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Abstract

Bricks and stones, morphisms between them and their cones, often build and control the symmetries of
many categories arising in algebra and geometry. This thesis classifies such objects and related structures
within categories arising from mild singularities in dimensions two and three.

More precisely, we classify -structures on the local derived category of a 3-fold flopping contraction that
are intermediate with respect to the heart of perverse coherent sheaves. Equivalently, this describes the
complete lattice of torsion classes for the associated modification algebra. The intermediate hearts are all
given as

(1) categories of coherent sheaves on birational models and tilts thereof in skyscrapers,
(2) algebraic t-structures described in the homological minimal model programme, or
(3) combinations of the above over appropriate open covers.

An analogous classification is also proved for (minimal as well as partial) resolutions of Kleinian singu-
larities, thus providing a description of all torsion pairs in the module categories of (contracted) affine
preprojective algebras.

The results have immediate applications to the classification of spherical modules and (semi)bricks, and
are first steps towards describing all t-structures and spherical objects in the derived categories.

Such a programme is executed for flopping contractions with irreducible exceptional fibres. We show
that any complex of coherent sheaves which admit no negative self-extensions is, up to flops and mutation
equivalences, either

(1) a module over a derived—equivalent algebra, or
(2) a two—term extension of a coherent sheaf by skyscraper sheaves, or
(3) a direct sum of shifts of skyscrapers.

Consequently classifications of bricks, spherical objects, stability conditions, and algebraic t-structures
in the local derived category are obtained; the lists populated by the homological minimal programme
turn out exhaustive. We deduce that the Bridgeland stability manifold is connected, and that all basic
tilting complexes on the variety (equivalently on the associated g-tame algebras) are related by shifts
and iterated mutation.
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A gist for everyone

In the process of renovating your university’s mathematics department, you find yourself — as one does
every so often — describing to the architect the pattern that will tile the central floor.

Of course, describing the entire infinite pattern is unnecessary. The architect simply needs the description
of a single tile, the “heart” of the pattern, which they may repeat in every direction. For instance, any of
the tiles below will suffice, and there are many more such.

The mathematically curious reader may wonder how much freedom they have in choosing this “heart”,
and in the process of cataloguing such tiles, convince themself that any two such can be linked by a
sequence of “cut-and-paste” operations as shown.

What is the complete list of hearts associated to this pattern? Which of these tiles are linked by a
single cut-and-paste? What is the list of “bricks” — smallest triangles — that makes up any heart?

The present work addresses questions of the above fashion. Tools for probing geometric and algebraic
structures (such as those occurring naturally in some physical theories that describe the shape of the
universe) often leave us with a kaleidoscopic version of the data we seek. That is to say, we only see an
infinitely tiled mosaic in which the true geometry forms one repeating unit.

But, as above, there are many possible geometries from which the same infinite tiling we see could have
originated. This thesis studies the structure and symmetries of the “tiled” data — presented in algebraic
form as a ¢riangulated category — by classifying hearts of t-structures and brick objects inside it.



Introduction

(Chapter 1)

Analyses of surfaces and 3-folds, that were definitive of algebraic geometry in the early and late twentieth
century, motivated and demanded rapid advances in our understanding of embedded curves and the
singularities that arise from contracting them. In the wake of such advancements a vortex of ideas
has assumed a distinctly non-commutative flavour, adopting methods from representation theory and
homological algebra to address various birational [Brio2; Wem18], enumerative [Garze; NWeg; Zhagj]
and deformation-theoretic [DW1g; BW23] aspects of the geometry. The thesis at hand stems from this
homological aspect of the minimal model programme.

Fix a curve C in a complex surface or a 3fold X, and a proper birational morphism 7: X — Z that
non-discrepantly contracts C (and only C) to a point. The map 7, a partial resolution of singularities, has
been of interest to birational and symplectic geometers alike in both dimensions two [Craoo; IUoj] and
three [Aspog; Todo8; HW18]. Here homological algebra is governed by the local derived category

DX = {x € DPX ‘ Suppx C C}

containing chain complexes of coherent Ox-modules with support in the 7-exceptional fibre; therefore an
understanding of the structure and symmetries of this category is desirable.

Autoequivalences of derived categories are sometimes controlled by spherical objects, that is, complexes
whose self-extensions resemble the singular cohomology of a sphere. Structural properties are often de-
termined by collections of stable objects, from which any other object in the category can be reconstructed
in an essentially unique way. Classifications of spherical objects and stability conditions have thence
occupied the attentions of many [Briog; IUU10; BDL2g; HWe3; KS24]. The two properties often ap-
pear intertwined though in theory the definitions share little other than the fact that an object x that is
spherical or stable necessarily satisfies the condition

(1.1) Hom(x,x) =C, and Hom!(x,x) =0 whenever i < 0.

This thesis is, then, about the unexpectedly thorough and fruitful classification that can stem from just
the rather mild constraint (1.1).

Theorem 1.0.1 (= 7.3.2). Suppose the curve C is integral, and the 3-fold Z is complete-local about the point 7t(C)
with at worst Gorenstein terminal singularities. Then, up to shifts, the Grothendieck duality functor', and the
action of a finitely generated group of Fourier—Mukai autoequivalences, the only complexes x € DX satisfying the
condition (1.1) are

(b1) the structure sheaves O¢c, Oz, . ..,00c of thet < 6 thickenings that C may admit, or the unique non-trivial
extension Z of Oxc by Oszc that exists when € > 5, or

(b2) a skyscraper sheaf Oy, at a point p € X, or the image, under the Bridgeland—Chen flop equivalence, of a
skyscraper sheaf ©q on the flop of X in C.

Objects x satisfying the constraint (1.1) are called bricks. The above classification of bricks, and more
generally, of orthogonal collections of bricks (semibricks) yields classifications of algebraic t-structures,
tilting complexes, and Bridgeland stability conditions on the category (see §7.3).

Defined as D(—) = R#m(—, @'C), where @: X — Spec C is the structure morphism defining X as a complex scheme
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Essentially identical results hold when Z is a Gorenstein canonical surface (see §1.3). The rest of the
thesis carries these assumptions on the singularities of Z (and hence also of X). That is to say, we work
in the setup below.

Setup 1.0.2. Let 1: X — Z be a proper birational morphism between normal Gorenstein varieties that is
crepant, i.e. ™wyz = wx, and such that Z = Spec(R, m) is complete local with a singularity at its closed
point that is at worst canonical when dim Z = 2, or at worst terminal when dim Z = 3.

That is to say, we work with partial crepant resolutions of isolated singularities that are complete local
and of (compound) du Val type [see Rei].

§1.1 Classifications in an ideal world

Some of earliest evidence that classifications of the kind this thesis addresses are not entirely quixotic to
hope for came from the work of Smith and Wemyss [SW23], and of Hara and Wemyss [HW24].

Looking at a contraction 7t of two infinitesimally rigid® projective lines C; UC, = C meeting transversely
in a smooth g-fold X, Smith—~Wemyss found that any spherical object x satisfying Rm,(x) = 0 can be al-
gorithmically reduced to one of the sheaves O¢, (—1), 6¢, (—1), or the complex [O¢, (—1)[—1] = O¢, (—1)].
Hara—Wemyss weakened the assumptions on 7 to the generality considered in this thesis (setup 1.0.2),
and showed that the category

€ ={x e DX |Rm.(x) =0}

admits classifications of bricks, semibricks, t-structures, stability conditions, and more generally, of com-
plexes x satisfying the (very mild!) hypothesis Hom<°(x,x) = 0.

Hara—Wemyss [HW2j5] trace this dreamy behaviour of their Iyama dream category to certain quirks in the
representation theory of a contraction algebra. To set up a starting point for this thesis, to motivate the
tools and constructions developed herein, and to appreciate the kinks that make DX less dreamy than
its counterpart C, we present a distillation of Hara—Wemyss’s argument.

The reduction algorithm. The full subcategory H = cofi(X) N C forms the heart of a bounded t-structure
in C, that is to say, every object in x € C can be expressed as a bounded complex of objects in H. We
write x € HI[i,j] to mean the complex x is concentrated in degrees between i and j, and H[i, j] to indicate
that this range cannot be made any smaller.

Now H is equivalent to the category of (right) modules over a finite dimensional algebra A con. When
dim Z = 2 and X is smooth this is a preprojective algebra of Dynkin type, in general it is the contraction
algebra a la Donovan—Wemyss [DW1g]. For such an algebraic heart, the constraint Hom ™ (x,x) =0 on
an object x € H[0,n] (n > 0) guarantees the existence of another heart K C H[—1,0] (called a #lt of H)
such that x lies in K[1,n], see lemma 7.2.4.

oo HD] H H[’ll H[‘Z] “ [‘5] e
ol Lo
H&/H"N' /H’x[‘ﬂ
A I HxE21 I

T~

9
/ )\' /'
e —x—F—

oo Kl K K& K21 vee

Figure 1.1. A complex x € H[—3, 0], which has a ‘spread’ of 4 with respect to H, lies in only 3 degrees with respect
to some tilted heart K c H[-1,0].

*This means their normal bundles are isomorphic to Op1 (—1 )®2
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Now the algebra Ao con turns out to be 2-tilting finite and its derived equivalence class only contains other
contraction algebras [Augzoa]. That is to say, there are finitely many hearts of bounded t-structures K
contained in the subcategory H[—1,0], and each such K is itself equivalent to the module category of
some contraction algebra A; con (i = 0,1,...,N). More precisely there is a finite system of categories
and functorial equivalences

(1.2) Yi: G — G (0<1i,j<N)

with € = @y, such that each C; contains a heart H; equivalent to mod A con. This H; has finitely many
tilts each of which is the image of some H; under some composite of the functors (1.2) and their inverses,
and some shift.

Thus the complex x € Ho[[0,n] lies in WH;[0, n—1] for some i and some composite functor ¥, equivalently,
Y1 (x) lies in H;[0,n — 1]. Rinsing and repeating shows that x must then sit in some H; up to shifts and
the system of functors (1.2).

If x happens to satisfy additional constraints then it can be reduced further:
if x is a semibrick then it reduces to a direct sum of distinct simples in H; ~ mod A; con for some 1,

if x is a brick (in particular if it is spherical, or stable under some stability condition) then it
reduces to one of the finitely many simple A; ¢on-modules,

if x is a basic tilting object (i.e. if x is a classical generator of C, satisfies Hom'(x,x) = 0 for all
i # 0, and has pairwise non-isomorphic indecomposable summands) then x reduces to some A; con
(viewed as a right module over itself); in particular all basic tilting objects can be obtained from
Ao,con Via shifts and iterated mutation in indecomposable summands.

As it turns out, the above classifications are enough to show that in fact any bounded heart in € must be
equal to one of the H;s up to shifts and (1.2).

§1.2 Simple complexes on a flopped curve

This thesis is about establishing the above inductive machinery for the category D°X.

This category, too, has algebraic hearts. For m: X — Z ~ SpecR as in setup 1.0.2, Van den Bergh [Vano4]
observed that there is a module-finite R-algebra A and an equivalence VdB: D°X — DA onto the derived
category of finite length A-modules. This identifies the natural heart flmod A with the full subcategory of
perverse sheaves per(3) C D°X. This category serves as our reference heart H.

The homological minimal model programme [Wem18] extends this to a family of module-finite R-algebras
{vAy | v a sequence of atomic mutations from A}, called modification algebras, that are equipped with
derived equivalences

(1.3) y @: DI A, = DI A,

Tracking the natural hearts flmod A, across these equivalences then produces more algebraic t-structures
on DX which we say are mutations of pe(¥). These constructions are fleshed out in §§ 4.1 and 4.2.

However it is evident that there can be no autoequivalence which identifies the above algebraic hearts
with the geometric (and non-Artinian) t-structure i X. Other geometric hearts can be constructed by
iteratively flopping exceptional curves in X to obtain new flopping contractions 7t: vX — Z, we say the
3-fold vX thus obtained is a birational model of X. Indeed flops give derived equivalences [Brio2; Cheog],
so tracking cofi(vX) across the (inverse) Bridgeland-Chen functor DP(vX) — DPX gives a geometric
t-structure on DYX. This construction is discussed in § 4.3.

The set of modification algebras has only finitely many isomorphism classes, and the functors (1.3) are
compatible across preferred isomorphisms between modification algebras (see § 6.2), so in effect we are
again reduced to a finite system of categories and equivalences up to which we may hope to classify.
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Irreducible contractions. Chapter 7 addresses flopping contractions with irreducible exceptional
fibres. This is the situation to which the Hara—Wemyss algorithm translates most readily.

The combinatorics of modification algebras are also especially simple — for any natural number n > 1
there are precisely two sequences of atomic mutations from A that have length n. We denote the resulting
algebras A_, and A, respectively, and declare Ay = A. The system of functors (1.2) then reduces to a
diagram

— P / 4
DIA_, DIA_, DA, DA, DA,
~ K~ Y~ K K~ e

where e.g. the two equivalences D'A,, = D%A, in (1.2) arise as the composite of the bottom chain
DIA, « DUA; « ...+ DIA,, and inverse of the top chain DIAy, = DIA; — ... = DIA,,.

Van den Bergh gives an equivalence VdB: DX — D% A,. There is only one other birational model W,
with a preferred equivalence VdB: D°W — DA _; such that the (inverse) Bridgeland—Chen flop functor
D°W — DX corresponds to the mutation functor DYA_; — DA, after conjugation by VdB.

Example 1.2.1. Let R = C[u,v,x,y]/(uv — xy) be the cA; singularity, i.e. the base of the Atiyah flop
X --» W where X is the total space of 6¢(—1)®? for the curve C = P'. The two flopping contractions
X,W — Z = SpecR are obtained by blowing up the ideals (u,x) and (u,y) respectively.

Accordingly the modification algebra associated to X is A = End(R & (u,x)), the remaining modification
algebras are related by derived equivalences as below.

v, Yo Wy Yo Wy
4 R ST R
L R R K
DﬂEnd< ® ) DﬂEnd< ® ) DﬂEnd( ® ) DﬂEnd< ® )
(1Y) (wy) (u,x) (u,x)
&_/
(1.4) v, r\“TO/ [ Y 1\ &‘1’0/ r\_ﬁ
VdB VdB
D'w DX

Here the functors ¥;: DYEndN) — D%End M) are given as RHom(Hom(N, M), —), and the index
records which summand changes between N and M. This changed summand is computed via mutation,
thus for instance (u,x) and (u,y) are (first) syzygies of each other while L C (u,y)®? is the kernel of the
natural map ((u,y) = R) & ((u,y) = (v,x) <= R).

The action of the class group CI(R) =~ Z yields natural R-algebra isomorphisms between all modification
algebras for the Atiyah flop. Using these isomorphisms to identify their derived categories reduces the
above system of functors to the diagram

Yo

DOX Y, pip VB poyy

U

W,y

More generally there is a natural number p > 1, called the helix period of m, such that each A; is
isomorphic to A ,. The system of functors is then reduced to the following diagram3, which the reader
is invited to wrap around a cylinder after identifying the two copies of DA, as in fig. 7.1.

Yo v, Yo Wy
/>t — % —
DA, DA, e DA, 4 DA,
< _— ~_ ~_ ~_
(1.5) VdBW Yo B o wu{ ¥
DX D'w

3The reader is justified in worrying about how to interpret this diagram when g is odd. When p = 1 it is the diagram for the
Atiyah flop. Fortunately all other values of g that can arise, namely 2,4,6,10, and 12, turn out to be even.
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Our first significant advancement in establishing the reduction algorithm is a complete classification
(theorem 7.2.5) of hearts that can be obtained by tilting flmod Ay. In fact the bulk of this thesis (chapters 5
and 6) is concerned with establishing an analogue of the above result for a general flopping contraction
with not-necessarily-irreducible exceptional fibre; thus we save the discussion for later in the introduction
(see §1.4). A discussion pertinent to the present single-curve setting appears as algorithm 1.4.3.

When all is said and done, all hearts K C H[—1,0] are equal to some natural heart in the diagram (1.5)
up to shifts and the equivalences shown. That is, for some composition ¥ of the functors appearing
in (1.5) and their inverses and some shift, the category ¥~ 'K either coincides with flmod A; C DIA;, or
with coA X € D°X or the minor modification

Supp ¢ © u}>

(1-6) <{g“ c coh X Hom(g,g) = 0 whenever
Given a complex x € DA satisfying Hom=°(x, x) = 0, lying in H[0, n] without loss of generality, tilting

} U {g’[—ﬂemﬁX[—ﬂ

G eohiX, SuppGClU
thereof defined by some subset U C C, or with the analogous hearts in D°W.

to one of the above hearts K improves the spread of x to [1,n]. If some such K is algebraic, we may
continue the induction much like we did for the category C.

Much unlike the category C however, it is possible that none of the hearts that improve x are reachable
by mutation. Indeed the complexes 6, ® 04[57] or Cone(6, ® O¢c — 04[2]) (for distinct points p, q € X)
can only be improved by tilting to a heart K of the form (1.6) with q € U C C\ {p}.

Prima facie it is unclear how one continues the induction in such a situation, though for the examples
shown it is evident that the latter is contained in K and admits a fairly explicit description while the
former is degenerate enough to not cause alarm. In lemma 7.2.10 we obtain precise cohomological
information about objects which do not improve by mutation to show that the two examples considered
above are representative of the worst case, accounting for which yields a complete classification.

Theorem 1.2.2 (= 7.2.1). Suppose 7v: X — Z as in setup 1.0.2 has irreducible fibres. Any complex x € DX that
satisfies the condition Hom(x,x[< 0]) = 0, up to a shift and iterated applications of the functors (1.5), is given by

(¢1) a Ai-module for some modification algebra N\, or
(c2) a direct sum of shifts of coherent sheaves with zero—dimensional support on X (or on W), or

(c3) a coherent sheaf on X (or on W), or a two-term complex thereof determined as a Yoneda-ext x € Ext* (G, F)
between coherent sheaves F, G such that Hom(G,F) = 0 and dim(Supp ¢) = 0.

It is the irreducibility of C that guarantees the collapse into zero-dimensional sheaves of a complex that
does not improve by mutation. This crucial role played by the very specific underlying geometry places
our analysis of DX in stark contrast with Hara~Wemyss’s of C — the latter arguments are very general
and apply to any silting discrete triangulated category.

Tilting complexes and algebraic t-structures. Traditionally the questions of identifying and classi-
fying Morita equivalences such as (1.5) are addressed by considering tilting objects. These are defined
as classical generators t € D°X which satisfy Hom'(t,t) = 0 whenever i # 0, thus inducing a derived
equivalence between X and End(t) [Ric8g].

Indeed Van den Bergh [Vano4] constructs the equivalence VdB: D?X — DPA, in (1.5) by identifying
a tilting vector bundle N with two indecomposable summands and a globally generated dual. Repla-
cing either summand with its left or right approximation by the other (i.e. mutating) constructs four
more tilting objects, and hence four equivalences out of D’ Ay. These are the functors W', W*] in (1.5).
The remaining equivalences are likewise obtained by systematically propagating the mutation as in ex-
ample 1.2.1, thus enumerating a class of basic tilting objects as a tetravalent exchange graph.

We show that this list of tilting complexes is complete.
Theorem 1.2.3 (= 7.3.4). Suppose v: X — Z as in setup 1.0.2 has irreducible fibres. Every basic tilting complex

in the category DPX can be obtained from a shift of Van den Bergh’s tilting bundle N by finitely many left or right
mutations in indecomposable summands.
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In equivalent terms, every basic tilting complex of Ai-modules (i € Z/pZ) can be obtained by iteratively
mutating indecomposable summands of A;[n] for some n € Z. This classification applies, in particular,
to all two-vertex idempotent contractions (e + e;)TT(eo + e;) of affine preprojective algebras IT.

The classical tilting theory toolkit excels at populating a list of tilting objects out of a single such instance.
It however generally falls short of identifying when such a list is exhaustive (notable exceptions are
the cases of Dynkin preprojective algebras and Donovan—Wemyss’ contraction algebras, where Aihara—
Mizuno [AM17] and August [Aug2ob] leverage the finiteness of involved g-fans to obtain a complete
classification.) Theorem 1.2.3 exhibits the first class of g-tame (in particular, silting-indiscrete) algebras
for which the issue can be settled.

The proof is a consequence of a classification of Morita equivalences. More precisely we identify collections
that could be the images of simple modules under the inclusion of a bounded heart mod I' — DPT = DPX
for some modulefinite R-algebra I Any such R-linear equivalence restricts to the full subcategories
supported on the singular point [m] € Z, i.e. the subcategories DX and DT. The natural heart flmod T
is the extension—closure of its finitely many simples, whose images in DX form a simple-minded collection
which can be tracked and identified using theorem 7.2.1.

Theorem 1.2.4 (= 7.3.1). Suppose v: X — Z as in setup 1.0.2 has irreducible fibres. Then given any bounded t-
structure with algebraic (i.e. Artinian and Noetherian) heart K C DX, there is an index i € Z/9Z and equivalence
DX — DYA; composed of shifts and the functors (7.1) and their inverses that restricts to an equivalence between
K and flmod A;.

Bricks and stones. A complex x satisfying Hom=°(x,x) = 0 is a brick if its endomorphism ring is
isomorphic to C, it is a stone if it furthermore satisfies the rigidity constraint Hom' (x,x) = 0. When X
is smooth it makes sense to talk of spherical objects in DX, and by Serre duality this class of spherical

objects coincides with the class of stones.

In theorem 6.4.1 we argue that a brick x € D’X, once reduced to a A;-module or a complex of sheaves
as in theorem 7.2.1, can be further reduced to a simple A;-module or a simple sheaf (i.e. skyscraper at a
point) with one more tilt. The classification theorem 1.0.1 then follows from Donovan—Wemyss’ analysis
of simple Aj-modules [DW2jy, §1.2].

The group of Fourier—-Mukai autoequivalences appearing in the statement is simply the group of all
functors D’X — DX that can be written as composites of the functors (1.5) and their inverses; this is (a
quotient of) the fundamental group of a p-punctured cylinder (fig. 7.1).

The question of which bricks are stones and/or spherical can then be addressed by explicit computation,
for instance skyscraper sheaves are never rigid. When dim X = 2 and X is smooth, i.e. X is (a completion
of) the total space of Op1(—2), all simples (and hence all non-skyscraper bricks) are spherical. The
question for more general surfaces reduces to a combinatorial calculation of the Gabriel quivers of
contracted preprojective algebras.

Example 1.2.5. Take R = Spec C[x,y,z]/(x* +y?z + z°) the Dy surface singularity, and 7t: X — Z the
blow-up of the ideal (x,y,z). The exceptional curve C contains three points that are singular in X,
blowing these up further produces the minimal resolution of Z. It is classical [KVoo] that the minimal
resolution is derived equivalent to the preprojective algebra IT presented as

2
be* aa* + bb* + cc* + dd* =0,
0 —1-——3, ata=0, b'b=0,

a c” c*c =0, d*d =0.
a~| |a

Writing e; € TT for the primitive idempotent at vertex i in the Dynkin quiver, Kalck, Iyama, Wemyss, and
Yang [KIWY15, theorem 4.6] show that all “modification” algebras here isomorphic to the (non-unital)
subalgebra (eop + e1)TT(eg +e1) of TI.
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Writing f = bb* and g = cc*, this contracted preprojective algebra can be explicitly presented as the
completed path algebra of the quiver below [see Kar17a, example 4.10]. In particular, the vertex simple
So (= VdABDG;¢) is a stone while S;(= VdBO¢(—1)) deforms.

O/i\" a*fa=0, f2=0, g>=0,
— (aa* 4+ f+g)? =0.

)

@Cj—la—h

The question when dim X = 3 is more subtle, even when X is smooth. There is an obvious combinatorial
obstruction — a generic hyperplane section X = X xz (SpecR/(t)) is a partial resolution of a Kleinian
singularity so the above methods can be used to compute if the simple S; deforms after restriction to X. If
it does then there is no hope of rigidity in X. With these considerations alone, Donovan—-Wemyss [DW25,
corollary 7.5] narrow down the list of possible spheres to {O¢c, DO¢c, Z, DZ}.

But even if the restriction of the simple to the surface is rigid, the threefold may allow deformations.

Example 1.2.6. The modification algebra for the Atiyah flop of example 1.2.1, i.e. the endomorphism
algebra of the R-module R & (u, x), can be presented as

00— acb =bca, adb =bda,
— )
d =dac, cbd=dbc
W ca ) )
d

where the maps a,b: R — (u,x) and ¢, d: (u,x) — R are multiplication by u,x, 1, and ¥ respectively. The
quiver has no loops, both simples are rigid and hence spherical. It follows that every spherical object in
DX is, up to shifts and mutations, the structure sheaf O¢ of the exceptional curve. This classification of
spherical objects on the Atiyah flop was proved by Keating and Smith [KS24, theorem 1.3] via symplectic
dynamics on the mirror.

The Pagoda flop is a close cousin, where the flopping contractions involved are the blow-ups of the ideals
(u,x £y?) in S = Cu,v,x,y]/(wv — (x + y?)(x — y?)). The modification algebras are all isomorphic to
the endomorphism algebra of the S-module S @ (1, x +y?), and can be presented as

b fa=ag, fb=bg, 2f2=bc—ad

o0 21 g ’ ’ ’

! — =9 cf=gc, df=gd, cb—da=2g?
d

with the maps a,b,c,d, f,g being respectively given by multiplication by u,x + y?,1, X—_uLz,y, and y.
Neither of the simples is rigid, and there are no spherical objects.

Both singularities of example 1.2.6 are of type cA; (that is, they have generic hyperplane sections iso-
morphic to C[x,y,z]/(xy — z*)) and are therefore indistinguishable as far as the methods of this thesis
are concerned.

Stability conditions. Another consequence of theorem 1.2.4 is the connectedness of the manifold
parametrising Bridgeland stability conditions on DX, an object of interest not least because it allows for
an analysis of the autoequivalence group of D?X. Such analyses were carried out by Bridgeland [Briog],
Toda [Todo8] and Hirano—Wemyss [HW23], where they found that all stability conditions arising from
the standard hearts flmod A; C DYA; (i € Z/pZ) lie in a single connected component which is preserved
by autoequivalences composed of the mutation functors.

Theorem 1.2.4 implies that a stability condition outside this component, if it exists, must only correspond
to t-structures with non-algebraic hearts, in particular admitting no gaps in its phase distribution. By
using theorem 1.0.1 to explicitly control which phases can be occupied by any collection of stable objects,
we preclude the possibility of such a stability condition existing and deduce the following.

Theorem 1.2.7 (= 7.3.6). Suppose m: X — Z as in setup 1.0.2 has irreducible fibres. Then the manifold of
Bridgeland stability conditions Stab(D°X) is connected.
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Stringy monodromy. The stability manifold is a way to get hold of the autoequivalence group of DX,
or at least of a large intrinsically defined subgroup thereof. Indeed, viewing DPX as the topological
B-model of a superconformal field theory [see Brio6], one expects to recover a class of symmetries
G C Aut(DPX) via variation of the complexified Kéhler structure [Aspo3, §4] on a conjectured moduli
space modelled as a submanifold of G\ Stab(D°X)/C.

This proposal was brought to fruition [Briog; Todo8; HW23; DWe5] by taking G to be the subgroup
of Rlinear Fourier-Mukai equivalences (that preserve the connected component Stab®(D°X) containing
algebraic points), and computing that the double quotient G\ Stab®(DX)/C is a (p+2)-punctured sphere
— a space reasonably declared to be the stringy Kihler moduli space Nlsxk.

Happily, all clauses to do with connected components of Stab(D?X) in the above description can now
be dropped in light of theorem 1.2.7, so that G can be simply taken to be the group of all R-linear
Fourier-Mukai autoequivalences of D’X.

Hirano-Wemyss [HW18, theorems 1.3 and 1.5] show that the quotient Stab®(D%X)/C — Nisk is a regular
covering map whose deck group, equal to G, is generated by composites of mutation functors (7.1). The
question of relations between these generators (i.e. of the faithfulness of the IT; (771sk)-action shown in
fig. 7.1) is intertwined with simply-connectedness of Stab(D%X) and hence with long-standing questions
on contractibility of stability manifolds.

Both questions — of faithfulness and of contractibility — can then be settled using Roberts—Woolf’s
work [RW™], where they claim that each connected component of Stab(J) admits a contracting flow
whenever J is a triangulated category with Grothendieck group Z®2. Theorem 1.2.7, combined with
Roberts—Woolf’s claim, thus proves the folklore conjecture below.

Conjecture 1.2.8. Suppose : X — Z as in setup 1.0.2 has irreducible fibres. The stability manifold of D°X is
homotopy equivalent to a point, and the quotient Stab(D°X)/C is the universal cover of Msk. Consequently the
group G of R-linear Fourier—Mukai autoequivalences of DPX is isomorphic to a product of Z (generated by the shift
functor) and the fundamental group of Msk (i.e. a free group on p + 1 generators).

§1.3 Elephants and 3-folds

Before proceeding, we justify the cavalier attitude towards dim(Z), despite all discussions seeming to
favour the language and terminology (e.g. flops, modification algebras) reserved for g3-folds.

Suppose X is a Gorenstein canonical surface that admits a crepant birational morphism 7: X — Z to a
complete local base Z = Spec(R,p). All results of this thesis apply verbatim to the derived category of
X and its m-perverse heart provided one suitably reinterprets the notions of modification algebras and
birational models.

Such a map 7 is necessarily a crepant (partial) resolution of the Kleinian singularity Z, i.e. X is obtained by
contracting some exceptional curves in the minimal resolution X — Z. It is well-known that X is derived
equivalent to an affine preprojective algebra TT; the contraction X — X determines an idempotent e € TI
such that X is derived equivalent to the contracted preprojective algebra eTle [KIWY15]. This equivalence
DY(elTe) — DYX) is also recovered by Van den Bergh’s construction [Vano4], and algebraic mutations of
the category of m-perverse sheaves can be read off from the tilting theory of elTe [IW, §7.4].

The discussion of birational models is only slightly more subtle, as curves in surfaces do not flop. Bira-
tional transformations (including flops in dimension 3), on the other hand, are naturally induced via
geometric invariant theory. Indeed X appears as a moduli space 177(6,8) of stable T-modules, for some
generic stability parameter 0 relative to a K-theory class 5 [CS98]. Variation of GIT parameter 6; ~- 6,
produces a birational map 771(01,8) --» 771(02,8) of Z-schemes. In particular if 67 and 0, lie in ad-
jacent chambers then this birational map is defined away from a single exceptional curve, and simple
wall-crossing of the GIT parameter thus gives an analogue of flops in dimension 2.

The role of Bridgeland—Chen equivalences is played by reflection functors [SY13], and the results are
extended to the contracted setting by Iyama—Wemyss [IW].
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Given this, all arguments in chapters 4 to 6 regarding the poset of algebraic hearts and its interactions
with convex geometry and line bundles on birational models hold verbatim. Thus the reader indifferent
to dimensions can safely read the remainder of this thesis as if it were written for surfaces.

To the reader interested in multiple dimensions, we remark that the correspondence between our results
for 3-folds and surfaces is natural. Indeed, the morphism X — Z can be embedded as a generic hyper-
plane section (called a general elephantt) of some g-fold flopping contraction X — Spec(R,m), and the
corresponding non-commutative algebras are related by the reduction elTe = A ®x R.

By reducing both to the fibre R/m = R/p, Kimura [Kime4, theorem 5.4] shows that the corresponding
functor flmod(elTe) — flmod A induces a bijection of torsion classes. Likewise lemma 5.1 ibid. gives the
correspondence between bricks.

Example 1.3.1. Setting R = C[u,v, x,y]/(u? +v>x+x3 +y(v? +x*y+xy?)), one side of the Brown-Wemyss
flop [BW18, example 2.1] is the blow-up 7t: X — Z = SpecR of the ideal (vx — uy, xy? +v?,xy* +uv) C R.
The associated modification algebra is generated by the following R-linear maps, where we write t = x+y
for convenience.

0
0
— * __
. u x —v -y a= (7u v y), a =10
_ X2 —u xy —v 1
R coker ,
a4 yt u X 0 1T -0 o 1 i 0
th —vt 7)(2 u f _ | —x 0 0 i _ —x 0 0 —i
= » 9=
it 0 0 1 —it 0 0 1
0 0 it —x 0

Upon passing to the elephant {y = 0}, this reduces to example 1.2.5. An identical statement is true for
the Laufer flop over C[u,v,x,y]/(u? + v*y + x> + xy?), where the D, singularity can be most readily
seen e.g. as the elephant {y = x}.

Brown and Wemyss studied the above examples to show that they have distinct contraction algebras
(and are therefore non-isomorphic) but have identical Gopakumar—Vafa invariants. The lattice-theoretic
invariants (i.e. the poset of t-sructures, heart fans, and the set of bricks) studied in this thesis are likewise
insensitive to any specifics of the 3-fold beyond its generic hyperplane section.

§1.4 Torsion pairs and 3-fold flops

To set up the programme for a general flopping contraction 7t: X — Y, an understanding of the mutation
classes of modification algebras and birational classes of flops is necessary.

Matters are further complicated over non-irreducible fibers, there are hearts which are ‘algebro-geometric’
in quite the literal sense. The construction of the perverse heart is local, so any crepant morphism
T: X — Y contracting some (but not all) of the m-exceptional curves gives a sheaf /L of coherent Gv-
algebras and a derived equivalence D*X — DP /L. This identifies a category of suitable /-modules with
a heart pe(%) C DX whose objects are precisely complexes that look like finite length A-modules on the
T-exceptional locus and like Ox-modules elsewhere (theorem 4.4.5). The category is again not equivalent
to any heart examined previously, and it is hence apparent that any classification must also account for
these (semi-)geometric hearts.

We show that at least for sufficiently small cohomological spread, the above possibilities are in fact
exhaustive. This involves building semi-geometric hearts locally using algebraic and geometric categories
for ‘smaller’ flopping contractions (§ 4.4), thus obtaining an inductive description of t-structures.

4As opposed to, say, a commander giraffe
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Indeed any partial contraction T: X — Y is an isomorphism on the open locus

X° of its non-exceptional fibers, while in any sufficiently small neighbourhood —— -
X1 Xe Xas6

of a T-exceptional fiber Cy, the map T restricts to a flopping contraction X; — Z;

with complete local base Z; in Y. This gives a (flat) cover of X. Qualitatively, lT

we show any tilt of per(3) decomposes into purely algebraic or purely geometric

hearts with respect to some such cover. ZE R0 Z s

Theorem 1.4.1 (= 1.4.2, 5.3.7). Let K be the heart of a t-structure on D°X that is contained in pe%)[—1,0].
Then there is a birational model W of X, and a partial contraction ©: W — Y, such that X satisfies the following
after being pulled back across the (inverse) Bridgeland—Chen equivalence ¥ : D'W — DX.

(1) On the locus W° C W where Tt is an isomorphism, Y~ 'K restricts to the category of coherent sheaves coh W°,
possibly tilted in skyscraper sheaves (O, | p € Q) for some subset of closed points Q C W°.

(2) For each t-exceptional fibre C1 in W, for sufficiently small neighbourhoods Wy O C; and Z; > (Cy), the
restriction of W~'K to W1 is an (algebraic) mutation of the category pez("zv—l‘) c D'w,.

Moreover, the above data uniquely determines K.

In particular if T above contracts all exceptional curves, then K is an algebraic mutation of pex(%Y') (hence
also of pex(3)) and thus K is the category of finite length modules over a modification algebra. On the
other extreme if T contracts no curves then K is a geometric t-structure on the birational model W.

Mutating v/s tilting. The g-fan is a combinatorial manifestation of the set of algebraic tilts, allowing
simple mutation to be recast as simple wall-crossing and hence for mutation to be tracked via paths in a
hyperplane arrangement. Finiteness of the g-fan for silting-discrete algebras underpins Hara—Wemyss’s
argument as sketched in § 1.1, guaranteeing that any poset considered has maximal elements.

