiℓi ≥ 0, both of which can be trivially derived, and hence the

redundance rule is applicable.
Then for D2 take the witness substitution ω1 = {x 7→ 1}. Again F↾ω2 , and D2↾ω2 can be

trivially derived, and we are left with the proof obligation D1↾ω2 = C which is syntactically
implied by ¬D2 = −(

∑
i ai − b+ 1)x+

∑
i aiℓi ≥ b.

Note that these constraints (2.38) are not actually implied by the formula (x was conceptually
unconstrained), and so they cannot not be derived using Rules 1 to 7.

Next, we note that redundance-based strengthening with an empty witness is essentially the
same as a proof by contradiction, which can sometimes be easier to formulate than a direct proof.
In the latest version of the VeriPB format, this can be treated as a separate rule, denoted pbc, for
“proof by contradiction”.

Rule 10 (Proof by contradiction). A constraint C can be derived from a formula F if we

can exhibit a subproof deriving contradiction from F ∪ {¬C}.

An important application of this is to implement the fusion resolution rule, first highlighted
by Buss and Nordström [36] (attributed to Stephan Gocht) as a potentially useful variation of the
generalised resolution rule. As a motivating example, they consider the constraints

C1 := 2x+ 3y + 2z + w ≥ 3 C2 := 2x+ 3y + 2z + w ≥ 3, (2.39)

which can be seen to imply the conclusion

3y + 2z + w ≥ 3 (2.40)

by considering that since x ∈ {0, 1}, the corresponding x literal must disappear in at least one
of C1 and C2. This can be implemented in constant length with a short proof-by-contradiction
subproof, which was first observed by Demirović et al. [59] in a conference paper co-authored by
the author of this thesis.
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Theorem 2.5 (Fusion resolution). Suppose we have the following two normalised PB

constraints

C1 := ax+
∑
i

aiℓi ≥ m1 C2 := bx+
∑
i

aiℓi ≥ m2. (2.41)

Then we can derive

D :=
∑
i

aiℓi ≥ min{m1,m2} (2.42)

with a single redundance step and a subproof of length O(1).

Proof. Let m = min{m1,m2} and note that we can assume m ≥ 1 or else the conclusion is
trivial. We take the empty witness substitution (or use a “PBC” rule), and then we need to derive
D from {C1, C2,¬D} to apply redundance.

To do this, we derive ¬D+C1 which gives ax ≥ m1−m+1, and then since m1−m+1 ≥ 1

we can divide by max{a,m1 −m+ 1} and multiply by b to get bx ≥ b. Adding this to C2 and
weakening the degree gives the required result.

The same result that shows saturation is strictly stronger than division [90, Thm. 4.1] also
implies that fusion resolution would always require a number of steps exponential in the bit-length
of the largest reification coefficient to simulate with pure cutting planes with division (Rules 2
to 4); but it is an open question whether shorter derivations are possible using cutting planes with
saturation (Rules 2 to 5).

2.3.3 Patterns Involving Unit Propagation

The last important derivation patterns we should cover at this point concern the reverse unit
propagation rule, and rely on specific propagation properties of particular kinds of PB formulas.
Generally speaking, one should be careful when relying on unit propagation in derivation
procedures, since it can be surprisingly weak, leading even very simple and obvious conclusions
to fail to follow by RUP (see Examples 2.15 and 2.16). Nevertheless, we can rely on propagation
in certain restricted cases, first and foremost being the fact that the negation of a half-reified
constraint propagates all the literals on its right-hand side.

Theorem 2.6 (Reverse unit propagation of reified constraints). Let ρ be a conjunction of

literals and C := ρ⇒ D be a reified constraint. Then ¬C propagates ri = 1 for every

ri ∈ ρ and hence C is RUP with respect to a formula F precisely when D is RUP with

respect to F↾ρ.

Proof. Let D :=
∑

i aiℓi ≥ b. Then by Proposition 2.2, C can be written as br1 + · · ·+ brk +
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∑
i aiℓi ≥ b. So ¬C can be written as −br1 − · · · − brk −

∑
i aiℓi ≥ −b + 1 which has slack

b− 1, and so all literals in ρ propagate.

Additionally, propagation properties specifically of sums of the form
∑

i 2
ixi are integral to

the proof logging methodology discussed in the next chapter, and they can be shown to allow
for specific cases of PB constraints that are guaranteed to unit propagate to contradiction. Again
these are relied on implicitly in several published works [94, 151], and although they have been
discussed in informal personal communications [87], to the author’s knowledge they have not
been explicitly written down anywhere.

Theorem 2.7 (Unit propagation of contradictory bounds on binary sums). For any

integers k,A,B where k ≥ 1 and A > B the contradictory PB constraints

C1 :=
k−1∑
i=0

2iℓi ≥ A; and C2 :=
k−1∑
i=0

−2iℓi ≥ −B
(

i.e.
k−1∑
i=0

2iℓi ≤ B

)
(2.43)

will always unit propagate to contradiction.

Proof. We proceed by induction on k.
For k = 1 we have C1 := ℓi ≥ A and C2 := −ℓi ≥ −B. If A ≥ 1 then either C1 is a

contradiction or ℓi = 1 propagates, reducing C2 to a contradiction (0 ≥ −B + 1 > 0). On
the other hand, if A ≤ 0 then −B ≥ −1, so either C2 is a contradiction or ℓi = 0 propagates,
reducing C1 to a contradiction. This establishes the base case.

Now, for an arbitrary k > 1, assume the theorem holds for k − 1. We have

slack(C1) = 2k − 1− A; slack(C2) = B; (2.44)

so we can assume 0 ≤ B < A ≤ 2k − 1 otherwise one of the constraints is immediately
contradictory. Now if A ≥ 2k−1 then slack(C1) < 2k−1 and hence ℓk−1 = 1 propagates due to
C1, reducing C1 and C2 to

C1 :=
k−2∑
i=0

2iℓi ≥ A− 2k−1; and C2 :=
k−2∑
i=0

−2iℓi ≥ −B + 2k−1; (2.45)

which propagate to contradiction by assumption (since necessarily A− 1 > B − 1). On the other
hand, if A < 2k−1 then B < 2k−1, so ℓi = 0 propagates due to C2, reducing C1 and C2 to

C1 :=
k−2∑
i=0

2iℓi ≥ A; and C2 :=
k−2∑
i=0

−2iℓi ≥ −B (2.46)

which also propagate to contradiction by assumption.
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Theorem 2.8 (Unit propagation of equality on binary sums). For any integers k,A where

k ≥ 1 and 0 ≤ A < 2k the constraints

C1 :=
k−1∑
i=0

2iℓi ≥ A; and C2 :=
k−1∑
i=0

−2iℓi ≥ −A
(

i.e.
k−1∑
i=0

2iℓi ≤ A

)
(2.47)

will always unit propagate to a fixed assignment ρ where all underlying variables for

ℓ0 . . . , ℓk−1 are consistently assigned, and
∑k−1

i=0 2
iρ(ℓi) = A.

Proof. If 0 ≤ A ≤ 2k then the constraints are not contradictory but an analogous argument to the
proof of Theorem 2.7 shows that all literals must be eventually be set by unit propagation.

The following somewhat delicate property can also be established; this was originally proved
by the author of this thesis in discussion with Jakob Nordström, but the presentation here is based
on a proof by Wietze Koops [131].

Theorem 2.9 (Contradictory constraints on binary sums). For any positive integers m

and n and integers A, B, C, with A + B − C > 0 and B ∈ {0, 1} the contradictory

constraints

−2m−1ym−1 +
m−2∑
i=0

2iyi ≥ A; (2.48)

2m−1ym−1 −
m−2∑
i=0

2iyi − 2n−1xn−1 +
n−2∑
i=0

2ixi ≥ B; (2.49)

2n−1xn−1 −
n−2∑
i=0

2ixi ≥ −C; (2.50)

will always unit propagate to contradiction.

Proof. Normalising the constraints gives

C1 := 2m−1ym−1 +
m−2∑
i=0

2iyi ≥ A+ 2m−1; (2.51)

C2 := 2m−1ym−1 +
m−2∑
i=0

2iyi + 2n−1xn−1 +
n−2∑
i=0

2ixi ≥ B + 2m−1 + 2n−1 − 1; (2.52)

C3 := 2n−1xn−1 +
n−2∑
i=0

2ixi ≥ −C + 2n−1 − 1. (2.53)

We will proceed in four steps. First we show that C1 or C2 directly unit propagate to
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contradiction if n or m are too small. Secondly we analyse what happens to the variables yn

and xm. Thirdly, we analyse the other variables with index at least t = min(m,n). Finally, we
consider the other variables index by index.

Step 1: the cases A ≥ 2m−1 and C < −2n−1.
Let ρ denote the empty assignment. If A ≥ 2m−1 then slack(C1, ρ) = 2m−1 − 1− A ≤ −1 and
we immediately have a contradiction. Similarly, if C < −2n−1, then slack(C3, ρ) = 2n−1+C ≤ 0

and we also have a contradiction.
We henceforth assume A < 2m−1 and C ≥ 2n−1.

Step 2: the variables yn−1 and xm−1.
Let ρ denote the empty assignment. If A ≥ 0, then

slack(C1, ρ) = 2m−1 − 1− A < 2m−1, so C1 propagates ym−1 under ρ.
If A < 0 then, using the fact that A+B − C > 0, and B ∈ {0, 1}

slack(C3, ρ) = 2n−1 + C < 2n−1 + A+B ≤ 2n−1, so C3 propagates xn−1 under ρ.

Step 3: the variables with index at least min(m,n)− 1.
We now show that for all k ≥ min(m,n) − 1, one of the literals xk or xk is propagated, and
similarly for yk or yk.

If A ≥ 0 then as shown above C1 propagates ym−1. Let ρ be the updated assignment i.e.
ρ = {ym−1}. Then

slack(C2, ρ) = (2m−1 − 1) + 2n−1 + (2n−1 − 1)−B − 2m−1 − 2n−1 + 1 (2.54)

= 2n−1 − 1−B < 2n−1 (2.55)

which shows that C2 propagates yk for k ≥ n− 1 and also xn−1. And then (after updating ρ), we
have slack(C3, ρ) = C < A+B ≤ 2m−1 and so C3 propagates xk for any k ≥ m− 1.

The case A < 0 is analogous. As shown above, C3 propagates xn−1, so let ρ be the updated
assignment, and now

slack(C2, ρ) = 2m − 1 + 2n−1 − 1−B − 2m−1 − 2n−1 + 1 (2.56)

= 2m−1 − 1−B < 2m−1 (2.57)

which shows the constraint propagates xk for any k ≥ m − 1 and also ym−1. Now, updating
ρ again, we have slack(C1, ρ) = −A − 1 < B − C − 1 < 2n−1, so C1 propagates yk for any
k ≥ n− 1.

Step 4: the variables with index less than min(m,n)− 1.
Let t = min(m,n)− 1, and let the assignment reached after the previous step be ρ. We will now
show by induction on s ≥ 0 that under ρ, the constraints either propagate both xt−s and yt−s or
xt−s and yt−s until there is a conflict in one of the constraints. The base case of the induction has
already been completed in the previous step: if A ≥ 0, xt and yt are propagated, and if A < 0, xt
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and yt are propagated.
Now proceed with the inductive step, so we assume that for some s it holds that for each

s′ ≤ s that the inequalities either propagate both xt−s′ and yt−s′ or xt−s′ and yt−s′ . Let ρ be the
corresponding updated assignment.

Now we will compute the sum of the slacks of C1 and C3 under ρ, by first letting T be the
sum of all literals with index at least t that are not falsified by ρ

T = 2m−1ρ(ym−1) + 2n−1ρ(xn−1) +
∑

t≤k<n−1
: ρ(xk)=1

2k +
∑

t≤k<m−1
: ρ(yk)=1

2k. (2.58)

Based on the previous steps, there are 4 cases.

If A ≥ 0 and m ≥ n, then T = 2m−1 = 2max(m,n)−1.

If A ≥ 0 and m < n, then T = 2m−1 + (2m−1 + · · ·+ 2n−2) = 2n−1 = 2max(m,n)−1.

If A < 0 and m ≥ n, then T = 2n−1 + (2n−1 + · · ·+ 2m−2) = 2m−1 = 2max(m,n)−1.

If A < 0 and m < n, then T = 2n−1 = 2max(m,n)−1.

Next consider the sum of all literals with index k ∈ {t−s, . . . , t−1}. By the inductive hypothesis,
exactly one of yk and xk propagates, so they can only contribute 2k to exactly one of the slacks.

So, we have

slack(C1, ρ) + slack(C3, ρ) (2.59)

= 2max(m,n)−1 +
t−1∑

k=t−s

2k + 2
t−s−1∑
k=0

2k − (A+ 2m−1)− (−C + 2n−1 − 1) (2.60)

= 2max(m,n)−1 + 2t − 2t−s + 2(2t−s − 1)− 2m−1 − 2n−1 + C − A+ 1. (2.61)

And then recall t = min(m,n)− 1, so 2max(m,n)−1 + 2t = 2n−1 + 2m−1. Hence

slack(C1, ρ) + slack(C3, ρ) (2.62)

= 2t−s − 1 + C − A < 2t−s − 1−B < 2t−s − 1 (2.63)

Now if either of these slack values are negative, we have already reached a contradiction by
unit propagation. And if both are non-negative, at least one of them is at most ⌊1

2
(2t−s − 1)⌋ =

2t−s−1 − 1. So either yt−(s+1) or xt−(s+1) must propagate. Add this to the assignment ρ.
We now compute the slack of C2 under ρ. Note C2 contains exactly all the opposite literals to

those in C1 and C2, appearing with the same coefficients. The total contribution of all literals
with index at least t added together is

T = (2max(m,n)−1 + · · ·+ 2min(m,n)−1) + 2min(m,n)−1 = 2max(m,n) (2.64)
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so the contribution of those that appear in C2 is exactly 2max(m,n)−1.
So finally, we have

slack(C2, ρ) (2.65)

= 2max(m,n)−1 +
t−1∑

k=t−s−1

2k + 2
t−s−2∑
k=0

2k −B − 2m−1 − 2n−1 + 1 (2.66)

= 2max(m,n)−1 + 2t − 2t−s−1 + 2(2t−s−1 − 1)−B − 2m−1 − 2n−1 + 1 (2.67)

= 2t−s−1 − 1−B < 2t−s−1 (2.68)

and hence C2 propagates xt−(s+1) or yt−(s+1). This completes the induction. Now we see that
we either reach a conflict in C1 or C3 during the process, or else we eventually set every literal
by unit propagation, and since the inequalities are incompatible, this must in the end be a
contradiction.

Generalised versions of Theorem 2.9 do not always hold. For example, it seems at first
plausible that the three inequalities would always unit propagate to contradiction for any A +

B − C > 0, regardless of whether B ∈ {0, 1}. However, for specific values of A, B, C, m and
n, this is not true.

Example 2.15 (Non-propagating contradictory constraints on binary sums).
The contradictory constraints

C1 :=−8y3 + 4y2 + 2y1 + y0 ≥−2 (2.69)

C2 := 8y3 − 4y2 − 2y1 − y0−8x3 + 4x2 + 2x1 + x0 ≥ 3 (2.70)

C3 := 8x3 − 4x2 − 2x1 − x0 ≥ 0 (2.71)

do not unit propagate to contradiction. This can be seen by computing the slack values

slack(C1) = 15− 6 = 9 (2.72)

slack(C2) = 30− 12 = 18 (2.73)

slack(C3) = 15− 7 = 8 (2.74)

which tell us (via Proposition 2.1) that no propagation occurs.

Of course, contradiction can easily be derived from these constraints by simply adding
them up, but the point is that not all obviously contradictory constraints will unit propagate to
contradiction, and likewise, even though any two of the above constraints imply the negation of
the third, it will not be possible to introduce it purely by RUP.
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Furthermore, even fundamental contradictions do not always unit propagate. For instance, C∧
¬C is not guaranteed to unit propagate to contradiction, as the following example demonstrates.

Example 2.16 (Non-propagation of a constraint with its negation). The constraints

C1 := x+ y + z ≥ 2 and ¬C1 := x+ y + z ≥ 2 (2.75)

do not together propagate to contradiction. In fact, since the slack of both constraints is

equal to 1, neither propagates anything at all.

This can be easily extended to show that there does not exist a sequence of RUP steps

deriving C1 from itself, establishing that RUP is not implicationally complete. Suppose

C2, . . . , Ck is a sequence of RUP constraints derived from C1, with Ck = C1. Then by

the implicational property of RUP, C1 ∧ · · · ∧ Ck−1 admits the same solutions as C1, and

so none of {x, y, z, x̄, ȳ, z̄} can propagate from this, as none of these are implied by C1.

And since ¬Ck alone does not propagate anything under the empty assignment, the only

remaining option is for C1 ∧ · · · ∧ Ck−1 to unit propagate to contradiction, which would

violate soundness.

What this means is that “RUP” should certainly not be understood as a synonym for “implied”,
or even “obviously implied”, even though RUP constraints are always implied and usually
obviously so.

2.4 Summary

The primary function of this chapter has been to establish groundwork to which the rest of the
thesis can refer. We reviewed the fundamental concepts of pseudo-Boolean reasoning and how
they can be applied within a proof system and machine-checkable logging format. We also
explicated some useful derivation patterns that are crucial to the effectiveness of using a PB
system to certify solving paradigms beyond 0−1 linear inequalities. Of particular importance
for this work is the behaviour of PB unit propagation on binary exponential sums as given by
Theorems 2.7 to 2.9; and the fact that we can “unrestrict” proofs using Theorem 2.1.

Now that we have an understanding of the proof system, and some idea of its capabilities, we
are ready to apply this specifically in the context of constraint programming representations and
stronger reasoning.
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Chapter 3

Proof Logging for
Constraint Programming

We will now present a framework for using pseudo-Boolean proofs to create a certifying constraint
programming solver. This is a refinement of the 2022 “Auditable Constraint Programming”
methodology of Gocht et al. [94], and it has been informed by the author’s participation in the
continued development of the associated “Glasgow Constraint Solver” project [150]. We will
incorporate the improved understanding that has evolved through the course of developing the
justification procedures presented later in the thesis, and take advantage of the PB properties
established in the previous chapter to explain the Auditable CP methodology more rigorously.

This chapter begins by defining constraint satisfaction and optimisation problems, and dis-
cussing at a high level how standard CP solvers work. We will then look at encoding CP problems
to a PB format, showing how this can be done in such a way as to ensure the proof corresponds
to the original input problem. With this in place, we can outline exactly what an auditable
CP solver needs to log in order to guarantee a complete proof of any (correct) result it arrives
at, and hence properly motivate the need for designing justification procedures for constraint
propagation. Finally, we exhibit some simple justifications for fundamental constraints such as
linear inequalities and show why they are correct according to this framework.

3.1 Constraint Programming Fundamentals

A constraint satisfaction problem (CSP) is traditionally defined by a set of variables; sets of
domain values associated with each variable; and a set of constraints, each of which somehow
restricts the combinations of values that the variables can take simultaneously. This definition is
extremely general, but in practice we assume all of these sets are ordered and finite, and each
variable is a named symbol such as Xi whose domain is a finite set of integers dom(Xi). This
allows us to say that a valid assignment for a CSP is a mapping σ from variables to integers
where σ(Xi) ∈ dom(Xi) for each variable Xi. We will assume each constraint C is also named
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and specified over an ordered subset of the variables scp(C) which we call its scope, and call
the number of variables in a constraint’s scope its arity. As with PB constraints, we will use
Vars(C) := ⋃C∈C scp(C) to denote all variables appearing in the scopes of set of constraints C.

It will sometimes be useful to talk about extending and restricting assignments. This has the
usual meaning in terms of mappings: if an assignment σ′ is defined for a subset S of the variables
that some another assignment σ is defined for; and σ′(X) = σ(X) for all X ∈ S; then σ′ is a
restriction of σ, and σ is an extension of σ′.

Finally, since domains are almost always modified throughout the process of solving a CSPs,
we will often talk about a domain state at a particular point in time t. Formally, we say a domain

state (or “state of domains”) domt is just a function from variables to sets of values (domains).
This allows us to keep notation and terminology consistent: domt(X) is the domain of X with
respect to the state of domains at point t, and dom0(X) is the initial domain of X with respect
to the starting domain state as specified in the CSP/COP problem description. An assignment
is valid for a particular domain state if for every variable X in the problem, ρ(Xi) ∈ domt(Xi).
We can write Valid(ρ, domt) for this.

In the literature (e.g. Schulte and Stuckey [179] and others [72, 180]), what we call “a domain
state” is sometimes simply referred to as “a domain”. In this thesis we will attempt to distinguish
whenever possible between domains of individual variables and the domain state of all the
variables in the problem at a particular point. We will however adopt similar relational notation
for our domain states as is commonly used for domains in CP literature, and define a partial order
on domain states defined over the same set of variables X by lifting the subset relation. Formally,

domt ⊑ domu ⇐⇒ ∀X ∈ X . domt(X) ⊆ domu(X). (3.1)

We say that domt is stronger than domu here, and that domu is weaker than domt.

3.1.1 Constraints and Solutions

It is debatable which mathematical object best encompasses the concept of a constraint, even
in the finite integer setting. Often a constraint is said to be defined by relation: a subset of∏

Xi∈scp(C) dom(Xi) which specifies explicitly the list of allowed combinations of values for the
variables in scope, sometimes called an extensional representation [141]. But this does not reflect
the fact that solvers do not generally store this list anywhere (excepting Table constraints, see
Example 3.1), and creates the annoyance that many constraints require an exponentially large
relation, but do not require exponential space or time to check whether a given tuple is allowed.
Another possibility is to say a constraint is simply a (computable, ideally efficiently computable)
predicate, allowing a more syntactic view where mathematical expressions or programming
language descriptions themselves define the constraint. This is the intensional view of constraints,
which can be harder to work with in a formal setting but perhaps more accurately reflects real-
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world use. It is also possible to forgo a general definition of constraints entirely, and instead
require each constraint to be an instantiation of a constraint type from a predefined collection,
such as linear and non-linear inequalities and non-equalities [179].

In any case, the important point is that given a tuple of domain values for variables in a
constraint’s scope, we can determine whether the constraint allows it. We say a valid assignment
σ satisfies a constraint C ∈ C if the tuple

∏
Xi∈scp(C) σ(Xi) is permitted (i.e. the predicate is

true, or it is contained in the relation). Overall the CSP is satisfiable if there exists at least one
assignment, called a solution, that satisfies every constraint simultaneously, and deciding whether
this is the case is one of the principal tasks of a CP solver. Another common task is to find a
solution that maximises or minimises the value of a particular variable Xo: we call this solving a
constraint optimisation problem (COP). The solution σ is optimal in a maximisation problem if
for any other solution σ′ we have σ(Xo) ≥ σ′(Xo) (≤ respectively for minimisation problems).

3.1.2 Modelling Problems

Clearly these concepts generalise the NP-hard SAT and pseudo-Boolean solving paradigms. A
CNF formula can be seen as a CSP where all variables have domain {0, 1} and all constraints
are clauses. Likewise, a PB formula is a CSP, and can be made into a COP by conceptually
considering an additional objective variable and an additional constraint ensuring it is equal to
the value of the PB objective function. Integer linear programming (ILP) problems [178] on
bounded variables can similarly be thought of as a kind of COP, since they are specified by a set
of integer linear equality and inequality constraints on integer variable, whose domains can be
defined to be the set of integers within the range of each variable’s bounds.

Theoretically speaking, the general CP setting imposes very few restrictions on the kind
of constraints that can be introduced. In practice, however, we still assume a collection of
allowed constraint types defined in some constraint modelling language or toolkit. For example,
the MiniZinc language provides a way of expressing parameterised CSPs/COPs with a library
of around 250 constraint types [156]. Other systems include XCSP3 [35], Essence [73] and
CPMpy [99], each with different syntax and features.

Common to all of these is the designation of global constraints. A global constraint type
captures precise relational semantics over an arbitrary number of variables, in contrast to primitive

constraints which usually enforce simple relations of a fixed arity.

Example 3.1 (Global constraints). Some common global constraints include:

AllDifferent(X1, . . . , Xn), which says that the values taken by X1, . . . , Xn must all

be distinct;

Count(X1, . . . , Xn, V, C), which says that the number of variables taking the same

value as V among variables in X1, . . . , Xn must be equal to the value of C;
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Element(X1, . . . , Xn, Y, Z), which says that Y = i if and only if Xi = Z;

Max(X1, . . . , Xn,M) which says that M is equal to the max value among

X1, . . . , Xn. Similarly, we have Min(X1, . . . , Xn,M).

There is also Table(X1, . . . , Xn; τ), which is the most explicit extensional constraint. τ is

a set of integer n-tuples (a “table”) and the constraint requires that the tuple of values

taken by X1, . . . , Xn must be a member of τ (must match a “row” in the table).

Any constraint with precise semantics can in theory be specified as a table constraint,

although the size of the τ may grow very large.

A collection of 400+ global constraint patterns and variations used across academia and

industry is currently available online in the form of the “global constraint catalogue” [20].

We refer to a high-level description of a problem in a constraint modelling language as a
model of the problem, although this term is sometimes used in formal logic contexts as a synonym
for what we are here calling a “solution”. The model may employ high-level constructs such as
loops and quantifiers, but these are usually removed by the modelling system before passing to a
solver by rewriting them in terms of fundamental supported constraints. In fact, one approach to
solving CP problems is to translate all constraints entirely to a lower-level paradigm such as SAT
or ILP. Our focus, however, is on native CP solvers, which generally have an interface that allows
posting of primitive and global constraints on finite domain variables.

3.1.3 Solving Techniques

Once a supported model is passed to a solver, it can apply a range of techniques to find solutions
or decide unsatisfiability. The discipline of devising and studying these techniques is expansive
and has been developing over many decades, so we can only cover a surface-level overview here.
A more detailed discussion of solving fundamentals can be found in the Handbook of Constraint
Programming [175].

A core component of many solvers is backtracking search, an improvement on the obviously
inefficient approach of generating all possible assignments and testing to see if the constraints
are satisfied. With a complete backtracking algorithm, the solver creates subproblems with
successively stronger domains that partition the space of all valid assignments, and solves them
recursively. We can refer to the creation of each subproblem as the result of a decision made by the
solver. If at any point a constraint is violated or a complete solution is found, the solver backtracks

by undoing the last decision, restoring domain changes, and exploring another subproblem, or
returning to the parent problem if all possibilities been tried. This is guaranteed to enumerate all
solutions or determine if none exist, terminating once the solver is ready to backtrack from the
initial decision point.

It is straightforward to visualise this as a search tree, with decision points as nodes and
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decisions as branches, which is why the process of choosing variables and guessing values is
often called branching. A common branching strategy is k-way branching: choosing a decision

variable X , and “guessing” in turn each of the | domt(X)| possible assignments for that variable
based on the current domain state domt. Other options are two-way branching: guessing X = d

and then X ̸= d respectively for some d ∈ domt(X); or some other form of domain splitting.
See Chapter 4 of the Handbook of Constraint Programming [175] for further details.

Example 3.2 (Backtracking search).
Consider a simple CSP with variables {X, Y, Z}, where

dom(X) = {1, 2, 3}; dom(Y ) = {1, 2}, and dom(Z) = {1, 2};

and with constraints enforcing X ̸= Y , Y ≤ Z. A possible search tree resulting from a

pure backtracking algorithm with k-way branching is as follows.

X

Y

✗(X ̸= Y )

1

Z

✗(Y ≤ Z)

1

✓

2

2

1

Y

Z

✓

1

✓

2

1

✗(X ̸= Y )

2

2

Y

Z

✓

1

✓

2

1

Z

✗(Y ≤ Z)

1

✓

2

2

3

Regardless, although conventional backtracking is better than generating all possibilities, it
can still be “grotesquely inefficient” [143] on even moderately-sized problem instances. Hence,
most CP solvers also implement inference algorithms that attempt to remove values from variables’
domains during search, reducing the possibilities for each decision and restoring the removed
values upon backtracking. Conceptually, a value can be removed from a domain if there is no
solution to the CSP instance where the variable takes that value. We call such a value inconsistent

with the CSP and say that the inference method removing a set of inconsistent values is enforcing

(some level of) consistency. In principle the strongest level of consistency that can be enforced is
global consistency, where all inconsistent values are removed from the domains of variables. This
would immediately determine the satisfiability of the problem, since in an unsatisfiable CSP all
values are obviously inconsistent, and is therefore NP-hard to compute in general. So in practice
solvers usually enforce some kind of local consistency, detecting values that are inconsistent with
a single constraint or subset of constraints.

Given a variable X , domain state domt, value v ∈ domt(X), and a constraint C with
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X ∈ scp(C), a support for (X, v) is a valid assignment of all variables in scp(C) that both
includes the assignment X = v and satisfies the constraint. If for every variable X ∈ scp(C) and
every value v ∈ domt(X), the variable-value pair (X, v) has at least one support, we say that
the constraint is domain consistent. This is also often referred to as generalised-arc consistency

since the definition has its origins in the view of CSPs as constraint networks where are thought
of edges and constraints as (hyper-)arcs [141].

Another notion is bounds-consistency, which comes in a variety of forms [42], but essentially
only requires the maximum and minimum values (bounds) of the domain to have support, in
addition to possibly relaxing the definition of support itself to include mapping to non-domain
(known as bounds-Z consistency) or even noninteger values (known as bounds-R consistency)
within the bounds of each variable.

Removing a set of values inconsistent with just one constraint, or else detecting infeasibility,
is often called propagation of that constraint, with the procedure for doing so known as a
constraint propagator or a filtering algorithm. Many propagators enforce domain consistency or
bounds consistency, and a standard approach to inference in a solver is to run propagators for all
constraints in some order until a fixed point is reached. Each constraint type usually requires a
specialised propagator, although there are many different possible algorithms for each constraint
and consistency property. Of course, for many constraints, computing domain-consistency is
NP-hard even in itself and so ad-hoc propagators that remove just some of the inconsistent values
may be employed.

In addition to search and propagation, solvers may also learn additional constraints during
search. From a certain point of view, any backtracking solver learns a clause of dis-assignments
whenever it backtracks, sometimes referred to as a “nogood”. For optimisation problems, solvers
also “learn” a bound constraint on the objective variable whenever a solution is discovered, which
says the variable must get a “better” (larger or smaller) value in future solutions. “Lazy clause
generation” (LCG) solvers extend these notions by learning more general nogoods using conflict

analysis [160], employing hybrid CP-SAT technology and propagators that generate clausal
explanations for their inferences.

These are the main solving techniques that are relevant from the point of view of proof
logging, with the focus of this thesis being on justifying propagation algorithms. There are many
other techniques, including local search, belief propagation, symmetry-breaking, streamliners,
relaxations, tree decomposition etc., which we will not explore in order to keep the scope
manageable, although we will touch upon dynamic programming techniques in Chapter 5. There
are also many solver design choices such as heuristic selection, domain representation, how to
restore state etc., which we do not need to cover, since, as a rule, proof logging is more concerned
with what a solver does in terms of modifying domains, and not so much how it achieves this.
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3.2 Representing Problems for Proofs

The philosophy of using pseudo-Boolean proof logging for constraint programming solvers
hinges on the idea that, for any CSP or COP, we can produce a pseudo-Boolean encoding that
can be reasonably understood as (and trusted to be) the same problem. Recall Figure 1.3.

Example 3.3 (PB encoding of a CP problem). Consider the CSP with variables, X, Y, Z

all with domain {0, 7} and constraints X = Y , Y ̸= Z, X + Z ≥ 3. Intuitively, the PB

formula

x0 + 2x1 + 4x2 − y0 − 2y1 − 4y2 ≥ 0; (3.2)

− x0 − 2x1 − 4x2 + y0 + 2y1 + 4y2 ≥ 0; (3.3)

u⇒ y0 + 2y1 + 4y2 − z0 − 2z1 − 4z2 ≥ 1; (3.4)

u⇒ −y0 − 2y1 − 4y2 + z0 + 2z1 + 4z2 ≥ 1; (3.5)

x0 + 2x1 + 4x2 + z0 + 2z1 + 4z2 ≥ 3; (3.6)

represents the same problem, since we can view each of the PB variables xi, yi, and zi as

representing the value of the i-th bit in the binary representation of the CP variables, and

the “flag” variable u ensures that either Y > Z or Z > Y .

In this section we expand on the intuition of the above example, and give a method (following
Gocht et al. [94]) for producing a PB formula that is obviously equivalent to an input CSP, at least
for some generalised definition of the word “obvious”. For clarity, we will talk about transforming
a “CP problem” into a “PB problem”.

3.2.1 The Difficulty of Equivalence

To begin with, we must decide on what equivalence actually means in the context of CP proof
logging, since conceptually transforming a CSP intended for a CP solver into PB is just a special
case of transforming one CSP into another. There is no standard definition of this agreed upon in
the constraint satisfaction community, with various interpretations proposed that differ in their
restrictiveness. The Handbook of Constraint Programming [175, p.5] says the following.

“It is difficult to define precisely what we mean when we say that a CSP represents
a problem P . A possible definition is that: a CSP M = ⟨X,D,C⟩ represents a
problem P , or M is a model of P , if every solution of C corresponds to a solution of
P and every solution of P can be derived from at least one solution to C.”

Rossi et al. [174] give an alternative definition based on mutual reducibility, and they contrast
this with a much stricter, arguably more naïve, conception of equivalence that simply requires
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two problems to share the same sets of variables, domains, and solutions. Other notions such as
viewpoints [78] and variable representations [127] have also been explored.

We will not adopt any of these definitions exactly, since the ultimate goal of encoding for
proof logging purposes is to trust that the process preserves the integrity of the proof with respect
to the original problem, and potentially to formally verify this process in a theorem prover. So at
one level, the only guarantees we really need are:

P1. The PB problem is satisfiable if and only if the CP problem is satisfiable;

P2. If there is an objective variable, the optimal value of the CP objective is equal to the optimal
value of the PB objective.

However, to make it easier to obtain these guarantees, we should employ very restricted trans-
formations with minimal reformulation, much less than one might use if encoding in order to
use a PB or SAT system to solve the problem. To put it simply, we want our encodings to be
as “dumb” as possible because we want to be extremely certain the two properties hold. So in
practice, our working definition of equivalence is: “the PB problem is the result of applying
Encoding Procedure 3.1 to the CP problem”. We will define this procedure shortly.

If we are convinced that the transformation respects P1 and P2, we can be convinced that
when we have an UNSAT proof for the PB problem, the CP problem is indeed UNSAT, and when
we have a proof that the optimal value of the PB objective is a, then the optimal value of the CP
problem is in fact a.

It is conceptually useful to view the encoding process in several stages, even if it is imple-
mented in practice as a single pass. At each stage we can pay close attention to what is being
preserved, and if we are convinced by the soundness of each stage, we should be convinced that
the whole process is safe.

3.2.2 A Transformation Procedure

The basic idea of our transformation procedure is to first turn the CP problem into an equivalent
problem with only reified linear constraints (an “intermediate ILP”). This still contains the
original non-Boolean variables of the problem and so it is easy to argue equivalence by showing
that the effect of the linear constraints is to restrict the variable’s values in exactly the same
way as the original CP constraints. We have the freedom to introduce auxiliary variables at this
stage to assist in the linearisation (such as the u flag in Example 3.3). In particular, we will
designate a special class of Boolean variable called “atomic constraint variables” (or simply
“atomic variables”) intended to represent basic relationships between variables and values. Our
linearisations will be defined on a per-constraint basis, and then joined together to create the full
equivalent problem. The soundness of this concatenation is ensured by requiring that only the
original variables and the atomic variables are shared between linearisations, see Lemma 3.1.
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We will assume we start with a general constraint satisfaction problem, with variable set
V , finite domains dom0(Xi) for Xi ∈ V , and constraints C. All domains can be assumed to
be ranges of integers without holes (since any missing values can be modelled with additional
constraints if necessary). We also assume that the constraints are a flat list, without constructs
such as loops that might be found in a higher-level modelling language.

The high level encoding process is then described by Encoding Procedure 3.1. The remainder
of this section gives more details on each stage along with soundness proofs. Notation for various
parts of the problem representation that will be used throughout this thesis will also be introduced
here.

Encoding Procedure 3.1 For a CSP with variables V , initial domain state (without

holes) dom0, and constraints C, we can produce a PB formula as follows.

1: Bnd(V)← ⋃
X∈V Bnd(X, dom0)

2: A ← ⋃
C∈C NeededAtomicVariables(C, dom0)

3: Def(A)← ⋃
y∈A Def(y)

4: Lin(C)← ⋃
C∈C Linearise(C, dom0)

5: F ← BinEnc(Bnd(V) ∪ Def(A) ∪ Lin(C))
6: F ← Standardise(F )

Step 1: Create domain bound constraints.

For a CP variable X and domain state dom0 let Bnd(X, dom0) be the two linear constraints

X ≥ min(dom0(X)) and X ≤ max(dom0(X)). (3.7)

When it is clear from context, we can omit dom0 and simply write Bnd(X) for these, and
for a set of variables X we can represent the set of all bound constraints for variables in X by
Bnd(X ).

Clearly if we construct a CSP with variables V , constraints C ∪ Bnd(V), and unrestricted
integer domains (i.e. for all X ∈ V , dom(X) = Z) then this has exactly the same solution set as
our original CSP.

Steps 2 and 3: Introduce Atomic Constraint Variables.

We now designate our set of atomic constraint variables A. These are fresh 0-1 variables that
can be shared between linearisations and have a special meaning, closely related to “atomic
constraints” as first discussed by Choi et al. [43]. For each supported constraint type C, we first
need to know which atomic variables it requires, so the function NeededAtomicVariables should
be defined on a per-constraint basis. Usually this will be immediately clear from the definition of
Linearise(C, dom0), as will be used in step 4.
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Each atomic variable y requires a fully reified linear definition constraint Def(y) of the form
y ⇔ C. We only allow two types of atomic variable definition, associated specifically with a CP
variable Xi ∈ V and some integer v. For clarity, we will always use subscripted names for atomic
variables suggestive of their definition.

1. A bound variable xi≥v represents whether Xi must be at least v, and has definition constraint

Def(xi≥v) := xi≥v ⇔ Xi ≥ v (3.8)

2. An equality variable xi=v represents whether Xi must be equal to v, and has definition
constraint

Def(xi=v) := xi=v ⇔ xi≥v + xi≥v+1 ≥ 2 (3.9)

Naturally, if an equality variable is needed, the corresponding bound variables are also
needed.

Because these are fully reified constraints on fresh variables they are entirely redundant: the
values of the atomic variables are uniquely determined for any solution. This means that the
solution set projected onto the original variables remains exactly the same, and in particular,
adding them cannot possibly change satisfiability or the objective value.

Recalling 0-1 literals from Chapter 2, we can represent Xi being at most v and not equal

to v by negating bound or equality variables. Collectively we will refer to literals of the form
xi≥v, xi≥v, xi=v and xi=v as atomic (constraint) literals.

Step 4: Linearise Constraints

For each constraint C in the original constraint set, we next require a function definition
Linearise(C, dom0) that turns it into a set of reified linear constraints Lin(C). This can use
the original variables, atomic literals, and potentially further auxiliary variables. Formally we
can write Vars(Lin(C)) for the set of variables appearing in the linearisation, and let Aux(C) =
Vars(Lin(C)) \ (V ∪A) denote the set of auxiliary variables introduced. We can then require that
the linearisation must respect the following properties.

L1. Each constraint in any Lin(C) fits one of two general forms: either

n−1∑
j=0

aj · Vj ▷◁ b or r1 ∧ · · · ∧ rk ⇌
n−1∑
j=0

aj · Vj ▷◁ b (3.10)

where b and each ai are integers; each rk is a 0-1 literal; each Vj is either a 0-1 or an
integer variable; ⇌ is one of {⇐,⇒,⇔}; and ▷◁ is one of {≥,≤,=}.
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L2. Any non-0-1 auxiliary integer variable Vj ∈ Aux(C) must be bounded with corresponding
bound constraints Bnd(Vj). These bounds are considered part of the linearisation.

L3. Auxiliary variables must not be shared between linearisations, i.e.

Aux(C1) ∩ Aux(C2) = ∅ for all C1 ̸= C2.

L4. Most importantly, Lin(C) ∪Def(A) must enforce the same restriction as C on the variables
in V . That is, a valid assignment σ : V → Z satisfies C if and only if it can be extended to
a valid assignment σ+ : Vars(Lin(C) ∪ Def(A))→ Z that satisfies Lin(C) ∪ Def(A).

We will define Linearise concretely for several fundamental CP constraint types in the next
section. Provided we are convinced that each linearisation is valid and respects the above
properties, we can be sure that composing them to form a linear constraint problem maintains a
strong correspondence with the original problem. We can state this formally as follows.

Lemma 3.1 (Composing linearisations). Let P be a CSP with variables V and constraints

C, where all domains are integer ranges. After executing steps 1 to 4 of Encoding

Procedure 3.1 let P ′ be the CSP with constraints C ′ := Lin(C) ∪ Bnd(V ) ∪ Def(A),
whose variables are precisely those occurring in C ′, and whose domain for every non-0-1

variable is Z. Then we have:

1. Every solution σ of P can be extended to a solution σ′ of P ′.

2. Every solution σ′ of P ′ can be restricted to a solution σ of P .

Proof.

1. Let σ be a solution to P , and let C1, . . . ,Cn be the constraints of P . By the definition of
validity σ satisfies all the constraints in Bnd(V). And by L4 above, σ can be extended to a
solution of σ1 of Bnd(V) ∪ Def(A) ∪ Lin(C1).
Now assume we have extended σ to a solution σk−1 of Bnd(V)∪Def(A)∪⋃k−1

i=0 Lin(Ci). We
know again by L4 that σ can at least be extended to a solution σ′

k to Bnd(V)∪Def(A)∪Ck.
So define a new solution assignment σk by



σk(X) = σ(X) if X ∈ V
σk(ℓ) = σk−1(ℓ) if ℓ ∈ A
σk(V ) = σk−1(V ) if otherwise V ∈ Vars(∪k−1

i=0 Lin(Ci))

σk(V ) = σ′
k(V ) if otherwise V ∈ Vars(Lin(Ck))

(3.11)

(3.12)

(3.13)

(3.14)

This is an extension of σ, and it must satisfy both Lin(Ck) and Bnd(V) ∪ Def(A) ∪∧k−1
i=0 Lin(Ck) because
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σk(X) = σk−1(X) = σ′
k(X) for any X ∈ V;

σk(ℓ) = σk−1(ℓ) = σ′
k(ℓ) for ℓ ∈ A; (since Def(A) uniquely determines the values

of A for any assignment to V)
Vars(∪k−1

i=0 Lin(Ci))
⋂

Vars(Lin(Ck)) ⊆ V ∪ A by L3; which means σk is an
extension of both σk−1 and σ′

k.
The claim then follows by induction, as P ′ = Bnd(V) ∪ Def(A) ∪∧n

i=1 Lin(Ci)

2. Let σ′ be a solution to P ′. There is only one possible restriction of σ′ to a valid assignment
to just V , and by L4, since σ′ satisfies Lin(Ci)∪Def(A) for each 1 ≤ i ≤ n; σ must satisfy
each Ci and hence satisfy P .

We will refer to the result of the previous three steps as the intermediate ILP encoding. In the
linearisations presented in this thesis, the properties L1 to L4 should be verifiable by inspection.

Example 3.4 An intermediate ILP encoding for the CSP in Example 3.3 could be

X, Y, Z, u ∈ Z (3.15)

0 ≤ X ≤ 7; 0 ≤ Y ≤ 7; 0 ≤ Z ≤ 7; 0 ≤ u ≤ 1; (3.16)

X − Y = 0; (3.17)

u⇒ X − Y > 0; u⇒ Y −X > 0; (3.18)

X + Z ≥ 3. (3.19)

From this point, it is easy to turn the intermediate ILP into an “obviously correct” PB encoding
by simply performing a few further transformations.

Step 5: Binary encoding of integer variables

The procedure BinEnc turns the intermediate ILP into a 0-1 ILP by replacing each occurrence
of a non-Boolean variable with a binary exponential sum. This may be a poor encoding from a
solving perspective, but it has the strong advantage of maintaining the form of the ILP, allowing
us to “pretend” we have integer variables while still working honestly with native PB constraints.

Specifically, for any non-0-1 variable X , by construction it must have bound constraints
Bnd(X) in the intermediate ILP. Let u and l denote the upper and lower bounds respectively.

If l ≥ 0, let h be the least strictly positive integer such that 2h ≥ u+ 1 and define

BinEnc(X) :=
h−1∑
i=0

2ixi, (3.20)

i.e. the evaluation of the h-bit binary representation. Otherwise, if l < 0, i.e. X can be negative,
instead let h be the least strictly positive number such that 2h−1 ≥ max{|u| + 1, |ℓ|} and then
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replace every occurrence of X with

BinEnc(X) := −2h−1xh−1 +
h−2∑
i=0

2ixi, (3.21)

i.e. the evaluation of the h-bit two’s-complement representation.
We will also overload the BinEnc notation and write BinEnc(C) for the result of replacing

every eligible variable in a constraint C; and BinEnc(F ) in turn for applying the transformation
to a set of constraints F .

Now the soundness of this replacement (in terms of preserving the required guarantees from
Section 3.2.1) follows directly from the validity of binary and two’s-complement encodings.
There is a one-to-one correspondence between the solutions to the 0-1 ILP and the intermediate
ILP, given precisely by the binary encoding or two’s complement correspondence. We do of
course require the property that h is always enough bits to uniquely represent every value in a
variable’s domain, which is straightforward to show.

Step 6: Standardise Constraints

Finally, we ensure all remaining constraints are in canonical form, yielding a PB formula
consistent with our definitions in Chapter 2. This Standardise procedure simply needs to convert
reifications to native PB constraints as specified by Proposition 2.2; replace “=” constraints with
a pair of “≥” and “≤” constraints; and multiply through by −1 and/or add 1 as needed to ensure
all resulting inequalities are of the “≥” form. The soundness of this in the context of the whole
process is trivial, as such transformations do not affect the solution set of the problem.

It is now straightforward to argue the result of the transformation process as a whole satisfies
the required guarantee P1. If we set the PB objective function to be BinEnc(Xo) where Xo is the
CP objective variable then we can easily argue that P2 is also satisfied.

Theorem 3.1 Let P be a CSP with variables V and constraints C, where all domains

are integer ranges. Let F be the result of executing Encoding Procedure 3.1 on P .

