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Abstract
This thesis consists of two independent parts addressing problems related to smooth
embeddings in 4-dimensional manifolds. In the first part, we consider embeddings of
3-dimensional lens spaces in the complex projective plane. Using an obstruction derived
by Owens [59] and relying on Donaldson’s Diagonalisation Theorem [16], we obtain a
complete classification of lens spaces of Lisca type (2) or (3) [49] that are unobstructed
from embedding in CP 2. This classification is further refined for lens spaces L(p, q) of
Lisca type (2) or (3) with p even, using an obstruction due to Lidman–Moore–Vazquez
[47].
In the second part, we consider a real projective plane smoothly embedded in R4, on
which a height function restricts to a Morse function with five critical points. The aim is
to generalise the work by Bleiler–Scharlemann [10] and prove that any such embedding of
RP 2 is standard, using 3-dimensional topological techniques and graphs of intersection.
As the scope was not reached, the second part of the thesis presents an account of the
approach undertaken.
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Chapter 1

Introduction

This thesis addresses two problems about smooth embeddings in a 4-manifold. It consists
of two entirely independent projects and is divided into two parts. In the first, we dis-
cuss an obstruction to embeddings of 3-dimensional lens spaces in the complex projective
plane. In the second part, we focus on embeddings of the real projective plane in the
Euclidean 4-space. These problems are approached using very different techniques. We
shall now present an overview of both projects, but each part of this thesis contains a
thorough introduction to the relevant problem and methodology employed.

Let L(p, q) be a 3-dimensional lens space that embeds in CP 2. Using standard homology
arguments, it can be shown that given such an embedding, L(p, q) must separate CP 2

into two 4-manifolds, which we may call M and B. Since CP 2 is a positive definite
manifold, we deduce that M is also positive definite, and furthermore H1(M ;Z) = 0 and
H2(M ;Z) ≅ Z. The manifold B is a rational homology 4-ball; this indicates that to
work with embeddings in CP 2 we need to restrict our interest to lens spaces that bound
rational homology 4-balls, which have been classified by Lisca in [49]. The classification
is presented in Theorem 3.2, and can be divided into three families of lens spaces.

A lens space L(p, q) can also be described as the boundary of a positive definite plumb-
ing, a 4-manifold whose construction is presented in Chapter 3. Let X be the mani-
fold obtained by gluing M and P , the canonical positive definite plumbing bounded by
−L(p, q), along their common boundary. Observe that X is a smooth closed positive
definite manifold, hence by Donaldson’s Diagonalisation Theorem 3.8, its intersection
lattice is isomorphic to the standard lattice on Zn+1, where n = b2(P ). It follows that
the intersection lattices on M and P embed in this standard lattice on Zn+1. Based on
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the assumption that L(p, q) = ∂M and −L(p, q) = ∂P as above, Owens in [59] derives
some constraints on the aforementioned lattice embeddings. The result is presented in
Proposition 3.9, which provides an obstruction to embedding L(p, q) in CP 2. We shall
call lens spaces that satisfy the conditions of Proposition 3.9 DO-unobstructed.

In the first part of this thesis, we focus on lens spaces of Lisca type (2) and (3) from
Theorem 3.2, and derive a complete classification of which ones are DO-unobstructed from
embedding in CP 2, using Donaldson’s Diagonalisation Theorem 3.8 and Proposition 3.9.

Theorem 1 Any lens space L(m2, q), up to diffeomorphism and orientation reversal,
that embeds in CP 2 and is of Lisca type (2) or (3) must have m and q of one of the
following forms:

(1) m = (2s + 3)k2 + 1 and q =m2 − (2s + 3)(m − 1), with s ≥ 0 and k ≠ 0,±1;

(2) m = 24k2 + 12k + 2 and q = (m + 1)(8k2 + 4k + 1), with k ≠ 0;

(3) m = 81k2 − 72k + 17 and q = 9(m + 1), with k ∈ Z;

(4) m = 3k2 − 1 and q = 6k4 − 3k2, with k ≠ 0,±1;

(5) m = 18k + 23 and q = (m + 1)(4k + 5), with k ≥ 0;

(6) m = 81k2 + 36k + 5 and q = 9(m + 1), with k ≠ 0;

(7) m = (2t + 5)k2 − 1 and q = (2m − 1)k2, with t ≥ 0 and k ≠ 0,±1;

(8) m = 18k + 17 and q = (2m − 1)(2k + 2), with k ≥ 0;

(9) m = 18k + 31 and q = (4k + 7)(m − 1), with k ≥ 1;

(10) m = 128k2 + 48k + 5 and q = 4(32k2 + 12k + 1)2, with k ≠ 0;

(11) m = 128k2 − 80k + 13 and q = 4(32k2 − 20k + 3)2 , with k ∈ Z;

(12) m = 18k + 19 and q = 162(k + 1), with k ≥ 0;

(13) either of L(72,31), L(92,50), L(312,270) or L(112,50).

Furthermore, we also consider an obstruction due to Lidman–Moore–Vazquez, presented
in Theorem 5.2, concerning the d-invariants of a lens space L(m2, q) bounding a spin
Kollár manifold M : from Theorem 5.1 we shall see that this obstruction is only defined
for lens spaces with m even. We shall call lens spaces that satisfy the conditions of
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Theorems 5.2 and 5.1 LMV-unobstructed. The analysis carried out yields additional
constraints on which lens spaces with even m are LMV-unobstructed from embedding in
CP 2, presented below.

Theorem 2 Any lens space L(m2, q) that embeds into CP 2, and is of Lisca type (2) or (3)
with m even, must be, up to diffeomorphism and orientation reversal, either L(262,243),
or L((24k2 + 12k + 2)2,3(8k2 + 4k + 1)2) with k ≠ 0.

The results from Theorems 1 and 2 can be combined as follows.
Main Theorem. Any lens space L(m2, q), up to diffeomorphism and orientation rever-
sal, that embeds in CP 2 and is of Lisca type (2) or (3) must have m and q of one of the
following forms:

(1) m = (2s + 3)k2 + 1 and q =m2 − (2s + 3)(m − 1), with s ≥ 0 and k ≠ 0,±1 even;

(2) m = 24k2 + 12k + 2 and q = (m + 1)(8k2 + 4k + 1), with k ≠ 0;

(3) m = 81k2 − 72k + 17 and q = 9(m + 1), with k = 1 or k even;

(4) m = 3k2 − 1 and q = 6k4 − 3k2, with k ≠ 0,±1 even;

(5) m = 18k + 23 and q = (m + 1)(4k + 5), with k ≥ 0;

(6) m = 81k2 + 36k + 5 and q = 9(m + 1), with k ≠ 0 even;

(7) m = (2t + 5)k2 − 1 and q = (2m − 1)k2, with t ≥ 0 and k ≠ 0,±1 even;

(8) m = 18k + 17 and q = (2m − 1)(2k + 2), with k ≥ 0;

(9) m = 18k + 31 and q = (4k + 7)(m − 1), with k ≥ 1;

(10) m = 128k2 + 48k + 5 and q = 4(32k2 + 12k + 1)2, with k ≠ 0;

(11) m = 128k2 − 80k + 13 and q = 4(32k2 − 20k + 3)2 , with k ∈ Z;

(12) m = 18k + 19 and q = 162(k + 1), with k ≥ 0;

(13) either of L(72,31), L(92,50), L(312,270) or L(112,50).

Using methods by Golla–Owens in [28, Propositions 6.3, 6.5], it is possible to construct
embeddings of triples of lens spaces in a homotopy CP 2 or CP 2, which include lens spaces
of Lisca type (2) or (3) from the Main Theorem. For instance, one may show that the
lens spaces L(52,11), L(262,243), and L(32,4) disjointly embed in a homotopy CP 2 or
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CP 2. Note that the lens space L(262,243) is of Lisca type (3).

In the second part of the thesis, we consider a smooth embedding of RP 2 in R4 on which
a height function from R4 to R restricts to a Morse function with five critical points.
The work undertaken aims to show that any such embedding is isotopic to the standard
embedding of RP 2 in R4: unfortunately, the scope was not reached, but we present the
approach employed and what was understood about this problem along the way. By
standard embedding of RP 2 in R4 we shall mean the real projective plane obtained by
gluing an unknotted disc sitting in R3×[0,∞) to the unknotted Möbius band in R3×{0}
along S1 [10]. The problem considered is a direct generalisation of the one in [10], in
which Bleiler–Scharlemann prove that any real projective plane embedded in R4 with
three critical points is standard.

Movie pictures and graphs of intersection are the main tools employed to tackle this prob-
lem. Given an embedding of a surface in 4-space, movie pictures were developed by Fox
[23] and offer a way to visualise the embedding. The rough idea is to slice the embedded
surface via 3-dimensional hyperplanes that are “perpendicular” to it (the precise defini-
tion is presented in Chapter 7): the intersection of the hyperplanes with the surface will
correspond to a collection of knots and links, with singular intersections represented by
band moves. The collection of hyperplanes that have a non-empty intersection with the
surface is called a movie picture. This tool allows us to reduce questions about smooth
embeddings of surfaces in 4-space to questions about knots and links in 3-space with
bands attached. We may assume that a movie decomposition of RP 2 with five critical
points consists of a 2-component unlink with two bands attached, yielding an unknot
(see Chapter 8 for a detailed explanation). In particular, the aim of our project can be
rephrased in knot-theoretical terms: this is done in Objective 8.1.1, which says that up
to isotopy and interaction of the bands, there is a unique way to obtain this movie picture.

To prove Objective 8.1.1, we wish to prove an intermediate statement. Consider the afore-
mentioned movie picture. Let P̂ be a sphere separating the components of the unlink
and Q̂ be the disc bounded by the unknot. We wish to understand how these surfaces
can intersect, and in particular, would like to prove that these intersections can always be
reduced in an appropriate sense, made clear in Objective 8.1.2. The intersections of these
surfaces with each other and with the bands from the movie picture above are studied
using graphs of intersection, which were first introduced by Litherland in [52]. On each
surface, it is possible to construct a graph: the vertices correspond to intersections with

4



the bands, while the edges are arcs in the punctured P̂ ∩ Q̂. The edges of the two graphs
constructed on P̂ and Q̂ are in bijection. Using classical methods from graph theory, one
aims to understand and control the punctured P̂ ∩ Q̂.

Given the overarching theme of smooth embeddings in 4-dimensional manifolds, this the-
sis showcases how different tools can be employed to tackle problems in low-dimensional
topology.
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Part I

Embeddings of Lens Spaces in CP 2
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Chapter 2

Introduction

In this part of the thesis, we address the historically rich issue of smooth embeddings of
orientable manifolds. In the early 1960s, Wall built on Hirsch’s earlier work ([37]) and
proved that any 3-manifold embeds smoothly in 5-space [72]. As in this result we talk
about codimension 2 embeddings, the next step is to ask whether this holds for codimen-
sion 1 embeddings as well. Do all 3-manifolds smoothly embed in 4-space? The answer
to this question has been known to be negative for a long time.

Let Y be a rational homology 3-sphere (i.e. a 3-manifold whose rational homology groups
are the same as those of S3) that smoothly embeds in S4. Using Mayer-Vietoris it can
be seen that such an embedding separates the 4-sphere in two sub-manifolds A and B

such that S4 = A⋃
Y
B (a similar argument will be presented in detail in the next chapter

concerning embeddings in CP 2). In the late 1930s, Hantzsche argued that such a manifold
Y must have H1(Y ;Z) ≅ G⊕G, where G is a finite abelian group [36]. Indeed, the Mayer-
Vietoris sequence for cohomology tells us that

H2(Y ;Z) ≅H2(A;Z) ⊕H2(B;Z),

while by Alexander duality we have H2(A;Z) ≅ H1(S4/A;Z) ≅ H1(B;Z) and simi-
larly H2(B;Z) ≅ H1(A;Z). By the Universal Coefficient Theorem, the torsion sub-
groups of H2(A;Z) and H2(B;Z) are isomorphic and shall be denoted by G. Hence,
H1(Y ;Z) ≅H2(Y ;Z) ≅ G⊕G.

After S3, lens spaces are the next simplest manifolds in terms of handle decomposition.
For p > q > 0 coprime integers, one may define the lens space L(p, q) as the result of −p

q

surgery on the unknot in S3. Different definitions of this manifold will be discussed in
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greater detail in the next chapter. Lens spaces are known to be rational homology 3-
spheres and H1(L(p, q);Z) = Z/pZ. Therefore, Hantzsche’s argument above proves that
lens spaces are manifolds that do not embed in S4, thus showing that matters are more
complicated for codimension 1 embeddings.

Embeddings of lens spaces in 4-space have attracted considerable attention over the years,
yielding many interesting results. Let L0(p, q) denote a punctured lens space. In [18],
Epstein proved that when p is odd there exists a smooth embedding of L0(p, q) in S4.
This was also confirmed by Zeeman in [73], who employed a construction called k-twist
spinning. Roughly speaking, from a given knot K ⊂ S3 we may remove a small seg-
ment and spin the remaining arc while twisting the knot k times; this will yield a 2-knot
Sk(K) ⊂ S4. When k = 1, S1(K) is unknotted for any K, and has a section K# −K
whose double branched cover Σ2(S3,K# −K) ≅ Σ2(S3,K)# −Σ2(S3,K) smoothly em-
beds in S4. When K is a 2-bridge knot, the lens space L(p, q) with odd p is its double
branched cover; hence L(p, q)# − L(p, q) embeds smoothly in S4. This is equivalent to
Epstein’s result since the tubular neighbourhood of L0(p, q) is L0(p, q)×I with boundary
L(p, q)# −L(p, q) [3].

The question of which connected sums of lens spaces smoothly embed in S4 was settled
by Donald in 2015 [14]. Let L =#h

i=1L(pi, qi); then L embeds smoothly in S4 if and only
if each pi is odd and there exists Y such that L ≅ Y# − Y [14].

Many intermediate results were obtained concerning embeddings of connected sums of
lens spaces into S4, both in the smooth and topological categories. More can be found
in [14, 27, 63], and [3] provides a comprehensive survey.

The study of smooth embeddings of lens spaces (and of orientable 3-manifolds in general)
into 4-manifolds did not stop at S4. In fact, Edmonds–Livingston in [17] showed that
any punctured lens space smoothly embeds in S2 × S2, and that for any non-punctured
lens space L(p, q) there exists n ∈ N such that L(p, q) embeds smoothly in #nS2 ×S2. In
fact, the latter statement is true for any closed, orientable 3-manifold. Achieving a lower
bound on n for different such 3-manifolds is an interesting problem on its own, and it
was tackled in [1].

It is also interesting to study embeddings of orientable 3-manifolds in definite 4-manifolds,
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although we shall focus on lens spaces. Again in [17], it was proved that every lens space
embeds smoothly in #nCP 2 for some n ∈ N. The paper presents many results on such
embeddings of L(p, q), both in the topological and smooth category, which yield restric-
tions on n, p and q. These are nicely summarised in a table at the end of [17].

In this thesis we address obstructions to smooth embeddings of individual lens spaces in
CP 2. The reason for focusing on CP 2 is that it is a (positive) definite manifold and it has
a simple structure in terms of handle decomposition, making it the most natural manifold
to consider for such embeddings after S4. Moreover, note that proving that a lens space
is obstructed from embedding in CP 2 implies that n ≥ 2 in the problem mentioned above.

In Proposition 3.1, we show that a lens space embedding in CP 2 must separate it into two
components, one of which is a rational homology ball. In [49], Lisca completely classified
which lens spaces bound a rational homology ball. The problem of embedding a single
lens space in CP 2 is then equivalent to that of embedding a rational homology ball it
bounds. This leads us to an intersection with a wider issue in algebraic geometry.

Let (m1,m2,m3) be a Markov triple, that is, a triple of positive integers forming a solution
to m2

1 +m2
2 +m2

3 = 3m1m2m3. Such a triple gives rise to an embedding

3
⊔
i=1
Bmi,ki

↪ CP 2,

where each Bmi,ki
is a rational homology ball obtained as the Milnor fiber of a smoothing

of the corresponding cyclic quotient singularity 1
m2

i
(1,miki−1) with gcd(mi, ki) = 1; Bmi,ki

has boundary L(m2
i ,miki−1). This embedding arises from the smoothing of three singular

points in the weighted projective space P(m2
1,m

2
2,m

2
3) [59]. Hacking–Prokhorov showed

in [35] that any projective surface X admitting a smoothing to CP 2 is Q-Gorenstein de-
formation equivalent to some P(m2

1,m
2
2,m

2
3), thus giving rise to an embedding of disjoint

rational homology balls as above. Evans–Smith in [20] generalised this result to the sym-
plectic case. In [59], Owens provided smooth non-symplectic embeddings of such rational
homology balls. This work was later extended to disjoint triples of rational homology
balls by Lisca–Parma in [51], and again by Golla–Owens in [28]. Much of this work con-
cerning triples of rational homology balls was motivated by a conjecture by Kollár, which
we shall discuss at a later stage.
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Let us now return to individual lens spaces bounding rational homology balls; Lisca’s clas-
sification is presented in Theorem 3.2 in the next chapter. Much of the work mentioned
up to now, especially by Owens [59] and Golla–Owens [28], provides smooth embeddings
in CP 2 of lens spaces of type (1) from Theorem 3.2. This thesis addresses embeddings
of lens spaces of type (2) and (3) from the same theorem, using an obstruction derived
by Owens in [59]. This obstruction relies on Donaldson’s Diagonalisation Theorem from
[16] (presented in Theorem 3.8), which states that the intersection lattice of a closed,
oriented, smooth, positive definite 4-manifold is equivalent to the standard integer lattice
over Zn.

Let us outline the obstruction work presented in this part of the thesis. A lens space that
embeds in CP 2 splits off a rational homology ball B and a positive definite manifold M

such that H1(M ;Z) = 0 and H2(M ;Z) ≅ Z. We construct a new positive definite manifold
X by gluing M and P , the canonical positive definite plumbing bounded by −L(p, q),
along their common boundary. By Donaldson’s Diagonalisation Theorem, this manifold
has intersection lattice isomorphic to the standard one on Zn+1, where n = b2(P ). The
intersection lattices of M and P embed in the standard lattice on Zn+1 and satisfy some
additional requirements derived by Owens and presented in Proposition 3.9.

Finding a lattice embedding satisfying Proposition 3.9 implies that the lens space L(p, q)
is DO-unobstructed from embedding in CP 2. In general, we must work with the inter-
section lattices of both the plumbing bounded by L(p, q) and that bounded by −L(p, q).
If it is not possible to find an embedding as in Proposition 3.9 for either lattice, then we
conclude that L(p, q) does not embed in CP 2.

This analysis was carefully carried out for all lens spaces of type (2) or (3) of Theorem
3.2. It yielded a complete classification of all such lens spaces that are DO-unobstructed
from embedding in CP 2. The precise statement is presented in Theorem 1. The result
is then refined in Theorem 2 for lens spaces of type (2) or (3) with p even, using an ob-
struction by Lidman–Moore–Vazquez [47] presented in Theorem 5.2. The latter concerns
d-invariants and restrictions of Spin structures from appropriate 4-manifolds.

Finally, we remark that the techniques used to obtain Theorem 1 underpin many of the
results mentioned in this introduction, showcasing the importance of Donaldson’s Diago-
nalisation Theorem. More recent work employing these techniques includes [39], in which
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Jo–Park–Park obtain infinite families of lens spaces bounding smooth 4-manifolds with
b2 = 1 together with different constraints, and [4], where Aceto–McCoy–Park address the
problem of determining which smooth negative definite filling of a connected sum of lens
spaces has minimal second Betti number.

Overview. This first part of the thesis is divided into four chapters: in Chapter 3 we
introduce the required terminology, carefully set up the problem, and state the main
result; in Chapter 4 we first discuss in greater detail the method of proof of Theorem 1
and then proceed to analyse each case; in Chapter 5 we discuss the obstruction due to
Lidman–Moore–Vazquez and prove Theorem 2; finally, in Chapter 6 we discuss future
directions.
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Chapter 3

Deriving a Lattice Obstruction

§ 3.1 | Properties of Lens Spaces in CP 2

As the simplest closed 3-manifolds after S3, lens spaces are the focus of the first part of
this thesis. There are several equivalent definitions of this class of manifolds, out of which
we shall provide two. We remark that we are interested in 3-dimensional lens spaces, but
this class of manifolds exists in higher-dimensional versions as well.

Let p > q > 0 be coprime integers. Visualise the 3-sphere as sitting in C2, that is
S3 = {(z1, z2) ∈ C2 ∣ ∣z1∣2 + ∣z2∣2 = 1}. The lens space L(p, q) is defined as the orbit
space of the free action of Z/pZ on S3 generated by the rotation homeomorphism of
S3, defined as r(z1, z2) = (e

2πi
p ⋅ z1, e

2πqi
p ⋅ z2). In particular observe that when p = 2, r

is the antipodal map and L(2,1) ≅ RP 3. From this definition we directly deduce that
π1(L(p, q)) ≅ Z/pZ.

Alternatively, we may define L(p, q) as the −p
q -surgery on the unknot in S3. The comple-

ment of a tubular neighbourhood of the unknot is a solid torus D2 × S1, so in particular
lens spaces are obtained via the gluing of solid tori along their boundaries, hence they
are oriented manifolds with genus 1 Heegaard splittings. Further details on the definition
of lens spaces can be found in [11, 30].

Note that some definitions in the literature yield L(1,0) ≅ S3 and L(0,1) ≅ S1 × S2. We
shall always exclude these cases from consideration and work under the assumption that
p > q > 0; note that p ≥ 2.
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From the discussion above, it is possible to directly derive the integer homology groups
of a lens space L(p, q):

Hn(L(p, q);Z) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Z if n = 0,3;

Z/pZ if n = 1;

0 otherwise.

A straightforward application of the Universal Coefficient Theorem reveals that lens
spaces are rational homology 3-spheres, i. e. Hn(L(p, q);Q) = Hn(S3;Q). This is an
important observation that will be of use.

Finally, 3-dimensional lens spaces were classified up to diffeomorphism by Reidemeister
in [70]. Let L(p, q) and L(p′, q′) be two lens spaces. Then they are diffeomorphic if and
only if p = p′ and q′ ≡ ±q±1 mod p, where q−1 is the multiplicative inverse modulo p.
Observe that a lens space inherits an orientation coming from the standard orientation of
the 3-sphere. We remark that a given L(p, q) is orientation-preserving diffeomorphic to
L(p, q−1), while it is orientation-reversing diffeomorphic to its dual lens space L(p, p− q).
In turn, the latter is orientation-preserving diffeomorphic to L(p, p − q−1).

As discussed in the introduction, we are interested in embeddings of L(p, q) in CP 2, the
space of complex lines through the origin in C3. The first important observation is that
if L(p, q) embeds in CP 2, it separates it into two components. This can be seen using
Mayer-Vietoris. Let νL(p, q) ≅ L(p, q) × I be a tubular neighbourhood of L(p, q) in CP 2.
Let A ∶= CP 2/νL(p, q) and note that A∪νL(p, q) = CP 2 and A∩νL(p, q) = L(p, q)×{0,1}.
The reduced Mayer-Vietoris sequence with integer coefficients

⋯

0≅

H̃1(CP 2)

Z≅

H̃0(L(p, q) × {0,1})

H̃0(A)⊕

0≅

H̃0(νL(p, q))

0≅

H̃0(CP 2) 0

immediately tells us H̃0(A) ≅ Z, hence H0(A) ≅ Z⊕Z.

We now know that if L(p, q) smoothly embeds in CP 2, it separates it into two sub-
manifolds, say M and B. The next step is to try to understand these manifolds. We
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begin by proving a standard fact.

Proposition 3.1. If a lens space L(p, q) smoothly embeds in CP 2, it splits off a rational
homology 4-ball.

Proof. Recall that lens spaces are rational homology spheres. Given a ring R, we remark
that the homology groups of CP 2 are the following:

Hn(CP 2;R) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

R if n = 0,2,4

0 otherwise.

Let CP 2 = M ⋃
L(p,q)

B. We have the following Mayer-Vietoris sequence with rational

coefficients:

⋯ H4(M) ⊕H4(B)

Q≅

H4(CP 2)

Q≅

H3(L(p, q))

H3(M) ⊕H3(B)

0≅

H3(CP 2)

0≅

H2(L(p, q)) H2(M) ⊕H2(B)

Q≅
H2(CP 2)

0≅

H1(L(p, q)) H1(M) ⊕H1(B)

0≅

H1(CP 2)

Q≅

H0(L(p, q)) H0(M) ⊕H0(B)

Q≅

H0(CP 2) 0.

f

g

Observe that both M and B are connected compact 4-manifolds with boundary, hence
H4(M) = H4(B) = 0. Moreover, it is straightforward that H0(M) ≅ H0(B) ≅ Q. Since
H1(M)⊕H1(B) injects into the trivial group, we have H1(M) =H1(B) = 0. Now observe
that H2(M)⊕H2(B) ≅ Q, so one of the summands must be trivial and the other one must
be Q. Without loss of generality, assume that H2(M) ≅ Q and H2(B) = 0. Finally, note
that the map f is an isomorphism and thus im(f) = ker(g) ≅ Q. Since g is a surjection,
H3(M)⊕H3(B) ≅H3(L(p, q))/ker(g) = 0. Thus both H3(M) and H3(B) are trivial and
we have determined that B is a rational homology 4-ball.

14



The above proposition implies that if a lens space embeds in CP 2 it must bound a ratio-
nal homology ball. The ones which do not share this property are immediately excluded
from our consideration. In [49], Lisca proved the slice-ribbon conjecture holds for 2-bridge
knots. Keeping in mind that the double branched cover of such a knot is always a lens
space (a proof of which can be found in [11], Chapter 12), Lisca obtained a characteri-
sation of which lens spaces bound a rational homology 4-ball. The original slice-ribbon
statement for 2-bridge knots and subsequent lens space classification can be found in
[49, Definition 1.1, Theorem 1.2, Corollary 1.3]. Below we present a readapted version
focusing only on the characterisation of lens spaces.

Theorem 3.2 (Lisca [49]). Let p > q > 0 be coprime natural numbers. Up to diffeomor-
phism, both orientation-preserving and orientation-reversing, a lens space L(p, q) bounds
a rational homology 4-ball if and only if p =m2 and q equals one of the following:

(1) mk ± 1 with m > k > 0 and gcd(m,k) ∈ {1,2};

(2) d(m ± 1), where d > 1 divides 2m ∓ 1;

(3) d(m ± 1), where d > 1 is odd and divides m ± 1.

Remark 3.3. In this thesis we shall often refer to the lens spaces above as of Lisca type
or family (i), where i ∈ {1,2,3}.

This thesis addresses lens spaces belonging to families (2) and (3). In [28], Golla–Owens
focus on lens spaces from family (1) and study disjoint embeddings of triples of rational
homology balls in CP 2. Corollary 3 of their paper also gives a sufficient condition for
lens spaces of type (1) to admit an embedding in CP 2.

The next lemma gives us some information about the manifold M that is bounded by a
lens space if the latter embeds in CP 2. The result and proof are readapted from Owens in
[59], where he provided an infinite family of rational homology balls that embed smoothly
in CP 2. We remark that the lens spaces bounding said rational homology balls are of
Lisca type (1).

Lemma 3.4 (Owens [59]). Let B be the rational homology ball bounded by the lens space
L(m2, q) and suppose that B embeds smoothly in CP 2. Then the complement M = CP 2/B
has H1(M ;Z) = 0 and H2(M ;Z) ≅ Z.

Proof. Consider the following part of the Mayer-Vietoris sequence with integer coeffi-
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cients:

⋯

0≅

H3(CP 2)

0≅

H2(L(m2, q)) H2(M) ⊕H2(B)

Z≅

H2(CP 2)

Z/m2Z≅

H1(L(m2, q)) H1(M) ⊕H1(B)

0≅

H1(CP 2)

Z≅

H0(L(m2, q)) H0(M) ⊕H0(B)

Z≅

H0(CP 2) 0.

We use the Universal Coefficient Theorem to compute H2(B;Z). Consider the following
short exact sequence:

0Ð→H2(B;Z) ⊗QÐ→H2(B;Q) Ð→ Tor(H1(B;Z),Q) Ð→ 0.

Since B is a rational homology ball, H2(B;Q) = 0, which implies Tor(H1(B;Z),Q) = 0
and H2(B;Z) ⊗Q = 0. The latter implies that H2(B;Z) is torsion only and, from the
Mayer-Vietoris sequence, we see that H2(B;Z) is a subgroup of Z, hence H2(B;Z) = 0.
Next, look at the long exact sequence of the pair (B,L(m2, q)) with coefficients in Z:

⋯

0≅

H2(L(m2, q))

0≅

H2(B) H2(B,L(m2, q))

Z/m2Z

≅

H1(L(m2, q)) H1(B) H1(B,L(m2, q))

Z≅

H0(L(m2, q))

Z≅

H0(B) H0(B,L(m2, q)) 0.

Using Poincaré-Lefschetz duality we have H2(B,L(m2, q)) ≅ H2(B) ≅ H2(B)/T2 ⊕T1 ≅
T1, where Ti is the torsion of Hi(B). Moreover, by using the Universal Coefficient The-
orem again, we see that H1(B) consists of torsion only. Going back to the exact se-
quence of the pair (B,L(m2, q)) above, we immediately see that T1 = 0 implies Z/m2Z
injects into T1 = 0, which is a contradiction. Similarly, if T1 ≅ Z/m2Z, then we have an
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isomorphism between H1(L(m2, q)) and H2(B,L(m2, q)), resulting in the contradiction
H1(B) = 0 = T1. Now let T1 ≅ Z/kZ, where 1 < k < m2 divides m2, so there exists n such
that m2 = nk. We remark that H1(B,L(m2, q)) = 0, therefore H1(B) must be isomor-
phic to the quotient of Z/m2Z by Z/kZ, that is Z/nZ. This forces n = k = m, therefore
H1(B) ≅ T1 = Z/mZ.

Piecing everything together in the Mayer-Vietoris sequence, we see that H2(M) must
now be a finite index subgroup of H2(CP 2) ≅ Z, hence H2(M) ≅ Z. Next, note that we
have a surjective map from H1(L(m2, q)) ≅ Z/m2Z to H1(M) ⊕Z/mZ. Hence the direct
sum is finite cyclic, and cyclic summands of H1(M) have order dividing m, thus there
cannot be any non-trivial direct summands. Therefore H1(M) = 0.

The discussion presented in this section can be summarised as follows.

Suppose L(p, q) smoothly embeds in CP 2. Then:

• CP 2 splits as M ⋃
L(p,q)

B;

• B is a rational homology 4-ball bounded by −L(p, q);

• M is a manifold bounded by L(p, q) such that H1(M ;Z) = 0 and H2(M ;Z) ≅ Z.

§ 3.2 | Lattices and Intersection Forms
In this section we provide the machinery that will allow us to state and prove the main
result of this thesis.

Definition 3.5. A lattice Λ is a pair consisting of a free R-module and a symmetric
bilinear pairing taking values in the ring R. We say two lattices are equivalent (or iso-
morphic) if there exists an isomorphism of the underlying modules which preserves the
symmetric bilinear pairing.
Remark 3.6. In this thesis, we will be working with integer lattices (R = Z). Hence, unless
specified, by lattice we shall always mean a free abelian group together with a bilinear
pairing taking values in Z.

Quite often in the literature, authors refer to lattices via their group or via their bilinear
pairing only. This is imprecise notation, but its meaning is clear in context. Whenever
this terminology appears in the present thesis, it is understood to follow the same con-
vention.
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We now discuss some examples of lattices. Consider the free abelian group Zn generated
by the standard orthonormal basis e1, . . . , en. The standard scalar product ei ⋅ ej = δij,
where δij is the Kronecker delta, defines a symmetric bilinear pairing. Then Λ ∶= (Zn, ei ⋅
ej = δij) is a lattice, known as the standard lattice on Zn.

A lattice can also be defined starting from integers a1, . . . , an. Once again, take the free
abelian group Zn, this time with generators v1, . . . , vn (which may for instance be linear
combinations of the standard orthonormal basis vectors above). Define the symmetric
bilinear pairing as follows:

vi ⋅ vj ∶=

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ai if i = j;

−1 if ∣i − j∣ = 1;

0 if ∣i − j∣ > 1.

Thus, Zn with the pairing above defines a lattice Λ associated to the integers a1, . . . , an

(often simply denoted by Λ(a1, . . . , an)). This lattice is also called a linear lattice and the
generators v1, . . . , vn are referred to as its vertices. The reason behind this nomenclature is
that the symmetric bilinear pairing can be recovered as the adjacency matrix of a weighted
linear graph. This is a finite graph with vertices v1, . . . , vn where each vi, 2 ≤ i ≤ n − 1, is
connected only to vi−1 and vi+1, while v1 is only connected to v2 and vn is only connected
to vn−1. For instance, the following graph

v1 v2 v3

3 5 2

Figure 3.1: Example of linear graph.

is linear and represents the lattice Λ(3,5,2), which is Z3 with pairing given by the matrix

⎛
⎜⎜⎜
⎝

3 −1 0
−1 5 −1
0 −1 2

⎞
⎟⎟⎟
⎠
.

Definition 3.7. Given a compact, oriented, topological 4-manifold X, it is always possible
to associate to it a symmetric bilinear form

QX ∶H2(X,∂X;Z) ×H2(X,∂X;Z) → Z

defined by QX(a, b) ∶= ⟨a ∪ b, [X]⟩ = a ⋅ b ∈ Z, called the intersection form of X. By
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Poincaré-Lefschetz duality this form is also defined on H2(X;Z) ×H2(X;Z).

Notice that QX vanishes on torsion elements, so it descends to a pairing on homology
modulo torsion. The pair ΛX ∶= (H2(X;Z)/ torsion,QX) is called the intersection lattice
of X. Intuitively speaking, the intersection form counts the signed number of intersec-
tions of two surfaces in X, hence the name. This thesis will only cover what is essential
to our work, so it should not be taken as an introduction to this topic. A thorough
discussion about the intersection form can be found in [30], while [66] presents a more in-
tuitive introduction. Observe that although we are working with smooth manifolds, this
definition only required X to be a topological manifold. Given an intersection form QX

on the finitely generated free abelian group Zn, we call n the rank of QX (equivalently,
the rank is the second Betti number b2(X)). After extending and diagonalising QX as a
matrix over R, we can consider the difference between the number of positive eigenvalues
and that of negative ones, which is called the signature σX of QX . If QX(a, a) > 0 (< 0)
for any non-zero class a then we say that the form is positive (negative) definite. Finally,
we observe that changing the orientation of X changes the sign of its intersection form,
that is Q−X = −QX .

A trivial example of an intersection form is given by S4. Recall that H2(S4;Z) = 0,
therefore it immediately follows that QS4 is trivial.
Now consider CP 2. We will sketch the idea behind the computation of the intersection
form of this manifold, following [30, 66]. Recall that H2(CP 2;Z) ≅ Z: this group is gen-
erated by the fundamental class of L = {[x ∶ y ∶ z] ∈ CP 2 ∣ z = 0}. Note that L is the
complex projective line CP 1. Now take another such line L1 = {[x ∶ y ∶ z] ∈ CP 2 ∣ y = 0}
and observe that it intersects L transversally at [1 ∶ 0 ∶ 0] (two projective lines always
intersect in a point). Thus QCP 2([L], [L1]) = ±1. Since CP 2 is a complex manifold, it has
a canonical orientation in which transverse holomorphic subsurfaces intersect positively,
and we conclude that QCP 2 = (1).

We say that an intersection form is unimodular if it has determinant ±1. Since det(QCP 2) =
1, we observe that QCP 2 is unimodular. This is actually always the case for closed mani-
folds (i.e. compact and without boundary) and follows from Poincaré duality.

Up to now it is not clear why intersection forms are of interest to us, since we are specifi-
cally working with smooth manifolds. The next celebrated result, known as Donaldson’s
Diagonalisation Theorem, will shed light on this discussion.
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Theorem 3.8 (Donaldson [16]). If X is a closed, oriented smooth 4-manifold whose
intersection form is positive (resp. negative) definite, then the form is equivalent over the
integers to the standard form ⊕

b2(X)
(1) (resp. ⊕

b2(X)
(−1)).

Together with Freedman’s Theorem ([30]) this implies that if a closed, smooth, simply
connected manifold X has a definite intersection form, then it is homeomorphic to either
#b2(X)CP 2 or #b2(X)CP 2 [66]. Since the intersection form is an integer lattice, we can
read this theorem as telling us that every positive definite intersection lattice of a closed,
smooth, oriented 4-manifold is equivalent to the standard lattice on Zn previously dis-
cussed. Finally, we shall not provide a proof of this result in this thesis, but aside from
the original proof, a sketch of it can be found in [66].

Let us now introduce the notion of a plumbing. Suppose S is a closed, possibly discon-
nected, orientable surface and let π ∶X → S be a D2-bundle over S. Given disjoint discs
Di in S, for i = 1,2, each π−1(Di) is a trivial bundle. We may plumb X at D1 and D2 by
identifying D1×D2 and D2×D2 using a map that preserves product structures but swaps
the factors. Note that this gluing introduces self-intersections in S. A plumbing is a
manifold obtained after applying this procedure finitely many times. A thorough discus-
sion of this construction in greater generality can be found in [30]. Each plumbing comes
with a graph associated with it, known as a plumbing diagram: each vertex represents a
connected component of the surface S and is labelled by a pair of numbers representing
the genus and Euler number of that component, and each edge corresponds to a plumbing
(with an associated sign corresponding to the sign of the intersection introduced). At the
same time, any such graph determines a plumbing.

Let us focus on a plumbing P of D2-bundles over 2-spheres associated to a linear graph;
we remark that since spheres have genus 0, each vertex may only be decorated by the
relevant Euler number. It is possible to represent the corresponding 4-manifold using
Kirby calculus. Each vertex will correspond to a 2-handle, attached along an unknot,
linked with other 2-handles via a clasp, according to the edges of the graph. The framing
on each handle corresponds to the Euler number of the related D2-bundle. The linking
matrix corresponding to this Kirby diagram, which is also the adjacency matrix associ-
ated to the graph, is precisely the intersection form of P (see [30, Proposition 4.5.11]).
For instance, take the linear graph in Figure 3.1 as a plumbing graph. The corresponding
Kirby diagram is shown in Figure 3.2.
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3 5 2

Figure 3.2: Kirby diagram of plumbing of D2-bundles over S2 arising from Figure 3.1.

Finally, if we perform iterated slam-dunk moves on such a Kirby diagram, we obtain an
unknot with rational surgery coefficient −p

q derived from the individual integer framings
of the 2-handles (depending on where we start, we might also get − p

q∗ , where q∗ is the
multiplicative inverse of q mod p). This tells us that the boundary of a plumbing asso-
ciated with a linear graph is actually a lens space. For instance, performing slam dunks
on Figure 3.2 yields an unknot with rational surgery coefficient 25

9 . More interestingly,
any lens space can be expressed as the boundary of a linear plumbing. Consider the lens
space L(p, q). It is always possible to associate the Hirzebruch-Jung continued fraction
expansion to a rational number as follows:

p

p − q
= [a1, a2, . . . , an]− ∶= a1 −

1

a2 −
1

a3 −
1

⋱ −
1
an

,

where the integers a1, . . . , an are called weights and each ai ≥ 2. We note that p − q ≡ −q
mod p. One can construct a plumbing P corresponding to the linear graph with n vertices
of weight ai for i = 1, . . . , n. The boundary of such plumbing is the lens space L(p, q), and
its intersection form is a linear lattice associated to the integers a1, . . . , an, as discussed
in the previous section. In particular, there is no torsion in H2(P ;Z). We call such a
manifold the canonical positive definite plumbing bounded by a lens space L(p, q).

§ 3.3 | Obstruction
The discussion so far has presented some properties that lens spaces embedding in CP 2

must satisfy and has introduced important tools for the understanding of 4-manifolds. In
this section, everything comes together.

We have seen that a lens space smoothly embedding in CP 2 splits off a rational homology
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4-ball B and a manifold M such that H1(M ;Z) = 0 and H2(M ;Z) ≅ Z. Therefore, CP 2

can be obtained by gluing of these two manifolds along their common boundary L(p, q).
Note that the gluing map must be an orientation-reversing diffeomorphism, thus L(p, q)
as a boundary must have opposite orientations on B and M . In the discussion that fol-
lows, we assume ∂M = L(p, q) and ∂B = −L(p, q).

In the current set-up, it can be deduced that M is a positive-definite manifold. In fact,
we may use Mayer-Vietoris with rational coefficients to see that since B is a rational
homology 4-ball, there is an isomorphism H2(M ;Q) ≅ H2(CP 2;Q) ≅ Q. The second
Betti number of M is therefore b2(M) = 1, which equals the rank of the intersection form
QM . From Novikov additivity we know that σCP 2 = σM +σB. Since b2(B) = 0, we deduce
σM = 1 and hence M is positive definite. In an intuitive sense, we can picture this to
mean that M retains some of the information from CP 2. Furthermore, from the integer
long exact sequence of the pair (M,L(p, q))

⋯ 0

Z≅

H2(M)

Z≅

H2(M,L(p, q))

Z/pZ≅

H1(L(p, q)) 0 ⋯

it can be seen that the map H2(M) → H2(M,L(p, q)) ≅ H2(M) is multiplication by ±p.
This map also represents the intersection form of M , which is positive definite, hence
QM = (p).

We now aim to construct a new 4-manifold X, which will be obtained by gluing M to an-
other appropriately chosen manifold. Based on previous assumptions, note that M must
be bounded by L(p, q). In the previous section we discussed about how any lens space
L(p, p − q) ≅ −L(p, q) can be viewed as the boundary of the canonical positive definite
plumbing of spheres P , associated to the continued fraction expansion of p

q with weights
a1, . . . , an for some n ∈ N. Note that b2(P ) = n. Let X = M ⋃

L(p,q)
P . This manifold is

often called a rational “blow-up” of CP 2, and it is a closed, oriented, smooth 4-manifold
with positive definite intersection form. Hence, Donaldson’s Theorem 3.8 applies, and we
know that QX is equivalent to the standard lattice on Zn+1.

At this point it is important to understand the relations of QM and QP with QX . From
the Mayer-Vietoris sequence with integer coefficients
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⋯ 0

Z≅

H2(M) ⊕

Zn

≅

H2(P ) H2(X)

Z/pZ≅
H1(L(p, q))

0≅

H1(M) ⊕

0≅

H1(P ) H1(X)

Z≅

H0(L(p, q))

Z≅

H0(M) ⊕

Z≅
H0(P ) ⋯f

we see that since L(p, q) is connected, the map f is injective, hence H1(X) = 0. Since
H1(X) ≅ H3(X) ≅ (H3(X)/T3)⊕T2, where Ti is the torsion subgroup of Hi(X), we see
that H2(X) is free, and in particular H2(X) ≅ Zn+1, since b2(X) = n + 1. Moreover,
observe that H2(M) ⊕H2(P ) ≅ Z ⊕ Zn injects into H2(X). Since the cokernel of this
map is finite, we conclude that it is a finite-index embedding. Moreover, this embedding
preserves the bilinear pairing, hence in terms of intersection lattices we also have that
QM⊕QP admits a finite-index embedding in QX , and thus in the standard lattice on Zn+1.

It is now possible to derive some additional constraints on this lattice embedding: these
precisely constitute the result revealing which lens spaces are obstructed from embedding
in CP 2. This result was derived by Owens in [59, Proposition 3.2], and a readapted
version is presented below, together with its proof.

Proposition 3.9 (Owens [59]). Let B be a rational homology ball bounded by a lens space
−L(p, q) and suppose it embeds smoothly in CP 2. Let X = M ⋃

L(p,q)
P be the resulting

positive definite rational blow-up of CP 2. Then there exists a finite-index intersection
lattice embedding

ΛM ⊕ΛP ↪ Zn+1

such that each unit vector e ∈ Zn+1 has non-zero pairing with each of ΛM and ΛP . More-
over, the image of the generator of ΛM is a primitive vector in Zn+1.
Remark 3.10. To better understand this proposition, consider the generators v1, . . . , vn+1

of ΛM ⊕ΛP , where v1 ∈ ΛM and v2, . . . , vn+1 ∈ ΛP . Let Zn+1 be generated by the standard
orthonormal basis vectors e1, . . . , en+1. The lattice embedding is obtained by specifying
a linear combination of vectors e1, . . . , en+1 to which the generators of ΛM and ΛP are
mapped. By a unit vector e ∈ Zn+1 having non-zero pairing with ΛM and ΛP we mean
that the generator of ΛM is mapped to a linear combination which includes e, and that
there is at least a generator of ΛP which is mapped to a linear combination which includes
e. It is possible to visualise this condition in terms of a matrix A representing the lattice
embedding above in terms of the aforementioned bases. The proposition tells us that
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each unit vector of Zn+1 is employed in the embedding description. In particular, each
row of A has at least two non-zero entries, one of which is always in the first column,
which represents the vector generating ΛM . This vector is primitive, which means that
the entries of the first column of A have no common divisor.

