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To my father, who always believed in me.



Abstract

Thurston’s seminal work on the geometrization conjecture shows that 3-manifolds ad-
mit a rich variety of geometric structures. In a different direction, the foundational
result of Martinet [Mar71] establishes that every closed, orientable 3-manifold sup-
ports a contact structure. Within contact topology, there is a fundamental dichotomy
between tight and overtwisted contact structures. While overtwisted structures are
completely classified [Eli89], tight contact structures are considerably more rigid and
remain far less understood. The classification of tight contact structures has there-
fore been a central problem in low-dimensional topology over the past decades. Early
progress focused on model cases such as the 3-sphere [Eli92], solid tori and lens spaces
[Hon0Oa, Hon0Ob], and has since expanded to include broad classes of Seifert fibered
manifolds [EHO1b, GS03, Wu06, GLS07, Tos20]. However, tight contact structures
on hyperbolic 3-manifolds remain largely unexplored. In this thesis, we investigate
the classification problem for tight contact structures on hyperbolic 3-manifolds. In
particular, we present the first classification result for an infinite family of hyperbolic
L-spaces, obtained in joint work with Hyunki Min [MN26]. We then turn to the study
of symplectic fillability within this setting. It is known that not every tight contact
structure is symplectically fillable [EH02], and understanding this distinction is a subtle
and important problem. Building on previous constructions, we develop an algorith-
mic obstruction to (weak) symplectic fillability for families of contact structures arising

from rational surgeries on L-space knots [Non24].
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Chapter 1

Introduction

§ 1.1 | Hyperbolic L-spaces, a contact geometry ap-

proach

The nature of the research that we introduce in this thesis is dual and it builds on
the important role that hyperbolic 3-manifolds, and specifically L-spaces, play in the
context of contact geometry. Chapter 3 describes a complete classification result for
(positive) tight contact structures on a family of hyperbolic L-spaces obtained as Dehn
surgeries on the Whitehead link. This is the content of [MN26], written in collaboration
with Hyunki Min. In some sense, this part is concerned with understanding how many
distinct tight structures one can find for such manifolds. The main result of the first

section is Theorem 3.1.3.

Theorem (3.1.3). Let n > 5 be an integer. Then M(n,r) (this is the manifold obtained
by (n,r)-surgery on the Whitehead link, see Figure 3.1) supports

W(r)+20(r) re R,
W(r) re Q-

tight contact structures up to isotopy, distinguished by their contact invariants in Hee-

gaard Floer homology.

For the definition of R, and Q_ see Chapter 3. There is also a section dedicated
to some other contact-geometric properties of these structures. The main theorems in
this part are Theorem 3.1.8 and Theorem 3.1.9.

Theorem (3.1.8). Let n > 5 be an integer and r € Ry UQ_. Then every tight contact
structure on M(n,r) is Stein fillable.

Theorem (3.1.9). Let n > 5 be an integer and r € Ry U Q_. Then M(n,r) supports
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at least

W(r)+20(r)—6 reR;
W(r)—2 re Q-

virtually overtwisted contact structures up to isotopy.

In the second part of this thesis, touching upon the connection with symplectic
geometry, we investigate symplectic fillability properties of tight structures on hyper-
bolic L-spaces (see Definition 2.3.2)!. This is the content of [Non24]. Forgetting for
a moment about the classification question we try to understand what kind of tight
structures certain manifolds can admit. The main contribution we present in Chapter
4 is an algorithm that, given an L-space knot, can produce obstructions for symplectic
fillability from its symmetrized Alexander polynomial. This is the content of Theorem

4.1.1, which we state here in a more concise form.

Theorem (4.1.1). Let K be an L-space knot, and let K(n) be the manifold obtained by
n-surgery on K, for n € N square-free. We describe a set of inequalities involving only
n and the exponents of the symmetrized Alexander polynomial of K. If such inequalities
are not satified, then the manifold K(n) has no weakly symplectically fillable contact

structures.

As an application, we prove that the hyperbolic L-space knots discussed in [BK22]
produce an infinite family of hyperbolic L-spaces with tight contact structures having no
weak symplectic fillings. Although our procedure is not new, but rather a generalised
version of an already existing technique (see [LL19, KT17]), the family of knots we
study is quite different from the ones previously analyzed in the literature. We describe
this more in detail at the beginning of Chapter 4.

The motto of this thesis is that hyperbolic L-spaces are, from a contact geometry
perspective, extremely important objects to study. We hope that the techniques dis-
cussed in Chapter 3 will be further used to study other families of manifolds and that

the algorithm in Chapter 4 will be used for other families of L-space knots and links.

§ 1.2 | A history of contact geometry

In order to better understand the relevance of our contribution we provide a brief
introduction to the past, the present and the future of the classification problem in
contact geometry.

Since its introduction in the late nineteenth century, contact geometry has been
studied from a wide range of perspectives. Owing to its polyhedric nature, it lies at
the intersection of several areas of mathematics, including dynamical systems, sym-

plectic geometry, and knot theory. This interplay is not merely tangential: contact

!Note, this family of hyperbolic L-spaces is not the same as the one considered in Chapter 3.
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geometry has played a central role in the proof of deep results that, at first glance,
appear unrelated to it. Notable examples include Eliashberg’s proof of Cerf’s “I'y = 0”
Theorem [Eli92].

As is the norm when dealing with specific structures on manifolds, a fundamental
goal is their classification up to an appropriate notion of equivalence. For instance, in
the study of smooth structures on topological manifolds, considerable effort has been
devoted to understanding when two such structures are equivalent under diffeomor-
phism. In contact geometry one is naturally led to classify contact structures up to
isotopy.?

A key feature of contact geometry is the existence of a fundamental dichotomy
between two types of contact structures: tight and overtwisted. Given a 3-manifold
M, a contact structure is called overtwisted if it contains an embedded overtwisted
disc, that is, a disc whose boundary is everywhere tangent to the contact distribution
and whose framing given by the contact planes agrees with the framing given by the
disc (see Definition 2.2.4). Contact structures that do not contain such discs are called
tight.

This is not just an ad hoc distinction: it has concrete consequences. Tight contact
structures exhibit a strong form of rigidity, while overtwisted structures are consider-
ably more flexible. For example, invariants of isotropic submanifolds (Definition 2.1.12)
in tight manifolds are subject to stringent constraints, whereas these constraints can
fail in the overtwisted setting. A similar contrast appears in the theory of convex sur-
faces (Definition 2.2.34), whose dividing multicurves (Definition 2.2.36) are much more
restricted in tight manifolds (see Theorem 2.2.44).

This dichotomy is reflected in the classification problem. No tight contact structure
can be isotopic to an overtwisted one, and vice versa, so the classification naturally
splits into these two cases.

The overtwisted case is by now well understood. A fundamental result of Eliashberg
[E1i89] (see Theorem 2.2.11) states that two overtwisted contact structures are isotopic
if and only if they are homotopic as 2-plane fields. Since homotopy classes of 2-plane
distributions can be studied using algebraic topology, this result reduces the classi-
fication of overtwisted contact structures to a purely algebraic-topological problem.
Moreover, it implies that every 3-manifold admits an overtwisted contact structure.

In contrast, the classification of tight contact structures is significantly more subtle.
Eliashberg’s theorem does not extend to this setting; in fact, homotopic tight contact
structures need not be isotopic. Plus, there might be homotopy classes of 2-plane
fields not containing any tight contact structure. As a consequence, the classification
problem cannot be reduced to purely topological data. This difficulty has led to the

development of a variety of powerful techniques, including convex surface theory and

2This is not equivalent to classification up to contactomorphism: a contactomorphism induces
an isotopy through contact structures if and only if it is smoothly isotopic to the identity, by Gray
stability [Grab9].
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invariants arising from Heegaard Floer homology, which provide tools to study the finer
structure of tight contact manifolds.

A natural preliminary question is whether every 3-manifold admits a tight con-
tact structure. Unlike the overtwisted case, the answer is negative. Etnyre-Honda
[EHO1b] showed that X(2,3,5) (the Poincaré homology sphere with reverse orienta-
tion) admits no positive (see Remark 2.1.3) tight contact structure. The manifold
2(2,3,5)#L(2,3,5) carries no tight contact structure (neither positive nor negative).
More generally, [LS09] shows that there exist infinite families of Seifert fibered spaces
that do not admit positive tight contact structures.

On the other hand, (positive) tight contact structures have been classified for several
classes of 3-manifolds, including most (but not all) atoroidal Seifert fibered spaces and
certain toroidal manifolds [CGHO09, EHO1b, Eli92, Etn00, Gir99, Gir01, GS03, GLS07,
HKMO02, Hon00a, Hon00b, Kan97, Tos20, Wu06]. We will discuss some of these results
in Chapter 3.

In contrast, the situation for hyperbolic 3-manifolds remains largely open. This
is particularly unsatisfactory, as most prime 3-manifolds are hyperbolic [Thu82|. In
particular, it is not known whether every hyperbolic 3-manifold admits a tight contact
structure.

Following the work of Thurston and Eliashberg [ET98] hyperbolic 3-manifolds ad-
mitting taut foliations (see Definition 2.4.2) also admit universally tight (see Definition
2.2.12) contact structures. Universally tight structures are tight. Consequently, in or-
der to find potential counterexamples to the existence of tight structures, one is led to
consider manifolds that do not admit taut foliations.

A natural class of candidates is given by hyperbolic L-spaces. These are rational
homology spheres with particularly simple Heegaard Floer homology (see Definition
2.4.1), generalizing the notion of lens spaces. By results of [OS04a], L-spaces do not
admit taut foliations. Moreover, the L-space conjecture (see Conjecture 2.4.3) predicts
that they are precisely the 3-manifolds without coorientable taut foliations.

This makes hyperbolic L-spaces a compelling setting in which to investigate the
existence and classification of tight contact structures. One possible strategy is to at-
tempt to construct counterexamples to the existence question by studying tight contact
structures on such manifolds.

The work presented in this thesis is motivated by the central role that hyperbolic

L-spaces play in this context.

§ 1.3 | Thesis structure

Chapter 2 contains preliminary notions that should help the reader for the rest of the
thesis. We first introduce contact structures and discuss their basic properties. We also
define certain types of submanifolds which will be relevant for our work. We conclude

it by introducing briefly the notions of fillability that will be relevant for the last part
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of the thesis and the necessary Heegaard Floer theoretic results.

Chapter 3 is dedicated to proving the classification result for hyperbolic L-spaces
obtained by Dehn surgeries on the Whitehead link.

Finally, Chapter 4 is devoted to describing the algorithm to obstruct symplectic
fillability for L-space knots.



| am feeling
overtwisted
today...

Chapter 2

Background knowledge

This section is intended to be a short but substantially complete introduction to
contact geometry. We refer the reader to [Gei08] for details and further expositions. For
more background knowledge in specific topics, like convex surface theory and symplectic
fillability, we refer the reader to the corresponding sections, where more advanced

results are presented.

§ 2.1 | Contact structures: definitions and basic prop-

erties

Fix M a smooth, odd-dimensional manifold and consider its tangent bundle TM. We
will study smooth sub-bundles & of codimension 1 in TM. We refer to such codimension
1 objects as fields of hyperplanes, or codimension 1 distributions. Informally, one can
think of these sub-bundles as a consistent choice of a hyperplane &, in T,M for all
points p € M.

In general, in order to study and describe a hyperplane field we write it as the

kernel of a differential 1-form. More precisely, we always write
& =kera,

where a is a smooth 1-form on M. This can be always done locally and if the distri-
bution is coorientable!, even globally [Gei08]. The description in terms of differential

forms becomes quite handy when studying contact structures.

Remark 2.1.1. Note that if & = kera then & = ker Aa for any other choice of 1-form

Aa, where A is a non-vanishing real valued function.

Contact structures are special types of hyperplane fields. More precisely they are
maximally non-integrable hyperplane fields. By this we mean that no codimension 1
submanifold N of M has the property

1By this we mean there is an orientable line field transverse to &, i.e. we are orienting the normal
bundle of &.
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for all 4 € N. Roughly speaking, the contact hyperplane field always cuts through
codimension 1 submanifolds in some interesting way, and it is never completely tangent
to them. This is an intuitive condition, but it is quite hard to work with. Looking at
the identification

¢ =kera,

we can model the non-integrability condition as
aA(da)'#0

everywhere. This is also commonly referred to as the contact condition.

Definition 2.1.2 (Contact structure). Let M be a 2n+1 dimensional smooth manifold.
A (coorientable) contact structure on M is a maximally non-integrable hyperplane field
¢ = ker a C Ty, that is, the 1-form « satisfies

a A (da)t #0.
The form a is the contact form and the pair (M, &) is a contact manifold.

Remark 2.1.3 (Orientations). Note that a A (da)” is a volume form, since its a non-
vanishing (21 + 1)-form. In particular, for this to exist M needs to be orientable. The
contact condition is independent of the specific choice of @. Any other choice must be
of the form Aa where A is a non-vanishing real valued function on M. It’s a simple

calculation to show that
Aa) A (d(Aa)) = Aa A (Ada +dA A a)" = A" a A (da)" # 0.

The above equality shows that if n + 1 is even then the sign of the volume form
is independent of the choice of a but is rather a property of £. So in such cases the
contact structure induces a natural orientation on M. If M comes equipped with an
orientation, we say that the contact structure is positive if the two agree, negative
otherwise.

Ezample 2.1.4 (Standard contact structures on R?**1). On R?"*! with Cartesian co-

ordinates (X1, - ,Xn, Y1, , Yn, z) the 1-form
n
a=dz+ Z xjdy;
=1

defines a contact form. The contact structure & = ker « is called the standard contact

structure on R?"*1. See Figure 2.1 for a visual representation in R3.

Definition 2.1.5 (Contactomorphism). Two contact manifolds (M1, &1) and (Ms, &2)

are contactomorphic if there exists a diffeomorphism

f:M1—>M2
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Figure 2.1: The standard contact structure on R3

so that
df(él) = 52/

where df : TM; — TM, denotes the differential of f. We normally denote two con-
tactomorphic manifolds by (M1, &1) Zcont (M, &2).

Remark 2.1.6. If we write & = ker oy and & = ker @y then the above definition is

equivalent to the existence of a nowhere vanishing real valued function A so that
f*ag = A(Xl.

Definition 2.1.7 (Contact isotopy). We say that two contact structures &; and &,
are contact isotopic if the hyperplane fields £; and &9 are homotopic through contact-

hyperplane fields.

A result standing at the foundations of contact geometry is Gray stability theorem
[Grah9]. This result relates smooth isotopies of the underlying manifold with homo-

topies through distributions.

Theorem 2.1.8 (Gray stability theorem). Let &, t € [0,1] be a smooth family of
contact structures on a closed manifold M. Then there exists an isotopy ¥y, t € [0,1]
of M such that

dp(&o) = &
for allt € [0,1]. The isotopy V¢ is a contact isotopy of (M, &o) to (M, &1).
Remark 2.1.9. The assumption that M is closed is rather important. Theorem 2.1.8
does not hold for open manifolds [Tri06].

By Theorem 2.1.8, two contact structures on M are contact isotopic if and only if
there is a smooth ambient isotopy of M carrying one structure to the other. There is

also another structural result that relates contact structures locally.

Theorem 2.1.10 (Darboux’s Theorem). Let a be a contact form on M*"*! and p a

point in M. Then there is a local chart (x1,-+ ,Xu, Y1, , Yn, 2) on a neighbourhood
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U, C M of p such that p = (0,---,0) and

n
aly =dz + ijdyj.

j=1
Recall that in Example 2.1.4 we called the structure defined by the right hand side
of the equation the standard structure on R?**!. Theorem 2.1.10 shows that locally
all contact structures are contactomorphic to the standard contact structure on R?"*1.
Hence, the relevant differences between contact structures are measured globally and
not locally. The global behaviour is on the other hand controlled by the stability result

in Theorem 2.1.8.

§ 2.1.1 | Submanifolds of contact manifolds

We now give some relevant definitions for submanifolds in contact manifolds. These
will be important for defining certain type of contact structures, and are key for the

work presented in this thesis.

Definition 2.1.11 (Contact submanifold). Let (M, &) be a contact manifold. A sub-
manifold M’ of M with contact structure & is called a contact submanifold of (M, &)
it TM' NE =&

Definition 2.1.12 (Isotropic submanifold). An embedding t: L — (M, &) is called an
isotropic embedding if (L) is an isotropic submanifold, i.e. the contact structure & is

tangent everywhere to ((L).

Remark 2.1.13. The most relevant example of isotropic embeddings are Legendrian

embeddings of links.

Definition 2.1.14 (Characteristic foliation). The characteristic foliation Sg of a hy-
persurface S in (M, &) is the singular 1-dimensional foliation of S defined by the dis-
tribution (TS N &|s)*.

Remark 2.1.15. Here (T,S N &p)* denotes the symplectically orthogonal complement to
the (non-constant rank) distribution (T,S N &,) with respect to da. The distribution
(T,SN&p) spans either the full tangent space at p or it is a codimension 1 subspace both
of T,S and &,. If (T,SNE)) is the full tangent space T, S then the orthogonal complement
is simply {0}. Otherwise, (T,S N &,)* is a 1-dimensional subspace in (T,S N &,). If M
is 3-dimensional and S is a surface, we have that (T,SNE&,)* = (T,SN &) at the points

p for which the intersection is 1-dimensional.

In short, the characteristic foliation is the singular foliation dictated by the contact
structure restricted on the hypersurface. As we will see, the characteristic foliation
of a surface in a contact 3-manifold encodes a lot of information about the contact

structure.
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§ 2.2 | Contact structures on 3-manifolds

Although contact structures can be defined in all odd dimensions, we are mainly in-
terested in 3-dimensional manifolds. This has been, by far, the most studied area of
contact geometry. In recent times the interest in higher dimensional contact manifold
has consistently increased (see for example [BEM15, CPP15, MNW13]). From now
onwards, we will assume that 2n + 1 = 3, and all our definitions are done in this
dimension. Most of them can be generalised — with some modifications — to higher
dimensions.

The first key result in 3-dimensional contact geometry is due to Martinet [Mar71].

Theorem 2.2.1 (Martinet). Every closed, orientable 3-manifold M admits a contact

structure.

There are multiple ways to prove Theorem 2.2.1. One can interpret it as a conse-
quence of the Lickorish-Wallace theorem and the fact that S admits a contact structure

combined with the following theorem.

Theorem 2.2.2. Let &y be a contact structure on a 3-manifold My. If M is the
manifold obtained from My via Dehn surgery along a knot K, then M admits a contact
structure & which coincides with &y away from the neighbourhood of K where the surgery

is performed.

Theorem 2.2.1 tells us that a closed contact 3-manifold always admits a contact
structure. There is another existence result for contact structures on (closed, ori-

entable) 3-manifolds.

Theorem 2.2.3 (Lutz-Martinet theorem). Fvery cooriented tangent 2-plane field on

a closed, orientable 3-manifold is homotopic to a contact structure

For the proof, see [Gei08] and references therein. Hence for 3-manifolds not only
contact structures always exist, but they are also as frequent as possible. Every ho-
motopy class of 2-plane fields contains a contact structure. To further investigate the
nature of contact structures in these homotopy classes of 2-plane fields we ought to
introduce the most important dichotomy of contact structures on 3-manifolds.? This
was introduced by Eliashberg in [Eli89]. We are referring to the division into tight
and overtwisted contact structures. Informally, a contact structure “twists enough” so
that no surface is completely tangent to the distribution. However, it could “twists too

much”.

Definition 2.2.4 (Overtwisted disc). An embedded 2-disc D in a contact 3-manifold
(M, &) is an overtwisted disc if its boundary dA is a Legendrian curve for & with tb = 0
(see Definition 2.2.19 below), and the characteristic foliation of D contains only a

singular point in the interior of the disc.

2 As mentioned before, this is not restricted to dimension 3 — the generalisation to higher dimension
is discussed, for example, in [BEM15].
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Remark 2.2.5. As mentioned in [Gei08], the additional requirement that the charac-
teristic foliation only contains a singular point is superfluous. Whenever the boundary
of an embedded disc satisfies the conditions in Definition 2.2.4, we can isotope the
disc relative to the boundary to a disc with the correct characteristic foliation (or to a
disc containing an overtwisted disc in its interior). Hence nowadays an the expression
“overtwisted disc” really means an embedded disc A with dA Legendrian curve with
tb = 0. The last condition means that dA has contact framing coinciding with the

Seifert framing.

