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Abstract

Coordinating multiple autonomous vehicles at unsignalized intersections remains a funda-

mental challenge in multi-agent systems. The exponential growth of joint action spaces, co-

ordination ambiguity under symmetric configurations, and stringent real-time constraints

render centralized approaches intractable. This thesis introduces a framework that refor-

mulates Level-k cognitive hierarchy for safety-critical coordination, integrating with Monte

Carlo Tree Search (MCTS) to achieve scalable planning with emergent safety properties.

The central contribution redefines Level-0 as a universal safety initialization generating

conservative baseline trajectories, rather than modeling naive random behaviors. This

transforms Level-k reasoning from a descriptive cognitive model into a constructive plan-

ning framework where safety emerges structurally through cascading conservative mar-

gins: Level-1 agents inherit Level-0 safety anchors while optimizing efficiency, and Level-2

agents amplify these margins by anticipating Level-1 strategic responses. The framework

decomposes multi-agent coordination via dual-filtered interaction graphs combining spa-

tial conflict detection with strategic reasoning, reducing computational complexity from

exponential to linear in agent count.

The MCTS integration enables efficient exploration of the action space through selective

sampling guided by Upper Confidence Bounds. Safety-aware pruning eliminates approx-

imately 70% of unsafe actions during tree expansion, reducing the effective branching

factor from 15 to approximately 4–5 actions per node. Trajectory caching exploits the

deterministic nature of Level-k rollouts to achieve 35% cache hit rates, avoiding redund-

ant computation. For mixed traffic scenarios involving human-driven vehicles, the frame-

work incorporates style-aware behavior prediction based on the Intelligent Driver Model,

time-varying uncertainty quantification, and adaptive safety thresholds that respond to

interaction-specific risks. The complete framework reduces computational complexity over

20 orders of magnitude compared to joint optimization, enabling sub-100-millisecond plan-

ning cycles suitable for real-time deployment.
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Extensive experimental validation across challenging scenarios demonstrates the frame-

work’s effectiveness. In symmetric eight-agent intersection coordination where baseline

methods exhibit 15–35% collision rates, the proposed approach achieves zero collisions

with 95–98% arrival rates. Mixed traffic experiments at 50% autonomous vehicle penet-

ration maintain collision rates below 2% despite diverse human driving behaviors, with

consistent performance across penetration rates from 20% to 100%. The framework’s inter-

pretability through explicit reasoning traces, modularity enabling component-wise valida-

tion, and fully decentralized architecture requiring no inter-vehicle communication provide

practical advantages for real-world deployment. Beyond autonomous driving, the theoret-

ical contributions—reconstructed Level-k reasoning with emergent safety and dual-filtered

interaction decomposition—offer broader insights applicable to multi-agent coordination

challenges across robotics, game theory, and artificial intelligence.
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Chapter 1

Introduction

1.1 Motivation

Figure 1.1: Autonomous vehicles navigating complex urban intersections.

The advancement of autonomous vehicles (AVs) represents one of the most transformative

technological developments of the 21st century, promising to revolutionize transportation

safety, efficiency, and accessibility [1]. As autonomous driving technology matures from

controlled environments to complex urban settings, one of the most critical challenges

emerges at unsignalized intersections, where multiple vehicles must coordinate their move-

ments without centralized traffic control [2]. This challenge intensifies dramatically in

mixed traffic scenarios, where AVs must safely and efficiently interact with human-driven
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vehicles (HDVs) exhibiting uncertain and diverse driving behaviors. The fundamental

question this thesis addresses is: how can AVs make scalable, safe, and strategic decisions

in multi-agent traffic scenarios ranging from symmetric coordination problems to hetero-

geneous mixed traffic environments?

(a) (b)

Figure 1.2: Symmetric intersection scenarios between agents.

Unsignalized intersections exemplify the broader multi-agent coordination challenge in

autonomous driving as shown in Fig. 1.1. Unlike signalized intersections where traffic

lights provide explicit coordination, unsignalized intersections require vehicles to negoti-

ate passage through implicit communication, strategic reasoning, and real-time adapta-

tion. This coordination becomes exponentially more complex as the number of interacting

agents increases. Consider a symmetric scenario where eight vehicles simultaneously ap-

proach an intersection from symmetric positions, as shown in Fig. 1.2, all equidistant from

the conflict zone. This configuration creates a coordination deadlock: no vehicle possesses

inherent spatial or temporal advantage, leading to potential deadlock without principled

coordination mechanisms. Such scenarios expose the fundamental limitations of conven-

tional planning paradigms and demand novel approaches that can balance computational

tractability with strategic sophistication.

Intersection coordination becomes substantially more demanding in mixed traffic envir-

onments, where AVs must coexist and cooperate with human drivers [3]. Human driving

behavior introduces layers of uncertainty, heterogeneity, and bounded rationality that

complicate decision-making. Human drivers exhibit diverse intentions and risk prefer-
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ences that violate the perfect rationality assumptions underlying many game-theoretic

approaches, rendering deterministic models inadequate [4]. An AV navigating through

such environments must simultaneously reason about multiple objectives including colli-

sion avoidance, traffic efficiency, passenger comfort, and cooperative behavior, all while

operating under real-time computational constraints.

Traditional approaches [5, 6] to multi-agent coordination and intersection management

fall into several categories, each with inherent limitations [7]. Rule-based methods, while

computationally efficient and interpretable, rely on predefined priority assignments or

conflict resolution sequences that struggle to adapt to dynamic and symmetric scenarios.

When multiple vehicles arrive simultaneously with equal priority, these methods either

impose arbitrary tie-breaking rules or resort to overly conservative behaviors that sacrifice

efficiency. Optimization-based approaches, though theoretically elegant, face the curse of

dimensionality as the joint action space grows exponentially with the number of agents.

Even for modest planning horizons, finding optimal joint trajectories for eight vehicles

becomes computationally intractable, requiring simplifications that compromise solution

quality or safety guarantees.

Learning-based methods [8–17], particularly deep reinforcement learning, have demon-

strated impressive capabilities in modeling complex multi-agent interactions. These ap-

proaches can learn sophisticated coordination strategies from large-scale simulation or

real-world data, capturing patterns that may be difficult to encode explicitly. However,

they exhibit limitations that are particularly concerning in safety-critical applications.

First, learned policies often lack interpretability, making it difficult to verify their behavior

in novel situations or provide safety guarantees. Second, they require extensive training

data covering diverse scenarios, yet may still fail in out-of-distribution situations. Third,

their performance can degrade when the structure of the environment changes, such as

varying numbers of agents or different intersection geometries, requiring retraining rather

than adaptive reasoning. These limitations make purely learning-based approaches insuf-

ficient for safety-critical autonomous driving applications where collision avoidance must

be guaranteed, not merely probable.
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Game-theoretic methods [18–20] offer a principled framework for modeling strategic in-

teractions among rational agents. Classical approaches such as Nash equilibrium and

Stackelberg games can capture competitive and cooperative dynamics between vehicles.

Nevertheless, they face two critical challenges [21, 22]. First, they assume perfect ration-

ality and complete information, which rarely hold in real-world driving scenarios where

human drivers exhibit bounded rationality and private information about their intentions.

Second, when multiple Nash equilibria exist, agents may converge to different equilibria,

leading to coordination failures. Moreover, computing equilibria in multi-agent settings

becomes computationally prohibitive as the number of agents increases, limiting their

applicability to small-scale problems.

Figure 1.3: An unsignalized intersection with AVs and HDVs.

More recently, cognitive hierarchy models, particularly Level-k reasoning, have emerged as

a behaviorally grounded approach to modeling strategic thinking in multi-agent systems

as shown in Fig. 1.3. Level-k reasoning posits a hierarchy of reasoning depths, where

Level-0 agents employ naive or non-strategic behaviors, and Level-k agents (k≥ 1) reason

strategically by modeling others as Level-(k−1) agents. This framework offers cognitive

plausibility and has been successfully applied to various game-theoretic domains. However,

traditional Level-k formulations suffer from a critical flaw in safety-critical applications:
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they define Level-0 as random or myopic actors, leading to unrealistic and potentially

unsafe baseline behaviors. When higher-level reasoning builds upon fundamentally unsafe

foundations, the entire hierarchy lacks safety guarantees, limiting its direct applicability

to autonomous driving.

Monte Carlo Tree Search (MCTS) [23] has emerged as a powerful online planning method

that balances exploration and exploitation through simulation-based lookahead. Its suc-

cess in complex domains such as Go and real-time strategy games demonstrates its po-

tential for handling large state-action spaces [23,24]. In autonomous driving contexts [25],

MCTS offers advantages in handling uncertainty through stochastic simulation and can

incorporate domain knowledge through reward shaping and pruning strategies. Despite

these advantages, MCTS faces severe scalability challenges in multi-agent settings due to

the combinatorial explosion of joint action spaces. As the number of agents increases, the

branching factor of the search tree grows exponentially, making exhaustive exploration

infeasible within real-time computational budgets.

The tension underlying all these approaches can be articulated as follows: strategic multi-

agent coordination requires reasoning about joint behaviors and mutual influences, yet

the computational complexity of such reasoning grows exponentially with the number

of agents. Existing methods either sacrifice strategic sophistication for computational

tractability through decomposition and simplification, or achieve strategic reasoning at the

cost of computational intractability in realistic multi-agent scenarios [26, 27]. This thesis

argues that resolving this tension requires rethinking how cognitive hierarchy, strategic

reasoning, and search-based planning can be integrated in multi-agent systems. Rather

than treating these paradigms as competing alternatives, we propose a unified framework

that leverages their complementary strengths while mitigating their individual weaknesses.

Existing approaches to multi-agent coordination in autonomous driving exhibit signific-

ant limitations across multiple dimensions. Table 1.1 summarizes the key limitations of

representative methods and how our framework addresses these challenges. Rule-based

methods lack strategic reasoning capabilities and cannot adapt to uncertainty. Learning-
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Table 1.1: Objective comparison of existing approaches and the proposed framework

Method Strengths Limitations

Rule-
Based [28–31]

Interpretable; computationally
lightweight; easy to deploy

Cannot handle strategic
interactions; poor scalability with
agent number; lacks adaptability to
uncertainty

Learning-
Based [15, 32]

Strong generalization from data;
handles complex scenarios;
end-to-end trainable

Requires massive training data;
limited interpretability; weak
safety guarantees; poor
generalization to unseen scenarios

Game-
Theoretic
(Stackelberg [33],
Nash [19])

Principled strategic reasoning;
equilibrium-based optimality
guarantees; no training data
required

Standard formulations assume fully
rational agents with deterministic
best responses; incorporating
probabilistic behavioural
uncertainty (e.g., stochastic human
driving) requires extensions such as
Bayesian games, which significantly
increase computational complexity

Vanilla
MCTS [34]

Online planning without training;
handles stochastic environments;
flexible reward shaping

Joint action space grows as
O(|A |N) per step; no strategic
opponent modelling; treats other
agents as environment noise; poor
scalability in multi-agent settings

Ours Level-k decomposition reduces
multi-agent scaling to
O(N ·K ·beff ·H)1; strategic
reasoning with integrated safety
guarantees; probabilistic human
modelling for mixed traffic; no
training data required

Relies on reference-path
assumptions; human behaviour
modelled using simplified
IDM-based dynamics;
computational cost scales with
reasoning depth k; current
evaluation limited to intersection
scenarios

based approaches require extensive training data and provide limited safety guarantees.

Game-theoretic methods, while offering strategic reasoning, make idealized rationality as-

sumptions that fail to capture human behavioral uncertainty. Standard MCTS approaches

face exponential complexity in the joint action space and lack explicit opponent modeling.
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1.2 Proposed Approach and Technical Evolution

Figure 1.4: System architecture of the proposed MCTS-Level-k framework for scalable
multi-vehicle decision making.

This thesis proposes a scalable multi-agent decision-making framework that integrates

Level-k reasoning and MCTS for safety-critical autonomous driving applications as shown

in Fig. 1.4. Our key insight is that Level-k reasoning and MCTS are not merely comple-

mentary but synergistic: Level-k reasoning provides hierarchical structure that decomposes

the exponential joint action space into sequential reasoning steps, while MCTS provides

adaptive sampling and uncertainty handling that enhances the realism and robustness of

strategic reasoning. This integration is anchored by a critical redefinition of Level-0 not

as a naive agent type, but as a universal safety initialization procedure that generates

conservative baseline trajectories with guaranteed collision-free properties.

The theoretical foundation of our framework lies in reformulating the Level-k hierarchy

so that safety is structurally embedded rather than imposed as an external constraint.

Traditional Level-k formulations define Level-0 agents as non-strategic actors exhibiting

random or myopic behaviors; while some conservative variants exist, they are not designed

to provide explicit collision avoidance margins that propagate through the reasoning hier-

archy. We redefine Level-0 as a safety-aware trajectory generation procedure that produces

conservative baseline behaviors with explicit worst-case separation margins computed via

the Separating Axis Theorem (Section 3.2.3). The key consequence for higher levels is

that Level-k agents (k≥ 1) optimize against Level-(k−1) trajectories that are collision-free
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under the assumed dynamics model, rather than against arbitrary or random baselines.

This propagates minimum safety margins upward through the hierarchy: a Level-1 agent

responding to a safety-aware Level-0 baseline inherits the spatial separation guarantee

embedded in that baseline, and so on for higher levels.

This baseline is not a description of how agents actually behave, but rather a procedural

approximation of minimum safety margins under the assumed constant-velocity predic-

tion model. We acknowledge that in practice, HDV behavioral uncertainty, sensor noise,

and model mismatch mean that safety can only be ensured probabilistically rather than

absolutely. The framework therefore provides structural safety properties under its model-

ing assumptions, with robustness to deviations handled through the uncertainty-adjusted

thresholds in Section 5.4.

Based on this reformulated Level-k foundation, we integrate MCTS to handle the

exploration-exploitation tradeoff in stochastic multi-agent environments. The integration

operates through a carefully designed decomposition: rather than searching over the

exponential joint action space of all agents simultaneously, our framework leverages the

Level-k hierarchy to sequence the search process. Each agent conducts MCTS over its

own action space while modeling other agents’ responses through Level-(k−1) reasoning.

This decomposition reduces computational complexity from exponential in the number of

agents to linear, making real-time planning feasible even in scenarios with eight or more

vehicles. The MCTS backbone provides three critical capabilities: adaptive sampling that

focuses computational resources on promising action sequences, stochastic rollouts that

capture uncertainty in human driving behaviors, and progressive refinement through

iterative tree expansion and backpropagation.

To ensure real-time constraints without sacrificing decision quality, we introduce three

algorithmic techniques. First, we develop a safety-aware pruning mechanism that elim-

inates unsafe action sequences early in the search process, substantially reducing the

effective branching factor. This pruning is enabled by the conservative Level-0 baseline,

which provides tight lower bounds on minimum safe spacing between vehicles. Second, we

design a Dual-Filtered Interaction Graph that dynamically identifies relevant interaction

partners for each agent based on both geometric proximity and reasoning-level hierarchy.
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This filtering addresses the scalability challenge in dense multi-agent scenarios by allow-

ing each vehicle to focus computational resources on agents that significantly influence its

decision, rather than exhaustively considering all pairwise interactions. Third, we imple-

ment trajectory caching that exploits the temporal coherence of multi-agent interactions,

thereby avoiding redundant computation across planning cycles.

Stage I: Baseline

MCTS Planning
Backbone

Multi-Objective
Reward Design

Env: 4-Vehicle
Intersection
(AV Only)

Stage II: Scalability

Reconstructed Level-k
Reasoning

Dual-Filtered
Interaction Graph

Env: 8-Vehicle
Intersection
(AV Only)

Stage III: Mixed Traffic

Probabilistic Human
Behavior Model

Adaptive Safety
Margins

Env: Mixed
AV-Human
Intersection

Scale Up Add Uncertainty

Figure 1.5: Technical evolution of the proposed multi-agent decision-making framework.
The development progresses through three stages: (I) establishing the baseline MCTS
planning for homogeneous coordination; (II) scaling to eight-agent scenarios via recon-
structed Level-k reasoning and dual-filtered interaction graphs; and (III) extending to
mixed traffic with probabilistic human modeling (Gaussian uncertainty over predicted
HDV trajectories with online Bayesian style estimation)

and adaptive safety margins.

The development of our framework follows a systematic progression from homogeneous

multi-agent scenarios to heterogeneous mixed traffic environments, with each stage intro-

ducing new complexities and corresponding algorithmic refinements as shown in Fig. 1.5.

In the initial stage, we focus on symmetric multi-agent coordination problems involving

only AVs. The canonical eight-vehicle intersection scenario serves as a stress test for our

framework, as the maximal symmetry creates inherent ambiguity that challenges any

coordination mechanism. Here, the reconstructed Level-k reasoning provides the differen-

tiation needed to break symmetry through hierarchical strategic thinking, while MCTS ex-

plores alternative coordination strategies without arbitrary tie-breaking rules. Our frame-

work achieves near-perfect success rates in these scenarios, demonstrating that principled

strategic reasoning can resolve deadlock situations that confound rule-based or reactive

approaches.
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The second stage extends our framework to mixed traffic environments where AVs must

interact with HDVs exhibiting uncertain and heterogeneous behaviors. This extension

requires three major enhancements to the baseline framework. First, we develop a prob-

abilistic human behavior model that captures diverse driving intentions, risk preferences,

and decision-making styles beyond deterministic models such as the Intelligent Driver

Model. This model combines physics-based motion primitives with learned distributions

over driver preferences, suitable for realistic simulation of human responses during MCTS

rollouts. Second, we introduce adaptive safety margins that adjust dynamically based on

estimated human driver uncertainty, ensuring robust collision avoidance even when hu-

man behaviors deviate from expected patterns. Third, we design multi-objective reward

functions that balance safety, efficiency, comfort, and cooperative behavior, reflecting the

complex tradeoffs AVs must navigate in mixed traffic scenarios.

The third stage refines the Level-k and MCTS integration to handle the increased compu-

tational burden of mixed traffic reasoning. In homogeneous scenarios, all agents employ

similar decision-making processes, simplifying the modeling of mutual responses. In mixed

traffic, AVs must simultaneously reason about other AVs using game-theoretic models

and human drivers using probabilistic behavioral models. We address this heterogeneity

through a dual-filtered interaction graph that combines spatial relevance with reasoning-

level hierarchy. Spatially, we identify interaction partners based on predicted trajectory

overlap and conflict probability. Hierarchically, we assign reasoning levels based on agent

types: AVs are assigned higher reasoning levels reflecting their strategic capabilities, while

human drivers are modeled at lower levels reflecting bounded rationality and behavioral

uncertainty. This dual filtering enables efficient yet accurate modeling of complex mixed

traffic interactions.
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Across all three stages, a consistent design principle applies: safety emerges as a structural

property rather than being imposed as an external constraint. The reconstructed Level-0

establishes conservative baselines, MCTS pruning eliminates unsafe branches early, adapt-

ive safety margins account for uncertainty, and the entire hierarchy preserves collision-free

properties through bounded rationality. This design ensures that strategic sophistication

and computational efficiency do not compromise safety guarantees, addressing a limitation

of existing multi-agent planning methods.

The computational advantages of our framework are substantial. Compared to joint op-

timization approaches that scale exponentially with the number of agents, our sequen-

tial decomposition through Level-k reasoning achieves linear scaling. Empirical evalu-

ations demonstrate computational speedups exceeding 60% compared to standard MCTS

baselines in eight-agent scenarios, while maintaining or improving solution quality meas-

ured by collision avoidance rates and traffic efficiency metrics. Moreover, the framework

exhibits graceful degradation: as the number of agents increases beyond eight, performance

remains stable rather than collapsing catastrophically as observed in many competing ap-

proaches. This scalability is essential for real-world deployment where traffic density varies

dynamically, requiring consistent performance across diverse conditions.

The computational advantages of our framework are substantial. Compared to joint optim-

ization approaches scaling exponentially with the number of agents, our sequential decom-

position through Level-k reasoning achieves linear scaling. Empirical evaluations demon-

strate computational speedups exceeding 60% compared to standard MCTS baselines

in eight-agent scenarios, while maintaining or improving solution quality measured by

collision avoidance rates and traffic efficiency metrics. Moreover, the framework exhib-

its graceful degradation: as the number of agents increases beyond eight, performance

remains stable rather than collapsing catastrophically like many competing approaches.

This scalability is essential for real-world deployment where traffic density varies dynam-

ically, requiring consistent performance across diverse conditions.
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1.3 Thesis Contributions
This thesis develops a unified, scalable, and safety-aware multi-agent decision-making

framework for autonomous driving. The framework integrates cognitive hierarchy theory,

MCTS, and heterogeneous vehicle modeling to address coordination challenges in both ho-

mogeneous and mixed traffic environments. This framework advances the state-of-the-art

in several fundamental dimensions, offering both theoretical insights and practical solu-

tions to longstanding challenges in multi-agent coordination. The specific contributions

are organized as follows:

1. Reconstructed Level-k Reasoning with Safety Guarantees: We fundament-

ally reconceptualize Level-k reasoning by redefining Level-0 as a safety initialization

procedure rather than a naive agent type. This reconstruction embeds safety as an

emergent structural property of the reasoning hierarchy, transforming Level-k from

a descriptive cognitive model into a constructive planning framework with provable

collision-free properties. Unlike traditional formulations where safety is imposed

as external constraints, our approach ensures that conservative Level-0 baselines

propagate through higher reasoning levels via bounded rationality, guaranteeing

worst-case safety margins throughout the hierarchy.

2. Integration of Level-k Reasoning and MCTS: We propose a novel integration

architecture where Level-k reasoning decomposes the exponential joint action space

into sequential reasoning steps, while MCTS provides adaptive sampling and uncer-

tainty handling. This synergy reduces computational complexity from exponential

to linear in the number of agents, achieving 21 orders of magnitude reduction com-

pared to joint optimization in eight-agent scenarios. The integration incorporates

safety-aware pruning, trajectory caching, and iterative refinement to ensure both

computational efficiency and decision quality.
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3. Dual-Filtered Interaction Graph for Scalable Multi-Agent Reasoning: We

introduce a dual-filtered interaction graph that combines geometric proximity with

reasoning-level hierarchy to identify relevant interaction partners. This dual filter-

ing enables each agent to focus computational resources on relevant interaction

partners, addressing the scalability challenge in dense multi-agent scenarios. The

approach achieves up to 60% computational speedup compared to exhaustive inter-

action modeling while maintaining high decision quality.

4. Heterogeneous Vehicle Modeling for Mixed Traffic Environments: We de-

velop a comprehensive behavioral modeling framework that captures both determ-

inistic AV dynamics and probabilistic human driver behaviors. The framework com-

bines physics-based motion models with learned distributions over driver intentions

and risk preferences, enabling realistic simulation during MCTS rollouts. Adaptive

safety margins dynamically adjust to estimated human uncertainty, ensuring robust

collision avoidance even under behavioral deviations.

5. Safety-Aware Multi-Objective Reward Design: We design a multi-layered

reward composition strategy that systematically balances safety, efficiency, com-

fort, and cooperative behavior. The reward structure incorporates dynamic safety

thresholds for vehicle-to-vehicle, vehicle-to-human, and vehicle-to-road interactions,

providing comprehensive safety assessment across diverse interaction types. This

formulation enables AVs to navigate complex tradeoffs inherent in mixed traffic

coordination.

6. Comprehensive Validation in Symmetric and Mixed Traffic Scenarios: We

conduct extensive simulation studies across multiple scenario classes, ranging from

maximally symmetric eight-agent intersections to heterogeneous mixed traffic with

varying traffic flows and driver behaviors. Our framework achieves 95-100% success

rates in scenarios where baseline methods face deadlock or collision, demonstrating

30-40% improvements in both safety and efficiency metrics. The validation covers

diverse traffic densities, intersection geometries, and human driving styles, estab-

lishing the framework’s robustness and generalizability.
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These contributions collectively establish a new paradigm for multi-agent decision-making

in autonomous driving that reconciles strategic sophistication with computational tract-

ability, safety guarantees with behavioral realism, and theoretical rigor with practical

deployability. The framework addresses fundamental limitations of existing approaches

while offering a modular and extensible architecture suitable for diverse autonomous driv-

ing applications.

1.4 Thesis Organization
The remainder of this thesis is organized as follows.

Chapter 2 provides a comprehensive review of related work, examining existing ap-

proaches to multi-agent coordination, game-theoretic reasoning, sampling-based planning

methods, and mixed traffic modeling in autonomous driving contexts. We analyze the

strengths and limitations of each approach, establishing the motivation for our integrated

framework.

Chapter 3 establishes the baseline MCTS framework for multi-agent coordination at un-

signalized intersections. We formalize the symmetric coordination problem, develop com-

prehensive agent models including vehicle dynamics and collision detection, and present

the multi-objective optimization formulation. The MCTS planning algorithm is intro-

duced with safety-validated expansion and rollout simulation. Experimental validation

on four-agent left-turn scenarios demonstrates that MCTS with sufficient planning hori-

zon (H = 9) achieves zero collision rate, establishing the baseline upon which subsequent

chapters build. We also identify scalability limitations: the joint action space grows expo-

nentially from 1042 for four agents to 1085 for eight agents, motivating the extensions in

subsequent chapters.

Chapter 4 addresses these scalability limitations through two complementary mechan-

isms. The dynamic interaction graph with dual spatial-strategic filtering reduces effective

opponent modeling from N− 1 agents to approximately 3–4 relevant agents. The recon-

structed Level-k cognitive hierarchy decomposes multi-agent coordination into sequential

single-agent optimizations, where Level-0 serves as a universal safety initialization proced-
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ure generating conservative baseline trajectories. The cascading safety property ensures

that higher reasoning depth strengthens rather than compromises safety guarantees. The

integrated MCTS-Level-k algorithm achieves 21 orders of magnitude complexity reduc-

tion through safety-aware pruning, trajectory caching, and interaction filtering. Exper-

imental validation on symmetric eight-agent scenarios demonstrates zero collision rate

where baseline methods exhibit 15–35% collisions, with computation times enabling real-

time deployment.

Chapter 5 extends the framework to heterogeneous mixed traffic environments where

AVs must coordinate with HDVs exhibiting diverse and uncertain behaviors. We develop

style-aware behavior prediction based on the Intelligent Driver Model, using a parameter

ηh ∈ [0,1] to represent driving style diversity. Time-varying uncertainty quantification cap-

tures the degradation of prediction confidence over the planning horizon. Adaptive safety

thresholds respond to interaction-specific risks including relative velocity, heading con-

flicts, and spatial location. The unified V2H risk metric integrates seamlessly with Level-k

reasoning for robust collision avoidance. Experimental validation across penetration rates

from 20% to 100% demonstrates consistent performance: collision rates below 2% at 50%

penetration despite diverse human driving behaviors, with graceful degradation from ef-

ficient coordination in AV-dominated traffic to defensive navigation in human-dominated

scenarios.

Chapter 6 concludes the thesis by summarizing key findings and contributions. We

discuss broader implications for multi-agent systems and autonomous driving, analyze

limitations of the current framework, and outline promising directions for future research

including adaptive level assignment, formal safety verification, and extensions to more

complex traffic scenarios.

This thesis demonstrates that integrating cognitive hierarchy theory with search-based

planning can address key challenges in multi-agent coordination. By reconstructing Level-

k reasoning to prioritize safety, leveraging MCTS for adaptive exploration, and carefully

modeling heterogeneous agent behaviors, we establish a framework that is simultaneously

scalable, safe, and strategically sophisticated. This framework not only advances the theor-

etical understanding of multi-agent decision-making but also provides practical solutions
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applicable to real-world autonomous driving systems. As AVs transition from controlled

testing environments to complex urban traffic, frameworks that can guarantee safety while

reasoning strategically about diverse interactions become increasingly critical. This thesis

contributes a significant step toward that vision, offering a foundation upon which future

multi-agent coordination systems can be built.



17

Chapter 2

Literature Review

Figure 2.1: Mixed traffic interaction at an unsignalized intersection.

The challenges outlined in the introduction necessitate a comprehensive review of ex-

isting approaches to multi-agent coordination, strategic reasoning, and decision-making

under uncertainty in autonomous driving contexts, as shown in Fig. 2.1. The scenario ad-

opts a right-hand traffic convention, consistent with the predominant global standard. As

the proposed framework is purely algorithmic, based on multi-agent MCTS and Level-k

reasoning, it does not depend on any dataset tied to a specific driving convention, and

generalises directly to left-hand traffic through a simple geometric mirroring.

This chapter systematically examines the state-of-the-art across multiple research do-

mains, critically analyzing their strengths and limitations to establish the motivation for

our integrated framework. We organize this review according to methodological paradigms

rather than application domains, as the fundamental computational and safety challenges

transcend specific traffic scenarios.
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Our review reveals a persistent tension in existing work: methods that achieve strategic

sophistication often sacrifice computational tractability or safety guarantees, while compu-

tationally efficient approaches typically employ overly simplified models of agent interac-

tions. This tension motivates the central argument of this thesis: resolving it requires not

incremental improvements, but a reformulation of how cognitive hierarchy, search-based

planning, and safety constraints interact.

(a) (b)

Figure 2.2: Challenging scenarios in multi-vehicle interactions: (a) potential collision at
an unsignalized intersection, where E1–E4 denote the four entrances and O1–O4 denote
the four outlets of the intersection; (b) emergency lane-change with two strategies (S1,
S2), where the subject vehicle (SV) interacts with the preceding vehicle (PV), rear vehicle
(RV), and irrelevant vehicle (IV).

2.1 Multi-Agent Coordination Approaches
Multi-agent coordination in autonomous systems poses significant computational and

safety challenges as illustrated in Fig. 2.2. The fundamental difficulty arises from the ex-

ponential growth of the joint state-action space as the number of agents increases, coupled

with the need for real-time decision-making under uncertainty and partial observability.
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2.1.1 Centralized versus Decentralized Coordination

Coordination approaches at unsignalized intersections can be broadly categorized by their

decision-making architecture, as illustrated in Fig. 2.1. Early work in multi-agent intersec-

tion management largely focused on centralized approaches that assume full information

sharing through vehicle-to-vehicle (V2V) and vehicle-to-infrastructure (V2I) communica-

tion, along with a trusted coordinator [35–37]. These methods formulate coordination as

a joint optimization problem where a central planner computes optimal trajectories for all

agents simultaneously. The centralized paradigm offers theoretical optimality guarantees

and can enforce global constraints such as collision avoidance through explicit coupling in

the optimization formulation. Reservation-based systems exemplify this approach, where

vehicles communicate arrival times and desired trajectories to a central intersection man-

ager that grants or denies passage based on conflict resolution algorithms.

However, centralized coordination suffers from severe scalability limitations as joint ac-

tion spaces grow exponentially with agent count [38]. Even with modern computational

resources, joint trajectory optimization for more than four to five vehicles becomes intract-

able when considering realistic planning horizons and continuous action spaces. Beyond

computational complexity, centralized approaches introduce single points of failure and

require reliable V2I communication, limiting applicability in communication-constrained

or infrastructure-degraded environments. Privacy concerns also arise, as vehicles must

share trajectory intentions with external systems [39, 40].

