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Abstract

This thesis investigates structural properties of non-Hausdorff groupoid C*-algebras.
The two main points of study are groupoid amenability, and the nature of functions be-
longing to the singular ideal. Conclusive results are obtained relating amenability of a
non-Hausdorff étale groupoid to nuclearity of its C*-algebras, generalising well-known
results from the Hausdorff setting. In relation to the singular ideal, algebraic tech-
niques are established for the building of explicit elementary singular functions within
it. For a large class of amenable groupoids, these elementary functions are shown to
span a dense subspace of the singular ideal. In the context of Steinberg algebras, an
analogous family of elementary singular functions are shown to linearly span the alge-

braic singular ideal of any ample groupoid.

A key tool throughout is the Hausdorff cover groupoid. It is used to obtain the afore-
mentioned results regarding amenability, and to study ideals in non-Hausdorff groupoid
C*-algebras. In most instances, the Hausdorff cover is used to reduce a given problem
to the Hausdorff setting. Under certain conditions on the Hausdorff cover, an explicit

formula is provided for computing the singular ideal.
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Introduction

Groupoids have been a prominent feature in the theory of C*-algebras since the pio-
neering work of Renault [58]. There are many natural ways to construct a C*-algebra
given certain dynamical, combinatorial, or algebraic data, and groupoids provide a
means to unify many of these constructions. The class of C*-algebras that admit a
groupoid model is large ([46]), and many structural properties of a C*-algebra are seen
by a groupoid that models it ([3,41]).

Since the early development of the theory, it has been observed that many interesting
and important examples of groupoids are non-Hausdorff. Some of the earliest such
examples are due to Connes in his survey on operator algebras associated with foliations
([19]). He observed that the holonomy groupoid of a foliation may fail to be Hausdorff,
and addresses some of the modifications that should be made when defining the C*-
algebras of non-Hausdorff groupoids. As well as these examples from geometry, many
examples of non-Hausdorff groupoids arise naturally in dynamics as groupoids of germs
associated with inverse semigroup actions. A class of groupoids arising in this manner,
that have gained notable recent attention, are those associated with self-similar group
actions (see [30,52,53,67]).

Despite an abundance of examples, progress has been slow in the development of a
robust theory for non-Hausdorff groupoids and their C*-algebras. While there are
many results relating properties of Hausdorff groupoids with structural properties of
their C*-algebras, analogues for non-Hausdorff groupoids have proved difficult to attain.
This is in part due to the additional technical difficulties that arise when working with
non-Hausdorff groupoids, but also because their C*-algebras often exhibit strange and
unexpected behaviour (see [26]). Many instances of this strange behaviour are due
to the existence of an ideal of “singular” functions, known as the singular ideal J
(see [18,27,43]). There has been significant recent progress towards understanding this

ideal (see [38,48]), but many questions about its structure remain unanswered.
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This thesis addresses some of the difficulties associated with studying non-Hausdorff
groupoids. The two main topics of interest are the notion of amenability, and the
singular ideal J of a non-Hausdorff groupoid. This thesis aims to clarify the notion of
amenability for non-Hausdorff groupoids, as well as to prove results relating amenabil-
ity with properties of groupoid C*-algebras. Conclusive results are obtained in this
direction. In particular, it is shown that an étale groupoid is amenable if and only if
its reduced C*-algebra is nuclear. The second main object of study is the singular ideal
J, with the aim of finding dense subspaces within it, and thus describing its elements.
Notably, this thesis addresses the problem of when the intersection J N %.(G) with
Connes’ algebra %.(G) of “compactly supported” functions is dense in J. Results are
obtained that characterise when this density holds for amenable and second-countable
étale groupoids. In addition to this, the first concrete techniques are established for
the building of elements of the singular ideal, and it is shown that singular elements
constructed via these techniques have dense linear span in J N %.(G) for any étale

groupoid.

A key tool throughout is the Hausdorff cover groupoid. The Hausdorff cover is used to
reduce problems concerning non-Hausdorff groupoids to the Hausdorff setting. Time is
devoted to describing the structure of the Hausdorff cover, before it is used to obtain

results on amenability and the singular ideal.

The thesis opens with a discussion of amenability in the context of non-Hausdorff
groupoids. To motivate this, there is a brief discussion of amenability in the Hausdorft
setting, including some observations from the book [3] — the main reference for the
topic of amenability for Hausdorff groupoids. As in the case for groups, the notion
of groupoid amenability admits many equivalent characterisations. This allows the
authors in [3] to study applications of amenability with a great degree of flexibility.
Later on in the book, several results are proved regarding the operator algebras as-
sociated with Hausdorff amenable groupoids. In particular, [3] proves the following
results about the full and reduced C*-algebras of a second-countable locally compact
Hausdorff groupoid G: if G is amenable, then the canonical surjection C*(G) — C*(G)

is an isomorphism, and C}(G) is nuclear.

For non-Hausdorff groupoids, the situation is not so clear-cut. In particular, some
of the useful descriptions of amenability for Hausdorff groupoids can fail (see Sub-
section [2.2)). Care must therefore be taken when proving results for amenable non-
Hausdorff groupoids, but nevertheless, amenability is still a powerful property of these
groupoids and much can be said about their operator algebras. Indeed, it was known

to experts that the results mentioned above also hold for C*-algebras of non-Hausdorff
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groupoids, with virtually the same proof. Chapter [2] gives a proof of these “folklore”
results, now adapted to the non-Hausdorff setting (see Theorem [2.4.1)).

Proving results about non-Hausdorff groupoids directly can be very technical as many
of the tools available for Hausdorft groupoids don’t apply in this setting. A solution to
this is presented by the Hausdorff cover. Any non-Hausdorff groupoid G can be used
to build a Hausdorff groupoid G, known as the Hausdorff cover ([68]). This groupoid
provides a means to avoid many of the technical difficulties involved in proving results
about non-Hausdorff groupoids by simply reducing the given problem to the Hausdorft
setting. Chapter |3|of this thesis discusses two applications of the Hausdorff cover. The
first is to amenability (Theorem , and the second is to ideals in groupoid C*-algebras
(Theorem . The Hausdorff cover is defined for any locally compact groupoid, but we

will only discuss it in the context of étale groupoids.

The “folklore” result mentioned earlier states that any amenable groupoid has nuclear
C*-algebra. For Hausdorff étale groupoids, the converse holds as well (see [3, Corol-
lary 6.2.14(ii)], [11, Theorem 5.6.18]). With the aid of the Hausdorff cover, this converse

can be shown also for non-Hausdorff étale groupoids.

Theorem A (See Corollary [3.2.10)). Let G be a (non-Hausdorff) étale groupoid. Con-

sider the following statements.
(I) G is amenable.
(II) G is amenable.
(I111) C}(G) is nuclear.
(1V) C*(G) is nuclear.
(V) The canonical surjection C*(G) — C(G) is an isomorphism.

(VI) The canonical surjection C*(G) — C*(G) is an isomorphism.

The following implications hold: (I) < (II) < (III) < (1V) = (VI) = (V).

Nuclearity of C*-algebras passes to quotients, and therefore the reduced C*-algebras

C¥(G) and C}(G) can be replaced by the full C*-algebras C*(G) and C*(G) in state-
ments (IIT) and (IV) of the previous theorem. It follows from [70] that the implication
(VI) = (II) does not hold in general. In Example[4.8.5] it is shown that the implication
(V) = (VI) can also fail.
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An important property of amenability for Hausdorff étale groupoids is that ideals in
the C*-algebra are determined by their restrictions to isotropy groups. This observa-
tion originally dates back to a conjecture of Effros and Hahn from [23], which can be
phrased as follows: if G is the transformation groupoid associated with the action of a
countable amenable group on a second-countable locally compact Hausdorff space, then
every primitive ideal in C*(G) is induced from an isotropy group. This conjecture has
since been verified, and actually holds in a much more general setting than originally
stated. The most general form appears in [39], where the transformation groupoid G is
replaced by an arbitrary Hausdorff, amenable, and second-countable étale groupoid. A
consequence of this deep result appears in [17, Theorem 2.10]. In order to state this the-
orem, let us introduce some notation. Given an étale groupoid G and a unit x € G,
it is shown in [17] that the (restriction) map 7,: C*(G) — C*(GZ%) sends closed ideals
to closed ideals. Given an ideal I < C*(G), define I, == n,(I) < C*(GZ), and call I,
the isotropy fibre of I at x. Then, given ideals I, K < C*(G), [17, Theorem 2.10] states
that I = K if and only if I, = K, for all z € G,

This brings us to the second application of the Hausdorff cover G. Any ideal I in
a non-Hausdorff groupoid C*-algebra C*(G) naturally generates an ideal I in C*(G).
Moreover, the assignment I — I is one-to-one (Lemma , and the isotropy fibres
of I can be computed using those of I (Proposition|3.3.2). It follows that the Hausdorff

cover yields a generalisation of [17, Theorem 2.10] to the non-Hausdorff setting.

Theorem B (See Theorem [3.3.3)). Let G be an amenable and second-countable (non-
Hausdorff) étale groupoid. Let I, K < C*(G) be ideals. Then I = K if and only if
I, = K, for all z € GO,

The theorems above demonstrate that, with the right definitions, many results known
for Hausdorff groupoids and their C*-algebras extend to the non-Hausdorff setting.
Of course, not everything can be expected to generalise so smoothly. Chapter 4] of
this thesis investigates the key antagonist within the study of non-Hausdorff groupoid
C*-algebras: the singular ideal J.

Let us describe two standard properties of Hausdorff groupoid C*-algebras that fail
for non-Hausdorff groupoids (see [26] for more). A simple and convenient property of
cx(q) of any f € Cc(G) can be
calculated using a dense subset of the unit space G(®. Secondly, given an effective
étale groupoid G, the subalgebra Co(G®)) C C*(G) has the ideal intersection property.
That is, any non-zero ideal in the reduced C*-algebra C(G) has non-zero intersection
with Co(G®). Both of these facts fail for non-Hausdorff groupoids, and in both cases
the culprit is the singular ideal J < C¥(G). This ideal is defined as the set of elements

a Hausdorff groupoid G is that the reduced norm || f|
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in C*(G) whose strict support has empty interior (as a function on ). Elements of
J are far from continuous, and therefore dense subspaces are of no use in describing a
typical element of C(G). Moreover, the singular ideal J always has trivial intersection
with Co(G(®). For Hausdorff groupoids the entire singular ideal is always trivial. It
is therefore unsurprising that simplicity and the ideal intersection property for non-
Hausdorft groupoid C*-algebras cannot be described by “naive” analogues of results
that hold in the Hausdorff setting.

In the form described above, the singular ideal J first appeared in the papers [18,27,43].
Much of the research conducted on the singular ideal J centres around conditions that
ensure its vanishing (see [18,30,55,67]). An important problem is to look for charac-
terisations for the simplicity of C}(G), and for this to hold it is evidently necessary
that J = {0}. It has been known since [58] that minimal and effective Hausdorff étale
groupoids have simple reduced C*-algebra. However, due to the existence of J, these
conditions are not sufficient to ensure simplicity in the non-Hausdorff setting. Obser-
vations in [18] revealed that they are sufficient if one assumes in addition that J = {0},
and in [43] it was shown that these conditions are always sufficient to ensure simplicity
of the quotient C*(G)/J. By the results of [41], there now exists an adequate charac-
terisation for the simplicity of the quotient C*(G)/J for any étale groupoid (covered
by countably many open bisections). This provided yet more motivation for study-
ing the vanishing of J. A recent breakthrough in [38] uncovers a connection between
the singular ideal and quasi-regular representations of isotropy groups. Indeed, the
isotropy fibres of the singular ideal are always described by kernels of quasi-regular
representations (see [38, Theorem 5.5]). This yields representation-theoretic character-
isations for the vanishing of J and J N %.(G) (see also [9, Theorem 4.2]). Therefore,
by combining the results of [38] and [41], there now exists a characterisation for the
simplicity of C!(G) for any étale groupoid that is covered by countably many open
bisections. Note the following: it is still an open problem whether J = {0} if and only
if JN%.(G) = {0}.

Looking beyond simplicity of C*(G) and the vanishing of J, one is led to ask about
the structure of J. Very little work has been done in this direction as the early papers
constructed elements of J on an ad hoc basis. Regarding structure of .J, it seems
reasonable to begin with the following two broad questions. Firstly, how might one
describe a typical element of J N %.(G)? Here, 6.(G) denotes Connes’ algebra of
“compactly supported” functions on a non-Hausdorff groupoid. In principle, elements
of €.(G) are easier to understand than general elements of C(G), and therefore it is
logical to study JN%.(G) before studying all of J. The second, more concrete question,
is the following: for which groupoids is J N %.(G) dense in J? The first examples of
groupoids for which J N %.(G) is not dense in J were provided recently in [48]. Two

example classes are given in [48]: the first contains ample groupoids with equal source
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and range map, and the second contains minimal ample groupoids. All examples are
non-amenable. Indeed, it is still an open question whether J N é.(G) is dense in J for

all amenable étale groupoids.

These two questions regarding the singular ideal J are addressed in Chapter [d The
techniques used are inspired by the work of [38], and exploit the fact that the isotropy
fibres of J can be described by kernels of quasi-regular representations (see Section .

The first question asks about the typical elements of J N %.(G). Section addresses
this by providing explicit instructions for building functions in J N %.(G). Functions
constructed in this fashion will be called elementary (see Definition [4.3.3)), and it is
shown that they have dense linear span in all of J N %.(G). In order to describe
these elementary singular functions, some notation must be established. Given a unit
x € GO the set X (z) denotes an explicit family of subgroups in the isotropy group G*
(see Definition . For each X € X(x), let Agz/x: C[GE] — L(¢*(G%/X)) denote

the associated quasi-regular representation.

o Take an (extremely dangerous) unit # € G® and an element b € C[G*] belonging
to the kernels ker(Agz,/x) for all X € X(x). Let {g1,...,9,} denote the support
of b.

o Take h € G, and let Vi,...,V,, be open bisections such that hg; € V; for each 1.

« For a sufficiently small open neighbourhood W C N, s(V;) of = the function

n

fP =" blgi) (W o slv,) (*)

i=1
belongs to J N 6.(G) for any ¢ € C.(W). A function f¥ of this form is called an

elementary singular function.

Theorem C (See Theorem [4.3.5)). Let G be an étale groupoid that is covered by count-

ably many open bisections. The elementary singular functions have dense linear span
in J N E.(G) with respect to any C*-norm.

See Subsection for a detailed description of elementary singular functions. This
subsection also makes precise the (technical) condition that W must satisfy to ensure
that the function f¥ from belongs to J.

The second question asks when J N %,(G) is dense in J. Section makes progress
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towards answering this question by providing a characterisation for the density of
JN6.(G) in J for amenable and second-countable étale groupoids (see Theorem [4.5.1)).
This characterisation follows easily from Theorem [B] and only relies on the represen-
tation theory of isotropy groups. In particular, J N %,(G) is dense in J whenever all
isotropy groups satisfy the density property (see Definition . Section contains
an in depth discussion of the density property, and it is shown to be satisfied by all
finite-by-nilpotent groups.

Theorem D (See Corollary [4.6.14)). Let G be an amenable and second-countable étale
groupoid. For each extremely dangerous unit x € G suppose that one of the following

holds.

(I) The isotropy group G% is finite-by-nilpotent.
(I1I) All subgroups X € X(z) are finite.
(I1I) All subgroups X € X(x) are co-finite in GZ.

Then J N%.(G) is dense in J.

As mentioned earlier, it is an open question whether J N %.(G) is dense in J for any
amenable and second-countable étale groupoid. This question has a positive answer

if and only if every amenable discrete group satisfies the density property (see Re-

mark [4.5.6)).

For a particularly nice class of groupoids, we can do better than Theorems [C|] and
and can provide an explicit formula for the singular ideal J. The amenability and

second-countability assumptions of Theorem [D] can also be relaxed.

Theorem E (See Theorem [4.7.2). Let G be an étale groupoid that is covered by count-

ably many open bisections.

Assume that G has finite-by-nilpotent isotropy groups, that G is inner-ezact, and that

Gling 15 a discrete groupoid with a single orbit. Then J N €.(G) is dense in J and
J= JG%,X(I) @ Icn

for any extremely dangerous unit x € G,

The groupoid (N?Smg denotes the singular part of the Hausdorff cover (see Deﬁnition.
The assumption that G be inner-exact is only necessary to ensure that J embeds into
O (Glying) (see Subsection . The assumption that Gy, is discrete is fairly strong,
but is satisfied in many natural examples (see Section . Next, Jgz x(x) represents
an explicit ideal in the isotropy group C*-algebra C}(GZ%) (see Definition and
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also [38, Definition 5.1]). Lastly, IC,, denotes the C*-algebra of compact operators on
a Hilbert space with Hilbert dimension n, where n is the cardinality of ég?gg. The
requirement that ésing has a single orbit is only included here to simplify notation. A

more general version of this theorem is stated in Theorem [4.7.2]

The results above mainly consider C*-algebras of groupoids, but for ample groupoids
there are other algebras to consider. A class of algebras that have gained significant
attention over the past decade are Steinberg algebras ([65]). These objects are purely
algebraic in nature. Given an ample groupoid G, a Steinberg algebra RG is defined
for any ring R and, for non-Hausdorff ample groupoids, there is a notion of singular
ideal Jr < RG analogous to that in the C*-setting. Section [4.4]investigates the typical

element of these singular ideals Jg.

The story is similar to the C*-setting: the singular ideals Jr have historically been an
obstruction to understanding simplicity of Steinberg algebras. For an ample groupoid
G and a field K, it is shown in [66] that the quotient KG/Jk is simple if and only
if G is minimal and topologically free. Then, for K = C, the results of [38] yield a
characterisation for the vanishing of J¢. By combining these results, one obtains the
following for any ample groupoid G that is covered by countably many open bisections:
the Steinberg algebra CG is simple if and only if G is minimal, topologically free,

and [ ker(Agz/x) = {0} for every (extremely dangerous) unit z € G¥. Here,
XeX(x)
Az x 1 C[GE] — L(2(G%/X)) denotes the quasi-regular representation associated with

the group X C GZ. As noted in [38], an analogue can be stated for Steinberg algebras

over any field (or indeed any ring, see [9, Theorem 4.2]).

Let us explain how the techniques of this thesis apply in the context of ample groupoids.
For notational convenience, we primarily focus on the Steinberg algebra CG, known as
the complex Steinberg algebra. In analogy with Theorem [C] Section [.4] describes in-
structions for building elementary singular functions in J¢, and these functions provide

a genuine spanning set for Je. The instructions are as follows.

o Take an (extremely dangerous) unit z € G'® and an element b € C[G%] belonging
to the kernels ker(Ags/x) for all X € X(z). Let {g1,...,gn} denote the support
of b.

o Take h € G, and let Vi,...,V, be open bisections such that hg; € V; for each 1.

« For any sufficiently small compact open neighbourhood W C N, s(V;) of = the

function

LI ()
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belongs to J¢, where U; := V; N s~ (). A function f" of this form is called an

(algebraic) elementary singular function.

Theorem F (See Theorem [4.4.2). Let G be an ample groupoid that is covered by
countably many open bisections. The (algebraic) elementary singular functions linearly

span Jc.

See Subsection[d.4.1]for a detailed description of algebraic elementary singular functions
in Jc. This subsection also makes precise the (technical) condition that W must satisfy
to ensure that the function f* from () belongs to J.

By definition, the complex Steinberg algebra J¢ is a subalgebra of J N %.(G). The
constructions of elementary singular functions in J N %.(G) and Jc are noticeably

similar. The density result of Theorem [C] yields the following.

Theorem G (See Theoremd.4.4). Let G be any ample groupoid. The algebraic singular
ideal Jc is dense in J N 6.(G) with respect to any C*-norm.

This discussion of the singular ideal is closed by addressing a particularly important
and well-studied class of non-Hausdorff ample groupoids — those associated with self-
similar group actions. The C*-algebra associated with a self-similar group action was
introduced by Nekrashevych in [53]. This C*-algebra is (canonically) isomorphic to
C*(G), where G is the groupoid of germs associated with the action of the self-similar
group (see [53, Theorem 5.1]). These groupoids are ample, minimal, and effective, and
therefore the quotient C*(G)/J is simple. In recent years, characterisations have been
obtained for the vanishing of J¢ and J for groupoids associated with contracting self-
similar groups (see also [72]). In [67] an algorithm is provided capable of deciding when
Jc = {0} for such groupoids. In [30] a simplification of this algorithm is given, and it
is shown that J = {0} if and only if Jc = 0. This last observation can be improved by
combining Theorems [D[II) and [G]

Corollary H (See Corollary 4.6.15)). Let G be the groupoid associated with a contract-

ing self-similar group. Then Jc is dense in J.

The structure of this thesis is as follows. Chapter 1| introduces the basic definitions
and notation associated with groupoids and their algebras. This includes some of
the (modern) terminology relevant exclusively to non-Hausdorff groupoids. The later
parts of Chapter [1] include background on measured groupoids, continuous systems of

measures on locally compact groupoids, and isotropy fibres of ideals for étale groupoids.
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Chapter [2] is focused on groupoid amenability. This chapter works in the setting of
general locally compact groupoids. It opens with a discussion of amenability in the
context of Hausdorff groupoids, stating well-known characterisations of amenability
from [3]. These results are then contrasted with the non-Hausdorff setting, where most
“continuous” characterisations of amenability fail. A simple example is provided to
demonstrate this failure. Chapter 2] closes with the proof of the “folklore” result that
for any (non-Hausdorff) amenable and second-countable locally compact groupoid G,

the canonical surjection C*(G) — C*(G) is an isomorphism, and C(G) is nuclear.

Chapters|3|and 4] only consider étale groupoids. The main object of study in Chapter
is the Hausdorff cover G of a non-Hausdorff groupoid G. The chapter opens with a
thorough description of the cover G and its properties, as well as some of the basic
structure it inherits from G. The later subsections of this chapter give two applications

whereby the Hausdorff cover is used to prove Theorems [A] and [B]

Chapter [4] is focused solely on the singular ideal J. It includes all of the results from
Theorem [C] to Corollary [H] stated above.

The thesis contains a recurring group of examples. First introduced in Section (1.6
the examples will reappear at the end of each of the following chapters. The first set
of examples (from Subsection are very simple, yet still demonstrate some of the
different topological phenomena possible in non-Hausdorff groupoids. Each of these ex-
amples is chosen to have a specific set of properties, and each is the “simplest possible”
example of a groupoid with these properties. The last example from Subsection [1.6.1
is more complicated (see Example . It is designed so that its full and reduced
C*-algebras are canonically isomorphic, but the full and reduced C*-algebras of the
Hausdorff cover are not. The other examples introduced in Section [1.6[ come from dy-
namics. They include the groupoids of germs associated with actions of Bieri-Strebel

groups, as well as groupoids associated with self-similar group actions.

This thesis is broadly based on results that appear in the papers [9] and [31]. The
first, [9], is an investigation into the Hausdorff cover, and contains the contents of
Sections and as well as Lemma m The second paper, [31], studies the
singular ideal. Its main results appear in Section [3.3 and Sections to 4.6, The
techniques of these two papers are further developed in Section [4.7 to give a formula

for computing the singular ideal in certain cases.



Chapter 1

Preliminaries

This preliminary chapter introduces the necessary background material for the thesis.
Section covers the basic definitions surrounding locally compact groupoids, and
Section introduces the C*-algebras associated with groupoids. Section intro-
duces continuous systems of measures — these will be important for the discussion of
amenability in Chapter [2. Section covers the background on measured groupoids
necessary for Section 2.4 Section recalls the definitions of isotropy fibres of ide-
als — these will be key during Chapter [d Lastly, Section gives some examples of

non-Hausdorff groupoids.

§1.1 | Etale and locally compact groupoids

This section begins by establishing basic definitions and notation. Later, Subsection

will introduce terminology and properties relevant to non-Hausdorff groupoids.
§ 1.1.1 | Definitions

Definition 1.1.1. A groupoid is a set G equipped with a map (g, h) — gh defined on
aset G® C G x G, and a map ¢g — g~ ! defined on the entirety of G, satisfying the
following conditions for all g, h, k € G.

(i) If (g, h), (h, k) € G, then (gh, k), (g, hk) € G® and (gh)k = g(hk).
(ii) (g,97"), (g7 9) € GP.
(iii) If (g, h) € G® then g~'(gh) = h and (gh)h™! = g.

The map (g, h) — gh is known as the product map, and the map g — ¢! as the inverse
map. A pair (g,h) € G x G is called composable if it belongs to G?).
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Let G be a groupoid.

« The unit space is the set G = {gg~': g € G}. Its elements are called units.

1

« The range map 7: G — G© is defined by r(g) := gg~*, and source map s: G —

GO by s(g) =g 'g.

Definition 1.1.2. Let G be a groupoid and let 2 € G be a unit.

« The range fibre and source fibre at x are defined by G* = r~'({z}) C G and
G = s""({z}) C G respectively.

o The isotropy group at z is G% = G* N G,.
 The orbit of x is defined to be G(z) = {y € G¥: 3g € G s(g9) = z,7(g9) = y}.

A subset A C GO is said to be invariant if it is a union of orbits. Given an invariant
subset A C G© let A/G denote the quotient of A by orbits, and define G|4 == s~(A).
A subgroupoid H C G is invariant if H = G|, for some invariant subset A C G(©),

Definition 1.1.3. A locally compact groupoid is a groupoid G equipped with a topology

satisfying the following conditions.
o The inverse g — ¢~ ! and product (g, h) — gh maps are continuous.
« Every element of G has a compact Hausdorff neighbourhood.
« The unit space G is Hausdorff.

Here, G x G is equipped with the product topology, and G C G x G and G© C G

are equipped with their respective subspace topologies.

Note. Continuity of the range map 7 ensures that G is also locally compact as a
topological space. Range (and hence source) fibres are automatically Hausdorff. This
is because the diagonal AG® = {(g,h) € G* x G*: (g,h™!) € G®, gh™! =z} is closed
in G* x G for any z € G .

Definition 1.1.4. A locally compact groupoid G is called étale if the range map
r: G — GO is a local homeomorphism. An étale groupoid is ample if G is totally
disconnected. A bisection is a subset B C G on which both range and source maps are

injective.

Note. If G is a locally compact groupoid with open range and source maps, then G is
étale if and only if it has a basis of open bisections, and G is ample if and only if it has

a basis of compact open bisections.
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The following two properties of étale groupoids will appear occasionally but will not
be central to the thesis.

« An étale groupoid G is minimal if every orbit is dense in G(©).

« An étale groupoid G is effective if G = int < U Gi)
z€G(0)

Definition 1.1.5. Let G be a locally compact groupoid.

For a function f: G — C, the strict support of f is defined to be

supp’(f) == {g € G: f(g) # 0}.

Given an open Hausdorff set U C G, we abuse notation and write C.(U) for the set of
functions f: G — C such that supp®(f) C U and f|y € C.(U). Then, define

6.(G) =span{f: G - C : f e C.(U) for some open Hausdorff set U C G}.

Define €. ,.(G) to be the set of functions f: G — C such that the pointwise product
(x o7).f belongs to €.(G) for all y € C.(G).

It is simple to check that €.(G) C 6. ,(G). Note that functions in 4,(G) need not be

continuous on G.

Notation. Write %.(G)™" for the set of functions in %.(G) that are non-negative on all

of GG. Similar notation will be used for other functions spaces.

When G is Hausdorff, C.(G) = %.(G), and we define C,,.(G) = €. ,(G). This notation
is consistent with [3, page 19]. In this case, any element of C.,(G) is a continuous

function on G.

When G is an étale groupoid, the function space %.(G) has a cleaner description. For
any f € %.(G), there exist open bisections Uy, ..., U, and functions f; € C.(U;) for
each ¢ such that f =", f; (see [42, Lemma 1.3], for instance).

Convention. Locally compact groupoids are not assumed to be Hausdorff or second-

countable unless this is explicitly stated.

§1.1.2 | Basic properties of non-Hausdorff groupoids

This section records some terminology and facts that are relevant exclusively to non-
Hausdorff groupoids. We begin with a well-known lemma that characterises when a

locally compact groupoid is Hausdorff.
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Lemma 1.1.6. A locally compact groupoid G is Hausdorff if and only if G is closed.

Proof. Suppose that G is Hausdorff, and take a net of units (z,) C G(©) converging to
some g € . By continuity of the source map, the net also converges to s(g). However,

since G is Hausdorff, limits are unique, so that g = s(g) € G(©.

Conversely, assume that G(® is closed. Then the diagonal set AG := {(g,9) € G*: g €
G} is closed. This is because X = {(g,h) € G*: s(g) = s(h)} is closed in G?, and
A C X is the preimage of G(°) under the continuous map (g,h) — gh™'. It follows
that G is Hausdorff. O

This lemma motivates the following definition.

Definition 1.1.7 ([43, Definition 7.14]). Let G be a locally compact groupoid. A unit
r € GO is said to be Hausdorff if G© N G® = {x}, and is dangerous otherwise. Let
C C G denote the set of Hausdorff units, and D C G the set of dangerous units.

Definition 1.1.8 ([55]). Let G be an étale groupoid. A unit x € G(© is said to be
extremely dangerous if there exists an open set U C G, isotropy group elements
g1y, 9n € G2\ {x} and open bisections Uy, ..., U, with g; € U; for each i such that

v\ Ut
=1

contains x, but has empty interior. Let Dy C D denote the set of extremely dangerous

units.

The term “dangerous point” first appeared in [43], and describes the units in G(©
where “Hausdorffness” fails. The term “extremely dangerous” was coined in [55] in an
attempt to capture further pathological behaviour relating to the singular ideal (see
Chapter {4)). For étale groupoids that are covered by countably many open bisections,
we will see an alternative description of extremely dangerous points using the Hausdorft
cover (see Lemma [3.1.9). This alternative characterisation readily yields a third (first
noted in [38, Corollary 5.6]) that will be useful in the analysis of the singular ideal in

Chapter (4] (see Definition 4.2.3]).

Remark 1.1.9. For groupoids that are not étale, the definition of an extremely danger-
ous unit should be modified: each open bisection U; should be replaced by a compact
Hausdorff neighbourhood of g;. With this modification, the alternative characterisa-
tion in Lemma still holds (at least for groupoids that are covered by countably

many open Hausdorff sets). We do not discuss this further.
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We record a series of lemmas about dangerous points. These lemmas will be used

implicitly throughout, and will play a particularly important role in Subsection |3.1.2]

Lemma 1.1.10. Let G be a locally compact groupoid with open range and source maps,
and let C C GO denote the set of Hausdorff units. Let g € G. The following statements

are equivalent.

(i) s(g) € C.
(ii) Any net converging to g has a unique limit.

In particular, the set of Hausdorff units C, and set of dangerous units D, are invariant
subsets of G,

The set Dy of extremely dangerous units is also an invariant subset of G(®). This
fact can be seen by a direct computation, but we refer the reader to Proposition [3.1.9

instead.

Proof. Assume that s(g) € C, and let (g,) be a net in G converging to g. Suppose
that (g,) also converges to a point h € G. Consider the net of units (z,) defined
as T, = $(go). By continuity of multiplication and the inverse map, the net (x,)
converges to both g7'g = s(g) and h™'g. The unit s(g) is Hausdorff, and therefore
h~lg = s(g), so that h = g.

Conversely, assume that s(g) € D. Write z := s(g), and let h € GO N G=\ {2}. Take
any open neighbourhoods U, and U, of g and h respectively. Then s(U,) is an open
subset of G(©) containing =, and U, NG(® is an open subset of G*) with x in its closure.
Therefore, the intersection s(U,) NUj, is an open subset of G® with z in its closure. In
particular, this intersection is non-empty. The open neighbourhoods U, and U, were
arbitrary, so we can construct a net (g,) in G converging to g, and such that s(g,)
converges to h. Now g, = ¢oS(ga) for all v, so continuity of multiplication implies that
this net also converges to gh. Therefore, the net (g,) has at least two distinct limit

points.

To see that C is an invariant subset of G, let ¢ € G be such that s(g) € C. By
implication “(i) = (ii)”, any net converging to g has a unique limit point. Therefore,
by continuity of the inverse map, any net converging to ¢! has a unique limit point.

Implication “(ii) = (i)” then ensures that the unit s(¢g~') = r(g) belongs to C. [

Functions in %,(G) need not be continuous on G, however, the following lemma says
that such functions are continuous at Hausdorff points. For étale groupoids, this lemma

is proven in [43, Lemma 7.15].
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Lemma 1.1.11. Let G be a locally compact groupoid with open range and source maps,
and let f € €.(G). Then f is continuous at any g € G|c.

Proof. By linearity of continuity, it suffices to prove the lemma in the case that f
belongs to C.(U) for some open Hausdorff set U C G. By definition, f is continuous
on U, so it suffices to prove that f is continuous at each g € G|¢ \U. Let K C U be a
compact set containing supp®(f), and choose some net (g,) in G that converges to g.
By Lemma , g is the unique limit point of any subnet of (g, ), so it follows that
the net (g,) eventually belongs to G\ K. Therefore, f(g,) — 0= f(g), as desired. [

The following lemma says that the set D C G(© of dangerous units is small, provided
that the groupoid G is not too large. For étale groupoids, this lemma is proven in
(43, Lemma 7.15].

Lemma 1.1.12. Let G be a locally compact groupoid that is covered by countably many

open Hausdorff sets. Then D is a meagre subset of G°), hence has empty interior.

Recall that a subset of a topological space is meagre if it is a countable union of
nowhere dense sets, and a set is nowhere dense if its closure has empty interior. The

Baire-category theorem is the key ingredient of the following proof.

Proof. Let {U,},>1 be a countable family of open Hausdorff sets that covers G, and let
z € D be a dangerous unit. Choose g € GO NG=\ {z}, and let n be such that g € U,,.
Since U, is Hausdorff, it does not contain x. Therefore, the intersection V, := G NU,
is an open subset of G(¥) that contains x in its boundary. That is, € 9V, where
oV, = VHG(O) \ V... Note that 9V, is a closed subset of G(*) with empty interior. The
dangerous unit z was arbitrary, and therefore D C U,»; dV,. This implies that D
is meagre. The fact that D has empty interior then follows from the Baire-category

theorem, since G(©) is locally compact and Hausdorff. O

§ 1.2 | Continuous systems of measures

Locally compact groupoids can be equipped with extra measure-theoretic structure.
In particular, it is desirable for a locally compact groupoid to admit a Haar system
of measures. The existence of such a Haar system will be important for us to build
groupoid C*-algebras in the following section.

§ 1.2.1 | Definitions and Haar systems

Definition 1.2.1. Let G be a locally compact groupoid.
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o A continuous system of measures on G is a collection {m®*}, a0 of positive

(possibly zero) measures satisfying the following.
(i) Each m® is a Radon measure on G*.

(ii) For any f € %.(G), the map x — m?(f) is continuous on G'», where
m(f) = [ flg) dm*(g). (1:21)

If in addition each m? is a probability measure on G, then {m”}, . is called

a continuous system of probability measures on G.

e A Haar system on G is a continuous system of non-zero measures {A"}, o)

satisfying the invariance property
/\s(g)(A) - )\r(g)(g A)

for any g € G and Borel A C G*9. Here g- A = {gh: h € A}.

By a Radon measure, we mean a Borel measure that is finite on compacts, inner regular
on open sets, and outer regular on all Borel sets. Radon measures are not assumed to

be o-finite.

Remark 1.2.2. If {\"} cq© is a Haar system, then \*(U N G*) > 0 for any open set
U C G that intersects G*. It follows that the existence of a Haar system ensures the

range and source maps r and s are open maps.

Notation. Given a continuous system of measures {m”*} .o and a function f on G
(not necessarily in %.(G)), we write m*(f) = [z f(g) dm*(g) whenever this integral
is defined. If m®(f) is defined for all z € G©, we let m(f) denote the function
z +— m®(f). Note that m(f) is a continuous function on G(© for any f € €..(G).

If f is a non-negative Borel function on G, we let m(f) denote the function z — m*(f)

that takes values in the extended non-negative real numbers.

Notation. An étale groupoid G will always be equipped with the Haar system of
counting measures. Precisely, we have A*(A) = |A| for each A C G*. It is elementary

to check that this is indeed a Haar system on any étale groupoid.

Definition 1.2.3. Let G be a locally compact groupoid with Haar system {\*} cqo.
The function space %.(G) can be equipped with the following involution and convolu-

tion product.

fix )= [ ARET) ANO(R) f() = Tl
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It is clear that the involution is well-defined on %.(G). For a proof that the convolution

product is well-defined, see [42], for example.

Remark 1.2.4. Tt follows that (finite) products of open sets are open in G. We take
this opportunity to point out that finite products of compact sets are compact in G.
This is clear as G is closed in G x G, and hence (K x L) N G® is compact whenever
K, L C G are compact.

The following is based on [3, Lemma 1.1.2], and says that any Haar system is “proper”
in the sense of [3]. Note that if G is étale then one can take ¢ = 14w, and paracom-

pactness of the unit space is not needed.

Lemma 1.2.5. Let G be a locally compact groupoid with Haar system {A\"},cqo and
paracompact unit space. Then there exists ¢ € 6,,.(G)T with A(¢) = 1.

Proof. For each unit z € G© choose an open neighbourhood V, C G, and let f, €
C.(V,)* be such that f.(z) > 0. Write U, = G NV,. The unit space G is
locally compact, Hausdorff, and paracompact, therefore there exists a partition of
unity {p.}reco S Co(G) for GO subordinate to the cover open cover {U,}.cq-
Define ¢, p: G — C by

e e
w<g> = zm:px (g)fx(g) 50<g) : fGr(g) ¢ d)\r(9)

respectively. By local finiteness of the partition of unity, we have ¢ € €.,.(G)". Since
supp®(%) is open and intersects every range fibre, Remark ensures that the map
T+ [o. Y AT is strictly positive and continuous on G(?). Tt follows that ¢ € €,,.(G)*.
It is clear that A(p) = 1. O

The following lemma shows that continuous systems of measures are also “Borel”,
provided that G is not too large. The lemma can fail if G is not covered by countably

many open Hausdorff sets, even for étale groupoids.

Lemma 1.2.6. Let G be a locally compact groupoid and {m®},cqw a continuous sys-

tem of measures on G.

Assume that G is covered by countably many open Hausdorff sets. For any non-negative
Borel function f on G, the function m(f) is Borel on G'©.

Proof. Let us first prove the lemma in the case that f = 1y for some open Hausdorff
set U C G. Given any compact set K C U, there exists a function fx € C.(U) with
0 < fx <1 and such that fx =1 on K. Then m(fx) is a continuous function on GO

satisfying 0 < m(fx) < m(1y) pointwise. Since the measures m* are Radon measures



CHAPTER 1. PRELIMINARIES 19

(hence inner regular on open sets), it is clear that m(ly) is equal to the pointwise
supremum supy m(fx), where the supremum is taken over all compact subsets of U.
In particular, m(1y) is a pointwise supremum of continuous functions and is therefore

lower-semicontinuous, hence Borel.

The remainder of the proof follows standard techniques. Since G is covered by count-
ably many open Hausdorff sets, the Borel o-algebra on G is generated by the open
Hausdorff sets. The set of open Hausdorff sets is closed under finite intersections,
therefore, a simple application of the m-A lemma shows that m(1 ) is a Borel function
on G for any Borel B C G. By linearity, m(y) is Borel on G whenever ¢ is simple,
in the sense that ¢ = 2" a;1p, for some o; > 0 and B; € G Borel. Finally, any
non-negative Borel function f on G is a pointwise limit of an increasing sequence of
simple functions. Therefore, m(f) is a pointwise limit of an increasing sequence of

Borel functions, and is thus Borel. O

§ 1.2.2 | Continuous systems of measures on Hausdorff groupoids

In Section 2.1} we will need the following two results concerning continuous systems of
measures on Hausdorff groupoids. Neither result holds for non-Hausdorff groupoids.
The first is based on [3, Lemma 2.2.3].

Lemma 1.2.7. Let G be a Hausdorff locally compact groupoid, and let {m®},cqw be
a continuous system of measures satisfying m*(G*) > 1 for all x in some compact set
L C GO, There exists a compact set M C G such that

m*(MNG*) >

forall x € L.

Proof. For each x € L, let M, C G* be compact such that
m*(M,) > T.

Take x, € C.(G) such that 0 < y, <1, and x, =1 on M,. Then there exists an open
set U, € GO such that

/ Xz dm? > 1

GvY

forally € U,. Let xy,...,2, € L besuch that U,,,...,U,, cover L, and let p1,...,p, €
C.(G) be a partition of unity for L subordinate to this cover. Define

n

x(9) = (pior).Xa(9).

=1

Then M := supp(x) has the desired properties. O
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The next result implies that the “convolution” of a continuous function with a contin-
uous system of measures is a continuous function. It is based on [71, Proposition 3.3].
Following the notation of [3], write G x G = {(k, g): r(g9) = r(k)}.

Proposition 1.2.8. Let {m*} cqw© be a continuous system of measures on a Hausdorff

locally compact groupoid G.
Let f € C.(G x G), and define the function p(f): G — C by

p(Ng) = [ Flk.g) dm (k)

for g € G. Then p(f) is continuous on G. In fact, it suffices for f to be a continuous
function on G x G of the form f(k,g) = ¥(k™tg) for some ¢ € C.(Q).

