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Abstract

Covariance is a fundamental measure to describe the dependency structure between two random
variables and covariance modelling is significant in a wide range of applications. Existing sys-
tems mainly assume the covariance is static even though covariance structure is typically dynamic
in real-world settings, which indicates the need of dynamic covariance modelling. Two main ap-
proaches are mainly adopted in covariance parameterisation: covariance-function-based methods
and matrix-decomposition-based methods. Covariance-function-based approaches describe the co-
variance structure with parsimonious parameters, thereby effectively solve the the rapid growth in
the number of parameters with the increment of covariance dimension but they may fail to guar-
antee positive definiteness in non-stationary settings. Covariance decomposition methods, on the
other hand, offer unconstrained factors that guarantee positive-definite output but suffer from the
quadratic increase of estimated parameters and poor statistical interpretability. As a result, meth-
ods that simultaneously ensure positive definiteness and maintain parsimonious parameterisations
remain largely unexplored. Motivated by these limitations, we propose a flexible estimation frame-
work for covariance functions by adopting positive-definite regularisations of the objective functions.
This framework imposes penalties on eigenvalues or the determinant of the estimated covariance
matrix, thereby enforcing positive-definiteness with no additional estimated parameters required.
This framework effectively addresses the positive-definite issue for covariance functions while main-
taining its strengths, which makes it suitable for high-dimensional dynamic covariance modelling.
Simulation studies and real-data applications demonstrate that the proposed framework consis-
tently improves estimation accuracy while ensuring positive-definite covariance estimates across a
range of stationary and non-stationary covariance structures.
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Chapter 1

Introduction

Covariance is a fundamental statistical concept that characterises the dependence structure between
variables and plays a crucial role in multivariate analysis. In many real-world applications, such as
multivariate probabilistic forecasting, covariance structures are dynamic, presenting patterns that
evolve over time and accurate estimation require capturing this specific dynamics. Despite this
prevalence, a general and flexible framework for modelling high-dimensional dynamic covariance
structures remains underdeveloped. Existing approaches to describe covariance structure primarily
fall into two categories: covariance-function-based methods (Browell et al., 2022; Gneiting et al.,
2006; Higdon et al., 2023; Bonat and Jgrgensen, 2016) and unconstrained matrix decomposition
techniques (Gioia et al., 2022; Pinheiro and Bates, 1996). Covariance-function-based methods offer
explicit representations of dependence relationships while requiring the estimation of a relatively
small number of parameters. By contrast, matrix decomposition methods permit greater modelling
flexibility through unconstrained parameterisation, but at the cost of a quadratic growth in the
number of parameters to be estimated.

One significant limitation of covariance-function-based methods is that, under unconstrained
optimisation, they do not guarantee the positive definiteness of the estimated covariance matrix in
non-stationary settings, which occurs frequently in practice. Since positive definiteness is crucial for
valid covariance matrices, this limitation can cause instability and make estimation unfeasible. To
address this issue, we propose a positive-definite estimation framework suitable for non-stationary
covariance functions such that the estimated covariance matrices throughout stochastic optimisa-
tion are enforced to be positive-definite, thereby enabling the application of robust optimisation
algorithms commonly used in machine learning.

This thesis provides a comprehensive overview of both static and dynamic covariance estimation
methods, covering isotropic and non-stationary spatial covariance settings. Primary methodologies
for covariance matrix estimation are reviewed alongside their associated challenges. The main
contributions of this work include the development of a constrained optimisation framework that
guarantees positive-definite solutions for non-stationary covariance functions within stochastic op-
timisation procedures. Empirical results demonstrate that the proposed framework consistently
improves goodness of fit, achieving an average accuracy improvement of 37% while reducing esti-
mation variability for both the powered exponential covariance function and its extended variants.
These results indicate strong generalisation performance and improved estimation accuracy. In
addition, we are interested in the time-varying covariance modelling for multivariate probabilistic
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8 CHAPTER 1. INTRODUCTION

forecasting tasks including various regional variables (see Chapter 4), on which we evaluate the
proposed method with detailed results and analysis.

1.1 Covariance Matrices

Before introducing dynamic covariance modelling, we first review the definition of covariance ma-
trices and covariance functions. The general concept of covariance functions as well as their link to
stochastic process are briefly discussed. Covariance is a statistic describing the relationship between
two random variables, and the covariance matrix is a multivariate statistic that organizes all the
variances and covariances for a set of random variables into a single, square matrix. Consider two
random variables X; and X,. Covariance is defined as

Cov(X1, Ya) = E[(X1 — B(X1)) (X> — B(X,))] (L1)

where E(X;) and E(X32) are the expectation of X; and Xs, respectively. This statistics describes
how two variables change together and indicates their relationship. If Cov(X7, X5) > 0, then values
above the expectation of X; indicate values above the expectation of Xy while Cov(X7,X5) < 0
implies the increment of X; leads to a decrease of X5. Cov(X;,X2) = 0 indicates there is no
correlated relationship between X; and Xs. In multivariate cases, define a random vector X =
[X1, X2, ..., X ] consisting of N random variables. The covariance matrix ¥ is defined as

) [(X CE(X)) (X —E(X))T (1.2)

where E(X) is the expectation of random vector. The diagonal of ¥ denotes the variances of the
corresponding random variable, and the off-diagonal entries are the covariances between pairs of
the variables. Covariance matrix is symmetric according to the definition, meaning ¥ = ¥ 7, and
positive semi-definite, meaning that for any vector o € R?, the quadratic form

a'Ya = Var(a' X) (1.3)

is non-negative. Eigenvalues and eigenvectors are two significant concepts to indicate the positive
definiteness of a square matrix and their definitions are given in Definition (1.4)

Eigenvalues and Eigenvectors Let ¥ € RY*¢ be a square covariance matrix. A non-zero vector
v € R% is called an eigenvector of ¥ if there exists a scalar A € R such that:

v = Av, (1.4)

where )\ is an eigenvalue. Yv represents the transformation of the vector v under matrix ¥ and the
condition implies that the action of ¥ on v scales it by factor of A without changing its direction
(Jolliffe, 2002). Eigenvectors represent directions in the vector space that remain invariant under
the linear transformation induced by 3. Specifically, the transformation may stretch or compress a
vector, but it does not change its direction. The associated eigenvalues quantify the extent of this
stretching or compression. The properties stated in (1.3) further imply that all eigenvalues of ¥ are
greater than or equal to zero, indicating that X is positive semi-definite. In this context, eigenvalues
characterise the magnitude of variance explained, where )\; denotes the variance captured by the
i-th eigenvector, or equivalently, the i-th principal component. Consequently, if all such scalar
values are non-negative, as shown in (1.3), it can be claimed that X is positive semi-definite.
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1.2 Covariance Function

A covariance function C(-) is a generalisation of covariance from a fixed set of random variables to
random processes defined over a continuous domain. Define a stochastic process Z(x) for every z
in domain D, its covariance function is defined as

C(x1,22) = Cov(Z(21), Z(22)) = E[(Z(21) — p(21)) (Z(22) — p(x2))] (1.5)

where p(x) = E[Z(z)] is the mean function of the process. The demonstration of how covariance
function description a covariance matrix is shown as:

0(1‘1,331) C($1,$2) C(xhxd)
O(l’z,xl) C(l’z,l’z) C(l"ml’d)

5 - : : ) : (1.6)
Claam) Claaas) - Clagza)

Covariance functions measure how the values of the process at different domain values co-vary, and
it is symmetric according to the definition. Also, covariance functions are positive semi-definite,
which indicates for any subspaces of the domain, the subsets of the output values from the function
form a covariance matrix. Any samples from the continuous process form covariance matrix of
the corresponding random vector. For covariance matrix estimation, stationarity is a significant
component which is defined as (1.7).

Stationarity Stationarity in stochastic processes refers to the property where the statistical char-
acteristics of the process remain constant over time (Miller and Papoulis, 1966). For a general
random field or stochastic process indexed by x, stationarity is defined with respect to shifts in the
index variable. For instances, a process Z is stationary when the mean p = E[Z(z)] and variance
0?2 are constant and the covariance between x and y depends only on their separation z — y:

Cov(Z(x), Z(y)) = Clz —y). (L.7)

In real-world scenarios, the stationarity can be expressed either in spatial or temporal domain.
For spatial stationary stochastic process, the separation x — y is defined as the spatial distance
while temporal stationarity indicates that covariance between two timestamp is only dependent
on the temporal gap. In this thesis, we only consider spatial stationarity and assume there is no
stationarity assumption on temporal covariance, which means = and y are both spatial locations.
And we are interested in dynamic covariance modelling that is time-varying spatial covariance.
Covariance in spatial stationarity can be categorised into the following two types:

Isotropic Covariance Matrix An isotropic process is stationary and exhibits properties that are
identical in all directions. In spatial statistics, this means that the spatial dependence between
observations depends solely on the distance between them, not on the direction. Regarding the
isotropic covariance matrix, the elements are based only on the separation r of two corresponding
random variables Z(z) and Z(y) where Z(z),z € D and Z(y),y € D are random processes.

Cov(Z(x), Z(y)) = C(Z(x), Z(x + 1)) = C(r) (1.8)
r=ly—=z| (1.9)
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For stationary spatial covariance matrix, we assume there is a fixed number of spatial locations and
the process Z is assumed to be spatially stationary and isotropic but temporally non-stationary.
The isotropic covariance matrix example is visualized in Figure 1.1

Non-stationary Covariance Matrix A non-stationary process is one whose statistical proper-
ties, such as mean, variance, and autocorrelation, change over time or space. This contrasts with
stationary processes, where these properties remain constant over time or space shifts. In a non-
stationary matrix, the covariance of two random variables is not only dependent on the separation
r but also the absolute position in D, which is shown as

Cov(Z(x), Z(y)) = C(x,y) (1.10)

Non-stationary covariance is a more general case in spatial-temporal applications where certain lo-
cations may preserve dominating covariance with other locations notwithstanding high ‘separation’.
A non-stationary covariance matrix is visualized in Figure 1.1. Covariance functions for these two
circumstances are discussed in Section 2.1.1

Stationary Covariance Matrix 1.0 Non-Stationary Covariance Matrix

50
0 10 20 30 40 50 0 10 20 30 40 50

Figure 1.1: The visualisation of stationary covariance matrix (left) and non-stationary covariance
matrix (right)

1.3 Applications of Covariance Modelling

Covariance modelling is widely used in various real-world application spanning Neurocience, Fi-
nance, Wind Power Forecasting and others. This section summarises several applications and
corresponding methods from the literatures. For the literature review perspective, this section will
include applications both on time-varying spatial covariance and temporal covariance. For the later
chapters of simulations and real-world applications, we focus on the time-varying spatial covariance
modelling for probabilistic forecasting tasks in Energy Sector.

1.3.1 Electricity Demand Forecasting

Electricity Demand Forecasting is a multivariate probabilistic forecasting task that require
dynamic covariance modelling as prediction involving multiple regions. Net load forecasting is an
indispensable process for power sectors and has been increasingly unpredictable due to the elusive



1.3. APPLICATIONS OF COVARIANCE MODELLING 11

pattern of the energy industry. The infrastructure is being upgraded rapidly and renewable energy
generation and usage are given increasing priority, which makes the supply, demand and prices
become more volatile and less predictable than ever before (Hong et al., 2016). Thus, probabilistic
forecasting that quantifies the uncertainty is becoming a major task in electricity net-demand
forecasting and short-term probabilistic forecasting is increasingly needed in modern electricity
distribution system (Hong and Fan, 2016). Electricity networks are transforming from a centralized
system, where electricity is generated from large power plants and transmitted to certain regions, to
a decentralized mode, where the power generating system is directly connected to the distribution
system (Hong et al., 2016). Such a net-connected power generative system requires power flow
forecasting across regions and spatially coherent joint forecasts instead of performing forecasting
region by region. Therefore, covariance estimation is a part of electricity demand forecasting and
short-term probabilistic forecasting requires dynamic covariance modelling.

Among predictors for covariance modelling in electricity demand forecasting, additive models are
popular as they get high performance while maintaining high explainability (Hong et al., 2016). For
probabilistic forecasting, covariates are included to estimate the distribution parameters; usually
they are mean and covariance for multivariant Gaussian assumption. While the number of regions
becomes large, the parameters to be estimated grows quadratically, making it unreasonable to select
a subset of covariates for each of the parameter manually. Gradient Boosting, which allows to fit
model to the training data while performing features selection, is adopted by Gioia et al. and
this method provides an practical solution to non-parametric model estimating a large amount of
distribution parameters.

This application is the one we apply regularised non-stationary covariance functions on and will
be discussed in Chapter 4. In general, probabilistic short-term electricity demand forecasting shows
a great need of dynamic covariance modelling and some previous work adopt Modified Cholesky
Decomposition and additive models for covariance parameterisation and estimation. Various and
novel dynamic covariance methods are expected to be applied on this application. This thesis
adopts the proposed covariance estimation framework for non-stationary covariance functions to
a electricity net load data covariance modelling task. Multivariate probabilistic metrics, such as
Energy Score and p-Variogram Score, are used to evaluate whether accurate covariance modelling
improve forecasting accuracy.

1.3.2 Neurocience

Covariance estimation is applied in the bio-medical field. One significant application is to estimate
the functional connectivity between brain regions. Inverse covariance models are applied in estimat-
ing the functional connectivity in the human brain. Colclough et al. (2018) propose a hierarchical
structure in estimating the precision matrix of multi-subject functional connectivity. The covari-
ance modelling method they used allows each element of the precision matrix to have its own prior,
which imposes sparsity of the matrix. And they use a linked regression model for modelling each
column of the precision matrix. Their Bayesian framework introduces both strongly and weakly
sparse priors to model functional brain connectivity, enabling flexible regularisation of precision ma-
trices. By jointly estimating individual- and group-level networks, the method improves inference
accuracy, particularly with limited data. Utilizing a conditional linear regression formulation, the
model supports efficient block-Gibbs sampling, ensuring scalability to large neuroimaging datasets
such as fMRI and MEG.
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Chen and Leng (2016) study the sparse dynamic covariance matrix and they propose dynamic
covariance models by replacing the weight of sample covariance function % to a kernel function of
dynamical variable, e.g. K (t) for time-variate kernel function. This model is applied for attention
deficit hyperactivity disorder (ADHD) study. Their method estimates blood flow signal of different
regions of interest(ROI) in brain and manages to capture temporally varying information in fMRI
data, which provide insight into the fundamental workings of brain networks.

1.3.3 Portfolio optimisation

Estimating the covariance matrix of equity returns is a pivotal exercise in empirical finance, in-
forming portfolio construction and the assessment of asset-pricing theories. One publicly available
example is Monte Prediction—a weekly challenge where participants forecast the joint distribution
of next week’s returns for eleven financial sector ETFs. Conventional covariance matrix of stock
returns is estimated by optimally weighted average of two existing estimators: the sample covari-
ance matrix and single-index covariance matrix capturing the dependencies between two stocks in
single-index model. One challenge comes with the lack of samples where the number of stocks is
the same order of magnitude as the number of historical returns per stock, which leads to singular
sample covariance matrix. Ledoit and Wolf (2003) address this problem through the definition the
optimal shrinkage intensity by minimizing a loss function that does not involve the inverse of the
covariance matrix. The general form of their method is

S=aF+(1-a)8 (1.11)

where S is the sample covariance matrix and F' is the single-index model covariance matrix F'.
This method combines unbiased covariance S and low variance F' using weighted average, strik-
ing a balance between bias and variance. It provides a rigorous and automatic way to control
overfitting without relying on arbitrary factor choices and it solve the high-dimensional covariance
matrix estimation in financial econometrics. But this method assumes the covariance structure
is constant over time and dynamic changes in volatility is not captured. Ledoit and Wolf (2017)
extend this method by introducing non-linear shrinkage. It apply shrinkage function to each eigen-
vector individually and propose a portfolio selection-specific loss function based on out-of-sample
portfolio variance. However, this method remains static and estimates a single covariance matrix
$. GARCH-based methods (Yu et al., 2020) are also adopted to capture the dependencies between
stocks and markets as well as events dynamically. Multivariate GARCH could be simplified as

re =1+ €, | Fr_1 ~ N(0, Hy) (1.12)

where p is the unconditional mean vector and ¢; is the vector of shocks or residuals. Hy is a dynamic
N x N matrix at time t which is the core to be estimated. This type of method is widely used
in capturing dynamics in finance because it efficiently captures the high and low volatility and
transmission of shocks between markets. But this method also come across the parameterisation
explosion problem since the number of parameters increases at rate O(N?) or even worse when the
assets increases. Therefore, a more computationally efficient way is yet to be adopted in portfolio
optimisation.
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1.3.4 Wind Power Forecasting

Wind power forecasting, as one of the typical forecasting tasks relies on spatial and temporal fea-
tures. Owing to the complexity of the various decision-making problems at hand, it is preferable
that the forecasts provide decision-makers not only with an expected value for future power genera-
tion, but also with associated estimates of prediction uncertainty (Tastu et al., 2015). Multivariate
probabilistic forecasting has many use cases in power system operation and energy trading. Spatial
dependency is important for managing network constraints, and temporal dependency for schedul-
ing storage and conventional generation (Browell et al., 2022). Tt is essential for the decision-making
scenario to have wind power forecasting in different temporal and spatial scales and wind power
forecasting is indispensable in wind storage system as well as making price decision.