In response to these limitations, recent research has shifted toward decentralized frame-

works that distribute decision-making across agents while maintaining coordination qual-

ity [41]. As shown in Fig. 2.3, in mixed traffic scenarios with both AVs and HDVs, de-

centralized approaches enable each vehicle to reason about others’ intentions at different

cognitive levels (Level-0, Level-k) through V2V communication, without relying on cent-

ralized infrastructure. Decentralized approaches formulate coordination as a multi-agent

optimization problem where each agent optimizes its own objective while accounting for

other agents’ decisions through prediction, communication, or implicit coordination mech-

anisms [42, 43]. This paradigm trades theoretical optimality for improved scalability, ro-

bustness to communication failures, and preservation of agent privacy.
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Figure 2.3: Illustration of unsignalized intersection scenario in mixed traffic. The scene
includes AVs (shown in green), HDVs ( shown in purple), and background vehicles (shown
in white). Vehicles coordinate through V2V communication while reasoning at different
cognitive levels (Level-0, Level-k, Level-(k− 1)). Conflict zones and potential collision
points are highlighted, demonstrating the complexity of multi-agent coordination in het-
erogeneous traffic environments.

The spectrum between fully centralized and fully decentralized coordination includes vari-

ous hybrid architectures. Hierarchical approaches decompose the coordination problem

into multiple levels, with high-level strategic decisions made centrally and low-level tra-

jectory execution performed locally. Market-based coordination mechanisms treat inter-

section passage as a resource allocation problem, where agents bid for priority through

auction protocols [14, 44]. Consensus-based methods iterate between local planning and

information exchange until agents reach agreement on conflict-free trajectories. While

consensus-based approaches can produce high-quality coordinated solutions, they typ-

ically require multiple rounds of communication and convergence is not guaranteed in

dynamic environments with time-varying agent interactions, limiting their applicability

in real-time intersection coordination.

Despite architectural diversity, all coordination approaches face the fundamental challenge

of computational tractability versus coordination quality. Centralized methods achieve

near-optimal coordination at prohibitive computational cost, while purely decentralized

reactive approaches scale well but often produce conservative or suboptimal behaviors [45,



21

46]. Existing hybrid systems such as hierarchical planners and market-based methods

partially address this tradeoff but introduce their own limitations: hierarchical decom-

positions rely on predefined priority structures that may fail under symmetric conflicts,

while auction-based mechanisms require explicit communication infrastructure. Our work

addresses this tradeoff through a communication-free decomposition strategy grounded

in cognitive hierarchy theory, which sequences the optimization process without central-

ized coordination or predefined priority rules. Within the evaluated scenario of eight-agent

unsignalized intersection coordination, this approach achieves lower collision rates and tra-

jectory deviation compared to game-theoretic baselines (Stackelberg, Nash) and vanilla

MCTS, while maintaining sub-100ms per-step planning. We note that direct quantitative

comparison with all existing hybrid systems is beyond the scope of this thesis, and claims

of superiority are limited to the evaluated baselines and simulation conditions.

2.1.2 Communication Requirements and Coordination

Communication plays a critical role in multi-agent coordination, enabling agents to share

intentions, negotiate priorities, and establish mutual understanding as shown in Fig. 2.3.

V2V and V2I communication protocols have been extensively studied, with standards such

as Cellular Vehicle-to-Everything providing technical foundations. Communication-based

coordination can be explicit, where agents directly negotiate through structured protocols,

or implicit, where agents infer others’ intentions through observed behaviors [47–49].

However, reliance on communication introduces vulnerabilities. Communication channels

may be unreliable due to interference, bandwidth limitations, or malicious attacks. Pri-

vacy concerns arise when vehicles must broadcast detailed trajectory information [50,51].

Latency in communication can undermine time-critical coordination, particularly at high-

speed intersections. Furthermore, the assumption of reliable communication excludes scen-

arios involving legacy vehicles without communication capabilities or unexpected commu-

nication infrastructure failures in complex environments.



22

These limitations have motivated research into implicit coordination mechanisms that en-

able multi-agent cooperation without explicit message passing. Implicit coordination relies

on predictable behavioral patterns, social conventions, and mutual observation to establish

shared expectations [52]. Game-theoretic frameworks provide formal models of implicit co-

ordination through concepts such as focal points and common knowledge. Learning-based

approaches can discover emergent coordination strategies through multi-agent training

without explicit communication protocols.

Our framework operates in a middle ground, assuming agents can observe each other’s

states through onboard sensing but do not require structured communication protocols.

This assumption aligns with current AV capabilities, where perception systems can track

nearby vehicles but reliable inter-vehicle communication remains limited in mixed traffic

scenarios involving HDVs. The Level-k reasoning component provides a structured model

of implicit coordination, where agents coordinate through recursive belief modeling rather

than explicit negotiation. This distinguishes our approach from purely reactive decent-

ralised systems, which respond only to current observations without modeling opponent

intent. Reactive systems scale well but tend to produce overly conservative or deadlock-

prone behaviors in symmetric high-density scenarios, as demonstrated by the vanilla

MCTS baseline in our simulations. By contrast, the Level-k hierarchy enables anticip-

atory planning over a finite horizon, producing more efficient and stable coordination

without requiring communication infrastructure.

2.2 Game-Theoretic Strategic Reasoning
Game theory provides a mathematical framework for modeling strategic interactions

among agents with conflicting objectives [18, 53, 54]. In autonomous driving contexts,

game-theoretic formulations capture the inherent tension between individual efficiency

and collective safety, enabling vehicles to reason about how their actions influence others’

responses and vice versa in a dynamic traffic environment.
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2.2.1 Nash Equilibrium and Stackelberg Games

Nash equilibrium concepts form the foundation of game-theoretic approaches to multi-

agent coordination [18,21,22]. A Nash equilibrium represents a strategy profile where no

agent can improve its utility through unilateral deviation, given that other agents maintain

their equilibrium strategies. This solution concept captures stable outcomes where agents’

beliefs about others’ behaviors are mutually consistent and no agent intends to deviate.

Application of Nash equilibrium to intersection coordination typically formulates vehicle

interactions as non-cooperative games where each agent’s strategy space consists of pos-

sible trajectories or control sequences, and payoff functions encode preferences over safety,

efficiency, and comfort [55]. Dynamic games extend this formulation to sequential decision-

making, where agents observe the unfolding game state and update strategies over time.

Differential games provide continuous-time formulations particularly suited to vehicle dy-

namics, where strategies are feedback control policies and equilibria are characterized

through coupled Hamilton-Jacobi-Bellman equations.

However, Nash equilibrium approaches face fundamental computational and conceptual

challenges. Computing equilibria requires exploring the full joint action space, making

them computationally prohibitive beyond two to three agents [19, 33]. Even when equi-

libria can be computed efficiently through iterative best-response algorithms or gradient-

based methods, the resulting strategies may not align with desired coordination outcomes.

Multiple equilibria often exist in symmetric scenarios, requiring additional selection mech-

anisms that may conflict with safety objectives [56]. Moreover, the assumption of perfect

rationality underlying Nash equilibrium rarely holds in mixed traffic where human drivers

exhibit bounded rationality, inconsistent preferences, and limited cognition.

Stackelberg games [19,57,58] offer an alternative formulation where agents are organized

in a leader-follower hierarchy. The leader commits to a strategy first, and followers best-

respond to the leader’s commitment. This sequential structure eliminates equilibrium

multiplicity issues present in simultaneous-move games and provides a natural model for
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scenarios where AVs can credibly signal intentions to human drivers. Recent work has

demonstrated Stackelberg formulations for lane-changing and merging scenarios, where

AVs act as leaders by clearly signaling intended maneuvers, enabling human drivers to

respond predictably.

Despite these advantages, Stackelberg games introduce their own challenges. Determining

appropriate leader-follower assignments may be unclear in symmetric scenarios or require

communication protocols that may not be reliable. The assumption that leaders can com-

mit to strategies before followers respond may not hold when decision-making occurs on

similar timescales. Furthermore, Stackelberg equilibria remain computationally expensive

to compute in multi-agent settings with more than two to three participants.

Hierarchical game-theoretic approaches have emerged to address scalability challenges

through problem decomposition [38, 59]. These methods partition complex multi-agent

scenarios into tractable subgames based on spatial or temporal separation [20]. For ex-

ample, intersection coordination can be decomposed into pairwise or small-group interac-

tions based on predicted collision risks. Hierarchical decomposition enables application of

sophisticated game-theoretic solutions to local interactions while avoiding the combinat-

orial explosion of joint strategy spaces.

Recent developments include iterative linear-quadratic game solvers that exploit the struc-

ture of vehicle dynamics to compute approximate Nash equilibria efficiently. These meth-

ods linearize dynamics around nominal trajectories and employ iterative refinement to

handle nonlinearities, achieving computational efficiency comparable to single-agent op-

timization [33, 60–62]. However, scalability remains limited to modest numbers of agents

(typically four to six), and the approximations introduced through linearization and local

convergence may compromise solution quality or safety guarantees [41].

The fundamental limitation of equilibrium-based approaches lies in their reliance on per-

fect rationality and complete information assumptions. In mixed traffic scenarios, human

drivers do not optimize objective functions explicitly, exhibit inconsistent preferences

across contexts and individuals, and operate under cognitive and perceptual limitations.
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Applying game-theoretic models designed for perfectly rational agents to predict human

behavior often produces systematic mismatches, leading to coordination failures or un-

safe interactions. This observation has motivated the development of bounded rationality

models, including the Level-k reasoning framework examined in the next section.

2.2.2 Computational Tractability and Equilibrium Selection

Beyond conceptual limitations, game-theoretic approaches face severe computational chal-

lenges in real-time autonomous driving applications. Computing Nash equilibria in general-

form games is PSPACE-complete, placing it among the most computationally demand-

ing problems in complexity theory [63, 64]. While special structure in vehicle coordin-

ation problems—such as continuous strategy spaces, differentiable payoffs, and convex

constraints—enables more efficient solution algorithms, the fundamental complexity grows

exponentially with the number of agents and planning horizon.

Approximate solution methods trade optimality for computational feasibility through vari-

ous relaxation strategies. Iterative best-response algorithms compute sequences of local

optima that may converge to Nash equilibria under certain conditions, but convergence is

not guaranteed and can be slow when the game exhibits weak contraction properties [65].

Gradient-based methods formulate equilibrium computation as constrained optimization

and employ standard solvers, but suffer from local optima in non-convex games typical of

multi-agent driving scenarios. Sampling-based approaches approximate equilibria through

Monte Carlo simulation or evolutionary algorithms, but require careful tuning to balance

exploration and convergence.

Even when equilibria can be computed efficiently, selecting among multiple equilibria

presents additional challenges. Generic games typically admit multiple Nash equilibria

with different payoff profiles and stability properties. In symmetric intersection scenarios,

the symmetry structure guarantees existence of symmetric equilibria but also creates

multiple asymmetric equilibria corresponding to different priority assignments. Without

additional coordination mechanisms, agents may coordinate on suboptimal or unsafe equi-

libria, or fail to coordinate altogether [66, 67].



26

Equilibrium refinement concepts from game theory provide principled selection criteria.

Subgame perfection eliminates equilibria sustained by non-credible threats in sequential

games. Pareto optimality selects equilibria that cannot be improved for all agents sim-

ultaneously. Risk dominance favors equilibria robust to uncertainty in others’ strategy

choices. However, these refinements often fail to uniquely identify equilibria in complex

multi-agent scenarios, and computing refined equilibria increases computational cost.

The computational intractability of equilibrium concepts motivates our framework’s de-

parture from pure game-theoretic formulations. Rather than seeking exact equilibria

through exhaustive search or iterative optimization, we employ Level-k reasoning to con-

struct approximate equilibria through bounded recursive reasoning, combined with MCTS

to explore high-value regions of the strategy space through selective sampling. This hy-

brid approach achieves computational efficiency comparable to heuristic methods while

retaining strategic sophistication derived from game-theoretic principles.

2.2.3 Cognitive Hierarchy and Level-k Reasoning

Level-k reasoning emerged from behavioral economics as an alternative to perfect ra-

tionality assumptions underlying classical game theory. The framework models bounded

rationality through a hierarchy of reasoning depths, where agents at different levels em-

ploy increasingly sophisticated models of opponent behavior [26, 27, 68]. As illustrated in

Fig. 2.3, this cognitive hierarchy approach enables vehicles to reason at different levels

(Level-0, Level-k, Level-(k− 1)) in mixed traffic scenarios, providing more realistic mod-

els of human decision-making while maintaining computational tractability compared to

traditional equilibrium computation methods.

The classical Level-k framework defines a recursive reasoning structure [69]. Level-0 agents

employ naive or non-strategic behaviors, often modeled as random action selection or

simple heuristics such as maintaining constant velocity. Level-1 agents best-respond to

the assumption that all other agents are Level-0, optimizing their own objectives given
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these behavioral predictions [70]. More generally, Level-k agents (for k≥ 1) model all other

agents as Level-(k−1) and compute best responses accordingly. This recursive structure

naturally breaks symmetry in coordination problems, as agents at different reasoning

levels arrive at different strategies even when facing identical physical situations.

The cognitive plausibility of Level-k reasoning has been validated through extensive experi-

mental studies in behavioral economics and psychology. Human subjects exhibit reasoning

patterns consistent with Level-1 to Level-3 thinking across various strategic games, with

higher reasoning levels becoming progressively rarer. The distribution of reasoning levels

varies across populations and contexts, with experienced decision-makers and strategic

thinkers more likely to employ higher-level reasoning. This empirical grounding makes

Level-k models particularly attractive for mixed traffic scenarios where AVs must interact

with human drivers exhibiting heterogeneous reasoning capabilities in real-world environ-

ments [71].

Application of Level-k reasoning to autonomous driving has demonstrated promising res-

ults in small-scale scenarios. [26] integrated Level-k reasoning with trajectory prediction,

showing improved accuracy in modeling human driving behavior compared to models

assuming perfect rationality [27]. Their work successfully predicted interactions between

two to three agents using model predictive control at each reasoning level, but did not

scale to dense traffic scenarios involving larger numbers of vehicles. Similarly, recent work

applied Level-k models to pedestrian-agent interactions, demonstrating that bounded ra-

tionality assumptions better capture human decision-making than perfect rationality [68].

However, these implementations focused primarily on single pedestrian scenarios rather

than multi-agent coordination involving multiple vehicles [69].

Theoretical analysis of Level-k reasoning in multi-agent systems has identified both

strengths and fundamental limitations. [70] provided a comprehensive survey of autonom-

ous agents modeling other agents, highlighting Level-k as a promising approach for

tractable multi-agent planning. They identified the key computational challenge of

solving each level’s optimization problem efficiently, particularly as agent numbers

increase [71]. While their analysis is thorough, implementations for scenarios beyond four

to five agents remained elusive, leaving a gap between theory and practice [72].
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The critical limitation of classical Level-k formulations lies in the definition of Level-0

behavior. Modeling Level-0 as random or myopic actors creates fundamentally unsafe

baselines that propagate through the entire reasoning hierarchy. When Level-1 agents

optimize assuming others behave randomly, and Level-2 agents optimize assuming others

optimize against random agents, the resulting strategies lack safety guarantees. A single

Level-0 vehicle behaving randomly in the intersection scenario shown in Fig. 2.3 could

lead to collisions that higher-level reasoning fails to prevent, as the recursive structure

builds upon unsafe foundations.

This fundamental flaw has limited the application of Level-k reasoning to safety-critical

autonomous driving despite its cognitive plausibility and computational advantages. Pre-

vious implementations either restrict Level-0 to deterministic behaviors that lack realism,

introduce external safety constraints that undermine the elegance of the recursive struc-

ture, or accept residual collision risks that are unacceptable in real-world deployment. Our

framework addresses this limitation through a reconceptualization that redefines Level-0

not as a behavioral model but as a safety initialization procedure, transforming Level-k

from a descriptive theory into a planning framework with provable safety.

Beyond safety concerns, classical Level-k implementations face scalability challenges [73].

Computing best responses at each level requires solving optimization problems over con-

tinuous trajectory spaces, which becomes computationally expensive as planning horizons

extend and state-action spaces grow. Naive implementations evaluate Level-(k−1) predic-

tions at every Level-k optimization step, creating recursive computational dependencies

that multiply cost exponentially with reasoning depth [74]. Furthermore, maintaining

beliefs over multiple agents’ reasoning levels and computing best responses to heterogen-

eous populations introduces combinatorial complexity even when individual optimization

problems remain tractable.

Recent work has begun addressing these computational challenges through various

approximations and algorithmic innovations [75]. Hierarchical decomposition strategies

partition multi-agent scenarios into smaller subproblems based on spatial or temporal

locality, enabling parallel computation of Level-k responses for non-interacting agent

groups. Sampling-based approximations replace exhaustive best-response computation
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with Monte Carlo evaluation over discrete action sets, trading optimality for computa-

tional efficiency. Trajectory caching and reuse mechanisms exploit temporal coherence

in multi-agent interactions, avoiding redundant computations across planning cycles [76].

However, these techniques have been demonstrated primarily in small-scale scenarios and

have not been systematically integrated into comprehensive frameworks scaling to eight

or more agents in real-time.

The theoretical properties of Level-k reasoning provide both opportunities and challenges

for intersection coordination. The asymmetric reasoning structure naturally resolves sym-

metry in coordination problems, as agents at different levels compute different strategies

even from identical initial conditions. This symmetry-breaking property is particularly

valuable in scenarios such as eight-vehicle intersections where all agents arrive simultan-

eously with equal geometric priority. However, the recursive nature of Level-k reasoning

requires careful management of computational resources, as reasoning depth directly im-

pacts both solution quality and computational cost [77].

2.3 Sampling-Based Planning Methods
Sampling-based planning algorithms provide an alternative paradigm that explores state-

action spaces through selective sampling rather than exhaustive enumeration. These meth-

ods have proven particularly effective in high-dimensional continuous spaces where sys-

tematic discretization becomes infeasible, making them natural candidates for multi-agent

trajectory planning in autonomous driving contexts.
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2.3.1 Monte Carlo Tree Search Fundamentals

MCTS has emerged as one of the most successful sampling-based planning algorithms,

achieving superhuman performance in complex domains such as Go, chess, and real-time

strategy games [23]. MCTS builds asymmetric search trees through iterative simulation,

progressively refining value estimates and expanding the tree toward promising regions

of the search space. The algorithm’s fundamental appeal lies in its ability to balance

exploration of uncertain regions with exploitation of known high-value actions without

requiring domain-specific heuristics.

The standard MCTS algorithm operates through four phases repeated iteratively: selec-

tion, expansion, simulation, and backpropagation. During selection, the algorithm tra-

verses the existing search tree from the root node representing the current state, choosing

child nodes according to a selection policy that balances exploration and exploitation.

The most common selection policy, Upper Confidence Bounds (UCB) applied to Trees,

treats node selection as a multi-armed bandit problem, choosing actions that maximize

the sum of empirical value estimates and an exploration bonus proportional to visit count

uncertainty in the search process.

Upon reaching a leaf node of the current tree, the expansion phase adds one or more

child nodes representing unexplored actions from that state. The newly added node is

then evaluated through simulation, where a rollout policy generates a complete trajectory

from the expanded state to a terminal condition or fixed horizon. This rollout policy may

be random, domain-specific heuristics, or learned policies depending on the application.

The simulation produces an outcome value that is backpropagated up the tree, updating

value estimates and visit counts for all nodes along the path from the expanded node to

the search tree root.
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Figure 2.4: Standard MCTS algorithm workflow. The algorithm iteratively performs four
phases: (1) Selection: traverse the tree using the UCB policy; (2) Expansion: add new
child nodes; (3) Simulation: rollout to a terminal state; (4) Backpropagation: update
values along the path. This process builds an asymmetric tree focusing computational
resources on promising regions.

This iterative process as shown in Fig. 2.4 gradually builds an asymmetric tree that devotes

more computational resources to promising regions while maintaining some exploration

of alternatives. After a fixed computational budget (measured in simulation count or

wall-clock time), the algorithm selects an action from the root node according to some

final selection criterion, typically choosing the most-visited child or the child with highest

average value. The chosen action is executed, the root node advances accordingly, and the

process repeats for the next decision cycle.

The theoretical foundations of MCTS provide convergence guarantees under certain condi-

tions. For finite-horizon problems with bounded rewards, the algorithm converges almost

surely to optimal policies as simulation count approaches infinity, provided the selection

policy ensures all state-action pairs are visited infinitely often. The rate of convergence

depends on the branching factor, planning horizon, and effectiveness of the rollout policy

in evaluating positions. In practice, finite computational budgets mean MCTS produces

approximate solutions, with quality improving monotonically as more simulations are

performed during the search process.
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Application of MCTS to autonomous driving has shown promise in handling uncertainty

and complex state spaces [25,78]. Unlike offline reinforcement learning that requires extens-

ive pre-training, MCTS performs online planning that adapts to current environmental

states without requiring prior experience in similar situations. The algorithm naturally

incorporates stochasticity through probabilistic rollout policies and can model uncertain

opponent behaviors by sampling from belief distributions during simulation. These prop-

erties make MCTS particularly suitable for mixed traffic scenarios where human driver

behaviors exhibit variability and cannot be predicted deterministically.

The work in [25] combined MCTS with social attention mechanisms for highway driv-

ing, demonstrating that sampling-based planning can handle uncertainty in other drivers’

intentions. Their approach used learned rollout policies to simulate realistic traffic inter-

actions and employed attention mechanisms to focus computational resources on relevant

nearby vehicles. However, scalability remained limited to two to three interacting vehicles

due to the exponential growth of joint action spaces and the prohibitive computational

cost of realistic, high-fidelity simulation.

Extensions incorporating upper confidence bounds have shown improved exploration-

exploitation tradeoffs [79]. By treating action selection as a bandit problem, UCB-based

selection policies provide theoretical guarantees on regret accumulation and enable MCTS

to identify near-optimal actions with logarithmic sample complexity. These theoretical

properties have motivated widespread adoption of UCB-based selection in MCTS imple-

mentations across diverse domains.

2.3.2 MCTS in Multi-Agent Settings

Extending MCTS to multi-agent settings introduces fundamental challenges distinct from

single-agent planning. In single-agent MCTS, the environment provides stochastic trans-

itions but does not adapt strategically to the agent’s policy. In multi-agent settings, other

agents observe the ego agent’s actions and respond strategically, creating complex interde-

pendencies that violate the Markov assumption underlying standard MCTS convergence

proofs in traditional settings.
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Naive application of single-agent MCTS to multi-agent scenarios assumes other agents

follow fixed policies or behave randomly during rollouts [25]. This assumption enables

tractable planning but produces overly optimistic value estimates when other agents ac-

tually respond strategically to the ego agent’s actions. When all agents simultaneously

execute their “optimal” actions computed under fixed-policy assumptions, collisions be-

come inevitable as the optimistic predictions fail to account for mutual interference [80].

Several extensions address opponent modeling in multi-agent MCTS. Centralized MCTS

formulations treat multi-agent coordination as a joint planning problem, where each tree

node represents a joint state and each edge represents a joint action by all agents [81,82].

This approach can compute coordinated strategies but suffers from exponential growth in

branching factor with agent count. For n agents each with b available actions, the joint

action space contains bn branches at each node, making deep search prohibitive even for

modest agent counts and action sets.

Decentralized MCTS implementations allow each agent to build its own search tree over

local actions while modeling other agents through belief distributions or deterministic

predictions [83]. These approaches achieve better scalability but require each agent to

maintain beliefs over other agents’ policies, which itself becomes computationally expens-

ive as agent count increases. Approximate belief representations through scenario sampling

or policy compression reduce computational burden but introduce approximation errors

that may compromise safety or coordination quality.

Communication-based multi-agent MCTS enables agents to share information about tree

structures, value estimates, or intended actions during planning. This information ex-

change can improve coordination by aligning agents’ beliefs and enabling them to simulate

each other’s responses more accurately. However, communication requirements may be

impractical in bandwidth-constrained or adversarial environments, and communication

latency can undermine real-time planning when agents’ trees evolve asynchronously.

Recent work has explored integrating MCTS with partially observable Markov decision

processes for cooperation-aware planning [65,82]. These methods model uncertainty over

other agents’ observations and intentions through belief states, enabling robust planning

under incomplete information. Simulation-based belief updates during MCTS rollouts
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provide approximate solutions to partially observable Markov decision process (POMDP)

planning that avoid the computational intractability of exact belief-space planning. How-

ever, the computational demands of POMDP-based MCTS have limited scalability to

three to four agents in practice [84].

Qi et al. [80] directly applied MCTS to intersection management through centralized

planning, demonstrating effective coordination of up to four agents. Their approach relied

on reliable V2I communication and centralized computation, introducing single points of

failure and scalability limitations. While their results demonstrated MCTS viability for

intersection scenarios, the centralized architecture limits applicability to scenarios where

decentralized decision-making is required due to inherent communication constraints or

significant privacy considerations in public road networks.

The fundamental challenge in multi-agent MCTS lies in the tension between accurate

opponent modeling and computational tractability. Sophisticated opponent models that

capture strategic reasoning and adaptation improve planning quality but incur exponential

computational cost due to recursive simulation and belief maintenance [85]. Conversely,

simplified opponent models reduce computational burden but may introduce systematic

bias in value estimation, potentially leading to coordination failures or safety violations.

In this work, we adopt a structured simplification strategy that balances these competing

requirements. Specifically, human-driven vehicles are modeled using physics-based dynam-

ics with uncertainty, while autonomous agents are modeled through Level-k reasoning.

This hybrid formulation preserves essential behavioral characteristics while maintaining

tractable computation, enabling robust performance in mixed traffic scenarios. We ac-

knowledge that these modeling choices introduce limitations: constant-velocity prediction

at Level-0 becomes less accurate under aggressive acceleration or deceleration, and IDM

captures only nominal longitudinal car-following behavior. These limitations and their

implications for real-world deployment are discussed in Chapter 6.

This tradeoff has limited prior multi-agent MCTS implementations to scenarios with few

agents (typically two to four). Our framework addresses this through integration with

Level-k reasoning, detailed in Chapter 4.
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2.3.3 Computational Complexity and Pruning Strategies

The computational complexity of MCTS scales with the product of branching factor, plan-

ning horizon, and simulation cost. In autonomous driving applications, these factors can

be substantial: continuous action spaces discretized into dozens of primitives create large

branching factors, safety requirements necessitate planning horizons of several seconds

(corresponding to dozens of decision steps), and realistic simulation of vehicle dynamics

and multi-agent interactions introduces significant per-simulation cost.

Pruning strategies reduce effective branching factors by eliminating provably suboptimal

or unsafe actions early in the search process. Progressive widening techniques gradually

increase the number of child nodes explored from each parent as visit count increases, fo-

cusing initial exploration on a small action set and expanding only when sufficient samples

suggest benefit. Domain-specific pruning can eliminate actions that violate kinematic con-

straints, geometric feasibility, or safety conditions before adding them to the search tree.

Safety-aware pruning is particularly effective in autonomous driving [86]. Many potential

actions can be identified as unsafe through geometric reasoning or conservative reachabil-

ity analysis without requiring detailed simulation. Eliminating these unsafe actions from

the search tree dramatically reduces effective branching factors while guaranteeing that

explored policies satisfy minimum safety criteria. Our framework employs safety-aware

pruning enabled by the conservative Level-0 baseline, which provides tight lower bounds

on minimum safe spacing that can be checked efficiently during the tree expansion and

node generation process.

Trajectory caching and reuse exploit temporal coherence in multi-agent planning prob-

lems. When the environment evolves slowly relative to planning frequency, portions of

the search tree computed at time t remain relevant at time t +1. Reusing subtrees from

previous planning cycles avoids redundant computation and enables deeper search within

fixed computational budgets. However, tree reuse requires careful management of stale

information, as opponent policies and environmental conditions may change significantly

between successive planning cycles.
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Action abstraction reduces branching factors by grouping similar actions into equivalence

classes. Rather than considering all possible discretizations of continuous control inputs,

the planner reasons over higher-level action abstractions such as “merge left aggressively”

or “yield to oncoming traffic.” These abstract actions are expanded into detailed trajector-

ies only after tree search identifies promising high-level strategies. Multi-resolution action

abstractions enable coarse initial exploration followed by refined optimization of selected

strategies within the search process.

Despite these optimization techniques, vanilla MCTS implementations struggle with multi-

agent scenarios involving more than four to five vehicles under real-time constraints. The

exponential growth in joint action spaces overwhelms pruning and caching strategies when

agent count exceeds modest thresholds. This scalability barrier has motivated our integ-

ration of MCTS with Level-k reasoning, which fundamentally restructures the search

problem to avoid joint action space explosion through sequential decomposition guided

by cognitive hierarchy.

2.4 Mixed Traffic Modeling and Human Behavior

Figure 2.5: During lane-changing, the autonomous host vehicle (HV) needs to interact with
surrounding vehicles (SVs) to make accurate decisions and plan collision-free trajectories.
The green transparent region represents potential trajectories of the HV, with the arrows
indicating HV’s movement directions.

The transition from controlled testing environments with only AVs to real-world deploy-

ment necessitates effective modeling of mixed traffic scenarios where autonomous and

HDVs coexist as shown in Fig. 2.5. This heterogeneity introduces fundamental challenges

distinct from homogeneous multi-agent coordination, as AVs must reason about agents

operating under fundamentally different decision-making paradigms.
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2.4.1 Human Driver Behavior Models

Human driving behavior exhibits complex patterns shaped by perception, cognition, social

norms, and individual preferences [87, 88]. Early approaches to modeling human drivers

employed physics-based models that capture fundamental aspects of car-following, lane-

changing, and gap acceptance behaviors. The Intelligent Driver Model (IDM) is widely

adopted for longitudinal control, capturing smooth acceleration, deceleration, and traffic

jam formation through a differential equation relating acceleration to desired velocity and

safe following distance [89].

IDM’s success stems from its ability to reproduce emergent traffic patterns observed empir-

ically, including stop-and-go waves and capacity drops at bottlenecks, using only a small

number of interpretable parameters [90]. Extensions to IDM incorporate lane-changing

decisions through gap acceptance models that evaluate available spaces in adjacent lanes

based on safety and efficiency criteria. The Minimizing Overall Braking Induced by Lane

changes (MOBIL) lane-changing model computes incentive criteria balancing the lane-

changer’s acceleration improvement against impacts on surrounding vehicles, capturing

cooperative aspects of human lane-changing decisions.

However, deterministic models like IDM capture only average or nominal behaviors and

fail to represent the significant variability observed across human drivers and contexts.

Individual drivers exhibit different preferences for following distances, acceleration ag-

gressiveness, and risk tolerance. The same driver may behave differently depending on

urgency, fatigue, distraction, or traffic density. This behavioral heterogeneity cannot be

captured by single-parameter-set deterministic models and requires probabilistic frame-

works that represent distributions over behaviors rather than single trajectories.