Additionally, if P has an associated objective variable Xo ∈ V to minimise/maximise let

BinEnc(Xo) be the PB objective function. Then the properties P1 and P2 hold.

Proof. Let P ′ be the intermediate ILP produced after steps 1-4 of Encoding Procedure 3.1.
Lemma 3.1 implies there is a bijection between the solutions of P and the set of assignments
to variables of V (projected from full assignments) that satisfy P ′. Now let F ∗ be the 0-1 linear
CSP obtained after step 5. We have

Every solution to P ′ corresponds to a solution of F ∗, by taking any value v assigned to a
non-0-1 variable X and assigning the unique h-bit vector representing the binary or two’s
complement representation of v to the h variables in BinEnc(X).
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Every solution to F ∗ corresponds to a solution of P ′ by taking, for any non-Boolean
variable X ∈ Vars(P ′), the values assigned to each variable in BinEnc(X) and decoding
them as a binary or two’s complement bit-vector to get a unique value v to assign to X .

The final PB formula F obtained after step 6 has exactly the same solutions as F ∗, and so we
have a bijection between the solutions of P ′ and F . So overall we have a bijection ϕ between
the solutions of P and the solutions of F projected onto only the bit variables appearing in
BinEnc(X) for some X ∈ V . In particular, F is satisfiable ⇐⇒ P ′ is satisfiable ⇐⇒ P is
satisfiable and hence P1 holds.

Furthermore, for all X ∈ V and all solutions σ to P we have by construction σ(X) =

BinEnc(X)↾ϕ(σ) and in particular P2 holds.

3.2.3 PB Encodings for Fundamental Constraints

To actually instantiate this encoding method for concrete CSPs, we simply need to exhibit
“sufficiently obvious” linearisations producing an intermediate ILP for all supported non-linear
constraints. Obviously, constraints already in one of the allowed forms (3.10), including (reified)
linear (in)equalities, simple comparisons, clauses, and conjunctions do not require linearisation
and can be immediately encoded to PB by applying BinEnc replacement and standardisation.

In this section, we restate the encodings given by Gocht et al. [94], as well as exhibit other
simple linearisations used by the Glasgow Constraint Solver project for fundamental constraints.
These linearisations can be viewed as implementations of the Linearise subprocedure from
Encoding Procedure 3.1 for each supported constraint type. To help express them concisely, we
will use the notation “def L” to indicate adding a (set of) linear constraint(s) L to the set of
linearised constraints that will in the end be returned, rather than the somewhat cumbersome
Lin(C)← Lin(C) ∪ L. We will not state the NeededAtomicVariables procedures explicitly, since
this follows immediately from each Linearise definition. Any further auxiliary variables needed
will be noted.

Encoding Procedure 3.2 (Not-Equals Constraint). [94]

Definition: NotEquals(X, Y ) := X and Y take different values.

Linearisation: def u⇒ X − Y > 0; u⇒ Y −X > 0.

Auxiliary Variables: u ∈ {0, 1}

Encoding Procedure 3.3 (Absolute Value Constraint).
Definition: Abs(X, Y ) := The value of Y is equal to the absolute value of X .

Linearisation: def x≥0 ⇒ X − Y = 0; x≥0 ⇒ X + Y = 0.
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Encoding Procedure 3.4 (Element Constraint). [94]

Definition: Element(X1, . . . , Xn, Y, Z) := For some i ∈ {1, . . . , n}, Y takes the value i

and the value of Xi is equal to the value of Z.

Linearisation:

1: def Y ≥ 1

2: def Y ≤ n

3: for i ∈ {1, . . . , n} def y=i ⇒ Xi = Z.

Encoding Procedure 3.5 (Array Max Constraint).
Definition: ArrayMax(X1, . . . , Xn, Y ) := The value taken by Y is equal to the maximum

among values taken by X1, . . . , Xn.

Linearisation:

1: for i ∈ {1, . . . , n} def Y −Xi ≥ 0;

2: for v ∈ ⋃i dom(Xi) def y=v ⇒
∑

i xi=v ≥ 1.

Encoding Procedure 3.6 (Array Min Constraint).
Definition: ArrayMin(X1, . . . , Xn, Y ) := The value taken by Y is equal to the minimum

among values taken by X1, . . . , Xn.

Linearisation:

1: for i ∈ {1, . . . , n} def Y −Xi ≤ 0;

2: for v ∈ ⋃i dom(Xi) def y=v ⇒
∑

i xi=v ≥ 1.

Encoding Procedure 3.7 (Count Constraint).
Definition: Count(X1, . . . , Xn, Y, Z) := The value taken by Z is equal to the number of

times the value of Y appears among values taken by X1, . . . , Xn.

Linearisation:

1: for i ∈ {1, . . . , n}
2: def ci≤ ⇔ Xi − Y ≤ 0;

3: def ci≥ ⇔ Xi − Y ≥ 0;

4: def ci ⇔ ci≤ + ci≥ ≥ 2;

5: def
∑

i ci = Z

Auxiliary Variables: ∀i; ci, ci≥, ci≤ ∈ {0, 1}.
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Encoding Procedure 3.8 (NValue Constraint).
Definition: NValue(X1, . . . , Xn, Y ) := The value of Y is equal to the number of distinct

values among values taken by X1, . . . , Xn.

Linearisation:

1: for v ∈ ⋃i dom(Xi)

2: def wv ⇔
∑

i xi=v ≥ 1;

3: def
∑

v∈∪i dom(Xi)
wv = Y

Auxiliary Variables: ∀v;wv ∈ {0, 1}.

Encoding Procedure 3.9 (All-Different Constraint).
Definition AllDifferent(X1, . . . , Xn) := X1, . . . , Xn must all take different values.

Linearisation:

1: for i, j ∈ {1, . . . , n} where i < j

2: def uij ⇒ Xi −Xj > 0.

3: def uij ⇒ Xj −Xi > 0

Auxiliary Variables; ∀i ∀j where i < j;uij ∈ {0, 1}.

Encoding Procedure 3.10 (Table Constraint).
Definition Table(X1, . . . , Xn, τ) := The sequence of values taken by X1, . . . , Xn (as a

tuple of integers) must be a member of the set τ ⊂ Zn.

Linearisation:

1: for τj ∈ τ

2: def tj ⇔
∑

i xi=τj [i] ≥ n;

3: def
∑

j tj = 1

Auxiliary Variables: ∀j; tj ∈ {0, 1}.

It can be verified by inspection that these encodings satisfy L1-L4: they “obviously” enforce
the restriction over the integer-valued variables that the natural language description of the
constraints suggests.

One point worth emphasising here is that our chosen encodings are in no way optimised
from a PB solving or ILP solving perspective. Indeed, they might have quite poor propagation
properties compared to the actual CP algorithms. This is not a concern since, as will become
clear in the next section, they are only used for logging subsequent proof statements and should
not inform the native solving process in any way.
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3.3 A Proof Logging Framework

We will begin from the assumption that we have used an encoding method following the steps of
Encoding Procedure 3.1. So before logging anything in the proof, we have created a correct PB
representation of an input CP problem in terms of binary-encoded CP variables, atomic literals
defined for certain variables and values, and potentially some other auxiliary variables.

Based on this encoding method, we can formulate a proof logging framework based on
maintaining some invariants relating the solver’s explored domain states and the verifier’s PB
constraint database. Certain properties of atomic literals as defined by (3.8) and (3.9) are crucial
for this setup, so we will demonstrate these first.

3.3.1 Properties of Atomic Literals

We know we can define atomic variables in the PB model. Recalling Theorem 2.4, we can also
always freely introduce in the proof any further atomic variables xi=v and xi≥v with definitions
corresponding to (3.8) and (3.9), after binary encoding and standardisation. In full, these amount
to the PB constraints

Def⇒(xi≥v) := xi≥v ⇒ BinEnc(Xi) ≥ v; (3.22)

Def⇐(xi≥v) := xi≥v ⇒ −BinEnc(Xi) ≥ −v + 1; (3.23)

Def⇒(xi=v) := xi=v ⇒ xi≥v + xi≥v+1 ≥ 2; (3.24)

Def⇐(xi=v) := xi=v ⇒ xi≥v + xi≥v+1 ≥ 1. (3.25)

So we can safely assume in what follows (and throughout this thesis) that any PB literals
that appear in a derivation with these suggestive names will be accompanied by the necessary
definition constraints as above, either in the input formula or derived by redundance-based
strengthening at an earlier point. For clarity, when we say that an atomic literal ℓ is defined at
a particular point the proof we mean both directions of the reified definition for its underlying
atomic variable either have appeared in the accumulated formula, and have not yet been deleted.

We can then express some useful properties.

Lemma 3.2 (Propagation of contradictory bound literals). Suppose two inequality vari-

ables xi≥v and xi≥w are defined for some CP variable Xi and values v ≥ w. Then if xi≥v

and xi≥w propagate, further unit propagation will result in a conflict.

Proof. This follows directly from Theorem 2.7, since even if Xi requires a two’s complement
encoding, the definition constraints Def⇒(xi≥v) and Def⇐(xi≥w) are in the required form after
substituting xi≥v 7→ 1, xi≥w 7→ 0.
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Corollary 3.1 (RUP Properties of Atomic Literals). For two inequality variables xi≥v

and xi≥w defined on some CP variable Xi and values v ≥ w, the constraint

xi≥v ⇒ xi≥w ≥ 1 (3.26)

will always follow by RUP.

These “linking” constraints allow for further propagation guarantees, providing that in any
proof we always derive them for all currently defined bounds variables. If we let Ft be the
accumulated set of constraints either in the initial PB encoding or derived up to some point t in a
proof, we can phrase this requirement as the following invariant.

Inv1. For any two PB variables x≥u, x≥v underlying bound literals on the same CP variable for
values u < v, if the definition constraints Def(x≥u), and Def(x≥v) (3.8) for these literals
appear (and are not deleted) in Ft, then either

x≥w is defined for some u < w < v

The constraint x≥v ⇒ x≥u ≥ 1 appears in Ft

From Corollary 3.1, Inv1 only requires two RUP steps for each bound literal used, so maintaining
this is feasible. But more importantly, it is worthwhile to maintain this invariant, since it allows us
to rely on the fact that any set of bounds and equality literals will now propagate all the encoded
domain information throughout all other defined atomic variables. This avoids us needing to
explicitly derive obvious facts such as x≥3 ∧ x=3 ⇒ x≥4.

To state this more precisely, we will define some further notation. Any set of atomic literals
L defined on the same variable Xi represents a restriction of Xi (or the bit sum representing it) to
some feasible set of values. We will call the values allowed by this restriction the defined domain

for those atomic literals.

domL(Xi) := {v : ∀xi≥w ∈ L . v ≥ w} ∩ {∀xi≥w ∈ L . v < w}
∩ {v : ∀xi=w ∈ L . v = w} ∩ {v : ∀xi=w ∈ L . v ̸= w}. (3.27)

Note that this set may be empty, or infinite (since e.g. dom∅(Xi) = Z).
Conversely, we will call the complete (potentially infinite) set of atomic literals that should

be true for some domain domt(Xi) the literals implied by that domain.

ImpLits(domt(Xi)) := {xi=v : v /∈ domt(Xi)} ∪ {xi=v : domt(Xi) = {v}}
∪{xi≥v : ∀u < v;u /∈ domt(Xi)} ∪ {xi≥v : ∀w ≥ v;w /∈ domt(Xi)}. (3.28)
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Theorem 3.2 (Empty defined domain propagates to conflict). Let Ft be a set of PB con-

straints either in the encoding of a CP problem (as produced by Encoding Procedure 3.1)

or derived from it. Let L be the set of all literals over atomic variables defined for a

particular CP variable Xi in Ft. Then if for someR ⊆ L, we have domR(Xi) = ∅, unit

propagation on F↾R must result in a conflict.

Proof. Without loss of generality, we can replace any equality literals xi=v ∈ R with xi≥v and
xi≥v+1, since, unless conflict is somehow reached beforehand (in which case we already are
done), these immediately propagate from the definition constraint Def⇒(xi=v) (3.24).

Now since domR(Xi) = ∅, every integer must be excluded in (3.27) somehow. In other words,
for each v ∈ Z we must have inR at least one of the atomic literals x=v; x≥u for some u > v; or
x≥w for some w ≤ v. Let u be the largest value in Z such that x≥u is either inR or propagates
during unit propagation of F↾R. This must exist since R has finite size and so cannot have
infinitely many literals defined to exclude the whole of Z. Similarly, let w be the smallest value
such that x≥w is inR or propagates. If u ≥ w then conflict follows by Lemma 3.2. Otherwise,
u < w, but then to exclude the value u itself the only option is to have the negated equality literal
x=u inR. This would imply that the definition constraint Def⇐(x=u) propagates x≥u+1 underR,
contradicting the assumption that u is the smallest value for which this happens.

Theorem 3.3 (Complete propagation of implied atomic literals). Let Ft be a set of PB

constraints either in the encoding of a CP problem (as produced by Encoding Proce-

dure 3.1) or derived from it. Let L be the set of all literals over atomic variables defined

for a particular CP variable Xi in Ft, and suppose Inv1 and has been respected for Ft.

Then for any R ⊆ L, if F↾R does not unit propagate to contradiction, then all literals

in ImpLits(domR(Xi)) ∩ L propagate during unit propagation of F↾R or were already

present inR.

We first prove an easy lemma.

Lemma 3.3 If Inv1 is respected, then for any Xi, if xi≥v and xi≥u are both defined in Ft

for v > u then if xi≥v propagates then xi≥u propagates, and if xi≥u propagates then xi≥v

propagates.

Proof. Let w1, > w2 > · · · > wk be the finite sequence of k ≥ 2 integers where w1 = v and
wk = u and such that for each j ∈ {1, . . . , k − 1}, xi≥wj

and xi≥wj+1
are defined and xi≥a is not

defined for any wj > a > wj+1. Since there can only be finitely many bound literals defined in a
finite formula, this sequence must exist. Now for each 1 ≤ j ≤ k Inv1 implies that the constraint
xi≥wj

⇒ xi≥wj+1
≥ 1 appears in Ft. So starting from the assumption that xi≥v propagates, each
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xi≥wj
propagates in turn, and so eventually xi≥u propagates. Likewise, from the assumption that

xi≥u propagates, each xi≥wj
propagates in turn and so xi≥v propagates.

We can now prove Theorem 3.3.

Proof. Again without loss generality, we can replace any equality literals xi=v ∈ R with xi≥v

and xi≥v+1. Also, we can assume propagation of F↾R does not result in a contradiction (and
hence assume domR(Xi) ̸= ∅), since otherwise we are done.

Now consider a literal ℓ ∈ ImpLits(domR(Xi)) ∩ L. In light of (3.28) there are 4 cases.

Case 1: ℓ = xi≥v for some v where u /∈ domR(Xi) for all u < v. In particular this means that
domR(Xi) is bounded from below. Now let w be the largest value such that xi≥w is either
inR or propagates during unit propagation of F↾R. This must exist sinceR has finite size,
and so cannot define a domain that is bounded from below without at least one non-negated
bound literal. If w > v then ℓ propagates by Lemma 3.3. Otherwise, w ≤ v. Now if
w < v then the value w can only be excluded by an inequality literal xi=w ∈ R. But then
due to the definition constraint Def⇐(xi=w) (3.25) xi≥w+1 propagates, contradicting the
maximality of w. So w = v in this case and thus ℓ ∈ R.

Case 2: ℓ = xi≥v. This is analogous to Case 1: domR(Xi) is bounded from above, and we can
let u be the smallest value such that xi≥u is either inR or propagates. We can show by a
similar argument that either ℓ propagates or ℓ = xi≥u.

Case 3: ℓ = xi=v. Since ℓ is defined, xi≥v is defined and is in R or propagates by Case 1, and
xi≥v+1 is defined and is inR or propagates by Case 2.

Case 4: ℓ = xi=v. Again since ℓ is defined, both xi≥v and xi≥v+1 are defined. If ℓ /∈ R then
v must be excluded from domR(Xi) by either xi≥w for some w > v or xi≥u+1 for some
u < v. In the first case xi≥v+1 propagates and in the second case xi≥v propagates, both by
Lemma 3.3. Either way, xi=v then propagates due to Def⇒(xi=v) (3.24).

This result is similar to the SAT-based unit propagation property of the “DOM” encoding as
stated by Ohrimenko et al. [160, Theorem 1] with the key difference being that we use the binary
encoding to support lazy introduction of the linking constraints rather than having to assert them
up front.

3.3.2 Unsatisfiability Proofs from Backtracking Search

Now we can finally explain how a CP solver can create a PB proof when it determines via
standard decisions, backtracking, and constraint propagation that a problem is unsatisfiable.
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In short, every time the solver backtracks, we require the solver to immediately log a PB
constraint that encodes via atomic literals the negation of the sequence of decisions made prior to
discovering a conflict. This can be thought of as a “nogood clause” from a solving perspective,
but we will refer to it as a backtracking justification once it is written in the proof log.

Example 3.5 Consider a backtracking search tree with the same structure as Exam-

ple 3.2, but with conflicts at all leaf nodes.

The backtracking justifications logged in the proof should be

x=1 + y=1 ≥ 1; (3.29)

x=1 + y=2 + z=1 ≥ 1; (3.30)

x=1 + y=2 + z=2 ≥ 1; (3.31)

x=1 + y=2 ≥ 1 (3.32)

x=1 ≥ 1 (3.33)
...

...

x=3 + y=2 + z=1 ≥ 1; (3.34)

x=3 + y=2 + z=2 ≥ 1; (3.35)

x=3 + y=2 ≥ 1; (3.36)

x=3 ≥ 1 (3.37)

0 ≥ 1 (3.38)

The solver is not restricted to only guessing assignments, but we do require that its branching
decision can be expressed in terms of a single atomic literal and that there is a single decision
variable for which all assignments are somehow partitioned. This is not a big restriction since it
already encompasses the most common two-way, k-way and domain-splitting branching strategies
as mentioned in Section 3.1.3. In general, if there are k decisions before a particular backtrack,
and we let the decision variables be X0, . . . , Xk−1, the required backtracking justification at that
point is

Bt :=
k−1∑
i=0

di ≥ 1. (3.39)

where each di is an atomic literal defined for Xk and represents the branching decision at level i
of the current search path.

The complete proof can be viewed as a description of the solver’s backtracking search tree.
When the solver backtracks from the root decision level, the sequence of decisions is empty and
(3.39) becomes simply 0 ≥ 1: precisely the trivial unsatisfiability conclusion we want to reach.

Of course, for these logged constraints to be efficiently checkable using VeriPB, they need to
be the result of applying one of the recognised proof rules. The idea, going back to Elffers et al.
[67], and stated more explicitly Gocht et al. [94, pg. 7] is to maintain an invariant in the proof so
that all of these backtracking clauses will follow by RUP (Rule 6):
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“The core invariant we use is that at every backtrack, any variable-value deletion
that is known to the CP solver (and thus part of the decision to backtrack) must be
visible to the proof verifier either through unit propagation, or through reverse unit
propagation of the backtrack clause.”

In order to show that this works in general, we will state the required invariant slightly more
formally, by defining what exactly is meant by “visible”.

For any variable X in the input problem, and any point t in time immediately prior to
backtracking or immediately before any domain changes, let domt(X) be the current domain
of X as stored by the solver; let Bt be a backtracking justification with respect to the current
sequence of decisions; and let Ft be the set of PB constraints either in the input PB encoding or
derived in the proof up to the point t. We must have logged sufficient constraints in the proof so
that:

Inv2. If the solver has detected contradiction (infeasibility) for the current state of domains
Ft ∪ {¬Bt} must unit propagate to contradiction.

Inv3. For every CP variable X , ifL is the set of atomic literals defined for X that would propagate
during unit propagation of Ft ∪ {¬Bt}, then unless contradiction is reached beforehand,
we must have domL(X) ⊆ domt(X).

Theorem 3.4 If the invariants Inv2 and Inv3 are respected, and a complete solver always

logs backtracking justifications, then every backtracking justification Bt will follow by

RUP.

Proof. In a standard backtracking and propagation solver there are three cases in which the solver
backtracks.

Case 1: A propagator has detected infeasibility. Then Inv2 implies Bt is RUP.

Case 2: A propagator has removed all the remaining values from the domain of some variable
X . Then Inv3 implies that unit propagation on Ft ∪{¬Bt} obtains either a contradiction or
at least propagates a set of literals L such that domL(X) = ∅. For the latter, Theorem 3.2
implies that further unit propagation of (Ft ∪ {¬Bt})↾L must still result in contradiction.

Case 3: The solver has exhausted all the branching possibilities for its current branching variable
X . Let domt(X) be the domain of X after constraint propagation at the current decision
level and let G be the literals encoding the current sequence of decisions (not including
decisions on X). Then the current branching choices must partition domt(X). Because
this is not a leaf node, we can assume that backtracking justifications have already been
logged in Ft for each of the k child branches. From (3.39) these must have the form
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G ⇒ di ≥ 1 where di represents the ith branching decision on X at the current level. So
each di propagates in Ft ∪ {¬Bt}.
Now suppose Ft ∪ {¬Bt} does not unit propagate to contradiction and let L be the set of
literals defined on Xi that propagate during unit propagation to fix point.

We must have v ∈ domL(Xi), since otherwise domL(Xi) = ∅ and we would have reached
a conflict by Theorem 3.2. But then by invariant Inv3, v ∈ domt(Xi), and this implies that
v is not excluded by any di, contradicting the completeness of the branching partition.

The natural question is then how to maintain these invariants. If the CP solver happened to be
performing inferences that are no stronger than unit propagation on the input PB formula, they
would be trivially maintained. But we already established that the encoding should not inform
the solving process, and that the eventual goal here is to enable proof logging for any features of
a modern CP solver.

So we will require some further kinds of justification constraints to be logged in the proof.
To define these we will make use of reasons, which for CP proof logging are just literal setsR
that are used to reify intermediate facts to be written in the proof log. We will say a reasonR is
valid for a particular domain state domt at time t if every ℓ ∈ R is guaranteed to propagate under
Ft ∪ {¬Bt}, if contradiction is not reached first.

This enables us to require some more specific behaviours from a proof logging CP solver.
Whenever the solver detects contradiction from the current domain state, it should somehow
derive in the proof a PB constraint of the form

R ⇒ 0 ≥ 1 (3.40)

whereR is a reason valid at the point of conflict. We will refer to this as a conflict justification

or infeasibility justification. Similarly, whenever a constraint propagator makes an inference it
should derive a propagation justification

R ⇒ ℓ ≥ 1 (3.41)

where ℓ is an equality or bound literal describing the inference, andR is a reason valid immedi-
ately before making the domain change encoded by the inference.

There are several options for selecting a valid reason. The atomic literals representing the
current decisions G are always valid for the current subtree as they are by definition propagated
by {¬Bt}. This is the main approach proposed by Gocht et al. [94]. Alternatively, a valid reason
can always be a set of atomic literals that is a subset of

⋃
i ImpLits(domt(Xi)), as shown by the

following lemma.
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Lemma 3.4 IfR is a (finite) subset of
⋃

i ImpLits(domt(Xi)) that is defined in Ft, and

Inv1 and Inv3 are respected, then F ∪ {¬Bt} either propagates to contradiction or

propagates every literal inR.

Proof. Let ℓ be an atomic literal in R and let Xi be the CP variable ℓ is defined for, i.e. ℓ ∈
ImpLits(domt(Xi)). Suppose F ∪ {¬Bt} does not propagate to contradiction (otherwise we are
done), and let L be the atomic literals that propagate due to F ∪ {¬Bt} for Xi guaranteed by
Inv3. Since we do not reach conflict, we must have domL(Xi) ̸= ∅, by Theorem 3.2. Then
since domL(Xi) ⊆ domt(X), we must have ImpLits(domL(Xi)) ⊇ ImpLits(domt(Xi)) from
the definition (3.28). Thus, Theorem 3.3 tells us that ℓ propagates.

Example 3.6 If a problem has a constraint Y = 3X , and the solver knows X = 1,

Y = 4, and so infers infeasibility, a possible conflict justification would be

x=1 ∧ y=4 ⇒ 0 ≥ 1. (3.42)

If on the other hand the solver only knows X ≥ 2, and so infers Y ≥ 6, a possible

propagation justification would be

x≥2 ⇒ y≥6 ≥ 1. (3.43)

These justifications therefore have a significant overlap with the reason clauses from the
lazy-clause-generation solving paradigm, which are directly implied by the constraint propagator
definition expressed in terms of propagation rules [160]. It can be intuitive for our proof
logging justifications to be similarly implied by a single constraint definition, particularly if it
is straightforward to come up with an “explaining” set of literals. However, our definition of
reasons is more permissive, and we retain the ability in the proof framework to use, for example,
auxiliary variables from the PB encoding, or even fresh variables introduced by redundance as
part of the reason.

To ensure that justifications are actually sufficient to maintain the invariants, we also require
the solver to introduce by redundance all the atomic literals for the initial bounds at the start of
the proof, if they are not already present, and then derive by RUP the unit constraints stating that
they are true at the root decision level. If we let l and u be the initial upper and lower bounds of a
variable Xi, these are

xi≥l ≥ 1 and xi≥u+1 ≥ 1. (3.44)

These follow by RUP by the same argument as the linking constraints (Corollary 3.1) since the
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bounds constraints Bnd(Xi) are assumed to be present.

Theorem 3.5 A correct proof logging CP solver that always logs propagation and

conflict justifications, maintains Inv1 and initially introduces bound literals will always

maintain Inv2 and Inv3.

Proof. Let t be any point in the proof immediately before a backtrack or domain change; let Bt

be a backtracking justification with respect to the current sequence of decisions; and let Ft be the
set of PB constraints either in the input PB encoding or derived in the proof up to the point t.

Assume that Inv3 has been maintained at all relevant points prior to point t. Suppose the
solver has detected infeasibility of the current domain state. Then it will have just logged a
conflict justificationR ⇒ 0 ≥ 1. Then tells us that reverse unit propagation of the backtracking
justification leads either to contradiction, or at least propagates every literal inR. Either way, a
contradiction is reached due to the conflict justification and hence Inv2 is respected.

Suppose instead a constraint propagator has just made an inference that changed a domain.
Then the solver should have logged a propagation justification of the form R ⇒ ℓ ≥ 1, where
ℓ is a literal describing the domain change. The reason is valid at the point directly before
the inference was made, and so every literal in R and hence ℓ propagates under reverse unit
propagation of the backtracking justification. This means the domain restriction represented by ℓ

is incorporated into the defined domain for the set of literals propagated under the backtracking
justification and hence Inv3 continues to be respected.

It only remains for us to argue that there is a starting point in the proof where the Inv3 is
respected. Consider the very first conflict or propagation inference (including backtracking due
to domain wipeout). The only changes to domains that could have happened at this point (again
assuming the solver is correct) are those due to initial decisions, which by definition propagate on
reverse unit propagation of the backtracking justification, and the initial domain bounds, which
by assumption we have introduced as units. Hence, Inv3 must be initially respected.

Our proof logging framework for producing an unsatisfiability for a standard backtracking
and propagation solving procedure may be summarised as follows.

1. Encode the problem using the methods using Encoding Procedure 3.1 from Section 3.2.

2. At the start of the proof, introduce by RUP x≥l ≥ 1 and x≥u+1 ≥ 1 for the bounds l..u on
each variable X .

3. Any time the solver backtracks derive by RUP a backtracking justification G ⇒ 0 ≥ 1,
where G is a set of equality literals representing the sequence of decisions prior to back-
tracking.
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4. Any time the solver detects infeasibility derive a conflict justificationR ⇒ 0 ≥ 1, whereR
is a reason, usually a set of atomic literals implied by the current state of variable domains.

5. Any time a constraint propagator makes an inference, derive a propagation justification

R ⇒ ℓ ≥ 1 whereR is a reason and ℓ is a literal encoding the inference.

6. Any atomic variables needed for any of the above should be defined in the proof (if
not already defined in the input model) with the corresponding definition constraints
(3.9) and (3.8), and all defined bound literals should have appropriate linking constraints
x≥v ⇒ x≥u ≥ 1 introduced by RUP in the proof.

Despite requiring a somewhat delicate set-up in terms of variable encodings and propagation
properties, this method allows the proof to in the end have a relatively intuitive structure. Other
than the definition and linking constraints for inequality and equality literals, it is essentially
getting the solver to simply write down all the facts that it learned, at the points that it learned
them. As Gocht et al. [94] observe, this makes proof logging particularly useful for auditability,
as the proof becomes a record of at least all the domain-altering steps that the solver took, and
if any individual change was unsound then the proof should fail, even if the solver eventually
arrived at the correct answer. Of course, in some situations, the invariants are more stringent than
strictly required, since it might be that certain justifications are not actually needed in order to
derive the required conclusions by reverse unit propagation.

Finally, it is evident that the methodology hinges on us being able to derive propagation and
conflict justifications efficiently using the VeriPB proof system. There is no reason to expect that
these will always be RUP for any constraint and any associated inference procedure. Indeed, it is
not even immediately clear whether the rest of the PB proof rules set out in Chapter 2 will be
sufficient to capture all the reasoning methods of widely-used constraint propagators. Before we
tackle this issue however, we will briefly note how the same framework can be easily adapted to
allow for proofs beyond unsatisfiability.

3.3.3 Optimality Proofs from Solution-Improving Search

There is not a huge conceptual difference between a CP solver performing complete backtracking
search to establish unsatisfiability, and performing so-called “solution improving” search to
determine the optimal solution with respect to a set of constraints.

The only changes required from the proof’s point of view is that whenever the solver finds a
solution and introduces a new objective bound, it should use the “soli” rule (Rule 9) to witness
a solution (see “Partial Solution Witnessing” below for some details), introducing a constraint
requiring objective improvement, and define the corresponding inequality literal, and introduce
the constraint setting it to true by RUP.
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Example 3.7 Take again the CSP from Example 3.2, and suppose there is an objective

to maximise Y . Then, when the first solution (X = 1, Y = 2, Z = 2) is found, the

proof logging solver should derive (by witnessing the solution with soli) the constraint

BinEnc(Y ) ≥ 3, after which it can derive y≥3 ≥ 1 by RUP.

In general, for an objective variable W and attained objective value o, a solution witness will
introduce the constraint

BinEnc(W ) ≥ o+ 1 for a maximisation problem or

−BinEnc(W ) ≥ −o− 1 for a minimisation problem,

followed by a corresponding literal definition and RUP constraint w≥o+1 ≥ 1 or w≥o ≥ 1.
This fits neatly into the above framework, as the RUP constraint derived after a solution is

found can be seen simply as a propagation justification withR = ∅, as if the objective-improving
constraint had always existed as part of the model. It has the effect of maintaining Inv3 by
ensuring the bound restriction on the objective variable domain propagates. If the CP solver is
performing a complete search to establish a globally optimal solution, the final part of the proof
should then just be a proof of unsatisfiability stemming from an unachievable objective-improving
constraint. This, together with the final witness solution (which will have been checked against
the correctly encoded PB model), constitutes a proof of the optimal solution and objective value
for the input PB problem and hence (recall Theorem 3.1) for the original CP problem.

A Requirement for Partial Solution Witnessing

One technicality here is that for solution witnessing to be compact and user-friendly, we would
ideally hope to only require witnessing a single equality literal for each of the variable-value
pairs in the found satisfying assignment to the original CP variables. So in the above example we
would like to write soli followed by just the literals x=1, y=2, z=2, and in particular not have to
write out the complete corresponding solution setting all PB variables appearing the encoding (bit
variables, other atomic literals, and other auxiliary variables). Morally this should be acceptable,
given the correspondence we established in Theorem 3.1. However, for a partial assignment
to be verifiable as solution witnesses in the current version of the VeriPB proof checker, it is
required that the given assignment unit propagates to a complete solution of the PB problem.
We can guarantee this by additionally having our encodings respect the property that any partial
assignment that sets all the bit variables xi ∈ BinEnc(X) for every X ∈ V is guaranteed to
propagate to a total assignment or contradiction. This is similar to the notion of “arc-consistency”
in SAT-encoding literature [82].

For the linearisations we have presented so far, this property is straightforward to ascertain
by observing that any variable that is fully reified on a constraint involving only bit variables
will be propagated either true or false by an assignment to those variables. This already includes
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for example the atomic bound variables. Then recursively, any variable that is fully reified on a
constraint that only contains variables which we already know propagate is also guaranteed to
propagate, unless contradiction is reached first. It can be verified by inspection of the Linearise
procedures that all auxiliary variables are fully constrained by reification in at least one constraint
in this manner.

3.3.4 Enumeration Proofs from Solution Excluding Search

At the time of writing, the VeriPB proof system did not strictly support enumeration proofs:
certifying that the solver has found all solutions to a satisfaction problem. However, very recent
work [96], still under review at the time of the latest revisions of this thesis, indicates that this
should be a workable extension to the proof system.

When a solver performs complete solution excluding search — adding a nogood eliminating
each solution once found — this type of conclusion could be dealt with in a manner conceptually
similar to proofs of optimality. We would witness each solution (relying on unit propagation to
get complete solutions) with a proof rule “solx” that introduces the negation of the conjunction
of literals encoding the solution. Then, when the solver finally establishes unsatisfiability we
would be able to conclude that “the problem has no solutions other than the solutions we have
witnessed” and thus have an enumeration certificate. So our basic framework can in principle
still be applied, and the Glasgow Constraint Solver implementation includes the facility to make
use of this.

Unfortunately, we do have to be careful here, since as discussed in Chapter 2, the proof
system is not necessarily implicational and certain rules such as redundance and dominance can
add or remove solutions. To get a formal enumeration conclusion, we would require an additional
guarantee that our set of bit variables corresponding to the original CP variables are “protected”
or “preserved”, and we are not allowed to change the projected solution set for these variables.
This is the main extension of the current proof system required.

The required properties from the encoding would also need to be expanded:

P3. There is a one-to-one correspondence between the solutions to the CP problem, and the
solutions to the PB problem projected onto a preserved set.

Further conclusion types are areas of ongoing work and research. For example, VeriPB could
also in principle support certifying what the number of solutions is for a given problem, or
certifying that the solver has found all optimal solutions.

3.4 Justification Procedures

So the final remaining task to accomplish before this framework can be implemented in an actual
solver is to figure out how to construct propagation and conflict justifications for all the inferences
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that could possibly be made by the propagators included in that solver. This is no small challenge.
As noted in Example 3.1, there are a huge number of potential constraint types, and even though
no CP solver implements propagators for all of them, many solvers support an extensive library
of global constraints and propagators enforcing various levels of consistency by many different
methods.

The good news is that we can immediately show that a number of constraints are easy to
justify using PB reasoning, giving us strong reason to hope this framework will be suitable for a
wide range of constraint propagation algorithms (see again the thesis statement in Section 1.4).
In fact, all the constraints we provided encodings for in Section 3.2.3 fall into this category —
with the possible exception of AllDifferent, depending on the definition of “easy”.

3.4.1 Notation and Presentation

The important point to convey is that our justification procedures are both correct in terms
of VeriPB proof rules, but also efficient and easily implementable. We will therefore adopt a
presentation format for them that is a hybrid between algorithmic pseudocode and mathemat-
ical theorems. Specifically, each numbered “Justification Procedure” will have three parts: a
description of preconditions detailing assumptions about constraints, inferences, and encodings;
followed by pseudocode for a proof logging procedure; and then finally a correctness proof to
show rigorously that if the preconditions hold, the steps logged by the procedure will be verified
according to the proof rules described in Chapter 2. We will only give arguments in this section
for the correctness of non-obvious proof steps, such as arguing a constraint will always be RUP,
and omit derivations that should be verifiable by definition. Sometimes, there will be implicit
preconditions that we miss out from the assumption lists, particularly if we are defining multiple
procedures with similar preconditions. It will be made clear from the surrounding commentary
when this is the case.

In addition to standard programming control keywords if, for, proc etc. we will adopt in our
pseudocode some VeriPB-specific syntax for writing and recording proof steps with the following
meaning:

1. get C : Obtain the PB constraint C, so it can be used in subsequent derivations. This
means C must be an axiom from the input formula (equivalent to Rule 1), or must have
been previously derived (by some precondition).

2. cut S: Write a sequence of cutting planes steps corresponding to the expression S (includes
saturation via a “sat” function). (Rules 2 to 5).

3. rup D : Write a RUP step deriving D (Rule 6).
4. imp D from C : Write a syntactic implication step deriving D from C (Rule 7)
5. red D with witness ω : Write a redundance-based strengthening step deriving D (Rule 8)

using the witness substitution ω (Rule 8).
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6. pbc D with witness ω : Write a proof by contradiction step deriving D, (Rule 10,
equivalent to Rule 8 with an empty witness).

7. ext y ⇔ D : Write two redundance-based strengthening steps deriving the two PB
constraints that introduce a fresh variable y fully reified on the PB constraint C (Rule 8,
via Theorem 2.4).

8. subproof of C : Write a directive to begin a new subproof for the proof obligation
constraint C. Any nested statements following this that write to the proof are considered
part of the subproof.

For the keywords above, we will assume that any operations deriving constraints return
identifiers that can be used at future points in the procedure. For example, we might write
pseudocode as follows.

D1 ← rup x1 + x2 ≥ 1

D2 ← get x1 + x2 ≥ 1

D3 ← cut sat(D1 +D2)

This can be concretely implemented either by using the VeriPB labels feature, or by keeping
track of derived constraint IDs in the proof logging code itself. Furthermore, whenever atomic
literals appear in a derived constraint this should be read as implicitly ensuring they are defined at
an earlier point. This can be implemented efficiently with a map Defined to keep track of which
literals are defined. The implicit pseudocode included before an atomic literal ℓ is used is then as
follows.

if not Defined(ℓ)
Def⇒(ℓ),Def⇐(ℓ)← ext ℓ⇔ Def(ℓ)
Defined← Defined ∪ (ℓ, true)

Finally, it will often be useful to make use of a generic reason over a set of variables X . This
is a set of literals sufficient to encompass all the domain information for those variables in X at a
point t. Specifically we will make use of a GenericR function as follows.

GenericR(X,D) = {x≥min(D), x≥max(D)+1}
∪ {x=v : min(D) < v < max(D), v /∈ D} (3.45)

GenericRt(X) = GenericR(X, domt(X)) (3.46)

GenericRt(X ) =
⋃
X∈X

GenericRt(X) (3.47)

3.4.2 Justifications using a single RUP step

We will start by dealing with constraints where the propagation or conflict justifications themselves
are just RUP with respect to the encoding and literal definitions.
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Justifying Not-Equals

The only filtering possible for a constraint X ̸= Y is to remove v from the domain of Y whenever
dom(X) = {v} for some v ∈ Z, and vice versa; and the only infeasibility that can be detected
occurs when dom(X) = dom(X) = {v}.

Noting that x=v ⇒ y=v ≥ 1 and x=v ∧ y=v ⇒ 0 ≥ 1 are just different ways of writing the
same constraint, and that we can always swap X and Y without loss of generality, the following
justification procedure can be used for any NotEquals inference.

Justification Procedure 3.1 (Not-Equals).
Preconditions: X ̸= Y encoded as per Encoding Procedure 3.2; and v ∈ Z.

Procedure: rup x=v ∧ y=v ⇒ 0 ≥ 1

Correctness Proof. The negation obviously propagates x=v and y=v, which then from their
definition constraints propagate x≥v, x≥v+1, y≥v, and y≥v+1. Theorem 2.8 then tells us that this
sets all the bits in BinEnc(X) = BinEnc(Y ) = v, which then propagates contradictory literals
for the encoding flag u.

Justifying Simple Comparisons

A binary comparison constraint is a special case of a linear inequality. It is of the form X ≥ Y or
X > Y for variables X, Y . Because bounds-consistency and domain-consistency are equivalent
for this constraint, the only kind of inference we need to be able to justify is y≥v ∧ x≥u ⇒ 0 ≥ 1

where u ≤ v (or u < v in the second case).

Justification Procedure 3.2 (Comparison).
Preconditions: B ∈ {0, 1}; and X − Y ≥ B encoded using BinEnc replacement.

Procedure: rup y≥v ∧ x≥u ⇒ 0 ≥ 1

Correctness Proof. After propagating the negated justification, we will have active in the accu-
mulated PB formula the three constraints

−BinEnc(X) ≥ −u+ 1; BinEnc(X)− BinEnc(Y ) ≥ B; BinEnc(Y ) ≥ v. (3.48)

If X and Y are both encoded with two-complement bit strings, these meet exactly the conditions
for Theorem 2.9 and hence unit propagate to contradiction. If either or both are not encoded
with two’s complement bit strings, we are in the same the situation as would have been reached
after propagating the most significant bit in the proof of Theorem 2.9. So the same argument
applies.
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Justifying Table Constraints

There are many algorithms for efficiently propagating table constraints [189, 140, 58]. Fortunately,
we can simply demonstrate that any individual domain-consistent pruning will always be RUP by
using the generic reason, without having to go into the details of any particular algorithm.

Justification Procedure 3.3 (Table propagation).
Preconditions: Table(X1, . . . , Xn; τ) encoded as in Encoding Procedure 3.10 for a set

of tuples τ ; k ∈ {1, . . . , n}; v ∈ Z; and Xk = v is not domain-consistent.

Procedure:

1: R ← GenericRt(X1, . . . , Xn)

2: rup R ⇒ xk=v ≥ 1

Proof. By the definition of domain-consistency Xk = v must have no support among the possible
solutions to the table constraint, i.e. there does not exist a tuple τj ∈ τ where τj[k] = v and
τj[i] ∈ dom(Xi) for all j ∈ {1, . . . , n} \ {k}. We argue that the propagation justification
follows by RUP by showing that all selector variables tj must propagate to 0 under its negation,
contradicting the final constraint from line 3 of the encoding.

Consider the part of the Encoding Procedure 3.10 reified on the jth selector variable

tj ⇔
∑
i

xi=τj [i] ≥ n (3.49)

If τj[k] ̸= v then the constraint can never be satisfied unless tj = 0, so tj propagates. On the
other hand, if τj[k] = v, then by the above there must exist an i ̸= k where τj[i] /∈ dom(Xi), and
so under GenericRt(X1, . . . , Xn), xi=τj [i] propagates and hence tj propagates.

A very similar argument shows that if no values in the current domain have support then
GenericRt(X1, . . . , Xn)⇒ 0 ≥ 1 (conflict justification) must also be RUP.

Justification Procedure 3.4 (Table infeasibility).
Preconditions: Table(X1, . . . , Xn; τ) encoded as in Encoding Procedure 3.10 for a set

of tuples τ ; and the domain state domt is infeasible.

Procedure:

1: R ← GenericRt(X1, . . . , Xn)

2: rup R ⇒ 0 ≥ 1
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Justifying Array Min/Max

We will only discuss how to justify the ArrayMin and assert that the ArrayMax case is analogous.
Propagation of this constraint can be understood as a set of filtering rules which we will con-

sider in turn. These rules, when enforced iteratively until a fixed point, give domain-consistency

(or conflict in the case of infeasible domains), however we will not prove this, as we will prove as
part of the generic justification method in Chapter 4 that any domain-consistent inference for this
constraint can always be justified in general.

In each of the following we assume we have a global constraint ArrayMin(X1, . . . , Xn, Y ),
encoded as in Encoding Procedure 3.6.

Justification Procedure 3.5 (Upper bounding for Array Max).
Preconditions: i ∈ {1, . . . , n}; u := max(domt(Xi)); and hence a propagator can infer

Y ≤ u.

Procedure: rup xi≥u+1 ⇒ y≥u+1 ≥ 1

Correctness Proof. Immediate from Theorem 2.6 and Theorem 2.9.

Justification Procedure 3.6 (Lower bounding for Array Max).
Preconditions: i ∈ {1, . . . , n}; l := min(dom(Y )); and hence a propagator can infer

Xi ≥ l.

Procedure: rup y≥l ⇒ xi≥l ≥ 1

Correctness Proof. Again immediate from Theorem 2.6 and Theorem 2.9.

Justification Procedure 3.7 (Missing value for Array Max).
Preconditions: v ∈ domt(Y ); v /∈ ∪i dom(Xi); and hence a propagator can infer Y ̸= v.

Procedure: rup
∧

i xi=v ⇒ y=v ≥ 1

Correctness Proof. From the negation of the propagation justification, the literals xi=v for each i

and also y=v propagates. This will directly contradict the constraint y=v ⇒
∑

i xi=v ≥ 1, which
we have from Encoding Procedure 3.6.
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Justification Procedure 3.8 (Forced value for Array Max).
Preconditions: w /∈ domt(Y ); for every v ∈ domt(Y ), we have v ∈ dom(Xi) for some

i ∈ {1, . . . , n} and v /∈ dom(Xj) for every j ̸= i; and hence a propagator can

infer Xi ̸= w.

Procedure:

1: R ← {xj=v : j ∈ {1, . . . , n} \ {i}, v ∈ dom(Y )}
2: rup R ⇒ xi=w

Correctness Proof. From Encoding Procedure 3.6 we have, for each v ∈ dom0(Y )

y=v ⇒
∑
i

xi=v ≥ 1. (3.50)

Now under propagation of the negation of the propagation justification this is reduced to

y=v ⇒ 0 ≥ 1, (3.51)

so y=v propagates. But then y=v propagates for all v ∈ dom0(Y ) which we know by Theorem 3.2
leads to a contradiction.

3.4.3 Justifications using multiple RUP steps

Other constraints do not immediately allow for simple RUP justifications, but yield with some
additional RUP derivations for each inference.

Justifying Element

Similar to Array Min/Max, we can understand the Element propagator as a collection of filtering
rules, and skip for now the proof that these encompass any domain-consistent inference. In each
of the following, we assume we have a global constraint Element(X1, . . . , Xn, Y, Z) encoded as
in Encoding Procedure 3.4.

Justification Procedure 3.9 (Empty intersection for Element).
Preconditions: v ∈ domt(Y ); and domt(Xv) ∩ domt(Z) := ∅.
Procedure:

1: R ← GenericRt(X1, . . . , Xn, Y, Z)

2: for w ∈ domt(Xv)

3: rup R ⇒ y=v + xv=w ≥ 1

4: rup R ⇒ y=v ≥ 1
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Correctness Proof. We first show that each constraint on line 3 will be RUP. The negation of this
constraint propagates all the literals in GenericRt(. . . ) along with y=v and xv=w. By Theorem 2.8,
this means all the bits in BinEnc(Xv) are set so that BinEnc(Xv) = w, which means the two
constraints representing the corresponding reified equality from Encoding Procedure 3.4 are
reduced to

Z ≥ v and − Z ≥ −v. (3.52)

Theorem 2.8 then implies propagation setting BinEnc(Z) = v. Since we know Z ̸= v in the
current domain state, this must be sufficient to cause contradiction under GenericRt.