Definition 2.2.6 (Overtwisted contact structure). A contact structure on a 3-manifold

is called overtwisted if it contains an overtwisted disc.

Definition 2.2.7 (Tight structure). A contact structure is called tight if it is not

overtwisted.

Remark 2.2.8. The contact structure defined in Example 2.1.4 is tight. This was first
proved by Bennequin in [Ben83].

Ezample 2.2.9 (Overtwisted contact structure on R?). We can define the contact struc-

ture &o on R3 given by ker a,; where
aor = cos(r)dz + rsin(r)do

in cylindrical coordinates. &o¢ is overtwisted, as we can find an evident overtwisted

disc in D = {r < 7,z = 0}, since &|,= = ker(—dz) = ({dx, dy}).

Figure 2.2: The overtwisted contact structure &, on R3, together with the overtwisted
disc in red.

Example 2.2.10. On S? < C? we can define the contact structure &g = ker a, where

2
o = Z xidyi — yidxi.

i=1



CHAPTER 2. BACKGROUND KNOWLEDGE 12

Estq is tight, and has the property that (S3\ {pt}, &stal) =Zcont (R3, Estd), where the
latter is the standard structure on R? defined in Example 2.1.4. Here (S3, &gty) is the
standard tight sphere, and thanks to Eliashberg [Eli92] we know that up to isotopy &stg

is the unique tight structure on S3.

As mentioned in Chapter 1, we are interested in classifying contact structures on 3-
manifolds. We introduced a dichotomy splitting them into tight and overtwisted. The
following result due to Eliashberg [Eli89] essentially says that the isotopy classification

of overtwisted structures is equivalent to the homotopy classification of 2-plane fields.

Theorem 2.2.11 (Classification of overtwisted contact structures). The obvious in-

clusion map:

i: & (M) — Distr (M),

induces a bijection at the level of path components. Here E°(M) is the space of over-

twisted structures on M, and Distr(M) is the space of hyperplane fields.

In short: Theorem 2.2.11 says that every 2-plane field is homotopic to an overtwisted
structure and two homotopic (via 2-plane fields) overtwisted contact structures are also
isotopic (via contact structures). It is evident that this result reduces the classification
problem for overtwisted contact structures to a topological problem substantially dis-
joint from contact geometry. On the other hand, tight contact structures are harder
to study, as an adapted version of Theorem 2.2.11 does not hold.?

Inside the family of tight contact structures there is a relevant subfamily composed

by the so called universally tight structures.

Definition 2.2.12 (Universally tight structures). A tight contact manifold (M, &) is
universally tight if the contact manifold (1\71 , E) is tight. Here M is the universal cover
of M and E is the pullback of & under the covering map.

In opposition to universally tight structures we have the virtually overtwisted ones.

Definition 2.2.13 (Virtually overtwisted). A tight contact manifold (M, &) is virtually
overtwisted if there exists a finite cover M’ so that the pull-back contact structure &’

on M’ is overtwisted.

Note that if M is compact, residual finiteness implies that the universal cover is
tight if and only if every finite cover is tight [Hon00Oa]. Hence the two definitions above

are truly mutually exclusive for the manifolds we consider.
§2.2.1 | Submanifolds of contact 3-manifolds

We will now introduce certain submanifolds of contact 3-manifolds that play a relevant
role in our work. We start with 1-dimensional submanifolds, i.e. links in contact

3-manifolds. As mentioned before, there are two special types of links.

3The quickest way to see this is to note that there are 3-manifolds without tight structures [L.S09].
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Definition 2.2.14 (Legendrian link). A Legendrian link in a contact 3-manifold (M, &)
is (the image of) a Legendrian embedding y : | |S! — (M, &). This means that the
embedding satisfies dy(0) € &,,g) for all 0 € | ] St

Definition 2.2.15 (Transverse link). A transverse link in (M, &) is (the image of)

an embedding y : | |S! — M that is everywhere transverse to & More precisely,

dy(0) ¢ 57,(9) for 0 € | | St

As proved in [Gei08, Corollary 2.5.9], any two Legendrian knots have contactomor-

phic neighbourhoods. A model for this neighbourhood is given by
L=5"x{0} — S!'xR?
where the latter is given the contact structure
ker(cos Odx — sin 6dy), (2.1)

where the 0 coordinate parametrises the knot and (x, y) are coordinates on R2.

Legendrian links in (R, &s;4) are normally represented via their front projection.

Definition 2.2.16 (Front projection). The front projection of an embedding y(0) =
(x(0), y(6),z(0)) in (R?, &s14) is the projection in R? given by (y(0), z(0)).

If we have a Legendrian link in (R3, &4), then
dy(0) =0 = dz(0) =0,

meaning that the front projection has a singularity at (y(0),z(0)). Usually we assume
that a Legendrian link is generic, meaning that the front projection only has isolated
singularities — which we call cusps. In practice, such singular points in a front projection
correspond to cusps at vertical tangencies. This is probably the most recognizable

feature of front projection diagrams of Legendrian links.

/
/

Figure 2.3: A cusp on the left, a crossing in the front projection of a Legendrian link
on the right.

As per transverse links, they also are usually drawn via their front projection. Given
a link y(6) = (x(0), y(0), z(0)) in (R3, &4), if we require it to be positively transverse
to the contact structure 4 then dz + xdy > 0. Hence, if dy vanishes then dz > 0, if

4Here by positively transverse we mean a(dy(6)) > 0 for all 6.
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dy > 0 then x > —dz/dy and if dy < 0 then x < —dz/dy. Basically this implies that

there are no vertical downward tangencies and there is a forbidden crossing in a front

X

Figure 2.4: Forbidden front projections of a positively transvere link.

projection of a positively transverse link.

A very useful result is the following genericity theorem.

Theorem 2.2.17 (Legendrian and transverse approximation). Let K be a link in
(M3,&). Then K can be C° approzimated by a Legendrian link isotopic to K and

by a positively transverse link isotopic to K.

In some sense this shows that even though the conditions for a link to be Legendrian
or transverse look quite restrictive, they are remarkably generic objects. We now focus
on Legendrian and transverse knots. Given a null-homologous Legendrian knot K in
M, we can associate two classical knot invariants, the Thurston-Bennequin number and

the rotation number.

Definition 2.2.18 (Contact framing). Let K be a Legendrian knot in (M, &). By
definition, T,K C &, for all p € K. Then the normal bundle of K splits as a Whitney

sum of trivial line bundles:

v(K) = (TMlx) /(&lx) @ (&]k) /TK.

We define the contact framing of K to be the trivialisation of v(K) defined by this
splitting.

More informally, the contact framing is just the framing specified by a parallel curve
to K obtained by pushing K in a direction transverse to . Expressed in the language
of Definition 2.2.18, this curve represents a section of the factor (TM|g) /(&|k).

Recall that a null-homologous knot has a topological framing — called the surface

framing — given by a Seifert surface.

Definition 2.2.19 (Thurston Bennequin number). Let K be a null-homologous knot
in (M, &). The Thurston-Bennequin number of K, denoted by tb(K), is the twisting of

the contact framing with respect to the surface framing of K.

Equivalently, given K’ a curve obtained by pushing K along a vector field trans-

verse to &, tb(K) equals [k(K, K’). We can give K any orientation — K’ is given the
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corresponding orientation so that K, K’ are isotopic as Legendrians. Since the linking
number does not change by switching orientation, the Thurston-Bennequin invariant
is independent of the choice of orientation on K. Note moreover that tb(K) is invariant
under Legendrian isotopies — i.e., isotopies of the knot K through Legendrian knots.

Given a Legendrian knot K in R3, its Thurston-Bennequin number can be read off
from the front projection defined in Definition 2.2.16. More precisely, we have [Gei08,
Proposition 3.5.9] that

th(K) = writhe(Ky) — %#(Cusps(Kp)),

where here we denote by Kr the front projection of K.

As per the second invariant associated to K, we start by taking an oriented Seifert
surface X of K so that the orientation on K equals the orientation as the boundary of
Y. Since X is a surface with boundary, we can choose a trivialization &|y = X x R2 °

and let 7: &y — R? be the projection onto the second factor.

Definition 2.2.20 (Rotation number). Let K be a null-homologous Legendrian knot
in M. Let y : S — M be a parametrisation of K. The rotation number of K with
respect to ¥, denoted by r(K,X) is the degree of the map o y: St — R?\ {0}. This
is equal to the winding number of nt(dy /dt) around the origin.

Roughly speaking, (K, L) is the obstruction to extending the non-zero section of
&lk given by y’(t) to a non-zero section of & along X.. Note that, in contrast with the
Thurston-Bennequin number, the rotation number does depend on the orientation of
K. If K is the inverse of K, the rotation number satisfies r(K, L) = —r(K, £), where the
two Seifert surfaces have opposite orientations.

A priori, the rotation number of K depends on the specific choice of ¥ and on
the chosen trivialisation. In reality it is independent of the choice of trivialisation.
Moreover, under certain assumptions (see for example [Gei08, Section 3.5]) we can
show that it is independent from the choice of L as well. In that case we can simply
speak of a rotation number rot(K). This happens for example when the Euler class of
& is trivial® — e.g., for (S3, &ga) or (R3,&). Given an (oriented) Legendrian knot K in

(R3, &544) we can compute the rotation number of K from its front projection as
1
rot(K) = S(e- —c4),

where c_ resp. c; is the the number of downward resp. upward cusps.
Arguably the most relevant relation between Thurston Bennequin number and ro-

tation number of a knot K is the Bennequin inequality.

5To see this, note that the surface with boundary retracts to a bouquet of circles and every
orientable plane bundle over S is trivial.
6Here we mean the Euler class of & viewed as sub-bundle of TM — M.
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Theorem 2.2.21 (Bennequin Inequality). Let K be a null-homologous (oriented) Leg-
endrian knot in a tight contact 3-manifold (M,&). Let ¥ be a Seifert surface for K,

oriented compatibly. Then we have
th(K) + |rot (K, [Z])] < —x(Z), (2.2)
where the latter is the Fuler characteristic of the Seifert surface.

The Bennequin inequality represents a perfect example of the rigid nature of tight
contact structures. Legendrian submanifolds need to satisfy the above bound. On the
other hand, Legendrian knots in overtwisted contact structures meed not satisfy the
Bennequin bound. In fact there are always knots that break it, see [Etnl13]. One can
interpret this as follows: using an overtwisted disc one can destabilize (the opposite
of the operation described before Lemma 2.2.24 below) a Legendrian knot as much as
desired, with the effect of increasing the Thurston-Bennequin number and breaking the
inequality in (2.2).

We now turn our attention to transverse knots and their invariant. Let K be a
null-homologous (positively) transverse knot in (M, £) and and X a Seifert surface for
K. Choose a non-zero section of &|y and push K in the direction of the section to

obtain a positively transverse knot K’.

Definition 2.2.22 (Self-linking number). The self-linking number of K is defined as
sl(K,Z) = lk(K, K’).

Note that, as for the Thurston-Bennequin number, sI(K) does not really depend
on the orientation of K (although here we are requiring the knots to be positively
transverse anyway). As before, one can show the self-linking number is independent
of the choice of trivialization and, under certain assumptions, does not depend on
the Seifert surface as well. In this case we write sI(K) instead of sI(K,X). This will
certainly be the case for knots in R? or S3.

Given a transverse knot K in (R3?, &4) we can compute the self-linking number

sl(K) via the front projection. In particular, we have
sl(K) = writhe(KF),

where again Kr denotes the front projection of K.

Legendrian and transverse knots are closely related to each other. Roughly speak-
ing, one can always pass from a Legendrian knot to a transverse one (and vice-versa)
by pushing off in a certain direction. In fact, a Legendrian knot K has both a positive
and a negative transverse push-off. For the construction of these, see [Gei08, Discus-
sion after Remark 3.1.2]. We have the following property for transverse push-offs of a

Legendrian knot K.
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Proposition 2.2.23. Let K be a null-homologous (oriented) Legendrian knot K, to-
gether with a compatible Seifert surface X.. Let Ky be the positive or negative transverse
push-off of K. We have that:

s1(Ks, ) = th(K) F rot(K, [Z]).

Note that the above formula makes sense because X is a Seifert surface for K4 as
well — these knots are topologically isotopic to K.

There is a local operation for Legendrian knots (and links) that is vastly used. Such
operation is called stabilization. By considering its standard neighbourhood one can
identify any Legendrian link component L locally with the x axis in R3. Stabilization is
a local operation performed as shown in Figure 2.5. The modification on the top right-
side is called the positive stabilization and usually denoted by L. The modification

on the bottom right-side is known as negative stabilization and usually denoted as L_.

/W
L T~

Figure 2.5: Stabilizations of Legendrian knots.

Lemma 2.2.24 (Effect of stabilizations). The effect of stabilizations on the classical

invariants are as follows

and
rot(L.) = rot(L) + 1.

§2.2.2 | Convex surfaces

Important objects in 3-dimensional contact geometry are convex surfaces. In Chapter
3 we will use tools coming from convex surface theory to obtain a classification result
for tight contact structures.

Our setting is, as always, a contact 3-manifold (M, &) with & = ker v, & oriented

and cooriented. Let S be an oriented surface embedded in M.

Definition 2.2.25 (Characteristic foliations of a surface). Let ¥ c (M, &) be an
embedded surface and @ an area form on X. The characteristic foliation of L, denoted

by X is the singular foliation dictated by the vector field X on X which satisfies

Ixw = aly.
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Remark 2.2.26. Note that different choices of area form w and different choices of
contact form a for the cooriented contact structure & differ by a positive function.
Thus the equivalence class of the singular foliation dictated by X depends only on XL
and &.

Recall that in Definition 2.1.14 we defined the characteristic foliation of an hyper-
surface. Given a point p € I, we have ay(X) = wp(Xp, Xp) = 0, so X, € &, and
X, =0iff £ = T,X. In words, for each non-singular point of X the foliation defined
in 2.2.25 spans the line T,X. N &, consistently with Definition 2.1.14.

Recall the following definition.

Definition 2.2.27 (Divergence). The divergence of a vector field X with respect to X

is the real-valued function on X satisfying
divy(X) - w = Lxw = d(txw).

Remark 2.2.28. Note that the set of points on ¥ for which the divergence is non-

vanishing only depends on X up to non-zero scalar multiplication.

We have the following result about vector fields defining characteristic foliations on

embedded surfaces.

Lemma 2.2.29. A vector field X defines the characteristic foliation s — for some
contact structure & defined on a neighbourhood of ¥. — if and only if X, = 0 implies
divey(X) # 0 at p.

Hence, not all foliations on X dictated by a vector field can represent the charac-
teristic foliation of X in a contact manifold. However, as long as the above condition
is satisfied, the foliation is a model for a characteristic foliation of X.

Note that the foliation determines the contact structure on a neighbourhood of X.

Proposition 2.2.30. Given Xy resp. X1 in contact manifolds (Mg, &) resp. (My, &1).
Assume there is a diffeomorphism @ : Yo — X1 carrying the foliation of Lo to the

foliation of 1. Then there exist a contactomorphism
¢: N(Zo) = N(X1)
extending @.

Hence, the diffeomorphism type of the characteristic foliation is everything that one
needs to know to identify the contact structure on a neighbourhood of an embedded
surface. Although characteristic foliations — and their properties — have been exten-
sively used as a tool to study contact structures in full generality [Eli89] it turns out
that one can potentially reduce the complexity of the problem by instead studying a
more combinatorial object called the dividing set. For this to exist, we require that the

embedded surface is convex.
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Definition 2.2.31 (Contact vector field). A contact vector field v is a vector field
whose flow preserves &. In formulas, if & = ker & and ¢; is the flow of v then the flow

preserves ¢ if we have ¢ja = fa for some non-vanishing function f.

Remark 2.2.32. Since Ly(a) = %qﬁ:(a)ltzo, v is contact if and only if L,(a) = ga for

some function g.

Remark 2.2.33. Probably the most relevant example of a contact vector field is the
Reeb vector field R of a, i.e. the unique vector field with @(R) =1 and (gda = 0.

Definition 2.2.34 (Convex surface). A surface X € (M, &) is convex if there is a
contact vector field v with v h X.

Convex surfaces can be characterized as follows.

Proposition 2.2.35. A surface . € (M, &) is convez if and only if there is an embed-
ding i: LXR — M with £ = i(X X {0}) such that i*(§) is R-invariant.

Given Proposition 2.2.35, we can write the contact structure on the vertically-

invariant neighbourhood of X convex as
a=u+ fdt,

where p and f are respectively a 1-form and a real-valued function on X. The contact

condition translates to
fdu—df Au>0
on X. Recall that we have given X an area form w. Then the characteristic foliation

is determined by txw = p, and hence XY¢ is singular precisely at the points for which
u=0.

Definition 2.2.36 (Dividing multicurve). Let X be a surface with singular foliation
F . A multi-curve I' C X transverse to ¥ divides ¥ if £ admits a volume form @ and
a vector field v dictating ¥ such that X\ T = Z; U X_ with +L,w > 0 on L. and v

points outwards with respect to X, along I'.

The following theorem links the notion of a convex surface and the existence of a

dividing multicurve.

Theorem 2.2.37. Let ¥. C (M, &) be an orientable surface. If ¥ has boundary, we
require it to be a Legendrian submanifold. Then X is convex if and only if the charac-

teristic foliation Xg admits dividing curves.

We can construct, for a convex surface ¥, a dividing multicurve I'y as follows. Recall
that £ X R has a model neighbourhood with contact vector field d; — see the discussion
after Proposition 2.2.35. Then v, € &, if and only if f = 0. Hence we can identify I's
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with {p € X| v, € &,}. Note this is non-empty. If f is nowhere vanishing, then we can
take normalize a to a’ = p’ + dt, with y” > 0. But then

/ a':/da':/dy’>0,
oz z z

which is clearly a contradiction whenever dL = @ or Legendrian.
So the dividing multicurve of a convex surface consists of the points where the

contact planes contain the “vertical” direction.

Ezample 2.2.38. Let (R3, &) be the tight contact R? with contact structure defined by
& = ker(dz + r2d0).

Then the unit sphere S < R3 is convex and it is divided by the equator g2 = {z = 0}.

Figure 2.6: Convex unit sphere showing characteristic foliation and dividing set.

In order for the dividing multicurves to be a relevant invariant for a convex surface,

we need the following essential uniqueness result.

Proposition 2.2.39. Let X be convex with two sets of dividing curvex I'g and T'y. Then

I'yp and I'y are isotopic through curves transverse to X¢.

Convex surfaces are, in some sense, everywhere. More precisely, any surface with
Morse-Smale characteristic foliation has dividing curves and hence it is convex [Gir91].
Moreover, the dividing set I actually encodes everything that one needs to understand
the contact structure near X. If ¥ is convex with dividing set I' and ¥ is any foliation

divided by I', then X may be perturbed to have characteristic foliation ¥ .

Theorem 2.2.40 (Genericity of convex surfaces). Given a closed, orientable surface
Y c (M,&) there is a C®-small perturbation ¥’ of ¥ so that Zé is Morse-Smale.
Moreover, if a surface L C (M, &) has Morse-Smale characteristic foliation then ¥ is

conver.

Theorem 2.2.41 (Giroux flexibility). Let t: £ — M be an embedding of £ into (M, &)
with convex image, and let F be a foliation of ¥ divided by 1= (T's). Given any neigh-
bourhood U of 1t(X) in M there is an isotopy Hg : & — M supported inside U so that
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Hy = 1, each Hs(X) is convex with dividing set Ty, Hy fizes the dividing curves 1= (I's)
for all s and H1(F) is the characteristic foliation of Hi(X).

Theorem 2.2.41 affirms that, as long as a singular foliation ¥ is divided by the same
set of multicurves of Fy then we can find a contact isotopy contained in a neighbourhood
of ¥ so that the end of the isotopy has characteristic foliation # . Note that thanks to
Gray stability 2.1.8 and isotopy extension, we can also view this as a modification of the
contact structure itself and not of the surface. Both are perfectly valid interpretations.

Convex surfaces posess a lot of key features that play an important role in under-
standing contact structures on 3-manifolds. We will now list some basic properties that

will become relevant in Chapter 3.