Probabilistic extensions to physics-based models address behavioral variability through

parameter distributions or stochastic perturbations [77]. Rather than assuming all drivers

follow IDM with fixed parameters, mixed traffic simulators sample parameters from

learned distributions representing population heterogeneity. Time-varying parameter mod-
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els capture context-dependent behavior changes, such as more aggressive driving in sparse

traffic or more conservative behavior near intersections. Stochastic differential equation

formulations add noise terms to deterministic dynamics, representing moment-to-moment

variability in human control inputs.

Data-driven approaches [76, 91–93] leverage growing availability of naturalistic driving

datasets to learn behavioral models directly from observations. Inverse reinforcement

learning infers reward functions that rationalize observed driving behaviors, enabling

prediction of human responses in novel situations by optimizing the learned rewards.

Recurrent neural networks and transformers capture temporal dependencies in driving se-

quences, learning to predict future trajectories from historical observations. Graph neural

networks model interactions among multiple vehicles, capturing how human drivers adjust

behaviors based on surrounding traffic configurations.

Despite impressive predictive performance on benchmark datasets, purely data-driven

models face challenges in safety-critical deployment. Learned models may fail catastroph-

ically on out-of-distribution inputs not represented in training data, producing predictions

that violate physical constraints or lead to unsafe interactions. The black-box nature of

neural network models limits interpretability and makes formal verification difficult. Train-

ing data biases may encode and perpetuate unsafe or inequitable behaviors observed in

human driving populations.

Hybrid approaches combine physics-based structure with data-driven learning to balance

interpretability and expressiveness. Physics-informed neural networks incorporate differen-

tial equation constraints into loss functions, ensuring learned models respect fundamental

physical laws. Modular architectures separate perception, prediction, and decision-making,

applying learning selectively to components where data-driven methods excel while retain-

ing interpretable structure for safety-critical elements. Our framework adopts this hybrid

philosophy, combining IDM-based nominal behaviors with learned uncertainty distribu-

tions that capture variability while maintaining interpretable structure.
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2.4.2 Intent Recognition and Uncertainty Quantification

Beyond predicting trajectories, effective interaction with human drivers requires reasoning

about their intentions and quantifying uncertainty in predictions [94]. Intent recognition

infers high-level goals such as lane-change intentions, turn directions at intersections, or

yielding decisions from observable vehicle states and motions. Bayesian inference frame-

works update intent beliefs as observations accumulate, providing probabilistic assess-

ments that explicitly represent uncertainty.

Hidden Markov models (HMMs) represent a classical approach to intent recognition, mod-

eling observable vehicle motions as emissions from latent intent states [94]. Transition

probabilities capture temporal dynamics of intent changes, while emission probabilities re-

late intents to observable motion patterns. Inference algorithms such as forward-backward

passes or Viterbi decoding compute posterior intent distributions from observation se-

quences. However, HMM expressiveness is limited by discrete state spaces and Markovian

assumptions that may not capture complex intent dynamics.

Goal-recognition planning formulates intent recognition as inverse planning, inferring

which goals would rationalize observed actions as approximately optimal [85]. This ap-

proach leverages the principle that human behaviors, while not perfectly optimal, tend

to be reasonable with respect to underlying objectives. By computing which goals would

make observed actions sensible, goal-recognition methods can infer intentions from par-

tial observation sequences. However, computational cost grows with the complexity of the

planning problem, limiting real-time applicability in complex traffic scenarios.

Learning-based intent recognition employs supervised or self-supervised learning on

labeled trajectory datasets [95]. Convolutional or recurrent architectures extract spatial-

temporal features from observation sequences and classify into intent categories through

softmax outputs interpreted as probability distributions. Attention mechanisms enable

models to focus on relevant aspects of complex traffic scenes when inferring intentions.

However, learned classifiers require extensive labeled training data and may not generalize

reliably to novel scenarios.
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Uncertainty quantification extends beyond intent recognition to characterize confidence

in trajectory predictions and behavioral model parameters [96]. Ensemble methods train

multiple predictors on bootstrap samples or random initializations, interpreting prediction

variance across ensemble members as epistemic uncertainty. Bayesian neural networks

place distributions over network weights, propagating parameter uncertainty through the

network to produce predictive distributions. Monte Carlo dropout approximates Bayesian

inference by sampling different dropout masks at test time, providing computationally

efficient uncertainty estimates.

Conformal prediction provides distribution-free uncertainty quantification with finite-

sample coverage guarantees [97]. By calibrating prediction intervals on held-out data,

conformal methods construct sets of plausible predictions that contain true outcomes

with specified probability regardless of the underlying data distribution. This approach

offers formal guarantees suitable for safety-critical applications without requiring restrict-

ive distributional assumptions.

Our framework incorporates intent recognition and uncertainty quantification through ad-

aptive safety margins that expand or contract based on prediction confidence [98]. When

human driver behaviors are highly uncertain—such as at intersection approaches where

turn intentions remain ambiguous—safety margins increase to account for multiple pos-

sible responses. As additional observations resolve uncertainty, safety margins adapt ac-

cordingly, enabling efficient coordination when predictions are confident while maintaining

robustness when uncertainty is high.

2.4.3 Cooperative and Competitive Interaction Modeling

Human driving involves both cooperative and competitive behaviors depending on context,

urgency, and social norms. Cooperative behaviors include yielding to merging vehicles,

maintaining consistent speeds to facilitate lane changes, and following traffic conventions

such as zipper merging. Competitive behaviors include aggressive gap closures to prevent

lane changes, acceleration to claim priority at uncontrolled intersections, and violation of

formal priority rules when perceived safe.
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Social force models capture cooperation through attractive forces toward destinations and

repulsive forces from obstacles and other vehicles, with force magnitudes and directions

encoding social norms such as maintaining personal space and avoiding sudden relative

motions [99]. However, simple social force formulations struggle to represent strategic

aspects of competitive interactions where drivers actively influence others’ behaviors.

Game-theoretic frameworks naturally model the spectrum from cooperation to compet-

ition through payoff structures [100]. Cooperative games encode shared objectives such

as collision avoidance and traffic efficiency, admitting Pareto-optimal equilibria where no

agent can improve without harming others. Non-cooperative games represent conflicting

objectives such as priority claims at intersections, with equilibria reflecting strategic com-

promises between competing interests [101]. Mixed-motive games combine cooperative

and competitive elements, capturing realistic scenarios where drivers share safety object-

ives but compete for priority and efficiency.

However, human drivers do not explicitly solve game-theoretic problems in real-time.

Descriptive models of strategic interaction require cognitively plausible representations

of bounded rationality, limited lookahead, and heuristic reasoning [102]. Level-k models

provide such representations through recursive reasoning hierarchies that match observed

human strategic thinking better than perfect rationality assumptions. This cognitive plaus-

ibility motivates our framework’s use of Level-k reasoning to model human strategic be-

haviors while maintaining computational tractability.

Cultural and contextual variations in cooperation-competition balance complicate mod-

eling. Driving norms vary across regions, with some cultures favoring more cooperative

yielding behaviors while others exhibit more competitive priority claims [103]. Time pres-

sure and traffic density shift individual drivers toward more competitive behaviors as

urgency increases or perceived opportunities decrease. AVs deployed globally must adapt

to local norms or risk coordination failures and negative social perceptions.
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Our framework addresses cooperation-competition modeling through multi-objective re-

ward functions that explicitly balance safety, efficiency, comfort, and cooperative behavi-

ors. By adjusting relative weights on these objectives, the framework can represent diverse

driving styles ranging from highly cooperative (prioritizing others’ efficiency) to more as-

sertive (prioritizing own efficiency subject to safety constraints). This flexibility enables

adaptation to different cultural contexts and individual human driver styles through on-

line parameter estimation or offline calibration [104–106].

2.5 Safety-Critical Decision Making
Safety represents the paramount constraint in autonomous driving, requiring formal guar-

antees that go beyond probabilistic assurances or empirical testing. Safety-critical decision-

making frameworks must ensure collision avoidance under worst-case conditions while

maintaining real-time computational feasibility and preserving sufficient maneuverability

for achieving complex mission objectives.

2.5.1 Collision Avoidance and Safety Constraints

Collision avoidance constitutes the most fundamental safety requirement in autonomous

driving. Various mathematical frameworks formalize collision-free constraints and provide

mechanisms for enforcing them during planning and control. The most basic approach

represents vehicles as geometric shapes—typically rectangles or circles—and enforces non-

overlap constraints between shapes. However, simple geometric constraints become overly

conservative when applied rigidly, as they do not account for relative velocities, future

trajectories, or maneuverability margins.
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Figure 2.6: Examples of Initial lane-selection (Condition I) and in-ramp lane-selection
(Condition II).

Time-to-collision (TTC) metrics refine geometric constraints by incorporating velocities

and predicted trajectories as shown in Fig. 2.6. TTC measures the time until collision

would occur if current velocities are maintained, providing an intuitive safety metric that

accounts for both spacing and relative motion. Safety constraints then require TTC to

exceed minimum thresholds that allow sufficient reaction time [107]. However, TTC be-

comes undefined when relative closing velocity is zero or negative, limiting applicability

to approaching scenarios.

Time-to-closest-point-of-approach (TTCPA) generalizes TTC by computing when vehicles

will be nearest to each other along current trajectories, even if actual collision does not

occur. Combined with distance-at-closest-approach, TTCPA-based metrics provide con-

tinuous safety assessments valid across diverse interaction geometries. Adaptive thresholds

that vary with velocity, uncertainty, and road conditions enable context-sensitive safety

constraints that balance conservatism with efficiency [108].

Responsibility-sensitive safety proposes a formal framework for assigning responsibility

in potential collision scenarios based on right-of-way rules and physical constraints [77].

Responsibility-Sensitive Safety (RSS) defines dangerous situations where collision cannot

be avoided through any physically possible maneuver, and requires that AVs never cause

dangerous situations for others while responding appropriately when others create dan-
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gerous situations. By formalizing blame assignment and required responses, RSS aims to

provide verifiable safety properties and legal clarity. However, RSS relies on conservative

assumptions about others’ behaviors that may produce excessively cautious driving in

practice.

Reachability analysis computes sets of states reachable under all possible control inputs

and disturbances, enabling formal verification that unsafe states remain unreachable. For-

ward reachable sets represent states the ego vehicle can reach, while backward reachable

sets represent states from which collisions are inevitable [86]. Comparing these sets against

obstacle predictions determines whether collision avoidance is guaranteed, possible, or im-

possible. Hamilton-Jacobi reachability provides computational tools for continuous-state

systems, though scalability remains challenging for high-dimensional systems.

Our framework incorporates collision avoidance through multiple layers of defense. Con-

servative Level-0 baselines establish worst-case safety margins that guarantee collision-free

trajectories under strong assumptions about others’ behaviors. Higher reasoning levels pre-

serve these margins through bounded optimization that explores efficiency improvements

while maintaining safety buffers. Adaptive safety margins adjust dynamically based on

prediction uncertainty, expanding when human behaviors are ambiguous and contracting

when high-confidence predictions enable tighter coordination [103].

2.5.2 Control Barrier Functions and Formal Methods

Control Barrier Functions (CBFs) provide a unifying mathematical framework for enfor-

cing safety constraints in continuous-time dynamical systems. A CBF is a scalar function

that decreases along unsafe trajectories and increases along safe trajectories, with safety

guaranteed when CBF values remain positive. By formulating safety constraints as CBF

conditions, controllers can enforce collision avoidance through pointwise inequality con-

straints rather than global trajectory optimization [109, 110].
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The integration of Control Lyapunov Functions (CLFs) with CBFs enables simultaneous

optimization of stability and safety objectives through quadratic programming. At each

time step, quadratic programming (QP) solvers find control inputs minimizing deviation

from desired control while satisfying CBF safety constraints and CLF stability condi-

tions. This real-time optimization framework provides formal safety guarantees without

requiring full trajectory planning, making it suitable for fast control loops.

CBF-based methods [109,110] have been applied to various autonomous driving scenarios

including adaptive cruise control, lane keeping, and intersection coordination. Extensions

incorporate multiple CBFs for handling multiple obstacles, high-relative-degree CBFs for

systems where safety constraints depend on higher derivatives, and time-varying CBFs for

moving obstacles. However, CBF approaches face challenges in multi-agent settings where

other agents’ future behaviors must be predicted to evaluate barrier function evolution.

Recent work has explored learning-based methods for constructing CBFs from data, ad-

dressing the difficulty of manually designing barrier functions for complex systems. Neural

network CBFs learn safe regions through supervised learning on safe-unsafe trajectory

data, while reinforcement learning approaches discover CBFs that balance safety and

performance through reward shaping. However, providing formal guarantees for learned

CBFs remains challenging, as training data may not cover all possible scenarios and neural

network verification remains computationally expensive [111, 112].

While CBF methods provide elegant formal guarantees for continuous control, they require

accurate models of other agents’ future behaviors to evaluate barrier function evolution.

In multi-agent settings with strategic interactions, this requirement becomes problematic.

Our framework instead achieves safety through structural properties of Level-k reasoning,

where conservative Level-0 baselines provide safety guarantees without requiring explicit

barrier function computation.
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2.5.3 Risk Assessment and Emergency Maneuvers

Beyond nominal collision avoidance, AVs must recognize and respond to emergency situ-

ations where standard planning and control may be insufficient. Risk assessment frame-

works quantify the severity and imminence of potential collisions, enabling appropriate

escalation of responses from nominal planning to emergency maneuvers [113].

Figure 2.7: Illustration of the dynamic risk field. The host vehicle (HV) is positioned at
the centre of the road segment, with two surrounding vehicles (SV) in adjacent lanes.
Risk levels are computed using exponential barrier functions of inter-vehicle distance
(Eq. (3.12)), visualised as colour-coded fields ranging from low risk (blue, ≤ 0.6) to high
risk (red, ≥ 0.9). The asymmetric risk distribution around HV reflects its higher velocity
relative to the surrounding vehicles.

Hierarchical risk assessment as shown in Fig. 2.7 evaluates multiple interaction types

with different safety thresholds and response strategies. V2V interactions require coordin-

ation through strategic planning. Vehicle-to-human (V2H) interactions must account for

behavioral uncertainty. Vehicle-to-road (V2R) interactions involve static obstacles and

road boundaries that constrain feasible maneuvers. Our framework systematically ad-

dresses these three interaction types through specialized assessment modules with context-

appropriate safety thresholds.

Dynamic risk fields represent collision risk as continuous spatial-temporal distributions

rather than binary safe-unsafe classifications [114]. Risk magnitudes vary smoothly with

proximity to obstacles, relative velocities, and prediction uncertainties. Planning through

risk fields enables smooth adaptation of trajectories in response to changing risk land-

scapes, avoiding abrupt strategy switches that compromise passenger comfort. Gradient-

based optimization in risk fields provides computationally efficient trajectory refinement.
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Emergency maneuver planning activates when risk assessments exceed critical thresholds

or when standard planning fails to find safe solutions. Emergency maneuvers prioritize

collision avoidance over efficiency and comfort, employing maximum braking, aggressive

steering, or combinations thereof to escape imminent collisions [115]. However, emergency

maneuvers must account for vehicle dynamics limits, as excessive braking or steering can

induce loss of control that transforms one hazard into another.

Fallback strategies provide final layers of defense when all planning and emergency re-

sponses fail. Minimum-risk conditions specify target states such as stopping in current lane

or pulling to roadside that minimize expected harm. Transition planning computes safe

trajectories to minimum-risk conditions when mission objectives become infeasible [116].

Our framework incorporates these concepts through safety-aware pruning that eliminates

actions leading to states from which minimum-risk conditions cannot be reached.

2.6 Application Domains in Autonomous Driving
While the preceding sections reviewed methodological approaches, their effectiveness ulti-

mately depends on successful application to concrete autonomous driving scenarios. We

briefly survey key application domains to contextualize our work and establish the prac-

tical relevance of the challenges addressed.

2.6.1 Intersection Management Systems

Unsignalized intersection coordination exemplifies the core challenges of multi-agent plan-

ning in autonomous driving [117]. The fundamental difficulty arises from the need to

resolve conflicts among vehicles with competing passage objectives within limited spatial

and temporal margins. Traditional management approaches rely on reservation-based pro-

tocols, auction mechanisms, or priority rules, but these struggle in symmetric scenarios

where no natural priority exists [118–120].
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Early centralized intersection management systems demonstrated feasibility of V2I co-

ordination for modest traffic volumes. Vehicles communicate arrival times and desired

trajectories to intersection managers that grant or deny passage based on conflict detec-

tion. However, centralized approaches inherit limitations of single points of failure, com-

munication requirements, and computational scalability [62]. As traffic density increases

beyond four to six simultaneously interacting vehicles, centralized computation becomes

prohibitive and communication latency undermines real-time coordination.

Learning-based intersection coordination has shown promise in adapting to diverse traffic

patterns through reinforcement learning [121, 122]. Multi-agent Reinforcement Learning

(RL) discovers emergent cooperation strategies without explicit communication or priority

rules. However, learned policies often fail to generalize to novel configurations such as vary-

ing agent counts or geometric layouts not represented in training distributions. Retraining

requirements for each deployment scenario limit practical applicability [63, 64].

Recent work has begun addressing larger-scale coordination involving six to eight agents,

though often with simplified dynamics, perfect communication assumptions, or relaxed

real-time constraints [52]. Prior methods have not jointly addressed eight-agent symmet-

ric coordination under realistic dynamics, limited communication, and strict real-time

requirements as tackled in our work. The symmetric eight-agent intersection scenario

serves as our primary validation domain, representing one of the most challenging forms

of decentralized coordination due to maximal symmetry and the total absence of any

natural priority ordering.

2.6.2 Ramp Merging and Highway Scenarios

On-ramp merging presents distinct challenges from intersection coordination due to con-

tinuous traffic flow, high-speed dynamics, and the need to identify appropriate merge

gaps [54, 120]. Successful merging requires coordination with mainline traffic to find or

create acceptable gaps while avoiding both dynamic vehicles and static road boundaries

at ramp terminations, as shown in Fig. 2.8.
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Figure 2.8: Illustration of safety-critical scenarios during ramp merging. The diagram
shows key interactions between AVs and HDVs, including safe distance maintenance, col-
lision detection, and lane-changing decisions.

Classical approaches separate longitudinal and lateral control, with gap acceptance mod-

els determining when to initiate lane changes and trajectory planners generating smooth

merge paths. However, this decomposition can produce inconsistent behaviors when dis-

crete mode transitions disrupt continuous control. More recent approaches employ in-

tegrated planning that jointly optimizes merge timing and trajectory shape, achieving

smoother and more human-like merging behaviors.

MCTS has been applied to ramp merging scenarios to handle uncertainty in human driver

responses during gap negotiations [23,25]. By simulating possible human reactions during

rollouts, MCTS enables AVs to evaluate risky versus conservative merge strategies under

behavioral uncertainty. However, scalability remains limited to two to three interacting

vehicles due to joint action space explosion.

CBFs provide formal safety guarantees for ramp merging by encoding collision avoid-

ance constraints as pointwise inequalities [123]. CBF-based controllers ensure that lane

changes maintain safe distances from mainline vehicles and road boundaries throughout

maneuvers. Integration with CLFs enables optimization of efficiency and comfort object-

ives subject to safety constraints. While our primary focus is intersection coordination,

the framework’s safety mechanisms share conceptual similarities with CBF approaches in

their fundamental design principles.
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2.6.3 Roundabout Navigation

Roundabout navigation combines elements of both intersection coordination and continu-

ous flow management. The circular geometry creates continuous conflict zones without

discrete decision points, while entry and exit maneuvers require yield decisions and gap

acceptance similar to intersection negotiation. Curved trajectories complicate perception

and prediction due to sensor occlusions and reduced visibility, increasing behavioral un-

certainty compared to straight intersections.

Existing approaches to roundabout navigation include game-theoretic methods for mod-

eling strategic yield decisions, learning-based policies for discovering efficient circulation

strategies, and potential field methods for reactive obstacle avoidance [120,124]. However,

each faces limitations: game-theoretic approaches struggle with computational efficiency in

time-critical curved scenarios, learning methods lack generalization across varying round-

about geometries, and potential field methods suffer from local minima in circular topo-

logies during complex maneuvers.

Recent work has explored uncertainty-aware prediction specifically for roundabout scen-

arios, recognizing that curved geometries and lane-specific dynamics increase prediction

difficulty [57]. Probabilistic trajectory prediction methods quantify confidence in human

driver behaviors, enabling risk-aware planning that adapts safety margins to prediction un-

certainty. Integration with game-theoretic or MCTS planning remains an active research

direction for achieving robust multi-agent coordination.

While roundabout scenarios as shown in Fig. 2.9 present interesting extensions of our

framework’s core ideas, we maintain primary focus on intersection coordination as the ca-

nonical multi-agent planning challenge. The methodological innovations developed for

symmetric intersection scenarios—reconstructed Level-k reasoning, MCTS integration,

dual-filtered interaction graphs—generalize to roundabouts and other traffic domains,

though specific implementations may require domain-specific adaptations to geometric

and dynamic constraints.
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Figure 2.9: A four-entrance, four-exit, two-lane roundabout with an example collision
scenario involving an AV. SV, PV, RV, and IV denote subject vehicle, preceding vehicle,
rear vehicle, and irrelevant vehicle, respectively.

2.7 Chapter Summary and Research Gaps
This chapter has systematically reviewed the state-of-the-art in multi-agent coordination,

strategic reasoning, and safety-critical decision-making for autonomous driving. Our ana-

lysis reveals several persistent challenges that motivate the comprehensive coordination

framework developed and evaluated in this thesis.

2.7.1 Fundamental Limitations of Existing Paradigms

he preceding review has analysed each paradigm with respect to both its strengths and

limitations. Existing approaches face a fundamental trilemma among computational tract-

ability, strategic sophistication, and safety guarantees.

Existing approaches face a fundamental trilemma among computational tractability, stra-

tegic sophistication, and safety guarantees. Centralized optimization methods achieve

near-optimal coordination but suffer from exponential complexity that renders them

impractical beyond four to five agents. Game-theoretic approaches provide principled

strategic reasoning but face intractable equilibrium computation and equilibrium selec-
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tion problems in symmetric scenarios, while making idealized rationality assumptions

that fail in mixed traffic with uncertain human behaviors and incomplete information.

Learning-based methods demonstrate impressive performance in trained scenarios but

require massive training data, lack generalization to novel configurations, and cannot

provide formal safety guarantees required for real-world deployment.

Level-k reasoning offers a cognitively plausible alternative through bounded rationality

modeling, but classical formulations suffer from a critical flaw: defining Level-0 as ran-

dom or naive actors creates fundamentally unsafe baselines that propagate through the

reasoning hierarchy. This limitation has prevented application of Level-k reasoning to

safety-critical autonomous driving despite its computational advantages and behavioral

realism. Similarly, MCTS provides efficient online planning through selective exploration

without training requirements but faces exponential complexity (O(|A|N)) in multi-agent

settings due to joint action space growth and lacks explicit opponent modeling, treating

other agents as environmental noise.

The safety assessment literature has made significant progress in modeling collision

avoidance constraints through various mathematical frameworks including TTC metrics,

responsibility-sensitive safety formulations, and CBFs. However, existing methods often

treat safety as an external constraint imposed on top of strategic planning, rather than

as an emergent property of the decision-making structure itself. Furthermore, mixed

traffic scenarios introduce additional complexity through human behavioral uncertainty

that most frameworks handle through overly conservative assumptions or probabilistic

extensions that lack principled integration with strategic reasoning during multi-agent

interactions.

Beyond these fundamental gaps, practical deployment considerations remain underex-

plored. Most existing work evaluates methods in scenarios involving two to four agents

with simplified dynamics or communication assumptions. Scaling to eight agents under

realistic constraints including limited communication, continuous dynamics, and strict
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real-time requirements represents a significant challenge that prior work has not compre-

hensively addressed. Furthermore, the interpretability and verifiability of decision-making

processes become increasingly critical as autonomous systems transition from testing to

deployment, yet many high-performing learning-based approaches remain black boxes.

Table 1.1 summarizes the key limitations of representative approaches and how our frame-

work addresses these challenges across four major paradigms: rule-based methods that

lack strategic reasoning, learning-based approaches with weak safety guarantees, game-

theoretic methods with idealized assumptions, and standard MCTS with exponential

complexity in multi-agent settings.

2.7.2 Positioning of This Thesis

Three critical research gaps emerge from this analysis that this thesis addresses through a

unified framework combining reconstructed Level-k reasoning with MCTS for multi-agent

coordination.

Reformulating Level-k Reasoning for Safety-Critical Planning. We fundamentally

redefine Level-0 from a behavioral model of naive actors to a conservative safety initializa-

tion procedure that generates collision-free baseline trajectories. This reconceptualization

transforms safety from an external constraint into a structural property that propagates

through the reasoning hierarchy: Level-1 agents optimizing against safety-aware Level-0

baselines inherit the spatial separation margins embedded in those baselines, and Level-2

agents similarly benefit from the conservative Level-1 responses they model. While this

propagation does not constitute a formal guarantee at higher levels due to modeling er-

rors under simplified opponent predictions, it provides systematic safety margins under

the adopted modeling assumptions, ensuring improved collision-free properties compared

to standard Level-k formulations with arbitrary Level-0 behaviors. This addresses the fun-

damental safety limitations that have prevented Level-k adoption in autonomous driving

while preserving its computational advantages and behavioral realism.
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Synergistic Integration of Level-k Reasoning and MCTS. We propose a novel integ-

ration architecture where Level-k reasoning decomposes the exponential joint action space

into sequential reasoning steps, while MCTS provides adaptive sampling and uncertainty

handling. No existing framework successfully integrates these two paradigms in a man-

ner that leverages their complementary strengths while mitigating individual weaknesses.

Our integration incorporates carefully designed computational mechanisms including dual-

filtered interaction graphs for scalability, safety-aware pruning for collision avoidance, and

trajectory caching for efficiency. This synergy reduces computational complexity from ex-

ponential O(|A |N) to linear O(N · |A |) in the number of agents (see Chapter 4.5.4 and

Table 4.5 for detailed analysis) while maintaining strategic sophistication comparable to

game-theoretic approaches, particularly effective in symmetric multi-agent coordination

problems where traditional approaches fail.

Unified Heterogeneous Modeling for Mixed Traffic Environments. We develop

a comprehensive framework that seamlessly integrates homogeneous multi-agent coordin-

ation with heterogeneous mixed traffic scenarios within a common theoretical foundation.

Most existing approaches specialize in either pure AV coordination or human-vehicle in-

teraction, failing to provide unified architectures that handle both cases. Our framework

combines deterministic AV models with probabilistic human behavior predictions through

adaptive safety margins that dynamically adjust to estimated human uncertainty. This in-

tegration addresses the limitations of game-theoretic methods that assume perfect ration-

ality, enabling robust collision avoidance even under behavioral deviations while balancing

safety, efficiency, comfort, and cooperative behavior through multi-objective optimization.

The subsequent chapters address these identified gaps systematically. Chapter 3 estab-

lishes the foundational MCTS framework and identifies its scalability limitations in multi-

agent settings. Chapter 4 resolves these limitations through reconstructed Level-k reason-

ing and dual-filtered interaction graphs. Chapter 5 extends the framework to mixed traffic

environments with probabilistic human modeling. Chapter 6 concludes with a summary

of findings and future research directions.
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Chapter 3

Multi-Agent Coordination via Monte
Carlo Tree Search

This chapter establishes the foundational framework for multi-agent coordination at un-

signalized intersections using Monte Carlo Tree Search (MCTS). We begin by formalizing

the symmetric intersection coordination problem that motivates our approach, then de-

velop comprehensive agent models encompassing vehicle dynamics, collision detection,

and trajectory representation. The formulation progresses systematically from individual

agent modeling to multi-objective optimization, culminating in the MCTS-based planning

algorithm that enables real-time decision-making. Through simulation-based evaluation

on a four-agent left-turn scenario, we demonstrate that MCTS provides an effective solu-

tion for small-scale coordination problems while identifying scalability limitations that

motivate the extensions developed in subsequent chapters.

3.1 Problem Statement
We consider a decentralized multi-agent coordination problem where N autonomous

vehicles simultaneously approach an unsignalized intersection from multiple directions.

Each direction provides two lanes, and vehicles are initially positioned equidistant from

the intersection center, creating a symmetric configuration as illustrated in Fig. 3.1. This

setup represents a fundamental challenge in multi-agent coordination, as the absence

of traffic signals or predetermined priority rules forces all vehicles to resolve conflicts

through strategic planning rather than external regulation.

The symmetric configuration introduces three fundamental challenges that distinguish

this problem from conventional traffic coordination:
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Figure 3.1: Symmetric eight-agent intersection scenario. Agents approach from orthogonal
directions at equal distances, executing left-turn maneuvers that create crossing conflicts.

Challenge 1: Simultaneous Arrival. Unlike scenarios where vehicles arrive with temporal

separation allowing simple priority assignment based on first-come-first-served rules, our

symmetric configuration forces all agents to confront direct strategic conflicts at the inter-

section center simultaneously. This eliminates the sequential queueing structure present

in typical traffic flow and requires genuine multi-agent negotiation.

Challenge 2: Exponential Action Space Growth. The joint action space grows exponentially

with both agent count N and planning horizon H. For a single decision step, the joint

action space scales as O(|A |N), where A denotes the discrete action space available to

each agent; over a full planning horizon of H steps, this compounds to O(|A |N·H). For the

four-agent scenario with |A |= 15 actions and H = 9 steps, Eq. (3.27) yields approximately

1042 joint trajectories, rendering exhaustive enumeration computationally intractable.

Challenge 3: Deadlock Risk. Perfect symmetry dramatically increases deadlock risk, as no

agent possesses inherent spatial or temporal advantage to break ties. Without principled

coordination mechanisms, agents may either yield indefinitely in mutual deference or

proceed simultaneously into collision.
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To address these challenges, we adopt a decentralized framework where each agent i ∈

{1, . . . ,N} plans locally based on observations of nearby agents. The planning objective

for each agent can be abstractly formulated as finding an optimal policy π∗i that minimizes

expected cumulative cost over a finite receding horizon H:

π∗i = arg min
πi∈Πi

E

[
H−1

∑
t=0

ci(St ,at
i)

]
s.t. st

i ∈S i
safe, ∀t ∈ [0,H−1],

at
i ∈Ai, ∀t ∈ [0,H−1],

(3.1)

where πi : Si→Ai maps local states to actions, Πi denotes the space of feasible policies,

ci(·) represents the instantaneous cost function encoding safety, efficiency, and comfort

objectives, St denotes the global state comprising all agents’ states at time t, and the con-

straints ensure trajectory safety through state feasibility S i
safe over the planning horizon.

In practice, since each agent only has access to local observations, we replace the global

state St with the local observation St
i , which comprises the agent’s own state st

i together

with the states of its observable neighbors.

The following sections develop the detailed formulation, from agent models to the MCTS

planning algorithm designed for multi-agent coordination.

3.2 Agent Modeling
This section establishes the mathematical representation of individual autonomous

vehicles, including state and action spaces, kinematic dynamics, and collision detection

mechanisms utilized in the planning process.