Previous probabilistic wind power forecasting generates expected values along with uncertain-
ties at each site individually, which generates distribution for each site instead of estimating a
joint probability distribution. These forecasting methods are partly due to the covariates used
for modelling since most of the covariates are site-specific (Tastu et al., 2015). However, spatial
and temporal dependencies of different wind farms at each time are ignored, which results in a less
accurate prediction and it also make it challenging to track error propagation since wind power fore-
cast errors propagate in time and in space under the influence of meteorological conditions. Based
on the probabilistic forecasting made by each of the site, Tastu et al. (2015) obtain multivariate
probability densities by Gaussian Copula that links different variables with its own marginal with a
Gaussian inverse accumulative probability distributive function. They manage to capture temporal
and spatial dependencies by treating each lead time and location as a single random variable. They
also illustrates wind power temporal correlation is limited within a short temporal window and
regional dependencies are extremely sparse. Based on this observation, they estimate the precision
matrix by setting the structure of precision matrix parameterisation manually. Nevertheless, it
still remains static as the estimated covariance is within a limited locations and lead time. Al-
though a sliding window strategy makes it adaptive to different temporal regions, different seasons
for example, it is also a static method for short-term forecasting and requires re-estimating while
temporal features change. Browell et al. (2022) propose an additive framework and apply it on
dynamic wind power covariance modelling. It leverages covariance function for covariance matrix
parameterisation and exhibits a more explicit model for dynamic estimation. But ensuring positive
definite is a thorny problem in non-stationary situation and an effective constrained optimisation
is critical.

1.3.5 Ecology

Covariance estimation is fundamental to understanding complex ecological dynamics, particularly
in modelling species interactions (Latimer et al., 2006), environmental influences, and temporal
dependencies. Static covariance models are used when systems are assumed to be time-invariant
or observations are cross-sectional, whereas dynamic models capture the evolution of covariances
over time. Recent advances include Bayesian hierarchical modelling (Hooten et al., 2015), spatio-
temporal models (Subba Rao, 2012), and machine learning-enhanced covariance estimators (Hengl
et al., 2017). Applications range from biodiversity modelling and habitat selection to epidemic
tracking and climate-driven processes. However, most of these applications utilize static covariance
estimation and fail to capture the dynamic structure of covariance matrix.

Regarding dynamic covariance estimation, Wood (2010) study the case of chaotic or near-chaotic
ecological system where the joint probability of observed data is extremely irregular, which makes
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it impossible to compute and optimise. A framework called ‘Synthetic Likelihood Framework’ is
used to estimate covariance dynamically. The mechanism of this framework is leveraging a model
with certain parameters to generate approximate data with the observation. Then, the empirical
covariance and other statistics are obtained from the generated data to form a joint probability
distribution, which is used to optimise the ecological model. This method requires estimating
covariance matrix to capture long-term structure, which is not similar to short-term forecasting.
Hefley et al. (2017) presents a flexible framework for modelling spatial the temporal covariance on
ecological data. Correlation function is used to directly specify a covariance structure and spectral
decomposition 2.1.2 to obtain basis vectors which are used for basis functions added to the mean
of the model as shown in (1.13), similar to Generalised Additive Model:

K
y(s) =x(s) B+ ardi(s) +e(s) (1.13)

k=1
Cov (y(s:), y(s5)) = ¢(s:) " Sa 6(s) (1.14)

where y(s) is the response at spatial location s and ¢y, is the k-th basis function. The basis function
vector is denoted as ¢(s) = [d1(s), a(s), -+ , ok (s)] and X, denotes the covariance matrix of all
the basis functions under the assumption o ~ N(0,%,) where o = [a1, a2, - -+ ,ai]. This means
that the correlation between two random variables changes according to how similar their spatial
or temporal basis-function representations are. However, this structure fail to capture dynamic
changes in time-varying correlation and relies on basis functions to embed autocorrelation.

1.3.6 Epidemiology

In analyzing dynamic infectious disease data, Prashad (2025) leverage Bayesian estimation approach
for time-varying covariance matrices in multivariate state-space models. A multivariate state-space
model could be written as

= XeBe + e, e ~N(0,%) (1.15)

where X, is the observation design matrix and g; is the hidden (latent) state vector. €, denotes
the noise that follows Gaussian distribution with dynamic covariance matrix ¥,. Prashad (2025)
assume observation noise covariance matrix 3; is modelled as time-varying and given a prior inverse
Wishart distribution Xy ~ IW (ng,noSp) where ng is the degrees of freedom and Sy denotes the
scale matrix. The posterior distribution of X;|y1.+ ~ ZW(ns,n:S;) where the degrees of freedom
and scale matrix is updated over time by (1.16) and (1.17)

Nng =N¢_1 + 1 (116)
Sy =Si—1 + (yr — Xemy) (ye — Xtmt)T (1.17)

where my; is the mean of the posterior distribution of the hidden state 8; and Xym;is the predicted
mean of observation y;. The update rule is run recursively and dynamic covariance modelling
demonstrates better estimation quality on relationship between COVID cases and environmental
covariates compared to static methods.
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1.3.7 Smoothing

As we mention in section 1.2, covariance function can be used to describe the correlation within
a stochastic process including stationary and isotropic cases. It is commonly used in a Gaussian
process problem where each stochastic processes Z(z) has zero mean function p(z) = 0 and the
covariance between z and y is captured by the covariance function Cov(Z(z), Z(y)). Apart from
Gaussian process, covariance function is also used for solving Stochastic partial differential equation
(SPDE). SPDE involves stochastic processes and differential operators, such as the first derivative
operator. SPDE states that for some differential operator D, a stochastic process f is a SPDE
solution to the equation:

Df=e (1.18)

where x is a normal random variable with mean zero and variance €. This equation also means the
first derivative of f has zero mean and finite variance at every point and the value of derivative at
any two points = and y is uncorrelated. Consider the variance € is controlled by certain parameter
T by:

Df :E (1.19)

Then parameter 7 controls the ‘smoothness’ of function f. Consider the mathematical solution to
the equation (1.18) is given by:

fz) = /w(as —u)e(u)d(u) (1.20)

where w is a Green’s function (Cabada, 2014) derived from D, which is a weighting function such
that the value of the stochastic process at = is a weighted sum of white noise process. This is
similar to Generalised Additive Model where each value of the function is a weighted sum of basis
functions. For uncorrelated cases, w is known as:

w(d) = {C?O S (1.21)

and if w(d) = 1 for all d, then the whole process is a constant. Between these two extremes are
weighted functions that reproduce correlations over different ranges and the covariance function for
point x and point y is shown as

clz,y) = /w(a: —w)w(y — u)du (1.22)

This equation shows that the solution to SPDE has a covariance structure that is induced by the
choice of D, which means covariance function estimation methods may be potentially adopted in
the field of solving SPDE.

1.3.8 Summary of Applications

In conclusion, Covariance estimation plays a foundational role across a wide range of scientific and
engineering disciplines, serving as a critical tool for characterizing dependencies in multivariate
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systems. In neuroscience, it enables the modelling of functional connectivity across brain regions,
capturing both static and dynamic structures. In finance, covariance modelling underpins port-
folio optimisation, with methods evolving from static shrinkage estimators to dynamic GARCH-
based approaches to account for time-varying volatility. In renewable energy applications, such
as wind power and electricity demand forecasting, dynamic covariance estimation facilitates joint
probabilistic forecasting by capturing spatio-temporal dependencies essential for reliable decision-
making. Similarly, ecological systems and epidemiological models benefit from dynamic covariance
structures to model interactions and temporal evolution under complex uncertainty. Even in math-
ematical frameworks such as SPDEs, covariance functions define the smoothness and dependency
structure of stochastic processes. Despite diverse domains, a common challenge persists: balancing
model expressiveness and computational tractability, particularly in high-dimensional or dynamic
settings. Continued advancements in structured, scalable, and dynamic covariance estimation are
essential to improving forecasting accuracy, model interpretability, and decision support across
these application areas.

1.4 Challenges in Dynamic Covariance Estimation

Based on the discussion of covariance modelling and covariance parameterisation, the task of co-
variance modelling can be generally divided into two sub-tasks: parameterisation of the covariance
matrix, and parameter estimation. The main challenges of parameterisation include parameter
explosion, whereby the number of parameters to be estimated increases quadratically with the
number of variables (d(d + 1)/2 in particular), and the lack of statistical interpretability. Covari-
ance modelling methods typically incorporate the effects covariates on covariance structure while
simultaneously satisfying the strict positive definiteness constraint. Enforcing this constraint during
optimisation often introduces inflexibility and may result in poor statistical properties (Pinheiro and
Bates, 1996). In addition, because covariance is a second-order statistic and therefore not directly
observable, limited sample availability can present a substantial challenge for dynamic covariance
estimation. For example, a time-varying covariance matrix may have only a single observed realisa-
tion at each time point, making it difficult to fit the model and to evaluate the estimated covariance
matrix.



Chapter 2

Background Methodology

This chapter reviews existing methodology in covariance factorization, covariance modelling and
evaluation. It begins by establishing a systematic framework for the parameterisation of covariance
matrices, a central problem in multivariate statistical modelling. The covariance matrix encodes
marginal variability and dependence structure simultaneously, yet its estimation is intrinsically con-
strained by symmetry and positive definiteness, rendering naive parameterisations infeasible in mod-
erate to high dimensions. To address these structural constraints, this section reviews two principal
classes of approaches: parametric covariance functions and matrix decomposition—based represen-
tations. The former characterise dependence through structured functional forms—encompassing
both stationary and non-stationary, static and dynamic formulations—while the latter enforce pos-
itive definiteness through algebraic factorisations such as spectral and Cholesky-type decomposi-
tions. By examining these complementary perspectives, this section clarifies the theoretical foun-
dations, modelling trade-offs, and practical implications of covariance parameterisation, thereby
providing the methodological basis for subsequent developments in dynamic and high-dimensional
covariance modelling.

Existing covariance modelling approaches in both static and dynamic settings are also sum-
marised in this chapter, connecting structural parameterisations to practical estimation frame-
works. For static covariance estimation, methods such as regression-based partial correlation mod-
elling, graphical lasso regularisation, Bayesian formulations, and shrinkage estimators are examined.
These approaches often operate on the precision matrix to characterise conditional dependence and
typically rely on sparsity assumptions or penalisation to ensure tractability in high-dimensional
contexts, though they generally presume time-invariant dependence structures. The discussion
then extends to dynamic covariance modelling, including Generalized Additive Covariance frame-
works, ARCH/GARCH-type volatility models, and Dynamic Conditional Correlation (DCC) mod-
els, which allow second-order dependence to evolve over time or with covariates. While additive
and regression-based approaches emphasise flexibility and covariate integration, volatility-driven
models focus on temporal persistence and computational scalability. Together, these methodolo-
gies highlight the trade-offs among flexibility, interpretability, and stability, thereby motivating the
development of more general and principled dynamic covariance modelling strategies.

In addition to covariance parameterisation and covariance estimation methods, this chapter also
review establishes principles for evaluating covariance models in both static and dynamic contexts,
with particular emphasis on their role in multivariate probabilistic forecasting. Unlike pointwise
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error metrics, covariance-oriented evaluation criteria assess the quality of the inferred dependence
structure, uncertainty quantification, and joint distributional accuracy. Likelihood-based measures,
such as the log-likelihood and logarithmic score, provide strictly proper scoring rules and align nat-
urally with maximum likelihood and Bayesian inference. Complementary metrics with the "true”
covariance matrix observable, including weighted squared error and Kullback—Leibler divergence,
quantify discrepancies in variance—covariance structure from matrix and distributional perspectives,
respectively. Since we are interested in applying dynamic covariance modelling on a probabilistic
forecasting tasks, multivariate proper scoring rules such as the Energy Score and p-Variogram
Score are introduced as well and they further evaluate calibration and dependence representation
in predictive distributions. Collectively, these metrics provide a comprehensive toolkit for assess-
ing covariance estimation quality, structural fidelity, and predictive performance, thereby ensuring
rigorous comparison of modelling approaches across both static and time-varying settings.

2.1 Parameterisation of Covariance Matrix

This section introduce two principle approaches for parameterising the covariance matrix: covari-
ance functions and matrix decomposition-based representation. Both their static and dynamic
formulations are summarised.

2.1.1 Parametric Covariance Functions

Parametric covariance functions are commonly used parameterisation to describe covariance struc-
ture with a small number of parameters. The covariance functions defined in equation (1.5) employ
a single functional form to represent the overall structure of the covariance matrix in time-invariant
settings. Such parameterisations involve only a limited set of parameters to be estimated, thereby
effectively mitigating the issue of parameter proliferation as the dimensionality d increases, while
retaining clear statistical interpretability. Consequently, parametric covariance functions are com-
putationally attractive for large-scale covariance modelling. Parametric covariance functions can
be divided into stationary and non-stationary cases:

Stationary Covariance Functions Define a stochastic process as {Z(x);x € D} where D is
the parameter space of the stochastic process. For each fixed € D, the value Z(z) is a random
variable. According to the Definition 1.7, stationary covariance format can be described as

C(Z(21), Z(x2)) = [(r;€) (2.1)
r =l — s (2.2)
where £ denotes all the parameters of the covariance function and its value is determined solely

by separation r of random variables Z(x1) and Z(x5). For dynamic version where covariance is
time-varying, stationary covariance function can be described as

C(Zi(x1), Ze(x2)) = f(r; &) (2.3)
r=lz—yl

where Z;(x1) and Z;(x2) denote the variables and the function relies on time-variate parameters
& to capture the dynamics. In practical applications, such as probabilistic forecasting, covari-
ance structure ofthen varies with respect to certain covariates. Dynamic covariance functions are
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therefore employed to incorporate covariate information efficiently during the model fitting process.
Commonly used covariance functions along with their corresponding parameters to be estimated,
are summarised in Table 2.1.

Class Function C(r;¢) Parameters ¢
Powered Exponential o2e=(97)" 0<p<2,60>0;02>0
21—V
Whittle-Matérn o? ) (\/iuf)”Kl,(\/iyf) v>0; p>0; 02>0
v p p
Cauchy o?(1+(0r)2) " v>0; 0>0; 02>0
(1= +45), 0<r<o,
Spherical C(r) = 200 6>0; 0>>0
0, r>0
2 2 sinz(ﬂ)
Canonic Periodic o exp(%) d2>0;0>0;, $>0

Table 2.1: Common covariance functions and their parameters.

The powered exponential function is taken as an illustrative example. The static stationary
powered exponential function is defined as

f(ri&) =2 7 £ ={0,0,7},0<y <2 (2.5)

where o denotes the estimated standard deviation, 6 is a scale parameter associated with the
separation distance, and ~ is a shape parameter. The resulting covariance depends solely on the
separation r, reflecting the stationarity assumption.

The powered exponential covariance function is commonly employed in stationary covariance
modelling due to its parsimonious parameterisation, involving only a small number of parameters (o,
6, and ~ in this case). Each of these parameters may be modelled as a function of covariates, thereby
introducing a degree of flexibility. While this formulation provides a fundamental and widely used
covariance model, alternative functions, such as the Whittle-Matérn covariance function, can offer
greater flexibility.

Stationary covariance functions guarantee that the resulting covariance matrix is positive def-
inite. Their dynamic extensions can partially accommodate non-stationary behaviour by allowing
parameters such as 0; to vary, for example, to capture spatial rather than purely temporal char-
acteristics. However, such approaches remain limited in their ability to represent fully dynamic,
non-stationary covariance structures. In spatio-temporal applications, the covariance between two
time-varying random variables often depends on more than their separation alone, a dependence
that stationary and weakly dynamic covariance functions may fail to capture adequately.

Non-stationary Covariance Functions Non-stationary covariance functions enable the mod-
elling of non-stationarity in dynamic covariance structures. In a dynamic setting, a non-stationary
covariance function can be expressed as

C(Zt(xl)a Zt(xz)) = f(9($1,$2,xm1x2,t)§ ft) (2'6)

where 6(-) denotes a predictor defined on a pair of random variables, capturing the non-stationary
characteristics of the underlying stochastic process and X, denote the covariates selected for
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modelling covariance of Z(x1) and Z(z3). Other time-constant parameters are defined as £. Under
this formulation, the estimated covariance no longer depends solely on the separation between Z; (1)
and Z;(x2), but also on the specific pairing of the random variables. An example of non-stationary
powered exponential function case is given by

f(m, %Xmlmg,t;gt) — o-th—(G(ammcz,xaplapz,t))"’t7 ¢ = {Ut; 9(.)7%}7 0<y <2 (2.7)

where the original scale parameter 6 is replaced by a predictor 6(-) in order to capture non-stationary
behaviour. More generally, predictors may be introduced for any subset of the time-varying pa-
rameters in &, and different subsets of covariates can be incorporated depending on the specific
application.

Despite their flexibility, non-stationary covariance functions do not, in general, guarantee a
positive-definite covariance matrix. The use of predictors for individual off-diagonal entries may
introduce numerical instability, potentially resulting in ill-conditioned covariance matrices. This
limitation raises the necessity of a principled positive-definite estimation framework tailored to
non-stationary covariance functions. Chapter 3 introduces a novel estimation framework for fitting
non-stationary covariance functions that ensures positive definiteness while improving goodness of
fit.