Proof. Recall from our previous discussion that since H1(X) = 0, all homology groups of
X are free, and in particular H2(X) ≅ Zn+1. Consider the Mayer-Vietoris sequence for
cohomology with integer coefficients:

⋯

0≅

H1(L(p, q)) H2(X) H2(M) ⊕H2(P ) H2(L(p, q)) ⋯

and observe that H2(X) injects into H2(M)⊕H2(P ) ≅H2(M,L(p, q))⊕H2(P,L(p, q)),
where we have used Poincaré–Lefschetz duality. Thus, any class in H2(X) ≅ H2(X) can
be represented using classes in H2(M,L(p, q)) and H2(P,L(p, q)). Let e be a unit vector
in H2(X) which we write as

e = eM + eP ,

where eM ∈H2(M,L(p, q)) and eP ∈H2(P,L(p, q)). Note that if eP = 0, this implies that
eM is a unit vector and an element in the image of H2(M) ↪ H2(M,L(p, q)) ≅ H2(M).
But we have seen that this map is described by QM = (p), so this is impossible (recall
that we are working under the assumption that p ≥ 2).
Similarly, if eM = 0, then eP is a unit vector in the image of H2(P ) ↪ H2(P,L(p, q)) ≅
H2(P ). Since we assumed that each weight in the plumbing P is at least 2, this yields a
contradiction. Hence we must have eM ≠ 0 and eP ≠ 0.

Recall that the free abelian group H2(M) ≅ Z is the underlying group of the integer
lattice ΛM = (H2(M),QM). Using the Universal Coefficient Theorem

0

0≅

Ext(H1(M),Z) H2(M) Hom(H2(M),Z) 0

we have the isomorphism H2(M) ≅ Hom(H2(M),Z). Then H2(M,L(p, q)) ≅ H2(M) is
the group underlying the lattice Λ∗M = (H2(M),Q∗M), the dual lattice to ΛM . Note that
the dual lattice to an integer lattice is not necessarily an integer lattice as well, and that
ΛM ⊂ Λ∗M . Now observe that an element of H2(M,L(p, q)) ≅ H2(M) is a non-zero class
if and only if its pairing with some element of H2(M) is non-zero (since QM is positive
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definite). Hence, eM , and therefore e, must have non-zero intersection with some element
of H2(M).
Apply the same argument to H2(P ) ≅H2(P,L(p, q)) ≅ Hom(H2(P ),Z), to show that eP

(and thus e) also has non-zero intersection with some element of H2(P ) ≅ Zn, the under-
lying group of ΛP = (H2(P ),QP ). Moreover, note that ΛM is the orthogonal complement
of ΛP .
We have now proved the first part of the proposition.

Now suppose v is the image in H2(X) of the generator of ΛM and that v = kw for some
k ∈ N and w ∈ H2(X). From the discussion above, we can write w = wM + wP with
wM ∈H2(M,L(p, q)) and wP ∈H2(P,L(p, q)). Since v is the image of a generator of ΛM ,
it has zero intersection pairing with H2(P ). This implies that w has zero intersection
pairing with H2(P ) as well, therefore we must have wP = 0 and w = wM . Now we know
that wM ∈ ΛM and is the image of a generator, hence k = 1.
This proves the second part of the proposition.

Using the result above, it is possible to determine when a lens space is DO-unobstructed
from embedding in CP 2. Given a lens space L(p, q), consider the continued fraction ex-
pansion p/q = [a1, . . . , an]−, with each ai ≥ 2. The linear graph with vertices a1, . . . , an

corresponds to the plumbing graph of the 4-manifold P bounded by −L(p, q). We know it
is possible to find an embedding of QP in the standard lattice on Zn+1, with orthonormal
basis e1, . . . , en+1. If the embedding found respects the conditions of Proposition 3.9 –
all the orthonormal basis vectors e1, . . . , en+1 are hit, and the orthogonal complement is
generated by a primitive vector with no zero entries and square p – then we deduce that
−L(p, q), and thus L(p, q), is DO-unobstructed from embedding in CP 2.

This thesis focuses on lens spaces of Lisca type (2) and (3). It does not simply provide a
list of infinite families of such spaces that are DO-unobstructed from embedding in CP 2,
using the obstruction from Prop. 3.9, but it provides a complete classification. This is
stated in Theorem 1 below.

Theorem 1. Any lens space L(m2, q), up to diffeomorphism, that embeds in CP 2 and is
of Lisca type (2) or (3) must have m and q of one of the following forms:

(1) m = (2s + 3)k2 + 1 and q =m2 − (2s + 3)(m − 1), with s ≥ 0 and k ≠ 0,±1;

(2) m = 24k2 + 12k + 2 and q = (m + 1)(8k2 + 4k + 1), with k ≠ 0;
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(3) m = 81k2 − 72k + 17 and q = 9(m + 1), with k ∈ Z;

(4) m = 3k2 − 1 and q = 6k4 − 3k2, with k ≠ 0,±1;

(5) m = 18k + 23 and q = (m + 1)(4k + 5), with k ≥ 0;

(6) m = 81k2 + 36k + 5 and q = 9(m + 1), with k ≠ 0;

(7) m = (2t + 5)k2 − 1 and q = (2m − 1)k2, with t ≥ 0 and k ≠ 0,±1;

(8) m = 18k + 17 and q = (2m − 1)(2k + 2), with k ≥ 0;

(9) m = 18k + 31 and q = (4k + 7)(m − 1), with k ≥ 1;

(10) m = 128k2 + 48k + 5 and q = 4(32k2 + 12k + 1)2, with k ≠ 0;

(11) m = 128k2 − 80k + 13 and q = 4(32k2 − 20k + 3)2 , with k ∈ Z;

(12) m = 18k + 19 and q = 162(k + 1), with k ≥ 0;

(13) either of L(72,31), L(92,50), L(312,270) or L(112,50).

The proof of this result is presented in the next chapter. We conclude this chapter
by remarking that all the arguments involved in the derivation of Proposition 3.9 are
homological. Therefore, the classification derived in Theorem 1 is valid for any homology
CP 2.
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Chapter 4

Proof of Theorem 1

This chapter presents a careful proof of Theorem 1. The classification presented in the
theorem relies on Donaldson’s Diagonalisation Theorem and on Proposition 3.9 by Owens.
Lens spaces satisfying the conditions of Proposition 3.9 are said to be DO-unobstructed
from embedding in CP 2. In this chapter, the term unobstructed should always be un-
derstood to mean DO-unobstructed. In order to proceed with the proof of Theorem 1,
some further understanding of Lisca’s paper [49], in which he characterized lens spaces
bounding rational homology balls, is needed.

The core idea behind the classification from Theorem 3.2 is essentially the same as that
presented in the previous chapter. If a lens space L(p, q) bounds a rational homology
ball B, it is possible to form a manifold W = B ⋃

L(p,q)
P where P is a positive definite

plumbing bounded by −L(p, q). Similarly, we can construct W ′ = B′ ⋃
−L(p,q)

P ′, where P ′

is the plumbing bounded by L(p, q) and B′ is the rational homology ball bounded by
−L(p, q). Since W and W ′ are closed, smooth, oriented, positive definite manifolds, Don-
aldson’s Diagonalisation Theorem applies, and we know that the intersection lattice ΛW

is isomorphic to the standard lattice on Zb2(W ), while ΛW ′ is isomorphic to Zb2(W ′). This
enables us to find lattice embeddings ΛP ↪ Zb2(W ) and ΛP ′ ↪ Zb2(W ′). The existence of
both embeddings yields the constraints on (p, q) presented in Theorem 3.2.

The process leading to such constraints also leads to an explicit description of all the
continued fraction expansions arising from the families in Theorem 3.2. These expansions
are called “strings” and we shall adopt the same terminology. We shall also refer to them
as infinite families, referring to the infinite number of lens spaces associated with each
string type. In order to prove Theorem 1, we shall work with the strings associated with
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the lens spaces of Lisca type (2) and (3). The string classification presented by Lisca
has been recast in [2] by Aceto–Golla–Larson–Lecuona with some slight modifications in
order to get rid of redundancies and symmetries, and we shall adopt it in this thesis while
highlighting some missing details as well. We use the notation 2[s] (or 2[t]) to indicate s
(or t) consecutive vertices of weight 2. The strings of interest are the following:

• B1
s,t = [2[t],3, s + 2, t + 2,3,2[s]]− with s ≥ t > 0, of type (2);

• B2
s,t = [2[t], s + 3,2, t + 2,3,2[s]]− with s ≥ 0, t > 0, of type (3);

• C1
s,t = [t + 2, s + 2,3,2[t],4,2[s]]− with s > 0, t ≥ 0, of type (3);

• C2
s,t = [t + 2,2, s + 3,2[t],4,2[s]]− with s, t ≥ 0, of type (2);

• C3
s,t = [t + 3,2, s + 3,3,2[t],3,2[s]]− with s, t ≥ 0, of type (3);

• D1
s,t = [t + 3,3,2[s],3,2[t],3, s + 3]− where s ≥ t ≥ 0, of type (2);

• D2
s,t = [t + 3,2[s],4,2[t],3, s + 2]− with s, t ≥ 0, of type (3).

In addition to these strings, we must also consider the reverse strings. These are the
strings associated to the continued fraction with weights in the reversed order. It is impor-
tant to note that given a string associated to p

q , the reverse string is associated to p
q∗ , where

q∗ is the multiplicative inverse of q mod p. In particular, note that L(p, q) ≅ L(p, q∗),
therefore we are working with a diffeomorphic lens space. In the proof of Theorem 1 we
will only consider the strings as presented above, ignoring the issue of the reverse strings.
This is because the plumbing diagram associated to a string represents a manifold with
boundary −L(p, q) ≅ −L(p, q∗). However, it is important to keep reverse strings in mind
to properly understand the relations between the lens spaces considered. For each string
we denote its reverse by adding an r: for example, rB1

s,t is the reverse of B1
s,t and so on.

We also remark that the differences between the classifications in [49] and [2] relevant
to this thesis are due to the following relations (also refined in this thesis): B1

s,0 = rB2
0,s,

B1
s,t = rB1

t,s, C1
0,t = C2

0,t.

Recall that for a given lens space L(p, q) we have the orientation-preserving diffeomor-
phism L(p, q) ≅ −L(p, p− q). The lens space L(p, p− q) is called the dual to L(p, q). This
notion of duality also translates to strings, and we say that a string [b]− = p

q is dual or
complementary to [c]− = p

p−q [2].

Dualities between the strings presented above are as follows: B1
s+1,t+1 is dual to D1

s,t;
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rB1
s+1,t+1 is dual to rD1

s,t; B2
s,t+1 is dual to D2

s,t; rB2
s,t+1 is dual to rD2

s,t; C1
s,t is dual to

rC3
t,s−1; rC1

s,t is dual to C3
t,s−1; C2

s,t is dual to rC2
t,s.

Let us now outline the strategy employed to prove Theorem 1. For each string [a1, . . . , an]−,
we consider the related linear graph and map each vertex to a linear combination of or-
thogonal basis vectors for Zn+1 so that the pairing is preserved. This corresponds to
finding a lattice embedding of ΛP , where P is the plumbing corresponding to the dia-
gram, into Zn+1. Note that by Lisca’s work, this lattice embedding is guaranteed to exist
(in particular, the one in [49] is unique up to automorphism [6, Lemma 5.2]). However,
finding such an embedding does not show that the lens space bounding P is unobstructed
from embedding in CP 2. We need an embedding satisfying all the conditions of Propo-
sition 3.9; this translates to making sure that each basis vector of Zn+1 appears in at
least one of the linear combinations that the vertices of the linear graph are mapped
to, and that the orthogonal complement of ΛP in Zn+1 — which corresponds to the em-
bedding ΛM ↪ Zn+1 from the proposition — is generated by a primitive vector with no
zero entries. Moreover, we require the square of this vector to equal p, the numerator of
p/q = [a1, . . . , an]−.

We now make an important observation. Suppose we are working with a given string
p
q = [a1, . . . , an]− and that an embedding satisfying the conditions of Proposition 3.9 is
found. This implies that the lens space −L(p, q) ≅ L(p, p − q) associated to the string is
unobstructed from embedding in CP 2. Naturally, this conclusion holds for L(p, q) – the
lens space with opposite orientation – as well. However, if for a given string it is not
possible to construct such an embedding, no conclusions can be drawn yet. In order to
deduce that the corresponding lens space cannot embed in CP 2, we must work with its
dual string as well and verify that it is not possible to construct the required lattice em-
bedding either. In this chapter, we will analyse each string individually and consider all
possible lattice embeddings up to lattice automorphism of Zn+1: if we find one satisfying
Proposition 3.9, we conclude that the relevant lens space is unobstructed from embedding
in CP 2; if it is not possible to find the required lattice embedding, we consider the dual
string (and hence lens space) and proceed to look for an embedding satisfying Propo-
sition 3.9. If such an embedding is found, we conclude that the lens space considered
is unobstructed from embedding in CP 2. If no such embedding is found, we conclude
the lens space is obstructed from embedding in CP 2. Recall that the duality relations
between the strings have been explicitly stated, and thus we know that given L(p, q) we
will analyse both the graph corresponding to p

q = [a1, . . . , an]− and its dual, corresponding
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to p
p−q = [b1, . . . , bm]−. Therefore, after going through all of the strings mentioned above,

we will also be able to conclude which lens spaces cannot embed in CP 2, obtaining the
complete classification of Theorem 1.

The argument for each string is divided in two subsections; in the first one we provide a
general argument under the condition that the parameters s and t are “big enough”, the
precise meaning of which will be defined in each case. In the second subsection, we go
over all the strings excluded from consideration in the previous case: first by considering
infinite families of strings where only one of the parameters is “big enough”, and then by
considering the finite number of cases remaining. These cases, also referred to as sporadic
cases, were analysed using GAP [25] and its OrthogonalEmbeddings command. There
will be one fully worked example to explain how the required information is extracted, but
afterwards only strings with an embedding satisfying Proposition 3.9 will be presented.

Throughout the whole proof we will be implicitly making use of some considerations in
order to construct a lattice embedding. We shall say that two embeddings into Zn are
equivalent if they differ by a lattice automorphism of Zn. Whenever we say that there is
only a finite number of ways to construct an embedding, it is always to be understood
as meaning up to equivalent embeddings. This will be the case any time we say a cer-
tain mapping is “forced”. When looking at linear graphs, we always start by looking for
2-chains, which are subchains made of vertices of weight 2.

Suppose we have a graph with n vertices which contains as a sub-graph a 2-chain of
length l linked to a vertex of weight w. Recall that we are looking for lattice embeddings
in Zn+1, which has orthonormal basis e1, . . . , el+1, . . . , en+1. First, observe that up to
lattice automorphism of Zn+1, there is only one way to map each vertex of weight 2 to a
combination of basis vectors of Zn+1, shown in Figure 4.1.

e1 − e2 e2 − e3 el − el+1

l vertices
2 2 2 w

Figure 4.1: A 2-chain contained in a linear graph.

Now we need to determine where to map the vertex with weight w. In general, this
vertex is mapped to a linear combination of the form c1e1 + ⋅ ⋅ ⋅ + cl+1el+1 + ⋅ ⋅ ⋅ + cn+1en+1,
with the integer coefficients ci to be determined. Moreover, observe that it needs to be
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orthogonal to all vertices in the 2-chain, except for the last one, with which the pairing
must evaluate to −1. This immediately tells us that c1 = ⋅ ⋅ ⋅ = cl = c, for some c ∈ Z, and
cl+1 = c + 1. We now distinguish three cases:

• w < l: this forces c = 0 and cl+1 = 1, thus the vertex is mapped to el+1 + cl+2el+2 ⋅ ⋅ ⋅ +
cn+1en+1;

• w = l: in this case, either c = −1 or c = 0. The first maps the vertex to −(e1+ ⋅ ⋅ ⋅ +el)
(note that the remaining ci are forced to be 0), while the second maps it to el+1 +
cl+2el+2 ⋅ ⋅ ⋅ + cn+1en+1, as in the previous case;

• w > l: in this case, for c ∈ Z, we map the vertex to c(e1 + ⋅ ⋅ ⋅ + el) + (1 + c)el+1 +
cl+2el+2 + ⋅ ⋅ ⋅ + cn+1en+1.

These ideas have been presented in the simplest case possible, but concatenation with
vertices on either side of a 2-chain gives rise to additional constraints. Moreover, this
same logic can be applied to vertices that are not immediately linked to a 2-chain to
deduce something about the linear combination of vectors they should map to. These
types of arguments underlie all the upcoming discussion.

§ 4.1 | String B1
s,t

We start by analysing the string B1
s,t = [2[t],3, s+ 2, t+ 2,3,2[s]]− with s ≥ t > 0, according

to the classification in [2]. It can be found in [49] that B1
s,t corresponds to the continued

fraction expansion of

p

q
= (2st + 3s + 3t + 4)2
(2st + 3s + 3t + 4)2 − (2s + 3)(2st + 3s + 3t + 3) .

Note that B1
s+1,t+1 is dual to D1

s,t, and from this duality relation we deduce that B1
s,t is

obtained from lens spaces of Lisca type (2) with q = d(m − 1) (see Theorem 3.2). Since
the string contains s + t + 4 weights, we seek lattice embeddings in Zs+t+5. Throughout
this section, let e1, . . . , es+1, f1, . . . , ft+1, a, b, c be an orthonormal basis for Zs+t+5.

§ 4.1.1 | General Argument

The general argument presented in this subsection holds for s, t ≥ 3. The remaining cases
will be analysed in the next subsection.

We need to map each vertex of the diagram associated to B1
s,t to a linear combination of

e1, . . . , es+1, f1, . . . , ft+1, a, b, c. Figure 4.2 below shows one such way to do it. Note that
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this mapping is forced in the sense previously discussed, that is, up to lattice automor-
phism of Zs+t+5 (sign-swapping and reindexing of basis vectors).

f1 − f2 ft − ft+1 ft+1 + a + b v w −e1 + a − b e1 − e2 es − es+1

t vertices s vertices
2 2 3 s + 2 t + 2 3 2 2

Figure 4.2: Potential embedding of B1
s,t in Zs+t+5 for s ≥ t ≥ 3.

It remains to determine what the images v and w should be. From the discussion of
the general strategy, we know that v and w must be of the form v ∶= ρv(e1 + ⋅ ⋅ ⋅ + es+1) +
ηv(f1 + ⋅ ⋅ ⋅ + ft+1) + αva + βvb + γvc and w ∶= ρw(e1 + ⋅ ⋅ ⋅ + es+1) + ηw(f1 + ⋅ ⋅ ⋅ + ft+1) + αwa +
βwb + γwc. The additional parameters represent the integer coefficients of the required
linear combinations. We need to consider all possible options which preserve the bilinear
pairing, therefore we set up the following system of equations:

v ⋅ v = (s + 1)ρ2
v + (t + 1)η2

v + α2
v + β2

v + γ2
v = s + 2 Ô⇒ ∣ρv ∣ ≤ 1 (1)

w ⋅w = (s + 1)ρ2
w + (t + 1)η2

w + α2
w + β2

w + γ2
w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)

v ⋅ (ft+1 + a + b) = ηv + αv + βv = −1 (3)
v ⋅ (−e1 + a − b) = −ρv + αv − βv = 0 (4)
w ⋅ (ft+1 + a + b) = ηw + αw + βw = 0 (5)
w ⋅ (−e1 + a − b) = −ρw + αw − βw = −1 (6)
v ⋅w = (s + 1)ρvρw + (t + 1)ηwηv + αvαw + βvβw + γwγv = −1. (7)

From the system above we see there are three cases to consider for equation (1): ρv = −1,
ρv = 0, ρv = 1. Similarly for equation (2). The solution to this system, together with
Figure 4.2, will yield a lattice embedding in Zs+t+5.

• Case ρv = −1:
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After substituting for ρv and simplifying, the system becomes:

ηv = 0, γv = 0 (1)
(s + 1)ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)
βv = 0 (3)
αv = −1 (4)
ηw + ρw + 2βw = 1 (5)
αw = ρw + βw − 1 (6)
(s + 1)ρw + αw = 1. (7)

– Case ηw = −1:
We focus on a subset of equations to see that this case leads to a contradiction:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = 1 Ô⇒ ρw = 0, α2
w + β2

w + γ2
w = 1 (2)

βw = 1 (5)
αw = 0 (6)
αw = 1. (7)

Hence, we cannot find the required embedding when ρv = −1 and ηw = −1.

– Case ηw = 0:
We focus on a subset of equations to see that this case leads to a contradiction:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = t + 2 (2)
ρw = 1 − 2βw (5)
αw = −βw (6)

βw =
s

2s + 3 . (7)

We know that s ≥ 3 is an integer, so from equation (7) we see that it is not
possible for βw to be an integer as well. Hence, we cannot find the required
embedding when ρv = −1 and ηw = 0.

– Case ηw = 1:
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We focus on a subset of equations to see that this case leads to a contradiction:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = 1 Ô⇒ ρw = 0, α2
w + β2

w + γ2
w = 1 (2)

βw = 0 (5)
αw = −1 (6)
αw = 1. (7)

Hence, we cannot find the required embedding when ρv = −1 and ηw = 1.

• Case ρv = 0:
After substituting for ρv and simplifying, the system becomes:

(t + 1)η2
v + α2

v + β2
v + γ2

v = s + 2 (1)
(s + 1)ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)
ηv = −2βv − 1 (3)
αv = βv (4)
ηw + ρw + 2βw = 1 (5)
αw = ρw + βw − 1 (6)
−ηw(t + 1)(2βv + 1) + βv(ρw + 2βw − 1) + γwγv = −1. (7)

– Case ηw = −1:
We focus on a subset of equations to see that this case leads to a contradiction:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = 1 Ô⇒ ρw = 0, α2
w + β2

w + γ2
w = 1 (2)

βw = 1 Ô⇒ γw = 0 (5)
αw = 0 (6)

βv = −
t + 2
2t + 3 . (7)

We know that t ≥ 3 is an integer, so from equation (7) we see that it is not
possible for βv to be an integer as well. Hence, we cannot find the required
embedding when ρv = 0 and ηw = −1.

– Case ηw = 0:
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The full system of equations is now the following:

(t + 1)η2
v + α2

v + β2
v + γ2

v = s + 2 (1)
(s + 1)ρ2

w + α2
w + β2

w + γ2
w = t + 2 (2)

ηv = −2βv − 1 (3)
αv = βv (4)
ρw = 1 − 2βw (5)
αw = −βw (6)
γwγv = −1. (7)

At this point we observe that equation (7) implies that either γw = 1 and
γv = −1, or γw = −1 and γv = 1.

∗ Case γw = 1, γv = −1:

(t + 1)η2
v + 2β2

v = s + 1 (1)
(s + 1)ρ2

w + 2β2
w = t + 1 (2)

ηv = −2βv − 1 (3)
αv = βv (4)
ρw = 1 − 2βw (5)
αw = −βw. (6)

Combining equations (1) and (2) we obtain (t + 1)η2
vρ

2
w + 2β2

vρ
2
w + 2β2

w =
t + 1, which implies ∣η2

vρ
2
w∣ ≤ 1. Note that ∣η2

vρ
2
w∣ = −1 is impossible. It is

straightforward to verify that ∣η2
vρ

2
w∣ = 0 leads to a contradiction in any

case. Finally, we consider η2
vρ

2
w = 1, which happens whenever η2

v = 1 and
ρ2

w = 1, leading to four possible cases. The only time we are not led to
a contradiction is when ηv = −1 and ρw = 1. The equations become the
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following:

s = t (1)
s = t (2)
βv = 0 (3)
αv = 0 (4)
βw = 0 (5)
αw = 0. (6)

The system has a consistent solution when the condition s = t is satisfied.
We have determined that v = −(f1 + ⋅ ⋅ ⋅ + ft+1) − c and w = e1 + ⋅ ⋅ ⋅ + es+1 + c,
thus completing the embedding of the lattice generated by B1

s,t in Zs+t+5.
However, the orthogonal complement of this embedding is generated by
the vector

(1, . . . ,1
²

s + 1 times

, 1, . . . ,1
²

t + 1 times

,0,−1,−(s + 1)),

hence does not satisfy the conditions of Proposition 3.9.

∗ Case γw = −1, γv = 1:

(t + 1)η2
v + α2

v + β2
v = s + 1 (1)

(s + 1)ρ2
w + α2

w + β2
w = t + 1 (2)

ηv = −2βv − 1 (3)
αv = βv (4)
ρw = 1 − 2βw (5)
αw = −βw. (6)

Analogously to the previous case, we combine equations (1) and (2) to
obtain (t + 1)η2

vρ
2
w + 2β2

vρ
2
w + 2β2

w = t + 1. This implies ∣η2
vρ

2
w∣ ≤ 1. Again,

both the cases η2
vρ

2
w = −1 and η2

vρ
2
w = 0 are impossible, so the only one

left is η2
vρ

2
w = 1, which breaks into four possible cases. The only one not
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leading to a contradiction is when ηv = −1, ρw = 1. We have:

s = t (1)
s = t (2)
βv = 0 (3)
αv = 0 (4)
βw = 0 (5)
αw = 0. (6)

Once again the system has a consistent solution when s = t. We have
determined that v = −(f1+⋅ ⋅ ⋅+ft+1)+c and w = e1+⋅ ⋅ ⋅+es+1−c. Note that
the embedding determined in this case is the same as in the previous case
except for the switching of the signs of c. The orthogonal complement is
generated by the vector

(1, . . . ,1
²

s + 1 times

, 1, . . . ,1
²

t + 1 times

,0,−1, (s + 1)),

hence does not satisfy the conditions of Proposition 3.9.

– Case ηw = 1:
We focus on a subset of equations to see that this case leads to a contradiction:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = 1 Ô⇒ ρw = 0, α2
w + β2

w + γ2
w = 1 (2)

βw = 0 (5)
αw = −1 Ô⇒ γw = 0 (6)

βv = −
t

2t + 3 . (7)

We know that t ≥ 3 is an integer, so from equation (7) we see that it is not
possible for βv to be an integer as well. Hence, we cannot find the required
embedding when ρv = 0 and ηw = 1.

• Case ρv = 1:
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After substituting for ρv and simplifying, the system becomes:

(t + 1)η2
v + α2

v + β2
v + γ2

v = 1 Ô⇒ ηv = 0, α2
v + β2

v + γ2
v = 1 (1)

(s + 1)ρ2
w + (t + 1)η2

w + α2
w + β2

w + γ2
w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)

αv = 0 (3)
βv = −1 Ô⇒ γv = 0 (4)
ηw + ρw + 2βw = 1 (5)
αw = ρw + βw − 1 (6)

ρw =
βw − 1
s + 1 . (7)

– Case ηw = −1:
We focus on a subset of equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = 1 Ô⇒ ρw = 0, α2
w + β2

w + γ2
w = 1 (2)

βw = 1 Ô⇒ γw = 0 (5)
αw = 0 (6)
ρw = 0. (7)

The system above determines the mapping v = e1 + ⋅ ⋅ ⋅ + es+1 − b and w =
−(f1 + ⋅ ⋅ ⋅ + ft+1) + b. The resulting embedding is into Zs+t+4, and corresponds
to the one provided by Lisca in [49]. Each of the strings we are examining
always presents such an embedding, however it does not satisfy the conditions
of Proposition 3.9.

– Case ηw = 0:
We focus on a subset of equations to see that this case leads to a contradiction:

ρw = 1 − 2βw (5)
αw = −βw (6)

βw =
s + 2
2s + 3 . (7)

We know that s ≥ 3 is an integer, so from equation (7) we see that it is not
possible for βw to be an integer as well. Hence, we cannot find the required
embedding when ρv = 0 and ηw = 0.

– Case ηw = 1:
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We focus on a subset of equations to see that this case leads to a contradiction:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = 1 Ô⇒ ρw = 0, α2
w + β2

w + γ2
w = 1 (2)

βw = 0 (5)
αw = −1 (6)
βw = 1. (7)

Hence, we cannot find the required embedding when ρv = 1 and ηw = 1.

We conclude that in the general case, when s, t ≥ 3, the only possible embedding into
Zs+t+5 corresponds to Lisca’s embedding from [49].

§ 4.1.2 | Remaining Cases

The previous section argued that there are no lattice embeddings satisfying Proposition
3.9 for any s ≥ 3 and t ≥ 3. In this section we discuss the cases where at least one of the
parameters s, t is less than 3. This is done in two steps: first, we analyse the infinite
families arising under such conditions, and then we go through the remaining cases indi-
vidually.

The first infinite family that we analyse is B1
s,1 = [2,3, s + 2,3,3,2[s]]− when s ≥ 3. When

looking at the plumbing diagram, one can check that the only way to construct a lattice
embedding is via the pattern discussed for the general case, substituting t = 1. This will
result in a single embedding, which is the one determined by [49], and which does not
satisfy Proposition 3.9.

The next infinite family is B1
s,2 = [2,2,3, s + 2,4,3,2[s]]− with s ≥ 3. This time, the

embedding can be constructed in potentially two ways. The first one is via the pattern
discussed in the general case with t = 2, resulting again in Lisca’s embedding. The second
way is presented below (we are using the same notation as for the general case).

f1 − f2 f2 − f3 −f1 − f2 + c v w −e1 + a − b e1 − e2 es − es+1

s vertices
2 2 3 s + 2 4 3 2 2

Figure 4.3: Potential embedding of B1
s,2 in Zs+7 for s ≥ 3.

Once again, let v ∶= ρv(e1 + ⋅ ⋅ ⋅ + es+1) + ηv(f1 + f2 + f3) + αva + βvb + γvc and w ∶= ρw(e1 +
⋅ ⋅ ⋅ + es+1) + ηw(f1 + f2 + f3) +αwa+βwb+ γwc. In order to determine what v and w should
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be, we need to solve the following simplified system of equations:

(s + 1)ρ2
v + 3η2

v + α2
v + β2

v + γ2
v = s + 2 Ô⇒ ∣ρv ∣ ≤ 1 (1)

ρ2
w(s + 1) + 7η2

w + α2
w + β2

w = 4 Ô⇒ ηw = 0 (2)
γv = 2ηv − 1 (3)
αv = βv + ρv (4)
γw = 2ηw (5)
αw = ρw + βw − 1 (6)
(s + 1)ρvρw + αvαw + βvβw + γwγv = −1. (7)

A direct computation as in the previous cases shows that when ρv = −1 or ρv = 1 the system
is inconsistent (this results from equations (1), (3) and (4)). It remains to examine the
case ρv = 0. The system simplifies to:

3η2
v + 2α2

v + γ2
v = s + 2 (1)

ρ2
w(s + 1) + α2

w + β2
w = 4 (2)

γv = 2ηv − 1 (3)
αv = βv (4)
γw = 0 (5)
αw = ρw + βw − 1 (6)
αv(αw + βw) = −1. (7)

We focus on equation (2) and start by considering what happens when ρw = 0. This
implies αw = βw−1 and thus αv = − 1

2βw−1 . There are two possibilities: βw = 0 and αw = −1,
or βw = 1 and αw = 0. Both give rise to a contradiction in equation (2).
Now consider the case ρw ≠ 0. By equation (2) this forces s = 3 and αw = βw = 0. This
gives rise to a contradiction in equation (7).
Hence, we cannot find the required embedding for the lattice on B1

s,2 in Zs+7.

We have thus examined all possible infinite families that may arise from the string B1
s,t,

taking into account the symmetry with respect to s and t. It remains to check sporadic
cases for s < 3 and t < 3. These were all analysed via GAP and produced no embeddings
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satisfying Proposition 3.9. Table 4.1 presents a summary of the outcome of the analysis
of these cases using GAP.

B1
s,t s t Result

1 1 Obstructed by zero entries in vector generating orthogonal complement
2 1 Obstructed since Lisca’s embedding is the only possibility
2 2 Obstructed by zero entries in vector generating orthogonal complement

Table 4.1: Summary of GAP analysis for B1
s,t when s < 3 and t < 3.

§ 4.2 | String B2
s,t

In this section, we consider the string B2
s,t = [2[t], s + 3,2, t + 2,3,2[s]]− with s ≥ 0, t > 0.

In [49] it is determined that B2
s,t corresponds to the continued fraction expansion of

p

q
= (2st + 2s + 3t + 4)2
(2st + 2s + 3t + 4)2 − (2s + 3)(2st + 2s + 3t + 3) .

Note that B2
s,t+1 is dual to D2

s,t and hence B2
s,t is associated to a lens space of Lisca type

(3) with q = d(m − 1) (see Theorem 3.2). As B2
s,t contains s + t + 4 weights, we seek

lattice embeddings in Zs+t+5. Throughout this section let e1, . . . , es+1, f1, . . . , ft+1, a, b, c be
an orthonormal basis for Zs+t+5.

§ 4.2.1 | General Argument

The general argument presented in this subsection holds for s, t ≥ 3. The remaining cases
will be discussed in the next subsection.

In order to obtain a lattice embedding, we need to map each vertex of the diagram
associated to B2

s,t to a linear combination of basis vectors for Zs+t+5 in a way that respects
the bilinear pairing. Figure 4.4 below shows the only way to do it up to automorphism.

f1 − f2 ft − ft+1 v a + b w −e1 + a − b e1 − e2 es − es+1

t vertices s vertices
2 2 s + 3 2 t + 2 3 2 2

Figure 4.4: Potential embedding of B2
s,t in Zs+t+5 for s ≥ 3, t ≥ 3.

It remains to determine what the images v and w should be. Observe that we must
have v ∶= ρv(e1 + ⋅ ⋅ ⋅ + es+1) + ηv(f1 + ⋅ ⋅ ⋅ + ft) + (ηv + 1)ft+1 + αva − (1 + αv)b + γvc and
w ∶= ρw(e1 + ⋅ ⋅ ⋅ + es+1) + ηw(f1 + ⋅ ⋅ ⋅ + ft+1) + αwa − (1 + αw)b + γwc. Like in the previous
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section, the additional parameters represent integer coefficients of the required linear
combinations. We need to consider all possible options that preserve the bilinear pairing,
therefore we set up the following system of equations:

v ⋅ v = (s + 1)ρ2
v + η2

vt + (ηv + 1)2 + α2
v + (1 + αv)2 + γ2

v = s + 3 Ô⇒ ∣ρv ∣ ≤ 1 (1)
w ⋅w = (s + 1)ρ2

w + (t + 1)η2
w + α2

w + (1 + αw)2 + γ2
w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)

v ⋅ (−e1 + a − b) = −ρv + 2αv + 1 = 0 Ô⇒ αv =
ρv − 1

2 (3)

w ⋅ (−e1 + a − b) = 2αw − ρw = −2 Ô⇒ αw =
ρw − 2

2 (4)

v ⋅w = (s + 1)ρvρw + tηwηv + (ηv + 1)ηw + αvαw + (1 + αv)(1 + αw) + γwγv = 0. (5)

Note that equation (3) implies ρv = ±1, and equation (4) implies ρw is even.

• Case ρv = −1:
After substituting for ρv and simplifying, the system becomes:

η2
vt + (ηv + 1)2 + γ2

v = 1 Ô⇒ ηv = γv = 0 (1)
(s + 1)ρ2

w + (t + 1)η2
w + α2

w + (1 + αw)2 + γ2
w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)

αv = −1 (3)

αw =
ρw − 2

2 (4)

(s + 1)ρw + αw = ηw Ô⇒ ρw =
2(ηw + 1)

2s + 3 . (5)

We are working under the assumption that t ≥ 3. This implies that in equation (1)
ηv = 0, and thus γv = 0. A direct calculation shows that whenever ηw equals 0 or 1
the system is inconsistent. This can be seen in equation (5) where we obtain that
ρw is not an integer. This leaves us with the case ηw = −1. It immediately follows
that v = −(e1 + ⋅ ⋅ ⋅ + es+1)+ft+1 −a and w = −(f1 + ⋅ ⋅ ⋅ +ft+1)−a. The resulting lattice
embedding is that of [49], which does not satisfy the conditions of Proposition 3.9.

• Case ρv = 1:
After substituting for ρv and simplifying, the system becomes:
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η2
vt + (ηv + 1)2 + γ2

v = 1 Ô⇒ ηv = γv = 0 (1)
(s + 1)ρ2

w + (t + 1)η2
w + α2

w + (1 + αw)2 + γ2
w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)

αv = 0 (3)

αw =
ρw − 2

2 (4)

(s + 1)ρw + αw + ηw + 1 = 0 Ô⇒ ρw = −
2ηw

2s + 3 . (5)

As in the previous case, t ≥ 3 implies that both ηv and γv are equal to 0. From
equation (5) we see that ηw = ±1 leads to an inconsistent system, since ρw would not
be an integer. The case ηw = 0 directly leads to the mapping v = e1+⋅ ⋅ ⋅+es+1+ft+1−b
and w = −a + γwc, whenever t = γ2

w − 1. This gives rise to a lattice embedding
that employs each basis vector for Zs+t+5. The orthogonal complement vector is
generated by

(2γw, . . . ,2γw
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

s + 1 times

,−γw(2s + 3), . . . ,−γw(2s + 3)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

t + 1 times

, γw,−γw,1),

Note that t ≥ 3 and t = γ2
w−1 imply that γw ≤ −2 or γw ≥ 2. In particular, this means

that the orthogonal vector presented has no zero entries. The square of this vector
is γ4

w(2s + 3)2 + 2γ2
w(2s + 3) + 1, which is equal to p with the condition t = γ2

w − 1.
Thus, by Proposition 3.9, lens spaces satisfying the aforementioned conditions for
p and q, are unobstructed from embedding in CP 2.

The analysis of the general case shows that it is always possible to find an embedding
satisfying Proposition 3.9 whenever t = γ2

w − 1, t ≥ 3.

§ 4.2.2 | Remaining Cases

In this section we analyse the possible lattice embeddings of B2
s,t in Zs+t+5 whenever either

s < 3 or t < 3.

We begin with the infinite family B2
s,1, for s ≥ 3. We follow the same approach as for the

general case for s ≥ 3. Additional care is required because of t = 1. This will result in two
embeddings in Zs+6, both equivalent to the one in [49]. As expected, no embedding will
satisfy the conditions of Proposition 3.9.

Next, we look for embeddings of B2
s,2 in Zs+7, for s ≥ 3. The only way to construct an
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embedding is that of the general case, thus there is no embedding satisfying the condi-
tions of Proposition 3.9.

Now we focus on the string B2
0,t, assuming t ≥ 3. If we try to map each vertex of the

corresponding plumbing diagram to a linear combination of the basis vectors of Zt+5, then
the only possible pattern is the one discussed for the general case. Some additional care
must be taken when solving the resulting system of equations, particularly when t = 3.
These calculations will give the same result as the general case (also in the case t = 3).
Whenever t = γ2

w − 1, we may embed B2
0,t in Zt+5 as discussed in the previous subsection.

The embedding in question satisfies the conditions of Proposition 3.9, hence any lens
space with p = (3t+ 4)2 and q = (3t+ 4)2 − 3(3t+ 3) for t = γ2

w − 1 > 0 is unobstructed from
embedding in CP 2.

Next, we consider the infinite family B2
1,t with t ≥ 3 and try to find a lattice embedding

in Zt+6. Even in this case, the only possible way to map each vertex of the plumbing
diagram to a linear combination of the basis vectors of Zt+6 is via the pattern of the
general case, resulting in embeddings satisfying Proposition 3.9 whenever t = γ2

w − 1.

Now consider the embedding of the lattice on B2
2,t in Zt+7, with t ≥ 3. One possible lattice

embedding follows the pattern of the general case and, as expected, leads to embeddings
of interest whenever t = γ2

w − 1. In this case, however, there is also another potential
lattice embedding we may consider, which is presented in Figure 4.5 below.

f1 − f2 ft − ft+1 v a + b w e2 + e3 + c e1 − e2 e2 − e3

t vertices
2 2 5 2 t + 2 3 2 2

Figure 4.5: Potential embedding of B2
2,t in Zt+7 for t ≥ 3.

Let v ∶= ρv(e1 + e2 + e3) + ηv(f1 + ⋅ ⋅ ⋅ + ft) + (ηv + 1)ft+1 + αva − (1 + αv)b + γvc and w ∶=
ρw(e1 + e2 + e3)+ηw(f1 + ⋅ ⋅ ⋅ +ft+1)+αwa−(1+αw)b+γwc. In order to explicitly determine
the coefficients of the linear combinations described, we set up the following system of
equations:
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3ρ2
v + η2

vt + (ηv + 1)2 + α2
v + (1 + αv)2 + γ2

v = 5 (1)
3ρ2

w + (t + 1)η2
w + α2

w + (1 + αw)2 + γ2
w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)

γv = −2ρv (3)
γw = −1 − 2ρw (4)
3ρvρw + ηwηvt + (ηv + 1)ηw + αvαw + (1 + αv)(1 + αw) + γvγw = 0. (5)

Note that after substituting γv = −2ρv into equation (1), we are forced to have ρv = 0.
The system thus simplifies to the following:

η2
vt + (ηv + 1)2 + α2

v + (1 + αv)2 = 5 (1)
3ρ2

w + (t + 1)η2
w + α2

w + (1 + αw)2 + γ2
w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)

γv = 0 (3)
γw = −1 − 2ρw (4)
ηwηvt + (ηv + 1)ηw + αvαw + (1 + αv)(1 + αw) = 0. (5)

Note that whenever ηw = ±1, equation (2) simplifies to 3ρ2
w+α2

w+(1+αw)2+γ2
w = 1. Then

we must have ρw = 0 and equation (2) becomes 2α2
w + 2αw + γ2

w = 0, forcing γw = 0 (and
αw = 0 or αw = −1). But this contradicts equation (4), by which γw = −1. Thus, it is not
possible to find a lattice embedding of B2

2,t in Zt+7 when ρv = 0 and ηw = ±1. We now
analyse the case ηw = 0. The system of equations becomes:

η2
vt + (ηv + 1)2 + α2

v + (1 + αv)2 + γ2
v = 5 (1)

3ρ2
w + α2

w + (1 + αw)2 + γ2
w = t + 2 (2)

γv = 0 (3)
γw = −1 − 2ρw (4)

αvαw + (1 + αv)(1 + αw) = 0 Ô⇒ αv = −
1 + αw

1 + 2αw

. (5)

Equation (5) leads to two cases to consider:

• Case αw = 0:
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The system can be simplified as follows:

η2
v(7ρ2

w + 4ρw + 1) + 2ηv − 3 = 0 (1)
t = 7ρ2

w + 4ρw (2)
γv = 0 (3)
γw = −1 − 2ρw (4)
αv = −1. (5)

We try to solve equation (1) for ηv. The reduced discriminant is 21ρ2
w + 12ρw + 4.

Since we are looking for integer solutions, we want this to equal a square number, so
set 21ρ2

w + 12ρw + 4 = k2, for some k ∈ Z. The two solutions for ηv are then − 3
k−1 and

3
k+1 . Suppose ηv = − 3

k−1 : since we want it to be an integer, the only possible values
of k are 0, ±2, 4. The only case in which 21ρ2

w+12ρw+4 = k2 has an integer solution
is when k = ±2 and we obtain ρw = 0. However, using equation (2) this implies that
t = 0, contradicting our initial assumption. Next, consider ηv = 3

k+1 . As for the other
solution, this implies that k must be either 0, ±2 or −4. The only option we can
consider is when k = ±2 and ρw = 0, which again leads to a contradiction. Hence,
for t ≥ 3 there is no embedding of B2

2,t in Zt+7 for the specified parameters.

• Case αw = −1:
The system can be simplified as follows:

η2
v(7ρ2

w + 4ρw + 1) + 2ηv − 3 = 0 (1)
t = 7ρ2

w + 4ρw (2)
γv = 0 (3)
γw = −1 − 2ρw (4)
αv = 0. (5)

The system follows the same pattern as for αw = 0 for equations (1) and (2), hence
the same conclusions apply.

We have proved that for t ≥ 3 there is no way to embed the lattice on B2
2,t in Zt+7, ac-

cording to the mapping in Figure 4.5.