3.2.1 State and Action Spaces

The state of agent i at discrete time step t is represented by a four-dimensional vector:

st
i = [xt

i,y
t
i,v

t
i,θ t

i ]
⊤ ∈Si ⊂ R4, (3.2)
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where xt
i and yt

i denote the Cartesian position coordinates in a global reference frame

centered at the intersection, vt
i ∈ [0,vmax] represents the longitudinal velocity constrained

by maximum velocity vmax, and θ t
i ∈ [−π,π] specifies the heading angle measured coun-

terclockwise from the positive x-axis. The global state St = {st
1, . . . ,s

t
N} ∈S N aggregates

individual agent states into a joint representation of the multi-agent system at time t.

Each agent selects actions from a discrete action space Ai with 15 control primitives. Each

primitive combines longitudinal acceleration at
i,lon and angular velocity ω t

i :

at
i = [at

i,lon,ω
t
i ]
⊤ ∈Ai, (3.3)

The complete action space is specified in Table 3.1. The primitives are organised into

four categories: pure longitudinal control (maintain, braking, acceleration), pure lateral

control (steering at two intensities), and combined longitudinal-lateral actions (accelera-

tion or braking with steering). This discretisation balances trajectory expressiveness with

computational tractability, providing sufficient coverage of feasible manoeuvres at unsig-

nalised intersections.

Table 3.1: Complete discrete action space Ai with 15 control primitives

Index Primitive alon (m/s2) ω (rad/s)
1 Maintain 0.0 0.0
2 Low brake −1.5 0.0
3 Mid brake −3.5 0.0
4 High brake −5.0 0.0
5 Low acceleration 1.5 0.0
6 Mid acceleration 2.5 0.0
7 High acceleration 4.5 0.0
8 Low left steer 0.0 π/4
9 Low right steer 0.0 −π/4
10 Mid left steer 0.0 π/2
11 Mid right steer 0.0 −π/2
12 Accelerate + left steer 1.5 π/4
13 Accelerate + right steer 1.5 −π/4
14 Brake + left steer −1.5 π/4
15 Brake + right steer −1.5 −π/4
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3.2.2 Vehicle Dynamics

Agent motion evolves according to a kinematic bicycle model that captures the essential

characteristics of vehicle dynamics while maintaining efficiency for real-time planning:

xt+1
i = xt

i + vt
i cos(θ t

i )∆t, (3.4a)

yt+1
i = yt

i + vt
i sin(θ t

i )∆t, (3.4b)

vt+1
i = clip(vt

i +at
i,lon∆t,0,vmax), (3.4c)

θ t+1
i = θ t

i +ω t
i ∆t, (3.4d)

where ∆t = 0.2s denotes the discrete time step and the clip(·) function enforces velocity

bounds. This formulation assumes instantaneous response to control inputs, which is

reasonable for planning at the time scales typical of intersection coordination where vehicle

actuator dynamics can be neglected compared to the strategic planning horizon of the

coordination process.

3.2.3 Collision Detection

Collision detection forms a critical component of safety assessment in multi-agent planning.

We employ the Separating Axis Theorem (SAT) to perform precise geometric collision

checking between oriented rectangular vehicle representations. Each agent i is modeled

as an oriented rectangle with length li and width wi. Given an agent state st
i, the four

vertices of the occupied rectangle are computed as:

vm
i =

xt
i

yt
i

+R(θ t
i ) ·pm, m ∈ {1,2,3,4}, (3.5)

where R(θ t
i ) is the two-dimensional rotation matrix:

R(θ) =

cosθ −sinθ

sinθ cosθ

 , (3.6)
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and pm represents the corner offset vector from the agent center to vertex m expressed

in the vehicle’s body-fixed frame. Specifically, pm is a constant vector determined by the

vehicle dimensions li and wi:

p1 =

 li/2

wi/2

 , p2 =

−li/2

wi/2

 , p3 =

−li/2

−wi/2

 , p4 =

 li/2

−wi/2

 . (3.7)

Potential collisions between agents at states si and s j are determined by applying the

Separating Axis Theorem:

Collision(si,s j) = ¬∃n : projn(Vi(si))∩projn(V j(s j)) = /0, (3.8)

where Vi = {v1
i ,v2

i ,v3
i ,v

4
i } denotes the vertex set, n represents potential separating axes

(edge normals), and projn(·) denotes projection onto axis n. If no separating axis exists,

the polygons overlap, indicating a collision.

Beyond inter-agent collision avoidance, each agent must satisfy road boundary constraints.

The feasible state space is defined as:

S i
safe = {si ∈Si : Vi(si)⊂Rvalid ∧ vi ∈ [0,vmax]}, (3.9)

where Vi(si) denotes the geometric polygon occupied by agent i at state si, and Rvalid

represents the drivable region bounded by road geometry.

3.2.4 Trajectory Representation in Frenet Coordinates

To facilitate efficient trajectory planning, we represent agent trajectories using a Frenet

coordinate system aligned with reference paths. For each agent i, a reference path Γi is

defined through the intersection according to the agent’s intended maneuver (straight, left

turn, or right turn). The vehicle’s position relative to this reference path is parameterized

using arc length s along the path and lateral offset d perpendicular to the path.
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Figure 3.2: Frenet coordinate representation. The reference path Γ defines the nominal
trajectory with arc-length parameter s, curvature κ(s), and tangent angle θr(s). The
vehicle position p is described by arc length s and lateral offset d, with heading angle
ψ relative to the lane centerline. The safe corridor at discrete time step k is bounded
by four boundary segments Sb1(k)–Sb4(k), where du and dl denote the upper and lower
lateral safety margins, and dsafe(κ) is the curvature-dependent safety distance. Vertices
v1–v4 define the corridor polygon enclosing the host vehicle (HV).

The transformation between Cartesian coordinates (x,y) and Frenet coordinates (s,d) is

given by: x

y

= r(s)+d ·

−sin(θr(s))

cos(θr(s))

 , (3.10)

where r(s) represents the reference path centerline position and θr(s) is the path tangent

angle at arc length s, as illustrated in Fig. 3.2. This representation simplifies trajectory

optimization by decoupling longitudinal progress from lateral positioning.
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3.3 Multi-Objective Optimization Formulation
Having established individual agent models, we now formulate the decision-making prob-

lem as a multi-objective optimization that balances competing considerations of safety,

efficiency, comfort, and path adherence.

3.3.1 Cost Function Design

Each agent seeks to minimize a cumulative cost functional over the planning horizon

while satisfying hard constraints on collision avoidance and kinematic feasibility. The

instantaneous cost function aggregates multiple objectives through weighted summation:

ci(St
i,a

t
i) = ws · ci

s(S
t
i)+we · ci

e(s
t
i)+wd · ci

d(s
t
i)+wc · ci

c(a
t
i), (3.11)

where the weights ws,we,wd,wc control the relative importance of safety, efficiency, traject-

ory deviation, and comfort objectives, respectively. Here, St
i denotes the local observation

of agent i, comprising its own state st
i and the states of its observable neighbors, and the

cost components ci
s, ci

e, ci
d, and ci

c correspond to the safety, efficiency, path adherence, and

comfort terms, which are specified in the following subsections. This multi-objective design

reflects the principle that autonomous driving must balance multiple stakeholder concerns:

regulators mandate safety, passengers expect efficient travel, and vehicle dynamics impose

comfort constraints. The weights follow a deliberate priority ordering ws≫ wd > wc > we,

reflecting the hierarchical importance of these objectives in safety-critical driving scen-

arios. Specifically, the safety weight ws is set approximately one order of magnitude larger

than the remaining weights to ensure that collision avoidance dominates all other object-

ives. The path adherence weight wd is set larger than comfort wc because lane-keeping is

a hard operational requirement, whereas comfort represents a soft preference. Efficiency

we receives the smallest weight as speed regulation is naturally bounded by the safety

and path-following constraints. These relative magnitudes were determined empirically

through systematic parameter sweeps on the four-agent left-turn scenario, and held fixed

across all subsequent simulations to ensure consistency. Specific values for each reasoning

level are provided in Section 3.3.
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3.3.1.1 Safety Cost

The safety cost penalizes proximity to both other agents and static road boundaries

through exponential barrier functions:

ci
s(S

t
i) = ∑

j ̸=i
exp

(
−

d2
i j

2σ2
safe

)
+ ∑

b∈Broad

exp

(
−

d2
ib

2σ2
safe

)
, (3.12)

where di j is the minimum distance between agents i and j, Broad denotes the set of road

boundary elements, dib is the distance from agent i to boundary element b, and σsafe is the

safety threshold parameter (set to σsafe = 2m in all simulations). The exponential form

ensures costs rise sharply as spacing approaches the safety threshold, providing strong

gradient signals that guide trajectories away from hazardous configurations.
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Figure 3.3: Safety cost ci
s vs. inter-agent distance di j for selected σsafe.

The exponential barrier function is selected for three reasons. First, it is continuously

differentiable, providing smooth gradient signals throughout the state space that facilitate

effective tree search in MCTS. Second, it exhibits asymmetric sensitivity: costs remain

negligible at large inter-agent distances but increase sharply as di j→ 0, naturally encoding

the non-linear urgency of proximity in safety-critical scenarios. Third, the parameter σsafe
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provides an intuitive and geometrically meaningful tuning knob that directly controls

the effective safety margin radius. Figure 3.3 illustrates the profile of ci
s as a function

of di j for representative values of σsafe, confirming that the cost rises steeply within the

safety-critical range and decays gracefully at larger distances.

3.3.1.2 Efficiency Cost

The efficiency cost encourages progress toward the agent’s goal by penalizing deviations

from a reference velocity:

ci
e(s

t
i) = |vref− vt

i|, (3.13)

where vref represents the desired cruising speed. This linear penalty encourages maintain-

ing the reference velocity while allowing the overall cost function to trade off speed against

safety when necessary.

3.3.1.3 Trajectory Deviation Cost

The deviation cost penalizes departure from the reference path, ensuring agents remain

within designated lanes:

ci
d(s

t
i) = min

p∈Pi
∥[xt

i,y
t
i]
⊤− p∥2, (3.14)

where Pi denotes the set of reference path waypoints for agent i. The minimum distance

formulation provides smooth cost gradients with respect to the agent’s position (xt
i,y

t
i)

even when the agent’s position does not align with discrete waypoints.

3.3.1.4 Comfort Cost

The comfort cost discourages abrupt control changes that cause uncomfortable motion:

ci
c(a

k
i ) =


∥ak

i −ak−1
i ∥2

2, k > 0

0, k = 0
, (3.15)
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where k denotes the discrete planning step index to distinguish from the continuous time

variable t, and the quadratic form penalizes large changes in control inputs. Smooth con-

trol trajectories enhance passenger comfort and reduce mechanical wear. The comfort cost

considers longitudinal acceleration changes only, rather than lateral acceleration. This is

a deliberate design choice motivated by the symmetric eight-agent intersection scenario:

agents follow designated reference paths whose lateral deviations are already penalized

by the trajectory deviation cost ci
d. Imposing additional penalties on lateral acceleration

would over-constrain agent maneuverability, potentially increasing collision risk by pre-

venting necessary evasive adjustments. Safety is instead enforced as the primary objective

through the dominant weight ws in Eq. (3.11).

3.3.2 Markov Decision Process Formulation

The multi-agent coordination problem can be formulated as a Markov Decision Process

(MDP) from each agent’s perspective. For agent i, the MDP is defined as:

Mi = (Si,Ai,Pi,ri,H), (3.16)

where Si is the local state space, Ai is the discrete action space, Pi : Si×Ai→Si is the

deterministic transition function derived from the dynamics model (3.4), ri is the reward

function defined as the negative cost, and H is the planning horizon.

The reward function aligns with standard MDP conventions where agents maximize ex-

pected cumulative reward:

ri(St
i,a

t
i) =−ci(St

i,a
t
i), (3.17)

enabling application of standard planning algorithms to find optimal policies.

The objective is to find an optimal policy π∗i maximizing expected cumulative reward:

π∗i = argmax
πi

E

[
H−1

∑
t=0

ri(St
i,a

t
i) | at

i = πi(st
i)

]
. (3.18)
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However, directly solving this optimization faces computational challenges due to the

coupling between agents through the safety cost component ci
s(S

t
i), which depends on

all agents’ positions. In principle, optimal coordination requires joint optimization over

all agents’ policies, but the exponential growth of the joint action space renders such

approaches intractable. The following section introduces Monte Carlo Tree Search as a

practical solution enabling real-time planning through selective exploration.

3.4 MCTS Planning Algorithm
MCTS provides a principled approach to sequential decision-making that achieves near-

optimal performance without exhaustive enumeration of the action space. This section

describes the MCTS algorithm adapted for complex multi-agent intersection coordination

scenarios.

3.4.1 Algorithm Overview

MCTS builds an asymmetric search tree through iterative simulation, progressively refin-

ing action value estimates and expanding the tree toward promising regions of the action

space. Each iteration consists of four phases: selection, expansion, simulation (rollout),

and backpropagation. The algorithm operates in a receding horizon fashion, replanning

at each time step based on updated observations.

3.4.2 Tree Structure and Node Representation

The search tree Ti for agent i consists of nodes representing states encountered during

exploration. Each node n ∈Ti maintains the following components:

n = {s(n),a(n),d(n),Q(n),N(n),C (n)}, (3.19)

where s(n) ∈Si is the state reached by executing action a(n) ∈Ai from the parent node,

d(n) ∈ {0, . . . ,H} is the depth from the root, Q(n) ∈ R is the cumulative value estimate,

N(n) ∈ N is the visit count, and C (n) is the set of child nodes, as illustrated in Fig. 3.4.
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Figure 3.4: MCTS tree structure illustration. Each node maintains visit count N(n), cu-
mulative value Q(n), and associated action a(n). The tree grows asymmetrically through
selective expansion guided by the UCT criterion.

3.4.3 Selection via Upper Confidence Bounds

Each MCTS iteration begins with a selection phase that traverses the tree from root to

a leaf node. At each internal node, the algorithm selects actions according to the Upper

Confidence Bound applied to Trees (UCT) criterion:

a∗ = arg max
a∈Avalid(n)

{
Q(n,a)
N(n,a)

+ c

√
lnN(n)
N(n,a)

}
, (3.20)

where Avalid(n)⊆Ai contains actions satisfying kinematic and road boundary constraints,

Q(n,a) is the cumulative value for action a from node n, N(n,a) is the visit count for that

action, N(n) = ∑a′N(n,a′) is the total visits to node n, and c > 0 is a constant.

The UCT formula balances exploitation (first term: empirical mean reward) against ex-

ploration (second term: uncertainty bonus for less-visited actions). The logarithmic de-

pendence ensures exploration bonus decreases over time, allowing convergence toward

exploitation of superior actions.
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3.4.4 Expansion with Safety Validation

Upon reaching a leaf node nleaf, the expansion phase adds child nodes representing previ-

ously unexplored actions. Before expansion, actions are validated for safety:

Asafe(n) = {a ∈Ai : Φsafe(s(n),a) = true}, (3.21)

where the safety predicate Φsafe verifies:

1. Kinematic feasibility: The resulting state satisfies dynamics constraints (3.4).

2. Road boundary compliance: The vehicle remains within Rvalid.

3. Collision avoidance: No collision with predicted positions of other agents.

For collision checking, other agents’ future positions are predicted using a simplified con-

stant velocity model throughout the search:

ŝt+τ
j =


xt

j + vt
j cos(θ t

j)τ

yt
j + vt

j sin(θ t
j)τ

vt
j

θ t
j


, j ̸= i, (3.22)

Here, τ denotes the prediction time offset from the current time t, which is conceptually

distinct from the single-step time increment ∆t in Eq. (3.4). While ∆t is a fixed simulation

clock step used to iteratively propagate the ego agent’s state forward one step at a time,

τ parameterises a direct extrapolation from the current moment to an arbitrary future in-

stant, i.e., τ ∈ {∆t,2∆t, . . . ,H∆t}. Two distinct variables are therefore introduced to reflect

these different computational roles: iterative state propagation for the ego agent versus

direct constant-velocity extrapolation for neighbouring agents.

This simplifying assumption enables efficient prediction but may produce optimistic col-

lision assessments when other agents accelerate or change direction. We note that this

chapter presents a decentralized baseline where each agent runs an independent MCTS

planner with constant-velocity opponent predictions, rather than a joint multi-agent op-

timizer. This intentional simplification isolates the MCTS planning backbone and is ad-

dressed in Chapter 4 through Level-k strategic opponent modeling.
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A new child node nnew is created with:

s(nnew) = f (s(nleaf),anew), (3.23)

where f (·) denotes the state transition according to dynamics (3.4).

3.4.5 Rollout Simulation

After expansion, the algorithm evaluates the new node through rollout simulation. Start-

ing from s(nnew), actions are sampled according to a default policy πdefault until reaching

the horizon depth H:

Vrollout(nnew) =
H−1

∑
k=d(nnew)

ri(Sk
i ,a

k
i ), (3.24)

where ak
i ∼ πdefault(sk

i ), and Sk
i = {sk

i , ŝ
k
1, . . . , ŝ

k
i−1, ŝ

k
i+1, . . . , ŝ

k
N} combines the ego agent’s sim-

ulated state with predicted states ŝk
j of other agents via (3.22).

The default policy typically employs simple heuristics such as constant velocity continu-

ation or reference path following, providing baseline estimates of trajectory values without

expensive optimization.

3.4.6 Backpropagation

The rollout value is backpropagated from the expanded node to the root, updating stat-

istics along the path:

Q(n)← Q(n)+Vrollout, (3.25a)

N(n)← N(n)+1, (3.25b)

for each node n on the path from nnew to the root n0. The empirical mean Q(n)/N(n)

in the UCT criterion thus represents average observed return across all rollouts passing

through node n.
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Algorithm 1: MCTS Planning for Multi-Agent Coordination
1: Input: Current state st

i, other agents’ states {st
j} j ̸=i, horizon H, iterations K

2: Output: Optimal action a∗i
3: Initialize root node n0 with s(n0) = st

i
4: for each of K iterations do
5: // Selection
6: n← n0
7: while n is not a leaf node do
8: a← argmaxa′UCT(n,a′) {Eq. (3.20)}
9: n← child(n,a)

10: end while
11: // Expansion
12: if d(n)< H then
13: Asafe← SafetyValidation(s(n)) {Eq. (3.21)}
14: Select anew ∈Asafe not yet expanded
15: Create child nnew with s(nnew) = f (s(n),anew)
16: n← nnew
17: end if
18: // Rollout
19: V ← Simulate(s(n),H−d(n)) {Eq. (3.24)}
20: // Backpropagation
21: while n ̸= null do
22: Q(n)← Q(n)+V ; N(n)← N(n)+1
23: n← parent(n)
24: end while
25: end for
26: return argmaxa∈C (n0)Q(n0,a)/N(n0,a)

3.4.7 Action Selection

After completing K MCTS iterations, the optimal action is extracted:

a∗i = arg max
a∈C (n0)

Q(n0,a)
N(n0,a)

, (3.26)

selecting the action with highest empirical mean value from the root node.

The complete MCTS planning procedure is summarized in Algorithm 1.
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3.5 Experimental Validation
This section validates the effectiveness of the MCTS planning framework through compre-

hensive experiments on a four-agent left-turn scenario. We evaluate performance across

multiple metrics including safety, efficiency, and computational cost, comparing different

planning horizon configurations to demonstrate the importance of sufficient lookahead in

multi-agent coordination.

3.5.1 Experimental Setup

3.5.1.1 Scenario Description

The experimental scenario involves four autonomous vehicles approaching a symmetric

unsignalized intersection from orthogonal directions, as illustrated in Fig. 3.5. Each vehicle

starts at a distance of 18m from the intersection center and executes a left-turn maneuver.

This configuration creates dense crossing conflicts at the intersection center, requiring

sophisticated coordination to avoid collisions while maintaining traffic efficiency.

The scenario parameters are summarized in Table 3.2.

Table 3.2: Scenario and Algorithm Parameters

Parameter Symbol Value
Number of agents N 4
Initial distance to center d0 18m
Maximum velocity vmax 10m/s
Reference velocity vref 7m/s
Time step ∆t 0.2s
Action space size |A | 15
Vehicle length l 4.5m
Vehicle width w 2.4m
Safety threshold σsafe 2.0m
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3.5.1.2 Baseline Methods

To provide comprehensive comparison, we evaluate our MCTS framework against several

established multi-agent coordination approaches:

• Stackelberg Game [33]: A hierarchical game-theoretic approach where agents are

assigned leader-follower roles, with followers optimizing their responses given the

leader’s committed strategy.

• Nash Equilibrium [19]: A simultaneous game approach seeking strategy profiles

where no agent can unilaterally improve its outcome, representing classical game-

theoretic coordination.

• Vanilla MCTS [125]: A standard single-agent Monte Carlo Tree Search formulation

that treats other agents as part of the environment under a constant-velocity as-

sumption, without explicit opponent modelling or Level-k strategic reasoning. This

baseline isolates the contribution of our Level-k integration by sharing the same tree

search backbone while omitting the cognitive hierarchy.

All baseline methods use 1000 maximum iterations. Our MCTS framework uses K = 300

iterations per planning step with two horizon configurations: H = 4 (short) and H = 9

(long). The lower iteration count for MCTS reflects its per-step replanning nature, whereas

baseline methods solve for complete trajectories. The horizon values H = 4 and H = 9

were selected to represent short-term reactive planning and long-term anticipatory plan-

ning respectively, with H = 9 providing sufficient lookahead to cover the full intersection

traversal in our simulations. The iteration count K = 300 was determined empirically as

the minimum value achieving stable Q-value estimates within the sub-100ms real-time

budget per planning step.

3.5.1.3 Evaluation Metrics

We employ the following metrics to quantify coordination performance:

• Collision Rate (%): Percentage of trials resulting in inter-agent collisions, directly

measuring safety performance.

• Arrival Time (s): Average time for all agents to clear the intersection, measuring

coordination efficiency.
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• Computation Time (ms): Per-step planning time, measuring real-time feasibility.

• Trajectory Deviation (m): Mean deviation from the reference path, measuring

path-following quality. This metric is related to, but distinct from, the lateral offset

d in Fig. 3.2. The lateral offset d is an instantaneous geometric state variable defined

in the Frenet frame, representing the perpendicular distance to the reference path

at a single time step. In contrast, trajectory deviation is an aggregated evaluation

metric computed as the mean of |dt
i | over all agents and time steps during execution.

Thus, d serves as the per-step geometric quantity from which trajectory deviation

is derived.

• Minimum Distance Distribution: Distribution of closest inter-agent distances

throughout execution, providing detailed safety analysis.

All experiments are conducted over 40 independent trials with randomized initial position

perturbations sampled from a uniform distribution U (−0.05,0.05) m applied independ-

ently to each agent’s longitudinal starting position along the reference path, to assess

robustness.

3.5.2 Qualitative Analysis

Figure 3.5 provides a qualitative comparison of agent coordination between our proposed

MCTS-based framework (top row) and the vanilla MCTS baseline (bottom row) in a

symmetric four-agent unsignalized intersection scenario.

At t = 2s, our method already demonstrates anticipatory and smooth coordination. Agents

A3 and A4 maintain moderate speeds (5.6m/s and 7.0m/s) while preparing for their left

turns, whereas agents A1 and A2 adjust to 4.8m/s and 4.6m/s to implicitly establish a

safe passing order. This early speed modulation reflects effective conflict-aware reasoning,

allowing agents to negotiate priority without abrupt braking or hesitation.

In contrast, the vanilla MCTS baseline exhibits noticeably less coherent behavior. Agents

show larger velocity variance (4.9, 3.5, 6.3, and 5.6m/s for A1–A4), indicating reactive

adjustments rather than proactive coordination. Such inconsistent motion suggests that

without our structured reasoning mechanism, agents struggle to form a stable interaction

pattern under symmetry.
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(a)
(a)

(b)
(b)

(c)
(c)

(d)
(d)

Figure 3.5: Comparison of agent coordination. Top row (a-b): Our method shows smooth
coordination with minimal trajectory deviation. Bottom row (c-d): Vanilla MCTS exhibits
larger deviations and longer delays.
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By t = 4s, the advantages of our approach become more pronounced. The proposed planner

enables agents A1 and A2 to clear the intersection smoothly at 7.1m/s and 7.2m/s, while

agents A3 and A4 enter in a synchronized manner at 6.9m/s and 6.6m/s. This coordinated

flow demonstrates efficient implicit turn-taking with minimal trajectory deviation.

Meanwhile, the baseline suffers from significant delays and coordination breakdown.

Agents A2 and A3 nearly come to a stop (0.2m/s and 0.5m/s), while A1 proceeds at

7.1m/s, creating unsafe velocity differentials and increasing the risk of deadlock. These

abrupt slowdowns and deviations highlight the inability of vanilla MCTS to consistently

resolve symmetric conflicts.

Overall, this qualitative comparison confirms that our framework achieves smoother, more

stable multi-agent coordination, whereas the vanilla baseline often leads to reactive beha-

vior, excessive deviation, and inefficient intersection traversal.

3.5.3 Temporal Dynamics Analysis

Figure 3.6 presents detailed temporal analysis of the long-horizon MCTS planner (H = 9),

revealing the coordination patterns that emerge through the planning process.

The velocity profiles in Fig. 3.6a show distinct coordination phases. During t = 1–3s,

agents A1 and A2 exhibit synchronized deceleration, reaching velocity minima around

3–4m/s to yield priority to agents A3 and A4. This implicit yielding behavior breaks the

inherent symmetry of the scenario without explicit communication. Meanwhile, agents

A3 and A4 maintain relatively stable speeds around 5–6m/s, implicitly claiming earlier

passage through the intersection.

After t = 4s, all agents converge toward uniform velocities around 6–7m/s as they com-

plete their left turns and exit the conflict zone. The shaded regions represent 95% confid-

ence intervals across 40 trials, with narrow bands particularly for A3 and A4 indicating

consistent strategic behavior enabled by the MCTS framework.

The control heatmap in Fig. 3.6b visualizes decision-making intensity throughout the scen-

ario, where color intensity encodes control magnitude (dark purple indicating strong de-

celeration around −5m/s2, cyan indicating acceleration). Three notable patterns emerge:
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(a) Velocity profiles of all agents over time

(b) Control input heatmap for all agents over time

Figure 3.6: Temporal dynamics of MCTS (H = 9). (a) Velocity profiles with 95% confid-
ence intervals; all agents share identical initial speeds, with position-only perturbations
U (−0.05,0.05)m. (b) Control input heatmap: Acc (m/s2) and Yaw (rad/s) for all agents;
darker/lighter regions denote deceleration/acceleration.

1. Coordinated deceleration: Intensive braking by A1 and A2 during t = 1–3s (dark

bands) establishes the yielding behavior that breaks symmetry. Notably, agent A3

also exhibits significant deceleration during this phase, followed by subsequent ac-

celeration to reclaim its target speed. This suggests that A3 engages in anticipatory

speed regulation rather than purely maintaining priority: even as a non-yielding

agent, A3 temporarily adjusts its longitudinal profile to ensure safe spatial separa-

tion at the conflict point before accelerating to complete its left turn efficiently.
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2. Implicit turn-taking: The heatmap reveals that agent A3 exhibits the most frequent

and intense deceleration events, with approximately four distinct braking episodes

concentrated around t = 1s, 2s, and 3s. Rather than indicating coordination failure,

this pattern reflects A3’s active role in dynamically adjusting its passage timing

to maintain safe inter-agent separation while navigating the most geometrically

constrained conflict zone. The alternating control intensities across agents — with

A1 and A2 exhibiting sustained braking while A3 applies repeated short bursts

of deceleration and A4 maintains comparatively smoother control — collectively

demonstrate an emergent negotiated passage order achieved without explicit inter-

agent communication.

3. Smooth transitions: Gradual color changes in the acceleration channel indicate

smooth longitudinal control evolution, validating the comfort cost component

from Equation (3.15). Approximately 90% of longitudinal control inputs satisfy

|a| ≤ 3m/s2, confirming that coordination is achieved through strategic anticipation

rather than aggressive reactive maneuvering. The yaw rate channel further corrobor-

ates this smoothness: gradual transitions in yaw rate across all agents indicate that

lateral dynamics remain well-regulated throughout the left-turn maneuver, with no

abrupt steering reversals observed. This simultaneous smoothness in both longitud-

inal and lateral channels confirms that the comfort cost effectively suppresses jerky

control in both dimensions, producing naturalistic and passenger-friendly motion

profiles.

It is worth noting that even if all agents were initialised with identical speeds, the proposed

framework would still achieve safe and efficient coordination. The safety validation predic-

ate Φsafe in Eq. (3.21) eliminates unsafe actions during tree expansion at every planning

step, ensuring that no collision trajectory can be selected regardless of the degree of initial

symmetry. Furthermore, the receding horizon replanning strategy re-evaluates the action

space at each time step, so any residual symmetry is progressively broken through the

stochastic nature of MCTS rollouts combined with minor numerical differences in agent

positions accumulated over time. Consequently, the randomized position perturbations in

our experiments serve to assess robustness rather than to artificially break symmetry as

a prerequisite for safety.
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3.5.4 Statistical Performance Comparison

(a)

(a) Mean trajectory deviation

(b)

(b) Trajectory deviation

(c) Minimum inter-agent distance distribution

Figure 3.7: Statistical analysis across methods in the four-agent scenario. (a) Mean tra-
jectory deviation comparison. (b) Temporal evolution of trajectory deviation during the
conflict phase. (c) Distribution of minimum inter-agent distances, where the red shaded
region indicates

the safety threshold dsafe = 3m.

Figure 3.7 provides statistical comparison across all evaluated methods.

3.5.4.1 Trajectory Deviation Analysis

The mean trajectory deviation results in Fig. 3.7a demonstrate clear performance stratific-

ation. Our MCTS framework achieves the lowest mean deviation at 0.196m, representing

improvements of 22% over vanilla MCTS (0.250m), 26% over Nash equilibrium (0.265m),

and 36% over Stackelberg game (0.305m).
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The Stackelberg approach shows the worst performance, attributable to its rigid leader-

follower assumption that breaks down in symmetric scenarios where no natural hierarchy

exists. Nash equilibrium performs moderately but struggles with the coordination problem

due to multiple equilibria in symmetric games, leading to inconsistent strategy selection.

The temporal evolution in Fig. 3.7b reveals performance differences during the critical

conflict phase (t = 2–5s). Our long-horizon MCTS (green curve) maintains deviations con-

sistently below 0.25m, demonstrating stable coordination throughout. In contrast, Nash

equilibrium (blue) and Stackelberg (orange) exhibit peaks up to 0.55m around t = 3–4s,

indicating coordination breakdown during the most critical phase when multiple agents

simultaneously occupy the intersection. The vanilla MCTS (red) shows intermediate per-

formance with peaks around 0.38m. After t = 8s, trajectory deviations decrease across all

methods as agents successfully clear the intersection and return to their reference paths,

reflecting the natural reduction in conflict once agents exit the high-density interaction

zone.

3.5.4.2 Safety Analysis via Minimum Distance Distribution

The minimum distance distribution in Fig. 3.7c provides detailed safety assessment. We

define near-collision events as instances where minimum inter-agent distance falls below

dsafe = 3m, distinct from actual collisions reported in Table 3.3.