2.1.2 Matrix Decomposition

Matrix decomposition provides a widely used approach for parameterising covariance matrices. A
key challenge in covariance modelling is the well-known positive-definiteness constraint (Pourah-
madi, 2011) and one common strategy for addressing this constraint is to obtain unconstrained
parameters through appropriate matrix decompositions. The underlying rationale of many such
parameterisations can be expressed as

Y=L"L (2.8)

where L € R%*? is a full-rank matrix. Different structural choices or constraints imposed on L
give rise to different parameterisations of the covariance matrix ¥ (Pinheiro and Bates, 1996). It is
common to decompose a covariance matrix into components representing marginal variances and
dependence (or correlation) structure. Regression-based models are often applied to the logarithm of
the variance components, thereby removing the positivity constraint on variances. To dynamically
modelling the covariance matrix ¥; using this decomposition given by a subset of covariate x;; ¢,
the modelling formulation is given by:

Lij = f(i,J,%ij¢), (2.9)

where [; ; denotes the i-th row and j-th column entry of factor L; and f(-) is the predictor. The
covariate x;;; denotes the specific subset of time-varying covariates selected for the i-th row and
j-th column element. Such decompositions facilitate flexible modelling while ensuring the positive
definiteness of the resulting covariance matrix by construction. The following sections review and
discuss several matrix decomposition techniques for covariance matrix parameterisation.

Variance-correlation Decomposition

The variance-correlation decomposition of the covariance matrix expresses the matrix ¥ as ¥ =
D,RD, where D, is the diagonal matrix of standard deviations and R = (p; ;) is the correlation
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matrix. By modelling the logarithm of the diagonal elements of R, the positivity constraint is
removed. In contrast, the correlation matrix R remains subject to non-trivial constraints: all
diagonal elements must equal one, and all off-diagonal elements must lie in the interval [—1, 1], with
the additional requirement that P be positive definite. These constraints complicate statistical
modelling, particularly for methods such as Generalised Linear Models (GLMs), and the variance—
correlation decomposition does not, in itself, reduce the number of parameters to be estimated.

Spectral Decomposition

Spectral decomposition, also known as eigenvalue decomposition is widely used for principle com-
ponent analysis (PCA). For a covariance matrix X € RP*P the decomposition is given by

p
S =PAPT' =) Nee] (2.10)
=1

where A is a diagonal matrix containing the eigenvalues of ¥, and P is an orthogonal matrix whose
columns are the corresponding normalised eigenvectors. Here, \; denotes the i-th eigenvalue and
e; the associated eigenvector. Due to the positive definiteness constraint on ¥, all the eigenvalues
must be strictly positive. Modified forms of the spectral decomposition have been proposed to
yield unconstrained parameterisations of symmetric matrices; one such formulation is presented in
equation (2.11)

P
log¥ = Plog(A)P~! = Zeie: log \;. (2.11)
i=1

Note that ¥ and log ¥ share the same eigenvectors. The dynamic modelling for the spectral de-
composition formulation can be expressed as:

p
lOg Zt = Pt log(At)Pt_l = Z et7iezi log )\t,i~ (212)
i=1
e?,i = fa(x}), A = f(x}) (2.13)

where e;; is the ¢-th time-variate eigenvalue and egi is the d-th element of the eigenvector e ;.
The xi denotes the time-varying covariate of the estimator. While this transformation yields an
unconstrained symmetric matrix, the individual entries of log ¥ no longer admit a straightforward
statistical interpretation. This limitation highlights a fundamental trade-off between achieving
unconstrained parameterisations and preserving statistical interpretability in covariance modelling.

Givens parameterisation

Following parameterisation like Spectral Decomposition, Givens parameterisation can be applied
on the orthogonal matrix to improve numerical stability and obtain well-conditioned estimates.
The Givens parameterisation represents an orthogonal matrix as the product of Givens rotations
G(i,7,0) each of which is a sparse orthogonal matrix that performs a planar rotation by an angle



22 CHAPTER 2. BACKGROUND METHODOLOGY

6 in the (i, j)-plane, affecting only the ith and jth coordinates, as shown in (2.14).

1

cosf) —sinf

G(i,j,0) = sinf  cos6

(2.14)

1

Since spectral decomposition requires modelling an orthogonal eigenvector matrix of dimension
d x d, applying Givens parameterisation provides a structured way to represent this matrix as

S =G1Gy -Gy, (2.15)

where the rotation angles ), constitute the model parameters. An orthogonal matrix in R?*¢ can
be fully parameterised using d(d—1)/2 Givens rotation angles, which is substantially fewer than the
d? unconstrained parameters of a general matrix, while respecting orthogonality by construction.
In addition, Givens parameterisation can enhance numerical stability when sampling or estimating
covariance matrices in probabilistic models, including Gaussian processes and Bayesian hierarchical
models. However, compared with direct Cholesky or spectral decompositions, Givens parameteri-
sation entails more complex implementation and additional bookkeeping to manage the sequence
of rotations. Moreover, it does not yield a direct statistical interpretation in terms of marginal
variances and correlations, in contrast to more conventional covariance parameterisations.

Cholesky Decomposition

Cholesky Decomposition is easily derived by setting L from(2.8) to be an upper triangular matrix.
This parameterisation is computationally simple and stable, but the Cholesky factor is not unique
for a single 3. Thus, the more general Cholesky Decomposition of a positive-definite matrix is used
in the form of Log-Cholesky by imposing a logarithm on the diagonal elements of the Cholesky
factor, such that

Y =Cc (2.16)

where C' is a unique lower-triangular matrix with positive diagonal entries. This parameterisation
is computationally efficient and numerically stable, and the uniqueness is guaranteed by enforcing
positivity on the diagonal elements. Yet, the resulting Cholesky factor has a poor statistical inter-
pretation Pinheiro and Bates (1996) due to the logarithm implementation, but its transformation
L,, = CD™! could lead to an unconstrained and statistically interpretable factor as

Y =CD'DDD™'C' = L,, DL}, (2.17)

TST' = D? (2.18)

where D is the diagonal of C and L,,, = CD~'. T is the inverse of L,,. This representation is known
as the modified Cholesky decomposition (MCD). In this formulation, both T and D are uncon-

strained and admit meaningful statistical interpretations: the entries of T' correspond to regression
coefficients obtained from sequential linear regressions, while D? contains the innovation variances.
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Owing to these properties, several covariance estimation methods impose sparsity-inducing penal-
ties on the MCD factors, thereby encouraging sparsity in the implied precision matrix. While this
makes MCD a powerful and flexible parameterisation, it still suffers from parameter proliferation
in high dimensions and depends critically on an a priori ordering of the random variables.

While MCD provides a promising way for covariance parameterisation, modelling the precision
matrix directly provides an alternative means of reducing the effective number of parameters. The
entries of the precision matrix encode conditional dependencies between variables and are often
substantially sparser than those of the covariance matrix. The Cholesky decomposition and its
modified variants can also be applied to the precision matrix, yielding

> =T7TD?T (2.19)

where the entries of 7" and D are unconstrained, which facilitates the modelling. The dynamic
formulation of MCD is described as:

Nisjt = fije (i, 4, %i5) (2.20)
iyt = fiie (i 7, Xi 5) (2.21)

where 7;~ ;¢ represent the off-diagonal element of T and 74,i,¢ is the diagonal element of D. f; ;. de-
notes the predictor of each 7;~ ;¢ and f; ;; represents the predictor of each 7; ; ;. A key limitation of
this class of parameterisations is that it is not permutation invariant: the resulting decomposition,
and hence the inferred dependency structure, depends on the ordering of the variables. Conse-
quently, Cholesky-based approaches are most appropriate for data with a natural ordering, such as
time-indexed or spatially ordered observations.

2.2 Existing Covariance Modelling Approaches

In this section, we introduce covariance estimation, encompassing both static and dynamic co-
variance modelling. Dynamic covariance modelling constitutes an important class of covariance
estimation problems, particularly in real-world applications where dependence structures evolve
over time. We present the formal formulations of both static and dynamic covariance estimation.
Existing covariance estimation methods applicable to these settings are reviewed, and their princi-
pal limitations are summarised. For dynamic covariance predictors, we introduce both time-varying
spatial covariance modelling and temporal covariance methods but we will only study spatial co-
variance modelling in the following chapters.

2.2.1 Static Covariance Estimation

Estimation of covariance matrices is a fundamental component of multivariate probabilistic model-
ing, underpinning tasks such as probabilistic forecasting and other statistical inference procedures
by characterizing joint dependencies among random variables. In the context of Gaussian process
models, estimating covariance parameters (e.g., the hyperparameters of the covariance function)
is central to defining the dependence structure of the process and to making accurate probabilis-
tic predictions, since the covariance function governs the prior and posterior uncertainty in the
model. Static covariance estimation requires a covariance matrix 3 = Cov(X;, X2) to characterise
the dependency of two random variables X; and Xo. The corresponding covariance function can



24 CHAPTER 2. BACKGROUND METHODOLOGY

be expressed as in (1.5). Since the true underlying distribution is unobservable in practice, the
covariance matrix is typically estimated using the sample covariance matrix ¥, defined as

1 N

= - AT

> = P (x; — X) (x; — X) (2.22)
i=1

where x € R? denotes the d-dimensional observed sample vectors and X represents the sample mean.

However, when the number of observations N is substantially smaller than the dimensionality d, the

sample covariance matrix becomes numerically unstable and provides a poor estimate of the true

covariance structure. Commonly used covariance matrix estimators include the sample covariance

estimator, maximum likelihood estimators, and shrinkage-based methods and they are summarised

as follow:

Sample (Empirical) Covariance: Sample covariance matrix provides an unbiased estimate
of the population covariance matrix and it is calculated through the observed data and it is ex-
pressed as (2.22). The resulting estimator is positive semi-definite but may become singular in
high-dimensional settings (Franklin, 2005), particularly when the dimensionality d exceeds the
number of observations V.

Maximum Likelihood Estimators: The maximum likelihood estimator (MLE) of the covari-
ance matrix is derived under the assumption that the data follow a multivariate Gaussian dis-
tribution. Similar to the sample covariance matrix, the MLE of the covariance matrix is given
by

1 N
YMLE = N E (Xi - X)(Xi — X)T. (223)
=1

This estimator is biased, as it systematically underestimates the true covariance matrix due to the
use of the factor 1/N rather than 1/(N — 1). The bias becomes more pronounced in small-sample
settings, where the number of observations is limited relative to the dimensionality.

Shrinkage Estimators: Shrinkage estimators combine the sample covariance matrix with a
structured target matrix in order to improve estimation accuracy and mitigate the singularity and
instability issues commonly encountered in high-dimensional settings (Schéfer and Strimmer, 2005).
A widely used shrinkage approach is the Ledoit—Wolf estimator (Ledoit and Wolf, 2004), defined as

Siw = (1 —0)% + 67, (2.24)

where § € [0,1] denotes the intensity of shrinkage and T is a predefined target matrix, typically
chosen as a scaled identity matrix 7' = pI with the scaling factor equal to the average variance of the
sample. This estimator yields better-conditioned covariance estimates than the sample covariance
matrix and, provided that the target matrix is positive definite and § > 0, guarantees positive
definiteness of the resulting estimator. The shrinkage intensity d can be estimated directly from
the data in a data-driven and asymptotically optimal manner. While this adaptivity improves
robustness, the performance of the estimator remains sensitive to the choice of the target matrix.
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Graphical Lasso: Graphical Lasso (Glasso) is a regularized maximum-likelihood method for
estimating a sparse precision matrix (i.e., the inverse covariance matrix) of a multivariate Gaussian
distribution. It extends classical covariance estimation to high-dimensional settings where the
number of variables d may be large relative to the number of observations n, and the sample
covariance matrix may be singular or unstable. Rather than directly inverting the sample covariance
matrix S, Glasso solves a convex optimization problem that maximizes a penalized log-likelihood
with an ¢; penalty on the precision matrix entries:

© = argmax |log det(©) — tr(X0) — ~ H@HJ (2.25)
©>0

where © = Y71 is the true precision matrix and © = ! is the estimated precision matrix.
The logdet(©) and tr(S©) come from the Gaussian log-likelihood. The ||Of; = %;; ||0; ;| is
the /1 penalty encouraging entries of ©® to approach zero and ~ is a regularisation parameter
controlling sparsity. Setting off-diagonal entries of © to zero corresponds to assuming conditional
independence between variable pairs, aligning with the structure of a Gaussian graphical model. But
its performance strongly depends on the choice of v and it is highly sensitive to outliers, making
estimation less robust. The coordinate-descent algorithm used in many Glasso implementations
may produce asymmetric precision estimates due to inexact inversion procedures, especially when
regularization is weak. This can lead to estimates that are not proper inverses of the covariance
estimate and can even have negative or complex eigenvalues, undermining positive definiteness and
validity in multivariate analyses.

The Glasso is a well-established penalized maximum likelihood estimator that induces sparsity
in the precision matrix via an ¢; penalty, and alternative penalized likelihood approaches — such
as estimators based on the minimax concave penalty (MCP) or ridge-type {5 penalties — have also
been proposed for static covariance or precision estimation. These methods principally differ in the
form of the penalty function and in their consequent effects on the estimated covariance or precision
matrix during optimization.

Bayesian Estimators: Bayesian estimators incorporate prior beliefs about the covariance struc-
ture within a Bayesian framework. Specifically, it treats the covariance matrix as a random variable
and and update it using Bayes’ theorem

p(X|Z)p(¥)
p(X)

where X is a random variable of the observed data and p(X) is the assumed prior. For covariance
matrix estimation, a commonly adopted prior is the inverse-Wishart distribution (Kruschke, 2010)

p(5|X) = (2.26)

Y~ W, v) (2.27)

where U denotes the scale matrix and v represents the degrees of freedom. In Bayesian analy-
sis, the inverse-Wishart distribution serves as a conjugate prior for the covariance matrix ¥ of
a multivariate normal model, implying that the posterior distribution of ¥ given the observed
data also follows an inverse-Wishart distribution. This conjugacy offers substantial computational
convenience. However, the inverse-Wishart prior imposes restrictive assumptions on the covariance
structure—such as coupling marginal variances and correlations—which may introduce bias or limit
modelling flexibility, particularly in high-dimensional or weakly informative settings.
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2.2.2 Dynamic Covariance Predictors

Apart from the methods discussed above, a distinct class of approaches focuses on dynamically
modelling the covariance matrix. In dynamic settings, the covariance structure evolves concerning
a subset of covariates and, most commonly in practice, varies over time. Therefore, the general way
is to apply any estimators with time-varying covariates to the existing covariance parameterisation,
either covariance functions or matrix decomposition factors. This section summarises and discusses
existing predictors used in dynamic covariance modelling in detail.

Generalized Additive Covariance

Generalized Additive Covariance(GAC) framework proposed by Browell et al. (2022) employs Gen-
eralised Additive Model (GAM) (Hastie and Tibshirani, 1986) to model the parameters of a co-
variance function. In this framework, a parametric covariance function is used to represent the
covariance matrix, while GAMs are introduced to model the dependence of the covariance function
parameters on covariates. The GAC framework is applicable to both isotropic (1.8) and non-
stationary (1.10) settings, in which the covariance depends separation as well as other covariates.
Such formulations are commonly used in spatial or temporal covariance modelling. The introduction
of GAM and its smoothing penalty are as follow.
The GAM formulation used to model the covariance function parameters is given by

9(&) = A;Bj + Zf] a7, =1,. (2.28)

where g(-) is a link function, §; denotes the jth parameter of the covariance function, A;3; represents
the parametric component, and f;;(-) are smooth functions of covariates. Here, K denotes the
number of smooth terms and m the number of covariance function parameters being modelled.
Each smooth function f;; is expressed as a linear combination of basis functions,

fiilx Zb“ zy) gl (2.29)

This modelling strategy provides substantial flexibility for incorporating spatial or temporal covari-
ates in spatio-temporal forecasting applications. In particular, the covariate vector z; in (2.28) may
depend on time, spatial distance, or other relevant predictors. The notation xf »* denotes a subset of
covariates associated with the ith smooth term for the jth covariance parameter, allowing different
subsets of covariates to influence different components of the covariance structure. Smooth covari-
ate effects are widely used in probabilistic forecasting, and by leveraging these properties, GAMs
offer a principled and flexible approach to dynamic covariance modelling. For GAM model fitting,
as the dynamically estimated covariance matrix fits in the Multivariate Gaussian framework, the
optimisation object is set to maximize the regularized Bayesian posterior log-density of the form

() = log p(Bly,y) = Zlogp (y™18) — ,BTS”B (2.30)

where the quadratic term S7S73 acts as a smoothing penalty that controls the complexity of
the smooth functions through the regularisation parameter v. More details of smoothing penalty
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are discussed in the next paragraph. Despite its flexibility, the GAC framework remains limited
to stationary or isotropic covariance structures and does not naturally accommodate fully non-
stationary dependence. Moreover, jointly modelling spatial and temporal covariance structures
places strong constraints on the choice and design of the covariance function, presenting a significant
challenge in more complex dynamic settings.

Apart from GLASSO regularisation (Friedman et al., 2008), smoothing regularisation is widely
used for GAMSs, to control the complexity of smooth functions and prevent overfitting. They achieve
this by penalizing the "wiggliness” of the estimated functions, ensuring a balance between model
flexibility and generalisation. The estimation of a smooth function f(-) involves a regularisation
term shown as:

1"

2
La=L(70)03) 4 [ [£'®)] do (231)
where £(-) denotes the loss function of f(6) and the regularisation term ensure smooth by penalizing
the second derivatives f (6). A larger v imposes a heavier penalty on curvature, leading to smoother
(potentially linear) functions, while a smaller y allows for more flexibility, potentially capturing more
complex patterns in the data. In GAM, this smoothing regularisation can be written as:

Lo =y — XBII” +78758 (2.32)

where X is the design matrix with coefficient § and S is the penalty matrix derived from the
basis functions and their derivatives. This smoothing technique is also applied in the simulation in
Section 3.2.1.