We have concluded our analysis of the infinite families B2
s,t when either s < 3 or t < 3,

so it only remains to check the individual cases excluded up to now. This was done via
GAP’s OrthogonalEmbeddings command [25], and we will present an example of how
such code was used.
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Consider B2
0,1 = [2,3,2,3,3]− and its lattice embeddings in Z6. To obtain the information

wanted, we input the adjacency matrix corresponding toB2
0,1 into the OrthogonalEmbeddings

command, together with the dimension of Zn we want to embed in:

OrthogonalEmbeddings([[2,-1,0,0,0],
[-1,3,-1,0,0],
[0,-1,2,-1,0],
[0,0,-1,3,-1],
[0,0,0,-1,3]], 6);

This will output:

rec( norms := [ 1, 1, 1, 1, 1, 48/49, 48/49, 47/49, 47/49, 45/49, 41/49,
40/49, 40/49, 38/49, 34/49, 34/49, 31/49, 31/49, 27/49, 26/49, 24/49, 19/49 ],

solutions := [ [ 1, 2, 3, 4, 5 ], [ 6, 7, 10, 12, 13, 21 ] ],
vectors := [ [ 1, -1, 0, 1, 0 ], [ -1, 0, 0, 1, 0 ], [ 0, -1, 1, -1, 1 ],

[ 0, 1, 0, 0, 1 ], [ 0, 0, -1, 0, 1 ], [ 1, -1, 0, 0, 1 ],
[ -1, 0, 0, 0, 1 ], [ 0, 1, -1, 0, 1 ], [ 0, 0, 1, -1, 1 ],
[ 0, 1, 0, -1, 1 ], [ 0, -1, 0, 0, 1 ], [ 0, 1, -1, 1, 0 ],
[ 0, 0, 1, 0, 0 ], [ 0, -1, 0, 1, 0 ], [ 0, -1, 1, 0, 0 ],
[ 0, 0, -1, 1, 0 ], [ -1, 1, 0, 0, 0 ], [ 1, 0, 0, 0, 0 ],
[ 0, 0, 0, -1, 1 ], [ 0, 1, 0, 0, 0 ], [ 0, 0, 0, 1, 0 ],
[ 0, 0, 0, 0, 1 ] ] ).

The list named solutions contains two sublists, which correspond to two possible lat-
tice embeddings in Z6. The elements of each sublist specify which elements should be
taken from vectors as the rows of a matrix describing the embedding. Note that the
first embedding in solutions employs five vectors: this is the embedding found in [49].
The second list contains six vectors and specifies the embedding below. The orthogonal

e1 − f1 −e1 + f2 + a −a + b −f2 + a + c e1 + f1 + f2

2 3 2 3 3

Figure 4.6: Lattice embedding of B2
0,1 in Z6.

complement is generated by the vector

(1,1,−2,3,3,−5),
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which has square equal to 49 = p. Thus, the lens space L(49,31) is unobstructed from
embedding into CP 2.

The remaining cases were analysed via GAP in the same fashion, but did not produce
any embeddings satisfying Proposition 3.9. Table 4.2 presents a summary of the outcome
of the analysis of these cases using GAP.

B2
s,t s t Result

0 1 Unobstructed
0 2 Obstructed since Lisca’s embedding is the only possibility
1 1 Obstructed since Lisca’s embedding is the only possibility
1 2 Obstructed since Lisca’s embedding is the only possibility
2 1 Obstructed since Lisca’s embedding is the only possibility
2 2 Obstructed since Lisca’s embedding is the only possibility

Table 4.2: Summary of GAP analysis for B2
s,t when s < 3 and t < 3.

§ 4.3 | String C1
s,t

In this section we discuss the string C1
s,t = [t + 2, s + 2,3,2[t],4,2[s]]− with s > 0, t ≥ 0,

according to the classification in [2]. From [49] it is known that the string C1
s,t corresponds

to the continued fraction expansion of:

p

q
= (2st + 4s + 3t + 5)2
(2s + 3)2(t + 2) .

Note that q can be rewritten as q = (2s + 3)(2st + 4s + 3t + 6) and hence we deduce that
C1

s,t is obtained from lens spaces of Lisca type (3) with q = d(m+ 1) (from Theorem 3.2).
Recall that C1

s,t is dual to rC3
t,s−1. As the string C1

s,t has s+t = 4 vertices, we are interested
in lattice embeddings in Zs+t+5. Throughout this section, let e1, . . . , es+1, f1, . . . , ft+1, a, b, c

be an orthonormal basis for Zs+t+5.

§ 4.3.1 | General Argument

The general argument presented in this subsection holds for s ≥ 4 and t ≥ 3. The remain-
ing possibilities will be analysed in the next subsection.

As usual, we need to map each vertex of the diagram associated to C1
s,t to a linear

combination of basis vectors of Zs+t+5. Under the conditions specified above, there is only
one way to do it, shown in Figure 4.7.

Let v ∶= ρv(e1 + ⋅ ⋅ ⋅ + es+1) + ηv(f1 + ⋅ ⋅ ⋅ + ft+1) +αva + βvb + γvc and w ∶= ρw(e1 + ⋅ ⋅ ⋅ + es+1) +
ηw(f1 + ⋅ ⋅ ⋅ + ft+1) +αwa + βwb + γwc. In order to determine the integer coefficients, set up
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w v a − b − f1 f1 − f2 ft − ft+1
a + b

−e1 + ft+1 e1 − e2 es − es+1

t vertices s vertices
t + 2 s + 2 3 2 2 4 2 2

Figure 4.7: Potential embedding of C1
s,t in Zs+t+5 for s ≥ 4 and t ≥ 3.

the following system:

v ⋅ v = (s + 1)ρ2
v + (t + 1)η2

v + α2
v + β2

v + γ2
v = s + 2 Ô⇒ ∣ρv ∣ ≤ 1 (1)

w ⋅w = (s + 1)ρ2
w + (t + 1)η2

w + α2
w + β2

w + γ2
w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)

v ⋅ (a − b − f1) = αv − βv − ηv = −1 (3)
v ⋅ (a + b − e1 + ft+1) = αv + βv − ρv + ηv = 0 (4)
w ⋅ (a − b − f1) = αw − βw − ηw = 0 (5)
w ⋅ (a + b − e1 + ft+1) = αw + βw − ρw + ηw = 0 (6)
v ⋅w = (s + 1)ρvρw + (t + 1)ηvηw + αvαw + βvβw + γvγw = −1. (7)

We need to consider the cases ρv = −1, ρv = 0, ρv = 1, and do the same for ηw.

• Case ρv = −1:
The system can be reduced to:

(t + 1)η2
v + α2

v + β2
v + γ2

v = 1 Ô⇒ ηv = 0 (1)
(s + 1)ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)
αv = −1 Ô⇒ γv = 0 (3)
βv = 0 (4)
αw − βw − ηw = 0 (5)
αw + βw − ρw + ηw = 0 (6)
(s + 1)ρw + αw = 1. (7)

– Case ηw = ±1:

49



Focus on the following subset of equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = 1 Ô⇒ ρw = 0 (2)
αw = 0 (5)
βw = ∓1 (6)
0 = 1. (7)

The system is inconsistent, hence there is no lattice embedding of C1
s,t in Zs+t+5

when ρv = −1 and ηw = ±1.

– Case ηw = 0:
Once again, focus on the following subset of equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = t + 2 (2)
αw = βw (5)
ρw = 2αw (6)

αw =
1

2s + 3 . (7)

The variable s is defined so that s > 0 (and in this case s ≥ 4), so it is not pos-
sible to obtain an integer solution for αw. Hence, there is no lattice embedding
of C1

s,t in Zs+t+5 when ρv = −1 and ηw = 0.

• Case ρv = 0:
After substituting ρv = 0, we may focus on a subset of equations:

(t + 1)η2
v + α2

v + β2
v + γ2

v = s + 2 (1)
(s + 1)ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)
ηv = αv − βv + 1 (3)

αv = −
1
2 . (4)

As αv does not admit any integer solutions, there is no lattice embedding of C1
s,t in

Zs+t+5 when ρv = 0.

• Case ρv = 1:
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The system can be simplified as follows:

(t + 1)η2
v + α2

v + β2
v + γ2

v = 1 Ô⇒ ηv = 0 (1)
(s + 1)ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)
αv = 0 (3)
βv = 1 Ô⇒ γv = 0 (4)
αw − βw − ηw = 0 (5)
αw + βw − ρw + ηw = 0 (6)
(s + 1)ρw + βw = −1. (7)

– Case ηw = −1:
The system is inconsistent, as can be seen from the following equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = 1 Ô⇒ ρw = 0 (2)
αw = 0 (5)
βw = 1 (6)
1 = −1. (7)

Hence there is no lattice embedding of C1
s,t in Zs+t+5 when ρv = 1 and ηw = −1.

– Case ηw = 0:
Focus on the following equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = t + 2 (2)
αw = βw (5)
ρw = 2αw (6)

αw = −
1

2s + 3 . (7)

As there are no integer solutions for αw when s ≥ 4, there is no lattice embed-
ding of C1

s,t in Zs+t+5 when ρv = 1 and ηw = 0.

– Case ηw = 1:
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The system has the following solution:

ηv = 0, γv = 0 (1)
γw = 0 (2)
αv = 0 (3)
βv = 1 (4)
αw = 0 (5)
βw = −1 (6)
ρw = 0. (7)

Together with Figure 4.7, v = e1 + ⋅ ⋅ ⋅ + es+1 + b and w = f1 + ⋅ ⋅ ⋅ + ft+1 − b define an
embedding of C1

s,t in Zs+t+5. This corresponds to Lisca’s embedding from [49], so it
does not satisfy the conditions of Proposition 3.9.

The complete analysis of C1
s,t showed that for s ≥ 4 and t ≥ 3 there are no lattice embed-

dings into Zs+t+5 satisfying Proposition 3.9.

§ 4.3.2 | Remaining Cases

In this section we analyse possible embeddings of C1
s,t in Zs+t+5 when either s < 4 or t < 3.

We start by considering infinite families and then focus on the remaining cases.

The first infinite family we consider is the one associated to the string C1
s,0, where s ≥ 4.

It can be seen that the only way to map each vertex to a combination of basis elements
of Zs+5 is by following the same pattern as in the general case. Some additional care is
required in the calculations, since in this case t ≤ 3, but we will obtain two equivalent
embeddings, corresponding to the one in [49].

Next, we consider the string C1
s,1 and look for lattice embeddings in Zs+6 where s ≥ 4.

One way to obtain such an embedding is by following the general case, hence the same
conclusions will apply. The second way to potentially obtain a lattice embedding is shown
in Figure 4.8.

Again, let v ∶= ρv(e1 + ⋅ ⋅ ⋅ + es+1) + ηv(f1 + f2) +αva+βvb+ γvc and w ∶= ηw(f1 + f2) +αwa+
βwb+γwc. Set up the following system of equations to determine the coefficients of v and
w:

52



w v f2 − b + c f1 − f2
a + b
+f2 − e1 e1 − e2 es − es+1

s vertices
3 s + 2 3 2 4 2 2

Figure 4.8: Second potential embedding of C1
s,1 in Zs+6 for s ≥ 4.

(s + 1)ρ2
v + 2η2

v + α2
v + β2

v + γ2
v = s + 2 Ô⇒ ∣ρv ∣ ≤ 1 (1)

2η2
w + α2

w + β2
w + γ2

w = 3 (2)
ηv − βv + γv = −1 (3)
ηv − ρv + αv + βv = 0 (4)
ηw − βw + γw = 0 (5)
ηw + αw + βw = 0 (6)
2ηvηw + αvαw + βvβw + γvγw = −1. (7)

We consider three different cases.

• Case ρv = −1:
After performing the required substitution, we focus on a subset of equations to
show that the system is inconsistent:

2η2
v + α2

v + β2
v + γ2

v = 1 Ô⇒ ηv = 0 (1)
γv = βv − 1 (3)
αv = −1 − βv. (4)

Combining everything in equation (1) we obtain β2
v = −1

3 . Hence, there is no lattice
embedding in Zs+6 when ρv = −1.

• Case ρv = 0:
After performing the appropriate substitution, the system can be simplified as fol-
lows:
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2η2
v + α2

v + β2
v + γ2

v = s + 2 (1)
2η2

w + α2
w + β2

w + γ2
w = 3 (2)

ηv − βv + γv = −1 (3)
ηv + αv + βv = 0 (4)
ηw − βw + γw = 0 (5)
ηw + αw + βw = 0 (6)
2ηvηw + αvαw + βvβw + γvγw = −1. (7)

From equation (2) we see that in order to have integer solutions for the parameters,
we need to consider two main cases: ηw = ±1 and ηw = 0.

– Case ηw = ±1:
Focus on the following subset of equations:

α2
w + 2γ2

w ± 2γw = 0 Ô⇒ αw = 0 and γw ∈ {0,∓1} (2)
βw = γw ± 1 (5)
βw = −ηw = ∓1. (6)

Observe that γw can either be 0 or ∓1, but both these values make the system
inconsistent, as equation (5) and (6) would contradict each other. Hence,
there is no lattice embedding of C1

s,1 in Zs+6 when ρv = 0 and ηw = ±1.

– Case ηw = 0:
Perform the substitution and simplify the system as follows:

2η2
v + α2

v + β2
v + γ2

v = s + 2 (1)
α2

w + β2
w + γ2

w = 3 Ô⇒ α2
w = 1 (2)

ηv − βv + γv = −1 (3)
ηv + αv + βv = 0 (4)
βw = γw (5)
αw = −βw (6)
αvαw + βvβw + γvγw = −1. (7)
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From equation (2) we see that αw = ±1. When αw = 1 we immediately see from
equation (7) that βv = 2

3 , which is not an integer solution. When αw = −1, the
system has the following solution:

s = 4η2
v + 2ηv − 1 (1)

α2
w + β2

w + γ2
w = 3 Ô⇒ α2

w = 1 (2)
γv = −1 − ηv (3)
αv = −ηv (4)
γw = 1 (5)
βw = 1 (6)
βv = 0. (7)

Hence v = ηv(f1+f2)−ηva−(1+ηv)c and w = −a+b+c together with Figure 4.8
describe a lattice embedding in Zs+6, when s = 4η2

v + 2ηv − 1. The orthogonal
complement is generated by the vector

(12ηv + 3, . . . ,12ηv + 3
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

s + 1 times

,3ηv + 1,3ηv + 1,5ηv + 1,4ηv + 1, ηv),

which has square 576η4
v + 576η3

v + 240η2
v + 48ηv + 4 = p. Since s ≥ 4, we have

ηv ≤ −2 or ηv ≥ 1; in particular, ηv ≠ 0. Hence, the embedding satisfies the
conditions of Proposition 3.9. Therefore, any lens space with p

q = C1
s,1, with

s = 4η2
v + 2ηv − 1 ≥ 4, is unobstructed from embedding in CP 2.

– Case ρv = 1:
After performing the substitution, the system simplifies to:

2η2
v + α2

v + β2
v + γ2

v = 1 Ô⇒ ηv = 0 (1)
2η2

w + α2
w + β2

w + γ2
w = 3 (2)

γv = βv − 1 (3)
αv = 1 − βv (4)
βw = ηw + γw (5)
2ηw + αw + γw = 0 (6)
αvαw + βvβw + γvγw = −1. (7)

Substituting equations (3) and (4) in (1), we obtain 3β2
v −4βv+1 = 0. The only
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integer solution to this equation is therefore βv = 1 and the system is solved as
follows:

βv = 1 (1)
4η2

w = 0 Ô⇒ ηw = 0 (2)
γv = 0 (3)
αv = 0 (4)
γw = −1 − ηw = −1 (5)
αw = 1 − ηw = 1 (6)
βw = −1. (7)

Hence v = e1 + ⋅ ⋅ ⋅ + es+1 + b and w = a − b − c together with Figure 4.8 provide
a lattice embedding in Zs+6. The orthogonal complement is generated by the
vector

(0, . . . ,0
´¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶
s + 1 times

,−1,−1,1,0,1).

As it is evident from the 0 entries, this embedding does not satisfy the condi-
tions of Proposition 3.9.

This concludes the analysis of C1
s,1 when s ≥ 4.

We now turn to the string C1
s,2 and look for lattice embeddings in Zs+7, s ≥ 4. One

way to find such embeddings is by following the pattern of the general case, which will
result in Lisca’s embedding. Figure 4.9 shows another potential way to obtain lattice
embeddings in Zs+7, with v ∶= ρv(e1 + ⋅ ⋅ ⋅ + es+1) + ηv(f1 + f2 + f3) + αva + βvb + γvc and
w ∶= ηw(f1 + f2 + f3) + αwa + βwb + γwc.

w v −a + b − f1 f1 − f2 f2 − f3
−f1 − f2
−e1 + a e1 − e2 es − es+1

s vertices
4 s + 2 3 2 2 4 2 2

Figure 4.9: Potential embedding of C1
s,2 in Zs+7 for s ≥ 4.
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Set up the following system of equations:

(s + 1)ρ2
v + 3η2

v + α2
v + β2

v + γ2
v = s + 2 Ô⇒ ∣ρv ∣ ≤ 1 (1)

3η2
w + α2

w + β2
w + γ2

w = 4 (2)
βv − αv − ηv = −1 (3)
αv − 2ηv − ρv = 0 (4)
βw − ηw − αw = 0 (5)
αw − 2ηw = 0 (6)
3ηvηw + αvαw + βvβw + γvγw = −1. (7)

Equation (2) can be rewritten as 7η2
w + β2

w + γ2
w = 4, which implies ηw = αw = βw = 0 and

γw = ±2. Substituting these values into equation (7), we obtain ±2γv = −1, which does
not give rise to integer solutions for γv. Hence, the only lattice embedding of C1

s,2 in Zs+7

is Lisca’s.

For the string C1
1,t we are interested in embeddings in Zt+6, when t ≥ 3. It can be directly

verified that the only way to produce such an embedding is by following the pattern from
the general case, hence the same conclusions apply.

Next, we consider C1
2,t when t ≥ 3. Aside from the pattern provided in the general

case, which gives rise to the embedding in [49], we may also try to find an embedding
in Zt+7 as shown in Figure 4.10. Here v ∶= ρv(e1 + e2 + e3) + αva + βvb + γvc and w ∶=
ρw(e1 + e2 + e3) + ηw(f1 + ⋅ ⋅ ⋅ + ft+1) + αwa + βwb + γwc. Set up the following system of

w v b + c − f1 f1 − f2 ft − ft+1

e2 + e3
+ft+1 + a e1 − e2 e2 − e3

t vertices
t + 2 4 3 2 2 4 2 2

Figure 4.10: Potential embedding of C1
2,t in Zt+7 for t ≥ 3.
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equations:

3ρ2
v + α2

v + β2
v + γ2

v = 4 (1)
3ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w = t + 2 (2)
βv + γv = −1 (3)
2ρv + αv = 0 (4)
βw + γw − ηw = 0 (5)
ηw + 2ρw + αw = 0 (6)
3ρvρw + αvαw + βvβw + γvγw = −1. (7)

Combining equations (3) and (4) in (1), we obtain 2β2
v +2βv −3 = 0, which has no integer

solutions. Therefore it is not possible to obtain a lattice embedding via the mapping in
Figure 4.10.

Finally, we analyse lattice embeddings of C1
3,t in Zt+8 when t ≥ 3. As usual, one embedding

can be obtained following the pattern discussed in the general case. We now discuss an
alternative way to potentially obtain a lattice embedding, shown in Figure 4.11 with
v ∶= ρv(e1 + ⋅ ⋅ ⋅ + e4) + ηv(f1 + ⋅ ⋅ ⋅ + ft+1) +αva+ βvb+ γvc and w ∶= ρw(e1 + ⋅ ⋅ ⋅ + e4) + ηw(f1 +
⋅ ⋅ ⋅ + ft+1) + αwa + βwb + γwc.

w v a + b − f1 f1 − f2 ft − ft+1

e2 + e3 + e4
+ft+1 e1 − e2 e2 − e3 e3 − e4

t vertices
t + 2 5 3 2 2 4 2 2 2

Figure 4.11: Potential embedding of C1
3,t in Zt+8 for t ≥ 3.

Set up the following system of equations in order to determine the integer coefficients of
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v and w:

4ρ2
v + (t + 1)η2

v + α2
v + β2

v + γ2
v = 5 (1)

4ρ2
w + (t + 1)η2

w + α2
w + β2

w + γ2
w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)

αv + βv − ηv = −1 (3)
ηv + 3ρv = 0 (4)
αw + βw − ηw = 0 (5)
ηw + 3ρw = 0 (6)
4ρvρw + (t + 1)ηvηw + αvαw + βvβw + γvγw = −1. (7)

Substituting ηv = −3ρv in equation (1), we obtain (9t+13)ρ2
v+α2

v+β2
v+γ2

v = 5, which implies
ρv = 0. Similarly, substituting ηw = −3ρw in equation (2) gives (9t+13)ρ2

w +α2
w +β2

w +γ2
w =

t + 2, which implies ρw = 0. The system can be further simplified as follows:

2α2
v + 2αv + γ2

v = 4 Ô⇒ −2 ≤ αv ≤ 1 (1)
α2

w + β2
w + γ2

w = t + 2 (2)
βv = −1 − αv (3)
ηv = ρv = 0 (4)
βw = −αw (5)
ηw = ρw = 0 (6)
αw(2αv + 1) + γvγw = −1. (7)

As can be seen from equation (1), αv can take four different integer values, which need
to be considered separately. We remark that when αv = −2, we have βv = 1 and γv = 0,
which lead to αw = 1

3 in equation (7), thus excluding this possibility. Similarly, when
αv = 1, we have βv = −2 and γv = 0, and thus αw = −1

3 , excluding this case as well. Hence
we only need to focus on the cases when αv = −1 and αv = 0.

Let αv = −1. Then βv = 0 and γv = ±2.

• When γv = −2 we have αw = 1 − 2γw and t = 9γ2
w − 8γw. Hence v = −a − 2c and

w = (1−2γw)a−(1−2γw)b+γwc together with Figure 4.11 provide a lattice embedding
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in Zt+8 when t = 9γ2
w − 8γw. The orthogonal complement is generated by

(−(9γw − 4), . . . ,−(9γw − 4)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

4 times

,3(9γw − 4), . . . ,3(9γw − 4)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

t + 1 times

,12γw − 6,15γw − 6,6γw − 3),

which has square 6561γ4
w − 11664γ3

w + 7938γ2
w − 2448γw + 289 = p. Note that since

t ≥ 3, we have γw ≤ −1 or γw ≥ 2, thus the embedding satisfies the conditions of
Proposition 3.9. Therefore, lens spaces with p

q = C1
3,t, where t = 9γ2

w − 8γw, are
unobstructed from embedding in CP 2.

• When γv = 2 we immediately obtain αw = 1+2γw and t = 9γ2
w+8γw. Hence v = −a+2c

and w = (1 + 2γw)a − (1 + 2γw)b + γwc together with Figure 4.11 provide a lattice
embedding in Zt+8 when t = 9γ2

w+8γw ≥ 3. The orthogonal complement is generated
by

(−(9γw + 4), . . . ,−(9γw + 4)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

4 times

,3(9γw + 4), . . . ,3(9γw + 4)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

t + 1 times

,12γw + 6,15γw + 6,6γw + 3),

which has square 6561γ4
w + 11664γ3

w + 7938γ2
w + 2448γw + 289 = p. Note that γw ≤ −2

or γw ≥ 1, thus the embedding satisfies the conditions of Proposition 3.9. Hence,
lens spaces with p

q = C1
3,t and t = 2γ2

w + 8γw ≥ 3 are unobstructed from embedding in
CP 2.

Let αv = 0. Then βv = −1 and γv = ±2.

• When γv = −2 we obtain v = −b − 2c and w = (2γw − 1)a + (1 − 2γw)b + γwc. Thus
together with Figure 4.11, we have a lattice embedding equivalent to the one found
when γw = −1 and γv = −2 and the same conclusions apply.

• When γv = 2 the solution to the system determines that v = −b + 2c and w =
−(1 + 2γw)a + (1 + 2γw)b + γwc, which together with Figure 4.11 determine a lattice
embedding equivalent to the one found in the case γw = −1, γv = 2. Therefore the
same conclusions apply.

This concludes our analysis of C1
3,t, and more generally of the infinite families of lens

spaces associated with C1
s,t. All that remains is to analyse the individual cases where

both s < 4 and t < 3. Table 4.3 presents a summary of the outcome of the analysis of
these cases using GAP.

Let us explicitly present the lattice embeddings that satisfy Proposition 3.9, found using
GAP. The string C1

1,0 = [2,3,3,4,2]− presents an unobstructed embedding in Z6, shown
in Figure 4.12. The orthogonal complement is generated by the vector
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C1
s,t s t Result

1 0 Unobstructed
1 1 Unobstructed
1 2 Obstructed since Lisca’s embedding is the only possibility
2 0 Obstructed since Lisca’s embedding is the only possibility
2 1 Obstructed by zero entries in vector generating orthogonal complement
2 2 Obstructed since Lisca’s embedding is the only possibility
3 0 Unobstructed
3 1 Unobstructed
3 2 Obstructed since Lisca’s embedding is the only possibility

Table 4.3: Summary of GAP analysis for C1
s,t when s < 4 and t < 3.

−e1 + e2 e1 − b − c f1 − a + c
e1 + e2
b − f1 f1 + a

2 3 3 4 2

Figure 4.12: Lattice embedding of C1
1,0 in Z6.

(1,1,−3,3,−5,6),

which has square 81 = 92 = p. Hence the embedding satisfies the conditions of Proposition
3.9 and the lens space L(81,50) is unobstructed from embedding in CP 2.

The string C1
1,1 presents an unobstructed lattice embedding, shown in Figure 4.13. This

−a + b + c a − f1 − f2 f2 − b + c f1 − f2
a + b
+f2 − e1 e1 − e2

3 3 3 2 4 2

Figure 4.13: Lattice embedding of C1
1,1 in Z7.

embedding follows the pattern discussed more generally for C1
s,1 when s = 4η2

v + 2ηv − 1,
and in fact has orthogonal embedding generated by

(9,9,2,2,4,3,1),

which has square 196 = 132 = p. Hence, the lens space L(196,75) is unobstructed from
embedding in CP 2.

The string C1
3,0 also presents an unobstructed lattice embedding in Z8, presented in

Figure 4.14. Note that this embedding follows the same pattern as C1
3,t. The orthogonal
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a − b −a + 2c a + b − f1

e2 + e3
+e4 + f1 e1 − e2 e2 − e3 e3 − e4

2 5 3 4 2 2 2

Figure 4.14: Lattice embedding of C1
3,0 in Z8.

complement is generated by the vector

(−4,−4,−4,−4,12,6,6,3),

which has square 289 = 172 = p. Hence the lens space L(289,162) is unobstructed from
embedding in CP 2.

Finally, the string C1
3,1 also presents an unobstructed embedding in Z9, which follows the

same pattern for C1
3,t with t = 9γ2

w + 8γw. This is shown in Figure 4.15. The orthogonal

−a + b − c −a + 2c a + b − f1 f1 − f2
f2 + e2
+e3 + e4 e1 − e2 e2 − e3 e3 − e4

3 5 3 2 4 2 2 2

Figure 4.15: Lattice embedding of C1
3,1 in Z9.

embedding is generated by the vector

(5,5,5,5,−15,−15,−6,−9,−3),

which has square 676 = 262 = p. Hence, the lens space L(676,243) is unobstructed from
embedding in CP 2.

§ 4.4 | String C2
s,t

In this section, we study the string C2
s,t = [t + 2,2, s + 3,2[t],4,2[s]]− with s, t ≥ 0. From

[49], we know that C2
s,t results as the continued fraction expansion of

p

q
= (2st + 3s + 3t + 5)2
(2s + 3)(2st + 3s + 3t + 6) ,

so we observe that C2
s,t is obtained from lens spaces of Lisca type (2) with q = d(m + 1)

(see Theorem 3.2). Note that this string is dual to itself, more precisely C2
s,t is dual to

rC2
t,s. The string presents s + t + 4 vertices, thus we are interested in lattice embeddings

in Zs+t+5. Throughout this section, let e1, . . . , es+1, f1, . . . , ft+1, a, b, c be an orthonormal
basis for Zs+t+5.
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§ 4.4.1 | General Argument

The general argument we now present holds for s, t ≥ 4. The remaining cases will be
analysed in the next subsection.

We need to map each vertex of the plumbing diagram of C2
s,t to a linear combination

of e1, . . . , es+1, f1, . . . , ft+1, a, b, c. The only way to do it is shown in Figure 4.16, where
v ∶= ρv(e1 + . . . es+1) + ηv(f1 + ⋅ ⋅ ⋅ + ft+1) − f1 + αva + βvb + γvc and w ∶= ρw(e1 + ⋅ ⋅ ⋅ + es+1) +
ηw(f1 + ⋅ ⋅ ⋅ + ft+1) + αwa + βwb + γwc.

w a − b v f1 − f2 ft − ft+1
a + b

+ft+1 − e1 e1 − e2 es − es+1

t vertices s vertices
t + 2 2 s + 3 2 2 4 2 2

Figure 4.16: Potential embedding of C2
s,t in Zs+t+5 for s ≥ 4 and t ≥ 4.

In order to determine the integer coefficients of v and w, set up the following system of
equations:

v ⋅ v = (s + 1)ρ2
v + (ηv − 1)2 + η2

vt + α2
v + β2

v + γ2
v = s + 3 Ô⇒ ∣ρv ∣ ≤ 1 (1)

w ⋅w = (s + 1)ρ2
w + (t + 1)η2

w + α2
w + β2

w + γ2
w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)

v ⋅ (a − b) = αv − βv = −1 (3)
v ⋅ (a + b + ft+1 − e1) = ηv − ρv + αv + βv = 0 (4)
w ⋅ (a − b) = αw − βw = −1 (5)
w ⋅ (a + b + ft+1 − e1) = ηw − ρw + αw + βw = 0 (6)
v ⋅w = (s + 1)ρvρw + (t + 1)ηvηw − ηw + αvαw + βvβw + γvγw = 0. (7)

We begin a case-by-case analysis for ρv, followed by ηw.

• Case ρv = −1:
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After substituting for ρv and simplifying, we obtain:

(ηv − 1)2 + η2
vt + α2

v + β2
v + γ2

v = 2 Ô⇒ ηv = 0 (1)
(s + 1)ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)
βv = 1 + αv = 0 (3)
αv = −1 Ô⇒ γv = 0 (4)
βw = 1 + αw (5)
ρw = ηw + 2αw + 1 (6)
ηw = −(s + 1)ρw − αw. (7)

– Case ηw = −1:
Focus on the following subset of equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = 1 Ô⇒ ρw = 0 (2)
βw = 1 (5)
αw = 0 (6)
− 1 = 0. (7)

The system is inconsistent; therefore, there is no lattice embedding of C2
s,t in

Zs+t+5 when ρv = −1 and ηw = −1.

– Case ηw = 0:
We focus on a subset of equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = t + 2 (2)
βw = 1 + αw (5)

ρw =
1

2s + 3 (6)

αw = −(s + 1)ρw. (7)

Since s ≥ 4 (and s ≥ 0 in general), ρw cannot be an integer. Hence, there is no
lattice embedding of C2

s,t in Zs+t+5 when ρv = −1 and ηw = 0.

– Case ηw = 1:
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The system simplifies as follows:

ηv = 0, α2
v + β2

v + γ2
v = 1 (1)

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = 1 Ô⇒ ρw = 0 (2)
βv = 0 (3)
αv = −1 Ô⇒ γv = 0 (4)
βw = 0 (5)
αw = −1 Ô⇒ γw = 0 (6)
1 = 1. (7)

Thus, we determine that v = −(e1 + ⋅ ⋅ ⋅ + es+1) − f1 − a and w = f1 + ⋅ ⋅ ⋅ + ft+1 −
a, which together with Figure 4.16 provide a lattice embedding in Zs+t+5.
This corresponds to Lisca’s embedding from [49], hence it does not satisfy
Proposition 3.9.

• Case ρv = 0:
The system can now be rearranged as follows:

(ηv − 1)2 + η2
vt + α2

v + β2
v + γ2

v = s + 3 (1)
(s + 1)ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)
βv = 1 + αv (3)
ηv + 2αv + 1 = 0 (4)
βw = 1 + αw (5)
ρw = ηw + 2αw + 1 (6)
ηw = (t + 1)ηvηw + αvαw + βvβw + γvγw. (7)

– Case ηw = −1:
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After simplifying, focus on the following equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = 1 Ô⇒ ρw = 0 (2)
αv = (t + 1)ηv − 2 (3)

ηv =
3

3 + 2t (4)

βw = 1 Ô⇒ γw = 0 (5)
αw = 0 (6)
βv = (t + 1)ηv − 1. (7)

Observe that there is no value of t ≥ 4 > 0 such that ηv is an integer. Therefore,
no lattice embedding can be found when ρv = 0 and ηw = −1.

– Case ηw = 0:
After substituting and simplifying, the system is as follows:

(ηv − 1)2 + η2
vt + α2

v + β2
v + γ2

v = s + 3 (1)
(s + 1)ρ2

w + α2
w + β2

w + γ2
w = t + 2 (2)

βv = 1 + αv (3)
ηv + 2αv + 1 = 0 (4)
βw = 1 + αw (5)
ρw = 2αw + 1 (6)
αvαw + βvβw + γvγw = 0. (7)

Combine equations (1) and (2) to obtain

ρ2
wη

2
vt + ρ2

w(ηv − 1)2 + ρ2
w(α2

v + β2
v + γ2

v − 2) + α2
w + β2

w + γ2
w = t + 2,

which implies ρ2
wη

2
v ≤ 1. Note that ρw = 0 and ηv = 0 lead to non-integer

solutions for αw and αv respectively, hence such cases must be excluded. We
analyse the remaining cases.
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∗ ρw = −1, ηv = −1: We have the following solution

s = γ2
v + t + 2 (1)

t = γ2
w + s (2)

βv = 1 (3)
αv = 0 (4)
βw = 0 (5)
αw = −1 (6)
γvγw = 0. (7)

Note that equations (1) and (2) combine to give γ2
v +γ2

w = −2, making the
system inconsistent. No lattice embedding can be found in this case.

∗ ρw = −1, ηv = 1: We have the following solution

s = γ2
v + t − 2 (1)

t = γ2
w + s (2)

βv = 0 (3)
αv = −1 (4)
βw = 0 (5)
αw = −1 (6)
γvγw = −1. (7)

Equations (1) and (2) now combine to give γ2
v + γ2

w = 2, which has two
possible solutions. Note that in either case t = s + 1. Suppose γv = −1 and
γw = 1. Then v = f2 + ⋅ ⋅ ⋅ + ft+1 − a − c and w = −(e1 + ⋅ ⋅ ⋅ + es+1) − a + c,
together with Figure 4.16 provide a lattice embedding of C2

s,s+1 in Z2s+6.
However, the orthogonal complement of this embedding is generated by

( 1, . . . ,1
´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
2s + 3 times

,0,0,1),

and so does not satisfy the conditions of Proposition 3.9. Suppose instead
that γv = 1 and γw = −1. We then have v = f2 + ⋅ ⋅ ⋅ + ft+1 − a + c and
w = −(e1 + ⋅ ⋅ ⋅ + es+1) − a − c, which together with Figure 4.16 provide a
lattice embedding equivalent to the one just discussed. Hence, the same
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conclusions apply.

∗ ρw = 1, ηv = −1: Similarly to the first case examined, equations (1) and (2)
eventually combine to give γ2

v + γ2
w = −2, making the system inconsistent.

∗ ρw = 1, ηv = 1: We have the following solution:

s = γ2
v + t − 2 (1)

t = γ2
w + s (2)

βv = 0 (3)
αv = −1 (4)
βw = 1 (5)
αw = 0 (6)
γvγw = 0. (7)

Note that equations (1) and (2) combine to give γ2
v + γ2

w = 2. However,
note that there are no integer values of γv and γw simultaneously satisfying
this equation and equation (7). Hence, the system has no solution.

– Case ηw = 1:
Simplify the system and focus on the following equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = 1 Ô⇒ ρw = 0 (2)

ηv =
1

2t + 3 (4)

βw = 0 (5)
αw = −1 Ô⇒ γw = 0 (6)
αv = (t + 1)ηv − 1. (7)

Once again, we note that it is not possible to achieve an integer value for ηv.
Therefore, no lattice embedding can be found when ρv = 0 and ηw = 1.

• Case ρv = 1:
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After substituting ρv = 1 and simplifying, we obtain:

(ηv − 1)2 + η2
vt + α2

v + β2
v + γ2

v = 2 Ô⇒ ηv = 0 (1)
(s + 1)ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)
αv = 0 (3)
βv = 1 Ô⇒ γv = 0 (4)
βw = 1 + αw (5)
ρw = ηw + αw + βw (6)
ηw = (s + 1)ρw + αvαw + βvβw + γvγw. (7)

– Case ηw = −1:
Focus on the following equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = 1 Ô⇒ ρw = 0 (2)
βw = 1 Ô⇒ γw = 0 (5)
αw = 0 (6)
− 1 = 1. (7)

The system is inconsistent; therefore, there is no lattice embedding of C2
s,t in

Zs+t+5 when ρv = 1 and ηw = −1.

– Case ηw = 0:
Focus on the following subset of equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = t + 2 (2)

βw =
ρw + 1

2 (5)

αw =
ρw − 1

2 (6)

ρw = −
1

2s + 3 . (7)

Observe that ρw cannot be an integer value, since s ≥ 4 > 0. Hence, there is no
lattice embedding of C2

s,t in Zs+t+5 when ρv = 1 and ηw = 0.

– Case ηw = 1:
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Consider the following equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w = 1 Ô⇒ ρw = 0 (2)
βw = 0 (5)
αw = −1 Ô⇒ γw = 0 (6)
1 = 0. (7)

The system is inconsistent; therefore, there is no lattice embedding of C2
s,t in

Zs+t+5 when ρv = 1 and ηw = 1.

This concludes the analysis of lattice embeddings of C2
s,t in Zs+t+5 when both s ≥ 4 and

t ≥ 4. We have shown that the only embedding possible is Lisca’s.

§ 4.4.2 | Remaining Cases

In the previous section, we showed that there are no lattice embeddings of C2
s,t in Zs+t+5

satisfying Proposition 3.9 whenever s ≥ 4 and t ≥ 4. We will now analyse the cases where
one of the parameters s or t is strictly smaller than 4. Finally, we discuss the remaining
cases.

We start by discussing the lattice embeddings of C2
s,0 in Zs+5, when s ≥ 4. The potential

embedding from Figure 4.16 can be equipped with the further restriction ρw = 0. We
may then repeat the same argument from the previous section to determine the integer
coefficients of v ∶= ρv(e1 + ⋅ ⋅ ⋅ +es+1)+ηvf1 +αva+βvb+γvc and w ∶= ηwf1 +αwa+βwb+γwc;
this will not be presented fully again, but we observe that when ρv = −1 we obtain Lisca’s
embedding, and when ρv = 1 we cannot find integer solutions for αw. Let us analyse the
system of equations when ρv = 0:

η2
v + α2

v + β2
v + γ2

v = s + 3 (1)
η2

w + α2
w + β2

w + γ2
w = 2 (2)

αv − βv = −1 (3)
αv + βv + ηv = −1 (4)
αw − βw = −1 (5)
αw + βw + ηw = 0 (6)
ηvηw + αvαw + βwβv + γvγw = 0. (7)
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Equation (2) may be written as 6α2
w + 6αw +γ2

w = 0, which yields γw = 0 and αw ∈ {−1,0}.
When ϵ = −1, we have βw = 0 and ηw = 1, and from equation (7) we have ηv = αv.
Combining equations (3) and (4), we obtain αv = −2

3 , which is not an integer solution.
Hence, we cannot find the required lattice embedding in this case. Now suppose αw =
γw = 0, implying that βw = 1, ηw = −1. Substituting the values found in (7) yields ηv = βv,
which in turn implies ηv = βv = 0, αv = −1 and s = γ2

v −2. Hence v = −a+γvc and w = −f1+b
together with Figure 4.16 provides a lattice embedding in Zs+5, when s = γ2

v − 2, with
orthogonal complement generated by

(3γv, . . . ,3γv
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

s + 1 times

, γv, γv, γv,1).

The vector has square 9γ4
v − 6γ2

v + 1 = (3γ2
v − 1)2 = p, thus it satisfies the conditions of

Proposition 3.9 (note that γv cannot be 0). Hence, lens spaces with p
q = C2

s,0 and s = γ2
v −2

are unobstructed from embedding in CP 2.

Next, consider lattice embeddings of C2
s,1 in Zs+6, when s ≥ 4. The only way to map each

vertex of C2
s,1 to a combination of vectors in Zs+6 is by following the same pattern as in

the general case, which yields the same result.

For the string C2
s,2 with s ≥ 4, there is another way to potentially obtain a lattice em-

bedding in Zs+7, aside from the one presented in the general argument (which yields the
same results). This is shown in Figure 4.17 with v ∶= ρv(e1 + ⋅ ⋅ ⋅ + es+1) + ηv(f1 + f2 + f3) −
f1+αva+βvb+γvc and w ∶= ηw(f1+f2+f3)+αwa+βwb+γwc. Set up the following system

w b + c v f1 − f2 f2 − f3

−e1 + a
−f1 − f2 e1 − e2 es − es+1

s vertices
4 2 s + 3 2 2 4 2 2

Figure 4.17: Potential embedding of C2
s,2 in Zs+7 for s ≥ 4.
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of equations:

(s + 1)ρ2
v + 2η2

v + (ηv − 1)2 + α2
v + β2

v + γ2
v = s + 3 Ô⇒ ∣ρv ∣ ≤ 1 (1)

3η2
w + α2

w + β2
w + γ2

w = 4 (2)
βv + γv = −1 (3)
1 − 2ηv − ρv + αv = 0 (4)
βw + γw = −1 (5)
αw − 2ηw = 0 (6)
(ηv − 1)ηw + 2ηvηw + αvαw + βvβw + γvγw = 0. (7)

Note that substituting αw = 2ηw in equation (2), we obtain 7η2
w + β2

w + γ2
w = 4, which

implies ηw = αw = 0. Moreover, after substituting in γw = −1 − βw, equation (2) further
simplifies to 2β2

w + 2βw = 3, which has no integer solution. Hence, no alternative lattice
embedding of C2

s,2 in Zs+7 is possible for s ≥ 4.

Now consider lattice embeddings of C2
s,3 in Zs+8, when s ≥ 4. One embedding is obtained

via the mapping presented in the general case, while a potentially alternative one is
presented in Figure 4.18 with v ∶= ρv(e1 + ⋅ ⋅ ⋅ + es+1) + ηv(f1 + ⋅ ⋅ ⋅ + f4) − f1 +αva+ βvb+ γvc

and w ∶= ηw(f1 + ⋅ ⋅ ⋅ + f4) + αwa + βwb + γwc. Set up the following system of equations to

w a + b v f1 − f2 f2 − f3 f3 − f4

−f1 − f2
−f3 − e1 e1 − e2 es − es+1

s vertices
5 2 s + 3 2 2 2 4 2 2

Figure 4.18: Potential embedding of C2
s,3 in Zs+8 for s ≥ 4.

determine the coefficients of v and w:

(s + 1)ρ2
v + 3η2

v + (ηv − 1)2 + α2
v + β2

v + γ2
v = s + 3 Ô⇒ ∣ρv ∣ ≤ 1 (1)

4η2
w + α2

w + β2
w + γ2

w = 5 (2)
αv + βv = −1 (3)
1 − 3ηv − ρv = 0 (4)
αw + βw = −1 (5)
−3ηw = 0 (6)

4ηvηw − ηw + αvαw + βvβw + γvγw = 0. (7)
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We can immediately observe that equation (4) can be written as ηv = 1−ρv

3 , which forces
ρv = 1, since we need ηv to be an integer. The system can be further simplified as follows:

α2
v + β2

v + γ2
v = 1 (1)

2α2
w + 2αw + γ2

w = 4 (2)
αv + βv = −1 (3)
ηv = 0 (4)
βw = −1 − αw (5)
ηw = 0 (6)
4ηvηw − ηw + αvαw + βvβw + γvγw = 0. (7)

Looking at (2), note that 2α2
w + 2αw ≤ 4 happens whenever αw ∈ {−2,−1,0,1}, therefore

we need to examine what happens in each case.

• αw = −2: We have βw = 1 and γw = 0. Equation (7) gives βv = 2αv, which then
implies αv = −1

3 in (3). Hence, there is no lattice embedding in this case.

• αw = −1: We have βw = 0 and γw = ±2. Equation (7) then gives αv = ±2γv and (3)
gives βv = −1 ∓ 2γv. Combining everything in (1) we obtain 9γ2

v ± 4γv = 0, which
implies γv = 0, since it is the only integer solution. Thus we have determined that
v = e1 + ⋅ ⋅ ⋅ + es+1 − f1 − b and w = −a± 2c, which together with Figure 4.18 constitute
a lattice embedding of C2

s,t in Zs+8. When s is odd, the orthogonal complement is
generated by the vector

( 6, . . . ,6
´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
s + 1 times

,−2,−2,−2,−2,−2(3s + 4),2(3s + 4),∓(3s + 4)),

which has square 81s2 + 252s + 196 = (9s + 14)2 = p. Therefore, the embedding
satisfies the conditions of Proposition 3.9 and lens spaces with p

q = C2
s,3 with s odd

are unobstructed from embedding in CP 2. Note that this does not happen when s
is even, as the square of the primitive vector generating the orthogonal complement
is not equal to p in this case.