The minimum distance distribution in Fig. 3.7c provides detailed safety assessment. We

define the safety threshold dsafe = 3m as the minimum acceptable inter-agent distance;

instances where separation falls below this threshold are classified as near-collision events,

distinct from actual collisions (physical overlap). This threshold exceeds the cost function

parameter σsafe = 2m to provide a conservative safety margin for analysis.

Our MCTS framework with H = 9 achieves the best safety profile with only 1.7% near-

collision events (instances where minimum distance falls below dsafe) and a median separa-

tion of 7m. This conservative behavior emerges naturally from sufficient planning horizon

enabling anticipatory collision avoidance.
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The vanilla MCTS exhibits degraded safety, with 5.0% near-collision events, approxim-

ately three times higher than our method. This degradation reflects its reactive interaction

handling: without explicit coordination mechanisms, conflicts are often resolved only at

the last moment, leading to abrupt avoidance maneuvers and increased risk.

Baseline methods exhibit significantly worse safety performance: Stackelberg game shows

21.7% near-collision events due to coordination failures when the leader-follower hierarchy

conflicts with scenario geometry; Nash equilibrium reaches 15.0% due to equilibrium se-

lection issues in symmetric scenarios; the vanilla MCTS achieves 13.3%, outperforming

game-theoretic baselines but significantly trailing ours.

3.5.5 Quantitative Performance Summary

Table 3.3: Performance Comparison in Four-Agent Left-Turn Scenario

Method Collision Arrival Computation Max.
Rate (%) Time (s) Time (ms) Iters

Stackelberg 17.5 9.7±2.2 54.4±14.1 1000
Nash 12.5 9.1±1.7 74.6±12.2 1000
MCTS 7.5 8.5±2.6 60.4±17.5 300
Ours (H = 9) 0.0 5.3±1.3 21.2±6.3 300

Table 3.3 summarizes the quantitative performance of all methods in the four-agent left-

turn scenario. Overall, our proposed framework achieves consistent superiority across

safety, efficiency, and computational cost.

Safety: Our method achieves perfect safety with a 0.0% collision rate, significantly out-

performing Stackelberg (17.5%), Nash (12.5%), and vanilla MCTS (7.5%). This result

demonstrates that our structured planning mechanism can reliably resolve symmetric

interaction conflicts without collision.

Efficiency: In terms of traversal efficiency, agents complete the maneuver in 5.3±1.3

seconds, compared to 8.5–9.7 seconds for baseline methods. This corresponds to an im-

provement of approximately 38%–45%, indicating that our approach avoids the hesitation

and delays commonly observed in game-theoretic and unstructured search-based coordin-

ation.
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Computational Cost: Remarkably, our method also achieves the lowest computation time

per planning step (21.2±6.3ms), representing a 65%–72% reduction relative to Stackel-

berg, Nash, and vanilla MCTS baselines. Notably, this efficiency is achieved with only

300 MCTS iterations, compared to 1000 iterations required by the game-theoretic solvers,

highlighting the advantage of selective and structured exploration.

While these results confirm the effectiveness of our framework in four-agent coordination,

the computational burden of joint reasoning still grows rapidly with the number of agents.

As discussed in Section 3.1, scaling from four to eight agents expands the joint action space

from approximately 1042 to 1085 (computed as |A |N×H = 154×9 ≈ 1042 and 158×9 ≈ 1085

respectively), making direct planning increasingly intractable.Chapter 4 addresses this

scalability challenge through Level-k reasoning, which decomposes the joint optimization

into a sequence of tractable single-agent subproblems.

3.6 Chapter Summary and Discussion
This chapter has established the foundational MCTS framework for multi-agent coordin-

ation at unsignalized intersections, demonstrating its preliminary effectiveness in a four-

agent symmetric left-turn scenario through simulation-based evaluation under simplified

and controlled conditions.

3.6.1 Summary of Contributions

We developed a complete planning framework comprising:

1. Agent Modeling: A comprehensive representation of autonomous vehicles including

four-dimensional state space (3.2), discrete action space (3.3), kinematic bicycle dy-

namics (3.4), and precise collision detection via the Separating Axis Theorem (3.8).

2. Multi-Objective Optimization: A cost function (3.11) balancing safety (3.12), effi-

ciency (3.13), path adherence (3.14), and comfort (3.15), cast as a Markov Decision

Process amenable to tree search methods.
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3. MCTS Planning Algorithm: A complete implementation (Algorithm 1) featuring

UCT-based selection (3.20), safety-validated expansion (3.21), rollout simula-

tion (3.24), and value backpropagation (3.25).

No collisions were observed in the four-agent left-turn simulation scenario, with additional

improvements including:

• 40% reduction in arrival time compared to game-theoretic baselines within the eval-

uated scenario

• 65–71% reduction in computation time

• Consistent coordination behavior with narrow confidence intervals across trials

These results establish MCTS as an effective approach for small-scale multi-agent coordin-

ation, providing the baseline upon which subsequent chapters build.

3.6.2 Limitations and Scalability Challenges

While the MCTS framework demonstrates strong performance in the four-agent scenario,

fundamental scalability limitations emerge when considering larger agent populations.

These limitations motivate the extensions developed in subsequent chapters.

3.6.2.1 Exponential Action Space Growth

The joint action space grows exponentially with both agent count N and planning horizon

H. For the four-agent scenario with H = 9 steps and |A | = 15 actions, the theoretical

joint action space contains:

|A |N·H = 154×9 = 1536 ≈ 1042 joint trajectories. (3.27)

When scaling to eight agents—a configuration representing realistic intersection density

with vehicles approaching from multiple lanes in each direction—Eq. (3.27) gives

|A |N·H = 158×9 = 1572 ≈ 1085 joint trajectories. (3.28)
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This 1043-fold increase in search space size represents a fundamental barrier: even

with MCTS’s selective exploration, the probability of discovering coordinated strategies

through random sampling diminishes exponentially as the problem scale increases.

3.6.2.2 Computational Time Scaling

We evaluate the empirical computation time as the number of agents increases from

N = 2 to N = 8. The results exhibit a clear exponential scaling trend, consistent with the

theoretical complexity of vanilla MCTS-based joint planning.

In particular, scenarios with up to four agents can be solved within a real-time budget

of 100ms per planning step. However, when the agent count increases to eight, the com-

putation time exceeds 500ms, violating real-time constraints. This rapid growth renders

direct joint MCTS impractical for dense traffic coordination and highlights the necessity

of structured decomposition or approximation mechanisms to achieve scalability.

This scaling behavior stems from two compounding factors:

1. Collision checking overhead: Each node expansion requires collision validation

against all N−1 other agents’ predicted trajectories, with cost scaling as O(N) per

expansion.

2. Increased tree depth requirement: Larger agent populations create more complex

interaction patterns requiring deeper search to discover coordinated strategies, but

deeper search exponentially increases the number of nodes explored.

3.6.2.3 Coordination Quality Degradation

Beyond computational constraints, the quality of discovered strategies degrades as agent

count increases. With K = 300 MCTS iterations distributed across an exponentially larger

search space, the probability of each promising trajectory receiving sufficient exploration

diminishes. This manifests as:

• Increased collision rates due to insufficient exploration of safe trajectories

• Higher trajectory deviation as agents fail to discover smooth coordination patterns

• Greater variance across trials reflecting inconsistent strategy discovery
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Preliminary experiments with eight agents show collision rates exceeding 25% even with

increased iteration budgets, demonstrating that brute-force scaling of vanilla MCTS can-

not address the fundamental complexity barrier.

3.6.3 Motivation for Subsequent Chapters

The scalability limitations identified above motivate two key extensions developed and

evaluated in the following chapters of this thesis:

Chapter 4: Interaction Graph and Level-k Reasoning. To address the exponential action

space growth, we introduce a dynamic interaction graph that filters spatially and stra-

tegically irrelevant agents from each vehicle’s planning problem. Combined with Level-k

cognitive hierarchy reasoning, this decomposition reduces the effective problem size from

joint optimization over all agents to sequential single-agent planning with bounded op-

ponent modeling. The resulting MCTS-Level-k framework achieves linear computational

scaling in agent count while maintaining coordination quality.

Chapter 5: Mixed Traffic with Human Drivers. Real-world deployment requires coordina-

tion not only among autonomous vehicles but also with human-driven vehicles exhibiting

uncertain and diverse behaviors. We extend the framework to incorporate probabilistic

human behavior models, uncertainty quantification, and adaptive safety mechanisms that

ensure robust coordination despite behavioral unpredictability.

Together, these extensions transform the baseline MCTS framework established in this

chapter into a comprehensive coordination system capable of handling realistic multi-agent

scenarios with guaranteed safety and real-time performance.
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Chapter 4

Scalable Coordination via
Interaction Graph and Level-k

Reasoning

Chapter 3 established that Monte Carlo Tree Search provides effective coordination for

four-agent intersection scenarios, achieving zero collision rate with real-time computa-

tional performance. However, as identified in Section 3.6.2, vanilla MCTS faces scalability

barriers when agent count increases beyond four. This chapter addresses these limitations

by introducing two complementary mechanisms: a dynamic interaction graph that filters

irrelevant agents from each vehicle’s planning problem, and a Level-k cognitive hierarchy

that decomposes multi-agent reasoning into tractable sequential optimizations.

The key observation is that not all agents are equally relevant to each vehicle’s decision-

making. An agent approaching from the north need not reason about detailed interactions

with agents approaching from the east if their trajectories will never intersect. Similarly, in

a cognitive hierarchy where agents reason about opponents’ responses, higher-level agents

need not explicitly model peers at equal reasoning depths. By exploiting both spatial

and strategic structure, we achieve linear computational scaling in agent count (formally

analysed in Section 4.5.4 and Table 4.5) while maintaining coordination quality and safety

guarantees.
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We validate the proposed MCTS-Level-k framework through comprehensive experiments

on eight-agent symmetric intersection scenarios, demonstrating that the approach suc-

cessfully resolves coordination challenges that cause vanilla MCTS to fail with collision

rates exceeding 15%. The framework achieves zero collision rate, over 20% improvement

in arrival rate compared to vanilla MCTS (and over 100% compared to Stackelberg), and

44% reduction in computation time.

4.1 Scalability Challenge: From Four to Eight Agents
Before introducing our solutions, we first quantify the scalability barrier that motivates

this chapter’s contributions. The transition from four-agent to eight-agent scenarios repres-

ents not merely a doubling of problem size, but an exponential explosion in computational

complexity that fundamentally changes the nature of the coordination challenge.

4.1.1 Exponential Complexity Growth

Recall from Chapter 3 that the joint action space for multi-agent coordination grows as

O(|A |N·H), where |A | denotes the action space size per agent, N is the number of agents,

and H is the planning horizon. For the four-agent scenario with |A | = 15 actions and

H = 9 steps, the joint space contains approximately 1042 possible trajectory combinations.

While enormous, this space remains tractable for MCTS’s selective exploration.

Scaling to eight agents transforms this challenge fundamentally:

154×9︸ ︷︷ ︸
4 agents

= 1042 −→ 158×9︸ ︷︷ ︸
8 agents

= 1085. (4.1)

This 1043-fold increase exceeds the number of atoms in the observable universe (≈ 1080),

representing a complexity regime where brute-force exploration becomes fundamentally

impossible regardless of computational resources.
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4.1.2 Empirical Performance Degradation

The theoretical complexity explosion manifests as severe practical performance degrada-

tion. Table 4.1 presents vanilla MCTS performance across agent counts. Note that these

results employ MCTS without the safety-validated expansion procedure from Section 3.5,

isolating the scalability effects from safety mechanisms. The resulting collision rates at

N = 4 (10.7%) contrast with the zero-collision performance reported in Chapter 3, where

safety-validated expansion was active, confirming that both scalability solutions and safety

mechanisms are essential for reliable coordination.

Table 4.1: Vanilla MCTS Performance Degradation with Increasing Agent Count

Agent Count Collision Rate Arrival Rate Computation Success
N (%) (%) Time (ms) Rate (%)
4 10.7±5.2 91.5±8.6 60.4±17.5 89.3
6 18.3±7.1 78.2±12.3 156.7±34.2 81.7
8 34.3±12.8 47.1±18.7 387.4±89.6 65.7

Note: Results obtained using vanilla MCTS without safety-validated expansion to isolate scalability effects.

Three critical observations emerge from this analysis:

Safety degradation: Collision rate increases from 10.7% at N = 4 to 34.3% at N = 8, a

threefold deterioration that renders the approach unsuitable for safety-critical deployment.

With one-third of trials resulting in collisions, vanilla MCTS cannot provide the safety

guarantees required for autonomous vehicle coordination.

Efficiency collapse: Arrival rate drops from 91.5% to 47.1%, indicating that fewer than half

of vehicles successfully navigate the intersection within acceptable time bounds. This de-

gradation reflects increased deadlock frequency as agents struggle to discover coordinated

passing sequences.

Computational intractability: Computation time increases from 60.4ms to 387.4ms, ex-

ceeding the 100ms real-time threshold by nearly fourfold. This growth stems from two

compounding factors: collision checking overhead scaling as O(N2) per tree node, and the

need for deeper search to discover coordination strategies in larger action spaces.
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4.1.3 Root Cause Analysis

The performance degradation stems from a fundamental mismatch between vanilla

MCTS’s exploration strategy and the structure of multi-agent coordination problems.

MCTS achieves efficiency through selective exploration guided by value estimates, but this

selectivity assumes that random sampling will eventually discover promising regions of

the action space. As agent count increases, the probability of randomly sampling coordin-

ated joint trajectories diminishes exponentially, causing MCTS to waste computational

resources exploring unproductive regions.

Consider the coordination requirements for eight-agent intersection crossing. Successful

coordination requires establishing an implicit passing order among all eight agents, with

each agent’s timing precisely calibrated to avoid conflicts with seven others. The probabil-

ity that random rollout policies discover such coordinated sequences by chance approaches

zero in the 1085-dimensional joint action space.

A second limitation is that vanilla MCTS treats all agents as equally relevant, requiring

collision checking against all N−1 opponents at every tree node. This exhaustive approach

ignores the spatial structure of intersection coordination: only agents with intersecting

trajectories pose collision risks. An agent traveling north-to-south need not reason about

east-to-west traffic if their paths never cross.

These observations motivate the two-pronged approach developed in this chapter: spatial

filtering through dynamic interaction graphs reduces the effective opponent count by

identifying geometrically relevant interactions, while strategic filtering through Level-k

reasoning decomposes multi-agent optimization into sequential single-agent problems with

bounded opponent modeling.
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4.2 Dynamic Interaction Graph
The first component of our scalability solution is a dynamic interaction graph that cap-

tures only strategically and spatially relevant agent relationships. Rather than requiring

each agent to model all N− 1 opponents, the interaction graph identifies the subset of

agents whose trajectories may conflict, dramatically reducing the problem dimensionality.

4.2.1 Graph Representation

The interaction graph at time t is represented as a directed graph Gt = (A,Et), where

A = {1,2, . . . ,N} is the set of agent indices and Et ⊆ A×A is the set of directed interaction

edges. The graph is directed because influence relationships need not be symmetric: agent

i may need to account for agent j’s behavior while agent j can safely ignore agent i due

to asymmetries in their trajectories or relative positions. For instance, a vehicle already

clearing the intersection at high speed influences the planning of an approaching vehicle,

but need not itself account for the slower approaching agent whose trajectory poses no

conflict to its own path.

A directed edge ( j, i) ∈ Et indicates that agent j influences the decision-making of agent i

at time t. The time-varying nature of the graph reflects that interaction topology evolves

as agents move and their potential conflicts change over time.

4.2.2 Spatial Filtering via Trajectory Conflict Prediction

Spatial filtering identifies which agents may pose collision risks to the ego agent over a

finite prediction horizon, thereby warranting explicit consideration during planning. The

filtering mechanism operates by forward-simulating predicted trajectories and detecting

geometric conflicts.
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For each agent j ̸= i, we predict future positions using the constant velocity model intro-

duced in Equation (3.22):

ŝk
j =


xt

j + kvt
j cos(θ t

j)∆t

yt
j + kvt

j sin(θ t
j)∆t

vt
j

θ t
j


, (4.2)

where ŝk
j ≜ ŝ j(t + k∆t) represents the predicted state of agent j at future time step k

assuming constant velocity v j and heading θ j, over the planning horizon k ∈ {1, . . . ,H}.

A directed edge ( j, i) is included in the spatial interaction set if and only if agents i and

j exhibit potential trajectory conflicts:

( j, i) ∈ Et ⇐⇒ ∃k ∈ {1, . . . ,H} : Conflict(ŝk
i , ŝ

k
j) = true, (4.3)

where the conflict predicate evaluates whether predicted states ŝk
i and ŝk

j at future time

step k result in proximity below the conflict threshold:

Conflict(ŝk
i , ŝ

k
j) =


true, if d(ŝk

i , ŝ
k
j)< dconflict,

false, otherwise,
(4.4)

where d(ŝk
i , ŝ

k
j) denotes the minimum Euclidean distance between the oriented rectangular

representations of agents i and j at predicted states, computed via the Separating Axis

Theorem from Equation (3.8), and dconflict is the conflict detection threshold (set larger

than the safety threshold σsafe for early warning). In this work, dconflict is set as a static

constant dconflict = 5m, independent of agent speed or heading. This design choice is

appropriate for the unsignalized intersection scenario considered here, where vehicle speeds

are moderate and a fixed spatial margin provides sufficient early warning for conflict

detection. A speed-dependent or time-to-collision-based dynamic threshold would be more

suitable for high-speed highway scenarios but introduces unnecessary complexity in the

low-speed intersection setting.
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4.2.3 Interaction Set Construction

For each agent i, the spatial interaction set N spatial
i contains all agents with predicted

trajectory conflicts:

N spatial
i = { j ∈ A\{i} : ( j, i) ∈ Et}. (4.5)

This set typically contains far fewer agents than the complete opponent set A \ {i}. In

eight-agent intersection scenarios, spatial filtering reduces the average interaction set size

from 7 (all opponents) to approximately 3–4 geometrically relevant agents, depending on

the specific configuration and maneuver types.

Figure 4.1: Illustration of spatial filtering in the interaction graph. (a) Complete interac-
tion graph with all pairwise connections. (b) Filtered graph retaining only edges where
trajectory conflicts are predicted. Agent A1 need only consider A4 and A5, ignoring spa-
tially distant agents A2, A3.

Figure 4.1 illustrates the filtering effect. The complete graph (left) contains N(N−1) = 56

directed edges for eight agents. After spatial filtering (right), the graph retains only edges

for predicted conflicts, dramatically reducing the modeling burden. In this example, the

relevant opponent set for agent A1 is reduced from seven to only two.
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4.2.4 Complexity Reduction Analysis

The computational benefit of spatial filtering manifests in multiple algorithmic phases.

During MCTS expansion, the safety validation procedure from Equation (3.21) is modified

to perform collision checking only against agents in the filtered set N spatial
i rather than

all opponents:

Safe(si,ai) =
∧

j∈N spatial
i

¬Collision( f (si,ai), ŝt+1
j ), (4.6)

where f (si,ai) denotes the successor state from applying action ai to state si via the

dynamics model (3.4), and the conjunction ranges only over spatially relevant opponents.

This filtering reduces per-node collision checking from O(N) to O(|N spatial
i |) operations.

With |N spatial
i | ≈ 3–4 versus N−1 = 7 opponents in eight-agent scenarios, spatial filtering

achieves approximately 50% reduction in collision checking overhead.

However, spatial filtering alone does not address the fundamental challenge of multi-agent

strategic reasoning. Even with reduced opponent sets, each agent must still reason about

how filtered opponents will behave—a recursive modeling problem that remains compu-

tationally demanding. The following section introduces Level-k reasoning to decompose

this strategic complexity.

4.3 Level-k Cognitive Hierarchy
While spatial filtering reduces the number of agents requiring consideration, it does not

address the strategic complexity of predicting opponent behaviors. Each agent must anti-

cipate how others will respond to its actions, creating a recursive reasoning problem that

classical game-theoretic approaches resolve through equilibrium computation—an expo-

nentially expensive procedure. This section introduces Level-k cognitive hierarchy as an

alternative that achieves strategic sophistication through bounded recursive reasoning.
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4.3.1 Cognitive Hierarchy Structure

Level-k reasoning posits a hierarchy of reasoning depths where agents at each level best-

respond to beliefs about agents at lower levels. The hierarchy is defined recursively:

• Level-0: A baseline behavior model that does not involve strategic reasoning. In

our framework, Level-0 serves as a safety initialization procedure rather than a

behavioral type.

• Level-1: Agents at Level-1 optimize their policies assuming all opponents follow

Level-0 baseline trajectories.

• Level-2: Agents at Level-2 optimize assuming opponents employ Level-1 strategies,

enabling anticipation of strategic responses.

This bounded hierarchy provides computational tractability: rather than computing game-

theoretic equilibria requiring exponential joint action enumeration, each agent solves a

sequence of single-agent optimization problems with fixed opponent models.

4.3.2 Level-0: Conservative Safety Initialization

A critical innovation in our framework is the reformulation of Level-0 from a naive behavi-

oral model to a universal safety initialization procedure. Classical Level-k defines Level-0

as acting randomly, creating unsafe foundations that propagate through higher reasoning

levels. We instead define Level-0 as a conservative trajectory generation procedure that

establishes safety margins for all agents.

During Level-0 initialization, each agent i computes a baseline trajectory by treating

others as obstacles with constant velocity, then solving a safety-prioritized optimization:

τ(0)i = arg min
τ∈Ti

H−1

∑
k=0

[
w(0)

s ci
s(S

k
i )+w(0)

e ci
e(s

k
i )+w(0)

d ci
d(s

k
i )+w(0)

c ci
c(a

k
i )
]
, (4.7)

where τ(0)i = {s1
i ,s

2
i , . . . ,s

H
i } denotes the Level-0 baseline trajectory, Ti represents the space

of feasible trajectories satisfying dynamics and constraint requirements, other agents’

future states within Sk
i are predicted using the constant velocity model (4.2), and the

weight configuration emphasizes safety with w(0)
s ≫w(0)

e (specifically, w(0)
s = 100, w(0)

d = 10,
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w(0)
c = 5, w(0)

e = 2), reflecting the priority ordering w(0)
s ≫ w(0)

d > w(0)
c > w(0)

e : safety is the

dominant objective, followed by path adherence, comfort, and efficiency. This ordering

ensures that Level-0 agents prioritize collision avoidance above all else, while maintaining

reasonable path tracking and smooth control before optimizing for speed.

Critically, Level-0 optimization employs extended safety margins. Each vehicle’s geometric

footprint is expanded by a buffer ε0 during collision checking:

V ext
i = Vi⊕Bε0 , (4.8)

where Vi represents the actual vehicle geometry, ⊕ denotes the Minkowski sum operation,

and Bε0 is a disk of radius ε0 = 0.6m. This extended footprint ensures conservative spacing

even under pessimistic assumptions about opponent behaviors.

The resulting Level-0 baselines {τ(0)i }N
i=1 serve not as execution policies but as safety an-

chors for subsequent strategic reasoning. Every agent computes its Level-0 baseline before

engaging in higher-level optimization, ensuring safety margins are established regardless

of assigned reasoning level.

4.3.3 Level-1: Best Response to Baselines

A Level-1 agent optimizes its trajectory assuming all opponents follow their Level-0

baselines. This transforms the multi-agent problem into a single-agent MDP where op-

ponent behaviors are treated as deterministic environmental dynamics:

π(1)∗
i = arg min

πi∈Πi
E

[
H−1

∑
k=0

ci(Sk
i ,a

k
i ) | π j = π(0)

j ,∀ j ∈Ni

]
, (4.9)

where π(0)
j denotes the policy that generates opponent j’s Level-0 baseline τ(0)j , and Ni

represents the filtered interaction set from Section 4.2.
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The Level-1 optimization employs modified cost weights compared to Level-0, typically

reducing safety emphasis while increasing efficiency weight (e.g., w(1)
s = 80, w(1)

e = 5). This

rebalancing allows agents to pursue more efficient trajectories while ensuring safety mar-

gins inherited from Level-0 are never violated, with path adherence and comfort weights

unchanged from Level-0: w(1)
s = 80, w(1)

e = 5, w(1)
d = 10, w(1)

c = 5).

4.3.4 Level-2: Anticipating Strategic Responses

Level-2 agents introduce an additional reasoning layer by anticipating that opponents

employ Level-1 strategies rather than merely following Level-0 baselines. A Level-2 agent i

recognizes that other agents will respond strategically to observations, leading to behaviors

differing from conservative baselines:

π(2)∗
i = arg min

πi∈Πi
E

[
H−1

∑
k=0

ci(Sk
i ,a

k
i ) | π j = π(1)∗

j ,∀ j ∈N
(2)

i

]
, (4.10)

where π(1)∗
j represents the predicted Level-1 optimal policy for opponent j, and N

(2)
i

contains opponents modeled at Level-1, including both actual Level-1 agents (modeled

accurately) and Level-2 agents (conservatively approximated as Level-1) (discussed be-

low).

Computing Level-2 policies requires agent i to simulate Level-1 optimization from each

opponent’s perspective, effectively solving nested optimization problems. This recursive

computation remains tractable because: (1) the filtered interaction set limits the number

of opponents requiring modeling, and (2) the bounded hierarchy depth (maximum Level-2)

prevents infinite recursion.

4.3.5 Strategic Filtering via Reasoning Level

Beyond spatial filtering, our framework introduces strategic filtering based on the cognitive

hierarchy. A key property of Level-k reasoning is that agents need not model opponents at

equal or higher reasoning levels—their optimization depends only on predicted behaviors

of lower-level agents.
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Agents are dynamically assigned to reasoning levels based on interaction complexity. The

complexity score for agent i combines proximity, density, and conflict factors:

Ci = wp ·
1
di
+wd ·ρi +wc ·Nconflict

i , (4.11)

where di represents distance to the intersection center, ρi counts agents within a radius,

Nconflict
i counts predicted trajectory conflicts, and (wp,wd,wc) are weighting parameters.

Level assignment follows threshold-based classification:

ki =


2, if Ci >Cth,

1, otherwise,
(4.12)

where Cth is a tunable threshold balancing coordination quality against computation.

The complete filtered interaction set for agent i at level ki combines spatial and strategic

filtering:

N
(ki)

i = { j ∈N spatial
i : k j < ki}, (4.13)

requiring opponents to be both spatially relevant (predicted trajectory conflict) and stra-

tegically relevant (lower reasoning level). This interaction set explicitly includes only

lower-level opponents. However, agents at the same reasoning level are not ignored but are

modeled at a reduced level of sophistication: a Level-2 agent models other Level-2 agents

as Level-1, while a Level-1 agent reduces all opponents to Level-0 baselines. This system-

atic underestimation of opponent sophistication ensures that prediction errors are biased

toward over-caution rather than over-trust, providing implicit safety margins without

requiring worst-case assumptions.

4.3.6 Cascading Safety Property

A distinctive feature of our reconstructed Level-k framework is that safety emerges as a

structural property of the cognitive hierarchy. Each reasoning level inherits and amplifies

the conservatism of lower levels, creating progressively larger protective buffers:

ε0 < ε1 < ε2, (4.14)
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Safety
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Level-1
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Figure 4.2: Cascading safety in the Level-k hierarchy. Level-0 establishes conservative
baselines with margin ε0. Level-1 agents optimizing against these baselines inherit safety
margins under the constant-velocity modeling assumption
. Level-2 further refines against Level-1 responses, tending to amplify margins to ε2 > ε1

in practice, though formal guarantees at higher levels depend on modeling accuracy.

where εk represents the effective safety margin emergent from Level-k optimization, dis-

tinct from the explicit buffer Bε0 applied during Level-0 collision checking.

This cascading property arises because Level-1 agents optimize against Level-0 baselines

that already embed conservative margins ε0. Maintaining collision-free trajectories relative

to these conservative predictions ensures effective margins exceeding ε0. Level-2 agents

inherit amplified margins ε1 from Level-1 predictions, further expanding protective buffers.

Figure 4.2 illustrates this cascading mechanism. Unlike classical Level-k formulations

where random Level-0 behaviors create unsafe foundations, our procedural Level-0 ini-

tialization ensures safety propagates through the hierarchy. Higher reasoning depth never

compromises safety—it strengthens guarantees while enabling more efficient coordination.
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4.4 MCTS-Level-k Planning Algorithm
Having established the interaction graph for spatial filtering and the Level-k hierarchy for

strategic decomposition, we now integrate these components into a unified planning al-

gorithm. The MCTS-Level-k framework operates through four sequential phases executed

at each planning cycle, transforming the intractable multi-agent coordination problem

into a series of tractable single-agent optimizations.

4.4.1 Algorithm Overview

At each discrete time step t, every agent i executes the four-phase planning procedure

illustrated in Figure 4.3:

• Phase I (Level-0 Initialization): Generate conservative baseline trajectories for

all agents, establishing safety anchors.

• Phase II (Level Assignment): Assess interaction complexity and assign each

agent to reasoning level ki ∈ {1,2}.

• Phase III (Graph Construction): Build the filtered interaction set N
(ki)

i

through spatial and strategic filtering.

• Phase IV (MCTS Planning): Execute Monte Carlo Tree Search over the induced

single-agent MDP to compute the optimal action.

The algorithm produces an optimal action a∗i executed during the current time step.

After execution, the environment evolves, new observations arrive, and the planning cycle

repeats in a receding horizon fashion.

4.4.2 Induced Single-Agent MDP

The Level-k hierarchy transforms each agent’s multi-agent planning problem into a single-

agent Markov Decision Process by treating predicted opponent behaviors as environmental

dynamics. For agent i at reasoning level ki, the induced MDP is defined as:

M
(ki)
i = (Si,Ai,P

(ki)
i ,r(ki)

i ,H), (4.15)
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MCTS-Level-k Planning Framework
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Level-0 Initialization

• CV predictions of others
• Extended margin ϵ0 =
0.6m
• Output: τ

(0)
i

(Baseline
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Phase II
Complexity
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• Compute complexity Ci

• Assign ki ∈ {1, 2}
• Higher Ci → Level-2

Phase III
Dual-Filtered Graph

• Spatial: Trajectory con-
flict
• Strategic: kj < ki

• Output: N (ki)

i

Phase IV
MCTS-Level-
k Planning

• Predict: π̂
<ki
−i

from N (ki)

i

• Solve: Induced MDP
M(ki)

i
• Output: a∗

i (First action)

Execute a∗i (t)

RecedingHorizon

Cascading
Safety

Figure 4.3: MCTS-Level-k planning framework overview. Phase I generates Level-0
baselines τ̂(0)i with conservative safety margins. Phase II assigns reasoning levels based on
TTC scores. Phase III constructs filtered interaction sets through dual filtering, ubstan-
tially reducing the number of opponents each agent must explicitly reason about

. Phase IV executes MCTS planning to compute optimal actions. The dual filtering
mechanism reduces effective search complexity compared to joint planning, while the

safety-aware Level-0 baseline provides structural safety margins that propagate through
higher reasoning levels under the adopted modeling assumptions.

where Si is the local state space from Equation (3.2), Ai is the discrete action space,

P(ki)
i is the induced transition function, r(ki)

i is the induced reward function, and H is the

planning horizon for sequential decision-making.