In contrast the category DX exhibits ‘affine-type’ behaviour, ensuring we don’t have such privileges.
The g-fan of the modification algebra A is infinite and incomplete. So while there still is a meaningful
assignment of algebraic tilts to chambers, one is forced to reckon with infinite paths in the g-fan which
culminate outside its support.

We thus replace mutation and the g-fan with the more general framework of tilting in torsion pairs and the
heart fan respectively. Given any Abelian category H, Happel-Reiten—Smalg [HRSg6] show that the set
tilt(H) of intermediate t-structures (i.e. t-structures with hearts contained in H[—1,0]) can be recovered
by tilting H in its torsion subcategories, and the containment order of torsion classes enhances tilt(H)
to a complete lattice (i.e. a poset in which every subset has an infimum and a supremum). Broomhead-
Pauksztello-Ploog—Woolf [BPPW24] assign each heart K € tilt(H) to a cone CK and show that the
ensemble HFan(H) of heart cones is a fan.

Giving a complete description of the lattice of torsion classes is hard, even for finite dimensional algebras
[Thoe1; DIRRT23]. The heart fan gives some insight into tilts satisfying numerical criteria (§ 2.4), but
there are examples of tilts of algebraic hearts which have trivial (i.e. 0) heart cone [see BPPW24, example
6.7]. In such situations the numerical criteria lead to tautologies, and we are left to our own devices. We
show that such situations do not arise when studying tilts of pex(%), consequently furnishing a complete
description of the lattice of torsion classes.

Theorem 1.4.2 (= 5.3.3). Form: X — Z as in setup 1.0.2, the heart fan of H = per(%) is given by an intersection
arrangement associated to the restriction of an affine Dynkin root system, i.e. by one of the arrangements described
in [IW]. The heart cones are described as follows.

(1) (= 6.3.1) The trivial cone 0 is not the heart cone of any intermediate heart.

(2) (= 5.2.3, 5.2.2) A4 cone outside the imaginary-root hyperplane {6 = 0} is a heart cone if and only if it is
Sfull-dimensional, and in this case it is the heart cone of a unique algebraic heart in tilt(H). The positive
and negative orthants Ct,C™ are the heart cones of H and H[—1] respectively, and the heart associated to
any other full-dimensional cone can be expressed as a mutation of pex(%) by wall-crossing from C*.
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(3) (= 5.1.10, 5.3.1) The induced finite hyperplane arrangement on {6 = 0} is naturally identified with the
movable fan of X. Every maximal cone o in this subfan thus parametrises nef divisors on a unique birational
model W of X, and such o is then the heart cone of coi W tracked under the composite Bridgeland—Chen
functor D'W — DX.

(4) (= 5.3.9, 5.3.7) More generally, every non-trivial cone o C {6 = O} can be assigned a unique partial
contraction W — Y such that pe( %) (tracked under flop equivalences) is the maximal heart in tilt(H) with
heart cone o. Every other heart with heart cone o can be obtained by arbitrarily mutating the algebraic
components of pe(¥) and tilting in skyscrapers in the geometric components.

The hearts H and H[—1] are the maximal and minimal elements in tilt(H) respectively, and the partial order on
remaining algebraic hearts respects (atomic) wall-crossing distance from these. An algebraic intermediate heart K
then satisfies K > pex(¥Y) if and only if there is an atomic path Ct ~ CK which can be atomically extended to an
infinite sequence of wall-crossings C* ~» CK ~» CKy ~» CKy ~» - - - with generic limit in 0. In this case per(%)
is the infimum of the decreasing chain X > Kq > Ky > - ..

In chapter 5 we establish the numerical story, enumerating for each cone in the intersection arrangement
all the intermediate hearts and King-semistable objects associated to it. This involves establishing the fact
that coherent sheaves on any birational model W (which are a priori only intermediate with respect to the
perverse heart on W) are in fact intermediate with respect to the perverse heart on X. For this a careful
analysis of the partial order is necessary, and convex geometric tools are needed not only to supply a
systematic enumeration scheme but also to establish crucial limiting results as in theorem 1.4.2 (4).

Once the heart fan is filled in, the question of whether there are any hearts hidden away in the 0—cone
remains. Here the affine-type behaviour of D’X ensures that the non-algebraic locus in the heart fan is
codimension 1, so every heart in tilt(H) has tight algebraic bounds.

The following example is illustrative.

Single-curve flops. Take again the Atiyah flop over R = C[u,v, x,y]/(uv—xy) as in example 1.2.1. All
modification algebras are of the form Endg (M) for modifying R-modules M, and we have the equivalences
Yo,V and their composites between different modification algebras.

Any category DY(End M) has a natural heart Hyt = flmod(End M), and tracking this across equivalences
produces new t-structures in D°X. Such a t-structure is intermediate with respect to the perverse heart
when the chain of functors D!(End M) ~» D°X in (1.4) is chosen as short as possible, i.e. the tracks of
Hp that lie in per(3)[—1,0] are of the form

VdB ™! o(--+o¥oW¥ioW¥yo0---)JHpm or VdB~' o ((--oWooWio0Wyo---J ' Hm[-11.

Note the specified chain completely determines the domain of the functor, so we may drop the subscript
for brevity. We also drop VdB from the notation, so for instance ¥;H is the image of flmod(R & (u,y))
under the functor VAB™' o ¥;. The algebraic hearts in DX thus obtained are in natural bijection with
full-dimensional cones in the A1 (o=e) intersection arrangement, see fig. 1.2.

YiWoWiH
Yo H
Figure 1.2. The heart fan for a min- W H
imal resolution of a cA; singularity.
Hyperplanes are induced by the
affine A; root system, where the
simple real roots o, «; are identified
Wi WoH

with the K-theory classes of wc[1] and

O¢(—1) respectively. —— YoWiWoH
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The ray {6 =0, ®p > 0}, geometrically the ‘limit’ of the path C(H) — C(YoH) — C(¥1¥oH) — ..., is the
heart cone of coi X = inf{H, WoH, W1 ¥oH, ...}. Likewise it is also the heart cone of the reversed geometric
heart wh X = sup{H[—1], ®1H[-1], ®o® H[-1],...} which can be obtained by tilting /i X in the torsion
class generated by all skyscrapers.

The ray { = 0, xp < 0} is similarly seen to be the heart cone of flop(ci W) and other geometric hearts
that live on W, where flop : D°W — D%X is the Bridgeland-Chen flop functor (in this case isomorphic
to VAB~' o ¥; o VdB).

Now the partial order on algebraic hearts (indicated in fig. 1.2) is such that wall-crossings correspond to
simple tilts (§ 6.1), thus WoH is obtained by tilting H in the torsion class (wc[1]) while ®;H[—1] and H[-1]
are related by a tilt in (6¢(—1)). Considering how simples sit in relation to torsion pairs then allows us
to ‘push’ non-algebraic intermediate hearts K € tilt(H) towards the geometric hyperplane.

Algorithm 1.4.3 (Simple-tilting). Write H = T * F for the torsion pair corresponding to K(=F « T[—1]).

1. Since K # H, one of the simples of H (say So = wc[1]) lies in T and this forces the inequality
K < WoH.

2. The inequality WoH > K shows that T intersects ¥oH nontrivially, hence must contain some simple
{WoSo0,¥oS1} of YoH. Since YoSo = wc lies outside H, we must have W3S € T and thus V1 ¥YoH > K.
Iterating, we have K < ..WoW{WoH for arbitrarily long chains, and hence K < coft X.

3. On the other hand K # H[-1] so F contains some simple of H, which in this case must be
S1 = 0¢(—1). This shows K > ®;H[-1], and iterating as above gives K > @ X.

4. Since @i X and ot X both share the heart cone {5 = 0, ¢y > 0}, K must do so too i.e. K is numerical.
In fact K can be expressed as a tilt of i X in (O, | p € Q) for some Q C C.

Every heart in tilt(pex(%)) is either algebraic, or can be shown to be geometric via the above recipe.

Multi-curve flops. After accounting for perverse hearts for partial contractions, the above description
of the heart fan and the partial order carries over to higher rank cases. Thus for a crepant resolution
X — Z of the cA, singularity Z = Spec C[u, v, x,y]/(uv —xy(x +y)), the heart fan of pex(Z) is described
by an As (&) root system as in fig. 1.3.

5 —1 (00!
vi2X
= Woi2H
g vy X W H Yoo H
v212X <
e WaioH WoH WiooH
Wo H H
S YiH YoH
Yo H
vy X
5 =0f
X
g
(54+1=0) y
—
OoH[-1] ——— o
H[-1] Y
DO H[-1]
D1o2H[-1]

Figure 1.3. The 3-dimensional heart fan for a cA; resolution, sliced along affine hyperplanes (left) and the unit
sphere (right). The mutation functors are abbreviated, e.g. by writing Wo; for ¥; o ¥,. Cones in the hyperplane
{6 = 0} have been labelled by the 3-fold whose geometric hearts they are associated to, where e.g. v,12X is the flop
of the second curve in v, X.
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Given a non-algebraic heart K € tilt(pe(3)), we can follow algorithm 1.4.3 to produce bounds
...WiZ‘yﬁH > K > (D]Z(D]]H[—”

by iterated simple tilting. However this does not suffice for ‘pushing K to the geometric hyperplane’, and
it is possible that the corresponding paths in the heart fan do not converge to the same cone (illustrated
in fig. 1.3). In this regard the single-curve case is deceptively simple.

Establishing CK # 0 thus demands more finesse, and our strategy is to utilise line bundles on birational
models for this purpose. Under the identification of Picg X with the hyperplane {6 = 0}, (the proper
transform of) any line bundle £ € Pic W corresponds to a vector 6 in the heart fan, so for any cone o we
can consider the submonoid PicW N o (e.g. if 0 = C(flop coh W) then this is the monoid of nef bundles).
On the other hand, Pic W has a natural action on D°W which induces an action Pic W ) DX across the
composite flop equivalence. Using the abbreviated notation £ ® H := flop(£ ®w (flop ' H)), we establish
the following in § 6.2.

Theorem 1.4.4 (= 6.2.3, 6.2.4, 6.2.5). Writing H = pex(%), the following statements hold.

(1) Given any birational model W of X and a line bundle £ € Pic W, any heart in D°X of the form £~ @ H
or £ ® H[—1] lies in tilt(H) if and only if £ is nef-

(2) If W' is another birational model such that & € Pic W and its proper transform L' € PicW’ are both nef;
then there are equalities of t-structures " QH=2%""@ H, 2@ H[-1] =%’ ® H[-1].

(3) For any cone o C C(flop cot W) in HFan(H), the induced actions of monoid Pic W N ¢ on the subsets

o-tilt" (H) = | J[%£~ ® H, H, o-tilt” (H) = | JH[-1],%£® H[-1] C tilt(H)

2ePicWno LePicWno
respect the partial order inherited from tilt(H) and the monoid-order on Pic W N o.

(4) Each heart in the posets above is algebraic, and conversely every algebraic heart in tilt(H) lies in some poset
of the above form for suitable W, c.

(5) The infimum of o-tilt* (H) is the maximal element of tilt(H) with heart cone o, likewise the supremum of
otilt™ (H) is the minimal element of tilt(H) with heart cone o.

The above result can be seen as a ‘fixed-point theorem’ for tilt(H). Indeed if 2 € PicX is an ample line
bundle, then the orbit of H under iterative applications of £~ ® (—) limits to coiX which is fixed as a
heart by Pic X.

Figure 1.4. Continuing from fig. 1.3,
the actions of PicX and Pic(viX) on
H are shown. Here m denotes the
line bundle on X which has degrees i
and j on the two exceptional curves
respectively, and we use double

brackets ([j]) for bundles on v;X. H [o] ®H/ \[7]®H

Note that since [{] and its proper

1 V®H 0 V®H 1 V®H 2 V®H
transform [{] are both trivial on the Lo] ] il il
flopped curve, their actions coincide
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We then have the following recipe, which works generally to show every heart cone is non-zero.

Algorithm 1.4.5 (Skyscraper-hunting). Suppose K C per($)[—1,0] is a non-algebraic t-structure corres-
ponding to a torsion pair pe(3) =T x F.

1. By lemma 6.3.6 there is a unique birational model W € Bir (%) such that flop ' (K) is intermediate
with respect to pe( %) and also contains the full subcategory {w € iAW | Rm,w = 0} (we say K
lives on W). Thus replacing K by flop™' (K) if necessary, we may assume K lives on X.

With this hypothesis satisfied, every skyscraper sheaf O, € pex($) Ncofi X is either torsion or torsion-
free with respect to the torsion pair T % F (lemma 6.3.8).

2. Suppose C; C X is an exceptional curve and £; € Pic X is the line bundle with degree 1 on C; and
degree O elsewhere. In particular, the maximal and minimal elements of tilt(H) whose heart cone
is generated by &; are the categories pez(%) and ;?z(%) respectively, where X — X is the partial
contraction of C;.

Now if some p € C; satisfies 6, € T, then lemma 6.3.2 shows 3?(771) ® H > K for arbitrarily
large n, and thus pez(x%) > K. Likewise if some p € C; satisfies 6, € F, then we have the bound

K> pa( ).
3. Thus if there is some curve C; with two points p,q € C; such that 6, € T and O4 € F, then K lies

in the interval [pez(%),p?z(%)} and in particular has non-zero heart cone.

4. Otherwise by connectivity of the exceptional curves in X, either T or F contains all the skyscrapers.
By a similar argument, this forces one of the bounds K > «fiX or K < @/iX. The bound on the
other side can then be found by chasing simple tilts from H or H[—1] as in algorithm 1.4.3, and this
suffices to prove that CK is non-zero (lemma 6.3.4).

Heart cones of semi-geometric hearts. Continuing to work with the cA; crepant resolution above,
consider a flop p: X --» v1 X, and the partial contraction 7: X — Y of the flopped curve. The heart cone
of the associated semi-geometric heart pe:(3) is given by the ray o = C(cofi X) N C(flop cofi(v1X)).

To examine other hearts that lie on o, note that Y has a unique singular point (the image of the flopped

curve), and p is simply the Atiyah flop over a neighbourhood Z; of this point. Computing the category

of o-semistable objects then recovers the category of perverse sheaves associated to the cA; flopping con-

traction T~'Zy — Z;, and thus (up to tilting in skyscrapers in the smooth locus) every other intermediate
17,4

heart with heart cone o is obtained from tilts of this smaller category pe'z(T>.

1

Convex geometrically this manifests as the fact that the cA; intersection arrangement ‘looks like’ the
cA; arrangement locally around o (as is apparent from figs. 1.2 and 1.3). This phenomenon is more
general, see remark 2.4.8.

Bricks. As a corollary of theorem 1.4.2 we get a succinct description of bricks in pex(%). This extends
to modification algebras a result of Crawley-Boevey [Craoo, lemma 1], who showed that the dimension
vector of any brick-module over an affine preprojective algebra is a root.

Theorem 1.4.6 (= 6.4.1). Let w: X — Z be as in setup 1.0.2, and let b € per(%) be a brick. Then'b is either
(1) a simple module over some modification algebra A, or
(2) a skyscraper sheaf on some birational model W of X,
tracked under appropriate equivalences induced by mutations or flops. In particular, the K-theory class of b is a

primitive restricted root of the (affine) Dynkin data associated to X.

In sufficiently restricted settings (e.g. under the assumptions imposed in [Todo8]), every algebraic muta-
tion of pex(3) is equivalent to the category of perverse sheaves on some birational model W. Then the
above result says that, up to applying mutation functors, every brick in pex(%) is either a point sheaf O,
or the twisted structure sheaf O¢, (—1) on some integral curve, or the suspended canonical sheaf wc[1]
of the scheme-theoretic exceptional fibre on some birational model W.
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Woflle. Given theorem 1.4.1, it is only natural to attempt for a general flopping contraction n: X — Z
the induction sketched in § 1.1. That is, given a complex x € DX we can write it as an extension of
some objects xo,x1[—1],...,xn[—n] with x; € H = pe(Z), and attempt to inductively improve its spread
by tilting the reference heart.

If Hom=°(x,x) = O then the spread can be improved at least once. There is at least one torsion pair
H = T % F such that xo € F and x, € T so that x € K[I,n] for K = Fx T[—1]. If this K (classified
by theorem 1.4.1) is algebraic then the induction continues, so the question really is whether there are
enough obstructions to prevent this interval {K € tilt(H) | x € K[1,n]} from being too narrow.

Sadly the assumption Hom<°(x, x) = 0 alone isn’t enough, here is a minimal criminal. Take : X — Z to
be the minimal resolution of the Aj singularity C[x,y,z]/(xy — z*). The exceptional curve C has three
integral components Cy, C,, C3, with C; N C2 ={p}, C2NC3 ={q}, and C; N C3 =0.

So we can consider a complex such as x = O¢, [-57]®0¢, (—3)[1], satisfying the constraint on endomorph-
isms simply because its cohomologies xo = O¢, (—3)[1] and x57 = O¢, have disjoint support.

If tilting in a torsion pair H = T * F improves the spread of x, then the constraint xo € F and the exact
sequence Oy — Oc,(=3)[1] = Oc,(—2)[1] in H shows we must have O4 € F. An analogous reasoning
shows 6, € T. Thus the curve C; has two points p, q such that 6,[1] and O4 lie in K = F« T[-1]. It
follows (see the reasoning in lemma 6.3.5) that K is necessarily geometric on the curve C,.

Thus understanding tilts of geometric and semi-geometric hearts seems imperative to continue the in-
duction. Alternatively, more restrictions on the object being classified might prevent cohomologies
such as above from arising entirely; indeed for minimal resolutions of A, surface singularities it is
known [IUop; IUU10] that spherical objects and stability conditions admit classifications analogous to
those in §1.2.

§1.5 Notation and Conventions

We work over the ground field C, and fix once and for all a complete local isolated compound du Val
singularity Z = Spec R with singular point corresponding to the maximal ideal m C R.

All algebras we consider are finitely generated R-algebras. Given such an algebra A, we write D?A for
the bounded derived category of right A-modules and DA for the full subcategory of complexes whose
cohomology (with respect to mod A) has finite length. This forms a triangulated subcategory of DA,
and we write KA for the K-theory (i.e. Grothendieck group) of DYA.

Likewise, all 3-folds we consider are Z-schemes. Given such a scheme 7 : X — Z, we write DPX for the
bounded derived category of coherent sheaves on X and D°X for the full subcategory of D°X containing
objects supported on 7t~ [m]. Again, we write KX for the Grothendieck group of D°X.

When the map ©: X — Z is a flopping contraction, the associated category Pe(3) of perverse sheaves is
central to our exposition. The definition depends on a choice of “perversity” p € Z, and we always set
p = 0. Thus in Van den Bergh’s [Vano4] or Bridgeland’s [Brio2] notation, the category %ex(%) would be
denoted °Per(X/Z).



Torsion classes in an algebraic category

(Chapter 2)

Let H be an Abelian category. We say H is algebraic if it is Artinian and Noetherian, and has finitely
many simple objects. In particular the Jordan—H®older theorem holds and each object of H admits a finite
filtration by simple objects, and the associated graded object (a direct sum of simples) is independent of
the choice of filtration. Consequently the Grothendieck group KH is a free Abelian group of finite rank
with basis given by the classes of simples.

Given subcategories U,V C H we write U * V for the full subcategory of objects h € H which sit in some
exact sequence 0 - u — h — v — 0 with u € U, v € V. The operation (x) is associative, so writing
UV« W for U, V,W C H is unambiguous. Then we can define the extension closure of U C H as

(2.) (W= Jus..»u,

n2>0 n factors

and say U is closed under extensions (or extension-closed) if (U) = U. Equivalently, (U) is the full subcat-
egory of objects which admit a filtration by objects of .

For a subcategory U C H, we define its left orthogonal complement +U as the full subcategory of
objects h € H such that Hom(h,u) = 0 for all u € U. The right orthogonal complement U is defined
analogously. It can be shown that both U and *U are always extension-closed.

Definition 2.0.1. We say a subcategory T C H is a forsion class if H =T % (T+). Dually we say F C H is
a torsion-free class if H = (+F) x F. We write tors(H) for the collection of all torsion classes in H, and we
write torf(H) for the collection of all torsion-free classes in H.

It is straightforward to check that if T is a torsion class then T = +(T1), and hence torsion classes are
closed under factors (i.e. if T is a torsion class and we have h € T then we also have h’ € T whenever
there is a surjection h — h’) and extensions. Dually, each torsion-free class F satisfies F = (*F)* and is
closed under sub-objects and extensions.

It follows that the assignment F — F is a bijection torf(H) — tors(H) with the inverse map given by
T — Tt. We say ‘H = T * F is a torsion pair’ to mean T is a torsion class in H with corresponding
torsion-free class F.

When H satisfies additional hypotheses, torsion and torsionfree classes can in fact be characterised by
the above closure properties — if H is Noetherian then a subcategory T C H that is closed under extensions
and factors (for example, the subcategory U associated to any U C H) is a torsion class. Dually if H
is Artinian then any subcategory closed under extensions and sub-objects (for example, the subcategory
Ut associated to any U C H) is a torsion-free class.

§ 2.1 Recollections on t-structures

Let I be a triangulated category with shift functor (—)[1]. For subcategories U,V C 9, we define the
subcategory U * V analogously with exact triangles instead of short exact sequences. The operation ()
is associative on subcategories [BBD82, lemma 1.3.10], so the extension closure is defined just as in (2.1).
Likewise, the orthogonal complements ~U and U~ are defined as full subcategories of objects with no
morphisms into (resp. from) any object of L.
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Given a finite interval [i,j] C Z and a subcategory U C I, we write U[i,j] = U[j] « U[j — 1] * - - - % U[i]. For
infinite intervals I C Z, we declare U[I] = U[i)j]d U[i,j] and use obvious notational choices whenever
convenient, so U[< 0] = U[(—o0, 0]].

Definition 2.1.1. A full additive subcategory H C J is the heart of a (bounded) t-structure if it is closed
under extensions, H[Z] = J, and H[> 0] = * (H[< 0]). We write t-str(J) for the collection of all hearts of
bounded t-structures in J.

We remark that each of the three subcategories H[> 0], H[< 0], H (called the aisle, coaisle, and the heart
respectively) determines the other two and hence saying “the t-structure H[> 0]” is unambiguous.

The heart H of a t-structure is always Abelian, with 0 — h’ — h — h” — 0 exact if and only if
the corresponding triangle h’ — h — h” — h’'[1] is distinguished in J. Further, the natural map of
Grothendieck groups KH — K9 is an isomorphism. We say a t-structure is algebraic if its heart is
algebraic as an Abelian category.

Further, if H C J is the heart of a t-structure then there are additive functors H': § — H (1 € Z), called
the cohomology functors with respect to H, such that any t € 7 is filtered by the obJects {H'(t)[-] i€z}
finitely many of which are non-zero.

In particular, for an interval I C Z we see that H[I] contains precisely those objects t for which H't)=0
whenever i ¢ I. We say such objects t are concentrated in cohomological degrees in 1.

Objects concentrated in cohomological degrees —1 and 0 with respect to H, the so-called two-term com-
plexes, are of special interest since their properties depend only on H as an Abelian category. We say a
t-structure containing only such objects is intermediate with respect to H, and write tilt(H) C t-str(9) for
the collection of intermediate t-structures, namely

tilt(H) = {K € tstr(F) | K ¢ H[-1,0]}.

The notation is explained by the fact that any K € tilt(H) can be obtained from H by the process of
tilting as described in [HRSg6], who show that in this case there is a torsion pair H = T * F on H such
that K = F % T[—1]. This torsion pair is obtained as T = K[1] N H, F = KN H, and the correspondence is
bijective, and we say that K is the (negative) tilt of H along the given torsion pair. Given this, it follows that
tilt(H) depends only on H as an Abelian category and not on the ambient triangulated category.

We write alg-tilt(H) for the set of algebraic t-structures that are intermediate with respect to H, and
alg-tors(H), alg-torf(H) for the corresponding torsion (resp. torsion-free) classes. When H is the module
category of a finite dimensional algebra, the torsion theories corresponding to algebraic tilts are called
Sunctorially finite and can be characterised in multiple ways (see for example [Asa2o0].)

§ 2.2 The lattice theory of torsion classes

Again, let J be a triangulated category with a t-structure H C 9. The set of (bounded) t-structures
t-str(J) can be assigned a partial order given by inclusion of coaisles, i.e. we write K’ < K whenever we
have K’[< 0] C K[< 0]. The subset tilt(H) is then precisely the interval [H[—1], H] and in particular inherits
this partial order. If we equip tors(H), torf(H) with their natural (inclusion) orders then the correspond-
ences between these sets can be upgraded to a commutative diagram of poset isomorphisms

_ L

(tors(H (torf(H
- \ /
(tilt(H

and these restrict to isomorphisms between the sub-posets alg-tors(H)°P, alg-torf(H), and alg-tilt(H).
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When H is algebraic, each poset appearing in (2.2) is a complete lattice — i.e. it admits arbitrary infima
(greatest lower bounds) and suprema (least upper bounds) — indeed the intersection of torsion classes
remains a torsion class and this gives the infima, while the existence of suprema follows from the poset
isomorphism with (torf H)°P and the analogous observation that the intersection of torsionHree classes
remains torsion-free. Explicitly, given a collection of torsion classes {T; | 1 € I} C tors(H) we have

{relﬁTi = ﬂ Ti, sup Ty = <{h € H | there is a surjection t — h for some t € U Ti}> .

iel el iel

We assume H is algebraic for the rest of this section.

Recall that we say a covers b (written a > b) in a partially ordered set if a > b and there is no element ¢
satisfying a > ¢ > b. In this case we say the relations a > b and b < a are covering. The Hasse quiver of a
poset has vertices given by the elements, and an arrow a — b for each covering relation a > b. The join
and meet operations on lattices of torsion classes are semidistributive so their Hasse quivers are naturally
labelled by certain indecomposable objects [see BCZ19]. We now describe the construction.

Definition 2.2.1. An object b € H is a brick if all non-zero endomorphisms of b are invertible. A semibrick
S C H is a set of bricks that are pairwise orthogonal, i.e. each b € S is a brick, and whenever b;,b, € S
are non-isomorphic bricks, we have Hom(by,b,) =0.

By Schur’s lemma, every simple object in H is a brick and the collection of all simples forms a semibrick.
It is not hard to see that if s € H is simple, then T = (s) is a minimal non-zero torsion class in H (i.e. the
relation 0 C T is covering in tors(H)), and any torsion class covering 0 must be of this form. Likewise
every maximal proper torsion class (i.e. a torsion class U such that the relation U C H is covering) is
precisely of the form *s for some simple object s € H. Intermediate hearts arising from such torsion
theories are called simple tilts.

In fact all covering relations arise in this way from simple tilts.

Theorem 2.2.2. If K’ < K is a covering relation in tilt(H), then (K N H) \ K’ contains a unique brick b which
we call the brick-label of the covering relation. This brick is a simple object of K, and the corresponding simple tilt
in the torsion class (b) € tors(K) is K.

More generally if K' < K are intermediate t-structures with respect to H then the set of bricks in (K N H) \ K’ is
non-empty and equals the set of brick-labels of covering relations in the interval [K',K] C tilt(H).

Proof If H is the module category of a finite dimensional algebra, the result is [DIRRT23, theorems
3.3—3.4]. The proof is readily adapted to the generality required here, by using the Jordan-Hélder length
as a substitute for the dimension. O

Thus each arrow in the Hasse quiver of tilt(H) is labelled by a unique brick in H, and each brick in H
arises as the bricklabel of at least one such arrow.

The posets tors(H) and torf(H) inherit this labelling across the isomorphisms (2.2). In particular if the
covering relation T’ ® T in tors(H) has bricklabel b, then b is the unique brick in T’ \ T and we have
T'NT+ =(b), T=1b N T, and T = T * (b). The analogous statement holds for covering relations of
torsion-free classes.

§ 2.3 Widely generated torsion theories

Given an algebraic Abelian category H, we review how the lattice of torsion classes can be employed to
study the set sbrick(H) of semibricks in H.

Note that if K € H[-1,0] is an intermediate heart, then every simple object of K is either torsion or
torsion-free with respect to the torsion pair K = (H N K) x (H[-1] N K). Thus writing simp(K) for
the set of simple objects of K, we see that simp(K)[1] " H is a semibrick in H. This defines a map
simp(—)[1] N H: tilt(H) — sbrick(H), equivalently a map tors(H) — sbrick(H) which maps any torsion
class to a semibrick inside it.
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On the other hand each S € sbrick(H) defines a torsion-ree class F = S, with corresponding torsion
class T = 1(St) characterised by the property of being minimal among all torsion classes containing
S. We say the torsion class T in this case is generated by S. This defines a map sbrick(H) — tors(H),
equivalently a map sbrick(H) — tilt(H) which we show is a section of simp(—)[1] N H.

Lemma 2.3.1. Suppose H = T+ F is a torsion pair such that the torsion class T is generated by a semibrick S C H.
Writing K = F x T[—1] for the tilt, an object k € K N H[—1] is simple in X if and only if it lies in S[—1].

Proof- Given k € S[—1], suppose there is an injection k’ — k in K, with k’ # 0. Since T[-1] C Kis a
torsionfree class, k' also lies in T[—1]. Thus the object k’[1] € T is filtered by objects in S and their
factors in H [see for example MS17, lemma 3.1].

In particular, there is some s € S with a non-zero morphism s — k’[1]. By injectivity of k’ — k, the
composite map s[—1] — k’ — k is non-zero. Since S is a semibrick, it follows that s[—1] = k and this is
a splitting of the injection k’ < k. But k is indecomposable (since k[1] is a brick), so the map k" — k is
an isomorphism. Thus k has no non-trivial sub-objects in K, i.e. k is simple as required.

Conversely suppose k € KNH[—1] is simple in K. It follows that k[1] is the quotient (in H) of some s € S.
In other words, there is an h € H and an exact triangle h — s — k[1] — h[l]. Claim h = 0, so that
k[1] = s lies in S as required.

To prove the claim, first note that the triangle s[—1] — k — h — s shows that h cannot be a non-zero
object in K. Thus if h is non-zero, then considering the torsion part of h shows that there is a non-zero
composite map s’ — h — s for some s’ € S. But S is a semibrick, so a similar argument as above shows
that the map h — s is an isomorphism and k = 0, which is a contradiction. O

It follows that assigning a semibrick S C H to the minimal torsion class it generates gives an injective map
sbrick(H) — tors(H). As an application, we have the following lemma about torsion classes generated
by a single brick.

Lemma 2.3.2. Let b € H be a brick, and T = +(b") the torsion class generated by b. For any brick b’ € T, we
either have b’ = b or Hom(b’,b) = 0.

Proof When T is a torsion class generated by a semibrick S, Asai [Asa2o, lemma 2.7] observed that a
morphism from any t € T to any s € S is either zero or surjective. In the given situation, this means if
Hom(b’,b) # 0 then there is a surjection b’ — b. In particular, b lies in the minimal torsion class T’ con-
taining b’, and we must have the equality T = T’. The injectivity of the assignment sbrick(H) — tors(H)
then gives us b = b’ as required. O

The following proposition provides lattice-theoretic and homological characterisations of the image of
the map sbrick(H) — tors(H).
Proposition 2.3.3. Given a torsion pair H =T x F, the following are equivalent.
(1) The torsion class T is generated by a semibrick S C H.
(2) The interval [0, T] C tors(H) is coatomic, i.e. for every U € [0, T) thereisa U’ € [0,T) withU C U’ < T.
(3) In the tilted heart K = F « T[—1], every non-zero object has a simple sub-object.
If the above statements hold, then the semibrick S which generates T is unique and is determined as

S ={b € H | is the brick-label of a relation U T in tors(H)}
={b € H|b[-1] is a simple object of K}.

We have seen (lemma 2.3.1) that if (1) holds, then the semibrick S which generates T is unique and is given
by simp(K)[1] N H. The equivalence (1) <= (2) is the content of [AP22, theorem 7.2], which also shows
that in this case T is generated by the set {b € H | b is the bricklabel of a relation U © T in tors(H)}.
Since this set is a semibrick (see theorem 4.2 ibid.), it must coincide with S.

It thus remains to show the equivalence (1) <= (3), which we now do.



Chapter 2. Torsion classes in an algebraic category 21

Proof of proposition 2.3.3 (1)=(3). Suppose T is generated by a semibrick S, and k € K is a non-zero object
with no simple sub-object. In particular any sub-object k’ < k shares this property (i.e. k’ has no simple
sub-object), and there is at least one such proper non-zero sub-object k'.

Now no object of S[—1] C simp(K) can map to k, so k lies in T[—1]+. Thus neither k nor k’ lie in T[-1],
so passing to sub-objects if necessary, we may in fact assume k’ and k lie in F. But F C K is a torsion
class, so the cokernel k/k’ of this morphism also lies in F. It follows that the map k’ — k is also a proper
injection in H.

But repeating the argument, this produces a chain of proper injections - - - < k” < k’ < k in H, which is
a contradiction since H is Artinian. Thus every non-zero k € K necessarily has a simple sub-object. [

Proof of proposition 2.3.3 (3)= (7). Suppose (3) holds. We show that any torsion-free class that is larger than
F must contain some element of the semibrick S = simp(K)[1]NH. It follows that T is the minimal torsion
class containing S, i.e. T is generated by S as required.

Thus consider any torsion pair H = T’ « F/ such that F C F/. Thus TN F’ is a non-zero torsionfree
class in the Abelian category K[1] = F[1] « (TN T’) « (T N F’'), in particular TN F’ is closed under taking
sub-objects in this category. But by hypothesis on K (equivalently K[1]), any non-zero object in TNF’ has
a simple sub-object which therefore also lies in T N F’. Thus F’ has non-trivial intersection with the set
simp(K[1]) " H =S, as required. O

The obvious dual statements to lemma 2.3.1 and proposition 2.3.3 hold. In particular if H=T=xFisa
torsion pair, then F is generated by a semibrick S if and only if every non-zero object in the tilt K = Fx«T[—1]
has a simple factor, and in this case the semibrick generating F is determined as S = simp(K) N H.

Remark 2.3.4. If W C H is a wide subcategory (i.e. W is closed under extensions, kernels, and cokernels,
and is therefore Abelian), then the set of simples of W is evidently a semibrick of H. Ringel [Rin70, §1.2]
shows that every wide subcategory of H is in fact the extension-closure of its simples, and conversely
the extension closure of any semibrick is a wide subcategory. Thus torsion(free) classes in H that are
generated by a semibrick are called widely generated [see Asa20; AP22; BCZ19; MS17].

By proposition 2.3.3 and its dual, any torsion (torsion-free) class in H associated to an Artinian (resp.
Noetherian) tilted heart is widely generated. However, chain conditions on an Abelian category are in
general strictly stronger than the requirement that every non-zero object admit a simple sub-object or
factor. Indeed in the setting of a 3-fold flopping contraction 7t: X — Z, we show that the algebraic heart
H = pe(%) has tilts which exhibit each of the following behaviours (see § 4.3 and remark 5.3.5 for relevant

constructions).

. Chain conditions Widely generated
Tilted heart Artin.? Noeth.? tors.? torf.?
Any algebraic, e.g. H v 4 4 4
Any geometric, e.g. coh X X v X e
Any reversed-geometric, e.g. @iX A X Yo X __

If we further assume that the exceptional fiber 77~ '[m] has n > 3 integral components Cy,Cs,...,Cy
(indexed such that C; N C,, = ), then choosing closed points p; € C; (i =1,...,n) allows us to construct
hearts in H[—1,0] which exhibit the following additional behaviours.

Tilt of cot X in...

(6pyyenyOp) X X v v
(Op,) X X X v
(Op IpeCi U{pay...ypnl) X X v X
(6, |p € Cy) X X X X

Every other tilt of H fits into one of the seven categories above. In fact any tilt of any algebraic Abelian
category fits into one of the seven categories above; in particular if a torsion pair H = T * F is such that
both T and F are widely generated then it is straightforward to show that the heart K = F* T[-1] is
Artinian if and only if it is Noetherian.
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§ 2.4 Heart fans and numerical hearts

Given a triangulated category J with a t-structure H C J, the poset of intermediate hearts with respect
to H can be encoded into convex-geometric data, possibly incurring the loss of some information.