• αw = 0: We have βw = −1 and γw = ±2. Following the same reasoning as in the
previous case, we obtain v = e1 + ⋅ ⋅ ⋅ + es+1 − f1 − a and w = −b ± 2c, which together
with Figure 4.18 provide a lattice embedding of C2

s,3 in Zs+8. This embedding is
equivalent to the one found in the case αw = −1, hence the same conclusions apply.

• αw = 1: We have βw = −2 and γw = 0. Equation (7) gives αv = 2βv, which then
implies βv = −1

3 in (3). Hence, there is no lattice embedding in this case.
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This concludes our analysis of C2
s,3.

We now move on to C2
0,t, when t ≥ 4, and look for lattice embeddings in Zt+5. When

t ≥ 5, the only way to obtain a lattice embedding is via the mapping provided during the
general argument. For the case t = 4, additional care must be taken to show that no other
embedding is possible, which can also be verified via GAP [25]. Similarly, the string C2

1,t,
for t ≥ 4, only admits an embedding in Zt+6 via the mapping from the general argument.

Next, we examine lattice embeddings of C2
2,t in Zt+7, when t ≥ 4. Apart from the map-

ping presented in the general case, there is potentially another way to obtain a lattice
embedding, shown in Figure 4.19.

w b + c v f1 − f2 ft − ft+1

e2 + e3
+ft+1 + a e1 − e2 e2 − e3

t vertices
t + 2 2 5 2 2 4 2 2

Figure 4.19: Potential embedding of C2
2,t in Zt+7 for t ≥ 4.

Let v ∶= ρv(e1 + e2 + e3) − f1 +αva+βvb+ γvc and w ∶= ρw(e1 + e2 + e3) + ηw(f1 + ⋅ ⋅ ⋅ + ft+1) +
αwa + βwb + γwc. Set up the following system of equations:

3ρ2
v + α2

v + β2
v + γ2

v + 1 = 5 (1)
3ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)
βv + γv = −1 (3)
2ρv + αv = 0 (4)
βw + γw = −1 (5)
2ρw + αw + ηw = 0 (6)
3ρwρv − ηw + αvαw + βwβv + γvγw = 0. (7)

Equation (1) can be written as 7ρ2
v + 2β2

v + 2βv − 3 = 0, which implies ρv = 0 = αv. More-
over, observe that there is no integer solution for βv in (1), hence no alternative lattice
embedding is possible for C2

2,t.

Finally, we focus on lattice embeddings of C2
3,t in Zt+8 when t ≥ 4. Aside from the mapping

discussed in the general case, the one provided in Figure 4.20 potentially provides an
alternative embedding. Let v ∶= ρv(e1 + ⋅ ⋅ ⋅ + e4) − f1 +αva+βvb+ γvc and w ∶= ρw(e1 + ⋅ ⋅ ⋅ +
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w a + b v f1 − f2 ft − ft+1

e2 + e3
+e4 + ft+1 e1 − e2 e2 − e3 e3 − e4

t vertices
t + 2 2 6 2 2 4 2 2 2

Figure 4.20: Potential embedding of C2
3,t in Zt+8 for t ≥ 4.

e4) + ηw(f1 + ⋅ ⋅ ⋅ + ft+1) + αwa + βwb + γwc. Set up the following system of equations:

4ρ2
v + α2

v + β2
v + γ2

v + 1 = 6 (1)
4ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w = t + 2 Ô⇒ ∣ηw∣ ≤ 1 (2)
αv + βv = −1 (3)
3ρv = 0 (4)
αw + βw = −1 (5)
3ρw + ηw = 0 (6)
4ρvρw − ηw + αvαw + βvβw + γvγw = 0. (7)

Note that equation (2) can be written as (9t+ 13)ρ2
w +α2

w +β2
w + γ2

w = t+ 2, which implies
ρw = 0 = ηw. The system can be further simplified as follows:

2α2
v + 2αv + γ2

v = 4 (1)
α2

w + β2
w + γ2

w = t + 2 (2)
βv = −1 − αv (3)
ρv = 0 (4)
βw = −1 − αw (5)
3ρw = ηw = 0 (6)
αvαw + βvβw + γvγw = 0. (7)

Equation (1) implies that αv ∈ {−2,−1,0,1}. We examine each scenario.

• αv = −2: We obtain βv = 1 and γv = 0. Then equation (7) reduces to βw = 2αw, which
when substituted in (5) gives αw = −1

3 . Hence no lattice embedding is possible in
this case.

• αv = −1:The system yields the following solution
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γv = ±2 (1)
t = 9γ2

w ± 4γw − 1 (2)
βv = 0 (3)
ρv = 0 (4)
βw = −1 ∓ 2γw (5)
3ρw = ηw = 0 (6)
αw = ±2γw. (7)

Therefore, v = −f1 − a ± 2c and w = ±2γwa + (−1 ∓ 2γw)b + γwc together with Figure
4.20 provide a lattice embedding in Zt+8 when t = 9γ2

w ±4γw −1 ≥ 4. The orthogonal
complement is generated by

(−(9γw ± 2), . . . ,−(9γw ± 2)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

4 times

,3(9γw ± 2), . . . ,3(9γw ± 2)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

t + 1 times

,−3γw,3γw,−3(4γw ± 1)),

which has square 6561γ4
w ± 5832γ3

w + 2106γ2
w ± 360γw + 25 = (81γ2

w ± 36γw + 5)2 = p.
Therefore, any lens space with p

q = C2
3,t and t = 9γ2

w ± 4γw − 1 ≥ 4 is unobstructed
from embedding in CP 2.

• αv = 0: The system yields the following solution

γv = ±2 (1)
t = 9γ2

w ± 4γw − 1 (2)
βv = −1 (3)
ρv = 0 (4)
βw = ±2γw (5)
3ρw = ηw = 0 (6)
αw = −1 − ∓2γw. (7)

Hence v = −f1 − b ± 2c and w = (−1 ∓ 2γw)a ± 2γwb + γwc together with Figure 4.20
provide a lattice embedding in Zt+8. Note that this embedding is equivalent to the
one found in the previous case, thus the same conclusions apply.

• αv = 1: We obtain βv = −2 and γv = 0. Equation (7) gives αw = 2βw, thus (5) gives
βw = −1

3 . Therefore, no lattice embedding is possible in this case.

This concludes the analysis of each infinite family of C2
s,t where one of s and t is strictly
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less than 4. It remains to analyse all the strings arising when both parameters are strictly
less than 4; this was done via GAP [25]. Table 4.4 presents a summary of the outcome
of the analysis of these cases using GAP.

C2
s,t s t Result

0 0 Obstructed since Lisca’s embedding is the only possibility
0 1 Obstructed by zero entries in vector generating orthogonal complement
0 2 Obstructed since Lisca’s embedding is the only possibility
0 3 Obstructed since the image of ΛM is not a primitive vector
1 0 Obstructed since Lisca’s embedding is the only possibility
1 1 Obstructed since Lisca’s embedding is the only possibility
1 2 Two embeddings that are not Lisca’s: obstructed by zero entries in

vector generating orthogonal complement, and since the image of ΛM is
not a primitive vector, respectively

1 3 Unobstructed
2 0 Unobstructed
2 1 Obstructed since Lisca’s embedding is the only possibility
2 2 Obstructed since Lisca’s embedding is the only possibility
2 3 Two embeddings that are not Lisca’s: obstructed by zero entries in

vector generating orthogonal complement, and since the image of ΛM is
not a primitive vector, respectively

3 0 Obstructed since Lisca’s embedding is the only possibility
3 1 Obstructed since Lisca’s embedding is the only possibility
3 2 Obstructed since Lisca’s embedding is the only possibility
3 3 Unobstructed

Table 4.4: Summary of GAP analysis for C2
s,t when s < 4 and t < 3.

Let us explicitly present the lattice embeddings that satisfy Proposition 3.9, found using
GAP. Figure 4.21 presents an embedding of C2

1,3 in Z9.

−a + 2c a + b

e1 + e2
−f1 − b f1 − f2 f2 − f3 f3 − f4

−f1 − f2
−f3 − e1 e1 − e2

5 2 4 2 2 2 4 2

Figure 4.21: Lattice embedding of C2
1,3 in Z9.

The orthogonal complement is generated by

(6,6,−2,−2,−2,−2,−14,14,−7),

which has square 529 = 232 = p, hence the lens space L(529,120) is unobstructed from
embedding CP 2. Note that this embedding exactly follows the mapping discussed for
C2

s,3 with s odd.
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The string C2
2,0 presents the lattice embedding in Z7 shown in Figure 4.22. The orthogonal

b − f1 a − b −a + 2c
a + b
+f1 − e1 e1 − e2 e2 − e3

2 2 5 4 2 2

Figure 4.22: Lattice embedding of C2
2,0 in Z7.

complement is generated by
(6,6,6,2,2,2,1),

which has square 121 = 112 = p, hence the lens space L(121,84) is unobstructed from
embedding in CP 2. Note that this embedding exactly follows the mapping discussed for
C2

s,0 with s = γ2
w − 2, γw = 2.

Finally, we present a lattice embedding of C2
3,3 in Z11 in Figure 4.23. The orthogonal

−a + 2c a + b

e1 + ⋅ ⋅ ⋅ + e4
−f1 − b f1 − f2 f2 − f3 f3 − f4

−f1 − f2
−f3 − e1 e1 − e2 e2 − e3 e3 − e4

5 2 6 2 2 2 4 2 2 2

Figure 4.23: Lattice embedding of C2
3,3 in Z11.

embedding is generated by

(6,6,6,6,−2,−2,−2,−2,−26,26,−13),

which has square 1681 = 412 = p, hence the lens space L(1681,378) is unobstructed from
embedding in CP 2. Once again, we remark that this embedding exactly follows the
mapping discussed for C2

s,3 with s odd.

§ 4.5 | String C3
s,t

In this section we address the string C3
s,t = [t+3,2, s+3,3,2[t],3,2[s]]− with s, t ≥ 0. From

[49] we know this string is associated to the continued fraction expansion of

p

q
= (2st + 5s + 4t + 9)2
(s + 2)(4st + 10s + 8t + 17) ,

and it is related to lens spaces of Lisca type (3) with q = d(m + 1) (see Theorem 3.2).
Recall that C3

s,t is dual to rC1
t+1,s. As the string presents s+t+5 weights, we are looking for

lattice embeddings in Zs+t+6. Throughout this section, let e1, . . . , es+1, f1, . . . ft+1, a, b, c, d

be an orthonormal basis for Zs+t+6.
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§ 4.5.1 | General Argument

The general argument presented in this subsection holds for s, t ≥ 3. As usual, all cases
not covered by this argument will be analysed in the next subsection.

We need to map each vertex of the plumbing diagram of C3
s,t to a linear combination

of e1, . . . , es+1, f1, . . . ft+1, a, b, c, d. Figure 4.24 shows the only way to do it up to sign
swapping and relabelling (i.e. automorphism).

w b − c v b + c − f1 f1 − f2 ft − ft+1
ft+1
+a − e1 e1 − e2 es − es+1

s verticest vertices
t + 3 2 s + 3 3 2 2 3 2 2

Figure 4.24: Potential embedding of C3
s,t in Zs+t+6 for s, t ≥ 3.

Let v ∶= ρv(e1 + ⋅ ⋅ ⋅ + es+1) + ηv(f1 + ⋅ ⋅ ⋅ + ft+1) + αva + βvb + γvc + ψd and w ∶= ρw(e1 + ⋅ ⋅ ⋅ +
es+1) + ηw(f1 + ⋅ ⋅ ⋅ + ft+1) + αwa + βwb + γwc + τd. In order to determine the value of the
integer coefficients of v and w, set up the following system of equations:

v ⋅ v = (s + 1)ρ2
v + (t + 1)η2

v + α2
v + β2

v + γ2
v + ψ2 = s + 3 Ô⇒ ∣ρv ∣ ≤ 1 (1)

w ⋅w = (s + 1)ρ2
w + (t + 1)η2

w + α2
w + β2

w + γ2
w + τ 2 = t + 3 Ô⇒ ∣ηw∣ ≤ 1 (2)

v ⋅ (b − c) = βv − γv = −1 (3)
v ⋅ (b + c − f1) = βv + γv − ηv = −1 (4)
v ⋅ (ft+1 + a − e1) = ηv − ρv + αv = 0 (5)
w ⋅ (b − c) = βw − γw = −1 (6)
w ⋅ (b + c − f1) = βw + γw − ηw = 0 (7)
w ⋅ (ft+1 + a − e1) = ηw − ρw + αw = 0 (8)
v ⋅w = (s + 1)ρvρw + (t + 1)ηvηw + αvαw + βvβw + γvγw + ψτ = 0. (9)

There are three possible values for either ρv or ηw: −1, 0, 1. We discuss what happens in
each case.

• Case ρv = −1:
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Substitute for ρv = −1 and simplify the system as follows:

(t + 1)η2
v + α2

v + β2
v + γ2

v + ψ2 = 2 Ô⇒ ηv = 0 (1)
(s + 1)ρ2

w + (t + 1)η2
w + α+wβ2

w + γ2
w + τ 2 = t + 3 Ô⇒ ∣ηw∣ ≤ 1 (2)

γv = 0 (3)
βv = −1 (4)
αv = −1 Ô⇒ ψ = 0 (5)
βw − γw = −1 (6)
βw + γw = ηw (7)
ηw − ρw + αw = 0 (8)
(s + 1)ρw + αw + βw = 0. (9)

– Case ηw = −1:
We obtain the following solution:

ηv = 0, ψ = 0 (1)
(s + 1)ρ2

w + α2
w + β2

w + γ2
w + τ 2 = 2 Ô⇒ ρw = 0 (2)

γv = 0 (3)
βv = −1 (4)
αv = −1 (5)
βw = −1 (6)
γw = 0 (7)
αw = 1 Ô⇒ τ = 0 (8)
1 − 1 = 0. (9)

Therefore, v = −(e1 + ⋅ ⋅ ⋅ + es+1) − a − b and w = −(f1 + ⋅ ⋅ ⋅ + ft+1) + a − b together
with Figure 4.24 determine a lattice embedding of C3

s,t in Zs+t+6, when s,t ≥ 3.
This embedding corresponds to the one in [49], hence does not satisfy the
conditions of Proposition 3.9.

– Case ηw = 0: It is enough to focus on equations (6) and (7) to see that we
obtain βw = −1

2 . Since βw is not an integer, there is no lattice embedding
possible in this case.

– Case ηw = 1:
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Focus on the following subset of equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w + τ 2 = t + 3 Ô⇒ ρw = 0 (2)
βw = 0 (6)
γw = 1 (7)
αw = −1 (8)
−1 = 0. (9)

The system is inconsistent, therefore there is no lattice embedding when ρv =
−1 and ηw = 1.

• Case ρv = 0:
We may rewrite the system as follows:

(t + 1)η2
v + α2

v + β2
v + γ2

v + ψ2 = s + 3 (1)
(s + 1)ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w + τ 2 = t + 3 Ô⇒ ∣ηw∣ ≤ 1 (2)
γv = 1 + βv (3)

βv =
ηv − 2

2 (4)

αv = −ηv (5)
βw − γw = −1 (6)
βw + γw = ηw (7)
ηw − ρw + αw = 0 (8)
(t + 1)ηvηw + αvαw + βvβw + γvγw + ψτ = 0. (9)

– Case ηw = −1:
Focus on the following subset of equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w + τ 2 = 2 Ô⇒ ρw = 0 (2)

βv =
ηv − 2

2 (4)

αv = −ηv (5)
βw = −1 (6)
γw = 0 (7)
αw = 1 Ô⇒ τ = 0 (8)

−(t + 1)ηv + αv − βv = 0 Ô⇒ ηv =
2

2t + 5 . (9)

Note that in equation (9) there is no non-negative value of t that would make
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ηv an integer. Hence, no lattice embedding is possible when ρv = 0 and ηw = −1.

– Case ηw = 0: Focus on equations (6) and (7) to see that they yield βw = −1
2 ,

which is not an integer. Hence, no lattice embedding is possible in this case.

– Case ηw = 1:
The system yields the following solution:

(t + 1)η2
v + α2

v + β2
v + γ2

v + ψ2 = s + 3 (1)
(s + 1)ρ2

w + α2
w + β2

w + γ2
w + τ 2 = 2 Ô⇒ ρw = 0 (2)

γv = 1 + βv (3)

βv =
ηv − 2

2 (4)

αv = −ηv (5)
βw = 0 (6)
γw = 1 (7)
αw = −1 Ô⇒ τ = 0 (8)
(t + 1)ηv − αv + γv = 0 Ô⇒ ηv(2t + 5) = 0 Ô⇒ ηv = 0. (9)

Hence, we have determined that v = −b + ψd and w = f1 + ⋅ ⋅ ⋅ + ft+1 − a + c,
whenever s = ψ2 − 2 ≥ 3 (this can be seen after simplifying equation (1)).
Together with Figure 4.24, we now have a lattice embedding in Zs+t+6. The
orthogonal complement is generated by

( ψ(2t + 5), . . . , ψ(2t + 5)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

s + 1 times

, 2ψ, . . . ,2ψ
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

t + 1 times

, ψ(2t + 3), ψ,ψ,1),

which has square ψ4(2t + 5)2 − 2ψ2(2t + 5) + 1 = (ψ2(2t + 5) − 1)2 = p. Hence,
lens spaces with p

q = C3
s,t and s = ψ2 − 2 ≥ 3 are unobstructed from embedding

in CP 2.

• Case ρv = 1:
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Substitute ρv = 1 and rewrite the system as follows:

(t + 1)η2
v + α2

v + β2
v + γ2

v + ψ2 = 2 Ô⇒ ηv = 0 (1)
(s + 1)ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w + τ 2 = t + 3 Ô⇒ ∣ηw∣ ≤ 1 (2)
βv = −1 (3)
γv = 0 (4)
αv = 1 Ô⇒ ψ = 0 (5)
βw − γw = −1 (6)
βw + γw = ηw (7)
ηw − ρw + αw = 0 (8)
(s + 1)ρw + αw − βw = 0. (9)

– Case ηw = −1:
Focus on the following subset of equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w + τ 2 = 2 Ô⇒ ρw = 0 (2)
βw = −1 (6)
γw = 0 (7)
αw = 1 (8)
1 + 1 = 0. (9)

The system is inconsistent, hence there is no lattice embedding in Zs+t+6 when
ρv = 1 and ηw = −1.

– Case ηw = 0: Focus on equations (6) and (7) and note that this results in
βw = −1

2 . As it is not an integer value, no embedding is possible in this case.

– Case ηw = 1:
Consider the following subset of equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w + τ 2 = 2 Ô⇒ ρw = 0 (2)
βw = 0 (6)
γw = 1 (7)
αw = −1 (8)
− 1 = 0. (9)

The system is inconsistent, thus there is no lattice embedding in Zs+t+6 when
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ρv = 1 and ηw = 1.

We have concluded the analysis of C3
s,t when s, t ≥ 3, and found out that whenever

s = ψ2 − 2 we can define an embedding satisfying Proposition 3.9.

§ 4.5.2 | Remaining Cases

We now analyse all the possible lattice embeddings of C3
s,t in Zs+t+6 which were excluded

in the general argument. We start by considering all the strings C3
s,t where one of s and

t is strictly smaller than 3, then move on to the remaining cases.

The first string we consider is C3
s,0 with s ≥ 3. Up to relabelling and sign swapping, the

only way to obtain a lattice embedding in Zs+6 is via the mapping presented in the general
case. It is possible to repeat the calculations with some additional care since t = 0 and
verify that the same conclusions apply.

Next, we consider C3
s,1 with s ≥ 3. It is possible to find lattice embeddings in Zs+7 via the

mapping discussed in the general case; this will lead to the same conclusions. However,
there is another potential mapping that should be considered, shown in Figure 4.25. Let

w c + d v f2 − a + b f1 − f2 f2 − e1 + a e1 − e2 es − es+1

s vertices
4 2 s + 3 3 2 3 2 2

Figure 4.25: Potential embedding of C3
s,1 in Zs+7 for s ≥ 3.

v ∶= ρv(e1+⋅ ⋅ ⋅+es+1)+ηv(f1+f2)+αva+βvb+γvc+ψd and w ∶= ηw(f1+f2)+αwa+βwb+γwc+τd.
Set up the following system of equations:

(s + 1)ρ2
v + 2η2

v + α2
v + β2

v + γ2
v + ψ2 = s + 3 Ô⇒ ∣ρv ∣ ≤ 1 (1)

2η2
w + α2

w + β2
w + γ2

w + τ 2 = 4 (2)
γv + ψ = −1 (3)
ηv − αv + βv = −1 (4)
ηv − ρv + αv = 0 (5)
γw + τ = −1 (6)
ηw − αw + βw = 0 (7)
ηw + αw = 0 (8)
2ηvηw + αvαw + βvβw + γvγw + τψ = 0. (9)
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We may combine equations (2), (7), (8) to obtain 7α2
w + γ2

w + τ 2 = 4, which immediately
implies αw = 0. Moreover, after substituting γw = −1−τ from (6), we obtain 2τ 2+2τ−3 = 0,
which has no integer solutions. Hence, the system does not have a solution, and no al-
ternative mapping is possible to construct lattice embeddings of C3

s,1 in Zs+7.

Now consider lattice embeddings of C3
s,2 in Zs+8, when s ≥ 3. If we use the mapping

discussed in the general argument, we find that whenever s = ψ2 − 2 we can define an
embedding satisfying Proposition 3.9. However, it might still be possible to find more such
embeddings under different conditions. Figure 4.26 presents a potential alternative lattice
embedding of C3

s,2 in Zs+8. Let v ∶= ρv(e1 + ⋅ ⋅ ⋅ + es+1)+ηv(f1 +f2 +f3)+αva+βvb+γvc+ψd

w b + c v f2 + f3 − a f1 − f2 f2 − f3
f3

+a − e1 e1 − e2 es − es+1

s vertices
5 2 s + 3 3 2 2 3 2 2

Figure 4.26: Potential embedding of C3
s,2 in Zs+8 for s ≥ 3.

and w ∶= ηw(f1+f2+f3)+αwa+βwb+γwc+τd, and set up the following system of equations:

(s + 1)ρ2
v + 3η2

v + α2
v + β2

v + γ2
v + ψ2 = s + 3 Ô⇒ ∣ρv ∣ ≤ 1 (1)

3η2
w + α2

w + β2
w + γ2

w + τ 2 = 5 (2)
βv + γv = −1 (3)
2ηv − αv = −1 (4)
ηv − ρv + αv = 0 (5)
βw + γw = −1 (6)
2ηw − αw = 0 (7)
ηw + αw = 0 (8)
3ηvηw + αvαw + βvβw + γvγw + ψτ = 0. (9)

Note that equations (4) and (5) can be combined to obtain ηv = ρv−1
3 , which implies

ρv = 1. Similarly, (7) and (8) imply ηw = αw = 0. Now the system can be simplified as
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follows:

2β2
v + 2βv + ψ2 = 0 Ô⇒ ψ = 0 and βv ∈ {−1,0} (1)

β2
w + γ2

w + τ 2 = 5 (2)
γv = −1 − βv (3)
2ηv = 0 (4)
αv = 1 (5)
γw = −1 − βw (6)
ηw = 0 (7)
αw = 0 (8)
βvβw + γvγw = 0. (9)

When βv = −1 we have γv = 0, βw = 0 and τ = ±2. Thus v = e1 + ⋅ ⋅ ⋅ + es+1 + a − b and
w = −c ± 2d together with Figure 4.26 provide an alternative lattice embedding of C3

s,2 in
Zs+8. When s is even, the orthogonal complement is generated by

( 6, . . . ,6
´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
s + 1 times

,2,2,2,4,2(3s + 5),−2(3s + 5),∓(3s + 5)),

which has square 81s2 + 306s + 289 = (9s + 17)2 = p. The embedding satisfies Proposition
3.9, thus lens spaces with p

q = C2
s,2 with s ≥ 3 even are unobstructed from embedding in

CP 2. Note that this does not happen when s is odd.
When βv = 0 instead we have γv = −1, γw = 0, βw = −1 and τ = ±2, thus v = e1+⋅ ⋅ ⋅+es+1+a−c
and w = −b ± 2d. Together with Figure 4.26 they provide a lattice embedding equivalent
to the one in the previous case, hence the same conclusions apply.

Up to relabelling and sign-swapping, the mapping presented in Figure 4.24 is the only
one possible for the string C2

0,t with t ≥ 3. Interestingly, this will produce two lattice em-
beddings in Zt+6, both equivalent to the one in [49], and thus not relevant to Proposition
3.9. The same applies for the string C3

1,t, t ≥ 3, but the general argument gives rise to a
single lattice embedding in Zt+7, corresponding to the one in [49].

Finally, note that any lens space with p
q = C3

2,t, t ≥ 3, is unobstructed from embedding in
CP 2. This is because we can find a lattice embedding in Zt+8 satisfying Proposition 3.9
by just applying the pattern for the general case with ψ = 2, hence s = ψ2 − 2 = 2.
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It remains to discuss strings where both s and t are strictly smaller than 3. Possible lattice
embeddings were analysed using GAP [25]. The outcome of this analysis is summarised
in Table 4.5.

C3
s,t s t Result

0 0 Obstructed since Lisca’s embedding is the only possibility
0 1 Obstructed since Lisca’s embedding is the only possibility
0 2 Unobstructed
1 0 Obstructed since Lisca’s embedding is the only possibility
1 1 Obstructed since Lisca’s embedding is the only possibility
1 2 Obstructed since the image of ΛM is not a primitive vector
2 0 Unobstructed
2 1 Unobstructed
2 2 Unobstructed

Table 4.5: Summary of GAP analysis for C3
s,t when s < 3 and t < 3.

Let us explicitly present the lattice embeddings that satisfy Proposition 3.9, found using
GAP. The string C3

0,2 presents the lattice embedding in Z8 shown in Figure 4.27; note
that it follows the pattern discussed for C3

s,2 with s even. The orthogonal embedding is

−c + 2d b + c e1 + a − b f2 + f3 − a f1 − f2 f2 − f3 f3 − e1 + a

5 2 3 3 2 2 3

Figure 4.27: Lattice embedding of C3
0,2 in Z8.

generated by
(6,2,2,2,4,10,−10,−5),

which has square 289 = 172 = p. Hence, the lens space L(289,66) is unobstructed from
embedding in CP 2.

Figure 4.28 shows a lattice embedding of C3
2,0 in Z8; note that this embedding respects

the pattern discussed in the general case with ψ = 2. The orthogonal complement is

f1 − a + c b − c −b + 2d b + c − f1 f1 − e1 + a e1 − e2 e2 − e3

3 2 5 3 3 2 2

Figure 4.28: Lattice embedding of C3
2,0 in Z8.

generated by
(10,10,10,4,6,2,2,1),
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which has square 361 = 192 = p. Hence, the lens space L(361,148) is unobstructed from
embedding in CP 2.

Following the pattern from the general argument with ψ = 2, we also obtain the lattice
embedding of C3

2,1 in Z9 shown in Figure 4.29.

f1 + f2 − a + c b − c −b + 2d b + c − f1 f1 − f2 f2 − e1 + a e1 − e2 e2 − e3

4 2 5 3 2 3 2 2

Figure 4.29: Lattice embedding of C3
2,1 in Z9.

The orthogonal complement is generated by

(14,14,14,4,4,10,2,2,1),

which has square 729 = 272 = p. Hence, the lens space L(729,212) is unobstructed from
embedding in CP 2.

Finally, the string C3
2,2 presents two lattice embeddings in Z10 satisfying Proposition 3.9:

one follows the pattern from the general argument, the other the pattern from the case
C3

s,2 with s even. Figure 4.30 presents the latter embedding. The orthogonal embedding

−c + 2d b + c
e1 + e2 + e3
+a − b f2 + f3 − a f1 − f2 f2 − f3

f3
+a − e1 e1 − e2 e2 − e3

5 2 5 3 2 2 3 2 2

Figure 4.30: Lattice embedding of C3
2,2 in Z10.

is generated by
(6,6,6,2,2,2,4,22,−22,−11),

which has square 1225 = 352 = p. Hence, the lens space L(1225,276) is unobstructed from
embedding in CP 2.

§ 4.6 | String D1
s,t

We now analyse the string D1
s,t = [t+3,3,2[s],3,2[t],3, s+3]− where s ≥ t ≥ 0, according to

the classification in [2]. From [49] we know that it corresponds to the continued fraction
expansion of

p

q
= (2st + 5t + 5s + 12)2
(2s + 5)(2st + 5t + 5s + 11) ,
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and it is associated with lens spaces of Lisca type (2) with q = d(m − 1) (as in Theorem
3.2). Recall that D1

s,t is dual to B1
s+1,t+1. The string D1

s,t contains s + t + 5 vertices, so we
seek lattice embeddings in Zs+t+6. Throughout this section, let e1, . . . , es+1, f1, . . . , ft+1, a,
b, c, d be an orthonormal basis for Zs+t+6.

§ 4.6.1 | General Argument

In this section, we present a general argument for s, t ≥ 3. As usual, the remaining cases
will be addressed in the next section.

We need to map each vertex of the diagram associated to D1
s,t to a linear combination of

the orthonormal basis vectors for Zs+t+6. Figure 4.31 below shows the way to do it.

w −e1 + a + b e1 − e2 es − es+1 es+1 + c − f1 f1 − f2 ft − ft+1 ft+1 + a − b v

s vertices t vertices
t + 3 3 2 2 3 2 2 3 s + 3

Figure 4.31: Potential embedding of D1
s,t in Zs+t+6 for s ≥ t ≥ 3.

It remains to determine what the images v and w should be. Let v ∶= ρv(e1 + ⋅ ⋅ ⋅ + es+1) +
ηv(f1+ ⋅ ⋅ ⋅+ft+1)+αva+βvb+γvc+ψd and w ∶= ρw(e1+ ⋅ ⋅ ⋅+es+1)+ηw(f1+ ⋅ ⋅ ⋅+ft+1)+αwa+
βwb+γwc+τd. The additional parameters represent the integer coefficients of the required
linear combinations. We want to determine all possible solutions for such parameters,
hence we set up the following system of equations:

v ⋅ v = (s + 1)ρ2
v + (t + 1)η2

v + α2
v + β2

v + γ2
v + ψ2 = s + 3 Ô⇒ ∣ρv ∣ ≤ 1 (1)

w ⋅w = (s + 1)ρ2
w + (t + 1)η2

w + α2
w + β2

w + γ2
w + τ 2 = t + 3 Ô⇒ ∣ηw∣ ≤ 1 (2)

v ⋅ (−e1 + a + b) = −ρv + αv + βv = 0 (3)
v ⋅ (es+1 + c − f1) = ρv − ηv + γv = 0 (4)
v ⋅ (ft+1 + a − b) = ηv + αv − βv = −1 (5)
w ⋅ (−e1 + a + b) = −ρw + αw + βw = −1 (6)
w ⋅ (es+1 + c − f1) = ρw − ηw + γw = 0 (7)
w ⋅ (ft+1 + a − b) = ηw + αw − βw = 0 (8)
v ⋅w = (s + 1)ρvρw + (t + 1)ηwηv + αvαw + βvβw + γwγv + ψτ = 0. (9)

We see there are three cases to consider for equation (1): ρv = −1, ρv = 0, ρv = 1. Similarly
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for equation (2).

• Case ρv = −1:
After substituting ρv = −1 and simplifying, the system of equations becomes the
following:

(t + 1)η2
v + α2

v + β2
v + γ2

v + ψ2 = 2 Ô⇒ ηv = 0 (1)
(s + 1)ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w + τ 2 = t + 3 Ô⇒ ∣ηw∣ ≤ 1 (2)
αv = −1 (3)
γv = 1 Ô⇒ τ = 0 (4)
βv = 0 (5)
αw + βw = ρw − 1 (6)
ρw − ηw + γw = 0 (7)
ηw + αw − βw = 0 (8)
−(s + 1)ρw − αw + γw = 0. (9)

Note that equation (1) implies that ηv = 0. Once it is determined that αv = 1 and
γv = 1, it also follows that τ = βv = 0.

– Case ηw = −1 ∶
We focus on a subset of equations and see that we are led to a contradiction:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w + τ 2 = 2 Ô⇒ ρw = 0 (2)
αw = 0 (6)
γw = −1 (7)
βw = −1 (8)
γw = αw Ô⇒ −1 = 0. (9)

Hence, we cannot find the required lattice embedding when ρv = −1 and ηw =
−1.

– Case ηw = 0 ∶
After simplifying the system, we focus on a subset of equations and see that
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we are led to a contradiction:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w + τ 2 = t + 3 (2)

αw =
ρw − 1

2 (6)

γw = −ρw (7)
βw = αw (8)

(s + 1)ρw +
ρw − 1

2 + ρw = 0 Ô⇒ ρw =
1

2s + 5 . (9)

Any non-negative value of s will lead to an invalid solution in equation (9),
as ρw would not be an integer. Hence, we cannot find the required lattice
embedding when ρv = −1 and ηw = 0.

– Case ηw = 1 ∶
After simplifying the system, we focus on a subset of equations and see that
we are led to a contradiction:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w + τ 2 = 2 Ô⇒ ρw = 0 (2)
αw = −1 (6)
γw = 1 (7)
βw = 0 (8)
γw = αw Ô⇒ 1 = 0. (9)

Hence, we cannot find the required lattice embedding when ρv = −1 and ηw = 1.

• Case ρv = 0:
After substituting ρv = 0 and simplifying, the system of equations becomes the
following:
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(t + 2)η2
v + 2α2

v + ψ2 = s + 3 (1)
(s + 1)ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w + τ 2 = t + 3 Ô⇒ ∣ηw∣ ≤ 1 (2)
βv = −αv (3)
γv = ηv (4)

αv = −
1 + ηv

2 (5)

−ρw + αw + βw = −1 (6)
ρw − ηw + γw = 0 (7)
ηw + αw − βw = 0 (8)
(t + 1)ηwηv + αv(αw − βw) + γwγv + ψτ = 0. (9)

– Case ηw = −1 ∶
We focus on a subset of equations and see that we are led to a contradiction:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w + τ 2 = 2 Ô⇒ ρw = 0 (2)
γv = ηv (4)

αv = −
1 + ηv

2 (5)

αw = 0 (6)
γw = −1 (7)
βw = −1 Ô⇒ τ = 0 (8)

(t + 1)ηv +
1 + ηv

2 + ηv = 0 Ô⇒ ηv = −
1

2t + 5 . (9)

Note that substituting αw = 0, γw = βw = −1 in equation (1) implies that τ = 0.
In equation (9), observe that any non-negative value of t makes the system
inconsistent, as ηv would not be an integer. Hence, we cannot find the required
lattice embedding when ρv = 0 and ηw = −1.

– Case ηw = 0 ∶
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The simplified system of equations is now the following:

(2t + 5)η2
v + 2ηv + 2ψ2 = 2s + 5 (1)

(2s + 5)ρ2
w − 2ρw + 2τ 2 = 2t + 5 (2)

βv = −αv (3)
γv = ηv (4)

αv = −
1 + ηv

2 (5)

αw =
ρw − 1

2 (6)

γw = −ρw (7)
αw = βw (8)
ρwηv = ψτ. (9)

Combining equations (1) and (2) we obtain η2
vρ

2
w(2s + 5) − 2ρwη2

v + 2η2
vτ

2 +
2ηv + 2ψ2 = 2s + 5, which implies ∣η2

vρ
2
w∣ ≤ 1. We cannot have η2

vρ
2
w = −1. When

∣η2
vρ

2
w∣ = 0, we must have either ηv = 0 or ρw = 0, and it is straightforward to

verify that in each case the system is inconsistent. When ∣η2
vρ

2
w∣ = 1, there are

four possible options. The only one that does not lead to a contradiction is
when ηv = −1 and ρw = 1. The equations become the following:

(2t + 5)η2
v + 2ηv + 2ψ2 = 2s + 5 (1)

(2s + 5)ρ2
w − 2ρw + 2τ 2 = 2t + 5 (2)

βv = 0 (3)
γv = −1 (4)
αv = 0 (5)
αw = 0 (6)
γw = −ρw (7)
βw = 0 (8)
ψτ = −1. (9)

Moreover, combining (1) and (2) now results in τ 2 + ψ2 = 2. Considering
equation (9), we have the following two cases:

∗ Case ψ = 1, τ = −1:
Performing the appropriate substitutions in equations (1) and (2), we
deduce that s = t. Thus, we determine that v = −(f1+⋅ ⋅ ⋅+ft+1)−c+d and w =
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e1+⋅ ⋅ ⋅+es+1−c−d. Figure 4.31 now determines a lattice embedding of D1
s,t

in the standard lattice on Zs+t+6. However, the orthogonal complement is
generated by the vector

( 1, . . . ,1
´¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶

2s + 2 times

,0,1,0, (s + 1)),

hence it does not satisfy the conditions of Proposition 3.9.

∗ Case ψ = −1, τ = 1:
As in the previous case, we perform the appropriate substitutions and
deduce that s = t. We determine that v = −(f1 + ⋅ ⋅ ⋅ + ft+1) − c − d and
w = e1 + ⋅ ⋅ ⋅ + es+1 − c+d and have thus provided another lattice embedding
(note that it is actually equivalent to the embedding found in the previous
case). However, the orthogonal complement is generated by the vector

( 1, . . . ,1
´¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶

2s + 2 times

,0,1,0,−(s + 1)),

hence it does not satisfy the conditions of Proposition 3.9.

– Case ηw = 1 ∶
Focus on the following subset of simplified equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w + τ 2 = 2 Ô⇒ ρw = 0 (2)
γv = ηv (4)

αv = −
1 + ηv

2 (5)

αw = −1 (6)
γw = 1 Ô⇒ τ = 0 (7)
βw = 0 (8)

(t + 1)ηv +
1 + ηv

2 + ηv = 0 Ô⇒ ηv = −
1

2t + 5 . (9)

As in previous cases, we see that by performing the appropriate substitutions
in equation (2), we deduce that τ = 0. In equation (9), we see that ηv can
never be an integer for any non-negative t. Hence, we cannot find the required
lattice embedding when ρv = 0 and ηw = 1.

• Case ρv = 1:
After substituting ρv = 1 and simplifying, the system of equations becomes the
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following:

(t + 1)η2
v + α2

v + β2
v + γ2

v + ψ2 = 2 Ô⇒ ηv = 0 (1)
(s + 1)ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w + τ 2 = t + 3 Ô⇒ ∣ηw∣ ≤ 1 (2)
αv = 0 (3)
γv = −1 (4)
βv = 1 Ô⇒ ψ = 0 (5)
−ρw + αw + βw = −1 (6)
ρw − ηw + γw = 0 (7)
ηw + αw − βw = 0 (8)
(s + 1)ρw + βw − γw + ψτ = 0. (9)

– Case ηw = −1 ∶
Focus on the following subset of equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w + τ 2 = 2 Ô⇒ ρw = 0 (2)
αw = 0 (6)
γw = −1 (7)
βw = −1 Ô⇒ τ = 0 (8)
0 = 0. (9)

The system of equations has a unique solution in this case, hence v = (e1 +
⋅ ⋅ ⋅ + es+1) + b − c and w = −(f1 + ⋅ ⋅ ⋅ + ft+1) − b − c. Now Figure 4.31 explicitly
describes an embedding of the lattice on D1

s,t in the standard diagonal lattice
on Zs+t+6. This embedding corresponds to Lisca’s in [49], hence does not satisfy
Proposition 3.9.

– Case ηw = 0 ∶
Focus on the following subset of equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w + τ 2 = t + 3 (2)

βw =
ρw − 1

2 (6)

γw = −ρw (7)
αw = βw (8)

(s + 1)ρw +
ρw − 1

2 + ρw = 0 Ô⇒ ρw =
1

2s + 5 . (9)
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Equation (9) directly implies that for any non-negative value of s, ρw is never
an integer. Hence, we cannot find the required lattice embedding when ρv = 1
and ηw = 0.

– Case ηw = 1 ∶
Focus on the following subset of equations:

(s + 1)ρ2
w + α2

w + β2
w + γ2

w + τ 2 = 2 Ô⇒ ρw = 0 (2)
αw = −1 (6)
γw = 1 (7)
βw = 0 Ô⇒ τ = 0 (8)
− 1 = 0. (9)

Hence, we cannot find the required lattice embedding when ρv = 1 and ηw = 1.

We have concluded our analysis of D1
s,t when s, t ≥ 3 and have shown it is not possible to

construct an embedding satisfying the conditions of Proposition 3.9.

§ 4.6.2 | Remaining Cases

We now analyse the possible lattice embeddings of D1
s,t in Zs+t+6 whenever one of s or t

is strictly less than 3. We will then go over the remaining sporadic cases.

We begin with the infinite family D1
s,0, where s ≥ 3. The only way to map each vertex

of the corresponding string to a linear combination of basis vectors of Zs+6 is that of the
general case, and the same conclusions apply.

Consider D1
s,1 with s ≥ 3. One lattice embedding into Zs+7 can be obtained following

the pattern for the general case, hence the same conclusions apply. Another potential
embedding is shown in Figure 4.32, with v ∶= ρv(e1+⋅ ⋅ ⋅+es+1)+ηv(f1+f2)+αva+βvb+γvc+ψd
and w ∶= ηw(f1 + f2)αwa + βwb + γwc + τd.
In order to determine the integer coefficients of v and w, set up the following system of

w −e1 + c + d e1 − e2 es − es+1 es+1 − f1 + a f1 − f2 −f1 − a + b v

s vertices
4 3 2 2 3 2 3 s + 3

Figure 4.32: Potential embedding of D1
s,1 in Zs+7 for s ≥ 3.

equations:

96



(s + 1)ρ2
v + 2η2

v + α2
v + β2

v + γ2
v + ψ2 = s + 3 Ô⇒ ∣ρv ∣ ≤ 1 (1)

2η2
w + α2

w + β2
w + γ2

w + τ 2 = 4 (2)
γv + ψ = ρv (3)
ηv = αv + ρv (4)
βv − αv − ηv = −1 (5)
γw + τ = −1 (6)
αw − ηw = 0 (7)
βw − αw − ηw = 0 (8)
2ηvηw + αvαw + βvβw + γvγw + ψτ = 0. (9)

Observe that from equations (7) and (8) we obtain αw = ηw and βw = 2ηw, which when
substituted in equation (2) imply ηw = αw = βw = 0. Using equation (6), we may write
(2) as 2τ 2 + 2τ − 3 = 0, which has no integer solutions. Hence, no alternative embedding
of D1

s,1 in Zs+7 is possible.

Now consider D1
s,2 with s ≥ 3. We are interested in lattice embeddings in Zs+8. We may

attempt to construct the embedding as in the general case, but this will not yield any
outcome of interest. However, there is another potential embedding to consider, shown
in Figure 4.33 below. Let v ∶= ρv(e1 + ⋅ ⋅ ⋅ + es+1) + ηv(f1 + f2 + f3) + αva + βvb + γvc + ψd

w −e1 + a + b e1 − e2 es − es+1 es+1 + c − f1 f1 − f2 f2 − f3 −f1 − f2 − c v

s vertices
5 3 2 2 3 2 2 3 s + 3

Figure 4.33: Potential embedding of D1
s,2 in Zs+8 for s ≥ 3.

and w ∶= ρw(e1 + ⋅ ⋅ ⋅ + es+1) + ηw(f1 + f2 + f3) + αwa + βwb + γwc + τd. Set up the following
system of equations to determine the coefficients for v and w:
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(s + 1)ρ2
v + 3η2

v + α2
v + β2

v + γ2
v + ψ2 = s + 3 Ô⇒ ∣ρv ∣ ≤ 1 (1)

(s + 1)ρ2
w + 3η2

w + α2
w + β2

w + γ2
w + τ 2 = 5 (2)

αv + βv = ρv (3)
ηv = γv + ρv (4)
2ηv + γv = 1 (5)
−ρw + αw + βw = −1 (6)
ρw − ηw + γw = 0 (7)
γw = −2ηw (8)
(s + 1)ρwρv + 3ηvηw + αvαw + βvβw + γvγw + ψτ = 0. (9)

When ρv ∈ {0,1} the system can immediately be seen to be inconsistent. Thus, we only
need to consider the case ρv = −1. After simplifying, the system becomes:

3η2
v + α2

v + β2
v + γ2

v + ψ2 = 2 Ô⇒ ηv = 0 (1)
(s + 1)ρ2

w + 3η2
w + α2

w + β2
w + γ2

w + τ 2 = 5 (2)
αv + βv = −1 (3)
γv = 1 (4)
1 = 1 (5)
αw + βw = ρw − 1 (6)
ρw − ηw + γw = 0 (7)
γw = −2ηw (8)
−(s + 1)ρw + αvαw + βvβw + γw + ψτ = 0. (9)

Note that equation (1) may be written as 2α2
v + 2αv +ψ2 = 0. This implies either αv = −1

or αv = 0.