Theorem 2.2.42 (Legendrian realisation principle — LeP [Hon00a, Kan97]). Let ¥ C
(M, &) be a convex surface, and let C C X be a multicurve which is transverse to I'y.
Let C be non-isolating, i.e. every component of .\ C intersects I's. Then there is an
isotopy Hs of X through convex surfaces —supported on a small neighbourhood X C U
and fixing the dividing set— such that Hs(C) is always transverse to I'y and Hg(C) is

Legendrian.

Proposition 2.2.43 (Honda [Hon00a]). Let C be a closed Legendrian curve transverse
toI's. Then .
tw(C/Z) = _§|C N FZ'/

where the latter denotes the geometric intersection and tw is the twisting number’ of

the curve with respect to the surface X.

One of the most important features of convex surfaces is that we can give a concrete

characterization of those who possess a tight neighbourhood.

Theorem 2.2.44 (Giroux’s Criterion). Let X C (M, &) be a convez closed surface.
Then X has a tight neighbourhood if and only if & = S? and Ty is connected or ¥ # S?

and I's has no null-homotopic components.

It is evident that the above result is relevant for the classification of contact struc-
tures on 3-manifolds. Whenever we find a convex surface that violates the criterion in

Theorem 2.2.41 we can immediately conclude the contact structure is overtwisted.

Remark 2.2.45. Theorem 2.2.41 applies to convex surfaces with Legendrian boundary as
well — in this case only the second obstruction is relevant, meaning a convex surface with

Legendrian boundary has a tight neighbourhood iff I'y has no contractible components.

"This is the integer difference between the number of twists in the normal framing induced by the
contact structure and the number of twists given by the surface X.
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§ 2.3 | Symplectic fillability

Although tight versus overtwisted is the most important dichothomy in contact topol-
ogy, there are other distinctions we can make between tight structures that somehow
allow us to measure how rigid they are.

Recall the following definition.

Definition 2.3.1 (Symplectic structure). A symplectic structure on a smooth 2n man-
ifold M is a differential 2-form w that is closed and non-degenerate, i.e. dw = 0 and if
there exist an X € T, so that w,(X,Y) for all Y € T,M, then X = 0. (M, w) is called

a symplectic manifold.

We can establish a hierarchy between tight contact structures on a 3-manifold M
by looking at their relationship with the symplectic structures on 4-manifolds X filling
M.

Definition 2.3.2 (Weakly symplectically fillable). A contact manifold (M, &) is weakly
symplectically fillable if there exists a compact symplectic 4-manifold (X, w) so that
dX =M and w|g > 0.

Definition 2.3.3 (Strongly symplectically fillable). A weakly symplectically fillable
contact manifold is said to be strongly symplectically fillable if (X, w) as in Definition
2.3.2 is compact and there exists a transverse vector field v to M pointing out of X

along M so that the flow of v dilates w.

Recall that a Stein domain is a complex 4-manifold (W, J) equipped with a smooth
proper Morse function ¢: W — R that is bounded below and such that the form
we(v,w) = —d(d¢ o J)(v,w) is non-degenerate. The function ¢ is called a plurisub-

harmonic exhaustion.

Definition 2.3.4 (Stein fillable). If a contact manifold (M, &) is a regular level-set
of a Stein domain (W, ]), i.e. the preimage ¢~1(c) for ¢ a regular value, then we say
(M, &) is Stein fillable.

We can describe the hierarchy induced by fillability properties as follows:
Stein fillable € Strongly fillable € Weakly fillable € Tight.

The properness of the above inclusions has been proved in different steps. In [EH02]
Etnyre and Honda produced the first example of tight structures with no weak sym-
plectic fillings. Eliashberg showed in [Eli96] that there are weakly fillable structures
on T3 that are not strongly fillable. Ghiggini [Ghi05] constructed examples of strongly
fillable structures that are not Stein fillable.

We will refer to the above hierarchy again in Chaper 4, where we investigate filla-

bility properties of certain 3-manifolds.
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§ 2.4 | Around Heegaard Floer homology: L-spaces,

contact invariants and correction terms

In this section we introduce the notions related to Heegaard Floer homology that we
will need in this thesis. It is not our scope to fully discuss the theory of Heegard Floer
homology. For this, see the original work of [OS04c, OS05a] or [LS07al, and [Juhl15]

for a modern survey.
§2.4.1 | L-spaces

The main characters of this thesis are members of a very specific class of 3-manifolds,
L-spaces. We give here some basic definitions and properties of such spaces to help the

reader navigate through the next chapters.

Definition 2.4.1 (L-space). An L-space is a rational homology sphere such that the
free rank of its Heegaard Floer homology equals the order of its first (integral) singular

homology group.

In a broad sense Heegaard Floer homology gives (a collection of) invariants of
closed oriented 3-manifolds (for its original formulation see [OS04c, OS04b]). There
are different variants of such homology theory; the one we will mainly use and consider
is the simplest one and usually denoted by HF (Y). The condition in Definition 2.4.1

can be rewritten as

rkHE(Y) = |Hy(Y; Z)|.

The class of L-spaces includes all lens spaces and is closed under connected sum as well
as orientation reversal. One of the most relevant questions regarding L-spaces is the

so-called “L-space conjecture”. In order to state it, we need the following definition.

Definition 2.4.2 (Taut foliation). Given a connected, closed 3-manifold M a smooth,
oriented, cooriented codimension 1 foliation F is taut if it has the property that every

leaf meets a transverse circle.

Conjecture 2.4.3 (L-space conjecture). Suppose Y is an irreducible rational homology

3-sphere. Then the following are equivalent.
e Y is not a L-space
o Y admits a taut foliation

Remark 2.4.4. There is another (conjectured) equivalent property, namely “left-orderability”
of 11(Y) — we will not discuss this here.
One of the directions has been shown to hold.

Theorem 2.4.5 ([OS04a]). IfY is a rational homology L-space then Y does not admit

taut foliations.
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§ 2.4.2 | Contact invariants in Heegaard Floer homology

In this subsection, we review some useful properties of contact invariants in Heegaard
Floer homology. For our purposes, the key fact is that associated to a contact manifold
(M, &) there exists an invariant c(&) — called the contact invariant or contact class —
that encodes relevant properties of the contact manifold [OS05a]. Roughly speaking,
this invariant in Heegaard Floer homology is defined exploiting the correspondence

between contact structures and open book decompositions [Gir(2].

Theorem 2.4.6 (Properties of contact invariant [OS05a, Ghi06]). The Heegaard Floer
contact invariant c(&) € IEI\T(—M) of (M, &) satisfies the following properties.

o If (M, &) is overtwisted, then c(&) = 0.
o If (M, &) is strongly fillable, then c(&) # 0.

o LetL be a Legendrian knot in (M, &) and (Mr, &r) the result of Legendrian surgery
on L. If c(&) # 0, then c(&p) # 0.

There also have been several studies when a positive contact surgery preserves non-
vanishing contact invariants, see [L.S04, LS07b, Goll5, MT18]. In this thesis, we only
need the result for the right-handed trefoil.

Theorem 2.4.7 (Contact invariant and surgeries on the RH trefoil [LS04, MT18]). Let
L be a Legendrian right-handed trefoil in (S3, Estq) with th(L) = 1. For any r € Q\ {0},
contact (r)-surgery (see Definition 3.2.16) on L produces a tight contact structure with

non-vanishing contact invariant.

§2.4.3 | Correction terms

Another object that will be relevant in this thesis — more specifically in Chapter 4 —
is the d-invariant. Recall that the d-invariant (introduced in [OS03]) for a rational
homology 3-sphere Y with a given Spin® structure ¢ is the so called correction term.
In short, d(Y,t) is the minimal degree of any non-torsion class in HF*(Y,t) coming
from HF*(Y, t) [0S03].%

This invariant is additive with respect to connected sums and is a rational homology
cobordism invariant — in fact, it is a useful obstruction for existence of rational homol-
ogy cobordisms of Spin® three-manifolds. This invariant has been successfully used for
answering a number of questions in three-dimensional topology and knot theory, and
provides a good obstruction to the existence of negative definite fillings of 3-manifolds.
For applications of d-invariants, see for example [OS06, MOO07, LS07a, OS12b]. In this
thesis we use the following obstruction for a certain 3—manifold to bound a negative
definite 4-manifold.

8These are two different variants of Heegaard Floer homology of Y, see [0S03].
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Theorem 2.4.8 ([OS12a, Theorem 2|). Let Y be a rational homology sphere with
|H1(Y; Z)| = 6. If Y bounds a negative definite 4-manifold X, and if either 6 is square-

free or there is no torsion in H1(Y; Z), then:

1—1 if 6 is odd,
max 4d(Y,t) >
teSpin‘(Y) 1 if 0 is even.
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Chapter 3

Tight contact structures on an infi-

nite family of hyperbolic L-spaces

The content of this chapter is almost entirely taken from [MN26], with some minor

changes made to fit the text more seamlessly in the fabric of this thesis.

§ 3.1 | Classification problem: the landscape and our

contribution

Recall that a cooriented contact 3-manifold (M, &) is overtwisted if it contains an over-
twisted disk (see Definition 2.2.4) and tight if it does not contain an overtwisted disk
— see Definitions 2.2.7 and 2.2.6. Recall also that [Eli89] reduced the (isotopy) classifi-
cation problem for overtwisted contact structures (see Theorem 2.2.11) to a homotopy
problem for distributions. Hence recent studies focus solely on the classification of
(positive) tight contact structures.

Since tight contact structures respect the prime decomposition of 3-manifolds by
the work of Colin [Col97] (see also [DG07, Hon02]), it is sufficient to consider the
classification of tight contact structures on prime manifolds. The geometrization of
3-manifolds implies that a prime 3-manifold is either Seifert fibered (and atoroidal),
toroidal or hyperbolic. For Seifert fibered spaces with two singular fibers, tight contact
structures were completely classified, see [Eli92, Etn00, Gir00, Hon0Oa]. For Seifert
fibered spaces with three singular fibers, there have been several classification results,
see [EHO1b, GLS07, GS03, Tos20, Wu06| for example. For the toroidal case, tight con-
tact structures were classified on torus bundles over S! and S'-bundles over a surface,
see [Gir99, Gir00, Gir01, Hon0Ob, Kan97]. Honda, Kazez and Mati¢ [HKMO02] showed
that there exist infinitely many tight contact structures up to isotopy on toroidal mani-
folds and Colin, Giroux and Honda [CGH09] showed that a closed orientable irreducible
3-manifold supports infinitely many tight contact structures up to isotopy if and only
if it is toroidal.

For hyperbolic manifolds, much less is known although “most” prime 3-manifolds
fall into this category [Thu82]. Honda, Kazez and Mati¢ [HKMO3] partially classified
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tight contact structures on hyperbolic surface bundles over S' when the contact struc-
tures have an extremal relative Euler class, meaning that the Euler class of the contact
structure — recall this is a cohomology class in H?(M; Z) — evaluated on a fiber surface
is maximal.! Later, Conway and Min [CM20] classified tight contact structures on
(most) surgeries on the figure eight knot in S3, a family which contains infinitely many
hyperbolic 3-manifolds.

The goal of [MN26] is to study hyperbolic L-spaces (see Definition 2.4.1). In general,
it is hard to construct a universally tight contact structure on an L-space because
an L-space does not admit a taut foliation (see Definition 2.4.2 and Theorem 2.4.5).
Recall that a taut foliation is a codimension 1 foliation of a closed manifold with
the property that every leaf meets a transverse circle. The point is that taut foliations
can be perturbed into universally tight contact structures [ET98]. There are some non-
hyperbolic L-spaces (e.g. lens spaces) that support a universally tight contact structure
while it is not known for hyperbolic L-spaces yet. Thus it is natural to ask whether there
is a hyperbolic L-space that supports a universally tight contact structure, which can be
considered as a contact topology version of the L-space conjecture ((BGW13, Juhl5]).

We conjectured in [MN26] that a hyperbolic 3-manifold is an L-space if and only if
it does not support a universally tight contact structure. Shortly after, Baldwin-Sivek-
Zung [BSZ25] constructed hyperbolic L-spaces with universally tight contact structures
using pseudo-Anosov flows and cylindrical contact homology techniques. Although the
conjecture in [MN26] has been shown to be false, a new version is proposed in [BSZ25].

This refined conjecture stems from the work of [Hoz20, Mas24] on bi-contact geometry.

Question 3.1.1. Is there a hyperbolic L-space with both positive and negative univer-

sally tight contact structures?

In [MN26], we classify tight contact structures on an infinite family of hyperbolic
L-spaces. Although we could not show that they are all virtually overtwisted, we show
that most of them are. We point out that [BSZ25] does not prove that the manifolds
considered in [MN26] have universally tight contact structures.

Let M(n,r) be the result of (n, r)-surgery on the Whitehead link (see Figure 3.1).

We will classify tight contact structures on M(n, r) for surgery coefficients

nezZ,n>?y,

reR,UQ_,
where Q_ is the set of negative rational numbers and

R = (2,9 U[5,0))NAQ.

! Maximality is described by the condition

(e(&), ) = £(28 - 2)

for t € [0,1] and g the genus of the surface.
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Remark 3.1.2. The reasons we restrict to n > 5 and to R, Q_ are different in nature

and will be discussed during this chapter.

Recall that the Whitehead link is a hyperbolic L-space link — i.e. all sufficiently
large surgeries on all components of the link are L-spaces. In particular, Liu [Liul7,
Proposition 6.4] showed that M(rq, r2) is an L-space if and only if 1, ro > 0. Moreover,
there are only finitely many — 26, to be precise — isolated exceptional Dehn fillings?
of the Whitehead link [Mar21, Thu22|. Thus our family of M(n,r) contains infinitely
many hyperbolic L-spaces.

Before stating the results, we define two functions ®(r) and W(r). For 0 < r < 1,

we write the negative continued fraction of —% as follows:

1 1
—;=[7’0,---,7’n]=7’0—rl_—1,

1

n

where rg < =1, and r; < =2 for i = 1,...,n. Then define

O(r) = ro(ri + 1)+ (rp + DI .
We define @ on all of Q by setting ®(r + 1) = ®(r). Then we define W(r) for r € Q by

0 r=1

W(r) =
(L) r#1

Now we are ready to state the main theorem of this chapter.

Theorem 3.1.3 (Main theorem). Let n > 5 be an integer. Then M(n,r) supports

W(r)+20(r) reR:
W(r) re Q-

tight contact structures up to isotopy, distinguished by their contact invariants in Hee-

gaard Floer homology.

Remark 3.1.4. Forn > 2and r > 1 (resp. r < 1), we can construct at least W(r)+2D(r)
(resp. W(r)) tight contact structures on M(n,r) evenifn < 5orr ¢ Ry (resp. r ¢ Q_),

see § 3.3. However, there could be more.

We will prove Theorem 3.1.3 by estimating an upper bound using convex surface
decompositions, and realizing this upper bound via contact surgery. We construct tight
contact structures in Section 3.3 by using contact surgery diagrams and distinguish
them by using the contact invariant in Heegaard Floer homology. In Section 3.4, we
use a convex decomposition for a punctured genus one surface bundle over S! with a

pseudo-Anosov monodromy, which was first introduced by Etnyre and Honda [EHO1a]

2By this we mean Dehn fillings of the complement that do not produce a hyperbolic manifold.
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Ko

Figure 3.1: (n, r)-surgery on the Whitehead link.

and developed by Conway and Min [CM20] for the figure-eight knot complement. One
of the important additions of [MN26] is to generalize this technique for any pseudo-
Anosov monodromy ¢ with —1 < c(¢) < 1 where c(¢) is the fractional Dehn twist
coefficient [GO89, HKMO07, HM18] of ¢. We expect this technique will apply to various
monodromies and lead to the classification of tight contact structures on a broad class
of hyperbolic 3-manifolds.

Recall that M(n,0) is a torus bundle over S! (see § 3.4.1). Since ®(m) = 1 and
W(m) = 2 for any integer m > 2 and W(m) = |m — 1| for any integer m < 0, we have

the following results for integer surgeries.

Corollary 3.1.5. Let n > 5 and m # 1,4 be integers. Then M(n, m) supports

lm—1 m <0,
00 m =0,
<3 m=2,
4 m>2,m+4

tight contact structures up to isotopy.

As mentioned in Remark 3.1.4 in the missing integral cases we can still construct
certain tight contact structures using our techniques. The upper bound is however
considerably harder to obtain for m = 1,4, and we currently cannot show that it
matches the lower bound. Recall also that M(5,2) is the Weeks manifold, known
to have the smallest volume among closed hyperbolic 3-manifolds [GMMO09]. Since
CD(%) =2 and \I’(%) = 3, we obtain the following result.

Corollary 3.1.6 (Tight structures on Weeks manifold). The Weeks manifold supports

seven (positive) tight contact structures up to isotopy.

Remark 3.1.7. Corollary 3.1.6 refers to the Weeks manifold with its standard positive

orientation. We do not classify positive tight contact structures on the Weeks manifold
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with its opposite orientation. In general, it would be an interesting question to classify
positive tight contact structures on —M(n, r) — or, equivalently, negative tight contact
structures on M(n,r). This classification could have interesting consequences for bi-
contact geometry and the theory of projectively Anosov flows, following the work of
[Hoz20, Mas24].

In addition to classifying tight contact structures, we also determine whether these

tight contact structures are Stein fillable (see Definition 2.3.4).

Theorem 3.1.8. Let n > 5 be an integer and r € Ry U Q_. Then every tight contact
structure on M(n,r) is Stein fillable.

Lastly, we consider what we can say about universal tightness for structures on
M(n,r). We provide a lower bound on the number of tight contact structures on

M(n,r) that are virtually overtwisted.

Theorem 3.1.9. Let n > 5 be an integer and v € Ry UQ_. Then M(n,r) supports at

least

W(r)+20(r)—6 reR;:
W(r)—2 re Q-

wirtually overtwisted contact structures up to isotopy.

Remark 3.1.10. There are some cases (e.g. 2 < v € Z) in which W(r) 4+ 2P(r) is smaller
than 6. In these cases, our techniques cannot determine neither virtual overtwistedness

nor universal tightness for any structure.

§ 3.2 | More contact topology preliminaries

For the basic 3-dimensional contact topology the reader is referred to Chapter 2 and to
[Etn03, Gei08]. For convex surface theory, we refer to [Etn, Hon00a] and for Heegaard
Floer homology to [OS04b, OS04c|. In this section, we briefly review the results that

we will frequently use.
§ 3.2.1 | More on convex surfaces

Let (M, &) be a contact 3-manifold, where & = ker a. Recall that a contact vector
field is a vector field whose flow preserves & (Definition 2.2.31). An orientable surface
¥ is called convex if there exists a contact vector field transverse to L (see Definition
2.2.34). If ¥ has boundary, then we assume that d X is Legendrian with negative
twisting number with respect to the surface framing. According to Theorem 2.2.41
(the boundary case is proven by Kanda [Kan97]), for any embedded surface X there is
a C*®-small isotopy (rel boundary) that isotopes L into a convex surface.

Given a convex surface X, recall that the dividing set I'y is a set of points on L

where the contact vector field X is tangent to & (see the discussion after Definition
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2.2.36). The dividing set divides X into two regions:
Y\I'y=R;UR_

where Ry = {p € Z: a(vp) > 0} and R_ = {p € L : a(v,) < 0}. If & has Legendrian
boundary, then tb(dX) = —%|FE NJXL| and rot(dX) = x(R;) — x(R-). Recall that
we can compute the twisting number of a Legendrian curve with respect to a specific
framing as in Proposition 2.2.43.

Let G be an embedded graph on a convex surface .. Thanks to Theorem 2.2.42,
if X\ G is connected, G can always be realized as a Legendrian graph. This implies
any non-separating curve on L can be realized as a Legendrian curve. Honda [Hon00Oa]
showed that if two convex surfaces intersect transversely along a Legendrian curve L,
the dividing curves of the two surfaces interleave and we can obtain a new convex

surface by rounding the edge, see Figure 3.2.

Figure 3.2: Rounding an edge between two convex surfaces.

We can modify a dividing set in a systematical way.