Now assuming all the constraints from line 3 are derived for each w ∈ dom(Xv), it is
immediate that the final propagation justification will be RUP, since the negation of this now
propagates xv=w for every w ∈ dom(Xv), once again triggering a domain-wipeout contradiction
as per Theorem 3.2.

Justification Procedure 3.10 (Missing value for Element).
Preconditions: v ∈ domt(Z); v /∈ ∪i∈domt(Y ) domt(Xi); and hence a propagator can

infer Z ̸= v.

Procedure:

1: R ← GenericRt(X1, . . . , Xn, Y, Z)

2: for i ∈ domt(Y )

3: rup R ⇒ z=v + y=i ≥ 1

4: rup R ⇒ y=i ≥ 1

Correctness Proof. Analogous to the proof for Justification Procedure 3.9.

Justification Procedure 3.11 (Single value for Element).
Preconditions: dom(Y ) := {i}; v ∈ dom(Xi) \ domt(Z); and hence a propagator can

infer X ̸= v.

Procedure:

1: R ← GenericRt(X1, . . . , Xn, Y, Z)

2: rup R ⇒ xi=v ≥ 1

Correctness Proof. Propagation of the literals in R must propagate y=i. Theorem 2.8 implies
that propagation of xi=v sets BinEnc(X) = v. These together cause Encoding Procedure 3.4 to
propagate literals sufficient to set BinEnc(Z) = v, which then must cause contradiction under
R.
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Justifying Equality

Filtering for simple equality constraints X = Y is also a single RUP step, but infeasibility
requires slightly more work. The domains are infeasible if and only if dom(X) ∩ dom(Y ) = ∅,
and the only pruning possible is to remove any values v from either domain where v /∈ dom(X)∩
dom(Y ).

Justification Procedure 3.12 (Equality propagation).
Preconditions: X = Y encoded via BinEnc replacement.

Procedure: rup y=y ⇒ x=v ≥ 1

Correctness Proof. The negation of the propagation justification propagates x=v and y=v, the
latter of which sets BinEnc(Y ) = v, by Theorem 2.8. But then the two PB constraints encoding
X = Y set BinEnc(X) = v, also by Theorem 2.8, which directly contradicts the definition of
x=v.

Justification Procedure 3.13 (Equality infeasibility).
Preconditions: X = Y encoded via BinEnc replacement; l := min(domt(X));

u := max(dom(X)); R := {l, ..., u}; and domt is infeasible with respect to

X = Y .

Procedure:

1: for v ∈ R ∩ domt(X)

2: rup y=v ⇒ x=v ≥ 1

3: R ← GenericRt(X)

4: R ← R∪ {y=v : v ∈ R ∩ domt(X)}
5: rup R ⇒ 0 ≥ 1

Correctness Proof. The same argument as in the proof Justification Procedure 3.12 shows each
constraint on line 2 is RUP. After these are in place, the infeasibility justification is RUP, because
for any v ∈ dom0(X), v is excluded by a literal either directly in GenericRt(X), or indirectly
after propagating y=v and then x=v. Theorem 3.2 tells us that this causes a domain-wipeout
contradiction.

3.4.4 Justifications using Cutting Planes

RUP derivations have the advantage of being very straightforward for a solver to write out,
placing somewhat more onus on the proof checker to figure out the “details” of why a constraint
introduction is sound. But as mentioned, the unit propagation properties of our encodings from
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Section 3.2 can be quite weak — recall again the non-propagating contradictory constraints in
Example 2.15. For some constraints it makes more sense to try to take advantage of the more
powerful rules in the VeriPB proof system and write out explicit cutting planes derivations.

Justifying Linear Inequalities

Consider first a (non-reified) linear inequality constraint on CP variables X1, . . . , Xn, with
coefficients a1, . . . , an and right-hand-side b.

Without loss of generality, we can assume this has the form

L := a1X1 + a2X2 + . . . anXn ≥ b (3.53)

since the ≤, <, and > cases can all be rearranged to match this. Furthermore, we only need
to consider bounds-consistency, since bounds and domain consistency are equivalent for this
constraint [198]. In what follows we assume we have in the input PB formula the BinEnc
replacement for the linear constraint L.

Justification Procedure 3.14 (Linear inequality infeasibility).
Preconditions: domt is infeasible with respect to L; and for each i ∈ {1, . . . , n}

li := min(domt(Xi)) and ui := max(domt(Xi)).

Procedure:

1: L1 ← {(ai, xi≥li) : i ∈ {1, . . . , n}, ai < 0}
2: L2 ← {(ai, xi≥ui+1) : i ∈ {1, . . . , n}, ai ≥ 0}
3: R ← {ℓ : (ai, ℓ) ∈ L1 ∪ L2}
4: C ← get a1 · BinEnc(X1) + · · ·+ an · BinEnc(Xn) ≥ b

5: D ← cut C +
∑

(ai,ℓ)∈L1

ai · Def⇒(ℓ) +
∑

(ai,ℓ)∈L2

ai · Def⇐(ℓ)

6: imp R ⇒ 0 ≥ 1 from D

Correctness Proof. Let us show that the linear combination on line 5 will derive 0 ≥ A for
positive A, from C↾R∪Def(R)↾R, with a view to applying Lemma 2.2. Denote the cutting planes
linear combination on line 5 by S.

First notice that the choice of literals inR ensures that all the variables in C↾R = C would
be cancelled out after computing S↾R and we would be left with

0 ≥ b−
∑
i:ai≥0

ai · ui −
∑
i:ai<0

ai · li (3.54)



Chapter 3. Proof Logging for Constraint Programming 87

Because domt is infeasible, we also know that

max

{
n∑

i=1

aiρ(Xi) : Valid(ρ, domt)

}
< b (3.55)

and hence
n∑

i=1

max{aiρ(Xi) : Valid(ρ, domt)} < b. (3.56)

Now, if ai ≥ 0, we have max{aiρ(Xi) : Valid(ρ, domt)} = ai · ui and if ai < 0, we have
max{aiρ(Xi) : Valid(ρ, domt)} = ai · li. Hence,∑

i:ai≥0

ai · ui +
∑
i:ai<0

ai · li < b (3.57)

and so the right-hand side in (3.54) is positive.
This means, by Lemma 2.2 that if D is the result of computing S, then D↾R = 0 ≥ A

for positive A. So by Lemma 2.1 we can derive R ⇒ 0 ≥ A using saturation and syntactic
implication steps. Hence, the final conflict justification will indeed be syntactically implied.

Propagation justifications are then a straightforward corollary of this.

Justification Procedure 3.15 (Linear inequality propagation).
Preconditions: c ∈ {1,−1}; and from domt, a propagator for L can infer c ·Xi ≥ c · v.

Procedure:

1: L1 ← {(ai, xi≥li) : i ∈ {1, . . . , n}, ai < 0}
2: L2 ← {(ai, xi≥ui+1) : i ∈ {1, . . . , n}, ai ≥ 0}
3: if c = −1
4: L1 ← L1 \ {(ai, xi≥li)}
5: L1 ← L1 ∪ {(ai, xi≥v+1}
6: else if c = 1

7: L2 = L2\{(ai, xi≥ui+1)}
8: L2 = L2 ∪ {(ai, xi≥v)}
9: R ← {ℓ : (ai, ℓ) ∈ L1 ∪ L2}

10: C ← get a1 · BinEnc(X1) + · · ·+ an · BinEnc(Xn) ≥ b

11: D ← cut C +
∑

(ai,ℓ)∈L1

ai · Def⇒(ℓ) +
∑

(ai,ℓ)∈L2

ai · Def⇐(ℓ)

12: imp R ⇒ 0 ≥ 1 from D

Correctness Proof. If from domt, L implies X ≥ v, then modifying domt with X < v must
result in an infeasible domain. Likewise, for X < v: modifying domt with X ≥ v must be
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infeasible. The correctness of the procedure is then immediate from the correctness of Justification
Procedure 3.15. Note thatR ⇒ 0 ≥ 1 is a propagation justification sinceR includes the negation
of the literal encoding the domain change.

The following example rewrites the original sketch of how to justify inequalities from Gocht
et al. [94], using the procedure above.

Example 3.8 Suppose we have a constraint 2X+3Y +4Z ≤ 42, with all three variables

having initial domain {0, . . . , 8}; but in a particular domain state a CP solver knows

X ≥ 5 and Z ≥ 3. Then a linear inequality propagator will infer that Y ≤ 6.

We can justify this as follows. First, introduce with definitions the inequality literals x≥5,

y≥7, z≥3 if they do not already exist, so we have the constraints

x≥5 ⇒
3∑

i=0

2ixi ≥ 5; y≥7 ⇒
3∑

i=0

2iyi ≥ 7; z≥3 ⇒
3∑

i=0

2izi ≥ 3; (3.58)

and from the encoding of the linear inequality (via BinEnc) we have

−
3∑

i=0

2 · 2ixi −
3∑

i=0

3 · 2iyi −
3∑

i=0

4 · 2iyi ≥ −42. (3.59)

Now using cutting planes steps, we can multiply the constraints in (3.58) by 2, 3 and

4 respectively (the coefficients of the corresponding variables in the original linear

inequality). We then add these to the encoding constraint (3.59) obtaining

25x≥5 + 49y≥7 + 9z≥3 ≥ (10 + 21 + 12− 42) = 1 (3.60)

Then saturating this constraint gives us precisely the propagation justification

x≥5 ∧ z≥3 ⇒ y≥7 ≥ 1. (3.61)

Justifying All-Different

The AllDifferent was the first global constraint shown to be amenable to pseudo-Boolean justifi-
cation. Unlike the constraints we have considered so far, this does require some more detailed
consideration of a specific domain-consistent propagation algorithm and so might not fall so
obviously into the category of “easy to justify”. However, the original explanation by Elffers et al.
[67] was mostly by example, only used sequences of guesses as reasons, and used a different
encoding to what is now used in the Glasgow Constraint Solver. So it is worth giving this an
updated treatment here.
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First, to justify infeasibility, we can take advantage of the fact that the classical domain-
consistent propagation algorithm for AllDifferent [171] involves solving a matching problem on
a directed bipartite graph (sometimes called the value graph) where variables {X1, . . . , Xn} and
domain values {v1, . . . , vm} form the left and right vertex sets, and the edges are precisely all
the pairs (Xi, vj) where vj ∈ domt(X). We don’t need to cover all the details of the algorithm
here: it is sufficient to note that it will efficiently compute a maximum cardinality matching, i.e. a
set of edges where no vertex has more than one incident edge of largest possible size. It can be
observed that for the AllDifferent constraint to be feasible, every maximum cardinality matching
must be left-saturating: each variable vertex on the left must have at least one incident edge. The
propagation algorithm then detects infeasibility by using an augmenting-paths algorithm finding
a maximum cardinality matching that is not left-saturating.

Example 3.9 Suppose we have an AllDifferent constraint and for a given do-

main state domt we have: domt(X1) = {1, 2}; domt(X2) = {2, 3}; domt(X3) =

{1, 3}; domt(X4) = {2}.
Then the value graph has a maximum cardinality matching as shown that is not left-

saturating and hence the constraint is infeasible.
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We can exploit this fact, and a connection to Hall’s Marriage Theorem [102] to derive conflict
justifications for AllDifferent. The key insight is that a Hall violator can be extracted from the
augmenting paths algorithm for finding a maximum cardinality matching and this immediately
leads to an easy PB derivation. To briefly review terminology, given a bipartite graph (V,E) and
matching M ⊆ E, we have:

A vertex is matched if it is incident to an edge in M , and unmatched otherwise.

An alternating path is a sequence of edges P ⊆ E beginning with an unmatched vertex
such that consecutive edges alternate between being in the matching M and not being in
M .
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An augmenting path is an alternating path that also ends with an unmatched vertex.

A Hall violator is a set of left vertices W ⊆ V for which |W | > |Nh(W )|, where
Nh(W ) := {v ∈ V : ∃w ∈ W, (w, v) ∈ E} denotes the set of right vertices adjacent to
vertices in W .

A maximum cardinality matching will be identified once a matching is found M that does
not permit any augmenting paths [170]. Any remaining alternating paths are therefore not
augmenting, and if M is not left-saturating, there must always exist at least one of these. This
allows us the following lemma.

Lemma 3.5 Let G = (VL∪VR, E) be a bipartite graph and M be a maximum cardinality

matching that is not left saturating. Then a Hall violator W can always be constructed by

finding all vertices reachable via an alternating path from an unmatched vertex v.

Proof. Since M is not left-saturating, there exists at least one unmatched left vertex v ∈ VL.
Consider the set W of all left vertices reachable from v via alternating paths (paths that start with
an unmatched edge and then alternate between edges not in M and edges in M ). Let Z be the set
of right vertices reachable from v via such paths.

By construction, every vertex in Z is matched in M ; otherwise, there would exist an augment-
ing path, contradicting the maximality of M . Therefore, for each vertex in Z, there is at least one
corresponding vertex in W , plus the original unmatched vertex v, so |W | ≥ |Z|+1. Furthermore,
Z is exactly the set of right vertices adjacent to W , i.e., Z = Nh(W ). This is because for any
edge (w, z) with w ∈ W , if (w, z) is in M , then w must have been reached via z, and thus z ∈ Z;
and if (w, z) is not in M , then z can be reached by extending the alternating path through the
matching edge to w.

Thus, we have |W | ≥ |Nh(W )|+ 1, so W is a Hall violator.

Given this lemma, we can assume we have a procedure FindHallViolator(M ) which computes
a Hall violator given a maximum-cardinality matching that is not left-saturating. Recalling
Theorem 2.3 we can also assume we have a procedure RecoverCardinality that derives an at-most-
one constraint from a clique of n “not-both” constraints.

Justification Procedure 3.16 (All-Different infeasibility).
Preconditions: X := {X1, . . . , Xn}; AllDifferent(X ) encoded as per Encoding Proce-

dure 3.9; domt is infeasible with respect to AllDifferent(X ); D :=
⋃

i domt(Xi);

and M ⊆ X ×D is a maximum-cardinality matching that is not left-saturating.

Procedure:

1: W ← FindHallViolator(M)
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2: proc SumAtLeastAtMost(W )
3: l, u← minNh(W ),maxNh(W ) R ← ∅
4: for Xi ∈ W

5: Ri ← {xi≥l, xi≥u+1} ∪ {xi=v : v ∈ {l, . . . , u} \ Nh(W )}
6: R ← R∪Ri

7: Li ← rup Ri ⇒
∑

v∈Nh(W )

xi=v ≥ 1

8: for v ∈ Nh(W )

9: N ← ∅
10: for (Xi, Xj) ∈ W ×W where i < j

11: rup xi=v + xj=v ≥ 1

12: Mv ← RecoverCardinality(N )

13: return (R, cut
∑
Xi∈W

Li +
∑

v∈Nh(W )

Mv)

14: R, D ← SumAtLeastAtMost(W )

15: imp R ⇒ 0 ≥ 1 from D

Correctness Proof. Each of the constraints on line 7 are RUP by Theorem 3.2. And each of the
constraints on line 11 are RUP by the same argument in the proof of Justification Procedure 3.1
(since we have Xj ̸= Xi encoded in the same way as Encoding Procedure 3.2). Theorem 2.3
implies that the constraint we recover on line 12 is of the form

Mv :=
∑

i:Xi∈W

xi=v ≥ 1. (3.62)

Now consider the at-least-one Li and at-most-one constraints Mv restricted by the reasonR,
and note that the sets of PB constraints

{Li↾R : Xi ∈ W} and {Mv↾R : v ∈ Nh(W )}

contains all the same variables with opposite signs. So summing these gives 0 on the left-hand
side and |W | − |Nh(W )| ≥ 1 (since W is a Hall violator) on the right-hand side. This means
that due to Lemma 2.2 we can be sure (

∑
i Li +

∑
v Mv)↾R = 0 ≥ b for some b > 0, and

hence Lemma 2.1 tells us we can apply syntactic implication and saturation to the result of
(
∑

i Li +
∑

v Mv) to yieldR ⇒ 0 ≥ 1.

Elffers et al. [67] and Gocht [88] both provide worked examples for this Hall violator
argument, but we will take the opportunity here to rewrite an example with the slightly different
reason literals we used above.
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Example 3.10 Suppose we have an AllDifferent constraint on variables X1, X2, X3, X4,

all with initial domains {1, . . . , 4} and a CP solver reaches a domain state where

domt(X1) = {1, 2, 3}, domt(X2) = {2, 3}, domt(X3) = {1, 3} and domt(X4) = {2}.
The AllDifferent is therefore infeasible, and a propagator might infer this by identifying

the following maximum matching in the value graph, with unmatched vertex X4.
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Following all possible alternating paths from X4 will yield the Hall violator

{X1, X2, X3, X4} with neighbourhood {1, 2, 3}.

So in the proof we first derive by RUP reified at-least-1 constraints

x1≥1 ∧ x1≥4 ⇒ x1=1 + x1=2 + x1=3 ≥ 1; (3.63)

x2≥1 ∧ x2≥4 ⇒ x2=1 + x2=2 + x2=3 ≥ 1; (3.64)

x3≥1 ∧ x3≥4 ⇒ x3=1 + x3=2 + x3=3 ≥ 1; (3.65)

x4≥1 ∧ x4≥4 ⇒ x4=1 + x4=2 + x4=3 ≥ 1; (3.66)

followed by the “not-both” constraints

−x1=1 − x2=1 ≥ −1; − x1=1 − x3=1≥ −1;
−x1=1 − x4=1 ≥ −1; − x2=1 − x3=1≥ −1;
−x2=1 − x4=1 ≥ −1; − x3=1 − x4=1≥ −1;

to recover the at-most-1 constraint

−x1=1 − x2=1 − x3=1 − x4=1 ≥ −1; (3.67)

then

−x1=2 − x2=2 ≥ −1; − x1=2 − x3=2≥ −1;
−x1=2 − x4=2 ≥ −1; − x2=2 − x3=2≥ −1;
−x2=2 − x4=2 ≥ −1; − x3=2 − x4=2≥ −1;



Chapter 3. Proof Logging for Constraint Programming 93

to recover the at-most-1 constraint

−x1=1 − x2=1 − x3=1 − x4=1 ≥ −1; (3.68)

and finally

−x1=3 − x2=3 ≥ −1; − x1=3 − x3=3≥ −1;
−x1=3 − x4=3 ≥ −1; − x2=3 − x3=3≥ −1;
−x2=3 − x4=3 ≥ −1; − x3=3 − x4=3≥ −1;

to recover the at-most-1 constraint

−x1=1 − x2=1 − x3=1 − x4=1 ≥ −1. (3.69)

Note that if the AllDifferent had propagated before, the at-most-1 constraints (or stronger

versions of them) might already have been recovered in the proof and then the not-both

RUP steps would be unnecessary. Regardless, summing the 4 at-least-1 and 3 at-most-1

constraints gives

x1≥1 ∧ x1≥4 ∧ x2≥1 ∧ x2≥4 ∧ x3≥1 ∧ x3≥4 ∧ x4≥1 ∧ x4≥4∧ ⇒ 0 ≥ 1. (3.70)

If an AllDifferent constraint is not infeasible for a domain state, the propagator has the
opportunity to make inferences that remove unsupported values. This is also based on matchings
in the value graph: filtering occurs once the propagator has identified a maximum cardinality
that is left-saturating. To find the values that can be filtered, a residual graph and its strongly-
connected components is calculated from the value graph based on the matching M . There
are multiple possible ways of defining this, but we will use the definition from Gent et al. [83,
Definition 2.2], except with the edge direction reversed, as it simplifies the description of the
inference procedure.

For an undirected bipartite graph G = (Vl ∪ VR, E) and matching M , the residual graph is
the directed graph R(G) = (V ′, E ′) where V ′ = Vl ∪ VR ∪ {t} are the vertices of the original
graph, plus an additional “sink” vertex t, and the edge set E ′ = E1 ∪ E2 ∪ E3 ∪ E4 is defined as
follows:

Direct the matching edges left-to-right:
E1 := {(w, v) : (v, w) ∈M}.

Direct the non-matching edges right-to-left:
E2 := {(v, w) : (v, w) ∈ E \M}.

Connect the sink to matched right vertices:
E3 := {(t, w) : ∃v ∈ Vl s.t. (v, w) ∈M}.

Connect unmatched right vertices to the sink:
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Figure 3.1: Left-saturating matching and its residual graph

E4 := {(w, t) : ∄v ∈ VR s.t. (v, w) ∈M}.

As with any directed graph, the strongly-connected components of the residual graph for a
given maximum-cardinality matching can be found efficiently, e.g. via Tarjan’s algorithm [183].
Recall that a strongly-connected component of a directed graph is a maximal subset of vertices
where every vertex is reachable from every other vertex.

It turns out that for the value graph, a variable-pair (Xi, v) has no support precisely when
the corresponding edge is not part of the matching, and in the residual graph begins and ends in
different strongly-connected components [171].

The justification procedure for these deletions is based on finding Hall sets as opposed to Hall
violators. For a bipartite graph with vertices VL ∪ VR, a Hall set is a set of left vertices W ⊆ V

for which |W | = |Nh(W )|. We will make use of the following lemma.

Lemma 3.6 Let G = (VL ∪ VR, E) be a bipartite graph and M be a left-saturating

maximum-cardinality matching. If there exists an edge (X,w) ∈ VL × VR in the residual

graph R(G) that is not part of the matching and begins and ends in different strongly

connected components, then the set of left vertices H reachable from w forms a Hall set.

Proof. First X must be matched with another vertex v, since M is left-saturating. Hence, w
cannot be unmatched, otherwise there would be a cycle in R(G) (X,w), (w, t), (t, v), (v,X)

contradicting X and w being in different SCCs. In fact, t cannot be reachable at all from w for
this same reason.

So w is matched with a vertex Y ∈ VL, i.e. there is at least one vertex in H . Now consider
all vertices D reachable from w in R(G). Since t is not reachable, aside from w ∈ N(Y ) itself,
these can only be reached via some unmatched edge from a vertex in H , so Z ⊆ N(H). On the
other hand, for any u ∈ N(H) there exists an edge (K, u) for K ∈ H and if this is not in M then
u is reachable from w via K, and if it is in M , then u is reachable from w as K must have been
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reached through u. So N(H) ⊆ Z and hence N(H) = Z.
Finally, note that since every vertex in H ∪ Z is matched, there is a perfect matching in the

corresponding induced subgraph, which is only possible if |H| = |Z| = |N(Z)|. Hence, H is a
Hall set.

The justification procedure is then very similar to the conflict justifications using Hall violators.
The same Hall set can justify multiple deletions, and so to save space in the proof, the summing
argument can be formulated so that it only needs to be done once for each Hall set. So we
will assume this time that we have a procedure FindHallSet based on Lemma 3.6, and also
GetDeletionEdges that return the set of deletion edges D ⊆ X ×D associated with the hall set.
We will also reuse the subprocedure SumAtLeastAtMost from Justification Procedure 3.16.

Justification Procedure 3.17 (All-Different propagation).
Preconditions: X := {X1, . . . , Xn}; AllDifferent(X ) encoded as per Encoding Proce-

dure 3.9;

D :=
⋃

i domt(Xi); and M ⊆ X × D is a left-saturating maximum-cardinality

matching

Procedure:

1: H ← FindHallSet(M)

2: E ← GetDeletionEdges(H, domt)

3: R, D ← SumAtLeastAtMost(H)

4: for (Xi, v) ∈ E

5: rup R ⇒ xi=v ≥ 1

Correctness Proof. The same arguments from the proof of Justification Procedure 3.16 apply to
tell us we can derive the at-least-one and at-most-one constraints {Li} and {Mv}. Note that in
this case these again contain almost exactly opposite literals, except for each (Xk, d) ∈ E, the
literals xk=d appear in Md but not in any Li, since by assumption Xk /∈ H . So, this time the
result of (

∑
i Li +

∑
v Mv)↾R will be∑

(Xk,d)∈D

−xk=d ≥ |H| − |N(H)| = 0. (3.71)

Since each xk=d is RUP with respect to this, Theorem 2.6 tells us that each R ⇒ xk=d will be
RUP once we have computed (

∑
i Li +

∑
v Mv).

It is an immediate corollary of this and Lemma 3.6 that we can efficiently justify any domain-
consistent deletion for the AllDifferent constraint by first computing the SCCs of the residual
graphs, and then the Hall sets, and then identifying which deletions are associated with each Hall
set.
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3.4.5 Justifying Reified Constraints

Finally, it is worth noting that if we know how to derive conflict and propagation justifications for
a particular constraint, then we are also able to derive justifications for the half-reified version of
that constraint.

If C is a constraint on variables X1, . . . , Xn then we can denote by Y ⇒ C the half-reified
version of C. This means scp(C) = Y,X1, . . . , Xn and Y ⇒ C enforces that Y ∈ {0, 1}, along
with C conditionally if Y = 1.

If we know how to encode C with a PB formula E, we can encode Y ⇒ C using E ′ :=

{y=1 ⇒ C : C ∈ E} ∪ {y=0 + y=1 ≥ 1}. Furthermore, a propagator for Y ⇒ C can easily be
implemented using a propagator for C as follows:

1. If domt(Y ) = {1} propagate C as normal.

2. If domt(Y ) = {0} do nothing (i.e. disable the propagator until backtrack).

3. If domt(Y ) = {0, 1} and C is infeasible, remove 1 from the domain of Y .

Justifying this is very straightforward. Suppose we are in the first or third case. Then
E ′↾{y=1} must contain E, so for any conflict justificationR ⇒ 0 ≥ 1 that we can derive from E,
Theorem 2.1 tells us we can derive R ∧ y=1 ⇒ 0 ≥ 1 from E ′. Likewise for any propagation
justificationR ⇒ ℓ ≥ 1 we can certainly deriveR∧ y=1 ⇒ ℓ ≥ 1.

3.5 Summary

This chapter, similarly to the previous chapter, has been simultaneously a review of background
material and the presentation of some novel contributions. We have reviewed some fundamentals
of constraint programming, and then dedicated a significant amount of space to deconstructing in
detail the ideas underpinning the “Auditable” Glasgow Constraint Solver (GCS). In particular,
we have specified precisely for the first time what is required from a PB representation of a CP
problem in order to be usable for a VeriPB proof logging approach. We have also brought the
concepts of atomic literals, and defined domains, familiar from the area of lazy clause generation
into the proof logging context, and proved the important properties describing how these literals
behave in conjunction with binary variable encodings in the context of the PB proof framework.
Finally, we have standardised a notation for presenting justification procedures, and explained
how proof logging can be added to a number of fundamental constraint propagators. In some
cases, this is the first place outside the source code of the GCS where this has been written down
explicitly, and in all cases it is the first time the procedures have been proved correct on paper.
The work is not purely descriptive: it has led to concrete redesigns within the Glasgow Constraint
Solver and informed its continued development. As a result, the current GCS implementation
should be understood as distinct from the system originally presented by Gocht et al. [94].
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It is worth emphasising that understanding the proof system and logging framework in this
level of detail is not necessarily required for a solver author to implement pseudo-Boolean proof
logging. There has been a great deal of effort made to set up definitions and properties very
carefully, so that we can prove that justification procedures will always work based on this. But
from an implementation perspective, once a justification procedure is designed, the process of
adding proof logging can be reduced to little-more than adding template-based print statements
to propagation algorithms.
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Part II

Generally Applicable Justification
Procedures
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Chapter 4

Smart Extensional Constraints

In the previous chapter we evidenced a number of fundamental constraints that can be justified
within a pseudo-Boolean proof logging framework using specialised derivation procedures. But
designing these procedures can require some measure of creativity, as well as knowledge of
the proof system and its “tricks”. If proof logging is to be widely applicable for a range of CP
solvers, it would be useful to have some generic methods for adding proof logging to propagation
algorithms.

As a basic starting point, we know that every constraint can theoretically be represented
extensionally as a collection of allowed tuples and hence by a Table constraint.

Example 4.1 Let dom(X) = dom(Y ) = dom(Z) = {1, 2, 3} and consider the con-

straint X − Y + Z = 2. The corresponding table is

X Y Z

1 1 2

1 2 3

2 1 1

2 2 2

2 3 3

3 2 1

3 3 2

If we are happy to trust this tabulation, we can simply use this to represent the constraint in the
PB encoding using Encoding Procedure 3.10, and then all propagation and conflict justifications
follow by RUP as per Justification Procedure 3.3. Of course, the tabulation algorithm may itself
be prone to bugs, and so we might want to derive the table in the proof from a more trusted
encoding. This can be achieved with an auto-tabulation proof as a pre-processing step [94]. But
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a more fundamental problem is that for some constraints, the tabulation can be exponentially
large.

Take for example the Lexicographical ordering constraint

LexGreater(X1, . . . , Xn, Y1, . . . , Yn),

which says that the sequence of values taken by X1, . . . , Xn comes lexicographically after the
sequence taken by Y1, . . . , Yn. If all these variables have d values in their domains, there would
be (d2n − dn)/2 solutions to this constraint, making writing out a full table intractable.

We can, however, write a LexGreater compactly using a decomposition into (n2 + n)/2

simple binary constraints:

(X1 > Y1)

∨(X1 = Y1 ∧ X2 > Y2 )

∨(X1 = Y1 ∧ X2 = Y2 ∧ X3 > Y3 )

...

∨(X1 = Y1 ∧ X2 = Y2 ∧ . . . . . . ∧ Xn > Yn) (4.1)

It turns out that this is a logical combination of constraints that can be efficiently propagated
to maintain domain-consistency, by considering it to be a smart table — essentially a Table
constraint where the entries are allowed to be simple constraints rather than just values. If we’ve
seen how to justify all the constituent constraint types, it is a natural question whether this
somehow gives us a way of justifying consequences of some logical combination, and hence a
way of justifying any domain-consistent inference for the LexGreater constraint.

In this chapter we will first consider SmartTable as a global constraint in its own right,
showing that we can justify any domain-consistent inference for a restricted set of entry constraints.
From this we settle the open question of whether efficient PB proof logging is possible for a
number of global constraints for which this was previously unknown, including LexGreater,
NotAllEqual, and AtMostOne.

We then generalise the procedure to arbitrary entry constraints, i.e. general disjunctions of
conjunctions with certain restrictions on constraint scopes, expanding even further the range of
constraint types that can in principle be justified efficiently.

Finally, we briefly discuss the implementation of a proof logging SmartTable propagator,
and present some experimental evaluation of this.
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4.1 Smart Table Constraints

A smart table constraint generalises the idea of a Table constraint to allow wildcards and
comparisons, allowing for compact representation of a much larger set of relations, while still
retaining an efficient domain-consistent propagator [144, 194, 195]. There are several ways to
define a global constraint SmartTable (also called HybridTable), depending on which restriction
types are allowed within tuples [34]. To begin with, we restrict our focus to unary comparisons,
binary comparisons, and set membership, and define SmartTable based on this.

Let X be a sequence of finite-domain variables X1, . . . , Xn. A smart entry constraint is a
unary or binary constraint in one of three possible forms:

1. <var> <op> a

2. <var> ∈ S or <var> /∈ S

3. <var> <op> <var>

where a is an integer constant, S is a set of integer constants, <op> denotes an operator in the
set {<,≤,=, ̸=,≥, >}, and <var> denotes a variable in X . A smart tuple is a set of these smart

entry constraints, and a smart table is a set of smart tuples. When a variable does not appear in a
given tuple, it is implicitly unrestricted (equivalent to a wildcard entry).

For a given smart table T , where the scope of every smart entry constraint is a subset of
X , a smart table constraint SmartTable(X , T ) requires that there is at least one smart tuple in
T where every smart entry constraint holds. It can hence be thought of as a special case of a
disjunction of conjunctions of simple constraints.

4.1.1 Encoding Smart Table Constraints

As we have seen, our first task in adding pseudo-Boolean proof logging to a propagator is to
establish a trustworthy encoding procedure. In particular, we need a linearisation of SmartTable
that fits into the framework of Section 3.2.

Let T be a smart table with smart tuples σ1, . . . , σk. The encoding idea is similar to how
we dealt with basic table constraints (Encoding Procedure 3.10). For each smart tuple σi in the
table we will have a selector PB variable si that controls whether the tuple is active (i.e. not yet
infeasible). Then for each smart entry Cj ∈ σ, we will have a PB variable eCj

that is set to 1 if
and only if the constraint Cj is satisfied.

Since smart entries are themselves simple binary and unary constraints, all with PB encodings
that we have already demonstrated in Section 3.2, the process of correctly constraining this eCj

variable is straightforward. We can simply reify part of the encoding of the constraint and the
encoding of its negation, making use of newly-defined auxiliary variables when necessary. This
is easiest to see via an example.
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Example 4.2 Suppose we have a smart table constraint on three variables, X, Y, Z, all

with domains {1, 2, 3}, defined by the following table T with two tuples:

T := {σ1, σ2}; σ1 = {(X < Y ), (X ∈ {1, 2}), (Z = 3)}, (4.2)

σ2 = {(X = Y ), (X ̸= 1), (Y ≥ Z)}. (4.3)

The first entry constraint X < Y can be encoded with the single constraint

−BinEnc(X) + BinEnc(Y ) ≥ 1 (4.4)

and hence both directions of the entry flag can be constrained with

eX<Y ⇔ −BinEnc(X) + BinEnc(Y ) ≥ −1. (4.5)

The situation is similar for Y ≥ Z. For the ∈ and /∈ entries it is simply a case of imposing

conjunction constraints on flags disallowing the missing values, similar to how the generic

reasons (3.45) in justifications are represented, i.e.,

eX∈{1,2} ⇒ x=3 (4.6)

eX∈{1,2} ⇒ x≥3 (4.7)

Finally, for = and ̸= we can make direct use of the x=v literal if the right-hand side is a

value, as is done for Table constraints, so eX ̸=1 is replaced with x=1. If the right-hand

side is instead another variable we make use of further intermediate flags to express the

relation in terms of strict or non-strict inequalities, so:

eX=Y ⇒ eX≥Y + eX≥Y+1 ≥ 2 (4.8)

eX=Y ⇒ eX≥Y + eX≥Y+1 ≥ 1 (4.9)

where the ≥ flags are also defined similarly to (4.5).

This allows the SmartTable with tuples T to be encoded as

s1 ⇔ eX<Y + eX∈{1,2} + z=3 ≥ 3 (4.10)

s2 ⇔ eX=Y + x=1 + eY≥Z ≥3. (4.11)

For completeness, the full SmartTable encoding procedure can be written as follows, using
an encoding subprocedure EntryEnc as defined in Encoding Procedure 4.2.
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Encoding Procedure 4.1 (Smart Table). A linearisation for the SmartTable con-

straint with tuples T is given by the following procedure.

1: allEntryFlags← ∅
2: for σi ∈ T :

3: flagsForTuple← ∅
4: for C ∈ σi :

5: flagsForTuple← flagsForTuple ∪ {EntryEnc(C, allEntryFlags)}
6: def si ⇔

∑
ℓ∈flagsForTuple

ℓ ≥ |σi|

7: def s1 + s2 + · · ·+ s|T | ≥ 1

Auxiliary variables are all 0-1, and are given by allEntryFlags, along with s1, . . . , s|T |.

Encoding Procedure 4.2 (Entries for a Smart Table).
proc EntryEnc(C, allEntryFlags)

if eC ∈ allEntryFlags
return eC

allEntryFlags← allEntryFlags ∪ {eC}
switch C

case Xi ≥ Xj

def eXi≥Xj
⇔ Xi −Xj ≥ 0

case Xi < Xj

eXi≥Xj
← EntryEnc(Xi ≥ Xj, allEntryFlags)

return eXi≥Xj

case Xi = Xj

eXi≥Xj
← EntryEnc(Xi ≥ Xj, allEntryFlags)

eXj≥Xi
← EntryEnc(Xj ≥ Xi, allEntryFlags)

def eX=Y ⇔ eXi≥Xj
+ eXj≥Xi

≥ 2
case Xi ̸= Xj

eXi=Xj
← EntryEnc(Xi = Xj, allEntryFlags)

return eXi=Xj

case Xi ∈ D
L ← GenericR(Xi, D)
def eC ⇔

∑
ℓ∈L ℓ ≥ |L|

return eC
case Xi /∈ D
L ← GenericR(Xi, dom0(Xi) \D)
def eC ⇔

∑
ℓ∈L ℓ ≥ |L|

return eC
case else

return AtomicLiteralFor(C)
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4.1.2 Justifying Smart Table Propagation

As mentioned, the SmartTable constraint is a special case of a disjunction of conjunctions of
constraints, but it is worth considering in its own right first because it has efficient domain-
consistent propagators with low polynomial overheads [194, 195].

Variable-value assignments have no support if they have no support in any of the tuples.
Taking again the conjunctions (4.2) from Example 4.2, it is easy to see by inspection that the
assignment literal Y = 1 does not have any support on this constraint as it would contradict
X < Y on the first tuple and X = Y,X ̸= 1 together on the second. Therefore, a propagation
algorithm that achieves domain consistency should immediately remove the value 1 from the
domain of Y .

The original propagation algorithm described by Mairy et al. [144] uses a “Simple Tabular
Reduction” strategy to eliminate such unsupported values. Essentially, it initialises a set sl (for
“supportless”) with every variable value/pair that is possible given the current domains of variables,
and then iterates through the tuples, removing any values that they in turn support.

The literals that are left in sl are not supported by any tuple and hence the ones that should be
eliminated. A key observation is that each smart tuple σ, as a conjunction of simple constraints,
can be thought of as a small CSP Pσ in its own right, and so the supported assignments for a tuple
are precisely those appearing in solutions to this problem. Mairy et al. show that as long as the
constraint graph of Pσ (where variables are nodes, and constraint scopes are edges) is acyclic it
can be effectively filtered as a collection of tree CSPs via a two pass filtering process. Due to the
restricted structure of the smart tuples, the result of this is a collection of copies of the domains
where the only values present are those that appear in some solution (global consistency for Pσ),
and so this can be used to remove values from sl in polynomial time.

For proof logging, of course, the main concern is how to justify the elimination of these
unsupported values. In particular, for a suitable reason R and newly derived unsupported
assignment X ̸= v, we would like to log the PB constraint

R ⇒ x̄=v ≥ 1. (4.12)

In some situations this might follow directly by reverse unit propagation, as is always the case
for proof-logging the classical table constraint as shown in Justification Procedure 3.3.

For smart tables, however, we can show that more work is required in general. Going back
to the previous example and following Encoding Procedure 4.1, we note that if we try to derive
y=1 ≥ 1 by reverse unit propagation, we do not reach a contradiction after propagating y=1. This
is despite Y = 1 lacking support in the table. To see why this is the case, note that the only way
unit propagation of a non-auxiliary literal such as y=1 could falsify the whole model would be
for it to eventually result in all the selectors si being falsified. In turn, the only way that could
happen is for there to be at least one eC with C ∈ σi falsified for every σi ∈ T . But this does
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not happen on propagation of y=1 alone. The smart entry constraints that are responsible for
eliminating (Y = 1)’s support are X < Y in the first tuple and both X = Y,X ̸= 1 in the second.
From Encoding Procedure 4.1, the first of these is present in the PB model in the form of two
constraints:

eX<Y ⇒ y0 + 2y1 − x0 − 2x1 ≥ 1; (4.13)

eX<Y ⇒ −y0 − 2y1 + x0 + 2x1 ≥ 0. (4.14)

Assuming the equality literals are correctly defined, we know that propagating y=1 should
propagate y0 and y1, meaning (4.13) is reduced to

eX<Y ⇒ 1− x0 − 2x1 ≥ 1. (4.15)

Now we might hope that eX<Y would then propagate, as we know x0 + 2x1 is at least 1 due to
the domain constraints of the variable X and so the right-hand side of the implication in (4.15)
must be false. However, because the falsity does not follow from a contradiction intrinsic to the
PB constraint itself — in isolation it can be satisfied by having both x0 and x1 equal to 0 — unit
propagation alone is not strong enough to determine that eX<Y must follow. A similar problem
holds for the other tuple, where the contradiction arises due to two constraints being incompatible
rather than just one being falsified.

Fortunately, we can ensure that the desired constraints do follow by RUP by first explicitly
deriving some intermediate proof steps. For a suitable reasonR and newly derived unsupported
assignment X ̸= v, instead of simply logging the PB constraint (4.12) as above, we first log

rup R ⇒ x̄=v + s̄k ≥ 1 (4.16)

for each k ∈ {1, . . . , |T |}, i.e. first show by RUP that no tuple selector can be set to true without
contradiction, and then derive from these the desired constraint (4.12). So in our running example,
we would log

rup R ⇒ y=1 + s1 ≥ 1; rup R ⇒ y=1 + s2 ≥ 1; rup R ⇒ y=1 ≥ 1. (4.17)

This is now sufficient for this and similar examples. However, it is still possible to construct
situations where even these constraints in the form of (4.16) do not follow by RUP.

Example 4.3 Suppose we have four variables W,X, Y, Z, all with domain {−2,−1, 0},
and then a single smart tuple of the form

(W < X), (X < Y ), (Y < Z). (4.18)
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Clearly this is unsatisfiable, and so in particular W = −2 should be unsupported by the

tuple. But the negation of the constraint

w=−2 + s1 ≥ 1 (4.19)

does not unit propagate to contradiction. This can be seen by considering the PB encoding

of the first smart entry constraint,

eW<X ⇔ −2xneg + x0 + 2wneg − w0 ≥ 1. (4.20)

The negation of (4.19) will lead to eW<X , wneg, and w0 being propagated, which would

mean the two PB constraints encoding both implication directions in (4.20) are reduced to

−2xneg + x0 ≥ −1; and 2xneg − x0 ≥ −1. (4.21)

But then no further propagation results from these constraints, which can be seen either

by calculating the slack values, or simply by observing that the value tuples (0, 0), (1, 1),

(0, 1) would each satisfy both constraints if assigned to {xneg, x0} and so both 0 and

1 are supported possibilities for each variable. None of the other constraints contain

bit variables for W and so no propagation will result from these either, and hence no

contradiction will be reached.

This weak propagation is not surprising given what we have seen in Chapter 3, where binary
encodings frequently fail to automatically propagate what we want even for very “obvious”
inferences. Fortunately in this case, the missing intermediate inference steps are being made
in the solver as part of the smart table propagator anyway at the tree filtering stage, and so the
desired constraints in the form of (4.16) and then (4.12) can still be logged providing we have first
logged the inferences for binary constraints explicitly. The only difference in justifying these and
justifying simple equality and inequality constraints as in Chapter 3 is that each inference will
be conditional on the tuple selector. Or by another way of thinking, the tuple selector becomes
part of the “reason” in the justification process. For example, if a variable Y has domain with
maximum value u and the filtering process for X < Y updates the domain copy for X so that
X < u, then we would write

rup y≥u+1 ∧ s1 ⇒ x≥u+1 ≥ 1. (4.22)

This is now enough for a complete proof logging procedure. We know from Justification
Procedure 3.1; Justification Procedure 3.2; and Justification Procedure 3.12 that propagation
justifications for all the by simple binary constraints such as (4.22) will always be RUP, providing
they are logged with suitable reasons.
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Y

ZX

> ∈ {1, 2} = 3

(a) The graph for Pσ1 , which consists of two trees.

X Z

Y

=

≥

̸= 1

(b) The graph for Pσ2 , which consists of a single tree.

Figure 4.1: The constraint graphs for the two sub-CSPs Pσ1 and Pσ2 represented by the smart
tuples σ1 and σ2. Both graphs are acyclic and thus composed of trees.

Then, any unsupported value must be unsupported in every tuple, and hence removed in the
filtering process for some smart entry constraint. So if we take as the overall reasonR either the
current sequence of decisions or the generic reason over all the variables in the SmartTable, the
negation of the removal must eventually propagate the negation of each selector si and hence
reach contradiction. We will formalise this argument within a more general justification procedure
in Section 4.2.

4.1.3 A Worked Example for Smart Table Propagation

First, let us consider a worked example for justifying an inference from the basic SmartTable
propagator at the top of search.

We will continue to use the running example from Example 4.2. As required for the efficient
domain-consistent propagator, these tuples here do indeed form acyclic graphs and so the
procedure is applicable. This can be seen in Figure 4.1, where unary constraints are represented
as edges to a dummy node. The first tuple is made up of two small trees, and the second consists
of a single tree.

Initially all variables have {1, 2, 3} in their domains and the set of unsupported values sl is

sl = {X : 1, 2, 3; Y : 1, 2, 3; Z : 1, 2, 3}. (4.23)

To find the set of values supported by Pσ1 we find the values supported by each tree comprising
the constraint graph. This involves two filtering passes over copies of the domain state, working
first from the root outwards, and then back again.
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Taking the left tree first, on the first pass 3 is removed from the domain copy for X and 1
from the domain of Y due to X < Y . So we would log

rup s1 ∧ y≥4 ⇒ x≥3 ≥ 1; rup s1 ∧ x≥1 ⇒ y≥2 ≥ 1; (4.24)

as these inferences were made due to a binary constraint. No further inferences are made on the
second pass. This leaves the values

{X : 1, 2; Y : 2, 3} (4.25)

supported by the first tree, and so these are removed from sl. Filtering the other tree simply
reduces the domain copy for Z to {3}, and so Z = 3 is removed from sl. No inferences need to
be logged here as this is a unary constraint. We now have

sl = {X : 3; Y : 1; Z : 1, 2}. (4.26)

Moving on to the second tuple, no inference occurs on the first pass due to X = Y nor Y ≥ Z,
but 1 is removed from the (fresh) domain copy for X due to the unary X ̸= 1 entry. Then on the
second pass, 1 is now removed from the domain copy for Y due to X = Y , and so we log

s2 ∧ x=1 ⇒ y=1 ≥ 1; (4.27)

and then no further inference occurs. So the values occurring in some solution for this tree are

{X : 2, 3; Y : 2, 3; Z : 1, 2, 3}, (4.28)

and hence these can be removed from sl, leaving

sl = {Y : 1}. (4.29)

Ultimately, Y = 1 is the only assignment lacking support in the table after this initial execution
of the domain-consistent propagator and the only value to be removed from an actual variable
domain. We are then able to log by RUP the constraints from (4.17), which with expanded
reasons are

rup x≥1 ∧ x≥4 ∧ y≥1 ∧ y≥4 ∧ z≥1 ∧ z≥4 ∧ s1 ⇒ y=1 ≥ 1; (4.30)

rup x≥1 ∧ x≥4 ∧ y≥1 ∧ y≥4 ∧ z≥1 ∧ z≥4 ∧ s2 ⇒ y=1 ≥ 1; (4.31)

(4.32)
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This allows us to successfully derive the propagation justification

rup x≥1 ∧ x≥4 ∧ y≥1 ∧ y≥4 ∧ z≥1 ∧ z≥4 ⇒ y=1 ≥ 1. (4.33)

4.1.4 To Which Constraints Does This Apply?

As well as being a potentially useful constraint in itself, having a certifying propagator for
SmartTable immediately expands the set of constraints that can be supported in a proof logging
constraint solver. For any constraint that has a valid SmartTable decomposition we can always
install a SmartTable propagator and use it for both propagation and proofs. We also have the
option of running the SmartTable propagator purely as a proof procedure for domain-consistent
inferences discovered by a different algorithm.