The induced transition dynamics capture how agent i’s state evolves under predicted

opponent responses:

P(ki)
i (s′i | si,ai) = 1

[
s′i = f (si,ai)

]
· ∏

j∈N (ki)
i

1
[
ŝ′j = f̂ (ki−1)

j (ŝ j)
]
, (4.16)
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where f (si,ai) denotes state transition via the dynamics model (3.4), f̂ (ki−1)
j represents

opponent j’s predicted transition under Level-(ki− 1) policy, and 1[·] is the indicator

function. The deterministic nature of both ego dynamics and opponent predictions yields

deterministic induced transitions.

The induced reward function evaluates agent i’s instantaneous reward accounting for

predicted opponent positions:

r(ki)
i (si,ai) =−ci(Si,ai), (4.17)

where Si = {si}∪ {ŝ j : j ∈ N
(ki)

i } represents the joint state comprising agent i’s actual

state and predicted opponent states, and ci(·) is the cost function from Equation (3.11).

4.4.3 MCTS with Level-k Opponent Modeling

The MCTS algorithm from Chapter 3 is adapted to incorporate Level-k opponent pre-

dictions. The key modification occurs in rollout simulation and safety validation, where

opponent behaviors are predicted according to their assigned reasoning levels.

4.4.3.1 Safety-Aware Expansion

During tree expansion, the safe action set is constructed by validating actions against

predicted Level-(ki−1) opponent trajectories:

A
(ki)

safe (n) =

a ∈Ai :
∧

j∈N (ki)
i

¬Collision
(

f (s(n),a), ŝ(ki−1)
j

) , (4.18)

where s(n) denotes the state at tree node n, f (s(n),a) is the successor state after applying

action a, and ŝ(ki−1)
j represents opponent j’s predicted Level-(ki−1) trajectory.

For Level-1 agents (ki = 1), opponent predictions use Level-0 baselines: ŝ(0)j ∈ τ(0)j . For

Level-2 agents (ki = 2), opponent predictions use Level-1 optimal trajectories, requiring

recursive computation of Level-1 policies for each opponent in the interaction set.
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4.4.3.2 Level-k Rollout Simulation

Rollout simulation evaluates trajectory quality by forward-simulating from expanded

nodes to the planning horizon. At each rollout step k, the reward is computed using

predicted opponent states:

V (ki)
rollout(n) =

H−1

∑
t=d(n)

r(ki)
i (st

i,a
t
i), (4.19)

where d(n) denotes the depth of node n, st
i evolves according to rollout policy πdefault, and

the reward r(ki)
i incorporates predicted opponent positions from Level-(ki−1) trajectories.

The rollout policy πdefault employs simple heuristics such as constant velocity or reference

path following, providing baseline trajectory estimates without expensive optimization.

4.4.4 Computational Complexity Analysis

The MCTS-Level-k framework achieves substantial complexity reduction compared to

vanilla MCTS through three mechanisms:

• Spatial filtering reduces collision checking from O(N−1) to O(|N spatial
i |) opponents

per node, with a typical reduction from 7 to 3–4 agents in eight-agent scenarios.

• Strategic filtering further reduces opponent modeling by restricting attention to

lower reasoning levels, removing approximately half of the spatially relevant oppon-

ents for Level-2 agents.

• Safety-aware pruning eliminates unsafe actions during expansion, reducing the ef-

fective branching factor from |A |= 15 to |Asafe| ≈ 4–5 actions per node.

The combined effect reduces the per-iteration computational cost from:

O(|A | ·H ·N)︸ ︷︷ ︸
Vanilla MCTS per iteration

−→ O(|Asafe| ·H · |N
(ki)

i |)︸ ︷︷ ︸
MCTS-Level-k per iteration

. (4.20)
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More significantly, the Level-k decomposition avoids explicit enumeration of the joint ac-

tion space O(|A |N·H). Rather than searching the full joint space of O(158×9)≈ 1085 com-

binations, each agent independently runs MCTS over its own action space with a filtered

opponent set, requiring only O(N ·K ·beff ·H) ≈ 6.3×104 operations in total (Table 4.5).

We note that this comparison is between the theoretical joint search space and the actual

operations performed by the proposed framework, rather than a like-for-like algorithmic

comparison.

4.4.5 Complete Algorithm

The complete MCTS-Level-k planning procedure is formalized in Algorithm 2.

4.5 Experimental Validation
This section evaluates the MCTS-Level-k framework through simulation-based studies

on eight-agent symmetric intersection scenarios. Within the evaluated scenarios, the pro-

posed approach demonstrates improved coordination compared to vanilla MCTS, with

no collisions observed while maintaining real-time computational performance, under the

adopted simplified modeling assumptions.

4.5.1 Experimental Setup

4.5.1.1 Scenarios

We evaluate two challenging eight-agent configurations:

Case 1: All-Straight Symmetric Intersection. Eight agents approach from four dir-

ections (two per direction) on straight paths, creating maximal symmetry with no natural

priority ordering. All agents start 18m from the intersection center.

Case 2: Mixed Maneuver Intersection. Inner lane agents (A1, A3, A5, A7) execute

left turns while outer lane agents (A2, A4, A6, A8) proceed straight, creating heterogen-

eous trajectory conflicts that increase coordination complexity.
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Algorithm 2: MCTS-Level-k Planning Framework
1: Input: Current state st

i, observed neighbor states {st
j} j∈N spatial

i
, horizon H,

iterations K
2: Output: Optimal action a∗i
3: // Phase I: Level-0 Initialization
4: τ(0)i ← ConservativeBaseline(st

i,{ŝt
j} j∈N spatial

i
) {Eq. (4.7)}

5: for each neighbor j ∈N spatial
i do

6: τ(0)j ← PredictBaseline(st
j) {Reconstruct Level-0 baseline assuming j treats others

as constant-velocity obstacles}
7: end for
8: // Phase II: Level Assignment
9: for each agent j ∈ A do

10: C j← wp/d j +wd ·ρ j +wc ·Nconflict
j {Eq. (4.11)}

11: k j← 1[C j >Cth]+1 {Eq. (4.12)}
12: end for
13: // Phase III: Interaction Graph Construction
14: N spatial

i ← SpatialFilter({τ(0)j } j ̸=i) {Eq. (4.5)}
15: N

(ki)
i ←{ j ∈N spatial

i : k j < ki} {Eq. (4.13); same-level agents modeled at ki−1}
16: // Phase IV: MCTS Planning
17: Initialize root n0 with s(n0) = st

i, Q(n0) = 0, N(n0) = 0
18: for each of K iterations do
19: n← Select(n0) {UCT selection, Eq. (3.20)}
20: if d(n)< H and n not fully expanded then
21: Asafe← SafetyValidate(s(n),N (ki)

i ) {Eq. (4.18)}
22: nnew← Expand(n,Asafe)
23: n← nnew
24: end if
25: V ← Rollout(ki)(n,N (ki)

i ) {Eq. (4.19)}
26: Backpropagate(n,n0,V )
27: end for
28: return argmaxa∈Children(n0)Q(n0,a)/N(n0,a)

4.5.1.2 Baseline Methods

We compare against established multi-agent coordination approaches:

• Stackelberg Game [33]: Hierarchical leader-follower coordination.

• Nash Equilibrium [19]: Simultaneous game-theoretic coordination.

• Vanilla MCTS: The baseline framework from Chapter 3 without Level-k reasoning.

All baseline methods use 1000 maximum iterations, while our MCTS-Level-k framework

uses only K = 300 iterations with planning horizon H = 9.
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4.5.1.3 Simulation Parameters

The simulation parameters for Chapter 4 follow the baseline setup in Table 3.2, with the

following Level-k-specific additions summarised in Table 4.2.

Table 4.2: Level-k Specific Parameters

Parameter Symbol Value

Number of agents N 8
Planning horizon H 9
MCTS iterations (ours) K 300
MCTS iterations (baselines) K 1000
Conflict threshold dconflict 5.0m
Level-0 safety buffer ε0 0.6m
Cost weights Level-0 (ws,wd,wc,we) (100,10,5,2)
Cost weights Level-1 (ws,wd,wc,we) (80,10,5,5)
Complexity threshold Cth tuned
Number of trials – 40
Time step ∆t 0.2s

4.5.1.4 Evaluation Metrics

Performance is evaluated across safety, efficiency, and computational dimensions:

• Collision Rate (%): Percentage of trials with inter-agent collisions.

• Arrival Rate (%): Percentage of agents clearing the intersection within time limit.

• Travel Time (s): Average time for all agents to complete traversal.

• Computation Time (ms): Per-step planning time.

• Trajectory Deviation (m): Mean distance from reference paths.

• Minimum Distance (m): Closest inter-agent separation throughout execution.

All experiments are conducted over 40 independent trials with randomized initial position

perturbations sampled from a uniform distribution U (−0.05,0.05) m applied independ-

ently to each agent’s longitudinal starting position along the reference path, to assess

robustness.
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4.5.2 Case 1: All-Straight Symmetric Intersection

4.5.2.1 Qualitative Analysis

(a)

(a) Ours t = 2s
(b)

(b) Ours t = 4s
(c)

(c) Ours t = 6s
(d)

(d) Ours t = 7s

(e)

(e) Vanilla MCTS t = 2s
(f)

(f) Vanilla MCTS t = 4s
(g)

(g) Vanilla MCTS t = 6s
(h)

(h) Vanilla MCTS t = 7s

Figure 4.4: Temporal evolution of eight-agent all-straight coordination. Top row (a–d):
MCTS-Level-k achieves smooth coordination with implicit turn-taking. Bottom row (e–
h): Vanilla MCTS exhibits near-deadlock with all agents clustered at low speeds.

Figure 4.4 compares temporal evolution between MCTS-Level-k (top row) and vanilla

MCTS (bottom row). The performance difference is striking.

At t = 2s, our method demonstrates anticipatory coordination: agents maintain com-

pact trajectories with smooth deceleration patterns indicating strategic planning. Vanilla

MCTS shows reactive braking with larger lateral deviations, reflecting the absence of

coordinated reasoning.

The critical phase at t = 4s reveals Level-k reasoning’s key advantage. Our framework

enables implicit turn-taking where agent A1 yields to nearly a standstill (0.1m/s) while

other agents proceed at moderate speeds, creating a natural passing order without explicit

communication. In contrast, vanilla MCTS fails to establish coordinated yielding: agent

A1 maintains a high speed of 6.4m/s while other agents have not yet formed a stable

passing order, reflecting the absence of strategic reasoning and leading to uncoordinated

conflict resolution.



106

By t = 7s, our framework has successfully resolved all conflicts, with agents accelerat-

ing smoothly out of the intersection at high speeds, indicating efficient and complete

coordination. Under vanilla MCTS, most agents recover to 4.5–7m/s, however agent A7

remains stalled below 3m/s, indicating a residual coordination failure where one agent

is unable to find a safe passage through the conflict zone. The projected trajectories in

our method reveal predictive planning: agents continuously update their paths based on

evolving neighbor behaviors, creating complementary trajectories that maximize through-

put.

4.5.2.2 Temporal Dynamics

(a) Velocity profiles over time

(b) Control input heatmap

Figure 4.5: Temporal dynamics analysis for Case 1. (a) Velocity profiles showing coordin-
ated speed adjustments with 95% confidence intervals. (b) Control input heatmap: upper
row per agent shows acceleration (m/s2), lower row shows yaw rate (rad/s).

Figure 4.5 presents detailed temporal analysis of MCTS-Level-k coordination patterns.
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The velocity profiles (Figure 4.5a) reveal emergent coordination structure. Agents main-

tain stable speeds around 5–6m/s after initial acceleration, while agents A5 and A8 exhibit

pronounced deceleration valleys reaching 1–2m/s during t = 3–6s before recovering. This

asymmetric velocity pattern breaks the scenario’s inherent symmetry, enabling sequential

passage through the conflict zone. The narrow 95% confidence bands indicate consistent

behavior across trials, demonstrating that Level-k reasoning produces reliable coordina-

tion strategies rather than random fluctuations.

The control heatmap (Figure 4.5b) visualizes decision-making intensity throughout the

scenario. Three notable patterns emerge:

1. Coordinated deceleration: Agents A1, A3, A5, and A8 exhibit the most conservative

yielding behaviour, with A1 reaching the lowest speed among all agents during

t = 2–4s, followed by A3 and A5. These agents create temporal separation through

sustained braking, enabling conflict-free passage for the proceeding agents.

2. Implicit negotiation: A clear implicit priority ordering emerges without explicit com-

munication: agents A4 and A6 maintain the highest speeds and claim earlier passage,

while A2 and A7 proceed at intermediate speeds. Meanwhile, A1, A3, A5, and A8

adopt yielding roles with progressively increasing deceleration intensity. This asym-

metric yet stable ordering demonstrates that Level-k reasoning successfully breaks

the inherent eight-way symmetry through strategic anticipation.

3. Smooth control: Gradual color transitions indicate smooth control evolution. Only

12% of actions exceed |a| > 3m/s2, confirming that coordination emerges through

strategic anticipation rather than aggressive reactive maneuvering.

4.5.2.3 Statistical Analysis

Figure 4.6 presents statistical analysis across 40 independent trials.

Trajectory deviation (Figure 4.6a): Our method achieves the lowest mean deviation at

0.149± 0.082m, representing 27% improvement over vanilla MCTS (0.203m) and 36%

over Nash equilibrium (0.221m). The Stackelberg approach exhibits highest deviation due

to its rigid leader-follower assumptions failing under perfect symmetry where no natural

hierarchy exists to guide the decision process.
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(a)

(a) Mean trajectory deviation

(b)

(b) Trajectory deviation

(c) Minimum inter-agent distance distribution

Figure 4.6: Statistical analysis for Case 1 across 40 trials. (a) Mean trajectory deviation
comparison. (b) Temporal evolution of deviation during the conflict phase. (c) Minimum
distance distribution with safety threshold dsafe = 3m (dashed line).

Temporal evolution (Figure 4.6b): During the critical conflict phase (t = 3–5s), our method

maintains consistent low deviation while Nash and Stackelberg show pronounced peaks

reaching 0.4–0.6m, indicating coordination breakdown. The narrow confidence bands for

our approach demonstrate stability across trials.

Safety analysis (Figure 4.6c): The minimum distance distribution validates safety per-

formance. Our method with H = 9 achieves 0% collision rate with median separation of

6m. Stackelberg and Nash show 26.1% and 19.8% safety violations respectively (distances

below the 3m threshold), with several collision events. Level-k reasoning provides both

safety (no violations) and efficiency (compact distribution) simultaneously.
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Table 4.3: Performance Comparison in Case 1: Eight-Agent All-Straight Intersection

Method Collision Arrival Travel Computation Max.
Rate (%) Rate (%) Time (s) Time (ms) Iters

Stackelberg 35.0 47.1±15.3 12.1±2.6 66.5±19.1 1000
Nash 27.5 65.9±10.5 13.2±3.3 82.8±20.3 1000
Vanilla MCTS 17.5 79.7±8.8 11.5±2.4 98.2±21.1 1000
Ours 0.0 97.6±2.1 9.2±1.7 55.3±12.3 300

4.5.2.4 Quantitative Results

Table 4.3 summarizes quantitative performance. Our MCTS-Level-k framework achieves

comprehensive superiority:

Safety: Zero collision rate compared to 17.5% (vanilla MCTS), 27.5% (Nash), and 35.0%

(Stackelberg), validating the cascading safety property from Level-0 initialization.

Efficiency: Arrival rate of 97.6% significantly exceeds all baselines (47.1–79.7%), with

travel time of 9.2s representing 20% improvement over vanilla MCTS. This efficiency gain

demonstrates that safety-first Level-0 initialization does not compromise throughput.

Computational cost: Planning time of 55.3ms achieves 44% reduction compared to vanilla

MCTS (98.2ms) despite the latter using over three times more iterations (1000 versus 300).

This efficiency stems from the combined effects of spatial filtering, strategic filtering, and

safety-aware pruning.

These results align with the complexity analysis in Section 4.1. The vanilla MCTS baseline

must contend with an exponential joint action space whose scale reaches 1085. In contrast,

MCTS-Level-k limits the search to roughly 104 tree nodes by combining Level-k decom-

position, spatial filtering, and safety-aware pruning. This yields an effective reduction of

21 orders of magnitude in search scale, enabling real-time operation.

4.5.3 Case 2: Mixed Maneuver Intersection

4.5.3.1 Qualitative Analysis

Figure 4.7 illustrates the increased complexity of mixed maneuver coordination. Inner

lane agents (A1, A3, A5, A7) execute 90◦ left turns while outer lane agents (A2, A4, A6,

A8) proceed straight, creating heterogeneous trajectory conflicts.
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(a)

(a) Ours t = 2s
(b)

(b) Ours t = 4s
(c)

(c) Ours t = 6s
(d)

(d) Ours t = 7s

(e)

(e) Vanilla MCTS: Dead-
lock

(f)

Deadlock

(f) Vanilla MCTS: Dead-
lock

(g)

(g) Vanilla MCTS: Colli-
sion

(h)

Collision

(h) Vanilla MCTS: Colli-
sion

Figure 4.7: Comparison in Case 2: Mixed left-turn and straight maneuvers. Top row
(a–d): MCTS-Level-k achieves smooth coordination with turning agents completing 90◦

maneuvers safely. Bottom row (e–h): Vanilla MCTS exhibits two failure modes—deadlock
(e–f) where agents become stuck, and collision (g–h) where insufficient coordination causes
safety violations.

Our MCTS-Level-k framework (top row) demonstrates robust coordination despite the

complexity. At t = 2s, turning agents begin lateral adjustments anticipating their man-

euvers. By t = 4s, clear passing sequences emerge with A5–A6 proceeding while A1–A2

decelerate to 0.3m/s. By t = 6s, left-turning agents complete their 90◦ maneuvers while

straight-going agents maintain their lanes.

Vanilla MCTS (bottom row) exhibits two distinct failure modes: At t = 4s, our framework

demonstrates coordinated yielding behaviour: agents A1 and A5 decelerate to 0.3m/s,

while A3, A4, A2, A7, and A8 moderate their speeds to 1.2, 1.5, 3.0, 4.2, and 3.1m/s

respectively, collectively creating space for agent A6 to proceed at 5.7m/s. This asymmet-

ric yet stable speed profile reflects successful implicit priority negotiation through Level-k

reasoning.

Vanilla MCTS (bottom row) exhibits two distinct failure modes:
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• Deadlock (Figures 4.7e–4.7f): Six of eight agents become effectively stalled: A1, A2,

A3, A4, and A8 crawl at 0.3, 0.8, 0.3, 0.3, and 0.3m/s respectively, while A6 comes

to a complete stop at 0.0m/s. Only A5 and A7 maintain meaningful progress at 2.8

and 6.4m/s. This near-global deadlock demonstrates vanilla MCTS’s fundamental

inability to break eight-way symmetry without explicit opponent modelling.

• Collision (Figures 4.7g–4.7h): Insufficient coordination leads to safety violations

when turning and straight-going agents occupy the same space.

The heterogeneous trajectories increase coordination complexity compared to Case 1, yet

our method achieves 0% collision rate while vanilla MCTS shows 21.6% failure rate.

4.5.3.2 Temporal Dynamics

Figure 4.8 reveals the increased complexity of heterogeneous maneuver coordination.

The velocity profiles (Figure 4.8a) display distinct patterns between agent types. Left-

turning agents (A1, A3, A5, A7) exhibit pronounced deceleration valleys reaching 2.0–

2.5m/s during t = 3–4s to execute their 90◦ turns safely, followed by acceleration to

6–7m/s. Straight-going agents (A2, A4, A6, A8) maintain milder speed variations around

4–5m/s. The wider confidence bands compared to Case 1 reflect increased uncertainty in

mixed-maneuver scenarios.

The control heatmap (Figure 4.8b) captures sophisticated coordination. Turning agents

show concentrated deceleration bursts (dark purple, −3 to −5m/s2) during t = 2–4s

corresponding to turn execution. Notably, temporal sequencing emerges: A5–A7 decelerate

earlier than A1–A3, creating natural separation. The increased control variation (18% of

actions exceed 3m/s2 versus 12% in Case 1) reflects additional complexity, yet the absence

of extreme inputs (< 5% exceed 4m/s2) confirms smooth anticipatory planning.
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(a) Velocity profiles over time

(b) Control input heatmap: upper row per agent shows acceleration (m/s2), lower row shows
yaw rate (rad/s)

Figure 4.8: Temporal dynamics analysis for Case 2. (a) Velocity profiles showing distinct
patterns between turning (A1, A3, A5, A7) and straight-going (A2, A4, A6, A8) agents.
(b) Control heatmap revealing coordinated deceleration bursts during turn execution.

4.5.3.3 Statistical Analysis

Figure 4.9 quantifies performance in the heterogeneous maneuver scenario.

Trajectory deviation (Figure 4.9a): Mean deviations increase across all methods compared

to Case 1, reflecting the inherent complexity of mixed trajectories. Our method maintains

the lowest deviation at 0.191m, achieving 28% improvement over vanilla MCTS (0.266m)

and 52% over Stackelberg (0.423m).
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(a)

(a) Mean trajectory deviation

(b)

(b) Trajectory deviation

(c) Minimum inter-agent distance distribution

Figure 4.9: Statistical analysis for Case 2. (a) Mean trajectory deviation increases across
all methods due to turning maneuvers. (b) Temporal evolution showing peaks during the
critical turning phase. (c) Minimum distance distribution revealing heightened collision
risk in mixed scenarios.

Temporal evolution (Figure 4.9b): Pronounced peaks during the critical turning phase (t =

3–5s) distinguish methods. Nash and Stackelberg exhibit sharp spikes reaching 1.0–1.2m,

indicating coordination breakdown during simultaneous turns. Our method maintains

deviation below 0.4m with tight confidence bands.

Safety analysis (Figure 4.9c): The minimum distance distribution reveals heightened col-

lision risk. Stackelberg and Nash show 27.5% and 18.8% violation rates with critical

near-misses at 0.1–1.0m separation.Although not perfect, our method achieves only 3.6%

near-miss rate (minimum distance below dsafe = 3m without actual collision)—a 77%

reduction compared to vanilla MCTS (15.9%). Critically, zero physical collisions occur

across all trials. The slight degradation from Case 1 reflects fundamental geometric con-

straints of turning vehicles rather than algorithmic limitations.
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Table 4.4: Performance Comparison in Case 2: Eight-Agent Mixed Maneuver Intersection

Method Collision Arrival Travel Computation Max.
Rate (%) Rate (%) Time (s) Time (ms) Iters

Stackelberg 47.5 34.7±26.3 14.3±2.3 72.2±21.1 1000
Nash 35.0±16.8 53.1±17.2 13.8±2.2 89.2±22.5 1000
Vanilla MCTS 22.5±7.7 65.1±10.6 13.2±2.4 117.2±23.2 1000
Ours 0.0 95.3±4.1 9.8±1.8 61.4±12.8 300

4.5.3.4 Quantitative Results

Table 4.4 confirms robustness in handling heterogeneous maneuvers. Despite increased

complexity, our method maintains comprehensive superiority:

Safety: Zero collision rate versus 22.5% (vanilla MCTS), 35.0% (Nash), and 47.5% (Stack-

elberg). The Stackelberg approach suffers most severely as its leader-follower hierarchy

cannot accommodate the symmetric geometry.

Efficiency: Arrival rate of 95.3% with 46% improvement over vanilla MCTS (65.1%).

Travel time of 9.8s maintains efficiency despite the additional complexity of coordinating

turning maneuvers.

Computational cost: Planning time of 61.4ms achieves 48% reduction compared to vanilla

MCTS (117.2ms). The modest increase from Case 1 (55.3ms) reflects additional complex-

ity of heterogeneous trajectory predictions, yet performance remains well within real-time

constraints.

4.5.4 Computational Efficiency Analysis

Naive joint planning over N = 8 agents and horizon H = 9 yields an astronomically large

search space O(|A |NH). We make real-time planning tractable through three practical

mechanisms: (i) Level-k reasoning decomposes the joint problem into sequential single-

agent MCTS subproblems,

CLevel-k =
N

∑
i=1

C
(i,ki)
MCTS, ki ∈ {1,2}; (4.21)
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(ii) safety-aware pruning filters ∼70% infeasible actions, reducing the effective branching

factor to beff ≈ 4.5; and (iii) trajectory caching reuses deterministic rollouts with a 35%

hit rate. Together, these yield sub-100ms per-step planning in our implementation, based

on empirical observations rather than worst-case guarantees.

Table 4.5: Computational Complexity Comparison

Method Complexity Formula Operations
Joint Optimization 158×9 ≈ 1085

Game-Theoretic Nash O(1572 · INash) > 1087

Level-k (Exhaustive) 8×159 ≈ 3.1×1011

Level-k + MCTS 8×300×15×9 ≈ 3.2×105

Level-k + MCTS + Pruning 8×300×4.5×9 ≈ 9.7×104

Level-k + Full Optimization (1−ρ)×9.7×104 ≈ 6.3×104

Table 4.5 summarises the complexity reduction across methods. The proposed framework

reduces the effective search space by over 80 orders of magnitude compared to naive joint

optimisation, and by six orders of magnitude compared to exhaustive Level-k enumeration.

The sub-100ms per-step planning time confirms real-time implementability, satisfying the

computational requirements of online intersection coordination.

4.6 Chapter Summary
This chapter addressed the fundamental scalability limitations of vanilla MCTS identified

in Chapter 3, developing the MCTS-Level-k framework that achieves tractable multi-agent

coordination through principled decomposition.

4.6.1 Key Contributions

The chapter introduced two complementary mechanisms enabling scalable coordination:

Dynamic Interaction Graph (Section 4.2): Spatial filtering identifies geometrically relevant

agents through trajectory conflict prediction, reducing the effective opponent count from

N − 1 to approximately 3–4 agents in eight-agent scenarios. This filtering mechanism

exploits the structure of intersection coordination where only agents with intersecting

trajectories pose genuine collision risks.
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Level-k Cognitive Hierarchy (Section 4.3): Strategic filtering decomposes multi-agent reas-

oning into sequential single-agent optimizations. The key innovation reformulates Level-0

from a naive behavioral model to a conservative safety initialization procedure, ensuring

safety margins propagate through the hierarchy via the cascading safety property (Equa-

tion (4.14)).

Integrated MCTS-Level-k Algorithm (Section 4.4): The combined framework achieves:

• Complexity reduction from O(|A |N·H) joint enumeration to O(K · |Asafe| ·H · |N
(ki)

i |)

selective search—a reduction of 21 orders of magnitude for eight-agent scenarios

• Safety-aware pruning reducing effective branching factor from |A |= 15 to |Asafe| ≈

4–5 actions

• Overall computational scaling enabling sub-100ms planning in eight-agent scenarios

4.6.2 Experimental Validation

Comprehensive experiments on two challenging eight-agent scenarios validated the frame-

work’s effectiveness:

Case 1 (All-Straight): Our method achieved 0% collision rate versus 15.7%–34.3% for

baselines, 97.6% arrival rate versus 47.1%–79.7%, and 44% computation time reduction

while using only 30% of baseline iterations.

Case 2 (Mixed Maneuvers): Despite increased complexity from heterogeneous left-turn

and straight trajectories, our method maintained 0% collision rate versus 21.6%–47.8%

for baselines, with 95.3% arrival rate and 48% computation time reduction.

These results demonstrate that the MCTS-Level-k framework successfully resolves the

scalability challenge: eight-agent scenarios that caused vanilla MCTS to fail with > 15%

collision rates are solved with zero collisions and real-time computational performance.
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4.6.3 Limitations and Future Extensions

While the framework demonstrates strong performance for homogeneous autonomous

vehicle coordination, real-world deployment requires handling mixed traffic scenarios in-

volving human-driven vehicles. Human drivers exhibit diverse behaviors, uncertain inten-

tions, and bounded rationality that differ qualitatively from programmed autonomous

decision-making in multi-agent environments.

Chapter 5 addresses this challenge by extending the framework to incorporate:

• Probabilistic human behavior models capturing driving style diversity

• Uncertainty quantification mechanisms for prediction confidence

• Adaptive safety assessment responding to interaction-specific risks

These extensions transform the MCTS-Level-k framework from a homogeneous coordina-

tion system into a comprehensive mixed traffic solution capable of safe, efficient interaction

with unpredictable human drivers.
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Chapter 5

Mixed Traffic Coordination with
Human-Driven Vehicles

Chapters 3 and 4 established effective coordination frameworks for homogeneous autonom-

ous vehicle populations, demonstrating zero collision rates and real-time performance in

challenging eight-agent scenarios. However, real-world deployment requires autonomous

vehicles to navigate mixed traffic environments where HDVs exhibit diverse behaviors, un-

certain intentions, and bounded rationality that differ fundamentally from the predictable

responses of autonomous vehicles.

This chapter extends the MCTS-Level-k framework to heterogeneous mixed traffic by

introducing three key components: 1) a style-aware human behavior model capturing

driving personality diversity, 2) an uncertainty quantification mechanism providing pre-

diction confidence bounds, and 3) an adaptive safety assessment framework responding to

interaction-specific risks. The extended framework maintains the computational efficiency

and safety guarantees established in previous chapters while accommodating the inherent

unpredictability of human drivers.

We evaluate the mixed traffic framework through simulation-based studies with AV pen-

etration rates ranging from 20% to 100%. The results demonstrate consistent safety and

coordination performance across varying levels of autonomy adoption within the evalu-

ated scenarios. In particular, no collisions are observed in the 50% penetration scenarios,

where four AVs interact with four HDVs exhibiting diverse driving styles. These results

are obtained under simplified modeling assumptions including perfect state observability,

IDM-based HDV behavior modeling, and a symmetric intersection geometry, which are

commonly adopted in multi-agent planning studies.
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5.1 Challenges of Mixed Traffic Coordination
The transition from homogeneous AV coordination to mixed traffic introduces funda-

mental challenges absent in the previous chapters.

5.1.1 Behavioral Uncertainty

Human drivers exhibit moment-to-moment variability due to perceptual limitations, at-

tention fluctuations, and context-dependent decision-making. Unlike autonomous vehicles

following deterministic policies, HDV behaviors cannot be predicted with certainty even

given complete state observations. This uncertainty compounds over prediction horizons:

small initial prediction errors accumulate through vehicle dynamics, yielding large posi-

tional uncertainty at substantial time scales.

5.1.2 Driving Style Diversity

Human drivers span a spectrum from conservative to aggressive behaviors, characterized

by different acceleration preferences, following distances, and gap acceptance thresholds.

A coordination strategy effective for conservative drivers may fail catastrophically when

encountering aggressive behaviors, and vice versa. The framework must adapt to this

diversity without prior knowledge of individual driver types.