Definition 3.2.1 (Bypass attachment). Let X be an oriented convex surface with a
dividing set I's and D be a half-disk with boundary given by two legendrian arcs a and
b, i.e dD = a Uy b with tbp(a) = —1 and tbp(b) = 0. Suppose a = D N XL intersects
I's in three points {p, g, 7} and da = {p, r} are elliptic singularities of D. By Giroux’s
flexibility Theorem 2.2.41, we can C*-small isotope D for g to be a unique hyperbolic
singularity. We call D a bypass and the sign of the hyperbolic singularity is called the
sign of a bypass.

Honda proved in [Hon0Oa] that there is a one-sided neighborhood £ X [0, 1] of ZUD
such that X x {0, 1} is convex and the dividing set on £ X {1} is modified as shown in
Figure 3.4. We say X X {1} is obtained from X X {0} by a bypass attachment along a.
Note that a bypass can be on either side of a surface and it gives a different effect on
the dividing set.

Let us investigate the effect of bypass attachment to a torus in detail. First, we

introduce the Farey graph. We define the graph inductively. Let D be the Poincaré
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Figure 3.3: A model for the (front) bypass attachment.
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Figure 3.4: Bypass attachments
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disk. Start with the top-most vertex labeled 0 = % and the bottom-most vertex labeled

0o = % and connect them by a geodesic. Given two vertices in the right half plane

which are already labeled § and 5, choose a vertex on d D in the middle of the vertices

and label it as %. Then connect it with the other two vertices by geodesics. For the

left half plane, we treat co as —co = _Tl. See Figure 3.5.

Figure 3.5: The Farey graph.

Now consider a convex torus T? in standard form, with two parallel dividing curves
and characteristic foliation given by ruling curves. Choose a homology basis for T? as

(($),(9)). Denote the slope of curves parallel to (Z) by %.

Theorem 3.2.2 (Honda [Hon0Oal). Let s, r be the dividing slope and the ruling slope
of T? respectively. After a bypass attachment along a ruling curve, we obtain a new
convex torus with two dividing curves with slope s’, where s’ is the vertex on the Farey
graph anticlockwise of r and clockwise of s. In addition, s’ is closest to v with an edge
to s.

4 14

Remark 3.2.3. In Theorem 3.2.2, we use the slope convention 7= (q) since

our slope convention for a solid torus. If we use the slope convention % = (g ), then we

meridian is
longitude

should reverse the words “clockwise” and “anticlockwise”. Also, Theorem 3.2.2 assumes
that we attach a bypass from the front. If we attach a bypass from the back, then we
should reverse the words “clockwise” and “anticlockwise”.

We need to guarantee the existence of bypasses to utilize them. There are several

ways to find bypasses.

Theorem 3.2.4 (Imbalance principle [Hon00a]). Let ¥ and A = S' x [0, 1] be convez
surfaces with Legendrian boundary. Suppose . N A = St x {0} and tw(S' x {0}) <
tw(S! x {1}) < 0. Then there is a bypass for ¥. along S* x {0}.
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Theorem 3.2.5 (Disk imbalance [Hon00a|). Let ¥ be a conver surface and D be a

convez disk with a Legendrian boundary. Suppose LN D =dD. Ifth(d D) < —1 then
there is a bypass for ¥ along d D.

Theorem 3.2.6 (Bypass rotation [HKMO05]). Suppose that there is a bypass for . from
the front along an attaching arc y. If y' is a Legendrian arc as in Figure 3.6, then

there exists a bypass for  from the front along y’.

Theorem 3.2.7 (Bypass slide [Hon00al). Suppose that there is a bypass for ¥ from the
front along an attaching arc y. If ' is a Legendrian arc that is isotopic to y relative

to I's, then there is a bypass for ¥ from the front along y’.

Figure 3.6: The two attaching arcs involved in a bypass rotation.

§ 3.2.2 | Contact structures on T? x [ and solid tori

We quickly recall some facts about the contact geometry of T? x I and S! x D?.

Definition 3.2.8 (Basic slice). A tight contact structure & on T? X I is called a basic
slice if

1. d(T?x1I) =Ty UT is two standard convex tori with dividing slopes so and sy,

respectively,
2. sg and s; are connected by an edge in the Farey graph, and

3. the slope of the dividing curves on any convex torus T parallel to the boundary
is clockwise of sg and anticlockwise of s; in the Farey graph. This condition is

called minimal twisting.

Honda [Hon0OOa] studied various properties of basic slices. Here, we review the

classification of basic slices up to isotopy.

Theorem 3.2.9 (Classification of basic slices [Hon00a]). There are exactly two basic
slices up to isotopy fixing the characteristic foliation on the boundary. These two tight
contact structures are distinguished by their relative Fuler class. They are called positive

and negative basic slices and denoted by Bi(sg,s1) and B_(sg, 1), respectively.
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We now review Giroux torsion. Let k € %N. Consider the contact structure &F =
ker(sin(2mtkz)dx + cos(2mkz)dy) on T? X [0, 1], where (x, y) are the coordinates on T?

and z is the coordinate on [0, 1].

Definition 3.2.10 (Giroux torsion). We call £¥ a Girouz k-torsion layer and if we have
a contact structure (M, &) into which (T2 x [0, 1], £K) embeds, we say (M, &) contains
Giroux k-torsion. We will use the phrase (M, &) has exactly Giroux k-torsion to the
situation where one can embed (T2 x [0, 1], &) into (M, &) but not (T2 x [0, 1], EK*2).
If k = 1/2, then we call EK a half Girouz torsion. We say (M, &) has no (half) Girouz
torsion if (T? x [0, 1], &) does not embed in (M, &) for any k € %N.

Now we consider (T? X R, sin(2mtkz)dx + cos(2mkz)dy) and perturb T? x {0} and
T? x {1} so that they become convex with two dividing curves of slope 0. Let &K be

the resulting contact structure on T2 x [0, 1].

Definition 3.2.11 (Giroux torsion layer). We call the structure Eff a convex Giroux
k-torsion layer. Notice that inside of (T2 x [0, 1], £¥) there is a basic slice with one
boundary component agreeing with T?x {0} and having boundary slope 0 and co. This
will either be a positive or a negative basic slice. By reversing the coorientation of 55,

if necessary, we can assume it is positive.

Theorem 3.2.12 (Uniqueness of Giroux torsion layers [Hon00a]). For k € 3N, there
are exactly two convex Giroux k-torsions iélg, up to isotopy rel. boundary, on T?>x[0, 1]
with convex boundary having two dividing curves, both of slope 0. The two contact

structures are contactomorphic.

Remark 3.2.13. In this chapter, since we only consider contact manifolds with convex
boundary, we just use the term Girouz k-torsion for convex Giroux k-torsion. How-
ever, readers should notice that the original Giroux torsion has pre-Lagrangian * torus
boundary.

Next, we will review the classification of tight contact structures on a solid torus.

meridian
longitude

We denote by N(s), a solid torus with convex boundary having two dividing curves of

Consider a solid torus with a fixed longitude. Here, our slope convention is

slope s.

Theorem 3.2.14 (Classification of tight contact structures on a solid torus [Gir00,

HonO00al). Let (p,q) be a pair of relatively prime integers satisfying g > —p > 1 and
q
- = [7’0,"' /rk]
p

for ri < =2. Then there exist exactly

[(ro+1)...(rk=1 + 1)rg]

3A pre-Lagrangian submanifold L is the diffeomorphic image of a Lagrangian submanifold L in the
symplectization SM of (M, &) under the projection m: SM — M.
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tight contact structures on N(%) up to isotopy fixing the characteristic foliation on the

boundary.

Now we consider a solid torus with a different meridional slope. Take a core of N(s)
and perform an r-surgery on it. Then we obtain a solid torus with dividing slope s
and meridional slope 7. Denote it by N,(s). From Theorem 3.2.14, we can deduce the

following result.

Proposition 3.2.15 ([CM20]). Let (p,q) be a pair relatively prime integers. Then
there exist CI)(%) tight contact structures on Np;4(00) up to isotopy fiving the character-

istic foliation on the boundary.

§ 3.2.3 | Contact surgery

Let L be a Legendrian knot in a contact 3-manifold (M, &) and N a standard neigh-
borhood of L (see the discussion after Definition 2.2.15).

Definition 3.2.16 (Contact surgery). Contact (%)—surgery on L is defined as follows:
let (u,A) be a meridian and contact framing of L, respectively. (M;q)(L), Ep/q) 18
obtained by cutting N from M and re-gluing it via a diffeomorphism of d N sending
p to pu + gA and then by extending the contact structure (M \ N, &) to the entire

M(P/ q)(L)'

In general the extension is not unique since there could be distinct tight contact
structures on N with a given boundary condition. For % = =+1, the extension is unique
[Gir00, Hon0Oa] and —1 contact surgery is a special case which normally referred to
as Legendrian surgery. Legendrian surgery is extremely well-behaved with respect to

tight contact structures.

Theorem 3.2.17 (Legendrian surgery preserves tightness [Wanlb]). If (M, &) is ob-
tained by Legendrian surgery on tight (M’,&’), for M’ a closed, oriented 3-manifold,

and &' a positive co-oriented contact structure, then (M, &) is tight.

Remark 3.2.18. The strength of Theorem 3.2.17 extends to fillability properties as well.
In fact, it is known that Legendrian surgery preserves (weak/strong/Stein) fillability
of contact structures [EHO1a, Eli90, Wei91].

If we only focus on the tight contact structures on N, Theorem 3.2.14 provides the

number of all possible extensions.

Theorem 3.2.19 (Counting contact surgeries [DGO04]). Let L be a Legendrian knot
in (M, &) and p,q be relatively prime integers satisfying % < 0. The number of tight

contact structures induced by contact (%)-surgery on L is

[(ro +1) -+ (rn + 1]
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1
—=rp+1- — =[ro+ 1,71, -, 1ul
7’1 - 7‘2...—l
forri < =2.
If % > 0, use ﬁ instead where k is a positive integer such that g — kp < 0.

In [DGS04], Ding, Geiges and Stipsicz exhibited an algorithm that converts any

contact surgery diagram into a (£1)-surgery diagram. We briefly recall it here.

Algorithm 3.2.20 (Conversion for contact surgeries). We split the algorithm in two
P

g is positive or negative.

options, depending wether
« contact (%)—surgery with % < 0:

1. Stabilize* L |rg + 2| times. Let this be Ly.

2. Fori=1,...,n, let L; be the Legendrian push-off of L;—; and stabilize it
|7; + 2| times.

3. Then a contact (%)—surgery on L corresponds to a contact (—1)-surgeries on
a link (Lo, ..., Ly).
« contact (%)—surgery with % > 0:

4
q—kp~

1. Choose a positive integer k such that g —kp < 0. Let r" =
2. Let Lq,..., Lk be k successive Legendrian push-offs of L.
3. Then a contact (%)—surgery on L corresponds to (+1)-surgerieson L, Ly, ..., Lr_q
and a contact (7”)-surgery on Lg.
Sometimes, a contact surgery produces an overtwisted contact structure.
Proposition 3.2.21. Consider contact (r)-surgery on a Legendrian knot L. If
e ¥ =0 and L is any Legendrian knot,
e 0<r<1andlL is a Legendrian unknot with tb = —1,

then we get an overtwisted contact structure.

Proof. If r = 0 and L is any Legendrian knot we are creating an obvious overtwisted
disc which will bounded by the meridian of the glued in solid torus, which has slope
0 with respect to the contact framing. As per the second point a quick proof can be
found in [CK24, Lemma 3.2]. One can see this also as a consequence of ¢ (k > 2)

surgeries on a tb = —1 unknot being overtwisted [Onal8]. O

4See Chapter 2, Figure 2.5
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§ 3.3 | The lower bounds

In this section, we will construct 20(r)+W(r) isotopy classes of tight contact structures
on M(n,r) for n > 2 and r > 1 and W(r) isotopy classes of tight contact structures for
n > 2 and v < 1 using contact surgery diagrams. We first construct distinct contact
structures counted by W and then consider contact structures counted by ®. After
that, we will show that the contact structures counted by W are distinct from the ones
counted by @. For this section we expect the reader to be familiar with elementary
modifications of surgery descriptions. We believe [GS99] is a perfect reference for all

these operations.
§3.3.1 | Tight contact structures counted by W.

Consider the surgery diagram for M(n, r) shown in Figure 3.1. A left-handed Rolfsen
twist [GS99] on K; turns the diagram into the one in Figure 3.7. We then perform a
sequence of inverse slam—dunk moves [GS99] to turn K; into a chain of unknots. Since

we have

n—1_
there are n — 1 components in the chain of the unknots and the surgery coefficients
are all =2, see Figure 3.8. We can turn this diagram into a contact surgery diagram
as shown in Figure 3.9. Applying the algorithm described in Section 3.2.3, we can
convert the diagram into a (£1)-contact surgery diagram. Notice that there are choices

of stabilizations during the conversion.

r

Figure 3.7: A surgery diagram for M(n, r).

Proposition 3.3.1. The contact surgery diagram in Figure 3.9 induces a tight contact

structure for any choice of stabilizations for any r # 1.

Proof. We first consider the case r > 1. Fix a choice of stabilizations. Since r > 1,
the contact surgery coefficient on the trefoil component in Figure 3.9 is positive. Thus

there exists a single link component L having contact surgery coefficient (+1) after the
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Figure 3.8: The result of inverse slam—dunk moves.

Figure 3.9: A contact surgery diagram for tight contact structures on M(n,r) counted
by W.
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conversion, and all other components have the contact surgery coefficient (—1). Let
(SS(L), &1) be the result of a contact (+1)-surgery on L. L is a Legendrian right-handed
trefoil with tb(L) = 1, hence the Heegaard Floer invariant of &; is non-vanishing by
Theorem 2.4.7. Since the contact structure on M(n, r) is constructed from (S3(L), &)
by Legendrian surgeries on the other link components, the Heegaard Floer invariant of
the resulting contact structure is non-vanishing by Theorem 2.4.6. Thus the contact
structure on M(n,r) is tight.

Now we consider the case r < 1. Fix a choice of stabilizations. Since r < 1, the
contact surgery coefficient on the trefoil component in Figure 3.9 is negative. Thus
this contact surgery diagram represents a Stein fillable contact structure and hence it

is tight. i

Proposition 3.3.2. The contact surgery diagram in Figure 3.9 induces V(r) pairwise
non-isotopic tight contact structures for any r € Q, distinguished by their Heegaard

Floer invariants.

Remark 3.3.3. As it will be clear from the proof, we are actually distinguishing the
contact structures by looking at Chern classes of specific Stein structures. By work of
[Pla04] this also implies that the contact invariants in Heegaard Floer homology of the

contact structures are distinct.

Proof. We first consider the case r > 1. We will use the same notations used in
Proposition 3.3.1. As we discussed in the proof of Proposition 3.3.1, there exists a single
link component L with the contact surgery coefficient (+1) after the conversion, and all
other components have the contact surgery coefficient (—1). Thus there exists a Stein
cobordism W (see Definition 2.3.4) from S3(L) to M(n,r) induced from the contact
surgery diagram. We claim that different choices of stabilizations give rise to non-
isomorphic Stein structures and by [Pla04, Theorem 2] applied to W, with boundary
S3(L) and M(n,r) the induced contact structures on M(n,r) are also non-isotopic,
distinguished by their Heegaard Floer invariants. To prove the claim, fix two different
choices of stabilizations. Suppose L, ..., L, are the push-offs of L after the conversion.
Since each L; is rationally null-homologous [BE12] in S5(L), we can calculate its rational
rotation number in (S3(L), &). Recall that a stabilization behaves precisely the same
way as in the null-homologous case (Lemma 2.2.24), i.e. rotg(S+(L)) = rotg(L) + 1
(cf. [BE12, Lemma 1.3]).

Since we chose different sets of stabilizations, there exists at least one index i such
that the values of rotg(L;) are different. Now we compare the first Chern class of
the Stein structure | on W induced by the surgery diagrams. Using the formula from
[LW19, Lemma 4.1}, we obtain

(c1(]), [Zi U 2-Ci]) = 2 rotq(L;),

where L; is a rational Seifert surface of L;, C; is the core of the Weinstein 2-handle
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[Wei91] attached along L;. Note that the knots L; are rationally null-homologous in
SS(L), which has first homology isomorphic to Z5, and hence have order 2. We can
conclude the two different values of rotg(L;) lead to non-isomorphic Stein structures
on W, proving the claim.

By Proposition 3.3.1, all contact structures are tight for any choices of stabilizations.
Hence we are only left to show that there exist W(r) different choices of stabilizations for
the contact surgery diagram in Figure 3.9. According to the algorithm in Section 3.2.3,
if » > 1, a contact (r — 1)-surgery on L is equivalent to a contact (+1)-surgery on L

r=1

and (—7=;)-surgery on its push-off. Consider the negative continued fraction expansion

—% = [rg,71,...,7x]. Then the number of stabilization choices for a contact (—% -

surgery is |ro(r1 + 1) -+ - (rx + 1)|, which is q)(% = q)(l—lr) = W(r).

If r = 1, we have W(1) = 0 and the contact surgery diagram produces an overtwisted
contact structure by Proposition 3.2.21.

Lastly, we consider the case r < 1. As discussed in Proposition 3.3.1, since all con-
tact surgery coefficients are negative, the surgery diagram represents a Stein manifold
(X,]) and the first Chern class of the Stein structure will evaluate to rot(L;) on the
set of generators of Hy(X; Z) given by the cores of 2-handles and the Seifert surfaces
for the attaching spheres, see [Gom98]. Since we chose different sets of stabilizations,
there exists at least one index i such that the values of rot(L;) are different. Thus,
the two different values of rot(L;) lead to non-isomorphic Stein structures. Now it re-
mains to show that there exist W(r) different choices of stabilizations for the contact
surgery diagram in Figure 3.9. Consider the negative continued fraction expansion
r—1=[ro,1,...,7k]. According to the algorithm in Section 3.2.3, the number of
stabilization choices for a contact (r — 1)-surgery is |ro(r1 + 1)--- (rx + 1)|, which is
O() = W(r). O

§ 3.3.2 | Tight contact structures counted by .

Since the Whitehead link is symmetric, we can switch the link components via isotopy
and obtain the diagram in the first drawing of Figure 3.10. Perform a left-handed
Rolfsen twist on Ky, and we obtain a surgery diagram as shown in the right drawing of
Figure 3.10. After realizing this link as a Legendrian link, we obtain a contact surgery
diagram shown in Figure 3.11. Applying the algorithm from Section 3.2.3, we can
convert the diagram into a (%1)-contact surgery diagram. Again, there are choices of
stabilizations during the conversion.

The proofs of Proposition 3.3.4 and 3.3.6 are essentially identical to the proofs of
Proposition 3.3.1 and 3.3.2, respectively. Since they do not introduce any relevant

ideas, we do not spell them out here.

Proposition 3.3.4. The contact surgery diagram in Figure 3.11 induces a tight contact

structure for any choices of stabilizations for r > 1. O

Remark 3.3.5. In [MN26] we claim that thanks to Proposition 3.2.21, the surgery
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Figure 3.11: A contact surgery diagram for tight contact structures on M(n, r) counted
by ©.

diagram in Figure 3.11 results in overtwisted contact structures if » < 0. Although the
surgery on L’ is indeed overtwisted, we cannot conclude directly that (n —1) surgery on
Ly does not produce a tight structure. The overtwisted disc exhibited in the proof of
[CK24, Lemma 3.2] might be destroyed by the (n — 1) surgery on L;. Overtwistedness
of the structures described by the diagram in Figure 3.11 however follows from the

upper bound we construct in Section 3.4.

Proposition 3.3.6. The contact surgery diagram in Figure 3.11 induces 2O(r) pairwise
non-isotopic tight contact structures for r > 1, distinguished by their Heegaard Floer

invariants.

§ 3.3.3 | Distinguishing contact structures counted by ¥ and ®

So far, we have constructed tight contact structures on M(#n, r) using contact surgery di-
agrams. However, since we have used different surgery diagrams for the ones counted by
W and @, respectively, we constructed two distinct manifolds diffeomorphic to M(n, r).
To compare the isotopy classes of the contact structures on each manifold, we push

them to a fixed manifold and determine their first Chern classes.

Proposition 3.3.7. Forn > 2 and r > 1, M(n,r) supports at least W(r) + 2D(r)

pairwise non-isotopic tight contact structures, distinguished by their Heegaard Floer

mvariants.