Generalized Autoregressive Conditional Heteroskedasticity

Autoregressive conditional heteroskedasticity(ARCH) is a widely used statistical model for time
series data temporal covariance modelling that describes the variance of the error as a function
of previous error terms. They are particularly common in financial econometrics, where time
series often exhibit volatility clustering and heteroskedastic behaviour. In an ARCH(g) model, the
innovation process is expressed as

€t = OtZt, Zt ~ ii.d. (0, ].)7 (233)

where z; is typically assumed to follow a standard normal or other zero-mean, unit-variance distri-
bution. The mean and variance equations are given by

q
ye=o00+ Y civi + € (2.34)
=1
q
of =B+ Biet; (2.35)
j=1

where y; denotes the time-varying response, g controls the lag order, and «; and j3; govern the
dynamics of the conditional mean and conditional variance, respectively.

In multivariate or high-dimensional settings, covariance modelling can be applied to the inno-
vation vector €;, which is typically assumed to follow a conditional distribution with time-varying
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covariance matrix ;. In this context, ARCH-type models capture temporal non-stationarity in
second-order moments through the evolution of ¥;. When the variance parameters 3; are constant,
the model implies a stationary conditional variance process, whereas allowing these parameters to
vary over time introduces non-stationary volatility dynamics. For covariance stationarity to hold,
the ARCH model requires

q
> oBi<1 (2.36)
j=1

which ensures that the unconditional variance is finite. ARCH models are effective at capturing
short-term volatility persistence; however, they often require large lag orders to represent long-
memory behaviour. This limitation motivates generalised extensions that incorporate lagged con-
ditional variances directly into the model.

The Generalised Autoregressive Conditional Heteroskedasticity (GARCH) model extends the
ARCH framework and is widely used to capture both short- and long-term volatility persistence
in univariate and multivariate time series. By incorporating lagged conditional variances into the
volatility equation (2.37)

q b
o; = fo + Zﬁjﬁf_j + Z%U?_k, (2.37)

j=1 k=1

GARCH is allowed to capture the persistence of past volatility, enabling it to capture the slow decay
of volatility shocks over time. The term Y 7_, vx07 , captures persistence in conditional variance
beyond what is achievable with ARCH models alone. Compared with ARCH, GARCH provides a
more flexible and realistic representation of volatility dynamics and is therefore extensively used
in financial applications, such as forecasting asset return volatility and estimating time-varying
risk for portfolio optimisation. While multivariate GARCH models exist, extending GARCH-type
frameworks to efficiently and reliably model high-dimensional time-varying covariance matrices
remains computationally challenging and is an active area of research.

Dynamic Conditional Correlation (DCC) Models

Dynamic Conditional Correlation (DCC) models address the scalability issue by decomposing the
conditional covariance matrix as

¥y =DyRDy (2.38)

where D; is a diagonal matrix of conditional standard deviations, typically modelled using uni-
variate GARCH processes, and R; is a time-varying correlation matrix. The dynamics of R; are
governed by a low-dimensional autoregressive structure, allowing correlations to evolve over time
without incurring excessive parameter complexity. DCC can be interpreted as a two-stage extension
of GARCH: 1. Conditional variances are modelled using standard univariate GARCH equations.
2. Conditional correlations are updated through a separate dynamic process. This separation en-
ables DCC models to capture time-varying dependence structures while maintaining computational
feasibility, making them popular in financial econometrics. However, DCC models rely on strong
assumptions, such as homogeneous correlation dynamics across all asset pairs, and remain limited
in their ability to incorporate exogenous covariates or complex non-stationary behaviour.
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2.3 Evaluation

This section introduces evaluation metrics used for covariance modelling in both static and dynamic
settings. As probabilistic forecasting is a key practical application of dynamic covariance modelling
and is closely related to real-world problems (see Chapter 4 for details), commonly used evaluation
metrics from the probabilistic forecasting literature are also reviewed.

Before introducing the evaluation metrics used in covariance modelling, we first restate the no-
tation adopted throughout this section. Let X € R? denote the random variable of interest with the
observation 2, i =1,2,--- , N. ¥ denotes a true covariance matrix that does not depend on time,
and Y indicates a true covariance matrix that is time-varying. We use 3 to denote the estimated
covariance matrix and similarly, Et for the time-variate estimated covariance matrix. The empirical
covariance matrix is written as Y and its time-variate version as Zt The covariance function is
denoted as C(-) and it can capture time-varying structure where the incorporated covariate x; is
time-varying.

In this section, we introduce objective functions commonly used in covariance modelling the
probabilistic forecasting. We assume the true covariance matrix ¥ is accessible in this section to
simplify the introduction, but in practice, the true covariance matrix is typically not observable and
objective functions use empirical covariance ¥ to approximate the role of true covariance matrix.

2.3.1 Evaluation Metrics for Covariance Estimation

The assessment of covariance models demands evaluation criteria that go beyond pointwise predic-
tion accuracy to examine the quality of the inferred dependence structure and uncertainty quantifi-
cation. In contrast to simple error-based measures, covariance-oriented metrics evaluate how effec-
tively a model represents joint variability, cross-correlations, and conditional relationships among
variables. Well-designed loss functions discourage mischaracterisation of uncertainty by penalising
both variance and covariance estimation errors. This section introduces several commonly adopted
evaluation metrics for covariance modelling, including the Kullback—Leibler divergence, negative
log-likelihood, and weighted mean squared error, highlighting their respective roles in assessing
model performance in static and dynamic contexts.

Norm-based Matrix Discrepancy Measures

Distance-based metrics are commonly used in various estimations and for covariance estimation,
three commonly used loss are Stein’s entropy loss (L), quadratic loss (Ls), and the normalized
Frobenius loss (Lg). The L loss function advocated by James and Stein (1992) is shown as (2.39)

£1(5,3) = tr(S71) — log ‘22—1‘ —d (2.39)

where d is the dimension of covariance matrix. The time-variate version for dynamic covariance
modelling could be:

Mﬂ

L1(50 %) = (tr (5,57

—1’ - d) (2.40)

where T is the number of timestamps. This loss is also known as Stein’s loss or entropy loss. It
is invariant under nonsingular linear transformations, meaning that its value is unchanged under a



30 CHAPTER 2. BACKGROUND METHODOLOGY

change of coordinate system. This property makes it particularly suitable for covariance matrices,
whose interpretation depends on the scaling and rotation of variables. Furthermore, for multivariate
Gaussian distributions, this loss has a direct connection with the Kullback—Leibler (KL) divergence
between two Gaussian distributions. Specifically, when the mean vectors are identical, minimizing
the KL divergence between A (z, ¥) and N (, ) is equivalent to minimizing the Stein loss.

Unlike L; loss, quadratic loss directly measures the element-wise distance between two covari-
ance matrices without assuming a probability distribution. The Frobenius norm based quadratic
loss is defined as

Ly(5,%) = Z Z(ii,j — %)% (2.41)

This loss treats all covariance elements equally and penalizes overestimation and underestimation
symmetrically. Compared with Stein’s loss, the quadratic loss does not require matrix inversion,
making it computationally more efficient and applicable even when the covariance matrix is close
to singular. However, because all entries are weighted equally, Ly loss is sensitive to the scale of
variables. Large variance components may dominate the loss, causing estimation errors in small-
variance directions to receive insufficient attention. Therefore, it is not invariant under linear
transformations and is less suitable when variables have substantially different scales.

To address the dimensional dependence of the quadratic loss, Ledoit and Wolf (2004) propose
a normalised variant of the squared Frobenius norm:

N 2 A
La(5,3) = = ||E - EH - étr(E _ 32 (2.42)

The normalization by d ensures that the loss remains comparable across different covariance di-
mensions. In particular, the Frobenius norm of the identity matrix becomes independent of the
dimension, which facilitates comparison between covariance estimators with different matrix sizes
Ledoit and Wolf (2004). Nevertheless, L3 loss inherits the limitations of the Frobenius norm: it is
not invariant to rescaling and gives equal importance to all covariance elements. Consequently, it
may not accurately reflect the statistical importance of errors in different directions.

Log-likelihood

Under the assumption of a Gaussian distribution, the (log-)likelihood is a widely used metric for
evaluating the accuracy of covariance estimation. It measures how probable the observed data are
under a specified probabilistic model and therefore provides a principled criterion for assessing both
mean and covariance estimates. Given observed random vector x; € R? at time ¢, the log-likelihood
for a single observation is given by

d . Nd N 1L, ,
Lpe-Sulxi) =log [ [ fa (e, S0) = _Tbg(%) — 5 log 2] — 3 > (@) = pe) TS (= — )
-1 i—1
(2.43)

where fy is the probability density function of the assumed distribution according to the assumption
and p; denotes the time-varying mean. The log-likelihood has a strong theoretical foundation and
constitutes a strictly proper scoring rule under the assumed distribution, ensuring that the true
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data-generating covariance is optimal in expectation. Its close alignment with maximum likelihood
and Bayesian inference makes it a natural and coherent choice for both model estimation and
evaluation, particularly in dynamic settings involving time-varying covariance structures. However,
its effectiveness depends critically on the validity of the Gaussian assumption; departures such
as heavy tails or skewness may lead to misleading assessments, and the metric is sensitive to
outliers. In high-dimensional contexts, numerical instability may also arise from matrix inversion
and determinant computation when covariance estimates are ill-conditioned. Nevertheless, when
Gaussian assumptions are reasonable, the log-likelihood remains a central and interpretable metric
for covariance modelling within likelihood-based frameworks.

Weighted Square Error

Least Squares Error (LSE) is widely used when an explicit objective function is available. In covari-
ance modelling, a weighted least squares (WLS) criterion is often adopted to quantify discrepancies
between the estimated covariance matrix and a known or reference covariance matrix by compar-
ing their individual entries. This approach allows differential emphasis to be placed on specific
components of the covariance structure, which is particularly useful when correlations of varying
magnitudes exhibit different levels of importance or reliability. Let ¥ = (C(R;;)) € R?? denote
the true covariance matrix and 3 is the estimated covariance matrix, the weighted square error is
defined as

~ 2
_ 1 L - C(Ri:8)
LWLS B d(d - 1) Z (1 - écorr(Ri,j;£)> (244)

i#]

where C(R; ;) is the d-dimensional empirical covariance with R; ; representing the separation matrix
where entry at i-th row and j-th column denotes the distance between variable X; and variable
X,;. The estimated covariance is denoted as C( i5:&) and C’COTT( i.5; &) denotes the estimated
correlatlon This loss function leverages a weight dependent on correlation such that higher loss
is gained for covariance distance between variables with high correlation. In the case of dynamic
modelling, this loss function could be written as

Lwrs = iZ( Zi — C(Riyi&0) ) (2.45)
d—1)T = oy 1-C i3 &)

(’orr(

where & denotes the temporal covariates and T is the number of timestamp. In practices, the true
covariance matrix 3; is not observable and instead, empirical covariance matrix is used and the
weighted least square loss function become

T 2
Lwrs = ZZ( Et[c (Rig &)l > . (2.46)
=1 i

co’rr( i,j7 gt)]i,j

This loss function can be explained as the weighted distance between empirical covariance, which
is the it, and the estimated covariance, the CA'(RM; &:). Empirical covariance can be replaced by
sample covariance but may lead to instability, especially in sample insufficient scenarios. Notice that
this loss function does not consider the variance, and incorporating losses on variance introduces
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the full weighted loss:

J’Et)
Lwrs = d2T ZZ (1 G (R z‘,p&)) . (2.47)

t=1 4,5

Kullback-Leibler Divergence

The Kullback-Leibler (KL) Divergence is a general metric to measure how well a probability density
function approximates the other one. Although it is asymmetric, it still is a proper scoring rule
widely used to quantify the distributional approximation error. Browell et al. Browell et al. (2022)
employ KL divergence to evaluate how closely an estimated covariance matrix approximates the
true time-varying covariance in simulation study. Assuming zero-mean Gaussian distributions with
different covariance matrices, the KL divergence is defined as

Lxrn(Se, % ZP X1 EX ; P~ N(0,%),Q ~ N(0,%) (2.48)

where YJ; denotes the true covariance matrix at time ¢ and f]t is its estimate. For Gaussian distribu-
tions, this divergence admits a closed-form expression and directly penalizes errors in both variance
and correlation structure. While KL divergence is not symmetric and depends on the assumed
parametric form, it provides an informative metric for assessing covariance estimation accuracy
and is widely used in machine learning. For probabilistic forecasting where the ‘true’ covariance
matrix is not observable, KL-divergence may only be adapted to sample covariance generated by a
single realisation, which makes it noisy and may not be a suitable criterion in practice.

2.3.2 Evaluation Metrics for Probabilistic Forecasting

Evaluating multivariate probabilistic forecasts requires scoring rules that jointly assess marginal
accuracy, dependence structure, and distributional calibration. Unlike pointwise error metrics,
proper scoring rules reward forecasts that assign high probability mass to the realized outcomes
while penalizing misrepresentation of uncertainty and dependency. This section reviews several
widely used evaluation metrics for probabilistic forecasting and dynamic covariance modelling,
including the Energy Score, p-Variogram Score, and logarithmic score, each emphasizing different
aspects of forecast quality.

Energy Score

The Energy Score (ES) is a widely used proper scoring rule for evaluating multivariate probabilistic
forecasts, particularly in power and renewable energy forecasting. It assesses both the accuracy
of forecasted trajectories and the dispersion of the predictive distribution, thereby capturing how
well the ensemble of predicted scenarios aligns with the observed outcome. For a single forecast—
observation pair, the Energy Score is defined as

o= 12| 3 o

1 M M
o (m) (1)
272MQZZHXi 7Xi 9
m=1n=1

] . (2.49)
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where |||, denotes the norm £y and X;; is the observed trajectory. The X, Z-(m) is the m-th forecasted
trajectory sampled from the predictive multivariate distribution and the total amount of sampled
trajectories is M. The first term measures the closeness of the forecast ensemble to the observation,
while the second term penalizes excessive dispersion by evaluating the pairwise distances among
forecasted trajectories. Together, these components balance sharpness and calibration, encouraging
accurate yet appropriately uncertain predictions.

p-Variogram Score

The p-Variogram Score (VS-p) is a proper scoring rule that designed to evaluate the dependency
structure of multivariate probabilistic forecasts. Rather than focusing on marginal distributions,
VS-p compares the empirical variogram of the observation with the variogram implied by the
forecast distribution. It is defined as

d d M 2
1 o (m < () |P
VS, (F, Xt) = Z Zwij <|Xt,i = X507 — Vi Xt(7i ) - Xt(,j) ) : (2.50)
=1 j—1 m=1

where X; € R? denotes the observed multivariate outcome and Xt7 denotes the i-th element of Xt,
which is a random vector drawn from the predictive distribution F;. w;; are non-negative weights
specifying the importance of each component pair, and p > 0 is a user-defined exponent. The score
is derived from the transformation

Tij(z) = 1X; — X/ (2.51)

which computes the p-th power of the absolute difference between component pairs. This transfor-
mation mitigates the influence of marginal shifts and emphasizes the relative dependence structure,
making VS-p particularly suitable for assessing spatial, temporal, or spatio-temporal covariance
forecasts.

Logarithmic Score

The Logarithmic Score (Log Score) evaluates probabilistic forecasts by directly assessing the pre-
dictive density at the observed outcome. Unlike the Energy Score, it does not require sampling
from the predictive distribution and is therefore computationally efficient. It is defined as

Spu(X0) = =7 Y n(pi(X0) (252
t=1

where p;(+) is the predictive density at time ¢ and X is the corresponding observation. The Log
Score is a strictly proper and local scoring rule, meaning it depends only on the predictive density
evaluated at the realized observation Brocker and Smith (2007). Moreover, it aligns naturally with
maximum likelihood—based parameter estimation. However, due to the logarithmic transformation,
it is highly sensitive to outliers and may perform poorly in the presence of noisy or heavy-tailed
data.
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2.4 Summary

In this chapter, we introduce the parameterisation of the covariance matrix and review existing
covariance modelling approaches in both static and dynamic settings. We also summarise current
evaluation metrics for covariance estimation and a closely related application, probabilistic forecast-
ing. Covariance matrix parameterisation falls broadly into two categories: parametric covariance
functions, encompassing both stationary and non-stationary formulations, and unconstrained ma-
trix decompositions, such as the modified Cholesky decomposition. Non-stationary covariance func-
tions offer a parsimonious representation of evolving dependence structures, yet ensuring that the
resulting estimates remain positive definite poses a substantial challenge. This highlights the need
for an estimation framework that guarantees positive definiteness in the non-stationary setting—a
gap we address in detail in Chapter 3.



Chapter 3

Flexible estimation of
non-stationary covariance
functions

In this chapter, we develop a flexible estimation framework for non-stationary covariance functions
that addresses both of these requirements. The framework combines additive models for the pa-
rameters of a structured covariance specification with a suite of regularisation strategies designed
to enforce positive definiteness throughout the optimisation procedure. We begin by reviewing the
objective functions commonly employed in covariance model fitting, including likelihood-based and
loss-based formulations. We then turn to the central methodological contribution of this chapter: a
systematic treatment of techniques for ensuring positive definiteness. These range from smoothing
penalties and eigenvalue-based regularisation to barrier methods drawn from interior-point optimi-
sation, each offering a different trade-off between computational cost, numerical stability, and the
strength of the positive definiteness guarantee. Finally, we present a simulation study in which
data are generated from known non-stationary covariance models. The experiments demonstrate
that the proposed regularisation strategies, the log-barrier penalty and the one-sided Huber loss on
eigenvalues in particular, not only ensure that the estimated covariance function remains positive
definite across the entire index domain, but also lead to improved estimation accuracy relative to
their unregularised counterparts.