Proof. Let <7 denote the vector space of functions f € C.(G x G) for which the function
(f): G x GO — C given by

P()g.w) = [ flk,g) dm* (k) (1.2.2)

is continuous on G x G®. We claim that &7 = C.(G x G). Suppose f € C.(G x G)
decomposes as f(k, g) = v1(k)p2(g) for all g, k € G, where 1, ps € C.(G). Then

P((.2) = ¢al9) [ e1(k) dm” (k)

and hence 5(f) € C.(G x G©) by continuity of the system of measures {m®},cqo.
So f € & in this case. Let ## C o/ denote the vector space generated by functions
that decompose in this way. Observe that £ is a *-algebra that separates points and

vanishes nowhere, so by the Stone-Weierstrass theorem % is dense in Cy(G x G).

Take arbitrary f € C.(G x G), and let (f,) be a sequence in % converging uniformly
to f. Let x; € C.(G) be such that 0 < x; < 1 and y = 1 on a compact set K C G
satisfying supp(f) € K x G. Define the functions f, € C.(G x G) by fu(k,g) =
fulk,g)x1(k) for k,g € G. Then (f,) is a sequence in % converging uniformly to f
and satisfying supp(f,) € L x G for all n, where L = supp(x1). So

()9, 2) = B(fa)(9,)] < / £ (k. g) = Fulk, g)| dm” (k)
GonL
<m (@ NL)|f =&,
for any (g, z) € G x G, The values m*(G*N L) are uniformly bounded over z € G(©,

and therefore ﬁ( fn) converges to p(f) uniformly, showing that f € o/. This proves the

claim, and hence the first part of the proposition.

For the second part of the proposition, take ¢ € C.(G), and define f(k,g) == (k™ 1g)
for all (k,g) € G x G. We must show that p(f) is continuous on G. To prove this, it
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suffices to fix a precompact open set U C G and prove that p(f) is continuous on U
(since G is covered by its precompact open sets). Let x2 € C.(G) be such that y, =1
on U and define f(k,g) = x2(g)v(k™'g) for (k,g) € G x G. By Remark the
function f is continuous and compactly supported on the closed set G x G, so by the
Tietze extension theorem there exists an extension f € C.(G x G). By the first part
of the proposition the function 7(f) is continuous on G x G(©. Tt follows that p(f) is
continuous on U because p(f)(g) = p(f) (g, r(g)) forall g € U. O

Remark 1.2.9. The action of a Hausdorff locally compact groupoid G on itself by left
multiplication gives rise to another Hausdorff locally compact groupoid: the transfor-
mation groupoid G x G. Following the notation of [3], write G x G = {(k,g): r(g9) =
r(k)}. The unit space of G X G can be identified with G, and the source and range maps
as7,5: G x G — G are given by 7(k,g) = k and 5(k,g) = g 'k. Given a continuous

system of measures {m*},.co on G and an element k € G, define the measure m*

on the range fibre (G x G)* by mF(A) == m"*) ({g cG"®: (g,k) € A}) Continuity
of the function p from (1.2.2)) shows that {m"};c¢ is a continuous system of measures

over the range fibres of G x G.

§ 1.3 | C*-algebras and Steinberg algebras

This section recalls the definitions of the full and reduced C*-algebras associated with
a locally compact groupoid. For ample groupoids, we will recall the definitions of the

associated Steinberg algebras.
§1.3.1 | Groupoid C*-algebras

In order to define the full C*-algebra of a locally compact groupoid G, the following

definition will be needed.

Definition 1.3.1. Let G be a locally compact groupoid. Given f € %.(G), a net
(fa) C €.(G) is said to converge to f in the inductive limit topology if fo, — f uniformly,
and there exists a compact set K C G such that supp®(f,) C K eventually.

The following norm will be useful later on.

Definition 1.3.2 ([58]). Let G be a locally compact groupoid with Haar system

{N}eqo. The norm ||-||; is defined as

Ifll; = max{ sup /x 1£(g)] dA\*(g), sup

z€G(0) zeG(0) JG*

] v}

for Borel functions f: G — C.
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It is clear that convergence in the inductive limit topology implies convergence with

respect to the norm ||-||; (see [57, Proposition 2.2.2] for example). Note also that

£l = /1y and [[fr = foll; < LAillf [ foll; for any f, f1, fo € €(G).

A version of the norm ||-||; first appeared in [35] for measured groupoids. The definitions
differ in that here we do not include the modular function A (see Definition [1.4.2). In
Section we will see a version of the norm ||-||, for measured groupoids. There the

norm will depend on a measure (class) g on G, and thus we will denote it [|-||, o

We now define the C*-algebras associated with a locally compact groupoid. In the
following, let A\, denote the measure on the source fibre G, given by A\, (A4) = A*(A™!)
for Borel A C G,.

Definition 1.3.3. Let G be a locally compact groupoid with Haar system A = {A\*}, o).

o For each z € GO let 7,: 6.(G) — E(LQ(Gm, )\x)) be the *-representation given

by convolution as follows:
(me(£)€) (9) = [, F(gh™")&(R) dda(h)

for f € €.(G), € € L*(Gy, \s), and g € G,. We call 7, the left-reqular represen-

tation corresponding to x.

e The reduced C*-algebra of G, denoted C(G), is the completion of 6.(G) with

respect to the C*-norm

/]

cx) = sup [[m(f)l-
" zeG(0)

It is simple to check that [|f||c.q) < [If]l; for all f € €(G).

Definition 1.3.4. Let G be a locally compact groupoid with Haar system A = {A\*}, o).

The (full) C*-algebra of G, denoted C*(G), is the completion of €.(G) with respect to

the C*-norm

/]

for f € €.(G), where the supremum is taken over all *-representations 7: 6.(G) —

cx(G) "= SUP (Ol
L(H) that are continuous with respect to the inductive limit topology.

Remark 1.3.5. In the previous definition, £(H) was equipped with the norm topology.
This choice of topology was not important. For a second-countable locally compact
groupoid G, it follows from [51, Theorem 7.8] that if a (non-degenerate) *-representation
¢.(G) — L(H) is continuous with respect to the inductive limit and weak operator

topologies, then it is automatically bounded with respect to the norm ||-||,.



CHAPTER 1. PRELIMINARIES 23
§ 1.3.2 | C*-algebras of étale groupoids

If G is an étale groupoid, then any *-representation is automatically bounded with
respect to the norm |[|-||; (see [4, Corollary 5.8]), and is therefore continuous with
respect to the inductive limit topology (see [57, Proposition 2.2.2]). Alternatively,
it can be seen directly that any *-representation is continuous with respect to the

inductive limit topology using the argument sketched below.

Let 7: 6.(G) — L(H) be a *-representation. The unit space G(*) is an open Haus-
dorff subset, and therefore 7 restricts to a *~homomorphism on C.(G®). Given any
precompact open set subset U C G, 7 restricts further to a *~homomorphism on the
C*-algebra Cy(U), and is thus bounded with respect to the supremum norm. Next,
given an open bisection V' C G and a function f € C.(V), the convolution product
f* * f is supported on G, so that ||7(f)||* < |If** fll. = |IfII%. Now, take a
net (fo) C 6.(G) converging to 0 € 6.(G) with respect to the inductive limit topol-
ogy. Let K C G be a compact set such that supp®(f,) € K eventually, and let
Uy, ..., U, be open bisections whose union covers K. Whenever supp®(f,) C K, the
proof of [9, Theorem 3.13(i)] ensures that there exist f. € C.(U;) for i = 1,...,n such
that fo, = fo+ -+ f2 and || fill o < |[falls for all i. Since || ||, — 0 it follows that

7(fo) — 0, and hence 7 is continuous with respect to the inductive limit topology.

We now discuss the reduced C*-algebra of an étale groupoid G. There is a canonical
way to view elements of C*(G) as bounded Borel functions on G (see [58, Proposi-
tion 11.4.2]). Given a € C}(G), we write

a(g) = <6g77rs(g)(a)5s(g)>‘

Here, the inner product is linear in the second variable, and ¢, and d,,) denote elements

of the orthonormal basis in (*(Gy()). It is clear from this formula that a is bounded

and that its supremum norm ||a||,, is dominated by ||a|. (). This formula will be

used implicitly throughout the remainder of the thesis.
§ 1.3.3 | Steinberg algebras

In this subsection, we consider a class of algebras associated with ample groupoids.

These algebras were first introduced in [65], and are now known as Steinberg algebras.

Definition 1.3.6 ([65]). Let G be an ample groupoid and R a ring. The Steinberg
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algebra RG over R is defined as
RG = spang {ry: U C G a compact open bisection, r € R}
where r: G — R is the function that takes constant value r on U, and is equal to 0

elsewhere.

The Steinberg algebra RG is equipped with the same convolution and involution op-

erations as %.(G). Concretely, we define

fixfalg) = D fi(h)f2(h'g) f(g) = flg™h)

heGr(9)

for f, f1, fo € RG and g € G.

When R = K is a field, then KG is an algebra over K in the usual sense of the word.
More generally, if R is commutative and unital, then RG is an associative R-algebra.
For an arbitrary ring R (not necessarily commutative or unital), it is perhaps not
appropriate to refer to RG as an algebra. Nevertheless, it is itself a ring with the

multiplication given by *, and is also clearly a left R-module.

§ 1.4 | Measured groupoids

In Section we will need to make use of results that concern measured groupoids.
The main result we will need is known as the Renault disintegration theorem (see
Theorem [I.4.11)). This theorem says that all *-representations of %,.(G) (continuous
with respect to the inductive limit topology) can be understood as representations of
measured groupoids. In this preliminary section we introduce all necessary background
on measured groupoids and their operator algebras (see [60], [3, § 3 & 6] for more
details).

§ 1.4.1 | Definitions and notation

Definition 1.4.1. A Borel groupoid is a groupoid G equipped with a Borel struc-
ture such that G is a Borel subset of G x G, G is a Borel subset of G, and the

1

multiplication (g, h) — gh and inverse g — ¢g~' maps are Borel.

A Borel system of measures on a Borel groupoid G is a collection {m?®}, ) of positive
(possibly zero) measures where each m? is a o-finite Borel measure on G*, and such

that the map x — m*(f) is Borel on G for any non-negative Borel function f on G.

A Borel Haar system on a Borel groupoid G is a Borel system of non-zero measures
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{\"},cq satisfying the invariance property
A6 (A) = N6 (g - A) (1.4.1)

for any g € G and Borel A C G*\9).

Let A = {A\"},cqo be a Borel Haar system on a Borel groupoid G. Given a o-finite

measure o on G let ;1o X be the Borel measure on G defined as

porA) = [ 1alg) dN(g) dula) (14.2)

for Borel subsets A C G. We say that u is quasi-invariant with respect to A if the
measure y o \ is equivalent to the measure (1o X)), where (no A)71(A) == po A(A71).

Definition 1.4.2. A measured groupoid is a triple (G, A, ) where G is a Borel groupoid
with an analytic Borel structure, A = {\*} cq is a Borel Haar system on G, and pu

is a o-finite measure on G that is quasi-invariant with respect to .

Given a measured groupoid (G, A\, u) we let A: G — R.g denote a Radon-Nikodym

derivative of 1o A\ with respect to (o A)™!, and call A a modular function.

Any modular function A is a homomorphism almost everywhere (with respect to the

canonical choice of measure on G?).

Notation. Let (G, A, 1) be a measured groupoid. For each x € G®, we let )\, denote
the measure on the source fibre G, defined by A\,(A) = A*(A™!) for Borel A C G,.
For any integrable function ¢ € L'(G, (1o A)™1) note that

/Gso d(poX)™h = /Gm) / p(g) dAz(g)dp(z).

Remark 1.4.3. In [47] (see also [34, Definition 2.3]) Mackey gave a definition of “measure
groupoid” that is similar to the one above, but only depends on the measure class [0 )]
of the measure from ([1.4.2]). Given a measured groupoid in our sense, it is simple to
check that (G, [ o A]) is a “measure groupoid” in the sense of Mackey. In [34] it
is shown that the converse is essentially true. That is, up to null sets, a “measure
groupoid” in the sense of Mackey admits the structure of a measured groupoid in our

sense. Therefore, the two definitions essentially agree.

For locally compact groupoids, we saw in Section that the function space %.(G)
can be equipped with the structure of a *-algebra. There is also a natural *-algebra of
functions on measured groupoids. The following norm is the analogue of ||-||, (Defini-
tion [1.3.2)) for measured groupoids. We follow [60] and [3].
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Definition 1.4.4. Given a Borel function ¢: G — C define

6], = m{p 0(9)] DX(g),  esssup
zeGO JGT zeGg0) JG=

o] v} 1y
We let I(G, A, p) denote the set of Borel functions v: G — C with [[¢]|; , < co.
Note that the norm |[-[|; , does not include the modular function A, and therefore

differs from the norm ||-||; in [35]. The space I(G, \, i) is equipped with the same

involution and convolution product as %.(G):

bixia(g) = [ wn(a(hlg) AXNOR) i (g) = Blg .

With this structure, I(G, A, u) becomes a Banach *-algebra (see [60, § 2.1]).

Remark 1.4.5. Let us establish the relationship between locally compact groupoids
and measured groupoids. Fix a second-countable locally compact groupoid G with
Haar system A = {\"},cq0. Although G does not need to be Hausdorff, it is still
covered by countably many open Hausdorff sets, and therefore its Borel structure is
standard (hence analytic). By Lemma , the Haar system A\ is also a Borel Haar
system. Therefore, given any quasi-invariant o-finite Borel measure p on G| the
triple (G, A, 1) is a measured groupoid. If y is finite on compact subsets of G, then
any function f € €.(G) belongs to I(G, A, 1) (u is actually a Radon measure on G®
in this case, see [29, Theorem 7.8]).

§ 1.4.2 | Unitary representations of measured groupoids

In order to define unitary representations of measured groupoids, we will need some
background on Hilbert bundles (see [22] for more details). We follow the notation and

conventions of [51, § 7.

Definition 1.4.6. Let X be a locally compact Hausdorff space, and let 72 = {H(x) },ex
be a collection of Hilbert spaces. Write X = 2 = {(z,h): h € H(z)}, and define
m: X« — X by w(x,h) = .

We say that X % 2 is a (Borel) Hilbert bundle over X if it has an analytic Borel
structure for which 7 is Borel, and satisfies the other regularity conditions spelled out
in [51, Definition 7.2]. A Borel section is a Borel map ¢: X — X % ¢ such that
mo e =idy. By a slight abuse of notation, we assume that p(z) € H(z) for all z € X.

Given a Borel measure y on X, the Hilbert space L?(X * 2, 1) is defined to be the
quotient of the space {¢ a Borel section, z — ||¢(x)||* integrable} where sections that

agree u-almost everywhere are identified. We equip L?*(X % 42, u) with the obvious
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inner product:
(ore2) = [ (01@), p2@)) ) dpl)

for 1,0 € L*(X * 5, ). Here, (-, ) y(y) denotes the inner product on H(z).

The set of decomposable operators on L?(X * 5, 1), denoted D, is the set of bounded
linear operators 1" for which there exists a collection of operators T, € L(H(x)) for
x € X satistying

(T'o)(z) = Tu(p(x)) (1.4.4)

for all p € L*(X % 2, u) and p-almost all z € X.

The set of diagonalisable operators on L?(G© %2 1), denoted T, is the set of (decom-
posable) linear operators T' for which there exists a function f € L*(X, u) satisfying

(To)(x) = f(x)p(x) (1.4.5)

for all ¢ € L*(X * 5, u) and p-almost all z € X.

Definition 1.4.7. Let (G, A\, u) be a measured groupoid. A wnitary representation of
the measured groupoid is a pair (G x 2, L) consisting of a Borel Hilbert bundle
GO % # over G and an assignment g — L, satisfying the following.

o For each g € G, L, is a unitary from H(s(g)) to H(r(g)).

« For any Borel sections o1, py: G — GO x 5 the map

g <L9 (901(3(9))) ' P2 (r(g)) >H(r(9))

is Borel on G.

Given a unitary representation (G©) x J#, L), its associated integrated form is the
“representation IL of I(G,\, u) on L*(G©) % 2, i) given by

(LW ee) = [ v (Lo(01(59): #2(r(9)) 0y A0 F dloN(g)  (146)

for o € I(G, \, 1) and @1, 0y € L2(GO) % 22, ).

For any unitary representation, its integrated form L is bounded with respect to the

norm ||-[|, ,. Note also that for y-almost all z € G we have
(Ewe) @) = [ el (La(orlsta))m),, o Mo H () (147)
for any n € H(x).

As was the case for locally compact groupoids, any measured groupoid has a left-
regular representation. There is also a full C*-algebra whose norm is given by taking

the supremum over all unitary representations.
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Definition 1.4.8. Let (G, A, ) be a measured groupoid.

o The left reqular representation of (G, \, ) is the unitary representation (G© x
S, L) on the Hilbert bundle 57 = {L*(G", \*) } ,cc given by

(Lg€)(h) = &(g™"h)

for ¢ € L2(G*9 \*9) and h € G"9. We let Reg,, denote the associated inte-
grated form on L2(G©) % 22, ).

o The (full) C*-algebra, denoted C*(G, A, p1), is the completion of I(G, A, 1) with

respect to the C*-norm

[l = sup  [[L(y)]|

(GOx7,L)

for ¢» € I(G, A\, i), where the supremum is taken over all unitary representations
of (G, \, ).

§ 1.4.3 | Unitary representations and locally compact groupoids

In the previous subsection, we saw how unitary representations of a measured groupoid
(G, A\, i) give *-representations of the *-algebra I(G, A, 1) via the so-called integrated
form (see Definition[1.4.7). As discussed in Remark[1.4.5 any second-countable locally
compact groupoid G with Haar system A = {A\"},.q0 and quasi-invariant Radon
measure p on G gives a measured groupoid (G, \, ), where G is equipped with
its associated Borel structure. Any function f € %.(G) belongs to I(G, A, u), and
therefore the integrated form L of any unitary representation of (G, A, ut) restricts to a

*-representation of €.(G).

In this subsection, we see how the theory of unitary representations for measured
groupoids can be used to study *-representations of locally compact groupoids. The
main result is the Renault disintegration theorem (Theorem [1.4.11]), which says that
any *-representation of €,.(G) that continuous with respect to the inductive limit topol-

ogy is unitarily equivalent to the integrated form of some unitary representation.

First, we prove a simple lemma saying that .(G) and I(G, A\, 1) generate the same

von Neumann algebra.

Lemma 1.4.9. Let G be a second-countable locally compact groupoid with Haar system
A = {\},com, and let u be a Radon measure on G that is quasi-invariant with

respect to \.

Let (GO x 2 L) be a unitary representation of the measured groupoid (G, \, 1) with
integrated form L: I(G,\, ) — ,C(LQ(G(O) * %”,u)). Then L(%6.(G)) is dense in
L(I(G, A\, i) with respect to the weak operator topology (WOT).
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The proof is simple, but it is included anyway.

Proof. Let ¢ € I(G, A\, ). First suppose that ¢ is bounded, and also that supp®(%)
is contained in some open Hausdorff set U C G with uo A(U) < oco. The space U is
second-countable, locally compact, and Hausdorff, and therefore there exists a sequence
(fn) C C.(U) that is uniformly bounded in supremum norm and converges to ¢ almost
everywhere with respect to g o A. A simple application of the dominated convergence
theorem shows that LL(f,,) converges to LL(¢)) with respect to the WOT.

To deal with the general case, note that po A is finite on compacts, and therefore G is
covered by a countable union of open Hausdorff sets U C G with po A(U) < oo. So,
to deal with an arbitrary element 1 € I(G, A, i), choose a countable disjoint covering
G = |2, B, by Borel sets B,, each contained in an open Hausdorff set U as above,
and such that ¢|p, is bounded. Writing 1, == |, for each n, it is simple to check
that L(31, ;) converges to LL(¢)) with respect to the weak operator topology. ]

Let us comment on the connection between the left-regular representations of measured
groupoids and locally compact groupoids (see Definitions and . Given a
measured groupoid (G, A, i) let # = {L*(G", \*)} ,cc. The Hilbert space L*(G©) %
., 1) is canonically isomorphic to L*(G, uo A). It follows that the integrated form
Reg,, on I (G, A\, ) is unitarily equivalent to the representation m; on L*(G, o)) defined
as follows: for ¢ € I(G, A\, n) and ¢ € L*(G, o \), define

(m@)e)(g) = [ w(h)e(hg) A)H AN (h).

Next, given ¢ € L*(G,po \) define ¢ € L*(G,(no \)7") by ¢(g) = ¢(g)A(g)z.
The mapping ¢ — ¢ is an isomorphism. Therefore, the representation m; is unitarily

equivalent to the representation m, on the Hilbert space L*(G, (u o A)™!) defined as
follows: for ¢ € I(G, A\, u) and p € L*(G, (uo X\)™1), define

(r2(@)¢)(9) = [ w(gh™)e(h) Ao (B).

Gs(g)

That is, 75 implements an action of (G, \, ) on L*(G, (o X\)™!) by convolution. The

following is now obvious.

Lemma 1.4.10. Let G be a second-countable locally compact groupoid with Haar sys-
tem A = {\*},cqo, and let ju be a Radon measure on G that is quasi-invariant with

respect to A\. Then

| Beg, (D) < 1111

(@) -
for any function f € €.(G).

We now state the Renault disintegration theorem. The original result is due to Renault
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[59, Proposition 4.2], however, the non-Hausdorff generalisation we state here is proven
in [51]. This result will be key in proving Theorem m

Theorem 1.4.11 ([51, Theorem 7.8]). Let G be a second-countable locally compact
groupoid with Haar system X = {\*},cqo, and let w: €.(G) — L(H) be any non-
degenerate *-representation that is continuous with respect to the inductive limit topol-

0qYy.

Then m is bounded with respect to the norm ||-||;, and there exists a quasi-invariant
Radon measure i1 on G and a unitary representation (G x 5, L) of the measured

groupoid (G, \, ) whose integrated form 1L is unitarily equivalent to m on 6.(G).

In [51] this result is stated and proved in a much more general setting. The version

stated above will be sufficient for us.

§ 1.5 | Isotropy fibres of ideals

This short section discusses restriction maps and isotropy fibres of ideals on groupoid
C*-algebras (see [16] and [17] for further details). The contents of this section are only
stated for étale groupoids, and will be particularly important in Chapter [4]

Let G be an étale groupoid. Given a unit z € G, consider the restriction map
Ne: €.(G) — C[G%], where C[G%] denotes the group algebra of the isotropy group
GZ (thought of as finitely supported functions G2 — C). The map 7, extends to
completely positive contractions n,: C*(G) — C*(G%) and n,,: CHG) — CHGZ)
(see [16, Lemma 1.2] for example). Both maps send closed ideals to closed ideals
(see [17, Lemma 2.1]).

Definition 1.5.1 ([17, Definition 2.2]). Let I < C*(G) be a closed ideal. Given
r € GO we write I, := n,(I) and call I, the isotropy fibre of I at x.

Let I < C/(G) be a closed ideal. Given a unit # € G for which G is amenable, we
write I, == n,,(I) and call I, the isotropy fibre of I at .

Remark 1.5.2. The amenability requirement in the second part of Definition [1.5.1| may
seem a bit odd, but we include it to avoid a clash of terminology with [17] and [38]. If the
isotropy group G2 is not amenable, then C*(G%) may not be the “correct” codomain for

the map 7, ,. One should instead replace C’(G%) with an exotic C*-algebra (see [16]).

Let us introduce some more notation. For the remainder of this section, we only
consider full C*-algebras. Given g € GZ%, denote by 0, € C[G%] the function that
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takes value 1 at g and zero elsewhere. Each g € G induces an isomorphism of group
algebras Ad,,: C{Gigﬂ — C[G:gg] given by 4y, + dgp,-1, and this map extends to an
isomorphism of C*-algebras ¥, : C* (GZEZ;) — C* (G:Eg;) Let (K.),eqo be a family of
ideals satisfying K, < C*(G%) for each x € G(©). We say that the family is invariant if
U, (Kyg) = Kp(g) for all g € G. Given an ideal I < C*(G), its isotropy fibres (I;),cqo)
form an invariant family of ideals. Going in the other direction, if K = (K,),cqo is

an invariant family of ideals, define
I(K) ={a € C*(GQ): ny(a*a) € K, for all z € GO}

By [17, Corollary 2.9], I(K) is an ideal in C*(G). The following lemma isolates an
observation from [17], and will be useful later in Section [3.3] It states that I(K) C
C*(@) is the largest C*-subalgebra such that n,(I(K)) C K, for all z € G©.

Lemma 1.5.3. Let G be an étale groupoid. Let K = (K, ) cqo be an invariant family
of ideals, and let A C C*(G) be a C*-subalgebra. Then A C I(K) if and only if
n.(A) C K, for all x € G,

Proof. Let x € G and assume that A satisfies A C I(K). By definition of I(K), we
have 7,(a) € K, for all positive elements a € A™. Since A is spanned by its positive
elements, it follows that 7, (a) € K, for all a € A. Conversely, assume that 7,(A) C K,
for all z € G, For any a € A we have n,(a*a) € K, for all z € G, and therefore
a € I(K) as desired. O

§ 1.6 | Examples

This section introduces several examples of non-Hausdorff groupoids. These examples
will be used to describe the various concepts appearing in the later chapters, as well

as demonstrate the applicability of later results.

We introduce three classes of examples. The first contains groupoids that have equal
source and range maps — that is, groupoids that have the structure of a bundle of
groups fibred over the unit space. The second class contains the groupoids of germs
associated with canonical actions of Thompson’s groups F' and T', as well as actions
of Bieri-Strebel groups. The third contains groupoids associated with (contracting)

self-similar group actions.

The first four bundle of group examples are very simple. They are included because
despite their simplicity, all exhibit different, interesting phenomena with regards to the
Hausdorff cover and singular ideals of Chapters [3] and [4]
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§1.6.1 | Bundle of groups examples

The constructions of the first five examples are similar. Start with a locally compact
Hausdorff space X and a non-trivial discrete group I'. Equip I' x X with the product
topology and the following groupoid structure: inverses are defined by (g,z)™' =

(g~
case the product is (g, x)(h,z) = (gh,z). Note that the source and range maps are

,x), and the pairs (g,z) and (h,y) are composable if and only if 2 = y, in which

equal, and correspond to the projection (g,z) — (e,x). In fact, I' x X is a trivial
bundle of groups. Given such a product I' x X, equip it with an equivalence relation

~ satisfying the following conditions.

o The equivalence classes of ~ are contained within the source/range fibres.

o Given any z € X, there exists a normal subgroup N, C I'" such that the equiv-
alence classes of ~ in the fibre {(g,z): g € '} correspond to the cosets of the

normal subgroup N,.

e The union U,cx{(g9,2): (g9,2) ~ (e,z)} is open in I x X.

The quotient G := I" x X/ ~ is an étale groupoid when equipped with the quotient
topology and the induced groupoid structure (it is étale by the third point above).
Elements of G are equivalence classes, denoted [g,z| = {(h,z): (h,z) ~ (g,x)}. We
will identify the unit space G® with X via the homeomorphism [e,z] + 2. In each
example, the unit space G is not closed, so that G is non-Hausdorff by Lemmam

The first example appeared in [42, Example 1.2]. It is possibly the simplest example

of a non-Hausdorff groupoid.

Example 1.6.1. Let X be a locally compact Hausdorff space with a non-isolated point
xg € X. For example, one could take X = N U {oo}, the one-point compactification
of the natural numbers, and zy = oo. Let I be any non-trivial discrete group. Define
the equivalence relation ~ on I' X X by (g,z) ~ (h,z) if and only if z # zy. Let
G =T x X/ ~ so that G is an étale groupoid. The isotropy group G0 is isomorphic
to I', and all other isotropy groups of G are trivial. Abusing notation, we can write
G = X \ {zo} UT. The unit space contains a single dangerous point, namely xy. In

fact, zp € X is an extremely dangerous point.

Example 1.6.2. Let X = [0,2] and let T" be any non-trivial discrete group. Define
the equivalence relation ~ on I' x [0,2] by (g,z) ~ (h,x) if and only if z € [0,1). Let
G = (I' x [0,2])/ ~. The isotropy groups GZ% are isomorphic to I" when = € [1, 2] and
are trivial otherwise. The unit 1 € X is the only dangerous point. It is not extremely

dangerous.

The next example contains an extremely dangerous point, yet its singular ideal vanishes

(see Example |4.8.3). It is arguably the simplest such example.



CHAPTER 1. PRELIMINARIES 33

Example 1.6.3. Take three copies of the unit interval I = [0, 1] equipped with the
usual topology, and label them A, B, C so that we have a disjoint union I x {A} U I X
{B}UI x {C}. Identify the three points (0, A), (0, B) and (0,C) and let 0 denote this
common point. Let X be the resulting space and write X = {0} U {tg: t € (0,1],9 €
{A, B, C’}} Next, let I' = V} be the Klein four-group, written V; = {e, A, B, C'}. Equip
Vy x X with the following equivalence relation: for any distinct g, h, k € {A, B,C'} and
t € (0,1] declare that (e, t,) ~ (g,t5) = (h,ty) ~ (k,t,). Let G := (V4 x X)/ ~. The
isotropy group GY is isomorphic to Vj and all other isotropy groups are isomorphic to

Z/27. The unit 0 € X is the only dangerous point, and is extremely dangerous.

Example 1.6.4. Let X = [0,1] and let I' = V, be the Klein four-group, writ-
ten V, = {e, A, B,C}. Choose a sequence z,, € [0,1) converging to 1. Define the
equivalence relation ~ on V; x X as follows: (e,x) ~ (A,z) ~ (B,z) ~ (C,x) if
r € X\ {l,z1,29,...}, and (e,z) ~ (A,2) » (B,z) ~ (C,z) if x € {x1,29,...}.
Let G == (V4 x X)/ ~. The isotropy group G} is isomorphic to Vj, and the isotropy
groups GZ are isomorphic to Z/27Z when © € {z1,x9,...}. All other isotropy groups
are trivial. The units {1, 2, 75,...} € G© are the only dangerous points, and are all
extremely dangerous (in Example we will see that the unit 1 € X is somehow

even more dangerous than the rest).

In each of the previous three examples, one could replace intervals with Cantor sets (or
indeed other totally disconnected spaces with sufficiently many accumulation points).

The resulting groupoids would then be ample.

The next example is more complicated. It combines elements of the groupoid from
Example with a construction from [37, § 2]. In Example it is shown this

groupoid has the property that the canonical surjection C*(G) — C*(G) is an isomor-

phism but C*(G) — C}(G) is not. Before describing this groupoid, let us first recall
the “HLS groupoid” construction from [70].

Let Fy denote the free group on two generators. For each n > 1 define
K, == ({ker(p): ¢: Fo — I' a group homomorphism, |I'| < n} (1.6.1)

as in [70, Lemma 2.8|, and write K, for the trivial subgroup of Fy. Let X = NU {oco}
denote the one-point compactification of the natural numbers. Define the relation ~
on Fy x X as follows: (s,n) ~ (¢,n) if and only if sK,, = tK,. Define

GHLS = (FQ X X)/ ~ . (162)

Then Gyig is isomorphic to a “HLS groupoid” as defined in [70, Definition 2.2]. The
isotropy group (Gpurs)Y is isomorphic to Fy, and the isotropy groups (Gurs)? are

isomorphic to the finite quotients Fy/K,,. By [70, Lemmas 2.7 and 2.8] the canonical
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surjection C*(Gurs) — C;(Gurs) is an isomorphism.

The next example combines this HLS groupoid with Example [.6.3] Before giving
details, let us first describe the idea behind its construction. Take three copies of the
groupoid Gyrs from above and “glue” them together at the isotropy group G%. Take
the product of this new groupoid with the Klein four-group. The resulting (Haus-
dorff) étale groupoid is equipped with an equivalence relation analogous to that in
Example [1.6.3] The quotient is the (non-Hausdorff) étale groupoid we need.

Example 1.6.5. Take three copies of the compact space Y := N U {co}, and label
them A, B, C so that we have a disjoint union Y x {A} UY x {B}UY x {C}. Identify
the three points (0o, A), (00, B) and (oo, C') and let 0o denote this common point. Let
X be the resulting space and write X = {oo} U {ng: ne€N,ge {A,B,C}}. Next,
let T' = Fy x V; where V; = {e, A, B,C} is the Klein four-group. Let K, C Fy be as
in for each n € N. Equip I' x X with the following equivalence relation: for
any s,t € Fy, n € N, and g € V} declare that ((s,g)mg) ~ ((t,g),ng> if and only if
sK, = tK,, and for any distinct g, h,k € {A, B,C}, s € Fy, and n € N declare that
((s,€),m9) ~ ((s,9),mg) = ((5,h),ng) ~ ((5,k),ng). Let G = (I'x X)/ ~. The
isotropy group G2 is isomorphic to I'. Given n € N and g € {A, B,C} the isotropy
group G¢ is isomorphic to the finite group (Fy/K,,) X Z/2Z. The unit co € X is the

only dangerous point, and is extremely dangerous.

In order to construct examples of non-Hausdorff groupoids that are not étale, one can
simply take the product of a non-Hausdorff étale groupoid with a locally compact group.
The product of two locally compact groupoids is always a locally compact groupoid
when equipped with the product topology. Here is a “twisted” example that is not just
the product of an étale groupoid with a group. Thanks is given to B. Kwasniewski for

introducing the author to the following example inspired by [21, § 3.

Example 1.6.6. Let X; = [0,1], x; =1 € X; and Xy = [1,2], 25 = 1 € X5, Write
'y ={ei,a1} = Z/2Z and T'y = {ey, a2} = Z/27. Construct two copies of the groupoid
from Example Gy =T x X;/ ~1 and Gy = Ty x X5/ ~s. The groupoid G
looks like the interval [0, 1] where 1 € [0, 1] has been replaced by the group I'y. Write
G; = [0,1) UT. Similarly, write Go = I'; U (1,2]. Take the disjoint union G; U G3
of these two groupoids, and let H := (G; U Go) x S! be the product with the unit
circle S'. Finally, define an equivalence relation ~ on H as follows: (e, t) ~ (ez,t71)
and (ay,t) ~ (az,t™1) for all t € S1. Then the quotient G := H/ ~ is a non-Hausdorff
locally compact groupoid that is not étale. The groupoid G is a bundle of groups fibred
over the unit space G(® = [0,2]. The isotropy group G} is isomorphic to Z/27Z x S*,

and all other isotropy groups are isomorphic to S*.
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§1.6.2 | Groupoid of germs

The next class of examples comes from dynamics. Take a locally compact Hausdorft
space X and let P be a family of partial homeomorphisms f: U — V between open
subsets U,V C X of X satisfying the following conditions.

« X =Ujep dom(f).
e Whenever f € P, the inverse f~! also belongs to P.

o Whenever fi, fo € P, the composition fi o fs] £ (dom(f1) also belongs to P.

We call P a pseudogroup on X (this definition of pseudogroup is not standard, com-
pare with [50, Example 5.23] and [52, Definition 4.1.1] for example). Note that P is an
inverse semigroup under composition. The space P x X = {(f,z) € Px X:z €
dom(f)} can be equipped with composition and inverses: inverses are defined by
(f, o)t = (ffl, f(:v)), and the pairs (fi,21) and (f2, 22) are composable if and only if
x1 = fo(x3), in which case the product is (fl, fQ(ZEQ))(fQ, x9) = (f1 0 fa,5). Note that
P x X might not be a groupoid with these operations (Definition [1.1.1] (iii) may fail).
The pseudogroup P is equipped with the discrete topology, and the space P x X is
equipped with the product topology. Next, define an equivalence relation ~ on P x X
as follows : (f1,21) ~ (fa2,x9) if and only if x; = z5 and there exists an open set
U C dom(f1) Ndom(fs) containing x; such that fi|y = fo|y. The groupoid of germs
of the action is defined to be the quotient

Germ(P ~ X) =P x X/ ~.

It is an effective étale groupoid with the induced groupoid structure and the quotient
topology, and is typically non-Hausdorff. Indeed, it is Hausdorff if and only if the open
set int ({z € X: f(z) = x}) is closed for all f € P (see [56, Lemma 4.3] for instance).

Instead of working with a concrete pseudogroup P, one can instead consider the action
of an inverse semigroup. Given an inverse semigroup S, an action of S on X is given
by a surjective semigroup homomorphism S — P, where P is some pseudogroup on X.
Define the set S x X = {(f,x): x € dom(f)}, and equip it with the same topology,
operations, and equivalence relation ~ as P x X. As above, the groupoid of germs
Germ(S ~ X) is then defined to be the quotient S x X/ ~. Note that there exists an

obvious isomorphism Germ(S ~ X) = Germ(P ~ X).

We will only consider examples for which the homomorphism S — P is injective,
and in this case it is clear that our definition agrees with the one in [57, p.140] (see
also [25, Definition 4.6]).
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Notation. Elements of Germ(S ~ X) are equivalence classes, denoted [f,z] =
{(f.,2): (f,z) ~ (f,2)}. We will call [f,z] the germ of f at . The unit space
will be identified with X via the homeomorphism [f~! o f, x| — x (here f is any el-
ement of S with x € dom(f)). For each f € S, we let [f,dom(f)] denote the open
bisection {[f,x]: x € dom(f)}. Note that the open bisections [f,dom(f)] cover the
groupoid Germ(S ~ X), and therefore its topology be understood entirely through

these bisections.

§1.6.3 | Examples from Thompson’s groups

In this subsection we look at groupoids of germs inspired by the canonical actions
of Thompson’s groups F' and T" on the unit interval and circle respectively. These
groupoids have previously been considered in [40] and [63]. For an introduction to

Thompson’s groups, see [14]. Let us begin by recalling their definitions.

Let Z[%] denote the set of dyadic rationals. Thompson’s group F' is the group of
orientation-preserving, piecewise linear homeomorphisms of the unit interval I = [0, 1]
that have non-differentiable points in Z[%] N I and slopes a power of 2. Next, let
T := R/Z denote the circle, so that each element of T can be described uniquely by
some t € [0,1). Thompson’s group 7" is the group of orientation-preserving, piecewise
linear homeomorphisms of T that map Z[%] /Z to itself, have non-differentiable points

in Z[3]/Z, and have slopes a power of 2.

The fact that Z[3] is dense in R allows us to make the following observations. Given
any x,y € (0,1) there exists f € F with f(z) = y if and only if y belongs to the
additive coset x + Z[3]. Similarly, given any t,s € T, there exists f € T with f(s) =t
if and only if ¢ belongs to the additive coset s + Z[3]/Z.

Example 1.6.7 (Action of Thompson’s group F on I). By definition, Thompson’s
group F'is a group of homeomorphisms of I, hence acts canonically on I. Let G =
Germ(F ~ I) be the associated groupoid of germs. Given any unit = € (0, 1), its orbit
in the unit space is equal to (z + Z[3]) N (0,1) by the observation above. Therefore,
excluding the units 0,1 € I, all orbits are dense in I. Any germ [f,z] is uniquely
determined by its source, range, and the slopes of f either side of x. That is, given
f.f € Fand z € I, the germs [f,z] and [f, z] are equal if and only if f(z) = f(z)
and the slopes of f and f are equal either side of z. The set of dangerous points D is
equal to Z[%] N (0,1) and, moreover, all dangerous points are extremely dangerous (i.e.
Dy = D). For dangerous points = € D, the isotropy groups G? are isomorphic to Z2.

All other isotropy groups are isomorphic to Z.

Example 1.6.8 (Action of Thompson’s group 7 on T). Let G := Germ(T ~ T) be

the groupoid of germs associated with the canonical action of 7" on T. Given any unit
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t € T, its orbit in the unit space is equal to ¢ + Z[3]/Z by the observation above.
Hence, the groupoid G is minimal. As in the previous example, any germ [f, ] is
uniquely determined by its source, range, and the slopes of f either side of t. The
set of dangerous points D is equal to Z[%]/ Z and, moreover, all dangerous points are
extremely dangerous (i.e. Dy = D). For dangerous points ¢ € D, the isotropy groups

G! are isomorphic to Z2. All other isotropy groups are isomorphic to Z.

We now consider some generalisations of the previous examples, again coming from
groups of orientation-preserving piecewise linear homeomorphisms of I and T. Specif-
ically, we look at Bieri-Strebel groups — see [8] for a thorough discussion of these
groups. These groups split into two families: one generalises Thompson’s group F,
and the other T'. These are not to be confused with the groups known as Stein groups

([64]), that generalise Thompson’s group V.

Throughout the following, P is a subgroup of the multiplicative group R-¢, and A is a
Z| P]-submodule of the additive group R. Additionally, we assume that P is non-trivial
and that P C A.

Definition 1.6.9 ([8]). The Bieri-Strebel group I'(I; A, P) is the set of orientation-
preserving homeomorphisms f of the unit interval I = [0, 1] satisfying the following

conditions.

o f is piecewise-linear, and has only finitely many non-differentiable points.

 The non-differentiable points of f belong to the set AN (0, 1).

The slopes of f all belong to the multiplicative group P.
o fmaps AN(0,1) to itself.

The Bieri-Strebel group T'(T; A, P) is the set of orientation-preserving homeomorphisms

f of the circle T = R/Z satisfying the following conditions.
o f is piecewise-linear, and has only finitely many non-differentiable points.

« The non-differentiable points of f belong to the set A/Z.

The slopes of f all belong to the multiplicative group P.

f maps A/Z to itself.

Bieri-Strebel groups are groups under composition. Note that Thompson’s group F is

equal to the Bieri-Strebel group F(I ; Z[3], (2}), and Thompson’s group 7' is equal to

the Bieri-Strebel group T(T; Z[3), <2)>, where (2) = {2": n € Z}.