• Case αv = −1:
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The system reduces to:

ψ = 0 (1)
(s + 1)ρ2

w + 3η2
w + α2

w + β2
w + γ2

w + τ 2 = 5 (2)
βv = 0 (3)
γv = 1 (4)
αw + βw = ρw − 1 (6)
ρw − ηw + γw = 0 (7)
γw = −2ηw (8)
−(s + 1)ρw − αw + γw = 0. (9)

We now need to consider the possible values of ηw: for ηw = ±1 the system is
inconsistent; when ηw = 0 we have a lattice embedding with v = −(e1+ . . . es+1)−a+c
and w = −b ± 2d. When s is odd, the orthogonal complement is generated by the
vector

(6, . . . ,6
´¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶
s + 1 times

,2,2,2,−2(3s + 5),2(3s + 8),−4,±(3s + 8)),

which has square (9s+ 22)2 = p, thus satisfying Proposition 3.9. Hence, lens spaces
belonging to D1

s,2 with s odd are unobstructed from embedding in CP 2.

• Case αv = 0:
The system reduces to:

ψ = 0 (1)
(s + 1)ρ2

w + 3η2
w + α2

w + β2
w + γ2

w + τ 2 = 5 (2)
βv = −1 (3)
γv = 1 (4)
αw + βw = ρw − 1 (6)
ρw − ηw + γw = 0 (7)
γw = −2ηw (8)
−(s + 1)ρw − βw + γw = 0. (9)

When ηw = ±1 the system is inconsistent. When ηw = 0, v = −(e1 + . . . es+1) − b + c
and w = −a ± 2d determine a lattice embedding. Note that it is equivalent to the
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embedding found when αv = −1. Hence, the same conclusions apply.

We have thus examined all possible infinite families that may arise from the string D1
s,t,

taking into account the symmetry with respect to s and t. Finally, we analyse the
individual cases remaining when s, t < 3. Table 4.6 presents a summary of the outcome
of the analysis of these cases using GAP.

D1
s,t s t Result

0 0 Three embeddings that are not Lisca’s: all obstructed by zero entries in
vector generating orthogonal complement

1 0 Obstructed since Lisca’s embedding is the only possibility
1 1 Obstructed by zero entries in vector generating orthogonal complement
2 0 Obstructed since the image of ΛM is not a primitive vector
2 1 Unobstructed
2 2 Three embeddings that are not Lisca’s: one obstructed by zero entries

in vector generating orthogonal complement, the remaining ones since
the image of ΛM is not a primitive vector

Table 4.6: Summary of GAP analysis for D1
s,t when s < 3 and t < 3.

The case D1
2,1 was the only one that gave rise to an unobstructed lattice embedding,

shown below.

f1 + f2
−a − c e1 + e2 − f1 −e1 + e3 e1 − e2 e2 + f1 − f2 f2 + a −a + c + d 2b − d

4 3 2 2 3 2 3 5

Figure 4.34: Lattice embedding of D1
2,1 in Z9.

The orthogonal complement of this embedding is generated by the vector

(2,2,2,4,6,−6,−11,16,−22),

which has square 961 = 312 = p. Therefore, the lens space L(961,270) is unobstructed
from embedding in CP 2.

§ 4.7 | String D2
s,t

The last string we address is D2
s,t = [t + 3,2[s],4,2[t],3, s + 2]− with s, t ≥ 0. It results as

the continued fraction expansion of

p

q
= (2st + 4s + 3t + 7)2
(2s + 3)(2st + 4s + 3t + 6) ,
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thus it is obtained from lens spaces of Lisca type (3) with q = d(m − 1) (see Theorem
3.2). Recall that D2

s,t is dual to B2
s,t+1. The string D2

s,t has s + t + 4 weights, so we look
for lattice embeddings in Zs+t+5. Throughout this section let e1, . . . , es+1, f1, . . . , ft+1, a,
b, c be an orthonormal basis for Zs+t+5.

§ 4.7.1 | General Argument

The argument presented in this subsection holds for s ≥ 4 and t ≥ 3. The remaining cases
will be analysed in the next subsection. The aim is to embed the linear lattice on D2

s,t in
the standard lattice on Zs+t+5.

Each vertex of the plumbing diagram associated to D2
s,t is mapped to Zs+t+5 as shown in

Figure 4.35 below. Under the specified conditions for s and t, this is the only possible
mapping up to automorphism.

w e1 − e2 es − es+1
a + b

+es+1 − f1 f1 − f2 ft − ft+1 ft+1 + a − b v

s vertices t vertices
t + 3 2 2 4 2 2 3 s + 2

Figure 4.35: Embedding of D2
s,t in Zs+t+5 for s ≥ 4, t ≥ 3.

In order to determine what v and w should be, let v ∶= ρv(e1+⋅ ⋅ ⋅+es+1)+ηv(f1+⋅ ⋅ ⋅+ft+1)+
αva+βvb+γvc and w ∶= (ρw −1)e1 +ρw(e2 + ⋅ ⋅ ⋅ + es+1)+ηw(f1 + ⋅ ⋅ ⋅ +ft+1)+αwa+βwb+γwc.
Set up the following system of equations to determine the integer coefficients:

v ⋅ v = (s + 1)ρ2
v + (t + 1)η2

v + α2
v + β2

v + γ2
v = s + 2 Ô⇒ ∣ρv ∣ ≤ 1 (1)

w ⋅w = (ρw − 1)2 + sρ2
w + (t + 1)η2

w + α2
w + β2

w + γ2
w = t + 3 Ô⇒ ∣ηw∣ ≤ 1 (2)

v ⋅ (a + b + es+1 − f1) = αv + βv + ρv − ηv = 0 (3)
v ⋅ (ft+1 + a − b) = αv − βv + ηv = −1 (4)
w ⋅ (a + b + es+1 − f1) = αw + βw + ρw − ηw = 0 (5)
w ⋅ (ft+1 + a − b) = αw − βw + ηw = 0 (6)
v ⋅w = (s + 1)ρvρw − ρv + (t + 1)ηvηw + αvαw + βvβw + γvγw = 0. (7)

• Case ρv = −1:
After performing the appropriate substitution, the system simplifies as follows:
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(t + 1)η2
v + α2

v + β2
v + γ2

v = 1 Ô⇒ ηv = 0 (1)
(ρw − 1)2 + sρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w = t + 3 Ô⇒ ∣ηw∣ ≤ 1 (2)
αv = 0 (3)
βv = 1 Ô⇒ γv = 0 (4)
αw + βw = ηw − ρw (5)
αw − βw = −ηw (6)
−(s + 1)ρw + 1 + βw = 0. (7)

When ηw ∈ {0,1}, the system is inconsistent: this can be verified by carrying out the
appropriate substitutions in equation (7). Therefore, we consider the case ηw = −1:

α2
v + β2

v + γ2
v = 1 (1)

(ρw − 1)2 + sρ2
w + α2

w + β2
w + γ2

w = 2 Ô⇒ ρw = 0 (2)
αv = 0 (3)
βv = 1 Ô⇒ γv = 0 (4)
αw = 0 (5)
βw = −1 Ô⇒ γw = 0 (6)
βw = −1. (7)

Thus v = −(e1 + ⋅ ⋅ ⋅ + es+1) + b and w = −e1 − (f1 + ⋅ ⋅ ⋅ + ft+1) − b. Figure 4.35 now
provides a lattice embedding in Zs+t+5. However, this embedding corresponds to the
one in [49], and thus is not of interest for us, as it does not satisfy the conditions
of Proposition 3.9.

• Case ρv = 0:
We focus on a subset of equations to show that the system is inconsistent:
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(t + 1)η2
v + α2

v + β2
v + γ2

v = s + 2 (1)
(ρw − 1)2 + sρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w = t + 3 Ô⇒ ∣ηw∣ ≤ 1 (2)
αv + βv = ηv (3)

αv − βv = −1 − ηv Ô⇒ αv = −
1
2 . (4)

Hence, there is no lattice embedding when ρv = 0.

• Case ρv = 1:
After performing the appropriate substitution, the system simplifies as follows:

(t + 1)η2
v + α2

v + β2
v + γ2

v = 1 Ô⇒ ηv = 0 (1)
(ρw − 1)2 + sρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w = t + 3 Ô⇒ ∣ηw∣ ≤ 1 (2)
αv = −1 Ô⇒ γv = 0 (3)
βv = 0 (4)
αw + βw = ηw − ρw (5)
αw − βw = −ηw (6)
(s + 1)ρw − 1 − αw = 0. (7)

– Case ηw = −1:
Focus on the following subset of equations:

(ρw − 1)2 + sρ2
w + α2

w + β2
w + γ2

w = 2 Ô⇒ ρw = 0 (2)
αw = 0 (5)
βw = −1 (6)
αw = −1. (7)

The system is inconsistent, hence there is no lattice embedding when ρv = 1
and ηw = −1.

– Case ηw = 0:
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Focus on the following subset of equations:

(ρw − 1)2 + sρ2
w + α2

w + β2
w + γ2

w = t + 3 (2)

αw = −
ρw

2 (5)

βw = αw (6)

ρw =
2

2s + 3 . (7)

For any s ≥ 4, ρw is not an integer, thus the system is inconsistent. There is
no lattice embedding when ρv = 1 and ηw = 0.

– Case ηw = 1:
Focus on the following subset of equations:

(ρw − 1)2 + sρ2
w + α2

w + β2
w + γ2

w = 2 Ô⇒ ρw = 0 (2)
αw = 0 (5)
βw = 1 (6)
αw = −1. (7)

The system is inconsistent, hence there is no lattice embedding when ρv = 1
and ηw = 1.

We summarise our analysis by observing that it is not possible to construct an embedding
satisfying Proposition 3.9 when s ≥ 4 and t ≥ 3.

§ 4.7.2 | Remaining Cases

In this section, we analyse the possible lattice embeddings of D2
s,t in Zs+t+5 whenever

either s < 4 or t < 3.

Start with D2
s,0 when s ≥ 4. We require a lattice embedding in Zs+5, and Figure 4.36 shows

the only option (notice the similarity to the general case). We only need to determine
the coefficients of v ∶= ρv(e1 + ⋅ ⋅ ⋅ + es+1) + ηvf1 + αva + βvb + γvc.
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−e1 + a − b e1 − e2 es − es+1
a + b

+es+1 + f1 f1 − a − b v

s vertices
3 2 2 4 3 s + 2

Figure 4.36: Potential embedding of D2
s,0 in Zs+5 for s ≥ 4.

In order to do so, set up the following system of equations:

(s + 1)ρ2
v + η2

v + α2
v + β2

v + γ2
v = s + 2 Ô⇒ ∣ρv ∣ ≤ 1 (1)

αv − βv = ρv (2)
ρv + ηv + αv + βv = 0 (3)
ηv − αv − βv = −1. (4)

• Case ρv = −1:
The system simplifies as follows:

η2
v + α2

v + β2
v + γ2

v = 1 (1)
αv = βv − 1 (2)
ηv = 2 − 2βv (3)
βv = 1 Ô⇒ αv = ηv = γv = 0. (4)

Substituting v = −(e1 + ⋅ ⋅ ⋅ + es+1) + b in Figure 4.36 provides a lattice embedding in
Zs+5. This is the embedding found in [49], hence not relevant for our purposes.

• Case ρv = 0:
The system becomes as follows:

105



η2
v + α2

v + β2
v + γ2

v = s + 2 (1)
αv = βv (2)
ηv = −2αv (3)

αv =
1
4 . (4)

There is no integer solution for αv, hence we cannot find the required lattice em-
bedding when ρv = 0.

• Case ρv = 1:
The system simplifies as follows:

η2
v + α2

v + β2
v + γ2

v = 1 (1)
αv = βv + 1 (2)
ηv = −2 − 2βv (3)

βv = −
1
2 . (4)

There is no integer solution for βv, hence we cannot find the required lattice em-
bedding when ρv = 1.

We next analyse lattice embeddings of D2
s,1 in Zs+6 when s ≥ 4. When mapping each

vertex of D2
s,1 to linear combinations of basis vectors for Zs+6, we have two possibilities.

The first possibility is given by the mapping discussed in the general case and presented in
Figure 4.35 and the same conclusions apply. We now study another potential embedding,
presented in Figure 4.37.

w e1 − e2 es − es+1
a + b

+es+1 − f1 f1 − f2 −f1 − a + c v

s vertices
4 2 2 4 2 3 s + 2

Figure 4.37: Second potential embedding of D2
s,1 in Zs+6 for s ≥ 4.

Once again, let v ∶= ρv(e1 + ⋅ ⋅ ⋅ + es+1) + ηv(f1 + f2) +αva + βvb + γvc and w ∶= −e1 + ηw(f1 +
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f2) + αwa + βwb + γwc. We set up the following system of equations:

(s + 1)ρ2
v + 2η2

v + α2
v + β2

v + γ2
v = s + 2 Ô⇒ ∣ρv ∣ ≤ 1 (1)

2η2
w + α2

w + β2
w + γ2

w = 3 (2)
ρv − ηv + αv + βv = 0 (3)
γv − ηv − αv = −1 (4)
αw + βw = ηw (5)
γw − αw − ηw = 0 (6)
2ηwηv + αvαw + βvβw + γvγw = ρv. (7)

• Case ρv = −1:

2η2
v + α2

v + β2
v + γ2

v = 1 Ô⇒ ηv = 0 (1)
2η2

w + α2
w + β2

w + γ2
w = 3 (2)

βv = 1 − αv (3)
γv = αv − 1 (4)
βw = ηw − αw (5)
γw = ηw + αw (6)

αw = −
1

3αv − 2 . (7)

Observe that combining equations (1), (3) and (4) yields 3α2
v − 4αv + 1 = 0 for

which the only integer solution is αv = 1. This implies βv = γv = 0. Similarly,
combining the remaining equations yields ηw = 0. Thus, v = −(e1 + ⋅ ⋅ ⋅ + es+1)+a and
w = −e1−a+b−c, and Figure 4.37 now determines a lattice embedding in Zs+6. The
orthogonal complement is generated by the vector

(0, . . . ,0
´¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶
s + 1 times

,1,1,0,1,1),

hence it does not satisfy the conditions of Proposition 3.9.

• Case ρv = 0:
After substituting ρv = 0 the system simplifies to:
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2η2
v + α2

v + β2
v + γ2

v = s + 2 (1)
2η2

w + α2
w + β2

w + γ2
w = 3 (2)

ηv = αv + βv (3)
γv = 2αv + βv − 1 (4)
αw + βw = ηw (5)
γw = 2αw + βw (6)
2ηwηv + αvαw + βvβw + γvγw = 0. (7)

– Case ηw = −1:
Focus on the following subset of equations:

α2
w + β2

w + γ2
w = 1 (2)

βw = −1 − αw (5)
γw = αw − 1. (6)

Performing the required substitutions in equation (2) yields α2
w = −1

3 . Hence,
there is no embedding with ρv = 0 and ηw = −1.

– Case ηw = 0:
Focus on the following subset of equations:

α2
w = 1 (2)
γv = 2αv + βv − 1 (4)
βw = −αw (5)
γw = αw (6)
αw(αv − βv + γv) = 0 Ô⇒ αw(3αv − 1) = 0. (7)

In order for the system to be consistent, we must have 3αv − 1 = 0 in the last
equation, but this implies there is no integer solution for αv. Hence, there is
no embedding with ρv = 0 and ηw = 0.

– Case ηw = 1:
Focus on the following subset of equations:
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α2
w + β2

w + γ2
w = 1 (2)

βw = 1 − αw (5)
γw = 1 + αw. (6)

Performing the required substitutions in equation (2) yields α2
w = −1

3 . Hence,
there is no embedding with ρv = 0 and ηw = 1.

This concludes the analysis of possible embeddings of D2
s,1 in Zs+6.

Next, we consider lattice embeddings of D2
s,2 in Zs+7 with s ≥ 4. There are two main

ways to map vertices of D2
s,2 to linear combinations of basis vectors of Zs+7. The first

possibility is shown in Figure 4.38.

w e1 − e2 es − es+1
a + b

+es+1 − f1 f1 − f2 f2 − f3 u v

s vertices
5 2 2 4 2 2 3 s + 2

Figure 4.38: First potential embedding of D2
s,2 in Zs+7 for s ≥ 4.

We need to determine the integer coefficients of u ∶= ηu(f1+f2+f3)+f3+αua+βub+γuc, v ∶=
ρv(e1+⋅ ⋅ ⋅+es+1)+ηv(f1+f2+f3)+αva+βvb+γvc, and w ∶= −e1+ηw(f1+f2+f3)+αwa+βwb+γwc.
We set up the following system of equations:
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2η2
u + (ηu + 1)2 + α2

u + β2
u + γ2

u = 3 Ô⇒ ηu ∈ {−1,0} (1)
(s + 1)ρ2

v + 3η2
v + α2

v + β2
v + γ2

v = s + 2 Ô⇒ ∣ρv ∣ ≤ 1 (2)
3η2

w + α2
w + β2

w + γ2
w = 4 (3)

ηu = αu + βu (4)
ρv − ηv + αv + βv = 0 (5)
αw + βw − ηw = 0 (6)
ηv(3ηu + 1) + αvαu + βvβu + γvγu = −1 (7)
3ηvηw + αvαw + βvβw + γvγw = ρv (8)
ηw(3ηu + 1) + αwαu + βwβu + γwγu = 0. (9)

• Case ρv = −1, ηu = −1:
After performing the appropriate substitutions and simplifying, the system is the
following:

2α2
u + 2αu + γ2

u = 0 Ô⇒ γu = 0 and αu ∈ {−1,0} (1)
3η2

v + α2
v + β2

v + γ2
v = 1 Ô⇒ ηv = 0 (2)

3η2
w + α2

w + β2
w + γ2

w = 4 (3)
βu = −1 − αu (4)
βv = 1 − αv (5)
αw + βw − ηw = 0 (6)
αvαu + βvβu = −1 (7)
αvαw + βvβw + γvγw = −1 (8)
αwαu + βwβu = 2ηw. (9)

– Case αu = −1:
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Focus on the following subset of equations:

βu = 0 (4)
αv = 1 Ô⇒ βv = γv = 0 (7)
αw = −1 (8)

ηw =
1
2 . (9)

There is no integer solution for ηw, hence no embedding is possible when
ρv = ηu = αu = −1.

– Case αu = 0:
Focus on the following subset of equations:

βu = −1 (4)
βv = 1 Ô⇒ αv = γv = 0 (7)
βw = −1 (8)

ηw =
1
2 . (9)

There is no integer solution for ηw, hence no embedding is possible when
ρv = ηu = αu = −1.

• Case ρv = −1, ηu = 0:
After performing the required substitutions, the system simplifies as follows:

2α2
u + γ2

u = 2 Ô⇒ γu = 0 and αu = ±1 (1)
3η2

v + α2
v + β2

v + γ2
v = 1 Ô⇒ ηv = 0 (2)

3η2
w + α2

w + β2
w + γ2

w = 4 (3)
βu = −αu (4)
βv = 1 − αv (5)
αw + βw − ηw = 0 (6)
αu(2αv − 1) = −1 (7)
αvαw + βvβw + γvγw = −1 (8)
ηw + αu(2αw − ηw) = 0. (9)
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– Case αu = −1:
The system can be simplified as follows:

2α2
v − 2αv + γ2

v = 0 Ô⇒ γv = 0 (2)
3η2

w + α2
w + β2

w + γ2
w = 4 (3)

βu = 1 (4)
βv = 1 − αv = 0 (5)
αw + βw − ηw = 0 (6)
αv = 1 (7)
αw = −1 (8)
ηw = −1 Ô⇒ γw = 0. (9)

This determines that u = f3 −a+ b, v = −(e1 + ⋅ ⋅ ⋅ + es+1)+a, and w = −e1 −(f1 +
f2 + f3)−a. Together with Figure 4.38, this determines a lattice embedding in
Zs+7 which corresponds to the one in [49], and hence is not the one we require.

– Case αu = 1:
The system can be simplified as follows:

2α2
v − 2αv + γ2

v = 0 Ô⇒ γv = 0 (2)
3η2

w + α2
w + β2

w + γ2
w = 4 (3)

βu = −1 (4)
βv = 1 − αv = 1 (5)
αw + βw − ηw = 0 (6)
αv = 0 (7)
βw = −1 (8)
αw = 0 Ô⇒ ηw = −1 and γw = 0. (9)

This determines that u = f3 + a− b, v = −(e1 + ⋅ ⋅ ⋅ + es+1) + b, and w = −e1 − (f1 +
f2 + f3) − b. Together with Figure 4.38, this determines a lattice embedding in
Zs+7, equivalent to the one found in the case αu = 1, hence it is not the one we
require.

• Case ρv = 0, ηu = −1:
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Perform the required substitutions and simplify the system as follows:

2α2
u + 2αu + γ2

u = 0 Ô⇒ γu = 0 and αu ∈ {−1,0} (1)
3η2

v + α2
v + β2

v + γ2
v = s + 2 (2)

3η2
w + α2

w + β2
w + γ2

w = 4 (3)
βu = −1 − αu (4)
ηv = αv + βv (5)
αw + βw − ηw = 0 (6)
αvαu + βvβu = 2ηv − 1 (7)
3ηvηw + αvαw + βvβw + γvγw = 0 (8)
2ηw = αwαu + βwβu. (9)

– Case αu = −1:
The system becomes the following:

3η2
v + α2

v + β2
v + γ2

v = s + 2 (2)
7η2

w + β2
w + γ2

w = 4 Ô⇒ ηw = 0 (3)
βu = 0 (4)
βv = 3ηv − 1 (5)
βw = ηw − αw = 0 (6)
αv = 1 − 2ηv (7)
βvβw + γvγw = 0 (8)
αw = −2ηw. (9)

Observe that equation (2) implies γw = ±2, and so in (8) we must have γv = 0.
We have thus determined that for s = 16η2

v − 10ηv ≥ 4 we have u = −f1 − f2 − a,
v = ηv(f1+f2+f3)+(1−2ηv)a+(3ηv−1)b, and w = −e1±2c. Together with Figure
4.38 this provides a lattice embedding in Zs+7. The orthogonal complement
vector is generated by
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(2(16ηv − 5), . . . ,2(16ηv − 5)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

s + 1 times

,2(3ηv − 1), . . . ,2(3ηv − 1)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

3 times

,−2(6ηv−2),−2(7ηv−2),±(16ηv−5)),

and has square 16384η4
v − 20480η3

v + 9728η2
v − 2080ηv + 169 = p. This embedding

satisfies the conditions of Proposition 3.9, hence any lens space with p
q = D2

s,2

with s = 16η2
v − 10ηv ≥ 4 is unobstructed from embedding in CP 2.

– Case αu = 0:
The system becomes the following:

3η2
v + α2

v + β2
v + γ2

v = s + 2 (2)
7η2

w + α2
w + γ2

w = 4 Ô⇒ ηw = 0 (3)
βu = −1 (4)
αv = 3ηv − 1 (5)
αw = ηw − βw = 0 (6)
βv = 1 − 2ηv (7)
βvβw + γvγw = 0 (8)
βw = −2ηw. (9)

Once again, observe that equation (2) implies γw = ±2, and so in (8) we
must have γv = 0. We have thus determined that for s = 16η2

v − 10ηv we have
u = −f1 − f2 − b, v = ηv(f1 + f2 + f3) + (3ηv − 1)a + (1 − 2ηv)b, and w = −e1 ± 2c.
Together with Figure 4.38 this provides a lattice embedding in Zs+7, equivalent
to the one found in the case αu = −1. Hence, the same conclusions apply.

• Case ρv = 0, ηu = 0:
After the substitutions, the system simplifies as follows:
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α2
u + β2

u + γ2
u = 2 (1)

3η2
v + α2

v + β2
v + γ2

v = s + 2 (2)
3η2

w + α2
w + β2

w + γ2
w = 4 (3)

βu = −αu (4)
ηv = αv + βv (5)
αw + βw − ηw = 0 (6)
ηv + αu(αv − βv) + γvγu = −1 (7)
3ηvηw + αvαw + βvβw + γvγw = 0 (8)
ηw + αu(αw − βw) + γwγu = 0. (9)

Substituting equation (4) in (1) we obtain 2α2
u + γ2

u = 2. Since we are interested in
integer solutions only, we deduce that γu = 0 and αu = ±1.

– Case αu = −1:
Focus on the following two equations:

ηv = αv + βv (5)

βv = −
1
2 . (7)

As we cannot find an integer value for βv, there is no lattice embedding in Zs+7

when ρv = ηu = 0 and αu = −1.

– Case αu = 1:
Focus on the following two equations:

ηv = αv + βv (5)

αv = −
1
2 . (7)

As we cannot find an integer value for αv, there is no lattice embedding in
Zs+7 when ρv = ηu = 0 and αu = −1.

• Case ρv = 1, ηu = −1:
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After the substitutions, the system becomes the following:

α2
u + β2

u + γ2
u = 1 (1)

3η2
v + α2

v + β2
v + γ2

v = 1 Ô⇒ ηv = 0 (2)
3η2

w + α2
w + β2

w + γ2
w = 4 (3)

βu = −1 − αu (4)
αv + βv = −1 (5)
αw + βw − ηw = 0 (6)
αvαu + βvβu + γvγu = −1 (7)
αvαw + βvβw + γvγw = 1 (8)
αwαu + βwβu + γwγu = 2ηw. (9)

If we substitute equation (4) into (1) we obtain 2α2
u + 2αu + γ2

u = 0. Since we are
looking for integer solutions, we must have γu = 0 and αu ∈ {−1,0}.

– Case αu = −1:
Focus on the following subset of equations:

α2
v + β2

v + γ2
v = 1 (2)

βu = 0 (4)
βv = −1 − αv (5)
αv = 1. (7)

Substituting αv = 1 and βv = −2 in equation (2) results in γ2
v = −4, making the

system inconsistent. Hence, there is no lattice embedding in Zs+7 when ρv = 1
and ηu = αu = −1.

– Case αu = 0:
Focus on the following subset of equations:

α2
v + β2

v + γ2
v = 1 (2)

βu = −1 (4)
βv = −1 − αv (5)
βv = 1. (7)

Substituting βv = 1 and αv = −2 in equation (2) results in γ2
v = −4, making the
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system inconsistent. Hence, there is no lattice embedding in Zs+7 when ρv = 1,
ηu = −1, and αu = 0.

• Case ρv = 1, ηu = 0:
After the substitutions, the system becomes the following:

2α2
u + γ2

u = 2 Ô⇒ γu = 0 and αu = ±1 (1)
3η2

v + α2
v + β2

v + γ2
v = 1 Ô⇒ ηv = 0 (2)

3η2
w + α2

w + β2
w + γ2

w = 4 (3)
βu = −αu (4)
αv + βv = −1 (5)
αw + βw − ηw = 0 (6)
αvαu + βvβu = −1 (7)
αvαw + βvβw + γvγw = 1 (8)
ηw + αwαu + βwβu = 0. (9)

– Case αu = −1:
Focus on the following subset of equations:

α2
v + β2

v + γ2
v = 1 (2)

βu = 1 (4)
αv = 0 (5)
ηw = αw + βw (6)
βv = −1 Ô⇒ γv = 0 (7)
βw = −1 (8)
βw = 0. (9)

The system is inconsistent, hence there is no lattice embedding in Zs+7 when
ρv = 1, ηu = 0, and αu = −1.

– Case αu = 1:
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Focus on the following subset of equations:

α2
v + β2

v + γ2
v = 1 (2)

βu = −1 (4)
βv = 0 (5)
ηw = αw + βw (6)
αv = −1 Ô⇒ γv = 0 (7)
αw = −1 (8)
αw = 0. (9)

The system is inconsistent, hence there is no lattice embedding in Zs+7 when
ρv = αu = 1 and ηu = 0.

This concludes the analysis of all possible lattice embeddings of D2
s,2 in Zs+7 arising from

Figure 4.38. We previously mentioned there is also another way to map the vertices
of D2

s,2 to linear combinations of basis vectors of Zs+7 in order to hopefully construct
a lattice embedding. This second option is shown in Figure 4.39. Once again, let u ∶=

w e1 − e2 es − es+1

es+1 + a
+f2 + f3 f1 − f2 f2 − f3 u v

s vertices
5 2 2 4 2 2 3 s + 2

Figure 4.39: Second potential embedding of D2
s,2 in Zs+7 for s ≥ 4.

ηu(f1+f2+f3)+f3+αua+βub+γuc, v ∶= ρv(e1+ ⋅ ⋅ ⋅+es+1)+ηv(f1+f2+f3)+αva+βvb+γvc,
and w ∶= −e1 + ηw(f1 + f2 + f3) + αwa + βwb + γwc. We set up the following system of
equations:
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2η2
u + (ηu + 1)2 + α2

u + β2
u + γ2

u = 3 Ô⇒ ηu ∈ {−1,0} (1)
(s + 1)ρ2

v + 3η2
v + α2

v + β2
v + γ2

v = s + 2 Ô⇒ ∣ρv ∣ ≤ 1 (2)
3η2

w + α2
w + β2

w + γ2
w = 4 (3)

2ηu + αu + 1 = 0 (4)
ρv + αv + 2ηv = 0 (5)
αw + 2ηw = 0 (6)
ηv(3ηu + 1) + αvαu + βvβu + γvγu = −1 (7)
3ηvηw + αvαw + βvβw + γvγw = ρv (8)
ηw(3ηu + 1) + αwαu + βwβu + γwγu = 0. (9)

• Case ρv = −1, ηu = −1:
We perform the appropriate substitutions and focus on the following subset of
equations:

β2
u + γ2

u = 0 Ô⇒ βu = γu = 0 (1)
3η2

v + α2
v + β2

v + γ2
v = 1 Ô⇒ ηv = 0 (2)

αu = 1 (4)
αv = 1 − 2ηv = 1 Ô⇒ βv = γv = 0 (5)
αv = −1 (7)

The system is inconsistent, hence there is no lattice embedding of D2
s,2 in Zs+7 when

ρv = ηu = −1.

• Case ρv = −1, ηu = 0:
Focus on the following subset of equations:

3η2
v + α2

v + β2
v + γ2

v = 1 Ô⇒ ηv = 0 (2)
3η2

w + α2
w + β2

w + γ2
w = 4 (3)

αv = 1 − 2ηv = 1 Ô⇒ βv = γv = 0 (5)
αw = −2ηw = 0 (6)
0 = −1. (8)
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The system is inconsistent, hence there is no lattice embedding of D2
s,2 in Zs+7 when

ρv = −1 and ηu = 0.

• Case ρv = 0, ηu = −1:
Focus on the following subset of equations:

β2
u + γ2

u = 0 Ô⇒ βu = γu = 0 (1)
αu = 1 (4)
αv = −2ηv (5)

αv = −1 Ô⇒ ηv =
1
2 . (7)

Thus ηv = 1
2 , which is not an integer solution. Hence there is no lattice embedding

of D2
s,2 in Zs+7 when ρv = 0 and ηu = −1.

• Case ρv = 0, ηu = 0:
The system is now the following:

β2
u + γ2

u = 1 (1)
3η2

v + α2
v + β2

v + γ2
v = s + 2 (2)

3η2
w + α2

w + β2
w + γ2

w = 4 (3)
αu = −1 (4)
αv = −2ηv (5)
αw = −2ηw (6)
ηv − αv + βvβu + γvγu = −1 (7)
3ηvηw + αvαw + βvβw + γvγw = 0 (8)
ηw − αw + βwβu + γwγu = 0. (9)

Observe that substituting αw = −2ηw in equation (3), we obtain 7η2
w + β2

w + γ2
w = 4,

which implies ηw = 0 = αw. We now focus on equation (1) and note that it gives rise
to four possibilities. The first one is presented in detail below. The remaining ones
give rise to equivalent embeddings, therefore we will only present the final result.

– Case βu = −1, γu = 0: We perform the appropriate substitutions and solve as
follows:
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s = 16η2
v + 6ηv − 1 (2)

β2
w + γ2

w = 4 (3)
αu = −1 (4)
αv = −2ηv (5)
αw = ηw = 0 (6)
βv = 1 + 3ηv (7)
βvβw + γvγw = 0 Ô⇒ γvγw = 0 (8)
βw = 0. (9)

Equation (9) tells us that βw = 0, thus γw = ±2 and γv = 0. We have found
that u = f3 − a − b, v = ηv(f1 + f2 + f3) − 2ηva + (1 + 3ηv)b, and w = −e1 ± 2c.
Together with Figure 4.39 this determines a lattice embedding of D2

s,2 in Zs+7.
The orthogonal complement vector is generated by

(2(16ηv + 3), . . . ,2(16ηv + 5)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

s + 1 times

,−2(5ηv + 1), . . . ,−2(5ηv + 1)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

3 times

,−2(6ηv+1),2ηv,±(16ηv+3)),

and its square is 16384η4
v + 12288η3

v + 3584η2
v + 480ηv + 25 = p. This embedding

satisfies the conditions of Proposition 3.9, hence any lens space with p
q = D2

s,2

with s = 16η2
v + 6ηv − 1 ≥ 4 is unobstructed from embedding in CP 2.

– Case βu = 1, γu = 0: we obtain u = f3−a+b, v = ηv(f1+f2+f3)−2ηva−(1+3ηv)b,
and w = −e1 ± 2c.

– Case βu = 0, γu = −1: we obtain u = f3−a−c, v = ηv(f1+f2+f3)−2ηva+(1+3ηv)c,
and w = −e1 ± 2b.

– Case βu = 0, γu = 1: we obtain u = f3−a+c, v = ηv(f1+f2+f3)−2ηva−(1+3ηv)c,
and w = −e1 ± 2b.

• Case ρv = 1, ηu = −1:
Focus on the following subset of equations:
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β2
u + γ2

u = 0 Ô⇒ βu = γu = 0 (1)
3η2

v + α2
v + β2

v + γ2
v = 1 Ô⇒ ηv = 0 (2)

αu = 1 (4)
αv = −1 Ô⇒ βv = γv = 0 (5)
αw = −2ηw (6)
αw = −1. (8)

Thus ηw = 1
2 , which is not an integer solution. Hence there is no lattice embedding

of D2
s,2 in Zs+7 when ρv = 1 and ηu = −1.

• Case ρv = 1, ηu = 0:
Focus on the following subset of equations:

3η2
v + α2

v + β2
v + γ2

v = 1 Ô⇒ ηv = 0 (2)
αu = −1 (4)
αv = −1 Ô⇒ βv = γv = 0 (5)
1 = −1. (7)

The system is inconsistent, hence there is no lattice embedding of D2
s,2 in Zs+7 when

ρv = 1 and ηu = 0.

This concludes the analysis of D2
s,2 when s ≥ 4.

Next we look for lattice embeddings of D2
0,t in Zt+5, when t ≥ 3. It can be directly ob-

served that the only possible embedding follows the pattern from the general case, hence
the same conclusions apply. The same holds when looking for embeddings of D2

1,t in Zt+6

when t ≥ 3.

When working with the family D2
2,t with t ≥ 3, we are interested in lattice embeddings

in Zt+7. One way to obtain an embedding is by following the general case, which will
lead to Lisca’s from [49]. Figure 4.40 shows another way to potentially find more lattice
embeddings.
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w e1 − e2 e2 − e3

−e1 − e2
+a − f1 f1 − f2 ft − ft+1 ft+1 + b + c v

t vertices
t + 3 2 2 4 2 2 3 4

Figure 4.40: Potential embedding of D2
2,t in Zt+7 for t ≥ 3.

Let v ∶= ρv(e1 + e2 + e3) + ηv(f1 + ⋅ ⋅ ⋅ + ft+1) +αva+ βvb+ γvc and w ∶= ρw(e1 + e2 + e3) − e1 +
ηw(f1 + ⋅ ⋅ ⋅ + ft+1) + αwa + βwb + γwc. Set up the following system of equations:

3ρ2
v + (t + 1)η2

v + α2
v + β2

v + γ2
v = 4 (1)

(ρw − 1)2 + 2ρ2
w + (t + 1)η2

w + α2
w + β2

w + γ2
w = t + 3 Ô⇒ ∣ηw∣ ≤ 1 (2)

−2ρv − ηv + αv = 0 (3)
ηv + βv + γv = −1 (4)
−2ρw − ηw + αw + 1 = 0 (5)
ηw + βw + γw = 0 (6)
(3ρw − 1)ρv + (t + 1)ηvηw + αvαw + βvβw + γvγw = 0. (7)

As usual, we will consider different cases.

• Case ρv = −1:
Focus on the following two equations to verify that the system is inconsistent:

(t + 1)η2
v + α2

v + β2
v + γ2

v = 1 Ô⇒ ηv = 0, α2
v + β2

v + γ2
v = 1 (1)

αv = −2. (3)

Hence there is no lattice embedding of D2
2,t in Zt+7 when ρv = −1.

• Case ρv = 0:
Focus on the following subset of equations:

(t + 1)η2
v + α2

v + β2
v + γ2

v = 4 (1)
αv = ηv Ô⇒ ηv = 0 (3)
γv = −1 − βv. (4)

Observe that now equation (1) becomes 2β2
v + 2βv − 3 = 0 and it presents no integer

solutions. Hence there is no lattice embedding of D2
2,t in Zt+7 when ρv = 0.
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• Case ρv = 1:
Focus on the following two equations to verify that the system is inconsistent:

(t + 1)η2
v + α2

v + β2
v + γ2

v = 1 Ô⇒ ηv = 0 (1)
αv = 2 (3)

Hence there is no lattice embedding of D2
2,t in Zt+7 when ρv = 1.

Finally, we consider lattice embeddings of D2
3,t in Zt+8 when t ≥ 3. As well as the general

case, there is an additional way to find more lattice embeddings, shown in Figure 4.41.
Let v ∶= ρv(e1 + ⋅ ⋅ ⋅ + e4) +αva+βvb+ γvc and w ∶= ρw(e1 + ⋅ ⋅ ⋅ + e4) − e1 + ηw(f1 + ⋅ ⋅ ⋅ + ft+1) +

w e1 − e2 e2 − e3 e3 − e4

−e1 − e2
−e3 − f1 f1 − f2 ft − ft+1 ft+1 + a + b v

t vertices
t + 3 2 2 2 4 2 2 3 5

Figure 4.41: Potential embedding of D2
3,t in Zt+8 for t ≥ 3.

αwa + βwb + γwc. We set up the following system of equations:

4ρ2
v + α2

v + β2
v + γ2

v = 5 (1)
(ρw − 1)2 + 3ρ2

w + (t + 1)η2
w + α2

w + β2
w + γ2

w = t + 3 Ô⇒ ∣ηw∣ ≤ 1 (2)
−3ρv = 0 (3)
αv + βv = −1 (4)

ηw + 3ρw − 1 = 0 Ô⇒ ρw =
1 − ηw

3 (5)

ηw + αw + βw = 0 (6)
ρv(4ρw − 1) + αvαw + βvβw + γvγw = 0. (7)
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We observe that equation (5) forces ηw = 1. Therefore, the system simplifies as follows:

2α2
v + 2αv + γ2

v = 4 Ô⇒ −2 ≤ αv ≤ 1 (1)
2α2

w + 2αw + γ2
w = 0 Ô⇒ γw = 0 and αw ∈ {−1,0} (2)

ρv = 0 (3)
βv = −1 − αv (4)
ρw = 0 (5)
βw = −1 − αw (6)
αvαw + βvβw = 0. (7)

A direct computation shows that for αv ∈ {−2,1} we cannot find any embedding, as we
would have non-integer solutions for αw and βw, respectively. We consider the remaining
cases:

• Case αv = −1: The system gives rise to the solution v = −a ± 2c and w = −e1 + f1 +
⋅ ⋅ ⋅ + ft+1 − b, which together with Figure 4.41 realises a lattice embedding in Zt+8.
When t is even, the orthogonal complement is generated by the vector

(−2,−2,−2,−2, 6, . . . ,6
´¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶
t + 1 times

,−2(3t + 7),2(3t + 4),∓(3t + 7)),

and has square (9t + 19)2 = p. Hence, lens spaces belonging to D2
3,t, with t even,

are unobstructed from embedding in CP 2. Note that when t is odd, the embedding
does not satisfy the conditions of Proposition 3.9.

• Case αv = 0: The system gives rise to the solution v = −b ± 2c and w = −e1 + f1 +
⋅ ⋅ ⋅ + ft+1 − a, which together with Figure 4.41 realises a lattice embedding in Zt+8.
This embedding is equivalent to the one found in the previous case, thus the same
conclusions apply.

This ends the analysis of the infinite families of lens spaces associated to the strings of
D2

s,t for s < 4 or t < 3. It remains to check the cases when we have s < 4 and t < 3. Table
4.7 presents a summary of the outcome of the analysis of these cases using GAP.

Let us explicitly present the lattice embeddings that satisfy Proposition 3.9, found using
GAP.
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D2
s,t s t Result

0 0 Obstructed since Lisca’s embedding is the only possibility
0 1 Obstructed by zero entries in vector generating orthogonal complement
0 2 Unobstructed
1 0 Unobstructed
1 1 Obstructed by zero entries in vector generating orthogonal complement
1 2 Obstructed since Lisca’s embedding is the only possibility
2 0 Obstructed by zero entries in vector generating orthogonal complement
2 1 Obstructed by zero entries in vector generating orthogonal complement
2 2 Obstructed since Lisca’s embedding is the only possibility
3 0 Unobstructed
3 1 Two embeddings that are not Lisca’s: one obstructed by zero entries in

vector generating orthogonal complement, the other since the image of
ΛM is not a primitive vector

3 2 Unobstructed

Table 4.7: Summary of GAP analysis for D2
s,t when s < 4 and t < 3.

Figure 4.42 presents a lattice embedding of D2
0,2 in Z7.

2c − e1 e1 − f1 + a + b f1 − f2 f2 − f3 −f1 − f2 − a a − b

5 4 2 2 3 2

Figure 4.42: Lattice embedding of D2
0,2 in Z7.

The orthogonal complement is generated by

(10,2,2,2,−4,−4,5),

which has square 169 = 132 = p. Hence, the lens space with p
q =D2

0,2 is unobstructed from
embedding in CP 2. Note that this embedding follows the first pattern discussed for D2

s,2

when s = 16η2
v − 10ηv, and is indeed equivalent to the one found in that case.

The string D2
1,0 = [3,2,4,3,3]− presents an unobstructed lattice embedding in Z6, shown

in Figure 4.43. The orthogonal complement is generated by the vector

−e1 − f1 + a e1 − e2
−e1 − a
+b + c e1 + e2 − f1 f1 + a + b

3 2 4 3 3

Figure 4.43: Lattice embedding of D2
1,0 in Z6.
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(1,1,2,3,−5,9),

which has square 121 = 112 = p. Hence, the lens space L(112,50) is unobstructed from
embedding in CP 2.

Next, we consider the string D2
3,0 and look for embeddings in Z8. One embedding is

provided in Figure 4.44. The orthogonal complement is generated by

−e1 + f1 − b e1 − e2 e2 − e3 e3 + e4

−e1 − e2
−e3 − f1 f1 + a + b −a + 2c

3 2 2 2 4 3 5

Figure 4.44: Lattice embedding of D2
3,0 in Z8.

(−2,−2,−2,−2,6,−14,8,−7),

which has square 361 = 192 = p. Therefore, the lens space with p
q = D2

3,0 is unobstructed
from embedding in CP 2. Note that this embedding follows the pattern discussed more
generally for D2

3,t with t even.

Finally, there is a lattice embedding of D2
3,2 in Z8, shown in Figure 4.45.

f1 + f2 + f3
−b − e1 e1 − e2 e2 − e3 e3 + e4

−e1 − e2 − e3
−f1 f1 − f2 f2 − f3 f3 + a + b −a + 2c

5 2 2 2 4 2 2 3 5

Figure 4.45: Lattice embedding of D2
3,2 in Z10.

The orthogonal complement is generated by

(−2,−2,−2,−2,6,6,6,−26,20,−13),

and has square 1369 = 372 = p. Hence, the lens space L(1369,324) is unobstructed from
embedding in CP 2. Note that this embedding follows the pattern discussed for the case
D2

3,t with t even.

§ 4.8 | Conclusion
The previous sections showed how to construct appropriate lattice embeddings in order
to show that a lens space of Lisca type (2) or (3) is unobstructed from embedding in
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CP 2. However, what is even more important is that we presented careful arguments to
show that the embeddings found are the only ones possible up to automorphism, thus
excluding any other options. This enabled us to present the complete classification of
lens spaces that are unobstructed from embedding in CP 2 from Theorem 1. We may now
restate this classification in a way that explicitly references the strings and parameters
we worked with. Note that sporadic cases have been incorporated in infinite families
whenever it was possible.

Theorem 1 Any lens space L(m2, q), up to diffeomorphism and orientation reversal, that
embeds in CP 2 and is of Lisca type (2) or (3) must belong to the table below.