3.1 Ensuring Positive Definiteness

To address the positive-definiteness issue arising in non-stationary covariance modelling, we intro-
duce a regularisation framework that enforces the positive-definite constraint during optimisation.
Regularisation is a fundamental technique in statistics and machine learning for improving general-
isation performance and stabilising solutions to ill-posed or high-dimensional estimation problems.
It is typically implemented by augmenting the objective function with a penalty term that constrains
the parameter space and discourages undesirable solutions.

In its general form, regularisation modifies the optimisation problem by adding a penalty func-
tional to the loss. For example, {5 regularisation incorporates the squared Euclidean norm of the

35



36CHAPTER 3. FLEXIBLE ESTIMATION OF NON-STATIONARY COVARIANCE FUNCTIONS

parameter vector into the objective, shrinking parameter magnitudes and promoting numerical
stability. This regularisation technique provides a potential solution to maintain the structural
validity in non-stationary covariance modelling. Since non-stationary covariance functions do not
automatically preserve positive definiteness during optimisation, constrained or structure-inducing
regularisation is required. We therefore propose a positive-definite regularisation scheme that ex-
plicitly penalises violations of positive definiteness, thereby guiding the optimisation procedure
toward admissible covariance estimates while retaining modelling flexibility.

When optimisation algorithms are applied directly to covariance estimation, particularly under
non-stationary parameterisations, the positive-definiteness constraint poses a substantial challenge.
In such settings, unconstrained optimisation may yield symmetric matrices that are not admissible
covariance matrices. Consequently, the estimation problem must be formulated as a constrained
optimisation task to ensure structural validity

argmin £(2(0),X),VA; > 0 (3.1)
0

where ); denotes the i-th eigenvalue of the estimated covariance matrix (6). The eigenvalue con-
straints guarantee that 2(0) remains positive definite throughout optimisation. A common strategy
for satisfying this constraint is Cholesky reparameterisation whereby the covariance matrix is ex-
pressed in terms of its Cholesky factor and the optimisation is performed over the unconstrained
elements of this factor rather than over the covariance matrix itself. While this approach ensures
positive definiteness by construction, it increases the number of estimated parameters that scales
with the square of matrix dimension whereas the covariance function can be relatively parsimo-
nious and fixed complexity. To address this limitation, we introduce a positive-definite regular-
isation framework designed specifically for covariance functions, which encourages the estimated
covariance matrices to remain positive definite while preserving the flexibility of the functional
parameterisation.

Analogous to norm-based regularisation that imposes restrictions on the norm of model’s pa-
rameters, positive definiteness regularisation structural penalties that encourage the estimated co-
variance matrix to remain positive definite. In general, however, an explicit closed-form relationship
between positive definiteness and the underlying model parameters is unavailable, particularly when
the covariance matrix is generated through a complex non-stationary covariance function. A di-
rect and practical strategy is therefore to penalise violations of the defining properties of positive
definiteness. Two common approaches are: (i) introducing a penalty that enforces positivity of
the eigenvalues, and (ii) incorporating a determinant-based penalty motivated by the fact that a
positive-definite matrix must have strictly positive determinant. These ideas lead to regularised
objectives of the form

Lo

Lo
where £(3, $(6)) is the unregularized loss function and ®(A(3(6))) is a penalty functional defined
on the vector of estimated eigenvalues A of %i(6), and v > 0 controls the strength of regularisation.
By appropriately designing ®(A(X(6))), penalising negative or near-zero eigenvalues for example,
the optimisation procedure can be guided toward admissible covariance estimates while preserving
flexibility in the underlying parameterisation. The following content of this section discusses 4
regularisations used to encourage positive-definite output.

5,8(6)) = L(Z,5(0)) + 12 (A((6))) (3.2)
5,5(6)) = L(Z, 5(9)) + 1(det((6))) (3.3)
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3.1.1 One-side Huber Loss

Penalising the smallest eigenvalue of the estimated covariance matrix provides a direct mechanism
for encouraging positive definiteness. If the minimum eigenvalue is driven toward positive values,
the spectrum of the matrix is correspondingly shifted away from the non—positive region, thereby
improving the likelihood that the matrix becomes positive definite. Consequently, the regularisation
function ®(min())) is supposed to should impose strong penalties when the estimated smallest
eigenvalue is negative or close to zero, while applying little or no penalty when it is sufficiently
positive. To achieve this behaviour, we adopt a regularisation term based on a one-sided Huber loss.
The Huber loss combines quadratic and linear penalties, providing robustness while maintaining

stable gradients during optimisation. The regularisation function is defined as

. %uz O<u<a
P(\) =7r(u) = { alu— 3a) u>a (3.4)
0 otherwise

where u = € — ;\min with Xmin denoting the smallest estimated eigenvalue of XA](F)) The hyperpa-
rameter a > 0 as well as € > 0 control the behaviour of the penalty. Specifically, ¢ defines the
threshold below which eigenvalues begin to incur a penalty, while o determines the transition point
between quadratic and linear growth of the loss. Under this formulation, eigenvalues larger than
€ incur no regularisation penalty, ensuring that sufficiently positive eigenvalues remain unaffected.
When S\min < ¢, the penalty increases according to the distance between Xmin and e. For moderate
violations, the quadratic term provides smooth gradients that facilitate optimisation. For larger
violations (i.e., when u > «), the loss grows linearly, preventing excessively large gradients that
could destabilise training. In practice, € is typically chosen as a small positive constant (near zero)
to encourage strictly positive eigenvalues while avoiding distortion of well-behaved spectra due to
significant penalty. The illustration of this one-sided Huber loss is shown in Figure (3.1) e = 1 and
«a = 5 are set for visualisation. Negative eigenvalues are penalised increasingly as they move further
below the threshold, while extremely negative values transition to a linear penalty to avoid numer-
ical instability. The empirical effect of this positive-definiteness regularisation is further discussed
in Section 3.2.2.

3.1.2 Interior-Point Methods (Barrier Methods)

While the one-sided Huber loss directly penalises violations of the positive definiteness condition
through the smallest eigenvalue, it relies on spectral decomposition and targets only the minimum
eigenvalue of the matrix. An alternative strategy is to incorporate the structural constraint of
positive definiteness directly into the objective function through interior-point methods, also known
as barrier methods. These methods incorporate the constraints of an optimisation problem directly
into the objective function through a barrier term that discourages the optimisation trajectory
from approaching the boundary of the feasible set. Instead of explicitly enforcing constraints, the
barrier function implicitly keeps the iterates within the interior of the feasible region throughout
optimisation. Such methods are widely used in convex optimisation and operate by progressively
approximating the constrained problem using a sequence of unconstrained problems Boyd and
Vandenberghe (2004).

In the context of covariance estimation, the feasible set consists of the cone of positive definite
matrices Nesterov and Nemirovskii (1994). A natural barrier for this set is the logarithmic deter-
minant function, which diverges when the determinant approaches zero. Since the determinant of
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Figure 3.1: Visualisation of One-sided Huber Loss(3.4). A regularisation function to penalize the
eigenvalues of the predicted covariance matrix. In this visualisation example, ¢ = 1.0, « = 4.0 is
used and a clear turning point can be observed at min(A) = 1.0.

a positive definite matrix equals the product of its eigenvalues, it approaches zero when the matrix
approaches the boundary of the positive semidefinite cone. Consequently, the logarithmic barrier
imposes an increasingly large penalty as the covariance matrix becomes nearly singular, thereby
preventing the optimisation procedure from leaving the positive definite region. Following this
principle, the regularised objective function can be written as

Lo(3(0),%) = L(5(6), ) — ~log (det(i(e))) : (3.5)

where £(3(0), %) denotes the original loss function and 4 > 0 is the barrier parameter controlling
the strength of the constraint. The logarithmic barrier grows rapidly when det(3(6)) approaches
zero, which corresponds to one or more eigenvalues approaching zero. As a result, matrices that are
close to singular receive large penalties, encouraging the optimisation algorithm to remain within
the interior of the positive definite cone.

During optimisation, the barrier parameter v is normally decreased gradually, allowing the so-
lution to approach the boundary of the feasible region while maintaining numerical stability. When
v is large, the barrier strongly restricts the search space and ensures strictly positive eigenvalues.
As v decreases, the optimisation progressively approximates the original constrained problem. This
path-following strategy is a defining characteristic of interior-point methods and allows the algo-
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rithm to approach the optimal solution while preserving the positive definiteness of the estimated
covariance matrix throughout the optimisation process.

3.1.3 Lagrange Multiplier

The Lagrange multiplier framework shares similarities with regularisation techniques in that the
constraint is incorporated directly into the objective function. However, unlike standard regu-
larisation approaches where the penalty weight is typically selected through cross-validation, the
Lagrange multiplier is treated as an additional variable to be estimated as part of the optimisation
procedure. This allows the constraint to be enforced more explicitly rather than indirectly through
a fixed penalty coefficient. Suppose that the objective function £(6) is to be optimised subject to an
equality constraint g(6) = 0. The constrained problem can be reformulated through the Lagrangian
function

L(0,a) = L(0) — ag(6), (3.6)

where « is the Lagrange multiplier associated with the constraint. At an optimal solution, the
gradient of the objective function is proportional to the gradient of the constraint function, yielding
the first-order condition

VL(6) = aVg(h). (3.7)

This condition implies that no feasible descent direction exists that simultaneously improves the
objective function while satisfying the constraint Boyd and Vandenberghe (2004). For positive
definiteness constraints in covariance estimation, the constraint function can be defined based on
the eigenvalues of the estimated covariance matrix. Let A = (Al, .. .,Ad) denote the vector of
estimated eigenvalues of 2(9) Positive definiteness requires that all eigenvalues are strictly positive,
which can be expressed as

g(A) = min(A) > 0. (3.8)
To incorporate this inequality constraint within the Lagrangian framework, a common approach
is to introduce a slack variable that converts the inequality constraint into an equality constraint.
Specifically, let

gA)—r=0, r>0, (3.9)

where 7 is a non-negative slack variable representing the distance to the boundary of the feasible
region. To eliminate the explicit inequality constraint on r, it can be parameterised as an exponential
function r = exp(z), which guarantees positivity for any real-valued z. Consequently, the set of
optimisation variables becomes (0, a,z). In practice, pure Lagrangian formulations may suffer
from numerical instability. To alleviate this issue, the augmented Lagrangian method introduces
an additional quadratic penalty term that stabilises the optimisation process. The augmented
Lagrangian can be written as

. L e p

Lang = L(2(0), %) — ag(A(X(0))) + 59
where p > 0 is a penalty parameter controlling the strength of the quadratic regularisation. This
formulation combines the advantages of penalty methods and Lagrange multipliers, improving con-
vergence behaviour while maintaining constraint enforcement.

(A(2(0)))*, (3.10)
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Although Lagrangian approaches provide a principled framework for constrained optimisation,
their application to dynamic covariance modelling may be computationally challenging in high-
dimensional settings. The introduction of additional multipliers and auxiliary variables increases the
number of optimisation parameters, which may significantly increase computational cost. Moreover,
the constraint function based on eigenvalues involves spectral decomposition, which is nonlinear
and may lead to complicated gradient calculations. These challenges limit the practicality of the
Lagrange multiplier approach for large-scale covariance estimation problems.

3.1.4 Shrinking Regularisation

Shrinking regularisation provides a simple and computationally efficient strategy for enforcing pos-
itive definiteness of covariance matrices. The core idea is to modify a potentially indefinite sym-
metric matrix by shrinking it toward a positive-definite target matrix, most commonly the identity
matrix. In its simplest form, this is achieved by adding a small multiple of the identity matrix
to the estimated covariance matrix. Such diagonal inflation improves numerical conditioning and
guarantees positive definiteness when the shrinkage parameter is sufficiently large. This technique
is widely used in covariance estimation and ridge-type regularisation methods.

In the context of covariance modelling, the regularised covariance estimator can be expressed as

3(0) = Yraw(0) + ko (3.11)

where the i'raw(e) denotes the predicted raw covariance matrix and I denotes the identity matrix.
o is a minor positive value and k is dependent on i]mw(ﬁ), indicating iterative addition of ¢ on the
diagonal. Intuitively, the addition of koI shifts all eigenvalues of the matrix by the same amount,
thereby increasing the smallest eigenvalue and moving the matrix away from the boundary of the
positive semidefinite cone. However, this method also suffers from complicated gradient calculation
when using gradient-based optimisation as k is implicitly determined by 2raw(9) and therefore de-
pends on the model parameters . To address this issue, we adopt the straight-through estimator
(STE), a commonly used technique for approximating gradients through non-differentiable opera-
tions in deep learning. The straight-through estimator approximates the derivative of the shrinkage
operation by treating it as an identity mapping during gradient calculation. Consequently, the gra-
dient of the regularised covariance matrix is approximated as

0%(0) N O raw (0)
00 00

Under this approximation, the optimisation process ignores the gradient contribution from the
shrinkage operation and propagates gradients only through the raw covariance prediction. Although
this approximation introduces bias in the gradient direction, it greatly simplifies the optimisation
procedure and enables efficient training using standard gradient-based algorithms. It is worth
noting that this approximation becomes exact when the shrinkage parameter is independent of 6,
i.e., when a fixed diagonal inflation ko[ is applied. In practice, however, the adaptive formulation
is preferred because it automatically adjusts the amount of shrinkage required to restore positive
definiteness.

Overall, the combination of shrinking regularisation and the straight-through estimator pro-
vides a computationally inexpensive and easily interpretable approach for maintaining positive
definiteness in non-stationary covariance modelling. The added term kol can be interpreted as the
minimal diagonal adjustment required to move the estimated matrix back into the positive definite
cone while preserving the structure of the raw covariance estimate.

. (3.12)
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3.1.5 Choice of Positive-definite Regularisations

To conclude, the positive-definite regularisations introduced above either imposing penalty on the
eigenvalues of the estimated covariance matrix or punishing negative determinant. One-side Huber
loss penalty relies on calculating the smallest eigenvalue of the covariance matrix while Interior-Point
methods construct a barrier around the boundary of non-positive-definite space in the parameters
space, encouraging large positive determinant of the covariance matrix. These two methods are
easily to be adopted and can be controlled via regularisation strength ~, which do not directly change
the regularised estimation framework in stochastic optimisation process. Shrinking regularisation
acts as a fall-back solution to map ill-posed covariance matrix to nearest positive-definite space
when out-of-distribution covariates are given, ensuring the estimated matrix is positive-definite.
Lagrange Multiplier introduces an additional estimated parameter for each constraint inequality,
such that estimation framework become more flexible but unstable while estimating a series of
additional parameters simultaneously. Therefore, the empirical study of the Lagrange Multiplier
regularisation is not discussed in this thesis and the following simulation experiment as well as the
application in Chapter 4 employ one-side Huber loss, barrier method and shrinking regularisation
as a positive-definite insurance. Since the value of regularisation strength v may significantly
affect the estimated performance, we empirically select the best v on the test data in the following
simulation and real-world application instead of using cross-validation, which is a recommended
penalty strength selection process to balance singualrity of the estimated covariance and overfitting.

3.2 Simulation Experiment

To evaluate the proposed positive-definite penalty on covariance functions, simulation studies are
conducted using synthetic data. The simulations consider several scenarios, including dynamic
covariance modelling under a linear evolution assumption and isotropic covariance estimation. In
addition, static non-stationary covariance estimation is also examined. All simulations adopt para-
metric covariance functions that represent the covariance structure through a single covariance
function, which factorizes the covariance matrix based on pairwise distances. In geostatistical mod-
elling, a random process is commonly represented as Z(s,t), where s denotes the spatial location
and t represents time. The spatio-temporal covariance structure can therefore be expressed through
a covariance function describing the dependence between observations separated in space and time.
In the following simulations, we only discuss the spatial stationarity and ignore the temporal sta-
tionarity, and according to the definition of stationarity, the isotropic covariance function in spatial
covariance modelling depends only on the spatial lag As, written as

C(||As||) = Cov(Z(s,t), Z(s + As, 1)) (3.13)

where As denote the spatial separation. In this formulation, the covariance depends solely on the
magnitude of the separation rather than the absolute locations, which characterizes an isotropic and
stationary covariance structure. In contrast, under a non-stationary setting the covariance function
depends on the absolute spatial and temporal locations of the observations. The covariance can
therefore be written more generally as

C(s1,82) = Cov(Z(s1,t), Z(s2,1)). (3.14)

To evaluate the estimation framework and its generalisation, two widely used parametric covariance
families are considered: the powered exponential covariance function (3.15) and the Matern (3.17)
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covariance function. For the powered exponential covariance function, a scaled sigmoid transfor-
mation is used to constrain the exponent parameter within a stable range during optimisation. The
modified covariance function is defined as

C(r;€) = 0% (1" (3.15)
1

M) = e

(3.16)

where r denotes the spatial distance between two locations and §(-) is the sigmoid function used to
bound the exponent parameter. The Matern covariance function is defined as

21—V r\" T
C(r;€) = o2 (\/iu) K, (\/§y> (3.17)
I'(v) p p
1
= 3.18
o) = (3.15)
where p denotes the range parameter controlling spatial correlation decay, v is the smoothness
parameter, K, is the modified Bessel function of the second kind, and I'(-) is the Gamma function.
We use cubic GAM to estimate the parameter 6 for powered exponential function (3.15) and pa-
rameter p for Matern covariance function (3.17). Specifically, the number of basis functions is set
to be 100 and the cubic GAM is defined as

P B
0(x)) =Bx)B +b =" Bunbmn(@ms) +b (3.19)
mp:l n;l
p(x1) =Bx)BT +b =" Bnbmn(@ms) +b (3.20)
m=1n=1

where x; denotes the covariate vector and B(x) denotes the basis matrix constructed for covariates.
Each scalar z,, ; corresponds to the element of covariate vector x; € RP, which is the value of m-th
covariate observed at t timestamp. The coefficient vector 3 and intercept b are estimated and p
is the number of covariates while B denotes the number of basis functions. Basis function n of
covariate m is defined as ¢, n,t(zm). The notation 6, = 0(x;) and p; = p(x;) denote time-varying
parameters for powered exponential and Matern covariance function, respectively.