Proof. In the previous subsections, we denoted by M(n, r) any 3-manifolds constructed

from the surgery diagrams in Figure 3.1, 3.8, 3.9, 3.10, and 3.11, but here we will distin-
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Slam-dunk move

m
CL) - {\)) >
1
| | | | | |
Rolfsen twist Handle slide (isotopy)

Figure 3.12: Various surgery operations. In all the pictures the first blue curve is a
meridian (generator) and we trace its image under the different moves. On top we have
a slam-dunk move, on the bottom left a Rolfsen twist and in the bottom right a handle
slide.

guish them. Let M(n, r) be the 3-manifold constructed from the surgery diagram shown
in Figure 3.1, and M; a manifold constructed from the (+1)-contact surgery diagram
which is converted from Figure 3.9 using the algorithm in Section 3.2.3, and M3 a man-
ifold constructed from the (£1)-contact surgery diagram converted from Figure 3.11. It
is routine to check that we can return back from these (+1)-contact surgery diagrams
to the surgery diagram in Figure 3.1 by using isotopies (handle slides), slam—dunk
moves and Rolfsen twists. Since each of these operations induces a diffeomorphism, we
obtain diffeomorphisms fi: M; - M(n,r) fori=1,2.

Pick contact structures (M, &1) and (Ms, &) counted by W and ®, respectively.
We claim that the contact structures f'(&1) and f2(&2) on M(n, ) are not isotopic.
Together with Proposition 3.3.2 and 3.3.6, the claim completes the proof.

We will show the claim by calculating the first Chern classes of the contact struc-
tures. We start with calculating Hy(M(n,r)). Let u and v be the meridians of Ky and
K5 in Figure 3.1, respectively. Since the linking number between the components of
the Whitehead link is 0, we have

Hi(M(n,r)) ={u,v|nu=0,pv=0)=2Z,® Z,.

where v = Next, we will compute the Poincaré dual of ¢1(£,(&1)) and express it

—_—— e

in terms of

—% = [r1,...,7k], Lo the Legendrian trefoil in Figure 3.9, and Lq, ..., Ly its push-

p] and [v]. Consider the contact (+1)-surgery diagram for (M, &1). Let

offs after the conversion. We also denote the Legendrian unknots in Figure 3.9 by
Ly, L;,---, L _, from the bottom to the top. According to the results from [DGS04,
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Gom98|, we have

k

n-1
PD (e1(&1)) = ) rot(Lolu] + Y rot(LY[], (3.1)
i=1

i=0

where rot(L}) = 0 for 1 < i < n -1, rot(Lg) = 0 and rot(L;) for 1 < i < k depends
on the choice of stabilizations. We now keep track of this homology class under the
diffeomorphisms induced by surgery operations.

First, consider the chain of unknots L},..., L ;. We apply slam-dunk moves to
remove all L} for 2 < i < n — 1. Suppose L/ is the last component of the chain. We
investigate the effect of a slam-dunk move to L?. We claim that the homology classes

will change under the induced diffeomorphism as follows:

(1] = =20 ] = [

and all other [u;] and [‘u;] remain unchanged. To see this, slide u} over L] , and
obtain a (1, —2)-cable of L]_, as shown in the top of Figure 3.12. Thus we have [u] =
=21+ [A/_;] where A7_, is a Seifert longitude of L] ;. Then apply the slam-dunk
move to L; and remove it. Since the slam-dunk move is a local operation, it only affects
a small neighborhood of D} U L’ _, where D7 is a Seifert disk of L. Thus it does not
change the isotoped p}. Also, A’_, isisotopic to —u’_, since Ik(L;, Li—1) = th(L;-1) = —1.
Thus the result follows.

Now we turn our attention to Li,...,Lk. First, notice that the smooth surgery
coefficient of Ly is 2 = tb(Lg) + 1, and all other L; is tb(L;) — 1. We slide Ly over
Lx-1 and L; becomes a meridian of Li_y. Since lk(Lg, Lx_1) = tb(Lk_1), the surgery

coefficient becomes

(tb(Lx) = 1) + (tb(Lk-1) — 1) = 2tb(Lg-1) = tb(Lg) — tb(Lg-1) — 2

= Trk.

The second equality follows from the fact that both |r¢ + 2| and | tb(Ly) — tb(Lx_1)| are
the difference between the number of stabilizations on Lx and Lig_1. We keep sliding
L; over L;_q for all 1 < i < k consecutively. Then we obtain a chain of unknots where
Ik(L;, Li—1) = =1 for 1 < i < k. Notice that the surgery coefficient of L; is

tb(L;) —tb(Li—1) —2=1r 2<1i<k,
tb(L;) —tb(Li-1) =ri+1 i=1,
tb(Lj)+1=2 i=0.
We can now perform a sequence of slam-dunk moves to eliminate all L; for 1 < i < k.

Suppose L; is the last component of the chain. As what we did to L; in the previous

paragraph, we can keep track of the homology classes under the slam-dunk moves on
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L; and the homology classes change as follows:

[uil = rica[pi-1] = [ui-2] 3<i<k
[ui] = (ricy + Dfpioa] — [ni-e] =2
[wi] = 2[pi-1] i=

and all other [u;] and [‘u;] remain unchanged.

Finally, we apply a right-handed Rolfsen twist along L} and obtain the surgery
diagram in Figure 3.1. As shown in the bottom left of Figure 3.12, the meridian uj
becomes (1, 1)-cable of L] after the Rolfsen twist. Let A7 be a Seifert longitude of L.
Since the linking number between the two link components is 0, the homology classes

will change under the induced diffeomorphism as follows:

[wi] = [pi] + AT = [pi] + (o] = [pol = (1],

and [po] remains unchanged.
We can now naturally identify po and p} with v and y, respectively. Altogether,

we have

PD (c1(£1(&1))) = £1(PD (c1(£1)))

k n-1
= ﬁl (Z rot(L;)[ui] + Z TOt(L;)[H;])
i=1

i=0

k
A (Z rot(Ln[ui])

i=0
k
= Z rot(L;) - f (1)
i=0
= 0[u] + m[v]

for some m € Z. The first and fourth equalities follow from the naturality, the second
equality follows from (3.1), the third equality follows from the fact that rot(L}) = 0 for
1 < i < n -1 and the fifth equality follows from the discussions about the effect of
surgery operations in the previous paragraphs.

Similarly, we can calculate c1(f2(&2)). Consider the contact (£1)-surgery diagram
for (Ms, &9). Let Ly be the Legendrian trefoil in Figure 3.11. Since we have

n-1 _ n-1_ - ——"—
1-(n-1) n-2

there are (n —2) push-offs of Ly after the conversion. Denote them by Lo, L3, -+ , L;—1.

Recall that during the conversion, we stabilize Lo once and push it off n — 3 times.
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Thus the rotation numbers of L; are
rot(Ly) = 0,rot(Ly) = rot(Lg) = - -+ = rot(L,-1) = 1. (3.2)

Let Lj,... ,L;{ be the Legendrian unknots obtained as pushoffs of the unknot L’ in

Figure 3.11 after the conversion. As before, we have

n—1 k
PD (c1(£2)) = ) rot(Li) ] + Y rot(L))uf]. (3.3)

i=1 i=0
We first consider Ly, ..., L,—1. We start by sliding all L; over L; for 2<i <n—1.
This produces an unlink of (1—2) components which are meridians of L; and the surgery
coefficient of each component becomes —1. The handle-slide operation on L; induces
a diffeomorphism and the homology classes will change under this diffeomorphism as

follows:
[pa] = [pa] + [wil

and all other [u;] and [[.1;] remain unchanged. This is clear from the bottom right of
Figure 3.12. Now apply right-handed Rolfsen twist along each L; for 2 < i < n —1 and
get rid of it. As shown in the bottom left of Figure 3.12, each u; becomes a (1, 1)-cable
of L;i. Let A; be a Seifert longitude of L;. Since A; is a meridian of Ly and y; becomes
contractible, the homology classes will change under the induced diffeomorphism as

follows:
[i] P [ui] + [Ai] = [pa]

and all other [u;] and [y;] remain unchanged.

We now perform a sequence of handle-slides to make L/, ... ,L;{ a linear chain of
unknots and then perform slam-dunk moves to get rid of all L for 1 < i < k. Thus
we apply a similar argument as before to keep track of the homology classes. The only
important fact here is that these operations only affect u’ and do not affect any ;.

Finally, we apply a right-handed Rolfsen twist along L{ and obtain the surgery
diagram in the left of Figure 3.10. Then swap the link components and obtain the
diagram in Figure 3.1. As in the case of &1, this Rolfsen twist does not affect any
homology class.

We can now naturally identify p; and pj with u and v, respectively. Altogether,
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we have

PD (c1(f2(£2))) = f2(PD (c1(&2)))

n—1

k
= f2[ D rot(Li)ui] + Y rot(LY[w;]
i=0

i=1

[y

k

£ ([wi]) + D rot(L) - £2 ([uf])

i=0

(n = 2)[u] + h{v]

=

1M

Il
H

for some h € Z. The first equality follows from the naturality, the second equality
follows from (3.3), the third equality follows from (3.2) and the fourth equality follows
from the discussions about the effect of surgery operations in the previous paragraphs.

Since we assume 1 > 2, we can conclude that f(&1) and f2(&2) are distinguished

by their first Chern classes, which completes the proof of the claim. O

§ 3.4 | The upper bounds

In this section, we determine the upper bounds of the number tight contact structures
on M(n,r) for n > 5 and r € Ry U Q_. Combining it with the lower bounds in

Section 3.3, we complete the proof of Theorem 3.1.3.
§ 3.4.1 | Convex decompositions of M(n,r)

The first step is to decompose M(n,r) into two pieces with convex (see Definition
2.2.34) torus boundary. Consider the surgery diagram for M(n, r) shown in Figure 3.1.
If we perform the surgery only on Kj, then the result will be L(n,n — 1). Moreover,
it is well known (c.f. [Bakl4, HMW92, Mor89]) that Ky is a genus one fibered knot
in L(n,n —1). Let N be a neighborhood of Ky in L(n,n — 1), C, the complement of
N, X a fiber surface (a once punctured torus) of C, and ¢, the monodromy® of C,.
Then there is a symplectic basis of H1(X) such that the action of the monodromy ¢,
on Hy(X) is given by

Sl e B P o I

We can also assume that ¢, is the identity near the boundary. Notice that ¢, is pseudo-
Anosov for n > 5 (this can be seen from the fact that the absolute value of the trace
of ¢, is > 2) is and it’s right-veering — this is not hard to check using the monodromy
decomposition. The fractional Dehn twist coefficient (see [HKMO7]) satisfies c(¢,) €
(0, 1) — this can again be seen by the monodromy presentation DaD/;Dg_l and the fact
that we are also excluding boundary twisting. Since M(n,r) is a Dehn filling of C,,,

5The monodromy ¢y is given by DaDﬁDg‘l, where D, is a positive Dehn twist about «, and «,
are a choice of meridian and longitude for the punctured torus (see [Mor89, Bak14]).
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we can write

M(n,r)=C, UN,

where N, is a solid torus with the meridional slope 7, with respect to the coordinate

system induced by K;. We can also write C,, as

Cp = Ex[0,1]/(x, 1) ~ (¢u(x),0).

Let & be a contact structure on M(n,r) and L a Legendrian knot in N, isotopic
to the core of N,. We can assume that N, is a standard neighborhood of L after a
perturbation, so dN is convex with two dividing curves of some slope s (again, we
measure slopes on dN, = —dC,, using the coordinates induced by Kj). Let Cy(s) and
N,(s) denote C, and N, with contact structures with convex boundaries with two
dividing curves of slope s.

As it is done in [CM20], we will thicken C,(s) into a standard form, which means
finding C,(s") € C,(s) such that C,(s) \ Cn(s’) = T? x I. We say that C,(s) thickens
to Cyu(s’), or Cy(s) thickens to slope s”.5 Also, we say C,(s) does not thicken if Cy(s)
thickens to s” implies s = s”. We will thicken C,(s) by attaching bypasses to —d C,(s).
We will find such bypasses by finding boundary parallel dividing arcs on a fiber surface
Y. C Cyu(s). Due to our slope convention and the choice of orientation, the slope
increases after attaching a bypass to —d Cy(s).

Let S(r) be the set of slopes s that is clockwise of r, anticlockwise of co on the
Farey graph and connected to r by an edge. For r € R;, we need the following two

lemmas.
Lemma 3.4.1. Suppose n > 5, r € Ry and s € S(r). Then Cy(s) thickens to Cy(o0).

Once we thicken Cy(s) to C,(00), we will determine an upper bound for the number

of tight contact structures on C,(00).

Lemma 3.4.2. Suppose there is no boundary parallel half Girouz torsion in Cy(c0).
Then there exist at most four tight contact structures on Cp(c0) up to isotopy (not

fizing the boundary pointwise but preserving it setwise). Two of them thicken further
to C,(1).

Remark 3.4.3. Since we will classify tight contact structures on closed manifolds, which
are obtained by gluing a solid torus to the boundary of C,(c0), it is enough to classify

tight contact structures on C,(c0) up to isotopy fixing the boundary setwise.

For r € Q_, we need the following two lemmas.

Lemma 3.4.4. Suppose n > 5, v € Q_, s € S(r) and s # 0. Then Cy(s) thickens to
C,(1).

6The terminology “thicken” might sound confusing, as C,(s) is actually getting smaller. What we
are actually thickening is the solid torus N,. This is however standard terminology, and we prefer to
maintain it keeping in mind that our perspective is somehow reversed.
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According to Lemma 3.4.4, we can write C,(s) = T U C,(1) for s < 0, where
T = T? x [0, 1] with convex boundary and dividing slopes sg = s and s; = 1.

Lemma 3.4.5. Suppose there is no boundary parallel half Girouz torsion. Then there
exist at most four tight contact structures on Cy —%) for k € N up to isotopy (not
fizing the boundary pointwise but preserving it setwise). Moreover, the (possibly) tight

contact structures on Cn(—%) are determined by their restriction to T.

Remark 3.4.6. In fact, there are exactly three tight contact structures on C, (—1) with-

out boundary parallel Giroux torsion but we will not use this fact in this thesis.

We also need to count the number of tight contact structures on N,(c0) and N,(1)

using Proposition 3.2.15.

Lemma 3.4.7. For any r € Q, there are ®(r) tight contact structures on N,(c0) up to
isotopy fixing the boundary pointwise (hence fixing the characteristic foliation).
Also, there are WY(r) tight contact structures on N,(1) up to isotopy fixing the bound-

ary pointwise.
Combining these lemmas, we can obtain the upper bounds.
Theorem 3.4.8. Suppose n > 5 and r € Ry U Q_.

o M(n,r) supports at most 20(r) + W(r) tight contact structures up to isotopy if
reR,.

o M(n,r) supports at most W(r) tight contact structures up to isotopy if r € Q_.

Proof. We first consider the case r € Ry+. By Lemma 3.4.1 and Lemma 3.4.2, Cy(s)
thickens to slope oo or 1 for any s € S(r). Thus any tight contact structure on M(n, r)
can be decomposed as a union of a tight contact structure on C,(c0) and a tight contact
structure on N,(o0), or a union of a tight contact structure on C,(1) and a tight contact
structure on N,(1). In the case that C,(s) thickens to C,(c0) and not further, there
are at most two tight contact structures on Cp,(c0) by Lemma 3.4.2. Also, there are
®(r) tight contact structure on N,(c0) by Lemma 3.4.7. These lead to 2®(r) (possibly)
tight contact structures on M(n,r). In the case that C,(s) thickens to C,(1), we can
decompose N,(1) into a union of N,(=1) and T, where T = T?XI with dividing slopes —1
and 1. By Lemma 3.4.5, a tight contact structure on T U Cy(1) = Cy(—1) is completely
determined by T. Also, there are W(r) tight contact structure on N,(-=1) UT = N,(1)
by Lemma 3.4.7. These lead to the W(r) (possibly) tight contact structures on M(n, r).

Next, we consider the case r € Q_. By Lemma 3.4.4, C,(s) thickens to slope 1
for any s € S(r) and s # 0. If s = 0, there is N,(s”) € N,(0) for r < s’ < 0, so
we can decompose M(n,r) into N,(s”) and Cy(s’). By Lemma 3.4.4, we can thicken
C,(s”) to slope 1. Thus any tight contact structure on M(n,r) can be decomposed

as a union of a tight contact structure on Cp,(1) and a tight contact structure on
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N,(1). We can decompose N,(1) into a union of Nr(—%) and T, where m € N and
T = T? x I with dividing slopes —% and 1. By Lemma 3.4.5, a tight contact structure
on TUC,(1) = Cn(—%) is completely determined by its restriction to T. Also, there
are W(r) tight contact structure on Nr(—%) UT = N,(1) by Lemma 3.4.7. These lead
to the W(r) (possibly) tight contact structures on M(n, r). O

We will prove the above lemmas in Section 3.4.4.
§ 3.4.2 | Normalizing the dividing set on =

We begin by normalizing the dividing set I'y of X. Since we can freely modify the
slopes of the Legendrian ruling curves on N (always keeping in mind that they cannot
be parallel to I'y, ), we assume X is convex with Legendrian boundary. Recall that for
us X is a once-punctured torus.

Etnyre and Honda [EHO1a] normalized I'y, for any pseudo-Anosov monodromy of a

once-punctured torus bundle over S!.

Proposition 3.4.9 (Etnyre and Honda [EHO1a, Proposition 5.5]). Suppose I's consists
of k > 0 properly embedded arcs and m closed curves. Then there is an isotopic copy
of X such that one of the following holds.

1. k is odd.

o m =1 and all arcs are in the same isotopy class that is not boundary parallel.

o m = 0 and there are three distinct isotopy classes of arcs that are not bound-

ary parallel.

o there is a boundary parallel arc (possibly with other dividing curves).
2. k is even.
e there is a boundary parallel arc (possibly with other dividing curves).

When k > 3, Etnyre and Honda [EHOla] further normalized the dividing set on X
in the figure-eight knot complement. Their argument holds however for any pseudo-
Anosov monodromy of a once punctured torus.

Let ¢ be a pseudo-Anosov monodromy of C = £x[0,1]/(x, 1) ~ (¢(x),0). Consider
the matrix representation of ¢ with respect to the symplectic basis of 2. Then there
are two eigenvectors v, and v,, where v, is an attracting fixed point of ¢ and v, is a
repelling fixed point of ¢. Denote by s, and s, the slopes of v, and v,, respectively.
There are two distinguished paths P, and P, in the Farey graph where P, is the
(shortest) clockwise path from s, to s, and P, is the (shortest) anticlockwise path

from s, to s,.

Lemma 3.4.10 (Etnyre and Honda,[EHOla, Lemma 5.7]). Suppose I's consists of
k > 3 properly embedded arcs and m closed curves. Then there is an isotopic copy of
Y. such that one of the following holds.
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o m =0 and there are three distinct isotopy classes of arcs with slopes {a,b,c} in

P.. Moreover, {a,b,c} forms the maximal geodesic triangle in the Farey graph

among geodesic triangles with vertices in P..

o m =0 and there are three distinct isotopy classes of arcs with slopes {a,b,c} in
P,. Moreover, {a,b,c} forms the mazimal geodesic triangle in the Farey graph

among geodesic triangles with vertices in P,.
e there is a boundary parallel arc (possibly with other dividing curves).

In Lemma 3.4.10 we use “maximal geodesic triangle” meaning that it is the inner-

most geodesic triangle, i.e. closest to the center of the disk, and it cannot be enlarged

while still keeping the vertices in P, or P,.

Etnyre and Honda further convert these dividing sets into a simpler form.

Lemma 3.4.11 (Etnyre and Honda [EHOla, Lemma 5.7]). Suppose that I's consists
of n arcs and there are three isotopy classes of arcs with slopes {a,b,c} in P, (resp.
P.). Without loss of generality, assume that a is the closest to s, in the Farey graph.
Then there is another isotopic copy of L. such that

o I's consists of one closed curve and n arcs with slope a.
e there is a boundary parallel arc (possibly with other dividing curves).

Now we are ready to normalize the dividing set on L in our Cy(s).