String s t m q Comments
B2

s,t 0 1 7 31
B2

s,t s k2 − 1 (2s + 3)k2 + 1 m2 − k2(2s + 3)2 k ≠ ±1,0, s ≥ 0
C1

s,t 1 0 9 50
C1

s,t 4k2 + 2k − 1 1 24k2 + 12k + 2 3(8k2 + 4k + 1)2 k ≠ 0
C1

s,t 3 9k2 − 8k 81k2 − 72k + 17 81(9k2 − 8k + 2) ∀k
C2

s,t k2 − 2 0 3k2 − 1 6k4 − 3k2 k ≠ ±1,0
C2

s,t 2k + 1 3 18k + 23 6(4k + 5)(3k + 4) k ≥ 0
C2

s,t 3 9k2 + 4k − 1 81k2 + 36k + 5 27(27k2 + 12k + 2) k ≠ 0
C3

s,t k2 − 2 t (5 + 2t)k2 − 1 2k4(5 + 2t) − 3k2 k ≠ ±1,0, t ≥ 0
C3

s,t 2k 2 18k + 17 6(k + 1)(12k + 11) k ≥ 0
D1

s,t 2 1 31 270
D1

s,t 2k + 1 2 18k + 31 (4k + 7)(18k + 30) k ≥ 1
D2

s,t 1 0 11 50
D2

s,t 16k2 + 6k − 1 2 128k2 + 48k + 5 4(32k2 + 12k + 1)2 k ≠ 0
D2

s,t 16k2 − 10k 2 128k2 − 80k + 13 4(32k2 − 20k + 3)2 ∀k
D2

s,t 3 2k 18k + 19 162(k + 1) k ≥ 0
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Chapter 5

A Further Obstruction

§ 5.1 | Set-up
In this chapter, we refine the result presented in Theorem 1 via an additional obstruc-
tion, due to Lidman–Moore–Vazquez [47], after work by Lin [48]. Let W be a smooth
4-manifold admitting a cellular decomposition, and let TW be its tangent bundle. The
k-skeleton of W is the union of all its cells of dimension ≤ k. A spin structure on W is a
choice of trivialisation of TW over the 1-skeleton that can be extended over the 2-skeleton,
considered up to homotopies. A manifold endowed with a spin structure is called a spin
manifold [66]. Interestingly, any 3-manifold admits a spin structure, while any 4-manifold
without 2-torsion in its first homology admits a spin structure if and only if its intersec-
tion form is even. There also exists a complex generalisation of a spin structure, called
a spinC structure. It turns out that every smooth 4-manifold admits a spinC structure.
Moreover, we remark that any spin structure induces a spinC structure. In this chapter,
we shall limit ourselves to basic intuitions following [66], and shall not provide any tech-
nical definitions, although an introduction to this vast topic can be found in [30].

In the context of developing Floer homology in [60], Ozsváth–Szabó introduced a “cor-
rection term”, called the d-invariant d(Y, s), associated to a rational homology sphere
Y with a spinC structure s. Roughly speaking, the d-invariant is closely related to the
intersection form of any smooth, definite 4-manifold bounded by Y , and can be seen as
a refinement of the torsion linking form on homology [47]. Indeed, the d-invariant is the
minimal degree of any non-torsion class in HF +(Y, s) [60], and it is a rational number.
An important property of d-invariants for us is that given (Y, s) as above, we have that

d(−Y, s) = −d(Y, s),
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where −Y has opposite orientation to Y [60].

Let us now introduce some definitions and results essential to continuing the discussion.
A compact, orientable, smooth 4-manifold W is a Kollár manifold if H1(W ;Z) = 0,
H2(W ;Z) ≅ Z, and ∂W is a union of rational homology 3-spheres [29].

Proposition 5.1 (Golla–Owens [29]). Let B be a rational homology 4-ball embedded in
X, a homology CP 2, and such that H1(∂B;Z) is cyclic of even order. Then M =X/B̊ is
a spin Kollár manifold. Moreover, the restriction of the unique spin structure on M to
∂M does not extend to B.

We highlight that not only a Kollár manifold as above admits a spin structure, but indeed
it admits a unique one. This is because there is a one-to-one correspondence between the
spin structures on a manifold M as above and H1(M ;Z/2Z)[43]. The latter can be seen
to be the trivial group by noting that H1(M ;Z) = 0 and applying the Universal Coeffi-
cient Theorem. Let us now introduce the notion of an L-space, needed to state the next
result. An L-space Y is a 3-manifold with b1(Y ) = 0 for which ∣H2(Y ;Z)∣ = rk ĤF (Y ).
This special class of manifolds includes all lens spaces [61]. The next result is presented
in [40, Corollary 2.18] and in [29, Theorem 4.4], but it actually comes from the work of
Lidman-Moore-Vazquez [47, Lemma 2.7] and Lin [48].

Theorem 5.2 (Jo–Park–Park [40], Golla–Owens [29]). Let M be a positive-definite, spin
Kollár manifold, and let Y = ∂M , with induced spin structure s. If Y is an L-space then
d(Y, s) = −1

4 .

Let us now combine the two theorems above and observe how they relate to our current
work.
Corollary 5.3. Let M be a positive-definite, manifold, with H1(M ;Z) = 0, H2(M ;Z) ≅ Z,
bounded by L(m2, q), with m even and induced spin structure s. Then d(L(m2, q), s) = −1

4 .

We are interested in any lens space L(p, q) which embeds in CP 2, and have observed that
when this is the case L(p, q) bounds a positive definite manifold M , which is actually a
Kollár manifold. In order to make use of the obstruction from Corollary 5.3, we restrict
ourselves to lens spaces from Theorem 1 with p = m2 even. We now want to compute
d(L(p, q), s) for any spin structure s on L(p, q). If we find a spin structure such that
d(L(p, q), s) = −1

4 , then the conditions of Corollary 5.3 are satisfied, and we conclude
that L(p, q) is LMV-unobstructed from embedding in CP 2. Failure to satisfy the con-
ditions of Corollary 5.3 for every spin structure implies that L(p, q) does not bound the
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aforementioned 4-manifold M , and thus cannot embed in CP 2. Throughout this chapter,
whenever a lens space is LMV-unobstructed from embedding in CP 2, we shall simply use
the term unobstructed.

Let us now discuss how to carry out the required computation. Recall that a lens space
L(p, q) can be described as the double branched cover Σ2(S3, L) of S3 branched over a 2-
bridge knot or link L. As we require p to be even, in this chapter L will always indicate a
link. In order to compute the correction term d(L(p, q), s) of a lens space, we rely on [69],
in which Turaev establishes a bijection between the quasi-orientations of a link L ⊂ S3

and the spin structures on Σ2(S3, L). A quasi-orientation of a link is an orientation up
to overall reversal; thus, any link with n components admits 2n−1 quasi-orientations. We
shall make use of [15, Lemma 3.4], stated below.

Lemma 5.4 (Donald–Owens [15]). Let L be a non-split alternating link with a quasi-
orientation o, and let so be the corresponding spin structure on Σ2(S3, L). Then

d(Σ2(S3, L), so) = −
σ(L, o)

4 .

Here, σ(L, o) denotes the signature of the link L, an algebraic invariant of an appropri-
ate quadratic form defined in terms of an orientable surface spanning the link. In [32],
Gordon–Litherland show how to define such a quadratic form using a spanning surface,
and how to use it to compute the signature of a link.

Consider a diagram of an oriented link L: choose a chessboard colouring of the diagram,
that is, colour each region either black or white, so that any two adjacent regions have
different colours. Let R0, . . . ,Rn denote the white regions, and assign an incidence number
η(D) = ±1 to each double point D in the diagram as in Figure 5.1. For 0 ≤ i and j ≤ n
define

gij ∶=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−∑ η(D) summed over double points incident to Ri, Rj, with i ≠ j

− ∑
k=0,...,n, k≠i

gik if i = j.

The Goeritz matrix associated to L is the n × n symmetric matrix G(L) = (gij), with
i, j = 1, . . . , n. Then the signature of the link L, with quasi-orientation o, is given by
σ(L, o) = σ(G(L)) − µ, where µ = ∑ η(D) summed over all double points of type II,
shown in Figure 5.2. In the calculations that follow, µ will always equal the number

131



η(D) = +1 η(D) = −1

Figure 5.1: Signed crossings.

Type I Type II

Figure 5.2: Type I and II crossings.

of double points of type II, because our choice of alternating diagrams and chessboard
colourings will always yield η(D) = +1 for any double point D.

We are now able to compute d(L(p, q), so) for any lens space with p = m2 even and
any choice of quasi-orientation o. Note that we are working with a 2-bridge link of two
components, hence we need to consider two possible quasi-orientations, which in turn
correspond to two different spin structures so on L(p, q). The computation was carried
out for all lens spaces from the table of Theorem 1 which admit even p. It produced the
next result.

Theorem 2. Any lens space L(m2, q) that embeds into CP 2, and is of Lisca type (2)
or (3) with m even, must be, up to diffeomorphism and orientation reversal, either
L(262,243), or L((24k2 + 12k + 2)2,3(8k2 + 4k + 1)2) with k ≠ 0.

We highlight that the results presented in this chapter are valid for any integer homol-
ogy CP 2, including the aforementioned one. In the following section, we present the
computations carried out for the relevant lens spaces, thus proving Theorem 2. Before
proceeding with such proof, we discuss the strategy employed and some subtleties due to
the orientation of the lens spaces considered. The table of Theorem 1 lists all lens spaces
up to diffeomorphism (either orientation-preserving or reversing) that are unobstructed
from embedding in CP 2; among these lens spaces, we shall only consider those with p

even, in order to verify the obstruction from Corollary 5.3. Recall that for a given lens
space Y = L(p, q), we have assumed up to now that ∂M = Y and ∂B = −Y . When com-
puting the d-invariant, we will be interested in both the cases when d(Y, so) = ±1

4 . This is
to account for the assumption ∂M = −Y and ∂B = Y as well. Therefore, in order to prove
Theorem 2, we combine the approach employed to prove Theorem 1 with the current one.
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In particular, we need to consider two cases. For the first case, suppose that for a given
lens space L(p, q), with corresponding 2-bridge link L and quasi-orientations o1 and o2,
we have d(L(p, q), so1) = 1

4 and d(L(p, q), so2) ≠ −1
4 : in this case we want to consider the

lattice on p
p−q and verify whether it is possible to find an embedding satisfying Proposition

3.9. The second case to consider is when d(L(p, q), so1) = −1
4 and d(L(p, q), so2) ≠ 1

4 : in
this case we want to consider the lattice on p

q and verify whether it is possible to find an
embedding satisfying Proposition 3.9. In either case, failure to find such an embedding
implies that L(p, q) does not embed in CP 2.

§ 5.2 | Proof of Theorem 2
§ 5.2.1 | String B2

s,t

Let us now compute the d-invariant of lens spaces L(p, p − q) ≅ −L(p, q) such that
p
q = B2

s,k2−1 = [2[k
2−1], s+ 3,2, k2 + 1,3,2[s]], with k ≠ ±1,0. Recall that we are interested in

lens spaces with p even: from the table of Theorem 1, note that this is the case only when
k is odd. Lens spaces L(p, p − q) with p

q = B2
s,k2−1 are double covers of S3 branched over

the 2-bridge link shown in Figure 5.3 (a) when s is even, and (b) when s is odd. See [58]
for orientation conventions. Observe that the total number of crossings of such a link is
2s+2k2+5 and that the signature of the associated Goeritz matrix G is σ(G(L)) = s+k2+3.

Suppose s is even. We now need to compute the d-invariant for each spin structure
associated to a possible choice of quasi-orientation of the link. Figure 5.3 (a) fixes an
orientation for one of the link components, so we need to consider the two orientations
available for the second component. One choice of quasi-orientation o1 yields s + 2k2 + 3
crossings of type II, hence

d(L(p, p − q), so1) =
k2

4 ,

which is never equal to ±1
4 , since k ≠ ±1. The second choice of quasi-orientation, o2, yields

s + 5 crossings of type II, and thus

d(L(p, p − q), so2) =
2 − k2

4 ,

which once again never equals ±1
4 , since k ≠ ±1 is an integer. We conclude that when s is

even, lens spaces with p
q = B2

s,k2−1 with k ≠ ±1 odd are obstructed from embedding in CP 2.

Let us now suppose that s is odd and compute the d-invariants associated to the link in
Figure 5.3 (b). One choice of quasi-orientation, o1, yields s + 2k2 + 3 crossings of type II,
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(a)

(b)

Figure 5.3: The 2-bridge link associated with p
p−q such that p

q = B2
s,k2−1 when s is even (a)

and when s is odd (b).

and consequently
d(L(p, p − q), so1) =

k2

4 ,

which cannot equal ±1
4 . The second choice of quasi-orientation, o2, yields s + 1 type II

crossings, and thus
d(L(p, p − q), so2) = −

k2 + 2
4 .

Therefore, lens spaces with p
q = B2

s,k2−1 with k ≠ ±1 odd are obstructed from embedding
in CP 2 for any value of s. This concludes our analysis of B2

s,t.

§ 5.2.2 | String C1
s,t

For the string C1
s,t we need to consider two infinite families of lens spaces. The first family

we shall discuss is that of lens spaces with p
q = C1

4k2+2k−1,1 = [3,4k2+2k+1,3,2,4,2[4k2+2k−1]],
with k ≠ 0. The relevant 2-bridge link is shown in Figure 5.4. Note that the total number
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of crossings is 8k2 + 4k + 8 and that the signature of the associated Goeritz matrix G is
σ(G(L)) = 4k2 + 2k + 4.

Figure 5.4: The 2-bridge link associated with p
p−q such that p

q = C1
4k2+2k−1,1.

Let us compute the d-invariants for both choices of quasi-orientations of the aforemen-
tioned link. One choice, o1, yields 4k2 + 2k + 1 type II crossings, and hence

d(L(p, p − q), so1) = −
3
4 .

The second choice of quasi-orientation, o2, yields 4k2 + 2k + 5 type II crossings, and thus

d(L(p, p − q), so2) =
1
4 .

In light of our earlier discussion, we need to consider the lattice on p
q = C1

4k2+2k−1,1 and
verify whether it is possible to find an embedding satisfying Proposition 3.9. The required
embedding was found in Chapter 4, hence lens spaces L((24k2+12k+2)2,3(8k2+4k+1)2)
with k ≠ 0 are unobstructed from embedding in CP 2.

Next, we discuss lens spaces with p
q = C1

3,9k2−8k
= [9k2 − 8k + 2,5,3,2[9k2−8k],4,2,2,2], with

k odd. Figure 5.5 shows the associated 2-bridge link. The total number of crossings is
18k2 − 16k + 14, and the signature of the Goeritz matrix is 9k2 − 8k + 7.

One choice of quasi-orientation, o1, for said link yields 18k2 − 9k type II crossings, and
consequently

d(L(p, p − q), so1) =
9k2 − 8k

4 .

which equals 1
4 only when k = 1 and can never equal −1

4 with an integer k. The second
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Figure 5.5: The 2-bridge link associated with p
p−q such that p

q = C1
3,9k2−8k

.

choice of quasi-orientation, o2, yields 5 type II crossings and thus

d(L(p, p − q), so2) =
−9k2 + 8k − 2

4 ,

which never equals ±1
4 when k is odd. Once again, it follows from our earlier discussion

that we need to consider whether the lattice on p
q = C1

3,9k2−8k
admits an embedding sat-

isfying Proposition 3.9. This turns out to be the case, and the embedding required was
found in Chapter 4. Hence L(262,243) is unobstructed from embedding in CP 2.

§ 5.2.3 | String C2
s,t

For the string C2
s,t, we need to analyse two infinite families of lens spaces. The first

family we consider is that of lens spaces with p
q = C2

k2−2,0 = [2,2, k2 + 1,4,2[k2−1]], with
k ≠ ±1 odd. The 2-bridge link associated with this family of lens spaces is shown in Fig-
ure 5.6. It has 2k2+4 crossings, and the signature of the associated Goeritz matrix is k2+2.

Figure 5.6: The 2-bridge link associated with p
p−q such that p

q = C2
k2−2,0.

Let us now compute the d-invariants for each quasi-orientation of the link. One choice of
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quasi-orientation, o1, yields 2k2 + 2 type II crossings, and hence we have

d(L(p, p − q), so1) =
k2

4 ,

which is always different from ±1
4 , since k ≠ ±1. The second choice of quasi-orientation,

o2, yields no type II crossings, thus

d(L(p, p − q), so2) = −
k2 + 2

4 ,

which is never equal to ±1
4 . We conclude that lens spaces with p

q = C2
k2−2,0 and k ≠ ±1 odd

are obstructed from embedding in CP 2.

Next, we consider the family of lens spaces with p
q = C2

3,9k2+4k−1 = [9k2+4k+1,2,6,2[9k2+4k−1],4,2,2,2]
with k odd. The associated 2-bridge link is shown in Figure 5.7 and it has 18k2 + 8k + 12
crossings. The signature of the corresponding Goeritz matrix is 9k2 + 4k + 6.

Figure 5.7: The 2-bridge link associated with p
p−q such thatp

q = C2
3,9k2+4k−1.

One choice of quasi-orientation of the link, say o1, yields 18k2 + 8k + 10 type II crossings,
thus giving

d(L(p, p − q), so1) =
9k2 + 4k + 4

4 ,

which can never equal ±1
4 for any integer k. The second quasi-orientation, o2, yields no

type II crossings, hence
d(L(p, p − q), so2) =

9k2 + 4k + 6
4 ,

which presents no integer solutions of k that allow the numerator to equal ±1. We
conclude that lens spaces with p

q = C2
3,9k2+4k−1 are obstructed from embedding in CP 2.
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§ 5.2.4 | String C3
s,t

In this case, we need to analyse the infinite family of lens spaces with p
q = C3

k2−2,t
=

[t + 3,2, k2 + 1,3,2[t],3,2[k2−2]], with k ≠ ±1 odd. Lens spaces with p
q = C3

k2−2,t
are double

covers of S3 branched over the 2-bridge link in Figure 5.8 (a) when t is odd, and (b) when
t is even. The total number of crossings is 2k2+2t+6, and the signature of the associated
Goeritz matrix is k2 + t + 3.

(a)

(b)

Figure 5.8: The 2-bridge link associated with p
p−q such that p

q = C3
k2−2,t

when t is odd (a)
and when t is even (b).

We shall now compute the d-invariants associated with this link. Suppose that t is odd.
One choice of quasi-orientation o1, yields 2k2 + t + 3 type II crossings, therefore

d(L(p, p − q), so1) =
k2

4 ,

which never equals ±1
4 since k ≠ ±1. The second choice of quasi-orientation, o2, yields
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t + 1 type II crossings, and consequently

d(L(p, p − q), so2) = −
k2 + 2

4 ,

which once again never equals ±1
4 , for any k ≠ ±1. We conclude that when t is odd, lens

spaces with p
q = C3

k2−2,t
and k ≠ ±1 odd are obstructed from embedding in CP 2.

Now, assume that t is even and let us compute the d-invariants. One choice of quasi-
orientation, say o1, yields 2k2 + t + 3 type II crossings and thus

d(L(p, p − q), so1) =
k2

4 ,

with k ≠ ±1. The second choice of quasi-orientation, o2, yields t+ 5 type II crossings, and
hence

d(L(p, p − q), so2) =
2 − k2

4 ,

with k ≠ ±1. Hence, in this case, the d-invariant is never equal to ±1
4 , with any choice of

spin structure. We conclude that when t is even, lens spaces with p
q = C3

k2−2,t
and k ≠ ±1

odd are obstructed from embedding in CP 2.
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Chapter 6

Future Directions

In [50], Lisca extended the work from [49] and classified which connected sums of lens
spaces bound rational homology balls. Let Fn be the set

Fn = {
m2n

mnk + 1 ∣m > k > 0, gcd(m,k) = 1} ⊂ Q, n ≥ 2.

Theorem 6.1 (Lisca [50]). Let Y be an oriented 3-manifold homeomorphic to a con-
nected sum of lens spaces. Then Y smoothly bounds a rational homology ball if and only
if Y is orientation-preserving homeomorphic to a connected sum in which each sum-
mand is (possibly orientation-reversing) homeomorphic to one of the following oriented
3-manifolds:

(1) L(p, q) with p and q as in Theorem 3.2;

(2) L(p, q)#L(p, p − q), with p
q >1;

(3) L(p1, q1)#L(p2, q2), with pi

qi
∈ F2, for i = 1,2;

(4) L(p, q)#L(n,n − 1), with p
q ∈ Fn for some n ≥ 2;

(5) L(p1, q1)#L(p2, p2 − q2), with pi

qi
∈ Fn, i = 1,2, for some n ≥ 2.

A direct continuation of the obstruction work presented up to now would be to apply
Donaldson’s Diagonalisation Theorem to classify when a manifold Y as above is un-
obstructed from embedding in CP 2. Indeed, note that a connected sum of lens spaces
#iL(pi, qi) bounds a boundary connected sum of positive-definite plumbings ♮iPi, and the
corresponding plumbing graph is obtained from the disjoint union of the linear plumbing
graphs corresponding to the summands [4]. Therefore, one could set up the problem in
a similar fashion to what we discussed.
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Note that aside from case (1), each lens space in the list above does not necessarily
bound a rational homology ball, thus it cannot embed individually in CP 2. This could
be of interest, as all results known up to now concerning embeddings of connected sums
of lens spaces in CP 2 are about lens spaces which are not obstructed from embedding
individually.

In order to continue the discussion, recall the definition of a Kollár manifold from the
previous chapter: a compact, orientable, smooth 4-manifold M is a Kollár manifold if
H1(M) = 0, H2(M) ≅ Z, and ∂M is a union of rational homology 3-spheres. Such a
manifold is said to be spherical if all its boundary components are spherical 3-manifolds.
If B is a rational homology ball bounded by a lens space L(p, q) which smoothly embeds
in CP 2, the manifold M = CP 2/B is an example of a Kollár manifold. In work to appear
[29], Golla–Owens look at embeddings of disjoint unions of rational homology balls in an
integer homology CP 2 to provide a source of Kollár manifolds. Their study is motivated
by the following conjecture due to Kollár.

Conjecture 1 (Kollár [44]). If M is a spherical Kollár manifold with boundary Y1⊔ ⋅ ⋅ ⋅⊔Yn,
then:

n

∑
i=1
(1 − 1

∣π1(Yi)∣
) ≤ 3.

Lens spaces are finite cyclic quotients of S3, and hence spherical 3-manifolds. If we con-
sider a disjoint union of rational homology balls B1⊔ ⋅ ⋅ ⋅⊔Bn, bounded by lens spaces
L1⊔ ⋅ ⋅ ⋅⊔Ln, and their complement M in CP 2, we see that Kollár’s conjecture together
with [29, Proposition 2.4] imply that we may only embed up to three disjoint rational ho-
mology balls (and thus lens spaces) in CP 2. This motivates research of triples of rational
homology balls that disjointly embed in CP 2. Note that this question is not equivalent
to asking how many lens spaces embed disjointly, nor to considering the embedding of
connected sums of lens spaces discussed earlier.

In their recent paper [28], Golla–Owens discuss smooth embeddings in CP 2 of triples of
rational homology balls bounded by lens spaces of Lisca type (1). They also describe two
constructions to find rational balls bounded by lens spaces that embed in a homotopy
CP 2, and that can be implemented in a computer search, producing a variety of exam-
ples. The first construction corresponds to [28, Proposition 6.3], and it gives a criterion
to build a simply-connected cobordism from L(p1, q1)#L(p2, q2) to L(p3, q3) by attach-
ing a single 2-handle to (L(p1, q1)#L(p2, q2)) × I according to some constraints. The
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second construction is from [28, Proposition 6.5] and instead yields a cobordism from
L(p1, q1)#L(4,1) to L(p2, q2), where p1

q1
= [a1, . . . , an]− and p2

q2
= [b1, . . . , bn]−, p1 and p2

are odd and pairwise coprime and there is an index 1 ≤ j ≤ n such that for i ≠ j, ai = bi

and bj = aj + 4.

The computer search set up by Golla–Owens, implementing these constructions, produced
many triples of lens spaces, at least one of which is of Lisca type (2) or (3). The next step
in understanding these embeddings is to isolate a string arising from one of these lens
spaces and shed light on any possible recurrence relations among triples that could lead to
a Farey-tree type of argument, as in [28]. Currently, we are attempting to develop a Kirby
calculus argument to explain some recurrence relations found in the data. As previously
mentioned, these constructions yield embeddings into homotopy CP 2, therefore it would
also be natural to study when this corresponds to a standard CP 2.
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Part II

Embeddings of RP 2 in R4 with Five
Critical Points
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Chapter 7

Introduction

In this part of the thesis, we discuss smooth embeddings of RP 2 in R4. In general, study-
ing embeddings of orientable and non-orientable surfaces in 4-space is of great interest
in low-dimensional topology because of the exotic phenomena that might arise. Two
embeddings are said to be exotic if they are topologically isotopic, but not smoothly
so. The first example of this phenomenon consisted of an infinite family of embeddings
of #10RP 2 into S4, given by Finashin–Kreck–Viro in [22]. Some additional examples
are due to Finashin, who constructed an infinite family of exotic embeddings of #6RP 2

in R4 [21], and Miyazawa, who produced a family of exotic P 2-knots [57], which are
surfaces resulting from the connected sum of the standard RP 2 and a special 2-knot
obtained from a construction of Plotnick [62]. In the latter case, a key ingredient to prov-
ing that the embeddings are topologically isotopic was Lawson’s result from [46] (also
generalised by Conway–Orson–Powell in [13]) that every embedding of RP 2 in S4 with
π1(S4/RP 2) ≅ Z/2Z is topologically standard.

Given a smooth embedding of a surface in S4, note that it is always possible to remove a
point from the ambient manifold, thus obtaining a smooth embedding in R4. Similarly,
one can add a point at infinity to R4 and consider embeddings in S4. With this remark,
we want to highlight that all discussions in this part of the thesis follow analogously,
regardless of whether we are considering an embedding in R4 or S4. Throughout this
part of the thesis, by standard embedding of RP 2 in R4, we shall mean the real projec-
tive plane obtained by gluing an unknotted disc sitting in R3 × [0,∞) to the unknotted
Möbius band in R3 × (−∞,0] along S1 in R3 × {0} [10]. Note that there are two such
standard embeddings of RP 2 in R4, distinguished by their Euler numbers e(RP 2) = ±2.
Intuitively speaking, each embedding corresponds to a choice of half-twist of the Möbius
band. When discussing whether a certain embedding of RP 2 in R4 is standard, we shall
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mean isotopic to one of the standard embeddings.

Consider an embedding of RP 2 in R4 and a height function from R4 to R that restricts to
a Morse function on RP 2 with five critical points. The project we shall now discuss aims
to prove that any such embedding must be smoothly isotopic to the standard embedding
of RP 2 in R4, generalising work by Bleiler–Scharlemann in [10] for the case of an em-
bedding with three critical points. Unfortunately, the scope has not been reached. More
generally, it is possible to construct embeddings of RP 2 in R4 with seven critical points
by taking the connected sum of a standard RP 2 and a 2-sphere with six critical points,
of which non-standard examples are known [23, Example 9]. One would expect such an
embedding to be non-standard, although to the author’s knowledge there is no explicit
construction in the literature. Gordana Matić observed that the embeddings of exotic
P 2-knots found by Miyazawa in [57] have eleven critical points, as they are obtained by
the connected sum of a standard RP 2 and a 2-knot with three minima, four saddles,
and three maxima. In general, it is quite rare to find embedding descriptions explicitly
stating the number of critical points throughout the literature.

Mark Powell outlined a helpful argument showing that an embedding ε ∶ RP 2 ↪ R4

with five critical points must have π1(R4/ε(RP 2)) ≅ Z/2Z, thus by Lawson’s work [46]
must be topologically standard. Indeed, we can visualise our RP 2 as the union of a
ribbon disk D in R3 × [0,∞) and a Möbius band M in R3 × (−∞,0] along a ribbon knot
K in R3 × {0}. Since we are assuming that RP 2 has five critical points, we note that
this implies that the ribbon disc D bounded by K is obtained by gluing one band to
a 2-component unlink, hence it has a single saddle, and that the Möbius band M also
has a single saddle and (we may assume) one minimum. Let ERP 2 denote the exte-
rior of RP 2 in R4. Then ERP 2 ≅ ED ⋃

EK

EM , where ED and EM are the exteriors of D

and M in R3 × [0,∞) and R3 × (−∞,0], respectively, while EK is the exterior of K in
R3. Now note that the handle decomposition of M implies the existence of a 1-handle
and a 2-handle in EM , thus π1(EM) ≅ Z/2Z, since M is non-orientable. From the fact
that D is ribbon, we deduce that any loop in ED can be pushed into EK , and hence
there is a surjection π1(EK) ↠ π1(ED). By the Seifert Van Kampen Theorem, we know
that π1(ERP 2) ≅ π1(EM) ∗π1(EK) π1(ED) ≅ π1(EM) ≅ Z/2Z. Thus, we know that our
ε ∶ RP 2 ↪ R4 with five critical points is topologically unknotted, making it interesting for
us to analyse what happens on the smooth level. Note that if one can find an embedding
ε ∶ RP 2 ↪ R4 with five critical points that is not smoothly isotopic to the standard one,
this would result in a pair of exotic embeddings.
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The initial motivation to address this problem was given by Kinoshita’s conjecture, which
states that every smooth embedding of RP 2 in S4 is isotopic to a connected sum of a
standard RP 2 and a 2-knot. This conjecture has not formally appeared in the literature,
but it is known among knot theorists [41]. The author thought that proving that an RP 2

with five critical points is standard would be an example in support of the conjecture,
while proving the contrary would disprove it. An article by Viro [71] shows this is not
the case, as the number of critical points of a surface is not additive under connected
sum. This is shown in Example 22 of the Appendix in [71]. Therefore, it is interesting
that although Kinoshita’s conjecture motivated the study of this problem, it is unrelated
to it in the end. Interestingly, Kinoshita’s conjecture has recently been disproven by
Hughes–Kim–Miller–Nahm in [38].

When working with an embedding of a surface ε ∶ Σ↪ R4, it can be hard to visualise ε(Σ).
Movies of surfaces were developed by Fox [23], and are a useful tool to understand such
embeddings. Put ε(Σ) in general position in R4 and define a height function h ∶ R4 → R.
Now we can slice ε(Σ) using a family of parallel hyperplanes R3

t , with −∞ < t < ∞,
perpendicular to the direction of h. If ε(Σ) ∩R3

t is non-empty and non-singular, then it
will consist of a knot or a link in R3. All the non-singular intersections ε(Σ) ∩R3

t result
in a finite collection of knots and links in 3-space, called a movie of ε(Σ). There will be
singular intersections for a finite number of values of t, for example, when a hyperplane
intersects ε(Σ) in an isolated point (like a minimum or a maximum). Alternatively, the
intersection could contain a node with four arcs, corresponding to a saddle point. We
can look at the collection ε(Σ) ∩ R3

t for increasing values of t: when ε(Σ) presents a
minimum, we will see the appearance of an unknotted circle in ε(Σ) ∩R3

t as the value of
t increases. Similarly, a maximum corresponds to an unknot that vanishes. As we pass
through a saddle point, the number of components of the link in ε(Σ) ∩R3

t may change,
and such points are usually represented by band moves. Given a knot (or a link) γ and
an embedding of b ∶ I × I ↪ S3 such that b−1(γ) = I × ∂I, a band attachment (or band
move in the present context) is the process of replacing b(I × ∂I) in γ with b(∂I × I).
Thorough introductions to movies of surfaces can be found in [12, 23]. In this thesis, we
will often mention movie pictures of RP 2: this should be understood as always referring
to the image of an embedding that is clear from context.

Consider, as an example, a smooth embedding of RP 2 in R4 on which h as above restricts
to a Morse function with three critical points. Since the Euler characteristic of RP 2 is
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Figure 7.1: The manifold N from [10], arising as the regular neighbourhood of a movie
picture of an embedding of RP 2 in R4 with three critical points.

1, we can assume that the embedding of RP 2 presents one minimum, one saddle, and a
maximum (we shall see more on this in the next chapter). When looking at a movie of this
embedding, as t increases, we can expect to see the appearance of an unknot representing
the minimum, a band attached to it representing the saddle, and finally an unknot which
eventually vanishes, representing the maximum. So a movie of an embedding of RP 2 in
R4 as above consists of an unknot to which we attach a band, resulting in an unknot again.

At this point, note that proving a statement about a movie picture (i.e. about knots and
links) is useful because it can tell us something about the embedding we are working with.
More specifically, note that movie pictures allow us to understand smooth embeddings,
because a Morse function on a surface requires the existence of a smooth structure.
The example discussed was exactly the embedding of RP 2 in R4 analysed by Bleiler–
Scharlemann in [10]. The result proved in their work is rephrased below.
Theorem 7.1 (Bleiler–Scharlemann [10]). Any embedding of RP 2 in R4 with three critical
points is standard.

This result is a consequence of the main Theorem from [10], which we may rephrase as
saying that there is only one way (up to a half-twist) to attach a band to an unknot to
obtain another unknot. To prove this theorem, Bleiler–Scharlemann construct a manifold
arising as the regular neighbourhood of an unknot with a band attached from the movie
description above, which consists of a 3-ball with two handles attached. This manifold is
called N , and is depicted in Fig. 7.1.

On ∂N , they consider two families of embedded simple closed curves. The first family,
Am, consists of the curve α, which represents the boundary of the disc bounded by the
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unknot γ corresponding to the minimum in the movie picture of RP 2, together with some
other curves a1, . . . , am representing intersections between sheets of said disc and ∂N . The
second family of curves Bn is defined similarly, but this time β is the boundary of the
disc bounded by γb, the unknot corresponding to the maximum obtained after attaching
a band b to γ in the movie picture. These two families bound embedded planar surfaces
EA and EB in R3 −N . Analysing how these surfaces intersect is key to understanding
what families of Am and Bn can appear on ∂N . This, in turn, is of use in proving the
main theorem about the movie picture of RP 2 in R4, see [10].

The intersection of EA and EB is studied via graphs of intersection. These are graphs
ΓA and ΓB, whose vertices are discs corresponding to the curves in Am and Bn, and
hence to the boundary components of EA and EB, respectively. The work of Bleiler–
Scharlemann in [10] employs and extends techniques from [64], in which Scharlemann
proves that smooth embeddings of spheres in R4 with four critical points are standard.
The latter article is also an important reference for this thesis. We shall not go into the
details of the construction of graphs of intersection right now, but will present a thorough
discussion in the next chapter in the context of our work. A good introduction to the
topic by Gordon can be found in [31].

What makes working with graphs of intersection interesting is that one can produce re-
sults about embeddings of surfaces in 4-space using relatively simple machinery from
graph theory, like circuits, cycles, sinks, and sources [64]. The downside is that although
the techniques employed are simple, the combinatorial aspect is often elaborate.

Litherland first introduced graphs of intersection in [52], in the context of determining
which knots have Property P . A knot K ⊂ S3 satisfies Property P if the only Dehn
surgery on K yielding a homotopy 3-sphere is the trivial one; it is now known that all
knots except the unknot have Property P [45]. Later on, Scharlemann further developed
methods using graphs of intersection in [65] to prove that knots with unknotting number
equal to 1 are prime, and in [64], where he proves that smooth embeddings of spheres in
R4 with four critical points (in the same sense discussed for our problem) are standard.
We remark that the latter statement was also proved again later by Thompson in [68] and
Gabai in [24] using different techniques (in which the result is derived as a corollary of a
stronger statement). In [10], Bleiler–Scharlemann proved that any embedding of RP 2 in
4-space with three critical points is standard: the technique and structure of the proof are
very similar to those in [64], but the authors refined and generalised some of the graph
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theoretical notions to address the additional subtlety arising from this set-up (which
were also employed in [9]). A celebrated application of graphs of intersection is due to
Gordon–Luecke in [33], where they proved that knots with homeomorphic complements
are equivalent, thus solving the Knot Complement Problem. Graphs of intersection were
mainly employed to approach problems about Dehn surgery in the 1980s-1990s. More
recently, these techniques were used by Matignon–Sayari in [54, 55] to investigate Dehn
surgeries creating 3-manifolds that contain a non-orientable surface, by Eudave-Muñoz–
Guzmán-Tristán [19] to provide upper bounds for toroidal slopes parametrising Dehn
surgeries on a knot K, and finally by Baker–Gordon–Luecke in [7, 8] to explore the rela-
tions between the bridge number of a knot K and the genus of a Heegaard splitting of a
manifold resulting from surgery on K.

Overview. The second part of this thesis is divided into four chapters: in Chapter 8,
we discuss the movie pictures of embeddings of RP 2 in R4 with five critical points, set
up the objectives we wish to prove, and construct graphs of intersection ΓP and ΓQ;
in Chapter 9, we analyse the phenomena of band slides and band swims and how they
affect ΓP and ΓQ; in Chapter 10, we present the unfruitful strategy employed to prove
the aforementioned objectives; finally, in Chapter 11 we present a previous approach to
the problem and discuss similar questions.
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Chapter 8

Framework

§ 8.1 | Knots and Bands
Suppose we have an RP 2 smoothly embedded in R4. Let h ∶ R4 → R be a height function
such that it restricts to a Morse function h∣RP 2 with five critical points on RP 2. We want
to show that such RP 2 is isotopic to the “standard” real projective plane in R4, which is
obtained from gluing together the boundaries of an unknotted Möbius band in R3 × {0}
and an unknotted disc in R3 × [0,∞).

The Euler characteristic of the real projective plane is χ(RP 2) = 1. The Morse inequalities
tell us that χ(RP 2) is an alternating sum of the number of critical points of each index of
a Morse function on RP 2 [56]. As we are interested in Morse functions with five critical
points, we immediately deduce that there are only two possibilities:

1. h∣RP 2 has two minima, two saddles, and a maximum; or

2. h∣RP 2 has a minimum, two saddles, and two maxima.

Since a Morse function can always be “turned upside-down”, we may, without loss of
generality, assume we are in case 1. According to the earlier discussion about movie
pictures, we deduce that in a movie picture of such RP 2 we expect to see an unlink of
two components with two bands attached to it, resulting in an unknot.

At this point, we shall more generally try to understand diagrammatically the number of
ways two bands can be attached to a split 2-component link and yield a knot.
Proposition 8.1. Suppose we have a split 2-component link, with two bands attached so
that the result is a knot. Then at least one of the bands must join the two components of
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Figure 8.1: Two bands with purple attaching regions.

the link, and one of the bands must be non-oriented.

A band move or attachment is oriented if the attaching regions of the band have orienta-
tions that either both agree or disagree with the orientations of the arcs they are being
attached to, inherited from the knot (or link) orientation. A band move is non-oriented
otherwise [26].

Proof. Draw two rectangles B1 and B2 representing the bands, as in Figure 8.1. Suppose
the attaching region of the bands corresponds to the top purple segments and that the
resulting knot will have the remaining green segments on its arcs. We need to understand
all the possible ways to draw arcs joining the vertices of the bands.

As the bands have to yield a knot, we know that there will be at least two arcs joining
B1 and B2. Assume without loss of generality that a first arc has ends c − h. We shall
now focus on the corner d and consider all the other vertices it can join.

Let us start by supposing that the corner d is joined by an arc connecting B1 and B2.
Immediately observe that such an arc cannot be d − e, since it would force the band
attachment to yield a link rather than a knot.
Consider what happens instead when we have the arc d − g: then all the possible arcs
joining f do not respect the conditions stated earlier because either the initial split 2-
component link is forced to be a knot, or the final knot is forced to be a 2-component
link. Hence, it is not possible to join d and g.
Finally, suppose we have an arc joining the corners d and f . The vertex g cannot join
e because the band attachments would fail to yield a knot. Similarly, g cannot join a,
since the split 2-component link would be forced to be a knot. However, we may draw
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Figure 8.2: Two ways to attach two bands to a 2-component unlink resulting in an unknot.

the arc b− g, which then forces us to join a and e. We now have two bands attached to a
2-component link, yielding a knot. Note, however, that some care needs to be taken with
the crossings of the arcs in order to ensure we are actually attaching the bands to a split
2-component link and thus have a valid configuration.

Now suppose that the corner d is joined by an arc that stays on B1.
Suppose we have the arc b − d. Then a cannot join e, since the band attachments would
not yield a knot. If a joins f instead, then the arc e−g is forced, making the 2-component
link an unknot, hence giving rise to an invalid configuration. If a joins g we must also
have the arc e− f . Thus, we have a valid configuration joining the corners of B1 and B2,
taking care to respect the condition that bands should be attached to a split 2-component
link.
Suppose instead that we have the arc a−d. It is not possible to join b and e, as the result
of attaching the bands would be a 2-component link. Similarly, we cannot join b and g

because it would force the bands to attach to a 3-component link. However, we may join
the corners b − f and e − g and obtain a valid band configuration which mirrors the one
discussed in the previous case.

For the problem we are considering we are more specifically interested in a 2-component
unlink (which is split by definition), resulting in an unknot once the bands are attached.

Before proceeding with the set-up of the problem, it is important to observe an interesting
issue which arises from the fact that we are working with two bands. Suppose we have a
movie of RP 2, i.e. a 2-component unlink yielding an unknot after attaching two bands,
as in either picture of Figure 8.2. In general, these bands may interact with each other,
something which did not happen in any of the cases considered by Scharlemann [64] and
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Bleiler–Scharlemann [10] because there was always a single band involved.

The first type of possible interaction is a band slide, which consists of sliding one band’s
attaching region over the whole length of the other band’s side [67]. Some band slides will
take us from one configuration of Figure 8.2 to the other, establishing a relation between
them. We shall later discuss band slides in major depth, and will also see that we must
always work with both configurations of Figure 8.2, so it is not possible to discard one in
favour of the other.

The second issue comes from band swims. Using the terminology introduced by Swenton
in [67], a band swim essentially consists of passing one band’s width lengthwise through
another band’s interior, as shown in Figure 8.3.

B2

B1

Figure 8.3: A band swim.

In order to illustrate the issue arising from band swims, let us look for instance at Fig. 8.2
(a). We have two knots and two bands, and we can obtain an embedding of RP 2 by at-
taching the bands in either order, or simultaneously. However, suppose we attach B1 first.
After this attachment we can isotope the width of B2 through the ghost of the length of
B1, that is, we can perform a band swim. We can now attach the newly placed B2 and
denote it B′2, after which we can undo the attachment of B1. At this point, the band
B1 is the same, but B2 is no longer isotopic to B′2. However, the resulting embedding of
RP 2 is isotopic to the one we started with. What emerges from this example is that we
have a more complicated way to attach the bands. Suppose we are looking at a movie of
such an RP 2, but are only given two very complicated bands attached to a 2-component
unlink such that the resulting attachment is the unknot. This information determines
an embedding of RP 2, but the next step is to determine whether it is unknotted. In
particular, we need a way to detect band slides and swims, in order to “undo” them and
make the bands we are working with isotopic to the standard bands in Fig. 8.2. The
problems arising from slides and swims add a non-trivial amount of complexity to the
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problem, and will be further discussed in subsequent chapters. We highlight that band
slides and band swims preserve the isotopy type of the embedding we are working with
[67].

Keeping the movie pictures from Figure 8.2 in mind, we want to prove a statement about
the possible knot configurations, which then implies something about the embedded RP 2

we are studying. This strategy is essentially the same as that employed in [10] and in [64]
in the main theorems. We want to prove that, up to band slides and band swims, any
two bands attached to a 2-component unlink which yield an unknot are isotopic to the
standard bands of Figure 8.2. Note that pictures (a) and (b) are related to each other
via band slides. In particular, we want to prove that any movie picture from Fig. 8.2 (a)
can be modified to a movie picture where the band sum of U1 and U2 via B1 is simply
a connected sum. This would allow us to use what Swenton in [67] calls a cup move
to reduce B1 and U1. In Morse theoretical terms, B1 and U1 would correspond to a
cancelling pair of critical points. To summarise, we want to show that any 2-component
unlink with two bands attached, resulting in an unknot, is related via band slides, swims
and isotopies to a single unknot with a band attached, yielding an unknot again. The
latter is the picture from the original Bleiler–Scharlemann case in [10], so the aim is to
reduce the problem of RP 2 with five critical points to that of RP 2 with three critical
points, solved by Bleiler–Scharlemann.
The objective is to prove the statement below.

Objective 8.1.1. Suppose we have a 2-component unlink to which we attach two bands
that will yield an unknot. Then, up to band slides and swims, the bands are isotopic to
the standard bands from Figure 8.2.

In order to tackle the proof of such an objective, we will consider two oriented surfaces: a
separating sphere P̂ for the 2-component unlink, and a 2-disc Q̂ bounded by the unknot
resulting from the two band attachments. Let us now focus on Fig. 8.2 (a): note that the
bands can intersect sheets coming from Q̂ an arbitrary number of times; they can also
cross the separating sphere P̂ , however, B1 has to do so an odd number of times, since it
has to connect the two link components, while B2 has to do so an even number of times,
since it has both ends on U2. Using band slides and swims, we aim to prove that any
embedding of RP 2 with such a movie picture can be reduced to an embedding where B1

crosses P̂ once. By sliding from one knot configuration to the other in an appropriate
way, we may recast this statement in terms of Fig. 8.2 (b); this time we require both B1
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Figure 8.4: Manifold M .

and B2 to cross P̂ an odd number of times, and aim to show that such an embedding can
be reduced to one where one of the bands only crosses P̂ once.