CHAPTER 1. PRELIMINARIES 38

The assumption that P and A are non-trivial ensures that A is dense in the real line
R. Similarly, if /P - A denotes the submodule of A generated by elements of the form
(p—1)aforp € P,a € A, then IP- A is also dense in R. Tt follows from [8, Theorem 1]
that given any x,y € (0, 1), there exists f € ['(I; A, P) with f(z) = y if and only if
y belongs to the additive coset x + [P - A. Similarly, given any t,s € T there exists
f e T(T; A, P) with f(s) =t if and only if ¢ belongs to the additive coset s+ ([ A-P)/Z
(this uses that Z C A).

Example 1.6.10. Let G = Germ(F(I; A P) ~ I) be the groupoid of germs associ-
ated with the canonical action of the Bieri-Strebel group I'(I; A, P) on the unit interval.
Given any unit = € (0, 1), its orbit in the unit space is equal to (x + IP-A)N(0,1) by
the observation above. Therefore, excluding the units 0,1 € I, all orbits are dense in [.
As in Example m, any germ |[f, x| is uniquely determined by its source, range, and
the slopes of f either side of . The set of dangerous points D is equal to AN(0,1) and,
moreover, all dangerous points are extremely dangerous (i.e. Dy = D). For dangerous
points x € D, the isotropy groups G% are isomorphic to P%. All other isotropy groups

are isomorphic to P.

Example 1.6.11. Let G = Germ(T('H‘; A P) ']I‘) be the groupoid of germs associ-
ated with the canonical action of T(T; A, P) on T. Given any unit ¢ € T, its orbit in the
unit space is equal to t + (I A- P)/Z by the observation above. Hence, the groupoid G
is minimal. Any germ [f, ] is uniquely determined by its source, range, and the slopes
of f either side of t. The set of dangerous points D is equal to A/Z and, moreover, all
dangerous points are extremely dangerous. For dangerous points t € D, the isotropy

groups G! are isomorphic to P2. All other isotropy groups are isomorphic to P.

Since P C A, the group I'(I; A, P) embeds canonically into T'(T; A, P). It follows that
H = Germ(F(I; A P) I) is an open subgroupoid of G = Germ(T(T; A P) ']I')
via the inclusion [f, ] — [f, ¢(x)], where ¢: I — T is the quotient map. Moreover, the
two groupoids only differ by a “small” set: the only elements of G' not belonging to H
are the germs of the form [f,0] € G, where f € T(T; A, P) has f(0) # 0. Despite this,

we continue to discuss both example classes in the later chapters.
§1.6.4 | Groupoids from self-similar groups

A well-studied class of groupoids are those associated with self-similar groups (see
[52-54]). These groupoids are typically non-Hausdorff. Characterisations for when
these groupoids are Hausdorff appear in [12, Corollary 6.7] and [44, Corollary 6.14].

Let us begin by recalling the definition of a self-similar group.

Fix a finite alphabet A. Let T" denote the tree of finite words in the alphabet A, and let
Aut(T) denote the set of tree automorphisms of 7. A subgroup I' C Aut(7) is called
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a self-similar group on A if for every g € I and a € A there exists an element g|, of T
such that g(av) = g(a)g|.(v) for all v € T. In this case, note that for any u € T there
exists g|, € I' such that g(uv) = g(u)g|.(v) for all v € T

There are various (equivalent) ways to describe the groupoid associated with a self-
similar group I' on a finite alphabet A. We follow [53, § 5.2] in describing it as the
groupoid of germs of an inverse semigroup action (see Subsection. Write X = 0T
for the boundary of the tree T', and equip it with the usual topology (i.e. the product
topology on AY). The group I' acts by homeomorphisms on X as follows: for g € T’

and w = ajasas - -- € X define

g<w) = g<a1) g|a1 (a2) g‘alag(a?,) ce

Given any finite word u € T, there is an associated (partial) homeomorphism u: X =
uX given by w — uw. Let u* denote the inverse uX = X;uw — w. Define St to be the
inverse semigroup of partial homeomorphisms of X generated by I" and {u, u*: u € T}.
We can write Sr = {ugv*: g € I',u,v € T'}. We then define the groupoid G associated
with the self-similar group I' to be the groupoid of germs G = Germ(Spr ~ X).
Explicitly we have

G ={lugv*,w]: g el u,ve T ,wevX} (1.6.3)

where [ugv*, w] denotes the germ of ugv* at w. In this context, germs have the following
explicit description. Take two finite words vy, vy € T with vy at least as long as v, and
let wy € v1X,wy € v2X. The germs [u;g1v7,w1] and [uggevy, we] are equal if and only
if w1 = wo and there exist y, z € T such that wy € V92X, V9 = V1Y, Usga(2) = ur91(y2)
and ga|, = ¢1ly.. In this case, the inverse semigroup elements u;g;v] and uqg2v5 agree
on the open set v92X. Overall, G is an ample (minimal effective) groupoid with Cantor

unit space.

From now on, we will only be concerned with contracting self-similar groups. A self-
similar group I' on A is said to be contracting if there exists a finite set N C I' such
that for all g € T, there exists [ € N such that g|, € N whenever v € T is a word of
length at least [. In this case, the nucleus N is defined to be the smallest such set.
Note that n|, € N for any n € N and u € T. Note also the following property of the
groupoid G associated with I': for every g € I' and w € X, there exist u,v € T and
n € N such that [g,w] = [unv*,w].

The following lemma describes the closure G(© of the unit space in terms of the open

bisections {[n, X]: n € N}, where N is the nucleus. Since the nucleus is finite, it

follows that G is not too large. Given ugv* € Sy, write u[g, X]v* = [ugv*,vX] for
the set of germs {[ugv*, vw|: w € X}. Note that ulg, X]v* is an open bisection. Then,
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given u € T, g € ', and w € X write u[g, w|u* = [ugu*, uw], and note that the map
lg, X] — ulg, X|u*; [g,w] — ulg,w]u* is a homeomorphism.

Lemma 1.6.12. Let I' be a contracting self-similar group with nucleus N. Let G

denote the associated groupoid of germs.

(i) The closure of the unit space GO satisfies

GO = |J wlnx]nGo™

ueT, neN

Ju. (1.6.4)

(i) We have |G NGO| < |N| for allw € X.

Proof. We first prove part (i). Let us first prove the inclusion from right to left in
(1.6.4). Take any w € T, n € N. The homeomorphism [n, X| — u[n, X|u*; [n,w] —
u[n, W]u* maps the open set [n, X]NG© to u[n, X]u*NG®. Therefore, u[n,w]u* belongs
to G if and only if [n,w] belongs to m[mx]
left follows. To prove the opposite inclusion, let [ugv*, vw| € G©). By definition of

. The inclusion from right to

“contracting”, we can assume that ¢ = n belongs to the nucleus N. Next, if we
had u # v, then the open bisection u[n, X|v* would be disjoint from the unit space.
Therefore u = v. Now, by the comment above, the germ [unu*, uw| = u[n,w|u* belongs
to G if and only if [n,w] belongs to m[n,){]. But, the germ [unu*,uw]

[,

belongs to G(©) by assumption, and therefore, [unu*, uw] € u([n, X] N GO"")u*, as

desired. This completes the proof of part (i).

To prove part (ii), fix w € X, and use part (i) to deduce that an arbitrary element
of G¥ N GO is of the form u[n, u*(w)]u* for some [n,u*(w)] € G©. Let £ denote the
length of the word w. It is clear that v = w,, where w, denotes the word consisting
of just the first ¢ letters of w, and hence u[n, u*(w)Ju* = [wnw;,w]. This shows that
G¥ N GO is contained in the set G N {[wmw},w]: n € N,¢ > 0}. Next, for any
n € N and ¢ > 1, with [wynw],w| € G, note that there exists n’ € N such that
(wenwy,w] = [wepin'wy, 1, w]. Finiteness of N then ensures that there exists L > 0 such

that G¥ N {wnw},w]: n € N, > 0} C {[wpnw},w]: n € N}. O

When describing examples of self-similar groups, it is helpful to use Moore diagrams.

Given g,¢' € I' and a,d’ € A, the following diagram says that g(a) = o’ and g|, = ¢'.

We now discuss two concrete examples of well-known self-similar groups. The first is the
Grigorchuk group ([32,33]) and the second is the Grigorchuk-Erschler group ([24,33]).
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(==

Figure 1.1: Arrow in a Moore diagram

Both are self-similar groups acting on the alphabet A = {0, 1}, and they are generated
by their respective nuclei. The groupoid associated with the Grigorchuk group is
discussed in [18, § 5.6] and [30, Example 6.10], and the groupoid associated with the
Grigorchuk-Erschler group is discussed in [67, Example 7.7] and [30, Example 6.11].

Example 1.6.13. The Grigorchuk group was the first known group of intermediate
growth. Tt can be realised as a contracting self-similar group on the alphabet {0, 1}.
Its structure is described by the following Moore diagram, where N = {e,a,b,c,d}
denotes the nucleus and e is the identity element (see [52, § 1.6] for further details).

0[0

0[0

Figure 1.2: Moore diagram for the Grigorchuk group

The elements a, b, ¢, d have order two, and the set {e, b, c,d} forms a Klein four-group.
Let G denote the associated groupoid of germs. Let 1° € X = G denote the infinite
word containing only 1. The set of dangerous points D C G® is equal to {ul>: v € T}
and forms a single orbit in G(®). All dangerous units are extremely dangerous. The
isotropy group of any dangerous unit contains a copy of the Klein four-group {e, b, ¢, d}.
We will see later (Example that the topological structure close to these Klein
four-groups resembles the structure of the groupoid from Example [I.6.3]

Example 1.6.14. The next example is known as the Grigorchuk-Erschler group. It
is an example of a group with intermediate growth that is not torsion. As was the
case with the Grigorchuk group, it can be realised as a contracting self-similar group
on the alphabet {0, 1}. Its structure is described by the Moore diagram below, where
N ={e, h,a, 3,7} is the nucleus and e is the identity element.

The elements h, «, 5, have order two, and the set {e, a, 3,7} forms a Klein four-group.

Let G denote the associated groupoid of germs. The set of dangerous points D C G(©
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1)1

0[0

Figure 1.3: Moore diagram for the Grigorchuk-Erschler group

is equal to {ul*: u € T'} and forms a single orbit. All dangerous units are extremely

dangerous.

The following lemma describes the dangerous isotropy groups of G. It will be useful
later on. Let 1™ € T denote the finite word of length m containing only 1, and write
1 := 11, Let 1™® € X denote the infinite word containing only 1. Let ¢ denote the
automorphism of V; = {e, o, 5,7} given by a — 3, 8 — «a, v — =, and write Vj X, Z

for the associated semi-direct product.

Lemma 1.6.15. Let G be the groupoid associated with the Grigorchuk-FErschler group.

The isotropy group Gix is isomorphic to V, X, Z via the map

[, 1%] = a  [5,1%] = f
[v, 1%°] = [1,1%°] — 1.

Proof. 1t is clear that the germs [e, 1%°], [, 1°°], [, 1°°], [y, 1°°] are all distinct and form
a Klein four-subgroup of the isotropy group Gix. Take arbitrary [ugv*,1°] € Glx. It
is clear that u = 1° and v = 1* for some integers ¢,k > 0. We also have g(1°°) = 1>
and therefore, by definition of nucleus, there exists some even integer m satisfying
glim € {e,a, B,7}. The actions of g and g|ym agree on the open set 1,,X, so that
[9,1°] = [g]im, 1], and hence [1°g(1¥)*,1°] = [1¢g|1m(1%)*,1%°]. Tt follows that the
isotropy group Gi is generated by the germs [a, 1°°], [3,1%°], [y, 1%°] and [1,1*°]. The

following relations are simple to check.
[lal*,1%°] = [5,1%]
[151%,1%°] = [a, 1]
[171*7 100] = [77 100]
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These are exactly the relations in the group Vy %, Z. O]

If G denotes the groupoid associated with the Grigorchuk group, then a similar argu-
ment shows that the isotropy group Gix is isomorphic to a semidirect product Vj x Z

where Z acts on V; by permuting its non-trivial elements.



Chapter 2

Groupoid amenability

In this chapter we discuss the concept of amenability for locally compact groupoids

possessing a Haar system. The definition we choose is the following.

Definition 2.0.1. Let G be a locally compact groupoid with Haar system {\*} cq©.
We say that G is (topologically) amenable if there exists a net (f;) of functions in
€.(G)* satisfying the following.

e N(f;) <1forall v € G® and all 7.
e A\(f;) — 1 uniformly on compact subsets of G (with respect to z).

o Jorio |fi(g7rh) — f;(R)|dN"@(h) — 0 uniformly on compact subsets of G (with
respect to g).

This definition agrees with [61, Definition 2.7]. One goal of this chapter is to com-
pare this definition with other candidates. It is necessary to do this separately in
the Hausdorff and non-Hausdorff settings. Section considers Hausdorff groupoids,
and follows [3] in giving a characterisation of amenability using continuous systems
of probability measures. In contrast, it is shown in Section that continuous sys-
tems of probability measures cannot be used to describe amenability for non-Hausdorff
groupoids. Section then uses results of [61] to list some Borel characterisations of

amenability.

A second goal of this chapter, as well as Section of the next, is to show that the
definition above has the important qualities one would like in a definition of amenablity.
Section discusses how amenability can be applied in the study of operator algebras.
Explicitly, we use Renault’s disintegration theorem to prove that any (non-Hausdorff)
amenable second-countable locally compact groupoid has nuclear C*-algebra. In the

following chapter, we will see that a (non-Hausdorff) étale groupoid is amenable if and
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only if its reduced (or full) C*-algebra is nuclear. Both are generalisations of well-known
results for Hausdorff groupoids to the non-Hausdorff setting. In the next chapter, we
will also see that an étale groupoid is amenable if and only if its Hausdorff cover is
amenable, thus showing that amenability of a non-Hausdorff groupoid is witnessed
(canonically) by that of a Hausdorff groupoid. Overall, there is now strong evidence to
suggest that Definition is the correct definition of amenability for non-Hausdorff

groupoids.

Remark 2.0.2. The first bullet point of Definition is redundant. We keep it here
to be consistent with previous definitions. If G is o-compact, the net can be replaced

by a sequence.

Proof of Remark[2.0.3. Assume that there is a net in ¢.(G)* satisfying the second and
third conditions. Fix ¢ > 0 and compact sets K C G and L C G(O), and let L be a
compact neighbourhood of s(K) U r(K) U L. By assumption there exists f € €.(G)"
such that |1 — A*(f)| < e for z € L and [ | f(g7'h) — f(R)| AN @ (h) < & for g € K.
Let x € C.(G™)* be such that 0 < x, < (1+¢)™!, v, = (1+¢&) P on s(K)Ur(K)UL
and supp(x,) C L. Define f := (x or).f € 6,(G)*. Then X*(f) <1 for all z € GO,
Ne(f) > 1= forall w € L, and [ |f(g72h) = f(B)| AN@(h) < & for all g €
K. Since ¢, K and L are arbitrary, there exists a net in €,(G)" satisfying all three
conditions of Definition 2.0.1]

Now assume that G is o-compact, and let K, Ks, ... be a sequence of compact sets in
G satisfying K; C int (K3) C K, C int (K3) C ... and such that G = U2, K,,. If G
is amenable, then there exists a sequence (f,,) in €.(G)" satisfying A*(f,) < 1 for all
z €GO 1= X(f,)] <2 forz€r(K,) and [gro |falg h) — fu(R)|dA" D (R) < L for
g € K,,. Then (f,) satisfies all three conditions of Definition [2.0.1] O

§ 2.1 | Amenability for Hausdorff groupoids

For a deep and thorough investigation into the nature of amenability for Hausdorft
groupoids, see [3], where it is shown that the “correct” way to define amenability
for Hausdorff groupoids is in terms of “amenable maps”. This framework allows the

authors to work in a very general setting.

Our definition of amenability from Definition is not the one given in [3], but
it is shown to be equivalent in [3, Proposition 2.2.13]. This proposition shows that
amenability for Hausdorff locally compact groupoids admits characterisations both
in terms of continuous functions and in terms of continuous systems of probability

measures.
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This proposition is stated and proved below. The proof follows [3]. It is included for

completeness, and because GG is not assumed to be second-countable.

Proposition 2.1.1 ([3, Proposition 2.2.13]). Let G be a Hausdorft locally compact

groupoid with Haar system {\*} cqo . Consider the following statements.

1. G is amenable.

2.

There exists a net (f;) of functions in C.,.(G)* such that

(i) N(f;) =1 for all z € G and all i;
(ii) [ar@ |fi(g7rR) — fi(h)| AN 9D (R) — O uniformly on compact subsets of G
(with respect to g ).

There exists a net (f;) of non-negative continuous functions on G such that

(i) N(f;) <1 for all z € G and all i;

(i) N*(f;) — 1 uniformly on compact subsets of GO (with respect to x);

e o) | Jilg™ — fi — 0 uniformly on compact subsets o
S | filg™ h) — fi(R)] AN (B 0 uniforml b f G
(with respect to g).

There exists a net (m;) of continuous systems of measures such that

(i) |m#||, <1 for all x € G and all i;

(ii) |m¥|l, — 1 uniformly on compact subsets of G (with respect to x);

r(g

g)-

There exists a net (m;) of continuous systems of measures such that

)H1 — 0 uniformly on compact subsets of G (with respect to

(i) |m¥||, =1 for all x € G and all i;

(ii) Hg . mf(g) _ mz(g

g)-

)”1 — 0 uniformly on compact subsets of G (with respect to

We have (1) < (3) < (4). Moreover, if G\ is paracompact then all statements are

equivalent.

Proof. (1) = (2). Fix e € (0,1) and a compact set K C G, and let L C G©® be a
compact neighbourhood of r(K) U s(K). Let ¢ € C.(G)™ satisfy the following three

conditions.

(I) A*(y) <1 forall z € GO.

(IT) A*(¢p) > 1 —¢ forall z € L.
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(1) ferior [0(g72h) — (R)| AN@ (h) < e for all g € K.

Using continuity of the map = + A\*(3) on G, we can assume that A(v)) = 1 on L.
Applying Lemma let ¢ € C..,.(G)T be such that \*(p) =1 for all x € G©. Let
x € C.(G®) be such that 0 < y < 1, x = 1 on 7(K) U s(K), and supp(x) C int (L).
Define

f(9) = (xor)dlg)+ (1—xor).plg)

for g € G. Then f € C.,.(G)" with A(f) = 1. Moreover, f(k) = (k) whenever
r(k) € r(K)Us(K) so that

/Gr(g)

Flg™'h) = f(W)] X (h) < &

for any g € K.

(2) = (5) and (1) = (4) follow from letting m? = f; d\” for each i and x € G(©,
(5) = (4) is trivial.

(4) = (3). Fix ¢ > 0 and compact sets K C G and L C G¥. Let {m*},cco be a

continuous system of measures on G satistying the following conditions
o |lm*||, <1lforallze G0
o |lm*||, >1—cforallz e L.

‘g .ms@) _ mr(g)Hl <cecforall g€ K.

Applying Lemma let M C G be compact and such that m*(G* N M) > 1 —¢
for all z € L Ur(K). Choose a function x € C.(G) such that 0 < x < 1l and x =1
on K~'M U M (this is possible by Remark , as products of compact sets are
compact). Let ¢ € C.(G)* be such that A*(p) < 1 for all z € G® and \*(¢) = 1 for
all z € s(M). Define

floy= [, x(k)e(k™g) dm (k) (2.1.1)

for all g € G. Since the function (k, g) — x(k)@(k~'g) is compactly supported, Propo-
sition implies that f is continuous and non-negative on G. Compact support of
the integrand also implies that the Fubini-Tonelli theorems can be applied freely. We

show that f satisfies the following three conditions.
(I) A*(f) <1 forall z € GO,
(I) A*(f) >1—cforall z € L.

(II1) Jerio) | £ (g7 R) — F(h)| AN (h) < 4e for all g € K.
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Condition (I) is clear as A*(f) < ||m?||, < 1 for all x € G©. Then, for z € L we have

// o(k~Lg) dm®(k)dN* (g)
=[] /G #(k1g) AN ()| x(k) dm* (k)
= |, X(E) dm (k)

m® (G N M)

>1—¢

so that f satisfies (II). Next, observe that

/Gr(g)

flg™'h) = F(h)| AN (n)
o XTI ) A 0) = [ (i) ) ax ()

/MQGT(Q)

! -1 5@ r(g)
+/Gr<g> l/gug)\M ‘X(g k)e(k h)\dg m (k)] dX"9) ()

Gr(9)

<
Grg)

o(k™'h) ‘d‘g ms@ _ r(g)‘ kz} /\T(g( )

* /GT(Q) l/gr(g)\M ‘X(k)w(/f_lh)’ me(g)(k>1 d)\r(g)(h)
B /MMG’“(H) ang) o(k~"h) d)‘r(g)(m] dlg-m*@ —m"@| (k)
" /Gm\M x(g™'k) [ /Gm p(k™"h) dA“g)(h)} dg - m*@ (k)
’ /GT@)\M x(k) Uarm P(k™h) d)‘r(g)(h)] dm™9) (k)
< o2l m @ = ) [ g m @@ [ 1 dm )

- Hg .m0 _ mr(g)H1 +g-m'® (Gw(g) \ M) + @ (GT(g) \ M)

for any g € K. By assumption, the first and third terms have value less than . It then

follows that the second term has value less than 2¢, and therefore f satisfies (III).

(3) = (1). Fix € > 0 and compact sets K C G and L C G. Let f be a nonnegative

continuous function on G satisfying the following.
e N(f)<1forallzeG®.
e M(f)>1—cforallz e L.
o Jerw [f(g7 ) = f(R)| AN (h) < e for all g € K.

Apply Lemma to the continuous system of measures f dA*, and let M C G be
compact and such that [geqy, f AN > 1—eforall z € LUs(K)Ur(K). Let x € C.(G)
be such that 0 < x <1 and x =1 on M, and define ¢ := x.f € C.(G). We show that

1) satisfies the following three conditions.
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(I) A*(¢) <1 for all x € GO,
(IT) A*(¢p) > 1 —¢ forall z € L.
(I11) firio [1(g7 R) — (R)| AA" 9 (h) < 3¢ for all g € K.

Condition (I) is clear as xy < 1. For x € L we have

ATW) = | Lu(g)fg) dX(g) > 1 —e¢

so that 1 satisfies (II). Finally, observe that for g € K

Lo [ta™ ) = ()| v (a)

< Jor (P70 = T W[ ANOD) £ (7™ ) = f ()| ANO (D)
[ 180 = o] X (h)
= o (1 - x(g‘lh))f(g‘lh) dA" 9 (h) + ¢ + o) <1 — x(h))f(h) AN (1)
<o (1 — ILM(h))f(h) AN@(h) + & + - (1 _ ﬂM(h)>f(h> AN (1)
< 3e.
Hence 1 satisfies (I11) as required. -

Remark 2.1.2. Condition (i) is redundant in statements (3) and (4). This follows
from Remark and by asking that f satisfies 1 — ¢ < N(f) < 1+ ¢ for all
r € LUs(K)Ur(K) in implication (3)=-(1) of the preceding proof. If G is o-compact,
the net can be replaced by a sequence in each of the statements (1) — (5). Similar

comments are made in [3, Proposition 2.2.13].

As noted at the start of [3, § 2|, this proposition proves that amenability does not
depend on the choice of Haar system. Also, the proof of implication (2)=(5) shows
that the continuous systems of probability measures {m?}, s can be chosen such

that m? is absolutely continuous with respect to A* for all z € G and all 4.

We finish this section with the well-known “L?” characterisation of amenability for
Hausdorff groupoids (see [3, Proposition 2.2.13(iv)] for example). This will be useful
in Chapter . In the following, the norm |[-[| 2=y denotes the Hilbert space norm on
the fibre G* with respect to the measure \*.

Proposition 2.1.3. Let G be a Hausdorft locally compact groupoid with Haar system

{N}eqo. The following statements are equivalent.
1. G is amenable.

2. There ezists a net (f;) of functions in C.(G)* such that
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(i) |fill 2oy < 1 for all z € G© and all i;

(i) (fi * f5)(g) — 1 uniformly on compact subsets of G (with respect to g).

Remark 2.1.4. Unlike in Proposition [2.1.1} condition (i) of statement (2) is not redun-

dant. Indeed, it is necessary that A\*(f?) is uniformly bounded over all i.

Proof. Given a net (f;) C C.(G)T, write ¢; == f? € C.(G)*. We will show that the
net (f;) satisfies the conditions of statement (2) if and only if the net ((;) satisfies the
conditions of Definition 2.0.1]

Let f € Co(G)™ be such that || f]| 2oy < Lforalla € GO). Given g € G, calculate

Lo F®) = 7 mE v @m) = [ (£ = flg™'m) (£(0) = flg™'R)) N (h)

= (F(R)* + (g7 h)* = 2f(h) (g™ h)) AN"@) ()

Gr(9)
2 2 *
= £ lz2reory + 1 2(qey — 20 * f7)(9) -

Therefore, given a net (f;) C C.(G)" satistying | fill j2(q=y < 1 for all z € G and
all 4, the net (f; * f¥) converges to 1 uniformly on compact subsets of G if and only
if [oro |fi(h) — fi(g7 h)|? dAN"@(h) converges to 0 uniformly on compact subsets of G
(with respect to g), and || f;|7 (G=y converges to 1 uniformly on compact subsets of GO

(with respect to z).
Define ¢ == f2 € C.(G)". For any g € G we have
— flg7 )P A9 (h) < — (g "(9)
Lo 1) = Fgm ) ax@m) < [ jc(h) = ¢lg™ )| ax@(n)

< 2< Lo 1) - f<g1h>|2)é N (h)

where the first inequality uses that f > 0, and the second uses Holder’s inequality and
the assumption that || f|| 2« < 1 for all z € G©). The result follows by combining

these inequalities with the observations from the first part of the proof. m

§ 2.2 | Amenability for non-Hausdorff groupoids

The previous section gave several equivalent characterisations of amenability for Haus-
dorft groupoids. Notably, it gave a characterisation in terms of continuous systems of
measures, as well as an “L?” characterisation in terms of C..(G) functions. In each case,

the proofs relied on the fact that C.(G) is closed under pointwise products.

For non-Hausdorff groupoids, we work with functions that are not continuous. As a
result, we will see that statements (4) & (5) of Proposition are not equivalent to
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amenability for non-Hausdorff groupoids. It is therefore not appropriate to use contin-
uous systems of measures to define amenability of non-Hausdorff groupoids. Similarly,
there is no analogue of Proposition in terms of functions in %.(G). Of all the
results in the previous section, only the equivalence “(1) < (2)” from Proposition [2.1.1]

has an exact analogue in the non-Hausdorff setting.

Before giving the details of these results, let us digress from the topic of amenability
and remind the reader of the definition of the function space €.(G) (Definition [1.1.5]).
Given an open Hausdorff set U C G, we abuse notation and let C.(U) denote the set
of functions f: G — C such that f|y € C.(U) and supp®(f) C U. The function space
%¢.(G) is defined to be the linear span

¢.(G) =span{f: G — C: f € C.(U) for some open Hausdorff U C G}.

In Definition , amenability is defined via functions in %.(G)", that is, functions
in %.(G) that are non-negative on all of G. It is natural to ask whether functions
f € €.(G)" admit a “non-negative decomposition”, in the sense that f = >, f; for
some non-negative functions f; € C.(U;) supported on open Hausdorff sets U; C G. In

Subsection [2.2.2] we give positive answer to this question.
§2.2.1 | Equivalent definitions of amenability for non-Hausdorff groupoids

Let us begin this subsection by proving that the equivalence “(1) < (2)” from Proposi-
tion [2.1.1 has an analogue in the non-Hausdorff setting. In the example that follows, we
will see that no other characterisation of amenability from Section has an analogue

for non-Hausdorff groupoids.

Proposition 2.2.1. Let G be a locally compact groupoid with Haar system {\"},cqo

and paracompact unit space. Then the following are equivalent.
1. G is amenable.
2. There exists a net (f;) of functions in 6.,(G)" such that

(i) X(f;) =1 for all z € G and all i;

(ii) far@ |fi(g72R) — fi(h)| AN (R) — O uniformly on compact subsets of G
(with respect to g ).

Proof. The proof of “(1)=-(2)” is identical to “(1)=-(2)" of Proposition [2.1.1] For the
converse, fix £ > 0 and compact sets K C G and L C G). Take ¢ € €,,(G) satisfying
M) =1 for all z € GO and [o [¥(g7 h) —w(h)|dN" @ (h) < e for g € K. Let
X € C.(GY) be such that 0 < y < 1 and x = 1 on s(K) Ur(K) U L. Define
f=(xor)y € 6.(G). Then f satisfies the following three conditions.
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e N(f)<1forallzeG®,
e f(g9) = ¥(g) whenever r(g) € L so that \*(f) =1 for all x € L.

o f(g9) = ¥(g) whenever r(g) € r(K) U s(K) so that

/Gr(g)

for all g € K. ]

Flg™'h) = f(W)] N (h) < &

The following is an example of an amenable non-Hausdorff groupoid for which state-
ments (4) and (5) of Proposition fail. Also, statement (2) of Proposition [2.1.3]
fails if one replaces C.(G)* with €.(G)™".

Example 2.2.2. Let X = [0, 1] be the closed unit interval and define zy =1 € X.
Define T' := {e,a} = Z/2Z, and let G be the resulting groupoid from Example [1.6.1]
Write G = [0,1) U {e, a}, where e € G and a is the unique element of G not in G©.
Define f: G — C to take the value 1 on [0, 1) and the value % on e and a. It is clear
that f belongs to 6.(G)", and therefore G is amenable.

Let us now show that the groupoid G does not admit a continuous system of measures
satisfying statements (4) and (5) of Proposition 2.1.1] Take an arbitrary continuous
system of measures {m®},cqw. It is simple to check that the function ¢ given by

©(g) = m"@({g}) is continuous on G. Therefore

Imell, = p(e) +pla) =2 m @) =2 lim [lme]].
2€(0,1) 2€(0,1)
It follows that either [|m?||, > 3 or |[m?||; <  for some x € (0,1). This shows that it

is impossible for a continuous system of measures to satisfy either condition (4)(ii) or
condition (5)(i) in Proposition 2.1.1]

We now show that there does not exist a net of functions in %.(G)™ satisfying condition
(2) of Proposition m Take a function f € €.(G)" with ||| 2gey < 1 for all
r € X = GO, The convolution ¢ = f * f* belongs to %.(G), and therefore the

function z +—+ A*(1) is continuous on G, But then
b(e) + @) = lim f@)? <1
z€(0,1)

This shows that 1 (e) and ¢ (a) cannot both be close to 1, and therefore condition (2)(ii)

of Proposition [2.1.3| cannot be satisfied.
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§ 2.2.2 | The function space %.(G)*

Any element f € %.(G) admits a decomposition of the form f = > | f; for which there
exist open Hausdorff sets Uy, ..., U, such that f; € C.(U;) for each i. When f € €.(G)
is non-negative, we show that the f; can also be chosen non-negative. Therefore,
Definition simplifies somewhat. To prove this, we will need the following technical

lemma.
Lemma 2.2.3. Let V C G be an open Hausdorff subset, and let f € C.(V).

(i) Let Uy,Uy C G be open, and assume that Uy is Hausdorff. If supp®(f) C Uy UUs,,

then f is continuous on Uy \ Us.

(ii) Now suppose that f > 0, and that there exist open Hausdorff sets Vy,...,V,, C G
and a compact set K C V3 U---UV, such that supp®(f) C K. Then there exist
fi € C.(V)TNC(V)T such that

n

f=> 1

=1

The non-trivial part of this lemma comes from the fact that K is not required to be
contained in V. If this were the case, the existence of the f; would be obvious by a

partition of unity argument.

Proof. (i): Define U := Uy \Us and W := supp®(f)NU. Take a net (g,) in U converging
toge U. If g € W, then continuity of f on the open set supp®(f) ensures that f(g.)
converges to f(g), and if g ¢ W then f(g) = 0 and f(ga) = 0 eventually. All that
remains is to prove that f(g,) — f(g) when g is in the boundary ;W = w \ W.
In this case f(g) = 0. Suppose for a contradiction that f(g,) doesn’t converge to 0,
and let € > 0 be such that there exists a subnet (gs) with |f(gs)| > € for all 5. Since
supp®(f) is contained in a compact subset of V" and gz € supp®(f) for all 3, there exists
a further subnet (g,) converging to some limit h € V. Continuity of f on V' ensures
that | f(h)| > € so in particular h € supp°(f). Since each g, ¢ Us, we also have h ¢ U,
and therefore h € U,;. However, U; is Hausdorff and ¢ € U;, so uniqueness of limits

implies that ¢ = h. This is a contradiction, as g ¢ supp®(f).

(ii) The set K is compact, so there exist open subsets U; C V; with compact closure
ﬁivi relative to V; such that supp®(f) C Uy U---UU,. Let us construct, inductively
onm € {1,...,n — 1}, functions f; € C.(V;)* N C.(V)T, for 1 < i < m, such that
supp*(f—fi—- . — fm) CUp1U...UU,and f— f1— ... — [, € C(V)T.

Define f/l = Vi\(UsU...UU,). The function f is nonnegative and lower-semicontinuous

on G, and by part (i) it is continuous on ‘71 Take a compact subset K; C Vj such
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that U;" " C int (K;). Observe that K is normal and Hausdorff, and f is continuous
on the closed subset Ky := K, \ (U U...UU,). Therefore, by [69, Theorem 2], lower-
semicontinuity of f allows us to find a continuous function p: K; — [0, 00) extending
fon K; (ie., p= f on K;) and satisfying p < f on all of K. Let y € C.(V}) be such
that 0 < x <1,y =1on 0T, and x = 0 on Vi \ K;. Define fi: Vi — [0,00) by
fi=p-xon Kyand fy =0o0n V; \ Ki. Then f; € C.(V1)7 satisfies f; = f on V, and
fi < fonall of V.

We claim that supp®(f — f1) CUsU...UU,. Let g ¢ Uy U...UU,. If g € Vi, then
f(9) = fi(g) by construction, so that (f — f1)(g) = 0. Now assume that g ¢ V;. Then
g¢ Uy U...UU, and hence f(g) = 0. At the same time, g ¢ V] and hence fi(g) = 0.
We conclude that (f — f1)(g) = 0, as desired.

The inequalities 0 < f; < f imply that supp®(f;) C supp®(f), and therefore f; € C.(V)
by part (i). It follows that f — f; € C.(V)*.

Proceeding inductively, we obtain f; € C.(V;) N C.(V) such that f, = f — f1 — ... —
fno1 € C(V)7" satisfies supp®(f,) C U,. Part (i) now implies that f, is continuous on
Vy, and thus we conclude that f, € C.(V,,). O

We can now prove the main result of this subsection.

Proposition 2.2.4. For any f € 6.(G)", there exist open Hausdorff sets Vi,...,V,, C
G and functions f; € C.(V;)* such that

F=3 1

In particular, f is lower-semicontinuous, and supp®(f) is open.

Proof. Let us prove the following claim by induction on n: for any 0 < n < N,
open Hausdorff sets Vi, ..., Vy C G, and functions f; € C,(V;) satisfying 3, f; > 0,
there exist n; € C.(V;) such that n; > 0 for i = 1,...,n and Zfil N = Zfil fi- The
proposition then follows by taking N = n.

Taking real parts, we can assume that all functions are real-valued. The base case
n = 0 holds trivially. Assume the claim holds for some n > 0 and all N > n. Let
N > n+ 1, and take open Hausdorff sets Vi,...,Vy C G, and functions f; € C.(V;)
such that Y, fi > 0. By the inductive hypothesis there exist 7; € C.(V;) such
that ; > 0 fori = 1,...,n and SN, = SN, fi. Define n,n; € C.(V;)T via
n; = max(n;,0) and n; := max(—n;,0) so that n; = n” —n;. Since XN 7 > 0,
we have supp®(n,11) € Uizn1supp®(n;). By Lemma (ii) we can write 7, =
Yiznt1 pi where p; € Co(V;)* for each i € {1,...,N} \ {n + 1}. Define n; == n; —
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pi € Co(V;) for i € {1,...,N}\ {n+1}. For i = 1,...,n we have supp®(n,”) C
supp®(p;) € supp®(n,11) as 7; > 0, and therefore supp®(n;~) N supp®(n,,1) = 0. It
follows that S0, n) + SN 42 nit > 0. Applying the inductive hypothesis again, there

exist 7 € Co(V;) for i € {1,...,N} \ {n + 1} such that n/ > 0 for i = 1,...,n and
Ditntl n =3 77£+Zz]'in+2 77£+- Define f7,1+1 = 777T+1 € Ce(Var)™, fi=mnf € Co(Vy)™

fori=1,....,nand f/ =0 —n,” € C(V;) for i =n~+2,..., N. This proves the claim
for n + 1 because

N N N ol
S fi=wbat Xow = X =nkat Yow=Y =31
= =1 =1

i#n+1 i=n+2 i#£n+1

§ 2.3 | Amenability via Borel functions

The definition of topological amenability uses the existence of certain continuous func-
tions, and thus it would be reasonable to assume that amenability of a groupoid de-
pends on its topology. Nevertheless, by [61] it turns out that topological amenability
is a Borel property. In this section, we state the main result of [61] (Proposition

and then prove a generalisation that holds for locally compact groupoids that are not

o-compact (Corollary [2.3.7)).

§ 2.3.1 | Topological amenability is a Borel property

This subsection states results from [61]. Part of Proposition below states that
amenability of non-Hausdorff groupoids can be characterised in terms of Borel sys-
tems of measures. This is in contrast to the previous subsection, where we saw that

continuous systems of measures cannot be used.

Recall from Definition that a Borel system of measures is a collection {m®}, )
of positive measures where each m” is a o-finite Borel measure on G*, and such that

the map z +— m?(f) is Borel on G(© for any non-negative Borel function f on G.

Proposition 2.3.1. [61, Proposition 2.4 & Theorem 2.14] Let G be a o-compact

locally compact groupoid with Haar system {\*},cqw . The following are equivalent.
1. G is amenable.
2. There exists a sequence (f,) of non-negative Borel functions on G such that

(i) N(f,) <1 for allz € GO and all n;
(i) N*(fn) — 1 pointwise on GO (with respect to x);
(i1) [ar) | fa(g7 h) — fu(R)|AN9)(R) — O pointwise on G (with respect to g).
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3. There exists a sequence (my,) of Borel systems of measures such that
(i) Im|, <1 for all z € G and all n;
(ii) |mZ||, = 1 pointwise on G (with respect to z);

(1i7) Hg -msl) — m;(g)Hl — 0 pointwise on G (with respect to g).
4. There exists a sequence (m,,) of Borel systems of measures such that

(i) |lm||l, =1 for all z € G and all n;

(i7) Hg -msl9) — m;(g)Hl — 0 pointwise on G (with respect to g).

Note in this proposition that convergence is only required to be pointwise. The price

we pay is that we must work with sequences rather than nets.

Proof. The equivalence (1) < (2) is the content of [61, Theorem 2.14], and the equiva-
lence (2) < (3) is the content of [61, Proposition 2.4]. To prove (3) = (4), note that the
unit space G(? is o-compact, so by Lemmathere exists a non-negative Borel func-
tion £ on G satisfying A*(£) = 1 for all z. By Lemma the measures m® = £ d\*

give a Borel system of probability measures on G. Defining m; = ”Z§” if [[mZ|| # 0 and
my = m” otherwise, one obtains a sequence of Borel systems of measures satisfying
conditions (i) and (ii) of (4) (see also the comment before [61, Remark 2.2]). O

Remark 2.3.2. Tt follows from statements (3) or (4) of the proposition that amenability
of a o-compact locally compact groupoid does not depend on the choice of Haar system.
As was the case in Proposition [2.1.1] condition (i) is redundant in statements (2) and
(3) (see the comment after [61, Definition 2.1]).

Remark 2.3.3. The paper [61] gives two definitions of topological amenability, and it
is claimed in [61, Proposition 2.8 that they are equivalent. However, the first ([61,
Definition 2.6]) uses continuous systems of measures, and as noted in Subsection [2.2.1]
this does not work for non-Hausdorff groupoids. Therefore, [61, Proposition 2.8] is
false (see also [13, Remark 5.3]). Despite this, the main result of [61] still holds with
the definition of topological amenability from [61, Definition 2.7]. To close the remark,
note that this definition agrees with our one from Definition [2.0.1]

We now state an “L?” characterisation of amenability using Borel functions. This is
again in contrast to the previous section, where we saw that there is no “L?” character-
isation of amenability using functions in €.(G). The proof is omitted as it is identical
to that of Proposition [2.1.3]

Proposition 2.3.4. Let G be a o-compact locally compact groupoid with Haar system

{N}oea. The following statements are equivalent.
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1. G is amenable.
2. There exists a sequence (f,) of non-negative Borel functions on G such that

(i) ||fn||L2(Gz) <1 forallz € G9 and all n;

(77) (fo* f5)(g) — 1 pointwise on G (with respect to g).

§ 2.3.2 | Generalisation to non o-compact groupoids

In this subsection, we prove a generalisation of Proposition that applies to locally
compact groupoids that are not necessarily o-compact (see Corollary|2.3.7). This result
will be used later in Theorem [3.2.2] In passing, we will also prove two permanence

properties of amenability for non-Hausdorff groupoids.

We will need two preliminary lemmas. In the following, we let B.(G) denote the set of

bounded Borel functions on G that have strict support contained in a compact set.

Lemma 2.3.5. Let G be a locally compact groupoid with Haar system {\*},cqo).
Suppose that there exists a net of non-negative functions (f;) C B.(G) such that

o N(f;) <1 forallz € GO and all i;
o N2(f;) = 1 uniformly on compact subsets of GO (with respect to );

o St |fi(g7 R) — fi(R)| AN (R) — O uniformly on compact subsets of G (with
respect to g ).