We conduct two simulation studies in this section including dynamic isotropic covariance estima-
tion and static non-stationary covariance estimation. Positive-definiteness is guarantee in isotropic
setting and therefore, positive-definite regularisations are not examined in this simulation, which
mainly focus on evaluating the capability of covariance function to capture the dynamic pattern in
time-varying covariance modelling. While in the static non-stationary situation, positive-definite
regularisations discussed in the previous section are employed and their empirical results are anal-
ysed.

3.2.1 Dynamic Isotropic Covariance Estimation

The following simulations focus on spatial dynamic covariance estimation, where the spatial dis-
tance is interpreted as the element-wise distance in the covariance matrix. Specifically, the spatial
separation for the covariance entry Covy(Z(s;,t), Z(s;,t)) is defined as r = |i — j|, where r denotes
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the spatial distance, and 7 and j represent the row and column indices of the covariance matrix,
respectively. Since this is in dynamic isotropic setting, the covariance matrix is spatially stationary
at each time and non-stationary in temporal domain. In general, the covariance structure evolves
with the temporal covariate x;. The covariance matrix estimated at time ¢ is therefore generated
by a parametric covariance function of the form C(r,z; €), where € denotes the set of parameters
to be estimated. The following sections describe the simulation framework in detail.

In this simulation, the powered exponential covariance function is adopted, as defined in (3.15).
To simplify the estimation procedure, the parameters ¢ and k are fixed as constants, and the only
parameter to be estimated is 6, which is assumed to vary as a function of the temporal covariate
x;. The synthetic data are generated under the assumption that

0y = sin(2may) + 2. (3.21)

To better reflect practical situations in which the true covariance matrices are unobservable and the
covariance structure at each time point must be inferred from limited observations, we generate 5000
samples from multivariate normal distributions governed by the true covariance matrices. First, a
realization x; € RV of X; ~ U(0,1) is sampled to represent the temporal covariate at time t. The
corresponding covariance matrix at each time point is then generated using the powered exponential
covariance function shown in (3.15), with € specified by (3.21). These time-varying covariance
matrices are denoted by X;. The full weighted least squares loss defined in (2.46) is used as the
base objective function for parameter estimation. We apply no positive definite regularisations
to the weighted least square error as parametric covariance functions remain positive-definite in
stationary settings. To simulate the real application that the real covariance matrix is not accessed
during optimisation, empirical covariance matrix Y, is used in the objective function. Since the
number of basis functions is set to 100, which provides provides substantial flexibility at each knot,
smoothing penalties are necessary to avoid overfitting. Therefore, a second-derivative smoothing
penalty is introduced to control the roughness of the estimated function. The full objective function
can be written as

_LET: > ,j7£t) 2+ ﬁTSB (322)
T -1 _Ccorr( i,jvé-t) ! '

where + is the regularisation strength and /3 represents the vector of cubic GAM coefficient param-
eters. The matrix S is a positive-definite smoothing penalty matrix from the second derivatives
of the basis functions. This matrix quantifies the roughness of the fitted function, penalising ex-
cessive curvature and encouraging smoother estimates. In spline-based GAMs, such penalties are
commonly formulated using the integrated squared second derivative of the smooth function, which
directly quantifies its ‘wiggliness’. Positive-definite regularisation is not employed in this task due
to isotropic setting. Optimisation is performed using the Adam algorithm to improve numerical
stability during training. Since this is a simulation to the multivariate probabilistic forecasting
task, instead of the accuracy of the estimated covariance matrix, we are also interested to discover
if more accurate dynamic covariance modelling improve the forecasting accuracy. Therefore, we
use KL-divergence (2.48) to evaluate the accuracy of the estimated covariance matrix and leverage
Energy Score (2.49) as well as p-Variogram Score (2.50) to evaluate the prediction accuracy. The
fitted parameter 6 is visualised in Figure 3.2.

From the results, the model fitted demonstrates high fitting accuracy with an appropriate
smoothing regularisation strength, which indicates that the covariance function estimated using
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Figure 3.2: Fitted 0 result of dynamic isotropic covariance estimation. All the estimated 6 is derived
from powered exponential function with different regularisation strength: 6y: fitted 6 v = 0; 60;:
fitted 6 with v = 0.5; Oa:fitted 6 with v = 1; Log-likelihood is used as optimisation objective

a Generalized Additive Model (GAM) effectively captures the dynamic behaviour of the covariance
structure. It is evident that without smoothing regularisation, the cubic GAM overfits the sam-
ples due to high flexibility provided by large number of basis functions (see v = 0 in Figure 3.2).
However, with the penalty is strengthened (large v in Figure 3.2), the fitted 6 is gradually away
from the ground truth assumption. To determine an appropriate level of smoothing for the given
dataset, a simulation study is conducted with the regularisation parameter v ranging from 0 to 3.
The corresponding results are presented in Figure 3.3.

From the regularisation evaluation results, the loss exhibits a similar trend to the KL divergence
as the regularisation strength varies, whereas the Energy Score and the 0.5-Variogram Score fluc-
tuate more noticeably across different regularisation levels. A clear U-shaped pattern is observed
for both the loss and KL divergence, indicating the presence of an optimal regularisation strength
around 0.375. In contrast, the Energy Score reaches its minimum at approximately 1.375, while
the Variogram Score attains its lowest value near 0.2. Since the performance differences within the
interval v € [0.25,0.5] are relatively small, and the Energy Score does not deteriorate substantially
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Figure 3.3: Regularisation Strength Evaluation. The x-axis denotes the regularisation strength and
the y-axis denotes the evaluation metric value. Loss denotes the log-likelihood objective function
and KL denotes KL-divergence under multivariate normal distribution. ES denotes Energy Score
and VS represents 0.5-Variogram Score. The number of forecasted trajectories is 500 to reduce
sampling bias for Energy Score and 0.5-Variogram Score.

compared with its minimum at 1.375, a regularisation strength of v = 0.4 is selected as a balanced
choice. This value achieves favourable performance across multiple evaluation metrics while main-
taining model stability. The quantitative results are summarised in Table 3.1. Since there is no
significant discrepancy among different v setting at scale for Energy Score and 0.5-Variogram Score,
Negative Log-likelihood is the main objective in this simulation study. To further reduce the bias
introduced by sampling variability, the distributions of the evaluation metrics under different num-
bers of sampling trajectories are presented in Figure 3.4. It is evident that both evaluation metrics
converge when the number of forecast trajectories reaches approximately 300, indicating reduced
variability caused by sampling. This suggests that using more than 300 trajectories is sufficient for
reliable evaluation.

These simulation results indicate that, with an appropriate smoothing penalty, covariance func-
tions with a limited number of estimated parameters can effectively model isotropic covariance
structures. This demonstrates the strong potential of the proposed framework for dynamic covari-
ance modelling. In addition, smoothing regularisation helps prevent excessive oscillations in the
estimated function and consequently encourages positive-definite covariance estimates in the sta-
tionary setting. The covariance functions used for estimating non-stationary covariance structures
are discussed in the following section.

3.2.2 Static Non-stationary Covariance Estimation

In this section, a simulation study of static non-stationary covariance matrices is conducted to
evaluate the effectiveness of the proposed positive-definite regularisation methods. In contrast
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Figure 3.4: Evaluation metrics distributions over the number of forecasted trajectories. The left
figure visualises the Energy Score distribution of different number of trajectories and the right figure
visualises the distribution of 0.5-Variogram Score. v = 0.4 is used for smoothing penalty strength.

Penalty Strength ES  KL(le72) WLS(le 2?) VS-0.5

0 2.1868 0.773 0.606 15.088
0.2 2.1871 0.160 0.141 15.082
0.4 2.1870 0.147 0.129 15.084
0.6 2.1868 0.153 0.127 15.089
0.8 2.1871 0.168 0.127 15.090
1.0 2.1872 0.191 0.131 15.084

Table 3.1: Dynamic Isotropic Covariance Estimation Result. The underline highlights the best
performance.

to stationary covariance structures, non-stationary covariance allows the dependence structure to
vary across locations, meaning that covariance may change with spatial position rather than de-
pending solely on separation distance. To examine the robustness and generalisation capability
of the proposed estimation framework, both covariance functions, powered exponential (3.15) and
Matern (3.17), are employed in the simulation study. In the case of static non-stationary setting,
entries of covariance matrix with the same separation may differ according to their specific loca-
tions. To simulate this scenario and evaluate the generalisation of our estimation framework, we
create non-stationary ground truth covariance matrices X in the following assumption:

5
0(ly,ly) = ——— 3.23
(1 2) 1+l1+l2 ( )
5
l1,l) = —— 3.24
P(l 2) 1+10 +1s ( )

Here, 6 and p denote scalar parameters in the powered exponential covariance function and the
Matern covariance function, respectively. The variables {; and [y represent the row and column
indices corresponding to each element of the covariance matrix. All observations X ~ N(0,3)
are sampled from a multivariate normal distribution with the true covariance matrix . The
scalar parameters of two covariance functions, € and p, are estimated using a cubic GAM predictor
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described as

B
0(x) =B(@)B" +b =" B dn(x)+b (3.25)
n=1
B
px) =B@)B" +b=> Budn(x)+b (3.26)

where 2 denotes the value of Iy 4+ ls and we use set x = {z =1; + l5|l; € d,l5 € d} to denote the
vector containing all the potential values of I; 4+ ;. B denotes the basis matrix constructed from
r and ¢, denotes the n-th basis function where B = 100 is the number of basis functions. The
negative log-likelihood is adopted as the objective function and it is described as

N Nd N 1
Lu(pX|X) = IOngN(XiWaZ) =5 log(27) — 5 log ’E’ ~3 Z(Xz — ) SN X — )
i=1 1=1

(3.27)

where fxr is the probability density function of the multi-variate normal distribution and N is
the number of observations. The sample mean p is set to zero due to normal distribution as-
sumption and ¥ is the estimated covariance matrix. Adam optimiser is employed to improve
optimisation stability. Due to stochastic optimisation and the absence of explicit constraints on
the covariance function, the estimated covariance matrix by during optimisation may fail to remain
positive definite. A valid covariance matrix must be positive semi-definite, meaning all eigenvalues
are non-negative. To encourage positive definiteness in the estimated matrices, two regularisation
approaches—namely the barrier method (3.5) and Huber Loss regularisation (3.4)—are imposed,
and multiple regularisation strengths are evaluated. The overall objective function for Huber loss
regularisation is described as

Ehuber = Ell(ui(eﬂX) + fy(ﬁ(}\) (328)
. %ug O<u<a

®(A) =r(u) =4 a(u— 1a) u>a (3.29)
0 otherwise

where A denotes the smallest eigenvalue of 53(9) and parameter u is calculated through v =€ — A
Parameter € = 1 is set for the threshold of regularisation (see Figure 3.1 for detail). Parameter « is
set to be 50 to increase the penalty and ~ controls the regularisation strength on the overall loss.
Similarly, the overall loss with the barrier method is written as

Loarsier = Lu(1-3]X) — ylog (det (E)) : (3.30)

In addition to these two regularisation, the shrinking regularisation (3.11) is applied to 3 in case
of non-positive-definite covariance matrix is estimated during optimisation and Lyyper as well as
Lparrier can not be calculated. This regularisation is applied only ) become not positive-definite as
an insurance due to the distortion of the estimated covariance matrix. Yet, during the simulation,
this regularisation is never triggered with both regularised objective functions.

Since the covariance matrix ¥ is static, trajectory-based evaluation metrics such as the Energy
Score (2.49) and the p-Variogram Score (2.50) are not applicable, as no predictive trajectories
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are generated. Instead, the fitted models are evaluated using KL divergence and the weighted
mean square error. To better reveal the effect of both positive-definite regularisations, We use the
non-regularised covariance function (i.e. v = 0) as the baseline. The overall simulation setting is
summarised in Table 3.2.

. ) i Data Generation
PD_ regularisation | PD_ ensurance | Covariance Function
f func | num_ samples | dim
Huber loss Shrinking+STE | Powered Exponential | 12— 100000 14
Barrier Method | Shrinking+STE | Powered Exponential ﬁ 100000 14
Huber loss Shrinking+STE Mattern e s 100000 14
Barrier Method | Shrinking+STE Mattern ﬁ 100000 14

Table 3.2: Experiment Running set. Objective function is set to be negative loglikelihood. 6 func
denotes the non-stationary assumption that the certain parameters follow, which are 6 for powered
exponential and p for Matern. The evaluation metrics of non-stationary setting are KL-divergence,
Weighted Least Square Distance, and Log likelihood. Shrinking denotes the shrinking regularisation
and STE denotes straight through estimator, which means the gradient backward propagation skip
the shrinking regularisation entirely during Adam optimisation.

Negative log-likelihood (2.43) without additional regularisation terms, weighted least squares (2.47),
and KL divergence are adopted as evaluation metrics. The negative log-likelihood measures the
goodness of fit by assessing the probability of the observed data under the assumed model, while KL
divergence quantifies the discrepancy between two probability distributions. Weighted least squares
directly measures the estimated covariance structure distance to the ground truth covariance ma-
trix. To determine the optimal strength of the positive-definite regularisation, each experiment
is conducted using 16 different regularisation strengths ranging from 0.0 to 1.6 evenly. To miti-
gate potential sampling bias, each configuration is repeated 20 times. The aggregated results are
presented in Table 3.3 and Table 3.4.

Regularisation ~PD_ ensurance Neg Log-likelihood ~ WLS(107°) KL(10~%) Function

Baseline nearest 1.566 * 10° 4+ 1990.827 732 + 164 363 £ 188 PE
Huber loss Shrinking+STE 1.564 x 10° & 1627.0468 486 =50.3 97.7 £ 128 PE
Barrier Method Shrinking+STE 1.563 x 10° +590.360 521 +61.8 74.5+25.6 PE

Table 3.3: Non-stationary Experiment Results. PE denotes powered exponential covariance func-
tion. WLS represents Weighted Least Square and KL records the KL divergence. The mean and
standard deviation are reported for each metrics and the bold value indicates the best performance.

Compared with the baseline model, where no positive-definite regularisation is applied, both
Huber loss regularisation and the Barrier Method consistently improve the goodness of fit in non-
stationary covariance modelling. Among the evaluated approaches, the Barrier Method achieves
the best overall performance. Specifically, it improves the weighted least squares metric (2.47)
by approximately 28% and reduces the KL divergence by nearly 78% relative to the baseline.
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Regularisation PD_ensurance  Neg Log-likelihood ~ WLS(107°)  KL(10™*)  Function

Baseline nearest 1.885 % 10° +592.820  7.7+£5.01  4.84 +3.03 MA
Huber loss Shrinking+STE  1.884 % 10° & 590.648  2.15+1.11  1.08 £ 0.351 MA
Barrier Method Shrinking+STE 1.884 x 10° +£590.210 1.9940.97 1.04+0.385 MA

Table 3.4: Non-stationary Experiment Results. MA denotes Matern covariance function. WLS
represents Weighted Least Square and KL records the KL divergence. The mean and standard
deviation are reported for each metrics and the bold value indicates the best performance.

Huber loss regularisation also demonstrates substantial improvement, reducing the weighted least
squares error by approximately 33% and the KL divergence by around 73% compared with the
baseline model. Notably, these positive-definite regularisation methods improve not only the mean
values of the evaluation metrics but also reduce their standard deviations, indicating improved
optimisation stability and reduced sensitivity to stochastic training effects. Similar trends are
observed when the Matern covariance function is used, demonstrating that the effectiveness of the
proposed regularisation methods is consistent across different covariance function families. This
result further supports the robustness and generalisability of the proposed covariance estimation
framework.

3.3 Summary

This chapter develops a comprehensive and flexible framework for the estimation of non-stationary
covariance functions, with a particular emphasis on ensuring positive definiteness throughout the
modelling and optimisation process. The motivation arises from the inherent difficulty in modelling
dynamic covariance structures, where both flexibility and structural validity must be simultaneously
maintained.

The chapter begins by reviewing a range of objective functions commonly used in covariance
estimation, including likelihood-based approaches such as the Kullback—Leibler divergence and log-
likelihood under multivariate normality, as well as loss-based formulations such as Frobenius norm
loss and weighted least squares. A central contribution of the chapter is the systematic treatment
of positive-definiteness constraints in non-stationary covariance modelling. Since unconstrained
optimisation may yield invalid covariance matrices, the estimation problem is formulated within a
constrained framework. Rather than relying solely on reparameterisation techniques such as the
Cholesky decomposition, which may be restrictive in functional settings, the chapter proposes a
suite of regularisation-based approaches that directly penalise violations of positive definiteness.
Four principal regularisation strategies are discussed and two of them, which are one-sided Huber
loss and interior-point (barrier) method, are examined through simulation. One-sided Huber loss
applied to the minimum eigenvalue provides a robust and computationally stable mechanism for
penalising near-singular or indefinite matrices while methods incorporate a logarithmic determinant
penalty, ensuring that the optimisation trajectory remains within the positive-definite cone.