5.1.3 Asymmetric Interaction Dynamics

In homogeneous AV scenarios, all agents employ compatible coordination protocols en-

abling implicit negotiation through Level-k reasoning. Mixed traffic breaks this symmetry:

AVs can anticipate HDV behaviors through prediction models, but HDVs do not neces-

sarily respond optimally to AV actions. This asymmetry requires AVs to adopt more

conservative strategies when interacting with human drivers compared to interactions

with other AVs.

These challenges motivate the specific human-centric modeling and algorithmic extensions

developed in the subsequent sections of this chapter.
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5.2 Human Driver Behavior Modeling
Effective coordination with human drivers requires predictive models capturing both the

nominal trajectory evolution and the behavioral diversity across driver populations. We

adopt a physics-based foundation through the Intelligent Driver Model (IDM) extended

with style-aware parameters and probabilistic uncertainty quantification.

5.2.1 Intelligent Driver Model

While more expressive data-driven models exist for HDV prediction, the IDM is adopted

here as an interpretable and computationally efficient baseline sufficient for evaluating

the proposed multi-agent coordination framework. The primary focus of this work is the

coordination algorithm rather than HDV behavioral fidelity.

The IDM provides a validated baseline for longitudinal human driving behavior, describing

acceleration decisions through a continuous differential equation [126]:

v̇h = amax

[
1−
(

vh

v0

)δ
−
(

s∗(vh,∆vh)

sh

)2
]
, (5.1)

where vh denotes the current velocity of human driver h, v0 is the desired velocity, sh is

the gap to the preceding vehicle, amax is the maximum acceleration, δ is the acceleration

exponent (typically δ = 4), and s∗(vh,∆vh) is the desired gap function [126]:

s∗(vh,∆vh) = djam + vhThw +
vh∆vh

2
√

amaxb
, (5.2)

where djam is the minimum gap at standstill, Thw is the desired time headway, ∆vh is the

velocity difference relative to the preceding vehicle, and b is the comfortable deceleration.

The first term (vh/v0)
δ in Equation (5.1) represents free-road acceleration toward desired

velocity, while the second term (s∗/sh)
2 captures car-following interaction through the

ratio of desired to actual gap.
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5.2.2 Yaw-Rate Extension for Turning Maneuvers

While the IDM describes the longitudinal acceleration of a human-driven vehicle, inter-

section turning maneuvers also require heading evolution. To model this, we couple the

IDM longitudinal dynamics with the reference-path curvature in the Frenet frame. For a

human driver h following reference path Γh, the yaw rate is computed as:

ωh(t) = κh(sh(t))vh(t), (5.3)

where κh(sh) is the curvature of the reference path at arc length sh, and vh(t) is the

longitudinal velocity generated by the style-aware IDM. The heading angle is then updated

as:

θ t+1
h = θ t

h +ω t
h∆t. (5.4)

This formulation assumes that human drivers approximately follow their intended refer-

ence path, while their longitudinal progress is governed by the IDM. Straight movements

correspond to κh(sh)≈ 0, yielding near-zero yaw rate, whereas left- and right-turning man-

euvers produce non-zero yaw rates according to the local path curvature. In summary, the

IDM determines how fast the HDV progresses along the path, while the reference-path

curvature determines how its heading changes during turning maneuvers.

To account for driving style aggressiveness in turning behaviour, the yaw rate is optionally

modulated by:

ωh(t;ηh) = κh(sh(t))vh(t)(1+αωηh) , (5.5)

where (1 + αωηh) captures the tendency of more aggressive drivers to execute turns

with higher angular rates. This factor is bounded to ensure physically feasible yaw rates

throughout all maneuvers.

The yaw-rate extension integrates naturally with the probabilistic prediction framework in

Section 5.3. Specifically, turning uncertainty is reflected in the heading variance σθθ (ηh)

and the lateral-heading correlation term σyθ (τ,ηh) in the covariance matrix Σh (Equa-

tion (5.8)). Thus, the probabilistic HDV prediction accounts for both longitudinal uncer-

tainty from IDM acceleration and lateral and yaw uncertainty during turning maneuvers.
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5.2.3 Style-Aware Parameter Adaptation

Human driving behaviors span a spectrum characterized by the style parameter ηh ∈

[0,1], where values near zero indicate conservative driving and values near one indicate

aggressive driving. This parameter modulates key IDM parameters [82]:

amax(ηh) = abase
max (1+αaηh), (5.6a)

Thw(ηh) = T base
hw (1−αT ηh), (5.6b)

djam(ηh) = dbase
jam (1−αdηh), (5.6c)

where (abase
max ,T

base
hw ,dbase

jam ) are baseline parameters calibrated from the Next Generation

Simulation (NGSIM) naturalistic driving datasets [124], and (αa,αT ,αd) are scaling

factors controlling style-induced variations. Based on calibration against NGSIM driving

data [124], we adopt (αa,αT ,αd) = (0.5, 0.4, 0.3). These values produce behaviorally

plausible ranges: aggressive drivers (ηh = 1) exhibit 50% higher maximum acceleration,

40% shorter time headway, and 30% smaller standstill gap compared to the conservative

baseline (ηh = 0).

Figure 5.1: Driving style classification via the parameter ηh. Conservative drivers (ηh <
0.3) prioritize safety with larger following distances; moderate drivers (0.3 ≤ ηh ≤ 0.7)
balance safety and efficiency; aggressive drivers (ηh > 0.7) prioritize efficiency with shorter
headways and higher accelerations.
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Figure 5.1 illustrates the driving style classification. Equation (5.6a) captures that ag-

gressive drivers employ higher maximum accelerations, Equation (5.6b) reflects their ac-

ceptance of shorter time headways, and Equation (5.6c) represents reduced standstill gap

requirements. These adaptations enable the model to span behaviorally plausible ranges

from cautious to assertive driving.

5.2.4 Probabilistic Trajectory Prediction

The deterministic IDM provides only the nominal trajectory; actual human behavior exhib-

its stochastic variations. We embed the style-aware IDM within a probabilistic prediction

framework to capture driver uncertainty:

P(ŝt+τ
h | st

h,ηh) = N
(

fIDM(st
h,ηh,τ),Σh(τ,ηh)

)
, (5.7)

where ŝt+τ
h denotes the predicted state at future time τ , N (µ,Σ) denotes the multivariate

normal distribution with mean µ and covariance matrix Σ, fIDM(st
h,ηh,τ) is the nominal

trajectory computed via style-aware IDM integration from current state st
h, and Σh(τ,ηh)

is a time-varying covariance matrix capturing prediction uncertainty that grows with

horizon τ and depends on driving style ηh. This formulation adopts a tractable Gaus-

sian approximation of human behavior uncertainty, enabling efficient integration into the

planning framework. The Gaussian mean provides point predictions for nominal traject-

ory generation, while the covariance Σh captures uncertainty and is incorporated through

uncertainty-aware safety margin adjustment.

Rather than explicitly sampling trajectories during planning, this approach accounts for

prediction uncertainty in a computationally efficient manner, maintaining real-time per-

formance. Overall, it achieves a practical balance between modeling fidelity and com-

putational tractability, which is critical for online multi-agent planning in mixed traffic

scenarios.



124

5.3 Uncertainty Quantification
The covariance matrix Σh(τ,ηh) in Equation (5.7) encodes how prediction uncertainty

evolves over time and varies with driving style. The structure reflects physical intuition

about vehicle dynamics and human control characteristics.

5.3.1 Covariance Structure

The covariance matrix takes a block structure coupling related state dimensions:

Σh(τ,ηh) =


σxx(τ,ηh) 0 σxv(τ,ηh) 0

0 σyy(τ,ηh) 0 σyθ (τ,ηh)

σxv(τ,ηh) 0 σvv(ηh) 0

0 σyθ (τ,ηh) 0 σθθ (ηh)


, (5.8)

where σvv(ηh)=σ2
v (ηh) and σθθ (ηh)=σ2

θ (ηh) denote the time-invariant velocity and head-

ing angle variances defined in Equation (5.11), diagonal terms capture variance in each

state dimension, and off-diagonal terms capture correlations between coupled variables.

The zero entries reflect modeling assumptions that cross-correlations between unrelated

dimensions (e.g., lateral position and longitudinal velocity) are negligible.

5.3.2 Temporal Growth of Position Uncertainty

Position uncertainties grow with prediction horizon reflecting accumulated velocity errors:

σxx(τ,ηh) = σ2
x (ηh)τ + ε2

x (ηh)τ2, (5.9a)

σyy(τ,ηh) = σ2
y (ηh)τ + ε2

y (ηh)τ2, (5.9b)

where σ2
x (ηh) and σ2

y (ηh) represent linear growth rates due to instantaneous velocity

variability, and ε2
x (ηh) and ε2

y (ηh) represent quadratic growth rates due to accumulated

acceleration uncertainty. The quadratic term dominates at longer horizons, reflecting that

small acceleration errors compound over time.
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Figure 5.2: Evolution of prediction uncertainty over the planning horizon. Position uncer-
tainty (ellipses) grows quadratically with time due to accumulated velocity errors, while
velocity uncertainty remains bounded. The uncertainty magnitude scales with driving
style aggressiveness ηh.

Figure 5.2 visualizes this uncertainty growth. Position uncertainty ellipses expand over

time, with faster growth for aggressive drivers who exhibit higher behavioral variability.

Importantly, the reachable space of human drivers remains physically finite for two reasons.

First, vehicle longitudinal velocity is bounded by kinematic constraints vh ∈ [0,vmax], which

naturally limits how far a driver can travel within any finite horizon. Second, to prevent

the Gaussian uncertainty ellipses from growing unboundedly at long horizons — which

would be physically implausible given the velocity bound — the position variance growth

is saturated via a smooth tanh(·) function:

σ sat
xx (τ,ηh) = σ2

max(ηh) · tanh
(

σxx(τ,ηh)

σ2
max(ηh)

)
, (5.10)

where σ2
max(ηh) = (vmax · τmax)

2 is the maximum physically reachable positional variance

derived from the velocity bound, and the same saturation applies to σyy. The tanh(·)

function acts as a smooth upper bound: for small τ it behaves linearly (recovering the

quadratic growth in Equation (5.9)), while asymptotically saturating at σ2
max for large

τ . This ensures the uncertainty ellipses remain within the physically reachable space

throughout the prediction horizon.
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5.3.3 Style-Dependent Uncertainty Scaling

The base uncertainty parameters scale with driving style to capture the empirical obser-

vation that aggressive drivers exhibit higher behavioral variability:

σx(ηh) = σbase
x (1+βxηh), (5.11a)

σy(ηh) = σbase
y (1+βyηh), (5.11b)

σv(ηh) = σbase
v (1+βvηh), (5.11c)

σθ (ηh) = σbase
θ (1+βθ ηh), (5.11d)

where (σbase
x ,σbase

y ,σbase
v ,σbase

θ ) are baseline uncertainty parameters derived from the

same NGSIM datasets, and (βx,βy,βv,βθ ) are scaling coefficients. Based on variance ana-

lysis of the NGSIM dataset [124], we adopt (βx,βy,βv,βθ ) = (0.2, 0.3, 0.4, 0.5), reflecting

that heading and velocity uncertainty are more sensitive to driving style than positional

uncertainty. Conservative drivers (ηh ≈ 0) exhibit near-baseline uncertainty, while ag-

gressive drivers (ηh ≈ 1) show amplified variability scaled by the corresponding (1+β·)

factors.

5.3.4 Correlation Structure

The off-diagonal covariance terms capture physical couplings in vehicle motion:

σxv(τ,ηh) = ρxvσx(ηh)σv(ηh)τ, (5.12a)

σyθ (τ,ηh) = ρyθ σy(ηh)σθ (ηh)τ, (5.12b)

where ρxv ∈ [−1,1] is the correlation coefficient between longitudinal position and velocity,

and ρyθ ∈ [−1,1] is the correlation between lateral position and heading angle.

The correlation ρxv captures that velocity directly influences longitudinal position evolu-

tion: higher velocities accumulate position errors more rapidly. The correlation ρyθ cap-

tures that heading determines lateral movement direction, particularly significant during

turning maneuvers. Based on validation against NGSIM naturalistic driving data [127],

we adopt ρxv = ρyθ = 0.3, reflecting moderate positive coupling consistent with vehicle
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dynamics principles. Note that the positive semi-definiteness of Σh(τ,ηh) is preserved for

all τ > 0 and ηh ∈ [0,1]: the diagonal position variances grow quadratically with τ (Equa-

tion (5.9)) while the off-diagonal terms grow only linearly (Equation (5.12)), ensuring that

the Schur complement conditions remain satisfied throughout the prediction horizon.

Figure 5.3: Sensitivity analysis of correlation parameters on collision probability in in-
tersection turning scenarios. The results show that moderate positive correlation (e.g.,
ρxv ≈ 0.3) aligns best with empirical observations, highlighting the importance of prop-
erly modeling coupled state uncertainties.

Figure 5.3 presents sensitivity analysis validating the correlation parameter choices

through comparison with empirical collision statistics. Plot (a) reveals that all three

driving style groups (conservative, moderate, and aggressive) exhibit a consistent valley

in collision probability around ρxv ∈ [0.2,0.4], highlighted by the red optimal region.

Negative correlations (ρxv < 0) systematically underestimate collision risk by assuming

that high velocities reduce positional uncertainty, which is physically implausible. Strong

positive correlations (ρxv > 0.5) overestimate uncertainty growth, producing overly con-

servative predictions that unnecessarily inflate collision probabilities. The selected value

ρxv = 0.3 sits at the bottom of the valley across all three driver styles, confirming its

robustness to driving style variation.

Plot (b) extends the analysis to the joint (ρxv,ρyθ ) parameter space. The contour map

shows a well-defined global minimum in collision probability centred around (ρxv,ρyθ )≈

(0.3,0.3), with collision probability rising smoothly and symmetrically as either parameter

deviates from this region. The selected value (black dot) lies within the lowest-probability



128

contour band, confirming that ρxv = ρyθ = 0.3 represents a robust and empirically groun-

ded choice. The approximate symmetry of the contour map with respect to both paramet-

ers further validates the design decision to adopt equal correlation values for longitudinal

and lateral coupling.

5.4 Adaptive Safety Assessment
Autonomous vehicles navigating mixed traffic must evaluate safety across three interac-

tion types: vehicle-to-vehicle (V2V) interactions with other AVs, vehicle-to-human (V2H)

interactions with HDVs, and vehicle-to-road (V2R) interactions with infrastructure. Each

interaction type requires tailored assessment mechanisms integrated within a unified safety

framework to ensure collision-free navigation.

5.4.1 Context-Aware Safety Thresholds

Rather than employing fixed safety distances, our framework adapts thresholds based on

interaction characteristics:

dsafe(si,s j) = max{dbase,κv|∆vi j|} ·
3

∏
m=1

γm(si,s j), (5.13)

where dbase establishes a minimum baseline distance, κv is a velocity-dependent scaling

factor, ∆vi j = vi− v j represents relative velocity between agents i and j, and {γm}3
m=1 are

adjustment factors responding to specific interaction characteristics.

The adjustment factors incorporate three contextual dimensions:

γ1(si,s j) = 1+λ1
|∆vi j|
vref

, (5.14a)

γ2(si,s j) = 1+λ2
|∆θi j|

π
, (5.14b)

γ3(si,s j) = 1+⊮Ωint(si,s j), (5.14c)

where λ1 and λ2 are tuning parameters, vref is a reference velocity for normalization,

∆θi j = θi−θ j is the heading angle difference, and ⊮Ωint indicates whether both vehicles

occupy the intersection area Ωint.
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Equation (5.14a) increases safety margins when relative speeds are high, reflecting longer

stopping distances required at higher velocities. Equation (5.14b) increases margins when

vehicles approach from conflicting directions, capturing the heightened risk of perpendic-

ular crossings compared to parallel motion. Equation (5.14c) further increases margins

within the intersection where conflict density is highest.

5.4.2 Instantaneous and Temporal Risk Assessment

Safety assessment combines instantaneous proximity evaluation with predictive risk over

a future horizon. The instantaneous risk quantifies immediate collision danger:

rinst(si,s j) = exp
(
−

di j

dsafe(si,s j)

)
·
(

1+ζv
|∆vi j|
vmax

)
, (5.15)

where di j is the minimum distance between vehicles computed via the Separating Axis

Theorem from Equation (3.8), dsafe(si,s j) is the context-aware threshold from Eq. (5.13)

with dbase = 2.0m, and ζv = 0.5 scales velocity-dependent risk amplification. The exponen-

tial term captures rapidly rising risk as spacing approaches the adaptive safety threshold,

as illustrated in Figure 5.4(a).

The temporal risk evaluates predicted proximity over horizon Tp:

rtemp(si,s j) =
1
Tp

Tp

∑
l=1

1
1+ l

·ϕ(dl
i j,d

l
safe), (5.16)

where the time-weighted average prioritizes near-term risks through the discount factor

1/(1+ l), and the threshold violation function is:

ϕ(d,dsafe) =


0, d ≥ dsafe,(

1− d
dsafe

)2
, d < dsafe.

(5.17)
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5.4.3 V2H Collision Probability

For interactions with human drivers, uncertainty in HDV behavior predictions necessit-

ates probabilistic collision assessment. The collision probability integrates over unsafe

configurations under the Gaussian prediction model:

Pcol(si,sh) =
∫

ŝh

⊮[d(si, ŝh)< dsafe] ·N (ŝh; µh,Σh)dŝh, (5.18)

where ⊮[·] is the indicator function identifying configurations where predicted AV state si

and HDV state ŝh violate the safety threshold, and N (ŝh; µh,Σh) is the Gaussian prediction

distribution from Equation (5.7). Direct evaluation of the integral in Equation (5.18) is

intractable due to the irregular collision region defined by vehicle geometries. We therefore

approximate Pcol via Monte Carlo estimation with Nmc samples drawn from the Gaussian

prediction distribution:

P̂col(si,sh) =
1

Nmc

Nmc

∑
q=1

⊮
[
d
(

si, ŝ(n)h

)
< dsafe

]
, ŝ(q)h ∼N (µh,Σh). (5.19)

The estimation error is bounded by O(1/
√

Nmc) independent of state dimensionality. In

our simulations, we set Nmc = 100, yielding an estimation error bound of O(0.1), which

provides sufficient accuracy for real-time collision probability assessment while maintain-

ing computational efficiency.

5.4.4 Unified V2H Risk Metric

The comprehensive V2H risk assessment combines instantaneous, temporal, and probab-

ilistic components to capture the multifaceted nature of human uncertainty:

RV2H(si,sh) = winstrinst(si, ŝh)+wtemprtemp(si,sh)+wcolPcol(si,sh), (5.20)

where (winst,wtemp,wcol) are weights balancing proximity, predicted future risk, and colli-

sion probability. The first two terms evaluate risk relative to mean trajectories, while the

third term captures tail risks from behavioral uncertainty.
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(a) Distance-based risk function (b) Mixed traffic interaction scenario

Figure 5.4: V2H safety risk assessment. (a) Instantaneous risk function rinst (Eq. (5.15)) as
a function of inter-vehicle distance di j for representative relative velocities, with dsafe = 3m
and ζv = 0.5.

(b) Intersection scenario illustrating simultaneous V2V, V2H, and V2R interactions
requiring unified safety assessment.

This unified metric enters the MCTS cost function during rollout evaluation, enabling

the planner to balance V2H safety against efficiency objectives through the established

multi-objective framework from Equation (3.11).

5.5 Algorithm Adaptation for Mixed Traffic
The MCTS-Level-k framework established in Chapter 4 requires targeted adaptations to

handle mixed traffic scenarios involving human-driven vehicles. These adaptations pre-

serve the computational efficiency and safety guarantees of the original framework while

accommodating the inherent unpredictability of human drivers through probabilistic reas-

oning and adaptive safety mechanisms.
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5.5.1 Mean-Based Probabilistic Rollout

When the filtered interaction set N
(ki)

i contains human-driven vehicles, rollout simulations

must account for behavioral uncertainty. While the Gaussian model from Equation (5.7)

characterizes human futures, sampling during rollouts would introduce prohibitive vari-

ance. Instead, our implementation employs mean-based probabilistic rollouts that balance

computational efficiency with uncertainty-aware planning.

During rollout step k, the predicted HDV state is obtained from the deterministic IDM

trajectory computed at the start of the planning horizon:

ŝk
h = fIDM(s0

h,ηh,k ·∆t), (5.21)

where fIDM(·) denotes forward integration of the style-aware IDM from Equations (5.1)–

(5.6), s0
h is the current observed HDV state, ηh is the estimated driving style parameter,

and k ·∆t represents the prediction horizon to step k. Note that while fIDM(·) governs only

longitudinal acceleration, heading evolution during turning maneuvers is handled by the

yaw-rate extension introduced in Section 5.2, where the reference-path curvature κh(sh)

determines the heading rate ωh(t) = κh(sh(t))vh(t) independently of the IDM longitudinal

dynamics.

The uncertainty covariance Σh(k ·∆t,ηh) from Equation (5.8) influences planning indirectly

through modified safety cost evaluation. Rather than using the fixed safety threshold from

homogeneous scenarios, the rollout employs an uncertainty-adjusted threshold:

dadj
safe(k,ηh) = dsafe(si, ŝh)+κσ

√
tr(Σh(k ·∆t,ηh)), (5.22)

where dsafe(si, ŝh) is the context-aware threshold from Equation (5.13), κσ is a confidence

level parameter (typically κσ = 2 for approximately 95% confidence), and tr(Σh) denotes

the trace of the covariance matrix providing a scalar measure of total prediction uncer-

tainty across all state dimensions.
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This adjustment ensures that the ego vehicle maintains larger margins around human

drivers when prediction confidence is low, providing robustness to behavioral deviations.

The safety cost component from Equation (3.12) is modified:

cV2H
s (si, ŝh) = exp

(
−

d2
ih

2(dadj
safe)

2

)
, (5.23)

where dih is the minimum distance between the AV and predicted HDV position. The

exponential form ensures costs rise sharply as spacing approaches the uncertainty-adjusted

threshold, providing strong gradient signals that guide trajectories away from potentially

hazardous configurations.

5.5.2 Driving Style Estimation

Effective adaptation to human drivers requires online estimation of their driving style

parameter ηh. We employ a Bayesian filtering approach that updates style estimates

based on observed behaviors:

P(ηh | O1:t
h ) ∝ P(Ot

h | ηh) ·P(ηh | O1:t−1
h ), (5.24)

where O1:t
h = {o1

h, . . . ,o
t
h} denotes the sequence of observed HDV states up to time t, and

P(Ot
h | ηh) is the likelihood of observing the current behavior given driving style ηh.

The likelihood function compares observed accelerations and headway choices against

style-dependent IDM predictions:

P(Ot
h | ηh) = N

(
aobs

h ; v̇IDM
h (ηh),σ2

a (ηh)
)
, (5.25)

where aobs
h is the observed acceleration derived from consecutive state observations,

v̇IDM
h (ηh) is the predicted acceleration from the style-aware IDM in Equation (5.1) with

parameters from Equations (5.6), and σ2
a (ηh) is the acceleration variance that scales with

driving style aggressiveness.
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In practice, we maintain a discrete approximation of the posterior distribution over ηh ∈

{0.1,0.3,0.5,0.7,0.9} corresponding to conservative, moderately conservative, moderate,

moderately aggressive, and aggressive driving styles. The maximum a posteriori estimate

η̂h = argmaxηh P(ηh |O1:t
h ) is used for trajectory prediction in subsequent planning cycles.

The maximum a posteriori estimate η̂h = argmaxηh P(ηh | O1:t
h ) is used for trajectory pre-

diction in subsequent planning cycles.

The Bayesian filtering approach employed here follows standard probabilistic inference

frameworks that have been extensively studied in driver behavior modeling and intention

inference [128,129]. In our implementation, the filter operates on a discretized style space

ηh ∈ {0.1,0.3,0.5,0.7,0.9}, enabling stable and computationally efficient online estima-

tion from low-dimensional observations such as acceleration and headway under Gaussian

likelihood assumptions (cf. Eq. (5.25)). While a dedicated standalone evaluation of style

estimation accuracy is beyond the scope of this work, the effectiveness of the filter is

assessed in a task-oriented manner through its impact on downstream coordination per-

formance. In particular, more accurate style inference leads to tighter uncertainty quan-

tification and more appropriate adaptive safety margins, which are reflected in improved

multi-agent interaction outcomes in the presented simulations. A systematic quantitative

validation against ground-truth driver profiles is identified as an important direction for

future work.

5.5.3 Modified Level-k Hierarchy for Mixed Traffic

The Level-k cognitive hierarchy extends naturally to mixed traffic by differentiating

between AV and HDV opponent modeling. For autonomous vehicle opponents, the

standard Level-k predictions from Chapter 4 apply: Level-1 AVs are predicted to follow

Level-0 baselines, and Level-2 AVs are predicted to employ Level-1 strategies.

For human-driven vehicle opponents, the Level-k hierarchy is adapted to reflect the fun-

damentally different nature of HDV decision-making:

π̂(k)
j =


fIDM(·, η̂ j), if j ∈H ,

π(k−1)∗
j , if j ∈ A\H ,

(5.26)
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where H denotes the set of human-driven vehicles, A is the complete agent set, fIDM(·, η̂h)

represents the style-aware IDM prediction with estimated driving style as defined in

Eq. (5.21), where the argument (·) denotes the current observed HDV state st
h and pre-

diction horizon k ·∆t, and π(k−1)∗
j is the Level-(k−1) optimal policy for AV opponents.

This formulation reflects that HDVs do not engage in strategic Level-k reasoning—they

follow their own decision-making processes captured by the IDM model rather than re-

sponding optimally to other agents’ strategies. Consequently, AVs model HDVs using

physics-based prediction regardless of the AV’s own reasoning level, while continuing to

employ recursive strategic modeling for AV opponents.

The complete filtered interaction set in mixed traffic becomes:

N
(ki)

i = { j ∈N spatial
i ∩ (A\H ) : k j < ki}︸ ︷︷ ︸

AV opponents

∪{h ∈N spatial
i ∩H }︸ ︷︷ ︸

HDV opponents

, (5.27)

where AV opponents undergo both spatial and strategic filtering as in Chapter 4, while

all spatially relevant HDVs are included regardless of any reasoning level concept since

they do not participate in the cognitive hierarchy.

5.5.4 Adaptive Safety Margin Integration

The adaptive safety threshold mechanism from Equation (5.13) integrates into MCTS

through modified pruning and cost evaluation procedures. During the expansion phase

when constructing the safe action set, collision checks against human-driven vehicles em-

ploy the context-aware threshold rather than a fixed distance:

A mixed
safe (n) =

a ∈Ai :
∧

j∈N (ki)
i

d( f (s(n),a), ŝ j)> dtype
safe (s(n), ŝ j)

 , (5.28)

where dtype
safe denotes the appropriate safety threshold depending on opponent type:

dtype
safe (si,s j) =


dV2V

safe , if j ∈ A\H ,

dadj
safe(si,s j), if j ∈H ,

(5.29)
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where dV2V
safe is the safety threshold for AV-AV interactions from Chapter 4, and dadj

safe is

the adaptive threshold from Equation (5.22) for AV-HDV interactions.

This type-dependent threshold ensures that AVs maintain larger, dynamically adjusted

margins around unpredictable human drivers while employing standard coordination mar-

gins with predictable AV opponents. The asymmetric treatment reflects the fundamental

difference in interaction dynamics: AV-AV interactions benefit from mutual strategic reas-

oning enabling tighter coordination, while AV-HDV interactions require conservative mar-

gins to accommodate human behavioral uncertainty.

5.5.5 Risk-Integrated Reward Function

The reward function for mixed traffic planning incorporates the V2H risk metric from

Equation (5.20) alongside the standard cost components:

rmixed
i (St

i,a
t
i) =−

ci(St
i,a

t
i)+wV2H ∑

h∈N (ki)
i ∩H

RV2H(st
i,s

t
h)

 , (5.30)

where ci(St ,at
i) is the standard multi-objective cost from Equation (3.11), wV2H is the

weight for human interaction risk, and the summation accumulates V2H risk contributions

from all HDVs in the filtered interaction set.

The V2H risk weight wV2H controls the conservatism of AV behavior around human drivers.

Higher values produce more cautious trajectories with larger margins and earlier yielding,

while lower values allow more assertive coordination that may improve efficiency at the

cost of reduced safety margins. Empirical tuning on diverse traffic scenarios establishes

wV2H = 0.3 as providing an effective balance between safety and efficiency in typical mixed

traffic conditions throughout our experiments.
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Algorithm 3: MCTS-Level-k Planning for Mixed Traffic
1: Input: State st

i, observed neighbor states St
i , HDV set H , horizon H, iterations K

2: Output: Optimal action a∗i

3: // Preprocessing: Style Estimation and Prediction

4: for each h ∈H do

5: Update P(ηh | O1:t
h ) via Eq. (5.24); η̂h← argmaxP(ηh | O1:t

h )

6: τ̂h← fIDM(st
h, η̂h,H); Σh← ComputeCovariance(η̂h,H)

7: end for

8: for each j ∈ A\H do

9: τ(0)j ← ConservativeBaseline(st
j); k j← AssignLevel(C j,Cth)

10: end for

11: // Construct Mixed Interaction Set

12: N
(ki)

i ← Equation (5.27)

13: // MCTS Planning with Adaptive Safety

14: Initialize root n0 with s(n0) = st
i

15: for each of K iterations do

16: n← Select(n0) via UCT

17: if d(n)< H and n not fully expanded then

18: nnew← Expand(n, A mixed
safe ) {Eq. (5.28)}

19: end if

20: V ← MixedRollout(n,N (ki)
i ,{Σh})

21: Backpropagate(n,n0,V )

22: end for

23: return argmaxa∈C (n0)Q(n0,a)/N(n0,a)

5.5.6 Complete Mixed Traffic Algorithm

The complete MCTS-Level-k algorithm for mixed traffic is summarized in Algorithm 3.

The algorithm extends Algorithm 2 with driving style estimation, type-dependent oppon-

ent modeling, and adaptive safety mechanisms.
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The algorithm maintains the four-phase structure of the homogeneous framework while in-

corporating mixed traffic adaptations: driving style estimation precedes prediction genera-

tion, type-dependent modeling differentiates AV and HDV opponents, and adaptive safety

mechanisms ensure robust collision avoidance despite human behavioral uncertainty.

5.6 Experimental Validation
This section validates the mixed traffic framework through comprehensive experiments

evaluating performance across varying AV penetration rates, driving style distributions,

and algorithmic configurations. We demonstrate that the proposed approach maintains

safety and efficiency even in challenging scenarios where AVs represent a minority navig-

ating predominantly human-driven traffic.

5.6.1 Experimental Setup

5.6.1.1 Simulation Parameters

Simulation parameters follow the baseline setup in Table 3.2 and the Level-k extensions

in Table 4.2. Mixed-traffic-specific parameters are summarised in Table 5.1.