Then every open o-compact subgroupoid of G is amenable.

In contrast with Proposition [2.3.1] we now require uniform convergence rather than

pointwise convergence. The proof is based on techniques from [3] and [71].

Proof. Let H be an open o-compact subgroupoid of G. The Haar system {A\*},.qo
restricts to a Haar system on H. Call this restricted Haar system {\}; },cq. The unit
space H© is an open subset of G and hence G#” = {g € G: r(g) € H®} is an
open subset of G. Define an equivalence relation ~ on G¥ © as follows: g1 ~ go if and
only if there exists h € H such that g; = hgy. Define €2 := GH(O)/ ~, and equip €2 with
the quotient topology. In other words, €2 is the orbit space of G @ under the action
of H by left-multiplication. Let ¢: G¥ " 5 Q denote the quotient map. Then ¢ is an
open map. To see this, take an open set U C G “ and observe that the product HU
is open by Remark [1.2.4] Therefore, ¢~'(¢(U)) = HU is open.

Define the map s%: Q — ¢(H©) by s*(H - g) == q(s(g)) for g € G (note that this
is independent of the representative g and thus well-defined). The map ¢y : H© —
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q(H®) is a homeomorphism, and s: G — H®© is a continuous open map. It is
then easily seen that s is also a continuous open map. We claim that s is locally
injective, from which it follows that s is a local homeomorphism. Fix g € G “ . The
range 7(g) = gg~* belongs to the open subset H. Therefore, continuity of the product
and inverse maps ensures that there exists an open neighbourhood U C GH of g
such that whenever g1, g, € U have equal source, the product ¢;g; ' belongs to H. In
other words, g1, g2 € U have equal source if and only if g; ~ go. Consider the image

set g(U) C Q. It is open in © because ¢ is an open map, and by construction s is

Q

injective on it. This proves that claim, and therefore s** is a local homeomorphism.

In particular, since H® is Hausdorff, it follows that (2 is locally compact and locally
Hausdorff.

Given f € B.(G) define the function f on Q by

FUH g)= [ f(h7g) A (h)

Hr(9)

for g € GH"™ . This is independent of the representative g because {\} }eeqo is a Haar

system on H.

We claim that for any g € GH © there exists an open Hausdorff neighbourhood U such
that f9¢ ¢ Cc<q(U)> for all f € C.(U). Fix g € GH” and let V¢ C Q be an open
Hausdorff neighbourhood of H - g on which s restricts to a homeomorphism. Then, let
U C ¢ 1(V?) be an open Hausdorff neighbourhood of g so that given g1, g» € U we have
g1 ~ go if and only if s(g1) = s(g2). For ¢’ € GH” note that s(g') = q]l_{%o) os'(H-¢),
so that s(g’) varies continuously on 2. Then, observe that

f(H - g) =/

" FE™H AN (k).

for any f € C.(U) and ¢’ € U. Continuity of the Haar system {\*}, .o ensures that
f% is continuous on q(U). Also, writing K for the support of f in C.(U), it is clear
that £ is supported on the compact set ¢(K). Therefore f € C. (q(U )), proving the

claim.

We now proceed to prove that H is amenable. Let K; C Ky C --- C H be an increasing
sequence of compact subsets whose union is H and satisfy K,, C int (K1) for all n.
In order to prove that H is amenable, we prove that for any n > 1 and € > 0 there

exists a non-negative Borel function f on H satisfying the following three conditions.

(i) X% (f) <1forallz € HO,
(ii) AN (f) >1—¢eforall x € r(K,).
(i) [iro | f(g72h) — F(R)] ANRD(R) < € for all g € K,,.

By assumption, there exists a non-negative function f’ € B.(G) satisfying conditions
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(i), (ii), (iii) with the Haar system {\% },c o replaced by {A\*},cq0. We can assume
that r(supp°(f’)) C r(K,), so let L C GH” be a compact set containing supp®(f’).
By the claim, we can cover L with open sets Uy,...,U, C GH” such that 4,0? €
CC( (U; )) for any ¢; € C.(U;). Choose ¢; € C.(U )+ such that ¢ = >7_, p; satisfies
L C supp®(p). The compact set g(L) is contained in the union Uj_, q(supp°(y;)).
Moreover, it is readily verified that ¢ is strictly positive on g(supp°(p;)) for each j
(see Remark [1.2.2)), and therefore ¢? = 37| ¥ is strictly positive on ¢(L). Lower-
semicontinuity of ¢ then ensures that there exists a number 6 > 0 and an open set
V& C Q containing ¢(L) such that ¢*(H - g) > 6 for all H - g € V. Define

v Liawe(g)
(9) = m@(g)

for g € GH “ . Then ¢ is a non-negative bounded Borel function on G “ whose strict
support is contained in a compact set, and satisfies 3 = 1. In particular, we have
@*(H - g) =1 for all g € L. Define

Fo)= [ @lg™ R (k) AN () (2:31)

for g € H. This is a convolution product of two functions in B.(G), and therefore f is
a non-negative Borel function. The function (k, g) — @(g~'k)f'(k) is bounded and has
strict support contained in a compact subset of GE” x GH” | therefore we can apply
the Fubini-Tonelli theorems freely. We check that f satisfies all three conditions (i),
(ii), (iii) above. The computations are similar to those in the proof of Proposition [2.1.1]
(4) = (3).

Condition (i) is clear as A% (f) = [z @2 (H - k) f'(k) dA"(k) < 1 for all x € H®. Then,
for x € r(K,,) we have

N= [ [ e ) A (o)
[ [ / zs@( ') dX(9)] £/ (k) AX"(k)
_/ ) dA" (k
>1—c¢

so that f satisfies (ii). Lastly, observe that

/HT‘(Q)

Flg™ h) — f(R)] dXE?(h)

i i P IER) ANO ) = [ ™R (k) X))
</T /G’T(g)

= ¢(H k) /Gr(g>

F(g7 k) = f'(k)| AN (k) dXE” (k)

g7 k) = f/(k)| AN (k) <&
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for all g € K,,. The non-negative Borel function f satisfies all three conditions (i), (ii),

(iii), and therefore the o-compact groupoid H is amenable by Proposition m O

Lemma 2.3.6. Let G be a locally compact groupoid with Haar system {\*},cao).

Suppose that every open o-compact subgroupoid is amenable. Then G is also amenable.

Proof. We construct an explicit net in %.(G)* satisfying the conditions of Defini-
tion . Let . be the set of triples (H, K,n) where H C G is an open o-compact
subgroupoid, K C H is compact, and n > 1. Equip . with the following order: we
declare that (Hy, K1,n1) < (Hy, Ko, n9) if and only if H; C Hy, K7 C K3 and ny < ns.
With this ordering . becomes a directed set. By assumption, any open o-compact
subgroupoid is amenable. Therefore, given any triple s = (H, K,n) € . there ex-
ists a function f, € €.(H)" satisfying A*(f;) < 1 for z € H® |1 = A*(f,)] < L for
v €r(K) and [y |fs(g7 h) — fs(h)]dX"@(h) < L for g € K. Since H is open in G,
each f, also belongs to €.(G)". Note that any compact subset of G is contained in an
open o-compact subgroupoid. It follows that the net (fs)sc.» satisfies the conditions
of Definition [2.0.1] Therefore G is amenable, as required. O

The following is now an immediate consequence of the two preceeding lemmas.

Corollary 2.3.7. Let G be a locally compact groupoid with Haar system {\"},cqo) -
Then G is amenable if and only if there exists a net of non-negative functions (f;) C
B.(G) such that

e N2(fi) <1 for allx € G and all i;
o N(fi) — 1 uniformly on compact subsets of GO (with respect to x);

o Jortw |fi(g7rh) — fi(R)[ AN 9D(R) — O uniformly on compact subsets of G (with
respect to g).

As another consequence, we observe that amenability of any locally compact groupoid
is inherited by its open subgroupoids. This fact was proved for second-countable non-

Hausdorff groupoids in [48, Proposition 2.17].

Corollary 2.3.8. Let G be a locally compact groupoid with Haar system. If G is

amenable, then any open subgroupoid is also amenable.

Proof. Let H be an open subgroupoid of the amenable groupoid G. Any open o-
compact subgroupoid of H is an open o-compact subgroupoid of G, and is thus
amenable by Lemma [2.3.5] Lemma then implies that H is amenable. O]
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§ 2.4 | Nuclearity via Renault’s disintegration theo-

rem

The goal of this section is to discuss the following theorem.

Theorem 2.4.1. Let G be a second-countable (non-Hausdor(f) locally compact groupoid

with Haar system. If G is amenable, the following two statements hold.
(i) The canonical surjection C*(G) — C!(G) is an isomorphism.

(i) The full C*-algebra C*(G) is nuclear.

For Hausdorff groupoids these results were proved in [3, Proposition 6.1.8 & Corol-
lary 6.2.14], and were known by experts to hold also for non-Hausdorff groupoids.
Indeed, the proof from [3] can be adapted to the non-Hausdorff setting because, for the
most part, it only uses the Borel structure of the underlying groupoid. However, it is
a standing assumption throughout [3] that all groupoids are Hausdorff. We take this
opportunity to give a proof in the non-Hausdorff setting, as no proof currently exists

in the literature. We follow [3] closely.

For both parts of the theorem, the key tool is Renault’s disintegration theorem (stated
as Theorem [1.4.11)). This result allows us to view *-representations of ¢,.(G) as in-
tegrated forms of unitary representations (see Subsection [1.4.2)). By taking results
from [3], [58] and [60], we will obtain analogues of Theorem in the measured
setting. We then apply the Renault disintegration theorem to lift these results to the
setting of locally compact groupoids. Overall, topological amenability of the groupoid
G is not actually needed in Theorem As noted in [3], it suffices for G to be “mea-
surewise amenable” (see Definition . It is easily verified that any topologically
amenable groupoid is measurewise amenable (Lemma [2.4.4)), and thus Theorem
can be deduced from Corollary and Corollary in the following sections.

Throughout this section, groupoids are assumed to be second-countable. This is nec-
essary because the proof of Renault’s disintegration theorem from [51] makes this as-

sumption.

Let us briefly discuss the converse implications of Theorem It has been known
for some time that statement (i) is equivalent to amenability for any locally compact
group. However, it does not imply amenability for groupoids. In fact, there exist
non-amenable, ample, Hausdorff groupoids for which statement (i) holds (see [70]).
Statement (ii) fails to imply amenability even for groups: all connected Lie groups
have nuclear reduced C*-algebra, and they are certainly not all amenable. On the

other hand, it is known that statement (ii) is equivalent to amenability for Hausdorff
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étale groupoids. In Section [3.2] we will see that it is also equivalent to amenability for

non-Hausdorff étale groupoids.
§ 2.4.1 | Amenability for measured groupoids

In order to prove Theorem [2.4.1, we will need to work with measured groupoids as
defined in Section [I.4] Let us define what it means for a measured groupoid to be

amenable.

Definition 2.4.2 ([3]). A measured groupoid (G, A, 1) is amenable if there exists a net

of non-negative Borel functions (f;) on G satisfying the following conditions.
(i) A*(f;) <1 for all z € G© and all 7.
(ii) A%(f;) — 1 in the weak* topology on L=(G®, 1) (with respect to ).

(iil) forw |fi(g7rR) — fi(h)] dN"@(R) — 0 in the weak* topology on L=(G,u o \)
(with respect to g).

The definition above is not the one given in [3, Definition 3.2.8]. However, the two
definitions are equivalent by [3, Proposition 3.2.14 & Remark 3.2.15]. In condition (i)
it suffices to have A*(/f;) < 1 for p-almost all z € G and all 7.

Let us now discuss the connection between topological amenability and amenability

for a measured groupoid. It is convenient to introduce another definition.

Definition 2.4.3 ([3, Definition 3.3.1]). Let G be a second-countable locally compact
groupoid with Haar system A = {A\*}_ .c©. We say that G is measurewise amenable if
(G, \, 1) is an amenable measured groupoid for any o-finite Radon measure y on G(©

that is quasi-invariant with respect to A.

Given our choice of definition for amenability of a measured groupoid in Definition[2.4.2]

the following is obvious.

Lemma 2.4.4 ([3, Proposition 3.3.2]). Let G be a second-countable locally compact

groupotid with Haar system.

If G is topologically amenable, then it is measurewise amenable.

Remark 2.4.5. In [61, Corollary 2.16] it is noted that the converse to this lemma holds in
certain cases — even for non-Hausdorff groupoids. Indeed, if G is a second-countable lo-
cally compact groupoid with countable orbits in G©), then G is topologically amenable
if and only if it is measurewise amenable. In particular, this holds for any second-

countable étale groupoid.
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§ 2.4.2 | Amenability implies the coincidence of full and reduced C*-algebras

In this subsection, we show that for any measurewise amenable groupoid, the full and
reduced C*-algebras coincide ([3, Proposition 6.1.8]). By the Renault disintegration
theorem (Theorem it suffices to show that the integrated form of any unitary
cx(q) o1 Ce(G). If one

views GG as a measured groupoid, this is precisely the contents of [60, Proposition 3.4].

representation is continuous with respect to the reduced norm ||-|

Proposition 2.4.6 (|60, Proposition 3.4]). Let (G, A, i) be an amenable measured
groupoid.

Any unitary representation of (G, \, 1) is weakly contained in the regular representation.

That is, given any unitary representation (G©) x 2, L) with integrated form L, then

()] < | Reg, ()|

forall ¢ € I(G, A\, ).

We can now prove the desired result. The proof here is identical to that in [3, Propo-
sition 6.1.8].

Corollary 2.4.7. Let G be a second-countable (non-Hausdorff) locally compact groupoid
with Haar system X\ = {\"}_ ca).

If G is measurewise amenable, then the canonical surjection C*(G) — CI(G) is an

isomorphism.

Proof. Let w: C*(G) — Z(H) be a faithful representation of the full C*-algebra C*(G).
By Theorem , there exists unitary representation of a measured groupoid (G, A, p)
whose integrated form L is unitarily equivalent to 7 on %.(G). By assumption, (G, A, i)
is an amenable measured groupoid. Therefore, by Proposition [2.4.6] we have ||L(¢)|| <
HRegu(zﬂ)H for any ¥ € I(G, \, u), and thus [|[7(f)|| < HRegu(f)H for any f € €.(G).
The result follows because HRegM(f)H < [[fllcxg) for any f € 6.(G) (Lemma |1.4.10).

[

§ 2.4.3 | Amenability implies nuclearity of the reduced C*-algebra

We finish the section by showing that any measurewise amenable groupoid has nuclear
C*-algebra ([3, Corollary 6.2.14(i)]). The idea involves showing that any unitary rep-
resentation of an amenable measured groupoid (G, A, 1) has injective von Neumann
algebra. In [3], this is shown by reducing the problem to one concerning unitary rep-

resentations of the transformation groupoid G' x G. The groupoid G x G is Morita
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equivalent to the space G and therefore all its representations have Type I von

Neumann algebra.

In order to keep our proof as self-contained as possible, we use the more direct argument
of [58, Proposition I1.3.5] instead (see also [73, Theorem 2.1]). We follow its proof

verbatim.

Proposition 2.4.8 ([3, Corollary 6.2.2], [58, Proposition 11.3.5]). Let (G, A, i) be an
amenable measured groupoid, and let (G(O) x S, L) be any unitary representation of
(G, A\, ) with integrated form L.

The von Neumann algebra M generated by the image of L is injective.

In the following proof, we let D denote the set of decomposable operators, and let T
denote the set of diagonalisable operators on L*(G) % J#, 1) (see Definition [1.4.6)).

Proof. 1t suffices to prove that the commutant M’ is injective. The von Neumann
algebra D is injective as it is equal to the commutant of the (commutative) algebra 7.
Next, note that 7 C M and hence M’ C D. It is then simple to check that M’ is
equal to the set of operators T' € D satistying L, o T,y = T}(y) © Ly for o A-almost all
g € G. In order to prove that M’ is injective, we construct a conditional expectation
P:D— M.

Let (f;) be a net of non-negative Borel functions as in Definition [2.4.2] For each i,
define the map P;: D — D as follows. Given T' € D and x € G| let (PT), be the

bounded linear operator on H(z) satisfying

(PD)um) = [ filg)(Ly o Ty 0 Lj(€).m) X*(g)

for ¢, € H(x) (for each 4, the operators (BT, are defined for p-almost all z € G(©).
Then P;: D — D is a well-defined linear map. Moreover, ||P;|] < 1 by condition (i)
of Definition [2.4.2] Since D is a von Neumann algebra, its unit ball is compact in the
weak operator topology (WOT) and, therefore, the space of linear maps Q: D — D
with ||Q] < 1 is compact in the point-WOT topology. We may thus select a subnet
(P;) that converges in the point-WOT topology to some linear map P: D — D with
|IP|| < 1. We claim that P is a conditional expectation D — M’.

Let us show that P restricts to the identity on M’. Indeed, given T' € M’ then

(BT = [ fi(9)(Ly o Ty © L().m) d“(g)
= (T(&),m) /G fi(9) A" (g)
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for p-almost all x € G and ¢, € H(x). After integrating over G(©) with respect to
i, it follows from condition (ii) of Definition that P;7 — T in the WOT.

It remains to prove that P maps D into the commutant M’. Take T € D. We will
show that L(¢)(PT) = (PT)L(¢) for all ¢ € I(G, A\, p). Given ¢ € I(G,\, ) and
01,02 € LG x A, 1) calculate

(L@ET)en ) = [ w(0){Lo((PT)er(s(9))) . 22(r(9)))Al9)F d(poN)(9)
B /G /GS@ V()15 ()(Lgn © Tugny © Li (#1(5(9)) ), 2(r(9)) ) AN () A(g)2d (0 N)(g)

and
<(PJT> 9017 902 /G<0) e fg Lyo T o LZ (L(¢)¢1($>>,@2(gj)> d)\x(h)d,u,(:ﬁ)
= [ o P05 (6h) Ly 0 Ty o I (901(3(9)))7 pa2(r(9))) AN () Alg)Fd(p o N)(g)

using ((1.4.7) as well as invariance of the Borel Haar system A (see (|1.4.1))). Now, take

the difference and compute

((L@)(PT) = (BT)L®W) )1 )| < (2.4.1)
ITI [ 10 e (soD gDl ([ 157 R) = fim)] X () Afg) (o N)(g):

The Cauchy-Schwarz inequality yields the bound

/G [ (@)l ller (5D l2(r(a)ll Ag)z (o A)(g) < 1901, lenl el

Therefore, it follows from condition (iii) of Definition that the value in (2.4.1)) con-
verges to 0. Since P;T" converges to PT in the WOT, we have (PT)L(y) = L(¢)(PT),
and therefore PT € M'. O

The following corollary is now a simple consequence of results we have already seen.
By combining it with Lemma we complete the proof of Theorem [2.4.1]

Corollary 2.4.9. Let G be a second-countable (non-Hausdorff) locally compact
groupoid with Haar system A = {\"} cco -

If G is measurewise amenable, then C*(G) is nuclear.

Proof. Let mg: C*(G) — L(Hg) denote the universal representation of C*(G) so that
the double commutant mg (C’*(G))H is equal to the enveloping von Neumann algebra
of C*(G). By Theorem there exists a unitary representation of a measured
groupoid (G, A, ) whose integrated form L is unitarily equivalent to mg on %.(G).
Since L(%.(G)) is dense in L(I(G, A, ,u)) with respect to the weak operator topology
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(Lemma |1.4.9), the von Neumann algebra mg (C*(G))” is isomorphic to the von Neu-
mann algebra generated by the image of I(G, A, ) under L. By Proposition it
follows that 7e (C*(G))” is injective, and therefore, C*(G) is nuclear by [15]. O

§ 2.5 | Examples

In this short section we discuss the amenability of the groupoids appearing Section [1.6
However, this discussion will be brief for the following reasons — if one wants to
check amenability of a non-Hausdorff groupoid in practice, one should instead check
amenability of the Hausdorff cover G (see Chapter|3). The Hausdorff cover G is a Haus-
dorff groupoid one can associate with any locally compact groupoid . In particular,
it is amenable if and only if G is amenable (at least for étale groupoids, see Theo-
rem [3.2.2)). As seen earlier in the chapter (Example [2.2.2)), amenability is not as easily
described for non-Hausdorff groupoids as it is in the Hausdorff case and, therefore, it

will always be preferable to check amenability of G instead of G.

Let us discuss the groupoids from Examples to[1.6.6, Each of these examples has
equal range and source maps. A locally compact groupoid with equal range and source

maps is amenable if and only if its isotropy groups are all amenable. Therefore the

Examples [1.6.3], [1.6.4] and [1.6.6| are amenable, and the groupoids from Examples[1.6.1
and are amenable if and only if the group I' is amenable. The groupoid from
Example [I.6.5] has an isotropy group isomorphic to Fo x Vi, and is therefore non-

amenable.

Next, let us discuss amenability for groupoids associated with contracting self-similar
groups (see Subsection . Given any contracting self-similar group I' acting on a
finite alphabet, its associated groupoid G = Germ(St ~ X) is always amenable. This
was shown for Hausdorff G in [53], and was then extended to non-Hausdorff groupoids
in [49, Corollary 2.19] (the arguments from the Hausdorff setting can be applied with
the aid of [61]).

Take a discrete group I' acting on a locally compact space X, and let Germ(I' ~ X)
denote the associated groupoid of germs from Subsection [1.6.2] By applying Reiter’s
condition for amenability of a group, it is easily verified that Germ(I" ~ X) is amenable

whenever I' is amenable.

Subsection [1.6.3] introduced the groupoids of germs associated with the actions of

Thompson’s groups and, more generally, Bieri-Strebel groups. It goes without say-



CHAPTER 2. GROUPOID AMENABILITY 67

ing that whether Thompson’s groups F' and T' are amenable is not known, so the
observation above is of no use. Nevertheless, it was shown in [63, Theorem 3.3] that
the groupoid of germs Germ(7 ~ T) is “Borel amenable”. We now discuss this ex-
ample, as well as the proof from [63], in more detail. In Subsection of the next
chapter, we will use the Hausdorff cover to prove amenability for groupoids of germs
associated with some other Bieri-Strebel groups. This computation using the Hausdorff
cover follows a similar approach to the one discussed here, but it becomes simpler once
we start working with a Hausdorff groupoid (see Example [3.4.11)).

Example 2.5.1 ([63]). We follow [63] in showing that the groupoid G := Germ (7 ~ T)
satisfies statement (2) of Proposition [2.3.1] It then follows that G is amenable. Recall
from Example m that the set of dangerous points D C G© equals Z[L]/Z, and
therefore the set of Hausdorff units is ¢ = T\ (Z[3]/Z). We work on the Borel
subgroupoids G|p and G|¢ separately. First consider the groupoid G|p. This is a
transitive groupoid with isotropy group Z2. Since it is countable, its Borel structure is

discrete. By amenability of Z2, it is clear that this discrete groupoid is amenable.

Next, consider the groupoid G|c. We recall the canonical action of T" on the Can-
tor space {0, 1}, Define the surjective continuous map v: {0, 1} — T by ¥(a) =
S0 L @27 Writing Q = ¢! (']I' \ (Z[%]/Z)), the map ¢ restricts to a homeomor-
phism ¢|g: @ — T\ (Z[3]/Z). Since Z[%]/Z is an orbit of the action of T on T,
there is an induced action of 7" on (). This then extends uniquely to an action on
all of {0,1}N. By [56, Proposition 4.10] (see also [10, Example 3.3]), the groupoid
Germ(T ~ {0,1}Y) is isomorphic to the Cuntz groupoid O, from [58]. In particular,
this groupoid is amenable by [58, Proposition I11.2.5]. Define the map

U Gl — Germ(T ~ {0,1}1)
[, 4] = [f, 07 ().

This map is a Borel isomorphism onto its image. Moreover, its image is an invariant
Borel subgroupoid of the amenable groupoid Germ (T ~ {0, 1}"), and therefore there
exists a sequence (f,,) of non-negative Borel functions on G|¢ satisfying the conditions
of Proposition [2.3.1(2). Combining this with amenability of the discrete groupoid G|p,
we can construct a sequence ( fn) of non-negative Borel functions defined on all of G,
and satisfying the conditions of Proposition [2.3.1)(2). Therefore, G is amenable.

The following is now immediate by Theorem [2.4.1

Corollary 2.5.2. Let G := Germ(T ~ T) be the groupoid of germs associated with the

canonical action of Thompson’s group T on the circle T.

The canonical surjection C*(G) — C¥(G) is an isomorphism, and C}(G) is nuclear.
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We finish this chapter by briefly commenting on permanence properties. For Hausdorft
groupoids, amenability is known to satisfy a variety of permanence properties (see [3]
and also [71]). One can ask whether these permanence results also hold in the non-
Hausdorff setting, and in many cases this can be verified by a direct computation.
Indeed, in Subsection [2.3.2] it was shown directly that amenability passes to open
subgroupoids (see Corollary . However, it is usually more efficient to use the
Hausdorff cover groupoid instead (see Chapter [3). The Hausdorff cover G sees many
of the structural properties of the original groupoid G, and, as mentioned earlier, it is

amenable if and only if G is amenable (at least for étale groupoids, see Theorem [3.2.2)).



Chapter 3

The Hausdorff cover

This chapter is focused on the Hausdorff cover of a non-Hausdorff groupoid. Originally
defined in [68], the Hausdorff cover serves as a tool for reducing questions about non-
Hausdorff groupoids to the Hausdorff setting. In general, many technical challenges can
arise when proving a given result regarding non-Hausdorff groupoids. These technical
challenges may not be present in the Hausdorff setting, and in many cases, it may be
possible to avoid these challenges altogether with the aid of the Hausdorff cover. In

this chapter, we demonstrate two instances of this.

In Section [3.2] we will use the Hausdorff cover to prove that a non-Hausdorff étale
groupoid is amenable if and only if its reduced (or full) C*-algebra is nuclear. The
proof amounts to showing that a groupoid is amenable if and only if its Hausdorff
cover is amenable, and also that its C*-algebra is nuclear if and only if the cover has
nuclear C*-algebra. The result then follows by known results in the Hausdorff case.
Then, Section describes how the ideal structure in a non-Hausdorff groupoid C*-
algebra can be understood in terms of the cover, and proves a result regarding isotropy
fibres of ideals using known results from the Hausdorff setting. An important feature
of the Hausdorff cover is that it is relatively simple to compute. The final section

of this chapter computes the Hausdorff cover for each of the examples introduced in

Section [L.6l

In this chapter and the next, we will exclusively be concerned with étale groupoids.
The definition of the Hausdorff cover extends to locally compact groupoids that are

not étale, as is discussed in [68], but we do not consider such groupoids here.

Sections [3.1{and [3.2] of this chapter are based around results in [9]. Section [3.3|is based
on [31, § 2].



CHAPTER 3. THE HAUSDORFF COVER 70

§ 3.1 | Topology and structure

§ 3.1.1 | Definitions and preliminaries

Let G be a non-Hausdorff étale groupoid. The Hausdorff cover is constructed in the
space €(G) of all closed subsets of G. This space carries a natural topology, known as
the Fell topology, defined in [28]. The fact that G is locally compact ensures that the
Fell topology is compact and Hausdorff.

Definition 3.1.1 ([68]). Let G be an étale groupoid. Let €(G) be the space of closed
subsets of G equipped with the Fell topology, and let ¢: G — €(G) be the canonical
inclusion given by «(g) = {g}. The Hausdorff cover G is defined to be the closure of

(@) in €(G) \ {0}.

Since €(G) is compact and Hausdorff ([28, Theorem 1]), G is locally compact and
Hausdorff. Before describing the groupoid operations on G, we will describe the Fell
topology. Let us first describe its basic open sets. Given a compact set K C G and a

finite family of open sets Uy, ..., U, C G, define
UUp, ..., U K)={Ce€G): CNU; #0V1 <i<n,CNK =0}

The sets U(Uy, . . ., Uy,; K) form a basis for the Fell topology, where the U; run through
all open subsets of G, and K runs through all compact subsets of G. Since the open
bisections form a basis for the topology on G, it then follows that the sets U(U; K)
form a sub-basis for the Fell topology, where U runs through all open bisections and

K runs through all compact bisections contained in an open bisection.

Let us now describe the elements of G, as well as its topology, in terms of nets. In the
language of [28], a net (g,) in G is primitive if any limit point of any subnet is also a
limit point of (g,). Then, a non-empty subset g C G belongs to G if and only if there
exists a primitive net (g,) in G whose set of limit points is precisely g. Next, given a
net (go) in G, the image net t(g,) is convergent in G if and only if (g,) is primitive,
in which case the limit g € G is equal to the set of limit points of (go) in G. By the
axiom of choice, any net has a primitive subnet, therefore any net (g,) that converges

in G has a subnet (g3) such that +(gz) converges in G.

We also need to introduce the following notation associated with open bisections. Given
an open bisection U C G, let U C G be the basic open set defined as

U=UU;0) ={geG:gnU+#0}. (3.1.1)

Since open bisections are Hausdorff, each element g € U has a unique point of inter-
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section with U. Let my: U — U be the surjective map satisfying

{mv(g)} =gnU (3.1.2)

for each g € U. Since U is open, the set «(U) C U is dense in U. It is then simple to
check that 7y is continuous (using the description of convergence in G via primitive
nets). In the proof of Lemma [3.1.4(i) we will see that 7y is in fact proper.

For the special case U = G the open set U C G will be equal to the unit space of G
once we have equipped it with its natural groupoid structure. We let G© denote this

unit space, and let 7 := 75 denote the (proper) continuous surjection GO - G.

Notation. Elements of G will be denoted by either g or h. Elements of the unit space
G© will be denoted by X or Y. This is to ensure clarity in Chapter .

The following observation is worth keeping in mind. Whenever G is Hausdorff, the

inclusion ¢: G — G is a homeomorphism, and therefore G and G are the same groupoid.

With definitions and notation fixed, we now begin to study the structure of the Haus-
dorff cover. The following lemma describes the relationship between compact sets in
G and G. Tt will be used frequently.

Lemma 3.1.2. We have the following relationship between compact sets in G and G.

(i) For every compact subset L C GO there exists a compact subset K C GO such
that L C o(K).

(ii) For every compact subset L C G there exists a compact subset K C G such that
L Cu(K), and then LN (G) C o(K).

(iii) For every compact subset K C G, the set L(K) C G is compact.

Proof. (i): Take a compact subset L C G©. The surjection 7: G© — G© is con-
tinuous, and therefore 7(L) is a compact subset of G(®. Choose a compact subset
K C GO such that 7(L) C int (K). We show that L C t(K). Take X € L. As +(G©)

is dense in G©, there exists a net (x,) in G such that «(x,) converges to X. Since

o = m(L(xy)), continuity of 7 ensures that the net (z,) converges to m(X). Hence z,

eventually lies in K, and thus X = lim, ¢(z,) € (K).

(ii): Take a compact subset L C G. Since the open sets U cover G, compactness of

L ensures that there exist open bisections Uy, ..., U, C G and compact sets M; C (~]Z
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satisfying L C U, M;. Now take compact subsets K; C U; with my, (M;) C )
The same argument as in part (i) shows that M; C «(K;). Hence L C U, M; C
P u(KG) = uU KG). Set K= UL, K.

For the second part, let g € G be such that ¢(g) € L. Since L C ((K), there exists a
net (gq) in K such that ¢(g,) converges to ¢(g). By definition of the Fell topology, this
means that (g,) is a primitive net converging to g in the topology of G, and such that
g is the unique limit. Compactness of K implies that (g,) has a subnet converging in

K. But since (g,) is primitive, the limit of this subnet must be g, so that g € K.

(iif): We show that ¢(K) is contained in a compact subset of G. By [28, Theorem 1],
the Fell topology is compact. Therefore, the closure of ((K) in €(G) is compact.
Note that the empty set does not belong to this closure. Indeed, the basic open set
U(D; K) C €(G) contains the empty set and is disjoint from ¢(K). It follows that the
(compact) closure of ¢(K) in €(G) is contained in G. O

The Hausdorff cover G admits a third description, this time as the spectrum of a
commutative C*-algebra (see also [68, Proposition 10]). In the sequel, we let B.(G)
denote the set of bounded Borel functions on G that have strict support contained
in a compact set, and let By(G) denote the completion of B.(G) with respect to the
supremum norm ||-|| . Let C*(€.(G)) € By(G) be the smallest C*-subalgebra of By(G)

containing %.(G), where involution and multiplication are defined pointwise.

Given a character y on C*(%.(G)), define
gy = {9 € G: 3 U open bisection with g € U and x|c. () = evgy},

where ev,, is the “evaluation” character given by C.(U) — C, f + f(g). Given g € G,
define x4(f) = X4eq f(g) for all f € €.(G). Each x4 extends (uniquely) to a character
on C*(%.(G)) by the following lemma.

The dual isomorphism $: C*(%,(G)) = Cy(G) can be described as follows with the
aid of the canonical inclusion ¢: G < G. By viewing f € C*(%,(G)) as a function on
W(G) C G, the function U(f) € Co(G) is the unique continuous extension of f to G.
The inverse isomorphism $~': Cy(G) = C*(€.(G)) is witnessed by the map f — fo..

In other words, the inverse £{~! is given by restriction from G to G.

Lemma 3.1.3. The map G — Spec(C’*(‘fJG)));g = Xg @S a homeomorphism with

mnverse x +— gy.

The dual isomorphism $k: C*(€.(G)) = Co(G) restricts to an embedding i: C.(G) —

C.(G) that is a *-algebra homomorphism with respect to convolution and the canonical



CHAPTER 3. THE HAUSDORFF COVER 73

involution. Moreover, i satisfies

i(f)(g)=>_ f(9) (3.1.3)

geg

for all f € €,(G) and g € G.

Proof. Firstly, we show that the map U: C*(%.(G)) — Cy(G) described above is in-
deed a *-isomorphism with respect to pointwise operations. Take an open bisection
U C G and f € C.(U). Upon viewing G as a dense subset of G via the inclusion
.: G — G, one sees that g — Xg(f) is the unique continuous extension of f to G.
By linearity, it then follows that g — x4(f) is continuous on G for any f € €.(G).
In particular, any function f € %,(G) has a unique continuous extension 4(f) to G,
and 4(f) belongs to C.(G) by Lemma m (iii). Any function in C*(%.(G)) can be
approximated uniformly by finite products of functions in %.(G), and therefore any

f € C*(%6.(G)) has a unique continuous extension (f) € Cy(G). This proves that
the map 4: C*(%,(G)) — Co(G) is well-defined. By construction, it is clear that this
map is an injective *~homomorphism with respect to pointwise operations. In order
to show that 4l is surjective, we show that its image separates points in G. Since the
image of Y vanishes nowhere on G, surjectivity then follows by the Stone-Weierstrass
theorem. Let g, h € G and suppose that g € g \ h. There exists an open bisection U
that contains g and is disjoint from h. Taking f € C.(U) with f(g) = 1, one sees that
U(f)(g) =1 and $4(f)(h) = 0. Therefore, the image of {{ separates points in G. This

completes the proof that i is an isomorphism.

Next, we show that the maps g — x4 and x — g, are well-defined homeomorphisms
that are inverse to each other. Given g € G, it is immediate by construction that the
dual of Y evaluated at g agrees with x4 on €.(G). Since €.(G) generates C*(6.(G)),
this is the unique character that agrees with y, on C*(%.(G)). Letting y, denote this
character, we have that the map g — x4 is dual to 41, and is therefore a homeomorphism
from G to Spec (C* (CKC(G))) It is straightforward to verify that g,, = g for any g € G,

and therefore x — g, is inverse to the homeomorphism g — x,.

For the last part, note that equation ([3.1.3)) is automatic by definition of x,. Operations
on the groupoid G are yet to be defined, but in order to show that i is *-preserving
and multiplicative with respect to convolution, it suffices to know that :: G — G is a

groupoid homomorphism whose image ¢(G) is an invariant subgroupoid of G. Given

fi f2 € G.(G), we observe that $7 (i(f1)*)(9) = i(f1)(e(9)™") = filg™") = fi(9) and

U (i(A)(f)) (9) = iA)¥(F) (1g) = 30 W) (B g) = fi(g)*f2(9).

heGr(g)

This completes the proof of the lemma because i is injective with left inverse =1, [
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Let us now describe the groupoid structure on the Hausdorff cover G. Take g € G. Tt
is clear that s(g;) = s(g2) and r(g1) = r(ge) for all g1, g2 € g. We then define

(9) ={91"92: 91,92 € g}
#(g) = {g195": g1.92 € g}

V2R

Given ¢ € g, we have that 5(g) is a subgroup of the isotropy group Gi% C G, and
7(g) is a subgroup of the isotropy group G:Egg. If (g;) is a primitive net in G whose
set of limit points is equal to g, then s(g;) and r(g;) are primitive nets in G(©) whose
sets of limits points are equal to 5(g) and 7(g) respectively. Therefore, § and 7 are
well-defined projections G — G(©. They will function as the range and source maps
in G. Note also that the element g can be written as g = ¢ - 5(g) = 7(g) - §. Here, we
denote by g- X ={gh: he X} and Y -g={hg: he Y}.

Write g = ¢+ X where X = 3(g). The inverse g~' is defined as g7 = X - gL
Explicitly, we have g=' = {g~': g € g}. Next, take two elements g, h € G. Note that
5(g) = 7(h) if and only if g = g - X and h = X - h, for some composable g,h € G
and X € GO (necessarily, we have X = 3(g) = #(h)). In this case, the product gh
is defined as gh = (gh) - Y, where Y = §(h). Alternatively, gh = Z - (gh) where
Z =71(g). Explicitly, we have gh = {gh: g € g,h € h}. It is straightforward to show
that the inverse and product maps are continuous. Therefore, G is a Hausdorff locally

compact groupoid.
Lemma 3.1.4. Let G be an étale groupoid.

(i) The Hausdorff cover G is étale.

(ii) If G is ample, then so is G.

Proof. (i): We claim that the open sets U as defined in (3.1.1]) are open bisections.
Since G is covered by its open bisections, it is clear that G is covered by the open sets
U, and hence it will then follow that G is étale.

For an open bisection U, consider the ideal C*(%.(G))y = span (CC(U) . C*(‘KC(G))) C
C*(%,(G)). The homeomorphism G = Spec(C*(%,(G))) from Lemma sends
U to the open set Spec(C*(€.(G))y) C Spec(C*(€.(G))). The inclusion Cy(U) C
C*(%.(G))y is dual to the (proper) continuous surjection 7 : U — U from (3.1.2).
Moreover, the inclusion ¢: G < G restricts to U < U. Then, note that the restric-
tion 7|5: U — #(U) = 7/’(\(]/) is dual under the Gelfand transform to the isomorphism
C*(€.(Q))rw) = C*(6.(G))u, f — for, so that 7|5 is in fact a homeomorphism. A

similar argument holds for the source map. It follows that U is an open bisection.
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(ii): Assume that G is ample. By definition, we have that
C*(6.(G)) =span({fi1--- fu:n €N, fi, € 6.(G), 1 <m <n}),

where the closure is taken in By(G) with respect to ||-||. Now, if G is an ample
groupoid, the compact open bisections form a basis for the topology on G. In particular,
span({1y: U C G compact open bisection}) is dense in %.(G), which in turn implies
that

C*(¢.(G)) =span({1y, --- 1y, : n € N, Uy, ..., U, C G compact open bisections }).

In particular, this shows that the commutative C*-algebra C*(%.(G))q0) defined in the
proof of part (i) is equal to

span({ly, - 1y, --- 1y, : n €N, Uy, ..., U, C G compact open bisections, Uy C G©})

and thus contains a dense *-algebra of projections. The isomorphism Cy(G(®) =2
C*(%6.(G)) g then implies that G(© is totally disconnected. O

Taking U = G in the proof of part (i) of the preceding lemma gives a canonical

homeomorphism between the unit space G(® and Spec(C*(€.(G))co ).

Lemma 3.1.5. Let X € GO and write v .= 7(X) € GO. The isotropy group G is
equal to the quotient Nx /X, where Nx = {g € G%: g- X - g~' = X} is the normaliser
of X in GZ.

Proof. Let us first prove the inclusion G§¥ C Nx/X. Recall that X is a subgroup of the
isotropy group GZ. From the definitions of 5 and 7 it is then clear that any g € G§ is a
subset of G%. Now take g € G5 and choose an element ¢ € g. Since 3(g) = 7(g) = X
we have g = ¢- X = X - g. In particular, ¢ is an element of the normaliser Nx. It is

then clear that g is an element of the quotient Nx/X.

Let us now prove the opposite inclusion. Take g € Nx, and let U C G be an open
bisection containing g. Let (z;) be a primitive net in G(*) whose set of limit points is
equal to X and, without loss of generality, assume that x; € s(U) for all i. Let g; be the
unique elements of U such that s(g;) = z;. Since s|y: U — s(U) is a homeomorphism,
the net (g;) is primitive and has set of limit points equal to g - X. Therefore g .= ¢g- X
is an element of G. Since g belongs to the normaliser Nx we have g = X -¢. Therefore,
5(g) = X = 7(g), and hence g € G¥. O

The following proposition is the first of several results we will see relating the C*-
algebras of G and G.
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Proposition 3.1.6. The embedding i: €.(G) — C.(G) from Lemmam induces an
injective *-homomorphism i,: C*(G) — C*(G).

Viewing elements of C*(G) and C*(G) as functions on G and G respectively, the *-
homomorphism i, is the restriction of the isomorphism : C*(%,(G)) = Co(G) from
Lemma to C*(G). Therefore, we have a = i.(a) o for all a € C¥(G).