We shall construct two 3-manifolds with the specific aim of proving Objective 8.1.1,
closely following the Bleiler–Scharlemann approach. First, let us take a regular neigh-
bourhood of the two unknots together with the two bands in Fig. 8.2 (a): the resulting
3-manifold M ⊂ R3 consists of two 3-balls with four 1-handles and is shown in Figure
8.4. Observe that there are two families of embedded simple closed curves in ∂M . The
first family, Rm,n, consists of curves a1, . . . , am, c1, . . . , cn. These curves arise from the
intersection of the bands with P̂ , and hence are the boundary components of the punc-
tured 2-sphere P = P̂ ∩ (R3 −M). Based on our previous discussion, we require m to
be odd and n to be even. The second family, Bs,t, consists of β, which bounds Q̂, and
curves b1, . . . , bs, d1, . . . , dt arising from the intersection of sheets of Q̂ with B1 and B2.
Let Q = Q̂ ∩ (R3 −M) be the punctured 2-disc bounded by Bs,t, and note that there are
no parity restrictions on s and t.

Take a regular neighbourhood of the two unknots together with the two bands in Fig. 8.2
(b) to construct N , the second 3-manifold of interest, represented in Figure 8.5. Once
again, there are two families of embedded simple closed curves in ∂N which arise as be-
fore and are denoted in the same way Rm,n and Bs,t. However, observe that the parity
requirements are now different, as m and n must both be odd; as for s and t, there are
again no parity restrictions.
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Figure 8.5: Manifold N .

We remark that in both cases the number of times the curve β wraps around the 1-handles
is left unspecified.

It was previously observed that Fig. 8.2 (a) and (b) are related by band slides; analo-
gously, the manifolds M and N are related by handle slides. In particular, a band slide
that relates the underlying movie pictures corresponds to two handle slides that relate
the manifolds. It is important to note that band sliding affects the number of curves on
the relevant manifold. This means that if we start from M with curves Rm,n and Bs,t, and
then slide to N , the families Rm,n and Bs,t will now have a different number of curves.
In order to avoid notational clutter we will keep using the same indices to describe the
different families of curves, but it should be understood that these are different for M
and N , though it will always be clear from context. We also remark that in both Fig. 8.4
and Fig. 8.5 we kept the same notation for the 3-balls arising from the corresponding
bands. This is to avoid introducing new notation, but it will always be clear which one
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is being referred to in subsequent discussions.

After constructing M and N as above, the aim is to prove the following statement.

Objective 8.1.2 (Main Objective). Suppose that M as above is embedded in R3 in such
a way that some Rm,n and Bs,t bound planar surfaces P and Q in R3 −M . Then, after
a sequence of modifications of the planar surfaces, we may obtain that P is bounded by
R1,n.
Remark 8.2. By modification of the surfaces, we mean any modification that does not
change the isotopy type of the embedding of RP 2 in R4. This includes modifications
arising from band slides, band swims, movie isotopies, and reductions of the boundary
components of P (and Q) using compressing discs. In particular, note that we may
slide between the movie configurations underlying M and N in order to perform such
modifications of P and Q.

The attempt to prove the statement above is the focus of this part of the thesis. The
importance is due to the fact that if it were true, it would imply Objective 8.1.1, as
illustrated below.

Proof of Objective 8.1.1, assuming Objective 8.1.2. Suppose we have a 2-component un-
link L in R3, consisting of unknots U1 and U2. Let P̂ be the 2-sphere separating U1 and
U2. Attach bands B1 and B2 to L in such a way that we obtain an unknot U which
bounds a disc Q̂. From a combinatorial standpoint, we must either have that both B1

and B2 connect U1 and U2, or that, say, B1 connects the two components and B2 is only
attached to U2. These are the two possibilities depicted in Figure 8.2. Start by consider-
ing the latter case, depicted in Fig. 8.2 (a).

Let M be the regular neighbourhood of U1 ∪ B1 ∪ U2 ∪ B2, homeomorphic to two 3-
balls with four 1-handles attached. By general position P̂ can be isotoped so that
P̂ ∩ B1 = B1({ai} × I), for {ai} ⊂ I, i = 1, . . . ,m, m odd, and P̂ ∩ B2 = B2({cj} × I),
for {cj} ⊂ I, j = 1, . . . , n, n even. Similarly, by a general position argument, Q̂ can be
isotoped so that Q̂∩B1 = B1(I̊ ×{bk}), where {bk}, k = 1, . . . s, is a finite subset of I, and
so that Q̂∩B2 = B2(I̊ ×{dl}), where {dl}, l = 1, . . . t, is also a finite subset of I. Note that
the requirements about the parity of m and n arise from the fact that B1 crosses P̂ to
connect U1 and U2, while B2 stays on U2.
At this point, it is possible to arrange the complements P and Q of M̊ in P̂ and Q̂ to
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satisfy the hypotheses of Objective 8.1.2. Suppose we can find some R1,n, intersecting B1

only once. This implies that the band sum U1#B1U2 is actually a connected sum U1#U2.
However, since U1 is an unknot, we can perform a cup move as in [67] and cancel B1 and
U1. This leaves us with U2 and B2 attached to it, which must still result in an unknot.
At this point we can apply Bleiler and Scharlemann’s result from [10], which tells us that
B2 must be a half-twisted band. Alternatively, we can find a slide to a manifold N as
above, find some R1,n (or Rm,1) and proceed as in the next case.

Suppose now that both B1 and B2 are attached to U1 and U2 instead, as in Fig. 8.2 (b).
Let N be the regular neighbourhood of U1 ∪B1 ∪ U2 ∪B2, homeomorphic once again to
two 3-balls with four 1-handles attached. By a general position argument we can arrange
that P̂ ∩B1 = B1({ai} × I), for {ai} ⊂ I, i = 1, . . . ,m, m odd, and P̂ ∩B2 = B2({cj} × I),
for {cj} ⊂ I, j = 1, . . . , n, n odd. Similarly, isotope Q̂ so that Q̂∩B1 = B1(I̊ ×{bk}), where
{bk}, k = 1, . . . s, is a finite subset of I, and so that Q̂ ∩ B1 = B1(I̊ × {dl}), where {dl},
l = 1, . . . t, is also a finite subset of I. Note that the parity requirements for m and n are
now different from the previous case, reflecting the different configuration.
It is once again possible to arrange the complements P and Q of M̊ in P̂ and Q̂ to satisfy
the hypotheses of Objective 8.1.2. Suppose we can find some R1,n, intersecting B1 only
once. Again this means that the band sum U1#B1U2 is just a connected sum U1#U2.
Once again then B2 is attached to the unknot U1#U2 and results in an unknot again, so
we can apply the result from [10] to deduce there is a unique way to attach it (up to a
half-twist). Note that we could have alternatively performed a band slide of B2 over the
(former) B1 to end up in the configuration from the previous case. The argument could
have equally followed from there. Alternatively, we can find a slide to the manifold M and
find some R1,n and proceed as in the previous case. The case with Rm,1 is symmetric.

§ 8.2 | Graphs of Intersection
This section aims to set up the machinery we will use to approach Objective 8.1.2. The
aim is to understand the intersections of the surfaces P and Q previously introduced.
The manifolds M and N play a role in constructing the graphs ΓP and ΓQ, which can
help us keep track of the boundary components of P and Q and their intersections. These
are the graphs of intersection mentioned in Chapter 7.

§ 8.2.1 | Constructing ΓP and ΓQ

We start by considering the manifold M . Recall that P and Q are planar surfaces with
boundary components Rm,n and Bs,t, respectively. Assume that m + n + s + t has been
minimised, and put P and Q in general position so that their intersections consist of arcs
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Figure 8.6: Vertices in ΓP .

— starting and ending at the boundary components — and circles. Assume that we have
reduced as much as possible the number of components in the intersection of P and Q.
This also implies that we have removed all circles in P ∩Q except those essential in both
surfaces [10, 64].

Look at the intersections of Rm,n and Bs,t to derive the data needed to construct the
planar graphs. We begin constructing the graph ΓP , which lives on the sphere P̂ . Its
vertices correspond to the curves a1, . . . , am, c1, . . . , cn in Rm,n, and we shall often call
them disc or fat vertices. Keeping in mind Figure 8.4, observe that each curve of Rm,n

on a given 3-ball intersects each relevant curve of Bs,t twice – on the front and on the
back of M– with the only exception being the curve β. Let us break down the latter in
segments and associate labels b0, bs+1, d0 and dt+1 to the ones lying on the 3-balls of M ,
as in Figure 8.4. Each point of intersection may be referred to as f(i, k) or r(i, k) if it
lies on the front or on the back, respectively. When the distinction does not matter, we
may simply denote it by (i, k). Record these intersections of Rm,n and Bs,t by decorating
the vertices of ΓP with labels corresponding to the relevant indices of the curves of Bs,t,
as shown in Figure 8.6. Note that each vertex of ΓP coming from B1 has valence 2s + 2,
while those from B2 have valence 2t+2. The edges of ΓP correspond to the arcs of P ∩Q.
Any edge may be oriented from higher to lower labels with the convention that edges
connecting B1 and B2 are oriented from the former to the latter. Edges which stay on
the same 3-ball and whose ends have the same label are unoriented, and we shall call
them level edges. This makes ΓP a semi-directed graph.

The graph ΓQ is defined in a similar way. It lives on the disc Q̂ bounded by β, with ver-
tices given by b0, b1, . . . , bs, bs+1, d0, d1, . . . , dt, dt+1. The vertices b1, . . . , bs have valence
2m, while d1, . . . , dt have valence 2n. Figure 8.7 shows what these vertices look like. The
vertices arising from β instead lie on ∂Q̂. They look like half discs and have valence m
for b0, bs+1, and valence n for d0, dt+1. If we go along the curve β clockwise, these vertices
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Figure 8.7: Vertices in ΓQ.

will appear in this order on the boundary of Q̂. Edges in ΓQ have an assigned orientation
depending on their labels, following the same rule as the previous graph. Therefore, ΓQ

is a semi-directed graph as well.

Until now, we have discussed how ΓP and ΓQ arise from P and Q when working with
M . The construction of these graphs starting from N is completely analogous; the only
differences are the order of appearance of the boundary vertices of ΓQ, which will be b0,
d0, bs+1, dt+1, and the parity of n, which is odd.

In either case, observe that there is a bijection between ΓP and ΓQ, as an edge in one
graph corresponds to an edge in the other with labels and vertices swapped.

We shall now provide some key graph-theoretical definitions, which mostly follow the ter-
minology employed by Scharlemann and Bleiler–Scharlemann in their work. There will
be some minor modifications in order to allow us to translate some lemmas and proposi-
tions from [10, 64] into this setting. We begin with the notion of a circuit as presented
in [10], which is a generalisation of the one from [64].

Definition 8.3. A circuit γ in ΓP or ΓQ is a (not necessarily embedded) closed path
such that for a regular neighbourhood η(γ) of γ there is a boundary component γ′ of η(γ)
such that γ′ is homotopic to γ in η(γ) and bounds a single disc component of P̂ − η(γ)
(Q̂ − η(γ)) called the interior of γ.
Remark 8.4. As the graph ΓP is constructed on a 2-sphere, we might face some ambi-
guity in defining the interior of a circuit. If we have a circuit that corresponds to an
embedded closed path, then there are two boundary components of η(γ) homotopic to
γ and bounding discs in P̂ − η(γ). We may circumvent this issue by fixing a point x in
P̂ −ΓP so that for any circuit presenting ambiguities we choose as interior the component
of P̂ − η(γ) which does not contain x.
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According to this definition, sometimes the interior of a circuit can correspond to areas
that may seem counterintuitive. For instance, suppose we have a circuit in ΓP arising
from a path with a “figure-eight” shape. The interior of the circuit corresponds to what
we would intuitively picture as the outside of the figure-eight curve, which is instead the
disc component mentioned in the definition, since ΓP lives on a sphere.
Note that according to the definition, this sub-graph is not a circuit in ΓQ, as no bound-
ary component of its neighbourhood splits off a disc component. This is because ΓQ lives
in a disc Q̂.

The scope of this example was to highlight that the notion of a circuit should not be
exclusively tied to the picture of an immersed curve, but rather to whether a certain
configuration of edges gives rise to an interior. This indicates that caution should be
employed when arguing or discussing examples with circuits in ΓP or ΓQ, although most
of the time we will be discussing innermost circuits and therefore will avoid many such
complexities.

We shall define a loop to be a circuit with just one edge, whose vertex is the base of the
loop. A chord of a circuit is an edge in the circuit interior with ends lying in the circuit.
A spoke is a chord that is not a loop. A vertex with no edge oriented away from it is a
sink, while one with no edge oriented into it is a source. A vertex with no labels is called
a puncture and is neither a sink nor a source.

Since the interior of a circuit is an embedded disc in P̂ or Q̂, we can define a label se-
quence as in [64].

Definition 8.5. The interior of a circuit allows us to define a sequence of labels as
follows. Choose a path going once through every edge of the circuit and such that at each
vertex it contains the segment of the circle that lies in the interior of the circuit. Read off
the labels of the ends of the edges which the path either traverses or crosses transversally.
This sequence of integers is called the label sequence of the circuit.
Remark 8.6. The label sequence depends on the choice of starting point and on the ori-
entation chosen to go around the circuit. When the latter is a cycle or semi-cycle (to be
defined below), there is a natural choice of orientation [64].
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Figure 8.8: A Scharlemann cycle.

Definition 8.7. A cycle is a circuit with all its edges oriented so that it is possible to
follow a path around it, always consistent with such orientations.
A semi-cycle is a circuit with at least one oriented edge such that there is a path around
it never inconsistent with orientations.
Remark 8.8. Given the orientation we have assigned to the edges of ΓP and ΓQ, there can
be no cycles or semi-cycles whose vertices belong to different 3-balls of M or N . Note
that every cycle is a semi-cycle.

Circuits and cycles are key elements in almost every argument about graphs of intersec-
tion. In particular, there is a special type of cycle which is of great relevance, defined
below.

Definition 8.9. A Scharlemann cycle is a disc face of P or Q, bounded by vertices and
edges of ΓP or ΓQ, such that each edge starts at a label i and ends on a label i + 1.

Note that a Scharlemann cycle stays on one 3-ball of M (or N), hence the labels i and
i + 1 are referring to labels of the same set of curves. Such cycles are important because
their existence implies we can construct a 3-manifold of codimension 0 in R3 (or S3) with
non-trivial torsion in first homology, giving rise to a contradiction. More about this can
be found in [34, 53]. These cycles first appeared in [64], where they are used to define
a new surface on which surgery is applied to reduce the number of minimised boundary
components, giving rise to a contradiction. The next example provides useful insights.

Example 8.10. Suppose we have a Scharlemann cycle in ΓP , as shown in Figure 8.8. Here
we see a disc face D of P bounded by the vertices a1 and a2, and two edges. Now consider
the graph ΓQ in Q. The edges of ΓP appear here as well, this time connecting the vertices
b1 and b2 of ΓQ.
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Construct a new surface Q′ by attaching to Q the annulus in ∂M (or ∂N) between b1 and
b2. Then Q′ is a punctured torus with boundary Bs−2,t. Now note that D lies on one side
of Q′, and ∂D is a simple closed curve in Q′ that crosses the annulus a non-trivial number
of times (in this specific example twice). Surgery on Q′ using D yields a punctured disc
in the closure of the complement of M (or N) with boundary Bs−2,t. In [10, 64], this type
of argument is used to reach a contradiction about the minimal number of boundary
components of planar surfaces in the complement of M .

A closely related argument showcasing the importance of Scharlemann cycles is presented
by Luecke in [53]. A Scharlemann cycle, as in Figure 8.8, can be used to construct a 3-
manifold L which has the following handle decomposition:

• The 0-handle corresponds to the regular neighbourhood of Q̂;

• The 1-handle is the 3-ball bounded by the annulus from ∂M between b1 and b2;

• The 2-handle is the regular neighbourhood of D.

As ∂D traverses the annulus twice, we deduce that H1(L) ≅ Z/2Z. Then L is a manifold
with non-trivial torsion in first homology which embeds in R3, giving rise to a contradic-
tion.

This is only a simple example of a Scharlemann cycle. In general, the number of times
a label i appears determines the order of the torsion of H1(L) as above. Hence, this is
a problematic configuration, and we will make use of it to exclude or reduce some graph
configurations in our arguments.

It is useful to generalise such a notion, as shown below.

Definition 8.11. A Scharlemann collection is a collection of disc faces of P or Q such
that each disc face has a label sequence of the form (l1, l1 ± 1, . . . , lα, lα ± 1) for possibly
different values of α, and labels lα and lα′ not necessarily belonging to the same set of
curves.
Remark 8.12. In this case, each label sequence is not required to alternate between the
same two labels, therefore each disc face is bounded by a circuit, not necessarily a cycle.

Scharlemann collections are useful because they can be used in the same ways as Scharle-
mann cycles.
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Example 8.13. Suppose we have a Scharlemann collection in ΓQ, as shown in Figure 8.9.
Here we see two disc faces F1 and F2 of Q. These are bounded by circuits, and not cycles,
as the vertices joined by the edges belong to B1 and B2.

b1 d1

1

2

1

2

b2 d2

1

2 2

1

ΓQ ∶

F1

F2

Figure 8.9: A Scharlemann collection in ΓQ.

Construct a new surface P ′ by attaching to P the annuli from ∂M (or ∂N) between a1

and a2, c1 and c2, respectively, as shown in Figure 8.10. The boundaries of the faces F1

and F2 are shown as the green and orange simple closed curves, respectively. Both faces
lie on the same side of P ′, and observe that F1 goes over both annuli once in the same
direction, while F2 traverses each annulus once in opposite directions.

a1 a2
12 12

c1 c2
12 2 1

P ′ ∶

Figure 8.10: Constructing a manifold P ′ from P using the Scharlemann collection from
Fig. 8.9.

It is now possible to apply the same argument by Luecke [53] as in Example 8.10. Con-
struct a new 3-manifold L using a 0-handle obtained by thickening Q̂, two 1-handles
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coming from the 3-balls bounded by the annuli attached to P , and two 2-handles ob-
tained from the thickening of the disc faces F1 and F2. The first homology of L is
generated by the 1-handles modulo the relations introduced by the 2-handles, the latter
resulting from the signed number of times each disc face traverses each annulus. Thus,

H1(L) ≅
Z⊕Z

⟨(1,1), (1,−1)⟩ ,

and since RRRRRRRRRRR

1 1
1 −1

RRRRRRRRRRR
= −2,

we deduce that H1(L) ≅ Z/2Z. Once again, we have constructed a codimension 0 sub-
manifold of R3 with non-trivial torsion in first homology, a contradiction.

§ 8.2.2 | Parity Rule

The graphs ΓP and ΓQ also carry information about the orientation of the boundary
components of P and Q. This information can be used to rule out graph configurations
that contradict the requirement that P and Q are oriented surfaces. In order to make
use of such data we introduce a “parity rule” for our graphs, which is a generalisation of
the one presented by Scharlemann in [64].

The first step in order to introduce this rule is to define front and back of the manifolds
M and N , as shown in Fig. 8.4 and Fig. 8.5, respectively. We start with M .

Let ξ be a unit normal vector field to Q in R3 −M , chosen so that it points upwards at
b0, downwards at bs+1 and westwards at d0 and dt+1. Call the front of M the hemisphere
of B1 outside of which ξ points at b0 and bs+1, and the hemisphere of B2 between d0 and
dt+1 into which d0 points. The remaining hemispheres will be called the back of M .
We also define η to be the unit normal vector field to P in R3 −M that points west at
a1 and consequently upwards at c1.

Now focus on N . In an analogous way, define ξ′ to be a unit normal vector field to Q in
R3 −N , chosen so that it points upwards at b0, bs+1 and downwards at d0, dt+1. Call the
front of N the hemisphere of B1 between b0 and bs+1 into which ξ′ points at bs+1, and the
hemisphere of B2 between d0 and dt+1 into which it points at d0.
Analogously define η′ as the unit vector field to P in R3 −N that points west at a1 and c1.
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We now associate a sign to the graph vertices. Start by focusing on the graphs arising
from M . As the vertices of ΓP arise from boundary components of a separating sphere,
η will be pointing in opposite directions on any two adjacent vertices. Thus we say that
ai and cj are positive vertices for i, j odd, and are negative for i, j even. The portion of
vertex corresponding to the front of M will be the right hemisphere for positive vertices
and the left hemisphere for negative ones. As for the vertices of ΓQ, we say that b0 is
a positive vertex, bs+1, d0 and dt+1 are negative vertices. These are boundary vertices of
ΓQ and we assume all of them to belong to the front of M . The sign of the remaining
vertices of ΓQ cannot be determined a priori. However, we remark that on B1 the portion
of a positive vertex corresponding to the front will be the right hemisphere. For positive
vertices on B2 it will be the left hemisphere instead. In future examples, we will shade
the relevant hemisphere of a vertex to indicate the portion that belongs to the front of
M or N .

Repeat the same process and associate a sign to the graph vertices arising from N . For
the vertices of ΓP we will use the same convention as above. For the vertices of ΓQ we
say that b0 and bs+1 are positive, while d0 and dt+1 are negative. As in the previous
setting, assume they are on the front of N . The sign of remaining vertices cannot be
determined a priori; however, for positive vertices, we assume that the front is the por-
tion corresponding to the right hemisphere, regardless of whether they belong to B1 or B2.

Associating signs to every vertex gives rise to the following notion: we say an edge is
synchronous if it connects vertices of the same sign, asynchronous if it connects vertices
of opposite sign. We can now establish a parity rule.

Proposition 8.14 (Parity Rule). Let e be an edge in ΓP . Suppose e connects vertices on
the same side of M (or N). Then e is synchronous in ΓP if and only if it is asynchronous
in ΓQ. Now suppose e connects the front and back of M (or N). Then e is synchronous
in ΓP if and only if it is synchronous in ΓQ.

Proof. The following proof is adapted from Greene’s notes [34]. Suppose e is an arc of
P ∩Q staying on the same side of M (or N), running from some f(i, k) to f(j, l) (or any
same side combination). Then e must connect points of ∂P ∩∂Q of opposite sign. Let us
examine an endpoint x of e, which is a point of intersection of P ∩Q ∩M . We develop a
frame at this endpoint by taking the triple consisting of the relevant vectors from ξ, η —
which we may take to be tangent to ∂M (or ∂N) — and the normal resulting from the
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first two vectors. Suppose, without loss of generality, it is the outward one. Now advance
the frame along e: at the opposite endpoint y we obtain the frame given by ξ, η and the
resulting normal, which is now pointing inwards. As these frames arise from the same
orientation on M , the sign of intersection of P and Q at x must be opposite to the sign
at y. In terms of graphs this means that if e is synchronous in, say, ΓP , then it must be
asynchronous in ΓQ.
Now suppose that e connects the front and back of M (or N). Take the frame defined as
before at the endpoint x on the front. Suppose this frame defines the outward normal of
M at x. Now move the frame along e to the endpoint y. At this point the normal will
be pointing inwards. However, since we are now at the back of our manifold, we have
changed the sign of the frame twice, and hence it is still the same. That means that x
and y are points of the same sign. Translated into graph theory this tells us that e is
synchronous in ΓP if and only if it is synchronous in ΓQ.

The purpose of defining a Parity Rule is to add further restrictions on the graph config-
urations that can arise from ΓP and ΓQ.

Corollary 8.15. No boundary vertex of ΓQ presents loops with labels i and i′ such that
i ≡ i′ mod 2 (similarly for labels j, j′).

Proof. This is a direct consequence of the Parity Rule. Suppose we did have such a loop.
Then this would be a synchronous edge in ΓQ, on the front of the relevant manifold. The
corresponding edge in ΓP would be synchronous as well, giving rise to a contradiction.
A combinatorial proof is possible as well. Such a loop in ΓQ would contain an odd
number of labels in its interior, giving rise to a contradiction since each edge has two
endpoints.

Corollary 8.16. There can be no level edges between the boundary vertices d0 and dt+1

of ΓQ arising from M .

Proof. Any level edge between d0 and dt+1 is on the front of M and is synchronous.
This edge corresponds to a synchronous loop based at some cj, hence giving rise to a
contradiction. A combinatorial proof is possible as well, since a level edge cuts off two
components of the graph with an odd number of labels.

A similar corollary can be deduced for the graphs arising from N .

168



Corollary 8.17. There can be no level edges between the boundary vertices b0 and bs+1,
or d0 and dt+1 of ΓQ arising from N .

Proof. Same argument as for Corollary 8.16.

§ 8.2.3 | Basic Properties

This section presents some properties of ΓP and ΓQ which follow directly from the graph
theoretical notions previously introduced. Unless specified, these are valid regardless of
whether the graphs arise from M or N . The following results are readapted from [10, 64].

Lemma 8.18. ΓP and ΓQ have no level loops.

Proof. Suppose we have a level loop in ΓP based at ai. Between any two equal labels of
ai in ΓP lie an odd number of labels. Any vertex in the interior of this loop has either
(2s+ 2) or (2t+ 2) ends of edges incident to it. In total, there is an odd number of labels
in the interior of the circuit, each at the end of an edge. But this is impossible since each
edge has two ends.

Recall the bijection existing between ΓP and ΓQ and note that a level loop in one graph
corresponds to a level loop in the other. Hence, both ΓP and ΓQ have no level loops.

Proposition 8.19. (1) Any chord of an innermost cycle or semi-cycle is a level spoke.

(2) An innermost semi-cycle has no chords.

Proof. (1) Suppose the (semi-)cycle contains a chord. If this chord is a loop, note that
it must be oriented because of Lemma 8.18, and thus it is a cycle in an innermost
(semi-)cycle, a contradiction. If the chord is an oriented spoke, then it divides the
interior of the (semi-)cycle into two components belonging to the interior of a circuit.
One of these components would then be a (semi-)cycle contained in an innermost
(semi-)cycle, again a contradiction. Therefore, only level spokes are possible.

(2) Suppose we have an innermost semi-cycle which has a chord. By (1), this chord must
be a level spoke. Then it divides the interior of the semi-cycle into two components,
at least one of which is still a semi-cycle interior to the supposed innermost one,
resulting in a contradiction.
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Note that statements (1) and (2) above are stronger than the corresponding ones in [64,
Proposition 2.5.2].

Proposition 8.20. Let Rm,n and Bs,t be such that they do not give rise to punctures. If
an innermost cycle or semi-cycle has an interior vertex, it must have an interior source
or sink.
Remark 8.21. We want to avoid a situation in which the interior vertices of an innermost
(semi-)cycle are punctures. When ΓP and ΓQ arise from M , this means that we need to
exclude the case Rm,0 and Bs,t with t ≠ 0. Note that punctures cannot arise on N : this
is because Rm,n is such that m and n are odd, and thus any curve from Bs,t intersects at
least a curve from Rm,n.

Proof. Assume that the innermost (semi-)cycle lives on B1. We shall consider two cases.

Suppose that all interior vertices are from B1 and that none of them is a source or sink.
This means that each vertex has an edge pointing in and another pointing out. Then we
can start at a vertex v and construct a path through the interior oriented edges, which
is always consistent with the orientations. This path cannot hit the same vertex twice,
or it would create a cycle contained in an innermost (semi-)cycle, so it must end on one
of the vertices of the existing innermost (semi-)cycle. Using the same reasoning, one
can construct another path starting at v, through the interior oriented edges and always
inconsistent with orientations. Similarly, this path cannot hit the same vertex twice, so
it must terminate at a vertex of the innermost (semi-)cycle. Then the union of these
two paths divides the interior of the innermost (semi-)cycle into two components, one of
which is again the interior of a (semi-)cycle, giving a contradiction.

Now suppose that the interior vertices are from either B1 and B2, or only from B2, and
that none of them is a source or a sink. Consider an interior vertex v belonging to B2.
Since we assumed it is not a sink, then there must be at least one edge pointing away from
it. This edge must necessarily end on another vertex from B2, because of the orientations
imposed. Let us construct a path through the interior vertices which starts at v and is
always consistent with orientations. This path can only hit vertices from B2 (because of
the orientations), and it cannot hit the same vertex twice, otherwise it would create a
cycle. Follow the path until we reach the last vertex w available from B2 (which we know
will happen since there are finitely many). Because we are assuming that w is not a sink,
we know that there is an edge going out from w. We already observed that this edge
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cannot be incident to another interior vertex from B2. Similarly, it cannot be incident to
vertices from B1 (either from the circuit or its interior), as it would not be an edge going
out of w. Thus there is no edge going out of w, a contradiction.

Observe that in this argument, we did not need to assume there were no sources. So we
have proved something stronger, namely that in this case we must have a sink.

If the innermost (semi-)cycle we are considering lives on B2, the proof follows in the same
way, swapping the roles of sources and sinks in the second part (hence we would prove
we must always have a source if we have interior vertices from B1 and B2, or from B2

only).

The following lemma and proof are the same as in [64], with the exception that we are
not restricting ourselves to the interior of a circuit.
Lemma 8.22. If α is a level edge in either ΓP or ΓQ, then the labels that precede and
follow those of α in a label sequence (or are on the same side of the vertices joined by the
level edge) are the same.
Remark 8.23. When referring to labels l1, l2 that are on the same side of a level edge α,
we shall mean that it is possible to connect l1 and l2 via an arc which is a normal push-off
of α in Q that does not intersect α.

Proof. First note that if α is a level edge, then it must connect vertices belonging to the
same 3-ball. Without loss of generality, assume that α belongs to B1.

Suppose α joins vertices v and v′ in ΓP with label l. The argument for ΓQ is identical.
Notice that the pair of adjacent labels to l in v is the same as that in v′. If l ∈ {0, s + 1}
in ΓP , both adjacent labels are always equal, thus concluding the proof.

If l does not belong to the aforementioned set, then the labels adjacent to l are different
on any vertex. If this is the case, there must be a label k adjacent to l on both v and
v′. Suppose that k is on opposite sides of the edge α. We can then trace an arc β from
v to v′, close to α and joining the ends of v and v′ between l and k, crossing α once.
This arc has ends in ∂M (or ∂N) lying near the same component bl of ∂Q, between bl

and bk. The ends of β can be connected by an arc β′ in the neighbourhood of bl in ∂M ,
resulting in a simple closed curve β ∪ β′. Recall that Q is an oriented surface, hence its
regular neighbourhood ν(Q) is homeomorphic to Q × I. In particular, we say that Q
is two-sided, because its neighbourhood has two boundary components or, equivalently,
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ν(Q)−Q is disconnected. Now, β ∪β′ is a simple closed curve living in ν(Q) as a normal
push-off of the simple closed curve given by the union of α and the relevant portion of
bl, intersecting Q only once. This is a contradiction, because it would imply that Q is
one-sided, which means that ν(Q) −Q is connected.

The same proof can be applied to the vertices of B2.

Note that Corollary 8.16 can be obtained as a direct consequence of Lemma 8.22. Corol-
lary 8.17 can also be deduced from Lemma 8.22.

As previously mentioned, the results presented in this subsection are of the same flavour
as those in [10, 64], and follow directly from the set-up of the graphs. However, it is
interesting to note that the modifications to the graph constructions introduce enough
complications that we were not able to deduce any more results for the most general
setting. Any further results which appear will, in fact, only apply to specific configurations
of Rm,n and Bs,t.
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Chapter 9

Band Slides and Band Swims

The current chapter aims to discuss in detail the issue of band interactions, specifically
for the movie decomposition of RP 2 we are working with. It was observed in Chapter 8
that such a movie picture presents two bands which may interact with each other in two
different ways, either via band slides or band swims. These phenomena can give rise to
very complicated movies of RP 2, and consequently elaborate graph configurations. It is
therefore crucial to understand and identify these band interactions, in order to “undo”
them in some way. This would simplify configurations in ΓP and ΓQ and the underlying
movie picture describing the embedding. In this chapter we present what was understood
about the phenomena, together with some examples and issues.

§ 9.1 | Band Slides
We start by discussing band slides, that is, the sliding of one band’s end lengthwise along
another band’s side, as described in [67]. In order to do so, focus on Figure 8.2. It is
possible to go from (a) to (b) by either sliding the top of B2 to the left, or by sliding its
bottom to the right. Sliding B1 over either side of B2 instead does not affect the knot
configuration, as the result of this particular slide can be isotoped to a picture that is
symmetric to (a). Note that there are four admissible slides when starting in this config-
uration.

When starting from Fig. 8.2 (b), it is possible to slide either side of B1 over either side of
B2 to obtain (a) (or a mirrored picture), only with the roles of the two bands swapped.
Similarly, sliding either side of B2 over either side of B1 takes us to Fig. 8.2 (a). There-
fore, when starting from (b), there are eight admissible slides.
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Figure 9.1: A band B2 intersects P̂ when sliding over B1.

In general, note that some of the aforementioned slides take us to the mirrors of the
configurations represented in Fig. 8.2, or swap the front and back of the bands. While
this is not an issue in terms of the movie picture, it is definitely something to take into
consideration when we are trying to use the graphs to detect a band slide. Finally, observe
again that the relation via slides between the two knot configurations in Fig. 8.2 directly
translates into a relation via handle slides between the manifolds M and N , which arise
from their regular neighbourhoods.

To fully understand how sliding affects the embedding RP 2 ↪ R4, it is not enough to look
at the underlying kind of knot configuration, but we need to understand the image of the
related embedding of Fig. 8.2 in R3. This is described by how the bands interact with the
planar surfaces P̂ and Q̂, hence it is fundamental to consider what happens to the families
of simple closed curves Rm,n and Bs,t on the manifolds M and N , and to their intersection.

We start by remarking that sliding affects the number of closed curves of Rm,n and Bs,t.
Let us zoom in on the band B2 sliding over B1, as in Figure 9.1. Observe that, during the
slide over B1, B2 will intersect disc portions of P̂ which come from am, . . . , a1, and record
how many times B1 intersects P̂ . Consequently, each time B2 slides over each curve (or
line segment, in this picture), it will cross P̂ as well. Hence, B2 will also pick up m curves
(or line segments).

Let us now think about how sliding affects the intersection of the bands with Q̂. First of
all, observe that the boundary of Q̂ includes the sides of B1 and B2, hence by sliding we
are isotoping this boundary. Recall that before the slide the bands can also intersect Q̂
in its interior. Suppose B2 intersects Q̂ in an arc d1 (which will correspond to a simple
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d1

B1

B2

Figure 9.2: A band B2 sliding over B1 introduces intersections with Q̂.

closed curve on M or N). This arc is part of a sheet coming from Q̂, and it gets dragged
over B1 during the slide, as in Figure 9.2. Hence, sliding introduces an intersection of B1

with Q̂. As in the previous case, this can be generalised: if B2 intersects Q̂ in d1, . . . , dt

segments, then sliding will introduce t new intersections of B1 with Q̂.

Given M or N , with Rm,n and Bs,t families of curves, it is clear from the discussion above
that sliding bands in the underlying movie picture will affect the number of curves. We
provide a summary of the effects of sliding below.

Suppose that we are starting from Fig. 8.2 (a), and that on the related manifold M we
have Rm,n and Bs,t curves. When sliding B1 over B2 we obtain a mirror image of Fig. 8.2
(a) and Rm,n and Bs,t are modified as follows:

• B1 picks up n curves from B2, and thus we have Rm+n,n;

• B2 picks up s curves from B1, and thus we have Bs,s+t.

Similarly, when sliding B2 over B1 we obtain Fig. 8.2 (b) and:

• B2 picks up m curves from B1, and thus we have Rm,m+n;

• B1 picks up t curves from B2, and thus we have Bs+t,t.

The situation is analogous when starting from Fig. 8.2(b), but any slide will result in
Fig. 8.2(a) (with the roles of the bands potentially swapped) or a mirror image.

Note that the parities of m and n are always coherent with the slides. As slides affect
the number of curves in Rm,n and Bs,t, they will directly affect the graphs ΓP and ΓQ by
introducing new vertices, labels, and edges. At this point, it is important to understand
what they will look like, and the aforementioned distinctions between the front and back
of a band become extremely relevant. The reason is that a simple count of vertices cannot
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help us detect when a slide has taken place, nor provide any information about how to
find an inverse slide.

In the next section, we will present a simple example of a band slide to familiarise ourselves
with the patterns and issues arising in ΓP and ΓQ. The aim is to be able to detect slides
and understand how to reduce some elements in the graphs by performing a reverse slide.

§ 9.1.1 | Slide Example

Suppose we are in the configuration of Fig. 8.2 (a), and that m = t = 1, n = s = 0. There is
only one possible arc of intersection of P and Q: in ΓP it corresponds to a loop based at
a1 with labels 0 and 1; in ΓQ it is a level edge between b0 and b1 with label 1. Now slide
the lower bottom of B2 over B1, as shown in Figure 9.3. This takes us to the configuration
in Fig. 8.2 (b) with m = n = s = t = 1.

Observe that during the intermediate steps of the band slide, B2 intersects a portion of
P near a1: when the band is sliding over B1 and the curve c1 starts forming, the arc
starting at a1 ∩ b0 is now forced to join c1 ∩ d0. Once c1 is completely formed, and B2 is
sliding to the end of B1, there is an arc of P ∩Q joining a1∩b1 and c1∩d1. The remaining
vertices and edges are obtained analogously.

The graphs in Fig. 9.4 represent the intersections arising from this slide. The shading on
each vertex indicates the part lying on the front of the corresponding manifold N . Recall
that b0 and b2 are both assumed to be of positive sign, while d0 and d2 are assumed to be
negative. The parity rule forces b1 and d1 to be of the same sign, which in this case we
assumed to be positive (negative signs would have worked as well). Additional notation
regarding the orientation of the edges has been omitted to avoid clutter. This is a good
point to observe that slides are not a local move because, aside from taking us between
the configurations of Fig. 8.2, they also affect existing edges of a graph.

We may now attempt to undo a slide. Slide B2 over B1 over the reversed path from the
previous slide, as in Figure 9.5. We will end up in our original knot configuration, but
with m = t = 1 and n = s = 2, with new vertices and edges arising in the same fashion
previously described.

We analyse the new arcs introduced in P ∩Q via the graphs, shown in Figure 9.6. Once
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Figure 9.3: Stages of sliding B2 over B1.
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Figure 9.4: The graphs ΓQ and ΓP after one slide.

again, the shaded areas represent the portion of the vertices on the front of M , the graphs
are coherent with the parity rule, and we have omitted orientations of edges and vertex
signs to avoid clutter. Now observe that ΓQ presents a loop based at d2 bounding a
compressing disc in Q, which can be used to eliminate c1 and c2, thus reducing n to zero.
This in turn reduces ΓP to a single vertex a1 which is the base of all the edges (loops)
of the graph. It is possible to start from an innermost one and observe that it bounds
a compressing disc in P , which can be used to reduce b1 and b2. After this sequence of
reductions, we are back to the starting point of Figure 9.3, hence we have undone the slide.

Remark 9.1. The undoing of the slide in this example required a reduction of Rm,n and
Bs,t. For this purpose, the existence of the loop based at d2 bounding a disc portion of
Q was fundamental. Note that the loop alone is not sufficient to reduce the number of
labels (or curves). Indeed, that is not possible if the loop contains vertices in its interior.
In general, it is important to understand how and where the slides introduce new vertices
and edges in ΓP and ΓQ, in order to make statements about the possibility of finding
loops that enable reductions. Note that graph elements arising from a slide also appear
in a certain order. This can be seen by focusing on Figure 9.5 (a) and (b): if we draw
the intermediate steps between the two pictures, we can observe that the loop based at
d2 appears before c2 is “completely formed” (this is because of how B1 intersects P ).
Although this is a simple example, it is not clear if this is enough to deduce that the
loop will always bound a disc face of Q. It might be that one needs to take into account
additional factors, like what the original edge between a1 and c1 with label 2 looks like.
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Figure 9.5: Stages of sliding B2 back over B1.

In more complicated examples, this could be part of a circuit containing punctures in its
interior, for instance. This issue illustrates that although slides are an intuitive concept,
a good amount of caution is required when working with them.

It is clear that to undo a slide we must find a suitable loop in one of the graphs, which can
present its challenges. We also note that in general it can be quite difficult to determine
what graph configurations arise from sliding. It seems plausible to expect “concentric”
circuits to appear in ΓP , but no rigorous notion of it was produced during the time spent
working on this project. This is a direction worth pursuing because of the fact that the
new vertices introduced from a slide in either graph always connect to pre-existing ones
through some, if not all, of the edges. Hence it seems reasonable to expect the circuits of
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Figure 9.6: The graphs ΓQ and ΓP after two slides.

our graphs to contain sinks and sources, but a precise statement can only be made once
the circuits arising from a slide are understood in a precise sense.

The problem can be summarised as follows: suppose we are looking at the graphs ΓP and
ΓQ. Is there a specific configuration that can tell us whether a slide has happened? If that
is the case, does the configuration contain a loop as in Fig. 9.6 which can immediately
be used to reduce Rm,n and Bs,t? If not, is there enough information in the graphs to
understand how to perform a slide that cancels the previous one? If so, can we always
guarantee that we will find a loop bounding a reducing disc?

§ 9.2 | Band Swims
The second possible interaction between the bands is called a band swim, introduced in
Chapter 8, which consists of dragging the width of a band through the length of another
band. It is important to note that during this interaction, the ends of the band that
swims remain fixed. In particular, this implies that Figure 8.2 (a) and (b) are not related
by a band swim.

As in the previous case, it is important to understand what happens to the image of
the embedding of a movie from Fig. 8.2 in R3 during a swim. In particular, we need
to determine how the intersection of the bands B1 and B2 with P̂ and Q̂ changes. In
general, a swim is more complicated than a slide since it can happen in several elaborate
ways, based on how one band is isotoped before actually passing through the other one.
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This process can be broken into two parts, first the isotopy and then the actual swim.
Consider any of the configurations in Fig. 8.2 and let B2 swim through B1. We shall de-
scribe the process as follows: choose a point on one side of B2 and a framed arc starting
at that point and ending at a point on one end of B1. Such a framed arc gives a complete
description of the isotopy and swim of B2 through B1. In general, we may assume this
framed arc not to have endpoints on any cj or bk. Sometimes, it might be useful to make
a different assumption, which will be discussed later on.

Let us now focus on understanding what a band swim looks like, ignoring for the mo-
ment any isotopy taking place before it. Figure 9.7 provides a close look at what happens
during a swim (note that in this image we are assuming m = t = 1 and n = s = 0). It is
crucial to note that this is only one of the possible ways to swim B2 through B1. Recall

B1

B2

a1

d1
d0d2

Figure 9.7: A close look at a swim of B2 through B1.

that the red and blue segments represent the intersection of the bands with P̂ and Q̂,
respectively, so we should always imagine a portion of these surfaces around them. In
this case, the portion of P̂ around a1 is represented as a fold, which will intersect B1

in two segments once the swim is complete. Similarly, the disc sheet of Q̂ near d1 is
represented as a fold as well, and observe that as B2 swims through B1, this fold will
intersect B1 in two segments. The sides of the band B2 correspond to the boundary of
Q̂ and should be pictured as dragging sheets of this disc behind them when swimming
through B1 (Fig. 9.7 does not show all these disc sheets to reduce clutter). Note that one
of the segments introduced by a side of B2 will sit between the segments introduced by
the fold. Which one it will be depends on the direction that the disc sheet containing d1

folds in. Finally, observe that during a swim like the one in Figure 9.7, any red segments
on B2 are unaffected (because one can always place an end of the framed arc between
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two such segments), as well as any blue segments on B1.

We now present a summary of the effect of swimming on the families Rm,n and Bs,t

(ignoring any isotopies before this move). Suppose we are in any configuration of Fig.
8.2 and are swimming B1 through B2. Then Rm,n and Bs,t are modified as follows:

• B1 picks up 2n curves from B2, and thus we have Rm+2n,n;

• B2 picks up 2s + 2 curves from B1, and thus we have Bs,t+2s+2.

Similarly, when swimming B2 through B1:

• B2 picks up 2m curves from B1, and thus we have Rm,2m+n;

• B1 picks up 2t + 2 curves from B2, and thus we have Bs+2t+2,t.

Once again, note that parities of m and n stay coherent.