To explain the construction, first fix a surjection K9 — b of the Grothendieck group onto a free
Abelian group b of finite rank. Taking R-linear duals, note that the finite dimensional Euclidean space
O = Homgz(h,R) thus injects into Homz (K%, R) and hence any vector 6 € © can be regarded as an
R-linear functional on KJ.

We say a subset of © is almost rational if it can be defined by inequalities with coefficients in b, and we
say it is rational if it can be defined by finitely many such inequalities. For example, given any o € b
the hyperplane {6 € © | 8(«x) = 0} and the closed half-space {0 € © | 8(x) > 0} determined by « are
rational. We use obvious notational shorthands when convenient, for example {«, 3 > 0} denotes the
rational subset {6 € © | () > 0 and 9(3) > O}

A cone in O is a closed, convex, almost rational subset o C © such that whenever we have vectors 6,0’ € o
and non-negative reals a,a’ > 0, we also have a® + a’8’ € o. If a cone o lies in the half-space {x > 0},
we say the subset 0 N{ox =0} is a face of 0. We write faces(o) for the collection of all faces of o.

Definition 2.4.1. We say a collection of cones X is a fan in © if it is closed under taking faces (i.e. if 0 € =
then faces(o) C X) and any two cones in X intersect only in faces (i.e. if 0,0’ € X then cN o’ € faces(0)).
We say the fan X is is complete if every vector 6 € © is in some cone o € X, and X is simplicial if each
cone o € X is simplicial (i.e. generated by linearly independent vectors).

For any subcategory U C J, the dual cone of U (with respect to h) is defined to be

CUu={0c®|06[u] >0foralluell

The following lemma is immediate from the constructions, and is useful when relating heart cones of
intermediate hearts to torsion theories.

Lemma 2.4.2. IfK is the tilt of H in a torsion pair H =T x F, then CK = CF N (—CT) as subsets of ©.

We also make the useful observation that dual cones transform via an ‘inverse-transpose’ rule under
functorial equivalences.

Lemma 2.4.3. Suppose ©: I1 — 9, is an exact equivalence of triangulated categories and the finite-rank free
Abelian group quotients KTy — by A = 1,2) are such that ® induces a linear isomorphism @: h1 — bz. Then
the corresponding isomorphism (¢”)~': Hom(hq,R) — Hom(h2, R) governs the transformation of dual cones, i.e.
for any U C T we have C(OU) = (¢”)~'CU.

Now if K C J is the heart of a t-structure, the dual cone CK is also called the Aeart cone. We say K is a
numerical heart if CK contains a non-zero vector.

Broomhead, Pauksztello, Ploog, and Woolf [BPPW24] show that the heart cones coming from tilt(H)
form a fan in ©, which generalises various well-known constructions of fans coming from silting theory
and the theory of stability conditions.

Theorem 2.4.4 [BPPW2y, theorem A]. For H, 9, b, and © as above, the collection of cones given by

HFan(H) = | faces(CK)

Ketilt(H)

is a fan in ©, called the heart fan of H (with respect toh)). If H is algebraic, then this fan is complete and simplicial.
If in addition the map KT — b is an isomorphism, then an intermediate heart K is algebraic if and only if CK is
a full-dimensional cone, and in this case K is the unique intermediate heart with heart cone CK.
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For the rest of this subsection, assume H is algebraic and that the map KJ — § is an isomorphism.
Under these assumptions, we have plenty of control over the natural map

(2.3) C: tilt(H) — HFan(H).

For instance, by the last part of theorem 2.4.4, the fiber of this map over a full dimensional cone contains
a single element. However, in general, one can have multiple torsion classes giving the same heart cone.
It is possible to describe the complete fibre of C over any non-zero cone (and hence all numerical hearts)
by considering the numerical torsion theories defined in [BKT14]. To define these, given 6 € © we consider
the subcategories

H"(8) = {h € H | 6[f] < 0 for all factors h — f},

H:(0) ={h € H| 6[f] < 0 for all non-zero factors h — f # 0},
HY(0) = {h € H | 6[s] > 0 for all sub-objects s < h},

H(0) ={h € H | 8[s] > 0 for all non-zero sub-objects 0 # s — h}.

These define two torsion pairs H = H"(0) * Hy(0) = H(0) * HY(8), and we call the corresponding tilts
Hy (), H"*(0) respectively. Evidently Hy(6) < H'(8), and we have an interval [H6, H"*6] C tilt(H). This
interval contains precisely the intermediate hearts K which satisfy 6 € CK.

Lemma 2.4.5. Let K € tilt(H) be an intermediate heart, and fix a vector © € ©. Then we have © € CK if and
only Hy (0) < K < HY(O) in tilt(H).

Proof. Write H =T « F for the torsion pair associated to K, and note that if 6 € CK then the definitions
imply T C H"(0) and F C H¥(0), which under the bijections (2.2) gives us H(0) < K < H'(0). Conversely
if K lies in the said interval, then we have T C H"(8) and F C H¥(0), and hence C(H"0) C CT and
C(HY9) C CF. This gives us the desired conclusion

0 € C(H'9)N(-C(H"0)) < CFN(-CT)=CK. O

Given the above lemma we can now describe the interval [Hy6, H"0] in tilt(H) using semistable objects
following [AP22]. Recall that given an Abelian category K and a parameter 8 € Hom(KK,R), King
[King4] defines the full subcategory of 0-semistable objects in K as

Kss(8) ={k € K| 8[k] =0, 6[s] > O for all sub-objects s — k}.

This is a wide (in particular, Abelian) subcategory of K. We say a 6-semistable object k € K is stable if
it is simple in K(8), equivalently if the inequality 0[s] > 0 is strict for every sub-object s — k in K. If
K is algebraic, then every 6-semistable object admits a filtration by 0-stable ones and thus K(0) is the
extension closure of the set of 6-stable objects.

In the context of our algebraic Abelian category H with 8 € ©, we clearly have Hg(0) = H"(8) N HY(8),
and hence there is a decomposition

Htf(e)
—
H = H(0) * Hs(0) * Hy(0) .
| S ——

Htr(9)

In particular if He(0) = UV is a torsion pair, then there is an induced torsion pair H = (H0%U)%(VxH0)
and the corresponding tilt K = VxH0 x« H,8[—1]« U[—1] evidently lies in the interval [H6, H*6]. Further
considering 6 as a stability parameter on K (using the isomorphism KK = KH), lemma 2.4.5 shows 0 is
non-negative on every class of K so one computes

Ke(8) ={k € K|8[K =0} =Vx*U[T]

and this clearly lies in tilt(Hs6). The following theorem shows that considering semistable objects thus
gives a poset isomorphism [H0, H*0] — tilt(H;0).
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Lemma 2.4.6. The maps below are well defined and give mutually inverse poset isomorphisms

(-)s0
tilt (Hy0 Lol ik
| ) ((-),Hg0,Hy0[—1]) [H6, ] ctilt(H)

Further the covering relations in tilt(Hss®) are precisely those that remain covering in tilt(H) under the above
correspondence, and the brick-labels coming from the two posets coincide.

Proof- This is essentially [AP22, theorem 1.4], which is stated in terms of torsion classes and gives the

poset isomorphisms

(-)NHys(8) N
tors (Hss0) T [He6,H"6]  C tors(H). O

A consequence of lemmas 2.4.5 and 2.4.6 is that in addition to being a tilt of H, every intermediate heart
K with 8 € C(K) is also a tilt of H®(0). Indeed, we have K = (V x H0) * (H0 * U)[—1] for some torsion
pair Hs(6) = U« V, and we can verify that U is a torsion class in H*(8).

Further, lemma 2.4.6 gives us the following characterisations of H"(0).

Corollary 2.4.7. Given an intermediate heart K € tilt(H) and a vector © € CK, the following statements are
equivalent.

(1) The heart K is maximal among tilts of H with © in their heart cone, i.e. K = H"(0).
(2) The categories of ©O-semistable objects in H and X coincide, i.e. Hss(0) = K(0).

(3) The category Hys(0) lies in K.

(4) The category K(0) lies in H.

We say a vector 0 is generic in a cone o if it lies in o but not in any proper face of o, equivalently if it is
contained in the interior of o in the Euclidean space span(c) C ©. If 6,8’ are both generic in some cone
o € HFan(H), it is easy to see that all their associated numerical categories coincide i.e. Hy(6) = H (07),
H(8) = Hy(0'), and so forth. Thus we use the notations H(0), H" (o), Hg (o), Hf (o), He (o), H(0),
and Hgs(0) to denote the respective categories associated to any generic vector 6 € o.

Remark 2.4.8 (Zooming into the heart fan). Given a stability parameter 6 € ©, the correspondence 2.4.6
can be used to essentially ‘read off’ the heart fan of Hg(0) from that of H. To see this, note that the
exact inclusion Hg(0) < H induces a map of Grothendieck groups which can be factored through its
image hss as

KHy, — b <> b = KH,

where b is again a free Abelian group of finite rank. The heart fan of H,(0) with respect to b thus
lives in the vector space Oy = Homyz(hss, R) which is naturally a quotient of ©. It can be shown that the
surjection ® — Oy is such that the image of (the sub-fan generated by)

{0 € HFan(H) | 6 lies in some face of o}

is a sub-fan of HFan(H,0). More precisely, given a heart K € [Hy6, H"6] and the corresponding category
Kss(0) € tilt(H0), it can be shown that the image of CK is always a face of C(K0) and is in fact equal
to C(K0) if K is algebraic.

To see an example where the image of CK is a proper face of C(K), one should examine the category
H = Rep(2 = 1) associated to the 2-Kronecker quiver [BPPW24, example 4.6], and the stability parameter
0 = (—1,1) given in the basis dual to vertex simples.

§ 2.5 Arcs in the stability manifold

Heart fans of algebraic t-structures H C 9 are combinatorial models of the so-called walls-and-chambers
for categories encountered in appropriate regions of the stability manifold Stab(J). We briefly spell out
this tautology, and record a recipe for reconstructing the heart fan by ‘probing’ Stab(9) with arcs.
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Recall [see e.g. Brio7] that there is a complex manifold Stab(9) parametrising Bridgeland stability condi-
tions (Z,P) on J — here the central charge Z: KI — C is a Z-linear map that factors through b, and the
slicing #: R — 27 is a sequence of full subcategories #(t) C T subject to constraints that we shall recall
as necessary. The additive group (R, +) acts naturally on Stab(J) via a ‘rotation’

ux(Z, t—=2t)=(e"".Z, t— P(t+u))

in a fashion that the biholomorphism 1%(—): Stab(J) — Stab(J ) is induced by the functor (—)[1]: 7 — 7.

Each subcategory #I = (| J,c; P(t)) determined by a unit interval I C R is the heart of a t-structure.
Choosing (0,1] C R as the reference frame, each K € t-str(9) thus determines a subset

Stab(K) = {(Z, %) € Stab(7) | #(0,1] = K}

called the chamber associated to K. Identifying central charges (i.e. functions ) ~ KJ — C) with elements
of the vector space ©® ® C = © ¢ i0, the forgetful map Stab(J) — © ® C restricts to an injection on any
chamber Stab(K). That is to say, stability conditions in any given chamber are determined by their
central charge. Furthermore, the compatibility constraint

(Z,) € Stab(7), teR, xe®P(t) = e ™. .Z}x]€cR-p

shows the image of Stab(K) must lie in the subset ® @ 1i- CK.

Given this, we show how the heart fan of an algebraic heart H C J records the chambers encountered in
the (R, +)-orbit of Stab(H). By [Brio7, propositions 2.4 and 5.3], a sufficient condition for Z € @@ 1i- CH
to determine a stability condition in Stab(H) is for the imaginary component Im Z to lie in the interior
of CH. Pick such a central charge

Z=0y,+1-00 € O@i-int(CH)

determining a point (Z, %) € Stab(H) C Stab(7).

Following [BPPW24, § 6.2], the slicing & can be explicitly described by extending the pair of vectors
00, 01, to an arc [0, 1] — O given by

(2.4) 0 = cos(7tt) 09 + sin(7rt) Oy,

Lemma 2.5.1. For (Z,P) as above and t € (0, 1], we have P(1 — 1) = Hgs(04).

Proof Begin by observing that 0.: KJ — R is the functional w o Z, where w: C — R is the R-linear
map given by
it

wi(z) = Im(e'™ z).

Now given x € H, the complex number Z[x] has argument in the range (0, 1] and hence

)

arg Z[x] <1—t if and only if w (Z[x]) > 0, ie. B¢[x] =0
argZ[x] > 1—t if and only if we (Z[x]) <0, i.e. 0¢[x] <0

The result follows, since x lies in #(1 —t) if and only if argZ[x] = 1 —t and argZ[s] < 1 —t for all
sub-objects s < x [Brio7, definition 2.2]. O

Proposition 2.5.2. Let (Z,P) € Stab(H) be as above, and consider the stability condition (W, Q) = —t«(Z,P)
determined by some t € [0,1]. Then we have 2(0,1] = H"*(0,) and 2[0,1) = H(0:) where 0, is determined by
Z asin (2.4).

In particular, —t * (Z,P) lies in the chamber Stab(H"0) for all 0 < t < 1.

Proof. The heart K = Q(0,1] = #(—t,1 — t] is the extension-closure of #(0,1 — t] and #(1 — t, 1][-1].
Evidently, we have 0[x] > 0 whenever x € (0,1 —t] and 0¢[x] < 0 whenever x € #(1 —t,1]. It follows
that 0, lies in CK. Since K also contains the subcategory #(1 —t) = Hg(0:), we must have K = H"(6;)
by corollary 2.4.7. The result follows. O



Dynkin combinatorics for flops

(Chapter 3)

A recurring motif in our treatment is that of mutation combinatorics, which allow us to enumerate sets
over Dynkin data. We briefly explain the construction in an abstract setting, and recognise its various
manifestations as they come up in the rest of the thesis.

Let G be a (simply laced) Coxeter—Dynkin graph, i.e. a finite set equipped with a map m: GxG — {1, 2, 3, oo}
satisfying m(i,i) =1 and m(i,j) = m(j,1) > 2 whenever i # j are distinct elements of G. From this data
we can construct a Coxeter—Weyl group W(G), presented by the generators {s; | i € G} (called simple
reflections) and relations (sis;)™(") =1 for all pairs 1,j satisfying m(i,j) < oo.

The data of a Coxeter—Dynkin graph can and will be succinctly represented as a graph with vertex set G,
with a single unlabelled edge i——j whenever m(i,j) = 3, and a double edge i ==j whenever m(i,j) = oo.
An absence of edge thus indicates m(i,j) = 2, in particular if (the graphical representation of) G is a
disjoint union G = G1UG; of Dynkin subgraphs then we have the decomposition W(G) ~ W(G1)xW(G2).
In this situation we say W(G1) and W(G;) are parabolic factors of G.

Proposition 3.0.1 [Humgqo, chapter 2]. The group W(G) is finite if and only if G is a (possibly empty) disjoint
union of the graphs below.

(3.1) e ) —o 4{ O—O—I—O—O H—I—O—O—C HLH+.

When W(G) is finite there is a unique element wg € W(G) that is maximal in the weak (Bruhat) order,
i.e. has longest minimum-length factorisation into simple reflections [Humgo, § 1.8]. More generally, we
declare wg to be the maximal word wy in the largest finite parabolic factor W(H) € W(G). In particular
if none of the graphs above appear as connected components of G, we have wg =1 € W(G).

Lemma 3.0.2. Any Coxeter—Dynkin graph G has a unique involution (i.e. a bijection invg: G — G satisfying
invg oinvg =idg and m(i,j) = m(invei, invgj) for alli,j € G) such that wgsiwg = sivei for alli € G.

Proof Any such involution must preserve connected components. Evidently if G = G; U G, then
WG = Wg,Wg,. Moreover by maximality and uniqueness of wg, we must have wgwg = 1. This al-
lows us to reduce to the case when G is connected. If W(G) is finite, the result then is [[W, lemma 1.2].
If W(G) is infinite, the identity is clearly the only such involution. ]

Remark 3.0.3. Following convention, we shall say a Coxeter—Dynkin graph G is a Dynkin graph if each
connected component of G is one of the spherical graphs (3.1), or one of the affine graphs shown below.

(32) o= oo bl FFL R SR S

We note that each connected affine graph A has a preferred spherical subgraph A obtained by deleting
the hollow vertex indicated in the above figure. This yields a bijection between connected spherical and
affine graphs, and we say A is the ‘affine counterpart’ of A.

When G is a Dynkin graph, we shall call W(G) the associated Weyl group.
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§ 3.1 Dynkin data and mutation

By Dynkin data we mean a Coxeter-Dynkin graph G with a subset of vertices ] C G. Given such a
pair, we may use lemma 3.0.2 to define a map t;: G\ ] — G given by (i) = invjy;(i). Here JU{i} is
considered a (full) subgraph of G.

Definition 3.1.1. We say the simple mutation of the Dynkin data ] C G ati € G\ ] is the new Dynkin data
given by the collection of vertices

vi] =JU{i\{y({i)} CG.

When iterating simple mutations, we omit brackets thus writing v;, ...vy,] to mean vi (vi, ,...vi,]),
noting that the sequence makes sense only if i; € G\Jand ij,1 € G\(vi;...vi;]) foreachj=1,...,n—1.
In this case we say the sequence of symbols v = v;_...vi, is a J-path of length n. We treat the empty
word () as a J-path of length 0.

Paths are composed in the obvious way, namely if v is a J-path of length n and u is a v]-path of length
m then the concatenation pv is a J-path of length m +n.

Clearly, simple mutation is involutive in the sense that v (;)vi] =]. Given a J-path v = v _...vi,, we
can thus define a reversed J-path to be the v]-path given by V= v, ...v(i,), where the maps t in order
correspond to the subsets J, vi,J, ..., Vi, , ... Vi, ].

When the choice of | is clear as above, we simply write ( instead of ;.

Definition 3.1.2. A set with G-mutation is a set A equipped with a map J : A — 2 that assigns each
element of A to some subgraph of G, and a collection of functions (vi:{a € A |1 ¢ J(a)} = A)icc
(called simple mutations) such that for each a € A, we have J(via) = viJ(a) and v (;)(via) = a.

If A,A’ are two sets with G-mutation, we say a map f: A — A’ respects mutation if for all a € A and
ie G\ J(a), we have J(fa) = J(a) and vi(fa) = f(via).

Example 3.1.3. Given a Coxeter-Dynkin graph G, the set of all its subgraphs 2€ is naturally a set with
G-mutation. This naturally breaks up into smaller sets with G-mutation called mutation classes, where the
mutation class of ] C G is the subset of 26 containing subgraphs that can be obtained from | by iterated
mutation. Thus {0} and {G} are mutation classes of the trivial subgraphs () and G respectively.

Iyama—Wemyss [IW, § 4.2] compute many non-trivial mutation classes associated to affine Dynkin graphs.
We draw one such mutation class (which Iyama—Wemyss label §7 4) below.

OXXOXXK <—— = XXeeXXX
2
4 3
1 7
— —
onexx T2 oxodkexx XxoSoXe T2 xexedixes
il ’ ’ il
3
4 N 6
3 2
4

008X T2 00c8xxe
i) ’ i)
7 7
7
Figure 3.1. The mutation class of ] ={2,3,5,6,7} inside the E; graph o1, 3 4 5 ¢, where edges are not drawn and

subgraphs are indicated by marking off their vertices with a cross (x). Arrows indicate simple mutation, the symbol
v has been omitted for brevity.
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Example 3.1.4. If A is a set with an action of the Coxeter—Weyl group W(G), then there is a natural
G-mutation structure given by J(a) =0, vi(a) = a-s; for all a € A, i € G. Thus for instance the set of
chambers Cham(G) in the Tits cone of W(G) [see e.g. Humgqo, § 5.13] is a set with G-mutation, where
the (right)-action is by simple wall crossings.

More generally, a subset ] C G determines a hyperplane arrangement in Euclidean space [see IW, chapter
1], and any set with an action of the associated Deligne groupoid (also called the J-cone groupoid, see § 2.3.1
ibid.) is a set with G-mutation. This includes the prototypical example Cham(G,J), which is the set of
chambers in the Tits cone of the hyperplane arrangement. When G is a connected Dynkin graph (i.e.
one shown in (3.1) or (3.2)), we explain the construction of the hyperplane arrangement and the set
Cham(G,]J) in §§ 3.2 and 3.3.

We shall see (in § 4.1) that a 3-fold flopping contraction 7t: X — Z = Spec(R) can naturally be assigned an
affine Dynkin graph A and a subset J of the preferred spherical subgraph A C A. In this situation the set
of modifying R-modules (theorem 4.2.4), the set of torsion(free) classes in pex(%) (theorem 5.2.1), and
the set of birational models of X (proposition 5.1.10) all also have natural mutation structures governed
by J CACA.

Paths and exchange quivers. If A is a set with G-mutation, the exchange quiver ExQuiv(A) is a quiver
with vertices A and a labelled arrow i: a — via for each a € A and i € G\ J(a). Paths in the exchange
quiver can be described by a sequence of valid mutations from a specified starting vertex — it is easy to
see that each J(a)-path v =+v; _ ...v;, describes a unique path in the exchange quiver

i.] i-Z 1‘."
(3-3) a— Vi, @ — - =V Vi, ...V 0

which we call the positive path v from a, and further every path in the exchange quiver corresponds to a
unique pair (a,v) in this way. It is convenient to write va for the end-point of this path.

The reversed path ¥ is then a positive path from va and we have V(va) = a.

If the positive path (3.3) has minimal length among all paths in ExQuiv(A) from a to va, we say it is
minimal. Clearly all minimal positive paths from a to va have the same length, and a positive path v
from a is minimal if and only if the reversed path ¥ from va is so. Further, if two vertices a,b lie in
the same connected component of ExQuiv(A) then it is always possible to find a minimal path v from a
such that b = va.

Remark 3.1.5. In what follows, we will work with a spherical Dynkin graph A as in (3.1) and its affine
counterpart A = AU{0} as in (3.2). Thus to avoid confusion when considering subsets ] C A C A, we
use the term spherical J-paths for the paths corresponding to the ambient graph G = A and reserve the
unqualified term J-path to mean paths for G = A. It can be seen that for such J, there is a natural bijective
correspondence between spherical J-paths and J-paths in which the symbol v, does not occur.

§ 3.2 Restricted root systems of affine type

We recap the unrestricted (Coxeter) setting first, see [Kac8o, § 1] for a detailed introduction. Given an
affine Dynkin diagram A as in (3.2) of rank n (i.e. cardinality n + 1), the root lattice h = h(A) is a free
Z-module with basis given by the simple roots {«; | i € A}. The Dynkin graph A also gives a degenerate
symmetric bilinear form (—,—) on § given by

2 ) m(l))) =1
((xi’ (Xj) =42 ) m(i)j) =0
2—-m(i,j) , otherwise

and we use these to define the simple reflections si: h — b (i € A) given by
(3-4) si(eg) = o — (&, o) s

These define a faithful action of W(A) on b, i.e. an injection W(A) — GL(b).
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Likewise each subset ] C A determines the parabolic subgroup W(J) = (si |1 € J) C W(A), isomorphic to
the Weyl group of the full subgraph spanned by J. Evidently if | # A then the group W(]) is finite.

The set of real roots Root(A) is the union of W(A)-orbits of the simple roots. We say a real root is positive
if it can be expressed as a non-negative linear combination of the simple roots, and write Root" (A) for
the set of positive real roots. The set Root™ (A) of negative real roots is defined likewise. Every real root
is either positive or negative, and the map « — —o gives a bijection between Root™ (A) and Root™ (A).
In fact for each real root «, there is a unique reflection s (i.e. an element of order 2) in W(A) such that
s(a) = —«, and this gives a bijection between the set of positive real roots and the set of reflections in
the Weyl group.

Vertices in the diagram A can be Lie-theoretically assigned numerical labels (8;)ica which are computed
and given for each Dynkin type in [Kac8o, table Z], stated below for convenience.

1 1
i 11 11 1322:1 12321 1234321 24654321
In particular (8;) is always a tuple of positive integers, and the extended (hollow) vertex 0 € A\ A is
assigned the integer 5o = 1. The vector 6 = } ;_ dic is called the primitive positive imaginary root in b,
and any non-zero multiple of b is called an imaginary root. The root system of A is then the set of all (real
and imaginary) roots in h, and is preserved by the action of the Weyl group. This action fixes 6.

Restricted roots. Consider now the Dynkin data J C A determined by a subset J such that A\ J] > 2.
This defines a decomposition h(A) = h(T) @ h(A \ J), where we write h(J) for the span of the simple
roots {; | 1 € J} (and define h(A \ J) likewise). We say h(A\ J) is the restricted root lattice associated to
J, and the notions of restricted (simple, positive, negative, imaginary) roots are defined as the non-zero
images of the corresponding objects in ). We say any non-imaginary restricted root is a restricted real
root, and the set of all restricted roots in h(A\ J) is the restricted root system. In particular there are |A\ J|
restricted simple roots {«; | i € A\ J}, and a primitive positive resiricted imaginary root 55 = Zieé\j i
Writing Root (A, J) for the set of restricted real roots (and defining the subsets Root™ (A, J) of positive and
negative restricted real roots accordingly), we thus see that the restricted root system is given as

Root™(A,J) U Root (A,J) U {néy [ n e zZ\{0}}.

Root(A,T)

To obtain the analog of a Weyl-group action for restricted roots, it is necessary to consider simultaneously
all restricted root lattices h(A \ vJ) ranging over J-paths v. In the Coxeter setting, a simple reflection
si € W(A) was characterised by the property of being an involution such that s;(«;) — «; is equal to
—20y if j = 1, and is a non-negative multiple of «; otherwise. Iyama—Wemyss suggest the following
generalisation for restricted root systems.

Proposition g3.2.1 [NWe23, lemmas 5.1 and 5.2]. For T C A and i € A\ T, the linear map ) — b given by the
action of waywg i € W(A) maps the subset b(v,J) isomorphically onto bh(3), thus inducing an isomorphism

W3IW35 i

h h
(3.5) l l
HA\ViT) ——— h(A\T)

This map preserves the restricted root systems, in particular acting on the simple roots and the primitive positive
imaginary root as
@i(dvi3) =083,  @ilon)) =—xi,  @ileg) —oy € Zxo-o (jF#L.

Further, defining ¢ (1): H(A\3) — h(A\ viJ) analogously, we have ¢ (i) = (9i)~".
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§ 3.3 Hyperplane arrangements

An important tool in the study of root systems and Weyl groups is the study of the dual representation.
Let b be the root lattice associated to A as in the previous section, with the action of W(A) as described.
The dual action on the Euclidean space © = Homgz(lj, R) preserves each of the subsets {6 > 0}, {6 < 0}, and
{6 < 0}, and the fundamental domains for the respective actions have closures given by the cones

Ct={0ec@®|0(x;) >0forallic A}, C =-CH,
C'={0ecO@|0(x;) =0forallica, 68 =0}

Further the faces of wC* are all given by wC;" for some subset ] C A, where

Cf =C"n (o =0

i€]

The faces WCI_ CwC™ (J CA) and WC? C w(CO (J] € A) are given likewise, and as a consequence we
have a complete simplicial fan in © called the Weyl arrangement given as

WC]+ WC? wCy
(3-6) Arr(A) = cwe W(A) U w e W(A) U w e W(A)
jca jca Jjca
Arrt(A) Arr(A) Arr— (A)

The Weyl arrangement is induced by the root system for A, in the sense that every face can be described
as the intersection of half-spaces defined by root hyperplanes {x = 0}. Further each such hyperplane
corresponds to a unique positive root in Root™ (A) U{8}.

The subfan Arr™(A) is supported on the rational subset {6 > 0} U {0}, and is called the Tits cone. The
subfan Arr(A) is supported on {6 = 0}, and induces a complete simplicial fan on this hyperplane. Further
it has finitely many cones which are indexed over the parabolic subgroup W(A). This is possible because
W(A) decomposes as a semi-direct product of W(A) and the coroot lattice, and the action on {5 = 0} is
such that W(A) acts faithfully while the coroot lattice fixes the hyperplane pointwise.

We write Cham(A) for the set of maximal cones (chambers) in Arr*(A), noting that subfans Arr*(A) and
Arr~ (A) are isomorphic so it suffices to consider just one of them. Likewise, we write Cham(A) for the
set of chambers in Arr(A).

Intersection arrangements. Now a subset J C A with [A\ J| > 2 defines the restricted root lattice
h(A\T), which we view as a split quotient of ). Accordingly, the dual space @(A\J) = Homz(h(A\J),R)
can be identified with the subspace (;c5{a; =0} C ©.

Since the subspace is defined by root hyperplanes, every cone o € Arr(A) intersects @(A \ J) in a face
of o, whence the Weyl arrangement induces a complete simplicial fan

(3.7) Arr(A 3):{ cNO(ANT) }U { cNO(A\J) } | { cNO(A\T) }

c o€ Arrt(A) 10 € Arr(A) 0 € Arr (A)

Arrt(A,7) Arr(A,J) Arr— (A,J)

called the (full) J-cone arrangement. This is precisely the subfan of Arr(A) supported on (A \ 7). It can
be seen that the J-cone arrangement is induced by the restricted root system associated to J C A.

The subfan Arr* (A, J), called the Tits cone, contains infinitely many cones and is supported on the subset
{65 > 0} U{0}. The subfan Arr(A,3J) on the other hand is a complete simplicial fan on the hyperplane
{65 = 0}, with finitely many cones whose combinatorics are controlled by the ADE Dynkin diagram A.
We write Cham(A, J) for the subset of maximal cones in Arr' (A,J), and Cham(A,3J) for the subset of
maximal cones in Arr(A, 7).
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(6; +1=0) (57 = 0) (=1 =0

Figure 3.2. Representative affine slices of the &, arrangement, associated to the Dynkin data oex¥esxx
(] =1{2,3,5,6,7}) as in fig. 3.1. The principal chambers Cf, C?, Cy are indicated by the symbols +,0,~ respectively.

Simple wall crossings. Any chamber wC* € Cham(A) has |A| codimension-one faces (walls), where
the ith wall wC/;, spans the root hyperplane {wo; = 0}. The wall wC, is a face of precisely one other
chamber, which lies on the ‘other side’ of this hyperplane. Examining (3.4) shows that this chamber is
given by ws;C*, and we say ws;C* is obtained from wC* by a simple wall crossing. Since every w € W(A)
is a product of simple reflections, it follows that any two chambers in Cham(A) are connected by a finite
sequence of simple wall crossings. The analogous statement holds for Cham(A).

Iyama—Wemyss [IW, §1] show that while there may not be an underlying group action on the chambers
of the J-cone arrangement, one can navigate between them by wall-crossing combinatorics.

To explain the construction, we first note that if 0 € Arr(A) can be expressed as wC; = v C{, then we
must have | = I and wW(J) = vW(I) as cosets. Thus for each 0 € Cham(A,J) there is a unique subset
J(o) C A such that o can be expressed as 0 = ij(G). Further the codimension-one faces of ¢ are in
bijection with A\ J(o), where i € A\ J(o) determines the face oy = wCj(¢)44.

We then have the following.

Lemma 3.3.1 [IW, lemma 1.23]. Given 0 € Cham(A,J) and a vertex i € A\ J(0), there is a unique cone
vio € Cham(A,7J) which satisfies vio N 0 = o3, which we call the simple wall crossing of o at i. Explicitly,
if o = wCy then this cone is given by

Vi ~WC]+ =W WjWyy - Cf,i].
This gives Cham(A,J) the structure of a set with A-mutation, i.e. we have J(vio) = viJ(0) and v (1)vio = 0.
Moreover, this set has a connected exchange quiver (i.e. any two chambers in Cham(A,J) are connected by a finite
sequence of simple wall crossings.)

Analogously, Cham(A,J) equipped with the data of simple wall crossings is a set with A-mutation, and this has
a finite and connected exchange quiver.

of o
e 2 ¢
Figure 3.3. Continuing fig. 3.2, some wall 57 75
crossings in the ;4 Tits cone are indicated. 23 773
.
Within each chamber o, the walls are labelled 3,7 7,3 alc vavoviCj
by indices i € A\ J(o) such that crossing the 07 70 073778 0 vaviveCH
i wall lands in the adjacent chamber v;o. 34 - P !
1 +00 !
; 4 4
A= ceeceee 4 4
0123456 71 00
4
3
787 i
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The cone CJ lies in the J-cone arrangement, and it can be seen that the simple wall crossing viC5 is
precisely the image of Cjij € Cham(A, viJ) under the map

(@) ©(A\VviJ) —» O(A\T)

transpose to the map (3.5). More generally, if v = v; ...V, is an J-path then the cone vC7 is the image
of C{; € Cham(A,vJ) under the map (¢,”)~' where ¢, = @;, o0 ¢@i,. Every chamber in the Tits
cone of the J-cone arrangement has this form.

Simple wall crossing from a maximal cone in Arr~ (A, J) is defined likewise. This is such that if v is an
J-path then we have vC; = —vCZ, and every maximal cone in Arr (A, J) is of this form.

Similarly each o € Arr(A,7J) can be assigned a unique subset J(o) C A such that we have o = ng(G).
The codimension-one faces of o are thus in bijection with A\ J(o), and a statement analogous to
lemma 3.3.1 holds showing that Cham(A, J) is a set with A-mutation and a connected exchange quiver.

In particular if we write Cg = C°NO(A\J) (even when J does not lie in A), we see that every
o € Cham(A,7J) can be written as vC§ for some spherical J (C9)-path v. We remark that J (C§) = J if
and only if J C A.

It follows that if J C A, then the J-cone arrangement can be explicitly described as

(3.8) Arr(A,J) = U faces (vC¥) U U faces (vC3) U U faces (vCy).

v an J-path v a spherical v an J-path
J-path

§ 3.4 The weak order

The set of chambers defined by hyperplane arrangements in Euclidean space, and more generally the
set of topes of any oriented matroid [BLSWZqg], can be endowed with a partial order (called the weak
order) by simply choosing a base element. For the chamber set of the Weyl arrangement associated to a
(finite or affine) Dynkin graph, this order corresponds to the Bruhat order on the Weyl group.

We define this order and establish some of its properties in the more general setting of an J-cone arrange-
ment corresponding to some Dynkin data J C A. The J-cone arrangement is induced by the restricted
root system, hence every chamber o € Cham(4, J) is determined by the subset of positive roots which o
lies in the ‘negative half-space’ of, namely

[0 <0 :={x€Root"(A,T) |0 C{ax<0}}.
This assignment gives a partial order on Cham(A,J) given by
c>0 < [o<0C[o’ <O

Clearly the chamber CJ is maximal with respect to this order since we have [C] < 0] = (), and hence for
a general 0 € Cham(A,J), the set [0 < 0] determines the hyperplanes which ‘separate’ o and CJ.
We now exhibit various properties of this partial order.

Lemma 3.4.1. Bounded intervals in the poset Cham(A,J) are finite, i.e. if 0,0’ € Cham(A,J) satisfy o’ < o,
then there are finitely many chambers in the interval [o’, ol.

Proof 1t suffices to show the set [0 < 0] is finite for any o € Cham(A,7J), i.e. 0 and C; are separated by
finitely many hyperplanes. Now we can write the Tits cone as the nested union of ‘boxes’

{85 >0u{0} = | {0 €0(A\T) | —N&5(0) < i (6) < N&z(0) forallie A\J}.
N>0
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In particular, both o and C7 lie in some sufficiently large box 9

[ fos +N&y >0} {o — N&y < 0} > ;
1EA\T 10

for N >> 0 (see figure beside for a representative box in the «
&7 .4 Tits cone with N = 2). But each box is cut only by finitely

many root hyperplanes, since the intersection of any box with

the level set {65 = 1} is compact and the root hyperplanes form o
a locally finite arrangement away from the origin. The conclu-

sion then follows since any hyperplane separating o and C < &
must pass through this box. O b o

The poset Cham(A,J) is also particularly amiable to the study of paths and covering relations.
Lemma 3.4.2. For each o0 € Cham(A,J) and i € A\ J(0), we either have o < vio or 0 > V0.