Proof. Given x € GO let 7,: €.(G) — L({*(G,)) denote the left regular represen-
tation corresponding to z, and for X € GO, let 7yx: C.(G) — L({*(Gx)) denote
the left regular representation corresponding to X. For every z € G, it is clear
that the representation m, is canonically unitarily equivalent to the representation
6.(G) 5 C.(G) SEON L(?(G,(x)). Therefore, we have ||m.(f)| = |7 {i(f))] for
every z € G and f € €.(G). We conclude that

1£llez @ = sup I ()Nl = sup |[|7u@ GO = ()]

Cr(@)
z€G 2€G(0)

The last equality used that +(G(®) is dense in G(© and that, since G is Hausdorff, it
suffices to take the supremum over a dense subset of the unit space to obtain the norm

in C*(G) (see [42, Corollary 2.4] for instance). O

Later in Proposition [3.2.8] we will see that i also induces an injective *-homomorphism

at the level of full groupoid C*-algebras.

Remark 3.1.7. For an ample groupoid G, Proposition has an analogue in the
context of Steinberg algebras (see Definition [1.3.6)). Recall that the Hausdorff cover G
is ample by Lemma [3.1.4 For any ring R, we have a canonical inclusion of Steinberg

algebras ip: RG — RG given by ry — T
§ 3.1.2 | Essential and singular parts of the Hausdorff cover

For the following definition, we assume that G is covered by countably many open
bisections. Under this hypothesis, the set of dangerous points D C G has empty
interior by Lemma [1.1.12l Moreover, the Hausdorff cover G neatly decomposes into

two components: an “essential” part and a “singular” part.

Definition 3.1.8. Let G be an étale groupoid that is covered by countably many open
bisections, and let C C G denote the set of Hausdorff units. Define

GO T CEO  and GO = GO\ GO

ess sing * ess”

Both are invariant subsets of G(© by Lemma [1.1.10, We define the essential and

singular parts of the Hausdorff cover as follows.

Gess = 5_1(é(0)) and GM(sing = g_l(Gg?rzg)

€ess
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Equivalently, we could have defined égﬁg to be the set int (77'(D)). Note that Ges and
ésing are invariant subgroupoids that are closed and open respectively. Their disjoint
union is G. Therefore, we can, and will, view C*(Gyng) as an ideal in C*(G). This

gives us the following sequence of C*-algebras:
0 — C3(Giing) — CHG) — CF(Gss) — 0. (3.1.4)

This sequence may not be exact in general (see Remark [3.1.15). On the other hand,
the following is exact:

0—=3 = CHG) = C(Gegs) = 0 (3.1.5)

where J = {a € C*(G): supp®(a) C Ging}. It is clear that C*(Gpng) € J, and that
C#(Gying) = J if and only if is exact. If Gy, is closed, then C*(G)) decomposes
as a direct sum of O (Gying) and C;(Guss), 50 that is exact. If the groupoid G' is
inner-exact ([2, Definition 8.5]) then the sequence is exact. In particular, this

is guaranteed whenever GG is amenable.

By definition, the inclusion ¢: G — G maps all Hausdorff units z € C into G(9).
© or G

ess sing*

On the other hand, extremely

dangerous units are precisely those that get mapped to ég?gg.

Dangerous units can get mapped to either G

Lemma 3.1.9. Let G be an étale groupoid that is covered by countably many open

bisections. A unit x € G is extremely dangerous if and only if 1(x) € C;'g?rig.

In the notation of Definition [1.1.8] we can write +(Dy) = t(G®) N G

sing*

Proof. Let x € G be an extremely dangerous unit. Take an open neighbourhood
U C GO of z, isotropy elements g1, ..., g, € G2\ {x}, and open bisections Uy, ..., U,
with g; € U; for each i such that U \ U, U; has empty interior. In particular, this
implies that U \ U, U; € D. For each ¢ = 1,...,n, let K; C U; be a compact
neighbourhood of g;. Letting V = U NN, s(int (K;)) and K = U, K;, we have
that V' '\ K C D. Consider the open set U(V; K) in the Hausdorff cover. It is an open
neighbourhood of «(z), and since V' \ K C D, it is clear that U(V; K) N «(G) C (D).
In particular, U (V; K) is disjoint from ¢(C'), and therefore U(V; K) C Giing.

Conversely, let z € G be such that «(z) € ég?gg. By definition of the Fell topology,
there exists an open neighbourhood V' C G of  and a compact set K C G such that
U(V; K) C Gyng. In particular, this implies that V\ K C D. Let gy, ..., g, € G%\ {z}
denote all isotropy group elements in K, and choose open bisections Uy, ..., U, with
g; € U, for each i. We claim that there exists an open set U C V containing = and such
that U \ U, U; has empty interior, thus completing the proof. If no such U exists,
then density of C'in G ensures that there exists a net (y,) in (C NVA\UL, Ui> \{z}
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converging to x. By assumption, the net belongs to the compact set K, and therefore
has a convergent subnet, that we call (y3). However, the limit of (yz) in K must belong
to the set {g1,...,g,}. It follows that (ysz) must eventually belong to one of the open

bisections Uy, ..., U, — a contradiction. O

Remark 3.1.10. The definition of an extremely dangerous point (Definition did
not require that the ambient groupoid G is covered by countably many open bisections.
It follows from Lemma that a unit + € G is extremely dangerous if and only
if there exists an open subgroupoid H C G that s covered by countably many open

bisections, contains z, and satisfies «(z) € H, 0

sing*

It is now necessary for us to define the singular ideal and essential C*-algebra for

a non-Hausdorff groupoid. The singular ideal will be the central object of study in
Chapter [

Definition 3.1.11 ([18,27,43]). Let G be an étale groupoid. The singular ideal J is
defined as
J :={a € C(G): supp®(a) has empty interior in G}.

The essential groupoid C*-algebra C: (G) is defined to be the quotient C(G)/J.

€ss

For a groupoid G that is covered by countably many open bisections, the singular ideal
can equivalently be defined using dangerous points. It follows from this lemma that J
is indeed a closed ideal in C*(G).

Lemma 3.1.12 ([43, Proposition 7.18]). Let G be an étale groupoid that is covered
by countably many open bisections. An element a € C*(G) belongs to J if and only if
s(supp®(a)) C D.

Proof. Since G is covered by countably many bisections, the set D of dangerous units
has empty interior by Lemma |1.1.12] Hence G|p has empty interior also. It is then
clear that a belongs to J whenever supp®(a) C G|p.

Conversely, assume that a € J, and let g € G|c. By Lemma [1.1.11] any function
f € €.(G) is continuous at g. Since a is a uniform limit of functions in %.(G), it is also
continuous at g. It follows that a(g) = 0, otherwise supp®(a) would contain an open

neighbourhood of g¢. O]

Remark 3.1.13. For an étale groupoid H that is covered by countably many open

bisections, it follows from this lemma that .J is a closed ideal in C(H). For the general



CHAPTER 3. THE HAUSDORFF COVER 79

case, let G be an arbitrary étale groupoid, write Jg C C*(G) for its singular ideal, and
take a € C*(G), (b,) C Jg such that b, — b € Cf(G). By elementary arguments, there
exists an open subgroupoid H C G that is covered by countably many open bisections
such that a,by, by, - € CH(H). Write Jy C C;(H) for its singular ideal. It is clear
that Jy = Jo N C(H) and therefore the lemma implies that b}, bja, aby,b € Jg C Jg.
It follows that Jg is a closed ideal in C}¥(G).

The following proposition is our reason for introducing the singular ideal J here. It
states that J embeds canonically into the ideal J = {a € C*(G): supp®(a) C Giing)}
from (B.1.5)). It will be useful throughout Chapter [4]

Proposition 3.1.14. Let G be an étale groupoid that is covered by countably many

open bisections, and let i,: C*(G) — C*(G) be the canonical embedding from Proposi-
tion [31.0.

The image of J under i, is equal to J Nim(i,). In particular, there is an induced

embedding iess: Chi(G) — CF(Gess).

ess

Proof. Let a € J, and write a := i,(a). By Lemma [3.1.3] we have @ o+t = a, and
therefore a(c(g)) = 0 for all g € G| by Lemma [3.1.12l However, «(G|¢) is dense in

Gess, and hence continuity of @ implies that @ = 0 on all of Goss. Therefore a € J.

To prove the opposite inclusion, let a € C¥(G) be such that a = i.(a) € J. Again,
by Lemma [3.1.3] we have @ ot = a. Then, the inclusion ¢(G|c) C G implies that
a(g) =0 for all g € G|¢, and hence a € J by Lemma [3.1.12]

Finally, since i,(.J) C J, the embedding i,: C*(G) < C*(G) descends to an embedding
less: C(@)/J = C*(G) /3. The result follows by (3.1.5). O

Remark 3.1.15. If G is inner-exact (or if ésing is closed) then J = C’:(é’sing), in which

case i,(J) C CF(Ggng). However, there exist groupoids for which i, (/) is not contained
in CF (ésing). An example of such a groupoid can be seen by combining the example
from [48, § 4.1] with a HLS groupoid from [70] (or [37]). To be a little more precise,
let G, e € G and Y C G be as in [48, § 4.1]. Keep G\ G|yu(e the same, and replace

Glyugey with Z/2Z x G, where G is as defined in [70, Definition 2.1] (with I' = Fy).

Remark 3.1.16. For an ample groupoid G, Proposition has an analogue in the
context of Steinberg algebras. Let R be a ring, and let RG denote the associated
Steinberg algebra. There is a notion of singular ideal Jz C RG that will be introduced
in the final chapter (see Definition [4.1.2)). Recall from Proposition that there is a
canonical embedding of Steinberg algebras iz: RG < RG. The image of Ji under ig
is equal to RGyng Nim(iz).
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§ 3.2 | Amenability and nuclearity

In this section, we discuss the relationship between amenability of an étale groupoid
and nuclearity of its C*-algebras. For étale groupoids that are Hausdorff, it is well
known that amenability of such a groupoid is equivalent to nuclearity of its reduced
(or full) groupoid C*-algebra (see [3, Chapter 6] and also [11, Theorem 5.6.18]). We
generalise this result to the non-Hausdorff setting: in Corollary it is shown that
an étale groupoid G is amenable if and only if C*(G) is nuclear. We do this with the aid
of the Hausdorff cover groupoid, and by appealing to known results in the Hausdorff
case. In particular, we show that an étale groupoid G is amenable if and only if its
Hausdorff cover G is amenable (Theorem .

Throughout this section, let G be an étale groupoid with Hausdorff cover G, and let
t: G < G be the canonical inclusion. We equip G with the Haar system of counting
measures. Hence, given z € G'¥ and a function f on G, we have A*(f) = Y cq= f(9).
Here we only consider f for which the sum on the right hand side converges absolutely.
Lastly, recall that the map z +— A*(f) is continuous on G(®) whenever f € €.(G).

Let us recall the definition of amenability from Chapter 2 We restate it here for
convenience. Since we are now dealing with étale groupoids, the definition involves

sums rather than integrals.

Definition 3.2.1. Let G be an étale groupoid. We say that G is amenable if there

exists a net (f;) of functions in 6.(G)" satisfying the following conditions.

(i) Yyeqe filg) < 1forall z € GO and all i.
(i) Y4eqe fi(9) — 1 uniformly on compact subsets of G (with respect to z).

(iii) Ypearo |filg7 h) — fi(h)| — 0 uniformly on compact subsets of G (with respect
to g).

Our first result compares amenability of G with amenability of G. By Renault’s ob-
servation that topological amenability is a Borel property [61], the two properties are

equivalent.

Theorem 3.2.2. Let G be a non-Hausdorff étale groupoid. Then G is amenable if and

only if G is amenable.

Proof. Assume that G is amenable, and let (f;) be a net in %.(G)" satisfying the
conditions of Definition [3.2.1] Then, the images i(f;) in C.(G) form a net witnessing
amenability of G' by Lemma (i) and (ii).



CHAPTER 3. THE HAUSDORFF COVER 81

Now assume that G is amenable. Let (f;) be a net in C,(G)" witnessing amenability
of G by satisfying the conditions of Definition m By Lemma , the functions
f; = f; o v are Borel on G. Then, by Lemma the net (f;) satisfies the conditions
of Corollary 2.3.7 It follows that G is amenable. O

Remark 3.2.3. In [13, Definition 5.2], an alternative definition of topological amenabil-
ity is given. Their definition uses a net of functions ( f;) that belong to the *-subalgebra
of B.(G) generated by %.(G) equipped with pointwise operations. By Lemmas
and and Proposition [2.1.3] it is easily seen that any non-Hausdorff groupoid G is
topologically amenable in the sense of [13, Definition 5.2] if and only if the Hausdorff

cover G is amenable. This does not require the abstract results of [61].
§ 3.2.1 | Nuclearity implies amenability

In this subsection and the next, we study the relationship between amenability and nu-
clearity. Firstly, we show that nuclearity of C¥(G) implies amenability of the groupoid
G. The following result generalises [11, Theorem 5.6.18] to the setting of non-Hausdorff

groupoids. We follow the same proof, now adapted to the non-Hausdorff setting.
Theorem 3.2.4. Let G be an étale groupoid.

(i) If C*(G) is nuclear, then G is amenable.

(ii) If G is covered by countably many open bisections and Cr (G) is nuclear, then

Gless s amenable.

Before proving this theorem, let us establish some notation. Let ¢2 denote the Hilbert
space C", and let {u;}" , denote the standard basis. Equip ¢? with the canonical
inner product, and use the convention that this inner product is linear in the second
variable. For fixed i,j € {1,...,n} let e;; € M,(C) be the matrix which has value 1
in the (4, j)-th entry and is 0 elsewhere. Given a;; € C!(G) for all 4,5 € {1,...,n},
let [a; ;] € M,(C!(G)) denote the matrix with (7, j)-th entry a; ;. Equip the algebraic
tensor product £2 ® ¢2 ® C*(G) with the structure of a right pre-Hilbert C*(G)-module

equipped with the canonical inner product (-, -). Explicitly, we have

(£1®£2®b1> 'b2 ::§1®§2®(b1*b2>
(1@ &@b1, &®E&®by) = (§1,8)(E2, §a)b] * by

where * denotes multiplication in C*(G). Any element of 2 ® (2 ® C*(G) can be
viewed as a function from G to the Hilbert space (2 @ ¢2 as follows: (& ® & ®0b)(g) =
b(g)(& ® &). Lastly, given ay,ay € M,(C), let a3 ® as ® 1 denote the operator defined
on 2026 CHG) via (a1 ®as @ 1)(§ @ & @ b) = ay1(&) ® az(&) @ 0.
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Proof. To prove (i), we construct a net (¢;) of non-negative functions on G satisfying
the following conditions: each function (; belongs to the subalgebra of By(G) generated
by €.(G); ||Ci||§2(Gw) < 1forall z € GO; and (¢ * ¢;)(g) — 1 uniformly on compact
subsets of G (with respect to g € G). Let (; denote the image of ; in C,.(G) under the
canonical isomorphism C*(%,(G)) = Cy(G). Defining f;(g) == Gi(g™!) for all g € G,
the net (f;) satisfies the conditions of Proposition m (using Lemma M(ii)), and

therefore G is amenable.

Fix a compact set K C G and ¢ > 0. Let Uy,...,U,, be open bisections covering K
such that, for every [, there exists an open bisection V; containing a compact superset of
U,. For each [, let f; € C.(V}) C 6.(G) be such that 0 < f; < 1and f; =1 on U;. Then
[ fillox oy < 1 and (ff * fi)(x) =1 for @ € s(U1). Since C7(G) is nuclear, there exists a
positive integer n and c.c.p. maps ¢: C*(G) — M,(C) and ¢: M,(C) — C*(G) such
that [|(p 0 ¥)(fi) = fill oz () < € for every L.

Let A be the positive matrix [p(e; ;)] € M,(C}(G)) and define B = [b; ;] = Az €
M, (C*(G)). Define 1, =3, u; ® u, @ by ; € €2 © (2 © CX(G), and note that for any
a € M,(C) we have ¢(a) = (n,, (a ®1® 1)n,). Note also that 7, has norm at most
1 with respect to the C(G)-valued inner product. Approximate the b, ; € C*(G) by
functions (i ; € €.(G) such that 7/, = 3, u; @ ug ® G ; € €2 O L2 © 6e(G) has norm at
most 1, and is within e of 7, (with respect to the C*(G)—Valued inner product). Define
the non-negative function ¢ € By(G) by ¢(9)* == >, |Gk,j(9)|? for g € G. Note that ¢
lies in the subalgebra of By(G) generated by %.(G). Also, for every x € G(©) we have

1<l = Do 16(9)1P = 22(G * Geg) (@) = (i, m)(x) <1 (3.2.1)

9€Gy J:k

since the supremum norm is dominated by the norm ||| 5. ) on €.(G). To complete

the proof of part (i), we show that ¢* % ¢ is uniformly close to 1 on K.

For each [, write a; = ¥(f;) € M,(C), and note that |la;|| < 1. Using the right
pre-Hilbert C*(G)-module structure of £2 ® (2 © C*(G) we have

(w1, 1, fiy = (@@ 1 n,, n,) * fi
:<T]</p7 (g ®1® 1), ) * fi e (Mo, (W ®@1@1)n,)" * fi
:Qp(al) *fl Re fl *fl

where the symbol =, should be understood as meaning “within £ with respect to the

norm ||-|| o ()" Therefore, for any z € s(U;) we have

11— ((a®@1& Dng,m, - fi)(@)] = [(ff = fi)(@) — (@ @ L@ L), mf, - fi)(z)| < 3e.

since the supremum norm is dominated by the norm ||-|| .. () Fix arbitrary g € K.
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Assume that g € Uj, and write z = s(g). View elements of (2 ® (2 ® %.(G) as functions

from G to (2 ® (2 in the manner described earlier. For any h € G, we have

(- f)(h) = D" i (hg ) fi(§) =l (hg™") € L @ L.

geGy

This implies

1-3c < [((a®@1® ), fi)(x)] =

o(h)

> (@@, (h), (0, - f)(h)eee

heGy

_ 71
pon = 2 C)C(hg™) = 37 ((hg)C

heGy heG

<

1, (hg ™)

0202
hGGl‘ 7L® n

= ("% ¢)(9)-

r(g)

By (3.2.1)) we have ||C \|§2(Gy) < 1 for all y € GO, and therefore the Cauchy-Schwarz
inequality implies that 1 — 3e < (¢* % ()(g) < 1. This proves part (i).

The proof of part (ii) is similar so we will be brief. Let K and f; be as above, and
let ¥: CHG) — Ci.(G) denote the canonical surjection. Given arbitrary ¢ > 0,

nuclearity of Cj G) — M, (C) and

o: M,(C) — Ct

ess

ESS (

(G) implies that there exist c.c.p. maps 9: C
(G) such that

<e€
ess G)

(@ o d)(W(f) — w(f)

for each I. Note that for any f € €.(G) and g € G|c we have |f(g)] < [[Y(f)llcx (q)

by Proposition [3.1.14] By an argument identical to the one above, there exists a

non-negative function ¢ in the subalgebra of By(G) generated by %.(G) such that
||C||?2(Gx) <lforallz € Cand 1—3e < ((**()(g9) <1forall g € (Glc)NK. It follows
that éess is amenable. O

Remark 3.2.5. Let us comment on the connection between this result and [13, Theo-
rem 5.12]. Given a groupoid G that is covered by countably many open bisections, the
essential Hausdorff cover Ges is amenable if and only if G is “essentially amenable”
in the sense of [13, Definition 5.4]. This can be seen by applying Lemmas
and as in Remark [3.2.3] Therefore, statement (ii) of Theorem can be
deduced from [13, Theorem 5.12].

§ 3.2.2 | Amenability implies nuclearity

In this subsection, we prove the converse to Theorem [3.2.4(i). That is, we show that
whenever G is amenable, the C*-algebra C*(G) is nuclear. We do this in several steps.
The findings of this section are then summarised in Corollary [3.2.10]|

We begin with a technical lemma that generalises a result from [13, § 4] about extending
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representations. Note that similar arguments appear in the proof of Renault’s disinte-
gration theorem (see [59] and [51, Appendix B]). Our proof follows [13, Lemma 4.7].
We include it for completeness, and because we do not impose the constraint that G
can be covered by countably many open bisections. Recall that B.(G) denotes the set
of bounded Borel functions on GG that have strict support contained in some compact

set.

Lemma 3.2.6. Let G be an étale groupoid. Any *-representation m: €.(G) — L(H)
extends to a *-representation 7: B.(G) — L(H). Moreover, the commutators of the

ranges of m and T are equal.

Before proving the lemma we introduce some terminology and notation. Let U be a
Hausdorff locally compact space. From Section[I.2] recall that a positive Radon measure
on U is a positive Borel measure that is inner regular on open sets, outer regular on all
Borel sets, and finite on compacts. A complex Radon measure on U is a complex Borel
measure of the form v = py — po +ips —ipy for some finite positive Radon measures p;.
Integration with respect to a complex Radon measure is defined in the obvious way. Any
complex Radon measure v on U has an associated linear functional 7 on C,(U) given by
v(f) = Jy [ dv for f € C.(U). By the Riesz-Markov-Kakutani representation theorem
(see [29, Theorem 7.17]), the mapping v + 7 is a one-to-one correspondence between
complex Radon measures on U and linear functionals C.(U) — C that are bounded
with respect to the supremum norm. Moreover, ||7|| = ||v||,, where |v|, == |v|(U),

and |v| denotes the total variation of v. For further details, see [29, § 7.3].

We state a simple lemma about extending complex Radon measures to finite unions of

open bisections.

Lemma 3.2.7. Let G be an étale groupoid, and let Uy, ...,U, C G be open bisections.

For each v =1,...,n let v; be complex Radon measure on U;.

Suppose that for any i,j € {1,...,n} the complex Radon measures v; and v; agree on
U;NU;. That is, v;(B) = v;(B) for any Borel set B C U; N U;. Then, there exists a

unique complex measure v on Uy U---UU, whose restriction to each U; agrees with v;.

Proof. Define Vi = Uy, Vo :=Us \ Uy, ..., V, =U,\ (U U---UU,_1). For a Borel
set BC U, U---UU, define

n

v(B) =Y v (BNV).

=1

It is simple to check that v is a well-defined complex measure satisfying the required

conditions. Uniqueness is clear. O
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In the following proof, the inner product (-,-) on H is linear in the second variable.

Proof of Lemma[3.2.0. Let w: 6.(G) — L(H) be a *-algebra representation. Fix &,n €
H and define the linear functional m¢,: 6.(G) — C by f <§, 7r(f)77> For any open
bisection U C G, the restriction of 7 to C.(U) is bounded with respect to the supremum
norm. Therefore, the restriction of m¢, to C.(U) is bounded with norm HWE’"|CC(U)H <
Il€Il |Im]]. By the Riesz-Markov-Kakutani representation theorem, there exists a unique
complex Radon measure v¢, on U such that Ten(f) = Jur f dvg, for all fecC.(U). It
will be useful for later to note that HVg”H1 < ||&] |In]]- Next, let F = {Uy,...,U,} be
any finite set of open bisections. For any i,7 € {1,...,n}, uniqueness in the Riesz-

Markov-Kakutani representation theorem ensures that the complex Radon measures

Vg , and I/g ; agree on the intersection U; NU;. Therefore, by Lemma |3.2.7, there exists

a unique complex measure l/g: , on Uity U; whose restriction to any U; agrees with yg 0

We now define an extension 7¢,: B.(G) — C. Given f € B.(G), choose a finite
collection of open bisections F = {Uy,...,U,} that cover supp°(f), and define

Ten(f) = /U:le v, f d’/gn-

To see that this is well-defined, simply observe that the complex Borel measures Vg ,
agree on intersections for different choices of finite set F. It is also clear that the map
Teq is linear. Next, consider the maps { — ¢, and n — 7¢, defined on the Hilbert
space H. We claim that for fixed n € H, the map § ~— 7¢, is anti-linear. To see
this, note that the map § — m¢, is anti-linear. Then, since complex Radon measures
are determined by their action on compactly supported continuous functions, the map
& — Vgn is anti-linear for any open bisection U. It follows that the map & — 7¢,, is
anti-linear as claimed. Similarly, for fixed { € H, the map n — 7¢,, is linear. We also
need a boundedness condition. From earlier, we have HVg"H1 < ||&]| |n]| for any open
bisection U. Therefore, given any finite set F = {Uy,...,U,} of open bisections, we
have HygnHl <n[lE|llIn|l. It follows that for any fixed f € B.(G), the maps n — e, (f)
and & — e, (f) are bounded. We are now ready to define the desired extension
7: B.(G) — L(H) of 7.

Given f € B.(G) let #(f) € L(H) be the unique operator such that 7¢,(f) =
<§ 7 (f )77> for all £,n € H. The linearity and boundedness conditions described above
ensure that such an operator always exists. It is clear that 7¢, extends ¢, for each
¢,m € H, and hence 7(f) = n(f) for all f € €.(G). We must therefore show that
the map 7: B.(G) — L(H) is a *-algebra representation. Linearity of 7 is clear, and
this will allow us to simplify the subsequent computations. Indeed, any function in
B.(G) can be written as a finite linear combination of functions in B.(G) that are

each supported in some open bisection. So, it suffices to prove that 7 is multiplica-
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tive and *-preserving for functions in B.(G) whose strict support is contained in some
open bisection. Throughout the remainder of the proof, we will only work with such

functions.

Let us show that 7(f*) = 7(f)* for any f € B.(G) whose strict support is contained
in some open bisection. Fix an open bisection U C G and let £,n € H. In the
followmg calculation, let (Vgn )71 be the complex Radon measure on U defined by
(Vgn_ ) B) = Vgn_ (B1) for Borel B C U. For any f € C,(U) we have #(f*) =
7(f*) = 7(f) = 7(f)", and thus

|, #(9) avllelg) = (n.x()g) = <5,7r<f*> b= L), dug;%g)
= f(g_l /f Vgn (9)

U-1

Since f € C.(U) was arbitrary, it follows that the complex Radon measures V%{ ¢ and

N1 ,
(Vgn 1) are equal on U. Therefore, replacing f in the calculations above with some

f € B.(G) satisfying supp®(f) C U shows that <7],7~r(f)§> = <£,7~r(f*)n>. The Hilbert

space elements &, € H were arbitrary, hence 7(f*) = 7(f)*, as required.

Next we show that 7: B.(G) — L(H) is multiplicative. Fix open bisections Uy, Us C G.
Whenever fi, fo € B.(G) satisfy supp®(f1) C Uy and supp®(f2) C Us, the convolution
f1 * fo has strict support contained in the open bisection V = U;U, and satisfies
(f1* f2)(g) = fi(gUy ") fo(Utg) for g € V. Here, gUy* and U; g denote the unique
elements of the sets {ggs': g2 € Us,s(g2) = s(g9)} and {g7'g: g1 € Uy, 7(g1) = r(9)}
respectively. Fix f; € C.(Uy). Multiplicativity of the map 7: €.(G) — L(H) ensures
the following for any f, € C.(Us) and &, € H:

|, Fola) A%y (0) = (w(AY € m(fon) = (& 7(fom(fon)
= (&n(fis fom) = | (s f2)9) v, (9)
= [ AU A(UTg) dvt(9) = [ falo) duty

Here, the complex measure z on U; 'V C U, is the pushforward of the complex measure
f1<( YUy ) dv{, on V under the homeomorphism V' — U Wig > Urlg. The set of
complex Radon measures is invariant under multiplication by bounded Borel functions,
so p is a complex Radon measure. Extend p to Us by 0. This extension is still a complex
Radon measure because U; 'V is open. Then, since fg € C.(Uy) was arbitrary, the

equations above ensure that the complex Radon measures o and Y are equal

(f )*Em
on U,. Therefore, the function f, can be replaced in the calculations above by any

fa € B.(G) satisfying supp®(fa) € U,. This proves the equality <£,7~r(f1)7~r(f2)77> =
<£,7~r(f'1 * fQ)n> for any fo € B.(G) satisfying supp®(f2) € U,. The Hilbert space
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elements &, € H were arbitrary, hence 7(f; * fo) = #(f1)7(f2). By taking adjoints
and reversing the roles of U; and U,, we also have 7(f; * fg) = 7(f1)7(f,) whenever
fo € Co(U) and f; € B.(G) satisfies supp®(f;) C U;. Then, by repeating an argument
identical to the one above with f; replaced by fi gives 7(fy * f2) = #(f1)7(f2) for any
fo € B.(Q) satisfying supp®(f2) € Us. This completes the proof that the extension
7: B.(G) — L(H) is a *-algebra representation.

We now address the “moreover” part of the lemma. Let T" € L(H) be any operator
that commutes with the range of 7, and let £,7 € H. For an open bisection U C G
and f € C,(U) observe that

The function f € C.(U) is arbitrary. Since any complex Radon measure on U is
determined by its action on C,(U), similar arguments to earlier parts of the proof show
that

(& (Ta(£) ) = (& (F(HT) ()
for any £,n € H and any f € B.(G) satisfying supp®(f) € U. The Hilbert space

elements £, € H were arbitrary, hence 7" commutes with 7(f). By linearity, it follows

that T" commutes with the range of 7 as desired. O]

With the main technical lemma of this subsection out of the way, we can now prove the
desired results regarding amenability and nuclearity. The following proposition tells
us that the embedding i: €,(G) < C.(G) from Lemma induces an embedding
imax: C*(G) — C*(Q) of full C*-algebras that is well behaved with respect to taking

maximal tensor products.

Proposition 3.2.8. Let G be an étale groupoid, and let A be a C*-algebra. The map

i®@id 4 induces an isometric *-homomorphism i, ®ids: C*(G)@pmax A — C’*(G)@max

In particular, i induces an isometric *-homomorphism iymay: C*(G) — C*( )

In the proof of this proposition, we abuse notation slightly and identify %.(G) with its
image under i. In particular, we view ¢.(G) ® A as a subset of both C*(G) ® A and
C*(G) ® A.

We also need to define products of *-representations. Given C*-algebras A and B, let
m: B — L(H)and 0: A — L(H) be *-representations with commuting ranges. We let
mxo: BOA — L(H) be the *-representation given by (7 x0)(b®a) = w(b)o(a) for b €
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B, a € A. Tt is simple to check that 7 x o is well-defined (see [11, Proposition 3.1.17]).
Moreover, by [11, Theorem 3.2.6], any non-degenerate *-representation of B ® A is of

this form.

Proof. By universality of the full groupoid C*- algebra there exists a *-homomorphism

imax: C*(G) — C*(G) extending i. Then, by universality of the maximal norm on the

algebraic tensor product C*(G) ® A, the map iyay @ id4 induces a *-homomorphism

inax ® ida: C*(G) @max A — C’*(é) Qmax A. In order to show that this map is an
isometry, it suffices to prove the inequality |||

%.(G) ® A. The result then follows.

CH(G)Dmax A = 16] C*(G)@mana fOT all 0 €

Let ¢: C*(G) ® A — L(H) be a non-degenerate *-representation. We claim that there

exists a *-representation ¢: C*(G) ® A — L(H) that agrees with ¢ on €.(G) ® A.
By [11, Theorem 3.2.6], ¢ is of the form 7 x o for some non-degenerate *-representations
m: C*(G) — L(H) and 0: A — L(H) with commuting ranges. By Lemma there
exists a *-representation 7: B.(G) — L(H) extending 7, and whose range commutes
with the range of . By Lemma (ii), the image of C,(G) under the canonical
isomorphism 4~': Cy(G) = C*(%,(G)) is contained in B,(G). Moreover, it is obvious
that the restriction of 4~ to Cc(é) is *-preserving and multiplicative with respect to the

involution and convolution product. Therefore, C.(G) can be viewed as a subalgebra

of B,(G), and 7 restricts to a *-representation of C,(G). Let fimax: C*(G) — L(H)
denote the induced *-representation. The range of 7., commutes with the range of

o, and therefore ¢ = T X 0: C*(G) © A — L(H) is a well-defined *-representation.

By construction, ¢ agrees with ¢ =7 x 0 on 6.(G) ® A, so this proves the claim.

Take arbitrary 0 € %.(G) ® A. Let ¢p: C*(G) ©® A — L(H) be a non-degenerate
*_representation, and, by applying the claim, let @: C*(G) ® A — L(H) be a *
representation that agrees with ¢ on %.(G) ® A.  The inequality [|0(0)[| sy =
12Ol oy < 116
ing the supremum over all non-degenerate *-representations ¢ yields the inequality

16]

O+ (G)@max A OIS by definition of the maximal tensor product. Tak-

O (@) Dmax A = HHHC*(G)@maXA? as desired. -

The following theorem generalises results regarding amenability and nuclearity for
Hausdorff groupoids to the non-Hausdorff setting. The proof is quick, since the embed-
dings from the previous proposition allow us to reduce the problem to the Hausdorff

setting. We then appeal to known results.
Theorem 3.2.9. Let G be an étale groupoid.

(i) If the canonical surjection C*(G) — C*(G) is an isomorphism, then so is the
canonical surjection C*(G) — C¥(G).
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(ii) If G is amenable, then the canonical surjection C*(G) — C*(G) is an isomor-
phism, and both C*(G) and C}(G) are nuclear.

Proof. (i): For any f € %.(G) we have |f|
[i(A)]

cx@) = Hi(f)|c;f(é) and | f|
(@) Py Propositions 3.1.6 and |3.2.8| respectively. Part (i) then follows.

C*(G)

(ii): Let A be an arbitrary C*-algebra. We have the following commutative diagram

C*(G) R max A w’ C* (é) O max A

| |

O:<G) ®min A C:(G) ®min A

iT®idA

where the vertical maps are the canonical projections. If the Hausdorff groupoid G
is amenable, then the canonical projection C*(G) — C*(G) is an isomorphism by
[11, Corollary 5.6.17]. Also, amenability of G implies that C*(G) is nuclear by [11,
Theorem 5.6.18], and therefore the vertical map on the right is an isomorphism. The
horizontal map iy. ® id4 is injective by Proposition [3.2.8] and therefore the vertical
map on the left is also injective. Since A is an arbitrary C*-algebra, this proves that

C*(G) is nuclear, as required. O

We now summarise all the findings of this section. The following corollary is an imme-
diate consequence of Theorems [3.2.2} [3.2.4] [3.2.9} [11, Theorem 5.6.18] and [11, Corol-
lary 5.6.17].

Corollary 3.2.10. Let G be an étale groupoid. Consider the following statements.
(i) G is amenable.

(ii) G is amenable.

(iii) C¥(G) is nuclear.

(i) C(G) is nuclear.

(v) C*(G) is nuclear.

(vi) C*(G) is nuclear.

(vii) The canonical surjection C*(G) — C*(G) is an isomorphism.

(viii) The canonical surjection C*(G) — C*(G) is an isomorphism.

We have (i) < (ii) & (i) < (iv) < (v) & (vi) = (viii) = (vii).
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Remark 3.2.11. Even without using the abstract results of [61], this chapter proves
that statements (ii) to (vi) of the previous corollary are all equivalent to topological
amenability in the sense of [13, Definition 5.2] (see Remark [3.2.3). Note also that
the implications (ii) < (iii) < (v) = (vii) in Corollary can be deduced from

[13, Theorem 5.12] whenever G is covered by countably many open bisections.

In the previous corollary, neither implication “(viii) = (vi)” nor “(vii) = (viii)” holds
in general. For a counterexample to the implication “(viii) = (vi)”, see [70]. A coun-
terexample to the implication “(vii) = (viii)” will be provided in Example of the

following chapter.

§ 3.3 | Ideals via the Hausdorff cover

The goal of this section is to generalise [17, Theorem 2.10] to the setting of non-
Hausdorff groupoids. Precisely, given an amenable second-countable (non-Hausdorff)
étale groupoid G, we prove that ideals in C*(G) are determined by their isotropy fibres
(see Section . The theorem itself only applies to amenable groupoids, though the
methods used to prove it apply to any étale groupoid.

Let G be an étale groupoid and let G denote its Hausdorff cover. Given an ideal I
in the full groupoid C*-algebra C*(G), denote by I the ideal in C*(G) generated by
imax (I). Here, ipax: C*(G) — C*(G) is the embedding from Proposition [3.2.8]

We will prove two properties of the assignment I — I. Firstly, we show the assignment
is injective. Secondly, we describe the isotropy fibres of I in terms of the isotropy fibres
of I. Theorem then follows immediately.

Lemma 3.3.1. Let I be an ideal in C*(G). Then il (I)=1.

max

Proof. The inclusion I C i ! (I) holds trivially. To prove the reverse inclusion, fix a

*-representation p: C*(G) — L(H) with ker(p) = I. By Lemma [3.2.6 there exists a *-

representation p: C*(G) — L(H) such that poiya, = p. Since ipax () = imax(ker(p)) C
ker(p), we have I C ker(p), and therefore izt (I) C izl (ker(p)) = ker(p) = I. O

max

Let us now describe the isotropy fibres of I in terms of the isotropy fibres of I. Given
r € GO, recall that the isotropy fibre of I at x is defined in Definition by
I, == n.(I) where 1,: C*(G) — C*(G%) is the canonical map. Fix X € G(©. Write
7= m(X) € GO and recall that X is equal to a subgroup of G%. By Lemma the
isotropy group C~¥§ C G is equal to the quotient Ny /X, where Nx is the normaliser of
X in G%. Denote by Ey, : C*(G%) — C*(Nx) the canonical conditional expectation
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and by Qx: C*(Nx) — C*(Nx/X) the *~homomorphism induced by the quotient map
Nx — Nx/X. Then, let Px: C*(G*) — C*(G%) denote the composition.

Proposition 3.3.2. Let I be an ideal in C*(G). Let X € GO and write v = w(X) €
GO, Then

Proof. The map Py is a conditional expectation, and therefore Kx = Px([,) is a
closed ideal in C*(G¥). We claim that K := (Kx)yca is an invariant family of ideals.
Take arbitrary g € G, and let ¥, be as in Subsection Since W(F(g)) = r(go) and
W(é(g)) = 5(g0), we have that W, o Pyg) = Prg) o ¥y, for any go € g. Therefore,
using that W, is a homeomorphism and that (1,),cq© is an invariant family of ideals,
it follows that

Wy (Ks<g>) = Wy 0 Py (fs(go>) = Pig) 0 ¥y, (fs(go>) = Pi(g) (fr<go>) = Kig).

Hence, K = (Kx) ye@o is an invariant family of ideals as claimed. Next, consider the
following diagram.

CH@G) —m s 0%(G)
lnz lnx

C*(Gz) = C(GY)
It is clear that the diagram commutes on the dense subalgebra %.(G), and therefore
commutes on the whole of C*(G) by continuity. This implies that Kx = nx (imaX(I ))
The restriction map nx sends closed ideals to closed ideals, and therefore Ky C Ix.
The equality Ky = nx (imax(])> also implies that iy. (/) € I(K) by Lemma [1.5.3
Therefore, we have I C I(K), from which it follows that Iy C Kx by another applica-
tion of Lemma [1.5.3] O

We can now prove the main theorem of this section. The proof makes use of [17,
Theorem 2.10], which in turn relies on known cases of the Effros-Hahn conjecture
[39]. It is therefore necessary for us to only consider amenable and second-countable

groupoids. In fact, the theorem fails for non-amenable groupoids (see [17, Examples

2.11 & 2.12)).

Theorem 3.3.3. Let G be an amenable and second-countable (non-Hausdorff) étale
groupoid. Let I and K be ideals in C*(G). Then, I = K if and only if I, = K, for all
ze GO,

Proof. The forward implication is trivial. Conversely, if I, = K, for all z € G©
then Iy = Ky for all X € GO by Proposition m The Hausdorff cover groupoid
G is Hausdorff, second-countable, and also amenable by Theorem m Therefore
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[17, Theorem 2.10] implies that I = K. Finally, we have I =i-! (I) =il (K) = K
by Lemma |3.3.1]. O

Remark 3.3.4. Let us briefly describe how the ideals constructed in this subsection
allow us to build more C*-algebras on G. Let I be any ideal in the full C*-algebra
C*(@), and let B = C*(G)/I denote the quotient. Then, letting B = C*(G)/I,
we have a canonical embedding B < B. More generally, an argument analogous to
Proposition yields embeddings B @max A <> B @max A for any C*-algebra A. It
follows that nuclearity of B implies nuclearity of B. In general, however, it is not easy
to compute B. For example, if B = C*_(G), then B need not equal C*(Gs) (take G
as in Example[4.8.3)). If B = C*(G), then B need not equal C*(G) (see Example .

§ 3.4 | Examples

In this section, we compute the Hausdorff cover for the examples appearing in Subsec-
tion In each case we bring attention to the singular part of the Hausdorff cover
(0)

ésing. In particular, we comment on whether its unit space Gsing is empty, non-empty
and discrete, or non-empty and non-discrete. We do this for the following reasons: in
the first case, the singular ideal J vanishes by Proposition and in the second
case, the singular ideal can be computed by the formula in Theorem [£.7.2] In general,
one should expect Gsing to be non-empty and non-discrete, and in this case the singular

ideal is harder to describe — see Chapter [] for more details.
§ 3.4.1 | Bundle of groups examples

In the first five examples, G is a bundle of groups, and therefore G will also be a bundle

of groups.