The proposed framework is evaluated through a series of simulation studies covering both dy-
namic isotropic and static non-stationary covariance settings. Using parametric covariance families
such as the powered exponential and Matern functions, the experiments demonstrate that the in-
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corporation of appropriate regularisation not only ensures positive definiteness but also improves
estimation accuracy and stability. In dynamic settings, the use of smoothing penalties within
a generalised additive modelling framework effectively captures temporal variation in covariance
structure while preventing overfitting. In static non-stationary scenarios, the proposed regularisa-
tion techniques enable reliable recovery of spatially varying covariance patterns.

Overall, the findings of this chapter highlight that enforcing positive definiteness is not merely
a technical constraint but a critical component of robust covariance modelling. The integration of
flexible functional modelling with carefully designed regularisation provides a practical and effective
solution for estimating complex, non-stationary covariance structures in high-dimensional settings,
which provides a solid base for the application introduced in the following chapter.



Chapter 4

Application on Net-load Data

This chapter investigates the practical performance of the proposed positive-definite regularised
non-stationary covariance modelling framework in a real-world, high-dimensional energy forecasting
setting. The primary objective of this application is to model and estimate a time-varying covariance
matrix ¥; governing the joint distribution of regional net-demand residuals, thereby capturing
dynamic cross-regional dependence structures that evolve with exogenous covariates. In contrast to
approaches that treat spatial units independently, we explicitly focus on the multivariate structure
of the response vector and its covariate-dependent dynamics. The empirical study is conducted on
half-hourly net-load data from 14 Grid Supply Point (GSP) groups in Great Britain over a five-year
period (2014-2018). Electricity net-demand, measured at the transmission—distribution interface,
represents the operational load after accounting for embedded generation and thus constitutes a
key quantity for system balancing and short-term forecasting.

The choice of this dataset is motivated by several considerations. First, the energy system
context inherently exhibits dynamic dependence: regional residual loads co-move due to shared
meteorological drivers, transmission constraints, and synchronized demand patterns. Second, the
half-hourly frequency over multiple years provides sufficient temporal depth to identify systematic
covariance variation across daily and seasonal cycles. Third, prior studies such as Browell and
Fasiolo (2021) and Gioia et al. (2022) have demonstrated the richness of this dataset for marginal and
structured covariance modelling, yet existing analyses either treat regions independently or impose
alternative parameterisations of ¥;. This creates a well-defined benchmark environment in which
the benefits of non-stationary covariance functions with explicit positive-definite regularisation can
be rigorously evaluated.

The remainder of this chapter is organised as follows. Section 4.1 introduces the dataset and
presents exploratory evidence of dynamic cross-regional dependence. Section 4.2 outlines the pro-
posed non-stationary covariance formulations and their covariate-driven parameterisation. Sec-
tion 4.3 reports empirical results, including feature selection, regularisation tuning, and predictive
performance evaluation. Together, these analyses demonstrate the effectiveness of the proposed
framework for modelling high-dimensional, time-varying covariance structures in energy systems.

o1
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4.1 Dataset Introduction

To demonstrate the actual application of positive-definite regularisations, examination on real-world
data is performed. Positive-definite regularized non-stationary covariance functions are applied on
net-demand residual covariance modelling task of 14 UK regions with a 5 years net-load data from
2014 to 2018 in half an hour interval. Electricity Net-demand is the load measured at the interface
between transmission and distribution networks. In GB these interfaces are called Grid Supply
Points (GSPs) and are grouped into 14 GSP groups(Gioia et al., 2022). We use X; € R4 to denote
the temporal net load of 14 regions and X; = {Xy|t =1,2,--- , N} to denote a series of net load
vectors at IV time point where X, ; ; represent the net load at time ¢ in region j. Chronological
features, such as time of day and day of the year, and weather features (temperature, surface solar
radiation, total precipitation) derived from the hourly day-ahead weather forecasts produced by the
operational ECMWPF-HRES model are included. Full covariates used in this experiment are listed in
Table 4.1. Gridded weather predictions are summarized via the regional features. Assuming most
of the weather features are highly correlated, such as temperatures of adjacent regions, weather
features are preprocessed by taking the mean over all regions and the selected features are based
on the feature selection process carried out by Browell et al. (2022). To estimate the covariance
matrix among residual loads of 14 regions, geo-distance, which is the separation of two regions, need
to be defined and is calculated through GIS boundaries provided by the National Energy System
Operator.

Browell and Fasiolo (2021) analyse the aforementioned dataset by modelling the conditional
distribution of X ;; independently for each of the d = 14 regions. Their methodology adopts a
composite modelling framework in which residuals obtained from a Gaussian generalised additive
model are subsequently modelled using linear quantile regression, while tail behavior is captured
through a GAMLSS specification based on the generalized Pareto distribution. In this paper, we are
interested in modelling the joint distribution of the d-dimensional response variable X; dynamically
under an assumption X; ~ N (u:, X¢). Specifically, we are dedicated to modelling the covariance
matrix X; and capture the temporal dynamics. Gioia et al. (2022) propose an additive modelling
framework by adopting linear predictors to the Modified Cholesky Decomposition of ¥; and carry
out a boosting method to do covariates auto-selection. But this approach fails to solve the estimated
parameter explosion, which indicates the number of estimated parameters grows quadratically when
the dimension of covariance matrix increases, and sacrifices part of the statistical interpretability
incurred by matrix decomposition. In this paper, we explore the estimation framework of using non-
stationary covariance functions to estimate the covariate-dependent covariance matrix in dynamic.

Primary exploration of the dataset is shown below. To better reveal the dynamic pattern of
net-load data, visualisation of empirical covariance matrices of different covariate values is present
in Figure 4.1. A clear net demand residual covariance discrepancy is visualised for different mean
solar radiation levels. Overall, in low solar radiation conditions, which are likely at nights, variance
and covariance remain low while in high solar radiant, typically at day time, net load residuals at
some regions are significant, such as the upper left part and region 9 and 10. This visualisation in-
dicates that at net-load demand anticipation, covariance structure changes along certain covariates,
justifying the need of dynamic covariance modelling. Figure 4.2 visualises the temporal trajectories
of 14 regions within a 48 hours. A similar pattern is demonstrated for each of the region, showing
3 peaks at around 7am, 4pm and mid-might. East North Wales presents unique trend before 5am,
indicating a low correlation to other regions. Different fluctuating trend among regions demon-
strates a dynamic region-related structure of the net-load demand residuals, thereby underscoring
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Figure 4.1: Empirical covariance matrices visualisation of different covariate(mean SSRD) values.
High mean_ SSRD data is derived from the upper 75% quantile while the lower mean SSRD data
is chosen from lower 25% quantile

Table 4.1: Feature selection results. doy: day of year, moy: month of year, temp: temperature,
SSRD: surface solar radiation diemeter, TP: total precipitation, wind 100m: wind speed measured
in 100m/s

Selected Features doy / moy /clock hour mean temp mean SSRD mean TP mean wind 100m

Value Type categorical continuous  continuous  continuous continuous
Missing Value 0 0 0 0 0
Minimum 1/1/0 268.721 -4.687e-05  -6.810e-07 1.287
Maximum 366/12/23.5 301.447 2.828 0.00193 18.530

the necessity of modelling time-varying regional dependency for accurate real-time prediction.

4.2 Non-stationary covariance functions

Since this is a non-stationary dynamic covariance modelling task, the covariance functions employed
must be capable of capturing both local non-stationarity and temporal variability. Consequently,
rather than adopting a stationary covariance function, we employ its non-stationary extension. The
general form of non-stationary covariance function can be written as

Covi(Zi(si), Ze(s5)) = C(rij, 0(xi5,6)) = C|si — s51,0(xi,¢)) (4.1)

where x;;; denotes the the covariates selected for covariance between Z(s;) and Zt(sj), and 7
denotes their separation, which is |s; — s;|. We use Z; and Z; to represent Z;(s;) and Z,(s,) in the
following discussion. The effect of separation r;; is isotropic and the covariance function become
non-stationary due to the effect of 6(x;;.) that not only depend on spatial separation between
locations i and j. We examine non-stationary powered exponential and Matern function in this
application. In particular, the non-stationary powered exponential covariance function is specified
as

COVt (Xt,ia XtJ') = 0'2 exp(— [G(Xijﬂg) ’I"ij]’y) (42)
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Figure 4.2: Temporal trajectory visualisation of each region. This figure visualise the 14 regions
net-load residual trajectories within 24 hours. The x-axis denote the time of day in half-hour
interval and the y-axis denote the residual value.

where r;; denotes the geographical distance between the centroids of regions ¢ and j. The variance
parameter o2, the shape parameter v, and the coefficients governing 6, = 0(xj+) are estimated
via optimisation. It is evident that this function become isotropic without 6(x;;:) which is able
to capture the non-stationary behaviour of the covariance structure. It is modelled using a cubic
GAM, given by

D B
0r = 0(xi54) = B(x;)B" +b=>_ > Bun bmn(@my) +b (4.3)

m=1n=1

where B(x;;+) denotes the spline basis matrix evaluated at covariates x;;¢, b is the intercept, 3
is the vector of spline coefficients, p is the number of covariates, and B is the number of basis
functions per covariate. Similar to the definition of (3.19), scalar @, is the m-th covariate value
of the covariate vector Xij ¢

In the case of non-stationary Matern covariance function, we consider the Matern function
proposed by Paciorek and Schervish (2006), which provides a principled way to construct valid
non-stationary covariance functions by allowing spatially varying parameters. This class of models
enables the covariance structure to adapt locally while maintaining global positive definiteness. The
covariance function is defined as

&;tg't21_y Tii Y T
Covy( Xy, Xy ;) = o2 X200 Vor—2 K, | V2v—2 , 1F] 4.4
t( t, t,]) Eij,t F(I/) m rij,t ( )

where the spatially varying length-scale is defined as ¢; = exp (—6(x;;,+)) and (-) is the cubic GAM
defined in (4.3). The variance parameter o2 and the parameters of 6; = 0(xi;¢) are estimated
during optimisation.
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The Matern covariance function is particularly flexible due to the smoothness parameter v,
which controls the differentiability of the underlying process. This flexibility, however, introduces
sensitivity to the choice of v, as different values can lead to substantially different model perfor-
mance. Empirical results (see Figure 4.3) indicate that model performance varies significantly across
v. Therefore, v is treated as a hyperparameter and selected via validation. In our experiments, the
optimal value is found to be approximately v = 0.3, which achieves the best goodness-of-fit.

—e— Barrier Penalty (Matern)
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Figure 4.3: v value evaluation results for non-stationary Matern covariance function. This figure
visualise the loss value on different v settings, demonstrating the sensitivity of this hyperparameter.

4.3 Application Results and Analysis

The dataset comprises five years of net-load residual observations. We partition the data chrono-
logically, using the first four years (66,419 samples) as the training set and the remaining year
(16,605 samples) as the test set. To mitigate the inclusion of weakly informative or redundant
covariates that may degrade model performance, a forward feature selection procedure is employed.
Specifically, the procedure iteratively evaluates each candidate covariate by adding it to the current
feature set of the cubic GAM. At each step, the covariate that yields the greatest improvement in
model performance is retained. This process continues until all covariates have been examined
or no further performance gains are observed. During model fitting, the negative log-likelihood is
adopted as the objective function, which is standard in probabilistic modelling as it corresponds
to maximising the likelihood of the observed data under the model. Optimisation is performed
using the Adam algorithm with a learning rate of 0.001. The number of sampling trajectories is set
to 300. To ensure that this choice is sufficient and does not introduce sampling bias, we conduct
a sensitivity analysis (see Figure 4.4), which empirically validates the adequacy of this setting.
Model performance is evaluated using a combination of proper scoring rules, including negative
log-likelihood that measures the accuracy of the estimated covariance matrix given observations
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X, and metrics that are widely used for assessing the accuracy of multivariate probabilistic fore-
casts, which is the Energy Score and the 0.5-Variogram Score. The Energy Score evaluates both
calibration and sharpness of the predictive distribution, while the p-Variogram Score evaluates
the dependence structure and correlations in multivariate outputs. Lower values of these scores
indicate better predictive performance. As a baseline, we adopt the empirical covariance matrix
estimated from the test set. Furthermore, to isolate the effects of different covariance specifications
and positive-definiteness regularisation, we additionally conduct experiments using non-regularised
covariance functions.
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Figure 4.4: Number of trajectories evaluation distribution on both covariance functions. The x-
axis denotes the number of trajectories used for sampling and the y-axis denotes the metric value.
The first row demonstrate the distributions of Energy Score and 0.5-Variogram Score(VS Score)
of powered exponential function while the second row depicts the results from Matern covariance
function. The number of evaluation for each number of trajectories is set to be 300.

The experiment results are summarised in Table 4.2, which reports the best performance
achieved under each configuration. The non-stationary powered exponential covariance function
provides a more accurate representation of the underlying non-stationary covariance structure than
the empirical covariance matrix estimated from the test set, thereby supporting the effectiveness
of covariance function—based approaches for dynamic covariance modelling in practice. In con-
trast, the Paciorek—Schervish Matern covariance function exhibits degraded performance in terms
of log-likelihood on the test set, despite achieving the best Energy Score under barrier-method reg-
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ularisation. A possible interpretation is that its increased flexibility leads to overfitting of sample
noise, while the positive-definite regularisation reduces the dispersion of the predictive distribution,
which in turn improves the Energy Score (Pinson, 2013).

Compared with the non-regularised setting, both positive-definite regularisation strategies im-
prove model fit across the two covariance functions. In particular, the barrier method consistently
yields the strongest performance, achieving an average improvement of approximately 0.2% in the
objective function and 1.4% in the 0.5-Variogram Score. The Huber loss—based regularisation also
enhances performance, with an improvement of approximately 0.17% in negative log-likelihood.
These results indicate that the proposed positive-definite regularisation framework is robust and
adaptable across different covariance specifications. From a methodological perspective, incorpo-
rating constraints or penalties to enforce positive definiteness is known to stabilise covariance esti-
mation and ensure valid solutions in high-dimensional settings. The observed discrepancy between
the Energy Score and the 0.5-Variogram Score is consistent with the simulation results reported
in Table 3.1, reflecting their differing sensitivities to marginal distributions and dependence struc-
tures, respectively. Our estimation framework also applies a positive-definite correction mechanism
(referred to as the “positive-definite head”) which corresponds to the shrinking regularisation de-
scribed in Section 3.1.4. This mechanism is activated only when the estimated covariance matrix
violates positive definiteness, as it introduces slight modifications to the covariance structure. In
practice, however, this correction was never triggered when initialising with the empirical covariance
matrix. Nevertheless, it serves as a safeguard to guarantee positive definiteness in cases where the
primary regularisation methods fail. These results demonstrate that positive-definite regularisation
not only enforces the structural validity of the estimated covariance matrices but also improves the
accuracy and robustness of dynamic covariance estimation.

Metrics

Covariance Function Regularisation | Negative Log-likelihood Energy Score VS-0.5
None(Empirical) None 18.460 373.121 30.418
PE None 18.427 373.133 29.845

PE Barrier Method 18.416 372.040 29.932

PE Huber loss 18.418 372.225 29.791

MA None 18.570 373.143 30.489

MA Barrier Method 18.539 371.923 30.659

MA Huber loss 18.568 371.878 30.665

Table 4.2: The first 66,419 samples are used for training and the remaining 16,605 samples are used
for testing. Initialisations are approximate empirical covariance matrix. The bold value indicates
the best performance of each metric under each covariance function.

To more clearly assess the effect of the proposed positive-definite regularisation methods, we
evaluate the objective function (penalised negative log-likelihood) across a range of regularisation
strengths, using the optimally selected covariate subsets reported in Table 4.3. We use the negative
loglikelihood evaluated on the test set to empirically select the optimal regularisation strength.
Regularisation strengths from 0 to 1.0, in increments of 0.1, are considered, and the corresponding
results are presented in Figure 4.5.

For the powered exponential covariance function, the optimal regularisation strength is observed
at around 0.3. At this level, the barrier penalty achieves the global minimum of the objective
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Figure 4.5: Positive-definite regularisation strength selection results. This figure visualise the effect
of penalty strength on loss value of each covariance function

function, while the Huber penalty yields a modest improvement relative to the non-regularised
case (i.e., regularisation strength equal to 0). Notably, the barrier penalty exhibits a high degree of
sensitivity to the choice of regularisation strength: beyond 0.4, the objective value increases sharply,
indicating potential over-penalisation and the overall trend of barrier penalty becomes a long-tailed
U-shaped trajectory. In contrast, the Huber penalty demonstrates a more stable behaviour, with
minor fluctuations around its minimum at the strength of 0.5. A similar pattern is observed
for the Matern covariance function. The barrier penalty produces a pronounced U-shaped curve,
attaining its minimum at a regularisation strength of approximately 0.4. Meanwhile, the Huber
penalty leads to a gradual decrease in the objective value, approaching convergence as the strength
increases towards 1.0. Although the full U-shaped behaviour is not observed within the evaluated
range for the Huber penalty, the trend suggests that the minimum is approached asymptotically.

Overall, the barrier penalty consistently achieves superior performance when appropriately
tuned, but its effectiveness is highly sensitive to the choice of regularisation strength due to the
boundary design. By contrast, the Huber penalty provides more stable and robust performance
across a wider range of strengths, albeit with slightly suboptimal results in comparison. These
findings indicate that careful calibration of the regularisation strength remains an indispensable
step in practical applications.