This allows us to argue that, for example, the LexGreater constraint has an efficient PB proof
procedure, by relying on the smart table decomposition (4.1) given in the introduction to this
chapter. Related constraints such as LexGreaterEqual, LexLess etc. are of course covered by
analogous decompositions.

We also have the following compact smart table representations.

Encoding Procedure 4.3 (At most one).
Definition: AtMostOne(X1, . . . , Xn, Y ) := At most one of the variables X1, . . . , Xn

takes a value equal to the value taken by Y .

Smart Table Decomposition:

n∨
i=1

 ∧
j∈{1,...,n}

j ̸=i

(Xj ̸= Y )

 (4.34)

Encoding Procedure 4.4 (Not all equal).
Definition: NotAllEqual(X1, . . . , Xn) := At least one variable in X1, . . . , Xn takes a

different value to the rest.

Smart Table Decomposition:

(X2 ̸= X1) ∨ (X3 ̸= X1) ∨ . . . (Xn ̸= X1) (4.35)
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Encoding Procedure 4.5 (Value precede).
Definition: ValuePrecede(X1, . . . , Xn; s, t) := For fixed integers s and t, if Xj = t for

some j ∈ {1, . . . , n} then Xi = s for some i < j.

Smart Table Decomposition:

n∨
i=1

τi (4.36)

where τi is given by

(X1 = s); (4.37)

τi with i ∈ {2, . . . , n− 1} is given by

(X1 ̸= t ∧ · · · ∧Xi−1 ̸= t ∧Xi = s); (4.38)

and τn is given by

(X1 ̸= t ∧ . . . Xn ̸= t). (4.39)

Encoding Procedure 4.6 (Increasing).
Definition: Increasing(X1, . . . , Xn) := The values taken by X1, . . . , Xn are (non-

strictly) increasing.

Smart Table Decomposition:

(X1 ≤ X2) ∧ (X2 ≤ X3) ∧ · · · ∧ (Xn−1 ≤ Xn) (4.40)

Analogous decompositions exist for StrictlyIncreasing; Decreasing; and

StrictlyDecreasing.

Encoding Procedure 4.7 (Element).
Definition: Element(X1, . . . , Xn, Y, Z) := For some i ∈ {1, . . . , n}, Y takes the value i

and the value of Xi is equal to the value of Z.

Smart Table Decomposition:

n∨
i=1

(Y = i ∧Xi = Z) (4.41)
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Encoding Procedure 4.8 (Array Max).
Definition: ArrayMax(X1, . . . , Xn, Y ) := The value taken by Y is equal to the maximum

among values taken by X1, . . . , Xn.

Smart Table Decomposition:

n∨
i=1

τi (4.42)

where τi is given by

(Y = Xi) ∧
∧

j∈{1,...,n}
j ̸=i

(Xj ≤ Xi) (4.43)

ArrayMin is analogous.

For these last two — Element and ArrayMax — we already discussed linearisations and
PB proof logging procedures in Chapter 3. Interestingly, the result of applying Encoding
Procedure 4.1 for Element to the smart table decomposition given here is extremely similar to
what we obtain directly using Encoding Procedure 3.4. Effectively, the only difference is that the
latter unifies the y=i variables with the tuple selector variables τi using the fact that the value of
Y uniquely identifies each tuple. Justification Procedure 3.11 and Justification Procedure 3.10
are then directly comparable to smart-table justifications: for an unsupported value we first prove
it is unsupported in each tuple, allowing the final justification to be RUP.

In contrast, the array-min/max decomposition actually yields a more compact encoding than
the one specified by Encoding Procedure 3.5, and avoids having to define explicit xi=j for each
possible value of Y . However, the smart table justification method would require more steps for
each propagation here, as the derivation methods such as Justification Procedure 3.7 only require
a single RUP step for each inference.

4.2 General Disjunctions of Conjunctions

We have shown by example how to augment the tree-based filtering in the Mairy et al. [144]
propagator with conditional RUP justifications in order to derive justifications for SmartTable
with our chosen entry constraint set. But what if we wanted to expand the set of allowable
entry types, for example, allowing constraints of the form X = Y + a, or even arbitrary linear
constraints such as 2X + 3Y ≥ Z? We know from Chapter 3 that these require more than a
single RUP step to derive their justifications.

Essentially the same procedure can be extended to deal with these more general types of
smart table, albeit requiring somewhat more care.
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4.2.1 Propagating Disjunctions of Conjunctions

Consider allowing an arbitrary set of constraint types for our entries. In the basic SmartTable,
the constraint graph of each tuple of entries is required to be acyclic. This property makes sense
for binary and unary constraints, and is what allows the efficient tree-based filtering method
to find all unsupported values. Constraints of arbitrary arity do not by default allow for the
same guarantees. However, the algorithm of Mairy et al. [144] is, as the authors acknowledge,
a special case of the method for propagating logical combinations of constraints by Bacchus
and Walsh [11]. This method does work with arbitrary constraints, albeit only guaranteeing
domain-consistency under certain conditions.

Specifically, if we assume we have:
a conjunction of constraints

∧
j Cj;

a procedure Inc for computing a set of inconsistent variable-value pairs for each Cj;
and a given domain state domt;

then a procedure for computing a set of inconsistent variable-value pairs can be written as follows
(c.f. [11, Table 1]).

1: proc GetUnsupportedByConjunction(
∧

j Cj, domt)
2: unsupported← ∅
3: domc ← domt

4: repeat
5: newUnsupported← ⋃

i Inc(Cj, domc)

6: domc ← domc \newUnsupported
7: unsupported← unsupported ∪ newUnsupported
8: until newUnsupported = ∅
9: return unsupported

It has been shown that this procedure achieves domain-consistency for a given conjunc-
tion if each Inc computes a complete set of inconsistent variable value pairs, and for any i, j,
| scp(Ci) ∩ scp(Cj)| ≤ 1 and the constraint-scope (hyper)-graph (X , E) of

∧
j Cj has an acyclic

tree decomposition [11, Theorem 3]. A graph has an acyclic tree decomposition if there exists a
tree T , such that:

there exists a bijection label : T → E between the vertices of the tree and the hyper-edges
(constraint scopes); and
for each X ∈ X , the set {t : X ∈ label(T )} forms a subtree of T .

So a generalised smart table can, at least in theory, be propagated by collecting inconsistent
variable-value pairs for each tuple, which should respect the above conditions, and then filtering
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those which are unsupported in every tuple.

1: proc GetUnsupportedByDisjunctionOfConjunctions(
∨

j(
∧

j Cij), domt)
2: return

⋂
j GetUnsupportedByConjunction(

∧
j Cij, domt)

This already allow us to say that we can efficiently justify any constraint that can be decom-
posed into a short conjunction of simpler constraints, providing we have an efficient certifying
propagator for each, and the conjunction respects the required restrictions on constraint scopes.
We simply run the Inc procedures iteratively until fix-point, writing propagation justifications as
we go, and we are guaranteed to have covered any domain-consistent inference.

We can then go further and say that any constraint that can be expressed concisely as
a disjunction of such decomposable constraints — in effect, having generalised smart table
representation — can also be efficiently justified. This relies on us generalising the EntryEnc
procedure for encodings, which can be slightly subtle, as we will see in the next subsection.

4.2.2 Justifying Disjunctions of Conjunctions

Let us view a smart table constraint as a disjunction of conjunctions of smart entry constraints
∨i(∧jCij). If we look again at the examples from the previous section, we can ask: what was
fundamentally required here for each Cij to get the justification methods to work? We needed to
write reified versions of each entry constraint for the encoding, as implemented by the EntryEnc
procedure. Then we needed to derive justifications for any individual entry constraint, additionally
reified on the selector variable. Less obviously, we needed complete propagation of entry and
selector flags or contradiction to result from any assignment setting all the bit variables arising
from BinEnc replacement of the original CP variables. This ensured the solution witnessing
property as discussed in Section 3.3.3.

Generalising this, we can say that for each entry type Cij we need to be able to produce a
special linearisation ReifLin(Cij, eij) using an auxiliary flag eij such that the properties E1 and
E2 below hold.

E1. ReifLin(Cij, eij) is a linearisation of eij ⇐⇒ Cij satisfying the properties L1 – L4 as
discussed in Section 3.2.

E2. Let X := scp(Cij). For any valid assignment ρ to X , let ϕ be the corresponding assignment
to the bit variables in BinEnc(X ). If ρ satisfies Cij then ReifLin(Cij, eij)↾ϕ propagates eij;
and if ρ does not satisfy Cij then ReifLin(Cij, eij)↾ϕ propagates eij .

The overall linearisation is then straightforward to express.
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Encoding Procedure 4.9 For a table T of tuples representing a disjunction of con-

junctions of constraints Cij for which a reified linearisation ReifLin(Cij, eij) satisfying

E1 is known we can produce a linearisation of the overall constraint described by T as

follows.

1: for σi ∈ T :

2: for Cij ∈ σi :

3: def ReifLin(Cij, eij)

4: def si ⇔
∑

Cij∈σi

eij ≥ |σi|

5: def s1 + s2 + · · ·+ s|T | ≥ 1

Property E1 ensures this is semantically correct, and a valid linearisation ∨i ∧j Cij for the
purposes of proof logging. Property E2 ensures that a complete assignment to the bit variables
sets all the eij variables by unit propagation, and hence sets all the si variables by unit propagation.
This maintains the requirement needed for partial solution witnessing with equality literals.

Then, for propagation, we are assuming we have a procedure Inc for each constraint type
as described in the previous section. For proof logging we need a corresponding procedure
JustifyConditionally that takes an entry constraint Cij , and a set of unsupported variable value
pairs, U with respect to a domain state domc, and ensures that the following property holds.

E3. Let L be any set of atomic literals such that domL ⊑ domc. Then, after executing
JustifyConditionally(Cij, U, domc), sufficient constraints should have been logged in the
proof so that propagation of si ∧ L either results in contradiction or in propagation of a set
of literals L′ such that L′ ⊑ domc \U .

Correctness Proof for Justification Procedure 4.1. The finalR is constructed so that propagation
of each R ∧ si propagates all the literals returned by each JustifyConditionally(. . . ). This
is because domR = domt, which is initially the same as domc. So we can see that, from
E3, each execution of JustifyConditionally ensures that a set of literals required for the next
JustifyConditionally also propagate. This in turn ensures that for each i, propagation ofR∧ si

propagates a set of literals L that excludes all unsupported values from the defined domain state,
i.e domL ⊑ dom∅ \unsupportedByTuple.

Then, since (X, v) must be unsupported in every tuple σi, it is guaranteed by Theorem 3.2 that
each constraint from line 26 will be RUP, as (X, v) /∈ domL. Likewise, if the disjunction of
conjunctions is infeasible, we must propagate a set of literals describing an empty domain, and
hence the constraints from line Line 21 are RUP by Theorem 3.2.

Once these are derived, in either case the final constraint is certainly RUP, since si will
propagate for every i, contradicting the constraint from the final line of Encoding Procedure 4.9.
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Justification Procedure 4.1 (General disjunctions of conjunctions).
Preconditions: A disjunction of conjunctions of linearisable constraints

∨
j(
∧

j Cij), en-

coded as in Encoding Procedure 4.9; X ← ∪i,j scp(Cij); and for each Cij there

exists a procedure JustifyConditionally such that property E3 is satisfied.

Procedure:

1: unsupported← ∅
2: R ← ∅
3: infeasible← true

4: for σi ∈ T

5: unsupportedByTuple← ∅
6: newUnsupported← ∅
7: domc ← domt

8: repeat
9: for Cij ∈ σi

10: newUnsupported← newUnsupported ∪ Inc(Cij, domc)

11: unsupportedByTuple← unsupportedByTuple ∪ newUnsupported
12: JustifyConditionally(Cij, domc, newUnsupported)
13: domc ← domc \newUnsupported
14: until newUnsupported = ∅
15: unsupported← unsupported ∩ unsupportedByTuple
16: if ∀X ∈ X , (X, ∅) /∈ domc

17: infeasible← false

18: R ← GenericR(X , domt)

19: if infeasible

20: for σi ∈ T

21: rup R∧ si ⇒ 0 ≥ 1

22: rup R ⇒ 0 ≥ 1

23: else
24: for (X, v) ∈ unsupported
25: for σi ∈ T

26: rup R∧ si ⇒ x=v ≥ 1

27: rup R ⇒ x=v ≥ 1
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Obviously this justification procedure depends heavily on the properties E1, E2, and E3 in
order to work. However, if the constraint is one for which we already know how to achieve
unconditional proof logging, we can argue it is straightforward to devise the ReifLin and Justify-
Conditionally procedures.

Devising Reified Linearisations

First, for ReifLin, the EntryEnc procedure already gives examples of how this can be achieved for
a number of simple constraints. We can see by inspection that properties E1 and E2 are upheld
here.

More generally, if we already know how to linearise an entry constraint Cij , and it happens
that Lin(Cij) does not contain any auxiliary variables, then we can simply implement ReifLin as
shown in Encoding Procedure 4.10.

Encoding Procedure 4.10 (Naïve conditional linearisation).

1: proc ReifLinBasic(Cij, eij)
2: if |Lin(Cij)| = 1

3: def eij ⇔ Lin(Cij)

4: else
5: for Ck ∈ Lin(Cij)

6: def eij ⇒ Ck

7: def eijk ⇒ ¬Ck

8: def eij ⇔
∑

k eijk ≥ 1

E1 is respected by this, since the constraints enforce every Ck ∈ Lin(Cij) when eij is true, and
at least one ¬Ck where Ck ∈ Lin(Cij) when eij is false. As a technicality, if we are reifying the
negation of an already-reified constraint in the intermediate ILP format here i.e. y ⇒ ¬(x⇒ C)

then we can avoid nesting by observing this is equivalent to the two constraints y ⇒ x and
y ⇒ ¬C.

If each Ck in the PB encoding resulting from this linearisation contains only bit variables or
atomic variables, then every eijk and eij will be uniquely determined by unit propagation for any
CP-variable assignment as required by E2. So this ReifLinBasic procedure already allows us to
handle, for example, comparisons with scaling/translation e.g. 3X− 1 ≥ 2 or linear (in)equalities
in the disjunction.

Unfortunately, the property E1 can be violated by ReifLinBasic when auxiliary variables are
involved, as shown by the following example.
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Example 4.4 A linearisation Lin(X ̸= Y ) of a not-equals constraint on X and Y is

given by

u⇒ X − Y ≥ 1 and u⇒ Y −X ≥ 1 (4.44)

for a fresh auxiliary variable u. However, the result of ReifLinBasic(X ̸= Y, e) based on

this would be

e⇒ (u⇒ X − Y ≥ 1); (4.45)

e⇒ (u⇒ Y −X ≥ 1); (4.46)

e1 ⇒ u ≥ 1 (4.47)

e1 ⇒ −X + Y ≥ 0 (4.48)

e2 ⇒ u ≥ 1 (4.49)

e2 ⇒ −Y +X ≥ 0 (4.50)

e⇔ e1 + e2 ≥ 2; (4.51)

And if we encode this to PB, then the corresponding PB assignment for a CP assignment

satisfying X ̸= Y may not propagate e. This can be seen if we take X = 4 and Y = 3, as

this reduces the formula to PB constraints equivalent to

e⇒ (u⇒ 0 ≥ 0); (4.52)

e⇒ (u⇒ 0 ≥ 1); (4.53)

e1 ⇒ u ≥ 1; (4.54)

e1 ⇒ 0 ≥ 1; (4.55)

e2 ⇒ u ≥ 1; (4.56)

e2 ⇒ 0 ≥ −1; (4.57)

e⇒ e1 + e2 ≥ 1. (4.58)

Although e1 propagates here, no further propagation occurs after this, since all remaining

constraints can be satisfied with assignments in which all literals appear both positively

and negatively.

We got around this problem for not-equals constraints in our original EntryEnc procedure, by
using separate flags for the X > Y and Y > X cases, and then only reifying the constraint saying
at least one of these must hold. For many of the linearisations we have presented in this thesis
we can achieve a similar workaround — reify only part of the constraint to get both the correct
semantics and required propagation properties. For example, for Table or even SmartTable
constraints themselves, ReifLin can be achieved by reifying just the final at-least-one constraint
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over the selector variables.

e⇔ s1 + · · ·+ sk ≥ 1. (4.59)

Since each si is guaranteed to be set by unit propagation on a complete assignment to the CP
variables, e would then be propagated as required.

Another possibility would be to abandon the E2 requirement entirely, and then use ReifLinBa-
sic for any constraint type. Recall that this was only needed for partial solution witnessing in
optimisation proofs, and to pave the way for future work on enumeration proofs as discussed at
the end of Section 3.3.3. This would then necessitate witnessing the correct values for all tuple
selectors along with the CP variables when writing a soli line, e.g. soli xeq2 yeq2 zeq1

~s1 s2.

Devising Conditional Justifications

If we have a reified encoding to use for a particular constraint Cij type based on a linearisation
for which we already know a proof logging procedure, then devising a corresponding JustifyCon-
ditionally procedure should also be straightforward. This is because we can rely on Theorem 2.1.
Assuming that we have ReifLin(Cij, eij)↾eij ⊇ Lin(Cij) (as is the case for ReifLinBasic above),
then we can use the fact that we know how to derive propagation justifications of the form
R ⇒ ℓ ≥ 1 to obtain a procedure for derivingR∧ eij ⇒ ℓ ≥ 1 as required. This is effectively
what we are doing in the worked example in Section 4.1.3. All the basic smart entry types have
linearisations for which we have RUP justifications, or require no justification at all. Then the
constructive proof of Theorem 2.1 (case 5) tells us that making these justifications conditional on
the tuple selector si is also a single RUP step.

Extending this to linear inequalities as smart entries would involve a single cutting planes
operation followed by a RUP or syntactic implication steps. And in general, we simply need
to insert syntactic implication steps where necessary into a known justification procedure to
implement JustifyConditionally.

4.2.3 Further Constraints Where This Applies

Even just extending smart tables to allow linear inequalities as entries already increases the suite
of global constraints that can be represented as a disjunction of conjunctions with an acyclic tree
decomposition, and hence can have propagation justified by the above methods. As an example
(following Mairy et al. [144]) we could justify the following.
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Encoding Procedure 4.11 (Two non-overlapping orthotopes:).
Definition: TwoOrthNoOverlap(X1, . . . , Xk, Y1, . . . , Yk, D1, . . . , Dk, H1, . . . , Hk) :=

The two k-dimensional boxes with origins (in Rm) at (X1, ..., Xk) and Y1, . . . , Yk)

and lengths given by (D1, . . . , Dk) and (H1, . . . , Hk) respectively do not overlap.

Smart Table Decomposition:

k∨
i=1

(Xi − Yi −Hi ≥ 0) ∨
k∨

i=1

(Yi −Xi −Di ≥ 0) (4.60)

We can also now justify certain constraints with decompositions involving auxiliary variables
and linear inequalities, such as the following.

Encoding Procedure 4.12 (At most k in values).
Definition: AtMostInValues(X1, . . . , Xn; k,V) := At most k of the variables in

X1, . . . , Xk take a value in V .

Smart Table Decomposition:

n∧
i=1

Ci ∈ {0, 1} ∧
n∧

i=1

Ci ⇔ Xi ∈ V ∧
∑
i

Ci ≤ k (4.61)

AtLeastInValues is similar.

4.3 Implementation and Experiments

As discussed in the introduction to this thesis, one objective of the overall research project was to
concretely implement the new justification procedures to show that they can indeed lead to a CP
solver producing valid proofs within a feasible timeframe. However, our aim here is not to devise
new constraint propagation algorithms or better implementations, nor to judge which propagation
methods should be used in practice. So we will not go into many details of the software design
and engineering choices here.

A prototypical implementation of the ideas in this chapter was achieved by adding a Smart-
Table propagator to the Glasgow Constraint Solver (GCS) project. This supports filtering of
conjunctions of disjunctions of smart entries (of the restricted kind discussed in Section 4.1.2) with
RUP justifications as exemplified in Section 4.1.3. The propagation algorithm was a straightfor-
ward implementation of the one described by Mairy et al. [144], and the justification procedures
were embedded directly into the solver, in keeping with the rest of the GCS framework.

The correctness proof for Justification Procedure 4.1 gives us assurance that this should
always produce correct certificates, but to validate the implementations and get rough indication
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Figure 4.2: Timing results for random SmartTable instances.
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Figure 4.3: Proof size results for random SmartTable instances.
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of overheads in practice we formulated some simple benchmarks and examples, to be run with
and without proof logging. We checked the results using the 3.0 version of the VeriPB proof
checker.

Since we are primarily interested in the overhead of proof logging for this specific propagator,
we formulated (seeded) randomised instances containing of only a single smart table constraint,
over increasing large domain sizes and number of variables. We generated random trees using
Prüfer sequences to ensure the required acyclic property of tuples, and chose randomised tuple
lengths up to number of variables. These might not be particularly interesting instances from
a solving perspective, but they give a reasonable indication of overhead since we guarantee all
non-search-related proof logging is entirely due to SmartTable.

One detail that is worth mentioning is a simple optimisation to proof writing that turns out to
have a significant impact on logging overhead in practice. Our procedure, based on Justification
Procedure 4.1, makes use of the generic reason for all intermediate reified RUP steps. In some
cases, particularly with large numbers of variables, and large domains with many holes, the length
of this reason can get quite long, and the ASCII text representation of a mathematical constraint
such as

GenericRt ⇒ y=3 ≥ 1 (4.62)

might look something like the following.

rup 1 ~i19_e17 1 ~i0_eminus1 1 ~i1_eminus1 1 ~i2_gminus1 1 ~i3_gminus1

1 i3_g21 1 ~i4_gminus1 1 i4_g21 1 ~i5_gminus1 1 i5_g21 1 i5_e10

1 ~i6_gminus1 1 i6_g21 1 i6_e18 1 ~i7_g0 1 i7_g21 1 ~i8_gminus1

1 i8_g21 1 ~i9_gminus1 1 i9_g21 1 ~i10_e1 1 ~i11_gminus1 1 i11_g21

1 ~i12_gminus1 1 i12_g20 1 ~i13_gminus1 1 i13_g21 1 ~i14_g0 1 i14_g21

1 ~i15_gminus1 1 i15_g3 1 ~i16_gminus1 1 i16_g21 1 ~i17_g0 1 i17_g21

1 ~i18_gminus1 1 i18_g21 i2_g3 >= 1 ;

If this is repeated many times — as can happen in the final loops of Justification Procedure 4.1
— the size of the proof and amount of data that needs to be written to disk can grow significantly.

From a correctness point of view, it makes no difference to the justification procedure if we
instead introduce a new auxiliary literal fully reifying a reason we want to use repeatedly.

ext ℓR ⇔
∑
ℓi∈R

ℓi ≥ |R|. (4.63)

Propagation of ℓR here propagates all the literals in R, and so satisfies the same propagation
properties that we are relying upon forR. So we can safely use the “short reason” ℓR in place of
the “long reason”R throughout each execution of the justification process.
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We therefore tested the random smart table instances, each without and without proof logging
(with the same random seed), and with and without the short-reasons optimisation. Figures 4.2
and 4.3 show the results of this via parallel jobs on a cluster of compute nodes with dual AMD
EPYC 7643 processors, 2 TBytes of RAM, and local solid state hard drives, running Ubuntu
25.10. 80 processes were run in parallel on each node, and each process (both solving and then
checking) was limited to two hours of total running time and 8GB of memory.

We can see that in either case proof logging incurs a significant but proportionate overhead,
with the solve time with proof logging remaining within a constant factor of the solve time without
proof logging as the difficulty of the problem grows. All the produced proofs were validated
by the VeriPB proof checker, except those which reached the time limit, which were partially
verified. As can be seen in Figure 4.2, checking the proof is significantly slower than solving
the original problem without proof logging, and exhibits at least linear scaling as the problem
difficulty increases. This might at first seem surprising, but it is in line with other empirical
results in different solving paradigms with the current version of the proof checker [123, 115].
Improvements to checking efficiency are out of scope for this work, but would likely be provided
by a binary proof representation and a backwards-checking/proof-trimming implementation.

We can also see that the short reasons optimisation provides a significant benefit for logging
overhead, at a cost of modest constant factor to checking time. For larger instances it decreases
the size of proof and checking time by about two orders of magnitude. This reinforces the general
intuition that having different constant factors for proof logging can make a very noticeable
in practice, even with justification procedures that are mathematically equivalent. We would
expect similar improvements to the logging overhead with further optimisations such as using
shorter variable names or a proof binary format; or improved engineering of the means of writing
formatted strings to disk.

4.4 Conclusions

This chapter has introduced proof logging for propagation of “smart” extensional representations
of constraints. We have illustrated a RUP-based justification method for SmartTable, and shown
why this works more generally for general disjunctions of conjunctions. This effectively hinged
on Theorem 2.1, which allowed us to say that if we know a justification procedure for a constraint
then we can construct conditional justifications that fit into a table-like justification framework.
With the property of Bacchus and Walsh [11] for ensuring domain consistency on disjunctions of
conjunctions, our methods significantly expand the set of constraints for which we can say, in
principle, pseudo-Boolean proof logging is applicable.

Our empirical results also suggest that the methods are workable in practice, although clearly
further engineering would be required for a production-ready solver proof-producing solver and
corresponding checker. Additionally, we can provide some anecdotal evidence of the value of



Chapter 4. Smart Extensional Constraints 124

proofs for debugging during propagator development. Simple mistakes, such as getting “>” and
“<” the wrong way round, or mixing up variable names, caused proofs to fail almost immediately
on small instances (such as the one from Example 4.2). These are likely bugs that would have
been hard to spot, since in some cases the solver was still arriving at correct solutions, but making
unsound inferences along the way.
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Chapter 5

Constraints Based On
States and Transitions

Continuing with our aim to show that large categories of general constraint reasoning can be
justified using pseudo-Boolean proofs, we now turn to propagators based on states and transitions.
These take inspiration from automata theory: a state is just collection of quantities describing
a system at a particular point in time, and a transition is a rule describing when moving from
one state to another is allowed. This is a natural next step after the smart extensional constraints
we dealt with in the previous chapter. Several constraints that are propagated using states and
transitions such as the regular language membership constraint Regular or the multivalued

decision diagram constraint MDD are in effect compressed extensional representations of all
allowed solutions. And similar to SmartTable they can be used to represent a large variety of
commonly used global constraint patterns.

Example 5.1 (Global contiguity constraint as an automaton).
A GlobalContiguity constraint enforces that a sequence of 0-1 variables must have all

the “1” values appearing contiguously.

The sequences of values allowed by this constraint form precisely the regular language

accepted by the following deterministic finite automaton.

1 0

0 01

q0 q1 q2

In this chapter we will primarily focus on the regular language membership constraint. We
will see that this constraint has a direct, intuitive PB representation, and if this representation is
used for proofs it is possible to efficiently justify all the inferences made by the original domain-
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consistency Regular propagator given by Pesant [163]. We will then observe that this very same
justification mechanism requires essentially no modification to work with more general decision
diagram constraints. This will lead to a brief discussion of how to adapt very similar justification
techniques for constraints that are not fundamentally represented by states and transitions, but
nevertheless use them as part of the propagation algorithm. This latter section is connected to
a project that the author was involved with but not the main contributor and so it will be more
expository, with Demirović et al. [59] referred to for more details.

Finally, as with SmartTable in the previous chapter, the ideas have been realised through an
implementation of a Regular constraint in the Glasgow Constraint Solver, which we will briefly
discuss.

5.1 Regular Language Membership

We can define the Regular constraint as follows. Let X be a sequence of finite-domain variables
X0, . . . , Xn−1 and let M = (Q,Σ, δ, q0, F ) denote a deterministic finite automaton (DFA), where

Q is a set of states;
q0 ∈ Q is the initial state and F ⊆ Q is the set of accepting states;
Σ is a set of symbols having the domain of every variable in X as a subset; and
δ : (Q× Σ)→ Q is the transition function.

A regular language membership constraint Regular(X ,M) requires that any sequence of values
taken by the variables of X must belong to the regular language recognised by M .

We can allow the transition function to be partial, and define any missing value/state pairs as
being an implicit rejection by the DFA.

5.1.1 Encoding Regular Language Membership Constraints

Given what we have seen in previous constraint linearisations — particularly the use of auxiliary
variables and reifications — a very natural encoding of the DFA underpinning the Regular
constraint is apparent.

We can use n× |Q| state flags, which are 0-1 variables si=q each representing whether the
state of the DFA after processing i values is q. So if we simplify notation and identify the states
by numbers 0, . . . ,m − 1, with 0 being the initial state, then we should enforce s0=0 ≥ 1 to
ensure the DFA begins in the initial state and

∑
r∈F sn=r ≥ 1 to ensure it ends in an accepting

state.
This allows us to encode the transition function directly by simply writing out the relation for

every variable-value pair as an inequality:

si=q ∧ xi=v ⇒ si+1=δ(q,v) ≥ 1. (5.1)
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If any value-state pairs for a position i are missing from the transition function we can also
disallow these in the natural way

si=q ∧ xi+1=v ⇒ 0 ≥ 1. (5.2)

Finally, we require that exactly one of the state flags is true for each position i in the sequence.
This results in the following linearisation.

Encoding Procedure 5.1 (Regular Language Membership). Let M = (Q,Σ, δ, q0, F )

denote a deterministic finite automaton (DFA). A linearisation / PB encoding of regular

language membership constraint Regular(X ,M), where X = ⟨X1, . . . , Xn⟩ is given by

the following procedure.

1: for i ∈ {0, . . . , n}
2: def

∑
q∈Q si=q = 1

3: allowedTransitions(δ)← {(q, v) ∈ Q× Σ : δ(q, v) is defined}
4: disallowedTransitions(δ)← (Q× Σ) \ allowedTransitions(δ)
5: for i ∈ {0, . . . , n− 1}
6: for (q, v) ∈ allowedTransitions(δ)
7: def si=q ∧ xi=v ⇒ si+1=δ(q,v) ≥ 1

8: for (q, v) ∈ disallowedTransitions(δ)
9: def si=q ∧ xi=v ⇒ 0 ≥ 1

10: def s0=0 ≥ 1

11: def
∑

f∈F sn=f ≥ 1

Auxiliary variables are simply all the si=q variables, for each i ∈ {0, . . . , n} and q ∈ Q.

Note that, aside from the at-most-one constraint as part of line 2, this encoding is almost
entirely clausal. Given the fact that encoding a Regular constraint as a set of clauses for a
SAT solver has already been explored extensively in several works [56, 142], we might wonder
whether we should be using one of these more optimised encodings for the PB model. It would
be tempting, for example, to adopt the encoding by Bacchus [10], for which (SAT-based) unit
propagation alone can be used to ensure domain consistency. This is similar to the above
encoding, employing Boolean variables equivalent to our xi=j and si=q PB variables, but it uses
an additional set of transition variables in order to correctly enforce the constraint. If we used the
equivalent of this in our linearisation, every inference made by any domain-consistent propagator
would require no justification at all, since Inv3 would already be satisfied by unit propagation on
the encoding.
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Encoding Procedure 5.2 (Regular Language Membership — Alternative). For a

regular constraint Regular(X ,M) as defined for Encoding Procedure 5.1, an alternative

encoding, following Bacchus [10] is as follows.

1: allowedTransitions(δ)← {(q, v) ∈ Q× Σ : δ(q, v) is defined}
2: for i ∈ {0, . . . , n− 1}
3: for q ∈ Q

4: for v ∈ Σ s.t. (q, v) ∈ allowedTransitions(δ)
5: def tiq⟨v⟩ ⇒ xi=v + si=q + si+1=δ(q,v) ≥ 3

6: if i > 0

7: inTransitions← {ti−1
p⟨v⟩ : (p, v) ∈ allowedTransitions and δ(p, v) = q}

8: def si=q ⇒
∑

ti−1
p⟨v⟩∈inTransitions t

i−1
p⟨v⟩ ≥ 1

9: outTransitions← {tiq⟨v⟩ : (q, v) ∈ allowedTransitions}
10: def si=q ⇒

∑
ti
p⟨v⟩∈outTransitions t

i
p⟨v⟩ ≥ 1

11: for v ∈ Σ

12: def xi=v ⇒
∑

q:(q,v)∈allowedTransitions t
i
q⟨v⟩ ≥ 1

13: def
∑

q∈Q\{0} s0=q ≥ |Q| − 1

14: def
∑

i∈Q\F sn=i ≥ |Q \ F |
Auxiliary variables are the si=q variables, for each i ∈ {1, . . . , n} and q ∈ Q, along with

further variables tiq⟨v⟩ for each q ∈ Q, v ∈ Σ, and i ∈ {0, . . . , n}.

But once again, the aim in this work is to choose a representation for proof logging not based
on propagation strength but based on how easily we can agree on the required correspondence
with the constraint’s definition — recall L4 from Section 3.2. We can argue that Encoding
Procedure 5.1 is both more compact and better fits this aim. Moreover, if we show that inferences
made by a Regular propagator can be justified without “cheating” and relying on a strong
encoding, we better demonstrate the capabilities of the PB proof system to explicitly capture this
kind of reasoning, which, as we will see later in the chapter, becomes useful for other constraint
propagators.

5.1.2 Justifying Regular Language Membership Propagation

Once again, our main goal is to derive, for some suitable reasonR

R ⇒ xi=v ≥ 1 (5.3)

whenever Xi = v is found to be an assignment that is not supported by the regular language
membership constraint. In particular, Xi = v is not supported when there is no sequence of
symbols belonging to the language recognised by M that has v as the ith symbol.
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Such justifications will not in general follow by reverse unit propagation, which is unsurprising
given the relative simplicity of the encoding. As we have now seen several times, we will have to
log additional facts during the execution of a propagation algorithm, and we will articulate this
using some justification procedures and subprocedures.

We will consider here the original domain-consistent Regular propagator by Pesant [163],
for a constraint over a sequence of n variables X = ⟨X1 . . . , Xn⟩ and associated with a DFA
M = (Q,Σ, δ, q0, F ). This works by maintaining a layered, directed multigraph that has n+ 1

layers, with the ith layer having |Q| nodes qi0, . . . q
i
|Q|−1. The edges in this graph are labelled with

values in Σ, and are required to respect several properties that are satisfied from the outset and
then maintained through propagation. These are:

1. Edges can only appear between nodes in consecutive layers.

2. An edge labelled with the value v can only be included between nodes qik and nodes qi+1
l if

there exists a transition between the states numbered k and l in the DFA that is valid for v,
and v is currently in the domain of Xi.

3. Furthermore, every edge included must appear in a path from the node q00 (representing the
initial state) to a node representing a final state in the last layer.

The graph is constructed at the start of the solving process, and then updated incrementally
during propagation to reflect changes in the variable domains and preserve the required properties.
Once this is achieved, an assignment Xi = v loses support with respect to the Regular constraint
exactly when there are no edges labelled with v between nodes in the ith and (i + 1)th layers.
Examples of what this looks like are shown later in Figures 5.2 and 5.6.

The strategy for proof logging is then as follows. Every time an edge (qik, q
i+1
l ) labelled with

the symbol v is removed by the propagation algorithm, we should aim to derive a PB constraint

R ⇒ si−1=k + xi=v ≥ 1, (5.4)

for some suitable reasonR. This can be interpreted as saying: “given this domain state, we can’t
both be in state k after we’ve processed the first i− 1 symbols, and have the ith symbol be v”. If
we do this, then when an assignment Xi = v loses support, we will have logged in the proof a
constraint in the form of (5.4) for all si=k where δ(q, v) is an allowed transition. This ensures the
desired justification (5.3) will be RUP.

We can formalise the above requirement as precondition for a justification procedure consist-
ing of a single RUP step. A pair (qik, q

i+1
l ) of state nodes in the Regular propagator’s multigraph

will be called “explicitly removed edge” if
there exists a transition in M between states k and l labelled with w; and
w ∈ domt(Xi); but
(qik, q

i+1
l ) is nevertheless no longer an edge in the multigraph.



Chapter 5. Constraints Based On States and Transitions 130

All justification (sub)procedures in this section will have as implicit preconditions that we
have a domain state domt; that Regular(X ,M) is a regular language membership constraint on
a sequence of variables X = ⟨X0, . . . , Xn−1⟩ encoded as in Encoding Procedure 5.1; and that we
can access the current state of the multigraph representation valid for domt, as outlined above.

Justification Procedure 5.1 (Regular language membership propagation).
Preconditions: (Xi, v) is a variable-value pair that has no support with respect to the

constraint and domt (and thus will be removed by the Regular propagator); E is

the set of explicitly removed edges at time t; and for all e := (qik, q
i+1
l ) ∈ E we

have already derived an “edge deletion justification”Re ⇒ si=k + xi=v ≥ 1.

Procedure:

1: L ← ∪e∈ERe

2: R ← GenericR(X , domL)

3: rup R ⇒ xi=v ≥ 1

Correctness Proof. The negation of the RUP constraint propagates all the literals inR∪ {xi=v}.
Since Xi = v has no support, there are no edges beginning in layer i labelled with v. We now
argue that for every k ∈ Q, si=k must be propagated underR∧xi=v, contradicting the at-least-one
constraint from line 2 of Encoding Procedure 5.1.

First if δ(k, v) is not an allowed transition, si=k is directly propagated by a constraint from
line 9 in Encoding Procedure 5.1. Otherwise, δ(k, v) = l for some state l ∈ Q, and so (qik, q

i+1
l )

must be an explicitly removed edge, and hence by assumptionRe ⇒ xi=v + si=k ≥ 1 has already
been derived in the proof. Since by construction domR ⊑ domRe , Theorem 3.3 tells us that every
literal in Re propagates, meaning si=k is certainly propagated.

Justification Procedure 5.2 (Regular language membership infeasibility).
Preconditions: domt is a domain state that is infeasible with respect to the given Regular

constraint; E is the set of explicitly removed edges at time t; and for all e :=

(qik, q
i+1
l ) ∈ E we have already derived an “edge deletion justification” Re ⇒

si=k + xi=v ≥ 1.

Procedure:

1: L ← ∪e∈ERe

2: R ← GenericR(X , domL)

3: rup R ⇒ 0 ≥ 1

Correctness Proof. The negation of the RUP constraint propagates all the literals in R. Since
the regular constraint is infeasible, there can be no edges left in the multigraph, while respecting
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the required properties and in particular, no edges left in the layer 0. Since s0=0 propagates by
definition, this means x0=v must propagate due to the edge deletion justifications for every v ∈
dom0(X0), and hence we certainly reach a domain-wipeout contradiction as per Theorem 3.2.

The problem of constructing justifications for Regular is therefore reduced to that of deriving
the constraints in the form of (5.4). It turns out that if we use the generic reason GenericRt for the
variables in scope of the Regular constraint, these will either follow immediately by RUP, or else
will only require a small amount of additional justification, depending on how the corresponding
edge elimination is inferred by the propagator.

Edges are removed by the Regular propagator in one of four ways. Firstly, when an assign-
ment Xi = v has already been removed from a domain state, either because another value has
been guessed or because it has been eliminated by a propagator for another constraint, all the
edges extending from the ith layer labelled with value v are also removed. These removals are not
“explicit” as required for Justification Procedure 5.1 and so nothing additional needs to be logged.

Secondly, when a particular node loses all of its outgoing edges, none of its incoming edges
can be part of a valid path and so should be removed. These removals occur recursively in a
backward pass, c.f. Algorithm 3 from Pesant [163]. So if a removed incoming edge was the
last outgoing edge of a node in a previous layer, then the incoming edges of that previous node
are also removed, and so on. In this case, the constraints in the form of (5.4) follow by RUP,
providing any previous explicit edge removals have also been justified. We can articulate this as a
justification subprocedure with appropriate preconditions.

Justification Subprocedure 5.3 (Remove incoming edges for Regular).
Preconditions: In the multigraph associated with Regular all the outgoing edges for

a node qil (where 1 ≤ i ≤ n − 1) have been removed; (qi−1
k , qil) is an edge

labelled with the value v, which therefore becomes explicitly removed; and for every

previous explicitly removed outgoing edge we have already logged an edge removal

justification

GenericRt′(X )⇒ si=l + xi=w ≥ 1 (5.5)

where t′ is the time the removal occurred.

Procedure:

1: R ← GenericRt(X )
2: rup R ⇒ xi−1=v + si−1=k ≥ 1

Correctness Proof. The negation of the RUP constraint propagates all the literals in

GenericRt(X ) ∪ {si−1=k} ∪ {xi−1=v}. (5.6)
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Then, since (qi−1
k , qil) has become an explicitly removed edge, a constraint si−1=k ∧xi−1=v ⇒

si=l ≥ 1 must be defined by line 5 of Encoding Procedure 5.1 and will propagate si=l ≥ 1.
Now since all outgoing edges from the node qil have been excluded, for every value w ∈

domt(Xi) either the constraint sl=i+xi=w ≥ 1 is present (from line 9 in Encoding Procedure 5.1),
and so xi=w propagates, or else we have loggedR′ ⇒ xi=w+ si=l ≥ 1 withR′ = GenericRt′(X ),
at an earlier point t′ in the current search subtree, by assumption. In the latter case, it must be the
case that domR ⊑ domR′ since both reasons fully describe the respective domain states on the
same search path, and constraint propagation is monotonic. Hence, all the literals in GenericRt′

must propagate and so xi=w propagates in this case too.
So in the end we exclude every value from the domain of Xi with literals, leading to contra-

diction as per Theorem 3.2.

Thirdly, in the other direction, when a particular node loses all of its incoming edges, similarly
none of its outgoing edges can be part of a valid path and so should be removed. These removals
also occur recursively, this time in a forward pass, c.f. Algorithm 4 from Pesant [163]. In contrast
to the previous two cases, this removal requires more justification as the desired constraint will
not always follow by RUP, as is the case for (5.16) in the worked example below. The additional
steps required are given as part of the following justification procedure.

Justification Subprocedure 5.4 (Remove outgoing edges for regular).
Preconditions: In the multigraph associated with Regular all the incoming edges for a

node qik (where 1 ≤ i ≤ n− 1) have been removed, and hence any outgoing edges

(qik, q
i+1
l ) will be explicitly removed; and for every explicitly removed incoming edge,

we have already logged an edge removal justification of the form

GenericRt′(X )⇒ xi−1=w + si−1=h ≥ 1; (5.7)

where t′ is the time the removal occurred.

Procedure:

1: R ← GenericRt(X )
2: for h ∈ Q

3: rup R ⇒ si−1=h + si=k ≥ 1

4: rup R ⇒ xi=v + si=k ≥ 1

Correctness Proof. We first show that each intermediate step from line 3 will be RUP. First, the
negation propagates all the literals in {GenericRt(X ) ∪ si−1=h ∪ si=k}. Then, for each value
w ∈ domt(Xi−1), either it is already excluded by GenericRt; or δ(h,w) is a disallowed transition
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and so there is a constraint in the form

xi−1=w + si−1=h ≥ 1 (5.8)

propagating xi−1=w from line 9 of Encoding Procedure 5.1; or else this is an explicitly removed
edge, and so

GenericRt′ ⇒ xi−1=w + si−1=h ≥ 1 (5.9)

must have been previously derived, by assumption. In the last case, similar to the proof of
Justification Subprocedure 5.3, GenericRt(X ) must propagate all the literals in GenericRt′(X ),
and hence xi−1=w propagates. So all values of Xi−1 are excluded by propagation, and we reach a
contradiction again by Theorem 3.2.

Once these constraints are derived on line 3, it is immediate that the final constraint is RUP, as
si−1=h must be propagated for every h ∈ Q, contradicting line 2 of Encoding Procedure 5.1.

Finally, at the top of search we should remove edges outgoing from the first layer when they
do not start in the designated initial node q00 and incoming to the final layer when they do not end
in a designated final state note {qfn : f ∈ F}. These are trivial to justify by RUP.

Justification Procedure 5.5 (Remove edges from the first or last layer for Regular).
Preconditions: (qli, q

k
i+1) is an edge labelled with the value v to be explicitly removed

where either: i = 0 and l ̸= 0; or i = n− 1 and k /∈ F

Procedure: rup si=l + xi=v ≥ 1

Correctness Proof. In the first case, where i = 0, the negation of the RUP constraint immediately
reaches contradiction, since si=l propagates due to Lines 2 and 13 of Encoding Procedure 5.1.

Otherwise, if i = n− 1, since (qli, q
k
i+1) is to be explicitly removed, we must have si=l ∧

xi=v ⇒ si+1,k ≥ 1 defined from line 5 of Encoding Procedure 5.1, and hence the negation of the
RUP constraint will cause this to propagate si+1=k, which will in turn propagate si+1=f for every
f ∈ F , due to line line 2, and hence contradict the constraint on line 14

With these three procedures, we can be confident we can justify any domain-consistent
inference made by a Regular propagator, providing we maintain the required intermediate steps
and keep track of the state of the multigraph. Then because edge removal occurs recursively on
each layer of the graph, either in a forwards or backwards pass, we can always ensure that all
edge removals from a previous layer are justified before justifying removals in the current layer.

The number of steps logged is within a linear factor of the amount of work performed by the
Regular propagator. Each backward pass removal requires just one RUP step, and each forward
pass removal requires O(|Q|) steps.
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Figure 5.1: A DFA M recognising the regular expression 00*11*00*|2*. Double circles indicate
accepting states.