Example 3.4.1. Let G be the groupoid from Example|1.6.1} and write G = X \ {z(}U
I'. The essential part of the Hausdorff cover Gy contains no non-trivial elements —
that is, G is equal to its unit space G0, As a set, G = {1(2): 2 € X \ {20} } U{T}

and is homeomorphic to X = G(© via the map 7: G0 — G©. The singular part Gying

contains a single unit, namely ¢(zy), and its isotropy group is isomorphic to I

Example 3.4.2. Let G be the groupoid appearing in Example[I.6.2] Since G contains
no extremely dangerous points, Gsmg is empty by Lemma m The unit space of Gegs
has two components, which we call X; and X,. The first is given by X; = {u(x): x €
[0,1)} U{T" x {1}} and is homeomorphic to [0, 1] via the obvious map. The second
is Xo = {u(z): x € [1,2]} and is homeomorphic to [1,2] via the obvious map. Each
element of X; has trivial isotropy group, and each element of X5 has isotropy group

isomorphic to Z/27Z. Overall, we have G = X LI (Z/27 x X,).
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Example 3.4.3. Let G be the groupoid from Example m The unit space of Gess
splits into three components, each homeomorphic to the interval [0,1]. These corre-
spond to each of the three intervals I x {A}, I x {B} and I x {C'}. Any unit in G() has

ess

isotropy group isomorphic to Z/27Z. The singular part G’Sing has a single unit, namely

¢(0), and its isotropy group is isomorphic to the Klein four-group, V.

Example 3.4.4. Let z,, be the sequence given by x, =1 -1, n > 1, and let G be the

n’

corresponding groupoid from Example[1.6.4l The essential part of the Hausdorff cover

Gless 18 equal to its unit space, and is homeomorphic to the unit interval. Explicitly,
G0

o is equal to the set

(G {Z)27 x {x,}} U{(z): z, <z < xn+1}> u{vy x {1}}

n=1

and is homeomorphic to [0, 1] via the obvious map. Next, the singular part ésing has
unit space equal to the set {¢(z,): n > 1} U {{e, A} x {1}} U{¢(1)}. The unit {¢(1)} is

isolated in Gy, and the remaining part is homeomorphic to the set {x,: n > 1} U{1}
(0)

sing

is not discrete. The unit {+(1)} has isotropy
(0)

sing

via the obvious map. In particular, G

group equal to Vj, and all other units in G/, have isotropy group isomorphic to Z /27.

Example 3.4.5. Let G be the groupoid from Example m The unit space of Gess
splits into three clopen components each homeomorphic to Y := N U {oc}, the one-
point compactification of the natural numbers. These correspond to each of the three
copies of Y labelled as Y x {A}, Y x {B}, Y x {C}. For g € {4, B,C}, Lemma [3.1.5]
implies that the isotropy group at (oo, g) is equal to the quotient (F x V;)/X,, where
X, = {(1,¢e),(1,9)}. The three restrictions Ges|y are all isomorphic to the product
Gyrs X Z /27, where Gy is the groupoid from . It follows from [70, Lemmas 2.7
and 2.8] that the canonical surjection C*(Gess) — C(Glss) is an isomorphism. The
singular part ésing has a single unit, namely ¢(c0), and its isotropy group is isomorphic
to Fy x V4. This unit is isolated, and Iy is non-amenable, so therefore the surjection

C*(G) — C*(G) is not an isomorphism.

In Example [4.8.5| we will see that the singular ideal J vanishes for the previous exam-
ple. It then follows from Proposition that there exists a canonical embedding
C*(G) «— C*(Ges). Moreover, Example shows that there is also a canonical

embedding C*(G) < C*(Gess). This then implies that C*(G) — C)(G) is an isomor-
phism.

§ 3.4.2 | Groupoids from self-similar groups

In this subsection we describe the Hausdorff cover G for the groupoids associated with
the Grigorchuk and Grigorchuk-Erschler groups (see Subsection [1.6.4]). In each case,
we do this by describing the unit space G©.
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Let T denote the tree of finite words in the alphabet {0,1}, and let 0T denote its
boundary. We write 1™ € T for the word of length m containing only 1, and 1*° for

the infinite word in 07T containing only 1.

Example 3.4.6. Let N = {e,a,b,c,d} denote the nucleus of the Grigorchuk group,
and let G be the associated groupoid from Example [1.6.13] We describe the essen-

tial and singular parts of G separately. The singular part Gsmg is discrete, and its
(0)

unit space ésing is equal to the set {¢(ul1*): w € T'}. These units form a single or-

bit. We now describe the essential part Gess. As always, the inclusion t¢|¢: C' —
GO

ess

dorff units. For g = b,c,d write X, == {[e,1],[g,1®]}. Each X, belongs to G,

and we have 771 ({1°}) = {1(1*°), X}, X, X4}. We clearly also have 7= !({ul*>}) =
{e(ul®), uXpyu*, uX u*, uXqu*} for any u € T. Given u € T and a net of infinite words

is a homeomorphism onto its image, where C' C G denotes the set of Haus-

(w;) C OT, the net t(w;) converges to uXzu* in G if and only if w; converges to ul™
pointwise, and eventually, each w; is either equal to 1% or is of the form u1*™0w’ for
some m > 1 and w' € 9T. Convergence to uX.u* and uX,u* can be characterised
in a similar fashion, by replacing 3m with 3m + 1 and 3m + 2 respectively. Overall,
Gess = 1(C) U {uXpu*, uXou*, uXqu*: u € T} with the topology described above.

Example 3.4.7. Let N = {e, h, a, 8,7} denote the nucleus of the Grigorchuk-Erschler

group, and let GG be the associated groupoid from Example [1.6.14] The singular part
(0)

ésing of the Hausdorff cover is discrete, and its unit space ésing is equal to the set
{¢(ul*®): u € T'}. These units form a single orbit, and have isotropy group Vj X, Z
(see Lemma. We now describe the essential part Gess. For ¢ = a, 8 write X, =
{[e,; 1], [g, 1°]}. Each X, belongs to G2, and we have 7~ ({1=°}) = {1(1%°), X,, X3}
It is then clear that 77 '({ul*}) = {t(ul®),uX,u*, uXgu*} for any u € T. Given
u € T and a net of infinite words (w;) C 9T, the net ¢(w;) converges to uX,u* in G
if and only if w; converges to ul*> pointwise, and eventually, each w; is either equal
to ul®®u* or is of the form u1?™0w’ for some m > 1 and w’ € OT. Convergence to
uXpgu* can be characterised in a similar fashion, by replacing 2m by 2m + 1. Overall,
éess = 1(C) U {uX,u*, uXgu*: u € T} with the topology described above, and where

C C GO denotes the set of Hausdorff units.

§ 3.4.3 | Groupoids of germs from Bieri-Strebel groups

As in Subsection let P be a non-trivial subgroup of the multiplicative group
R.g, and let A be a Z[P]-submodule of the additive group R containing P. Addi-
tionally, we now ask that both A and P are countable. Let Germ(F(I A P) T )
and Germ(T(T;A,P) N T) denote the groupoids from Examples [1.6.10] and |1.6.11

respectively.
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Lemma 3.4.8. Let A and P be as above. Then the groupoids Germ(F(I;A, P)~ I)
and Germ(T('JI‘; A P) T) are both second-countable.

Proof. Since the interval I and circle T are second-countable, it suffices to prove that
each groupoid is covered by countably many open bisections. Let us prove this for
the groupoid G = Germ(F(I; A P) ~ I). The proof for Germ(T(T;A, P) ~ T)
is similar. Let € denote the set of all tuples (z,y,p,q) € A x A x P x P for which
there exists f € I'(I; A, P) with f(z) = vy, slope p to the left of x, and slope ¢ to
the right of z. Given w = (z,y,p,q) € €, choose a sequence (f¥),>1 C I'(I; A, P)
such that each f¥ satisfies f¥(z) = y, has slope p to the left of z, slope ¢ to the
right of x, and such that the interval to the left of z on which the f have slope p
approaches maximal length as n — oco. For each f* note, by definition, that the set
of germs UY := {[f¥,z]: x € [0, 1]} is an open bisection in G. Since both A and P are
countable, the set {UY: w € Q,n > 1} is countable. Density of AN (0,1) in [0, 1] then

ensures that these open bisections cover all of G. O]

Example 3.4.9. Let G = Germ(F([;A, P) n I) be the groupoid from Exam-

ple [1.6.10, Let us first describe the singular part of the Hausdorff cover, @sing. The
(0)

groupoid @sing is discrete, and its unit space, ésing, is equal to the set {c(z): x €

AN (0,1)}. The isotropy groups of units in Gg?gg are isomorphic to P?, and the orbits
are as described in Example . Despite being discrete, ésing is in fact dense in
G. Indeed, density of AN (0,1) in [0,1] ensures that whenever z € C, there exists a
net (an) in AN (0,1) converging to x. This net is automatically primitive in G, and
therefore 1(ay) — «(z) in G. Next, let us describe the essential part Ges. Its unit

0) =~ K U L where

ess

space G is homeomorphic to the Cantor space. We can write G
K =10,1]\(AN(0,1)) and L == {a_,a4: a € AN(0,1)}. In the union K UL, the space
K is equipped with the usual topology, and a net (z,) in K converges to a_ if and
only if it converges to a in [0, 1] and eventually belongs to [0,a). Similarly, a net (z,)
in K converges to a if and only if it converges to a in [0, 1] and eventually belongs to
(a,1]. Concretely, under the homeomorphism éggg = K UL, the units a_ and ay in L
correspond to the closed sets of germs {[f,a]: f(a) = a, f has slope 1 to the left of a}
and {[f,a]: f(a) = a, f has slope 1 to the right of a} respectively. The isotropy group
at each k € K is trivial, and the units a_ and a, have isotropy groups isomorphic to

Z. Overall, G is compact and totally disconnected, so that G is an ample groupoid.

In the special case where F' = T'(I; Z[%], (2)) is Thompson’s group F', the singular part
G is equal to the set {t(x): © € Z[3] N (0,1)}. Moreover, Glaing consists of a single

sing

orbit, and its isotropy groups are isomorphic to Z?2.

Example 3.4.10. Let G = Germ(T(T;A, P) ~ T) be the groupoid from Exam-
ple[1.6.11] The Hausdorff cover G is similar to that in the previous example, so we will
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(0)

sing»
is equal to the set {c(t): t € A/Z}. All isotropy groups are isomorphic to P?, and the
orbits are as described in Example [1.6.10, As in the previous example, ésing is dense

in G. Next, let us describe the essential part Ges. Its unit space G9 is homeomorphic

to the Cantor space. Explicitly, we can write G(©) =2 K UL where K =T\ (A/Z) and

ess

be brief. The singular part of the Hausdorff cover ésing is discrete. Its unit space, G

L ={a_,a;:a € AJZ}. The topology on K U L is similar to that in the previous
example. Each £ € K has trivial isotropy group, and both a_ and a, have isotropy
groups isomorphic to Z for any a € A/7Z. The groupoid Gless is minimal.

In the special case where T' = T'(T; Z[%], (2)) is Thompson’s group 7', the singular part
G is equal to the set {u(t): t € Z[3]/Z}. Moreover, Gling cOnsists of a single orbit,

sing

and its isotropy groups are isomorphic to Z2.

In general, if H is an open subgroupoid of G, it need not be the case that H is
an open subgroupoid of G. Nevertheless, if H = Germ(F([; A P) I) and G =
Germ(T(T; A P) ']I'), then H is an open subgroupoid of G. To see this, let j: H
G be the inclusion described in Subsection m For each h € H with 0 # 35(h) # 1,
define j(h) = {j(h): h € h} € G. The remaining elements of H are of the form ¢([f, 0])
or ¢([f, 1]) for some f € T'(I; A, P). Define j(+([f,0])) to be the set of germs [f,0] € G
where f € T(T; A, P) satisfies f(0) = 0 and has the same slope as f to the right of
0. Similarly, define j(¢([f,1])) to be the set of germs [f,0] € G where f € T(T; A, P)
satisfies f(O) = 0 and has the same slope as f to the left of 0. Note that we can
also write j(¢([f,0])) = 5([f,0]) - 04 and j(c([f,1])) = 5([f,1]) - O_ in the notation of
Example Then, j: H — G is a continuous open inclusion of groupoids.

To finish the chapter, we show that a particular class of Bieri-Strebel groups have
amenable groupoids of germs. The class in question is the countable family of groups
T, = T(T;Z[%],(n)) for n > 2. The argument is similar to the one given in [63,
Theorem 3.3] (see Example [2.5.1]). However, this time we will not need to consider the

underlying Borel structure: we use the Hausdorff cover instead.

Example 3.4.11. Let G == Germ(7,, ~ T). We will show that the Hausdorff cover
G is amenable. It then follows that G is amenable by Theorem We consider
the essential and singular parts of the Hausdorff cover separately. The singular part
Gsing is a discrete groupoid with isotropy group Z?2, and with n — 1 orbits. Since Z? is

amenable, it is clear that ésing is also amenable. Next, consider the essential part Gess.
Write its unit space as GO = K'UL as in Example [3.4.10, where K = T\ (Z[1]/Z) and

ess
%

L={a_,a;:a€Z[}]/Z}. Each k € K has a unique n-ary expansion k = 33°, ayn~
for a; € {0,...,n —1}. Each a € Z[%]/Z has two possible n-ary expansions. It has
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one that terminates a = Y3°, o n™% and one that doesn’t a = 3°, a; n~*. Define
Y: GO — {0,...,n — 1}N by (k) = ()2, for k € K, and (a_) = (o; )2,

Ylay) = (o)L, for a_,a; € L. The map v is a homeomorphism. Moreover, 1)
induces an isomorphism between G and the Cuntz groupoid O,, from [58]. Therefore,
G is amenable by [58, Proposition I11.2.5]. Overall, G decomposes into two invariant
subgroupoids that are open and closed respectively. Both subgroupoids are amenable,

and hence G is amenable also.

Amenability of G ensures that C*(G) fits into the following short exact sequence of

C*-algebras. This is because amenability implies inner-exactness, from which it follows

that (3.1.4)) is exact.

n—1
0> PC(THeKk — CHG)— 0, =0

=1

By Proposition [3.1.14] the essential C*-algebra Cp (G) embeds into O,,, and the sin-
gular ideal J embeds into @' C(T?) ® K. Later, in Corollary 4.8.8] we will see that

J =@ Cy(R?) @ K.

Let us briefly comment on the generalisations of Thompson’s group F' given by F), =
[(I;Z[3], (n)). Write H := Germ(Fn ~ [) and G = Germ(Tn ~ ']I'). By the earlier
comment, H is an open subgroupoid of the Hausdorff groupoid G. Example [3.4.11

shows that G is amenable, so it follows that H and hence H are also amenable.



Chapter 4

The singular ideal

The final chapter of this thesis discusses the singular ideal of a non-Hausdorff étale
groupoid. The singular ideal J is an ideal in the reduced C*-algebra C*(G), and its
existence is one of the main reasons why non-Hausdorff groupoid C*-algebras are poorly
understood. In a notable recent development ([38]), a deep connection is established
relating the singular ideal and quasi-regular representations of isotropy groups. This
connection proved to be very powerful, and allowed [38] to characterise vanishing of J
and J N %.(G). In this chapter, we will use quasi-regular representations of isotropy
groups to study the structure of JN%.(G), and to study when JN%,.(G) is dense in J.

Let us outline the structure of this chapter. In Section |4.1) we reconcile the different
definitions of singular ideal appearing in the literature. Section[4.2]includes background
results from [38] regarding the relationship between the singular ideal and quasi-regular
representations of isotropy groups. In Section we give explicit instructions for
building elements of J N %.(G), and show that elements constructed in this way have
dense linear span in JN%.(G). Section [4.4]includes similar methods, this time adapted
to ample groupoids and the associated algebraic singular ideal Jc. The next two
sections then study when J N %.(G) is dense in J. In particular, a characterisation is
given for when J N %.(G) is dense in J for amenable second-countable étale groupoids
(Theorem . Overall, for certain classes of groupoids, the results of Sections
through combine to give explicit dense spanning sets for the singular ideal.

The final sections consider the singular ideal of groupoids for which Gsmg is a discrete
subset of the Hausdorff cover. Theorem provides a formula for computing the
singular ideal of such a groupoid. This generalises a computation in [31], where it was
shown that the groupoid Germ(7 ~ T) from Subsection has singular ideal iso-
morphic to Cy(R?) ® K. Finally, Subsection applies Theorem to the examples
of non-Hausdorff groupoids appearing earlier in Section [1.6}
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The result in Section is taken from [9]. Sections through are based on the
main results of [31]. This thesis further develops the techniques of [31] in Section
and these techniques are then applied to selected examples in Section

§ 4.1 | Equivalent definitions

Let us recall the definition of the singular ideal, seen previously in Subsection [3.1.2
Given a Steinberg algebra RG as defined in Definition [1.3.6] we also state the definition
of the singular ideal in RG.

Definition 4.1.1 ([18,27,43]). Let G be an étale groupoid. The singular ideal J is
defined as
J :={a € C:(G): supp°(a) has empty interior in G}.

Definition 4.1.2 ([18,66,67]). Let G be an ample groupoid and R a ring. The singular
tdeal of RG is defined as

Jr = {f € RG: supp’(f) has empty interior in G}.

When R = C, we call J¢ the algebraic singular ideal.

For an explanation as to why J is a closed ideal, see Remark[3.1.13] A similar argument
works for Jg. In Lemma [3.1.9] an alternative description of the singular ideal is given
using dangerous points. Let us discuss a third (equivalent) definition that appears in

the literature.

It is often convenient to consider the set s(supp®(a)) instead of supp®(a). Indeed, the
set J is sometimes defined to be those elements a € C}(G) for which s(supp®(a)) has
empty interior. Let us reconcile these two seemingly different definitions. Note that
the contents of Lemma can also be deduced from [5, Proposition 4.6] for a class
of functions larger than C/(G).

In the following lemma, we write S.(f) = {g € G: |f(g)| > €} for a function f: G — C.
Recall that a subset of G is nowhere dense if its closure in G(°) has empty interior.

Lemma 4.1.3. Let G be an étale groupoid.

(i) Let f € €.(G) and € > 0 be such that S:(f) has empty interior. Then s(S:(f))

is nowhere dense.
(ii) If a € J, then s(S.(a)) is nowhere dense for any e > 0.

(iii) An element a € C}(G) belongs to J if and only if s(supp®(a)) has empty interior
in GO,
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(iv) Let G be an ample groupoid and R a ring. An element f € RG belongs to Jg if
and only if s(supp®(f)) is nowhere dense.

Proof. Let us prove (i). Assume for a contradiction that s(S.(f)) is not nowhere dense,
so that there is a non-empty open set U C WG ' . Let n be the smallest positive
integer for which there exist open bisections Uy, ..., U, C G, f; € C.(U;), and a function
X € C.(U) satisfying 0 < y < 1 and x = 1 on some non-empty open subset V' C U,
such that f*x =>", f;. Note also that f*y # 0. For i = 1,...,n define open sets
S; = supp®(fi). Our first claim is that, by minimality of n, we have |[(f * x)(g)] < e
whenever g € S; N S; for i # j. Indeed, suppose that there are 7 # j and g € S; N S;
with [(f % x)(g)| > e. Since f * x(g9) = f(g)x(s(g)) this implies that |[f(g)| > ¢ and
X(s(g)) > 0. Choose x" € C.(s(S;NS;) Nsupp®(x)) such that 0 <y’ < land y' =1 on
some open set W containing s(g). Then f*x' = (f*x)* (x7'X) = 20, fi* (X 1).
But both f;* (x7*x’) and f; * (x"'x’) belong to C.(S; N S;), meaning that we reduced

n, thus contradicting minimality. This proves the first claim.

Our second claim is that s(S.(f * x)) is nowhere dense in G(©). For i = 1,...,n define
open sets Wi = S.(fi) N (U;z S;). Observe that S.(f;) \ Wi € S.(f). Then, since
S:(f) has empty interior and S.(f;) is open, this implies that S.(f;) C W;"". Hence
S-(fi) \W; C 0y, W; = WiU’i \ W;. Since each W; is open and contained in a compact
subset of U;, Oy,W; is compact and has empty interior. Also, by the first claim, we
have s(S:(f * x)) = Uiy s(S(fi) \ Wi) C UL, s(0y,W;). Thus s(S:(f * x)) is nowhere
dense, because it is contained in a finite union of closed sets with empty interior. This

proves the second claim.

I—T(0))]
To complete the proof of (i), observe that V satisfies V' C U C S(Ss(f))G and

S )
VNs(S:(f)) = Vns(Sc(f *x)). Since V is open, we have V' C S(Sg(f*x))G
However, the second claim then implies that V' = (), contradicting the assumption that

V' was non-empty. This completes the proof of (i). Taking ¢ = 0, an identical argument
for f € RG yields (iv).

We now prove (ii). Let a € J and take f.» € €.(G) with Ha — fg/QH < ¢/2. Then
Se/2(fe/2) C supp®(a) has empty interior. By part (i), S(Sg/g(fg/g)) is nowhere dense
in G, However, S.(a) C S./a(f./2), and hence s(S.(a)) is nowhere dense in G(©.

Finally, we prove (iii). The backwards implication is clear, so, given a € J, it suffices
to prove that s(supp®(a)) has empty interior. As s(supp®(a)) = Uy~ s(S1/n(a)), part
(ii) implies that s(supp®(a)) is the countable union of nowhere dense sets, and thus has

empty interior by the Baire category theorem. O

Remark 4.1.4. Taking ¢ = 0 in Lemma [4.1.3|(i) implies that s(supp®(a)) is nowhere
dense whenever a € JN%.(G). This property does not hold for arbitrary a € J. Also,
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the proof of the lemma implies that whenever f: G — C is a uniform limit of functions
belonging to %.(G), then supp®(f) has empty interior in G if and only if s(supp®(f))

has empty interior in G(°). Such functions are also considered in [5, Proposition 4.6].

§ 4.2 | Background on quasi-regular representations

In this section we record necessary results from [38]. The first subsection recalls the
relevant definitions associated with quasi-regular representations, and establishes no-
tation that will feature throughout the remainder of the chapter. The second includes
two lemmas that show how elements of J N %.(G) can be built using kernels of quasi-
regular representations. Finally, the third subsection shows how the isotropy fibres
of the singular ideal are described by kernels of quasi-regular representations — see
Theorem in particular.

§ 4.2.1 | Quasi-regular representations

We begin by recalling the definition of the Chabauty topology on the set of subgroups of
a discrete group. Fix a discrete group I', and let Sub(I') denote the set of all subgroups
of I'. Consider the map

Sub(I') — {0,117

X1y

where 1x: I' — {0, 1} is the indicator function. Equip {0, 1} with the product topol-
ogy. The Chabauty topology on Sub(T") is the weakest topology for which the map
above is continuous. This topology agrees with the Fell topology of [28] discussed in
Chapter . Note in particular that Sub(I") is a compact totally disconnected space.

We now recall the definition of a quasi-regular representation. Given a subgroup X €
Sub(I"), write I'/ X for the set of left-cosets. The associated quasi-regular representation
Arjx: T'— B((I/X)) is given by

Ar/x(9)0hx = dgnx

for g € T'and hX € T'/X, where §,x € (*(I'/X) denotes a standard basis vector. We
also write Ap,x for the associated *-representation on the group algebra C[I'|. Moreover,

when I' is amenable, we also use Ar,x to denote the associated *-representation on the
C*-algebra C*(T").

Notation. Given our decision to abuse in the manner described above, let us make

clear that whenever X C Sub(T'), we write [ ker(Ar;x) N C[I] to denote the set of
Xex
b € C[I'] such that Ar/x(b) = 0 for all X € X. This does not require I' to be amenable.
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Definition 4.2.1 ([38, Definition 5.1]). Let I" be an amenable discrete group and
X C Sub(I') a set of subgroups. Define the ideal Jr » < C}¥(I") as

JF“)( = n ker(/\p/x>.

XeXx

We will primarily be interested in the case where X C Sub(I") is closed in the Chabauty
topology and invariant under conjugation by elements of I'. Indeed, by [7, Corol-
lary 3.4(i)], if Y € Sub(I") denotes the smallest closed and conjugation-invariant set of
subgroups containing X, then Jry = Jr x.

We finish our discussion on quasi-regular representations with the following lemma. It
describes the relationship between the ideals of Definition when passing from I"
to a (normal) subgroup A C I'. The lemma combines results in [38], and we follow the

same proofs.

For a subgroup A C I', we write I5: C*(A) — C*(I") for the canonical inclusion and
Ex: CHT') — CF(A) for the canonical conditional expectation. Given a closed and
conjugation-invariant set of subgroups X C Sub(I'), we define ANX = {ANX: X €
X'}, Tt is simple to check that this is a closed and conjugation-invariant set of subgroups
of A.

Lemma 4.2.2 ([38, Propositions 7.4 & 7.7]). Let I be an amenable discrete group and

X C Sub(T") a closed and conjugation-invariant set of subgroups.

(i) For any subgroup A C T we have
IA(JAJX[‘]X) == JF,X N ]A<C:(A)> and IA(JA’A(‘]X N C[A]) == JF,X N C[A]

(ii) Let N C T be the (normal) subgroup generated by all X € X. Then,

EN(JF,X) = JN,X and EN(JF,X QC[F]) == JN,X ﬂ(C[N]

In [38], a more general version of this lemma is proven for discrete groups I' that are

not necessarily amenable. We will only need to consider the case when I' is amenable.

Proof. (i): Given X € X, it is clear that the restriction of Ap/x to C[A] is uni-
tarily equivalent to the representation Ap anx. Therefore ker(Ar/x) N Ia (C’: (A)) =
I A(ker()\ AJAN X)) The two equalities of part (i) then follow from the definitions.

(ii): Note that Eyoly is the identity map on C*(A). Since N contains all the subgroups
X € X, the inclusions Jy x € En(Jr x) and Jy xNC[N] C En(Jr »NC[I]) then follow
from part (i).
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It remains to prove that Ex(Jrx) € Jyx. Fix a € Jpry and X € X. We will
show that En(a) € ker(Ay/x), and in order to show this, we must prove that { =
/\N/X(EN(CL))(égX) =0 for all g € N.

Let (a,) be a sequence in C[I'] converging to a with respect to the reduced norm.
Define the sequences &, ‘= Ay/x (EN(an)) (6gx) € A(N/X) and 1, = Ar/x(a,)(dgx) €
(?(I'/ X)) for each n. By continuity of Ar/x the sequence (1,) converges to 0 as n — co.
We claim that the sequence (§,) also converges to 0 as n — oo. By continuity of the
maps Ey and Ay, x, the sequence (&,) converges to £ in £*(N/X), so the lemma follows
from the claim. In order to prove the claim, it suffices to show that (§,,dnx) — 0 for
all h € N. For each h € N compute

(€ Onx) = 3 En(an)(k)(Orgx Onx) = > En(an)(k)= 3 an(k)

keN kehXg—1 kehXg—1
= >~ an(k) (Brgx, Onx) = (M Onx) 2= 0
kel
since hXg~! C N. This completes the proof of the claim, and thus the lemma. O

§ 4.2.2 | Constructing singular functions

This subsection records two results that isolate and generalise observations from [38].
In Section they will be used to provide explicit instructions for building elements
of JN%.(G). In order to state these results, we need the following definition. This
definition itself will play a key role throughout the remainder of the chapter.

Definition 4.2.3 ([38]). Let G be an étale groupoid that is covered by countably many
open bisections. For a unit z € G define

X(z) =7 ({z}) NG

ess”

Elements of X (x) are subgroups of the isotropy group GZ%. By definition of the Fell
topology, a subgroup X C G? belongs to X'(z) if and only if there exists a primitive net
(z4) C C of (Hausdorff) units whose set of limit points is precisely X (see Section [3.1)).
Note, by Lemma , that a unit z € G is extremely dangerous if and only if the
singleton «(x) does not belong to X (z) ([38, Corollary 5.6]).

It is noted in [38] that X'(z) is a conjugation-invariant collection of subgroups of G%
that is closed in the Chabauty topology. To see conjugation-invariance, take X € X(x)
and g € G%. The set g .= g - X belongs to G and has source X, so belongs to Gess.

1is equal to the product gX g~ ! in Gess, and therefore

As a set, the subgroup ¢g- X - g~
belongs to X' (z). The fact that X'(x) is closed in the Chabauty topology follows from

continuity of m, together with the observation that the Fell and Chabauty topologies
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agree on G7.

The following results isolate observations from [38, Proposition 5.19]. We follow the

same proofs (see also [9, Theorem 4.7]).

Lemma 4.2.4. Let G be an étale groupoid that is covered by countably many open

bisections. Fiz x € GO, and let g1, ..., g, € G, be distinct points.

There exist open bisections Uy, ..., U, C G satisfying the following conditions.
(i) g; € U; for alli e {1,...,n}.

(it) s(U;) = s(U;) foralli,je{l,...,n}.

(iii) Wi =0 whenever I C{1,...,n} is not of the form

{giziel}=kXN{g1,..., 90} (4.2.1)
for some k € G, and X € X(z).

Here W; == S(Qief Ui\ Ujgr Uj) nc.

The conditions of the lemma are satisfied for all “sufficiently small” open bisections.
Precisely, if Uy, ..., U, satisfy (i) — (iii), then for any open set U C G(©) containing z,
the cutdowns U] := U; N s~ (U) also satisfy (i) — (iii).

Proof. 1t is clear that there exist open bisections Vi,...,V,, C G satisfying the con-
ditions (i) and (ii). Write V' = s(V3) and V; == s(ﬂieIVi \ Ujer Vj) N C for subsets
I C{1,...,n}. Choose an open subset W C G'» such that z € W C V and WNV; = ()
whenever x ¢ VIG(O). Define U; == V;Ns Y (W) for i € {1,...,n}. Tt is clear that the
open bisections Uy, ..., U, C G satisfy conditions (i) and (ii). We show that they also

satisfy condition (iii).

Let I C {1,...,n} be such that W; # 0, where W is as in the statement of the lemma.
In order to complete the proof, we show that I is of the form in . It is clear
that W; = W N V; and hence x € WIG(O) by the construction of W. Let (x,) be a
primitive net in W; that converges to x, and let X C G denote the set of limit points.
By definition of the Fell topology, the net ¢(g,) converges to X in G, and therefore
X ¢ GO.

5(ga) = 4. Continuity of multiplication on the groupoid implies that the net (g,) has

For each a, let go € N Ui \ Ujgr U; be the unique element such that

set of limit points equal to ¢;,X, where ¢ is any element of /. The unit x belongs to X,
and hence {g;: i € I} C ¢;,X for any ig € I. On the other hand, if j ¢ I then g, ¢ U;
and hence the net (g,) does not converge to g;. Therefore g; ¢ ¢;, X, and it follows
that {g;: i € I} = ¢g;, X N{g1,...,9n} for any iy € I. This completes the proof. O
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The next proposition is a generalisation of the construction of singular elements found
in [38, Proposition 5.19] (see also [9, Theorem 4.7]). Below, Gy, denotes the singular
part of the Hausdorff cover as defined in Definition and i: 6.(G) — C.(G)

denotes the canonical embedding from Lemma [3.1.3]

Proposition 4.2.5. Let G be an étale groupoid that is covered by countably many open

bisections.

Fiz x € G, and suppose that b € C[G?] belongs to ker(Ags/x) for all X € X ().
Let {q1,...,9n} € G% denote the support of b, let h € G, and let Uy, ..., U, be open
bisections containing hgy, ..., hg, and satisfying the conditions of Lemma[4.2.4. Then

£ = b o) (4:2:2)

belongs to J N €.(G) for any ¢ € Cc(s(Ui)) (note that this does not depend on i).
Moreover, i(f%) belongs to Co(Giing)-

Note that f¥ = 0 if and only if b = 0.

Proof. For I C {1,...,n} set S; == (Mic; Ui) \ (Ujgr U;) and Wy = s(S;)NC, as in
Lemma |4.2.4] Take arbitrary ¢ € C. (S(Ui)), and let f¥ be as in (4.2.2)). We first show
that s(supp®(f¥)) C D, from which it follows that f¥ € J N %.(G) by Lemma [3.1.12|

Take g € supp®(f¥), and let I C {1,...,n} be such that g € S;. If Wi # 0, then
condition (iii) of Lemma ensures that {hg;: i € I} = kX N{hgi,...,hg,} for
some k € G, and X € X(x). Since b € ker(Agz/x), this implies that

F(g) =D _blgv(s(9)) = > b(t)e(s(g)) =0,

i€l teh—1kX

a contradiction. Therefore, we must have W; = (. It follows that 3(5’1) C D, and
hence s(g) € D, as desired.

Next, we show that i(f%) € C.(Gng). Let K = supp(x)) C s(U;), and for each i let
K; = U;N s Y(K). Each K; is compact. The first part of the proof shows that

supp”(f*) < U (ﬂ KA\ U Uj)
Wr=0 \icl jel
where the union is taken over all nonempty I C {1,...,n} for which W; = (. The
goal is to show that i(f¥) has support contained in Gyp,. Let g € supp(i(f¢)) CG.
Since «(G) is dense in G, we know that supp (i(f’@) is the closure of L<supp°(f¢)) in G.
Therefore, by definition of the Fell topology, there exists I C {1,...,n} with W; =
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and a primitive net (go) C N;es K\ Uj¢r U; whose set of limit points is precisely g. We
claim that gNK; # 0 for each i € I, and gNU; = 0 for each j ¢ I. Giveni € I, the net
(ga) belongs to the compact set K, thus admits a subnet that converges in K;. But
(go) is primitive, and therefore has a limit in K; itself. This proves that g N K; # 0.
For any j ¢ I, the net (g,) is disjoint from the open set U;, and hence g N U; = 0.

It remains to prove that g € ésing. Let (hg) C G be a primitive net whose set of limit
points is precisely g. We must prove that hs ¢ G|c eventually. Let V, L C G be an
open and compact set respectively such that K C V C L C s(U;). For each i write
Vi = U;Ns (V) and L; .= U;Ns~1(L). The claim above proves that gNV; # () for each
i€l,and gNL; =0 for each j ¢ I. It follows that hs € N;c; V; eventually. Also, for
each j ¢ I, primitivity of (hz) and compactness of L; ensure that hg ¢ L; eventually.
Now, s(V;) C s(L;) for any i, 5 € {1,...,n}. Using that each U; is a bisection, we make
the crucial final deduction that hg ¢ U; eventually for any j ¢ I. Overall, we have
that hg € S; eventually. By assumption W; = @, and therefore hs ¢ G|o eventually.
This completes the proof of the proposition. n

§ 4.2.3 | Isotropy fibres of the singular ideal

We have reached the main theorem of this section. This theorem explicitly describes the
isotropy fibres of the singular ideal in terms of kernels of quasi-regular representations,
and will be key throughout the remainder of this chapter. As stated here, it combines
(38, Theorem 5.5] and [38, Proposition 5.19].

Given a unit + € GO let n,: 6.(G) — C[GZ] and n,,: C;(G) — C*(G%) denote the
restriction maps from Subsection . When GZ is amenable, write J, == n,,(J) (see
Definition [L.5.1). For a unit z € G, let X(z) be as in Definition [4.2.3]

Theorem 4.2.6 ([38, Theorem 5.5] & [38, Proposition 5.19]). Let G be an étale

groupoid that is covered by countable many open bisections.

(i) For any x € G we have

(JN%(G)) = () ker(Aggx) N CG). (4.2.3)

XeX(x)
(ii) Let x € G be such that the isotropy group G is amenable. Then
Jr = Jgz x(x)- (4.2.4)
When the isotropy group G is amenable, the right-hand side of can be replaced

with Jgz x(2) N C[GZ]. Note that this only works since all quasi-regular representations

of G% are weakly contained in the left-regular representation of GZ.
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Remark 4.2.7. An analogue of the ideal Jp » from Definition @ can be defined for
groups I' that are non-amenable. This level of generality is discussed in [38]. Moreover,
this ideal always embeds canonically into the reduced C*-algebra C(I") (see the proof
of [38, Proposition 7.2]). Let us call the image Jf , < CF(I'). With this (temporary)
notation, Equation can be upgraded to the equality n,,(J) = JGr 2 () for any
r € GO regardless of whether or not G is amenable (see [38, Theorem 5.5]). On the
other hand, care must be taken in part (i) of the preceding theorem: the right-hand
side of Equation must not be replaced with the intersection Jg. y(,) N CIGZ].
The inclusion from left to right will hold, but the opposite inclusion can fail. Indeed,
for a non-amenable discrete group I', the groupoid from Example provides a
counterexample to the inclusion J&, y ) N C[GF] C n, (J N ‘KC(G)).

We include a (partial) proof of Theorem [4.2.6l We prove (i) with the aid of the two
lemmas appearing in the previous subsection. As for part (ii), we prove the inclusion
Jr € Jgz x(z) but omit the proof of the opposite inclusion. This omission is justified,
since the equahty of { is used just once in the thesis, namely in Theorem m
Any result that invokes Theorem relies only on the inclusion J, C Jgz x ()

Proof. First, consider equation (4 . The inclusion 7, (J NE.(G)) C Jaz xx) NC[GE]
follows immediately from Pr0p0s1t10n We omit the proof of the reverse inclusion,

since it follows an argument similar to, but easier than the one below.

Assume that G7 is amenable. We prove the inclusion J, C Jgs v(z) of (4.2.4). Fix
a € J and X € X(x). We must prove that 7, ,(a) € ker(Agz/x), and in order to show
this, it suffices to show that £ = Aga/x (nx,r(a)>(5gx) =0 for all g € GZ.

Let g € G2, and let (f,) C %.(G) be a sequence converging to a in the reduced norm.
Define &, = Az /x (nm(fn))<5gX) € r? (Gi/X) for each n. We claim that (&,,dnx) — 0
asn — oo for any h € G§. By definition of the quasi-regular representation Agz,x, and
since 7, (f,) is finitely supported on G7, we have that &, = Yycqr fu(k)orgx. Writing
g =g¢-X and h = h- X for elements of the Hausdorff cover G, we compute

(&, Onx) = D falk)(Okgx. Onx) = > fulk) =i(fa)(hg™") = 1i,(a)(hg™")
kGGI k-ehg—l
where the penultimate step uses (3.1.3). Since X € G, the elements g, h and
therefore hg~"! also belong to Geg. Proposition [3.1.14] then implies that i,(a)(hg™!) =

0. This proves the claim.

Continuity of the maps 7,, and Ags/x ensures that &, — & in ¢ (Gﬁ/X). By the
claim, it follows that (£, d,x) = 0 for every h € GZ. However, the vectors d,x form an
orthonormal basis for ¢ (Gg /X ), so we must have & = 0. This completes the proof. [
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As mentioned earlier, [38] uses Theorem to produce a condition on an étale
groupoid that characterises when the implication “J # {0} = JN%.(G) # {0}”
holds. This condition is then verified for many classes of groupoids. We note that there
is still no known groupoid for which this implication fails. In this spirit, and as a simple
application of the methods just introduced, we give an explicit class of groupoids for
which the implication holds. In particular, we recover [9, Theorem 4.7]. Note that a

much more general version of the following theorem is proved in [38, Corollary 7.12].

Theorem 4.2.8. Let G be an étale groupoid.

Assume that G% N GO s finite for any x € GO. Then J = {0} if and only if
JNE.(G)={0}.

We follow the original proof of [9, Theorem 4.7], but now phrased using the language
of quasi-regular representations. We only sketch the details, since the core arguments
already appear earlier in the proofs of Proposition and Theorem [£.2.6l This
result can also be deduced from the “non-amenable” versions of Lemma [4.2.2] and
Theorem [4.2.6{ii) that appear in [38].

Proof. We sketch the proof. The forward implication is clear. So, assume that J # {0}
and let a € J\ {0}. Since a is the limit of a sequence of functions in %.(G), we can

therefore assume that G is covered by countably many open bisections.

Next, since J is an ideal, we can assume that a(r) # 0 for some unit # € G©. Let
N denote the (normal) subgroup of GZ generated by the subgroups in X'(z). The set
X (z) is a finite conjugation-invariant collection of finite subgroups, so [38, Lemma 7.9
ensures that N itself is finite. Let b := a|y € C[N] denote the restriction of a to the
finite subgroup N. By following the same argument as in the proof of Theorem [{.2.6]
above, one can show that b € ker(Ay/x) for every X € X(z). Then, by following
the same argument as in Proposition , we obtain an element f € J N %.(G) with

fln = a. In particular, f is non-zero. n

The following corollary from [38] is now immediate by combining Theorems [1.2.6]
and [4.2.8

Corollary 4.2.9 ([38, Corollary 5.21]). Let G be an étale groupoid that is covered by

countably many open bisections.

(i) JNE.(G) =0 if and only if

N ker(as/x) NCIGE) = {0} (4.2.5)

XeX(x)

for all x € G,
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(ii) Assume that G N GO is finite for all z € G©. Then J = {0} if and only if
(4:2.5) holds for all x € G©.

In the previous corollary, one can replace G2 with the finite normal subgroup N C G%
generated by the subgroups X € X'(z).

Remark 4.2.10. Let us comment on the analogous results for the algebraic singular ideal
Jc in the complex Steinberg algebra CG. Given an ample groupoid G that is covered
by countably many open bisections, one can use Theorem and Proposition
to show that Jc = {0} if and only if Equation holds for all z € G(©). This can
also be seen by combining Theorem [4.2.6(i) with a result we prove later, stating that
Jc is always dense in J N 6,(G) (Theorem [4.4.4)).

§ 4.3 | Structure of J N %.(G)

In the remainder of this chapter, we will use quasi-regular representations to study
the structure of the singular ideal. In this section, we provide explicit instructions for
building “elementary” elements of JN%,.(G), and show that these elementary elements

have dense linear span in J N %6.(G).