Proof By definition of simple wall crossing there is precisely one hyperplane that separates o and v;o,
i.e. 0 and vio lie on the same side of all root hyperplanes except for one. Thus one of the sets
[0 < 0],[vio < 0] is contained in the other, and their difference contains exactly one element. The
result follows. O

Lemma 3.4.3. Given 0 € Cham(A,J) and a positive path v = v;, ...vi, from o such that c > vo, the
Jollowing are equivalent.

(1) v is minimal, i.e. v has minimal length among all positive paths from o to vo.
(2) v is reduced, i.e. v crosses each root hyperplane at most once.

(3) the length of v is equal to the number of hyperplanes separating o and vo, i.e. the set [vo < 0]\ [0 < 0]
contains n elements.

(4) v is atomic, i.e. successive truncations ofv give us a sequence © > Vi, 0 > Vi,V{; 0 > ...> VO.

Proof- Since the arrangement of root hyperplanes is locally finite away from 0, we have the equivalence
(1) < (2) [see for example Sal87, lemma 2]. Further, the implications (4)=-(3)=(1) are immediate
where for the latter we note that any positive path must cross each separating hyperplane at least once.
Lastly, suppose v is reduced but not atomic, i.e. we have Vi, g Vi 0 < Vij Vi, O for some j. Thus there
is a positive root o such that v passes from {oc < 0} into {&x > 0}, and since this hyperplane is crossed
exactly once, we therefore have o € [0 < 0] but « ¢ [vo < 0]. This contradicts ¢ > vo, thus showing
(2)=(4)- O

Now any two chambers in a locally finite hyperplane arrangement can be connected by a reduced path.
It follows that every relation in the poset Cham(A, J) is realised by the Hasse quiver, i.e. we have o < o’
if and only if there is a chain of covering relations 0 = ¢° < --- < ¢™ = ¢’. This also shows that every
covering relation in the poset must arise from simple wall crossing as in lemma 3.4.2, so that the Hasse
quiver is a subquiver of the exchange quiver in the obvious way and a positive path is atomic if and only
if it lies in the Hasse quiver.

Since the Hasse quiver of Cham(A, J) realises all relations, we have the following consequence.

Proposition 3.4.4. Suppose (P, <) is a poset and f: Cham(A,T) — P is a bijection that induces an isomorphism
of Hasse quivers. Then f is an isomorphism of posets.



Functorial equivalences

(Chapter 4)

Let Z = SpecR be a complete local isolated (compound) du Val singularity as in setup 1.0.2.

When dim Z = 3, a flopping contraction over Z [KMq8, definition 6.10] is a projective birational morphism
m: X — Z such that X is normal, the exceptional locus is codimension 2, and the canonical divisor on X is
numerically r-trivial (equivalently m*wz = wx, i.e. wis crepant). Following §1.3 we broaden our use of the
term ‘flopping contraction’ to also include crepant partial resolutions 7t: X — Z when dim Z = 2.

Fixing such a flopping contraction 7: X — Z we look at the triangulated category D’X containing com-
plexes of coherent sheaves supported within 7~'[m], and seek to examine hearts of (bounded) t-structures
on DX — an example being cf X = Qi X N D°X. Noting that more generally any Abelian category H is
naturally the heart of a t-structure inside its bounded derived category DPH, in this section we enumer-
ate and examine derived equivalences of X with a multitude of algebras, varieties, and more generally,
non-commutative schemes.

§ 4.1 Van den Bergh’s equivalence

By Kawamata’s vanishing theorem [KMM, theorem 1-2-5], the map 7t is acyclic i.e. Rm,6x = ©z and thus
the exceptional fiber C = 7t~ '[m] is such that the reduced subscheme C = C,.4 is a finite collection of
rational curves [Vano4, lemma 3.4.1].

In this context, for each integral exceptional curve C; C C Van den Bergh [Vanoy, §3.5] gives the construc-
tion of a distinguished indecomposable vector bundle N; on X, such that the bundle V(%) = Ox®@; N; is
tilting. Consequently X is derived equivalent to the basic R-algebra A = Endx V(%) via the functor

*)®I/‘\DV(%) DbX.

(4.1) VdB: DPA —
This equivalence maps the natural heart mod A C DPA to the category @ez(%) = VdB(mod A\) of per-
verse (coherent) sheaves, which should be thought of as the ‘standard’ heart in D’X owing to its amiable
cohomological properties. By [Vanoy, corollary 3.2.8],

R'7,(H°%) =0, m.(H 'x) =0,
(4.2) Pe(3) = { x € @iX[0,1] | Hom(c,H 'x) =0 for all c € QX
satisfying Rm,.c = 0.

The equivalence (4.1), being R-linear, identifies the subcategory D’X C DPX of complexes with cohomo-
logy supported within C with the subcategory DTA C DPA of complexes whose cohomology modules
have finite length over A (equivalently, the thick subcategory generated by simple A-modules.)

We write pey( %) for the subcategory Pey( %) N DX of DPX, which under the equivalence (4.1) corresponds
to the natural heart flmod A C D!A of finite length A-modules.

Dynkin data for flopping contractions. Returning to the contraction n: X — Z, the integral com-
ponents of the reduced exceptional fibre C can be naturally indexed over some subgraph of a Dynkin
graph as we shall now explain.
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When dim Z = 2, the partial resolution X is obtained by contracting a subset of exceptional curves in
the minimal resolution of Z. By the McKay correspondence [McK80], the exceptional curves in the
minimal resolution are indexed over some Dynkin graph A in the list (3.1). Recording the indices of the
contracted curves in a subset J C A shows that the integral components of C are naturally indexed over
vertices of the subgraph A\ J and we can write the reduced exceptional fiber as C = [J;ca\ 5 Ci where
each component C; is a P'.

The construction for 3-folds reduces to that for surfaces by considering a generic hyperplane section
(general elephant) Z = SpecR — SpecR and the pullback X = X xz Z. Indeed by assumptions on R, the
variety Z is the germ of a canonical surface singularity and the map X — Z is a crepant partial resolution
which is independent of the choice of general elephant [Rei, theorem 1.14]. The exceptional curves in X
are naturally in bijection with those in X, which are in turn indexed over some subset A \ J of a Dynkin
graph by the preceding discussion.

The indexing naturally carries over to indecomposable summands of Van den Bergh’s bundle V(%) in
the following fashion.

Lemma 4.1.1. The bundle W(%) has precisely one indecomposable summand isomorphic to Ox. Further, for each
irreducible exceptional curve Cy C C (i € A\ J) in X, the bundle V(%) has an indecomposable summand N; such

v

that some representative Weil divisor ¢y (Ni”) C X transversely intersects C; once, and is disjoint from Cj forj # i.

This assignment Ci — Ni is a bijection between integral m-exceptional curves in X and non-free indecomposable
summands of V(%).

Proof: This is implicit in the construction of V(%), see [Vano4, §§ 3.4 and 3.5]. O

As in § 3.1, it is convenient to view A as sitting inside the associated extended (affine) Dynkin diagram
A with extended (hollow) vertex 0 € A\ A. We reserve this index 0 for the trivial summand of V(%),
writing Np = Ox.

Thus indecomposable summands N; C ¥(%), and hence also finitely generated indecomposable project-
ive A-modules P; = Homy (W(%),Ni), are naturally indexed over A\ J. The indexing carries over to
simple A modules via the standard simple-projective duality. By [Vano4, proposition 3.5.7], the simple
A-module S; dual to P; is given by

{wcm , i=0
VAB(S;)={ ¢
®Ci(71) ) lGA\:j

This indexing of simples also yields an identification of the Grothendieck group KA = @, Z - [S;] with
the restricted root lattice (A \ J), where we map the class of S; € flmod A to the simple root o;. Dually,
the split-Grothendieck group of projective A-modules Kgji(prgf A) ~ €; Z - [P] is identified with the
set Hom(h(A,J), Z) of integral points in O(A, J), where the class [Pi] of an indecomposable projective is
mapped to the vector 0; dual to the corresponding simple class [S;] = o;.

§ 4.2 Tilting equivalences

When 7: X — Z ~ SpecR is a flopping contraction of 3-folds, [yama—Wemyss observed [IW; IW14] that
the tilting theory of A, and hence also a large class of algebraic t-structures on D!A ~ DX, is controlled
by the combinatorics of certain reflexive R-modules. We describe the constructions below, emphasising
that they are only pertinent to the dim Z = 3 case of setup 1.0.2. This will be followed by a dictionary of
appropriate translations to the dimZ = 2 case.

Definition 4.2.1. An R-module N is said to be modifying if it is basic (i.e. has pairwise non-isomorphic
indecomposable summands), reflexive, and its endomorphism algebra Endg(N) is Cohen—Macaulay. We
say N is a modifying generator if in addition it contains R as a direct summand (this is equivalent to N
itself being Cohen—Macaulay).



36 § 4.2. Tilting equivalences

The set of (isomorphism classes of) modifying R-modules is naturally partitioned into mutation classes [IW,
corollary g.29], where two modifying modules M, N lie in the same mutation class if they have the same
number of indecomposable summands and if M admits a two-term approximation by add(N).

We write MM N (R) for the mutation class of N, and MMG N (R) € MM N (R) for the subset of modifying
generators in the mutation class. Each mutation class furnishes a family of derived-equivalent algebras
via the following Auslander—-McKay type correspondence.

Theorem 4.2.2 [IW, theorem g.25]. If M and N are modifying R-modules in the same mutation class, then
Homg (N, M) is a reflexive tilting Endg N-module, and further every reflexive tilting Endg N-module arises in
this way from a unique module M in the mutation class of MM NN.

There is a natural isomorphism Endgpg, n(Homg (N, M)) = Endgr M given by reflexive equivalence [IW14,
lemma 2.5]. Then as is standard, the tilting module Homg (N, M) in the above setup induces quasi-inverse
derived equivalences

DP (Endg N) = b (g M
(4-3) ndg N) RHom (Homg (N,M),—) nd M).

Being R-linear, the functors restrict to equivalences between the categories DYEndg N) and DYEndg M)
containing complexes with finite length cohomology.

Modification for surfaces. When Z = SpecR as in setup 1.0.2 is 2-dimensional, modifying modules
as in definition 4.2.1 coincide with basic Cohen—-Macaulay modules [Yosqo, (1.5.3)] and there are only
finitely many such (see e.g. chapter 10 ibid). In particular there is a bijection i — N; between the vertex
set of A and the indecomposable modifying R-modules, with Ny ~ R.

As such, theorem 4.2.2 and related statements therefore do not hold when dimZ = 2 if MM N(R) is
simply taken to be a set of modifying R-modules. This can be remedied by ‘tagging’ the modules.

Definition 4.2.3. A tagged modifying module for R is a pair (o, N) consisting of a chamber 0 € Cham(A\J)
in the J-cone arrangement (for some J C A) and the modifying R-module N = P;ca\ (o) Ni- We say
(0,N) is a tagged modifying generator if o is connected to C7 via a spherical J-path.

Mutation of tagged modifying modules can be defined in the obvious way, i.e. by declaring v(o,N) to
be the tagged modifying module determined by vo. Happily, the two modifying R-modules P;ca\; Ni
and €D;ca\v7 Ni are also related by mutation in the conventional sense (i.e. both have the same number
of summands and one admits a two-term approximation by summands of the other).

For example, any modifying R-module N = B; 1\ 5 Ni can be upgraded to the trivially-tagged modifying
module (C3,N), and we will abuse notation to simply write N for this pair. It then makes sense to write
MM MR for the mutation class of (C3,N), and MMG "R for the subset of tagged modifying generators
in this mutation class.

Lastly, suppose we have tagged modifying modules (o, N) and (¢’,N’) in the same mutation class, de-
termined by two cones 0,0’ € Cham(A,J). Let v = v;_ ...v;, be any sequence of wall-crossings from
o to 0’ = vo. For brevity write vi, = v;, ...V, for the kth truncation of v, and write ] = J(o) and
]’ = J(0’). Recalling that w; denotes the longest element of W(]), we define an element

W= Wy Wy, ) Wy 1 Wy i) s Wy 7 W 341,) € W(A).

This is defined precisely so that if ¢ = vC| then ¢’ = v-wCj, (lemma 3.3.1), and is independent of
the choice of path v: 0 ~» ¢’ by the results of [IW, 81.6]. The word w naturally defines an ideal 9,,
of the A-preprojective algebra IT [BIRSoq, chapter 2]. Writing e; = Zieé\] e; € TT for the idempotent
determined by vertices i € A\ ] (and likewise for ej/), we declare the symbol Homg((o, N), (/,N’)) to
mean the subspace ej4,,ej, C TI.

Happily again, we see that Endgr((0, N)) = Homg((0, N), (0, N)) coincides with the usual endomorphism
algebra Endgr N, i.e. the contracted preprojective algebra ejlTe;.
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Further, T = Homg((o,N), (¢/,N’)) is clearly a left Endg((o,N))-module. Iyama—Wemyss [IW, chapter
5] show that T is in fact a tilting Endg((o, N))-module, and furthermore every tilting module arises in
this way from a unique tagged module in the mutation class of (o, N).

That is to say, theorem 4.2.2 holds verbatim for surfaces once modifying R-modules are replaced with
their tagged counterparts. This is also true for the rest of the thesis.

Mutating modifying modules. The key example of a modifying generator is the module 7, V(%),
which is Cohen—Macaulay with a Cohen—-Macaulay endomorphism algebra by [Vano4, proposition 3.2.10].
Given the setup of our problem, we fix once and for all this choice of tilting module and algebra

N :ﬂ*cV(%), /\:EndRN EEndx OV(%)

Note that the indecomposable summands of N are naturally indexed over A \ J by lemma 4.1.1.

Iyama—Wemyss’s correspondence theorem 4.2.2 is complemented by the following result which enumer-
ates the entire mutation class of N.

Theorem 4.2.4. There is a bijection C: MM NR — Cham(A, J) such that the following statements hold.

(1) Given M € MM N(R) andi € A\J(CM), let M’ € MM N (R) be such that C(M') is the adjacent chamber
viC(M). Then there is a unique indecomposable summand My C M such that M/M; is a summand of
M/; this defines a bijection between A\ J(CM) and the indecomposable summands of M.

(2) If M above is a modifying generator, then the extended vertex O € A lies outside J(CM) and corresponds to
the summand My = R.

(3) For N = m,V(%), we have C(N) = Cgr and the bijection in (1) coincides with the (A \ J)-indexing of
summands given by lemma 4.1.1.

(4) Given M, M’ € MM N (R) corresponding to the tilting A-modules T = Hom(N, M) and T’ = Hom(N, M),
we have C(M) > C(M') in the weak order on Cham(A,J) if and only ifExt1 (T, T') =0.

Proof. If X is a surface (i.e. MM NR is the mutation class of the tagged modifying module (C7, N)) then the
assignment C is simply (o, N’) — o. Iyama—Wemyss [IW, chapter 5] show that 0 = C(o,N’) is precisely
the g-cone (i.e. the cone spanned by the g-vectors) of the tilting A-module HomR((Cg, N), (o, N’)).

The first three statements then hold for straightforward reasons. As for the final statement, we note that
the assignment T — g-cone(T) for tilting modules respects partial orders since wall-crossing is compatible
with tilting mutation and g-cone(T) > g-cone(T’) in the weak order if and only if Ext' (T, T") = 0 [[W18,
theorem 5.2]. Thus C has all the required properties.

If X is a Qfactorial threefold (i.e. a minimal model), the statement is [IW, corollary 9.8]. We sketch
the argument for more general 3-folds, following corollary g.2q ibid. Consider a general elephant
SpecR < SpecR and the corresponding reduction functor F(—) = (—) ® R to construct the required
bijection as a composite

MM ™ (R) Cham(4, J)
(44) JHomR (N,—) g-cone()I
{basic reflexive tilting A-modules} M {basic tilting F A-modules}

where FA is a contracted preprojective algebra.

We have noted that the final map g-cone(—) has all the required properties. Since Homg(N,—) and
F(—) both preserve indecomposability, and since [ preserves the tilting order [Kim24, proposition 4.2],
it follows that the composite C(—) = g-cone(F Hom(N, —)) has the required properties too. O

The upshot is that MM N (R) inherits both — a partial order (where M > M’ if and only if C(M) > C(M’)
in the weak order), and the structure of a set with A-mutation (with exchange quiver isomorphic to
that of Cham(4A,J)). In particular for M, M’ € MM N (R) there exists a positive J(M)-path v such that
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M’ = vM, and further if M and M’ are modifying generators then this path v can be chosen to be
spherical. Thus we have

(4-5) MMMN(R)={vN|va J-path}, MMGN(R)={vN|va spherical J-path}.

The enumeration (4.5) extends to an enumeration of a large class of algebras and their tilting modules.
Given J-paths v, 1 we write
uw/Av = Homg (vN, uN)

and note that this is a reflexive tilting Endg (vN)-module by theorem 4.2.2. The empty path () omits
itself from the notation, so for example we have A, = Homg(vN,N), yA = Homg (N, vN). Happily, this
is consistent with A = Homg (N, N).

Then each module vN € MM N(R) can be used to obtain two equivalences to D!A. Indeed the con-
structions in (4.3) are symmetric in the input data so we obtain a tilting A-module \A and a tilting
vAy-module A, which in turn give two mutation functors DI, A, = DA defined as

(4.6) O (—) = (=) ®" A, ¥,(~) =RHom(A,—).

Remark 4.2.5. Given M € MM N(R) and a summand M; C M indexed by i € A\ J(M), the simple
mutation M’ = v;M, whose existence (and uniqueness) is asserted by theorem 4.2.4, can be computed
explicitly via approximation sequences.

We say a map of R-modules f: V — M; is a minimal right add(M/M,)-approximation if V € add(M/M,),
the induced map Hom(M/M;,V) — Hom(M/M;, M;) is surjective, and for any non-invertible map
h € Hom(V, V) we have fo (id —h) # 0. The map f is surjective if M/M; contains R as a summand.

We can dually define what it means for g: M; — U to be a minimal left add(M /M, )-approximation. Since R
is assumed to be a complete local commutative Noetherian ring, minimal (left and right) approximations
exist. With the additional assumption that R is isolated, we then have

viM = (M/M;) @ ker(f) = (M/M;) @ ker(g7)"

where (—)” = Homg(—, R) [see IW, corollaries 9.28 and ¢.31]. The same results also show mutation is
involutive in our context, so writing M{(;; = ker(f) = ker(g")” we see that M; can be recovered via an
exchange sequence

0— M L5 v omy,

where f’ is a minimal right approximation by add(M’'/M/)) = add(M/M;). As it turns out, the map
g” is a minimal left approximation — this follows from arguments in [IW14] and is used extensively
in [Wem18] and subsequent literature, nonetheless we spell out Wemyss’s proof below. Since minimal

approximations are unique, we thus must have g”” = g. In particular g as above is always injective.

Proposition 4.2.6. Let L& M be a modifying R-module, and f: V — L a minimal right add(M)-approximation.
Then the kernel morphism g: X — V of T is a minimal left add(M)-approximation.

Proof By [IW14, proposition 6.4], applying Hom(—, M) to the sequence 0 — K — V — L yields a short
exact sequence of left I' = End(M)-modules

0 — Hom(L, M) - Hom(V,M) -2 Hom(K,M) — 0.

That the map g is a left add(M)-approximation is precisely the surjectivity of g* above, and it remains
to prove its (left) minimality. For this, Krause—Saorin’s characterisation [KSqg8, corollary 1.4] of minimal
morphisms in a Krull-Schmidt Abelian category is handy: for A, B finite coproducts of indecomposable
objects, a map h: A — B is left minimal if and only if im(h) intersects every indecomposable summand
of B, and dually it is right minimal if and only if no indecomposable summand of A lies in ker(h).

Since R is a complete local ring, this characterisation applies in the category mod R, and more generally
in the module category of the modulefinite R-algebra T".
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Now L ¢ add(M) since L& M is basic, hence the module Hom(L, M) has no projective summands, that
is to say it cannot surject onto any projective I-module. On the other hand V € add(M) by assumption,
so each summand of Hom(V, M) is projective. It follows that im(f*) = ker(g*) does not contain any
summand of Hom(V, M), so that g* is right minimal. The left minimality of g follows. O

Composing mutation functors. Of course for the purpose of defining mutation functors there is
nothing special about the choice of N and A = Endg N, and we can define mutation functors starting at
DY(Endg M) for any modifying module M.

That is to say if M = vN for some positive J-path v, and if u is a positive vJ-path, then the reflexive
tilting modules A, € mod(vAy) and A € mod (A ) define two functors

(_) ®L uv/\vy RHom(vAu\m _): Dﬂ uv/\uv = Dﬂv/\v

which we again denote by @, (—) and ¥, (—) respectively.

The following lemmas record composition relations between such functors. It will suffice to consider
functors corresponding to paths of length 1, and for simplicity of notation we write ®; (resp. ¥;) for the
functor @, (resp. ¥y,).

Lemma 4.2.7. Let M = vN be a modifying module determined by J-path v, and fix a vertexi € A\ J(M).
(1) We have natural isomorphisms ©; oV (1) ~ VWi o @ (1) ~ id of functors DI, A, — DI A,

) If M > viM, we have natural isomorphisms @ . ~ @, o ®; and ¥,y ~ Y, o Vi of functors
D, A,y — DIA.

Proof. The first statement is immediate from definitions.

For the second, if YN > v;vN in MM N(R), then claim there is an isomorphism of -,y A,-A bimodules
viv/\y QL A ~ viv/A (where the tensor product is over yA,). The claim is essentially [HW18, theorem
4.6], we spell out the argument there for convenience.

Indeed if we have VN > v; VN, then by theorem 4.2.4 we have Ext'(,A,,yA) = 0 over A. Then apply-
ing [HW18, proposition B.1] with T = yA and ' = J A, we see that there is a A-module isomorphism
viv/Av QL A= viv/A. To show this is a bimodule isomorphism, first note that , A, ®L LA is concen-
trated in degree zero so we can replace the tensor product with its non-derived version. Then the given
isomorphism of A-modules factors as

V.l'v/\y R vA — HOIII/\(V/\) v-lv/\) @A - ViV/\’

where the first is reflexive equivalence Homa (Homg (N, vN), Homg(N,,+N)) = Homg(vN,,+N) and
the second is the evaluation map. Both of these preserve the (,,+Ay,v)°P-module structure, hence we
have an isomorphism of bimodules as required.

The isomorphism ¥, , ~ ¥, oV¥; is then immediate, while the isomorphism @, , ~ @, o ®; follows
from the @*~RHom adjunction [IR08, lemma 2.10]. O

Lemma 4.2.8. Given a positive J-path v = v ...vi,, we can write O = Yi, oYy, o...0Y;_ for some sequence
of simple mutations Vi € {®@:,V;}. Further if the path v is atomic (i.e. N > vi, N > vi,vi, N > ... > vN), then
each Y above is of the form ®; and we have ©, = ®;, o Dy, o...0 Dy .

The analogous statement holds for V..

Proof For n > 1 we may write v = v;v’ where i = i, and v/ = v;,__,...vi, is a shorter path. By
lemma 3.4.3 we have either v'"N > vN or vN > v'N. In the first case lemma 4.2.7 gives us ®, = @,/ 0 ®;,
while in the latter case we write v'N = v (;)VN to get &, = @, 0 ((I)L(i))*1 = @, oY¥;. The result follows

by induction. O
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§ 4.3 Birational models

Geometric t-structures naturally arise from birational modifications of X, where surgery operations de-
scribed below replace exceptional curves in a way that preserves the derived category. Again, the dis-
cussion that follows is pertinent to the dim Z = 3 case of setup 1.0.2, and will be followed by a dictionary
of appropriate translations to the dim Z = 2 case.

Theorem 4.3.1 [Cheog, theorem 1.1]. Suppose Y is a normal Gorenstein 3-fold with at worst terminal singular-
ities, and the maps t: X — Y, T': W — Y are flopping contractions over Y such that for every v-nef Cartier divisor
D on X, the proper transform of —D across the birational map X --» W is Q-Cartier and t'-nef. Then there is a
Fourier—Mukai type equivalence DPX — DPW induced by universal perverse point sheaves on X.

Given one of the maps T: X — Y as above, its counterpart t/: W — Y satisfying the given properties
exists, is unique, and is called the flop of T (see remark below). We say the equivalence DX — DPW
given above is the Bridgeland—Chen flop functor.

Remark 4.3.2. There are various equivalent definitions of a flop in the literature, see for example [Kolgo].
Given a flopping contraction T: X — Y between normal 3-folds, one typically needs to choose a Q-cartier
Q-divisor D on X such that —D is T-ample in order to define the D-flop (i.e. the (Kx + D)-lip) of T, which
exists [KM8, theorem 6.14] and is unique and independent of the choice of D by corollary 6.4 ibid.

Now the flopping contraction 7t: X — Z of interest to us is over a complete local base, and therefore
we can freely contract exceptional curves [Scho1, §2]. That is to say, given any collection of exceptional
curves C; = [J;¢; Ci C X, the map 7 admits a unique factorisation

(4.7) X 5y -_2457

such that T contracts C; to a point if and only if i € I, and is an isomorphism away from (J;c; Ci. We
say T is a partial contraction over Z. Since the singularity on Z is assumed to be isolated, it follows that
both T and @ are flopping contractions. In particular we can consider the flop /: W — Y of T to obtain
a derived equivalence DPW — DPX; further the map @ ot’: W — Z is itself a flopping contraction over
Z so we can iterate.

Wemyss [Wem18] addresses the question of classifying birational models of X, i.e. varieties W obtained by
iteratively flopping subsets of m-exceptional curves. Abusing notation to write m: W — Z for the corres-
ponding flopping contraction, we can again consider the associated vector bundle V(%), the modifying
R-module generator M = 7,V (%), and the equivalence

VdB: D°(End M) — DPW

constructed analogously to (4.1). In this context, Wemyss shows that flops obey mutation-combinatorics
following the modifying generators.

Theorem 4.3.3 [Wem18]. If :: W — Z is a birational model of m: X — Z, then the associated modifying
R-module generators M = 1, V(%) and N = m,V(3) lie in the same mutation class, and every module in

MMG N (R) arises in this way from a unique birational model of X.

Thus the set Bir(%) of birational models of X is in bijection with MMG N (R) via the map W+ . V(%).
Since theorem 4.2.4 shows MMG N (R) is a set with A-mutation, Bir (%) inherits this structure. That is to
say for any W € Bir (%) with associated modifying generator 7,V (%) = M we have J(W) = J(M), and for
any J(W)-path v the birational model vW is the unique element of Bir (%) satisfying 7, V(%) = vM.

Flops as mutation. The above mutation structure on Bir(%) can be realised intrinsically as arising
from flops — the indecomposable summands of M are indexed over A\ J(M) in a way that applying v;
corresponds to mutating the ith summand, and the only free summand is My = R. It follows that the
non-free indecomposable summands of V(%) are indexed over A\J(W). By lemma 4.1.1 these summands
are naturally in bijection with the integral exceptional curves of W. Therefore we see that the reduced
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exceptional fiber of m: W — Z can be written as a union of integral curves [ J;c s\ yow) Ci- The following
result of Wemyss realises the operation v; on Bir(%) as a flop of the ith curve.

Theorem 4.3.4 [Wemi8, theorem 4.2]. Fixi € A\ J, and suppose viX =W — Z is the birational model of
X corresponding to the modifying R-module generator M = viN. With indexing as above, write | J;c a5 Ci for
the reduced exceptional fibre in viX.

Then W is precisely the flop of X in the curve Cy, and C iy C W is the proper transform of Ci C X. Further, in
this case the inverse Bridgeland—Chen flop functor DPW — DPX coincides with the composite

pPw Y8 phEndM) — ), DPEdN) —YE, pbX,

and restricts to an equivalence DOW — DX between the full subcategories supported on exceptional curves.

In what follows, we omit VdB from notation whenever convenient, thus for example writing ¥; for both
the mutation equivalence and the flop functor in the above theorem.

By examining the connectedness of ExQuiv(MMG NR) we also conclude that any two birational models
of X are connected by a chain of single-curve flops, i.e. given birational models W, W’ € Bir (%) there is
a J(W)-path v =v;_...vi, and a sequence of flops

W --» VhW -2 vizth ik AN 4 Vi“...\/i]W:Wl.

Extending the notion of Bridgeland—Chen functors to chains of flops, in this case we say the inverse flop
Junctor associated to v is the equivalence

vy (=) VdB

Do v —YB " phEndvM) — L, DY(End M) DPW

which is evidently independent of the choice of v.

Birational models of surfaces. When Z = SpecR as in setup 1.0.2 is 2-dimensional, there is a unique
crepant resolution X — Z with reduced exceptional fibre | J;., Ci and all partial crepant resolutions are
given by contracting some subset of these exceptional curves. As such, there is no definition of a flop.
To remedy this, we again ‘tag’ our partial crepant resolutions with some combinatorial data.

Definition 4.3.5. A tagged partial resolution of Z is a pair (o, W) consisting of a chamber ¢ € Cham(A\J)
in the spherical J-cone arrangement (for some J C A) and the partial crepant resolution W of Z obtained
by contracting precisely the curves |J; () Ci in X.

Mutation of tagged partial resolutions can be defined in the obvious way, i.e. by declaring v(o, W) to be
the tagged partial resolution determined by vo. We shall call v a sequence of flops in this setting. We say

(o', W') is a birational model of (o, W) the two are related by some sequence of flops.

Happily if (o, W) is a tagged partial resolution then the exceptional curves of m: W — Z are natur-
ally indexed over A\ J(o), and for a birational model (o’,W’) of (0,W) we can construct the ‘flop
diagram’

where T contracts precisely the curves in W with indices in J(0) \ J(0’) and likewise for 7/, and p is the
birational map given by To '~ on the locus where T, 1’ are isomorphisms.

Note o = vC§ for some spherical J-path v. Recalling that indecomposable Cohen-Macaulay R-modules
in the 2-dimensional setting are indexed over vertices of A, the modifying R-module M = 7t,V(%") corres-
ponds to the index set A\ vJ. We associate (0, W) to the tagged modifying generator (VC}, M).

Now X as in setup 1.0.2 can be upgraded to a trivially-tagged partial resolution (C$,X), and we will
abuse notation to simply write X for this pair. It then makes sense to write Bir(Z) for the mutation class
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of X, this is the set of all tagged partial resolutions v(C%,X) obtained from a spherical J-path v. The
assignment to tagged modifying generators gives a natural isomorphism Bir(3) - MMG N(R).

Lastly, suppose (o, W) and (¢’, W’) = v(0, W) are two tagged partial resolutions related by a sequence
of flops v. Writing M = 7, V(%) and M’ = Tt,ﬂ/(WT'), we declare the inverse Bridgeland Chen flop functor
associated to v to be the composite equivalence

pPw/ — Y pbEndg M) — ) DP(Ende M) —YE DbW,

Once the notions of partial resolutions, birational models, and modifying generators are correctly inter-
preted as their tagged versions, theorems 4.3.3 and 4.3.4 hold verbatim for surfaces. This is also true for
the rest of the thesis.

§ 4.4 Semi-geometric resolutions

When the flopping contraction 7t: X — Z is not irreducible (i.e. the reduced exceptional fibre has multiple
components), there are intermediate partial contractions X — Y — Z to be considered. In this subsection
we establish basic structural results about perverse sheaves arising from such morphisms.

Thus fix a subset I C A\ J, equivalently a collection of exceptional curves C; = [ J;c; C; in X which can

be contracted via the map 1: X — Y as in (4.7). As noted previously, T is a flopping contraction and in

particular [Vano4, theorem A] applies. Thus there is a vector bundle /(%) on X, furnishing a sheaf of

Y
Ov-algebras /b = T, &d V(%) such that there is a derived equivalence

' (H) @ V(¥)

(4.8) VdB: D/, DPX

where the tensor product is over T~ '/k. We write Pex(¥) for the image of Gfi /L under this equivalence.
By [Vanoy4, proposition 3.3.1], this category admits the description

R't,(H%) =0, . (H 'x)=0,
(4-9) Pe(X) = { x € @hX[0,1] | Hom(c,H 'x) =0 forall c € X
satisfying Rt,.c = 0.

Since we are concerned with complexes supported on the exceptional fibres of the maps in (4.7), we also
define the corresponding full subcategories

D% = {y €D/ | Suppy C @' [m]},
ohiflo=Cohflo N D%, pe(3) = Pe¥) N DOX.

The functor VdB clearly restricts to an equivalence D%/ — DX, thus identifying cofi /k with per(¥). The
truncation functors associated to the heart Gfi b C DP /L restrict to D%/, showing that cofi ls € D%/k (and
hence pe(¥) € D°X) is the heart of a bounded t-structure.

Remark 4.4.1. The following calibration is helpful — when I = ) the map T is an isomorphism and we have
V(¥) = S = Ox, so that Pe(¥) = Gl fls = Ch X. In this case we have D/ = DX by definition. At the
other extreme, when I = A\ J the map @ is an isomorphism and the sheaf /L on Y = SpecR corresponds
to the R-algebra A. Since (R, m) is complete local, a complex of R-modules has support in [m] if and only
if its total cohomology has finite length, i.e. D%, = DA,

Characterising perversity. We now show that the ‘algebraic part’ of pe(¥) C DX is generated by
finitely many simple perverse sheaves which depend only on a neighbourhood of the contracted curves,
and further can be read off as a subcategory of pex(%). For simplicity we first consider the case where
C1 C X is connected, i.e. T is an isomorphism away from a point p = 7(C;) € Y. Write C; = v~ (p) for
the scheme theoretic exceptional fibre of T, this has underlying reduced subscheme Cj.

Then we have the following.
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Theorem 4.4.2. Let C; C X be a connected component of the reduced exceptional fiber in X, and v: X — 'Y the
crepant contraction of Cy. For any complex of coherent sheaves x € DX supported within Cy, the following are
equivalent.

(1) The complex x lies in pex(%), i.e. x is perverse with respect to the contraction w: X — Z.
(2) The complex x lies in pex(3y), i.e. x is perverse with respect to the contraction t: X — Y.

(3) The complex x is filtered by the sheaves Oc (—1) fori € 1 and the complex wc (1] (the suspended canonical
sheaf of scheme-theoretic exceptional fiber of T).

To prove this, we first establish the following lemma which reduces conditions involving the null-category
{c € X | Rt.c = 0} (such as those appearing in the descriptions (4.2), (4.9)) to checks on a finite
collection of objects.

Lemma 4.4.3. Let T: X — Y be the crepant contraction of C; and ¢ € Cofi X be such that Rt.c = 0. Then c is
Sfiltered by the sheaves O¢c, (—1) forie L

Proof- Note if ¢ is as given, then we have Rm,.c = 0 and hence ¢ € %Pe(%) from the description (4.2).
Further c is supported within 7t~ '[m]. Thus across the equivalence (4.1), we see that c corresponds to
some finite length A-module (which we again denote by c). In particular c is filtered by the simples of
H = per(%) and the problem is reduced to showing that the only simples which can occur in a composition
series for ¢ are the S; forie 1.

But by [Wem18, theorem 2.15], A can be expressed as the quotient of the path algebra of a quiver with
vertex set A\ J, and the simple representation supported on vertex i is precisely the module S;. Further
writing e; € A for the vertex idempotent at i € A\ J, [Wem18, proposition 2.14] shows that a A-module
x is annihilated by ;. ei if and only if the corresponding complex x € Pey(3) satisfies Rt.x = 0. In
particular, the A-module c is annihilated by 3 ;,; ei, and hence is filtered only by the vertex simples S;

for i € I as required. O
We then have the following.

Proof of theorem 4.4.2, (1) < (2). Let x be a complex of coherent sheaves with support in Cy, and for
brevity write x; = H™'(x) for its cohomology sheaves. Since the objects of both pey(X) and per(%) can be
described as two-term complexes of coherent sheaves on X, we can assume x; = 0 unless i =0, 1.