5.1.3 A Worked Example for Regular Propagation

Once again, to demonstrate how the proof logging procedure works more concretely, we will
now show a worked example, including the initial building of the graph and a round of domain-
consistent propagation. We will adapt the simple Example 1 from Pesant [163]. This has a regular
language membership constraint on five variables X0, . . . , X4 each with domain {0, 1, 2}, and
uses the DFA M as shown in Figure 5.1.

For a PB model of this, we will as usual omit the constraints encoding the domains and atomic
literals and focus on the constraints present due to Encoding Procedure 5.1. We can see that we
have five states numbered 0 . . . 4, and five variables in the sequence, so we would first define:

s0=0 + · · ·+ s0=4 ≥ 1; . . . s4=0 + · · ·+ s4=4 ≥ 1; (5.10)

−s0=0 − · · · − s0=4 ≥ −1; . . . −s4=0 − · · · − s4=4 ≥ −1; (5.11)

saying that we have to have exactly one of the state-position flags set for each position. Next for
each position i ∈ {0, . . . , 4} we would define eight PB constraints corresponding to the eight
valid transitions:

si=0 + xi=0 + si+1=1 ≥ 1; si=0 + xi=2 + si+1=4 ≥ 1; si=1 + xi=0 + si+1=1 ≥ 1;

si=1 + xi=1 + si+1=2 ≥ 1; si=2 + xi=0 + si+1=3 ≥ 1; si=2 + xi=1 + si+1=2 ≥ 1;

si=3 + xi=0 + si+1=3 ≥ 1; si=4 + xi=2 + si+1=4 ≥ 1;

(5.12)

along with constraints of the form

si=q + xi=v ≥ 1; (5.13)

for the remaining seventeen invalid transitions. Finally, we would have constraints saying that we
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Figure 5.2: The first traversal in the forward pass for building the layered multigraph used in
propagation of Regular(X1, . . . , X5,M).

have to start in an initial state and end in a final state:

s0=0 ≥ 1; s5=3 + s5=4 ≥ 1. (5.14)

Propagation depends on us having first built a valid graph, with nodes as shown in Figure 5.2.
As mentioned, this occurs in two passes, with the forward pass collecting nodes that can be
reached from the initial state. This corresponds to removing outgoing edges only reachable from
nodes other than the initial state. So to begin with, we traverse the two edges incident to node q00 ,
reaching nodes q11 and q14 and thereby eliminating all other edges. These are the two edges shown
in Figure 5.2.

Since we are eliminating outgoing edges from the first layer, we can apply Justification
Procedure 5.5. This tells us that we can log justifications for each of the six eliminated edges:

s0=1 + x̄0=0 ≥ 1; s0=1 + x̄0=1 ≥ 1; s0=2 + x̄0=0 ≥ 1;

s0=2 + x̄0=1 ≥ 1; s0=3 + x̄0=0 ≥ 1; s0=4 + x̄0=2 ≥ 1;
(5.15)

and these will all follow by RUP. Continuing, we recursively collect edges reachable from the
initial node, consequently eliminating all outgoing edges for any node that is not reached. The
result of this is shown in Figure 5.3.

At each layer, we ensure edge-removal justifications are logged as we explicitly remove
outgoing edges. For example, we do not collect (q23, q

3
3) at layer 2, since q23 is not reached as part

of the forward pass. So we would like to log the edge removal justification

s2=3 + x̄2=0 ≥ 1; (5.16)

but this does not follow by RUP. Despite us having logged constraints in the form of (5.4) for
each eliminated incoming edge to q32 , none of these constraints contain either s2=3 or x2=0, as
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Figure 5.3: The same multigraph after the forward pass is complete.
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Figure 5.4: The same multigraph after the backwards pass is complete.

they concern the previous layer, and so no further propagation takes place from the negation
of (5.16). Hence, the extra steps of Justification Subprocedure 5.4 are indeed necessary, and as
shown we can first log

s1=0 + s2=3 ≥ 1; s1=1 + s2=3 ≥ 1; s1=2 + s2=3 ≥ 1; s1=3 + s2=3 ≥ 1; s1=4 + s2=3 ≥ 1;

(5.17)
which all do follow by RUP, and then our constraint (5.16) can be logged.

After this process is complete, the backwards pass takes place, first eliminating incoming
edges from any nodes in the last layer corresponding to non-final states, and then recursively
eliminating all incoming edges from any node that lost all of its outgoing edges. The complete,
correctly initialised state of the graph after this backwards pass is shown in Figure 5.4.

Following Justification Procedure 5.5 and then Justification Subprocedure 5.3 for eliminating
incoming edges, we simply need to log one constraint as per line 2 for each removal, and these
will follow by RUP.

At this point, some basic inferences about variable value pairs can already be made, such
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Figure 5.5: After inferring that X3 ̸= 1, the multigraph is in an invalid state.

as X0 ̸= 1 and X4 ̸= 1. Since we have justified all explicitly removed edges as required, a
propagation justification for these inferences will follow by RUP, as per Justification Procedure 5.1.
This concludes the graph initialisation for the Regular propagator, and from this point onwards
the structure can be updated incrementally and restored upon backtrack, as described in detail
by Pesant [163]. We will now demonstrate one such incremental update, corresponding to an
execution of domain-consistent propagation for Regular. Suppose at point t through the course
of solving, the value 1 is removed from the domain of X3. This means the edges (q31, q

4
2) and

(q32, q
4
2) are immediately implicitly removed from the graph, and the situation is as shown in

Figure 5.5, with the two highlighted nodes having lost all of their outgoing and incoming edges
respectively.

The recursive incremental update is then executed for each of these, further removing the
edge (q21, q

3
1) in a backwards pass, and so by Justification Subprocedure 5.3 we can log the RUP

constraint
GenericRt(X )⇒ s3=1 + x̄2=0. (5.18)

The edge (q42, q
5
3) is also removed, but because this is removed in a forward pass, we apply

Justification Subprocedure 5.4 and log

GenericRt(X )⇒ s3=0 + s4=2 ≥ 1; (5.19)

GenericRt(X )⇒ s3=1 + s4=2 ≥ 1; (5.20)
... (5.21)

GenericRt(X )⇒ s3=4 + s4=2 ≥ 1; (5.22)

before logging the required

GenericRt(X )⇒ s4=2 + x2=0 ≥ 1. (5.23)
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Figure 5.6: The same multigraph after its consistency properties have been re-established.

No further nodes lose their last incoming or outgoing edge as a result of this, and so the required
properties (and hence domain consistency) have been re-established on the graph. The final
consistent state is shown in Figure 5.6.

5.2 Decision Diagram-Based Constraints

We have seen how the use of this layered directed multigraph representing states and transitions
allows for efficient propagation of the Regular constraint, and also efficient proof logging. Similar
to smart table, Regular can be used to represent a number of recognised global constraints,
including:

Stretch; [163]
Pattern; [163]
GlobalContiguity; [20]
ValuePrecedeChain; [20]
Slide; [27]
Some restricted cases of the Geost constraint for placement problems [27].

This means that we can already conclude that PB proof logging will be applicable to these too,
albeit with the caveat that we need to trust the finite automaton representations of the constraints.

But it turns out that the justification procedures presented for Regular are also a useful
stepping stone for dealing with other kinds of constraint reasoning based on states and transitions.
We will explore this in the following subsections.

5.2.1 MDD Global Constraints

One easy generalisation of these methods allows us to deal with certain kinds of multivalued

decision diagram (MDD) constraints [41, 74], which essentially use the graph representation to
specify the constraint directly.
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We can define a global MDD constraint using a labelled directed acyclic graph G = (N,E)

where, as with Regular, the nodes represent states and edges are labelled to represent al-

lowed transitions associated with variable assignments. Concretely, for a set of variables
X = {X1, . . . , Xn}, every node qk ∈ N is labelled with a variable index 1 ≤ i ≤ n, except for
a distinguished terminating node (which we will assume is q|N |); and every edge (qk, ql) ∈ E

is labelled with a value d in the domain of the variable associated with q. To keep notation
relatively consistent with our Regular definitions we can write qik for the node uniquely identified
by 1 ≤ k ≤ |N | − 1 and associated with the variable Xi; and qTk for the terminating node.

The MDD(X ;G) constraint then enforces that the sequence of values taken by the variables
in X is recognised by the multivalued decision diagram specified by G. That is, an assignment is
permitted if:

there exists a path in G starting at a node q0k, and ending at qT|N |;
every edge in the path is of the form (qik, q

i+1
l ); and

each edge (qik, q
i+1
l ) has label v if and only if Xi = v.

We can assume that there is only one node q00 in the first layer, since multiple layer 0 nodes can
always be merged without changing the set of recognised sequences. Similarly, there is only one
node in the special T layer (effectively layer n).

Domain-consistent propagation of a global MDD constraint of this form can be achieved with
a similar recursive algorithm to the one used for Regular. This is because the layered, directed
multigraph used in the Pesant propagator is effectively a multivalued-decision diagram, except
with multiple start and end states, and no “long edges” that skip layers. The MDD definition
above also does not permit long edges, since all variables’ values must be accounted for in order
in the recognised sequence. The procedure given by Cheng and Yap [41] recursively collects
only the edges that are part of a path from the start node q00 to the terminal nodes qT|N |, and then,
as with Regular, identifies and removes variable-value pairs that are left with supporting edges.

It is easy to see that this propagation procedure ends up being equivalent from a proof logging
perspective. Encoding Procedure 5.1 is easily adapted to represent an MDD constraint, simply
by viewing the si=k variables as corresponding precisely to the MDD nodes qik, and requiring
there is only one start and one end state. Since the invariant and support mechanism is exactly
the same — edges should be excluded when they are no longer part of a valid path; and the
explicit removals occur recursively in layer order — the same justification procedure relying on
Justification Procedure 5.1 and Justification Subprocedure 5.3 can be applied. Note there are no
particular assumptions about the data structures or incrementality features of a propagator in the
soundness argument for these RUP-based derivations. Thus, a more incremental approach, such
as the one proposed by Gange et al. [74], could also be extended with proof logging in this way.
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5.2.2 Building Decision Diagrams during Propagation

Of course, having a global MDD constraint with a dedicated propagator is by no means the
only way to incorporate decision diagram methods into a CP solver. The discipline of decision
diagram-based constraint programming is an active and growing area of research [25], including
techniques such as replacing the domain state itself with a decision diagram-based system [8], or
propagating some subset of constraints using a decision diagram [46]. While the fact that we can
formulate a proof logging procedure for Regular, and by extension MDD, gives a reasonable basis
for expecting such methods to be amenable to pseudo-Boolean proof logging, a full treatment is
outwith the scope of this thesis.

However, we can briefly demonstrate how the basic ideas for proof logging Regular and
MDD propagators can be further adapted for individual constraints which are not necessarily
represented using a decision diagram at the modelling level, but do employ decision-diagram
techniques to maintain consistency. The representative example here is the Knapsack constraint,
which encapsulates the classic knapsack packing problem as a CP global. There are many
variations and views of this problem, but the basic idea is to choose a set of “items” from a fixed
set, conceptually to put in a “knapsack”, where restrictions on the sums of certain attributes of
chosen items must be respected. Many CP toolkits represent items by two attributes, “weight”
and “profit”; define variables W and P as the sums of these attributes for selected items; and
enforce the constraint through 0-1 variables that indicate whether each item is selected. We
will view the Knapsack global constraint primarily in this way, although there are no particular
barriers either for propagation or proof logging to having more or fewer attributes.

For a sequence of 0-1 variables X := X1, . . . , Xn and finite domain variables W and P ,
consider a fixed sequence of weight constants w := w1, . . . , wn and profit constants p :=

p1, . . . , pn. The constraint Knapsack(X ,W, P ;w,p) requires that

n∑
i=1

wi ·Xi = W and
n∑

i=1

pi ·Xi = P. (5.24)

Obviously this is already a set of linear constraints, and so regardless of how the constraint is
propagated, from a proof logging point of view it would make little sense not to encode it in the
natural way:
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Encoding Procedure 5.3 A Knapsack constraint as defined above can be encoded

with the following four PB constraints.

n∑
i=1

wi · BinEnc(Xi)− BinEnc(W )≥0;
n∑

i=1

−wi · BinEnc(Xi) + BinEnc(W )≥0;

(5.25)
n∑

i=1

pi · BinEnc(Xi)− BinEnc(P ) ≥0;
n∑

i=1

−pi · BinEnc(Xi) + BinEnc(P ) ≥0.

(5.26)

Note that here since for every i, dom(Xi) = {0, 1}, BinEnc(Xi) is just a single PB variable
xib0, which for simplicity we can write as xi. This definition can be straightforwardly extended to
an arbitrary number of attributes with fixed values for each item, and to non-0-1 variables, which
corresponds to potentially taking multiple copies of each item.

Domain consistency for Knapsack defined as above can be achieved by a method first
introduced by Trick [187]. This originally dealt with only 0-1 variables and a single “weight”
attribute, but it can be naturally extended to the more general cases. The idea is to take a “dynamic
programming approach” to constraint propagation, and define a partial feasibility evaluation
function that should be set to 1 if there is a way to set the first i variables to obtain given partial
weight, profit, or other-attribute sums equal to b, and 0 otherwise. This function has a recursive
formulation. When all variables are 0-1 and the only attribute is weight, it is as follows.

f(0, 0) = 1; (5.27)

f(i, b) = max{f(i− 1, b), f(i− 1, b− wi)}. (5.28)

The two components of the max here correspond to Xi = 0 (not taking the ith item) and Xi = 1

(taking the ith item) respectively.
But although this recurrence naturally suggests a classic dynamic programming problem,

Trick’s exposition of the resulting CP propagator strongly resembles a decision diagram algorithm,
with dynamic programming states corresponding to nodes in a layered directed acyclic graph.
Indeed, as has been previously observed [120], decision diagram and dynamic programming
methods are very closely related. In this case, the dynamic programming evaluation of the
feasibility function coincides with the building of a decision diagram representation of the
Knapsack constraint during propagation.

Essentially, the propagator considers each set of arguments to the feasibility function to be
a diagram node. So for the above formulation each node would be identified by (i, b), but in
general for k attributes we would use (i, b1, . . . , bk). The recurrence itself can then be seen as a
rule for transitioning between nodes, and hence there should be an edge in the diagram if both
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nodes are feasible and the evaluation of one is directly dependent on the other. The edges are
labelled with their corresponding domain values depending on which recursive case the value
enables. So in the basic case there would be an edge between (i, b) and (i− 1, b′) if and only if
f(i, b) = f(i− 1, b′) = 1, and this would be labelled with 0 if b′ = b and 1 if b′ = b− wi.

Once such a graph is built, it noticeably satisfies the same arrangement as the graph used
for the global MDD constraint: the graph has layers corresponding to the i values, and there are
only edges between nodes in consecutive layers. Furthermore, it can be shown [187] that there
is a one-to-one correspondence between solutions to the Knapsack constraint and paths from
the node in layer 0 to a node in layer n with attribute sums compatible with the domains of the
corresponding CP variables (W,P, . . . ) for those attributes.

Domain consistency for Knapsack can thus be obtained in much the same way as for MDD
and Regular. We first collect reachable nodes and edges from the starting state in a forward
pass. This tells us exactly which values are feasible for the attribute sum variables, and we can
immediately prune any unsupported values, as well as drop any states corresponding to values
not in the variables’ domains. We then perform a backwards pass collecting which nodes can
reach the feasible final states, which finally allows us to prune any domain values from the Xi

variables when there are no edges left in the graph labelled with that value.
Based on what we have already seen in this chapter, the procedure seems familiar enough that

we should be very hopeful a similar proof logging method based on edge-removal justifications
would be applicable. This turns out to be broadly the case, however, a distinct challenge is that we
do not have any of the PB constraints encoding the decision diagram structure directly available
in the model. Instead, we have only the basic inequalities from Encoding Procedure 5.3.

Fortunately, we can turn to the extension rule (redundance-based strengthening as per The-
orem 2.4) to introduce state variables with the requisite definitions dynamically within the
proof. We can then derive the PB apparatus we need for a proof structure similar to Justification
Subprocedure 5.4 and Justification Subprocedure 5.3 directly from these definitions.

For the two-attribute weight/profit case and 0-1Xi, a state variable (i, w, p) can be defined by
first introducing partial state variables

ext sweighti≥w ⇔
i∑

j=1

wjxj ≥w; ext sweighti≤w ⇔
i∑

j=1

wjxj ≤w; (5.29)

ext sprofiti≥p ⇔
i∑

j=1

pjxj ≥ p; ext sprofiti≤p ⇔
i∑

j=1

pjxj ≤ p; (5.30)

and then defining

ext si=w,p ⇔ sweighti≥w + sweighti≤w + sprofiti≥p + sprofiti≤p ≥ 4. (5.31)

Recall that a fundamental part of the diagram-like encoding for Regular was the transitions
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between state variables (see Encoding Procedure 5.1, Line 5). Once we have the above state
definitions, we can derive similar PB constraints for Knapsack, using cutting planes and RUP.
These are collected on a forwards pass and the following example demonstrates the general idea.

Example 5.2 (Constructing a transition relation constraint for Knapsack).
For a Knapsack(X ,W, P ;w,p) constraint encoded as in Encoding Procedure 5.3, con-

sider an edge that corresponds to being in a state (i− 1, w, p) and not taking an item i

(so labelled with Xi = 0).

Suppose we have introduced partial state definitions as above for si−1,w,p and si,w,p.

Then if we add together the constraints

sweighti≥w ⇒−
i∑

j=1

wjxj ≥ −w + 1; (5.32)

sweighti−1≥w ⇒
i−1∑
j=1

wjxj ≥ w; (5.33)

we obtain

sweighti−1≥w ∧ sweighti≥w ⇒ −wixi ≥ 1 (5.34)

which allows us to derive by RUP (or syntactic implication)

sweighti−1≥q ∧ xi ⇒ sweighti≥w ≥ 1. (5.35)

We can similarly obtain each of

sweighti−1≤w ∧ xi ⇒sweighti≤w ≥ 1; (5.36)

sweighti−1≥w ∧ xi ⇒ sprofiti≥w ≥ 1; (5.37)

sprofiti−1≤w ∧ xi ⇒ sprofiti≤w ≥ 1; (5.38)

with a small constant number of proof steps using the corresponding definition constraints.

Following this we can derive a transition/edge constraint

si−1=w,p ∧ xi ⇒ si,w,p ≥ 1 by RUP. (5.39)

For edges collected on the forward pass corresponding to taking an item (Xi = 1), we can
similarly derive

si−1=w,p ∧ xi ⇒ si=w+wi,p+pi ≥ 1. (5.40)

Or, if instead taking a particular item is infeasible (because we would already violate one of the
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bounds of the variables in the overall Knapsack constraint), we can derive

R ⇒ si−1=w,p ∧ xi ⇒ 0 ≥ 1. (5.41)

This is analogous to the disallowed transition constraints in the Regular encoding (Encoding
Procedure 5.1, line 8).

The next important step is to derive at-least-one constraints analogous to those on line 3 of
Encoding Procedure 5.1 for Regular, which are required for RUP justifications to work. Note
that initially, the s0=0,0 is introduced by redundance as being trivially true, since the reverse
reification is s0=0,0 ⇒ 0 ≥ 1, which is the same as s0=0,0 ≥ 1, giving us a base case. When
propagating Knapsack we can derive at-least-one constraints on subsequent layers by first
deriving a constraint in the form

R∧ si−1=w,p ⇒
∑
(w′,p′)

si=w′,p′ ≥ 1; (5.42)

for all the possible successor states (i, w′, p′) depending on whether taking the ith item is feasible
for each state given the current domains of variables. Resolving (Theorem 2.2) all of these with
the at-least-one constraint on the previous layer gives

R ⇒
∑
(w′,p′)

si=w′,p′ ≥ 1. (5.43)

A suitable reasonRwould be GenericRt(X ∪{W,P}) i.e. the generic reason over all the variables
involved in the Knapsack constraint.

Once all of these transition and at-least-one constraints are derived as part of the forward
pass, explicit edge removal justifications for the backwards pass (on elimination of states that
cannot reach a feasible end state) will be RUP by the same argument as in Justification Subproce-
dure 5.3. This finally allows any unsupported propagations to be justified using a RUP propagation
justification using the sameR, by the same argument as in Justification Procedure 5.1.

5.3 Implementation and Experiments

In the same vein as the previous chapter, we can demonstrate the practical workability of
our pseudo-Boolean justification procedures by implementing and benchmarking new global
constraints within the Glasgow Constraint Solver. Both Knapsack and Regular constraints have
been implemented, but only the latter was the work of the author of this thesis so we will focus
on it here.

The propagation algorithm is a straightforward implementation of the one described by Pesant
[163]. We used a stateful propagator that restores a persistent representation of the underlying
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multigraph/decision-diagram on backtracking, and uses this to guide proof production. This
makes it easy to ensure that the preconditions for the justification subprocedures are always
satisfied. Another option would have been to reconstruct the full multigraph on each propagator
execution, which avoids storing state at the cost of recomputation. As before, we don’t attempt
to address the question of which implementation methods are most beneficial, and deliberately
ignore other options such as decomposing Regular to clauses, or implementing it as part of a
more general MDD propagator.

To validate the approach and roughly measure overhead in practice we generated randomised
DFA transition tables on increasing sequences of variables of length 3 up to 150, choosing
a random number of states and then populating a random transition table. Once again, single
constraint instances such as these are not expected to tell us much about how useful our propagator
is as part of a constraint solving toolkit. But we can be confident that all non-search-related
logging statements come from our implementation of the new justification procedures and so
this gives us a reasonable idea of the cost of logging and checking. We again include the “short
reasons” optimisation from the previous chapter, and the following results make use of the same
experimental setup and environment. All proofs that could be processed within the time limit
and memory limits were verified using version 3.0 of the VeriPB proof checker. The results are
shown in Figures 5.7 and 5.8.

We can make similar observations regarding overheads here. Proof logging for Regular adds
a large but roughly constant factor overhead to solve time, and short reasons make a big difference
to solving time at the expense of a modest checking time increase. Additionally, the size of the
proofs using long reasons for some of the most difficult instances starts to push the boundary of
“feasible” (in terms of logging and checking overheads), ranging of tens to hundreds of gigabytes,
but remains more manageable using short reasons. This appears to be particularly relevant for
checking, where even though short reasons generally take longer to check, the checker is able
to use less memory in the process and thus finish verifying more proofs without running out of
memory.

One implementation detail that may be contributing to the large checking overhead is the large
number of auxiliary/extension variables that are permanently added to the checker’s database.
In the current apparatus of the Glasgow Constraint Solver, once an atomic literal such xi=j is
introduced, its definition constraints are never deleted, to avoid having to redefine them later.
With constraints such as Regular, where very large numbers of equality literals like these may be
used at least once, this can lead to a build up of unnecessary constraints in the checking database,
potentially slowing down RUP checks and eventually leading to run-time memory issues. A more
aggressive deletion strategy is conceivable, but it would likely be a tradeoff between potentially
having to overall log more constraints (when previously deleted atomic literal definitions are
reintroduced) vs having a smaller checking database at any given point in the proof.
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Figure 5.7: Timing results for random Regular instances.
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Figure 5.8: Proof size results for random Regular instances.
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5.4 Conclusions

In this chapter we have devised further novel justification procedures for constraint propagation
that have a level of general applicability. We have shown how consistency reasoning based
on states and transitions and forwards-backwards passes can be justified by maintaining some
straightforward invariants in the proof log. Again, we only needed RUP steps for this. Our
methods were formulated specifically in the context of propagation of the regular-language
membership constraint, which can already be used to implement a number of important global
constraints. But we also saw that it can be adapted in principle for more general MDD-type
reasoning, showing that pseudo-Boolean proof logging is applicable to constraints such as
Knapsack, which employ decision-diagram methods for maintaining consistency.

The empirical logging and checking overheads are significant, but support the conclusion
that the main remaining challenges are in the area of engineering rather than any fundamental
intractability within the PB proof procedures.
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Part III

Specialised Justification Procedures
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Chapter 6

Hamiltonian Circuit Constraints

We have now seen some methods with varying degrees of generality for constructing justifications
for CP constraints. If we know we can express a constraint compactly as a smart table or
decision diagram, then we can make use of the methods in Chapters 4 and 5 to create PB proofs.
But despite the existence of these techniques, it will still be desirable to have specialised PB
justification procedures for certain propagators, either because generic methods do not apply, or
in order to get improved proof logging performance.

In these final thesis chapters we will present specialised justification procedures for the
Hamiltonian circuit global constraint (Circuit) and the ternary multiplication constraint X ×Y =

Z. These are constraints that present unique challenges for PB proof logging, and are not
amenable to any of the techniques discussed so far. They are also fundamental to many general-
purpose CP solvers.

6.1 Propagating Circuit Constraints

A common feature of the constraints that have been considered so far is that their usual propagation
algorithms enforce some level of local consistency (either domain or bounds consistency) among
the variables in scope. This has allowed us to argue for each constraint that because any domain
or bounds consistent inference can be justified, we have a comprehensive procedure that can in
principle be used to add proof-logging to any propagator implementation enforcing the same
level of consistency. The same argument no longer works if a constraint is generally dealt with by
propagators that do not enforce a clearly definable notion of consistency. And if we want to show
that PB proof logging is applicable to CP solving in general, it is essential to demonstrate that the
system is flexible enough to certify propagators that are based on ad-hoc propagation rules.

Propagation of the Circuit constraint provides a representative example of this situation.
Enforcing domain consistency for Circuit is known to be NP-hard [129] and so it is generally
propagated via ad-hoc propagation rules [39, 180, 72]. We will therefore work systematically
through different inference types, from simple checking and basic lookahead, up to more advanced
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propagation techniques based on depth-first search and identification of strongly connected
components. In each case we will briefly outline the circumstances in which an inference can be
made, and show that it can be justified either by a simple sequence of cutting planes steps, or
via a conditional counting argument. This argument essentially consists of identifying a vertex
which cannot reach every other vertex under some conditions, and deriving PB constraints over
auxiliary variables that establish that the set of reachable vertices is too small. As with the
other techniques in this thesis, the procedures have been tested by building a certifying Circuit
propagator within the Glasgow Constraint Solver. It is comparable in propagation strength to
well known open-source CP solver implementations [134, 44, 77], and it can produce verifiable
proofs for a variety of instance sizes.

6.2 Definition and PB Encoding

The Circuit constraint uses a successor representation to treat a set of variablesX := X0 . . . Xn−1,
each with domain {0, . . . , n− 1} as the vertices of a directed graph. At any stage in the solving
process, an edge (i, j) is viewed as being present in the graph if and only if j is still in the domain
of the variable Xi. Circuit requires that any assignment represents a Hamiltonian cycle, with
the value of Xi representing the successor of i in a tour that visits all vertices, see Figure 6.1.
This is useful for modelling problems such as vehicle routing [136, 137], activity scheduling [62]
and other graph problems [39, 76]. In CP solvers, propagation for a global Circuit constraint
is generally achieved by first at least partially propagating an AllDifferent and then attempting
further propagation based on the fact that there can be no sub-cycles. At a minimum, the algorithm
should check whether any sub-cycles are encoded by the current partial assignment and backtrack
if so [39], but further lookahead and ad-hoc propagation rules are also possible [180, 72].
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(a) Valid assignment.

0
1

2
3

4

5

(b) Invalid assignment.

0
1

2
3

4

5

(c) Partial assignment.

Figure 6.1: Interpretation of assignments for six variables constrained by Circuit.

To encode Circuit we can start by reusing the encoding for AllDifferent (Encoding Pro-
cedure 3.9). We then need to define additional PB constraints that eliminate the solutions
representing subcycles. Looking at known SAT [105] and IP models [154] there are many
possible options for this with different tradeoffs, but as usual we want to prioritise simplicity and
obvious correspondence with the constraint’s definition. We therefore define a straightforward
PB encoding that is primarily adapted from a SAT encoding by Zhou [201, Sec. 4.2].
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Encoding Procedure 6.1 (Circuit).
A linearisation of a constraint Circuit(X0, . . . , Xn−1) can be achieved with an AllDiffer-
ent constraint encoding followed by subcycle elimination constraints involving auxiliary

finite domain variables {P0, . . . , Pn−1}, as given by the following procedure.

1: def P0 = 0

2: for i ∈ {1, . . . , n− 1}
3: def Pi ≥ 1

4: def Pi ≤ n− 1

5: def xi=0 ⇒ P0 − Pi = −n+ 1

6: for i ∈ {0, . . . , n− 1} and j ∈ {1, . . . , n− 1}
7: def xi=j ⇒ Pj − Pi = 1

The idea is that the variables Pi are constrained to represent the position of vertex i in the
cycle when counting from the vertex 0. We do this as shown in Encoding Procedure 6.1: define
P0 = 0, and then require Pj = Pi + 1 whenever xi=j is true, unless j = 0, in which case we
require Pi = n− 1. A satisfying assignment to these PB constraints is only possible when the
cycle obtained by following the successors starting from X0 visits every vertex. The condition
Pi = j can then be interpreted as encoding the fact that “the vertex represented by Xi is the jth

vertex visited after vertex 0 in the Hamiltonian cycle”.
Recall that in our PB encoding framework, because P0, . . . , Pn−1 are auxiliary (proof-only)

variables that are non-0-1, they will be encoded using BinEnc replacement at step 4 of Encoding
Procedure 3.1. So the actual PB constraints resulting from Encoding Procedure 6.1 will be in
terms of BinEnc(Pi).

6.3 Justifying Simple Circuit Propagation

The minimum requirement for a Circuit sub-cycle elimination algorithm is that it is checking: it
should return contradiction if a total assignment of the CP variables in scope represents a graph
containing an invalid small cycle.

Based on the chosen encoding, no infeasibility justifications are required here. This is because
unit propagation of a complete assignment will immediately establish a conflict; and hence Inv2
is already respected. It is straightforward to see this when examining Encoding Procedure 6.1. If
all the bit values for the CP variables X0 . . . Xn are fixed, then all the bits for the Pi variables
must also be fixed by unit propagation (Theorem 2.8), unless there is a small cycle in which case
a conflict will be reached. Specifically, P0 = 0 together with X0 = v will fix Pv = 1; and then
this together with Xv = w will fix Pw = 2; and so on. When there is a small cycle, passing
through X0 (assuming AllDifferent has been correctly respected), at some point there will be an
assignment Xw = 0, with BinEnc(Pw) = m for m < n− 1 set by unit propagation, conflicting
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with the requirement from the encoding that BinEnc(Pw) = n − 1. Otherwise, propagation
proceeds to set all Pi variables.

The same argument also tells us we can safely witness solutions to a CP optimisation problem
involving a Circuit constraint using only atomic literals, as discussed in Section 3.3.3.

A better checking propagator can also return contradiction on partial assignments, when they
encode a small cycle. This is what Francis and Stuckey [72] call check, and is a key component
of the NoSubtour propagator of Pesant et al. [164] and the similar NoCycle propagator of Caseau
and Laburthe [39]. Such solver reasoning does require some justification in the proof, since
a small cycle encoded by the partial assignment might not set X0, and the corresponding PB
variables for this are required to ignite the chain reaction of unit propagation and achieve the
inconsistent setting of Pj variables. To create such a justification we can use cutting planes to
sum up all the corresponding constraints for the position variables in the cycle, allowing us to
create a conflict justification.

In fact, the above idea can be easily extended to produce propagation justifications for a
basic lookahead version of the check propagator, called prevent by Francis and Stuckey [72], and
described in various places in the literature [39, 164, 180]. This filters domains by disallowing
any further assignments that would immediately complete a sub-cycle. Justification Procedure 6.1
below demonstrates how this works for both check and prevent.

Justification Procedure 6.1 (Check and prevent for Circuit).
Preconditions: Circuit(X0, . . . , Xn−1) encoded as per Encoding Procedure 6.1; m ∈

{2, . . . , n − 1}; and S := (v0, . . . , vm−1) is a (0-indexed) sequence of m values

where S[0] ∈ domt(XS[m−1]) and S[i] ∈ domt(XS[i−1]) for i ∈ {1, . . . ,m − 1};
i.e. we have a small cycle of vertices.

Procedure:

1: R ← ∅
2: for i ∈ {0, . . . ,m− 1}
3: v ← S[i]

4: w ← S[i+ 1 mod m]

5: R ← R∪ {xv=w}
6: Ci ← get xv=w ⇒ BinEnc(Pw)− BinEnc(Pv) ≥ 1

7: if 0 /∈ S

8: D ← cut
∑m

i=1 Si

9: imp R ⇒ 0 ≥ 1 from D

10: else rup R ⇒ 0 ≥ 1

To concisely express the correctness arguments for this procedure and others in this chapter,
we will simply write Pj instead of BinEnc(Pj), as used in linearisations. We will also let
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K =
∑k−1

i=0 2
i, where k is the number bits used in each BinEnc(Pj), and then write Kt for K + t

for any t ∈ Z. This allows us to compactly write out reified constraints without the⇒ syntactic
sugar, which can be useful for computing cutting planes steps.

Correctness Proof for Justification Procedure 6.1. As discussed, if R includes equality assign-
ments for a small cycle passing through the 0 vertex, thenR ⇒ 0 ≥ 1. Otherwise, 0 /∈ S. Now
recall that each constraint Ci from the encoding obtained is really of the form

K1 · xS[i]=S[i+1] + PS[i+1] − PS[i] ≥ 1 (6.1)

with K1 as defined above, and hence each successive addition cancels the previous Pvi value.
This results in the constraint

K1 · xS[0]=S[1] + · · ·+K1 · xS[m−1]=S[0] − PS[0] + PS[1] − . . .

· · · − PS[m−1] + PS[m] − PS[m] + PS[0] ≥ m, (6.2)

which telescopes to K · xS[0]=S[1] + · · ·+K · xS[m−1]=S[0] ≥ m. (6.3)

This syntactically impliesR ⇒ 0 ≥ 1, as required.

6.4 Justifying SCC Circuit Propagation

There are several possibilities for stronger propagation of the Circuit constraint, although there is
no consensus between solvers on which forms are worthwhile in practice. As usual, in this thesis
we are not attempting to argue for one propagation strategy over any other; rather, the focus is
to show that whatever propagator is chosen, it should be feasible to implement a proof logging
version of it. We can demonstrate that it is possible to provide pseudo-Boolean proof logging for
Circuit propagators that make use of more complex reasoning by considering a further propagator
and set of associated possible inferences. This algorithm is based on analysis of the depth-first
spanning tree obtained during a search of the domain graph for strongly connected components

(SCCs). Stuckey and Francis call it the SCC algorithm [72] and versions of it are implemented in
the solvers Gecode [77], Chuffed [44], JaCoP [134], and CP-SAT [162] among others.

Let G = (V,E) be a directed graph, and let r be the (directed) reachability relation on G —
for v, w ∈ V, (v, w) ∈ r if and only if there exists a path from v to w. We will denote by Reach(v)
the set {w : (v, w) ∈ r}, i.e. the set of all vertices in G reachable from v. The core observation
used by the SCC algorithm for Circuit propagation is that if a graph contains a Hamiltonian
circuit, then it can only have a single strongly connected component, which means every vertex
must be reachable from every other vertex. Thus, if we identify more than one strongly connected
component in the graph implied by the current domains of variables in scope we can backtrack
early, as no satisfying Circuit assignment is possible.

Strongly connected components can be identified using the well-known algorithm by Tarjan
[183], which exploits the fact that strongly connected components always form subtrees of a
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depth-first spanning forest of the graph. It initiates a depth-first search (DFS) from a chosen
arbitrary vertex v0, and immediately returns contradiction if any of its descendants are identified
as the root of an SCC. But even if there is only a single SCC (and thus the Circuit constraint is
not infeasible), the DFS tree itself provides information that can be used for domain pruning.
This was first noted in the literature by Schulte and Tack [180] (credited to Mats Carlsson), and
expanded on in more detail by Francis and Stuckey [72].

To properly motivate the way we add proof logging to such a propagator, and to attempt to
make the explanation easier to follow, this section takes a slightly different approach to how
we have presented justifications earlier in this thesis. We will first assume we have a certain
justification subprocedure, which we call ReachTooSmall, asserting it can derive facts of a certain
form given a domain state and potentially some ordering restrictions. We can then show that this
subprocedure can be used to construct justifications for many of the filtering rules described by
Francis and Stuckey [72]. After that we will present the full details of how ReachTooSmall can
be implemented, before returning to present justification procedures for the remaining rules.

For now, we will say ReachTooSmall takes as input a domain state domt and an index r

of a variable in the scope of a circuit Circuit constraint on variables X0, . . . , Xn−1 (so v ∈
{0, . . . , n− 1}). The domain state can be seen as encoding an intermediate graph with respect to
the Circuit constraint with edges for values still in scope, i.e.

GraphRep(X , domt) := ({0, . . . , n− 1}, {(w, v) : v ∈ domt(Xw)}). (6.4)

Our main assumption about ReachTooSmall is then that if from the given vertex there is at
least one unreachable vertex in the represented graph, the procedure will derive an infeasibility
justification. We can express this more formally as follows.

A1. If we have a Circuit constraint on the variables X encoded as per Encoding Procedure 6.1,
and w is a vertex of G := GraphRep(X , domt) such that |Reach(w)| < |G|, then Reach-
TooSmall(w, domt) will deriveR ⇒ 0 ≥ 1, whereR is a subset of ImpLits(domt).

6.4.1 Justifying Filtering Rules using Reachability Proofs

In all the following justification procedures, we will implicitly include in the preconditions list
that we have a Circuit constraint on variables X := X0, . . . , Xn−1 encoded as per Encoding
Procedure 6.1; a procedure ReachTooSmall satisfying A1; a domain state domt with G :=

(X , domt); and a DFS on G has been executed as part of Tarjan’s algorithm starting from the
vertex v0.

Let us start with the most basic inference related to the SCC algorithm. Once we have
initiated a depth-first search (DFS) from a chosen arbitrary vertex, we can immediately return
contradiction if any of its descendants are identified as the root of an SCC.
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Justification Procedure 6.2 (More than one SCC for Circuit).
Preconditions: w ̸= v0 is the root of an SCC detected by Tarjan’s algorithm for G (and

hence a Circuit propagator would detect infeasibility).

Procedure: ReachTooSmall(w, domt)

Correctness Proof. We know v0 cannot possibly be reachable from w, otherwise v0 would also
be part of the SCC and hence w would not be the SCC root according to Tarjan’s algorithm. So
the conditions for A1 are met and ReachTooSmall derives a conflict justification.

Next, a vertex can only be identified as the root of an SCC once all of its descendants have
been visited during the DFS. So if none of v0’s descendants are identified as SCC roots, it must
be that all the vertices reachable from v0 comprise a single SCC. In this case, either DFS has
visited every vertex, in which case there is no contradiction for Circuit, or else there is some
other vertex not reachable from v0 and the propagator returns a contradiction. The correctness of
the justification procedure for this is obvious.

Justification Procedure 6.3 (Disconnected graph for Circuit).
Preconditions: The size of the set of vertices reached from v0 in the DFS is less than n.

Procedure: ReachTooSmall(v0, domt)

Backtracking when the domain graph is disconnected or contains more than one SCC seems
to be the most commonly implemented technique for SCC propagation, based on examination of
source code for open source solvers. As mentioned, several solvers such as Gecode and Chuffed

also implement further ad-hoc propagation opportunities when multiple distinct subtrees are
explored below v0, and we can use ReachTooSmall to justify these too. They are easiest to
understand with diagrams, with triangles representing subtrees visited bellow the root in the DFS.
We add to the list of implicit preconditions here that the algorithm has not identified multiple
SCCs or a disconnected graph, and that it has explored multiple distinct subtrees below the root.

We also need to make a further assumption about ReachTooSmall, namely, that it can take an
optional third argument ℓ that is an atomic literal representing a forced or forbidden edge in the
graph. Intuitively, if we assume Xi = v, and hence Xj ̸= v for all j ̸= i (by AllDifferent), if the
reachable set for a given vertex is too small under these conditions, we should be able to derive a
propagation justification for inferring Xi ̸= v. Similarly, if we assume Xi ̸= v, and the reachable
set is too small, it will be possible to derive a propagation justification for setting Xi = v. More
formally, we can state the following.

A2. Suppose we have a Circuit constraint on the variables X encoded as per Encoding Proce-
dure 6.1; and an atomic literal ℓ for a variable Xi ∈ X . Let doma be the modified domain
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v0

r1 r2 r3

w

Figure 6.2: Justifying the “prune skip to root” inference. If the dotted edge (w, v0) is used, (r1, v0)
is eliminated and so there is no way to reach v0 from r2.

state given by

doma(Xj) :=


domt(Xi) ∩ dom{ℓ}(Xi) if j = i.

domt(Xj) \ {v} if j ̸= i and dom{ℓ}(Xi) = {v}
domt(Xj) otherwise,

(6.5)

i.e., doma is the domain state given by making the modification described by ℓ, and
additionally propagating the pairwise-disjoint requirement of an AllDifferent constraint on
X .

Then if w is a vertex of G := GraphRep(X , doma); such that |Reach(w)| < |G|, then
ReachTooSmall(w, domt, ℓ) will deriveR ⇒ ℓ, whereR is a subset of ImpLits(domt).

With this new optional argument for an assumed edge, we can justify further filtering rules
using ReachTooSmall.

Justification Procedure 6.4 (Pruning edges to the root for Circuit).
Preconditions: w is not in the earliest visited subtree; (w, v0) is an edge in G (that can

therefore be pruned); and r is the root of a subtree visited earlier than the one

containing w.

Procedure:

ReachTooSmall(domt, r, xw=v0)

Correctness Proof. Since we assume Xw = v0 as a forced edge, we exclude in the intermediate
graph any edges from descendants of r leading to v0, as per A2. Vertices in this earlier subtree
cannot have any edges leading to vertices in w’s subtree or later, otherwise they would have
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v0

r1 r2 r3

Figure 6.3: Justifying the “prune root” inference. If the dotted edge (v0, r1) is used, (v0, r2) and
(v0, r3) are eliminated and so there is no way to reach e.g. r2 from r1.

been traversed as part of the same subtree by DFS. It follows that r cannot reach w. Hence,
ReachTooSmall(domt, r, (w, v0)) can be used to derive a propagation justification for the pruning.
See Figure 6.2 for an intuition.

Justification Procedure 6.5 (Prune edges from the root for Circuit).
Preconditions: w is not in the latest visited subtree; (v0, w) is an edge in G (that can

therefore be pruned).

Procedure:

ReachTooSmall(domt, r, xv0=w)

Correctness Proof. Since w can only reach vertices in its own subtree or earlier, and v0 no
longer has edges to the later subtrees, it follows that not everything can be reached from w. See
Figure 6.3.

Justification Procedure 6.6 (Prune edges within subtrees for Circuit).
Preconditions: w, v are vertices in G (different from v0) where w is v’s first child; and no

edges from vertices in the subtree rooted at w lead to vertices visited earlier in the

DFS than v (hence Xv = w can be pruned [72]).

Procedure:

ReachTooSmall(domt, w, xv=w)

Correctness Proof. Fixing the successor of v to be w eliminates any possibility of reaching
any nodes visited earlier than v from w. So in particular v0 is not reachable from w. See
Figure 6.4.
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v0

r1 v

w

r3

Figure 6.4: Justifying the “prune within” inference. If the dotted edge (v, w) is used, (v, r1) is
eliminated and so there is no way to reach e.g. v0 from w.

There are some final filtering rules we would like to consider, based on the fact that edges
cannot skip subtrees even when they do not begin or end with the root. To justify these, however,
we will require one final, somewhat tricky, assumption type that is best expressed via extension
variables internal to the ReachTooSmall procedure. So at this point we will go into the details
of how ReachTooSmall can be implemented, which completes all the justification procedures
outlined so far. After this we will return to consider our last filtering rules.

6.4.2 A Reachability Proof Worked Example

As stated, we have so far been assuming in our (short) justification procedures for Circuit filtering
rules that we can construct a derivation of propagation or conflict justifications whenever we
identify a domain state that represents a graph where, for some vertex v, |Reach(v)| ≤ |G|. It
needs to be possible to construct this argument subject to an atomic literal assumption, modifying
the domain state (including enforcing the pairwise-disjoint requirement of AllDifferent) in order
to get a graph contradicting the reachability requirement.

To begin with, it will be easiest to understand how a ReachTooSmall proof can be structured
by working through an example for the simplest case where the vertex of interest happens to
be the 0 vertex and there are no literal assumptions. The basic idea is to collect the sets of
possible position variables that can take certain values (as defined in Encoding Procedure 6.1) in a
breadth-first search from the starting node. Eventually, we will have gathered a set of values with
too few possible position variables to equal them all — a classic pigeonhole counting argument.

Note that even though the Pi variables are auxiliary variables and not part of the original
CP model, they are still BinEnc encoded finite domain variables, so there is nothing to stop us
introducing, effectively, atomic literals via the extension (redundance) rule for these as if they
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Figure 6.5: Domain state graph with reachable set from 0 marked.

were ordinary CP variables, i.e.,

Def⇒(pi≥v) := pi≥v ⇒ BinEnc(Pi) ≥ v; (6.6)

Def⇐(pi≥v) := pi≥v ⇒ −BinEnc(Pi) ≥ −v + 1; (6.7)

Def⇒(pi=v) := pi=v ⇒ pi≥v + pi≥v+1 ≥ 2; (6.8)

Def⇐(pi=v) := pi=v ⇒ pi≥v + pi≥v+1 ≥ 1. (6.9)

We are therefore aiming to derive at-least-one and at-most-one constraints (expressed using
these literals) over all the possible i values for each k ∈ {0, . . . , |Reach(0)|}.

For example, suppose the graph representation for a particular domain state domt is as shown
in Figure 6.5. Clearly, Reach(0) = {0, 1, 5}, which has fewer than 6 elements, so we can run
ReachTooSmall(domt, 0).