The feature selection results are summarised in Table 4.3. It is evident that for the powered
exponential covariance function, nearly all candidate covariates are selected in the cubic GAM used
to estimate 6(-). In contrast, for the Matérn covariance function, only calendar-related covariates
and averaged temperature are retained in the cubic GAM for estimating the range parameter p, as
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the inclusion of additional covariates does not yield further improvements in model performance.
It is interesting that all the best fitted Matern covariance functions converge to the same param-
eter settings with more covariates included, resulting in comparable objective values on the test
set. This observation is consistent with the principle of feature selection in generalized additive
models, where adding redundant or weakly informative covariates often provides negligible gains
in out-of-sample performance. Among all the covariates, the day of year (doy) is consistently se-
lected across all models, indicating that the covariance structure of the net-load residuals exhibits
strong temporal variability. In addition, the averaged total precipitation is frequently selected at
early stages of the forward selection procedure, suggesting that it contributes the most substantial
marginal improvement among the candidate covariates. This aligns with the general mechanism of
forward feature selection, which incrementally incorporates covariates that maximise model perfor-
mance improvements at each step. To further investigate the how the covariance is affected by the
individual covariate, we visualise the variation in estimated covariance values with respect to each
covariate, as shown in Figure 4.6. These results are derived from the fitted powered exponential co-
variance function. Distinct patterns are observed for several covariates, including day of year (doy),
clock hour (clock hour), averaged total precipitation (mean TP), averaged solar radiation (mean
SSRD), averaged wind speed at 100m (mean wind 100m), and averaged temperature (mean temp).
For each covariate, the regions corresponding to the top five highest variance levels are highlighted
and illustrated, providing further insight into the heterogeneous effects of these variables on the
covariance structure.

Table 4.3: Feature selection results. doy: day of year, moy: month of year, temp: temperature,
SSRD: surface solar radiation diameter, TP: total precipitation, wind 100m: wind speed measured
at 100m height

Powered Exponential Matern

Covariate Barrier Huber Barrier Huber
doy v v v v
moy v v
clock hour v v

mean temp v v

mean SSRD v v

mean TP v v v
mean wind 100m v v

A prominent feature across all panels is that the covariance structure exhibits systematic and
covariate-dependent variability, rather than remaining stationary. Specifically, both the magnitude
and the shape of the estimated covariance trajectories vary substantially across covariates, indicating
that inter-regional dependence is strongly modulated by exogenous drivers such as seasonal and daily
environmental or operational cycles. Notably, residual covariance of certain regions recur across
multiple panels, such as covariance between East Midlands and Southern, suggesting persistent
inter-regional relationships that are nonetheless modulated in strength by different environmental
drivers. The detailed analysis of each panel is described below.

The day of year panel reveals a clear seasonal pattern for all visualised covariance, exhibit-
ing smooth, gradual variations over the annual cycle. The trajectories exhibit a broad bell-shaped
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pattern in which the residual covariance tends to peak in the middle of the year and subsequently de-
cline towards the end of the year. This pattern aligns with the typical seasonal dynamics observed
in electricity demand and system behaviour, where aggregated load or residual load series often
display statistically significant monthly and seasonal differences due to climatic, socio-economic,
and behavioural factors that influence consumption patterns throughout the year. In our context,
the elevated covariance during late spring and summer suggests higher synchronisation in net-load
variability, which may reflect consistent concurrently strong influences across regions (e.g., similar
responses to weather or demand patterns). In contrast, the clock hour panel highlights pronounced
intra-day variability, with covariance values fluctuating sharply over the 24-hour cycle. Specifi-
cally, covariances attain local maxima between midnight and approximately bam, corresponding
to periods when residential and commercial activity is minimal, and a local minimum around
mid-afternoon (approximately 3pm), which aligns to the pattern observed in previous work (Gioia
et al., 2024) using matrix decomposition. This intra-daily pattern indicates that net-load residual
behaviour is more homogeneous across regions late at night, while in the afternoon the load profiles
diverge, leading to reduced covariance. The particularly dynamic diurnal behaviour observed in the
covariance between the East Midlands and Southern regions suggests strong diurnal coupling driven
by short-term operational or demand factors that introduce high-frequency variation in dependence
structure. Together, these patterns demonstrate that the covariance structure of net-load residuals
is shaped by both seasonal and daily cycles, with each covariate contributing distinct patterns of
variability and reflecting their respective influences on the underlying processes.

Both the SSRD (solar radiation) panel and the total precipitation panel exhibit nonlinear,
U-shaped relationships with the estimated covariance between regions. Specifically, for the visu-
alised regional covariance pairs, covariance decreases at intermediate levels of solar radiation and
precipitation and increases at both low and high extremes of these covariates. Such nonlinear
behaviour is plausible given the complex and often nonmonotonic relationship between weather
conditions and electricity system dynamics: clear or completely overcast conditions lead to low
variability while partial cloud cover leads to variation and lower correlation. This is highly related
to the solar power where extreme levels of solar radiation leads to adequate or absent power gen-
eration, which thereby affects the power consumption. In addition, solar radiation and electricity
demand can correlate strongly during peak daylight hours, while at night solar radiation is absent,
leading to distinct patterns in load and residual structures. Overall, weather-load relationships can
be modulated by human activity patterns and power generation beyond simple linear dependence.
The observed radiation pattern aligns reasonably with combined diurnal and seasonal cycles, where
low SSRD corresponds to nighttime or winter periods and high SSRD corresponds to daytime or
summer conditions with strong insolation. Under such regimes, electricity consumption tends to
be lower in late night hours and higher during hot summer days, when cooling demand increases,
thereby generating higher residual covariance across regions. In this context, periods of intermedi-
ate radiation levels may coincide with transitional times of day or variable meteorological conditions
that dampen synchronous demand patterns.

The temperature panel reveals asymmetric effects on covariance of different regions. Covari-
ance involved with Southern region (SSE) demonstrate a bell shape, reaching the peak at around
280 Kelvin. The covariance between SSE and East Midlands, and covariance of SSE and South
West, both show a gradual decrease beyond this temperature, whereas the covariance between
East Midlands and South West follows a similar trajectory with lower overall variance. In con-
trast, the covariance between SP distribution and the Southern region exhibits a distinct U-shaped
pattern, reaching the minimal at approximately 285. These results indicate that temperature in-
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fluences inter-regional dependencies in distinct ways, producing both scale and trend heterogeneity
across different geographic pairs. Such differential sensitivity is consistent with empirical findings
that temperature effects on electricity demand and residual structures can be region-specific and
nonlinear.
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Figure 4.6: Covariance pattern variation with respect to individual covariates. This figure illus-
trates how the covariance estimated by a non-stationary powered exponential covariance function,
varies as each covariate changes. Each subplot depicts the top-5 covariance corresponding to a
specific covariate (indicated by the horizontal axis) and the y-axis denotes the covariance value.
All remaining covariates are held fixed at zero during visualisation. The x-axis of the temperature
panel denotes the Kelvin value of the temperature.
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The wind panel demonstrates structured and region-specific variability, particularly evident in
covariances involving SPEN and northern regions. Several covariance trajectories show monotonic
or near-monotonic trends, indicating that increasing wind speed systematically alters inter-regional
dependence. This reflects the role of wind as a spatially correlated driver, especially in regions
with significant wind generation capacity, leading to coordinated fluctuations in residuals. Wind
speed affects renewable generation and the residual load profile across regions through shared me-
teorological conditions, which can introduce coordinated fluctuations in net-load residuals. All
trends shown in the wind panel display a minimum at around 12.5 m/s, suggesting that electricity
consumption is more highly correlated when wind speed is at extreme levels—either very low or
very high—relative to moderate winds. One plausible behavioural explanation is that embedded
power generated by each wind farm behave in a similar pattern in both high or low wind speed
situations, which are sufficient and meagre, and therefore increase the spatial correlation. While
at intermediate level, the generated power is more variable and dominated by local effect, which
shows low regional correlation. Another reason might be that extreme wind conditions can affect
residential behaviour (e.g., leading people to stay indoors) and operational conditions (e.g., chang-
ing renewable generation patterns), thereby increasing synchronicity in load residuals. In contrast,
at moderate wind speeds, behaviours and generation patterns may be more heterogeneous, leading
to lower covariance in regional residuals.

In general, the fitted powered exponential covariance function manage to reveal the effect of
different covariates on the covariance value which gives us more insight on electricity consump-
tion pattern over factors. This also justify that non-stationary covariance functions is a feasible
method for modelling dynamic non-stationary covariance structure with covariate included under
our proposed positive-definite estimation framework and the fitted covariance functions are highly
interpretable.

4.4 Summary

In this chapter, we present an empirical evaluation of the proposed positive-definite regularised
modelling framework with non-stationary covariance functions in the context of high-dimensional
net-load residual dynamic covariance modelling task. Using half-hourly data from 14 regions in
Great Britain over a five-year period, the study has demonstrated the importance of modelling
dynamic, covariate-dependent cross-regional dependence structures rather than treating regions in-
dependently. Exploratory analyses revealed clear evidence of non-stationarity in the covariance
structure, driven by various covariates, thereby motivating the adoption of flexible non-stationary
covariance functions. Powered exponential and Matern covariance functions are extended to incor-
porate covariate-driven non-stationarity via a cubic GAM predictor. Empirical results shows that
under positive-definite regularisations, the non-stationary powered exponential function provides a
robust and accurate representation of the evolving covariance structure, outperforming empirical
benchmarks and alternative specifications in likelihood-based evaluation. While the Matern func-
tion offers greater flexibility, it is found to be more sensitive to hyperparameter tuning and still,
achieves the best performance on Energy Score that evaluates the forecasted trajectories.

A central contribution of this chapter lies in the detailed analysis of how the covariance of
specific region pairs varies with respect to individual covariates. By isolating the effect of each co-
variate, the results reveal that inter-regional dependence exhibits systematic, nonlinear, and highly
heterogeneous responses to exogenous drivers. In particular, strong seasonal patterns are observed
with respect to day-of-year, where covariance follows a smooth, bell-shaped trajectory peaking at



64 CHAPTER 4. APPLICATION ON NET-LOAD DATA

the middle of the year, indicating enhanced synchronisation during periods of similar climatic con-
ditions. Intra-day variation, captured by clock hour, shows pronounced diurnal dynamics, with
higher covariance during night-time periods and reduced dependence in the afternoon, reflecting
changing demand heterogeneity throughout the day. Weather-related covariates further demon-
strate complex nonlinear effects. Power generation related covariate exhibits a similar pattern.
Both solar radiation and wind power show stronger covariance under high or low conditions, which
indicates that the minimum present in the intermediate level is caused by noise of embedded power
generation. Patterns of covariates like total precipitation and temperature reveal the consumption
behaviour of resident in various weather conditions. These findings provide strong evidence that
the covariance structure is not only time-varying but also highly interpretable when modelled as a
function of individual covariates. The proposed framework therefore offers meaningful insights into
the underlying drivers of inter-regional dependence, beyond purely predictive performance.

In addition, the evaluation of positive-definite regularisation methods demonstrates that both
barrier and Huber-based penalties improve model stability and predictive accuracy consistently in
different covariance functions. The barrier method achieves the best performance when carefully
tuned, despite with higher sensitivity to regularisation strength, whereas the Huber approach pro-
vides more robust and stable behaviour across a wider parameter range. These results highlight the
practical importance of enforcing positive definiteness in high-dimensional covariance estimation.

Overall, the results provide strong empirical support for the proposed framework as an effective
and interpretable approach for modelling time-varying covariance structures in energy systems.
By combining non-stationary covariance functions with positive-definite regularisation and detailed
covariate-level interpretability, the framework offers a principled and practically valuable method-
ology for capturing complex dynamic dependencies in multivariate forecasting problems.



Chapter 5

Conclusions and Future Direction

This chapter summarises all the content introduced in this thesis including problem’s background,
proposed methods and experiments results.

5.1 Covariance Modelling Background

Covariance is established as a fundamental construct for capturing dependence in multivariate sys-
tems, and the discussion highlights the growing necessity of modelling time-varying, non-stationary
covariance structures in practical applications. Existing modelling, approaches including matrix-
decomposition-based and covariance-function-based methods, reveals an inherent trade-off between
modelling flexibility, interpretability, and parameter scalability. Covariance function manage to de-
scribe covariance structure with parsimonious parameters but struggle to maintain positive-definite
output in non-stationary dynamic covariance modelling. Cholesky matrix decomposition in con-
trast, parameterise the whole matrix with unconstrained factors but suffers from parameter ex-
plosion and poor statistical interpretability. While various tools, such as shrinkage and Bayesian
estimators, support covariance estimation, they often struggle to simultaneously address key is-
sues such as computational tractability, robustness, and the enforcement of positive definiteness,
particularly in dynamic contexts. Furthermore, extensions to time-varying frameworks, such as
Generalised Additive Covariance models and conditional heteroscedastic processes, introduce addi-
tional complexity in balancing adaptability with structural validity. These limitations underscore
the central challenge of constructing flexible yet well-constrained covariance models, thereby moti-
vating the need for a principled framework that can accommodate non-stationarity while ensuring
stability and positive definiteness in high-dimensional applications.

5.2 Proposed Estimated Framework

With the theoretical foundations and methodological review presented in Chapters 1 and 2, we
develop the core contribution of the thesis: a flexible estimation framework for non-stationary
covariance functions that explicitly addresses the dual challenges of modelling adaptability and
structural validity. It formulates covariance estimation as a constrained optimisation problem
and introduces a suite of regularisation strategies—including eigenvalue-based penalties such as

65
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the one-sided Huber loss, log-determinant barrier methods, Lagrangian approaches, and shrink-
age techniques—to ensure positive definiteness throughout the estimation process while preserving
functional flexibility. These methodological developments are integrated within an additive mod-
elling framework, enabling covariance parameters to vary smoothly with covariates in dynamic
settings. Through comprehensive simulation studies encompassing both dynamic isotropic and
static non-stationary scenarios, we demonstrate that the proposed framework achieves more stable,
accurate, and structurally valid covariance estimates than the compared baseline, with appropriate
regularisation playing a critical role in balancing bias—variance trade-offs and preventing numerical
instability. It therefore provides the methodological bridge between the conceptual motivations of
earlier chapters and the empirical application that follows, where the proposed framework is applied
to real-world data using non-stationary powered exponential and Matern covariance functions to
model dynamic dependence structures in UK regional electricity residuals.

We finally provides a real-world validation of the proposed positive-definite regularised non-
stationary covariance modelling framework by applying it to dataset from energy sector. We per-
form dynamic covariance modelling of the net-load demand across regions given the dataset, which
is a fundamental part of probabilistic net-load forecasting. Building directly on the estimation
methodology developed in Chapter 3, the framework is implemented using non-stationary pow-
ered exponential and Matern covariance functions, with covariate-dependent structures modelled
through additive components to capture temporal and environmental variability. The empirical
analysis demonstrates that dynamic cross-regional dependence is strongly influenced by exogenous
drivers such as seasonal cycles, diurnal patterns, and weather conditions, thereby confirming the
necessity of non-stationary modelling. In terms of predictive performance, the results show that
covariance function—based approaches outperform empirical covariance estimates, while the incorpo-
ration of positive-definite regularisation—particularly through barrier and Huber-type penalties—
consistently further improves both model stability and accuracy. Furthermore, the study high-
lights the interpretability of the proposed framework, as the estimated covariance structures reveal
meaningful and heterogeneous relationships across regions and covariates. Overall, this real-world
application demonstrates the practical effectiveness, robustness, and applicability of the proposed
methodology in a complex, real-world setting, thereby substantiating its value as a general approach
for dynamic covariance modelling.

5.3 Potential future directions

A natural direction for future research lies in the further development and systematic evaluation
of positive-definite regularisation strategies within covariance modelling. While this thesis has
demonstrated the effectiveness of approaches such as barrier methods, Huber-type penalties, and
shrinkage-based corrections in ensuring structural validity and improving estimation stability, a
more comprehensive investigation into alternative regularisation schemes is warranted. In particu-
lar, exploring adaptive or data-driven regularisation mechanisms, as well as hybrid approaches that
combine multiple penalties, may yield improved robustness across varying data regimes. Moreover,
a deeper analysis of the interaction between regularisation strength, optimisation dynamics, and
model bias—variance trade-offs would provide valuable insights into the practical tuning of these
methods, especially in high-dimensional and non-stationary settings.

Another promising avenue concerns the extension of modelling strategies for the parameters
of covariance functions beyond the generalised additive modelling (GAM) framework adopted in
this thesis. Although GAMs offer a flexible and interpretable approach for capturing smooth,
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covariate-dependent variation, they may be limited in representing complex nonlinear interactions
or high-dimensional feature spaces. Future work could therefore investigate alternative modelling
paradigms, such as kernel-based methods, Gaussian process priors, or deep learning architectures,
to parameterise covariance structures more expressively. Such extensions may enhance the ability
to capture intricate dependence patterns, particularly in applications characterised by heteroge-
neous or highly nonlinear dynamics, while raising important questions regarding interpretability,
computational scalability, and the preservation of positive definiteness under more complex param-
eterisations.

The theoretical properties of the proposed estimation framework remain an important area for
further study. While the empirical results in both simulated and real-world settings demonstrate
strong performance, a rigorous asymptotic analysis would provide a deeper understanding of estima-
tor behaviour under increasing sample size and dimensionality. In particular, deriving consistency,
convergence rates, and asymptotic distributions of the estimated covariance parameters would es-
tablish a formal statistical foundation for the methodology. Additionally, investigating how model
performance scales with respect to the number of observations, the dimensionality of the covari-
ance matrix, and the choice of covariance function would offer practical guidance for model selection
and deployment. Such theoretical insights would complement the empirical findings of this thesis
and contribute to the broader development of principled, scalable approaches for non-stationary
covariance modelling.
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