If x € per( %), then by the description (4.9) we see that T, (x;) = 0 and hence 7t,(x;) = 0.

Likewise we have Hom(Oc;(—1),x1) = 0 whenever C; is contracted by T, because R1.0c;(—1) = 0. On
the other hand if C; is not contracted by T and we have a non-zero morphism f : O¢,(—1) — x1, then the
image im f is a non-zero subsheaf of x; supported within the finite collection of points C; N (|J;c; Ci). But
in that case, 7, (im f) is a non-zero subsheaf of m,x; = 0, a contradiction. Thus Hom(O¢;(—1),x1) = 0 for
all exceptional curves Cj, and hence by lemma 4.4.3 we have Hom(c,x;) = 0 for all ¢ € @A X satisfying
Rm.(c) =0.

Lastly, examining the Leray spectral sequence
RP®, o RIT,(x0) = RPT 97, (x0),

which degenerates since all maps have fiber dimension < 1, shows that R, (xo) is filtered by @..oR . (xo)
(= 0 since R'7,(xo) vanishes) and R'®, o T, (x0) (= 0 since T,(xo) is supported on a zero-dimensional
subset of Y). Thus we have R'm, (xo) = 0 as well, and hence x € pey(%).

Conversely if x € per(%), we see that T,(x;) is a coherent sheaf on Y with zero-dimensional support such
that @, 0T, (x1) = 7. (x1) = 0. This is possible only if T.(x7) = 0. Likewise since R'm,(xo) = 0, the Leray
sequence shows we have @, o R'7.(xo) = 0 and hence R't,(xo) = 0. Lastly if ¢ € X is such that
Rt.c =0 then we have Rm,c = R@, o Rt.c =0, and hence Hom(c,x;) = 0. This shows x € pe(¥). O
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To prove (2) <= (3), we reduce the problem to a formal neighbourhood Z; < Y of p, i.e. the spectrum
of the complete local ring 6\@,. The scheme Z; has an isolated ¢cDV singularity at its closed point, and
the restriction of T is a flopping contraction X; — Z; with reduced exceptional fiber C; C X;. We can
therefore consider the full subcategory D°X;  DPX; of complexes supported on Ci.

Lemma 4.4.4. The restriction (i.e. pullback) functor D°X — DX gives an equivalence of DXy with the full
subcategory of complexes in D°X supported within C.

Proof. The schemes X and X; have isomorphic completions along C;, and we write X for the associated
Noetherian formal scheme. Now [Orl11, lemma 2.1] shows that the category DX; is the bounded derived
category of the Abelian category

coh(X1) = {x € QX1 | Supp(x) C Ci},
whilst the subcategory of DX containing complexes supported within Cy is the derived category of
Cfic, (X) ={x € @nX| Supp(x) C Cr}.

But proposition 2.8 ibid. shows that both categories above are equivalent (via pullback along the canonical
map associated to completion) to the category of torsion coherent sheaves on X. In particular, the
restriction functor Qfic, (X) — cofi(X1) is an exact equivalence and passing to bounded derived categories
gives the result. O

Thus we can identify D°X; and its subcategories cofi X, pez(%) with their images in D°X. In particular,

pez(%) (as a subcategory of DX) is an algebraic Abelian category equal to the extension-closure of its
simple objects wc¢, [1], O¢,(—1) for i € I. The following is then immediate.

Proof of theorem 4.4.2, (2) <= (3). By [Vanoy, proposition 3.1.4], the membership of any complex in pex(%)
can be checked locally with respect to the flat topology on Y, in particular with respect to the flat cover
Y = (Y\{p}) UZ;. Now if x is supported within contracted curves, the restriction of x to Y\ {p} vanishes
and thus x lies in pey(3) if and only if its restriction to X; (i.e. x viewed as an object of D°X;) lies in
pez(%), equivalently if x is filtered by the simples of pez(’z%). O

It is straightforward to generalise this to partial contractions T: X — Y associated to possibly disconnected
collections of exceptional curves C; C X, since any complex in D’X decomposes into a direct sum of
complexes with connected support. In particular we can define the category

Suppx C U Ci}

iel

per(z) = {X € pe(%)

and note that if C; has connected components Cy,, ..., Cr,, then this decomposes as

per(3) = @ pery(Z)-

Je{l1,.., I}

But following theorem 4.4.2, each perj(%) is equivalent to the category pez(%) associated to a formal
neighbourhood Z; of the point p; = T(Cy) € Y, and in particular is generated by finitely many complexes
which depend only on the scheme theoretic exceptional fiber C; overlying Cj. Further, considering the
flat cover Y = Z;, U---U Z;, U (Y \{p1,,...,P1.}) shows that a complex x supported within C; lies in
pe(¥) if and only if its restriction to each Xj lies in pez(%), and this gives us the description

pey(%) = <{®ci(—n lieD U {we, ] = 11,...,Ik}>.

A consequence of the equivalence is that the property of a two-term complex x of coherent sheaves
being ‘perverse’ can be checked with respect to any partial contraction which maps Supp(x) to a (finite
collection of) points. That is to say, if T: X — Y and t/: X — Y’ are two crepant partial contractions
which contract all the curves containing Supp(x), then we have x € pex(¥) if and only if x € per(35).
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Since pex(%) away from the contracted curves should mimic pex(%) = /i X, we then have the following
result which reduces the construction of pex($) to a binary choice between /i X and pey(%) on each Cj,
effectively eliminating the need to consider the geometry of the non-commutative scheme (Y, /L).

Theorem 4.4.5. If t: X — Y is the crepant contraction of the exceptional subset Cy C X, then the associated
heart ped(3S) is the smallest extension-closed subcategory of DX containing the full subcategory per (%) and all
coherent sheaves on X that are supported within the uncontracted curves | J;z; Ci. In other words,

Suppx C UCi} U {XEmﬁX Suppx C UC1}>‘

iel igl

pel(y) = < {x € per(%)

pery (%)

Proof. By theorem 4.4.2 the category per;(%) lies in pex(3), while if x € i X is supported within (J;4; Ci
then Rt,x is a sheaf on Y and hence x € pe(¥). To furnish the required description of pex(%), it thus
suffices to show that every object in the category is an extension of complexes of the two given forms.

Now an arbitrary complex x € pex(%) can be written as an extension of its cohomology objects with
respect to cofiX, namely xo = HO(x) and x;[1] = H'(x)[1]. It is clear from (4.9) that xo, x1[1] are
themselves contained in pey(%). Further we have T,(x;) = 0 and hence x; must be supported within the

contracted curve | J;; Ci, from which it follows that x;[1] € per;(3).

i€l
On the other hand, writing . C Ox for the ideal sheaf of the closed subscheme |J;; Ci, note that
Yy = I™xo (i.e. the image of the natural map ™ ® xo — x¢) is a subsheaf of xo (in particular, an object
of cfiX) supported within (J;z; Ci for n > 0. The quotient xo/y is clearly supported within (J;¢; Ci.
Further, applying . to this quotient and examining the long exact sequence shows R't,(xo/y) vanishes
since R, (x0) does, i.e. xo/y lies in pex(¥) (and hence in pez;(%)).

This concludes our proof that x is an extension of objects of the required form. O

It is immediate from theorem 4.4.5 that an object of pe(¥) is simple if and only if it is simple in some
summand pezj(%) C pe;(%) or a simple coherent sheaf supported on the uncontracted locus, i.e. we have
the following.

Corollary 4.4.6. Fort: X — Y the crepant contraction of C1 C X, the simple objects of per(¥) are the skyscrapers
Op at closed pointsp & ;¢ Ci, the sheaves Oc;(—1) forj € 1, and suspended canonical sheaves wc [1] for each
scheme-theoretic exceptional fiber C; of T.



Enumerating numerical hearts

(Chapter 5)

Synthesising chapters 2 to 4, we now compute the complete heart fan of the algebraic heart H = pex()
and subsequently describe every intermediate t-structure K € tilt(H) that is numerical, in the sense that
its heart cone CK is non-zero.

§ 5.1 Flops and mutation via wall-crossing

We show that the K-theoretic maps induced by the mutation functors ®.,Y¥, obey the same combin-
atorial rules which govern mutations of root lattices. For this, recall that we make the identification
KX ~ KA ~ h(A\ J) as in § 4.1, and more generally, we identify K, A, with (A \ vJ) by declaring
the ith simple root «; to be the class of the simple module S; dual to the indecomposable projective
Hom(vN, (VN);) € pwj(vAvy).

The following lemmas allow us to track simple objects under mutation functors.

Lemma 5.1.1. Fori € A\ J and S; € flmod A\, we have V (;)(Si) = o71(Sy) = Suyl=T1le D, A, ..

1

Proof This is [HW18, lemma 5.3], the only change is how we are indexing the simples. O

Lemma 5.1.2. Fori € A\J, let the non-negative integers (b; | j € A\ (J+1)) be such that Ni has minimal left
add(N/N;)-approximation

(5.1) Ni— P NPOL

JEA\(J+1)
Then for a simple S; € flmod \ A, with j # i), we have that ©i(S;) and Vi(S;) lie in the subcategory
(Si,S5) C flmod A. Further, in any Jordan—Holder filtration of ®i(S;) (resp. Wi(S;)), the simple S; occurs exactly
once while the simple S; occurs b times.

Proof: Claim both @;(S;) and ¥;(S;) (which a priori are two-term complexes of A-modules) actually lie
in flmod A, that is to say Tor-o(S;, v,A) =0= Ext>0(/\vi , S;) over y, Ay,. This claim is essentially the
content of [Wem18, corollary 5.10], where it is proved via identities on singular Calabi—Yau algebras and
the Auslander-Buchsbaum formula. Notwithstanding, we present an elementary alternative proof.

To see the Ext-vanishing, consider the projective cover of right modules P; — S; — 0. The tilting module
Ay, has projective dimension < 1, so we have an exact sequence Ext'(A,,,P;) — Ext' (Ay,,S;) — 0.
But P; is a summand of A, and the latter has no self-extensions whence every term in the sequence
vanishes. Higher ext-groups vanish for projective dimension reasons.

To see the Tor-vanishing, we first note the decomposition of left modules

v,A =Hom(Ni,viN) & @ Qx
keA\(J+1)

where each Qi = Hom(Ny,viN) appearing above is an indecomposable projective. By flatness of pro-
jectives, we deduce Tor~o(S;, v, A) = Tor~o(S;, Hom(Ny, viN)).
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We compute this Tor by writing a projective resolution of Hom(Ni,viN) € y, Ay, -mod, for which we
follow the arguments of remark 4.2.5 to extend (5.1) to the exact sequence

(5.2) 0— Ny — @ N;Bbj — Ny
JEA\(I+1)

where N{(;) C vi{N is the summand corresponding to the projective Q,;j = Hom(N{(, viN). Applying
Hom(—,viN) as in [IW14, proposition 6.4] then gives the required projective resolution

0—Quiy—~ P Q7 — Hom(Ny, viN) — 0.
JEA\(I+1)

Thus the groups Tor.(S;, Hom(Nj, viN)) again vanish for projective dimension reasons, while the
group Tor(S;, Hom(Nj, viN)) vanishes since it injects into S; ® Q,(;) (= 0 since S; is annihilated by the
t(i)th vertex idempotent of , Ay,).

Given the claim, the required result follows immediately from [Wem18, lemma 5.7]. O

Proposition 5.1.3. Fori € A\ J, the simple mutation functors ©;,V;: Dﬂy.l/\\,i — DA both induce the same
map on K-theory and this agrees with the map ©i: H(A\ viJ) — H(A\ J) given as in (3.5).

Proof This assertion is due to Nabijou—-Wemyss [NW23, remark 5.2], we spell out the details for clarity.
Evidently from lemmas 5.1.1 and 5.1.2, both ®; and ¥; induce the same map on K-theory which we
momentarily call Pi: H(A\ viJ) — h(A\ J).

As in the proof of theorem 4.2.4, the connection to mutation-combinatorics comes by reducing to surfaces.
Thus we consider a general elephant Spec R — SpecR and the reduction functor F(—) = (—) ®g R.

In the natural identifications of vector spaces
Ksplit (qu‘ I}-A) ®R = Ksplit(pzq A) @R = Q(A \ 3))

the first map (induced by [F) is an identification of g-fans [Gare3, proposition B]. Passing to ©(A\ J),
Iyama—Wemyss [IW, theorem 5.2] show that this g-fan of the contracted preprojective algebra FA, and
hence also that of the modification algebra A, coincides with the fan Arr™ (A, J) U Arr (A, J).

Analogously, the g-fan of , A, sits in the v{J-cone arrangement.

Being induced by a derived equivalence, the map
(ljr)iv)71 : Ksplit(pzqi Vi/\vi) ® R — Ksplit(PZQ/ /\) ® [R)

respects silting theory and is a map of g-fans. In particular, the image of C ; under (¥;")"' is a cone
in the intersection arrangement of ©(A\ J). Reading off the matrix (;7)~! from lemmas 5.1.1 and 5.1.2,
we see that (;")~! Cjiﬁ intersects (and hence is equal to) the cone viC};, and the images of primitive
integral generators are primitive integral.

By proposition 3.2.1 the map (@;")~' admits an identical description, so that \; = @; as required. [

The above proposition does not depend on the specific choice of modifying module, and if v is any
J-path and i € A\ vy, the functors Vi, ®;: Dﬂviv/\vﬂ, — DI A, analogously induce the map ¢; on
K-theory. Combined with lemma 4.2.8, we therefore see that if v =v;_...v;, is a J-path then the maps
on K-theory induced by @, and ¥, both agree with the composite ¢ = @i o -0 @j,.

We register the following corollary.

Corollary 5.1.4. If v is a Jpath and s is a simple A\ -module, then the object @ (s) (resp. W+ (s)) in DYA has
K-theory class given by a primitive positive restricted root in h(A\ J).
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Cones via geometric invariant theory. We have seen that the set with A-mutation MMG NR is nat-
urally isomorphic to both Bir (%) and Cham(A, J). Karmazyn [Kar17b, §5.2] and Wemyss [Wem18, §5] use
moduli constructions to provide another natural interpretation of the bijection Bir (3) ~ Cham(A, J).

The category Per(%3) = mod A can be identified with a subcategory of representations of a quiver with
vertices A\ J — this is immediate when dim Z = 2 since A is a contracted preprojective algebra, and it is
proven by Wemyss [Wem18, theorem 2.15] when dim Z = 3. Viewing elements of h(A\J) = @ieé\a Z-«; as
dimension vectors for this quiver, the identification is such that the dimension vector of the representation
corresponding to x € pex(%) is precisely the K-theory class [x].

We are particularly interested in representations of dimension &3, since they correspond to point sheaves.

Lemma 5.1.5. Let p € X be a closed point on the exceptional fibre of m: X — Z. Identifying KX ~ KA with
h(A\J), any skyscraper sheaf Oy, € coi X has K-theory class equal to 53. Likewise for any birational model vX — Z
containing a closed point q in its exceptional fibre, the perverse point sheaf' V04 € ped %) has K-theory class 3.

Proof- By [Kar17b, theorem 5.2.4], the K-theory class of O, is determined by the indecomposable sum-
mands of N as [Op] = Y rk(Ni) - o;. By [IW, proposition g.4], this vector is precisely 63. The statement
for ¥, 64 follows since the map K(vX) — KX induced by ¥, sends 6.3 to 83. O

Now elements of the dual vector space @(A\J) naturally give stability parameters (in the sense of [King4])
on Pex(%) and thus for any stability parameter 6 € {53 = 0} we can construct the coarse moduli space
1A (6, 03) of B-semistable perverse sheaves of dimension 53. When 6 is generic in a chamber ng, there

are no strictly semistable objects and 7714 (6, 63) is a fine moduli space.

Proposition 5.1.6. There is a natural isomorphism 1N (0,05) = vX under which closed points p € vX corres-
pond to perverse point sheaves V-0, € Pex(%).

Proof. If 0 lies in CJ (i.e. if v is the empty path) then this is [Kar17b, corollary 5.24].

For more general v, we can first consider the vector @10 € CJ; and construct the fine moduli space
M, A, (936,0v3) of yAy-representations. We have seen this is isomorphic to vX and its closed points
parametrise point sheaves in @ez(%). Then [Wem18, corollary 4.13] shows that there is an isomorphism
of schemes 17 A, (910, 0v3) ~ 1MA(0, d5) for which the bijection between points is induced by ¥,. U

The above moduli construction yields the bijection Cham(A,J) — Bir(%). Another upshot for us is that
this gives excellent control over the subcategories of semistable objects.

Proposition 5.1.7. For a chamber vC$ € Cham(A,J) and a generic vector € vCS$, an object of H = per(%) is
O-stable if and only if it is equal to a perverse point sheaf V0, for some closed point p € vX. In particular, the
subcategory of semistable objects associated to vCS is given by the extension closure of such objects.

Proof. Any object in Hg (ng) admits a finite filtration by 6-stable objects so it suffices to characterise
the latter set. Furthermore, by [Wem18, theorem 5.12] an object of pex(3) is 6-semistable if and only if it
is equal to ¥, (x) for some @ 6-semistable object x € pez(*X). Thus it suffices to show that for a generic
0 € C3, the O-stable objects in pex(%) are precisely all the skyscraper sheaves on the exceptional fibre.

Now if an object is B-stable, it remains so upon small perturbations of 6 within the hyperplane {6; = 0}
and thus it must have dimension vector nd; for some integer n > 0. The objects with n =1 can be read
off from the closed points in 7714 (6,53) = X, thus the collection of 6-stable objects in pex(%) that have
K-theory class &5 is precisely {6, | p € X(C)}.

We show the case n > 2 does not occur, by replicating the argument of [Gar22, lemma 4.12]. Indeed
suppose for the sake of contradiction that x € pez(%) is 6-stable and [x] = nd; for n > 2. Since any
skyscraper sheaf 6, € Pe(3) is O-stable and necessarily distinct from x, we have Hom(x,6,) = 0 for
all p € X. Combining this with the fact that x is a two-term complex of coherent sheaves, we see that
the sheaf H%y (x) has empty support and hence x[—1] is a sheaf on X. Choosing a sufficiently ample
bundle £ on X then gives us x(£ ® x[—1]) > 0, but this is absurd since x is numerically equivalent to
some skyscraper sheaf 6™ O
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Combinatorics of the movable fan. The correspondence between the Cham(A,J) and Bir(%) can
also be described directly via the classical birational geometry of movable divisors.

Suppose W is a birational model of X with associated Dynkin data J = J(W). Given the flopping
contraction m: W — Z with reduced exceptional fibre (J;c\5 Ci, it is well known [see for example
Vano4, lemma 3.4.3] that the Picard group Pic W is naturally dual to the group of m-relative 1-cycles
Z1(W) = @ica\5 Z - C;i via the intersection pairing (£ - Ci) = deg(<£|c,).

If V(%) has indecomposable summands (N/);ca\5 indexed as in lemma 4.1.1, then the line bundles
2! = (det N]) " (i € A\ J) form a basis of Pic W dual to the standard basis of Z;(W).

In the dim Z = 3 case of setup 1.0.2, there is a naturally induced isomorphism between the Picard groups
of any two birational models.

Lemma 5.1.8. The threefold flop p: W --» X induces an isomorphism of Picard groups p.: PicW — PicX.

Proof Since p is an isomorphism away from a codimension two locus, taking proper transforms gives
an isomorphism of class groups p.: CI(W) — CI(X). We show that the proper transform of a Cartier
divisor remains Cartier. For this it suffices to consider the case when W = v;X is the flop of X in a single
curve Ci, and show that if D; C W is a Cartier divisor representing a basis element & € Pic W then
p«Dj C X is Cartier too.

Thus writing C,(;) for the flopped curve in W, if j # (i) then D; may be chosen to lie entirely in
W Ci) =@ X\ C; so that its proper transform is Cartier. On the other hand if j = (i), then p,(—Dj)
(and hence also p,Dj) is shown to be Cartier in [Wemi8, proof of theorem 4.17 (1)]. O

The isomorphism above can be computed explicitly in terms of the natural bases {2/ | i € A\J} C PicW
and (analogously defined) {£; | i € A\ J} C PicX. Suppose for simplicity W is the birational model v;X,
obtained by flopping C;. It is evident from the above proof that p.%£; = %; if j # (i). To compute the
proper transform p*S(m, we use the isomorphisms of class groups CI(X) ~ Cl(Z) and Cl(W) ~ Cl(Z)
to calculate in the category of reflexive R-modules. Here we know that 7t,N; = Nj is the kernel of a
minimal right add(viN/N,)) approximation f of 7. N{;; = N(1), therefore sitting in the exact sequence
(5.2). Further, viN/N,(;) contains Ny = R as a summand, whence the approximation f is surjective.
Considering determinants gives us the identity [det N ;)] 4 [det Ni] = Zjeé\( ) bj [det N;] in CI(Z), so
that the map p. can be read off as

J+i

(5-3) 0.2 =% (#£uUi), p2yH= Q7oL
JEAN(I+1)

Remark 5.1.9. In the dim Z = 2 case of setup 1.0.2, given the tagged partial resolution X = (C$, X) and its
birational model v{X = (vng,W), the birational map p: W --» X of interest is defined away from the
codimension one locus C,;y C W and there is no induced isomorphism of class groups as such. In this
case we declare the isomorphism of Picard groups p.: PicW — Pic X to be given by the formula (5.3).

For any W € Bir (%), write Pic" W for the submonoid of Pic W generated by the basis elements (2{).
This is the monoid of nef line bundles (i.e. line bundles which intersect every exceptional curve non-
negatively). The birational map p: W --+ X allows us to consider the submonoid p.(Pict* W) C PicX of
line bundles on X which are nef on W, and we now argue that considering all such submonoids gives a
decomposition

(5-4) PicX= [ J p.(Pic* W)
WeBir(%)
whose combinatorics are given by the wall-crossing rules of Iyama—Wemyss.
For this it is convenient to consider the space of R-divisors Picg X = Pic X ® R. The nef cone Pic} W is
then an orthant generated by the basis vectors £;, and the isomorphisms of Picard groups given by proper

transforms extend linearly to give isomorphisms p. Pick W — Picg X so that the nef cone p. (Picg W) is
a rational polyhedral cone in Picg X. We then show the following.
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Proposition 5.1.10. Given a flopping contraction 7v: X — Z, the collection of rational polyhedral cones given by
Mov(X) = U faces(p. Picg W)
WEBir(%)
forms a complete simplicial fan in Picg X in which each nef cone p. Picg W is full-dimensional.

Further, a natural linear isomorphism of Picg X with the hyperplane {6 € O(A\ J) | 0(85) = O} induces an
isomorphism of fans Mov(X) — Arr(A,J) such that for each sequence of flops v from X, the cone p. Picg (vX)
gets identified with the chamber vCS.

Note the decomposition (5.4) can be immediately deduced by noting that each nef monoid is the set of
integral points in the corresponding nef cone.

In order to prove proposition 5.1.10, we first explain the construction of the natural map Picg X — O(A, J).
Now the objects in /i X have proper support of dimension < 1, so for any £ € PicX and F € ct X we
have a well-defined Snapper—Kleiman intersection number

(£-F) =x(F) —x( @ F).

By standard properties of the intersection product [see for example Kolg6, §VI] this defines a Z-bilinear
map (— - —) : PicX ® KX — Z, and therefore a linear map Picg X - Hom(KX, R). But recall that we
identify KX (across the equivalence (4.1)) with KA, and hence with the restricted root lattice h(A \ J).
This identifies Hom(KX, R) with the vector space ©(4, J) furnishing the desired map.

We can likewise construct maps Picg W — ©(A, J(W)) for each birational model. These maps induced

by intersection pairings are compatible with various identifications induced by flops.

Lemma 5.1.11. Given a birational model W = vX, the two intersection pairings
PicX®@ KX —>Z and PicW®@ KW — Z

are compatible with the isomorphisms Pic W = Pic X and KW = KX, where the Picard groups are identified by
taking proper transforms across p : W --» X, and the Grothendieck groups are identified via the flop equivalence.

Proof 1t suffices to prove this for a single-curve flop W = v;X, i € A\ J. Let {2; |1 € A\ J} C PicX and
{2/ 11 e A\ viJ} C PicW be the natural bases, these are related by the formula (5.3).

The Grothendieck groups too have preferred choices of bases in which the intersection product is readily
computed — for KW we choose the class of a skyscraper 6, (p € W) and the classes of simple perverse
sheaves Sy = O¢, (—1) (k € A\ viJ), and likewise for KX. By lemmas 5.1.1 and 5.1.2, the flop functor ¥;
relates these bases as

[Wi6,] = [04], WiS, ()] = —I[84], [WiSi] = [Si] +bi[Si] (k€ AN\ (J+1)).

To prove the result it suffices to show the equalities of intersection pairings

(p«%j, Wi0,) = (%], 6,) and (P«£j, WiSk) = (%, Si) for all j,k € A\ viJ
which are straightforward to verify explicitly. O
We can now prove the proposition.

Proof of proposition 5.1.70. The intersection of any line bundle with a sheaf that has zero-dimensional sup-
port is trivial, thus considering % = O, (the skyscraper sheaf at a closed point) and using lemma 5.1.5
shows that the map Picg X — ©(A \ J) constructed above has image in {65 = 0}. On the other hand
considering the sheaves % = O¢, (—1) shows the map is injective, and hence an isomorphism onto the
hyperplane {65 = 0} by comparing dimensions.

Now the nef cone Picj; X is spanned by divisors which pair with each a; = [6¢, (—1)] non-negatively, and
hence gets identified with Cg by the above injection. If W = vX is another birational model, its nef
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cone likewise gets identified with the chamber CQJ C O(A,vJ). By lemma 5.1.11 these identifications are
compatible with flops and mutation, i.e. there is a commutative square

PickW —— 2 & Picg X

l l

O(A\ V) ———— O(A\J).

Thus the nef cone p,, Picg W in Picg X gets mapped to the cone (@)~ 'CS; = vC§ in ©(A, J), in particular
each nef cone is full dimensional and all maximal cones in Mov(X) arise as nef cones. It follows that
there is an isomorphism of fans Mov(X) — Arr(A,J) of the required form. The remaining properties
(completeness, simpliciality) of Mov(X) follow from the corresponding properties of Arr(A,J). O

We examine some geometric consequences for 3-folds. The completeness of the fan Mov(X) implies that
any line bundle £ € PicX, after some appropriate sequence of flops, becomes nef and hence globally
generated [see for example Vano4, lemma 3.4.5]. In particular the base locus of the linear system associ-
ated to 2 is contained entirely within the exceptional curves in X, which has co-dimension 2. Recalling
that an R-divisor is movable if and only if it is a non-negative linear combinations of such line bundles,
we have the following.

Corollary 5.1.12. If 1: X — Z is a threefold flopping contraction, every divisor on X is movable.

This explains the notation Mov(X) for the fan, since its support can be identified with the cone of mov-
able divisors on X. When X is a minimal model of Z, work of Kawamata [Kaw88], Kollar [Kol89], Mori
[Mor82], and Reid [Rei] shows that the (closure of the) cone of movable divisors can be decomposed into
a union of nef cones of minimal models in a way that that the nef cones of non-isomorphic models have
disjoint interiors [the result is summarised in Matoz, theorem 12.2.7]. Via mutation combinatorics of bira-
tional models, modifying generators, and chambers in the intersection arrangement, this decomposition
theorem generalises to arbitrary flopping contractions over isolated cDV singularities.

Corollary 5.1.13. Given a flopping contraction 7 : X — Z, the nef cones p, Pic W for W € Bir (%) cover the
cone of movable divisors and their interiors (i.e. the corresponding ample cones) are pairwise disjoint.

§ 5.2 Algebraic intermediate hearts

Turning to the poset tilt(H), we now show all algebraic hearts that are intermediate with respect to H
must arise via the mutation functors, and show that the corresponding heart cones fill out the subfan
Arr" (A, 3) U Arr™ (A,3J) in the intersection arrangement.

Each modifying module vN € MM N (R) yields a tilting A-module yA and a tilting \A,-module A,,
defining the functors D?,A, = DA given as in (4.6). Applying the Brenner—Butler theorem [AHK,
chapter 4, remark 3.10] to these equivalences gives two torsion pairs

(5-5) flmod A =T, xF, = U, x V,,

Ty ={x € flmod A | Ext' (vA,x) = 0} Uy, ={x e flmod A | x ® Ay, =0}
Fy ={x € flmod A | Hom(,A,x) = 0} V, = {x € flmod A | Tor;(x,Ay) = 0}

such that the squares below commute.

DI A, — %, DIA DI A, — X, DIA
flmod \ Ay, ——— F,[1]x T, flmod \ Ay, ———— V, * Uy [—1]

Abusing notation to write H for flmod A C DA as well as flmod , A, c DI, A, each J-path v thus gives
us two hearts in DYA that are intermediate with respect to flmod A, namely

(5.6) O H[-1] =Fy « T [=1], W H=V, U, [-1].
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Evidently the hearts (5.6) are algebraic, allowing us to define the following sub-posets of alg-tors(H),
alg-torf(H), and alg-tilt(H).

tors ~(H) = {Ty | v a J-path} torf ~(H) = {Fy | v a J-path} tilt ~(H) ={®yH[-1]| v is a J-path}
tors T (H) = {U, | v a J-path} torf T (H) ={V, | v a J-path} tilt ¥ (H) = {¥yH | v a J-path}

Each of the above sets is naturally in bijection with MM N(R), where the bijection simply identifies
representative J-paths. This is well-defined because the constructions of § 4.2 depend only on the end
points of positive paths in ExQuiv(MM NR). In other words, if v, v’ are J-paths such that vN = v'N in
MM N (R), then we also have T, = Ty/, U, = Uy, and so on. It follows that each of the above subposets
carries the structure of a set with A-mutation.

In chapter 6 we will show that the bijections respect partial orders, too.

Algebraic heart cones. Now MM N(R) is naturally in bijection with both tilt " (H) and Cham(A,J).
From the computation proposition 5.1.3 we deduce the induced bijection tilt" (H) — Cham(A, J) is noth-
ing but the assignment of heart cones K — CK. The heart cones of hearts in tilt™ (H) are computed
analogously, and the following theorem summarises the situation.

Theorem 5.2.1. For each J-path v, the cones \/CJi C O(A\J) are heart cones in HFan(H). In particular, these
are described as
C(¥\H)=vC},  C(OyH[-1]) =~C5

and therefore the associated numerical torsion theories and intermediate hearts are

Hi (vC}) = H* (vC
3

He(vCy) = HY(~vC

)=Uy,  Hg(vC})=H'(vCI)=Vy,  Hu(vC
)=Ty,  Hg(vC;) =HY(~vC;)=F,,  Hu(vC

] «F
ot
|
<
2
Q
ot
|
S
<
T

LR

Corollary 5.2.2. Every algebraic heart in tilt(H) lies in exactly one of the subsets tilt" (H) or tilt™ (H), i.e. is
either equal to Y H or to ®\H[—1] for some J-path v. Thus we have disjoint-union decompositions

alg-tors(H) = tors™ (H) U tors™ (H), alg-torf(H) = torf" (H) U torf  (H),
alg-tilt(H) = tilt* (H) L tilt ™ (H).

Proof If K € tilt(H) is algebraic, then by theorem 2.4.4 we have that C(K) is a full dimensional simplicial
cone in HFan(H) and further K the unique intermediate heart with this heart cone. But from theorem 5.2.1
we see that the union of Tits cones

Ufaces(ngr) U Ufaces(ng)

defines a subfan of HFan(H) supported on the complement of the hyperplane ©°(A\ J). The cone C(K),
being full-dimensional, lies in this subfan and therefore must be of the form vC%E, giving the result. [J

Faces of algebraic heart cones. We show that non-maximal cones in Arrt (A \ J) cannot arise as
heart cones. We remark this can be accomplished by observing that the corresponding subcategories
of semistable modules are module categories over 7-tilting finite algebras [Gar23], but we take a more
direct approach below.

Theorem 5.2.3. A non-zero cone ¢ € Arr™(A,3) is the heart cone of some K € tilt(H) if and only if o is
full-dimensional. In this case, (K, o) are of the form (W, H,vCY) or (0 H[-1],vC5) for some positive J-path v.

Proof. If o is full dimensional it must be of the form VC%:, so it is a heart cone of some K € tilt(H)
determined uniquely by theorem 5.2.1.

To show the converse, suppose for the sake of contradiction that there is a heart K in tilt(H) whose heart
cone o = C(K) is non-zero but non-maximal in (without loss of generality) Arr" (A,J). Consider the sets

(5.7) {H’ e tilt(H) | H' algebraic, o c C(H'), H'>XK}
(5.8) {H" e tilt(H) | H' algebraic, o c C(H'), H' <K}
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of algebraic hearts which are comparable with K and have o in their heart cone. Since the J-cone
arrangement is locally finite away from the origin, these are finite.

Replacing (K, o) by another pair if necessary, we may assume one of the sets (5.7) or (5.8), without loss
of generality the former, is non-empty. Indeed if not, then in particular the heart K’ = Hy(o) is non-
algebraic so that 0’ = C(K’) is a non-maximal cone containing o, and for each chamber va =C(¥Y H)
surrounding ¢’ we evidently have K’ = Hy (o) < W, H.

Thus there is a minimal algebraic heart H’ satisfying H’ > K and o € C(H’). Furthermore equality
can’t hold, so by atomicity of the interval [H[—1],H’] (proposition 2.3.3) there is a heart H” ¢ tilt(H)
satisfying H’ > H” > K where the first relation is covering. But covering relations arise from simple
tilts (theorem 2.2.2), and by [HW23, lemma 5.5], the simple tilt H” of H’ € tilt" (H) is algebraic — thus
contradicting the minimality of H'. O

We remark that the key ingredient in the above proof, namely covering relations arising from simple tilts,
are addressed in greater detail in theorem 6.1.1 below and in particular we identify explicitly all simple
tilts of ¥, H and ®H[—1] as arising from simple mutation.

§ 5.3 (Semi-)geometric intermediate hearts

It is evident from the description (4.2) of H = pe(%) that we have coi X C H[-1, 0], and from theorem 4.4.5
we deduce that the same can be said of all the hearts pe(3
We will now show that for any birational model W = vX and any crepant contraction W — Y, the heart

) arising from crepant contractions X — Y.
W, per( %) is also intermediate with respect to per(%).

Proposition 5.3.1. For any sequence of flops v from X and any crepant contraction W — Y involving the
birational model W = vX, the heart Y per( %) C DX is intermediate with respect to pex(%).

Proof. Again, theorem 4.4.5 allows us to reduce to the case of W, cfi(W). Since per(3) > W, per(%) (see
§ 5.2) and per( ) > cofi( W), we have pex(3) > ¥ (W) and it thus suffices to exhibit the lower bound

Y, cohi(W) > pez(%)[—ﬂ.
Applying the equivalence (V)" and swapping X and W for simplicity, we equivalently show
cohi(X) = O per ) [—1]

for any spherical and (without loss of generality) atomic J-path v.

Note there are only finitely many atomic spherical J-paths, since the set Cham(A,J) is finite. We use
this to further reduce to the case where v is a maximal spherical atomic J-path. Indeed if v could be

extended to a longer spherical atomic J-path v;v, then we have (Dipez(“gx) > pez(%), and hence (by
) = @Vpez(%), so that we could replace v with v;v and proceed.

vivX

lemma 4.2.7) @, per( ¥

Noting Cham(A, J) is the face poset of a finite hyperplane arrangement, any longest spherical J-path v
defines the chamber vC§ = —C§ that is furthest from the principal chamber C§. Likewise vC; contains
the ray C, in its boundary and is the furthest such chamber from C;.