Figure 3.13: The Farey graph together with the slopes of the fixed points (the red dots)
and the largest geodesic triangles in P, (green triangle) and P, (blue triangle).
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Proposition 3.4.12. Suppose . C C,(s) and I'y consists of k > 2 properly embedded
arcs and m closed curves. Then there is an isotopic copy of X such that one of the

following holds.
1. k is odd.

o m =1 and all dividing arcs have slope co.

o m = 0 and there are three isotopy classes of dividing arcs with slopes {0, 1, oo},
mult(1) = k — 2 and mult(0) = mult(co) = 1. Here, mult(s) is the number of

arcs with slope s.

o there is a boundary parallel arc (possibly with other dividing curves).

2. k is even, and there is a boundary parallel arc (possibly with other dividing

curves).

Proof. Assume that any isotopic copy of X in C,(s) contains no boundary parallel
dividing arcs. By Proposition 3.4.9, this implies that k is odd, since k even would
imply the existence of a boundary parallel arc and contradict our assumption. We first

calculate the slopes of the fixed points v} and v} of ¢, for n > 5 and obtain

2 2

= and s = .
n—24+vVn2—4n ' n—2-vVn?2—4n

Briefly, to obtain the slopes of the fixed points, we compute the eigenvectors of the
matrix ¢, and take their slope. Thus 0 < s < 1/2and 2 <s;' < co. For any n > 5, the

n
Sll

largest geodesic triangle with the vertices in P} is {co0, —1, 0}, and the largest geodesic
triangle with the vertices in P} is {%, %, 1} (see Figure 3.13). By Lemma 3.4.10 and
3.4.11, there is an isotopic copy of X such that

e I's consists of one closed curve and k arcs with slope oo, or
o I'y consists of one closed curve and k arcs with slope 1.

We claim that for the second case there is another isotopic copy of X such that there is
a boundary parallel arc, or there are three isotopy classes of dividing arcs with slopes
{0,1, 00}, mult(1) = k — 2 and mult(0) = mult(co) = 1. This claim will compete the
proof.

We remain to prove the claim. Let U be a small [-invariant neighborhood of X in
Cy(s). Then C,(s)\U =X x[0,1]. Let X;j := X x{i} for i =0,1 and I'; be a dividing
set of X;. Then we have I't = I'y and 'y = ¢, (I'1).
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Figure 3.14: An example of a situation where the bypass straddles the closed dividing
curve (on the left). The result of the bypass attachment is on the right. The figure
refers to the case n = 6, and k = 3.

We first consider the case n > 5. Take a closed curve ¢ on X; with slope %_3
Consider an annulus ¢ X [0, 1] and let ¢; = ¢ X {i} for i = 0,1. Assume c¢; intersects I’;
minimally. Then |c;y NTy| = (n — 4)(k + 1) and |co N Ty| = 0. Thus there is a bypass
on A along c;. If there is a bypass which does not straddle” the closed dividing curve,
attaching the bypass results in a boundary parallel arc (here, we attach the bypass
from the back). If all the available bypasses straddle the closed dividing curve, then
there is a bypass attachment that results in the dividing set with slope {0, 1, oo} where
mult(1) = k — 2 and mult(0) = mult(co) = 1 (see Figure 3.14).

Now if n = 5, take a closed curve ¢ on X; with slope % Consider an annulus
¢ x[0,1] and let ¢; = ¢ X {i} for i = 0,1. Assume c; intersects I'; minimally. Then
lcyNT1| =3(k+1) and |coNTo| = k+1. Thus there is a bypass on A along c;. If there
is a bypass which does not straddle the closed dividing curve, attaching the bypass
results in a boundary parallel arc. If the bypasses straddle the closed dividing curve,
one of the bypass attachments results in the dividing set with slope {0, 1, 00} where

mult(1) = k — 2 and mult(0) = mult(co0) = 1. O
We also consider the case for k = 1 without boundary parallel half Giroux torsion.

Proposition 3.4.13. Suppose there is no boundary parallel half Girouz torsion in
C,(s) and Ty consists of one properly embedded arc and m closed curves. Then there

exists an isotopic copy of X in Cy(s) such that the new I'y consists of
e one arc and one closed curve with slope 0.
o one boundary parallel arc without any other dividing curves.

We will prove this proposition in Section 3.4.4.

"We will often use the word straddle, adopting the terminology used in [CM20]. A bypass straddles
a dividing curve if the dividing curve sits in the middle of the local model of a bypass attachment —
see Figure 3.14.
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§ 3.4.3 | Thickening C,(s)

Here, we will prove Lemma 3.4.1. We will thicken C,(s) to C,(s’) by finding a bypass
for —dC,(s) along dXL. Recall that due to our slope conventions, this bypass has slope
0 on dC,(s) and s will change clockwise on the Farey graph.

Ex{1} | 12131456 :

Ix{0} | 12314156

Figure 3.15: Edge rounding when s = 3. In this case m = 3,k = 1. dL; is divided
into 2 X 3 = 6 intervals. The left side is identified with the right side. We can see for
example that the interval labelled with 5 is connected to the interval labelled with 2,
and the interval labelled with 1 is connected to the interval labelled with 4.

Proposition 3.4.14. Suppose s > 2 and s ¢ {% | k € N}. Then there is an isotopic
copy of . in Cy(s) such that I'y contains a boundary parallel arc.

Proof. Let s = 4 for a pair of relatively prime positive integers m, k. There are m
properly embedded dividing arcs on . We cut Cy(s) along L to obtain a genus-2
handlebody £ X [0, 1] and round the edges to obtain a smooth convex boundary. Let
Li be . x {i} for i = 0,1 and I; the dividing set on X;. Then I'y = ¢,(I'1). After
rounding the edges, the entire dividing set only contains closed curves, but we will keep
calling the dividing curves that pass through d L dividing arcs for convenience.

For i = 0,1, the dividing arcs in I'; divide d X; into 2m intervals, which we will label
by 1 through 2m. The dividing curves on dX X [0, 1] connect the i-th interval on X,
to the (i — 2k — 1)-th interval (mod 2m) on Xg. See Figure 3.15 for an example with
s=3.
Remark 3.4.15. Note that technically speaking the dividing curves connect end of in-
tervals, not the intervals themselves. What we mean here is: in the edge-rounded
manifold, if we require curves to only intersect dividing curves on L; and not along the
vertical boundary, then they have to stay inside the region determined by the edge-
rounding process. Basically, curves will have to twist as the dividing curve twist along
dL X I. Thus starting points in the i-th interval on X correspond to end points in the

(i — 2k — 1)-th interval (mod 2m) on Xg.
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Figure 3.16: 1 and Ly in C,(3). The dotted lines are dividing curves. The blue lines
are a X {1} and a X {0}. In each drawing, the top and bottom sides are identified,
and so are the left and right sides. In this figure, as well as in the rest of the chapter,
we draw Lo with the orientation induced from the fibration C,(s), which disagrees
with that induced by X X [0,1]. Also in this picture (and this picture only), we have
enumerated the regions of d X to better see the twisting of the dividing set as it runs
over d L. X [0,1]. As mentioned, the blue lines witness a shift in their intersection with
dL dictated by the shift of the dividing curves.

Suppose there is no boundary parallel dividing arc in I'; for i = 0,1. By Proposi-
tion 3.4.12 and Proposition 3.4.13, we need to consider two cases.

(1) Ty contains m arcs and one closed curve with slope co: Let a be an arc on X
with slope co that does not intersect I'1. Let D, := a X [0,1] be a compressing disk
for X x [0,1]. Perturb D, so that its boundary does not intersect any dividing curve
on dL X [0, 1]. This results in a shift of the basepoints of @ on Xy by (2k + 1) intervals
following the negative orientation of 9%, see Figure 3.16 for example. Thus d D, only
intersects the dividing curves on Xjy. We perturb D, further so that it is convex with
Legendrian boundary. We can also assume that d D, intersects I minimally, so it will
intersect the closed dividing curve exactly once. Also, this intersection point separates
a X {0} into two sides. On one side it intersects |2k + 1| dividing arcs, and on the other
side it intersects |m — (2k + 1)| dividing arcs. Since the total number of intersection
points is greater than 2, there is a bypass in D, by Theorem 3.2.5. The difference
between the number of intersections is:

|m—4k -2 m>2k+1

d=|lm-2k—-1] -2k +1]| =
|m| m <2k +1

If d # 1, then the dividing curves on D, cannot be nested (as shown in the right
drawing of Figure 3.17). This is not hard to prove. Draw a vertical line that divides
the disk in two halves and passes through the intersection point (the green dot in

Figure 3.17), creating the two sides of @ X {0}. If d # 1 we can assume without loss of
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generality that the right hand side of the disk has at least two more red points than
the left hand side. The extra pair of red points forces at least one dividing curve to be
contained entirely in the right hand side (after isotopy if necessary). This implies we
cannot have a completely nested dividing set: in that case all dividing curves would
be forced to intersect the vertical line in the middle of the disk (see left side of Figure

3.17). Thus there is always a bypass which does not straddle the closed dividing curve.

Figure 3.17: Dividing curves in D,. The green dot is the intersection point of & X {0}
with the closed dividing curve on Xy and the red dots are the intersections of a X {0}
with the dividing arcs on L.

After attaching this bypass, we obtain an isotopic copy of X containing a boundary

parallel dividing arc. Notice that the bypass abuts X, since D, only intersects dividing

Mo

curves on X.

N

//'_

2

I

Figure 3.18: £; and Ly in C,(7). The dotted lines are dividing curves and the blue
lines are @ X {1} and a X {0}.

Ifd =1, then m =1, m = 4k + 1 or m = 4k + 3. Since we assume s > 2 and
s # %, we only need to consider the case m = 4k + 3. In this case, there are
2k + 2 dividing curves on D, and they can be nested as shown in the left drawing
of Figure 3.17 in combination with Figure 3.18. Attach all 2k + 1 bypasses to Xy in

sequence to obtain X/, with dividing slopes {c0, ~1,0} such that mult(co) = m — 2
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and mult(—1) = mult(0) = 1, see the right drawing of Figure 3.19. Then we can find

an overtwisted disk as shown in Figure 3.19. Thus we can exclude this case too.

Mo

N

h 4

2

Figure 3.19: X; and X 1 in C, (7). The dotted lines are dividing curves and the blue

lines are the intersections between an overtwisted disk and X X {%, 1}. Note we can
conclude the disk is overtwisted because the boundary does not intersect any dividing
curve.

(2) m > 3 and Ty contains arcs with slope {0,1, 00} where mult(0) = mult(co) = 1
and mult(1) = m — 2: Let B be an arc on X; with slope co that does not intersect I'y,
and Dg := X [0, 1] be a compressing in X X [0, 1]. We perturb Dg so that it is convex
with Legendrian boundary, d Dg does not intersect the dividing curves on d £ X [0, 1],
and B x {0} intersects I'y minimally, see Figure 3.20.

1 ’,"
4,7
1 .
¢, %
1 4,0
1 ‘0t
¢, %
1 ¢, %
1 4,0
1 ‘.,
I' ,
1 4,7
1 0t
1 S
’ ’,
1 ‘0
4,
.
1 ¢, %
1 ,%
1 ‘et
I, ’,
1 4,7
¢,%
s 7 /"
G

Figure 3.20: X; and X in Cn(%). The dotted lines are dividing curves and the blue
lines are @ X {1} and a x {0}.

Since B X {0} intersects more than four dividing curves in Iy, we can find a bypass
in Dg whose attaching arc lies on f x {0} by Theorem 3.2.5. From now on, we call

dividing curves on Xy with slopes 0, ﬁ and n—f?’ black, red and green dividing curves,
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respectively, see the right drawing of Figure 3.20. There are two cases we need to

consider.

Seo
i .

———————
o -

-

——————

-------
———————

X Yo

Figure 3.21: £; and Xg in Cy(3). The dotted lines are dividing curves and the blue
lines are y x {1} and y x {0}.

First, suppose m > 3. Since s > 2, we can assume that m > 2k —1. In this case, the
bypass cannot straddle the black dividing curve, see the right drawing of Figure 3.20.
More precisely, there is no bypass passing through green, black, green dividing curves
in order. Therefore, the only bypass that does not produce a boundary parallel arc
is the one that straddles the green dividing curve. If the bypass straddles the green
dividing curve, then attaching the bypass results in X/, with I';p = {0, ﬁ, n—£3}
where mult(0) = 3, mult(n%zg) = m — 4 and mult(ﬁ) = 1. We can convert I'y/y
into {0, 1, 00} by acting on Xy/5 via ¢;'. Now we cut Cy(s) along E;/5 and obtain
Y x [0,1] again. We relable X x {i} as XL; for i = {0,1}. Then I'y = {0, 1, 00} with
mult(0) = 1, mult(1) = m — 4, mult(co) = 3. Take a closed curve y with slope 0 and let
A, = yX[0,1] be a properly embedded annulus in £ x [0, 1]. We perturb A, so that it
is convex with Legendrian boundary and intersects I'g U T’y minimally, see Figure 3.21.
Since |y x {1} NT1| = m — 1 and |y X {0} NTy| = m — 3, we can find a bypass whose
attaching arc lies on X1 by Theorem 3.2.4. Notice that we attach this bypass from the
back. It is easy to check that any possible bypass attachment results in an isotopic
copy of X that contains a boundary parallel dividing arc.

Now suppose m = 3. Since we assume s > 2, the only possible value of k is 1. In
this case, there are exactly two possible bypass attachments on Xy and both result in

an isotopic copy of X containing boundary parallel dividing arc (see Figure 3.22). O

Now we consider the case s < 0.

Proposition 3.4.16. Suppose s < 0. Then there is an isotopic copy of L in Cy(s)

such that I's, contains a boundary parallel arc.

Proof. Let s = =% for a pair of relatively prime positive integers m, k. Then there are

m properly embedded dividing arcs on X. We cut C,(s) along X to obtain a genus-2
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.

Figure 3.22: £ and Xy in C,(3). The dotted lines are dividing curves and the blue
lines are @ X {1} and a X {0}.

handlebody X X [0, 1] and round edges to obtain a smooth convex boundary. Let X; be
Y x {i} for i = 0,1 and I; the dividing set on X;. Then I'g = ¢,(I'1). After rounding
the edges, the entire dividing set only contains closed curves, but we will keep calling
the dividing curves that pass through d X dividing arcs for convenience.

As in Proposition 3.4.14, the dividing arcs in I'; divide d L; into 2m intervals for
i = 0,1. The dividing curves on dX X [0, 1] connect the i-th interval on X; to the
(i + 2k — 1)-th interval (mod 2m) on Xg.

Suppose there is no boundary parallel dividing arc in I'; for i = 0,1. By Proposi-
tion 3.4.12 and Proposition 3.4.13, we need to consider three cases.

(1) m > 1 and Ty contains m arcs and one closed curve with slope co: As in
Proposition 3.4.14, let a be an arc on X; with slope oo that does not intersect I'y.
Let Dy := a X [0,1] be a compressing disk for £ X [0,1]. Perturb D, so that its
boundary does not intersect any dividing curve on dX X [0,1]. This results in a shift
of the basepoints of a on Xy by (2k — 1) intervals following the positive orientation of
dL. Thus d D, only intersects the dividing curves in I'y. We perturb D, further so
that it is convex with Legendrian boundary. We can also assume that d D, intersects
Iy minimally, so it will intersect the closed dividing curve exactly once. Also, this
intersection point separates a X {0} into two sides. On one side it intersects |2k — 1|
dividing arcs, and on the other side it intersects |m + (2k — 1)| dividing arcs. Since
the total number of intersection points is greater than 2, there is a bypass in D, by

Theorem 3.2.5. The difference between the number of intersections is:
d=|(m+2k—-1)—(2k-1)| =|m]|.

Since we assume m > 1, we have d # 1 and the dividing curves in Dg cannot be
nested as shown in the right drawing of Figure 3.17. This implies that there is always a

bypass which does not straddle the closed dividing curve. After attaching this bypass,
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we obtain an isotopic copy of X containing a boundary parallel dividing arc.

(2) m > 3 and Ty contains arcs with slope {0,1, 00} where mult(0) = mult(co) = 1
and mult(l) = m — 2: Let f be an arc on I; with slopes oo that does not intersects
'y and Dg := B X [0,1] a compressing disk in X X [0, 1]. We perturb Dg so that it is
convex with Legendrian boundary and does not intersect dividing curves on d XX [0, 1].
Since B x {0} intersects more than four dividing curves on I'g, we can find a bypass
in Dg whose attaching arc lies on  x {0} by Theorem 3.2.5. Notice that there is no
bypass passing through green, black, green dividing curves in order. Therefore, the
only bypass that does not produce a boundary parallel arc is the one that straddles
the green dividing curve.

Suppose m > 3. If the bypass straddles the green dividing curve, then attaching the
bypass results in X/ with I';/5 = {0, ﬁ, %} where mult(0) = 3, mult(n—£3) =m-—4
and mult(ﬁ) = 1. We can convert 'y into {0,1, 00} by acting on Xi/o via ¢’
Now we cut Cy(s) along /o and obtain X x [0, 1] again. We relable ¥ x {i} as ¥; for
i ={0,1}. Then I't ={0, 1, 00} with mult(0) = 1, mult(1) = m — 4, mult(co) = 3. Take
a closed curve y with slope 0 and let A, := yX[0, 1] be a properly embedded annulus in
Lx[0,1]. We perturb A, so that it is convex with Legendrian boundary and intersects
['oUTI'; minimally, see Figure 3.21. Since |y x{1}NI;| = m—1 and |y x{0} NIy| = m—3,
we can find a bypass whose attaching arc lies on X1 by Theorem 3.2.4. Notice that
we attach this bypass from the back. It is easy to check that any possible bypass
attachment results in an isotopic copy of X that contains a boundary parallel dividing
arc.

Now suppose m = 3. If the bypass straddles the green dividing curve, attaching
the bypass results in an isotopic copy of X containing one closed dividing curve and
three dividing arcs with slope 0. We can covert this into the dividing set containing
one closed curve and three arcs with slope co by acting on X via ¢, 1. We already dealt
with this in Case (1).

Figure 3.23: £; and Xg in Cy, —%) The dotted lines are dividing curves and the blue
lines are @ X {1} and a x {0}.
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Figure 3.24: X; and X 1 in Cn(—%). The dotted lines are dividing curves and the blue
lines are & X {1} and a X {%}
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(3) m =1 and there is one closed curve and one arc with slope co: First, suppose
k > 1. Then take an arc on L with slope 1 and let D, be a disk in X X [0, 1] as shown
in Figure 3.23. The number of intersection between D, and I'g U I'y is 4k + 2, so we
can find a bypass in D, by Theorem 3.2.5. If the bypass does not straddle the closed
dividing curve, then attaching the bypass results in a boundary parallel dividing arc.
If the bypass straddles the closed dividing curve, then attaching the bypass results in
Yi/o with the dividing set identical to I'y, see Figure 3.24. Now take an arc f with
slope oo and let Dg be a compressing disk for X X [%, 1] as shown in Figure 3.24. Since
the number of intersection between Dg and I'yjp UT is 4k —2 and k > 1, we can find
a bypass in Dg. Here, any possible bypass does not straddle the closed dividing curve,
so attaching the bypass will result in a boundary parallel dividing arc.

Now suppose k = 1. Take an arc on L with slope oo and let D, = @ X [0,1] be a
disk as shown in Figure 3.25.

’ -

-

2

Figure 3.25: X1 and Ly in C,(—1). The dotted lines are dividing curves and the blue
lines are & X {1} and a x {0}.
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We call the closed dividing curve and the dividing arc on Xy red and green dividing
curves, respectively. Since the number of intersections between Dg and I'p U I'y is
4, there are two possible dividing sets for Dg. These two dividing sets provide two
different bypasses. One bypass passes through red, green, green dividing curves in
order. Attaching this bypass results in a boundary parallel dividing arc. The attaching
arc of the other bypass does not lie on Xy. The attaching arc only passes through two
dividing curves on Y, see the top left drawing of Figure 3.26. By Theorem 3.2.6, we
can rotate this bypass and obtain a new bypass such that its attaching arc lies on X,
see the top right drawing of Figure 3.26. Attaching this bypass results in a boundary
parallel dividing arc. O
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Figure 3.26: Top left: Xy in C,(—1), before the bypass rotation. Top right: X in
C,(=1), after the bypass rotation. Bottom: Z% in Cy(—1), the result of the bypass
attachment from the top right. The dotted lines are dividing curves and the blue lines
are the attaching arcs of bypasses.
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§ 3.4.4 | Analyzing tight contact structures on Cn(%) for k <0

In this subsection, we will prove Lemma 3.4.1, Lemma 3.4.2, 3.4.4 and 3.4.5. To do so,

we need to prove Proposition 3.4.13 first.