In this particular case the procedure should derive constraints that show for each k ∈
{0, 1, 2, 3} that at least one of the vertices 0, 1, or 5 must have position value k. This begins with
the at-least-one constraint:

rup p0=0 ≥ 1; (6.10)

and then looking at the possible values for X0, deriving

rup p0=0 ∧ x0=1 ⇒ p1=1 ≥ 1; (6.11)

rup p0=0 ∧ x0=5 ⇒ p1=5 ≥ 1; (6.12)

rup GenericRt(X0)⇒ x0=1 + x0=5 ≥ 1; (6.13)

which can be resolved (addition and saturation, recall Theorem 2.2), to yield the next at-least-one
constraint

GenericRt(X0)⇒ p1=1 + p1=5 ≥ 1. (6.14)
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Further at-least-one constraints on Pi literals can then be derived by resolving the previous
at-least-one constraint with the possible transitions for each (Pi, Xj) combination. In a way, this
resembles the forwards pass of the state-transition proof procedures from Chapter 5.

rup p5=1 ∧ x5=0 ⇒ p0=2 ≥ 1; (6.15)

rup p5=1 ∧ x5=1 ⇒ p1=2 ≥ 1; (6.16)

rup GenericRt(X5)⇒ x5=0 + x5=1 ≥ 1; (6.17)

(resolve) GenericRt(X5) ∧ p5=1 ⇒ p0=2 + p1=2 ≥ 1; (6.18)
...

(similarly) GenericRt(X1) ∧ p1=1 ⇒ p0=2 + p5=2 ≥ 1; (6.19)

(resolve) GenericRt(X0, X1, X5)⇒ p0=2 + p1=2 + p5=2 ≥ 1; (6.20)
...

(similarly) GenericRt(X0, X1, X5)⇒ p0=3 + p1=3 + p5=3 ≥ 1. (6.21)

Next we can derive at-most-one constraints over the values for each Pi variables. There are
several possible ways to do this: one method is simply to derive all pairs pi=k + pi=l ≥ 1 for
every k ̸= l, and then recover a cardinality constraint as per Theorem 2.3. Another option uses
proof by contradiction (i.e. redundance with an empty witness, or the PBC rule), see Justification
Subprocedure 6.7. Regardless, in this example, we will be able to derive the constraints

−p0=0 − p0=2 − p0=3 ≥ 1; (6.22)

−p1=1 − p1=2 − p1=3 ≥ 1; (6.23)

−p5=1 − p5=2 − p5=3 ≥ 1; (6.24)

which precisely cancel out all the pi=j literals when summed with the at-least-one constraints
(6.10), (6.14), (6.20) and (6.21), leaving us with

GenericRt(X0, X1, X5)⇒ 0 ≥ 1, as required. (6.25)

6.4.3 Reachability Proofs in Full

The above example establishes the general structure of the ReachTooSmall procedure: we collect
at-least-one constraints over auxiliary position variables until we have more values than variables,
and then add recovered at-most-one constraints to these to obtain contradiction. However, the
specifics of this depended on us starting from the 0 vertex, as this is required in the encoding to
have the fixed “position” 0. There is nothing particularly special about the 0 vertex, but without
requiring some position label Pi = 0 there would be n isomorphic solutions to the PB model
for each arbitrary choice of starting vertex in a corresponding solution to the CP model. For our
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(b) Values of dist(2, i) for each i.

Figure 6.6: Comparison of position and shifted position labelling variables.

justifications from the previous section to work, we need to be able to run ReachTooSmall from
an arbitrary vertex, and so we need a way to start the breadth-first search for possible positions
without necessarily knowing what the position of the first node might be.

One potential way to achieve this could be to modify the PB encoding to omit the arbitrary
choice of P0 = 0, and then introduce a constraint Pi = 0 without loss of generality using VeriPB’s
dominance rule in the proof as needed.

However, it is actually possible to make the analogous argument for another vertex using
only (further) extension variables, and due to the difficulty of introducing and proving a new
dominance preorder for every inference, especially in the context of VeriPB’s requirements for
order change during the proof (namely that deletions of derived constraints after changing the
preorder must be checked [32]), we exhibit here the extension variable version.

The idea is to conceptually introduce a new set of position labels {dist(r, i) : 1 ≤ i ≤ n} for
each given starting vertex r, that are tied to the value of the Pi variables but represent what would
be obtained if the value of each Pi was shifted back modulo n so that Pr = 0. Or another way of
thinking of these is that they represent the distance in terms of number of edges between two
given vertices. Figure 6.6 demonstrates the required values for dist(2, i) labels compared with
the Pi for an example assignment on six variables.

Specifically, we want to ensure that dist(r, i) = Pi − Pr mod n. This preserves the useful
property that if Xi = j then dist(r, j) = dist(r, i) + 1 mod n, as is true for the p variables. By
construction, we must have dist(r, r) = 0, and so we should be able to collect sets of possible
dist(r, i) variables for each subsequent value and use this to construct our ReachTooSmall
argument similar to the worked example.

It is not necessary, however, to introduce a set of bit variables to specifically represent
each dist(r, i). Since we just need to define 0-1 flags for the at-most-one and at-least-one
constraints used by ReachTooSmall, we can reify atomic-literal-like flags directly on constraints
over BinEnc(Pr) and BinEnc(Pi), ensuring they have the intended meaning by definition. This
requires some further extensional variables which we will call precedence flags: prec(i, j) should
be a 0-1 variable that is true if Pi < Pj and false if Pj < Pi. So overall the definitions we require
for a distance equality literal dist(r, i)=k (where r ̸= i) are as follows.
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Def⇒(prec(r, i)) := prec(r, i) ⇒ BinEnc(Pi)− BinEnc(Pr) ≥ 1;

Def⇐(prec(r, i)) := prec(r, i) ⇒ −BinEnc(Pi) + BinEnc(Pr) ≥ 1;

Def⇒(dist(r, i)≥k):= dist(r, i)≥k⇒ BinEnc(Pi)− BinEnc(Pr) + n · prec(i, r) ≥ k;

Def⇐(dist(r, i)≥k):= dist(r, i)≥k⇒ −BinEnc(Pi) + BinEnc(Pr)− n · prec(i, r) ≥ −k + 1.

Def⇒(dist(r, i)=k):= dist(r, i)=k⇒ dist(r, i)≥k + dist(r, i)≥k+1 ≥ 2;

Def⇐(dist(r, i)=k):= dist(r, i)=k⇒ dist(r, i)≥k + dist(r, i)≥k+1 ≥ 1.

In the case where r = i, a prec(r, i) flag is not needed, since we can just define dist(i, r)≥k to
be trivially true or false depending on whether k = 0.

All of the above constraints can be introduced by redundance-based strengthening, however,
for the precedence flags, the proof obligation is somewhat more tricky than the usual extension
variable introduction. This because we are effectively relying on a NotEquals constraint on the
Pi and Pr variables when we define prec(r, i) as above. So we will break down the method for
introducing these flags into several subprocedures. Note that from this point onwards, once we
have defined a justification procedure or subprocedure it will be an implicit precondition of later
procedures that we have this procedure available, and its required conditions are met. We also
omit the implicit preconditions that we have a Circuit constraint on variablesX := X0, . . . , Xn−1,
encoded as in Encoding Procedure 6.1, and that any atomic literals over Pi variables are introduced
as unique extension variables with corresponding definition constraints.

First, we need a subprocedure for recovering a constraint saying that each Pj variable can
take at most one value out of some ordered set S.

Justification Subprocedure 6.7 (Recovering an at-most-1 over position variables).
Preconditions: S := (v1, . . . , vd); vi ∈ {0, . . . , n − 1} and vi < vi+1 for each i ∈

{1, . . . , d}.
Procedure:

1: proc PosVarsRecoverAtMost1(S, j)
2: AtMost1s[j]← pbc

∑d
i=1−pj=vi ≥ −1

3: subproof of
∑d

i=1−pj=vi ≥ −1
4: for i ∈ {1, . . . , d}
5: rup pj=vi

≥ 1

6: return AtMost1s[j]

Correctness Proof. For the pbc rule, we need to derive contradiction from ¬AtMost1s[j] =∑d
i=1 pj=vi ≥ 2. From Theorem 2.8 each pk=vi propagates pk=vk

for every j ̸= k which
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contradicts ¬AtMost1s[k]. So all the constraints on line 5 are indeed RUP. Once they are in place,
unit propagation reduces ¬AtMost1s[j] to pj=vd ≥ 2, a contradiction. So this is sufficient to
establish the proof obligation.

Justification Subprocedure 6.8 (Recovering all-different over position variables).
Preconditions: No further assumptions required.

Procedure:

1: proc PosVarsRecoverAllDiff( )
2: AtLeast1s[0]← rup p0=0 ≥ 1

3: AtMost1s[0]← get − p0=0 ≥ −1
4: for k ∈ {1, . . . , n− 1}
5: for i ∈ {0, . . . , n− 1}
6: for j ∈ {0, . . . , n− 1}
7: Cij ← rup pi=k−1 ∧ xi=j ⇒ pj=k ≥ 1

8: Ci ← rup pi=k−1 ⇒
∑

j pj=k ≥ 1

9: if k = 1 break
10: AtLeast1s[k] :=

∑
i pi=k ≥ 1← cut sat(

∑
i Ci + AtLeast1s[k − 1])

11: AtMost1s[k]← PosVarsRecoverAtMost1(k, (0, . . . , n− 1))

12: return AtLeast1s, AtMost1s

Correctness Proof. The constraint on Line 2 is RUP from the P0 definition, and the constraint
on line 3 is a literal axiom. Each RUP step on line 7 is immediate from the literal definitions
and subcycle elimination encoding (line 7 in Encoding Procedure 6.1, and Theorem 2.8). Then
each step on line 8 is RUP, since its negation will propagate pi=k, and pj=k for all j, which
will cause the constraints derived on line 7 to propagate xi=j for all j, leading to contradiction
by Theorem 3.2. Line 10 is then performing a resolution step with the clauses derived on
line 8 and the previously derived at-least-one constraint. So this will indeed produce the stated
clause. The derivation of the AtMost1s follows directly from the correctness of Justification
Subprocedure 6.7.

This last subprocedure is somewhat expensive, requiring O(n3) steps. However, as we will
see, it only needs to be executed once at the start of the proof, so that the derived AtLeast1s and
AtMost1s are available for any other procedures that need them. The mechanism for defining
prec(r, i) variables is then given by Justification Subprocedure 6.9 below.

Correctness Proof for Justification Subprocedure 6.9. C1 can be introduced as per the usual ex-
tension rule application of redundance based strengthening Theorem 2.4. But C2 is not in the
form for the usual reverse implication introduction, and so subproofs may be needed. The only
constraint touched by the witness ω is C1, hence the only proof obligations (from the definition
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Justification Subprocedure 6.9 (Defining precedence flags).
Preconditions: AtLeast1s and AtMost1s constraints have already been derived, as per

Justification Subprocedure 6.8; Defined is a map that keeps track of which extension
variables are defined; r, i ∈ {0, . . . , n− 1} with r ̸= i.

Procedure:

1: proc DefinePrecFlag(r, i,Defined)

2: if r > i return DefinePrecFlag(i, r,Defined)

3: if Defined(prec(r, i)) return prec(r, i)

4: C1 ← red prec(r, i)⇒ BinEnc(Pi)− BinEnc(Pr) ≥ 1 with prec(r, i) 7→ 0

5: C2 ← red prec(r, i)⇒ −BinEnc(Pi) + BinEnc(Pr) ≥ 1

with ω := prec(r, i) 7→ 1

6: subproof of C1↾ω = BinEnc(Pi)− BinEnc(Pr) ≥ 1

7: for k ∈ {0, . . . , n− 1}
8: Dk ← rup pi=k ⇒ pr=k ≥ 1

9: cut
n−1∑
k=0

sat(AtLeast1s[k] +Dk) +
n−1∑
k=0
k ̸=i

AtMost1s[k]

10: Defined← Defined ∪ (prec(r, i), true)

11: return prec(r, i)

of redundance-based strengthening Rule 8) are C2↾ω, which is trivial and so does not need a
subproof, and C1↾ω, for which a subproof is provided.

Within the subproof context we have in addition to previously derived constraints, the tempo-
rary constraints

¬C2 = −K1 · prec(r, i) + BinEnc(Pi)− BinEnc(Pr) ≥ 0; and (6.26)

¬C1↾ω = −BinEnc(Pi) + BinEnc(Pr) ≥ 0. (6.27)

(recall our notation Kt introduced in Section 6.3 for reification coefficients) and from these
a conflicting constraint must be derived. Note that under unit propagation of these we have
prec(r, i) = 0; so these are equivalent to the encoding of Pi = Pr. Hence, the conditions of
Justification Procedure 3.12 are met and each constraint Dk indeed follows by RUP.

Then finally, for each k, the result of sat(AtLeast1s[k] +Dk) is
n−1∑
j=0
j ̸=i

pj=k ≥ 1 (6.28)

so the cutting planes operation on line 9 will derive 0 ≥ 1 as required.

With this in place, we can define our subprocedure for introducing the distance/shifted-
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position flags.

Justification Subprocedure 6.10 (Defining distance flags).
Preconditions: Defined is a map that keeps track of which literals are defined.

Procedure:

1: proc DefineDistEquals(r, i, k,Defined)
2: if Defined(dist(r, i)=k)

3: return dist(r, i)=k

4: for k′ ∈ {k, k + 1}
5: if not Defined(dist(r, i)≥k′)

6: if r = i ∧ k′ = 0

7: ext dist(r, i)≥k ⇔ 0 ≥ 1

8: else if r = i ∧ k′ ̸= 0

9: ext dist(r, i)≥k ⇔ 0 ≥ 1

10: ℓ← DefinePrecFlag(i, r,Defined)
11: ext dist(r, i)≥k′ ⇔ BinEnc(Pi)− BinEnc(Pr) + n · ℓ ≥ k′

12: Defined← Defined ∪ (dist(r, i)≥k, true)

13: ext dist(r, i)=k ⇔ dist(r, i)≥k + dist(r, i)≥k+1 ≥ 2

14: Defined← Defined ∪ (dist(r, i)=k, true)

15: return dist(r, i)=k

Correctness Proof. Follows directly from Theorem 2.4, since we only make use of the extension
rule.

Since this procedure is effectively just defining literals as extension variables, we adopt the
same convention as with ordinary atomic literals and assume in further procedures that if a flag
for dist(r, i)=k appears at any point in a procedure, that DefineDistEquals has been called at some
point to retrieve or define it. The procedures are also intentionally written in such a way that only
one of prec(r, i) and prec(i, r) will ever be defined, so we will also assume in what follows that
names are canonicalised, and e.g. prec(i, r) can be substituted with prec(r, i) wherever necessary.

Now that we have these distance and precedence flags, we can begin to define in full the
subprocedures actually need to build ReachTooSmall. First, we have a somewhat involved
process, detailed below in Justification Subprocedure 6.11 for deriving the constraints of the form

dist(r, i)=k ∧ xi=j ⇒ dist(r, r)=k+1 ≥ 1. (6.29)

These are intuitively true based on the definitions of the extension variables: if the vertex i is k
steps away from the vertex r, and the successor of i is j, the vertex j must be k + 1 steps from
the vertex r. In the worked example with r = 0 analogous constraints were simply RUP, but
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with arbitrary distance flags it involves more work, requiring somewhat tedious cutting planes
additions to correctly cancel Pi variables in the definitions of the dist(r, i)≥k variables. When r

is in fact 0 we can use the pi=k variables instead of dist(0, i)=k variables, but for consistency we
will use the latter as an alias for the former. We also need to deal separately with the degenerate
case where r = i, since prec(r, r) is never defined, and we defined distance flags differently.

Justification Subprocedure 6.11 (Distance from r sucessor relation).
Preconditions: k < n− 1; i, j, k ∈ {0, . . . , n− 1} with i ̸= j, and if i = r, k = 0.

Procedure: See Justification Procedure 6.11 (cont.) below.

Correctness Proof. Let us first deal with the RUP constraints in the easy cases.
If r = 0 and j ̸= 0, then the negation of the constraint on line 3 will propagate xi=j; and

dist(0, i)=k; a.k.a. pi=k. Either this is immediately contradictory (when i = 0 and k ̸= 0) or
it causes propagation such that BinEnc(Pi) = k and then BinEnc(Pj) = k + 1 from Encoding
Procedure 6.1, contradicting dist(0, j)=k+1.

On the other hand, if j = 0 and r = 0, then xi=j propagates from the negation of the constraint
on line 5, causing propagation resulting in BinEnc(Pi) = n− 1 which conflicts with propagation
setting BinEnc(Pi) = k resulting from dist(0, i)=k a.k.a. pi=k, since k < n− 1.

Now we turn to the more awkward cases when r ̸= 0. First, if i = r, j ̸= 0 and k = 0, we
have for C3,

Def⇒(dist(r, j)≥2) = K2 · dist(r, j)≥2+Pj − Pi + n · prec(j, r) ≥ 2;

+ C1 = K−1 · xi=j −Pj + Pi ≥ −1;

=K2 · dist(r, j)≥2 +K−1 · xi=j + n · prec(j, r) ≥ 1.

And then for C4,

Def⇐(dist(r, j)≥1) = Kn · dist(r, j)≥1−Pj + Pi − n · prec(j, r) ≥ 0;

+ C2 = K1 · xi=j +Pj − Pi ≥ 1;

= K2 · dist(r, j)≥1 +K−1 · xi=j − n · prec(j, r) ≥ 1.
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Justification Subprocedure 6.11 (continued)

1: proc DeriveSucessorDistance(i, j, r, k)

2: if (r = 0 ∧ j ̸= 0)

3: return rup xi=j ∧ dist(r, i)=k ⇒ dist(r, j)=k+1

4: else if (r = 0 ∧ j = 0)

5: return rup xi=j ∧ dist(r, i)=k ⇒ 0 ≥ 1

6: if i = r

7: if j ̸= 0 ∧ k = 0

8: C1 ← xi=j ⇒ −BinEnc(Pj) + BinEnc(Pi) ≥ −1
9: C2 ← xi=j ⇒ BinEnc(Pj)− BinEnc(Pi) ≥ 1

10: C3 ← cut Def⇒(dist(r, j)≥2) + C1

11: C4 ← cut Def⇐(dist(r, j)≥1) + C2

12: C5 ← cut C2 + Def⇒(prec(j, i))

13: return rup xi=j ∧ dist(r, i)=k ⇒ dist(r, j)=k+1

14: if j ̸= r

15: if j ̸= 0

16: C1 ← get xi=j ⇒ −BinEnc(Pj) + BinEnc(Pi) ≥ −1
17: C2 ← get xi=j ⇒ BinEnc(Pj)− BinEnc(Pi) ≥ 1

18: C3 ← cut sat(C1 + Def⇒(prec(i, r)) + Def⇐(prec(j, r)))

19: C4 ← cut sat(C2 + Def⇐(prec(i, r)) + Def⇒(prec(j, r)))/3

20: else
21: C1 ← get xi=j ⇒ −BinEnc(Pj) + BinEnc(Pi) ≥ n− 1

22: C2 ← get xi=j ⇒ BinEnc(Pj)− BinEnc(Pi) ≥ −n+ 1

23: C7 ← rup xi=j ⇒ prec(i, r) ≥ 1

24: C8 ← rup xi=j ⇒ prec(j, r) ≥ 1

25: C3 ← cut C5 + C6

26: C4 ← rup xi=j ⇒ prec(i, r) + prec(j, r) ≥ 0

27: C5 ← cut n · C3 + C2 + Def⇒(dist(r, i)≥k) + Def⇐(dist(r, j)≥k+1

28: C6 ← cut n · C4 + C1 + Def⇐(dist(r, i)≥k+1) + Def⇒(dist(r, j)≥k+2

29: return rup dist(r, i)=k ∧ xi=j ⇒ dist(r, j)=k+1

30: else
31: C1 ← get xi=j ⇒ −BinEnc(Pj) + BinEnc(Pi) ≥ −1
32: C2 ← get xi=j ⇒ BinEnc(Pj)− BinEnc(Pi) ≥ 1

33: C3 ← cut sat(C1 + Def⇐(dist(r, i)≥k+1))

34: C4 ← cut sat(C2 + Def⇒(dist(r, i)≥k))

35: return rup dist(r, i)=k ∧ xi=j ⇒ 0 ≥ 1.



Chapter 6. Hamiltonian Circuit Constraints 169

And for C5,

C2 = K1 · xi=j +Pj − Pi ≥ 1;

+ Def⇒(prec(j, i)) = K1 · prec(j, i)+Pi − Pj ≥ 1;

= K1 · xi=j +K1 · prec(j, i). ≥ 2

These three constraints ensure that, from the negation of the RUP constraint on line 13, propa-
gation of xi=j propagates prec(j, i) (from C5), which then, since j = i causes dist(r, j)≥2 and
dist(r, j)≥1 to propagate from C3 and C4 respectively, contradicting dist(r, j)=k+1 = dist(r, j)=1.

If i = r and k ̸= 0 then the constraint on line 13 is instead trivially RUP, since dist(r, j)≥k by
definition propagates a contradiction (see Justification Subprocedure 6.10).

If i = r and j = 0 the constraint on line 13 is also immediately RUP, since, after propagation
of xi=j , Pi = Pr is fixed at n− 1 and dist(i, j)=1 propagates from the definitions.

So from this point we can assume i ̸= r in addition to r ̸= 0. Now suppose j ̸= r and j ̸= 0.
We have

C1 = K−1 · xi=j −Pj + Pi ≥ −1;
+ Def⇒(prec(i, r)) = K1 · prec(i, r) +Pr − Pi ≥ 1;

+ Def⇐(prec(j, r)) = K1 · prec(j, r) −Pr + Pj ≥ 1;

= K−1 · xi=j +K1 · prec(i, r) + K1 · prec(j, r) ≥ 1.

So, after saturation

C3 = xi=j + prec(i, r) + prec(j, r) ≥ 1

= xi=j − prec(i, r) + prec(j, r) ≥ 0.

Similarly,

C2 = K1 · xi=j Pj − Pi ≥ 1;

+ Def⇐(prec(i, r)) = K1 · prec(i, r) −Pr + Pi ≥ 1;

+ Def⇒(prec(j, r)) = K1 · prec(j, r) +Pr − Pj ≥ 1;

= K1 · xi=j +K1 · prec(i, r) + K1 · prec(j, r) ≥ 3.
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So, after saturation, and division

C4 = xi=j + prec(i, r) + prec(j, r) ≥ 1

= xi=j + prec(i, r)− prec(j, r) ≥ 0.

Then for line 27,

n · C3 = n · xi=j −n·prec(i, r)+n · prec(j, r) ≥ 0;

+ C2 = K1 · xi=j + Pj − Pi ≥ 1;

+ Def⇒(dist(r, i)≥k) = Kk · dist(r, i)≥k + Pi − Pr+ n·prec(i, r) ≥ k;

+ Def⇐(dist(r, j)≥k+1) = Kn−k · dist(r, i)≥k+1 − Pj + Pr −n · prec(i, r) ≥ −k;

= K1+n · xi=j +Kk · dist(r, i)≥k +Kn−k · dist(r, i)≥k+1 ≥ 1.

So after saturation,

C5 = xi=j + dist(r, i)≥k + dist(r, i)≥k+1 ≥ 1.

Similarly, for line 28

n · C4 = n · xi=j +n·prec(i, r)−n · prec(j, r) ≥ 0;

+ C1 = K−1 · xi=j − Pj + Pi ≥ −1;
+ Def⇐(dist(r, i)≥k+1) = Kn−k · dist(r, i)≥k+1 − Pi + Pr− n·prec(i, r) ≥ −k;
+ Def⇒(dist(r, j)≥k+2) = Kk+2 · dist(r, j)≥k+2 + Pj − Pr +n · prec(j, r) ≥ k + 2;

= K−1+n · xi=j +Kn−k · dist(r, i)≥k+1 +Kk+2 · dist(r, i)≥k+2 ≥ 1.

So after saturation,

C6 = xi=j + dist(r, i)≥k+1 + dist(r, i)≥k+2 ≥ 1.

With the constraints C5 and C6 in place, the final constraint derived on line 17 will be RUP.
Now consider the case where j ̸= r and j = 0. Due to the constraints from line 5 of Encoding

Procedure 6.1, propagation of xi=j in this case will fix Pi = n− 1. This ensures C7 and C8 will
be RUP by Theorem 2.7 as we would get contradictory bounds on Pr in each case. C3 is therefore

2xi=j − prec(i, r) + prec(j, r) ≥ 1, (6.30)

while C4 is trivially RUP and can be written as

xi=j + prec(i, r)− prec(j, r) ≥ −1. (6.31)
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We can then run very similar calculations for lines 27 and 28.

n · C3 = 2n · xi=j −n·prec(i, r)+n · prec(j, r) ≥ n;

+ C2 = K1−n · xi=j + Pj − Pi ≥ 1− n;

+ Def⇒(dist(r, i)≥k) = Kk · dist(r, i)≥k + Pi − Pr+ n·prec(i, r) ≥ k;

+ Def⇐(dist(r, j)≥k+1) = Kn−k · dist(r, i)≥k+1 − Pj + Pr −n · prec(i, r) ≥ −k;

= K1+n · xi=j +Kk · dist(r, i)≥k +Kn−k · dist(r, i)≥k+1 ≥ 1.

So after saturation,

C5 = xi=j + dist(r, i)≥k + dist(r, i)≥k+1 ≥ 1.

And:
n · C4 = n · xi=j +n·prec(i, r)−n · prec(j, r) ≥ −n;

+ C1 = Kn−1 · xi=j − Pj + Pi ≥ n− 1;

+ Def⇐(dist(r, i)≥k+1) = Kn−k · dist(r, i)≥k+1 − Pi + Pr− n·prec(i, r) ≥ −k;
+ Def⇒(dist(r, j)≥k+2) = Kk+2 · dist(r, i)≥k+2 + Pj − Pr +n · prec(i, r) ≥ k + 2;

= K2n−1 · xi=j +Kn−k · dist(r, i)≥k+1 +Kk+2 · dist(r, i)≥k+2 ≥ 1.

So again after saturation,

C6 = xi=j + dist(r, i)≥k+1 + dist(r, i)≥k+2 ≥ 1.

And once again, C5 and C6 allow the final constraint to be RUP.

Finally, for the case where j = r we have

C1 = K−1 · xi=r − Pr + Pi ≥ −1;
+ Def⇐(dist(r, i)≥k+1) = Kn−k · dist(r, i)≥k+1 − Pi + Pr − n · prec(i, r) ≥ −k;

= K1 · xi=r +Kn−k · dist(r, i)≥k − n · prec(i, r) ≥ −k − 1;

and

C2 = K1 · xi=r + Pr − Pi ≥ 1;

+ Def⇒(dist(r, i)≥k) = Kk · dist(r, i)≥k + Pi − Pr + n · prec(i, r) ≥ k;

= K1 · xi=r +Kk · dist(r, i)≥k + n · prec(i, r) ≥ k + 1.

With these in place the negation of the constraint from line 35 propagates both prec(i, r) and
prec(i, r) (since k < n), and hence this will also be RUP.

We also require procedures to derive at-most-one constraints over distance variables.
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Justification Subprocedure 6.12 (Recovering at-most-one distance from r).
Preconditions: S := (v1, . . . , vd); vi ∈ {0, . . . , n − 1) and vi < vi+1 for each i ∈

{1, . . . , d}; r ̸= 0.

Procedure:

1: proc DistVarsRecoverAtMost1(r, S, j)
2: if r = j

3: AtMost1s[k]← rup
∑d

i=1−dist(r, j)=vi ≥ −1
4: return AtMost1s[k]
5: AtMost1s[k]← pbc

∑d
i=1−dist(r, j)=vi ≥ −1

6: subproof of
∑d

i=1−dist(r, j)=vi ≥ −1
7: for i ∈ {1, . . . , d− 1}
8: cut Def⇒(dist(r, j)≥vi) + Def⇐(dist(r, j)≥vi+1

)

9: cut Def⇒(dist(r, j)≥vi+1) + Def⇐(dist(r, j)≥vi+1+1)

10: for i ∈ {1, . . . , d}
11: rup dist(r, j)=vi

≥ 1

12: return AtMost1s[k]

Correctness Proof. First, if r = k, then dist(r, j)=vi is true by unit propagation for vi = 0 and
false for any other vi. So the constraint from line 3 will be trivially RUP.

Otherwise, r ̸= k. As in the proof for Justification Subprocedure 6.7, our only proof obligation
for the “pbc” step is to derive contradiction from

∑d
i=1 dist(r, j)=vi ≥ 2.

For each i ∈ {1, . . . , d} the cutting planes steps compute

Kvi · dist(r, j)≥vi
+Kn+vi+1

· dist(r, j)≥vi+1
≥ (vi − vi+1 + 1); and (6.32)

Kvi+1 · dist(r, j)≥vi+1 +Kn+vi+1+1 · dist(r, j)≥vi+1+1 ≥ (vi − vi+1 + 1). (6.33)

The presence of these two constraints for each value vi ensures that for each constraint from
line 11, propagation of dist(r, j)≥vi causes every dist(r, j)=vk

to propagate for each k ̸= i,
contradicting the negation of the subproof constraint. This follows by the same argument as in
the proof of Lemma 3.3. Once all these RUP constraints have been derived, we have a conflict by
unit propagation, and the proof obligation is satisfied.

Now we can finally detail the basic version of our ReachTooSmall procedure as Justification
Subprocedure 6.13. We make use of the additional assumption that no variable has its own index
in its domain (no self loops are possible), which follows immediately by unit propagation from
the Circuit constraint definition.

Correctness Proof. First, since we meet the requirements of Justification Subprocedure 6.11,
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Justification Subprocedure 6.13 (Reach is too small, with no assumptions).
Preconditions: SortAsTuple converts a set to a sorted tuple; domt is a domain state

such that for G := GraphRep(X , domt), |Reach(r)| < |G|; and additionally i /∈
domt(Xi) for any i.

Procedure:

1: proc ReachTooSmall(r, domt)

2: AtLeast1s[0]← rup dist(r, r)=0 ≥ 1

3: allReached, lastReached← {r}
4: possibleDistances[r]← {0}
5: step← 1

6: while step ≤ |allReached|
7: newlyReached← ∅
8: for i ∈ lastReached

9: Ri ← GenericRt(Xi)

10: V ← domt(Xi)

11: for j ∈ V

12: if j ̸= r

13: newlyReached← newlyReached ∪ {j}
14: possibleDistances[j]← possibleDistances[j] ∪ {step}
15: Cij ← DeriveSucessorDistance(i, j, r, step− 1)

16: D ← rup Ri ⇒
∑

j∈V xi=j ≥ 1

17: Ci ← cut D +
∑

j Cij

18: AtLeast1s[step]← cut sat(AtLeast1s[step− 1] +
∑

iCi)

19: lastReached← newlyReached

20: allReached← allReached ∪ newlyReached

21: step← step + 1

22: for j ∈ allReached

23: S ← SortAsTuple(possibleDistances[j])

24: if r ̸= 0

25: AtMost1s[j]← DistVarsRecoverAtMost1(r, S, j)

26: else
27: AtMost1s[j]← PosVarsRecoverAtMost1(S, j)

28: cut
step−1∑
k=0

AtLeast1s[k] +
∑

j∈allReached

AtMost1s[j]
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each Cij is by construction one of the forms

dist(r, i)=step−1 + xi=j ≥ 1 or dist(r, i)=step−1 + xi=r + dist(r, r)=step ≥ 1. (6.34)

Also, each constraint derived on line 16 will, as usual, be RUP by Theorem 3.2.
This means that (providing step ≤ n− 1) the cutting planes operation on line 17 will cancel

out the xi=j variables, and will result in Ci having the form

Ri ∧ dist(r, i)=step−1 ⇒
∑

j∈domt(Xi)
j ̸=r

dist(r, j)=step ≥ 1. (6.35)

We can then argue inductively for step ≤ n−1 that at the start of each iteration AtLeast1s[step−
1] will always have the form

Rstep−1 ⇒
∑

i∈lastReached

dist(r, i)=step−1 ≥ 1. (6.36)

This is initially true for the (trivially) RUP constraint derived on line 2, with R0 = ∅. Then,
assuming for some step ≤ n − 1 we have the required form, the cutting planes operation on
line 18 will resolve each of the constraints of the form (6.35) with the last constraint of the form
(6.36), resulting in

Rstep−1 ∪ {Ri : i ∈ lastReached} ⇒
∑

j∈newlyReached

dist(r, j)=step ≥ 1 (6.37)

LettingRstep := Rstep−1 ∪ {Ri : i ∈ lastReached}, once we have lastReached = newlyReached
and step = step + 1 this is in the correct form for the next iteration.

The while loop terminates when step = |allReached| + 1. And by construction, we have
|allReached| ≤ |Reach(r)| since we only collect nodes by following edges reachable from r.
Since we are assuming |Reach(r)| < n we always have step ≤ n− 1 during the loop body, and
we must eventually terminate with step ≤ n.

The at-most-one constraints are correctly derived as per Justification Subprocedure 6.12
or Justification Subprocedure 6.7. And by construction they have, collectively, precisely the
complementary literals to those appearing collectively in the at-least-one constraints.

This means that the final cutting planes summation is adding up step reified at-least-one con-
straints and step− 1 at-most-one constraints with complementary literals. Similar to Justification
Procedure 3.16, this will result inR ⇒ 0 ≥ 1, whereR :=

⋃step−1
i=0 Ri.

This procedure is sufficient for the conflict justifications constructed by Justification Pro-
cedure 6.2 and Justification Procedure 6.3, as by definition it fulfils the needs of property A1.
However, to complete the justification procedures for the remainder of the filtering rules consid-
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ered so far, we need to additionally respect A2, i.e. construct a propagation justification when a
literal assumption implies the reach for a certain vertex in the represented graph is too small.

Justification Subprocedure 6.14 (Reach is too small, with an atomic literal assump-
tion).
Preconditions: SortAsTuple converts a set to a sorted tuple; ℓ is an atomic equality literal

on a variable in X ; domt is a domain state such that for G := GraphRep(X , doma),

with doma constructed using ℓ as in (6.5), we have |Reach(r)| < |G|.
Procedure: Identical to Justification Subprocedure 6.13 except with an additional param-

eter ℓ, and between lines 11 and 12 we insert the following.

12: if ℓ = xi=j ∨ (ℓ = xi=k ∧ k ̸= j) ∨ (ℓ = xk=j ∧ k ̸= i)

13: Ri ← Ri ∪ {ℓ}
14: V ← V \ {j}
15: continue

Correctness Proof. Note that the added lines have the effect of excluding values not in doma, as
defined by (6.5), from the breadth-first reachability search. Since by assumption, |Reach(r)| <
|GraphRep(X , doma)|, all the of the arguments from the correctness of Justification Subproce-
dure 6.14 then apply, except possibly for the RUP constraintRi ⇒

∑
j∈V xi=j ≥ 1 previously

on line 16. Here we just need to observe for the case where ℓ = xk=j and k ̸= i that reverse unit
propagation of this constraint will exclude at least every value other than j from the domain of
Xi. If conflict is then not already reached, further propagation would then fix BinEnc(Xi) at j
as per Theorem 2.8 which then causes a conflict under propagation of ℓ due to the AllDifferent
constraint encoded as part of Circuit. Hence, this constraint will still be RUP.

6.4.4 Further Propagation Rules for Circuit

We have shown so far how a number of circuit pruning rules can be justified using a conditional
counting argument formalised as the ReachTooSmall procedure. As mentioned, another pruning
rule given by Francis and Stuckey [72] is the “prune skip” inference, which is illustrated in
Figure 6.7. The subtrees explored by the DFS give us a required partial ordering over the vertices
of G, and this is not respected by any edges that skip subtrees, allowing such edges to be pruned.

However, as illustrated in the diagram, even if we assume that an offending edge is taken, it
can still be the case that every vertex is reachable from every other vertex, making ReachTooSmall
not directly applicable.

In terms of once again reusing the same procedure, it might seem that hope is lost. But one
encouraging observation here is that if we can somehow adapt ReachTooSmall to respect certain
kinds of ordering assumptions then we can still in fact make use of a reachability argument.
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Let ord(r, a, b) denote the property that, in a Hamiltonian cycle, the vertex a is visited between

the vertices r and b. Or to think of it another way, the property saying that following any path
from r, we must encounter a before we encounter b.

This can be straightforwardly expressed as a PB extension variable if we re-use the prec(i, j)
flags we introduced as part of the distance variable definitions.

Def⇒(ord(r, a, b)) := ord(r, a, b)⇒ prec(r, a) + prec(a, b) + prec(b, r) ≥ 2; (6.38)

Def⇐(ord(r, a, b)) := ord(r, a, b)⇒ prec(r, a) + prec(a, b) + prec(a, r) ≥ 1. (6.39)

Note that, because there are only two possible cyclic orderings, ord(r, a, b) is equivalent to
ord(r, b, a). We can canonicalise literal names in the proof format so that equivalent sets of
prec(i, r) and ord(r, i, j) literals are uniquely named in the actual proof log.

Now, we can define a new order-respecting reachable set for a directed graph G as the set

Reacha⪯b(v) := {w : ∃ a path P from v to w s.t. a ⪯P b}, (6.40)

where a ⪯P b denotes following the relation for a given path P := (v0, . . . , vp);

a ⪯P b ⇐⇒ ∀s(vs = b⇒ ∃r < s s.t. vr = a}. (6.41)

In other words a ⪯P b holds if j does not appear in the path P unless i appears earlier.
This allows us to express a new hope for our ReachTooSmall procedure, which should allow

us to deal with the prune-skip rule.

A3. Suppose we have a Circuit constraint on the variables X encoded as per Encoding Proce-
dure 6.1; and an atomic literal ℓ for a variable Xi ∈ X . Let doma be the modified domain
state as specified by (6.5). Then if w ̸= a ̸= b are vertices of G := GraphRep(X , doma),
such that |Reacha⪯b(w)| < |G|, then ReachTooSmall(w, domt, ℓ, a, b) will derive R ∧
ord(w, a, b)⇒ ℓ.

The key idea is that we run two ReachTooSmall arguments, assuming that they respect the
above property. We then combine the results of these by adding up definition constraints to get a
propagation justification. The intuition for why this works is that if an edge (v, w) skipping a
subtree were used in the circuit, we would have to visit the initial node v0 between visiting w and
visiting the root r of the skipped subtree, but also visit v0 between visiting r and visiting v, and
both of these cannot be simultaneously true.

Correctness Proof for Justification Procedure 6.15. First suppose w ̸= 0. The cutting planes
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v0

r1

w

r2 r3

v

Figure 6.7: Justifying the “prune skip” inference. We can disprove the ordering assumption
ord(w, r2, v0) with ReachTooSmall(w, . . . ) and disprove the ordering assumption ord(r2, v, v0)
with ReachTooSmall(r2, . . . ). These together imply that (v, w) cannot be used.

Justification Procedure 6.15 (Prune skip for Circuit).
Preconditions: For some i > 1 there is an edge (v, w) in G beginning in the ith subtree

(explored by the DFS) and ending in the jth , where j > i+ 1, which can therefore

be pruned; v0 is the root the DFS; and r is the root of the (i+ 1)ith visited subtree.

Procedure:

1: C1 ← R1 ∧ ord(w, r, v0)⇒ xv=w ≥ 1← ReachTooSmall(w,domt, xv=w, r, v0)

2: C2 ← R2 ∧ ord(r, v, v0)⇒ xv=w ≥ 1← ReachTooSmall(r, domt, xv=w, r, v0)

3: if w ̸= 0

4: C3 ← get xv=w ⇒ BinEncPw − BinEncPv ≥ 1

5: C4 ← get xv=w ⇒ BinEnc−Pw + BinEncPv ≥ −1
6: C5 ← cut sat(C3 + Def⇒(prec(w, r)) + Def⇒(prec(r, v)))/3

7: C6 ← cut sat(C3 + Def⇒(prec(v, v0)) + Def⇒(prec(v0, w)))

8: cut C5 + C6 + Def⇒(ord(w, r, v0) + Def⇒(ord(r, v, w))

9: rup R1 ∪R2 ⇒ xv=w ≥ 1

steps can be computed as follows.

C3 = K1 · xv=w +Pw − Pv ≥ 1;

+ Def⇒(prec(w, r)) = K1 · prec(w, r) +Pr − Pw ≥ 1;

+ Def⇒(prec(r, v)) = K1 · prec(r, v) +Pv − Pr ≥ 1;

= K1 · xv=w +K1 · prec(w, r) +K1 · prec(r, v) ≥ 3.

Hence, C5 = xv=w + prec(w, r) + prec(r, v) ≥ 1.
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C4 = K−1 · xv=w −Pw + Pv ≥ −1;
+ Def⇒(prec(v, v0)) = K1 · prec(v, v0) +Pv0 − Pv ≥ 1;

+ Def⇒(prec(v0, w)) = K1 · prec(v0, w) +Pw − Pv0 ≥ 1;

= K−1 · xv=w +K1 · prec(v, v0) +K1 · prec(v0, w) ≥ 1.

Hence, C6 = xv=w + prec(v, v0) + prec(v0, w) ≥ 1

So finally,

C5 = xv=w − prec(w, r)− prec(r, v) ≥ −1;
+ C6 = xv=w − prec(v, v0)− prec(v0, w) ≥ −1;
+ Def⇒(ord(w, r, v0)) = ord(w, r, v0) +prec(r, v0) + prec(w, r) + prec(v0, w) ≥ 2;

+ Def⇒(ord(r, v, v0)) = ord(r, v, v0) +prec(v0, r) + prec(v, v0) + prec(r, v) ≥ 2;

= 2xv=w + ord(w, r, v0) + ord(r, v, v0) + prec(r, v0) + prec(v0, r) ≥ 2.

Recall that, since we are canonicalising names (c.f. Justification Subprocedure 6.9), we have
prec(r, v0) = prec(v0, r). So this last constraint is in fact equivalent to

2xv=w + ord(w, r, v0) + ord(r, v, v0) ≥ 2, (6.42)

which, along with C1 and C2, allows the final constraint on line 9 to be RUP.
If, on the other hand w = 0, the situation is even simpler, since propagation of xv=w fixes

Pw = P0 = 0 and Pv = n − 1. So after propagation of ord(w, r, v0) and ord(r, v, v0), we have
the following constraints active

prec(0, r) + prec(r, v0) + prec(v0, 0) ≥ 2; (6.43)

prec(r, v) + prec(v, v0) + prec(v0, r) ≥ 2. (6.44)

Here prec(0, r) and prec(v0, 0) must propagate, leading to prec(r, v0) propagating. And since
prec(r, v0) = prec(v0, r) we then propagate prec(v, v0), ultimately resulting in the constraint
Pv0 ≥ n. Since we have in the encoding Pv0 ≤ n− 1, this leads to contradiction via Theorem 2.7.

In a moment we will demonstrate the final missing piece of this procedure, and show how
ReachTooSmall can be adapted to additionally satisfy A3. Before that however, we can briefly
note that, with the prune-skip rule in force, further propagation rules can be applied for Circuit,
and yet again this can be justified using ReachTooSmall.
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v0

r1 r2 r3

Figure 6.8: Justifying “no backedges” contradiction. There are no backedges from the subtree
rooted at r2, and since “prune skip” inferences have already been made, there is then no way to
reach any nodes earlier than r2 from r2.

Justification Procedure 6.16 (Fix back-edges for Circuit).
Preconditions: All edges which skip subtrees (as dealt with by Justification Proce-

dure 6.15) have been pruned; all edges ending the root which did not begin in

the earliest subtree (as dealt with by Justification Procedure 6.4) have been pruned;

and for some i > 1, there is only one “backedge” (v, u) in G from the ith subtree to

a node in the (i− 1)th subtree (which therefore must be used); and w is the root of

the ith subtree.

Procedure:

ReachTooSmall(domt, w, xv=u)

Correctness Proof. Since any edges that skip subtrees have been removed by assumption, and
the only edges left leading to the initial node v0 come from the earliest subtree, the only way
to escape the subtree rooted at w would be through the edge leading from the ith subtree to the
(i− 1)th subtree.

So ReachTooSmall(domt, w, xv=u) will deriveR ⇒ xv=u for some reasonR.

Justification Procedure 6.17 (No back-edges for Circuit).
Preconditions: All edges which skip subtrees (c.f. Justification Procedure 6.15) have been

pruned; all edges ending the root which did not begin in the earliest subtree (as

dealt with by Justification Procedure 6.4) have been pruned;for some i > 1, there

are no “backedges” (v, u) in G from the ith subtree to a node in the (i−1)th subtree

(and hence Circuit is infeasible); and w is the root of the ith subtree.

Procedure:

ReachTooSmall(domt, w)
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Correctness Proof. Analogous to Justification Procedure 6.16. See Figure 6.8.

6.4.5 Reachability Proofs with Ordering Assumptions

We require some further subprocedures for the final modified version of ReachTooSmall.
The idea will be, when we have an ordering assumption ord(r, a, b) we should skip b in the

breadth first search unless a is in the set of nodes we have reached so far. The first stepping
stone to deriving this in terms of PB constraints will be to derive a constraint of the form
ord(r, a, b) ∧ dist(r, a)≥k ⇒ dist(r, b)≥k+1

Justification Subprocedure 6.18 (Ordering implies last is further from r than mid-
dle).
Preconditions: r, a, b, k ∈ {0, . . . , n − 1} with r ̸= a ̸= b; ord(r, a, b) is an ordering

assumption literal defined as per (6.38) and (6.39).

Procedure:

1: proc DeriveLastAfterMiddle(r, a, b, k)
2: C1 ← pbc n · prec(a, b) + Pb − Pa ≥ 1

3: subproof of C1

4: C2 ← rup − Pa ≥ −n+ 1

5: cut ¬C1 + C2

6: cut ¬C1 + Def⇒(prec(a, b))
7: C3 ← cut sat((Def⇒(dist(r, a)≥k) + Def⇐(dist(r, b)≥k+1) + C1)/n)

8: C4 ← cut sat(C3 + Def⇒(ord(r, a, b))
9: return ord(r, a, b) ∧ dist(r, a)≥k ⇒ dist(r, b)≥k+1 ← C4

Correctness Proof. In the proof-by-contradiction subproof of C1 we have

¬C1 + C2 = (−n · prec(a, b)− Pb + Pa ≥ 0) + (−Pa ≥ −n+ 1)

= −n · prec(a, b)− Pb ≥ −n+ 1;

and ¬C1 + Def⇒(prec(a, b)) = (−n · prec(a, b)− Pb + Pa ≥ 0)

+ (K1 · prec(a, b) + Pb − Pa ≥ 1)

= (K1 − n) · prec(a, b) ≥ 1.