It follows that any vector 0 in the interior of C; satisfies 0(«;) > 0 for all i € A\ J, and thus (up to
rescaling) can be written as 6 = 6y — « for some 6y € C% and o defined as

1, i=0,

(5-9) xolon) = 0 ieA\3
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Since 0 lies in the heart cone of @ pex(%)[—1] (theorem 5.2.1), by lemma 2.4.6 we see that the corres-
ponding torsion-free class satisfies

Oype( W) NH = Hy(0)
= {h e H]|86[s] > 0 for all non-zero sub-objects s — h}
= {h e H|[0[s] > agls] for all non-zero sub-objects s — h}
C  {heH|0[s] > 0 for all non-zero sub-objects s < h}
= Hg(00),

but H¢(6o) is evidently contained in the torsionfree class coi(X) N H since 6, lies in C(c0fi X) — to see this,
note that the functional 8o: KX — R is precisely the intersection product with a nef R-divisor on X by
proposition 5.1.10. The desired inequality of t-structures can then be read off from the above containment
of torsion-free classes. 0

Having established the intermediacy of the geometric and semi-geometric hearts of §§ 4.3 and 4.4, we
now show that each non-zero cone in the finite subfan Arr(A,J) C Arr(A,J) is the heart cone of some
W, per( ¥X) arising from a sequence of flops X --» vX and crepant contraction vX — Y.

For this, we use the identification Mov(X) ~ Arr(A,J) of proposition 5.1.10 that furnishes an explicit
description of functionals via intersection products — an argument that has already appeared in the
proof of proposition 5.3.1 above.

Proposition 5.3.2. Let t: X — Y be the crepant contraction of the collection of exceptional curves {C; | i € I}
defined by 1 C A\ J, and suppose Y % Z (i.e. not all m-exceptional curves are contracted). Then the heart
pe(¥) € DX of T-perverse sheaves has heart cone C§ ;) C ©(A\ J).

Proof. If 6 lies in the heart cone of K = pex(%), then considering the sheaves O¢ (n) (n € Z) on uncontrac-
ted curves and the sheaves Oc¢, (—1) on contracted curves shows 0 lies in the chamber C%. In particular,
© necessarily vanishes on the class 53 of skyscraper sheaves. But for a connected component C; C C;
and a closed point p € Cj, we see from lemma 5.1.5 that 6, admits a filtration by the simples of pez;(3)
in which every simple appears at least once. Thus in K-theory we have

(5.10) [Op] = [we, 1] + Z mi [O¢c (-1 = [wc, 1] + Z mi o

i€J i€]

for positive integers m;. Since 6 is non-negative on each class appearing in the above expression and
in particular vanishes on [0,], it must vanish on every class on the right-hand side. Repeating the
argument on all connected components of C; shows 6(«;) = 0 whenever i € I, and thus the heart cone
CK is contained in C§ ;.

Conversely if 6 lies in C§ |, then in particular 0 lies in the image of the nef cone in Pic(X) under the
map of lemma 5.1.5, and thus 8[x] > 0 whenever x is a coherent sheaf. On the other hand if x € pez(é)
is supported in Cy, then we may assume x is supported in some connected component C; C C; so that x
lies in pezj(Z). But then theorem 4.4.2 and the expression (5.10) show that the K-theory class [x] can be
expressed as some integral linear combination

[X] =ns [6p] + Zm Oc, (1] =nsdz+ Zni oLy

i€] i€]

so that 6[x] = 0. Since an arbitrary complex x € pe(3) is an extension of objects of the above forms
(theorem 4.4.5), it follows that 8[x] > 0 and thus C§ | is equal to the heart cone of pex(). O

Likewise if W = vX is a birational model of X, we have an injection of Picg (W) into ©(A\ vJ), and hence
into ©(A \ J) via the wall-crossing isomorphisms in proposition 3.2.1. It follows that for I C A\ vJ and
the crepant contraction t: W — Y of the curves {C; | i € I} in W, the heart ¥, pey(¥) C DX has heart
cone
()"0 =vCS N (eove =0}
iel
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The complete heart fan. An important consequence of theorem 5.2.1 and the above discussion is that
we can now write a complete description of the heart fan of H = pex(%), and identify precisely which
non-zero cones are heart cones.

Theorem 5.3.3. Under the identification Hom(KX, R) = ©(A\ J), the heart fan of H = pex(%) is given by the
J-cone arrangement Arr(A, ). The non-zero heart cones in the heart fan are precisely the chambers in Arr (A, ),
and all non-zero cones in Arrt®(A, J).

The sub-poset of numerical tilts of H is by lemma 2.4.6 the union |J, [Hyo, H" 0] of intervals defined by
non-zero heart cones o in the heart fan of H. We thus see that all numerical tilts of H = pe($) can be
enumerated as

{Y,H | v a Jpath} U {®,H[-1]|v a J-path} U U [Hyo, H" 0]
oEArr(A,J)N0

In particular it remains to address the question of when (semi-)geometric hearts are maximal occupants
of their heart cones, and we shall do that now.

Mixed and reversed geometric hearts. Considering the heart cones o = vC§ associated to geometric
hearts ¥, «fi(vX), proposition 5.1.7 is precisely the computation that

H*(0) = (Op | p € vX(C))

where we note that each closed point of vX is automatically supported on the exceptional fiber of
m: vX — Z in our complete local setting. From corollary 2.4.7 and lemma 2.4.6, it is thus immedi-
ate that the interval [Hy o, H" 0] is a Boolean lattice (i.e. a lattice isomorphic to the inclusion-poset of all
subsets of some set) in which the geometric heart is maximal.

Proposition 5.3.4. Let v be a spherical J-path, defining a birational model W = vX and a cone o = vC3.
An intermediate heart X € tilt(ped( %)) has heart cone o for some spherical J-path v if and only if K is a tilt of
Y., coh(W) in a torsion class (WO, | p € U) associated to some subset of closed points U C W(C). That is,

(5.11) V'K = (6, | p e W(C)\U) * {x € 0iW | x pure of dimension 1} * (6,[—1] |p € U).

This correspondence {K e tilt(per(3)) | CK = vcg} — {U C vX(C)} is an anti-isomorphism of posets.

In particular cfA(X), corresponding to U = @, is maximal with heart cone Cg, while the minimal such
heart @/(X), corresponding to U = X(C), is the category of two-term complexes

{x € cfiX | x pure of dimension 1} * {y[—1] € cAX[—1] | dim Supp(y) = 0}.
Analogous categories considered in [BPPW24, example 2.6] were dubbed reversed geometric hearts.

Remark 5.3.5. Geometric hearts and their associated torsion theories furnish a rich bank of examples
when studying chain conditions on Abelian categories and wide generation of torsion theories. In par-
ticular, the table in § 2.3 is constructed using the following observations.

(When does a geometric heart arise from semibricks?) Suppose the torsion pair H = T % F is such that
the tilt K = F % T[—1] lies in [@/X, /i X], and is associated to U C X(C) as in proposition 5.3.4.
Evidently each 0, (p € X(C)\ U) and each O,[—1] (p € U) is simple in K. Considering the decom-
position (5.11) shows that any simple object of K must be of this form; in particular a purely one-
dimensional sheaf k € /i X cannot be simple in K since the sets Hom(6,[-1],k) and Hom(k, 6,)
are both non-zero for any closed point p € Supp(k).

By a similar reasoning, we see that every non-zero object in K has a simple sub-object (i.e. T is widely
generated, see proposition 2.3.3) if and only if U contains at least one point in each exceptional
curve C; C X. Likewise, non-zero object in K has a simple quotient (i.e. F is widely generated) if
and only if the complement X(C) \ U contains at least one point in every exceptional curve C;.
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(What chain conditions do geometric hearts satisfy?) It is a classical fact that ci X is a Noetherian cat-
egory. On the other hand, any geometric heart K € [@/X, i X) is necessarily non-Noetherian,
since K then contains some O,[—1] (p € C; C X) and hence the sequence of morphisms

®Ci _>®Ci(1)_>©ci(2) —

each of which has cone 6, € K[1], gives an infinite chain of proper surjections in K.

Likewise, cfi X is the only Artinian heart in the interval [c X, coi X]. The argument for why any
K € (a@fhX,cofiX] is non-Artinian is dual to the above discussion. To see why @/ X is Artinian,
note that if a morphism x — y is injective in @A X with non-zero cokernel y/x, then considering
cohomologies with respect to i X produces a long exact sequence of sheaves

0— H°(x)—Hy) - Hy/x) — H'(x) > H'(y) - H'(y/x) — 0.

pure sheaves with one-dimensional support sheaves with zero-dimensional support

In particular, either Hx has lower rank than H% on some exceptional curve C; C X, or y/x has
zero-dimensional support (i.e. H°(y/x) = 0 and the length of H'x is lower than that of H1y. Thus
cfi X has no infinite descending chains of inclusions ... = x, <= x; <= x.

The zoos of semi-geometric hearts. We now compute the semistable categories associated to non-
zero non-maximal cones 0 € Arr®(A,J), which will subsequently furnish a description of the interval
[Hy o, H%o] in tilt(H).

Lemma 5.3.6. Let W = vX be a birational model of X, and ©: W — Y a crepant contraction of some (but not
all) exceptional curves in W. Writing K = W, pe YY) for the corresponding heart in DX and picking a generic
vector © € C(K), an object k € K satisfies O[k] = O if and only if it is filtered by the simple objects of K.

Proof. 1t suffices to address the case W = X since the rest are analogous. Thus supposing T contracts the
locus Cy = [J;¢; Ci defined by I C A\ J, we must show K = per(3) satisfies

(5.12) Kss(e):}oezl(§) ® @ <®P>

peC\C

for 8 generic in C(K) = CY_;. It is evident that 6 vanishes on every simple of K, so we address the
converse containment.

Thus suppose k € K satisfies 0(k] = 0. By theorem 4.4.5, k € per(%) is an extension of the simples of
per (%) by some coherent sheaf supported on the T-uncontracted curves, so we can reduce to the case
where k lies in cfi(X) and is supported within the closure of C\ C;.

We show such k continues to satisfy 0(k] = 0 if 6 perturbed from the wall C§ ; into the interior of C§,
from whence the result follows from the observation

(5.1.7) (2.4.

{x € chi(X) | dim Supp(x) = 0} Hes(C$) ¢ {x € H*(CY) | 8'[x] = 0 for generic 8’ € C3}.

Thus consider the vector 8’ =0+ Y ;.| «f, where the vectors («})icr are defined as

=i
“(55) =0, i (o) = '
o (85) w9 =0 0 ey

Evidently 0’ lies generically in C§. Writing I1¢ = A\ (JUI) so that k is supported on Cie = [J;¢c Ci, note
that k lies in the thick subcategory generated by pe;(Z). It follows that the class [k] € KX can be written
as a linear combination of the classes 63 and o (i € I¢), and consequently 8’[k] = 0 as required. O

Consider the crepant contraction T: X — Y of exceptional curves C; = ;. Ci, defining the intermediate
heart K = per() and the category K(0) as in (5.12) for generic 6 € C(K). The category K (0) entirely
lies within H = pex(%), and thus proposition 5.1.7 shows H*(C$,;) = K.
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The minimal tilt with heart cone C§,;, which we call the reversed semi-geometric heart pex( ), is the Artinian
heart obtained by tilting K in the torsion class K(6). To spell this out, writing I° = A\ (JUI) and

Cy = Uiere Ci we have

pe(3) = {X € wh X

Supp(x) C Cis } o @D (O * per(X)T)

x pure of dim. 1 PECRC

= ({x € @h(X) | Supp(x) C Crc} U {x € per(%)[=11| Supp(x) C C1} ).

The poset {K € tilt(H) | C(K) D C§;} is thus equal to the interval [pez(%),pex(¥)]. The structure can be
described explicitly — decomposing I = Iy U --- U Ix such that each C; = J;;Ci (J = L1,...,Ik) is a
connected component of Cy, we have the following.

Lemma 5.3.7. Let t: X — Y be the crepant contraction of Cy = Cr,U- - -UCy, as above. GivenK € [per(X), ped(¥)],
each restricted heart
KND®X; ={k € K| Supp(k) C C;} J=T1..., k)

is a tilt 0fpez](§). Further, these restrictions and the set {p € C\ Cp | O,[—1] € K} uniquely determine K, and
this determines a poset isomorphism

[pe(X), per(3)] =~ [ T tilt (per; (%)) x Bool (C\ Cy).
] Il) »I

Here Bool(—) denotes the boolean lattice on closed points, and the poset on the right hand side is given
the product order i.e. (a;) < (bi) if and only if a; < b; for every i.

Proof: By lemma 2.4.6 and the discussion following it, hearts K € [pex(%), per(¥)] are in bijection with tor-
sion classes T C per(5) that satisfy T C Ky (C§ ;). For such a T, lemma 5.3.6 induces the decomposition

T= @Tﬂpez]%) ) @Tﬁ<®p>,

J=I1,..., Ik peC\Cy

and each summand in the above decomposition is closed under extensions and factors (in K (C§ 1))
since T is so. It follows that each T; = T N pez;(%) is a torsion class in pez;(3), and K N DX is the tilt
of per(3) = per(¥) N DX in Ty = T N DUX;. Further T is clearly determined the summands, i.e. the
desired bijection follows. O

Note when C has two or more irreducible components, each non-zero non-maximal cone ¢ € Arr(A\ J)
is the heart-cone of multiple hearts of the form W, pex(%X) — to be precise, one for each birational model
vX such that 0 C vC§. Indeed each chamber vC§ containing ¢ uniquely determines a subset I C A\ vJ
such that yo = C%, |, and the data (v,I) together determine a partial contraction vX — Y such that
C (Yype( %)) = 0.

Definition 5.3.8. Given a non-zero cone o € Arr(A,J), we say a birational model vX € Bir(%) is o-
positive if o is a face of ng = C(¥y cofi(vX)).

Fixing the reference heart H = pe(2), and in particular the model X, endows the set of birational models
Bir (%) with a partial order where W > W' if and only if there is a minimal sequence of simple flops from X
to W’ passing through W. This order, which under the natural bijections Bir (%) ~ Cham(A, J) ~ MMG N(R)
corresponds to the weak order on chambers or the mutation-order on modifying modules, helps discern
when a semi-geometric heart W, pex( %) is the maximal occupant of its heart cone.

Theorem 5.3.9. Consider a birational model W = vX of X and let T : W — Y be the crepant contraction of
a collection of exceptional curves Cy C W. Writing ¢ C O(A\ J) for the heart cone of Y per( %), the following
statements are equivalent.

(1) The birational model W is maximal among all o-positive elements of Bir ().

(2a) The heart Y pex( %) is the supremum (in tilt(H)) of {¥y, cofi(LX) | o C vCY }.
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(2b) The heart Y pe( YY) is equal to the numerically defined tilt H" (o).
(3) The reversed semi-geometric heart Y pe( XY ) is intermediate with respect to H.
(3a) The heart VY per(YY) is the infimum of {¥,, ch(vX) | o C vCS}.
(36) The heart Y\ pex(XY) is equal to the numerically defined tilt Hy (o).
(4) For generic © € o, an object of H is O-stable if and only if it is a simple of V-, per(%).

Further for any non-zero cone o € Arr(A,J), there is a unique birational model W = vX and a unique partial
contraction W — Y for which 0 = C(Yypex(¥)) and the above holds.

Before proving the various equivalences we sketch a proof of the final claim i.e. we show that for any
o € Arr(A,J) there is a unique birational model and partial contraction satisfying the said conditions.
By the preceding discussion, each o-positive birational W = vX admits precisely one crepant contraction
W — Y such that C(W¥, per(¥)) = o and hence it suffices to show that exactly one o-positive W € Bir (%)
can be maximal. But the corresponding statement is evident for the weak order of cones — perturbing
a generic vector in ¢ ‘in the direction of’ Cg picks out the maximal chamber surrounding o, see for
example [BLSWZqg, lemma 4.2.12].

Returning to the setup of theorem 5.3.9, we now establish the equivalence of statements (1)—(4). The
following equivalences arise from the interplay between numerical tilts and semistable categories.

Proof of (2b) <> (4) < (3b). Considering the heart K = W, pex(¥) and a generic parameter 6 € o, note
that the statement (4) is equivalent to Hs0 = K6 by lemma 5.3.6. But we know K is intermediate with
respect to H and has heart cone o, so corollary 2.4.7 shows that we have H0 = K0 if and only if K is
equal to H"0, thus showing (2b) < (4).

If (2b) (and hence also (4)) is true, then it is immediate that (3b) holds, since W, pex(¥) (i.e. the tilt of K
in K0) must coincide with Hy8 (i.e. the tilt of H"0 in H8). Conversely suppose Y, pey(%) = H"0. Since
K lies in [Hy8, H"6], we see that KN Hy6[1] is a torsionfree class in Hg0 and in particular is contained
in H. But we have

KN HO[1] =Wy per( ¥) N Wyper(¥)[1]) = K6,

so in particular K6 C H and hence corollary 2.4.7 shows that both (2b) and (4) hold. O

Likewise, the equivalences (2a) <= (2b) and (3a) <= (3b) only rely on the geometry of heart cones.
We show how to prove the former, the latter being similar.

Proof of (2a) <=> (2b). It suffices to show that H"(0) is the supremum of the given collection of geometric
hearts. If ¢ is a face of ng = C(V,, cfi(vX)), then we clearly have ¥, cofi(vX) < H"(0).

Conversely, choose generic vectors 0, € vC§ for each vCY containing o as a face. Since the fan Arr(A, J)
is induced from a simplicial hyperplane arrangement, there is a tuple of positive reals (A,) such that
the weighted average 6 = > A0, sits generically in the face 0. By the construction of numerical tor-
sion theories, we see that if h lies in each torsion class H(0,) = Wy, cof(vX)[1] N H, then we also have
h € Hy(0) = H"(0)[1] N H. It follows that we have H(0) < sup {¥, wfi(vX) | 0 C vC}, and hence
equality holds. O

Note that the implication (3b)=-(3) is immediate from definitions, so the following establishes that the
statements (2a)—(4) are all equivalent.

Proof of (3)=(4). Suppose we have W, pex(¥) C H[—1,0]. Since K =¥, per(¥¥) also lies in H[—1,0], we see
that for generic 0 € o the category

Kss(0) = Wy per( §) N Wyper(¥)[1]

lies in H, and hence by corollary 2.4.7 and corollary 4.4.6 we conclude that every object in H(0) is
filtered by the simples of K i.e. (4) holds. O
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It remains to show these are equivalent to (1), which asserts that the shortest J-path p satisfying o C uC%
gives a sequence of flops from X to W (i.e. W = pX). Unsurprisingly, we leverage our control over
compositions of atomic mutations.

Proof of (1)=(2a). First consider the case when the shortest such path p is given by the empty word 0,
ie. W=Xand o = C§ is a face of C§. Then for K = per(¥) and 0 € o generic, the category Kq(6)
(as computed in lemma 5.3.6) clearly lies in H and thus corollary 2.4.7 shows we have K = H"(0), i.e.
statement (2b) (and hence also (2a)) holds.

Now suppose W,Y, o are as in the general situation and p is the shortest spherical J-path satisfying
oC uC%, i.e. ¢y0 = Cygur for some I C uJ. If (1) holds, then we have W = uX and thus W — Y is the
crepant contraction of C; C W. The reasoning above then shows

pel( ¥) = sup {\PU co(vVW) | Cgaul C vCﬁJ},

and it suffices to restrict the above expression to spherical puj-path v that are atomic. But if v is atomic
then so is vy, since every hyperplane crossed by v must contain o while the choice of p ensures that no
hyperplane crossed by it contains o. Thus have

Yype(¥) =sup {W, oWy coli(vW) | Chyp C 0005}
=sup {Yy, wfi(vpX) | o CouCs}

To see this is equivalent to the required statement (2b), observe that for ny spherical pJ-path v we have
CO%,; C vC°

nIu T
realised in this way since @,: Arr(A,J) — Arr(A, nJ) is an isomorphism of fans. O

if and only if o C vuCY, and every maximal chamber containing o as a face can be

Proof of (4)=(7). Let W' = uX be the maximal o-positive birational model, admitting the partial contrac-
tion W/ — Y’ such that C (‘Pupez("y‘/—,’)) = 0. The statement (1) (and hence (4)) holds for this partial
contraction by construction, so we see that an object of H is 6-stable if and only if it is a simple object

of \lfpper<"\‘(/—,/) .

Choosing an atomic sequence of flops v from W’ to W, we note that the path v from p.Cg to vp.Cg = ng
only crosses hyperplanes containing o while the path pu by definition never passes through a chamber
containing o. Thus the composite path vu is also atomic and lemma 4.2.8 allows us to write ¥, =W, o¥,,.

Suppose (4) also holds for W — Y, i.e. an object of H is 0-stable if and only if it is a simple of W, per( ¥ ).
Thus we have the equality of sets

{W,"h|h € H O-stable} = {s |'s e pez("l—,') simple} = {¥yt|t € pe(¥) simple} .

We need to show W = W', or equivalently that v is the empty path. If not, it has length > 1 so can be
written as v = vy - v’ for some pJ-path v’ and i € A\ v'pJ. In other words, the final curve flopped by v
is C; C v'W’, which has proper transform C,;; C W.

Further the wall v’CO N vlv’CO contains the cone o, so we must have (i) € I. Thus the curve C ;) C W
is contracted by T: W =Y.

In particular the object t = O¢,,,(—1) is simple in per( %), and tracking it across the flop functors using
[Wem18, lemma 4.15] we see that

Wy (t) =Yy o Wi (Oc, (1))
=Yy (0¢,(=1)) [-1]
IS pez(WT')[—Z,—ﬂ.

But all simples of pez( va> must lie in pez( ) this furnishes the desired contradiction. O

This concludes our analysis of the non-maximal heart cones in HFan(pex(%)), and thus of all numerical
tilts of per(%). In the next section we examine local and global properties of the partial order to conclude
that all tilts of pex(3) are numerical.



Covering and limiting relations

(Chapter 6)

With the goal of showing that every heart in tilt(pex(Z)) can be detected via K-theory — thus proving the-
orem 1.4.2 (1) — we now examine covering relations in the poset of algebraic t-structures and the dynamics
of the actions of Pic(vX) on the poset. A happy consequence of the study of covering relations is the
classification of bricks in pe(%), following theorem 2.2.2.

§ 6.1 Simple tilts of length hearts

Following [HW18, §5], we will show that simple tilts of algebraic hearts in tilt(pez(%)] arise precisely
from simple mutation functors. This will yield a complete description of the poset of algebraic tilts
alg-tilt(pex($)), and also give insight into the embedding alg-tilt(pex(Z)) C tilt(per(3)).

Recall that for any M = vN € MM N(R), we write H for the natural heart flmod v A, in D', A,. Each
indecomposable summand M; C M (i € A\ vJ) then gives an indecomposable projective yA,-module
Homg (M, M;), and hence a dual simple module S; € H.

The following theorem, which extends lemma 4.2.7, is then a complete record of the behaviour of simple
mutations with respect to various partial orders.
Theorem 6.1.1. Let v be a positive path starting at N, and i € A\ vJ. Then the following are equivalent:
(1) YN > vivN in MM N (R).
(2a) Ty D Ty,~, equivalently F, C Fy .
(2b) Fy.v = OyF; x Fy, equivalently Ty, = O, TN T,,.
(2¢) Inflmod \ Ay we have S; € ®'T,.
(2d) The heart @ (®iH)[-1] C DA is intermediate with respect to H, i.e. lies in H[—1,0] .
(2¢) There is a natural isomorphism of functors @ = © o ;.
(3a) U, C Uy, equivalently V, D V, .
(36) Uy, = Uy « Y, Uy, equivalently V., =V, NY, V4
(3¢) Inflmod \ A we have S; € YV,
(3d) The heart VY, (ViH) C DA is intermediate with respect to H.
(3¢) There is a natural isomorphism of functors ¥, =W, o V;.
(4) There is an isomorphism of bimodules v A = Ay QL LA, where the tensor product is over y A .
We now prove theorem 6.1.1 in parts, showing (1) is equivalent to (2a)—(2e) and to (4). Proving the
equivalence of (1) with (3a)—(3e) is entirely analogous. Note also that in (2a), (2b), (3a), and (3b), the
equivalence of the two involved clauses follows from formal properties of torsion theories— for instance

whenever H = T« F = T'«F’ are two torsion pairs with T C T’, then T'NF is a torsion class in the Abelian
category F x T[—1] with corresponding torsion-ree class F/ * T[—1].
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The implication (1)=-(2e) is precisely lemma 4.2.7, and the proof given establishes the implications
(1)=(4)=(2e). The statements (2e)=-(2d) and (2b)=-(2a) are immediate. Likewise the following are
straightforward from the definitions of the involved torsion theories.

Proof of (2a) = (7). If (1) does not hold, then necessarily vivN > vN by lemma 3.4.2 and theorem 4.2.4
and hence there is a y € add yA and an exact sequence

0O=vvA—=y—= A—=0.

In particular for x € T, we have Ext'(vA,x) = 0 and hence Ext' (y,x) = 0. Since Ext?(yA,x) = 0 for
projective dimension reasons, the long exact sequence associated to Hom(—, x) shows Ext' (vivA,x) =0
i,e. x € Ty,v. Thus we have T,y D T,, i.e. (2a) does not hold. O

Proof of (2¢) =(2b). Using @, = @, 0D;, we have Ty, = HN®,, ., H = HN®,, (®;H) = HN(D Fi [1]xD, T;).
But since ®,F; C H[0,1], we have ®,F;[1] N H = {0} and hence T, ., = ®,T; N H . Likewise writing
H =T, * F,, we observe that ®,T; ¢ ®,H = F,[1] * T,, and hence ®,T; N F, = {0}. Thus we have
Ty,v = @y Ti NTy as required. O

Proof of (2d) = (2¢). If (2c) does not hold, then noting that H = ®3'F,[1] x ®'T, is a torsion the-
ory on DI, A,, we have that S; € ®'F,[1] and hence @,S; € F,[1] ¢ H[1]. But then we see that
O, (®iH)[-1] = O, F; * O, T;[-1] contains the object @ S; (since S; € F;) and hence cannot be interme-
diate. O

Thus we have proven the chain of equivalences (1)= (4)= (2e)= (2b)= (2a)= (1). Since we also have
(2e)=(2d)=(2c), showing (2c)=-(1) will finish the proof of theorem 6.1.1.

Proof of (2c) = (7). This is essentially [HW18, lemma 5.4]. If (1) does not hold, then by lemma 3.4.2
and theorem 4.2.4 we must have vivyN > vN = v,(;;vivN. Thus applying (1)=-(2e) to this chain of
mutations, we have ®, = @, o ® ;) and hence by lemma 5.1.1, ®(S;) = ®,(S.(3))[1]. But noting
Dy v (S.1)) € Dyv,vH C H[0, 1], we immediately have that @, (S;) ¢ H and hence S; ¢ o, 'T,. O

We consequently have a complete description of covering relations involving algebraic hearts.

Corollary 6.1.2. Ifv is a J-path and i € A\ vJ is such that vN > vivN, then tilt(H) has covering relations
O H-1] < @, JH[-T], WY H>WY, H

with brick labels O, S; and V. S; respectively. Further, every covering relation in tilt(H) which involves an element
of tilt™ (H) is of the above form.

Proof That the relations written are covering with the given brick label is immediate.

Now if we have K < W, H in tilt(H), then by theorem 2.2.2 the corresponding brick label b is a simple
object of ¥, H which lies in HN'W,H =V, and K is the tilt of ¥, H in the torsion class (b). In particular,
we have b =¥, S; for some i € A\ J, so that theorem 6.1.1 ((3¢)=-(1)) gives us YN > v;vN and further
K=, H.

An analogous reasoning shows covering relations of the form K >V, H, K < ®,H[-1], and K > ®, H[-1]
are also of the given form. O

From proposition 3.4.4, we see that identifying positive paths from the respective unique maximal ele-
ments gives natural isomorphisms of posets

(tilt" H,<) ~ (MM ™(R), <) ~ (Cham(A, J), <) ~ (tilt™ H, <)°P.

Further, can be seen (e.g. by an argument similar to that in the proof of theorem 5.2.3) that any interval
in tilt(H) whose end points lie in tilt" (H) (tilt” (H)) must entirely lie in tilt" (H) (resp. tilt~ (H)) — that is
to say if K is a heart satisfying ¥, H > K > ¥, H for some J-paths v,v’, then there is a J-path v such
that K =¥, ~H.
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§ 6.2 Dynamics of the nef monoid

The Hasse quiver, in principle, should say all one wants to hear about the poset alg-tilt(H). Lattice the-
oretic analyses of affine weak orders however remain elusive in practice. Fortunately, our understanding
of the global structure of tilt(H) is greatly aided by the presence of the natural actions of various Picard
groups — these play a role identical to that of coweight lattices in the study of Bruhat orders.

Note that tensoring by any line bundle & € Pic X naturally gives an autoequivalence of D°X. We focus
on the induced action on the poset of t-structures, where £ € Pic X thus twists a heart K to

2eK={2ekklkeK}.

In what follows we study the orbit of H = per(%) in relation to the poset tilt(H), setting up notation and
stating key results. The proofs will follow (and rely on) a discussion of how these actions are observed
on K-theory and in the heart fan.

Certain twists of H can be described explicitly — namely, if we write £; = det(N;) (i € A\J) for standard
basis elements of Pic(X) with indexing as in lemma 4.1.1, then we have the following.

Proposition 6.2.1. For anyi € A\ J andn > 0, the following statements hold.

(1) The heart (£:7)°™ @ H is intermediate with respect to H, and is the tilt of H in the smallest torsion class
containing O¢c, (—m — 1)[1].

(2) The heart 2™ @ H[-1] is intermediate with respect to H, and is the tilt of H in the smallest torsion-free
class containing O¢c, (n — 2).

If we denote by T: X — X; the crepant partial contraction of (J;ca\(i; Cj (ie. of all exceptional curves
except Cy), then it is clear from the above description that we have

H > 27 @H > (2)%2@H > o > ped %),
H-1 < £ @H- < 282 @H[-1] < o< ;Yziﬁ—)

Proposition 6.2.2. Foranyi € A\J, the torsion class ;762(%) (11NH in H is generated by the collection of objects
{6¢c, (M)[1] | n < —2} while the torsion-free class Fez@—) N H is generated by {Oc,(n) | n > —1}. In particular,
in the poset tilt(H) we have

pez(é—i) = inf {(SB{)@m Q@HIn> 0} ,

pei( %) =sup {F" @ HI-1] | n >0}
In fact we realise many more geometric and semi-geometric hearts as limits of twists by line bundles on
birational models. To explain this, note that if W = vX is a birational model then the natural action
of Pic(W) on D'W can be translated across the flop functor ¥, to an action on D°X. For brevity we
continue to denote this action Pic(W) © D’X by ®, i.e. for £ € Pic(W) and h € D°X we write

Zeh=Y, (2} ¥, h).

The induced action Pic(W) O t-str(D%X) on t-structures is denoted likewise.

Now Pic(W) sits as the lattice of integral points in the vector space Picg(W), which we identify (as
in proposition 5.1.10) with the hyperplane {6 € ©(A\ J) | 6(65) = 0}. Cones in this hyperplane cut
submonoids of Pic(W), in particular we can consider the various monoid actions (Pic(W) N o) © DX
determined by the choice of a birational model W € Bir (%) and a cone ¢ € Arr(A, J).

The birational model W is o-positive (definition 5.3.8) precisely when Pic(W) N o lies in the nef cone.
For such o and W we can consider the (Pic W o)-orbit of the reference heart H = pex(%). The following
result shows that the orbit is independent of the choice of o-positive birational model, lies in tilt(H), and
limits to the maximal (semi-)geometric heart determined by o.
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Theorem 6.2.3. Given a sequence of flops v from X with corresponding birational model W = vX, the following
statements hold in D°X.

(1) For any L € Pic(W), we have H > £~ ® H in the poset of t-structures on D°X if and only if £ is nef; if
and only if @ @ H[—1] > H[—1]. When these conditions hold, we have

H> 2 ®H > VY, (W) > V,ohW > LQH[-1] > H[-1].

(2) Let 0 € Arr(A,J) be a a cone such that W is o-positive. Then

H%(o) =inf {2 ® H | 2 € Pic(W) N o}, He (o) = sup {£ ® H[-1] | £ € Pic(W) N o}.

(3) Suppose W' = v'X is another birational model, and the line bundles £ € Pic(W) and £’ € Pic(W')
coincide as elements of ©(A\ J). If both £ and L' are nef, then

P"OH=2"®0H and P QH[-1] =2 H[-1].

(4) Let X € tilt(H) be of the form 2’ " @ H or 2’ @ H[—1] for some line bundle £’ on some birational model W'.
If we have an znequalzty K < coi(W) or K > ©h(W), then there is an £ € Pic(W) such that K =L~ @ H
orK =2 @ H[-1].

Given any non-zero cone o € Arr(A,J), theorem 5.3.9 gives a birational model W = vX and a partial
contraction W — Y such that H"(0) = W, per(¥). The monoid Pic W N ¢ can be naturally identified (as
in proposition 5.1.10) with the nef cone of Y, and the limit of the twists £~ ® H ranging over £ € PicWno
is precisely the heart pex(¥) which is geometric on the curves ‘detected by’ PicW N o.

In particular the limit of all twists {2” ® H | £ € Pic(W) nef} is the geometric heart ¥, chA W, a ‘fixed
point’ of the action of Pic(W).

Global order on Picard orbits. Suppose W = vXis a birational model of X with exceptional curves C;
(i € A\vJ). The intersection pairing with these 1-cycles gives an isomorphism deg: Pic(W) — Z(A\V3),

We endow Z(4\V9) with the product order (i.e. for tuples (a;), (b;) € Z(4\Y3) we have (a;) < (b;) if and
only if a; < b; for each i € A\ vJ) and write 0,1 € Z(*\V9) for the tuples whose entries are all 0 or all 1
respectively. Thus for example a line bundle £ € Pic(W) is nef if and only if 0 < deg(2), and two line
bundles 21,2, € Pic W satisfy deg(21) < deg(2,) if and only if £, ® £ 7 is nef.

The partial order on various twists and shifts of H = pex(%) can then be described as follows.
Corollary 6.2.4. Given line bundles 21,2, on some birational model W € Bir(%) and integersni,ny € Z, we

have £1 ® Hlnl > P2 @ Hnyl in the poset of t-siructures on DOX if and only if eitherny > ny, orny =n; and
deg(21) > deg(2,). Thus we have an isomorphism of posets

(LQHM] |2 ePic(W),neZ ~ ZxzAW
where Z x Z'A\Y) is ordered lexicographically on its two factors.
Proof If ny = ny, then it is clear that £; ® H[ny] > £, ® H[n4] if and only if H > 2717 ® 2, ® H, which
by theorem 6.2.3 (1) occurs if and only if deg(2£1) > deg(%£>).

Thus to conclude it suffices to show £; @ H > £, ® H[-1] for all £;,%, € PicW. Now we may write
L1 = 2L_"® <P, where the line bundles £,,2_ € PicW are nef. Theorem 6.2.3 (1) shows there are
inequalities £, ® H[-1] > H[-1] and 2_"® H > V¥, cohiW. Applying the functor £_" ® (—)[1] to the
first inequality thus yields £; ® H > ¥, «0iW, and a similar argument gives ¥, @i W > £, ® H[-1] from
which the conclusion follows. O

Restricting to the interval of intermediate hearts tilt(H) = [H[—1], H], we see that
{K e tilt(H) | K=2®H or £ ® H[-1] for some W € Bir(%), & € Pic(W)}

decomposes into a union of sub-posets isomorphic to (Z>0)/2\ LI (Z<)!*\I! indexed over Bir (). This
highly regular sub-poset of tilt(H) provides anchors to track the remaining intermediate algebraic hearts.
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Theorem 6.2.5. For any algebraic heart K € tilt(H), there is a birational model W of X and line bundles
21,2, € Pic(W) with degrees

0 < deg(21) < deg(P2) < deg(2Lq)+1,
such that one of the inequalities below holds:

L17"H > K > Z°9H, o £ @H[-1] < K < £, @H[-1].

Actions on the heart fan. In order to prove propositions 6.2.1 and 6.2.2 and theorems 6.2.3 and 6.2.5,
we now examine the actions of Picard groups on t-structures, heart cones, and modifying modules. This
builds upon the work of Hirano—Wemyss [HW<23, §7] on the subject.