Let us describe the approach. Begin with an (extremely dangerous) unit 2 € G(® and

a finitely supported function b: G2 — C that satisfies the following linear equations:

> b(g)=0forall k € Gf and X € X(x). (4.3.1)

gekX
Given h € G, translate the support of b by left-multiplication, and choose open
bisections Vi,...,V,, containing these translates. Lastly, choose a sufficiently small
open neighbourhood W C N, s(V;) of = so that the open bisections U; := V;Ns™ (W)
satisfy the conditions of Lemma m Then, for any 1 € C.(W), the function f¥
(from (4.2.2)) belongs to J N %.(G) (see Proposition . Overall, the function fv
is determined by data in the tuple (z,h,b,Uy,...,U,,v%). By ranging over all valid

tuples, one obtains a family of functions whose linear span is dense in J N 6.(G) (see

Theorem [4.3.5)).

An element b € C[G?] satisfies the equations (4.3.1)) if and only if, for every subgroup
X € X(x), b belongs to the kernel of the associated quasi-regular representation Ags/x

(this uses that X(z) is invariant under conjugation). In order to find b € C[GZ]
satisfying (4.3.1), one should therefore compute the kernels C[G%Z] N ker(Ags/x ).
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The construction of singular elements in this section will use Lemma [.2.4] and Propo-
sition In addition to these, we will need one more lemma.

Lemma 4.3.1. Let G be an étale groupoid. Fiz f € €.(G), x € G, and assume that
f(g) =0 for all g € G,. Then f is continuous at each g € G,.

Proof. Let g € G, and let (g,) be a net in G converging to g. In order to prove that
lim, f(g.) = 0, it suffices to find a subnet (gz) satisfying limg f(gg) = 0 (since (g,) is
arbitrary). In view of this, let us choose a primitive subnet (gz) so that ¢(gg) converges
in G. Let g € G denote the limit. Since g C G, we have i(f)(g) = >geq f(9) =0 by

equation (3.1.3). Moreover, f(gz) = i(f)(a(gg)) — i(f)(g) by continuity of i(f). This
completes the proof. O

Remark 4.3.2. The previous lemma can be generalised in the following way. Let a
be an arbitrary element of C*(G). If the isotropy group G?% is amenable, then a is
continuous at each point of G, provided that a(g) = 0 for all ¢ € G,. This result
fails if the isotropy group G?% is not amenable. To see this, consider the groupoid in
Example when I' is non-amenable.

§4.3.1 | Elementary singular functions in J N %.(G)

Let G be an étale groupoid that is covered by countably many open bisections. Each
“elementary” element of J N %.(G) is assembled from the data in a tuple of the form

== (x,h,b,Uy,...,Uy,, ) where:

. zeGO;
e he Gy
+ b e C[G7] belongs to ker(Agz/x) for all X € X'(x), and has support {gi, ..., gn};

o Uy,...,U, C G are open bisections satisfying the conditions of Lemma [4.2.4]
That is, they have equal source, contain the elements hgy, ..., hg, € G, and are
such that W; = () whenever I C {1,...,n} is not of the form

{gi:iel}=kXN{g1,...,9n} for some k € G, X € X(x).
Here W; = s(ﬂiel Ui \ Ujer Uj) NncC.
e Yel, (S(Uz)) (note that this does not depend on ).

Definition 4.3.3. Let G be an étale groupoid that is covered by countably many open

bisections. Let = be a tuple as described above, and define

n

f2=2 bg)(Wos

i=1

0). (4.3.2)



CHAPTER 4. THE SINGULAR IDEAL 111

A function f= of this form will be called an elementary singular function. Let £ C

J N %.(G) denote the linear span of all such elementary functions.

By Proposition , any elementary singular function f= belongs to J N %.(G), and
hence € C J N %.(G). Moreover, Proposition ensures that i(€) C Cc(ésing). In
general, £ is a proper subset of J N %.(G). Nevertheless, in the following subsection
we will see that £ is always dense in J N 6.(G).

§ 4.3.2 | Elementary singular functions have dense linear span in J N %.(G)

Before proving that £ is dense in J N %.(G), we need a technical lemma. Given any
f € JN%€.(G), Theorem [1.2.6|i) ensures that the restriction to any source fibre G, is
a (finite) sum of translates of functions in Nxex(y) ker(Agz/x) N C[G3]. By choosing
small enough open bisections around the support of f|g,, one can construct an element

of £. The following lemma makes this precise.

Lemma 4.3.4. Let G be an étale groupoid that is covered by countably many open
bisections. Fix f € JNE.(G), x € GO, and let g1,...,9, € G, be all elements of G,

on which f is non-zero.

There exist open bisections Uy, ..., U, with g; € U; for each i, and with equal source
such that .
f=3" flg) (W oslu,) (4.3.3)
i=1

belongs to € for any ¥ € C, (S(Ul))

Proof. Let Uy, ..., U, be open bisections satisfying the conditions of Lemma and
such that U;, and U,, are disjoint whenever 7(g;,) # 7(gi,). In particular, Uy,..., U,
have equal source and satisfy g; € U; for each i. We show that f¥ € & for any

e Cu(s(Uy)).

Partition the set {¢1, ..., g,} according to its images under the range map r and write
{91, .on} = ULi{gl, -+  gi, - Then, write {U1, ..., Un} = UL {U1, ..., U}, } where
g, € U]. Fix ¢ € C.(s(U;)) and define

kj ‘
=3 f(gl)(¥osly)
i=1
for each j € {1,...,m}. We claim that each f7 is elementary in the sense of Defini-

tion . Given j € {1,...,m}, let V be an open bisection containing (g{)_l, and let
¢ € C.(V) be such that go((g{)il) = 1. Define b; = n,(p * f), where n,: €.(G) —
C[G2] is the restriction map. Since ¢ * f € JN%6,(G), Theorem [4.2.6(i) implies that b;
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belongs to ker(Ags/x) for all X € X(x). Moreover, b; has support (¢) {1, .. ,gij},
and the initial assumptions on the bisections Uy, ..., U, ensure that Ui, ..., U, ,ﬂj satisfy
the conditions of Lemma {4.2.4] Therefore, Z; = (:p, g{, b, U{, cee U,gj,gb) is a valid tu-
ple in the sense of Subsection [4.3.1} By construction, we have f/ = f=i and therefore

f7 is elementary, as claimed. To complete the proof of the lemma, simply observe that

=37 f7, where f¥is as in (4.3.3). 0

Recall from Definition anet (f,) C 6.(G) is said to converge to f € %.(G) in the
inductive limit topology if f, — f uniformly, and there exists a compact set K C ¢
such that supp®(f,) C K eventually.

Theorem 4.3.5. Let G be an étale groupoid that is covered by countably many open

bisections. Then & is dense in J N 6.(G) with respect to the inductive limit topology.

By definition (see Definition and Subsection , the inductive limit topology
is stronger than the topology induced by the full norm |||

c+(c) (and also the norm
Il ;)- Therefore, £ is dense in J N %.(G) with respect to any C*-norm.

Proof. Let f € JN%.(G), and let K C G be a compact set with supp®(f) contained in
its interior. It suffices to find, for each e > 0, a function f’ € & satisfying supp®(f’) C K
and [|f — f'][ <e.

Fix e > 0. Take z € s(K), and let gi,...,9, € G, be all elements of G, on which
f is non-zero. Let Uy,...,U, C K be open bisections as in Lemma so that, in
particular, g; € U; for each 7. Note that this is possible since g1, ..., g, all lie in the
interior of K. Write U, = s(U;) (note that this does not depend on 7). If {g1,...,g,}
is empty, let U, = G©. By Lemma [£.3.4] the function

n

U= flg)(Wos

i=1

u.) (4.3.4)

belongs to £ for any ¢ € C.(U,). Moreover, supp®(f¥) C K. Fix some 1, € C.(U,)
with ¢, (z) = 1. Since flg, = f%*|qg, and supp®(f — f¥=) C K, Lemma ensures
that there exists an open neighbourhood W, C U, of x such that ’f(g) — f¥= (g)’ <e
whenever s(g) € W,.

Now, the sets {W,}zes(x) form an open cover for the compact set s(K'), so we may
select a finite subcover W, ..., W, . Let o1,...,om € C.(G®) be a partition of unity

for s(K') subordinate to this cover, and define

m

= Z(% o S)fwx]- — Zfsoj-wxj‘
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From (@4.3.4)), it is clear that each f#/*¥"s belongs to &, and therefore f’ also belongs to
E. We also have supp®(f’) C K and || f — f’|,, < € by construction. This completes
the proof of the theorem. O

Remark 4.3.6. Theorem extends to groupoids G that are not covered by countably
many open bisections. For an open subgroupoid H C G that is covered by countably
many open bisections, define £ to be the linear span of elementary singular functions
f% as in for tuples = in H. Then, define &€ C J N %.(G) to be the subspace
generated by all the £5. With this modification, the subspace £ is dense in J N E.(G)

with respect to the inductive limit topology.

§ 4.4 | Ample groupoids

In this section, we describe an explicit spanning set for the algebraic singular ideal J¢
of an ample groupoid. The spanning set consists of “elementary” functions that are
constructed in a similar manner to those in Subsection [£.3.1l In Subsection £.4.2] we

prove that the algebraic singular ideal J¢ is dense in JN%.(G) for any ample groupoid.

Let us first recall the necessary definitions (see Definitions |1.1.4} [1.3.6{and |4.1.2). An

ample groupoid is an étale groupoid with a basis of compact open bisections. If G is an

ample groupoid, the Steinberg algebra CG over the complex numbers is defined in [65]
as

CG = spang {1y: U C G a compact open bisection} .

The algebraic singular ideal can then be defined as the intersection Jc = JNCG. Since
CG C 6.(G), we have Jc C JNE.(G).

§4.4.1 | Jc is linearly spanned by algebraic elementary singular functions

Let G be an ample groupoid that is covered by countably many open bisections. In
analogy with Subsection 4.3.1} each “elementary” element of J¢ is assembled from the
data in a tuple © = (x,h,b, Uy, ..., U,) where:

e 1€GO;
e he Gy
« bc C[GZ] belongs to ker(Ags/x) for all X € X(x), and has support {g1,...,gn};

e Uy,...,U, C G are compact open bisections satisfying the conditions of Lemma
That is, they have equal source, contain the elements hg, ..., hg, € G,
and are such that W; = () whenever I C {1,...,n} is not of the form

{giziel} =kXN{g,..., 00} for some k € G, X € X(z).
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Here W; := s(ﬂiel Ui \ Ujgr Uj) NnC.

Definition 4.4.1. Let G be an ample groupoid that is covered by countably many

open bisections. Let © be a tuple as described above, and define

n

2 =3 "b(gi)1y,. (4.4.1)

i=1

A function f© of this form will be called an algebraic elementary singular function.

By Proposition any elementary function f© belongs to Jc.

Theorem 4.4.2. Let G' be an ample groupoid that is covered by countably many open

bisections. The algebraic singular ideal J¢ is linearly spanned by elementary functions

9 as in [{.A4.1).

Proof. Let f € J¢, and take a compact set K C G with supp®(f) C K. Fix z € s(K),
and let gy, ..., g, be all elements of G, on which f is non-zero. An argument identical
to that in Lemma [£.3.4] yields compact open bisections Uy, . .., U, with g; € U; for each

1, and with equal source such that

n

Fo o= Z; Fg) 1y, (4.4.2)
is a finite sum of functions of elementary functions. Precisely, the sum 3=, ,,)—, f(g:) 1y,
is elementary for each y € G(©). Write U, := s(U;) (note that this does not depend on
i). If {g1,...,gn} is empty let U, = G, We have f|q, = f*|q,, so, by Lemmam
f — f* is continuous at each g € G,. However, both functions f and f* belong to CG,
hence only take finitely many values. Therefore, there exists an open neighbourhood
Ve C U, of z such that f(g) = f*(g) whenever s(g) € V,. Replace each U; by the
cutdown U; N s~1(V,) so that s(U;) = V, for all .. Note that the function f* from
is still a finite sum of elementary functions.

Now, the sets {V, }zcs(x) form an open cover for the compact set s(/), so we may select
a finite subcover V,,...,V,, . The sets V, are clopen in the Hausdorff space G so,
by removing intersections, we can assume that they are pairwise disjoint. Note that

the functions f* are still finite sums of elementary functions. Then, observe that

m
f=> 1"
j=1
It is now clear that f itself is a finite sum of elementary functions, as desired. O

Remark 4.4.3. Theorem extends to ample groupoids G that are not covered

by countably many open bisections. After a modification analogous to that in Re-
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mark [£.3.6] one obtains, for any ample groupoid, an explicit set of elementary functions

that linearly span J¢.
§4.4.2 | Jc is dense in J N E.(G)

We now prove that the algebraic singular ideal J¢ is dense in J N %.(G) for any ample

groupoid — no countability assumptions are needed.

Theorem 4.4.4. Let G be an ample groupoid. The algebraic singular ideal Jc is dense
in J N EC.(G) with respect to the inductive limit topology.

By definition (see also Subsection [1.3.2)), the inductive limit topology is stronger than

the topology induced by the full norm ||| . (and also the norm ||-[|;). Therefore,

Jc is dense in J N €.(G) with respect to any C*-norm.

Proof. Let us first prove the theorem in the case where G is covered by countably many
open bisections. By Theorem [£.3.5] it suffices to prove that any elementary function
in J N %.(G) can be approximated by functions in J¢ with respect to the inductive
limit topology. Let f = f= € J N %.(G) be an elementary singular function as in
Definition for some tuple = = (z, h,b, Uy, ..., Uy, ). Explicitly, we have

I~ Zbgz ¢OS|U)
=1

where {g1, ..., gn} is the support of b. Take a compact set K C G containing every U;.
By definition of the inductive limit topology it suffices to find, for each € > 0, a function
1 € Je satistying supp°(f’) C =—fll <e. Fixe >0, and define U = s(U;)
(note that this does not depend on 7). Since U oios totally disconnected and ¢ € C.(U),
there exists a locally constant function ¢ € C.(U) satisfying ||¢ — ¢||, < s (G0
Define

=Y b(g;) (¢ o sly,)-
=1

It is clear that f’ belongs to the Steinberg algebra CG, and by Proposition [4.2.5, f’
belongs to the singular ideal J, hence also to Jc. Moreover, it is clear that supp®(f’) C
K and ||f= - f

is covered by countably many open bisections.

< e. This completes the proof of the theorem in the case where GG
(o)

Now, let G be an arbitrary ample groupoid, and let f € JN%.(G). Write f = 372, f;
for some f; € C.(V;) and open bisections V;, and let H C G be the subgroupoid
generated by the open bisections Vi,...,V,,. Then H is an open subgroupoid that
is covered by countably many open bisections. By the argument above, f can be

approximated in the inductive limit topology by functions in the algebraic singular
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ideal of H. However, since H is open in GG, the algebraic singular ideal of H is contained

in the algebraic singular ideal of G. The result follows. m

§ 4.5 | Characterisation of density

In Section , we described an explicit dense subspace of the subalgebra J N €.(G).
Then in Section , we proved that the algebraic singular ideal J¢ is dense in JNE,.(G)
for any ample groupoid G. In order to describe the structure of J, it is therefore natural

to ask the following question: for which groupoids is J N %.(G) dense in J?7

The main result of this section characterises density of JN%.(G) in J for a certain class
of groupoids (Theorem [4.5.1)). This characterisation is derived from Theorems
and and, therefore, it is necessary for us to restrict our attention to étale groupoids
G that are amenable and second-countable. In this case, recall by Corollary that
we have a canonical isomorphism C*(G) = C¥(G). Then, the restriction maps 7, and
Ny from Subsection [1.5] agree, and become maps between reduced C*-algebras. We
denote this common restriction map as 7, : G:(G) — C*(G%). Write J, == n,(J) as in
Theorem [£.2.61

Proposition 4.5.1. Let G be an amenable and second-countable étale groupoid. Then,
JNE.(G) is dense in J if and only if J, N C[GZ) is dense in J, for all v € G,

Proof. Define I :== JN%,(G). Since %,(G) is dense in C*(G), I is an ideal and I C J.
By Theorem we have n,(J N 6.(G)) = J, N C[GZ]. Continuity of 7, then implies
that J, N C[G?] C n.(I) C J, N C[GZ]. Since n,(I) = I, is closed, it follows that I, =
J. N C[G2]. Therefore, Theorem shows that I = J if and only if J, N C[GZ] = J,
for all x € G. O

Remark 4.5.2. With appropriate modifications to our definitions, the forward implica-
tion of this theorem will hold for any étale groupoid. Recall from Remark [I.5.2] that
in the absence of amenability, C*(G%) is not always the “correct” codomain for the
restriction map 7,,; one should replace C¥(G%) with an exotic C*-algebra. Let C(GZ2)
denote this exotic C*-algebra, and let n,.: CH(G) — C¥(G%) denote the associated
map. By [17, Lemma 2.1], the map 7, .: C}(G) — CX(G%) sends closed ideals to closed
ideals. Writing J, = n,.(J) < C3(G?), the inclusion 7, .(J N €.(G)) C J, N C|GZ]
holds trivially. We have shown the following: whenever J N %.(G) is dense in J, the

intersection J, N C[GZ] is dense in J,.

Overall, the contents of this remark give a necessary criterion for the density of JN%.(G)
in J. Let us demonstrate how this criterion can be applied in practice. In [48], examples
of groupoids are provided for which JN%,.(G) fails to be dense in J. Let G denote the
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groupoid from [48, § 4.1]. Using the methods of [38, Theorem 5.5, it can be shown

€

¢] vanishes. This

that the isotropy fibre J, is non-zero, yet that intersection J. N C[G
gives an alternative proof of the fact that JN%.(G) is not dense in J for this groupoid.

Using Theorem we can now reduce the density problem to one about kernels of

quasi-regular representations in group C*-algebras.

Definition 4.5.3. Let I' be an amenable discrete group. Define Dr to be the set of
all closed conjugation-invariant sets of subgroups & C Sub(I") for which Jr » N C[I
is dense in Jp y. We say that I' satisfies the density property if Dr contains all closed

conjugation-invariant sets of subgroups.

The following characterisation of density is immediate by Proposition and Theo-
rem [4.2.6l

Theorem 4.5.4. Let G be an amenable and second-countable étale groupoid. Then
JNE.(G) is dense in J if and only if X(x) € Dgz for all x € GO In particular, if
all the isotropy groups G% satisfy the density property, then J N 6.(G) is dense in J.

In order to check whether J N %.(G) is dense in J using this theorem, it suffices to
check X(x) € Dg: for extremely dangerous points x € G, To see why this is true,
note that ¢(z) belongs to X(x) whenever z is not extremely dangerous. In this case,
Jaz x(2) is equal to the kernel of the left-regular representation, and is therefore trivial
in CF(G%). It is then certainly the case that X(z) € Dga.

It is clear that finite groups satisfy the density property, and hence JN%.(G) is dense in
J for any amenable second-countable étale groupoid with finite isotropy groups. In the
next section, we will find more classes of groupoids that satisfy the density property.

Let us ask the following question.
Question 4.5.5. Which discrete amenable groups satisfy the density property?

Remark 4.5.6. Currently, we do not know of any amenable discrete group that fails to
have the density property. It follows from the construction in [38, § 6] that there exists
a discrete amenable group failing the density property if and only if there exists an

amenable and second-countable étale groupoid for which J N %.(G) is not dense in J.

§ 4.6 | Groups with the density property

The main goal of this section is to prove that finite-by-nilpotent groups satisfy the
density property (Theorem [4.6.13)). Along the way, we prove various properties of the

set Dr, and it is shown that the density property passes to quotients and direct limits.
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The section finishes by applying the results of the previous section to deduce that
J N%.(G) is dense in J for certain concrete classes of groupoids. In particular, it is

shown that J¢ is dense in J for any groupoid associated with a contracting self-similar

group action (see Corollary |4.6.15]).

This section is split into three parts. Subsection [4.6.1] contains some reduction proper-
ties that simplify the conditions that need to be checked for the finding elements of the
set Dr. Subsection proves some permanence results for Dr and for the density

property. These observations are then put into practice in Subsection [£.6.3] to prove

Theorem [4.6.13]

Throughout this section, I' denotes an amenable discrete group. We work with the
reduced group C*-algebra C(I") since this is canonically isomorphic to the full C*-
algebra. The set of subgroups Sub(I') will always be equipped with the Chabauty
topology, and given a subset X C Sub(I') we write Jp x = Nyxex ker(Ar/x) < CH(T)
(see Definition [£.2.1). For a subgroup A C T, let I: C/(A) — Ci(I') denote the

canonical inclusion and Ex: CH(I') — C}(A) the canonical conditional expectation

(see Lemma [4.2.2)).

Let us record two preliminary lemmas about ideals and dense *-subalgebras inside

general C*-algebras. They will be useful throughout this section.

Lemma 4.6.1. Let A be a C*-algebra, A C A a dense *-subalgebra, and I < A an
ideal. Then I N A is dense in I if and only if I N A contains a bounded net (ug) such
that limg ||a — aug|| = 0 for all a € I. Moreover, the ug can be chosen to be positive

contractions.

A bounded net (ug) satistying limg ||a—aug|| = 0 for all @ € I is said to converge strongly
to the identity in I. The lemma has the following consequence: given X' C Sub(T),
the subalgebra Jr x N C[I'] is dense in Jr » if and only if Jpr » N C[I'] contains a net of

positive contractions converging strongly to the identity in Jr x.

Proof. Assume that I N.A is dense in I. Since [ is a C*-algebra, it contains an approx-
imate unit (ug). Then I N A is a dense *-subalgebra, so each ug can be approximated
by a sequence of positive elements in the unit ball of I N A. By a diagonalisation
argument, I N A contains a net of positive contractions in I N A converging strongly
to the identity in I. Conversely, assume that I N.A contains a net of elements of norm
at most M > 0 converging strongly to the identity in /. Let a € I and £ > 0. There
exist u € INAand b € A such that ||u|| < M, ||a — au|| < § and ||a — b|| < 557. Then
bu € IN A and
la = bull < la — aul| + |[(a = b)ul| <e.
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Given an ideal and a subalgebra of a C*-algebra, the following simple lemma says that
the subalgebra is dense whenever it is dense in the quotient, and has dense intersection
with the ideal.

Lemma 4.6.2. Let A be a C*-algebra, A C A a *-subalgebra and I < A a closed ideal.
Let Q: A — A/I denote the quotient map. If Q(A) is dense in Q(A) and I N A is

dense in I, then A is dense in A.

Proof. Let a € A and ¢ > 0. Since Q(A) is dense in Q(A), we may choose b € A
such that ||Q(a) — Q(b)|| < 5. By definition of the quotient norm, there exists ¢ € I
such that [la — b —¢|| < 5. Since I N A is dense in I, there exists ¢ € I N A such that
lc = ¢l < 5. Hence, d := b+ c € A satisfies ||a — d|| <e. O

§4.6.1 | Reduction properties

Given a closed conjugation-invariant set X' C Sub(I"), recall from Definition that
X belongs to Dr if and only if Jpx N C[I'] is dense in Jpy. Our goal is to find
elements of Dr; however, in practice, the defining condition is difficult to check. In

this subsection we show that it suffices to assume that I is generated by the subgroups
X € X (Theorem [4.6.4), and that X' is minimal in a certain sense (Theorem [4.6.6]).

The following lemma is well-known approximation result for C*-algebras of amenable
groups. Given an amenable discrete group I" and a normal subgroup N, define a,n =
0g - En(04-1-a) € CI(T) for a € C}(I') and gN € I'/N. Note that this is independent
of the choice of representative g. If a,ny = 0 for all but finitely many cosets gV, then

a is equal to the (finite) sum >,y agn.

Lemma 4.6.3. Let I' be an amenable discrete group and N a normal subgroup. For
any a € Cx(T), there is a net (a;) of finite linear combinations of agn (for gN € I'/N)

that converges to a.
In practice, such a net (a;) can be built from a Fglner net in I'/N.

Proof. The group I'/N is amenable, so [11, Theorem 2.6.8] ensures that there exists
a net (@;) of finitely supported positive definite functions I'/N — C that converge
pointwise to 1. Let gy: I' — I'/N denote the quotient map, and define the functions
w; = @; o qy for each i. The ¢; are positive definite, and converge pointwise to 1 on
['. Without loss of generality we may assume @;(e) = 1 for all 4. Define multiplier
maps m;: Cf(I') — Cr(T) for a = X eraqd, € C[I] as mi(a) = Y,er wi(g)agdy.
By [11, Theorem 2.5.11(4)] the multiplier maps m; are unital and completely positive,

and are therefore contractions.
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For a € C!(T"), observe that m;(a),n = @i(gN)agn for each gN € T'/N. Since ¢; is
finitely support, it follows that m;(a) is a finite linear combination of a,x. By definition,
it is clear that m;(a) converges to a whenever a € C[I']. Since the m; are contractions,
m;(a) converges to a for all a € CF(I"). To complete the proof of the lemma, define

a; = m;(a) for each 1. O

Using the previous lemma, we now prove the first of two reduction properties.

Theorem 4.6.4. Let I' be an amenable discrete group and X C Sub(I') a closed and

conjugation-invariant set of subgroups.

Let A C T be a subgroup such that X C A for all X € X. Then, X € Dr if and only
Zf X € Dy.

Proof. Let N C T" be the (normal) subgroup generated by all X € X. It suffices to

prove the theorem in the case A = N, since N is independent of the ambient group.

Assume that Jp »NC[I'] is dense in Jr x. Continuity of Ex ensures that Ex(Jp »NC[I)
is dense in En(Jr x), and by Lemma m(u) we have Jy x NC[N] = Ex(Jpr» NCIT)
and JN’)( = EN(JF,X)~

Conversely, assume that Jy » N C[N] is dense in Jy r. By Lemma there exists
a net of contractions (ug) C Jyx N C[N] converging strongly to the identity in Jy x.
Since Iy (JN,X) C Jrx by Lemma {4.2.2(i), we can treat (ug) as a net in Jr y N C[T].
Fix a € Jr x. For every coset gN € I'/N, observe that §,-1-a,nv = En(d,-1 - a) belongs
to Jy,x by Lemmal[d.2.2(ii). It follows that limg |lagy - ug — agn|| = 0 for all gN € T'/N.
Now, let (a;) be a net converging to a as in Lemma [4.6.3] Since each q; is a finite linear

combination of terms ayy, we have limg ||a; - ug — ;]| = 0 for any fixed 7. This implies

that limg ||a - ug — al]| = 0, as ||lug|] < 1 for all 5. The element a € Jp x was arbitrary,
so Lemma ensures that Jp y N C[[] is dense in Jr y as desired. O

The following corollary describes the first concrete elements of Dr. This corollary will

be used in the proofs of Theorems |4.6.8] and |4.6.13| to describe many more elements of

Dr.

Corollary 4.6.5. Let I' be an amenable discrete group. For any normal subgroup
N CT, we have {N} € Dr.

Proof. By Theorem we can assume that N = I'. Note that the ideal Jp ry is
equal to the kernel of the trivial representation e: C(I') — C. Let (F;) be a Fglner net

for I" and set v; = Ilel > ger, 0g for each i. By definition, we have lim; ||0,-v; —v;|| = 0 for
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any g € I'. The vectors ¢, have dense linear span in C}(I"), and therefore lim; ||a - v; —
e(a)v;|| = 0 for any a € C*(I"). By Kesten’s criterion ([11, Theorem 2.6.8(8)]) we have
||v;|| = 1 for all 4, so the previous limit implies that lim; ||a-v;|| = |e(a)| for all a € C}(T).

Set u; = 0, — v; for each i, where e € I" denotes the unit. Then (u;) is a net of elements

in Jr ry NC[I'] of norm at most 2 satisfying lim, ||a - u; — a|| = lim; [|a - vs|| = |e(a)] =0
for any a € Jp ry. It follows from Lemma that Jp ry NC[I'] is dense in Jp {1y, as
desired. O

Take an arbitrary closed and conjugation-invariant subset X C Sub(I'). In order to
determine whether X’ belongs to Dr, Theorem [4.6.4] allows us to reduce the size of the
ambient group I'. The second reduction property, below, allows us to reduce the size

of X', and assume that it is minimal in a certain sense.

Define X, € X to be the collection of subgroups X € X for which X’ € X and
X' C X implies X = X'. The set X, is conjugation-invariant but not necessarily

closed.

Theorem 4.6.6. Let I' be an amenable discrete group and X C Sub(I') a closed and

conjugation-invariant set of subgroups.

For every X € X, there exists Y € Xy such that Y C X. Therefore, Jr x = ‘]F,?mmf
so that X € Dr if and only if X mim € Dr.

Proof. Fix X € X. Define Zy = {Y € X: Y C X} and (partially) order Zy by
inclusion. Take an arbitrary chain C C Zx in Zx, and view C as a net ordered by
inclusion. The net C converges to Y, = Ny¢c Y by definition of the Chabauty topology.
Since X is closed, Y, belongs to X and hence to Zx. Therefore, every chain in Zy has
a lower bound. Zorn’s lemma implies that Zx contains a minimal element Y € Zx. By
definition of Zy, it is clear that Y € X,,;,. This proves the first part of the theorem.

For the next part of the theorem, note that ker(Ar,/x,) C ker(Ap/x,) whenever X; C X,
are subgroups of I' (see [6, Appendix E and F]). Also, for any subset ) C Sub(T'),
[7, Proposition 3.3] ensures that Nyey ker(Ar/x) = Nxcy ker(Aryx). Therefore

Jea= (k) = () kerQepx) = () kerQpx) = i,

Xex X €Xomin XX min

The statement “X € Dr if and only if X, € Dr” then holds by definition. O
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§4.6.2 | Permanence properties

This subsection proves some permanence results for Dr and for the density property.
It is shown that Dr is “preserved” under quotients (Theorem [4.6.8) and countable
increasing unions (Proposition [4.6.9) of the ambient group. As a consequence, the

density property passes to quotients and direct limits.

Firstly, we prove that Dr is closed under finite unions.

Proposition 4.6.7. Let I" be an amenable discrete group. Let Xy, ..., X, C Sub(I") be

a closed and conjugation-invariant sets of subgroups belonging to Dr. Then the union

X = J X also belongs to Dr.

i=1

Proof. By definition, we have Jr » = =, Jrx,. For each ¢ = 1,...,n there exists, by
Lemma[4.6.1] a net (u;q)aca, of positive contractions in Jp x, NC[I'] converging strongly
to the identity in Jp x,. Given o, € A;, define ug, . o, = Uty * - Un,a, € Jr.x NCIL.
Treat (ta,....a,) as a net where Ay x - - - x A, is equipped with the lexicographic partial
ordering. By a diagonalisation argument, this net has a subnet (uz) that converges
strongly to the identity in Jp x, and therefore X € Dr by Lemma [4.6.1] O

We now show that the density property is preserved under passing to quotients. For
an amenable discrete group I' and a normal subgroup N, let Qn : C¥(I") — C}(I'/N)
be the *~homomorphism induced by the quotient map gy : I' — I'/N. Define

¢y : Sub(I'/N) — Sub(I'); Y = g5' (Y).

This map is a continuous embedding satisfying Conj,oqy = gy oConj, (, forallg € I,
where Conj, denotes conjugation by g. Therefore, if V is a closed and conjugation-
invariant set of subgroups of I'/N, then the image ¢} ()) is a closed and conjugation-

invariant set of subgroups of T'.

Theorem 4.6.8. Let I' be an amenable discrete group and N a normal subgroup. If

Y C Sub(I'/N) is a closed and conjugation-invariant set of subgroups of I'/N, then

gy = Q8 (Jrwy)  and Qn(Jrg00 N CITY) = Jrywy NC[T/N]. (4.6.1)

Moreover, we have Y € Drn if and only if ¢5(Y) € Dr. Consequently, if I' satisfies
the density property, then so does T'/N.

Proof. Given Y € ), it is easy to see that )\p/qj«v(y) = Ar/nyy © @n and therefore
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ker (Ap/q;fv ) QN (ker( F/]v)/y)). Hence,

gz = ) ker (Arjg ) = Q8 ( ) ker(aywyv)) = Q8 (Jryw ).
Yey Yey

It follows that Qn (Jl",q;fv(y) N C[F]) = Jr/n,y NC[I'/N], where the inclusion from right
to left uses that C[I'/N] = Qn ((C[PD This proves (4.6.1).

To prove the second part of the theorem suppose qn(Y) € Dr, so that Jr 4 ) N C[T]
is dense in Jr 4z (y). It follows from (4 , as well as continuity and surJect1V1ty of Qn
that Jp/ny N C[F/N] is dense in JF/NJ;. Therefore Y € Dr/n, as required.

Conversely, assume that Y € Dr/y. Write A = Jr g+ (), A = ANCII], and I = Jp (ny.
Each X € ¢§(Y) contains the normal subgroup N, hence I C A. Since I = ker(Qy),
we can naturally identify the restriction Qy|4 with the quotient map A — A/I. By
the assumption J € Dr/y, the latter half of implies that Qx(A) is dense in
Qn(A) = Jr/ny. Also, INA = Jp (y3NC[I'] is dense in I by Corollary . Therefore,
Lemma implies that A is dense in A. This is precisely the condition ¢ ()) € Dr,
as desired. O

Our second permanence property shows that the density property is preserved under
countable increasing unions. Given a subgroup A C I' and a closed and conjugation-
invariant set of subgroups X C Sub(l'), write AN X = {ANX: X € X} (see

Lemma (4.2.2)).

Proposition 4.6.9. Suppose that an amenable discrete group I' is a countable in-
creasing union of subgroups Ay C Ay C .-+ C T. Let X C Sub(T') be closed and

conjugation-invariant.

If A, N X € Dy, foralln € N, then X € Dr. In particular, if all A,, have the density
property, then so does I'.

Proof. For each n € N, write X, = A, N X. By assumption, Jy, x, N C[A,] is dense
in Jy, x, for each n, and therefore Lemma [£.2.2] (i) implies that Jr x N C[A,] is dense

in Jrx NIy, (C’;f(An)) for every n. Hence, Jr» NC[I'] = U, JpX N C[ »] is dense in
Un Jrx N 1a, (C’:(An)) The countable increasing union (Jo2 ( ) is dense in
Cx(T),soU, Jrxniy, (C’: (An)> is dense in Jr x by [20, Lemma I11.4.1]. This completes
the proof. O

It follows from Theorem and Proposition that the density property is pre-

served under taking direct limits.
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Corollary 4.6.10. If (¢, : I, — Thi1)n @ a sequence of homomorphisms between
groups with the density property, then the direct limit I' = ligl“ n has the density

property.

Proof. Let (p, : I';y — I'),, be the limit homomorphisms. By Theorem 4.6.8] the images
i (T,) have the density property for each n € N. The direct limit T' is the countable
increasing union of the subgroups u,(I"), and therefore I' has the density property by

Proposition [4.6.9] O
§ 4.6.3 | Applications

We will now show that finite-by-nilpotent groups satisfy the density property. We also
show that any closed conjugation-invariant collection X of finite (or co-finite) subgroups
of an amenable group I' belongs to Dr. Let us establish a key lemma that unifies the

various arguments.

Lemma 4.6.11. Let I be a discrete group and X C Sub(I') a closed and conjugation-
invariant set of subgroups. If every X € Xy, is finitely generated, then Xy, is finite.

Proof. Given X € Xy, let {x1,...,2,} be a finite generating set for X. Note that
UX) ={X e X: X C X'} =NL{X" € X:2; € X'}. Therefore, U(X) is open
in X with respect to the Chabauty topology. By Theorem [4.6.6] {U/(X): X € X}
forms an open cover for X'. Since U(X) N Xyin = {X} for each X € Xy, the cover
{U(X): X € Xuin} admits no proper subcover. Therefore, compactness of X' ensures
that X, is finite. O

A group I' is nilpotent if there is a finite sequence {e} = Ag CA; C--- C A, =T
of subgroups that are all normal in T" for which the quotients A;,1/A; are contained
in the centre of I'/A; for all i. We say that I" is finite-by-nilpotent if there is a finite
normal subgroup N < T such that I'/N is nilpotent.

A subgroup X C I is called subnormal if there is a sequence X = Ag < Ay < --- <
Ay = T such that A; is normal in A;yy for all ¢ < k. Such a sequence is called
a subnormal series. In a nilpotent group, every subgroup is subnormal. For every
subgroup X of a finite-by-nilpotent group I', there exists a subnormal subgroup A of
I' that contains X as a finite index subgroup ([45, Section 6.3]).

The following known lemma about finite-by-nilpotent groups immediately justifies the
consideration of Lemma [£.6.111
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Lemma 4.6.12. Let I' be a finitely generated finite-by-nilpotent group. Then every
subgroup of I is finitely generated.

Proof. Every finitely generated finite-by-nilpotent group is finite-by-polycyclic. Every
subgroup of a finite-by-polycyclic group is finitely generated ([36]). O

The proof of the following theorem combines all of the reduction and permanence
results from Subsections 4.6.1] and 14.6.2

Theorem 4.6.13. Let I' be an amenable discrete group and X C Sub(I') a closed and

conjugation-invariant set of subgroups. Assume that one of the following holds.
(I) Every X € X is finite.

(1) Every X € X is co-finite in I.

(III) T is countable and finite-by-nilpotent.

Then X € Dr.

Proof. (I): Assume that every X € X is finite. By Lemma the set X, is
finite. Let N C I be the subgroup generated by all X € X.;,. Then N is generated
by a finite conjugation-invariant family of finite subgroups, and is therefore finite by
(38, Lemma 7.9]. Since C(N) = C[N], it holds trivially that X, € Dy, so Theorems
[4.6.4] and [4.6.6| imply that X € Dr.

(IT): Assume that every X € X is co-finite in I'. For any subgroup A C T, the
intersection A N X is co-finite in A for every X € X. By Proposition we can
therefore assume that I' is finitely generated. Next, since every co-finite subgroup of a
finitely generated group is finitely generated, Lemma implies that X, is finite.
In particular, the normal subgroup N := Nxecy . X is co-finite. Write ) = {X/N: X €
Xmin } and let g3 (Y) be as in Theorem [£.6.8] Then, Y is a conjugation-invariant family
of subgroups in the finite group I'/N with ¢3 () = Xmin. Since C}(I'/N) = C[['/N]
it holds trivially that ) € Dr/n, and therefore X, = ¢ (Y) € Dr by Theorem m
Theorem then implies that X € Dr.

(IIT): Let I' be a countable and finite-by-nilpotent group. The goal is to show that any
closed conjugation-invariant family X C Sub(I") belongs to Dr. It suffices to assume
that I is finite-generated by Proposition[£.6.9] as every subgroup of a finite-by-nilpotent
group is still finite-by-nilpotent. Lemma [4.6.12| ensures that every subgroup of T is
finitely generated, and therefore X, is finite by Lemma [4.6.11] By Theorem [4.6.6] it

therefore suffices to assume that X is finite.
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We prove that X € Dr by induction on |X|. The base case |X| = 1 is covered by
Corollary . Suppose that |X| > 2, and assume for any finite-by-nilpotent group A
that the set Dy contains all conjugation-invariant families of subgroups of cardinality
less than |X|. Let N C I" be the subgroup generated by all X € X. If N contains every
X € X as a finite index subgroup, then X € Dy by (II) above, and hence X € Dr by
Theorem [4.6.4 Suppose otherwise, and choose Xy € X’ with infinite index in N. Since
I is finite-by-nilpotent, there exists a subnormal subgroup A C I' containing X, as a
finite-index subgroup. Note that N ¢ A, by assumption. Let I' = Ag > Ay &> -+ >
A, = A be a subnormal series, and let k& € {1,...,n} be minimal such that N & A,.
Define X} = {X € X: X C A;} and X; = X \ &;. Both are non-empty, and since
Ay is normal in A1, both &} and & are conjugation-invariant families of subgroups
in the finite-by-nilpotent group Ax_;. By the inductive hypothesis, both X} and A’
belong to Dy, ,. Proposition ensures that X = &} U X, € Dy, _,, and therefore
X € Dr by Theorem [4.6.4] This completes the proof of the theorem. n

Using the results of Section [4.5] the previous theorem is now applied to the singular
ideal of an étale groupoid. The following corollary is immediate by Theorems
and [4.6.13] where X(z) is as defined in Definition [.2.3|

Corollary 4.6.14. Let G be an amenable and second-countable étale groupoid. For

each extremely dangerous unit x € G, suppose that one of the following holds.
(I) The isotropy group G* is finite-by-nilpotent.
(II) The subgroups X € X(z) are all finite.

(III) The subgroups X € X(x) are all co-finite in G=.
Then J N%.(G) is dense in J.

We apply the previous corollary to the class of groupoids arising from contracting
self-similar groups (see Subsection [1.6.4)).

Corollary 4.6.15. Let G be the groupoid associated with a contracting self-similar

group action. Then Jc is dense in J.

Proof. By Theorem it suffices to show that JN%,(G) is dense in J. By [49, Corol-
lary 2.19] the groupoid G is second-countable and amenable. Lemma [1.6.12] implies
that every element of G( is finite. The result follows by Corollary [4.6.14] (IT). O

Remark 4.6.16. The previous result extends to groupoids G arising from contracting
self-similar groupoid actions on finite graphs without sources. Such a groupoid is
amenable by [49, Corollary 2.19], and it follows from either [44, Corollary 6.23] or
[1, Proposition 9.1] that G N G(© is finite for all + € G©.
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§ 4.7 | Computing singular ideals

Our attention now turns to étale groupoids for which G’Smg is discrete. The main result
of this section (Theorem gives an explicit formula capable of computing the
singular ideal for such groupoids. This discreteness assumption is fairly strong, but
is nevertheless satisfied in many natural examples. Indeed, in Subsection [3.4] we saw
that Gsing is discrete for the groupoids associated with the Grigorchuk and Grigorchuk-
Erschler groups, and whenever G is the groupoid of germs associated with the canonical
action of a Bieri-Strebel group. In Section we will use Theorem to compute

the singular ideals of these groupoids.