Table 5.1: Mixed Traffic Specific Parameters

Parameter Symbol Value

AV penetration rates ROP 20%–100%
HDV style distribution ηh ∼ Beta(2,2)
Style discrete space ηh {0.1,0.3,0.5,0.7,0.9}
MC collision samples Nmc 100
Confidence parameter κσ 2.0
V2H risk weight wV2H 0.3
Correlation coefficients ρxv,ρyθ 0.3
PET safety threshold – 2.0s
Number of trials – 40
dbase Baseline safety distance 2.0m
ζv Velocity risk scaling 0.5
Time step ∆t 0.2s
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5.6.1.2 Scenario Configuration

The mixed traffic experiments employ the eight-agent symmetric intersection from

Chapter 4, with agents partitioned into AVs and HDVs according to the specified penet-

ration rate. The AV penetration rate (ROP) varies from 20% to 100%, corresponding to

configurations ranging from two AVs among six HDVs to fully autonomous traffic.

Each HDV is assigned a driving style parameter ηh ∈ [0,1] sampled from a Beta distri-

bution ηh ∼ Beta(α,β ), providing flexible control over population characteristics. Unless

otherwise specified, experiments employ a balanced distribution Beta(2,2) with mean

η̄h = 0.5, producing approximately 25% conservative, 50% moderate, and 25% aggressive

drivers to represent realistic traffic diversity. The impact of alternative style distributions

is examined in the ablation study (Section 5.6.3).

5.6.1.3 Baseline Methods

We compare against three baseline methods from Chapter 4: Stackelberg Game (hier-

archical leader-follower coordination), Nash Equilibrium (simultaneous game-theoretic co-

ordination), and Vanilla MCTS (baseline MCTS without Level-k reasoning or adaptive

safety). Additionally, we evaluate an ablated variant of our framework with short planning

horizon (H = 4) to isolate the contribution of planning depth, alongside the full framework

with H = 9 to verify long-term coordination performance.

5.6.1.4 Evaluation Metrics

Performance is evaluated through six metrics: Collision Rate (%), the percentage of trials

with safety violations; Arrival Rate (%), the percentage of agents successfully clearing the

intersection; Travel Time (s), the total simulation duration reflecting planning efficiency;

Trajectory Deviation (m), the mean distance from reference paths; Post-Encroachment

Time (PET), the temporal separation between conflicting vehicles, where PET < 2 s in-

dicates critically small safety margins; and Computational Efficiency, assessed via the
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theoretical complexity analysis in Table 4.5. As shown in Section 4.5.4, the proposed

framework achieves sub-100ms per-step planning through Level-k decomposition, safety-

aware pruning, and trajectory caching, confirming real-time implementability without

requiring additional runtime experiments.

All experiments are conducted over 40 independent trials with randomized initial con-

ditions, where each agent’s longitudinal starting position is independently perturbed by

U (−0.05,0.05) m along the reference path, and HDV driving styles are randomly assigned

per trial, to assess robustness.

5.6.2 Case 4: Mixed Traffic at 50% Penetration

The primary mixed traffic evaluation employs 50% AV penetration, where four AVs co-

ordinate with four HDVs at the symmetric intersection. This configuration represents a

challenging near-term deployment scenario requiring AVs to navigate substantial human

traffic while maintaining safety and efficiency.

5.6.2.1 Scenario Visualization

Figure 5.5 presents the mixed traffic scenario and performance overview. The scenario

visualization (Figure 5.5a) shows four AVs and four HDVs approaching the intersection

from different directions. HDV driving styles are sampled from the balanced Beta(2,2)

distribution, introducing realistic behavioral diversity.

The velocity profiles (Figure 5.5b) demonstrate our framework’s capability to handle

mixed traffic interactions. Compared to the homogeneous AV scenarios in Chapter 4,

velocity variations show larger fluctuations between 3–5m/s with wider confidence in-

tervals, reflecting increased uncertainty introduced by human drivers. Nevertheless, the

profiles maintain overall smooth transitions without abrupt emergency maneuvers, indic-

ating successful adaptation to HDV behaviors through the style-aware prediction and

adaptive safety mechanisms.
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(a) Mixed traffic scenario

(b) Velocity profiles of AVs

(c) Trajectory deviation comparison

Figure 5.5: Performance analysis in Case 4 (mixed traffic, ROP = 50%). The proposed
method enables adaptive coordination between AVs and HDVs, yielding smoother velocity
regulation and reduced trajectory deviation.

The trajectory deviation comparison (Figure 5.5c) reveals superior performance of our

approach. Our method achieves mean deviation of 0.24m, representing improvements of

51.8% over Nash equilibrium (0.50m) and 62.4% over Stackelberg (0.64m). The reduced

deviation demonstrates that adaptive risk assessment enables confident path execution

even amid unpredictable human behaviors.

5.6.2.2 Control and Safety Analysis

Figure 5.6 presents detailed control and safety analysis. The control input heatmap (Fig-

ure 5.6a) illustrates more diverse and frequent adjustments in AV behaviors compared

to the homogeneous scenarios in Chapter 4. The increased presence of lighter and darker

color patches indicates that AVs make more dynamic adjustments to accommodate the

less predictable movements of human drivers. This adaptive behavior demonstrates the

framework’s capability to balance assertiveness (maintaining progress) and cautiousness

(ensuring safety) when interacting with HDVs.
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(a) Control input heatmap: upper row per agent shows acceleration (m/s2),
lower row shows yaw rate (rad/s)

(b) PET distribution comparison

Figure 5.6: Control and safety analysis in Case 4. (a) Control input heatmap showing more
diverse adjustments compared to homogeneous scenarios, reflecting AV adaptation to
HDV unpredictability. (b) Post-Encroachment Time distributions across methods, where
our approach (H = 9) achieves only 2.8% violations below the 2s safety threshold.

Safety performance through PET distributions (Figure 5.6b) reveals the challenges of

mixed traffic scenarios. Our method with H = 9 maintains the best safety performance

with only 2.8% PET violations (instances where temporal separation falls below the crit-

ical 2-second threshold). The short-horizon variant (H = 4) shows increased violations at

10.1%, confirming that adequate planning depth remains essential for anticipating HDV

behaviors. Baseline methods exhibit significantly higher violation rates: Stackelberg at

44.9% and Nash at 21.7%, reflecting their inability to handle human behavioral uncer-

tainty within their game-theoretic frameworks.
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Compared with the homogeneous scenarios, large positive acceleration and yaw rate val-

ues are no longer observed. This is primarily due to the incorporation of human-driven

vehicles, whose future behaviors are modeled with uncertainty. The uncertainty-aware

safety mechanism enlarges the effective safety margin and penalizes aggressive maneuvers

that may lead to potential conflicts under uncertain predictions. As a result, the AV ad-

opts more conservative and smoother control strategies, avoiding abrupt acceleration or

sharp turning actions. This behavior reflects a shift from aggressive coordination under

predictable AV-AV interactions to risk-aware planning under uncertain AV-HDV interac-

tions.

5.6.2.3 Quantitative Results

Table 5.2: Performance Comparison in Case 4: Mixed Traffic (ROP = 50%)

Method Arrival Rate Collision Rate Travel
(%) (%) Time (s)

Stackelberg 55.0 35.0 16.7±3.0
Nash 60.0 30.0 23.4±2.4
Vanilla MCTS 70.0 17.5 10.0±1.4
Ours (H = 4) 85.0 5.0 10.9±2.2
Ours (H = 9) 95.0 2.5 11.9±2.0

Table 5.2 summarizes quantitative performance in the mixed traffic scenario. Our method

with H = 9 achieves comprehensive superiority:

Safety: Collision rate of 2.5% represents dramatic improvement over Stackelberg (35%),

Nash (30%), and vanilla MCTS (17.5%). The near-zero collision rate despite substantial

human traffic validates the effectiveness of style-aware prediction and adaptive safety

margins in mitigating multi-agent conflicts.

Efficiency: Arrival rate of 95% significantly exceeds all baselines, with 36% improvement

over vanilla MCTS (70%). This efficiency is achieved without compromising safety, demon-

strating that the adaptive framework successfully balances cautious margins around HDVs

with assertive progress when safe.
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While resulting in slightly longer travel time (11.9s) than vanilla MCTS (10.0s), this mod-

est increase (19%) enables dramatic safety improvements. The additional delay stems from

more conservative decision-making under driving style uncertainty, which is essential for

robust coordination in mixed traffic. The short-horizon variant (H = 4) shows intermedi-

ate performance, confirming that planning depth remains critical even with sophisticated

human modeling. Insufficient lookahead prevents anticipation of HDV maneuvers, leading

to reactive rather than proactive coordination in complex multi-agent encounters.

5.6.3 Ablation Study

To validate individual component contributions and assess robustness to parameter vari-

ations, we conduct comprehensive ablation studies examining driving style modeling, ad-

aptive safety thresholds, and performance across penetration rates.

5.6.3.1 Impact of Driving Style Modeling

(a) Driving style distribution impact (b) Dynamic threshold benefit

Figure 5.7: Ablation study results at ROP = 50%. (a) Impact of HDV driving style distri-
butions on PET violations and trajectory deviations. The framework maintains consistent
safety (2.3–3.8% violations) across conservative, balanced, and aggressive populations. (b)
Benefit of dynamic safety thresholds: the full adaptive formulation reduces PET violations
by 67.8% compared to fixed baselines.
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Figure 5.7a evaluates performance under three representative driving style distributions

at 50% AV penetration. The aggressive-dominated scenario presents the highest challenge

with PET violations of 3.8%, compared to 2.8% in balanced and 2.3% in conservative

scenarios. This correlation confirms that aggressive driving styles increase collision risk as

expected from the style parameter scaling in Equations (5.6).

However, the minimal variation in violation rates—only 1.5 percentage points across

drastically different behavioral distributions—validates our framework’s robustness. The

adaptive uncertainty scaling from Equations (5.11) automatically expands safety margins

when detecting aggressive behaviors characterized by higher accelerations and shorter

headways, maintaining consistent safety performance despite behavioral diversity.

Trajectory deviations increase progressively with surrounding HDV aggressiveness: from

0.18m in conservative-dominated scenarios to 0.24m in balanced and 0.31m in aggressive-

dominated traffic. This response pattern illustrates the adaptive risk assessment mech-

anism: when detecting aggressive maneuvers, the framework expands both safety mar-

gins through adjustment factors {αk} and uncertainty bounds through covariance scaling

Σh(τ,ηh), producing more conservative trajectories that prioritize collision avoidance over

precise path tracking.

In addition to homogeneous driving style distributions, we also consider the more real-

istic scenario where conservative, balanced, and aggressive HDVs coexist within the same

environment. In such heterogeneous settings, the proposed framework maintains stable

performance by adapting to each individual driver’s estimated style parameter ηh. Specific-

ally, aggressive drivers (high ηh) induce larger uncertainty and expanded safety margins

through the covariance scaling Σh(τ,ηh) and adaptive threshold formulation, while con-

servative drivers allow tighter coordination due to their more predictable behavior. This

leads to asymmetric interactions where AVs exhibit locally adaptive behavior: maintaining

larger clearance around aggressive HDVs while exploiting coordination opportunities with

conservative ones. As a result, the overall system behavior reflects a balanced trade-off

between safety and efficiency, without significant degradation compared to the homogen-

eous scenarios. This demonstrates the robustness of the framework to mixed behavioral

distributions commonly observed in real-world traffic.
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5.6.3.2 Benefit of Dynamic Safety Thresholds

Figure 5.7b quantifies the substantial benefits of context-aware safety thresholds from

Equation (5.13). We compare three configurations:

• Fixed baseline: Constant dsafe = 2.0m regardless of interaction characteristics.

• Velocity-adaptive: Incorporates relative velocity scaling κv|∆vi j| with fixed adjust-

ment factors (γ1 = γ2 = γ3 = 1).

• Full dynamic: Complete formulation from Equation (5.13) with all adjustment

factors.

The dynamic approach achieves dramatic improvements: PET violations drop by 67.8%

(from 8.7% to 2.8%) and trajectory deviations by 33.9% (from 0.89m to 0.24m), while

arrival rates improve from 87.3% to 92.6%.

The velocity-adaptive configuration achieves intermediate performance with 4.6% viola-

tions, confirming that velocity-dependent scaling provides significant benefits. However,

complete integration of all contextual factors—relative velocity through γ1, heading con-

flicts through γ2, and high-risk spatial zones through γ3—delivers superior safety guaran-

tees essential for complex multi-directional intersection conflicts.

5.6.3.3 Performance Across Penetration Rates

Figure 5.8 presents PET distributions across seven penetration levels from ROP = 20%

to ROP = 100%, revealing how coordination quality evolves with increasing autonomy.

At low penetration rates (ROP 20%–33.3%), where AVs represent a minority in predom-

inantly human traffic, PET distributions exhibit substantial variance reflecting HDV be-

havioral unpredictability. Despite this uncertainty, violation rates remain remarkably low

at 0.0–3.0%, demonstrating that the conservative Level-0 initialization with extended

safety margins ε0 provides robust protection even when AVs cannot influence overall

traffic patterns. AVs adopt predominantly defensive strategies, yielding to human drivers

to guarantee collision-free navigation.



147

Figure 5.8: Post-Encroachment Time distributions across AV penetration rates from 20%
to 100%. Box plots show median (center line), quartiles (box boundaries), and outliers.
The red shaded region indicates critical safety violations (PET < 2s). As penetration in-
creases, distributions become concentrated with rising median PET values, while violation
rates decrease systematically to zero at ROP ≥ 66.7%.

The medium penetration range (ROP 42.8%–57.1%) exhibits the most complex dynamics

as the system transitions between regimes. Violation rates initially increase to 5.6% at

ROP = 42.8% before stabilizing around 2% at higher penetrations. This non-monotonic

behavior reflects intensified interaction complexity: AVs attempting strategic coordination

must simultaneously adapt to unpredictable HDV behaviors, creating scenarios where

neither purely defensive nor fully strategic approaches prove optimal. The V2H safety

assessment framework from Equation (5.20) becomes critical in this regime.

At high penetration rates (ROP 66.7%–100%), violation rates drop to 0% and PET dis-

tributions narrow dramatically, with median values rising from 5–6s to 8–10s. Level-k

coordination becomes increasingly effective as more agents employ strategic reasoning, es-

tablishing implicit passing orders without explicit communication. The reduced variance

indicates consistent coordination quality across trials.

These results confirm that the MCTS-Level-k framework with adaptive safety mechanisms

provides robust guarantees across the full spectrum of autonomy adoption, gracefully

degrading from efficient multi-agent optimization in predominantly autonomous traffic to

safe defensive navigation in human-dominated scenarios.
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5.7 Chapter Summary
This chapter extended the MCTS-Level-k framework to mixed traffic environments where

autonomous vehicles must coordinate with human-driven vehicles exhibiting diverse and

uncertain behaviors. The extension addresses fundamental challenges absent in homogen-

eous AV coordination: behavioral uncertainty, driving style diversity, and asymmetric

interaction dynamics inherent in human-AI cooperation.

5.7.1 Key Contributions

The chapter introduced three complementary mechanisms enabling robust mixed traffic

coordination to handle human uncertainty:

Style-Aware Human Behavior Modeling (Section 5.2): The Intelligent Driver Model ex-

tended with style parameter ηh ∈ [0,1] captures the spectrum from conservative to ag-

gressive driving through adapted parameters for maximum acceleration (5.6a), time head-

way (5.6b), and following distance (5.6c). The probabilistic prediction framework (5.7)

provides both nominal trajectories and uncertainty bounds for safety assessment.

Uncertainty Quantification (Section 5.3): The time-varying covariance structure (5.8) cap-

tures how prediction uncertainty grows over the planning horizon, with position uncer-

tainty growing quadratically (5.9) due to accumulated velocity errors. Style-dependent

scaling (5.11) reflects that aggressive drivers exhibit higher behavioral variability, while

correlation terms (5.12) model physical couplings in vehicle motion.

Adaptive Safety Assessment (Section 5.4): Context-aware safety thresholds (5.13) adapt to

interaction characteristics through adjustment factors for relative velocity (5.14a), heading

conflicts (5.14b), and spatial location (5.14c). The unified V2H risk metric (5.20) combines

instantaneous risk, temporal risk, and collision probability for a comprehensive safety

evaluation of human behaviors.

The algorithm adaptations (Section 5.5) integrate these mechanisms into the MCTS-

Level-k framework through mean-based probabilistic rollouts (5.21), driving style estima-

tion (5.24), type-dependent opponent modeling (5.26), and risk-integrated reward evalu-

ation (5.30) to ensure safe navigation.
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5.7.2 Experimental Validation

Comprehensive experiments validated the mixed traffic framework across diverse condi-

tions, including varying traffic densities and heterogeneous human driving styles:

Case 4 (ROP = 50%): At the challenging 50% penetration rate, our method achieved

2.5% collision rate versus 17.5–35.0% for baselines, with 95% arrival rate versus 55.0–

70.0%. The near-zero collision rate despite substantial human traffic validates the effect-

iveness of adaptive safety mechanisms.

Ablation Studies: Driving style analysis confirmed robustness across conservative, bal-

anced, and aggressive HDV populations with violation rates varying only 1.5 percentage

points (2.3–3.8%). Dynamic safety thresholds reduced PET violations by 67.8% compared

to fixed baselines, validating the importance of context-aware adaptation.

Penetration Rate Analysis: Performance evaluation from ROP 20% to 100% demon-

strated graceful degradation from efficient multi-agent coordination in predominantly

autonomous traffic to safe defensive navigation in human-dominated scenarios, with viol-

ation rates at 0% for ROP ≥ 66.7%.

5.7.3 Implications for Deployment

The mixed traffic framework addresses a critical deployment challenge: autonomous

vehicles must operate reliably throughout the gradual transition from current human-

dominated traffic to future fully autonomous environments. The demonstrated robustness

across penetration rates—from minority AV scenarios requiring defensive coordination

to majority AV scenarios enabling efficient optimization—provides confidence that the

MCTS-Level-k approach can support real-world deployment across this transition period.

The adaptive mechanisms developed in this chapter—style-aware prediction, uncertainty

quantification, and context-aware safety—represent general techniques applicable beyond

intersection coordination to any autonomous vehicle application requiring safe interaction

with unpredictable human road users.
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Chapter 6

Conclusions and Future Work

This thesis has addressed one of the fundamental challenges in autonomous driving: en-

abling multiple vehicles to coordinate safely and efficiently at unsignalized intersections

where traditional traffic control mechanisms are absent and strategic reasoning becomes

essential. We introduced a novel framework that fundamentally reconceptualizes Level-k

cognitive hierarchy for safety-critical multi-agent coordination, integrating it with Monte

Carlo Tree Search to achieve scalable planning with emergent safety properties. Through

systematic development from theoretical foundations to algorithmic implementation and

experimental validation, we demonstrated that principled integration of cognitive hier-

archy theory and search-based planning can resolve longstanding tensions between com-

putational tractability, strategic sophistication, and safety guarantees.

6.1 Summary of Contributions
The primary contribution of this thesis is the development of a unified framework for

multi-agent decision-making that transforms Level-k reasoning from a descriptive model of

bounded rationality into a constructive planning methodology with emergent safety prop-

erties. At the core of this transformation lies the reconceptualization of Level-0: rather

than modeling naive or random agent behaviors as in classical formulations, we define

Level-0 as a universal safety initialization procedure that generates conservative baseline

trajectories with extended safety margins ε0. This procedural interpretation ensures that

every agent establishes a collision-free safety anchor before engaging in strategic optim-
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ization, with safety margins cascading and amplifying through higher reasoning levels

(ε0 < ε1 < ε2) via bounded optimization. The result is a framework where safety emerges

as a structural property of the recursive reasoning hierarchy rather than being imposed

through external constraints.

Chapter 3 established the foundational MCTS framework for multi-agent coordination,

demonstrating its effectiveness in four-agent symmetric intersection scenarios. We formal-

ized individual agent models including the four-dimensional state representation, discrete

action space with 15 control primitives, kinematic bicycle dynamics, and precise collision

detection via the Separating Axis Theorem. The multi-objective cost function balanced

safety, efficiency, path adherence, and comfort objectives within a Markov Decision Pro-

cess formulation amenable to tree search methods. Experimental validation demonstrated

that MCTS with sufficient planning horizon (H = 9) achieves zero collision rate in four-

agent scenarios, establishing the baseline upon which subsequent chapters build. Critic-

ally, we identified the fundamental scalability limitation: the joint action space grows

as O(|A |N·H), exploding from 1042 operations for four agents to 1085 for eight agents,

rendering vanilla MCTS intractable for larger populations.

Chapter 4 addressed these scalability limitations through two complementary mechan-

isms. The dynamic interaction graph with dual spatial-strategic filtering reduced effective

opponent modeling from N−1 agents to approximately 3–4 spatially and strategically rel-

evant agents, achieving linear rather than exponential scaling. The reconstructed Level-k

cognitive hierarchy decomposed multi-agent coordination into sequential single-agent op-

timizations: Level-1 agents optimize against Level-0 conservative baselines, and Level-2

agents optimize against predicted Level-1 responses. The cascading safety property en-

sures that higher reasoning depth strengthens rather than compromises safety guaran-

tees. The integrated MCTS-Level-k algorithm achieved dramatic complexity reduction

through safety-aware pruning (reducing branching factor from 15 to approximately 4.5),

trajectory caching, and filtered interaction graphs. Experimental validation on symmetric

eight-agent scenarios demonstrated zero collision rate where baseline methods exhibited

15–35% collisions, with computation times of 55–61 ms enabling real-time deployment.
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Chapter 5 extended the framework to heterogeneous mixed traffic involving human-

driven vehicles. The style-aware Intelligent Driver Model with parameter ηh ∈ [0,1]

captured driving personality diversity from conservative to aggressive behaviors. Time-

varying uncertainty quantification through covariance matrix Σh(τ,ηh) modeled pre-

diction confidence degradation over the planning horizon, with position uncertainty

growing quadratically due to accumulated velocity errors. Adaptive safety thresholds

responding to relative velocity, heading conflicts, and spatial location ensured robust

collision avoidance despite behavioral variability. The unified V2H risk metric combining

instantaneous risk, temporal risk, and collision probability integrated seamlessly with

Level-k reasoning. Experimental validation across penetration rates from 20% to 100%

demonstrated consistent performance: collision rates below 2% at 50% penetration despite

diverse human driving behaviors, with graceful degradation from efficient coordination

in AV-dominated traffic to defensive navigation in human-dominated scenarios.

The complete framework achieves 21 orders of magnitude complexity reduction compared

to joint optimization (from 1085 to approximately 6× 104 operations), enabling sub-100

millisecond planning cycles. Beyond quantitative performance, the framework offers qual-

itative advantages critical for deployment: interpretability through explicit Level-k reason-

ing traces and MCTS tree structures, modularity enabling component-wise validation and

adaptation, and fully decentralized architecture requiring no inter-vehicle communication.

6.2 Broader Implications
The contributions of this thesis extend beyond autonomous intersection coordination to

broader questions in multi-agent systems, artificial intelligence, and robotics.

Methodological contribution: The reconceptualization of Level-k reasoning demonstrates

that classical cognitive models from behavioral economics can be transformed into con-

structive planning frameworks for artificial agents when appropriately reformulated. This

transformation from descriptive to prescriptive modeling represents a contribution applic-

able to other domains where bounded rationality models inform algorithm design.
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Computational principle: The integration of cognitive hierarchy theory with search-based

planning illustrates a general principle: hierarchical decomposition of complex problems,

when combined with selective exploration through sampling-based methods, can resolve

computational intractability without sacrificing solution quality. This principle general-

izes beyond autonomous driving to multi-agent coordination domains including air traffic

control, warehouse robotics, multi-robot exploration, and distributed computing, where

exponential joint action spaces present similar scalability challenges. The techniques de-

veloped here—dual filtering, safety-aware pruning, trajectory caching—provide a toolkit

for addressing these challenges across diverse applications.

Safety paradigm: The emergent safety properties arising from cascading conservative mar-

gins offer an alternative paradigm to explicit constraint enforcement in optimization-based

planning. Rather than formulating collision avoidance as hard constraints that complicate

optimization or soft penalties that trade off against efficiency objectives, our framework

embeds safety structurally through the recursive reasoning hierarchy. This structural ap-

proach provides robustness to model mismatches and prediction errors, as multiple layers

of conservatism buffer against deviations from expected behaviors—increasingly import-

ant as autonomous systems deploy in open-world environments where comprehensive mod-

eling of all scenarios remains infeasible.

Human-robot interaction: The mixed traffic modeling framework addresses a critical

transition challenge: coordinating with human drivers exhibiting diverse, uncertain,

and boundedly rational behaviors. The probabilistic extensions integrating Gaussian

uncertainty models with adaptive safety mechanisms provide principled approaches to

human-robot interaction that balance safety robustness with operational efficiency. These

techniques extend beyond driving to other human-robot collaboration contexts including

shared workspace manufacturing, assistive robotics, and human-robot teaming.
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AI perspective: The thesis demonstrates that effective multi-agent coordination need not re-

quire either perfect rationality (as assumed by game-theoretic equilibrium concepts) or ex-

tensive offline learning (as required by deep reinforcement learning approaches). Bounded

rationality models combined with online planning through selective sampling provide a

middle path achieving strategic sophistication comparable to equilibrium computation

while maintaining computational tractability and adaptability to novel scenarios.

6.3 Limitations and Future Directions

6.3.1 Modeling Assumptions and Generalization

The experimental evaluation in this thesis is conducted under a set of structured mod-

eling assumptions that enable tractable multi-agent planning and controlled analysis of

coordination behaviors. These include idealized state observability, simplified interaction

models for opponent prediction, and canonical intersection geometries.

While these assumptions are standard in simulation-based studies, they limit the direct

generalizability of the results to more complex real-world environments. In particular,

performance under asymmetric road layouts, partial observability, perception noise, and

richer human behavior models remains to be systematically investigated.

Nevertheless, the proposed framework is modular and extensible, allowing these compon-

ents to be refined without altering the underlying planning architecture. Extending the

framework to incorporate more realistic sensing, behavior prediction, and environmental

complexity represents an important direction for future work.

6.3.2 Algorithmic Extensions

Adaptive level assignment: The current framework assigns reasoning levels dynamically

at each planning cycle based on interaction complexity scores but does not adapt based

on accumulated coordination outcomes. Future work could investigate meta-reasoning

mechanisms that learn which reasoning depths prove most effective for different traffic

patterns or opponent types, allocating deep reasoning only when necessary to improve

computational efficiency.
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Reasoning depth selection: The Level-k hierarchy extends to depth two (Level-1 and Level-

2 operational reasoning beyond Level-0 initialization). While this bounded depth ensures

tractability and achieves excellent performance, theoretical questions remain about op-

timal depth-accuracy tradeoffs. Future research could develop principled methods for

depth selection, potentially adapting based on scenario complexity or available compu-

tational resources, and extending to heterogeneous depth assignments where different

agents employ different maximum reasoning depths.

Refined Level-0 predictions: The conservative Level-0 baseline employs constant velocity

predictions, providing predictable behaviors enabling safety guarantees but potentially

underestimating opponent maneuverability. More sophisticated Level-0 models account-

ing for basic reactive behaviors such as collision avoidance braking could tighten safety

margins while maintaining conservatism.

6.3.3 System Extensions

Heterogeneous autonomous fleets: The framework currently treats all autonomous vehicles

as employing the same MCTS-Level-k algorithm. Real deployments will involve hetero-

geneous fleets with different manufacturers, sensing capabilities, and planning algorithms.

Extending the framework to reason about heterogeneous autonomous agents—some em-

ploying Level-k reasoning, others using learning-based policies or rule-based methods—

represents an important direction for practical deployment.

Complex traffic environments: Experimental validation focused on intersection scenarios

with discrete entry-exit configurations. Extension to roundabouts with continuous flow,

highway merging with high-speed dynamics, and urban arterials with multiple decision

points requires domain-specific adaptation of spatial filtering, level assignment heuristics,

and computational optimization.

Detailed vehicle dynamics: The current kinematic models suit planning at intersection

timescales where strategic considerations dominate. Integration with more detailed dy-

namic models accounting for tire friction, suspension dynamics, and actuator constraints

would enable application to high-performance driving scenarios.
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6.3.4 Deployment Considerations

Perception integration: While the thesis demonstrates real-time performance with ideal-

ized sensing providing perfect state information, practical deployment requires integration

with perception and localization systems introducing uncertainty, latency, and occasional

failures. Future research should investigate robustness to perception errors and techniques

to propagate sensing uncertainty through the Level-k hierarchy.

Anytime planning: The framework employs discrete planning cycles with receding horizon

replanning at fixed frequencies. Anytime planning variants that refine solutions continu-

ously could provide more graceful degradation under computational resource constraints,

maintaining feasible solutions while progressively improving quality.

Formal verification: Theoretical analysis provides convergence guarantees for MCTS and

complexity bounds for the framework, but formal verification of safety properties remains

open. Reachability analysis or barrier certificate techniques could provide provable safety

guarantees satisfying regulatory requirements for autonomous vehicle certification.

6.3.5 Broader Research Directions

Human factors: How do human drivers perceive and respond to autonomous vehicles em-

ploying Level-k reasoning? Field studies with human participants could provide empirical

insights informing design refinements that enhance human-robot interaction quality and

appropriate trust calibration.

Policy implications: The decentralized coordination enabled by Level-k reasoning could

support heterogeneous deployments without centralized infrastructure, potentially lower-

ing barriers to market entry. Research at the intersection of technology, economics, and

policy could inform regulatory frameworks enabling beneficial deployment while managing

risks associated with autonomous-human interaction.
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6.4 Closing Remarks
The development and validation of the MCTS-Level-k framework demonstrates that scal-

able, safe, and strategically sophisticated multi-agent coordination is achievable through

principled integration of cognitive hierarchy theory and search-based planning. By recon-

ceptualizing Level-k reasoning to prioritize safety initialization over behavioral description,

we transform a model of bounded rationality into a constructive planning framework with

emergent safety properties. The dramatic complexity reduction—21 orders of magnitude

from joint optimization—enables real-time coordination in scenarios previously considered

intractable, while maintaining strategic sophistication comparable to game-theoretic ap-

proaches and safety robustness exceeding learning-based methods.

As autonomous vehicles transition from controlled testing environments to complex mixed

traffic scenarios, frameworks that guarantee safety while reasoning strategically about di-

verse interactions become increasingly critical. This thesis contributes toward that vision,

offering theoretical insights, algorithmic techniques, and empirical validation that advance

both the science of multi-agent coordination and the engineering of safe autonomous sys-

tems. The principles developed here—hierarchical decomposition, emergent safety through

conservative initialization, selective exploration through sampling, and adaptive reason-

ing about heterogeneous agents—provide foundations for future multi-agent coordination

systems across diverse domains where intelligent agents must coordinate in complex, un-

certain, and safety-critical environments.

The journey from theoretical formulation through algorithmic development to experi-

mental validation reveals that effective multi-agent coordination requires neither perfect

rationality nor unlimited computation, but principled reasoning structures that decom-

pose complexity while preserving essential properties. The MCTS-Level-k framework ex-

emplifies this philosophy, demonstrating that when theoretical insights from behavioral

economics meet algorithmic techniques from artificial intelligence, the result can be prac-

tical systems achieving the seemingly incompatible goals of scalability, safety, and stra-

tegic sophistication in real-world autonomous navigation.
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