The action of Pic X on the Grothendieck group KX is straightforward to analyse after choosing an ap-
propriate basis — choosing the classes 65 = [0,] and o = [O¢,(—1)] (i € A\ J), the action PicX O KX is
given by

o5 + 8 j=1
(61) &31@53 253, 31@0@ = ) ) .
o, otherwise

This clearly preserves the root system, i.e. the transposed action on ©(A \ J) preserves the intersection
arrangement Arr(A, J) and in particular takes chambers to chambers. This can be visualised by noting
that the functionals {«; | i € A\ J} give coordinates on the level set {6; = 1} and the action of PicX on
the level set restricts to translations along the lattice of integral points.

If W = vX is a different birational model, then flop functor ¥, : D°W — DX gives an isomorphism of
K-theory KW — KX which maps 6,3 — 63. Writing B; = [V,Oc,(—1)] (i € A\ vJ) for the classes of
the simples of W, pex(Y), we see that {63, B: | i € A\ J} is a basis for KX and the action PicW © KX in
this basis is given by a formula analogous to (6.1). In particular the intersection arrangement is again
preserved, and there is an induced action on the set of chambers.

For a bounded heart K ¢ DX and & € Pic W, the chamber & - C(K) is the heart cone of £° ® K. The
following preliminary lemma shows that this action plays well with the partial order on chambers.

Lemma 6.2.6. Given a birational model W = vX and nef line bundles 21,2, € Pic W, we have 2, C§ >%, Cg
in the weak order if and only if deg(2£1) < deg(22).

Proof If £ € Pic(W) is nef and i € A\ vJ, then the hyperplane {nd3; — 3; = 0} separates Cg and &£ C;
if and only if 0 < n < deg(Z|c,). It follows that if £1,2, are nef such that $1C§ > ing, then we
necessarily have deg(21) < deg(2,).

Conversely consider any hyperplane {« = 0} defined by a restricted root «. Since o is simply the
projection of a root in an affine Dynkin root system, we may write

x=ndy+ Z aiPi,

ieA\T

for some n € Z and some tuple of positive integers a = (a;). Now for generic 6 € Cg normalised so that
0(03) =1, and for any £ € Pic(W), we have

(£0)(«) = 0(ax) + (a,deg %)

where (—, —) denotes the standard (Euclidean) inner product between two tuples in Z(4\¥3). In particular

if 2 is nef then (a,deg %) > 0, so the hyperplane {«x = 0} separates C and £ C7 if and only if
(a,deg¥®) > —6(x) > 0.

It follows that if £;,%, € Pic(W) are such that deg(%£,) > deg(£;) > 0 then any hyperplane separating
C73 from 2 C also separates it from £, C} as required. O
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Actions on modifying modules. The following discussion pertains only to the dimZ = 3 case of
setup 1.0.2. Given a birational model m: W — Z and a line bundle £ € Pic(W), the pushforward 7.2
gives a reflexive R-module and this determines an injection Pic(W) — CI(R) into the class group of R. It
is clear that if W’ is another birational model, then the inclusions of Pic(W) and Pic(W’) into CI(R) are
compatible with the isomorphism Pic(W) = Pic(W’) induced by taking proper transforms, and we write
cl(R) C CI(R) for the common image of all such inclusions. We remark that the equality cl(R) = CI(R)
holds if and only if X is a minimal model of Z, this follows from [IW, proposition g.1] and relies on the
assumption that the singularity of Z is isolated.

Iyama and Wemyss [IW, §9.4] extensively study the action of cl(R) on the set MM N (R), given by
L-M=(L"@g M)**

forL € cl(R), M € MM N(R), and (—)* = Hom(—, R). In particular they show that the action is compatible
with that on the intersection arrangement under the bijection C: MM N(R) — Cham(A,J). We translate
the result into a form suitable for our purposes (see also [HW23, lemma 7.2]).

Proposition 6.2.7. If 1 : W — Z is a birational model of the threefold X, then for every £ € Pic W and
M € MM N (R) we have £ - C(M) = C(1, 2L - M).

Proof- 1t suffices to consider W = X, and to prove the statement for the line bundles £; = (det N;)”~
(i € A\ J) which generate Pic(X). Further, we may assume the basic modifying module N is maximal
modifying, i.e.

add (N {M € mod R reflexive | Ext' (N,M) = Ext' (M,N) = O}.

Indeed if not, then note that by [IW, theorem ¢.1(1)] and [IW14, corollary 4.18] there is a modifying
module N€¢ such that N& N¢ is maximal modifying. This choice can clearly be made such that N @& N€¢ is
basic, and further [IW, theorem g.5] shows that this N @ N¢ has at most |A| indecomposable summands
so we can index the summands of N¢ as N¢ = @®;c3N; for some J C J. Then we can work with the pair
(N@ N¢ J\7J) instead of (N,J), using [IW, theorem 8.15] to translate the results back to N.

Consider as in the proof of theorem 4.2.4 a general elephant SpecR < SpecR and the corresponding
reduction functor F(—) = (—) ®g R. Writing modif(R) for the set of modifying R-modules, Iyama—Wemyss
[IW, definition g.7] define a map ind: modif(R) — ©(A\ J) as the composite

modif (R)

O(A\
(6.2) J[Homkm,n I

F(-)
Kspht (ng A) —_— Kspht PZOI IFA
where the final map sends class of the indecomposable projective FA; = F Homg (N, N;) to the vector
0; € O(A\ J) dual to oy € h(A\ J). By construction, for a maximal modifying module M the cone
C(M) is generated by the vectors ind(M;) associated to indecomposable summands M; C M. Now [IW,
proposition g.10 (1) and theorem g.23 (2)] show that for any M € modif (R) we have

ind(7,%; - M) = ind(det N; ®@g M)**
= ind M + 55(ind M) - (ind(det N;) —ind R)
=ind M + §5(ind M) - (ind N; —rk N; - ind No)
=indMo (£; ® —)
where the penultimate equality uses the identity ind Ny — ind(det N;) = (rk N; — 1) - ind R which can be

deduced, for example, from [IW, corollary g.22]. Thus ind(7,.2;-M) = £;-ind M for every M € modif (R),
and the result follows. O

In what follows we suppress the map 7. from notation, directly considering the action Pic W & MM NR.
Given M € MM NR and £ € Pic W, we write £ - Endg(M) = Endg(£M). In particular %A is the endo-
morphism algebra of £N. Note there is natural isomorphism of algebras ¢: £-Endg(M) — Endg(M) and
thus an equivalence ¢: D1(£ Endg M) — D! (Endg M) which identifies standard hearts (¢(H) = H).
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Remark 6.2.8. To extend the above discussion to the dimZ = 2 case of setup 1.0.2 we simply treat
proposition 6.2.7 as definitive of the action Pic W &) MM NR — that is, given a line bundle £ € Pic W and
a tagged modifying module (o, M), we declare £ - (6, M) to be the element (£o,M) € MM NR.

Actions on t-structures. Given £ € Pic W, we examine the intermediacy of £ ® H (with respect to H)
by comparing it with the tautologically intermediate heart associated with N € MM NR, i.e. the image
of the Brenner—Butler map

RHom(Homg (£-N,N),—)

flmod (LA) DIA.

Choosing an atomic sequence of mutations A from N to & - N, the above map is simply W, and the
resulting intermediate heart is W¥AH. Evidently this heart agrees with £~ ® H in K-theory, and we now
show that they are in fact equal when &£ is nef.

Proposition 6.2.9. Let £ € Pic W be a nef line bundle and N an atomic path from N to £ N. Then the following
diagram commutes on objects.

DOX rer) DOX
(6.3) JVdB JVdB
DIA — 5 5 DIgA L) DIA

Proof. First consider the case when £ is a nef bundle on X, i.e. when the sequence of flops v is trivial.
We induct on deg %, noting that the statement trivially holds for £ = Ox.

So suppose the diagram (6.3) commutes for a nef £ € Pic X, and consider the bundle £; ® £ for some
i€ A\ J. By lemmas 3.4.3 and 6.2.6, we can choose positive paths A, A; whose composite AA; remains
atomic such that

L Cg‘_ = }\iC‘;}_, (2 ®2P) Cg‘_ = 7\}\103_

Further since A is a reduced path from %; CJ to (£; ® 2) C3, translating it along %; ~ gives a reduced
(hence atomic) path A’ such that
2Cy =A'Cy.

By proposition 6.2.7, we have ;N = AN, (£; ® 2)N = AA;N, and 2N = A’N, and each path appearing
in these expressions is atomic. Then the corresponding diagram (6.3) for £; ® £ is precisely the outer
circuit of the diagram below, and it suffices to prove that each component circuit (i)—(v) commutes.

DOX §£V®(*) DOX §£iv®(*) DOX

VdB (i) VdB (ii) VdB

‘l’)\/

Y.
DA —& 5 DI A DA € DIg A — iy DIA

(iv) (v)

Wan,

D (% @ 2)A

The pentagon (i) commutes by induction hypothesis, and (ii) is precisely the diagram shown to commute
in [HW2g, theorem 7.4]. The triangle (iii) commutes since there is a natural isomorphism of functors

(M2i" @r =) o (ME QR —)" = (M(Li®@2L) @),

so that the isomorphism of algebras A =5 (21 @2)A is the composite A S PA S (2i®2)A. The com-
mutativity of (iv) is the content of [HW<23, lemma 7.3], while the triangle (v) commutes by lemma 4.2.8
since AA; is an atomic path. Thus the whole diagram commutes as required.
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Now suppose we are in the general case, i.e. £ is a nef bundle on the flop W = vX and A is an atomic
path from N to £ N. Write M = vN for the modifying R-module generator associated to W, and choose
an atomic path A’ from M to £ M. Further we may assume the sequence of flops v is atomic, so that
translating v by & as above gives an atomic path v’ from £N to £ M.

We can thus construct a diagram

flop™" flop

DX ———  D'w D'W DOX
VdB (i) VdB (ii) VdB (i) VdB
w1 ,
DIA i Dl A, =5 Dl A, —25 DI A, " Dpia
(iv) v, V)
e Wa
DI 2A

where the squares (i) and (iii) commute by theorem 4.3.4, while the circuit (ii) commutes from the above
discussion since £ is a nef bundle on W (the trivial flop of W). The commutativity of (iv) is again
the content of [HW23, lemma 7.3]. To show (v) commutes we use lemma 4.2.8, observing that the
composite paths A’v and v’A are both atomic — indeed any hyperplane crossed by the atomic path v
must pass through the cones

C;nvCy o ((B:i=0

ieA\vJ

and hence is of the form {ZieA\vs biBi = O} for some tuple of non-negative integers b;. But then

any generic vector @ € vC3 and its translate 20 € A’vC] both evidently lie on the same side of such
a hyperplane, which thereby cannot be crossed by the atomic path A’. Similar reasoning shows the
hyperplanes crossed by A and v’ are distinct.

Thus the whole diagram commutes, and reading the outer circuit yields the required diagram (6.3). O

Intermediacy of twists. We now prove parts (1), (3), (2), and (4) of theorem 6.2.3 in that order, noting
that each successive proof relies on the previous ones.

Proof of theorem 6.2.3 (1). If £ € Pic(W) is nef, then proposition 6.2.9 shows that the heart £ "®H coincides
with WA H for some atomic path A. In particular, it is intermediate with respect to H.

On the other hand given any £ € Pic(W) such that H > £~ ® H, we may express & as a difference of nef
bundles £ =2_"® £, to obtain the inequality £_"®@ H > £, " ® H in tilt(H). Noting 2_"® H =¥, H
and 2" ® H = ¥, /H for some paths v,v’, by corollary 6.1.2 we thus have an inequality of chambers
¢ C3+ >L, C§ in the weak order. Then lemma 6.2.6 shows deg(£_) < deg(<2. ), so that & is nef.

One can likewise show that the nef-ness of £ is also equivalent to the inequality £ ® H[—1] > H[-1], by
first inverting the diagram (6.3) to show £ ® H[—1] = ®,H[-1] for some J-path A and then proceeding
as above.

Lastly we show £ "®@H > W, (coi W) when £ € Pic Wis nef. Consider the K-theory classes 3; = [Y,Oc, (—1)]
for i € A\ v, and the vector f§ € O(A\ J) determined as

BB =1
)0, ieavy.

One checks that 3§(05) =1 and B§(c;) = 0 for all i € A\ J, so we have 3§ € Cg and thus the vector
& - B lies in £CJ = C(£” @ H). Further since £ is nef, we see that £ - p5 = B + 6° for some 6° € vCS.
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It follows that we have

2 @HOINH C HY(Z-Bg)
={heH|Z-B;[fl <O for all factors h — f}
={h € H|08°[f] < —Bj[f] for all factors h — f}
C {h € H| 0°[f] < 0 for all non-zero factors h —» f # 0}
= He(00)
C W, kW[ NH

and thus 2 ® H > ¥, i W, with the inequality being necessarily strict since ¥, coi W is not algebraic.
The proof of the corresponding statement for £ ® H[—1] is analogous. O

Proof of theorem 6.2.3 (3). Given birational models W = vX and W’ € v’X, we have seen that the action
of any £ € Pic(W) on KX coincides with that of its proper transform 2’ € Pic(W’). Thus in particular
2°Cy =2'"C7,ie. C(2®@H) =C(2" @ H).

Now if £ and 2’ are both nef, then £ ® H and £’ ® H are both intermediate with respect to H by
theorem 6.2.3 (1). But the assignment C: tilt(H) — HFan(H) restricts to a bijection between algebraic
intermediate hearts and full dimensional heart cones, so £ ®@H = £’ "®@H. Likewise, the hearts 2QH[—1]
and 2’ ® H[—1] are equal. O

Proof of theorem 6.2.3 (2). Suppose 0 and W are as given, and consider a line bundle £ € Pic(W)no. If vX
is another o-positive birational model, then the proper transform of & is nef on vX and thus theorem 6.2.3
(1) and (3) give us £~ ® H > V¥, cofi(vX). Considering all such inequalities together, we obtain

inf (2" ® H |2 € Pic(W) N o} > sup {¥, cwh(vX) | o CvCS} (5:3-9) HY (o).

Conversely suppose h € H lies in £ ® H for every £ € Pic(W) N o, i.e. H lies in the torsionfree class
associated to the infimum on the left-hand side above. Pick a line bundle £, that lies generically in
Pic(W)No, i.e. £y does not lie in Pic(W) N o’ for any proper face ¢’ C 0. Thus £, determines a generic
vector 0y € 0. Considering the vector 0 = £§™ - «f where n > 0 is some integer and o is the vector
given by (5.9), one calculates
0= CXS +n-0p.

Moreover 0 clearly lies in 5™ C§ = C((£0")®" ® H), and thus we have h € H(0). In other words,
ajls] +n - Bpls] > 0 for every non-zero sub-object s — h. But n > 0 was arbitrary, so we must in fact
have 0 (s] > 0 for every sub-object s — h — this is precisely the condition h € H(8,), and thus giving
the opposite inequality

inf (£ ®@H |2 e PicWno} < HY(8y) = H"(0).
The statement for Hy (o) can be proved analogously. O

Proof of theorem 6.2.3 (4). Suppose K is as given, in particular the heart cone C(K) is of the form £ C3
or £C5 for a unique £ € Pic(W) — without loss of generality the former. If this £ were nef, then by
theorem 6.2.3 (1) we would have that K and £~ ® H are elements of tilt(H) with identical full-dimensional
heart cones, whence they must be equal as required.

Noting C(K) lies in {65 > 0}, we see that the inequality K < @#(W) cannot occur. Therefore we must
show that & is necessarily nef if K > «fi(W). By theorem 6.2.3 (2), this inequality can be rewritten as
the containment of torsion classes

(6.4) KOINH C sup{2Lo” @ HI] N H | Ly € Pic(W) nef}.

Now for any two nef bundles 21,2, € Pic(W), from theorem 6.2.3 (1) we see that both £; " ® H and
2,” ® H are greater than (£; ® £;)” ® H in the poset of t-structures. In other words, we have the
containmen of torsion classes

(6.5) (21"HMNH) U (L2 HIINH) C (210%) @H[1]NH.
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It follows that the supremum in (6.4) is in fact a union. The torsion class K[1] N H is finitely generated
(for example by the finite set of brick labels in the interval [K,H] C tilt(H)), so a sufficiently ample
2o € Pic(W) determines a torsion class £, ® H[1] N H in this union that contains all the generators of
K[1] N H, and hence contains K[1] N H.

Thus we have H > K > £,” ® H, and consequently (by corollary 6.1.2) the inequality of heart cones
Cy22Cy >2,Cy

for some for some nef £y € Pic(W). The nef-ness of £ is then evident, e.g. by considering the hyperplanes
{l¥y0O¢,(n)] =0} defined by curves C; C W and n € Z. O

The proofs of propositions 6.2.1 and 6.2.2 and theorem 6.2.5 now follow.

Proof of proposition 6.2.1. Given the line bundle £ = 2™ (i € A\ J, n > 0), theorem 6.2.3 (1) shows that
2~ ® H is intermediate with respect to H. Further since it is an Artinian tilt, proposition 2.3.3 shows that
the corresponding torsion class £~ ® H[1] N H is generated by the semibrick

S ={b € H|b[-1] is a simple object of £~ ® H}
={b € H| b is the brick label of a covering relation K> 2" ® H in tilt(H)}.

In particular, the size of S is equal to the number of hearts in tilt(H) covered by £~ ® H. Equivalently
(corollary 6.1.2), this is the number of covering relations of the form o < &£ C:f in Cham(A, J).

Such covering relations in the weak order correspond to hyperplanes that support (i.e. contain a codi-
mension one face of) £ Cj{ and separate it from Cg. But the hyperplanes supporting EBC‘%“ are defined
by the roots

RO =0 —nd3, L O =0 ([EA\F, jF1), and L R xo = xp +ndi - O3.

Of these only o —nd; separates C§ from £ C;. Thus the semibrick S has precisely one element, and
examining the simples of £~ ® H shows that this element must be

£ ® 0, (1] = 0¢, (—n — D[],

The statement for £ ® H[—1] can be proved analogously. O
Proof of proposition 6.2.2. Immediate from proposition 6.2.1 and theorem 6.2.3 (2). O

Proof of theorem 6.2.5. We prove the statement for K = W, H for some positive J-path v, the case for
@, H[—1] being analogous. Now given a positive J-path v, there is a unique spherical J-path p such that

\/C‘i‘r - pC% + Rxo - g

= {90+toc3|90 Eng, t)O},

where o is as in (5.9). Indeed, the half space {65 > 0} (which contains Arr*(A,J)) can be written as the
union of all such regions and they intersect pairwise in subsets of positive codimension. In particular
for each class i = Wy Oc,(—1)] (i € A\ vJ), we have

vCi C{010(B:) > 0}

A similar argument involving a decomposition of {65 > 0} shows that for each i € A\ vJ there is a unique
integer d; such that

(6.6) vCy € {0](di+1)-0(85) > 0(B:) > di - 6(83)},

and clearly we must have d; > 0 in this case. Then the vector (d;) € Z*\J! determines line bundles
21,2, € Pic(W) with degrees (d;), (d; + 1) respectively — evidently we have

0 < deg(21) < deg(22) = deg(2q1)+1.
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Moreover, by construction we have the inequalities of chambers

(6.7) 2 CY > vCf > %, 0.

J

To see why, suppose the hyperplane {x = 0} separates C} and 2,CJ, where (up to replacing « by its
negative) we may write

o =ndy + Z aifi

i€A\u3

for some n € Z and a tuple of non-negative integers (a;). For generic 6 € C7, the only way in which
0(«) and (£10)(x) = 0(ct) + Y _; aid; 8(d3) can have opposite signs is if 6() < 0 and (£16)(x) > 0. In
particular choosing the vector 6 = «f as in (5.9) which vanishes on all 3; (i € A\ uJ), we obtain the
inequality

n-+ Z aid; > 0.

ieA\pJ

It follows that for generic 0 € \/CJ+ normalised so that 6(55) = 1, we have

O = n+ Y  ab(Bs) >n+ Y adi > 0.

ieA\uJ ieA\ 1T

In other words, the hyperplane cut by « must also separate C and vC7, showing £, C] > vC7J as
required. The inequality vC} > %, C7 is analogous.

The desired inequality on K then follows by translating the inequality of heart cones (6.7) into inequalities
of intermediate algebraic hearts via corollary 6.1.2. O

§ 6.3 Every torsion theory on the perverse heart is numerical

The above analysis of tilt(H) paves the way for this result, showing that the heart fan of H detects every
intermediate t-structure and thus an arbitrary heart in tilt(H) must be one of the algebraic, geometric,
or semi-geometric t-structures described in chapter 5.

Theorem 6.3.1. Let K be an arbitrary tilt of H. Then the heart cone C(X) is non-zero.

We prove theorem 6.3.1 over the course of this section. Thus, fix K € tilt(H) as above. If K is algebraic,
then C(K) is full-dimensional (in particular, non-zero) by theorem 2.4.4. So we may restrict to the case
when K is non-algebraic. By theorem 5.2.3, C(K) is thus a (possibly zero) cone in Arr(A, J). The following
lemma is then the key tool we exploit.

Lemma 6.3.2. Given K € tilt(H), suppose there is a non-zero cone o € Arr(A,J) and a o-positive birational
model W € Bir (%) such that
2"®H > K > LeH[-1]

for every £ € Pic(W) N 0. Then the heart cone C(K) contains o, and is in particular non-zero.

Proof. The conditions, combined with theorem 6.2.3 (2) show H"(g) > K > Hy(0o) so the result follows
from lemma 2.4.6. O

It is relatively straightforward to obtain the bound on one side for lemma 6.3.2.

Lemma 6.3.3. If the heart K € tilt(H) is not algebraic, then there is a non-zero cone o € Arr(A,J) and a
o-positive birational model W € Bir (%) such that 2~ @ H > K for every £ € Pic(W) N o.

Likewise, there is a (possibly different) non-zero cone 6’ € Arr(A,J) and a o’ -positive birational model W’ € Bir (2)

such that K > @' ® H[—1] for every 2’ € Pic(W’') N o’.

Proof- We prove the first statement, the second being analogous. Since K is non-algebraic, corollary 6.1.2
shows that K is not covered by an algebraic heart. In particular if K, € tilt(H) is algebraic and satisfies
Ky, > K then there is an algebraic heart K, 1 such that K, > K, > K. Starting with the tautological
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relation H = Ky > K, this produces an infinite chain Ky > K; > K; > --- > K approaching K using
algebraic tilts of H, each of the form ¥, H for some J-path v.

By theorem 6.2.5, for each K, there is a birational model W,, and line bundles £,,,2;, in Pic(W,) such
that
2 OH > Ky > 217@H, and 0 < deg(£,) < deg(2£]) < deg(%,) +1.

But there are only finitely many birational models of X, so we can pass to a subsequence if necessary to
assume all birational models W,, are equal. Thus there is a W = vX and a sequence of nef line bundles
L1,%2,... € Pic(W) such that £,,”"® H > K for each n.

Claim that there is some integral exceptional curve C; C W such that deg(%,|c,) attains arbitrarily large
magnitude. Given the claim, we can write £ € Pic(W) for the line bundle which has degree 1 on C; and
is trivial elsewhere, and observe that for every N > O there is an n such that (27)*N @ H > £,” ® H.
Thus (27)®N ® H > K for all N. Choosing o € Arr(A,J) to be the ray generated by & then yields the
result.

We prove the claim by contradiction. Suppose the tuples deg(%£,,) are all bounded, so we can choose
a line bundle 2., € Pic(W) such that deg®,, > deg2, + 1 = deg¥®/ for each n. It follows that
2."®H > 2,,” ® H and hence K, € [2,” ® H,H] for each n. Noting £,,” ® H = ¥, H for some J-
path v, we see that the interval [, H, H] C tilt(H) contains infinitely many elements. But we have seen
(corollary 6.1.2) that there is a poset isomorphism

tilt(H) D Wy H,H] ~ [ng,Cg] C Cham(A,J)
and the latter interval is finite by lemma 3.4.1 — a contradiction. O
As an immediate consequence, we see that any heart bounded by a geometric one is numerical.

Lemma 6.3.4. If K € tilt(H) is such that K > W, coh W or ¥, W > K for some birational model W = vX,
then the heart cone CK is non-zero.

Proof- Again we may assume K is non-algebraic and lies in [V, c0iW, H], so that lemma 6.3.3 gives a
non-zero cone o € Arr(A,J) and a o-positive birational model W’ such that 2" ®@ H > K > V¥, ci W for
every 2’ € Pic(W’') N o.

But then theorem 6.2.3 (4) shows that for each £’ € Pic(W’)No, we may choose a nef bundle £ € Pic(W)
(given by the proper transform of £’) such that 2'"®@ H = 2" ® H. In particular, W is o-positive and we
have 2" ®@ H > K for every £ € Pic(W) N o.

On the other hand we also have the inequality K > ¥, ciW > £ ® H[-1] for every £ € Pic(W) N o, so

lemma 6.3.2 yields the conclusion. O

We deduce analogous bounds on hearts K € tilt(H) which contain skyscraper sheaves 6, (for closed
points p € X) or shifts thereof, noting that a priori each 0, is only a two-term complex in KI[0, 1].

Lemma 6.3.5. Suppose C; C X is an integral exceptional curve with a closed point p € Cy, and L; € Pic(X) is
the line bundle which has degree 1 on Ci and is trivial elsewhere. Writing o € Arr(A,J) for the cone generated
by 2, the following statements hold for any K € tilt(H).

(1) If Op € K, then K > £ @ H[-1] for every £ € Pic(X) N o.
(2) If Op € K[1], then 2~ @ H > K for every £ € Pic(X) N o.
In particular if there are closed points p,q € C; such that O, € K and 04 € K([1], then C(K) is non-zero.
Proof: If p € Cy is a closed point such that 6, € X, then 0, lies in the torsionfree class F = KN H. The

exact triangle
Oc,(—1) = 6p = Oc, (—2)[1] = O¢, (—1)[1]
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shows O¢,(—1) is a sub-object (in H) of O, thus we also have Oc, (—1) € F. Further, inductively consid-
ering extensions
O6c,(n) = O6¢c,(n+1) = 6, = O¢, (n)[1]

shows Oc, (n) € F for every n > —1, and thus F contains each torsion class 2™ ® H[—1] N H by proposi-
tion 6.2.1. Statement (1) follows, and the proof of (2) is analogous. O

Thus given an arbitrary non-algebraic t-structure K, we show C(K) is non-zero by comparing K against
some appropriately chosen geometry. The following lemma informs this choice.

Lemma 6.3.6. For any K € tilt(H), there is a W = vX € Bir(2) such that K lies in W\ per(Y)[—1,0] and

contains the objects W\, O¢, (—1) for each exceptional curve C; C W.

Proof- Consider the sub-poset of tilt(H) given by
(K,H] N {Wyper(*X) | v a spherical J-path}.

This poset is non-empty (it contains H) and finite, so has a minimal element determined by some spherical
J-path v. This determines our birational model W = vX.

Continuing to write ¥, H for the heart W, per(**) = ¥, flmod (v A ), we evidently have the chain of in-
equalities H > Y\H > K > H[-1] > W, H[-1], so that K lies in ¥, H[-T,0].

Suppose i € A\vJ is such that ¥, S; =¥, 0, (—1) lies outside K, and hence outside the torsion-free class
KNY,H in ¥, H. Being a simple of ¥, H, this object must then lie in the torsion class K[1]N¥, H. Noting
(WySi) is precisely the torsion class ¥, W;H[1]N¥Y, H (theorem 6.1.1), we thus have ¥\ H > Y, W¥;H > K.

It follows that W, W;H lies in the interval [K, H], and in particular is an algebraic heart in tilt(H). Since
its heart cone coincides with that of ¥, per(*2*) we conclude that the two hearts must be equal. But
this contradicts the minimality of W\ H, so we conclude that K must contain every simple V¥, S; for
ie A\ Vvy. ]

Definition 6.3.7. Given a birational model W = vX, we say a heart K C D°X lives on W if it is intermediate
with respect to W, pe( %) and contains the object ¥, O¢, (—1) for every integral exceptional curve C; C W,
i.e. if there are inclusions

Then lemma 6.3.6 explains that every non-algebraic heart in tilt(H) lives on some birational model, so
up to the application of a flop functor we may assume K lives on X. This additional hypothesis gives us
tremendous control on the torsion pair associated to K, in particular we show that every skyscraper on
X is either torsion or torsionfree.

Lemma 6.3.8. IfK € tilt(H) lives on X and p € X(C) is a closed point in the exceptional locus, then the sheaf
Op lies in a single cohomological degree with respect to K (i.e. we have 6, € K or O, € K[1].)

Proof. The intermediate heart K induces the torsion pair H = (K[1] N H) * (K N H), and thus a filtration
t— 0, = f —t[1]

with t € K[11NH, f € KN H. In particular, considering K-theory classes
=) to, [O)= ) 8oy, [f= ) fioy,
1eANT 1eAN\T 1EANT

we see that for each i the ti, 8;, f; are non-negative integers satisfying t; + f; = 0;, and the coeflicients &;
correspond to ranks of the summands of () as in lemma 5.1.5. In particular we have §, = rk(Ox) =1,
so we must have (to,fo) = (0,1) or (to,fo) = (1,0).

If fo = 0, then f is filtered by the simples S; = O¢,(—1) for i € A\ J, and is in particular a pure sheaf.
But this implies Hom(6,,, f) = 0, thus the map t — 0, is an isomorphism and 0, lies in K[1].
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On the other hand if ty = 0, then t lies in the extension-closure of the sheaves O¢, (—1), and hence in K
(since K lives on X). It follows that t € K[1] N K must be the zero object, so that 6, = f € K. O

We are equipped to show that an arbitrary t-structure in tilt(H) is numerical.

Proof of theorem 6.3.7. We may assume K is non-algebraic and, applying a flop functor if necessary, lives
on X. Thus by lemma 6.3.8, for every closed point p in the exceptional locus of X, either ©, or O, [—1]
lies in K.

If there is some curve C; with two points p, q € C; such that 6, € K and 04[—1] € K, then we obtain the
conclusion using lemma 6.3.5.

Otherwise, since the exceptional locus of X is connected, either K or K[1] contains the subcategory
{6, | p € X(C)}. If 6, € K for every closed point p, then (by lemma 6.3.5) we have K > £ ® H[-1]
for every nef bundle £ € Pic(X) and thus K > @/iX. Further, the torsionfree part K N H contains
Hy(C9) = (Op | p € C) so in fact K > i X. By lemma 6.3.4, we conclude C(K) # 0.

The case when O,[—1] € K for every p is handled likewise. O

§ 6.4 Classification of bricks

We show that every brick in H = pex(23) must arise from an algebraic or geometric simple.

Theorem 6.4.1. Let b € H be a brick. Then either
(1) there is a spherical J-path v and a closed point p € vX(C) such thatb =¥, 0, , or
(2) there is a J-path v and an index i € A\ vJ such that b € {¥,S;[1], ®Si[—1]}

In particular, the K-theory class [b] € h(A\ J) is a primitive restricted root.

We prove the theorem over the course of this subsection. Thus fix a brick b € H, and consider the torsion
pair H =T « F where T is the smallest torsion class containing b and accordingly F = b+.

By lemma 6.3.6, the corresponding tilted heart K = F«T[—1] lives on some birational model W = vX. We
show that b then lies in a single cohomological degree with respect to ¥, coh W, i.e. ¥;'b or ¥, b[-1]
is a sheaf on W. To see this, first note that for every closed point p € W(C) we either have ¥,,0, € T or
Y,0p € F (lemma 6.3.8). Then for each p € W(C), lemma 2.3.2 gives us the trichotomy

Hom(¥,0,,b) =0 or b=Y,06, or Hom(b,¥,6,) =0

where the first two cases occur when ¥,,0, € T, while the last is equivalent to ¥,6, € F.

The claimed result, proposition 6.4.3 below, will then follow from the above trichotomy and the following
lemma on supports of sheaves.

Lemma 6.4.2. Let F be a coherent sheaf on a variety, with dim Supp(F) < 1. Ifp is a closed point such that
Hom(%,6,) =0 or Hom(6,,5) = Ext! (Gp,F) =0, then p lies outside Supp(F).

Proof The conclusion is immediate from the first hypothesis.

On the other hand if Hom(6,,%) = Ext' (6p,F) =0, then in particular we have #Hom(6,,F) = 0 where
we note that the homomorphism sheaf has zero dimensional support and is therefore determined by
its module of global sections. Likewise we can deduce (e.g. from the Grothendieck spectral sequence
associated to I' o R#om (6, —)) that I(&xt! (6p,F)) = Ext' (6p,F) =0 and hence Eat! (6p,F) =0.

Taking stalks at p, we thus have Hom(6,,5,) = Ext' (6p,Fp) = 0 where F, is a finitely generated
module over the local ring at p, and O, is the unique simple module. It follows that F, is either zero
(i.e. p € Supp(F)) or depth(F,) > 2 [Mato8, theorem 16.6] — but the latter situation is absurd since the
depth of a module is bounded above by the dimension of its support [Stacks, tag 00LK]. O


https://stacks.math.columbia.edu/tag/00LK
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Proposition 6.4.3. Let b € H be a brick, H =T = F the torsion pair whose torsion class T is generated by b, and
W = vX a birational model such that X = F x T[—1] lives on W. Then one of the following (mutually exclusive)
possibilities is true.

(1) Eitherb =Y,,04 for some closed point q € W(C),
(2) orb =Y, F(1] for a pure sheaf F € cot(W) with one-dimensional support,
(3) orb =Y, QG for a pure sheaf ¢ € coi(W) with one-dimensional support.

Proof. If b =¥,,6,, for some p then there is nothing to prove, so we assume that doesn’t happen. Thus
from the above discussion, for every p we have Hom(¥,6,,b) = 0 or Hom(b, ¥, 6,) = 0.

Considering the torsion pair H = (W, coi W[1] N H) % (coi W N H) shows b lies in an exact triangle
(6.8) Y, 5] - b =Y, ¢ = Y, F2]

where & € ch(W) N WY, H[-1] and § € ch(W) NV, "H are the cohomology objects of Wb seen as a
complex of sheaves on W.

For any p € W(C), note that O, lies in the heart Y, 'H and thus Hom(6,,%) = 0. On the other hand,
long exact sequences show that Hom(b,¥,6,) = Hom(¢,0,), and Ext! (6p,F) C Hom(¥,,0,,b).

It follows that if Hom(b,¥,0,) = 0 then p ¢ Supp(C), while if Hom(¥,,6,,,b) = 0 then p ¢ Supp(F).
Thus Supp(F) N Supp(G) = @, so that the sequence (6.8) splits. But b is a brick (in particular indecom-
posable), so one of F or ¢ must vanish.

In the case b = ¥,,F[1], the fact that F is pure of one-dimensional support follows from the observation
that Hom(6,,5) = 0 for all p.

In the case b =V, G, if ¢ has zero-dimensional support then the condition End(¢) = C ensures ¢ = 04
for some q € W(C) so that we are reduced to the first case. On the other hand if ¢ has one-dimensional
support, then for every point p € Supp(¢) we have Hom(b,¥,,6,,) = Hom(g, 6,,) # 0, so that necessarily
Hom(0,, ¢) = Hom(¥,,6,,b) = 0. It follows that ¢ is pure in this case. O

The proof of theorem 6.4.1 is then reduced to an analysis of each of the cases arising in the proposition
above. If b = ¥,,0 for a closed point then there is nothing to prove. The other two cases are addressed
by the lemmas below.

Lemma 6.4.4. If'b =V, (1] for some sheaf F € cok(W) NV, "H[—1], then the heart K is algebraic of the form
Y, H for some J-path v. Consequently, b =¥ S;[1] for somei c A\ vJ.

Proof. By (the dual statement to) proposition 2.3.3 the torsionAfree class W, coi(W) N H is generated by
the semibrick {¥,0, | p € W(C)}. The constraints on b guarantee that every W,,0,, lies in F, and thus
Y, cofi(W) N H C F. Equivalently, we have the containment of torsion classes

T C Yyeot(W)NINH = sup{ @ H[IINH|Z € Pic(W) nef}.