These propagate prec(a, b) and prec(a, b) respectively, establishing the required contradiction for
us to derive C1 by redundance.
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Then for line 7 we have,

Def⇒(dist(r, a)≥k) = Kk · dist(r, a)≥k +Pa − Pr + n · prec(a, r) ≥ k;

+ Def⇐(dist(r, b)≥k+1) = Kn−k · dist(r, b)≥k+1 −Pb + Pr − n · prec(b, r) ≥ −k;
+ C1 = n · prec(a, b) +Pb − Pa ≥ 1;

= Kk · dist(r, a)≥k +Kn−k · dist(r, b)≥k + n · prec(a, r) +
n · prec(a, b)− n · prec(b, r) ≥ 1;

or, equivalently: Kk · dist(r, a)≥k +Kn−k · dist(r, b)≥k + n · prec(a, r) +
n · prec(a, b) + n · prec(b, r) ≥ 1 + n.

Then, recalling the rounding property of the division rule (Rule 4), we know that ⌈(1+n)/n⌉ = 2,
so we have

C3 = 2 · dist(r, a)≥k + 2 · dist(r, b)≥k + prec(a, r) + prec(a, b) + prec(b, r) ≥ 2;

which since prec(a, r) = prec(r, a), is the same as

2 · dist(r, a)≥k + 2 · dist(r, b)≥k +−prec(r, a)− prec(a, b)− prec(b, r) ≥ −1.

So adding this to Def⇒(ord(r, a, b)) on line 8 cancels all the precedence variables, leading to
ord(r, a, b) ∧ dist(r, i)≥k ⇒ dist(r, b)≥k+1 after saturation, as claimed.

Next, we want to be able to derive constraints of the form dist(r, j)=k ⇒ dist(r, a)=k ≥ 1,
i.e., that no two vertices can be the same distance from r. This is achieved by Justification
Subprocedure 6.19

Justification Subprocedure 6.19 (Different nodes have different distances).
Preconditions: r, j, a, k ∈ {0, . . . , n− 1} with r ̸= j ̸= a.

Procedure:

1: proc NotSameDistance(r, j, a, k)

2: if r ̸= 0

3: C1 ← cut sat(Def⇒(prec(a, j)) + Def⇒(prec(j, r)) + Def⇐(prec(a, r)))/3

4: C2 ← cut sat(Def⇐(prec(a, j)) + Def⇐(prec(j, r)) + Def⇒(prec(a, r)))/3

5: cut Def⇒(dist(r, j)≥k)+Def⇐(dist(r, a)≥k+1)+Def⇒(prec(a, j))+n ·C1

6: cut Def⇐(dist(r, j)≥k+1)+Def⇒(dist(r, a)≥k)+Def⇐(prec(a, j))+n ·C2

7: rup dist(r, j)=k + dist(r, a)=k ≥ 1
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Correctness Proof for Justification Subprocedure 6.19. Once again we simply need to compute
the cutting planes summations.

We have

Def⇒(prec(a, j)) = K1 · prec(a, j) +Pj − Pa ≥ 1;

+ Def⇒(prec(j, r)) = K1 · prec(j, r) +Pr − Pj ≥ 1;

+ Def⇐(prec(a, r)) = K1 · prec(a, r) −Pr + Pa ≥ 1;

= K1 · prec(a, j) +K1 · prec(j, r) +K1 · prec(a, r) ≥ 3.

Hence, C1 = prec(a, j) + prec(j, r) + prec(a, r) ≥ 1

or, equivalently: prec(a, j)− prec(j, r) + prec(a, r) ≥ 0.

Def⇐(prec(a, j)) = K1 · prec(a, j) −Pj + Pa ≥ 1;

+ Def⇐(prec(j, r)) = K1 · prec(j, r) −Pr + Pj ≥ 1;

+ Def⇒(prec(a, r)) = K1 · prec(a, r) +Pr − Pa ≥ 1;

=K1 · prec(a, j) +K1 · prec(j, r) +K1 · prec(a, r) ≥ 3

Hence C2 = prec(a, j) + prec(j, r) + prec(a, r) ≥ 1

or, equivalently: prec(a, j) + prec(j, r)− prec(a, r) ≥ 0.

So, for line 5

Def⇒(dist(r, j)≥k) = Kk · dist(r, j)≥k +Pj − Pr + n · prec(j, r) ≥ k;

+ Def⇐(dist(r, j)≥k+1) = Kn−k · dist(r, j)≥k+1−Pa + Pr − n · prec(j, r) ≥ −k;
+ Def⇒(prec(a, j)) = K1 · prec(a, j) +Pa − Pj ≥ 1;

+ n · C1 = n · prec(a, j) − n · prec(j, r) + n · prec(a, r) ≥ 0;

=(K1 + n) · prec(a, j) +Kk · dist(r, j)≥k +Kn−k · dist(r, a)≥k+1 ≥ 1.

And then for line 6,

Def⇐(dist(r, j)≥k+1) = Kn−k · dist(r, j)≥k−Pj + Pr − n · prec(j, r) ≥ −k;
+ Def⇒(dist(r, j)≥k) = Kk · dist(r, j)≥k +Pa − Pr + n · prec(j, r) ≥ k;

+ Def⇐(prec(a, j)) = K1 · prec(a, j) +Pa − Pj ≥ 1;

+ n · C1 = n · prec(a, j) + n · prec(j, r) − n · prec(a, r) ≥ 0;

= (K1 + n) · prec(a, j) +Kn−k · dist(r, j)≥k +Kk · dist(r, a)≥k+1 ≥ 1.

These together guarantee that the final constraint will be RUP, since the negation will propagate



Chapter 6. Hamiltonian Circuit Constraints 183

both prec(a, j) and prec(a, j). In the case where r = 0, the final constraint is already RUP, since
we are assuming an AllDifferent constraint over Pj variables has already been recovered (as per
Justification Subprocedure 6.8) and the negation would fix both Pj and Pa to k, contradicting
this.

We can now describe the modified ReachTooSmall procedure that respects A3. Since there
are a number of modifications to Justification Subprocedure 6.13 to make in different places, it
will be clearest to rewrite most of the procedure again in full.

Justification Procedure 6.20 (Reach is too small, with both assumption types).
Preconditions: SortAsTuple converts a set to a sorted tuple; ℓ is an atomic equality literal

on a variable in X ; domt is a domain state; G := GraphRep(X , doma), with

doma constructed using ℓ as in (6.5); and r ̸= a ̸= b are vertices of G such that

|Reacha≺b(r)| < |G|.
Procedure: See Justification Procedure 6.20 (cont.)

Correctness Proof. First note that the constraint on line 7 is RUP by Theorem 2.7 from the
bounds on Pr in the encoding. Then the cutting planes step on line 8 derives

(Kn · dist(r, a)≥1 − Pa + Pr − n · prec(a, r) ≥ 0) + (−Pr ≥ −n+ 1)

= Kn · dist(r, a)≥1 − Pa − n · prec(a, r) ≥ −n+ 1

With this in place, the negation of the constraint on line 9 propagates both prec(a, r) and
BinEnc(Pa) = 0, conflicting with Def⇐(prec(a, r)), since this becomes −BinEnc(Pr) ≥ 1. So
the constraint is indeed RUP.

Now assume at the start of each execution of the while loop that a has not yet been collected
in allReached, and that we have derived

Rstep ⇒ dist(r, a)≥step ≥ 1. (6.45)

From the above these things are true initially for step = 1.
Then within the loop body, at-least-one constraints are initially derived in exactly the same

way as in Justification Subprocedure 6.14, and so are correct by the same argument, except until
the vertex a is seen, the vertex b is not added to the newlyReached set, due to the conditional
block at line 24.

When this happens, the excludeByOrdering condition is set to true, causing the constraint

ord(r, a, b) ∧ dist(r, a)≥step ⇒ dist(r, b)≥step+1 (6.46)
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Justification Procedure 6.20 (continued)

1: proc ReachTooSmall(r, domt, ℓ, a, b)

2:
... ▷ (The first 5 lines are identical to Justification Subprocedure 6.13).

7: C ← rup − BinEnc(Pr) ≥ −n+ 1

8: cut Def⇐(dist(r, a)≥1) + C

9: rup dist(r, a)≥1 ≥ 1

10: seenMid← false

11: while step ≤ |allReached|
12: newlyReached← ∅, excludeByOrdering← false

13: Rstep ← ∅
14: for i ∈ lastReached

15: Ri ← GenericRt(Xi)

16: Rstep ← Rstep ∪Ri

17: V ← domt(Xi)

18: for j ∈ V

19: if ℓ = xi=j ∨ (ℓ = xi=k ∧ k ̸= j) ∨ (ℓ = xk=j ∧ k ̸= i)

20: Ri ← Ri ∪ {ℓ}
21: V ← V \ {j}
22: continue
23: Cij ← DeriveSucessorDistance(i, j, r, step− 1)

24: if j = b ∧ ¬seenMid

25: excludeByOrdering← true

26: continue

27: if j ̸= r

28: seenMid← (j = a)

29: newlyReached← newlyReached ∪ {j}
30: possibleDistances[j]← possibleDistances[j] ∪ {step}
31: D ← rup Ri ⇒

∑
j∈V xi=j ≥ 1

32: Ci ← cut D +
∑

j Cij

33: AtLeast1s[step]← cut sat(AtLeast1s[step− 1] +
∑

iCi)

34: if excludeByOrdering

35: DeriveLastAfterMiddle(r, a, b, step)

36: E1 ← rup Rstep ∧ ord(r, a, b)⇒ dist(r, b)=step ≥ 1

37: AtLeast1s[step]← cut sat(AtLeast1s[step] + E1)

38: if ¬seenMid

39: for j ∈ newlyReached

40: NotSameDistance(r, j, a, step)

41: rup Rstep ⇒ dist(r, a)≥step+1 ≥ 1

42:
... ▷ (The remaining lines are identical to the last 10 lines of Justification Subproce-

dure 6.13).
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to be derived as per Justification Subprocedure 6.18. Since we have already derived a bound on
the distance from r to a underRstep (6.45) the negation of the constraint E1 will immediately be
RUP since dist(r, b)≥step+1 propagates dist(r, b)=step.

Then, the AtLeast1s[step] constraint will be updated by the cutting planes operation on line 37
with the dist(r, b)=step being resolved away, as follows

sat((Rstep ⇒ dist(r, b)=step +
∑

j∈newlyReached

dist(r, j)=step ≥ 1)

+ (Rstep ∧ ord(r, a, b)⇒ dist(r, b)=step ≥ 1))

= Rstep ∧ ord(r, a, b)⇒
∑

j∈newlyReached

dist(r, j)=step ≥ 1

If a /∈ newlyReached, seenMid will remain false, and on line 40 the constraint

dist(r, j)=step + dist(r, a)=step ≥ 1 (6.47)

for each j ∈ newlyReached will be derived as per Justification Subprocedure 6.19. This ensures
the constraint on line 41 will be RUP, since together with (6.45), its negation will propagate
dist(r, a)=step, which then propagates dist(r, j)=step for each j ∈ newlyReached, contradicting
the last at-least-one constraints. Hence, the invariant required for excluding b on the next step (if
necessary) is maintained.

Overall, after each execution of the while loop, we derive an at-least-one constraint of the
form Rstep ∧ ord(r, a, b) ⇒∑

j∈newlyReached, and we can only collect vertices reachable from r

via paths P where a ≺P b. Since by assumption, |Reacha≺b(r)| < |G|, an analogous argument
to the proof of the correctness of Justification Subprocedure 6.13 is again applicable. We must
derive step reified at-least-one constraints and step− 1 at-most-one constraints which cancel to
derive a constraint of the formR∧ ord(r, a, b)⇒ ℓ.

This concludes the complete set of justification procedures and subprocedures necessary for
justifying a set of inferences that could be made by a Circuit propagator.

6.5 Implementation and Experiments

We implemented a proof logging Circuit constraint within the Glasgow Constraint Solver, includ-
ing an implementation of Tarjan’s algorithm and detection of all the propagation opportunities
discussed in the previous sections. The implementation keeps track of all used auxiliary variables
such as dist(r, i) and prec(i, j) to avoid redefining them when possible. This is particularly
important for the latter, since unlike other extension variable definitions appearing in this thesis,
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prec(i, j) require a non-trivial subproof with a non-constant number of proof steps to introduce,
as demonstrated by Justification Subprocedure 6.9.

Following the experimental philosophy from previous chapters, we focussed on randomly
generated instances with increasing sizes to measure proof logging overhead, proof size, and
checking time. Since there are many specific filtering rules with different proof logging methods
that we would ideally like to test, we formulated random instances of the “travelling salesperson
problem” (TSP). This involves the Circuit constraint and also some side constraints and an
objective to maximise, giving a slightly greater variety of solver behaviour than simply testing a
single Circuit constraint. For sanity testing, we also formulated some specifically crafted small
instances designed to trigger each of the inference rules, and we confirmed the corresponding
justification procedure wrote to the proof log. As before, the key measure of success, which is
that all the proofs were validated by version 3.0 of the VeriPB proof checker, was met.

The results of the random TSP benchmarking are shown in Figures 6.9 and 6.10 This is in
line with what we have seen previously: proof logging overhead is roughly within a constant
factor of the amount of work performed by the propagator. Short reasons once again provide a
benefit, although the difference is less marked than with other propagators, likely due to the fact
that proportionately fewer of the intermediate justification steps need to be reified with a generic
reason.

6.6 Conclusions

We have exhibited the first certifying Circuit propagator by making use of pseudo-Boolean proof
logging. Although the justification procedures in this chapter are specialised to the particular
propagation rules under consideration, they can be seen as a case study in how ad-hoc inference
rules with complicated notions of consistency can be included in a proof logging constraint solver.
In particular, we found that a range of standard inference types could make use of similar proof
procedures, taking advantage of concepts such as connectedness and vertex ordering despite the
proof system having no native representations of these notions, or even of a graph. Even though
the procedures are not immediately more generally applicable beyond Circuit, it is likely that
the core concepts exemplified here — counting reachable vertices under implications; creating
shifted auxiliary labels; and running proof procedures under ordering assumptions — will be
useful for other constraints, particularly related graph constraints such as Path and SubCircuit.
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Figure 6.9: Timing results for random TSP instances.
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Figure 6.10: Proof size results for random TSP instances.
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Chapter 7

Multiplication Constraints

We now move on to justifying propagation of multiplication constraints: X × Y = Z for CP
variables X, Y, Z over integer domains. This fundamental arithmetic operation appears in a wide
variety of problem instances, and can be used as an atomic constraint in the decomposition of
arbitrary polynomial restrictions [9], as well as division and modulo constraints. In contrast
to other simple arithmetic constraints, ternary multiplication propagators in practice generally
enforce only bounds-consistency. In a bounds-consistent propagator, upper and lower bounds
on domains of each variable are narrowed such that, for both bound values, there exist real

numbers within the bounds of the other two variables where the multiplication relation holds.
This corresponds to the bounds(R) consistency definition given by Choi et al. [42], which is the
standard level of consistency enforced in state-of-the-art open source solver implementations
such as Gecode [77] and Chuffed [44].

At first, it might appear that a fundamentally linear PB proof system based on cutting planes
would be ill-equipped to handle such reasoning. But we are able to show that this is not the case.
By using the binary representation of the CP variables and some explicit proofs by contradiction,
we can derive justifications for any inference made by a bounds propagator for multiplication in
a number of proof steps proportionate to the product of the numbers of bits required to encode
the domains of X and Y . This includes handling negative domain values through the use of a
case-based derivation over the signs of the variables.

In this chapter we will start with the easiest cases for this constraint, and build towards the
more awkward ones. We begin by showing how to encode the constraint when X and Y have
only non-negative domain values, and then demonstrate justification procedures for inferring
bounds on Z based on bounds on X and Y . We then extend this encoding to negative values
using a sign-bit-inspired representation, and demonstrate that the same justification procedure can
be embedded in a case-based argument that considers all the possible sign combinations. Finally,
using proof by contradiction, we show that this can be extended to any valid bounding inference
on any of the variables X , Y , or Z. Once again, these procedures have been implemented as part
of a new constraint in the Glasgow Constraint Solver, and we briefly discuss this at the end of
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this chapter.

7.1 Non-negative Integer Multiplication

For a constraint X × Y = Z, where X and Y have only non-negative domain values, encodings
and bounds justifications are relatively straightforward.

7.1.1 PB Encoding for Non-negative Multiplication Constraints

If we have two binary numbers xn−1 . . . x0 and ym−1 . . . y0 the value of their product is given by(
n−1∑
i=0

2ixi

)
·
(

m−1∑
j=0

2jyi

)
(7.1)

=
n−1∑
i=0

m−1∑
j=0

(
2i+j · xi · yj

)
. (7.2)

So a basic idea for a linearisation of X × Y = Z is to use binary representations, define
auxiliary variables xyij constrained to represent each bit product, and then simply constrain Z to
equal the sum corresponding to (7.2).

Encoding Procedure 7.1 (Ternary Multiplication with Positive Values).
Let X × Y = Z be a multiplication constraint with

min(dom0(X)) ≥ 0; min(dom0(Y )) ≥ 0; and min(dom0(Z)) ≥ 0.

A linearisation of the constraint is given by the following procedure.

1: n ← |Vars(BinEnc(X))|
2: m← |Vars(BinEnc(Y ))|
3: for i ∈ {0 . . . n− 1}
4: for j ∈ {0 . . .m− 1}
5: def xyij ⇔ xi + yj ≥ 2

6: def X −
n−1∑
i=0

2ixi = 0

7: def Y −
m−1∑
i=0

2iyi = 0

8: def Z −
n−1∑
i=0

m−1∑
j=0

2i+jxyij = 0
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It should not be controversial to claim that this is a direct translation into linear constraints
of the multiplication of two binary-encoded variables. The constraints on lines 6 and 7 are only
needed as a technicality in order to fit into the framework of Section 3.2 where an intermediate
ILP is needed. In practice, we can assume that the xi and yi variables are unified with the same
bit variables as used in BinEnc(X) and BinEnc(Y ), in which case the equalities on X and Y are
trivial.

In the following sections it will be useful to refer to the forward and reverse implication
constraints from line 5 of this encoding by name. So let

Def⇒(xyij) := xyij ⇒ xi + yj ≥ 2; (7.3)

Def⇐(xyij) := xyij ⇒ xi + yj ≥ 1. (7.4)

7.1.2 Deriving Lower Bounds on a Non-negative Product

Now with the linearisation in place, we can first show how to derive lower bounds on Z based
on lower bounds on X and Y in a fairly natural way. The basic idea is to incrementally build
up a product-of-lower-bounds constraint on a sum (7.2). For each fixed i we can compute a 2j

exponential sum of corresponding reverse implications for individual bit product variables, and
then cancel out the yj bits by saturating and adding the lower bound constraint on BinEncY . We
then compute a 2i exponential sum over all the results of these, and cancel the yj bits by adding
the lower bounds constraint for BinEnc(X) multiplied by the lower bound for Y . This neatly
works out to be exactly what we need, as the following examples illustrates.

Example 7.1 (Lower bounds on a non-negative product).
Suppose X has initial domain {3, . . . , 5} and Y has initial domain {4, . . . , 6}. Then both

domain ranges can be represented with just 3 bits.

A bounds propagator for the constraint should infer that Z ≥ 12, so we would like to

derive the justification

x≥3 ∧ y≥4 ⇒ z≥12 (7.5)

Starting from bounds definitions, (and writing out BinEnc in full) we have

x≥3 ⇒ x0 + 2x1 + 4x2 ≥ 3; (7.6)

and y≥4 ⇒ y0 + 2y1 + 4y2 ≥ 4. (7.7)
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Now, we can compute the following cutting planes steps for x0:

xy00 ⇒ −x0 − y0 ≥ −1 (7.8)

+2·(xy01 ⇒ −x0 − y1 ≥−1) (7.9)

+4·(xy02 ⇒ −x0 − y2 ≥−1) (7.10)

+(y≥4 ⇒ y0 + 2y1 + 4y2 ≥ 4) (7.11)

(synt. implies) y≥4 ⇒ xy00 + 2xy01 + 4xy02 − 7x0 ≥ −3 (7.12)

(synt. implies) y≥4 ⇒ xy00 + 2xy01 + 4xy02 − 4x0 ≥ 0 (7.13)

And similarly for x1 and x2 we can compute

y≥4 ⇒ xy10 + 2xy12 + 4xy12 − 4x1 ≥ 0 (7.14)

y≥4 ⇒ xy20 + 2xy23 + 4xy22 − 4x2 ≥ 0. (7.15)

So we can in turn compute

(y≥4 ⇒ xy00 + 2xy01 + 4xy02 − 4x0 ≥ 0) (7.16)

+2·(y≥4 ⇒ xy10 + 2xy11 + 4xy12 − 4x1 ≥ 0) (7.17)

+4·(y≥4 ⇒ xy20 + 2xy21 + 4xy22 − 4x2 ≥ 0) (7.18)

+4·(x≥3 ⇒ x0 + 2x1 + 4x2 ≥ 3) (7.19)

+ (
∑4

i=0 2
izi −

∑
i,j∈{1,2,3} xyij ≥ 0) (7.20)

x≥3 ∧ y≥4 ⇒ z0 + 2z1 + 4z2 + 8z3 + 16z4 ≥ 12 (7.21)

which allows the desired constraint (7.5) to be RUP.

The process is articulated precisely in Justification Subprocedure 7.1 below.

Correctness Proof for Justification Subprocedure 7.1.

We can compute
∑

j 2
j · Def⇐(xyij) as being

m−1∑
j=0

2jxyij + (2m − 1) · xi +
m−1∑
j=0

2jyj ≥ 2m − 1,

or, equivalently:
m−1∑
j=0

2jxyij + (2m − 1) · xi −
m−1∑
j=0

2jyj ≥ 0.
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Justification Subprocedure 7.1 (Positive product lower bounds).
Preconditions: A multiplication constraint X × Y = Z encoded as in Encoding Proce-

dure 7.1; lX ≥ 0; lY ≥ 0; and

BX := R ⇒
n−1∑
i=0

2ixi ≥ lX , BY := R ⇒
m−1∑
i=0

2iyi ≥ lY ,

for some set of literalsR.

Procedure:

1: proc DeriveProductLowerBound(BX , BY )
2: for i ∈ {0 . . . n− 1}

3: Di ← cut sat(BY +
m−1∑
j=0

2j · Def⇐(xyij))

4: D′
i ← imp R ⇒

m−1∑
j=0

2jxyij + lY · xi ≥ lY from Di

5: C1 ← get BinEnc(Z)−
n−1∑
i=0

m−1∑
j=0

2i+jxyij ≥ 0

6: C2 ← cut C1 + lY ·BX +
n−1∑
i=0

2i ·D′
i

7: return imp R ⇒∑k−1
i=0 2

izk ≥ lX · lY from C2

Adding BY ↾R =
∑

j 2
jyj ≥ lY to this would yield

m−1∑
j=0

2jxyij + (2m − 1) · xi ≥ lY

which after saturation (relying on lY ≥ 0) is

m−1∑
j=0

min(2j, lY ) · xyij + lY · xi ≥ lY .

Since this syntactically implies D′
i↾R =

∑m−1
j=0 2jxyij + lY · xi ≥ lY , Corollary 2.1 tells us that

Di does indeed syntactically imply the constraint on line 4. Next, for the cutting planes step on
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line 6, note that the summation
∑

i 2
i · (D′

i↾R) is

n−1∑
i=0

m−1∑
j=0

2i+jxyij + lY ·
n−1∑
i=0

2ixi ≥ (2n − 1) · lY

or, equivalently:
n−1∑
i=0

m−1∑
j=0

2i+jxyij − lY ·
n−1∑
i=0

2ixi ≥ 0

and so adding lY ·BX↾R = lY ·
∑

i 2
ixi ≥ lY · lX and then C↾R = C to this would yield

BinEnc(Z) ≥ lY · lX .

This tells us that the final constraint is indeed syntactically implied by C2.

7.1.3 Deriving Upper Bounds on a Non-negative Product

The subprocedure for upper bounds is slightly more complicated, requiring a proof by contra-
diction to get intermediate steps in the required form. This can be observed by continuing the
worked example below.

Example 7.2 (Upper bounds on a non-negative product).
Consider the same problem as in Example 7.1. It should also be possible to infer Z ≤ 30.

So we would like to derive a justification

x≥6 ∧ y≥7 ⇒ z≥31 ≥ 1, (7.22)

To do this, first note that we can weaken the forwards implications for any bit product

definition using syntactic implication to get either −xyij + yi ≥ 0 or −xyij + xi ≥ 0.

Then for x0, we can compute both

(xy00 ⇒ y0 ≥ 0) (7.23)

+2·(xy01 ⇒ y1 ≥ 0) (7.24)

+4·(xy02 ⇒ y2 ≥ 0) (7.25)

+ (y≥7 ⇒ −y0 − 2y1 − 4y2 ≥ −6) (7.26)

y≥7 ⇒−xy00 − 2xy01 − 4xy02 ≥ −6 (7.27)
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and also

(xy00 ⇒ x0 ≥ 0) (7.28)

+2·(xy01 ⇒ x0 ≥ 0) (7.29)

+4·(xy02 ⇒ x0 ≥ 0) (7.30)

y≥7 ⇒−xy00 − 2xy01 − 4xy02 + 7x0 ≥ 0. (7.31)

And these two constraints can be seen to imply the conclusion

y≥7 ⇒ −xy00 − 2xy01 − 4xy02 + 6x0 ≥ 0 (7.32)

by considering each of the cases x0 ∈ {0, 1}: if x0 = 0 it is equivalent to (7.31) and if

x0 = 1 it is equivalent to (7.27).

So using a proof by contradiction, or fusion resolution Theorem 2.5, we can derive (7.32).

Next we can similarly derive

y≥7 ⇒ −xy10 − 2xy11 − 4xy12 + 6x1 ≥ 0 (7.33)

y≥7 ⇒ −xy20 − 2xy21 − 4xy22 + 6x2 ≥ 0 (7.34)

So we can in turn compute

(y≥7 ⇒ −xy00 − 2xy01 − 4xy02 + 6x0 ≥ 0) (7.35)

2·(y≥7 ⇒ −xy10 − 2xy11 − 4xy12 + 6x1 ≥ 0) (7.36)

4·(y≥7 ⇒ −xy20 − 2xy21 − 4xy22 + 6x2 ≥ 0) (7.37)

6·(x≥6 ⇒ −x0 − 2x1 − 4x2 ≥−5) (7.38)

− (−∑4
i=0 2

izi +
∑

i,j∈{1,2,3} xyij ≥ 0) (7.39)

x≥6 ∧ y≥7 ⇒ −z0 − 2z1 − 4z2 − 8z3 − 16z4 ≥−30 (7.40)

which allows the desired constraint (7.5) to be RUP.

We can articulate the process precisely in Justification Subprocedure 7.2 below.

Correctness Proof for Justification Subprocedure 7.2. First we have

W x
ij = −xyij + yi ≥ 0 and W y

ij = −xyij + xi ≥ 0. (7.41)
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Justification Subprocedure 7.2 (Positive product upper bounds).
Preconditions: A multiplication constraint X × Y = Z encoded as in Encoding Pro-

cedure 7.1; uX ≥ 0; uY ≥ 0; and BX := R ⇒ −∑n−1
i=0 2ixi ≥ uX ,

BY := R ⇒ −∑m−1
i=0 2iyi ≥ uY , for some set of literalsR.

Procedure:

1: proc DeriveProductUpperBound(BX , BY )
2: for i ∈ {0 . . . n− 1}
3: for j ∈ {0 . . .m− 1}
4: W x

ij ← cut sat(Def⇒(xyij) + (xi ≥ 0))

5: W y
ij ← cut sat(Def⇒(xyij) + (yj ≥ 0))

6: W x
i ← cut

m−1∑
j=0

2j ·W x
ij +BY

7: W y
i ← cut

m−1∑
j=0

2j ·W y
ij

8: Di ← pbc R ⇒ −
m−1∑
j=0

2jxyij + uY · xi ≥ 0

9: subproof ofR ⇒ −
m−1∑
j=0

2jxyij + uY · xi ≥ 0

10: cut ¬Di +W x
i

11: cut ¬Di +W y
i

12: C1 ← get − BinEnc(Z) +
n−1∑
i=0

m−1∑
j=0

2i+jxyij ≥ 0

13: C2 ← cut C1 + uY ·BX +
n−1∑
i=0

2i ·Di

14: return imp R ⇒ −∑k−1
i=0 2

izi ≥ −uX · uY from C2.

Then we have

W x
i ↾R = −

m−1∑
j=0

2jxyij ≥ −uY and

W y
i ↾R = −

m−1∑
j=0

2jxyij + (2m − 1) · xi ≥ 0.
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Since ¬Di↾R =
∑

j 2
jxyij−uY ·xi ≥ 1, we then have in the proof by contradiction subproof

¬Di↾R +W x
i ↾R = −uY · xi ≥ −uY

¬Di↾R +W y
i ↾R = (2m − 1− uY ) · xi ≥ 1.

By assumption uY ≤ 2m − 1, so these together propagate both xi and xi, a conflict. Then
since ¬D propagatesR, this tells us that a contradiction is reached by unit propagation after the
constraints on lines 10 and 11 are derived. This fulfils the proof obligation for the PBC step.

Then
∑

i 2
iDi↾R is

−
n−1∑
i=0

m−1∑
j=0

2i+jxyij + uY ·
n−1∑
i=0

2i ≥ 0 (7.42)

and so adding uX ·BX↾R = −uY ·
∑i

i xi ≥ −uX · uY and then adding C1↾R = C1 to this yields

−BinEnc(Z) ≥ −uX · uY . (7.43)

Similar to the proof of Justification Subprocedure 7.2, this tells us that once the constraint on
line 13 has been derived, the final returned constraint is syntactically implied.

It is somewhat interesting that the lower bounds can be derived with pure cutting planes,
while the upper bounds seem to require a proof by contradiction to get a compact derivation.
This is related to the open question of whether there exists short cutting planes derivations for a
fusion-resolution argument, which we only know how to implement as a proof by contradiction
(recall Theorem 2.5).

If we look at the constraints W x
i ↾R and W y

i ↾R we can see that they have the form

−S ≥ −b and − S + c · x ≥ 0 (7.44)

where S is a PB summation, x is a PB variable, and c and b are integers such that c ≥ b. As
we saw in Example 7.2, we can reason informally that these imply −S + b · x ≥ 0 by case
based-analysis on x. If x = 1 then the first constraint tells us that −S + b ≥ 0 and hence the
conclusion holds. And if x = 0 then the second constraint and the conclusion are the same.

Despite this being easy to see, it is not so clear how pure cutting planes, even with saturation,
can derive this in a short number of steps. The reason this is related to fusion resolution is that
we can view the two constraints as representing

x⇒ −S + b · x ≥ 0 and x⇒ −S + b · x ≥ 0 (7.45)

which is a special case of x⇒ C, x⇒ C.
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7.2 Multiplication with Negative Domain Values

Regardless of any minor annoyances, we have shown how to represent a positive multiplication
constraint and derive bounds on the product with O(n ·m)-length proofs.

We would obviously like to be able to deal with negative values as well, but this presents an
immediate difficulty. So far within the proof logging framework of this thesis we have used a
two’s complement representation for BinEnc when a variable has negative values in its initial
domain. But if X and Y are two’s complement encoded variables, with n and m bits respectively,
the product (as computed by Baugh and Wooley [19]) is

2m+n−2 · xn−1 · ym−1 +

n−2∑
i=0

m−2∑
j=0

2i+j · xi · yj −
m−2∑
i=0

2n−1+i · xn−1 −
n−2∑
i=0

2m−1+uym−1 · xi · ym−1.

(7.46)

While we could use the xyij we defined in Encoding Procedure 7.1 and define this directly, it
is arguably stretching the requirement of “obvious correspondence” that we want from our PB
representation of CP problems. Furthermore, it’s not clear how we could adapt the fairly neat
justification procedures from the previous section to be helpful with this case.

So to avoid starting from scratch, and have an (arguably) more understandable encoding, we
propose a linearisation based on multiplying the magnitudes and signs of the represented integers
separately.

7.2.1 PB Encoding for General Multiplication Constraints

Concretely, suppose a CP variable X is encoded with a sequence of PB bit variables x0, . . . , xn−1

along with an additional two’s complement bit xn. To define a multiplication constraint in
our PB model, we would introduce an additional set of n + 1 bit variables |x|0, . . . , |x|n to
represent the absolute value of X and then define constraints for multiplication of the magnitudes;
multiplication of the signs; and channelling between representations. To avoid confusion: each
|x|i here represents a PB variable, separate from the xi variables.

We will also make use of a function TCLength as part of our linearisation procedure. For
a variable X with initial domain {l, . . . , u}, we assume TCLength(X) returns the minimum
number of bits h required to represent the range specifically with an h− bit two’s complement
representation (regardless of whether l is negative).

As with the previous encoding, the constraints defined on lines 4 to 6 are not strictly needed if
the CP variables will be replaced with a two’s complement representation anyway when it comes
to BinEnc replacement. However, making these constraints explicit allows a cleaner explanation
of the justification procedures in full generality (including to cover the cases where some, but
not all, of X , Y and Z can take negative values). The constraints from lines 7 and 12 ensure the
channelling between the magnitude and two’s complement bits. Essentially they say that if the
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Encoding Procedure 7.2 (Ternary Multiplication).
A linearisation of a multiplication constraint X × Y = Z is as follows.

1: n ← TCLength(X)− 1

2: m← TCLength(Y )− 1

3: k ← TCLength(Z)− 1

4: def X + 2nxn −
∑n−1

i=0 2ixi = 0

5: def Y + 2mym −
∑m−1

i=0 2iyi = 0

6: def Z + 2kzk −
∑k−1

i=0 2
izi = 0

7: def xn ⇒
∑n−1

i=0 2ixi −
∑n

i=0 2i|x|i = 0

8: def xn ⇒
∑n−1

i=0 2ixi +
∑n

i=0 2
i|x|i = 2n

9: def ym ⇒
∑m−1

i=0 2iyi −
∑m

i=0 2i|y|i = 0

10: def ym ⇒
∑m−1

i=0 2iyi +
∑m

i=0 2
i|y|i = 2m

11: def zk ⇒
∑k−1

i=0 2
izi −

∑k
i=0 2i|z|i = 0

12: def zk ⇒
∑k−1

i=0 2
izi +

∑k
i=0 2

i|z|i = 2k

13: for i ∈ {0 . . . n− 1}
14: for j ∈ {0 . . .m− 1}
15: def |xy|ij ⇔ |x|i + |y|j ≥ 2

16: def
∑k−1

i=0 2
i|z|i −

∑n−1
i=0

∑m−1
j=0 2i+j |xy|ij = 0

17: xn ∧ ym ⇒ s ≥ 1

18: xn ∧ ym ⇒ s ≥ 1

19: xn ∧ ym ⇒ s ≥ 1

20: xn ∧ ym ⇒ s ≥ 1

21: zk ⇔ s+ x=0 + y=0 ≥ 3

Auxiliary variables in include all the bit variables, magnitude bit variables and bit product

variables.

sign bit is false (positive value), the variable and magnitude bits should be equal, and if the sign
is true (negative value), then they should be complementary.

Each equality here is represented as two inequalities with opposite signs γ ∈ {1,−1}.
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Borrowing from Buss and Nordström [36], for any PB literal w we can make use of the notation
wσ, σ ∈ {1,−1}, where w1 = w and w−1 = w. We can then refer to any one of the four
channelling constraints for any variable W ∈ {X, Y, Z} unambiguously using CW (σ, γ), where
σ specifies the sign of the reifying term and γ the direction of the inequality. For example
CY (−1, 1) is the first inequality defined due to line 9, and more generally

CX(σ, γ) := xσ
n ⇒ γ

n−1∑
i=0

2ixi + σγ

n∑
i=0

2i|x|i ≥ 2n−1 · (γσ + γ). (7.47)

7.2.2 Channelling Subprocedures

With these channelling constraints, we can convert a bound on the original two’s complement
bits into a bound on the magnitude bits via a simple procedure. This is articulated in Justification
Subprocedure 7.3. Every justification (sub)procedure that follows in the remainder of this chapter
includes as an implicit precondition that we have a multiplication constraint X ×Y = Z encoded
as in Encoding Procedure 7.2, and that n,m, and k are the two’s complement lengths of X, Y,

and Z respectively.

Justification Subprocedure 7.3 (Channelling from two’s compl. to magnitude bounds).

Preconditions: b ∈ Z; γ ∈ {1,−1}; R is a set of atomic literals for which we have already

derivedR ⇒ −γ · 2nxn + γ ·∑n−1
i=0 2ixi ≥ b

Procedure:

1: proc ChannelTCToMag(b, γ)

2: B ← get R ⇒ −γ · 2nxn + γ ·∑n−1
i=0 2ixi ≥ b

3: if γ ·max(γb, 1) = b

4: B′ ← cut B + CX(−1,−γ)
5: B1 ← imp R∧ xn ∧ x=0 ⇒ γ ·∑n

i=0 2
i|x|i ≥ γ ·max(γb, 1) from B′

6: B2 ← rup R∧ xn ∧ x=0 ⇒ −γ ·
∑n

i=0 2
i|x|i ≥ γ ·min(γb,−1)

7: return {B1, B2}
8: else
9: B′ ← cut B + CX(1,−γ)

10: B1 ← rup R∧ xn ∧ x=0 ⇒ γ ·∑n
i=0 2

i|x|i ≥ γ ·max(γb, 1)

11: B2 ← imp R∧ xn ∧ x=0 ⇒ −γ ·
∑n

i=0 2
i|x|i ≥ γ ·min(γb,−1) from B′

12: return {B1, B2}

Correctness Proof for Justification Subprocedure 7.3. First suppose γ · max(γb, 1) = b. Then
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γ ·min(γb,−1) = −γ, and CX(−1,−γ) is

xn ⇒ −γ
n−1∑
i=0

2ixi + γ

n∑
i=0

2i|x|i ≥ 0

so clearly B1 is syntactically implied by B′ = B + CX(−1,−γ). Now if γ = 1, it must be the
case that b > 1 and so B2 is trivially RUP (since from B, xn propagates to false). Otherwise,
γ = −1 and B2 is

R∧ xn ∧ x=0 ⇒
∑
i

2i|x|i ≥ 1 (7.48)

and so the negation of this sets every |x|i to 0 by unit propagation. This in turn sets all the xi to
0 (via the channelling constraints) and eventually BinEnc(X) = 0, contradicting x=0. So either
way B2 must be RUP.

Now consider the case where γ ·max(γb, 1) ̸= b. It must be then that γ ·max(γb, 1) = γ,
and so γ ·min(γb,−1) = b, and C1(−γ,) is

xn ⇒ γ
n−1∑
i=0

2ixi − γ
n∑

i=0

2i|x|i ≥ 0

so B2 is in this case syntactically implied by B′ and B1 is RUP by precisely the same argument
as B2 in the previous case.

Similarly, we can derive reified bounds on the original product variable Z from reified bounds
on its magnitude via Justification Subprocedure 7.4 below.

Correctness Proof for Justification Subprocedure 7.4. C2 is RUP, sinceR contains x=0 and y=0,
which ensures via unit propagation zk = xn⊕ym and hence z−σX ·σY

k propagates after propagation
of xσX

n and ym.
Next, (using the fact that σZ · σZ = 1), CZ(σZ ,−σZγ) is

zσZ
n ⇒ −σZγ

k−1∑
i=0

2izi − γ

k∑
i=0

2i|z|i ≥ −2k−1 · γ · (σZ + 1). (7.49)

which can be written without reification syntactic sugar as

K · z−σZ
n − σZγ

k−1∑
i=0

2izi − γ
k∑

i=0

2i|z|i ≥ −2k−1 · γ · (σZ + 1), (7.50)

for some suitably large K. Since 2k+1 − 1 =
∑k

i=0 2
i, we may assume that K ≤ 2k+1 − 1 since

regardless of the values of σZ and γ this is certainly large enough to ensure the correctness of the
reification (as per Proposition 2.2).
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Justification Subprocedure 7.4 (Channelling magnitude bounds to two’s comple-
ment).
Preconditions: b ∈ Z; σX , σY , γ ∈ {1,−1}; R ⊇ {xσX

n , yσY
m−1, x=0, y=0} is a set of

atomic literals for which we have already derivedR ⇒ γ ·∑k−1
i=0 2

i|z|i ≥ b.

Procedure:

1: proc ChannelMagToTC(b, σX , σY ,R)
2: C1 ← get R ⇒ γ ·∑k−1

i=0 2
i|z|i ≥ b

3: σZ ← −σX · σY

4: C2 ← rup R ⇒ zσZ
k ≥ 1

5: C3 ← cut (2k+1 − 1) · C2 + CZ(σZ ,−σZγ)

6: C4 ← imp R ⇒ −σZγ
∑k−1

i=0 2
izi − γ

∑k
i=0 2

i|z|i ≥ −2k−1 · γ · (σZ + 1)

from C3

7: if γ = 1

8: C5 ← C2 · 2k
9: else

10: C5 ← imp γσZ · 2kzk ≥ 2k · γ · (σZ+1/2) from 0 ≥ 0

11: C6 ← cut C1 + C4 + C5

12: return imp R ⇒ σZγ · 2kzk − σZγ ·
∑k

i=0 2
izi ≥ b from C6

For compactness, let us write K ′ := 2k+1 − 1. By considering each of the cases σZ = ±1 we
can rewrite and compute the cutting planes operation on line 5

C2↾R ·K ′ = K ′ · σZzk ≥ K ′ · (σZ+1)/2;

CZ(σZ ,−σZγ)↾R = −σZ ·K · zn − σZγ
k−1∑
i=0

2izi − γ

k∑
i=0

2i|z|i ≥ (−2k · γ −K) · (σZ+1)/2;

so C3↾R = σZ · (K ′ −K) · zn − σZγ

k−1∑
i=0

2izi − γ
k∑

i=0

2i|z|i ≥ (K ′ −K − 2k · γ) · (σZ+1)/2.

And we can similarly validate that

σz · (K ′ −K) · zk ≥ −(K ′ −K) · (σZ+1)/2 (7.51)

is always a multiple of literal axioms (since K ′ −K ≥ 0).
This tells us that C4↾R is syntactically implied by C3↾R and hence, by Theorem 2.1, C4 is

syntactically implied by C3.
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Next, we can see that, if γ = 1, C5↾R is

2kzσZ
k ≥ 2k

= σZ · 2kzk ≥ 2k−1 · (σZ + 1)

= γσZ · 2kzk ≥ γ · 2k−1 · (σZ + 1).

On the other, hand, if γ = −1, then

2kz−σZ
k ≥ 0

= −σZ · 2kzk ≥ −2k−1 · (σZ + 1)

= −σZ · 2kzk ≥ −2k−1 · (σZ + 1)

= γσZ · 2kzk ≥ γ · 2k−1 · (σZ + 1),

and hence C5 can indeed be built from literal axioms.
Either way, C5↾R ends up being the same thing. This finally, tells us that

C1↾R + C4↾R + C5↾R yields σZγ · 2kzk − σZγ ·
k∑

i=0

2zi ≥ b; (7.52)

and so by Theorem 2.1 the returned constraint is indeed syntactically implied by C1+C4+C5.

7.3 Justifying Bounds-Consistent Multiplication

A CP bounds propagator for the multiplication constraint X×Y = Z will typically apply pruning
rules to each variable in turn, narrowing the bounds on one variable based on the bounds on the
other two.

Recall from Chapter 3 the notion of bounds consistency; which can be expressed more
formally for integer domains (following Choi et al. [42]) as follows:

A domain state domt is bounds-Z-consistent for a constraint C, if for each variable
Xi ∈ scp(C), and for each bi ∈ {min(domt(Xi)),max(domt(Xi))} there exists inte-

gers bj , j ∈ {1, . . . , n} \ {i} with min(domt(Xj)) ≤ bj ≤ max(domt(Xj) such that
X1 = b1, . . . , Xn = bn satisfies C.

Our aim in this section is to show how to justify any inference made by a propagator as part of
enforcing bounds consistency. This will make use of the subprocedures for deriving bounds and
channelling that we introduced in the previous sections.
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7.3.1 Justifying Infeasible Bounds

We can construct infeasibility justifications when the set of bounds on X , Y and Z do not allow
for any solutions to X×Y = Z. This works by writing out a case based argument in the proof log.
We make assumptions about the signs of X and Y , and show that in each case, if the assumptions
are possible, a contradictory bound on Z must be achieved.

Justification Procedure 7.5 (Justifying infeasible bounds for multiplication).
Preconditions: lX ≤ uX ; lY ≤ uY ; lZ ≤ uZ are bounds for the variables X , Y , and

Z respectively that are infeasible with respect to the multiplication constraint

X × Y = Z, i.e. there does not exist a triple of integers a, b, c with

lX ≤ a ≤ uX ; lY ≤ a ≤ uY ; lZ ≤ a ≤ uZ ; and a · b = c; (7.53)

TCBits(V ) gives the bit sum for the two’s complement representation for each

variable V ∈ {X, Y, Z} used as part of Encoding Procedure 7.2; IsLB(C) returns

true if a constraint is of the form L ⇒ B where B has all positive coefficients on

the left-hand side, and false otherwise.

Procedure: For definitions of DeriveConditionalBounds and ResolveSigns, see Justifica-

tion Procedure 7.5 (cont.) below.