Proof of Proposition 3.4.13. Since there is only one dividing arc, we know s = % for
k € Z (we consider co = %) We cut C,(s) along X to obtain a genus-2 handlebody
£x[0,1]. Let X; be Zx{i} for i = 0,1 and I'; the dividing set on X;. Then I'g = ¢,,(I').
For i = 0,1, the dividing arcs in I'; divide d ; into two intervals, which we will label
by 1 and 2. The dividing curves on dX X [0, 1] connect the i-th interval on X; to the
(i — 2k — 1)-th interval (mod 2) on Xy. Notice that i —2k —1 =i+ 1 (mod 2). By
Proposition 3.4.9, we need to consider two cases.

(1) Ty consists of one closed curve and one arc with slope r: Recall from Proposi-

tion 3.4.12 that we calculated the slopes s; and s}' of fixed points of ¢, and showed
0<s;<1/2 and 2 <5} < oo.

Before we cut C,(s) along X, we can change I' by acting on X via (¢,)" for m € Z.

Since ¢y (c0) = 0, we can assume r satisfies either
(a) —o0o < ¥ <0, or
(b) sl <r<1<s/.

For the case (a), we know 0 < ¢,(r) < s} since ¢,(c0) =0 < ¢,(r) and sj is the
slope of the attracting fixed point. Assume r is not already 0. Let ¢ be a closed curve
on X with dividing slope ¢,(r) and A := ¢ X [0, 1] be a properly embedded annulus in
Y. x[0,1]. We perturb A, so that it is convex with Legendrian boundary and intersects
'y UT; minimally. Since |¢ X {1} NT1| > 0 and |¢ X {0} NTp| = 0, we can find a bypass
whose attaching arc lies on X; by Theorem 3.2.4. We attach this bypass and keep
track of dividing curves using Theorem 3.2.2. However, we should be careful according
to Remark 3.2.3. First, we use the ordinary slope convention % = (g) for X, so we
should reverse the words “clockwise” and “anticlockwise”. Also, since the bypass is
attached from the back, we should reverse the words “clockwise” and “anticlockwise”
again. Therefore, the slope of the dividing curves changes in a clockwise direction in
the Farey graph. To summarize, attaching the bypass results in an isotopic copy of
Y with dividing slope #” that is clockwise of r, anticlockwise of ¢,(r) and closest to
¢n(r) with an edge to r. Simply, ¥ < r’. We cut C,(s) again along this X and apply
the same argument again. Repeat this procedure and we obtain an isotopic copy of X
with slope 0 in the long run. By acting on X via ¢;, 1 we obtain T with dividing slope
00 = ¢, L(0).

Now consider the case (b). In this case, we know 0 < ¢,(r) < r < 1 since ¢p,(r)
is closer to s;, the slope of the attracting fixed point of ¢,. Notice that the path in

the Farey graph clockwise of r and anticlockwise of ¢,(r) contains 1 and co. Let ¢
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be a closed curve on ¥ with dividing slope ¢, (r) and A, := ¢ X [0, 1] be a properly
embedded annulus in X X [0, 1]. By the same argument in the case (a), we can find a
bypass whose attaching arc lies on X;. Again, according to Remark 3.2.3 this bypass
changes the slope of the dividingcurves in a clockwise direction in the Farey graph. To
summarize, attaching the bypass results in an isotopic copy of L with dividing slope
r’ that is clockwise of r, anticlockwise of ¢, (r) and closest to ¢,(r) with an edge to r.
We cut C,(s) again along this X and apply the same argument again. Since the path
in the Farey graph clockwise of r and anticlockwise of ¢, () contains 1, we can obtain
an isotopic copy of X with dividing slope 1 by repeating this procedure. It is still true
that s < 1 < s, so we can apply the same argument (attaching the bypass to Xp)
again. Since 1 and oo are connected by an edge in the Farey graph, we obtain X with

dividing slope oo.

Figure 3.27: L1 and L in Cj,(c0). The dotted lines are dividing curves and the blue
lines are @ X {1} and a X {0}.

(2) Ty contains a boundary parallel arc: In this case, I'1 may contain j boundary
parallel closed curves and h essential closed curves, see Figure 3.27 for example, and
we need to get rid of them. Observe that h is even. Let r be the slope of the essential
dividing curves and a be an arc on X; with slope ¢(r) that intersects the dividing arc
twice, the closed boundary parallel dividing curves 2j times, and the essential closed
curves h|@(r) « r| times, see the left drawing of Figure 3.27 for example. Observe that
|p(r)+r| > 1 since ¢ is pseudo-Anosov. Let D, := a X [0, 1] be a compressing disk for
Y. x [0,1]. Perturb D, so that its boundary does not intersect any dividing curve on
dL X [0,1]. This results in a shift of the basepoints of @ on Ly by (2k + 1) intervals
following the positive orientation of d¥. We perturb D, further so that it is convex
with Legendrian boundary and a X {0} intersects boundary parallel closed dividing
curves 2j times as shown in the right drawing of Figure 3.27. To summarize, a X {1}
intersects at least (2j + h +2) dividing curves and a X {0} intersects exactly 2j dividing
curves. If h > 2, then we have |I'y N Dy| — |[Tg N Dy| = 4, so we can find a bypass
in D, of which the attaching arc lies in a X {1}, see the right drawing of Figure 3.28
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for example. By attaching this bypass, we obtain an isotopic copy of X with 2 fewer
dividing curves than the original one. We cut C,(s) along this new £ and repeat this

procedure until & becomes 0.

Figure 3.28: Dividing curves in D,. Top sides: a X {1}. Bottom sides: a X {0}.

Now we can assume 1 = 0 and j > 0. Here, we assume s = co. For other s = %, we
attach a minimally twisting contact structure on T = T2 x [0, 1] with dividing slopes
o and 7 to Cn(%) and obtain C,(c0). Then remove T at the end of the proof. Also,
fix a sign of the bypass on £; to be negative. The argument will be the same for the

positive case. Now we have
ITiNDy| = |ToNDyl =@2j+h+2)-2j =2,

so there is a dividing set on D, that does not provide a bypass of which the attaching
arc lies in a X {1} as shown in the left drawing of Figure 3.28. Observe that all other
dividing sets on D, (up to isotopy) will give a bypass of which the attaching arc lies
in a X {1}. Now take an arc f on X; such that X\ (o U) is a disk and B intersects I'y
(2j +2) times, see the left drawing of Figure 3.29 for example (j = 2).

Figure 3.29: X1 and Xy in C,(c0). The dotted lines are dividing curves, the blue lines
are @ X {1} and a x {0}, and the sky blue lines are g X {1} and g x {0}.

Let Dg := %[0, 1] be a compressing disk for Zx[0, 1]. If we cut X [0, 1] along D,
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and Dg and round the edges, then we obtain a 3-ball B? with convex boundary. Since
there is a unique tight contact structure on a 3-ball with a fixed characteristic foliation,
tight contact structures on XX [0, 1] are completely determined by the dividing sets on
D, and Dg. As discussed above, all dividing sets on D, (resp. Dg) contain a bypass of
which the attaching arc lies in a X {1} (resp. B X {1}) except for the one shown in the
left drawing of Figure 3.28. Therefore, in every tight contact structure on X X [0, 1],
except for (possibly) one, there is a bypass for £; of which the attaching arc lies in
a x {1} or B x {1}. As we observed above, attaching this bypass reduces the number
of dividing curves. Denote the contact structure that might not contain such a bypass
by &. By the Thurston—Bennequin inequality for convex surfaces [Gir01], there is no
bypass that decreases the number of dividing curves in an I-invariant neighborhood
of a convex surface. Since the dividing curves on d X X [0, 1] are vertical, the contact

structure & should be contactomorphic to an [-invariant neighborhood of ¥;.

1
1
1
1

Figure 3.30: Top left: annulus in T2 x [0,1]. Top right: X in C,(c0). Bottom: X in
C,i(c0) after gluing T2 x [0, 1]. The dotted lines are dividing curves.

Now consider a convex Giroux é—torsion layer (T%x[0,1], & j /2) with boundary slope
co. Since T? x [0,1] = A x S', we cut T? x [0,1] along A and obtain A x [0,1]. It
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is well known (c.f. [Hon00b, Mat13]) that there is a convex annulus A in &;/, with a
boundary parallel dividing arc on each boundary component and (j—1) closed boundary
parallel dividing curves, and A X [0, 1] is an [-invariant neighborhood, see the top left
drawing of Figure 3.30 for Giroux 1-torsion (j = 2). We also consider a tight contact
structure &y on X X [0, 1], an I-invariant neighborhood of a convex surface L with
a single dividing arc without any other dividing curves, see the top right drawing of
Figure 3.30. With appropriate choices of the signs of the bypasses on X and A, we
obtain an I-invariant neighborhood of a convex surface with one dividing arc and j
boundary parallel closed curves by gluing two contact structures o and &j/o, see the
bottom drawing of Figure 3.30. Therefore, & is contactomorphic to &jjp U &o. We
glue the top and bottom of (X x [0, 1], &) using ¢, and obtain C,(s). Then it clearly
contains Giroux %—torsion. Thus we can exclude this case, and in any tight contact
structure on Cy(s) without boundary parallel half Giroux torsion, we can find a bypass
for X1 of which the attaching arc lies on a X {1} or f x {1}. By attaching this bypass
we obtain an isotopic copy of X that contains 2 fewer dividing curves than X;. We
cut C,(s) along this new L and repeat the argument until we obtain X without closed

dividing curves. |

According to Honda [Hon00a], there is a unique tight contact structure on L(n, n—1)
up to isotopy. We denote it by &st4. As explained in Section 3.4.1, Ky can be considered
as a knot in L(n, n — 1). Also, as shown in Figure 3.9, there is a Legendrian realization
L of Ky in (L(n,n —1), &sq) with th = 1 and rot = 0 (which can be computed by using
the formula from [LOSS09, Lemma 6.6]). We just have proved the following lemma.

Lemma 3.4.17. There is a Legendrian representative L of Ko in (L(n,n — 1), &stq)
such that tb(L) = 1 and rot(L) = 0. O

Now we are ready to prove the lemmas in Section 3.4.1. We begin with Lemma 3.4.1

Proof of Lemma 3.4.1. Since r € Ry and s € S(r), we know s > 2 and s ¢ (4,5]. By
Proposition 3.4.14, we can find a bypass for —d C,(s) with slope 0. By Theorem 3.2.2,
we can thicken C,(s) to C,(s’) such that s’ > 2 and s’ ¢ (4,5]. If s’ # oo, we can find
a bypass again by Proposition 3.4.14 and repeat this until we obtain C, (o). O

Proof of Lemma 3.4.2. Again, after cutting C,,(c0) along X and rounding the edges, we
obtain a genus-2 handlebody with convex boundary. Let ¥; be Zx{i} for i = 0,1 and I;
the dividing set on ;. Then I'y = ¢,(I'1). The dividing arc in each I'; divides d X; into
two intervals, which we will label by 1 and 2. The dividing curves on dX.X[0, 1] connect
the i-th interval on I; to the (i — 1)-th interval (mod 2) on Ly. By Proposition 3.4.13,
we need to consider two cases.

(1) Ty consists of a boundary-parallel arc without any other dividing curves: First,
we fix the sign of the bypass on X; to be negative. This will determine the signs of

the regions of the entire d(X X [0, 1]). Also, the relative Euler class evaluated on X is
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—2. We observe that the dividing set on X X [0, 1] is a single closed curve parallel to
dX. Thus we can choose two convex compressing disks for the handlebody of which
the Legendrian boundaries intersect the dividing curve exactly twice, see Figure 3.31.
Thus there is a unique (possibly) tight contact structure on this handlebody, and thus
a unique (possibly) tight contact structure on C,(c0), which we denote by £,. Now
we change the sign of the bypass on L; to be positive. Then the relative Euler class
evaluated on X is 2. By repeating the same argument, we can show that there is a
unique (possibly) tight contact structure on C,(o0), which we denote by &ZX.

It follows that any tight contact structure on C,(co0) whose relative Euler class
evaluated on X is £2 without boundary parallel half Giroux torsion is actually isotopic
to &5, respectively. Now Let £7; be a contact structure on C,(—1), the complement of
a standard neighborhood of S_(S_(L)), where S_ is the negative stabilization operator
and L is a Legendrian representative of Ko in (L(n,n — 1), &gpq) with th(L) = 1 and
rot(L) = 0 according to Lemma 3.4.17. Also, denote by &y the contact structure
on a negative basic slice B_(co, —1). Honda [Hon0OOa] showed that any basic slice is
universally tight, so &5 is universally tight. Also &, is universally tight according to
Colin’s gluing theorem [Col99] since the gluing surfaces only contain boundary parallel
dividing arcs (this condition is called well-groomed). If we glue & and &y along the
boundary torus T-; with dividing slope —1, then we obtain a tight contact structure on
C,,(o0) since T_q is rotative and thus we can apply the gluing theorem for universally
tight contact structures along a rotative torus [Col99, HKMO02]. Clearly the relative
Euler class evaluated on X in &; U Eg is —2, so the tight contact structure &; U Elg
is isotopic to &. By the same argument, £ U Eg is isotopic to &} . Therefore,

(Cy(00),£&E) in fact thickens to Cy(1).

J \S

Figure 3.31: L1 and Ly in C,(c0). The dotted lines are dividing curves, the blue lines
are a X {1} and a x {0}, and the sky blue lines are g X {1} and X {0}.

(2) Ty contains one arc and one closed curve with slope co: In this case, the relative
Euler class evaluated on ¥ is 0. Fix the signs of the regions X; \ I';. Take arcs a

and B on Xy with slopes co and 0 as shown in the left drawing of Figure 3.32. Take
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compressing disks D,y = a X [0, 1] and Dg = X [0, 1] for £ x [0, 1]. Perturb the disks
so that their boundaries do not intersect any dividing curve on dX X [0, 1]. This results
in a shift of the basepoints of @ and f on Yy by —1 intervals following the positive
orientation of dX. Then d D, and d Dy intersect the dividing curves on d(Z X [0, 1])

exactly twice, respectively, as shown in Figure 3.32.

/ \S

—1

X

Figure 3.32: 1 and Ly in C,(c0). The dotted lines are dividing curves, the blue lines
are a X {1} and a X {0}, and the sky blue lines are g X {1} and B x {0}.

Thus there is a unique (possibly) tight contact structure on this handlebody, and
thus a unique (possibly) tight contact structure on Cj(c0). Now we change the sign
of the regions X1 \ I'1. By repeating the same argument, we can show that there is a
unique (possibly) tight contact structure on C,(c0). In total, there are at most two

(possibly) tight contact structures on C(o0). O

Remark 3.4.18. Since the dividing curves on X may have some boundary twisting for
the case (2), there could be infinitely many tight contact structures on Cj(c0) if we fix

the boundary pointwise.

Now we will prove Lemma 3.4.4 and 3.4.5. The argument will be similar to the
proof of [CM20, Lemma 3.1 and 3.4]. However, since ¢, is right veering, whereas
the monodromy of the figure-eight knot is not, the maximal slope to which C,(s) can
thicken is different.

Proof of Lemma 3.4.4 and 3.4.5. Since r € Q_, s € S(r) and s # 0, we know s < 0.
Let k € N such that —klfl <s < —%. Suppose s # —%. Then by Proposition 3.4.16
we can find a bypass for —d C,(s) with slope 0 and we can thicken Cy(s) to Cy(s’)
where s < s < —%. Thus we can find a bypass again by Proposition 3.4.16 and
repeat this until we obtain Cn(—%). Let 'y be a dividing set for X in Cn(—%). By
Proposition 3.4.13, we need to consider two cases.

(1) Ty contains one boundary parallel arc without any other dividing curves: First,

we fix the sign of the bypass on X to be negative. Then the relative Euler class



CHAPTER 3. TIGHT CONTACT STRUCTURES ON AN INFINITE FAMILY OF
HYPERBOLIC L-SPACES 70

evaluated on X is —2. After cutting Cn(—%) along 2 and rounding the edges, we obtain
Y. x [0,1] with a smooth convex boundary. Also, the dividing set consists of a single
closed curve parallel to d . By choosing convex compressing disks for this handlebody
whose Legendrian boundaries intersect the dividing curve exactly twice as shown in
Figure 3.31, we see that there is a unique (possibly) tight contact structure on this
handlebody, and thus a unique (possibly) tight contact structure on Cn(—%), which we
denote by é:l/k'
It follows that any tight contact structure on Cj, —%) whose relative Euler class
evaluated on X is —2 without boundary parallel half Giroux torsion is actually isotopic
to 5:1/k- Hence the complement of a standard neighborhood of S_(S—(L)) in (L(n,n —
1), &sta) is isotopic to £7;, where S_ is the negative stabilization operator and L is a
Legendrian representative of Ky from Lemma 3.4.17. Therefore, (C,(=1),&7) in fact
thickens to C,(1), and C,(-1) = T- U Cy(1), where T- = B_(—1,0) UB_(0, 1) is a union
of two negative basic slices with dividing slopes sg = —1 and s; = 1. We can further
decompose T_ into TF U B_(-=1,0) U B_(0, 1), where T¥ is a minimally twisting contact
T? x [0, 1] with dividing slopes sg = —1 and s; = —%. Hence we obtain a tight contact
structure on C, —%) = B_(—%, 0)UB_(0,1)UCy(1). Tt is straightforward to check that
the relative Euler class evaluated on X in this Cn(—%) is —2, so this contact structure
Lk Therefore, (Cn(—%), E:l/k) also thickens to C,(1) for all k € N.
Next, change the signs of the regions of X so that the sign of the bypass is pos-

is isotopic to &£~

itive. In this case, the relative Euler class evaluated on X is 2. After repeating the
above argument, we get a unique tight contact structure under these conditions, which

we denote by Efl Ik Similarly, we can build the tight contact structures isotopic to

(Cn(-1), Efl/k) that thicken to C,(1).

The above arguments show that these tight contact structures on Cy, —%) are de-
termined by the sign of the bypass on X, which is in turn determined by the sign on
the stacks of basic slices Bi(—%,O) U B.(0, 1), and are thus independent of the tight
contact structure on Cp(1).

(2) I's, contains one closed curve and one arc with slope co: In this case, the relative
Euler class evaluated on ¥ is 0. Fix the signs of the regions £ \ I'y. We showed in
the proof of Proposition 3.4.16 that there exists an isotopic copy of X in Cn(—%) with
one boundary parallel dividing arc, one closed boundary parallel dividing curve and
perhaps two closed essential curves, see the bottom drawing of Figure 3.26 for example.
As in the proof of Proposition 3.4.13, we can remove the closed essential dividing curves
and hence we can assume I'y consists of one boundary parallel arc and one boundary
parallel closed curve. This implies that the dividing set of d(X X [0,1]) consists of
exactly three dividing curves parallel to d Z. By Cofer [Cof04, Section 3], there exist
two tight contact structures on this X X [0,1] (with a fixed characteristic foliation).
Thus there exist at most two tight contact structures on C, —%)

According to the proof of Proposition 3.4.16, it is clear that one of these contact
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structures contains a boundary parallel half Giroux torsion layer. By repeating the
same argument with the opposite signs on the regions on L \ I's, we see that there
are at most two tight contact structures on C, —%) without boundary parallel half
Giroux torsion when the relative Euler class evaluated on L is 0, and that these contact
structures are completely determined by the sign of the bypass on L. Denote these
contact structures by (Cn(—%), 5’_":1/]().