The supremum on the right hand side is an infinite union (since any two elements in the set are dominated
by a third as in (6.5)). It follows that b, and hence also T, is contained in the torsion class 2" @ H[1]NH
for some £ € Pic(W) nef. In other words, K is contained in the interval [£~ ® H, H] c tilt"(H). The
result follows. O

Lemma 6.4.5. Ifb = Y,,G for some purely one-dimensional sheaf G € coi(W) N, H, then b is a simple object
in an algebraic heart ®H[—1] determined by some J-path v. Consequently, b = @ S;[—1] for some i € A\ vJ.

Proof Consider the torsion pair H = T’ x F’ where F’ is the smallest torsion-free class in H that contains
b. By (the dual statement to) proposition 2.3.3, b is a simple in the tilted heart K’ = F/ « T'[1].

Since @ is pure of one dimensional support, we have Hom(¥,6,,b) = Hom(6,,¢) = 0 for all p € W(C),
and hence each W, 0, lies in T’. It follows that so does the torsion class ¥, @A(W)[1] N H, which is
generated by the semibrick {¥,0, | p € W(C)}. We can then conclude in a similar fashion as the proof
of lemma 6.4.4. O



On irreducible contractions

(Chapter 7)

In their study [HW24] of flopping contractions 7i: X — Z, Hara and Wemyss found that the category
C = ker Rm, is especially cooperative when it comes to classifications of spherical objects, bricks, and
more generally, objects that ‘look like they belong in the heart of a t-structure’ — so much so, it was
decided that whatever precise definition the term Iyama dream category might assume in times to come, C
must fit the mould [HWej].

This chapter advocates a similar case for the category D%X when the exceptional fibre C is irreducible, by
exhibiting a classification of objects with no self-extensions in negative degrees. A multitude of corollaries
follow, including the classifications of (semi)bricks and tilting complexes, and the connectedness of the
stability manifold. We have highlighted the use and importance of the irreducibility hypothesis in all
arguments; remarks at the end of the introduction discuss why the categories associated to contractions
of more than one curve might not be so dreamy after all.

§7.1 A laundromat of functors

Fix a flopping contraction ©: X — Z = Spec(R, m) as before, where Z is a complete local Gorenstein
C-scheme of dimension 3 (or 2) with an at worst terminal (resp. canonical) singularity. For the rest of
this chapter we impose the additional hypothesis that the exceptional fibre C = 7t [m] is irreducible, i.e.
X has Picard rank 1.

The notation and combinatorics can be simplified with this assumption. If J C A C A is the Dynkin data
associated to 7 as in § 4.1, then any representative slice of the J-cone arrangement is piecewise linearly
equivalent to the inclusion Z C R. More precisely, writing C™ = { (An,A) [A >0, n > p>n—1}for
the cone in R? over an interval [n — 1,n] x {1}, the assignments C\ij“ — C° vq Cg + C! extend naturally
to an isomorphism of fans Arr* (A, J) ~ Unez faces(C™).

Write N® = N for the R-module 7, N furnished via Van den Bergh’s construction (§ 4.1), and more
generally, N™ € MM N (R) for the modifying R-module associated to the chamber C™ via lyama—Wemyss’s
bijection (theorem 4.2.4). Writing A, = Endg N™, the simple mutation functors of the form W, ¥,
(i€ A\ J) can be denoted with this simplified indexing as

Y, :=RHom(Homg (N™,N™+1) )

D° A, D°A,1.
VY, :=RHom(Hompg (N"+1 Nn) —)

On the geometric side, the set Bir(%) contains precisely two birational models — X and its flop, which

we denote W — corresponding to the modifying generators NO and N—! respectively.

As in § 6.2, the class group 7, PicX = cl(R) acts on MM N(R). Choosing a primitive ample divisor
Ox (1) € PicX, this action is determined as the index-shift

(. Ox(=1)" @r N™)™* = N™*¥

for some positive integer p > 1 that Donovan—Wemyss [DW275, §2.1] call the kelix period associated to .
Accordingly, we have natural equivalences ¢,: DA, = Dt Anikp for n, k € Z induced by isomorphisms
of algebras, and natural isomorphisms of functors W, x, =~ e_y oWy, 0 ex [HW23, lemma 7.3].
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Remark 7.1.1. The helix period g is a subtle invariant of the flopping contraction m: X — Z with no
known immediate algebraic or algebro-geometric interpretation other than the one above. It is however
completely determined by the length invariant ¢ via the table below.

Length (¢) 1 2

3 5 6
Period (p) 1 2 4

10 12

O >

The latter invariant has a multitude of descriptions — combinatorially ¢ is the label §; on the unique
vertex i € A\ J determined by the Dynkin data for 7t (see § 3.2), and geometrically it is the length (i.e.
generic rank) of 6¢ = m* O, as an O¢c-module [see DW2j, § 2.1].

Omitting the s from the notation, we can make the identifications Dﬂ/\mqqp =DIA,, Yiike = ¥n to
treat indices modulo p, and therefore reckon with the finitely many categories and equivalences

Y
(71) DPx — . pbpa,, DPwW—YE L pPA, g, D°An == D Ansr (n€Z/pZ).

n

Viewing the categories as basepoints and equivalences as homotopy classes of paths, the system (7.1) is
a representation of the fundamental groupoid of a (p + 2)-punctured sphere (or a p-punctured annulus)
as in the figure below.

Figure 7.1. Labelling basepoints (marked
X) with categories, and homotopy classes
of paths with functors as shown gives a
representation of the fundamental groupoid
of a p-punctured annulus with p+1 basepoints.

Loops at a fixed basepoint then give au-
toequivalences of the label, for instance the
anti-clockwise monodromy of DPX around
the north pole is given by the functor
VdB ' oW_j 0--- 0 ¥, o VB, computed to
coincide with the tensor—-action of a generator
of PicX. Likewise monodromy around the
south pole recovers the action of Pic W, and
monodromies around the equatorial punc-

tures correspond to twist functors described
in [DW2p, §6.3].

Ivan Smith once pointed out that this circular arrangement bears the semblance of a laundromat; we shall
see that it indeed functions as an automaton that untangles complexes into their cleanest forms.

§7.2 A sorting of objects

The goal of this section is to establish the following classification.
Theorem 7.2.1. If a complex x € DY X is supported on C and satisfies Hom=°(x,x) = 0, then up to a shift and
iterated applications of the functors appearing in (7.1) and their inverses, x is either

(¢1) a Ai-module for somei € Z/9Z, or

(c2) a direct sum of shifts of coherent sheaves with zero-dimensional support on X (or on W), or

(c3) a coherent sheaf on X (or on W), or a two-term complex thereof determined as a Yoneda-ext x € Ext*(G,F)

between coherent sheaves F, G such that Hom(G,F) = 0 and dim(Supp ¢) = 0.

To this end, we fix a complex x € DPX that is supported on C and satisfies Homi(x, x) = Hom(x, x[i]) = 0
whenever 1 < 0.
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Passing across Van den Bergh’s equivalence, we work with respect to the standard heart H = flmod Ao
in DIA, and view x as an extension of the objects {Hi x)[—i] | i€ Z}, each the shift of a finite length
Aog-module. In particular, if a < b are integers such that H'(x) = 0 whenever i ¢ [—b, —al, then x lies in
the full subcategory H[a, b].

Notation 7.2.2. We write x € H[a, b] to mean x € Hla,b] and x ¢ Hla + 1,b] (equivalently, x € H[a, b]
and H “(x) # 0). Other variations such as x € H[a, b] and x € H[a, b] are defined likewise. The notation
naturally extends when measuring cohomologies with respect to other bounded hearts K ¢ DI A,.

Now we may, up to replacing x with a shift thereof, assume that x lies in H[0, n]] for some integer n > 0
(called the spread of x.) If the equality n = 0 held true then x € H would be a finite length Ay—module
as described in theorem 7.2.1 (c1), so it suffices to only consider the case n > 0 and attempt to reduce
the spread by updating H.

Lemma 7.2.3. Suppose H =T = F is a torsion class, corresponding to the (positively) tilted heart K = F[1]  T.
(i) The torsion class T contains the top cohomology HC (x) if and only if x lies in K[0,n].

(ii) The torsion-free class F contains the boitom cohomology H™ ™ (x) if and only if x lies in K[—1,n —1].

Proof By construction, K lies in H[0, 1] and hence H (in particular, each cohomology H '(x)) lies in
K[—1,0]. Now x is an extension of the objects H '(x)[i] € K[i —1,i] for i € [0,n], of which all except
H°(x) clearly lie in K[0,n]. Thus if H°(x) lies in T C K, then H°(x) (and hence also x itself) lies in K[0, n].
It is also clear that in this case x cannot lie in K[1,n] C H[1,n+1], since Ho(x) # 0 by assumption. Hence
x lies in K[[O,n].

Conversely if x lies in K[0,n], then Hom(x,k) = 0 for all k € K[< 0] from whence it follows (e.g. by
truncating to the coaisle of H) that Hom(H®x, k) = 0 for all k € K[< 0]. Thus H°(x) lies in K[> 0], and
hence in T = K[> 0] N H. This proves (i); the proof of (ii) is similar. O

Since H is an algebraic Abelian category, there is a minimal torsion class containing H°(x) with cor
responding tilted heart K, and a minimal torsion-free class containing H ™ (x) with corresponding tilted
heart K. Lemma 7.2.3 then characterises these hearts in terms of the partial order as

[H,K] = {Ke [HHI] [xeK[o,n]},  [KHI]={Ke [HHI]|xeK-1,n-1]}.

Lemma 7.2.4. We have the inequality K < K. In particular, the poset of t-structures on D°X contains a non-
empty interval [K,K] containing hearts K such that x lies in K[0,n. — 1].

Proof. The statement claims the containment of torsion classes KNH C KNH, hence it suffices to show
that H°(x) is contained in KN H =+ (H ™x). In other words, we must show Hom(H°x, H ™"x) = 0. But
this readily follows from the hypothesis Hom(x, x[-1]) = 0, by truncating first to the aisle and then to the
coaisle and noting that the truncation functors are adjoint to inclusions (alternatively, the same conclusion
can be deduced by using the spectral sequence E}’9 = @, HomP (H'x, H""9x) = HomP " 9(x, x), which
shows Hom(x, x[-n]) = Hom(Hx, H ™x).) O

Thus the spread of x can always be improved by tilting once, in particular if x has spread n =1 then it
is an object in some tilted heart K € [H, H[1]]. We understand these hearts well following chapter 6, the
key results are recalled below.

The algebraic elements in [H, H[]]] all arise as images of standard hearts H = flmod A; under the mutation
functors (7.1), and form a subposet with Hasse quiver

Yo (flmod Aq)[1] — WoWq (flmod A)[1] — -+ > ‘Pj}‘i’j}(ﬂmod’ A2) > ‘{’j (flmod A 1)
(7-2) H[1] H -

Yo (flmod Ay)(1] = YW (flmod AZ)[1] = -+ = WIW (flmod Ay) — W (flmod Ay)
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The two decreasing chains starting at H[1] above have infima VdB(co/i X)[1] and W, o VdB(cot W)[1] respect-
ively, likewise the two increasing chains starting at H have suprema VdB(co/i X)[1] and ¥y o VdB (et W)[1].
Passing across equivalences, the intervals [ o X[1],04X([1]] and [cof W([1],2t W(1]] are both isomorphic
to a boolean lattice on the set of closed points of P'. Since this accounts for all covering relations in the
poset, the list obtained is exhaustive and H has no other tilts.

Theorem 7.2.5. Let K € [H,H[1]] be the heart of a bounded t-structure in D"Ay. Then K admits one of the
Jollowing descriptions.

(h1) The heartX is the image of some standard heartflmod A\; C DUA; @ = Z/9Z) under a functorDUA; — DIA,
given by one of the composites [1]o(Wme—1 - Vi1 ¥i), MNo(Womp -+ - WiaWic1), Wmp+io1 -+ WWe) T,
or (Wiimp - W_2W_1)"" (for some m € N).

(h2) Identifying D' Ay ~ D°X across the equivalence VB, the heart K is a tilt of the standard heart coh X in a
(possibly trivial) torsion class containing no sheaves with one—dimensional support. In other words, there is
a subset U C X such that K = ({6, | p € WU{F[1] | F € X, Hom(6,,F) =0 forall p € U}).

(h3) IdentifyingD Ay ~ D°W across the equivalence W,oVdB, the heart K C DW is a tilt of the standard heart
ot W in a (possibly trivial) torsion class containing no sheaves with one—dimensional support. In other words,
there is a subset U C W such thatX = ({06, | p € WWU{F[1] | F € coh W, Hom(0,,F) =0 for all p € U}).

The following consequence is immediate.
Corollary 7.2.6. If the complexx € DAy lies in H[0, 1], then x adheres to one of the descriptions in theorem 7.2.1.

Proof. Lemma 7.2.4 guarantees that x lies in some heart K obtained as a tilt of H = flmod Ay. If K admits
the description (h1) in theorem 7.2.5, then K = W flmod A; for some i € Z/pZ and ¥ a composite of shifts
and mutation functors, hence W~ (x) € flmod A; is a A;—module as in theorem 7.2.1 (c1).

Otherwise the heart K admits one of the descriptions (he) or (h3), say (without loss of generality) the
former. Thus K is a tilt of c0iX in a torsion class (O, | p € U) C whX, determined by some subset
U c X. It follows that the object x € K can be written as an extension F[1] - x — ¢ — F[2], where F
and @ € cfi X are torsion—free (resp. torsion) with respect to the torsion pair relating K and «fi X. Thus
G € (0p | p € U) has zero—dimensional support, Hom(¢,F) = 0, and x is determined by the morphism
¢ — F12] seen as an element of Extz(g, F). O

Induction, dream scenario. Given x € H[0,n] for n > 2, we may hope that the interval [K,K]
contains a heart of the form WH for some autoequivalence ¥: DA, — DA, of desired form, so that
replacing x by ¥~ (x) € H[0,n — 1] allows us to rinse and repeat until corollary 7.2.6 kicks in.

And we are correct in hoping so — the sub-poset of [H, H[1]] containing only algebraic hearts is given
by the Hasse quiver (7.2), so unless the window [K, K] is exceptionally narrow it is bound to contain an
image of H = flmod Ay. In fact if we allow ourselves an additional tilt, then we can arrange for this to be
true as long as [K,K| contains at least one algebraic heart.

Lemma 7.2.7. If either K or K is algebraic, then there is an autoequivalence V: DAy — DUAy composed of
shifts, mutation functors, and their inverses such that x lies in Y(H)[0,n — 1].

Before moving on to the proof we sketch an illustrative albeit contrived example. Writing So, S1 € flmod A4
for the two simple modules indexed as in [DW2p, §3.1], the non-zero cohomologies of the complex
x = YoSol3] @ WS1[1] € DIA, with respect to H = flmod Ay are given by HO(x) = WoS;[1] and
H3(x) = ¥5So. In particular HO(x) is simple in H and H3(x) generates the torsion—free class HO(x)*,
so the only heart in [H, H[1]] which improves the spread of x € H[0,3] is K = K = W, (flmod A;)[1]. But
looking at x’ = ¥ (x)[—1] € H'[0, 2], where H’ = flmod A1, it is easy to see that further tilting H’ in any
torsion class containing S; will not worsen the spread of x’. Thus x’ has spread < 2 with respect to each
of the hearts Wy (flmod Ap)[1], WoW.1 (flmod A1), WoW 1YW (flmod A2), ...

It follows that each of the objects (WoW.1 -+ W) % o W W x[-2] (k > 0) lies in H(0, 2].
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Proof of lemma 7.2.7. The hypothesis guarantees that there is a heart Y(flmod A;) € [H, H[1]], where V¥ is
composed of shifts and (inverse) mutation functors, such that x lies in ¥(flmod A;)[0,n—1]. Equivalently,
x' =¥~ (x) lies in H'[[0,n — 1] where H’ = flmod A;.

Now the same argument as in lemma 7.2.3 shows that the poset [H’,H’[1]] contains intervals
[H,K'] ={Ke [H H[] | x" € K[o,n—1]}, [K',H'[]] = {K e [H,H'T]] | x" € K[-1,n—2]}

defined using the top and bottom cohomologies of x’ with respect to H’. The vanishing of Hom=°(x’,x’)
implies the inequality K’ < K’ as in lemma 7.2.4.

This implies that the union [H’,K’] U [K’, H’[1]] contains an increasing chain from H’, with each K in the
chain satisfying x’ € K[m, m +n — 1] for some m € {0, —1}. Since an algebraic heart cannot cover or be
covered by a non-algebraic heart (corollary 6.1.2) and the Hasse quiver of algebraic hearts in [H’, H'[1]]
is identical to (7.2) with indices shifted up by i, we see that the chain must contain some K of the form
®(flmod Ay) where @ is composed of mutation functors. Then @~ '(x’)[-m] = @'Y~ (x)[-m] lies in
(flmod Ap)[0, . — 1] as required. O

Proverbial spanners in the inductive works We now address complexes for which the induction
outlined above fails to continue, i.e. complexes x € H[0,n] (n > 2) for which both K and K are non-
algebraic — therefore fitting the descriptions (h2) or (h3) in theorem 7.2.5.

Note that hearts described in (h2) all contain the simple object wc[1] of H, while those described in (hg)
contain the other simple. Tilts of cot X are thus incomparable with tilts of Wy cohA W, so replacing (x, Ag, X)
with (W-1x, Ay, W) if necessary, we may assume the hearts K, K are both tilts of cofi X in some torsion classes
containing only sheaves with zero—dimensional support.

We show in this case that x fits the description (c2) in theorem 7.2.1, i.e. decomposes into shifts of
sheaves contained in the extension—closure (0, | p € C). It is classical [see e.g. Stacks, tag 00KY]
that such sheaves (henceforth dubbed zero—dimensional sheaves) can be characterised by the property that
their support is zero—dimensional, equivalently the support (being closed in an irreducible curve) has
non-empty complement in C.

We have also seen that the support of a coherent sheaf can detected by looking at morphisms from

skyscrapers (and extensions thereof) as follows.

Lemma 7.2.8. Suppose non-zero sheaves u,y € cofi X (supported within C) are such thatu € (O, | p € X), and
either Hom(y,u) = 0 or Hom(u,y) = Ext' (w,y) = 0 holds. Then dim(Suppy) =0.

Proof. Immediate from lemma 6.4.2. O
The result above can be extended to objects of the heart H = pez(%).

Lemma 7.2.9. An objecty € H lies in the extension closure (O, | p € X) if any of the following conditions hold.
(i) Hom(u,y) = Ext' (u,y) = 0 for some non-zero u € Gp | p € C).
(ii) Hom(y,u) = Ext' (y,u) = 0 for some non-zerou € Gp | p € C).

(ii)) Hom(u,y) = Hom(y,v) = 0 for some (not necessarily distinct) non-zero u,v € (O, | p € C).

Proof. Recall that by definition of pex(% ), the object y € H sits in an exact triangle y'[1] -y —y” — y'[2]
where y’,y” € hX satisfy m,(y’) = R'm.(y”) = 0 and Hom(6Gc(—1),y’) = 0. In particular y’ has no
subsheaves with zero—dimensional support, i.e. Hom(u,y’) =0 forallu e (6, [p e C) .

For a non-zero u € (6, | p € C), a straightforward long exact sequence argument shows there is an
inclusion Ext1(u,y’) C Hom(u,y), thus if either (i) or (iii) holds then the hypothesis Hom(u,y) = 0
implies Ext'(u,y’) = 0 which cannot happen unless dim(Suppy’) < 1 by lemma 7.2.8. This necessarily
implies y’ = 0, and hence y = y” is a sheaf. The same lemma then lets us deduce the condition on
Supp(y) from either pair of hypotheses.


https://stacks.math.columbia.edu/tag/00KY
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On the other hand if (ii) holds, then the vanishing of Hom(y”,u) = Hom(y, u) shows Supp(y”) is disjoint
from Supp(u). The long exact sequence - - - — Ext1(y,u) — Hom(y',u) — Extz(y " u) — --- then shows
Hom(y’,u) vanishes too, which can only happen if y’ = 0 and hence y = y” is of the claimed form. [

We are now sufficiently equipped to witness the decomposition of x — the constraints on K show the co-
homology object H®(x) € H surjects onto a skyscraper sheaf, which we then exploit against lemma 7.2.9.

Lemma 7.2.10. Supposex € H[0,n]] (n > 2) is such that the hearts K, K are both tilts of coh X in (possibly trivial)
torsion classes containing sheaves with zero-dimensional support. Then each cohomology object H'(x) € H lies in
(Op | p € X), and cohomologies in distinct degrees have disjoint supports.

Proof that H® (x) and H ™ (x) have zero-dimensional supports. The conditions on K guarantee the contain-
ments of torsion classes

ohX(1]NH C XKNH C (ohiX[1]]NH, {6, [ p e Ch,

and the first containment must be proper — indeed, by theorem 6.2.3 the torsion class ot X[1] N H is the
supremum (i.e. union) of a strictly increasing chain 0 C Ty C T, C --- in tors(H), so if KN H is equal to
this union then H°(x) € KN H is contained in some T;. But this is absurd, since KN H is by definition
the minimal torsion class containing HO(x).

Thus H(x) lies in (cof X[1]NH, {65 | p € CH\ (ot X[1] N H), sitting in a triangle y[1] — H°(x) — z = y[2]
where y,z € /i X are sheaves such that y € H[-1], and z € (6}, | p € C) is non-zero.

Now the analogous condition K[—-1] N H C /X N H implies that H ™ (x) is a sheaf, so Hom<°(y, H ™x)
vanishes and the above exact triangle gives the inclusions Hom(z, H "x[i]) C Hom(Hox, H "«x[i]) for
i=0,1 via a long exact sequence.

But the conditions Hom(x, x[-n]) = Hom(x, x[1 —n]) = 0, after truncating to the aisle and the coaisle of
H as in the proof of lemma 7.2.4, imply

(7.3) Hom(H’x, H "x) = Hom' (H°x,H "x) = 0.

Thus we conclude Hom(z, H "x) = Hom' (z, H ™x) = 0, so that H™™(x) is a sheaf with zero—dimensional
support outside Supp(z) by lemma 7.2.9. It immediately follows (from (7.3) and lemma 7.2.9) that H°(x)
is also a sheaf with zero—dimensional support, in particular H(x) = z and y = 0. O

Proof that the remaining cohomologies have zero—dimensional supports. One can continue to use truncation
functors and analyse long exact sequences to compare the cohomologies H'(x) against H(x) and H " (x),
we find it more convenient to instead examine the spectral sequence [see e.g. GMq6, IV.2, Exercise 2]

ED9 = @Homp(Hix, H'"9%) = HomP*9(x, x)

iez
and inductively show enough rows vanish on the second page. Suppose we have shown that the terms
ED? all vanish for q < j, from the above discussion this is true for j = —n. Since the terms also vanish if
p < 0, we see that the differentials in and out of E9"'* and E}*'*) are trivial so that these terms persist
3 (x,x) and Hom?"J (

in future pages of the sequence, arising as subquotients of Hom X, x) respectively.

In particular if j < —2, then E9"'™ = E}'"™ = 0 and we have

Hom (H°x,H'Yx) = Hom (H ™7~ 'x,H ™x) =0,
Hom' (H°x, H'*/x) = Hom' (H ™7~ 'x,H ™x) = 0.

Since H°(x) and H ™(x) both lie in (6p | p € X), lemma 7.2.9 and the above equalities show that
the same holds for H'*J(x) and H ™7 '(x). In fact an identical reasoning for lower rows shows
H'(x) € (6p | p € X) for each of the values i € {—n,—n+1,...,j+1}U{n—-j—1,—n—j,...,0L
For these values of i, the vanishing of Hom(H'x, H7*'x) ¢ £9"""7 then shows that H'(x) and H7*" (x)

have disjoint supports, so that E5”*' = 0 for remaining values of p too.
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Thus for each q < —2, we have Eg’q = E;’q =0, and hence H9(x) and H ™ 9(x) have zero-dimensional
supports as above.

If n > 3 this accounts for all cohomologies of x. If n = 2 the above argument fails to address the cohomo-
logy in degree —1, but note that in this case the vanishing of ES"] = Hom(H°x, H 'x)®Hom(H 'x, H %x)
alone suffices to apply lemma 7.2.9 and deduce that dim(Supp(H 'x)) = 0. O

Proof that cohomologies have mutually disjoint supports. Since x is an extension of shifts of skyscrapers, it
admits a decomposition x = ¢ x|, indexed over closed points of C, where the summand x|, is a
complex supported within {p}. In particular the top non-zero cohomology of x|, admits a non-trivial
morphism (which factors via ©,) to the bottom non-zero cohomology of x|,. But x|, also satisfies
Hom<0(x|p,x\p) = 0, whence x|, must be a sheaf concentrated in a single cohomological degree. Since
Hi(x) = @pec Hi(x\p), the result follows. O

The above result, combined with lemma 7.2.7 and corollary 7.2.6, finishes our analysis of all com-
plexes supported on C that have only non-negative self extensions, describing a complete proof of the-
orem 7.2.1.

§7.3 A washload of corollaries

We sketch how finite semibricks, hence also bricks, simple-minded collections, algebraic t-structures,
and tilting complexes in D’X, and hence also stability conditions and autoequivalences, are all readily
classified using theorem 7.2.1. Throughout, the phrase up to mutation means up to shifts and iterated
application of functors appearing in (7.1) and their inverses.

Theorem 7.3.1. Every finite semibrick {xo, . ..,xm} C DX must, up to mutation, either be a collection of simple
Ai-modules for some i € Z/9Z, or be of the form {6y, [Mol,...,0p, [nml} for distinct closed points po, ..., pm
in X (or in W) and integers no,...,Nm € Z.

Proof Consider the object x = xo @ - - - ® Xuq, Which clearly satisfies Hom=°(x,x) = 0 and is therefore
classified by theorem 7.2.1. If it fits the description (c2), then each x; must be a shift of some sheaf 6,
(p € X) since those are the only brick sheaves with zero—dimensional support (to see this, note all objects
in (06,) have a non-zero endomorphism which factors via 6,).

On the other hand if x fits the description (c1), i.e. the semibrick {xo,...,Xm} up to mutation lies in some
H’ = flmod A;, then consider the smallest torsion class T C H’ that contains x. By (the proof of) the-
orem 6.4.1, each x; is a simple object in the heart K obtained by tilting H’ in this torsion class. Examining
the Hasse quiver of [H’,H’[1]], we see that K must also be a tilt of W(flmod Ao)[1] or ¥~ (flmod Ag) for
some mutation functor ¥. Thus K is, up to mutation, a tilt of flmod Ay and required descriptions of the
simple objects xo,...,Xxm € K can be read off from theorem 7.2.5.

To address the last case, suppose x is a two-term complex of coherent sheaves as in (c3), without loss
of generality on X. Each summand x; must then also admit the same description, sitting in an exact
triangle

Fl] =% = G — H2]

with @i € (6, | p € X), Fi € ohi X, and Hom(G;, F) = 0.

Claim for each 1i, either # or ¢; vanishes. Indeed if % ## 0, it cannot be a summand in ¢;[—2] so the
first map in the triangle above is a non-zero element in Hom(%[1],x;). This element is annihilated by
the natural map Hom(%[1],x;) — Hom(G;[—1],x;) since any two consecutive maps in an exact triangle
compose to zero [Stacks, tag 0146]. Thus in the long exact sequence

... — Hom(%#[2],x;) — Hom(G;,x;) — Hom(xi,xi) — Hom(%[1],x1) — Hom(Gi[—1],x;) — - -
— ~—
0 c
the final map has non-trivial kernel so that « is injective. It follows that Hom((3,x;) = 0, and considering

the long exact sequence associated to Hom(Gj, —) shows Hom(G;, #[1]) vanishes too. If ¢; were non—
zero then lemma 7.2.9 would show Supp(F;) is zero—dimensional hence disjoint from Supp((;), but this
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is absurd since we would then have a non-trivial splitting x; = #[1] ® ¢; of a brick. Thus thereisa k > 0
and a reordering of the summands of x so that x; = G for i <k, and x; = F[1] fori > k. If k > 1 then
lemma 7.2.8 shows each F (i > k) has zero—dimensional support since Ext™! (x0,xi) = Hom(Go, F) and
Hom(xo, x;) = Ext' (Go, %) both vanish, whence x also admits the description (c2) and can be addressed
as in the first paragraph.

On the other hand if k = 0 (so that x € /i X[1]), then we can consider (as in lemma 7.2.4) the maximal
tilt K of H = flmod Ao satisfying x € K. We have K > /i X[1] (i.e. KNH C «kX[1] N H), and equality
cannot hold since the torsion class cofi X[1] N H is the union of an increasing chain in tors(H) while the
torsion class KN H is the intersection of all torsion classes containing H°(x) (see proof of lemma 7.2.10).
It follows from theorem 7.2.5 that K is an algebraic heart, so that x € K also admits the description (c1)
and is addressed by the second paragraph. O

Two special cases of the above theorem are of note.

Corollary 7.3.2. Every brick x € DX is, up to mutation, either a skyscraper sheaf ©, at a closed point in X
or in W, or a simple \i-module for some i € Z/pZ. In the latter case, up to shifts, mutation functors, and the
Grothendieck duality functor, x is one of the sheaves Oc,0ac,...,0¢c, or the unique non-split extension Z of ©1¢
by O3c which exists when { > 5.

We remind the reader that the Grothendieck duality functor on Co/i X is, by definition, D = R#om(—, ®'C)
where @: X — C is the structure morphism defining X as a complex scheme. It can equivalently be given
as R#m(—, T'E), where E € R-1od is the injective hull of the residue field C ~ R/m.

Proof. Considering the finite semibrick {x} shows x must be of the required form. The explicit form of
simple Aj-modules can then be read off from Donovan—Wemyss’s computation [DW2j5, §1.2]. O

Corollary 7.3.3. Any algebraic t-structure in D°X has heart, up to mutation, given by the standard heart
flmod A € DYA; for somei € Z/9Z.

Proof The simples of any algebraic heart K form a finite semibrick, and the only heart containing this
semibrick must contain (and hence be equal to) K itself. The result follows by noting collections of
skyscrapers cannot be simples of an algebraic heart. O

Tilting complexes The above classification of algebraic t-structures in D’X can be lifted to a classific-
ation of tilting complexes in the bigger category DPX, following [HW23, §5.4].

Recall that a complex t € DX is tilting if it satisfies Hom'(t,t) = O for all i # 0 and the smallest thick
subcategory of DPX containing t also contains all perfect complexes. We emphasise that such t cannot
be simply plugged into theorem 7.2.1, since t would necessarily be supported on the generic point of X
(and hence outside the exceptional fiber).

Given an algebra A and a derived equivalence ¥ : D* A — DPX, the image W(A) of the regular A-module
is a tilting object in D’X. The converse is Rickard’s theorem [Ric8¢, theorem 6.4], that any tilting
object t € DX arises in the above fashion from the R-algebra A = End(t) and the R-linear equivalence
determined as ¥~' = RHom(t,—). If the complex t (equivalently the algebra A) is basic, i.e. if distinct
indecomposable summands of t are non-isomorphic, then Morita theory' [see e.g. Lamgq, proposition
18.37] picks out t as the unique basic projective generator in the heart W(mod A) C DPX.

In this fashion, each equivalence D’ A; — DPX composed of the functors appearing in (7.1) and their
inverses gives a unique basic tilting object in DPX. These tilting objects sit in a connected tetravalent
exchange graph so that each one can be obtained from VdB ™' (Ay) = N by iterated left or right mutation
in indecomposable summands (i.e. by simple mutation). Other tilting complexes include non-trivial shifts
of those already considered, these can be obtained by simple mutation from N[n].

We show this list is exhaustive, in particular {A; | i € Z/pZ} is a complete derived-equivalence class of
basic algebras.

"This requires A to be semi-perfect, which is true since it is a module-finite algebra over the complete local domain R.
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Corollary 7.3.4. Any basic tilting complex t € DX can be obtained by iteratively mutating the tilting complex
(N @ Ox)n] in indecomposable summands, for somen € Z.

Proof. Consider the modulefinite R-algebra A = End(t) and the induced equivalence ¥: D’ A — DPX
with inverse RHom(t,—). By Rlinearity, the functor ¥ restricts to an equivalence ¥: D'A — D®X and
hence the image of flmod A is an algebraic heart in D°X. By theorem 7.3.1, we thus see that W(flmod A)
agrees with some heart W(flmod A;)[n] for i € Z/pZ, n € Z, and ¥ a composite of functors appearing
in (7.1) and their inverses.

But by [HW23, lemma 5.7], the subcategory flmod A C D° A determines the natural t-structure via
mod A= 0] = {x € D’ A | Hom/ (x,y) =0for all j < 0 and all y € flmod /\} .

Likewise the subcategory flmod Ay C DPA; determines the natural t-structure with heart mod A;, thus
we see that the equality W(flmod A) = W(flmod A;)[In] extends to an equality W(mod A) = W(mod Ay)n].
In particular t = W(A) must equal the basic projective generator W(A;)[n] € W(mod Ai)[nl], so that t is
obtained by iterated simple mutation from (N & Ox)[n] as required. O

Remark 7.3.5. The shift n appearing above is unique, and can be read off as the cohomological degree of
the generic stalk k @g t where k = C(Z) is the function field of Z. Indeed considering t € D’ A, (across
Van den Bergh’s equivalence), the localisation k ® t is a tilting module over k ® Ao [Nameg, lemma 6.4].
But k ® Ao is a matrix ring over the field k (see lemma 6.2 ibid) so every tilting (k ® Ap)-module is
the shift of a k—vector space. It follows that t is obtained by simple mutation from A¢[n] if and only if
k® t[-n] =k ® Ao is a k—vector space.

Stability conditions. We conclude by addressing the connectivity of the stability manifold of DX,
referring the reader to [Brio6, §3] for definitions and generalities. The stability manifold Stab(D°X) has
been extensively analysed [Briog; Todo8; HW23] with a key result being the existence of a connected
component Stab®(D°X) that contains all stability conditions (Z,P) for which some heart P(@, ¢ + 1]
agrees with some flmod A; up to mutation. We show that every locally finite stability condition on DX
is of this form.

Corollary 7.3.6. For any locally finite Bridgeland stability condition (Z,P) on D°X, there is a phase ¢ € R such
that the heart P(@, ¢ + 1] is algebraic, and therefore equal to some standard heart flmod A; up to mutation. In
particular the stability manifold Stab(D°X) is connected.

Proof- Given the stability condition o = (Z,P), consider the set {(p €R | P(p) # (Z)} of phases occupied
by o—stable objects. Now a o-stable object x € DX of phase ¢ is necessarily simple in the Abelian
category P(¢) and therefore is a brick, equal to a simple A;—module or a skyscraper sheaf up to mutation
(theorem 7.3.1).

But theorem 6.4.1 then shows that the K-theory class [x] is a restricted L
affine root in the rank two lattice KX ~ h(A \ J). The corresponding '
affine hyperplane arrangements in R? is locally finite away from the ori- : /"
gin; it follows that the possible phases of the complex number Z[x] must . q:' o

be restricted to a countable set of values with a discrete set of accumula- it

tion points. For example, the figure alongside is the affine D4 restricted vele

root system associated to a length 2 flop — clearly all phases accumulate .

towards that of +9. 4 4

In particular o has a ‘non-trivial phase gap’, i.e. there is a ¢ € R and € > 0 such that P(@, ¢ +€) =0. If
the image of Z : KX — C is a discrete subgroup of C, then we may use [Brio8, lemma 4.4] to conclude
that P(g, ¢ + 1] = P(@ + €, + 1] is an algebraic Abelian category. On the other hand if img(Z) is a
non-discrete rank 2 subgroup of C, then this image must lie in the R-span of some non-zero complex
number e so that the phase of each stable object is an integer away from ¢@. Then local finiteness
allows us to conclude that P(¢, ¢ + 1] = P(¢ + 1) is algebraic. O
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