1: DeriveConditionalBounds(lX , uX , lY , uY )

2: pbc x≥lX ∧ x≥uX+1 ∧ y≥lY ∧ y≥uY +1 ∧ z≥lZ ∧ z≥uZ+1 ⇒ 0 ≥ 1

3: subproof of x≥lX ∧ x≥uX+1 ∧ y≥lY ∧ y≥uY +1 ∧ z≥lZ ∧ z≥uZ+1 ⇒ 0 ≥ 1

4: ResolveSigns()

Correctness Proof. In what follows we will use the shorthands

ΣX := TCBits(X) = −2nxn +
∑n−1

i=0 2ixi, Σ|X| :=
∑n

i=0 2
i|x|i, (7.54)

with ΣY , Σ|Y |, ΣZ , Σ|Z| defined similarly. For any integer b we will also use

b+ := max(b, 1), and b- := min(b,−1). (7.55)

And finally we will let

R := x≥lX ∧ x≥uX+1 ∧ y≥lY ∧ y≥uY +1. (7.56)

So with this notation, the first two lines in the initial loop of DeriveConditionalBounds will derive

R ⇒ ΣX ≥ lX ; R ⇒ −ΣX ≥ −uX ; (7.57)

R ⇒ ΣY ≥ lY ; R ⇒ −ΣY ≥ −uY . (7.58)
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Justification Procedure 7.5 (continued)

1: proc DeriveConditionalBounds(lX , uX , lY , uY )

2: R ← {x≥lX , y≥lY , x≥uX+1, y≥uY +1};
3: magBounds[X]← ∅, magBounds[Y ]← ∅
4: for V ∈ {X,Y }
5: LB[V ]← rup R ⇒ TCBits(V ) ≥ lV

6: UB[V ]← rup R ⇒ −TCBits(V ) ≥ −uV
7: magBounds[V ]← magBounds ∪ ChannelTCToMag(lV , 1)

8: magBounds[V ]← magBounds ∪ ChannelTCToMag(−uV ,−1)

9: for (CX , CY ) ∈ magBounds[X]×magBounds[Y ]

10: if IsLB(CX) ∧ IsLB(CY )

11: R∧ xσX
n ∧ yσY

m ⇒ S ≥ b← DeriveProductLowerBound(CX , CY )

12: ChannelMagToTC(b, σX , σY ,R)
13: else if ¬IsLB(CX) ∧ ¬IsLB(CY )

14: R∧ xσX
n ∧ yσY

m ⇒ S ≥ b← DeriveProductUpperBound(CX , CY )

15: ChannelMagToTC(b, σX , σY ,R)

16: rup x=0 ⇒ TCBits[Z] ≥ 0

17: rup y=0 ⇒ TCBits[Z] ≥ 0

18: rup x=0 ⇒ −TCBits[Z] ≥ 0

19: rup y=0 ⇒ −TCBits[Z] ≥ 0

20: proc ResolveSigns( )

21: C1 ← rup xn ∧ yn ∧ x=0 ∧ y=0 ⇒ 0 ≥ 1

22: C2 ← rup xn ∧ yn ∧ x=0 ∧ y=0 ⇒ 0 ≥ 1

23: C3 ← rup xn ∧ yn ∧ x=0 ∧ y=0 ⇒ 0 ≥ 1

24: C4 ← rup xn ∧ yn ∧ x=0 ∧ y=0 ⇒ 0 ≥ 1

25: C5 ← rup x=0 ⇒ 0 ≥ 1

26: C6 ← rup y=0 ⇒ 0 ≥ 1

27: cut sat(sat(sat(sat(C1 + C2) + sat(C3 + C4)) + C5) + C6)

These are RUP due to the definitions of the literals in R, and the equality constraint with the
TCBits defined in Encoding Procedure 7.2.

Furthermore, each of these are in the form required by the assumptions of Justification
Subprocedure 7.3. So after both full iterations of the loop we will have derived the following
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constraints, stored in magBounds[X] and magBounds[Y ].

R∧ xn ∧ x=0 ⇒Σ|X| ≥ l+X , R∧ xn ∧ x=0 ⇒−Σ|X| ≥ l-X , (7.59)

R∧ xn ∧ x=0 ⇒Σ|X| ≥−u-
X , R∧ xn ∧ x=0 ⇒−Σ|X| ≥ −u+

X , (7.60)

R∧ yn ∧ y=0 ⇒Σ|Y | ≥ l+Y , R∧ yn ∧ y=0 ⇒−Σ|Y | ≥ l-Y , (7.61)

R∧ yn ∧ y=0 ⇒Σ|Y | ≥−u-
Y , R∧ yn ∧ y=0 ⇒−Σ|Y | ≥ −u+

Y . (7.62)

Since the constraints in the first column are (reified) positive lower bounds, and those
in the second are reified positive upper bounds, the next loop will apply either Justification
Subprocedure 7.1 or Justification Subprocedure 7.2 for each compatible set of bounds.

If we let σX∧σY := R∧ x−σX
n ∧ y−σY

n ∧ x=0 ∧ y=0 where σ1, σ2 ∈ {+,−} (meaning ±1),
the resulting eight constraints are

+∧+ ⇒Σ|Z| ≥ l+X l
+
Y ,

+∧− ⇒−Σ|Z| ≥ u+
X l

-
Y , (7.63)

−∧− ⇒Σ|Z| ≥ u-
Xu

-
Y ,

−∧+ ⇒−Σ|Z| ≥ l-Xu
+
Y , (7.64)

−∧+ ⇒Σ|Z| ≥−u-
X l

+
Y ,

+∧+ ⇒−Σ|Z| ≥−u+
Xu

+
Y , (7.65)

+∧− ⇒Σ|Z| ≥−l+Xu-
Y ,

−∧− ⇒−Σ|Z| ≥ −l-X l-Y . (7.66)

Each of these is in now in the required form to apply Justification Subprocedure 7.4. Note
here that the product σX , σY of the signs in the condition σX∧σY determines whether the inequality
should be flipped. So after all the iterations of the second loop, we have

+∧+ ⇒ ΣZ ≥ l+X l
+
Y ,

+∧− ⇒ ΣZ ≥ u+
X l

-
Y , (7.67)

−∧− ⇒ ΣZ ≥ u-
Xu

-
Y ,

−∧+ ⇒ ΣZ ≥ l-Xu
+
Y , (7.68)

−∧+ ⇒−ΣZ ≥−u-
X l

+
Y ,

+∧+ ⇒−ΣZ ≥−u+
Xu

+
Y , (7.69)

+∧− ⇒−ΣZ ≥−l+Xu-
Y ,

−∧− ⇒−ΣZ ≥ −l-X l-Y . (7.70)

Following this, the next four constraints to be derived (conditioned on x=0 or y=0), all follow
by RUP because their negation will fix all the bits in TCBits(X) and TCBits(Y ) respectively to
0, which then from Encoding Procedure 7.2 must fix TCBits(Z) to 0. In the current notation
these are

x=0 ⇒ ΣZ ≥ 0, y=0 ⇒ ΣZ ≥ 0, (7.71)

x=0 ⇒−ΣZ ≥ 0, y=0 ⇒−ΣZ ≥ 0. (7.72)

Now finally, to see that the proof by contradiction (pbc) succeeds, we first note that the
negation will propagate all the literals inR. We then simply need to argue each of the constraints
in the ResolveSigns procedure will be RUP, since the cutting planes operation on line 27 is
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performing clausal resolution (Theorem 2.2) to derive 0 ≥ 1.
Starting with the first four constraints on lines 21 to 24, we can see that they have the form

x−σX
n ∧ y−σY

n ∧ x=0 ∧ y=0 ⇒ 0 ≥ 1 (7.73)

for σX , σY ∈ {1,−1}, and hence the negation of each propagates all the literals in σ1∧σ2 as
defined above. Then looking at the constraints we derived in (7.67)–(7.70) there will be exactly
two of these with matching reifying conditions on the right-hand side:

σ1∧σ2 ⇒ ΣZ ≥ aσ1
X · aσ2

Y and σ1∧σ2 ⇒ −ΣZ ≥ −bσ1
X · bσ2

Y (7.74)

where aX , bX ∈ {lX , uX} and aY , bY ∈ {lY , uY }.
Now, we can exhaustively validate for these that propagation of σX∧σY must either reach an

immediate contradiction due to incompatible bounds on X and Y , or else the right-hand side of
the constraints are of the form ±a · b where lX ≤ a ≤ uX and lY ≤ b ≤ uY .

For example, for −∧+ ⇒ −ΣZ ≥ −u-
X l

+
Y if xn and x=0 are not immediately falsified by

propagation of x≥lX , then we must have lX ≤ −1 and so lX ≤ u-
X ≤ uX ; and uX ≥ 1 and so

lX ≤ l+X ≤ uX (using the fact that lX ≤ uX and lY ≤ uY ). The other seven cases are very similar.
But then, assuming we don’t get a propagation contradiction from σX∧σY alone, it must be

the case that either aσ1
X · aσ2

Y > uZ or bσ1
X · bσ2

Y < lZ , since otherwise these are bounds-compatible
solutions to X × Y = Z, which we are assuming as precondition do not exist. Hence, we would
have at least one contradictory bound on ΣZ forR, and so we would reach a contradiction as per
Theorem 2.7.

For four 0-bounds in (7.71) and (7.72) this is even easier to see: eitherR excludes 0, and so
we get immediate contradiction, or else 0 is within the given bounds for X/Y and so 0 cannot be
within the given bounds for Z, or we would have a feasible solution.

So all the resolvents are indeed RUP and thus the final proof by contradiction will succeed.

7.3.2 Justifying Product Bounds

Now let us consider narrowing the bounds on Z based on the bounds of X and Y . Suppose the
current domains of X and Y are known to be

domt(X) ⊆ {lX . . . uX}, and domt(Y ) ⊆ {lY . . . uY }. (7.75)

Then the solver can infer domt(Z) ⊆ {inf E . . . supE} where E = {lX lY , lXuY , uX lY , uXuY },
and prune any values outside this range [179]. We can justify this in a manner very similar to the
infeasibility justification procedure above.
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Justification Procedure 7.6 (Justifying bounds on the product variable).
Preconditions: lX = min(domt(X)); uX = max(domt(X)); lY = min(domt(Y ));

uY = max(domt(Y )); lZ = min(domt(z)); uZ = max(domt(z)); (and hence a

bounds consistent propagator can infer minE ≤ Z ≤ maxE for E defined as

above); TCBits(V ) gives the bit sum for the two’s complement representation for

each variable V ∈ {X, Y, Z} used as part of Encoding Procedure 7.2; IsLB(C)

returns true if a constraint is of the formL ⇒ B where B has all positive coefficients

on the left-hand side, and false otherwise.

Procedure: For definitions of DeriveConditionalBounds and ResolveSigns, see again Jus-

tification Procedure 7.5 (cont.) above.

1: DeriveConditionalBounds(lX , uX , lY , uY )

2: l′Z ← min{lX lY , lXuY , uX lY , uXuY }
3: u′

Z ← max{lX lY , lXuY , uX lY , uXuY }
4: R ← {x≥lX , y≥lY , x≥uX+1, y≥uY +1};

5: pbc R ⇒ z≥l′Z
≥ 1

6: subproof ofR ⇒ z≥l′Z
≥ 1

7: ResolveSigns()
8: pbc R ⇒ z≥u′

Z+1 ≥ 1

9: subproof ofR ⇒ z≥u′
Z+1 ≥ 1

10: ResolveSigns()

Correctness Proof. The first four lines will derive the same constraints (7.67)–(7.72) by the same
arguments as in Justification Procedure 7.5.

Then, the argument that the first pbc step succeeds can also be adapted.
This is because if Z ≥ l′Z is a valid pruning inference, there can be no solutions with Z in the

range {lZ , . . . , l′Z − 1}, and X and Y in their respective ranges. So the negation of the constraint
from line 5 will propagate an infeasible set of bound literals for X × Y = Z and hence the steps
in ResolveSigns will succeed by exactly the same arguments.

The same is true for the second pbc step: if Z ≤ u′
Z is a valid pruning inference, there can

be no bounds-compatible solutions with Z in the range {u′
Z + 1, . . . , uZ}. So this will also

succeed.

7.3.3 Justifying Multiplicand Bounds

The bounds propagator for X × Y = Z will also compute bounds on X based on bounds of
Y and Z. If we show how to justify this, we have likewise shown by symmetry how to justify
bounds on Y based on X and Z, and thus completed the description of our method for adding
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proof logging to a bounds-consistent multiplication propagator. Unlike bounds on the product
variable, these inferences cannot be compactly expressed as a simple min/max operation, since
the solver must deal with different cases depending on whether 0 is within the bounds of Z.

Suppose that the current domains of Y and Z are known to be DY ⊆ {lY . . . uY }, and
Dz ⊆ {lZ . . . uZ}. First, if lY ≤ 0 ≤ uY and lZ ≤ 0 ≤ uZ then we cannot infer anything about
the bounds on X , since any value is possible. Next, if lY = uY = 0 and 0 /∈ {lZ . . . uZ} then we
can immediately infer contradiction, and the justification follows by RUP. In any other case, we
can compute bounds on X which may reduce the domain, and a complete set of cases for this is
given by Schulte and Stuckey [179] and also Apt and Zoeteweij [9].

Fortunately, we do not need to take each case in turn for constructing justifications; instead
we can rely solely on the fact the propagator makes bounds-consistency-enforcing inferences. In
particular, if a narrowing of the bounds is valid, there can be no solutions in the excluded range.
Justification Procedure 7.7 and Justification Procedure 7.8 detail how this is achieved.

Justification Procedure 7.7 (Justifying lower bounds on the multiplicands).
Preconditions: lX = min(domt(X)); uX = max(domt(X)); lZ = min(domt(Z));

uZ = max(domt(Z)); lY = min(domt(Y )); uY = max(domt(Y )); l′X > lX is a

new lower bound on X computed by a bounds-consistency propagator based on

domt; TCBits(V ) gives the bit sum for the two’s complement representation for

each variable V ∈ {X, Y, Z} used as part of Encoding Procedure 7.2; IsLB(C)

returns true if a constraint is of the form L ⇒ B where B has all positive coef-

ficients on the left-hand side, and false otherwise; DeriveConditionalBounds and

ResolveSigns are as defined in Justification Procedure 7.6.

Procedure:

1: DeriveConditionalBounds(lX , l′X − 1, lY , uY )
2: R ← {x≥lX , y≥lY , y≥uY +1, z≥lZ ∧ z≥uZ+1}
3: pbc R ⇒ x≥l′X

≥ 1

4: subproof ofR ⇒ x≥l′X
≥ 1

5: ResolveSigns()

Correctness Proof for Justification Procedure 7.7.
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Justification Procedure 7.8 (Justifying upper bounds on the multiplicands).
Preconditions: Identical to Justification Procedure 7.7, except instead of new lower

bounds u′
X < uX is a new upper bound on X computed by a bounds-consistency

propagator based on domt.

Procedure:

1: R ← {x≥uX+1, y≥lY , y≥uY +1, z≥lZ ∧ z≥uZ+1}
2: pbc R ⇒ x≥u′

X+1 ≥ 1

3: subproof ofR ⇒ x≥u′
X+1 ≥ 1

4: ResolveSigns()

Letting uX = l′X − 1, the procedure DeriveConditionalBounds will derive the constraints

+∧+ ⇒ ΣZ ≥ l+X l
+
Y ;

−∧+ ⇒ ΣZ ≥ l-Xu
+
Y ; (7.76)

+∧− ⇒−ΣZ ≥−l+Xu-
Y ;

−∧− ⇒−ΣZ ≥−l-X l-Y ; (7.77)

x=0 ⇒ ΣZ ≥ 0; x=0 ⇒−ΣZ ≥ 0; (7.78)

y=0 ⇒ ΣZ ≥ 0; y=0 ⇒−ΣZ ≥ 0. (7.79)

This follows again by same argument as in the proof for Justification Procedure 7.6.
Now, assuming increasing the lower bound of X to l′X is a valid inference, there can be no

solutions to X × Y = Z compatible with the bounds propagated by the negation of the PBC
constraint. So exactly the same argument as in Justification Procedure 7.5 applies, to argue that
the proof by contradiction statement will succeed.

Correctness Proof for Justification Procedure 7.8.

Analogous to the proof of Justification Procedure 7.7.

7.4 Implementation and Experiments

To validate the approach, we implemented a new proof logging bounds-consistent multiplication
propagator within the Glasgow Constraint Solver. The solver previously had support for domain-
consistent multiplication and division via tabulation: writing out all possible solutions in advance.
Once again we ran experiments to test correctness and roughly measure overhead. This made
use of the same experimental set up as in previous chapters, with a set of synthetic instances
consisting of a single ternary multiplication constraint and randomly generated domain bounds
of increasing size.
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Instances of this kind often lead to the solver discovering a solution and terminating almost
immediately. When this happens, it tells us nothing about the practical performance of the
implemented justification procedures. Hence, we only present results here where the randomly
generated bounds lead the solver to explore at least one failing search path, and the bounds-
consistent multiplication propagator to be executed at least once.

Unlike previous chapters, the short reasons optimisation is not applicable for the justification
procedures being tested here. This is because the number of variables is fixed at three, and the
reifying reasons are always just the atomic bounds literals for the current domain state. We did
take the opportunity to instead test another simple implementation optimisation: that of adding
hints to RUP steps. This involves annotating any RUP derivations with a set of constraint IDs that
are sufficient to allow for the unit propagation condition. These IDs can be extracted from the
correctness proofs for the justification procedure: we simply look to where we have proved on
paper that a particular (small) set of constraints allow a further constraint to be RUP (for example
line 6 from Justification Subprocedure 7.3). In principle, this should allow for faster verification,
since the checker can avoid propagating over the whole current database, at the cost of slightly
more writing to the proof log. In the case where the RUP hint would consist of a single constraint
ID we can also simplify the proof procedure on the fly by not re-deriving a constraint that already
exists. This can apply for example when recovering bounds constraints (e.g. line 5 in Justification
Procedure 7.6) in the case when TCBits are the same as the bits on the original variable. Since
this can result in writing fewer constraints to the proof overall, keeping track of hints in this way
can also provide a saving for logging overhead. The results of the experiments, with and without
RUP hints, are shown in Figures 7.1 and 7.2.

First, it is clear here that the overheads of proof logging for these are significant, more
so than for other propagators implemented in this thesis. Writing proof logs for the more
difficult multiplication instances incurs a slowdown of several orders of magnitude. This is not
particularly surprising, given that the bounds-consistent computations are a constant number of
integer multiplication operations, which are extremely cheap on modern hardware for fixed-width
integers. In contrast, our PB proof logging procedures require writing a polynomial number
of steps to the proof for each execution of the propagator (O(n · m) where n and m are the
number of bits required to represent the range of values in the initial domains of X and Y

respectively). Furthermore, checking time grows steeply as the difficulty of the problem increases.
This is partially due to the structure of the instances: since trivial cases where a solution is
found immediately are ignored, the remaining harder instances appear to fall into a bad case for
the propagator implementation, where every value in a large variable domain is branched on.
Shallow, high-breadth search trees are in turn a poor case for checking RUP-based backtracking
justifications, since all the backtracking justifications for failures have to be kept in the checker’s
database at the current decision level, meaning each RUP step can get successively more expensive
with more branches. Improvements to the Glasgow Constraint Solver’s branching strategy or to
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Figure 7.1: Timing results for random multiplication instances.
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Figure 7.2: Proof size results for random multiplication instances.
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the checker, could be considered to avoid such pathological behaviour, although this falls outwith
the scope of justifying constraint propagation itself.

The optimisations of tracking hints and outputting fewer RUP steps do make a difference, but
they improve logging time only by a moderate constant factor and checking time by about one
order of magnitude. Even in this implementation a majority of RUP steps remain unhinted, since
adding hints to backtracking justifications requires more significant bookkeeping within the core
search mechanism of the solver.

7.5 Conclusions

While many constraint propagators have been almost trivial to add pseudo-Boolean proof logging,
bounds-consistent multiplication requires significantly more effort and much more intricate
justification procedures. Unlike Circuit, where it was perhaps not too surprising that a relatively
complex propagator would require a complex justification procedure, the underlying propagator
here is quite simple, and can be extremely efficient for narrowing domain bounds. So on the
one hand we have shown that pseudo-Boolean proof logging is still applicable for non-linear
constraints that are less easily expressible in terms of linear inequalities. On the other hand, this is
the closest we have to a case where we can say that PB reasoning has been found to be ill-suited
for justifying a CP technique.

Nevertheless, this is, to the author’s knowledge, the first certifying propagator for a bounds-
consistent multiplication constraint. As with Circuit, the specialised justifications here are not
directly applicable to other constraints, but the techniques exemplified here, such as using proof
by contradiction to effectively handle case-based arguments relating to signed values, are likely to
help inform future design of justification procedures. Additionally, the multiplication constraint
itself can obviously be used as a building block to implement propagators for division, modulo
and polynomial constraint types, expanding once again the set of constraints that can in principle
support proof logging.
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Part IV

Conclusions
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Chapter 8

Conclusions and Future Work

In this thesis we have advanced pseudo-Boolean certification methods for propagation algorithms
in constraint programming. In the process we have gained a better understanding of how pseudo-
Boolean derivations relate to CP solving techniques, along with general principles for building
justification procedures to support a proof logging solver. We have already given a short summary
of contributions and conclusions in isolation at the end of each substantive chapter, but here
we will review them in a wider context. We will first return to the original thesis statement and
research topics from Chapter 1, and summarise what was achieved in relation to these. Next we
will finish with a discussion of possible future work and questions that remain open, including
outlining the next steps in the mission to certify CP tools and techniques.

8.1 Summary and Contributions

Our first research topic was as follows.

R1. Expanding and more rigorously defining the methodology of Gocht et al., making ex-
plicit the properties required from encodings and proof logging propagation algorithms to
guarantee correct proof production.

This was achieved within Chapters 2 and 3, in conjunction with reviewing the necessary back-
ground material. We formulated specifically for the first time what it means to represent or
“encode” a CP problem as a PB problem for the purpose of a proof logging framework. Namely,
we required the encodings to be the result of a six-step transformation procedure. This creates a
faithful linearisation of constraints with respect to bounds constraints, original CP variables, and
auxiliary variables, and then maps it to PB using binary exponential sums. We showed that, due to
limited unit propagation properties of PB constraints involving such sums (proved in Chapter 2)
we can rely on certain obvious facts described by “atomic” literals always propagating based on
an encoded CP problem. This fact was shown to be essential to explaining why a PB-RUP-based
methodology for justifying backtracking search in a CP solver always works. It also motivated
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the need for creating individual justification procedures using stronger PB reasoning for different
propagation inferences made during search.

With this in mind, we specified precisely what a “justification” constraint for a propagation
inference must look like and defined “reasons” for the context of PB proof logging. We then
standardised a notation for specifying and proving correctness for pseudo-Boolean justification
procedures. We used this to explicitly write down previous described or implemented justification
procedures and prove that they will always work.

Having motivated further work on pseudo-Boolean justification procedures, and provided a
solid basis for their design, we dedicated parts II and III to tackling the remaining research topics.

R2. Developing proof logging methods for efficiently justifying important propagation algo-
rithms for specific constraints types not covered by previous approaches.

We devised new justification procedures for propagation of the following constraints.

1. The SmartTable constraint.
2. The Regular language membership constraint.
3. The Circuit constraint.
4. The ternary multiplication constraint.

In each of these cases we presented the first certifying propagator for the constraint type, to the
author’s knowledge — Item 4 is a possible exception, since it is unclear whether multiplication
constraints were included in the unpublished work of Gange et al. [75]. We designed new specific
pseudo-Boolean justification procedures to support derivations for a useful set of inferences.

Importantly, we did not have to make compromises in the way the underlying algorithms
work in order to support proof logging. The justification procedures are formulated such that
they can be simply added to implementations of established propagation algorithms. This is in
keeping with the general philosophy of proof logging; being more akin to adding extra print
statements to an otherwise standard solver architecture, rather than re-engineering a solver to
itself become a proof production or proof search program.

The further significance of these particular constraints is that they might, for various reasons,
have been expected to pose particular barriers to a proof logging approach. SmartTable and
Regular have fairly involved, stateful propagators with underlying graph representations; while
Circuit has the significant collection of non-monotonic, ad-hoc filtering rules; and multiplication
obviously requires non-linear reasoning. With this work, we have refuted the not-unreasonable
assumption that there might have been insurmountable challenges for pseudo-Boolean proof
logging posed by one or more of these complications.

Furthermore, in part 2 of the thesis we made progress in the third research direction.

R3. Extracting more general proof logging methods from ideas developed for R2 to show, in
principle, that larger families of constraint types can be efficiently justified.
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In Chapter 4 we argued that since we know how to justify any domain-consistency inferences for
a basic SmartTable, this means we also in principle know that pseudo-Boolean proof logging is
applicable for propagation of any constraint that is expressible as a smart table. This includes
LexGreater, AtMostOne, NotAllEqual, and ValuePrecede. We also extended the justification
procedure to support general disjunctions of conjunctions of constraints for which we already
have a proof logging procedure (with some caveats), expanding the potential applicability even
further. Then in Chapter 5, we achieved a similar general applicability for justifying propagation
using states and transitions, both for constraints expressible using Regular, and for more general
methods based on decision diagram reasoning.

Lastly, we evidenced new contributions under the fourth research topic.

R4. Implementing proof logging methods within a proof-of-concept CP solver, and demonstrat-
ing empirical evidence that they work on a feasible timescale.

Each of the four constraints mentioned above have come with a corresponding new propagator
implementation for the Glasgow Constraint Solver. Even though we did not go into software
engineering details here, the code exists and is publically available as a reference implementation,
as well as a means to create strong empirical evidence that the justification procedures work [150].
We have verified thousands of proofs as part of the experimental evaluations in this thesis,
and have recorded no checking failures resulting from the final versions of the implemented
propagators. Of course, many proof failures were observed during propagator development,
and this occasionally allowed the author to identify subtle bugs in the code that may have been
difficult to spot using conventional testing.

The overheads observed in practice from adding proof logging remain large, but as noted in
the relevant sections, this is in line with similar work in the area. Logging performance on more
difficult instances supports the conclusion that large constant factors from disk writing are the
biggest barrier to low-overhead certification, even when the proof procedures are theoretically
“efficient” and free from any exponential blow-up. We discuss future approaches to tackle this in
the next section.

So, to return to the thesis statement:

“Pseudo-Boolean proof logging provides a complete and practical means to certify

and audit a wide range of modern constraint propagation techniques”;

there is a strong argument that this has been convincingly demonstrated. We have considered
disparate propagators that work in several different ways, and showed that despite concepts
such as graphs, states, transitions, and components seeming superficially dissimilar from linear
inequalities, pseudo-Boolean reasoning remains applicable, both in theory and in practice.

Of course, it is not possible for us to conclude that, therefore, PB proof logging must be
usable for all aspects of CP. There are many propagation methods not covered by any of our
existing justification approaches, as we will note in the next section. And even if that were not
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the case, CP defined broadly encompasses a huge and ever-expanding range of problem solving
techniques, beyond even finite domain integer variables and deterministic filtering algorithms.
Settling forever the question of certification in a fully comprehensive way for everything is
unlikely to be achievable.

We should also acknowledge a counter-interpretation of some the findings presented in this
thesis: that pseudo-Boolean proof logging is not entirely practical for certain kinds of constraint
reasoning. A sceptical reader might point to the large overheads observed for logging and
checking, particularly for the primitive multiplication constraint, and argue that although we have
shown that PB reasoning can be applied, the results indicate that it is at least somewhat ill-suited.
While we have shown that there is certainly scope for optimising proof writing and verification
on top of the conceptual justification algorithm design, there is undeniably a fundamental gap
between the concise CP representation of X × Y = Z and the quadratic justifications based on
bitwise-multiplier encoding that we presented in Chapter 7.

Ultimately, we can only rebut this by returning to the fundamental tradeoffs of proof logging
as discussed in Chapter 1. We can either have a small set of efficiently checkable and definitely
trustworthy rules in our system, or we can natively express more kinds of high-level reasoning
directly, potentially at the cost of trustworthy verification. It is not clear whether the current
form of PB reasoning as used in this thesis draws the line in precisely the right place. Perhaps
adding primitive multiplication constraints and corresponding bounds reasoning would be an
achievable extension for VeriPB in a future version. But it is undeniable that PB reasoning has at
least achieved the best balance to date of any approach for certifying general constraint reasoning,
allowing both reasonably short proofs and reasonably efficient, formally verified checking.

8.2 Future Work and Open Questions

There are many strands of work that could build on the research presented in this thesis.

8.2.1 Further Propagation Justification Procedures

To restate the obvious, we did not cover all existing constraint propagation techniques. So
for an immediate strand of future work, we would like to examine the applicability of pseudo-
Boolean reasoning to major global constraints not yet covered. The most prominent of these are
probably the Disjunctive and Cumulative scheduling constraints [14]. These encompass various
restrictions on tasks with start times and end times, requiring that they do not overlap or do not
exceed some resource limits. PB justifications for the specific case of “timetable” reasoning were
presented by Flippo et al. [70], and MDD propagation methods have been explored [45], which
would likely allow for PB justifications via techniques from Chapter 5 of this work. But how to
justify a Cumulative or Disjunctive propagator with a more comprehensive suite of state-of-the
art filtering techniques is currently an active research area.



Chapter 8. Conclusions and Future Work 220

Another line of future work would be to consider “cost” variants of various global constraints.
This associates numeric penalties with some aspect of the constraint semantics, for example,
edges have costs in CostMDD [161] and CostCircuit [22]; and variable-value assignments have
costs in CostAllDifferent [71]. PB justification methods would need to be adapted or perhaps
revised entirely to support such constraints.

8.2.2 Further General Justification Procedures

It would also be interesting to explore the merits of further general methods that can produce
justifications for a variety of constraint propagators, beyond decomposition to acyclic disjunctions
of conjunctions, or to decision diagrams. For example, almost all global constraints can be
decomposed to simpler constraints by at least some method, but there may be a hindrance to
the level of domain filtering that can be achieved. Nevertheless, we could imagine justifying
inferences from a propagator where we don’t have a justification procedure, using a decomposition
into constraints where we do. This could work by re-running a proof logging solver on a small
sub-problem consisting of just the (decomposed) definition of the constraint, along with the
negation of the justification clause. Assuming the inference really is implied by the constraint, the
resulting proof should end in contradiction and hence be easily integrated as a VeriPB PBC step
with a subproof. We would expect this to be significantly slower for cases when the decomposition
is known to induce exponentially more work than bespoke propagators, but we could nevertheless
perform some empirical evaluation to gauge how usable general decomposition-based justification
can be in practice.

An alternative general method could be to try to leverage the intermediate ILP representation
of the constraint as used as part of the encoding process. This requires somewhat more detail to
explain properly. We will take the opportunity here to briefly outline an idea which represents
currently ongoing research by the author of this thesis.

Justifications via Linear Programming

Standard results from the theory of integer/linear programming [178], in particular consequences
of Farkas’ Lemma, tell us that any linear consequence of a feasible linear programme (LP) can
be written as a linear combination of its constraints. Moreover, these Farkas’ coefficients can
in principle be found efficiently via exact LP solving methods, for which highly performant
implementations exist [121, 86].

This is not immediately a VeriPB justification mechanism, since the coefficients are only
guaranteed to be rational, and the linear combinations (Rule 3) supported by the current proof
checker are required to be integral. However, we can note that for certain constraint types, the
coefficient matrix of the intermediate ILP satisfies the totally unimodular (TU) property. This
means that the determinant of every sub-matrix is either 0 or ±1, and importantly, is well known
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to be a necessary condition for an associated LP to have integral extreme points and hence integral
Farkas’ coefficients for linear consequences. A TU coefficient matrix also ensures that any linear
inequality implied by the ILP is also implied by the LP (relaxation).

So putting these facts together, for any constraint with a TU-linear-integer-programming
(TULIP) representation, it must be possible to construct a justification for any inference express-
ible as a linear constraint implied by said TULIP, by simply taking a single linear combination
of some subset of the PB encoding constraints. Note that since BinEnc is a linear operator here,
the final step of the PB translation process from Section 3.2 does not change the results of linear
combinations, so it will be possible to justify any bounding inferences on variables appearing
directly in the intermediate ILP, and domain-consistent inferences for variables appearing as a
collection of equality variables.

Although it appears to be a very strong restriction, such constraints are not obscure nor
particularly uncommon. A good example is the GlobalCardinality constraint [166], for which
the most obvious linearisation can be shown to be a TULIP for an arbitrary number of variables.
More broadly, it should apply to constraints based on network flow algorithms [65], since it
has long been known that network-flow or “circulation” problems can always be viewed as
TULIPs [117].

A known TULIP representation might not actually be the one we would like to use for a PB
model, since another linearisation might be more natural or more compact. But providing we can
show that we can efficiently derive the TULIP constraints from the chosen linearisation, then
we can still claim that justification construction is known to be efficient. In fact, this explains
exactly why the justification procedures for AllDifferent, first described by Elffers et al. [67] (and
documented in Section 3.4.4 of this thesis) are successful in the way that they are. Effectively,
the AllDifferent constraint has a TULIP representation that can be derived from the clique of
NotEquals constraints, and then the connection between maximum matchings and network flow
allows us to recover the Farkas’ coefficients.

Although this is an interesting perspective, the question that remains is how best to turn the
observation into a usable general justification process. The most direct instantiation would be to
execute an exact LP solver as part of the justification procedure to recover Farkas’ coefficients for
cases where we know this will work. But this requires far more heavyweight instrumentation for
proof logging compared with any justification process examined so far. And previous research in
using LP solving for propagation itself has reported a slowdown factor of 20 to 100 compared
with bespoke propagators for achieving the same filtering [84]. This would be on top of the usual
overheads expected for proof logging.

Perhaps the connection could be better exploited for TULIP constraints if the LP justifying
logic was removed from the propagator itself and executed as part of post-processing or checking.
We discuss approaches related to this in the next subsection. It might also be useful to analyse
flow-based propagator implementations in more detail, to generalise the methods for AllDifferent
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and consider how Farkas’ coefficients could in general be discovered directly at the same time as
an inference.

8.2.3 Better Justification Mechanisms

Besides a direct continuation of the work in this thesis — certifying ever more kinds of constraint
propagation using PB reasoning — there are also natural extensions to the justification mechanism
itself to consider. If the eventual goal is to have more solvers implement a proof logging mode as
standard, there will undoubtedly have to be serious efforts towards making existing certification
methods more straightforward to add to an existing code-base and less detrimental to overall
runtime. In this thesis, justification procedures were implemented directly inside a solver, and
executed immediately as soon as the corresponding inference was made. This was useful for
debugging and for ease of implementing a first prototype. But a future implementation could
extract the justification framework as an external tool, that is either called as a library via a suitable
API, or as part of a proof post-processing step from a “scaffold” proof or similar intermediate
format [169, 70]. The justification procedures presented in this thesis only depend on the
domain information (encoded via reasons) and sometimes some additional data such as the
state information from the Regular propagator, or reachability starting points for Circuit. It is
therefore conceivable that they could be reimplemented as function calls to an external tool, or by
reading in “hints” from a skeleton proof format.

As well as making proof logging easier to implement in different solvers, and reducing
logging overhead, this would likely speed up checking, by taking advantage of “trimming”
techniques on a proof scaffold/skeleton, and only justifying inferences that are actually needed
for the final conclusion [169, 70]. It would also be an opportunity to implement more generic
mechanisms to tackle inference types without a known justification method. For example, a proof
post-processor could have fallbacks to try justifying based on a decomposition, LP relaxation, or
even outsourcing to a proof logging pseudo-Boolean solver [132] or SAT solver [30] to construct
justifications when all else fails.

Another open question is how formally-verified bespoke checkers for specific kinds of
constraint reasoning could be integrated into an otherwise unified proof system. We have in this
work been investigating PB reasoning and the VeriPB checker as conceptually fixed, developing
justification procedures that work based only on the available rules. This has been viewed as
an alternative to attempting to develop a more complex system that has bespoke rules for every
constraint and inference type. But it is perhaps fair to ask whether a middle ground is possible.
Could we have a system that uses primarily a small set of very general rules, but facilitates
“plug-in” external inference checkers for those cases where full PB justification is deemed to be
too cumbersome?
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8.2.4 Verified Problem Representations

Finally, on the topic of formal verification, there is the question of how to create more trustworthy
problem representations. Everything we have done here has required the basic assumption that the
PB problem is effectively the same problem as the CSP/COP of interest. As discussed in Chapter 3,
this has hinged on a very careful translation of problems using limited and straightforward
encodings. But admittedly, the guarantees of correctness for the encoding process are not
formal in the same way as the checker’s verification of the proof log. Unlike formally verified
solving, having a formally verified translation, at least from a flat list of variables and constraints
into PB constraints seems achievable in the near-future. End-to-end verification, from a high-
level problem description to a final answer, has already been demonstrated for constraint-based
subgraph finding algorithms [95]. Naturally, the difficulties increase the closer to the native,
highest-level problem description one wants the certification guarantees to start. Formally
certifying the various unrolling and decomposition techniques performed, for example, by the
MiniZinc compiler would be an important, but formidable undertaking.

If higher-level representations could be better integrated into formal proof logging frameworks,
this would raise the intriguing possibility of exploiting them on the justification side for shorter,
faster, proofs even without (technically) extending the rules beyond the current VeriPB rule
set. This might work by viewing the high-level model translator as an oracle that can yield PB
constraints during the proof checking process, allowing for large, potentially exponentially large,
PB representations to be drawn upon without having to write them out explicitly.
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Appendix A

Example Issue Reports from Solver
Repositories

What follows is a short sample of issue reports which appear to indicate cases in the past where
bugs or other problems in open source solvers led to them giving a wrong answer. This is meant
to be illustrative only, and the author makes no claim to have analysed these problems or their
underlying causes in any great detail.

Choco

https://github.com/chocoteam/choco-solver/issues/162

https://github.com/chocoteam/choco-solver/issues/601

https://github.com/chocoteam/choco-solver/issues/841

https://github.com/chocoteam/choco-solver/issues/1035

https://github.com/chocoteam/choco-solver/issues/1037

https://github.com/chocoteam/choco-solver/issues/1041

https://github.com/chocoteam/choco-solver/issues/1042

https://github.com/chocoteam/choco-solver/issues/1043

https://github.com/chocoteam/choco-solver/issues/1044

https://github.com/chocoteam/choco-solver/issues/1045

OR-Tools

https://github.com/google/or-tools/issues/139

https://github.com/google/or-tools/issues/298

https://github.com/google/or-tools/issues/2419

https://github.com/google/or-tools/issues/2618

https://github.com/google/or-tools/issues/2649

https://github.com/google/or-tools/issues/2784

https://github.com/google/or-tools/issues/2896

https://github.com/google/or-tools/issues/3246

https://github.com/google/or-tools/issues/3407

https://github.com/chocoteam/choco-solver/issues/162
https://github.com/chocoteam/choco-solver/issues/601
https://github.com/chocoteam/choco-solver/issues/841
https://github.com/chocoteam/choco-solver/issues/1035
https://github.com/chocoteam/choco-solver/issues/1037
https://github.com/chocoteam/choco-solver/issues/1041
https://github.com/chocoteam/choco-solver/issues/1042
https://github.com/chocoteam/choco-solver/issues/1043
https://github.com/chocoteam/choco-solver/issues/1044
https://github.com/chocoteam/choco-solver/issues/1045
https://github.com/google/or-tools/issues/139
https://github.com/google/or-tools/issues/298
https://github.com/google/or-tools/issues/2419
https://github.com/google/or-tools/issues/2618
https://github.com/google/or-tools/issues/2649
https://github.com/google/or-tools/issues/2784
https://github.com/google/or-tools/issues/2896
https://github.com/google/or-tools/issues/3246
https://github.com/google/or-tools/issues/3407
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https://github.com/google/or-tools/issues/3483

https://github.com/google/or-tools/issues/3591

https://github.com/google/or-tools/issues/3643

https://github.com/google/or-tools/issues/3681

https://github.com/google/or-tools/issues/4077

https://github.com/google/or-tools/issues/4102

https://github.com/google/or-tools/issues/4199

https://github.com/google/or-tools/issues/4324

Gecode

https://github.com/Gecode/gecode/issues/101

https://github.com/Gecode/gecode/issues/151

https://github.com/Gecode/gecode/issues/166

https://github.com/Gecode/gecode/issues/167

https://github.com/Gecode/gecode/issues/168

https://github.com/Gecode/gecode/issues/170

Chuffed

https://github.com/chuffed/chuffed/issues/10

https://github.com/chuffed/chuffed/issues/32

https://github.com/chuffed/chuffed/issues/124

https://github.com/chuffed/chuffed/issues/128

https://github.com/chuffed/chuffed/issues/137

https://github.com/chuffed/chuffed/issues/146

https://github.com/chuffed/chuffed/issues/147

https://github.com/chuffed/chuffed/issues/152

JaCoP

https://github.com/radsz/jacop/issues/7

https://github.com/radsz/jacop/issues/21

https://github.com/radsz/jacop/issues/60

https://github.com/radsz/jacop/issues/61

https://github.com/radsz/jacop/issues/63

https://github.com/google/or-tools/issues/3483
https://github.com/google/or-tools/issues/3591
https://github.com/google/or-tools/issues/3643
https://github.com/google/or-tools/issues/3681
https://github.com/google/or-tools/issues/4077
https://github.com/google/or-tools/issues/4102
https://github.com/google/or-tools/issues/4199
https://github.com/google/or-tools/issues/4324
https://github.com/Gecode/gecode/issues/101
https://github.com/Gecode/gecode/issues/151
https://github.com/Gecode/gecode/issues/166
https://github.com/Gecode/gecode/issues/167
https://github.com/Gecode/gecode/issues/168
https://github.com/Gecode/gecode/issues/170
https://github.com/chuffed/chuffed/issues/10
https://github.com/chuffed/chuffed/issues/32
https://github.com/chuffed/chuffed/issues/124
https://github.com/chuffed/chuffed/issues/128
https://github.com/chuffed/chuffed/issues/137
https://github.com/chuffed/chuffed/issues/146
https://github.com/chuffed/chuffed/issues/147
https://github.com/chuffed/chuffed/issues/152
https://github.com/radsz/jacop/issues/7
https://github.com/radsz/jacop/issues/21
https://github.com/radsz/jacop/issues/60
https://github.com/radsz/jacop/issues/61
https://github.com/radsz/jacop/issues/63
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[199] Tallys Yunes, Ionuţ D. Aron, and John N. Hooker. An Integrated Solver for Op-
timization Problems. Oper. Res., 58(2):342–356, March 2010. ISSN 0030-364X.
doi:10.1287/opre.1090.0733.

[200] Lintao Zhang and Sharad Malik. Validating SAT solvers using an independent resolution-
based checker: Practical implementations and other applications. In Automation and

Test in Europe Conference and Exhibition 2003 Design, pages 880–885, March 2003.
doi:10.1109/DATE.2003.1253717.

[201] Neng-Fa Zhou. In Pursuit of an Efficient SAT Encoding for the Hamiltonian Cycle
Problem. In Helmut Simonis, editor, Principles and Practice of Constraint Programming,
volume 12333, pages 585–602, Cham, 2020. Springer International Publishing. ISBN
978-3-030-58474-0 978-3-030-58475-7. doi:10.1007/978-3-030-58475-7_34.

[202] James F. Ziegler and William A. Lanford. Effect of Cosmic Rays on Computer Memories.
Science, 206(4420):776–788, November 1979. doi:10.1126/science.206.4420.776.

https://doi.org/10.1007/978-3-319-66158-2_19
https://doi.org/10.1007/978-3-319-09284-3_31
https://doi.org/10.1109/IPDPSW.2014.39
https://doi.org/10.1007/3-540-45349-0_34
https://doi.org/10.1287/opre.1090.0733
https://doi.org/10.1109/DATE.2003.1253717
https://doi.org/10.1007/978-3-030-58475-7_34
https://doi.org/10.1126/science.206.4420.776

	Thesis cover sheet
	2026McIlreePhD
	Abstract
	Acknowledgements
	Declaration
	Introduction
	Solving Problems with Constraints
	The Point of Writing Proofs
	A Short History of Proof Logging
	Overview of This Thesis
	Notation and Prerequisites

	I A Certification Framework
	Pseudo-Boolean Reasoning
	Basic Definitions
	Forms of Pseudo-Boolean Constraints
	Assignments and Substitutions
	Unit Propagation
	Convenience Notation

	A Pseudo-Boolean Proof System
	Cutting Planes Rules
	Additional VeriPB Rules
	Proofs of Optimality
	Machine-Readable Syntax

	Useful Derivation Patterns
	Patterns Involving Implicational Rules
	Patterns Involving Strengthening Rules
	Patterns Involving Unit Propagation

	Summary

	Proof Logging for Constraint Programming
	Constraint Programming Fundamentals
	Constraints and Solutions
	Modelling Problems
	Solving Techniques

	Representing Problems for Proofs
	The Difficulty of Equivalence
	A Transformation Procedure
	PB Encodings for Fundamental Constraints

	A Proof Logging Framework
	Properties of Atomic Literals
	Unsatisfiability Proofs from Backtracking Search
	Optimality Proofs from Solution-Improving Search
	Enumeration Proofs from Solution Excluding Search

	Justification Procedures
	Notation and Presentation
	Justifications using a single RUP step
	Justifications using multiple RUP steps
	Justifications using Cutting Planes
	Justifying Reified Constraints

	Summary


	II Generally Applicable Justification Procedures
	Smart Extensional Constraints
	Smart Table Constraints
	Encoding Smart Table Constraints
	Justifying Smart Table Propagation
	A Worked Example for Smart Table Propagation
	To Which Constraints Does This Apply?

	General Disjunctions of Conjunctions
	Propagating Disjunctions of Conjunctions
	Justifying Disjunctions of Conjunctions
	Further Constraints Where This Applies

	Implementation and Experiments
	Conclusions

	Constraints Based On States and Transitions
	Regular Language Membership
	Encoding Regular Language Membership Constraints
	Justifying Regular Language Membership Propagation
	A Worked Example for Regular Propagation

	Decision Diagram-Based Constraints
	MDD Global Constraints
	Building Decision Diagrams during Propagation

	Implementation and Experiments
	Conclusions


	III Specialised Justification Procedures
	Hamiltonian Circuit Constraints
	Propagating Circuit Constraints
	Definition and PB Encoding
	Justifying Simple Circuit Propagation
	Justifying SCC Circuit Propagation
	Justifying Filtering Rules using Reachability Proofs
	A Reachability Proof Worked Example
	Reachability Proofs in Full
	Further Propagation Rules for Circuit
	Reachability Proofs with Ordering Assumptions

	Implementation and Experiments
	Conclusions

	Multiplication Constraints
	Non-negative Integer Multiplication
	PB Encoding for Non-negative Multiplication Constraints
	Deriving Lower Bounds on a Non-negative Product
	Deriving Upper Bounds on a Non-negative Product

	Multiplication with Negative Domain Values
	PB Encoding for General Multiplication Constraints
	Channelling Subprocedures

	Justifying Bounds-Consistent Multiplication
	Justifying Infeasible Bounds
	Justifying Product Bounds
	Justifying Multiplicand Bounds

	Implementation and Experiments
	Conclusions


	IV Conclusions
	Conclusions and Future Work
	Summary and Contributions
	Future Work and Open Questions
	Further Propagation Justification Procedures
	Further General Justification Procedures
	Better Justification Mechanisms
	Verified Problem Representations


	Example Issue Reports from Solver Repositories
	Bibliography