Let us now consider a band swim of B1 through B2 where we assume Bs,t to be such that
t ≠ 0. We previously mentioned that there are some occasions in which we may want
to assume that the framed arc describing this swim terminates at a point on an end of
B2 belonging to some dl. Let us consider the case where we have R3,0 and B0,1 on M .
Suppose there is a loop in the graph ΓQ based at b0 with labels 3 and 2, which contains
in its interior the puncture d1. This loop cannot be used to reduce the number of vertices
of ΓP as in the Slide Example, because it does not bound a disc face of Q. However, it
is possible to draw a framed arc in ΓQ starting at the boundary vertex b0 and ending at
the puncture d1. This arc also lives in R3 and can be used to guide a band swim of B1

through B2, which guides B1 over the puncture from d1. Figure 9.8 shows two steps of this
process. Picture (a) depicts the bands before swimming, and the orange arc corresponds
to the framed arc that guides the swim and arises from ΓQ. The blue areas around the
sides of B1 and d1 represent portions of Q in R3 −M . Picture (b) shows what happens
halfway through the swim: one side of B1 has already swum through B2, and pushed d1

out of Q. The latter can be seen as dragging the puncture towards b0 using the framed
arc in ΓQ. The next step, which is not shown in Fig. 9.8, is to complete the band swim by
dragging b1 through B2. This will now introduce a new puncture in ΓQ, which we may call
d1 again and which can be connected to b1 via a framed arc. This swim resulted in mov-
ing d1 out of the loop in ΓQ, which can now be used to reduce the number of vertices of ΓP .

Note that this argument works in the same way if there are b1, . . . , bs segments on B1:
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Figure 9.8: Intermediate steps of swimming B1 through a puncture d1 of B2.

the only difference is that the swim will push the puncture out of the loop and intro-
duce additional punctures outside of it. Moreover, in this example we consider a loop
based at b0, but the same argument works more generally for a loop based at a vertex
b0, b1, . . . , bs, bs+1. Recall that the graphs ΓP and ΓQ also contain circles from P ∩Q which
are essential in both surfaces. Most of the times this causes no issues, and the circles
can be ignored. However, in a situation like the one above, it might happen that the
loop considered contains in its interior a circle from P ∩Q and the puncture inside of it.
Then the framed arc in ΓQ describing the swim crosses the circle, and in particular, this
implies that the band B1 intersects P̂ in two arcs during the swim. This local intersec-
tion, however, can be undone once the swim is completed, and the circle from P ∩Q will
appear around the new puncture d1, which can be connected to B1 via a framed arc that
intersects it.

The type of swim discussed is extremely interesting because it can be used to push punc-
tures outside of circuit interiors under specific conditions. Note that this only applies to
punctures, which are vertices with no labels (and hence can only really arise from B2 on
M). Observe that if in the example discussed Bs,t had s ≠ 0, the band swim would intro-
duce additional punctures. We would still manage to swim d1 out of the aforementioned
loop, but at the cost of introducing more punctures. When working in more general
settings, such as with circuits containing punctures in their interior, this can hinder us
from pushing out all the punctures, as new ones could be introduced inside the circuit
every time.

Up to this point, we have avoided thinking about the isotopy that happens before an
actual swim and have only focused on the effects of the latter. Suppose we have a framed
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arc γ describing a swim of B1 through B2: this arc contains information about the isotopy
that precedes the swim as well. The arc γ lives in R3 and connects a side of B1 to an end
of B2. It is likely that somewhere in its interior, γ will intersect Q or P . We consider
four cases:

• γ intersects P : then we can push B1 through P , introducing new intersections.
Thus, P is now bounded by Rm+2,n, and we may proceed with the swim;

• γ intersects Q: in this case we can push this sheet of Q along γ and in front of B1,
introducing two intersections of B2 with Q, which is now bounded by Bs,t+2, before
proceeding with the swim;

• γ intersects P first, then Q: this is a combination of the two previous cases, which
will introduce two intersections of B1 with P and two intersections of B2 with Q,
all before the swim;

• γ intersects Q first, then P : then one can push Q in front of B1 along γ, which will
create a circle of intersection with P , as well as introduce two new curves on B2.
When pushed along γ, B1 will intersect P in two new curves. All of this happens
before starting the actual swim.

Any other intersection of γ with P and Q is a combination of the aforementioned cases.
The observations above tell us that isotopies can introduce many complications even be-
fore a swim starts. In particular, we face two main problems. The first is that all we
know about P and Q comes from ΓP and ΓQ, which only record their intersections with
the 3-balls arising from B1 and B2. Hence, we do not know how P and Q sit in R3 −M
(or R3 −N), and in particular, we do not know if and how a framed arc γ is going to
encounter these surfaces when specifying a swim. The second issue is that swims and
isotopies do not necessarily commute, hence once the swim is performed, it is not possible
to “undo” the initial isotopy and reduce the number of curves introduced by it.

§ 9.2.1 | Swim Examples

In this section, we present some examples of band swims. It is important to note that
we shall only portray the effect of a swim and not of the isotopy happening before it, as
the previous discussion showed that we don’t have any means to detect what happens
at that stage. Therefore, each example cannot be taken as a complete description of a
swim, but only of a part of it.

Example 9.2. Suppose we have a movie picture of RP 2 as in Fig. 8.2 (a) with m = 1,
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n = s = t = 0. The graph ΓP presents the obvious loop based at a1, while ΓQ presents an
edge between b0 and b1. Consider a swim of B2 through B1 that looks like the one in
Figure 9.7, without d1 and associated fold. The resulting graphs are shown in Figure 9.9
(as usual, we have omitted to orient edges). The swim is consistent with the parity rule,
so note that b1 and b2 are positive vertices.

ΓQ ∶
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b31
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1 2

d1

1

2

b1 11

b2

1

1

ΓP ∶

a1

0
11
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c1

0

1

c2

0

1

Figure 9.9: Graphs resulting from the swim of B2 through B1 in Example 9.2.

At this stage, we can also remark on a fundamental difference between swims and slides:
unlike the latter, swims are a local move. This is evident from the fact that the knot con-
figuration underlying the movie remains unchanged, and that introducing new vertices
and edges in the graphs does not affect pre-existing ones.

Unlike for slides, it is not immediately clear what the inverse of a swim should be. It is
natural to imagine that we can reduce the vertices and edges in ΓP and ΓQ by “swim-
ming back”, but it is quite difficult to make this idea precise. One reason is that swims
can happen in several ways, so it is not enough to swim B2 through B1 in the opposite
direction. Indeed, we need a specific framed arc to define this swim. The second reason
is that swimming back will introduce more vertices and edges locally, and it is not imme-
diately clear how they would lead to a reduction (unlike the loops resulting from sliding).
The issue of defining an inverse of a swim was never solved, but below we report some
observations which could potentially be of use.

It can be seen from Fig. 9.9 that this swim has given rise to a collection of disc faces in P
and Q. We have two disc faces coming from ΓQ: the first one is bounded by a portion of
b1 and d0 and the edges connecting them, while the second one is bounded by a portion
of b2 and d1 and the respective edges. Similarly there are two disc faces coming from
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ΓP : the one bounded by a1, c1, and the relevant edges, and the one bounded by a1, c2

and the edges between them. Together with the relevant disc portions of ∂M enclosed
by b1, b2, a1 on B1 and by d0, d1, c1, c2 on B2, the disc faces form a cube C which lives in
R3 −M by construction. Such a cube is homeomorphic to an S2 embedded in R3, which
by Alexander’s Theorem bounds a 3-ball [5] that intersects ∂M only in two disc faces.
Now, such a 3-ball is contractible, and the idea is that understanding the effect of the
contraction should provide a way to undo the band swim. The issue is understanding
what this looks like on M and on the underlying movie, and how to make this contraction
precise. Some questions worth considering concern how C and its interior sit in R3 −M
and how to deduce which curves survive the contraction and why.

One would like to be able to determine that a swim has happened and to undo it just
by looking at the graphs. In this specific case, the contraction of the 3-ball bounded by
C should lead to the reduction of b1, b2, c1, c2. We expect the cube C to represent the
framed arc with ends on ∂M that specifies how to undo the swim performed. However,
no topological argument was developed to address the subtleties of this move.

Example 9.3. Suppose we have a movie of RP 2 as in Fig. 8.2 (a), with m = 1, n = 2,
s = t = 0. There are several different ways to draw the edges of ΓP and ΓQ, so whenever
we picture the graphs, we shall leave the relevant labels empty to account for the various
possibilities. Let us now perform a swim of B1 through B2 as shown in Fig. 9.10, where
we are picturing the swim as starting at the bottom of B2 and moving upwards. The

B1

b0 b1

d0

d1

c2 c1

a1

B2

Figure 9.10: A close look at the swim of B1 through B2 in Example 9.3.

movie picture will now correspond to Fig. 8.2 (a) with m = 5, n = 2, s = 0, t = 2. We
remark that, upon intersection with B1, the fold from c2 introduces a2 and a5, while the
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fold from c1 introduces a3 and a4. The labelling was chosen to be consistent with the
usual notation. The graphs after the swim are represented in Fig. 9.11.
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Figure 9.11: Graphs resulting from the swim of B1 through B2 in Example 9.3.

Once again, we observe that the swim has given rise to a collection of disc faces in P

and Q, which together with portions of ∂M , allow us to construct two nested cubes. The
inner cube CI may be constructed using the two disc faces from ΓQ contained between the
labels 3 and 4, the two disc faces of ΓP with boundary on c1, and the relevant portions of
∂M (note that in this example they will be on the back of the manifold). Similarly, the
outer cube CO can be constructed by taking the disc faces from ΓQ bounded by b0 and
b1, contained between the labels 2 and 5 (ignoring the edges inside), together with the
disc faces from ΓP with boundary on c2, and the relevant faces of ∂M (once again on the
back). Both CI and CO are homeomorphic to an S2 living in R3 (and more specifically
in R3 −M), therefore they bound nested 3-balls that are contractible. As in the previ-
ous example, it would be desirable for this contraction to guide the inverse swim. An
additional layer of difficulty comes from the fact that we are working with nested cubes,
so, for instance, one needs to understand topologically how a contraction of the 3-ball
bounded by CI guides a contraction of the 3-ball bounded by CO, and which vertices of
ΓP and ΓQ survive it.

Example 9.4. This final example is very similar to the previous one. Suppose we are
working with the movie picture from Figure 8.2 (a) with m = s = 1, n = 2, t = 0. Suppose
we swim B1 through B2, as shown in Fig. 9.10 with the addition of a fold coming from
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b1. After the swim, the movie picture will have m = 5, n = 2, s = 1, and t = 4 curves, and
the graphs ΓP and ΓQ are shown in Figure 9.12. Note that in this case, we have assumed
that the vertices d2 and d4 arise from disc sheets dragged by the sides of B1, while d1 and
d3 come from the fold associated with b1 (and which in this case is pictured as folding to-
wards d0). In general, when dealing with cases where s > 0 (or t > 0), we will always have
to choose how to partition the folds resulting from our curves to study the relevant graphs.
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Figure 9.12: Graphs resulting from the swim of B1 through B2 in Example 9.4.

The graph ΓP only differs from the one in Example 9.3 by the number of edges coming
out of c1 and c2, due to the overall increased number of labels. The graph ΓQ also differs
from the previous example for the same reason (with vertices being relabelled) and for
the fact that we have three new vertices, arising from b1 and the intersections with Q

introduced by the swim.

Following the principle of the previous examples, one can construct cubes living in R3 −M .
In this case we can construct more than just two cubes (and indeed we can construct
12 cubes): some of these are nested, while some others are intersecting each other. This
adds further complications to the issue of understanding which cubes should guide the
reduction of curves and how.

In general, swims will give rise to graph configurations similar to the ones shown in these
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examples, with the only difference being the number of vertices and edges introduced.
This means that in ΓP (and often in ΓQ) we expect to see two new vertices “coming out”
of a central one, forming the triples we have seen in the various examples. Finally, it
is interesting to observe that, while the concept of undoing a swim is less intuitive than
the corresponding one for a slide, it seems easier to deduce that a swim has happened by
examining the graphs.

§ 9.3 | Swims and Slides
Up to now, we have presented band slides and band swims individually, so the next step is
to investigate their relation with each other. Based on the discussions from the previous
sections, we can immediately remark that no combination of slides can represent a swim,
and vice versa. Hence we cannot express one phenomenon in terms of the other. This
reflects the fundamental distinction that swims are a local move, while slides are not, as
they affect pre-existing edges and vertices in the graphs.

It is natural to ask whether swims and slides commute. The answer in general is negative,
and it is easy to produce many examples proving this. However, there are some cases in
which commutativity does hold.

Recall that a swim can be described by a framed arc. In R3 we can construct a 3-ball D1

which contains this framed arc, as well as the width of the band swimming and the length
of the band that is being swum through. Similarly, we can construct a 3-ball D2 ⊂ R3

which contains the end of the band that is sliding, and the portion of the knot and band
that are being slid on. The 3-balls D1 and D2 represent the support of the band swim
and of the band slide, respectively. We have that the slide and swim commute if and
only if their supports are disjoint. This means we need to be cautious when combining
slides and swims, however understanding the occasions in which they do commute could
be useful in working with the graphs.
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Chapter 10

Strategy Behind Objective 8.1.2

In this chapter we outline the strategy employed to tackle the proof of Objective 8.1.2.
The approach attempted was of the same flavour as the one presented in [10] and [64].

We begin by considering some specific cases for Rm,n and Bs,t, arising on either M or
N . For each of these cases, we discuss modifications of P and Q that eventually satisfy
the conclusion of Objective 8.1.2. Afterwards, we wish to show that given any Rm,n and
Bs,t, it is possible to modify P and Q so that we are in one of the cases for which we
know that Objective 8.1.2 holds. This is to be done via a proof by contradiction. Given
any Rm,n and Bs,t, we assume that no modification of P and Q can take us to one of the
aforementioned cases. We would then wish to prove a series of topological and combina-
torial results that lead to a contradictory statement.

The author did not manage to show that Objective 8.1.2 holds for each special case
of Rm,n and Bs,t considered, on either M or N . In this chapter, we present the work
undertaken and discuss the issues that prevented the completion of the proof.

§ 10.1 | Special Cases for M
§ 10.1.1 | Case n = 0, s = 0

We begin by proving that Objective 8.1.2 holds for M with Rm,0, m ≥ 3, and B0,t, shown
in Figure 10.1. Consider the graph ΓQ, where the only vertices presenting labels are b0

and b1. Suppose that ΓQ contains no loops: then the only edges are parallel level edges
between b0 and b1. In ΓP , this corresponds to n vertices, with each one being the base of
a loop. Then an innermost loop in ΓP can be used to compress Q, replacing it by a new
surface Q′, which can be isotoped to have boundary disjoint from P . Observe that Q′
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B2 B1

am . . . a1dt . . . d1

b0

b1

d0dt+1

β

Figure 10.1: Manifold M with Rm,0 and B0,t.

consists of the disjoint union of two possibly punctured discs, Q1 and Q2. Let Q1 be the
disc whose boundary is U1 from Fig. 8.2 (a), and Q2 the disc whose boundary is U2 from
the same figure. Since n = 0, we know that B2 does not cross the separating sphere P̂ ,
therefore it stays in one component of R3 − P̂ . Moreover, note that punctures in Q′ arise
from intersections of the surface with B2, hence we must have that Q2 is a punctured
disc. Observe that if Q1 had any punctures, these would arise from intersections of Q
with either B1 or B2. Since B2 does not intersect P̂ , and B1 has s = 0, we deduce that
Q1 has no punctures. The band B1 intersects P̂ in m segments, and we know it does
not intersect any component of the interior of Q′, since s = 0. Then the band B1 can be
isotoped to intersect P̂ only once and thus represent a cancelling pair of critical points
together with the unknot U1. Cancelling this pair, we obtain a movie picture of an RP 2

with three critical points, which is standard by [10].

Suppose now that there are loops in ΓQ. In this case, we may choose an innermost one,
which will necessarily have labels k and k + 1. If this loop contains no puncture in its
interior, we can use the disc face it bounds in Q to compress P and reduce m by two.
If the loop contains a puncture, then we can push it out by swimming B1 through B2

as described in Chapter 9 and then proceed to reduce m by two. This process can be
iterated until we are left with m = 1, or we are forced to have all parallel level edges
between b0 and b1, in which case we proceed as above.
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Figure 10.2: Manifold M with Rm,0 and Bs,t.

§ 10.1.2 | Case n = 0

This case is a generalisation of the previous one, represented in Figure 10.2. We shall
assume that Rm,0 and Bs,t are such that m ≥ 3 and s ≥ 1 (so that we are not in the
previous case) and that m + s is minimal, in the sense that there are no modifications
of P and Q that can reduce this sum. We aim to relate this case to the general case
discussed in [64], and use a proof by contradiction to show that m + s can be reduced
until Objective 8.1.2 is satisfied. Note that all the results about ΓP and ΓQ derived in
this subsection only hold for this case.

We now present a list of results from [64] that remain valid in this case, with some minor
modifications. It is important to note that this is only possible because the vertices of
ΓQ arising from B2 are punctures.
Lemma 10.1. Any loop in ΓP or ΓQ has interior vertices. Moreover, for a loop ΓQ, we
may suppose that at least one of the interior vertices is not a puncture.

Proof. Suppose we have a loop in ΓP or ΓQ with no interior vertices. An innermost loop
with this property has adjacent labels l and l + 1 (recall we cannot have level loops by
Lemma 8.18). Then the disc face in the interior of the loop can be used to compress P
or Q, reducing the value of m or s by at least one, contradicting the minimality of m+ s.

If an innermost loop in ΓQ contains a puncture in its interior, then it can be pushed
out by swimming B1 through B2 appropriately. This process can be repeated as many
times as needed, but it increases the value of t by at least 2s. Once all punctures have
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been pushed out of such a loop, we may compress P and reduce m by two, contradicting
minimality of m + s again.

Corollary 10.2. No vertex in ΓP or ΓQ is incident only to level edges.

Proof. We begin by proving the statement for ΓP . Suppose there is a loop in ΓQ and
choose an innermost one. By Lemma 10.1, we know it has at least two interior vertices
that are not punctures (if we had only one such vertex, then it would be the base of
another loop). Among these interior vertices, pick a vertex bk which is not the base of
any loop. Then for any ai in ΓP , the edges incident to the label k cannot be level. If ΓQ

contains no loop instead, then ΓP contains no level edge.

The proof for ΓQ is analogous.

The result below is from [64, Proposition 4.7].
Proposition 10.3. An innermost semi-cycle in ΓQ contains at least one interior vertex
which is not a puncture.

Proof. We begin by considering an innermost semi-cycle. Suppose an innermost semi-
cycle in ΓQ only contains punctures at most. By Prop. 8.19, we know the semi-cycle
contains no chords. Consider two edges of the circuit that are incident to the same
vertex: their ends must have adjacent labels. Start at the head of an oriented edge and
let e1, e2, . . . , e2r be the label sequence. The latter satisfies all the hypotheses of Lemma
3.1 in [64]. Therefore, we know that the label sequence is composed of segments of at
most two kinds:

(1) (e2i, . . . , e2i+2) = (k, k − 1, k) of length three;

(2) (e2i, . . . , e2i+4) = (k, k, k − 1, k − 1, k) of length five,

where k is the highest label appearing in the semi-cycle. In particular, note that the
semi-cycle presents only two labels, k and k − 1. Let D be the interior of the semi-cycle:
note that it is a potentially punctured disc face. Let P ′ be the surface obtained by
attaching to P the annulus in ∂M between ak and ak−1. We have that ∂D is a simple
closed curve crossing the annulus as many times as terms of type (1) appear in the label
sequence, thus non-trivially. If the semi-cycle is not a loop, then we can use a homology
argument as in Example 8.10 (ignoring the punctures) to obtain a contradiction. If the
semi-cycle is a loop, then we can use a swim to push the punctures out and then use a
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surgery argument as in Example 8.10 to contradict minimality of m + s. In any case, we
conclude that an innermost semi-cycle in ΓQ must contain interior vertices which are not
punctures.

Proposition 10.4. An innermost cycle in ΓP has interior vertices.

Proof. The proof of this exact statement is provided in [64, Proposition 4.8]. It is of the
same flavour as the proof of the previous proposition, and makes use of the contradiction
arising from the presence of Scharlemann cycles. Note that in this case we do not have
to worry about punctures.

Proposition 10.5. Either there is a cycle in ΓP or there is a cycle in ΓQ.

Proof. See [64, Proposition 5.1].

Proposition 10.6. If an innermost cycle in ΓP or ΓQ has an interior vertex, it must
have an interior source or sink.

Proof. By Prop. 10.3 and 10.4, we know that any innermost cycle must have interior
vertices (and in the case of ΓQ we also know that they cannot all be punctures). Then it
is possible to apply the proof of [64, Proposition 2.5 (3)] (a slightly modified version of
which is presented in Prop. 8.20).

Proposition 10.7. The following are equivalent:

(a) ΓP contains a cycle;

(b) ΓP contains a sink or a source;

(c) ΓQ contains an oriented loop;

(d) ΓQ contains a cycle;

(e) ΓQ contains a sink or a source on which no loop is based;

(f) ΓP contains an oriented loop.

Proof. See [64, Proposition 5.2].

From this point onwards, one can simply follow Scharlemann’s article [64] step by step.
The first difference in our case arises from the fact that ΓQ lives on a disc and b0 and bs+1

are split into two half-vertices. However, this does not prevent us from applying the same
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arguments, and we have accounted for this difference in the results stated above. The
second (and more prominent) issue arises from the presence of punctures in ΓQ. However,
using band swims, it is possible to adapt many of the original results as in this section,
so that one may proceed with the combinatorial part of the argument.

The next step in [64] is to define a partial ordering on the vertices of ΓP , which induces
a partial ordering on the vertices of ΓQ. Punctures are excluded from this process.
Therefore, the combinatorial arguments in Section 6 of [64] are valid, and we will reach
the point of proving that an innermost semi-cycle in ΓQ has at most only punctures in
its interior, contradicting Prop. 10.3. Hence, whenever we have Rm,0 and Bs,t on M with
s ≠ 0, it is always possible to modify P and Q so that either we are in the case Rm,0 and
B0,t discussed above, or R1,0 and Bs,t. In either case, Objective 8.1.2 holds.

§ 10.1.3 | Case s = 0, t = 0

We shall prove that Objective 8.1.2 holds for Rm,n and B0,0, with m ≥ 1 and n ≥ 2, shown
in Figure 10.3. We assume there are no loops in ΓQ, because if there were they would
guide a reduction of curves until we are in one of the situations below.

B2 B1

am . . . a1

b0

b1

d0d1

β

c1

⋮

cn

Figure 10.3: Manifold M with Rm,n and B0,0.

Focus on ΓQ and consider the situation in which all edges with one end on b0 have the
other end on b1, and similarly, all edges on d0 terminate on d1. Hence, all edges with the
same ends are parallel. Note that those with ends on b0 and b1 are parallel level edges,
so they correspond to loops in ΓP . However, at this stage, we cannot ensure that at least
one of these loops bounds a disc face of P , because their interiors might contain circuits
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consisting of the vertices from B2. Therefore, we cannot guarantee that these loops can
be used to reduce the number of curves of Rm,n. Note that the edges between d0 and d1

have ends labelled l and n− l+1 for 1 ≤ l ≤ n. Then we can find a Scharlemann cycle with
labels [n2 ,

n
2 + 1] and we can iteratively apply the surgery argument of Chapter 8 until we

obtain n = 0 and are left only with level edges between b0 and b1. Now ΓP consists of m
vertices each the base of a loop, so we can find an innermost one bounding a disc face of
P and use it to compress Q as in the case n = 0, s = 0.

Now assume that each edge with an end on b0 has the other end on d1, and that those
with an end on b1 have the other end on d0.

If m < n
2 , then we can find a Scharlemann cycle between d0 and d1 with labels [n2 ,

n
2 + 1]

and use a surgery argument like in the previous case to reduce n until m = n
2 .

Assume this is the case and that b0 is connected to d1 by parallel edges, while b1 is
connected to d0 in the same way, as shown in Figure 10.4.

Figure 10.4: A configuration of ΓQ when s = 0, t = 0, m = n
2 on M .

Then we will always find a Scharlemann collection {F1,F2,F3} of three disc faces. The
face F1 has labels [1,2] on b0 and [n2 − 1, n

2 ] on d1; F2 has labels [n2 − 1, n
2 ] on d0 and

[n2 + 1, n
2 + 2] on d1; finally, F3 has labels [1,2] on b1 and [n2 + 1, n

2 + 2] on d0. However,
these faces are linearly dependent in the sense that they cannot be used as in Example
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8.13 to construct a sub-manifold of R3 of codimension 0 with non-trivial torsion in first
homology, and obtain a contradiction. At this point we can focus on the underlying
movie picture and slide B2 along the bottom of B1 as in Figure 10.5 (a), introducing m
new curves on B2 and m loops in ΓQ. Note that after sliding, we are working with N

(a) (b)

Figure 10.5: Sliding the bottom of B2 over the bottom of B1 (a), and sliding the left end
of B2 over the bottom of B1 (b).

and its underlying movie picture, hence this shows that we cannot ignore one manifold
completely in favour of the other, as there is a level of interdependency between them due
to band sliding. The m loops introduced by the slide are based at d0, as shown in Figure
10.6 (a), and can be used to reduce the number of curves on B2 to n

2 . The graph ΓQ

(now arising from N) after the reduction contains parallel edges between b0 and d1 and
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(a) (b)

Figure 10.6: The graph ΓQ after performing the first slide from Fig. 10.5 (a); the graph
ΓQ after using loops to reduce labels (b).

between b1 and d0, and is shown in Figure 10.6 (b). Once again, we can find a Scharle-
mann collection {F ′1,F ′2} of disc faces such that F ′1 (F ′2) has labels [1,2] from b0 (b1) and
[n2 − 1, n

2 ] from d1 (d0). This collection cannot be used to construct a 3-manifold with
non-trivial torsion in its first homology. Thus, slide the left side of B2 over the bottom
of B1 as in Figure 10.5 (b) and obtain a manifold mirroring M . During this process B2

picks up m curves from B1 and ΓP presents m loops based at d0. The graph ΓQ is shown
in Figure 10.7 (a). After reducing the loops, we eliminate all curves on B2 and are left
only with parallel level edges between b0 and b1, as shown in Figure 10.7 (b). At this
point, the graph ΓP consists of m vertices, each the base of a loop. We can find an in-
nermost one bounding a disc face of P and use it to compress Q as in the case n = 0, s = 0.

Now consider the case n
2 < m < n and continue assuming that each label on b0 is joined

to a label on d1, while each label of b1 is joined to a label of d0. Note that there will be
n−m edges between d0 and d1, but no Scharlemann cycle can arise between these vertices
because m > n

2 . Consider the movie picture underlying M and slide B2 along the bottom
of B1. After the slide, we obtain a movie underlying N , and B2 picks up m additional
curves. Note that this induces m loops based at d0: these can be used to reduce the
labels on d0 until we are left with n −m of them. We remark that 0 < n −m < n

2 , and if
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(a) (b)

Figure 10.7: The graph ΓQ after performing the second slide from Fig. 10.5 (a); the graph
ΓQ after using loops to reduce labels (b).

n −m = 1 then we already satisfy Obj. 8.1.2 for N . After reducing the loops (assuming
n −m ≠ 1), we are left with 2m − n edges between b0 and b1 (note that these are even),
with ends labelled k and 2m − n − k + 1. The remaining labels of b1 are joined to d0,
while those of b0 are joined to d1. At this point, note that we must have a Scharlemann
cycle between b0 and b1 with labels m − n

2 and m − n
2 + 1. The surgery argument can be

applied repeatedly until we are left with no edges joining b0 and b1. The only edges of
ΓQ are now between b0 and d1, and b1 and d0. Note that all vertices now have the same
number of labels, namely n −m. Observe that this is now an instance of the case s = 0,
t = 0 with m′ = n′ (in this instance m′ = n′ = n −m) for the manifold N , showing how
interdependent these configurations are. How to approach the reduction of curves from
this point onwards can be found in the section for the corresponding case for N .

Now suppose that m > n and that every edge with an end on d1 (d0) has the other end
on b0 (b1), leaving m−n (odd) edges between b0 and b1. Slide B2 along the bottom of B1

to get to the movie picture for N . Now B2 has n +m curves with n loops: these can be
reduced until B2 only has m − n curves. After the reduction, there are n (even number
of) edges between b0 and b1, with labels k and 2m− k −n+ 1, for m−n+ 1 ≤ k ≤m. Once
again, this means we can find Scharlemann cycles with labels [m − n

2 ,m −
n
2 + 1], which
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can be used to reduce the labels of b0 until there are m − n left. After this reduction, we
are in the case s = 0, t = 0 for N , discussed in the relevant subsection.

Let us now consider the most general configuration in this case, assuming there are no
loops in ΓQ. This is shown in Figure 10.8. We are assuming there are e edges between
b0 and d1, and consequently between b1 and d0. Then there are m − e edges between b0

and b1, and n − e edges between d0 and d1. Let us assume that n >m > e and that e ≥ n
2 .

The latter condition is to exclude the existence of Scharlemann cycles between d0 and d1,
which would enable us to reduce n until this condition is satisfied. The case m > n > e
is symmetric, hence shall not be discussed. Note that the cases e = m and e = 0 have
already been discussed.

Figure 10.8: A general configuration of ΓQ when s = 0, t = 0 on M .

Once again, we slide the bottom of the band B2 along the bottom of B1 to obtain a movie
picture for N , as in Fig. 10.5 (a). After the slide, B2 has n +m curves, 2e of which cor-
respond to labels paired into loops based at d0. The graph ΓQ after the slide is shown in
Figure 10.9. The Slide Example in Chapter 9 is useful towards understanding how edges
are created or modified. Observe that we still have n−e edges between d0 and d1 with no
Scharlemann cycle. Starting from the innermost one, the loops at d0 guide a reduction of
2e labels, which shall simultaneously disappear from d1 as well. The result of this reduc-
tion is shown in Figure 10.10 (a). Let us think about what happens to the loop with ends
n and n+1: it bounds a disc in Q which can be used to compress P , eliminating the labels
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Figure 10.9: The graph ΓQ of Fig. 10.8 after performing a band slide to N .

n and n + 1; these labels also disappear from d1, and the edges ending on said labels on
d1 are then joined together; this process is iterated for every loop. In particular, observe
that the lowest label to disappear on d1 is n−e+1: since e ≥ n

2 , then n−e+1 ≤ n
2 +1 ≤ e+1,

so the edges between d1 and b0 may be modified as well, introducing some edges between
b0 and b1. When this is the case we have 2e − n (an even number of) edges between b0

and b1, with ends labelled k and 2m − n − k + 1. Note that this implies the existence of
a Scharlemann cycle with labels [m − n

2 ,m −
n
2 + 1], allowing the reduction of two labels

on b1 and b0. This process can be iterated until there are no edges left between b0 and
b1. After performing all the reductions we may relabel the graph ΓQ as in Figure 10.10 (b).

At this point we may slide the left end of B2 along the bottom of B1, as in Figure
10.5 (b), which will take us to a configuration that is symmetric to that of Fig. 8.2 (a).
Consequently, we shall work with a manifold that mirrors M , and this is reflected in ΓQ,
shown in Figure 10.11 (a). After the slide, B2 has 2n + 2m − 4e curves, n− e loops based
at d0, and m − e edges between d0 and d1. We remark that the labels of B2 now do not
appear completely in order: this is because the band slide introduces the new curves on
the left of c1. As in previous cases, the loops may be reduced so that ΓQ appears as in
Figure 10.11 (b). At this point observe that b0 and b1 have m+n−2e ≤m labels, while d0

and d1 have 2m − 2e < n labels. The combination of slides discussed can thus be iterated
until we are left with no curves on B2 and eventually with one curve on B1, satisfying
Objective 8.1.2.
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(a) (b)

Figure 10.10: The graph ΓQ of Fig. 10.9 after reducing loops (a) and after reducing
Scharlemann cycles and relabelling (b).

§ 10.1.4 | Case s = 0

This case, represented in Figure 10.12, is a generalisation of the one presented in the
previous section. As for the case n = 0, we would wish to develop an argument (perhaps
even directly appealing to [10, 64]) to prove that whenever t ≥ 1, this configuration can
always be reduced to one of the cases already discussed, via appropriate modifications of
P and Q. This scope was not reached. The main challenge was the fact that the vertices
in ΓP coming from B1 are not punctures. Consider an innermost cycle or semi-cycle in
ΓP which contains interior vertices. These vertices can come from either B1 or B2 (or
both), and we must have either a source or a sink. However, the fact that we are poten-
tially working with interior vertices from different 3-balls is not enough to guarantee the
existence of a loop in ΓQ. In the case n = 0 (and in [10, 64]), the existence of a source
or a sink is enough to imply the existence of a loop in the other graph and continue the
argument. This implication does not necessarily hold in this case.

There are two ideas worth exploring to tackle this case.
The first one is to reduce m to 1 using slides: we would like to repeatedly slide B1 over
B2, end up in a configuration that is either M or mirrors it, and pick up a number nl ≤ n
of loops which can be used to reduce the curves of B1 by 2nl until we are left with only
one and satisfy Objective 8.1.2. One key problem with this approach is that we cannot
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(a) (b)

Figure 10.11: The graph ΓQ of Fig. 10.9 after sliding (a) and reducing loops (b).

determine which way B1 should slide over B2, nor how (or whether) the required loops
arise. This is because we have no a priori restrictions on the configurations arising from
the graphs.

The second idea worth considering involves trying to follow as closely as possible the
work by Bleiler–Scharlemann in [10]. This would involve interpreting b0 and b1 from ΓQ

as the “bad vertices” described in [64]. If this were possible, then we would work towards
proving that such a configuration can always be reduced to one of the previous cases,
either n = 0 or t = 0.

§ 10.1.5 | Case t = 0

This case is symmetric to the one discussed in the previous subsection, and it presents
the same problems. Once again, there are two ideas to explore.

We can consider using band slides to make n = 0. We would then be left with a situation
almost analogous to the one in [64], wanting to prove that P and Q can be modified such
that either m = 1 or s = 0. Alternatively, we can try to follow Bleiler–Scharlemann and
interpret d0 and d1 in ΓQ as the “bad vertices” in [10].
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Figure 10.12: Manifold M with Rm,n and B0,t.

In either case, the problems arising are the same discussed in the previous subsection.

§ 10.2 | Special Cases for N
The symmetric nature of the manifold allows us to reduce the number of cases to con-
sider. We would like to show that in the case s = 0 (or t = 0), P and Q can be modified
so that we may have either m = 1 (n = 1) or t = 0 (s = 0). The issues arising are the same
discussed for M , hence this case remains unsolved.

Below, we discuss the case s = 0, t = 0. The approach employed is analogous to the one
discussed for M .

§ 10.2.1 | Case s = 0, t = 0

The manifold N with s = 0, t = 0 and m ≥ 1, n ≥ 1 is shown in Figure 10.13. The
approach to this case once again relies on band sliding. Assume that there are no loops
in ΓQ, because if there were, they could be used to reduce labels until we are in one of
the situations below.

Suppose that m = n and that each edge with one end on b0 (b1) has the other end on d1

(d0).
We can slide the left end of B2 along the bottom of B1 to obtain a knot configuration
that is symmetric to that of Fig. 8.2 (a) (Figure 10.5 (b) provides a helpful reference for
the band slide). During the slide, B2 picks up m curves, and afterwards we introduce 2m
loops on d0. Starting from an innermost one, we can use these loops to reduce all the
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Figure 10.13: Manifold N with Rm,n and B0,0.

labels of d0 until there are none left. The result of this operation is that ΓQ now only
consists of a series of parallel level edges between b0 and b1, which correspond to loops in
ΓP . The configuration is equivalent to the one for M when n = 0, s = 0, hence we know
that Objective 8.1.2 is satisfied. Observe that if we instead assumed the edges of ΓQ to
be connecting b0 (b1) and d0 (d1) the proof would work in the same way, sliding in the
opposite direction.

Suppose that m > n and that edges from d1 (d0) end on b0 (d1). Note that there is an
even number of m − n edges between b0 and b1, with labels k and m − n − k + 1. Then,
there exists a Scharlemann cycle with labels [m−n

2 , m−n
2 + 1], which can be used to reduce

the labels of b0 by 2. This process can be applied iteratively until the number of labels
of b0 is the same as d0, and we are thus in the situation discussed for the previous case.
This argument works analogously if we assume that the edges from d1 (d0) join b1 (b0).
The case m < n is symmetric to the one just discussed.
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Finally, let us consider a general configuration for this case shown in Figure 10.14. We
assume there are no loops in ΓQ and no Scharlemann cycles, hence we must have m = n.
Note that there are e edges between b0 (b1) and d1 (d0), and without loss of generality, we
may assume that e ≥ m+1

2 . We expect to tackle this case by performing a series of band

Figure 10.14: A general configuration of ΓQ when s = 0, t = 0 on N .

slides, as in the analogous one for M . Indeed, we can prove that Objective 8.1.2 holds
for this case by simply sliding to the general configuration for M when s = 0, t = 0 and
reduce the boundary components of P and Q from there, using the methods previously
discussed.
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Chapter 11

Conclusion

§ 11.1 | Previous Attempt
In this section, we discuss our initial approach to the RP 2 problem, highlighting some of
the issues arising from it and that led to the set-up discussed in previous chapters. In this
framework, the aim remains to prove Objective 8.1.1. In particular, we are still working
with the movie configurations arising from Figure 8.2, which involve a 2-component un-
link, two bands, and an unknot resulting from the band attachments. The manifolds M
and N arise as the regular neighbourhoods of these movie pictures, so they remain the
same in this case as well. The difference involves the planar surfaces whose intersections
we want to analyse.

Keeping in mind Fig. 8.2, we consider the discs DA bounded by U1, DB bounded by U2,
and DC bounded by the unknot resulting from U1 and U2 with B1 and B2 attached. The
bands from Fig. 8.2 may intersect these discs in many different ways. These intersections
are recorded as segments on the bands in the movie pictures, and as embedded simple
closed curves on the boundaries of M and N in the familiar way.

Let Am,n be the family of simple closed curves consisting of α, a1, . . . , an, an+1, . . . , am,
shown in Figures 11.1 on M and 11.2 on N . This family is the boundary of the
surface A obtained by puncturing the disc DA. Similarly, the family Bp,q consists of
β, b1, . . . , bp, bp+1, . . . , bq, and is the boundary of B, the surface obtained after puncturing
DB. Finally, Cs,t consists of γ, c1, . . . , cs, cs+1, . . . , ct, and is the boundary of C, the surface
obtained after puncturing DC . Observe that A, B, and C are oriented planar surfaces in
R3 −M (or R3 −N), and that there are no parity requirements on the number of curves
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Figure 11.1: Manifold M with Am,n, Bp,q, Cs,t from first approach.

from each family, since we are not considering any separating surface this time. Finally,
it is vital to note that we have no control over the order in which curves from Am,n and
Bp,q appear on B1 and B2. In Figures 11.1 and 11.2, these curves are presented as always
adjacent to curves of the same family (except in the extremal cases), but this is simply
a stylistic choice of representation to illustrate the indices of these curves, and should in
no way be thought of as a representation of a general case.

Already at this point, some complications arise. We need to formulate an objective to
prove, similar to Obj. 8.1.2, but it is not immediately clear what this objective should
be. One possibility considered is stated below.

Objective 11.1.1 (Old Objective). Suppose that M is embedded in R3 in such a way
that some Am,n, Bp,q, Cs,t as above bound planar surfaces A, B, and C in R3 −M . Then
it is possible to modify the planar surfaces so that they are respectively bounded by A0,0,
B0,0, C0,0.

The issue with this objective is that we might be imposing a condition that is too strong
on the families of curves (one can compare this with Obj. 8.1.2 to get a sense of it).
However, it is not clear how to relax the requirement imposed and still obtain families
Am,n, Bp,q, Cs,t that can be of help in the proof of Objective 8.1.1. It also seems possible
that one might have to consider different cases based on the family of curves whose re-
quirements one wishes to relax.
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Figure 11.2: Manifold N with Am,n, Bp,q, Cs,t from first approach.

Let us now discuss the construction of the appropriate graphs of intersection for M . The
construction for N works in the same way. The graph ΓA is constructed in the 2-disc DA

with boundary ∂DA = α, and each a1, . . . , an, an+1, . . . , am corresponds to a fat vertex. Let
α1, α2 (or α1, α2, α3, α4 for N) be the portions of α lying on B1 (and B2): they correspond
to half vertices lying on ∂DA. The edges of this graph correspond to the arc components
of A ∩ C. Note that the number of times α and γ wrap around the 1-handles of M is
unspecified. Moreover, any points of intersection between α and γ can be pushed into the
1-handles. These intersections will appear on ∂DA and are unlabelled. The labels at the
endpoints of each edge specify the curves on which the edge starts or ends. All vertices
of ΓA, except for the ones on ∂DA, intersect curves from Cs,t (except for γ) twice: on the
front and on the back of M .

The graph ΓB arising from Bp,q is constructed in the disc DB with ∂DB = β in the same
way, with its edges being the arc components of B ∩C.
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Finally, the graph ΓC is constructed in the disc DC , also in the same way as the others.
However, it differs from the previous graphs because it carries additional information,
since it records arcs in A∩C and in B ∩C. Except for boundary vertices, this graph still
contains fat vertices; however, the labels now belong to two different families, Am,n and
Bp,q, and based on our previous discussion, we have no way of knowing a priori how they
are distributed around a vertex of ΓC . We remark that the discs DA and DB (and conse-
quently A and B) are disjoint, so there are no edges in ΓC connecting labels associated
to Am,n to those associated to Bp,q.

There exist surjections ΓC ↠ ΓA and ΓC ↠ ΓB on the edges of the graphs. Indeed, every
edge in ΓA (ΓB) corresponds to an edge in ΓC with vertices and labels swapped. Note
that there is no relation between ΓA and ΓB. The absence of a bijective relation between
the graphs means that the only graph that gives a full picture of the intersections of the
planar surfaces A, B, C is ΓC . In general, this forces us to work with three graphs at
the same time, which quickly becomes very complicated and limits our ability to deduce
general properties as in previous chapters. Moreover, band slides and swims can still
happen, and it is now even harder to understand how they impact the graphs and how to
undo these moves. The difficulty of producing more than a couple of very simple examples
of valid graph configurations in this setting is the reason for changing our approach to
the RP 2 problem.

§ 11.2 | Further Problems
Movie pictures and graphs of intersection can be employed to approach several questions
about smooth embeddings of surfaces in 4-space, similar to the one discussed in this thesis.

Consider a smooth embedding of a sphere S2 in R4 on which there is a Morse function
with six critical points; this set-up is closely related to the one analysed by Scharlemann
in [64]. One can ask if any such embedding of a sphere in 4-space is standard. In this
case, the six critical points could correspond either to two minima, two saddles and two
maxima; or to three minima, two saddles and one maximum (up to turning the Morse
function “upside-down”). As there exist non-trivial examples of the first type of embed-
ding (see [23, Example 9]), the answer to the question is no in general. However, one can
investigate what happens when the embedding is of the second type. A movie picture
of such an embedding consists of a 3-component unlink with two bands attached, result-
ing in an unknot. The fact that both bands are constrained to join the three different
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components of the unlink could make this case slightly easier than ours, as there is a
unique knot configuration underlying a movie picture, and one might hope to reduce this
problem to the one discussed by Scharlemann in [64]. Once again, the presence of more
than one band signifies that band sliding and swimming can take place, giving rise to the
same type of issues discussed in this thesis.

Another similar question is presented in Kirby’s problem list [42]. It concerns smooth
embeddings of a torus T 2 in R4 with four critical points and whether they are standard or
not. A movie representation of such a torus would consist of a single unknot to which two
bands are attached, resulting in an unknot again. Band swims and band slides are always
a concern, although it is interesting to point out that the latter do not alter the knot
configuration underlying the movie picture. One possible way to approach this problem
is by studying the intersections of the two discs resulting from the unknots. However,
at first glance, it seems that this model does not always detect band slides. In the case
in which the bands do not intersect the two discs (apart from their attaching areas),
it seems that sliding only introduces additional twisting in the bands, which cannot be
detected by the graphs constructed in the usual way. Solving this problem may be more
complicated than the previous one, because it requires a completely new set-up and a
way to detect the unknottedness of the torus.

Finally, another possible application of the techniques presented can be to links of knot-
ted surfaces, suggested by Arunima Ray. For instance, we may consider how a sphere
with two critical points and one with four embed in R4. These are both known to be in-
dividually standard, but one could investigate whether they can link with each other and
thus give rise to non-standard embeddings. For embeddings of non-orientable surfaces,
such as RP 2, similar questions can be asked, although one needs to define an appropriate
notion of linking. In all these cases one would work with movie representations of the
relevant embeddings and the usual issues that come with them. For a case like the one
presented for the spheres, one would not have to worry about band slides, so it seems
that it might still be possible to tackle simple enough cases and isolate various issues.

Graphs of intersections have been and still are very valuable tools in 3-dimensional topol-
ogy, and are worth considering when tackling smooth embedding problems in 4-space,
although the combinatorics may often be challenging.
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