The proof of the theorem uses the elementary observation that a discrete groupoid
has C*-algebra that decomposes as a direct sum (over orbits) of the isotropy group
C*-algebras tensored with the compacts. Given this description of C** (ésmg), the proof
then amounts to checking that isotropy fibres of the singular ideal (see Theorem

embed as C*-subalgebras of J. This is the content of the following lemma.

As usual, we will view elements of reduced group and groupoid C*-algebras as functions
on the ambient group or groupoid. In particular, we will view any a € Jgz x(x) as a

function on the isotropy group G% C G.

Lemma 4.7.1. Let G be an étale groupoid that is covered by countably many open
bisections. Let x € G©) be an evtremely dangerous unit such that v(z) is isolated in the
Hausdorff cover G, {v(z)} = 7' ({z}) N égﬂig, and for which the isotropy group G% is

amenable and satisfies the density property.

(1) Given a € Jgz x(a), let y(a): G — C denote the extension of a to G by 0. The
map P Jgz x@) — C*(G) is a well-defined isometric *-homomorphism with

range in J.

(ii) Now assume that G is ample. The map D, restricts to a *-algebra homomorphism
JG%,X(x) N C[Gﬁ — Jc.

Proof. To prove part (i), let us first consider ®,(b) for b € Jgz x(x) N C[GE]. We will
use the methods of Subsection to prove that ®,(b) belongs to J N 6.(G). Let
{g1,---,9.} € GZ% denote the support of b, and let Uy, ..., U, be open bisections with
g; € U; for each i satisfying the conditions of Lemma[£.2.4] In particular, s(U;) = s(U;)
foralli,7 € {1,...,n}. Let ¢» € C.(U;) be such that ¢» =1 on an open neighbourhood
W of x. Define = to be the tuple (x,z,b,Uy, ..., Uy, %), and let f= € JN%E.(G) be an
(elementary) function as defined in (4.3.2]). Explicitly, we define

n

f2=2 bg)(Wos

i=1

0). (4.7.1)
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We claim that there exists an open neighbourhood V' C W of x such that f(g) = 0
whenever s(g) € V' \ {z}. Indeed, take any net (g,) in U; U ... U U, such that s(g)
converges to x. By passing to a subnet if necessary, assume that the net (g,) is
primitive, and that there exists igp € {1,...,n} such that g, € U;, for all a. Let g € G
denote the set of limit points, so that ¢(g,) converges to g in G. Note in particular
that g;, € g. Since «(z) is isolated in G, the singleton «(g) is also isolated in G, and
therefore g # ¢(g). The condition {¢(z)} = 7~ ({z})N Gﬁ?gg ensures that g € G, and
therefore i(f)(g) = 0 by Proposition [3.1.14 Since i(f) is continuous on G, this implies
that f(g,) converges to 0. Now, the net (g,) belongs to s~ (W) eventually, and since
¥ =1on W, it is clear by that f= only takes finitely many values on the set
s~ (W). Therefore, we must have f(g,) = 0 eventually. We have shown that any net
(ga) in G with s(g,) converging to = has a subnet (gg) such that f(gs) = 0 eventually.
The claim then follows. Next, take any x € C, (V) with x(z) = 1. It is simple to check

that f=* y = ®,(b) so that ®,(b) does indeed belong to J N E.(G).

We have shown that the map ®,: Jgz () N C[GE] = J N E.(G) is well-defined. This
map is isometric with respect to the reduced norm. Since GZ has the density prop-
erty, Jaz x(z) N C[GE] is dense in Jge x(y). It follows that ®, extends to an embedding
Jaz x(z) — J. Convergence with respect to the reduced norm implies pointwise con-
vergence, so it is clear that this extension agrees with the definition of ®, given in the

statement of the lemma. This completes the proof of part (i).

Now assume that G is ample. We can assume that the open bisections Uy, ..., U,
from earlier are compact. Then, the function f= from belongs to Jc. Using
the argument above, let V' C G be a compact open neighbourhood of z such that
f(g) = 0 whenever s(g) € V \ {z}. Then f=x 1y = ®,(b) belongs to Jc. O

We can now prove the main theorem of this section. In what follows, let i,: C¥(G) —
C*(G) denote the embedding from Proposition . Throughout, we will use the
fact that i,(a) o ¢ = a for all a € C*(G) (Lemma [3.1.3). In the following theorem, it
is necessary to assume that i,(J) C C#(Gng). Recall from Subsection that this

holds in many cases, for example whenever G is inner-exact or whenever Gy, is closed.

Theorem 4.7.2. Let G be an étale groupoid that is covered by countably many open

bisections. Assume that ésing is discrete.

(1) For each orbit Q € Dy/G choose a representative xg € Dy with G(xg) = Q. The
subalgebra JNE.(G) contains a dense subspace linearly spanned by elements of the
form 6,®,(b)d;; for representatives x = x¢, b € Jaz x@) N C[GE] and h, k € G,.

(i) If G is an ample groupoid, then the algebraic singular ideal Jc is linearly spanned

by elements of the form §,P.(b)6} as above.
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In addition to discreteness of ésmg, assume that i,.(J) C C’:(ésing) and that ésing has
amenable isotropy groups that satisfy the density property.

(7ii) The subalgebra J N6 .(G) is dense in J, and

7= D Jopaw ®Ke
G(x)eDo /G
where the direct sum is taken over the orbits in Dy. Moreover, the images of
Jaz x(@) N CIGE] under ®, (for x € Dy) generate J as an ideal.

Here, K, denotes the C*-algebra of compact operators on the Hilbert space £2 (G (93))
The theorem includes dependence on the Hilbert space since it could be finite or infinite-
dimensional. In part (i), d; represents the function on G that is equal to 1 at k and
is 0 elsewhere, and &} represents the function on G that is equal to 1 at A~ and is 0
elsewhere. Then, 0,®,(b)d; is defined to be the convolution product d; * ®,(b) * J;.
Explicitly, 8,®,(b)3;(g) = .(b)(k~'gh) for g € Gy} and is 0 otherwise. Lastly,
Dy € G denotes the set of extremely dangerous points (Definition . Recall
that +(Dp) = «(G®) N GY) by Lemma [3.1.9]

sing

Proof. Let us prove (i). Given b € Jgs x(z) N C[GZ] and h, k € G, let U, and Uy, be
open bisections containing h and k respectively, and let x; € C.(Uy) and xy € C.(Uy)
be such that xx(h) = xx(k) = 1. It is simple to check that §,P,(b)d} is equal to the
convolution product xy * ®,(b) * x;, and thus belongs to J N €.(G) by Lemma [4.7.1]

We claim that any f € J N %.(G) with i(f) € C.(Gsing) is equal to a finite sum of
elements of the form 6,®,(b)d;. Take arbitrary f € J N %,(G) with i(f) € Ce(Geing)-
The groupoid Gsing is discrete, and therefore f has finite support. In particular, f has
support contained in a finite union of sets G} = r~'({z}) N s7'({y}) for y,z € Dy
belonging to same orbit @ of Dy/G. Given such a set G, let © = 1g denote the
representative of the orbit (), and choose h € GY and k € G7. We prove that the
restriction of f to G agrees with a product §,®,(b)d; for some b € Jaz () N C[GT].
The claim will then follow, since 6;®.(b)d;, is supported on the set G7.

Let U, and Uy, be open bisections containing h and k respectively, and let x; € C.(Uy)
and x; € C.(Uy) be such that x,(h) = xx(k) = 1. The product xj * f * x5 belongs to
J N %.(G) and therefore, by Theorem [4.2.6} its restriction to G% belongs to Jaz x() N
C[GZ]. Let b denote this restriction. It is then simple to check that §,P,(b)J; agrees
with f on G7, as desired. This completes the proof the claim.

To complete the proof of part (i), let & be as in Definition [£.3.3] Proposition [1.2.5]

ensures that i(f) € Co(Gging) for any f € €. Also, £ is dense in J N 6.(G) by Theo-
rem [4.3.5] Part (i) of the theorem now follows from the claim.
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To prove part (ii), assume that G is an ample groupoid. By Lemma4.7.1fii) the element
®,(b) belongs to Je for any x € Dy and b € Jgz x(2) N C[GE]. Given h, k € Gy, let U,
and Uy be compact open bisections containing h and k respectively. Then §,P,(b)d};
is equal to the convolution product 1y, * ®,(b) * 1f;, , thus belongs to Jc. The proof
of part (i) shows that £ is linearly spanned by elements of the form &,®,(b)d;, and
Jc C € by Theorem [4.4.2] Part (ii) then follows.

Before proving (iii), we construct an isometric *-homomorphism ¢: C(G%) = C}(Gging)
satisfying ¢(a) o = ®,(a) for any a € Jgz x (). Given b € C[GZ], view it as a function
on (G%), and let (D) be the extension to Gypne by 0. We have p(b) € Co(Gying) since
t(x) is isolated. By definition of the reduced norm, this map extends to an isomet-

ric *-homomorphism C}(G%) — C*(Gsing), which we will also denote ¢. The equality
¢(a) ot = ®,(a) holds for any a € Jgz x(») by construction.

We now prove (iii). By definition, the complement G = G\ Giing is closed and ¢(G)
is dense in G, so clearly @sing C «(G). Discreteness of ésing ensures that C’:(ésmg)
decomposes as the direct sum of the C*-algebras of each orbit. By assumption, J
embeds into C:(ésing),and it therefore suffices to show that the restriction of J to the
C*-algebra of each orbit ésing (L(ZL‘)) is isomorphic to Jgz x(») ® K. Without loss of
generality, we can assume that Gsing has a single orbit. In this case, Dy = GO N

11 (Gling) is a single orbit in G©.

Fix x € Dy. We will prove that J = Jgz x(p) ® K, where K = K(EQ(DO)). For each
y € Dy, choose h, € GY. For any y,z € Dy, let e,, € K be the partial isometry that
maps d, to d,, and let Fy C K be the space of finite rank operators spanned by the

operators e, ,. Define the map

) CHGE) © Fo = CF(Ging) (4.7.2)
a® ey = Oun)(a)d,)

where ® denotes the algebraic tensor product, and where ¢ is as defined earlier. The
map ¢ is a *~homomorphism. It is clear that the range of ¢/ contains C’C(ésing). Since ¢
is isometric, it follows from the definition of the reduced norm that v is also isometric

with respect to the minimal tensor product. Therefore, 1) extends to a *-isomorphism
U: CHGE) @ K — CF(Gling)-

We show that the image of Jgz x(;) ® K under ¥ is equal to i.(J). Let us first prove
the inclusion from left to right. Take h,k € G, and b € Jgz x(x) NC[G3]. Let y = r(h)
and z = r(k). Since Jgz x(2) is an ideal, the product 0;®,(b)d; is equal to 6hZ<I>$(l~7)5;"Ly,
for some b € Jge x(x) N C[GZ]. By part (i), the subalgebra JN%.(G) therefore contains

a dense subspace that is linearly spanned by elements of the form 5hz<1>x(b)5,’:y, for
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b € Jgr x)NC[GE] and y, z € Dy. It follows that the image of <JG§’X(@ ﬂC[Gi]) ®Fo
under U is dense in i(J H%C(G)). Since G satisfies the density property, Jgz x(2)NC[GE]

is dense in Jgz x(x), and therefore continuity of ¥ ensures that it maps Jge x(o) @ K
into the closure of i(J N %.(G)) — a subset of i,.(J).

Let us now prove the opposite inclusion: that i.(J) is contained in the image of
Jaz x(@) @K under . In particular, this will also show that i.(J) is equal to the closure
of i(J N 6.(G)). Take arbitrary ¢ € J. For any y, z € Dy, Theorem ensures that
05,.¢0n, is equal to ®,(a) for some a € Jog x(x), 50 that &, yi,(c)dyn,) = ¥(a ® e,y).
Applying 1 gives

(0. ®e, )W} (ir((;))(ae Reyy) =a®e., € Jorx@ @ K. (4.7.3)

The net ((56 ® Yyer ey,y)F over all finite subsets F' C Dy is an approximate unit for
CH(G®) @ K. Tt follows from (4.7.3) that ¥—! (ir(c)) € Jaz x(z) ® K. This proves that
J = Jgg’x(m) ® IC

The “moreover” part of the theorem follows from part (i) and the fact that J N 6.(G)

is dense in J. O]

Remark 4.7.3. In the previous theorem, amenability of the isotropy groups was only
needed to use the definition of the “density property” from Definition 4.5.3] There
exists a modification of Definition that is appropriate for non-amenable groups
(see also Remark . With this altered definition, the assumption that G has

amenable isotropy groups can be dropped in Theorem [4.7.2]

We record an interesting corollary of Theorem [£.7.2] This corollary can be also be
proven directly (see Remark [4.7.5), and yields an alternative proof of Theorem [4.7.2)
with the aid of Proposition [3.3.2]

Corollary 4.7.4. Let G be an étale groupoid that is covered by countably many open
bisections. Assume that ésing is discrete, that i.(J) C C’:(ésing), and that G has
amenable isotropy groups that satisfy the density property.

The image i.(J) is an ideal in C*(G).

Proof. Given i(z) € @g?gg, let ®,: Joz v(my — C(G) be the composition of ®, with
the canonical inclusion i,: C*(G) < C*(G). By the final comment of Theorem m
it suffices to prove that f * ®,(b) € i,(J) for any f € Co(G) and b € Jgz v N C[G].

Given such b and f, define a == f % ®,(b), so that

alg)= Y. f(h)®.(b)(h 'g)

heGT(9)
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for all g € G. Since ®,(b) is supported in ¢(G%), it is clear that a(g) is only non-zero

when g € «(G,). Take any f € %.(G) satistying f(g) = f(i(g)) for all g € G,. Then
a=i(f) * @,(b) = i(f * ®(b)) € i,(J). This completes the proof. O

Remark 4.7.5. This corollary can be proven directly by applying [9, Theorem 3.13]
instead of Theorem [4.7.2] Moreover, it suffices to assume that JN%.(G) is dense in J,
and that ésing C «(@). The condition Gsing C «(G) is crucial — without this, i.(.J) can
fail to be an ideal in C*(G) even for compact étale groupoids (see Example .

§ 4.8 | Examples

In this section we compute the singular ideal for the groupoids appearing in Section (1.6

This includes the groupoids associated with the Grigorchuk and Grigorchuk-Erschler

groups (see Examples[1.6.13/and [1.6.14]), as well as the groupoids of germs associated
with the canonical actions of Bieri-Strebel groups on [0, 1] and T (see Examples|1.6.10

and [1.6.11]).

Groupoids associated with self-similar group actions are minimal and effective, and
therefore their essential C*-algebras are simple by [43, Theorem 7.26]. In general, the
singular ideal J is non-vanishing, and can be quite mysterious. However, in Corol-
lary we proved that the algebraic singular ideal J¢ is dense in J for any con-
tracting self-similar group. Much of the structure of the singular ideal J can therefore
be understood through Jc. In some cases, the Hausdorff covers of these groupoids have
discrete singular part @Sing, and therefore the techniques of Section can be applied.
Indeed, this is the case for the Grigorchuk and Grigorchuk-Erschler groups.

The groupoid of germs Germ(7T' ~ T) associated with the canonical action of Thomp-
son’s group T on the circle T is discussed in [40, Example 7.8], and it is deduced that its
essential C*-algebra is simple. More generally, given any Bieri-Strebel group T'(T; A, P)
as defined in Definition [1.6.9] the groupoid of germs G = Germ(T'(T; A, P) ~ T) is
(G) is simple. In Corollary [4.8.8, we show that the

singular ideal J contains many ideals, so that C*(G) is far from being simple.

minimal and effective, and thus C

§4.8.1 | Bundle of groups examples

Example 4.8.1. Given a locally compact Hausdorff space X with a non-isolated point
o € X, together with a non-trivial discrete group I', let G' be the groupoid constructed
in Example m The only extremely dangerous point in G(®) 2 X is the unit z,, and
its isotropy group can be identified with I'. From the description of the Hausdorff
cover G in Example it is easy to see that X' (zy) is equal to the singleton set {I'}.
When I' is amenable, we have Jgzo v,y = ker(e), where e¢: C(I') — C is the trivial
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representation. Therefore we have a canonical isomorphism J = ker(e). When I' is
non-amenable, the embedding i,: C*(G) < C#(Q) is surjective. Also, Gy is closed
in G so that (3.1.4) is exact. Therefore, Proposition [3.1.14] ensures that the singular

ideal is isomorphic to C;(Gying) = C(T).

Example 4.8.2. The groupoid G from Example has no extremely dangerous
points, and therefore its singular ideal vanishes by Lemma [3.1.9 and Proposition

Example 4.8.3. Let GG be the groupoid appearing in Example m Recall that G(©
contains a single extremely dangerous point that we call 0. In order to show that the
singular ideal vanishes, we will prove that Jgo () is zero. Let Vy denote the Klein

four-group, and write V; = {e, A, B,C'}. The unit 0 has isotropy group isomorphic

to Vi and, by the description of the Hausdorff cover G(©) in Example the set
X (0) contains all three 2-element subgroups of Vj, namely {e, A}, {e, B} and {e, C'}.

A simple exercise in linear algebra then reveals that Jy, x(o) is zero.

Example 4.8.4. Let G be the groupoid from Example [1.6.4, In order to describe
the singular ideal J, we invoke Proposition [3.1.14] and instead describe its isomor-
phic image i,(J) in CF(Gyng). By the argument in Example [3.4.40 we can write
ééiorzg = {1, 21, Ty, ... }U{x}. The groupoid Gy, is a bundle of groups over this set with

isotropy group Vj at x (written V; = {*, A, B,C}), and isotropy group Z/27Z for the

other z € G (written Z/2Z = {e;,a,}). The C*-algebra C;(Gging) is then simply the

sing
set of functions f on this set satisfying f(ey) = lim, f(ey, ) and f(ay) = lim, f(as, ).

However, given any f € %.(G), the image i(f) € C.(G) satisfies the additional condi-
tions i(f)(e1) = i(f)(x)+i(f)(A) and i(f)(a1) = i(f)(B)+i(f)(C). Using the methods

of Subsection m, it is then easy to verify that i,.(J) is equal to the set of functions
(0) )

on G satisfying these constraints. In particular, i(J) is not an ideal in C’:(Gsing

sing

Example 4.8.5. Let G be the groupoid from Example We show that the
canonical surjection C*(G) — C¥(G) is an isomorphism. Note that the embedding
i: 6.(G) — C’C(G) and restriction map C’C(@) —» C’c(éess) compose to induce *-
homomorphisms C*(G) — C*(Ges) and C#(G) — CF(Ges). In Example we

saw that C*(Gess) = CF(Gegs). Therefore, it suffices to prove that the map C*(G) —

C*(Gess) is an injective. In particular, this implies injectivity of the map C¥(G) —
C*(Gss), and therefore the singular ideal J vanishes by Proposition [3.1.14}

Let us show that the canonical map C*(G) — C*(Gless) is injective. Take arbitrary
f € 6.(GQ), and let f € Cu(Gess) denote the restriction of i(f) € Co(G) to Gess. By Ex-
ample m, the singular part ésmg is isomorphic to the group I' :== Fy x V. Write fr for

the restriction i(f)|g,, . The Hausdorff cover G is the disjoint union of the clopen sub-
ooty = max{Hf\ o pruc*m}. In
order to show that C*(G) — C*(Gless) is injective, it suffices to show that HfHC(G : >
/]

groupoids G and ésing, and therefore ||i(f)]

(1)
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Let X4, Xp, X¢ denote the three 2-element subgroups of Vj, and view them as normal
subgroups of I' = Fy x V. Let Ap/x,: C*(I') — C*(I'/X,) be the (quasi-regular) quo-
tient maps for g = A, B, C. The kernel is C*(F;) ®ker(\y, /x, ), where Ay, /x,: C*(Vy) —
C*(Vi/X,) is another quasi-regular map. Since [ ker(Ay,/x,) = {0} we also have
g=A,B,C

(1 ker(Ar/x,) = {0}. It follows that the direct sum of maps € Ar/x,: C*(I') —
g=A,B,C g=A,B,C

@ C*(I'/X,) is injective. Following Example [3.4.5(let (00, A), (00, B), (00, C) de-
g=A,B,C
note the three units in Gess with isotropy groups I'/X,. Let Ay, A, Ac denote these

isotropy groups. For any f € %.(G) we have

‘ C*(Ag)} - grgééfc{“)\l“/Xg(fF)‘ C*(F/Xg)} = ||fr|

where the equality f la, = Ar/x,(fr) uses (3.1.3) from Lemma m It follows from

this inequality that C*(G) — C*(Gegs) is injective, as required.

f

> max {Hf|/\g

C* (Gess) - g:A,B,C

()

As noted in Example m, the canonical surjection C’*(éess) — CF (éess) is an isomor-
phism, and therefore it follows that C*(G) — C)(G) is also an isomorphism. It was
observed in Example that C*(G) — C*(G) is not an isomorphism, and therefore
this groupoid is a counterexample to implication “(vii) = (viii)” of Corollary [3.2.10]

§ 4.8.2 | Groupoids from self-similar groups

We now discuss the groupoids associated with the Grigorchuk and Grigorchuk-Erschler
groups. The groupoid associated with the Grigorchuk group has vanishing singular
ideal J (see [18, Theorem 5.22]), whereas the groupoid associated with the Grigorchuk-
Erschler group has non-vanishing singular ideal (see [67, § 7.5] for instance). In fact,
the singular ideal Jy is non-vanishing over any ring R. Let us study these two examples
using the methods introduced earlier in Section Note that the assumption i,(J) C

C7#(Gling) in Theorem is satisfied automatically by Proposition |3.1.14] and using
that the groupoids are amenable (see (3.1.4])).

In each of the following examples, let 1°° € {0, 1} denote the infinite word containing

only 1.

Example 4.8.6. Let {e,a,b,c,d} denote the nucleus of the Grigorchuk group (see
Example , and let G be the groupoid associated with its self-similar action. As
discussed in earlier examples, the extremely dangerous units form a single orbit. There-
fore, in order to understand the singular ideal, it suffices to study just one extremely
dangerous unit. We consider 1° € G(©. For g = b, ¢, d write X, = {[e, 1%, [g, 1]}
By Example [3.4.6] we have X(1*°) = {X,, X., X,}. The subgroups in X (1°°) generate
a copy of the Klein four-group V; = {e, b, ¢, d}, and X' (1°°) contains all order two sub-

groups. Note that we are in the same situation as Example 4.8.3 and therefore it is
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simple to show that the ideal Jy, x(1~) vanishes. By Lemma [£.2.2} it then follows that

Jai x(a~) = 0, and hence the singular ideal vanishes. This recovers [18, Theorem 5.22].

Example 4.8.7. Let {e, h, «, 3,7} denote the nucleus of the Grigorchuk-Erschler group
(see Example , and let G be the groupoid associated with its self-similar action.
By Lemma [1.6.15, we have Gx = {[e, 1], [e, 1], [3, 1], [, 1%°]} %, Z =V} x,, Z.
Define the element b € C[Gix] by b(1®°) = 1 = b([y,1°]) and b([e,1°]) = —1 =
b([5,1°°]). It has been observed in [67, Example 7.7] and [30, Example 6.11] that
the extension of b to GG by zero belongs to the algebraic singular ideal J¢. Using the
methods of Section [1.7] we will see that this element b generates both Jc and J as

ideals in their respective algebras.

For g = o, write X, = {[e,1%],[g,1*°]}. By Example we have X(1°) =
{Xa,Xp}. The subgroups in X (1°°) generate a copy of the Klein four-group V; =
{e,a,8,7}. It is then simple to show that the ideal Jy, xq=) C C}(Vy) is the one-
dimensional subspace spanned by b (defined above). Now, by the semidirect product
decomposition Gl =V, X, Z from Lemma , we also have a crossed product
decomposition at the level of C*-algebras: C(Gix) = Cf(Vy) X, Z. Under this iden-

tification, we have Joi yey = Jviaae) Xy Z (apply Lemmas 1.2.2) and |4.6.3) for

example). Since Jy, x(1~) is one-dimensional, we therefore have Janz xee) = (T).
Also, the group Gix is finite-by-nilpotent and therefore satisfies the density property
(Theorem . We know that ésmg is discrete, and hence we can apply Theo-
rem [4.7.2[(iii) to deduce that

J=C(T) K.

We now discuss the the algebraic singular ideal J¢. Let ®1~(b): G — C denote the
extension of b to G by zero. Lemma ensures that @1 (b) belongs to J¢, and by
Theorem [£.7.2)(ii) the element ®1~(b) generates Jc as an ideal. It is then simple to
check that

Jc =2 C[Z] © My

where M, denotes the algebraic union ;2 ; M, (C) of matrix algebras, and ® denotes

the algebraic tensor product.

§ 4.8.3 | Groupoids of germs associated with Bieri-Strebel groups

In this final subsection, we apply Theorem [£.7.2] to the groupoids of germs associated
with Bieri-Strebel groups. Most assumptions of this theorem are satisfied by the results
of Subsection[3.4.3} these groupoids are second-countable, have abelian isotropy groups,
and are such that the singular part of the Hausdorff cover ésing is discrete. We state

our findings in the form of a corollary.

In what follows, we use P to denote a countable non-trivial subgroup of the multi-
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plicative group R.g, and use A to denote a countable Z[P]-submodule of the additive
group R such that P C A. As in Subsection [1.6.3] we let P - A be the submodule of
A generated by elements of the form (p — 1)a for p € P, a € A. Lastly, let P denote
the Pontryagin dual of P, where P is equipped with the discrete topology. We denote
the unit in P by 1p.

Corollary 4.8.8. Let P and A be as above, and let T equal either T'(I; A, P) or
T(T; A, P). Let G be the groupoid of germs associated with the canonical action of
I'onlI orT.

(i) The subalgebra J N €.(G) has a dense subspace linearly spanned by elements of
the form 5[1‘@1(’5[}’ . where x € AN (0,1), f.f €T and b is a finitely supported
function on G= = P? satisfying the linear equations

> blp,q) =0=">b(g,p) for all g € P. (4.8.1)

peP peP

(it) Suppose that i,(J) C C¥(Gsing). Then JNE.(G) is dense in the singular ideal J,

and J satisfies the formula

I

J= @ G((P\{1p})’) ek (4.8.2)

A/(IP-A)
where the direct sum is taken over all additive cosets A/(IP - A).

In particular, if I' is one of Thompson’s groups F' or T, then the groupoid G has singular
ideal J isomorphic to Cy(R?*) @ K.

By imposing additional constraints on P and A, the formula can be simplified.
For example, if IP - A is equal to A, then the direct sum will have a single summand
(indeed, this is the case for Thompson’s groups F' and T). If P is finitely generated,
then it is isomorphic to Z™ for some positive integer n (by the structure theorem for

finitely generated abelian groups). In this case, the Pontryagin dual is easily described
by =

Proof. To prove (i), recall from Subsection that any x € Dy has isotropy group
isomorphic to P2. By the description of G in Subsection m, the set X' () consists of
the two canonical copies of P in P?. Therefore, a finitely supported function b: P? — C
belongs to Jgs v(z) if and only if it satisfies the linear equations ({.8.1]). Statement (i)
then follows from Theorem [£.7.2] (i).

~Y

We now prove (ii). By Gelfand theory, there is a canonical isomorphism C*(P) = C/(P).
The quasi-regular representations induced by the two canonical homomorphisms P? —»

P correspond to the two restriction maps m,m: C(P?) — C(P). Concretely, these
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restriction maps are given by m(£)(7) = /(v, 1p) and ma(f)(x) i= f(1,7) for € P,
fec (152) By definition, Jgz x(2) is equal to the intersection of the kernels of m; and
7o, and is therefore isomorphic to CO((p\ {lp})z) for every z € AN (0, 1). Statement
(ii) then follows from Theorem [4.7.2] (iii), since all orbits in Dy are infinite.

The final claim of the corollary follows from the observations Z = T and T\ {1} = R.
Theorem applies to the groupoids Germ(F ~ I) and Germ (T ~ T) because they

are amenable, and hence their Hausdorff covers are inner-exact. O



Bibliography

1]

2]

[12]

[13]

J. AAKRE, Simplicity of algebras and C*-algebras of self-similar groupoids, J. Math. Anal. Appl.
559 (2026), no. 1, 130446.

C. ANANTHARAMAN-DELAROCHE, Groupoid exactness and the weak containment problem,
preprint, arXiv:1605.05117.

C. ANANTHARAMAN-DELAROCHE and J. RENAULT, Amenable groupoids, Monogr. Enseign. Math.
36, Enseign. Math., Geneva, 2000. With a foreword by G. Skandalis and Appendix B by E.

Germain.

K. BARDADYN, B. K. KWASNIEWSKI and A. MCKEE, Banach algebras associated to twisted étale

groupoids: Inverse semigroup disintegration and representations on LP-spaces, J. Funct. Anal. 289
(2025), no. 12, 111163.

K. BARDADYN, B. K. KwWASNIEWSKI and A. MCKEE, Banach algebras associated to twisted étale
groupoids: simplicity and pure infiniteness, preprint, arXiv:2406.05717.

B. BEKKA, P. DE LA HARPE and A. VALETTE, Kazhdan’s Property (T), New Math. Monogr., 11,
Cambridge Univ. Press, 2008.

B. BEKKA and M. KALANTAR, Quasi-reqular representations of discrete groups and associated
C*-algebras, Trans. Amer. Math. Soc. 378 (2020), no. 3, 2105-2133.

R. BIERI and R. STREBEL, On groups of PL-homeomorphisms of the real line, Math. Surveys
Monogr. 215, Amer. Math. Soc., Providence, RI, 2016.

K. A. Brix, J. GONZALES, J. B. HuME and X. L1, On Hausdorff covers for non-Hausdorff
groupoids, preprint, arXiv:2503.23203.

K. A. Brix and E. SCARPARO, C*-simplicity and representations of topological full groups of
groupoids, J. Funct. Anal. 277 (2019), no. 9, 2981-2996.

N. P. BROWN and N. OzAawA, C*-algebras and finite-dimensional approximations, Grad. Stud.
Math. 88, Amer. Math. Soc., Providence, RI, 2008.

N. BROWNLOWE, A. Buss, D. GONGALVES, J. HUME, A. SiMs and M. WHITTAKER, K K -duality
for self-similar groupoid actions on graphs, Trans. Amer. Math. Soc. 877 (2024), no. 8, 5513-5560.

A. Buss and D. MARTINEZ, Essential groupoid amenability and nuclearity of groupoid C*-
algebras, J. Funct. Anal. 290 (2026), no. 11, 111427.



BIBLIOGRAPHY 139

[14] J. W. CanNoN, W. J. FLoyD and W. R. PARRY, Introductory notes on Richard Thompson’s
groups, Enseign. Math. (2) 42 (1996), no. 3-4, 215-256.

[15] M.-D. CHot and E. EFFROS, Separable nuclear C*-algebras and injectivity, Duke Math. J. /3
(1976), 309-332.

[16] J. CHRISTENSEN and S. NESHVEYEV, (Non)exotic completions of the group algebras of isotropy
groups, Int. Math. Res. Not. IMRN 19 (2022), 15155-15186.

[17] J. CHRISTENSEN and S. NESHVEYEV, Isotropy fibers of ideals in groupoid C*-algebras, Adv. Math.
447 (2024), Paper No. 109696.

[18] L. O. CLARK, R. EXEL, E. PARDO, A. SiMs and C. STARLING, Simplicity of algebras associated
to non-Hausdorff groupoids, Trans. Amer. Math. Soc. 872 (2019), no. 5, 3669-3712.

[19] A. CONNES, A survey of foliations and operator algebras, Operator algebras and applications, part
1 (Kingston, Ont., 1980), 521-628, Proc. Sympos. Pure Math. 38, Amer. Math. Soc., Providence,
RI, 1982.

[20] K. R. DAVIDSON, C*-algebras by example, Fields Inst. Monogr., Amer. Math. Soc., Providence,
RI, 1996.

[21] M. DokucHAEV, R. EXEL and H. PINEDO Twisted Steinberg algebras, regular inclusions and
induction, preprint, arXiv:2504.11639.

[22] J. DIXMIER, von Neumann algebras, North-Holland Math. Libr. 27, North-Holland Publishing
Co., Amsterdam, 1981.

[23] E. G. EFFRrOs and F. HAHN, Locally compact transformation groups and C*-algebras, Mem. Amer.
Math. Soc., No. 75, Amer. Math. Soc., Providence, R.I., 1967.

[24] A. ERSCHLER, Boundary behavior for groups of subexponential growth, Ann. of Math. 160 (2004),
1183-1210.

[25] R. EXEL, Inverse semigroups and combinatorial C*-algebras, Bull. Braz. Math. Soc. (N. S.) 39
(2008), 191-313.

[26] R. EXEL, Non-Hausdorff étale groupoids, Proc. Amer. Math. Soc. 139 (2011), no.3, 897-907.

[27] R. EXEL and D. R. P1TTS, Characterizing groupoid C*-algebras of non-Hausdorff étale groupoids,
Lecture Notes in Math. 2306, Springer, Cham, 2022.

[28] J. M. G. FELL, A Hausdorff topology for the closed subsets of a locally compact non-Hausdorff
space, Proc. Amer. Math. Soc. 13 (1962), 472—-476.

[29] G. B. FOLLAND, Real Analysis, Modern techniques and their applications, Second edition, Pure
Appl. Math. (N. Y.), Wiley-Intersci. Publ., John Wiley & Sons, Inc., New York, 1999.

[30] E. GARDELLA, V. NEKRASHEVYCH, B. STEINBERG and A. VDOVINA, Simplicity of C*-algebras
of contracting self-similar groups, Commun. Math. Phys. 406 (2025), 251.

[31] J. GoNzALES and J. B. HUME, On dense subalgebras of the singular ideal in groupoid C*-algebras,
preprint, arXiv:2511.04391.

[32] R. I. GRIGORCHUK, On Burnside’s problem on periodic groups, Funct. Anal. Appl. 14 (1980),
41-43.

[33] R. I. GRIGORCHUK, Degrees of growth of finitely generated groups, and the theory of invariant
means, Math. USSR Izv. 25 (1985), no. 2, 259-300.

[34] P. HAHN, Haar Measure for Measure Groupoids, Trans. Amer. Math. Soc. 242 (1978), 1-33.



BIBLIOGRAPHY 140

[35]

[36]
[37]

[38]

[39]

[40]

[41]

[45]

[46]

[47]

[48]

[52]

[53]

[54]

[55]

P. HAHN, The regular representations of measure groupoids, Trans. Amer. Math. Soc. 242 (1978),
35-72.

P. HALL, Finiteness conditions for soluble groups, Proc. Lond. Math. Soc. (3) 4 (1954), 419-436.

N. HiGsoN, V. LAFFORGUE, and G. SKANDALIS, Counterezamples to the Baum-Connes conjec-
ture, Geom. Funct. Anal. 12 (2002), 330-354.

J. B. HUME, Characterization of zero singular ideal in étale groupoid C*-algebras via compressible
maps, preprint, arXiv:2509.07262.

M. IoNEScU and D. P. WiLL1AMS, The generalized Effros-Hahn conjecture for groupoids, Indiana
Univ. Math. J. 58 (2009), 2489-2508.

M. KALANTAR and E. SCARPARO, Boundary maps, germs and quasi-regular representations, Adv.
Math. 394 (2022), Paper No. 108130.

M. KeENNEDY, S. J. Kim, X. L1, S. RauM and D. URSu, The ideal intersection property for
essential groupoid C*-algebras, preprint, arXiv:2107.03980.

M. KHOSHKAM and G. SKANDALIS, Regular representation of groupoid C*-algebras and applica-
tions to inverse semigroups, J. Reine Angew. Math. 546 (2002), 47-72.

B. K. KwASNIEWSKI and R. MEYER, Essential crossed products for inverse semigroup actions:
sitmplicity and pure infiniteness, Doc. Math. 26 (2021), 271-335.

B. K. KWASNIEWSKI and A. MUNDEY, Twisted operator algebras of self-similar groupoid actions
on arbitrary graphs, preprint, arXiv:2511.07906.

J. C. LENNOX and S. E. STONEHEWER, Subnormal subgroups of groups, Oxford Univ. Press,
Oxford, 1987.

X. L1, Every classifiable simple C*-algebra has a Cartan subalgebra, Invent. Math. 219 (2020),
no. 2, 653-699.

G. W. MACKEY, Frgodic theory and virtual groups, Math. Ann. 166 (1966), 187-207.

D. MARTINEZ and N. SZAKACS, Algebraic singular functions are not always dense in the ideal of
C*-singular functions, Bull. Lond. Math. Soc. 58 (2026), no. 5, e70381.

A. MILLER and B. STEINBERG, Homology and K-theory for self-similar actions of groups and
groupoids, preprint, arXiv:2409.02359v3.

I. MOERDLJK and J. MRCUN, Introduction to Foliations and Lie Groupoids, Cambridge Stud.
Adv. Math. 91, Cambridge Univ. Press, Cambridge, 2003.

P. MuHLY and D. P. WILLIAMS, Renault’s equivalence theorem for groupoid crossed products,
NYJM Monogr. 3, State University of New York, University at Albany, Albany, NY, 2008.

V. NEKRASHEVYCH, Self-similar groups, Math. Surveys Monogr. 117, Amer. Math. Soc., Provi-
dence, RI, 2005.

V. NEKRASHEVYCH, C*-algebras and self-similar groups, J. Reine Agnew. Math. 630 (2009),
59-123.

V. NEKRASHEVYCH, Palindromic subshifts and simple periodic groups of intermediate growth,
Ann. of Math. (2) 187 (2018), no. 3, 667-719.

S. NESHVEYEV and G. SCHWARTZ, Non-Hausdorff étale groupoids and C*-algebras of left can-
cellative monoids, Miinster J. Math. 16 (2023), no. 1, 147-175.



BIBLIOGRAPHY 141

[56]

[57]
[58]

[59]

[60]

[67]

[68]

[69]

[71]
[72]

[73]

P. NYLAND and E. ORTEGA, Topological full groups of ample groupoids with applications to graph
algebras, Int. J. Math. 30 (2019), no. 4, 1950018.

A. L. T. PATERSON, Groupoids, inverse semigroups, and their operator algebras, Birkhduser, 1999.

J. RENAULT, A groupoid approach to C*-algebras, Lect. Notes in Math. 793, Springer, Berlin,
1980.

J. RENAULT, Représentation des produits croisés d’algébres de groupoides, J. Oper. Theory 18
(1987), no. 1, 67-97.

J. RENAULT, The Fourier algebra of a measured groupoid and its multipliers, J. Funct. Anal. 145
(1997), no. 2, 455-490.

J. RENAULT, Topological amenability is a Borel property, Math. Scand. 117 (2015), no. 1, 5-30.

M. RorDAM, F. LARSEN and N. LAUSTSEN, An Introduction to K-Theory for C*-Algebras. Cam-
bridge Univ. Press, 2000.

E. SCARPARO, Relatively amenable actions of Thompson’s groups, Bull. Aust. Math. Soc. 106
(2022), 144-150.

M. STEIN, Groups of piecewise linear homeomorphisms, Trans. Am. Math. Soc. 332 (1992), no.
2, 477-514.

B. STEINBERG, A groupoid approach to discrete inverse semigroup algebras, Adv. Math. 223
(2010), no. 2, 689-727.

B. STEINBERG and N. SzAKACS, Simplicity of inverse semigroup and étale groupoid algebras,
Adv. Math. 880 (2021), Paper No. 107611, 55 pp.

B. STEINBERG and N. SZAKACS, On the simplicity of Nekrashevych algebras of contracting self-
stmilar groups, Math. Ann. 386 (2023), no. 3-4, 1391-1428.

T. TIMMERMANN, The Fell compactification and non-Hausdorff groupoids, Math. Z. 269 (2011),
no. 3-4, 1105-1111.

H. Tong, Some characterizations of normal and perfectly normal spaces, Duke Math. J. 19
(1952), no. 2, 289-292.

R. WILLETT, A non-amenable groupoid whose mazximal and reduced C*-algebras are the same,
Miinster J. Math. 8 (2015), no. 1, 241-252.

D. WiLriams, A Tool Kit for Groupoid C*-Algebras, Amer. Math. Soc., Providence, RI, 2019.

K. YOsHIDA, On the Simplicity of C*-algebras Associated to Multispinal Groups, preprint,
arXiv:2102.02199.

R. J. ZIMMER, Hyperfinite factors and amenable ergodic actions, Invent. Math. 41 (1977), 23-31.



	GonzalesThesis cover sheet (7)
	2026GonzalesPhDx
	Abstract
	Acknowledgments
	Author's declaration
	Introduction
	Preliminaries
	Étale and locally compact groupoids
	Continuous systems of measures
	C*-algebras and Steinberg algebras
	Measured groupoids
	Isotropy fibres of ideals
	Examples

	Groupoid amenability
	Amenability for Hausdorff groupoids
	Amenability for non-Hausdorff groupoids
	Amenability via Borel functions
	Nuclearity via Renault's disintegration theorem
	Examples

	The Hausdorff cover
	Topology and structure
	Amenability and nuclearity
	Ideals via the Hausdorff cover
	Examples

	The singular ideal
	Equivalent definitions
	Background on quasi-regular representations
	Structure of JCc(G)
	Ample groupoids
	Characterisation of density
	Groups with the density property
	Computing singular ideals
	Examples

	Bibliography