It follows that any tight contact structure on C, —%) whose relative Euler class
evaluated on X is 0 without boundary parallel half Giroux torsion is actually isotopic

(fixing boundary setwise) to either :S_“Ll /i OF & Lk Thus according to Lemma 3.4.17, the
complement of a standard neighborhood of Si(S-(L)) (resp. S—(S+(L))) in (L(n,n —
1), Esta) is isotopic to & (resp. &'5). Therefore, (Cp(=1),&) in fact thickens to
Cu(1), and C,(-1) = T U C,(1), where T, = B+(—1,0) U B£(0, 1) is a union of two
negative basic slices with dividing slopes sy = —1 and s; = 1. We further decompose
T! into T/X UBL(=%,0) U B(0, 1), where T?¥ is a minimally twisting contact T2 X [0, 1]
with dividing slopes sg = =1 and s; = —%. Hence we obtain tight contact structures
on Cn(—%) = Bi(—%,O) U B£(0,1) U C,(1). It is straightforward to check that the
relative Euler class evaluated on X is 0 and the sign of the bypass is +, so these contact
structures are isotopic (fixing boundary setwise) to & e Therefore, (Cn(—%), &
also thickens to C,(1) for all k € N.

The above arguments show that these tight contact structures on Cn(—%) are de-

/k)

termined by the sign of the bypass on X, which is in turn determined by the sign on
the stacks of basic slices Bi(—%,()) U B£(0,1), and are thus independent of the tight

contact structure on Cy(1). O

§ 3.4.5 | Tight contact structures on a solid torus

In this subsection, we prove Lemma 3.4.7 by counting the number of tight contact
structures on N,(o0) and N,(1).

Proof of Lemma 3.4.7. By Proposition 3.2.15, there exist ®(r) tight contact structures
on N, (o).

Now we consider N,(1). Let r = % and r # 1. We can change the coordinates of
d N,(1) by the matrix

)

Then the dividing slope of N,(1) will become co and the meridional slope will become

# = ﬁ (recall that we use the slope convention (Z) = % for a solid torus, see

Remark 3.2.3). Therefore, there are CD(%) = W(r) tight contact structures on N,(1).
O
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§ 3.5 | Fillability and virtual overtwistedness

In this section, we will prove Theorem 3.1.8 and Theorem 3.1.9. We begin with the
fillability of tight contact structures on M(n,r).

Proof of Theorem 5.1.8. First, we consider the tight contact structures counted by ®.
As a consequence of [GLS06] we know that all the tight contact structures on S3 (T 3)
are Stein fillable for n > 5. Recall from Section 3.3 that the tight contact structures
counted by @ can be constructed from the surgery diagram shown in Figure 3.11, which
can be considered as a result of Legendrian surgeries on the knots in some tight contact
structure on S3(Ty 3). Since Legendrian surgery preserves Stein fillability (see Remark
3.2.18), all tight contact structures counted by @ for n > 5 are Stein fillable.

Next we consider the tight contact structures counted by W. We start by considering
M(n,2). Observe that there is a unique tight contact structure on M(n,2) counted
by W and denote it by (M(#n,2), ). We claim that (M(n,2), &2) is Stein fillable and
show that any tight contact structure on M(n,r) for r > 2 counted by W is obtained
by some negative contact surgery on some Legendrian knot in (M(n,2),&2). Since
negative contact surgery preserves Stein fillability, these will complete the proof.

Lemma 3.4.5 and the proof of Theorem 3.4.8 implies that any contact structure
on M(n,r) for n > 2 and v > 2 counted by W can be obtained by a positive contact
surgery on a Legendrian push-off of the binding of an open book decomposition of
(L(n,n — 1), &st4), the unique tight contact structure on L(n,n — 1). This in fact
implies that any tight contact structure on M(n,r) for r > 2 counted by W can be
obtained by some negative contact surgery on some Legendrian knot in (M(n, 2), &2).

To be more precise, the open book is shown in the left drawing of Figure 3.33 where
the monodromy of the open book is ¢, = DaDﬁDg_l, where D, is a positive Dehn
twist about a. This positive contact surgery is equivalent to an inadmissible transverse
2-surgery on the binding of the open book followed by a negative contact surgery on
a Legendrian push-off of the surgery dual knot (c.f. [Conl9]). Also this inadmissible
transverse 2-surgery yields (M(n, 2), £2) — this is by definition of inadmissible transverse
surgery (c.f. [Conl9]) and by the construction of &y described in the proof of Lemma
3.4.2.

By applying an algorithm in [Con19] that converts the result of an inadmissible
transverse surgery into an open book decomposition, we obtain an open book de-
composition for (M(n,2), &) as shown in the right drawing of Figure 3.33 where the
monodromy is

Pn = D.DgD;~' D} A

and A is the composition of positive Dehn twists about each boundary component.

Korkmaz and Ozbagci [KOO08] provided factorizations of A. In particular, they showed

A =D;*DyDsDy = D, D;?DsD,
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where 6, 0 are some simple closed curves on the page. The second equality holds since

a and y are disjoint. Now we have

¢n = Do DD DA
= D,DyD} ' D;' Dy DDy D,y
= DyDgD}1*DsD,.

Since n > 5, there is a factorization of @A which is a product of positive Dehn twists.
Thus (M(n,2), &) is Stein fillable. O

N N

S5 <=5

@

Figure 3.33: Left: an open book decomposition for (L(n,n — 1), &s¢q). Right: an open
book decomposition for (M(n,2), &) counted by W. The red curves represent positive
Dehn twists and the blue curve represents a negative Dehn twist.

Lastly, we will consider the virtual overtwistedness of tight contact structures on
M(n,r).

Proof of Theorem 3.1.9. First, as shown in Figure 3.1, M(n,r) can be obtained by
r-surgery on Ky in L(n,n — 1) and the surgery dual knot K, represents a nontrivial
element in 7t;(M(n,r)). Thus there is a cover of M(n,r) that unwraps K.. Let N
be a neighborhood of K.. By Honda [Hon0Oa, Proposition 5.1.(2)], if £ is a virtually
overtwisted contact structure on N, then any cover of (N, &) contains an overtwisted
disk. Thus if (N, &) is virtually overtwisted, then there is an overtwisted cover of (N, &)
that embeds into some cover of M(n,r).

Now according to the proof of Theorem 3.4.8, the tight contact structures counted
by W can be decomposed into C(1) and N,(1). By Honda [Hon00a, Proposition 5.1.(2)],
there are at most two universally tight contact structures on N,(1). Thus for any
r € Ry UQ-_, there are at most two universally tight contact structures on M(n,r)
counted by W and all others are virtually overtwisted. Also, the tight contact struc-
tures counted by @ can be decomposed into C(e0) and N,(c0). By Honda [Hon0Oa,
Proposition 5.1.(2)] again, there are at most two universally tight contact structures
on N,(e0). Since there are two tight contact structures on Cy(o0) counted by ®, there
are at most four universally tight contact structures on M(n,r) for r € R, counted by

@, and all others are virtually overtwisted. O
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that are not weakly symplectically
fillable

The content of this chapter is taken from [Non24| with some changes done to fit the

text more seamlessly in the fabric of this thesis.

§ 4.1 | Motivation: tightness versus symplectic filla-
bility

As mentioned several times during this thesis, understanding whether a closed 3-
manifold M admits a tight contact structure is one of the most relevant questions
in 3-dimensional contact topology. As said in Chapter 3 the focus is on hyperbolic
3-manifolds. Moreover it is most natural to consider hyperbolic L-spaces to try and
construct a hyperbolic 3-manifold with no tight contact structures, since they do not
possess taut foliations.

Another relevant notion closely related to tightness is that of a symplectic filling,
see Chapter 2. A contact manifold is symplectically fillable if it bounds a symplectic
manifold with a certain boundary condition. Depending on the conditions imposed
on the boundary we obtain different notions of symplectic fillability. We are mainly
interested in weakly symplectically fillable manifolds, see Definition 2.3.2. For other
fillability notions, see the discussion at the end of Chapter 2.

Trying to understand whether a manifold admits weakly fillable tight contact struc-
tures is an interesting question on its own. It is well known that weak fillability is
stronger than tightness. Using convex surface theory Etnyre-Honda [EH02] produced
the first examples of tight Seifert fibered manifolds without symplectic fillings. Later
Lisca-Stipsicz [LS07c] produced larger families of tight manifolds without symplectic
fillings. Their arguments rely on gauge theoretic obstructions.

Nonetheless, finding examples of manifolds not having weakly fillable contact struc-
tures is still a decent starting point to try and answer the existence question for hy-

perbolic 3-manifolds. In fact, our inspiration comes from the work of [DLW24, KT17,
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LL19]. The manifolds considered in [KT17, LL19] are hyperbolic L-spaces obtained via
rational Dehn surgery on the pretzel knots P(-=2,3,2n + 1). This family of manifolds —
living in the range of the slopes analyzed in [KT17, LL19] — is considered a potential
source of hyperbolic manifolds without tight contact structures.

In this chapter we construct an obstruction for weak fillability of L-spaces obtained
as surgery on L-space knots. We show how the strategy used in [DLW24, KT17, LL19]
can be used for a more general L-space knot K!. In particular we are able to analyze
the family of knots {K}, described in [BK22|. These are hyperbolic L-space knots
which are not pretzel knots, whereas all the knots considered in [KT17, LL19] are of
the form P(-2,3,2n + 1).

Roughly speaking, the strategy goes as follows. If the L-space constructed via n-
surgery on the knot K has symplectic fillings, such fillings need to be negative definite
[OS04a]. On the other hand, if the surgered manifold has a negative definite symplectic
filling and the surgery coefficient is square-free? its d-invariants have to satisfy some
inequality (see Theorem 2.4.8). Therefore if the inequality does not hold, n-surgery on
K cannot admit weakly symplectic fillings.

In this chapter we use an explicit description of the symmetrized Alexander poly-
nomial Ag(T) of K to give a general computation of the d-invariants of the n-surgery
on K. In short, the symmetrized Alexander polynomial of K can be uniquely described
by the collection of its exponents (see Lemma 4.2.2 and the discussion below it). Using
such collection and a formula from [OS12a] (see Theorem 4.2.1) we can then write
down the values of the d-invariants using only the exponents n; and n.

We show the following result.

Theorem 4.1.1 (General obstruction). Let K be an L-space knot of genus g(K) and
symmetrized Alexander polynomial described by the exponents 0,ny,--- ,ng. Letn € N
with n > 2g(K) — 1. Suppose n is square-free. The d-invariants can be computed as
in Theorem 4.2.6 using only the exponents n; and n. If the invariants fail to satisfy
the inequalities in Theorem 2.4.8, then the manifold K(n) has no weakly symplectically

fillable contact structures.

We then consider the infinite family of hyperbolic L-space knots {K;}, described
in [BK22] (see Figure 4.1). This is a quite interesting family of knots, since it might
provide an infinite family of L-space knots that are not braid positive. In [MT23,
Corollary 1.5] it is shown that any braid positive knot is fillable. We explain what this

means.

Definition 4.1.2. A fillable knot is a knot that has some Legendrian representative
with a fillable positive surgery in the sense of [MT23]. A fillable positive surgery is
some 1 (n > 0) contact surgery so that the contact structure &,1(K) (the one obtained

by all negative stabilizations, see Figure 2.5) is weakly fillable.

'Recall these are knots that admit a positive integral surgery to an L-space.
2We say that n is square-free if, for every p prime dividing, p? does not divide 7.
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Figure 4.1: The braid 8, whose closure gives the knot Kj,. This picture is taken from
[BK22].

Question 4.1.3. Are the knots {K,}, fillable?

In order to check whether the K;’s are fillable it suffices to check all the slopes in
the range [29(K}), 4g(Ky)]. This is because in [MT23, Proposition 1.7] it is shown that
if a knot is fillable then the minimal (smooth) slope that is fillable lies in the interval
[28(Kn), 48 (Kyn)].

In this chapter we do not show that the K,,’s are not fillable. The interval we are
able to study with our techniques is considerably smaller than [2¢(K}),4g(Ky)]. In

particular we prove the following result.

Theorem 4.1.4. Let n > 1 € N so that there is a square-free integer in the two-
element set {8n + 3,8n + 5}. Let m be the maximal such square-free number and q a
rational number so that g € [8n + 3, m]. Let K, (q) denote the q rational Dehn surgery
along the knot K,. Then K, (q) is (generically) a hyperbolic 3-manifold that admits no

weakly symplectically fillable contact structures.

Here by generically we mean that we are excluding the exceptional (i.e. not pro-
ducing an hyperbolic manifold) slopes that potentially live in the interval, since these
are finite by Thurston’s hyperbolic Dehn surgery theorem [Thu82]. We will be more
specific with such exceptional slopes in Section 4.3.

Note that for K, the interval [2¢(K};), 4g(K})] corresponds to [8n +4, 161 + 8] (the
genus of the knots K, is computed in [BK22]). As we already stated, this interval
is larger than the one studied in Theorem 4.1.4. However, it does give some partial
evidence against the existence of fillable slopes for the K;,’s. We point out that our
obstruction is stronger than the one required for studying fillable slopes as per [MT23].
Here we show that certain slopes have no symplectic fillings at all. On the other hand
[MT23, Proposition 1.7] only refers to a specific contact structure — the one obtained
with only negative stabilizations. One could try show that the {K,}, are not fillable
just by obstructing fillability of that specific structure. This would require a different

analysis from the one introduced in this chapter.?

Remark 4.1.5. For the interested reader, recent work of Himeno [Him25] introduced a

family of L-space knots which are not braid positive. This family is distinct from the

31t is important to remark that even if the knots K, were shown to be fillable this would not imply
that they are braid positive.
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one introduced in [BK22]. It would be interesting to understand whether the knots in
[Him25] are fillable in the sense of [MT23].

After proving an existence result for tight contact structures, we obtain the follow-

ing:

contact structure for q ¢ [8n +1,8n + 3].
Moreover if 8n+5 is square-free, the family K,(q), q € (8n+3,8n+5]NQ , contains

Theorem 4.1.6. Let n > 1 and g € Q. Then the manifolds K,(q) admit a tight

an infinite family of hyperbolic L-spaces that admit tight contact structures but do not

admit weakly symplectically fillable contact structures.

Remark 4.1.7. There is still no clear way to understand whether the surgery coefficient
g = 8n+3 produces a manifold admitting tight contact structures. The contact surgery
with contact framing zero leads, by definition, to an overtwisted contact structure
(Proposition 3.2.21). It is possible that K, (81 + 3) provides an example of a manifold

without tight contact structures.

§ 4.2 | L-space knots and a general obstruction for
weak fillability

Let K be an L-space knot in S3. Recall this is a knot that has a positive integral surgery
to an L-space. By [LS07a], we know that for an L-space knot K of genus g(K), every
r surgery with r > 2¢(K) — 1 yields an L-space. We hence consider surgery coefficients
n > 2g¢(K) — 1 throughout the rest of the chapter.

Recall that due to work of [OS04a], when n is an integer we can enumerate the
Spin® structures on the surgered 3-manifold K(n) indexing them by integers i, with
lil < n/2. More precisely the set of Spin® structures ¢ on a three-manifold Y is
parameterized by Ho(Y; Z) = H1(Y;Z). In the case of the surgered manifold K(n) we
have H1(K(n); Z) = Z/nZ, hence Spin® structures can be labeled by the elements of
Z|nZ, where we interpret the latter as congruences modulo n. The exact labeling
is described as follows. Attaching a 2-handle with framing n to S? x [0,1] along
K c 83 x {1} gives a cobordism W, from S3 to K,,. Note that Hy(W,; Z) is generated
by the homology class of the core of the 2-handle attached to a Seifert surface for the
knot K; denote this generator by f,. A Spin® structure t on K(n) is labeled by i if it

admits an extension s to W,, satisfying
(c1(s), fu) —n = 2i (mod 2n).

Additionally, if K is an L-space knot, then the d-invariants of integral surgeries can
be computed by the following formula. The formula for the unknot can be found in
[OS03, Proposition 4.8].

Theorem 4.2.1 ([OS12a, Theorem 6.1]). Given n € N and V|i| < n/2, we have:
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-2li)? 1
A(K), 1) = e, )~ 26,0 = W2 L g,y
where U is the unknot, ¢; the torsion coefficient :
ti(K) = ch|i|+jr (4.2)

j>0

and cy, is the coefficient of T" in the symmetrized Alexander polynomial of K.

Theorem 2.4.8 gives us a strategy to study weak symplectic fillings of the surgered
manifolds K(n) when n is square-free. Suppose that all the d-invariants (which can be
computed using Theorem 4.2.1) fail to satisfy the inequalities in Theorem 2.4.8. Since
K(n) is an L-space, by [OS04a] all of its symplectic fillings are negative definite. The
existence of such a negative definite filling would then contradict our assumption on
the d-invariants.

We therefore procede to describe a way to compute the d-invariants associated to
n > 2g¢(K) — 1 surgeries on K for a general L-space knot.

First we note that for an L-space knot there is a specific description of its sym-

metrized Alexander polynomial.

Lemma 4.2.2 ([0S05b, Corollary 1.3],[HW18, Corollary 9]). If K C S? is a knot which

admits an L-space surgery, then:

k
AK(T) = ) (=1)FiT™ (4.3)
i—k
for some sequence of integers n_y < N_py1 < --- < Ng_1 < N satisfying n; = —n_;.

Additionally we know that ny —ng_1 = 1 and that g(K) is the degree of the polynomial,
i.e. ng = g(K).

Roughly speaking, since the coefficient associated to T is either 1 or —1 it is not
hard to compute the torsion coefficients t; using Equation (4.2). We provide a general
algorithm to do it. This is discussed, albeit in different terms, in [OS12a].

We always assume in the following that k = 2k is even. The odd case is similar and

we do not discuss it here. Note that for i = 1,---, k the integers

Nkt+2-2i — Mk+1-2i (4.4)

encode a “jump” in the Alexander polynomial. By this we mean that nxyo_9; — Mg1+1-2;
determines the distance between two consecutive exponents appearing in Ag(T). These
jumps are actually every second step. However since the polynomial is symmetric, the
coefficients 7ygy9-9; — ngs+1-9; are enough to compute all the exponents appearing in
Ax(T).

Remark 4.2.3. We point out that there is a result [Krcl8, Theorem 1.5] that imposes

additional conditions on the ngi9_9;j — ngs1-9;’s for an L-space knot. As such, not all
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possible collections of ny49_9; — Ngy1-9; for i =0, -+, k can arise from the Alexander
polynomial of an L-space knot.

More precisely, if Ag(T) is the symmetrized Alexander polynomial of an L-space
knot K with n; and as above, then we have the following additional inequality for the
values of ngy9-9; — Ngy1-2i

j k
Z Ni+2-2i = Nk+1-2i < Z Nk+2-2i = Nk+1-2i (4.5)
i=2 i=k—j+2

for any j < k.

Back to our main question. By definition of the torsion coefficients t; = 0 for
j = g(K), since the degree of the polynomial is g(K). We need to understand when
and how the torsion coefficients start to change. Using a recursive formula for torsion
coefficients we derive an expression for ¢;(K) that is written in terms of the exponents.
To help the reader visualise our computations we will end the discussion with an
example. We first define the following quantity which is helpful to shorten the notation
in the remainder of this section.

Aj:r = ) Ngyo-2i — Nk+1-2i,

M-

i=1

forj=1,---,h. Define Ayg: =0.

Lemma 4.2.4. Let K be an L-space knot with genus g(K) and symmetrized Alexander
polynomial described by exponents 0 = ng,ny,--- ,nx = g(K) with k = 2h. Then the
difference between the torsion coefficients fori € {1,---, g(K)} is given by the following
equation:
h-1
o1 (K) = £(K) = D Xnajar ol (1) (4.6)
j=0
Here x denotes the characteristic function. In words, the torsion coefficient increases
if and only if 7 is contained in one of the (open on the left) intervals (1211, n2j12]. Note
that the family of intervals | | ]}:01 (11241, n2j+2] joint with the family of complementary
intervals |_|lh:_01(n21, nar41] covers (0, g(K)].
Figure 4.2 visually represents the result in Lemma 4.2.4. The red dots correspond

to the values of the torsion coeflicients t;.

Proof of Lemma 4.2.4. By definition of the torsion coefficients of K, we have the fol-

lowing recursive formula:

i (K) = 1K) = ) ¢j(K), (4.7)

jzi

where we recall that c;(K) is the coefficient of T/ in Ag(T).
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The result is obtained using Equation (4.7) and noticing the following: each interval
(n2j+1,n2]'+2] contains exactly one index for which the corresponding coefficient in
the Alexander polynomial is 1 (i.e. the index n3j42) and no indices corresponding
to negative coefficients. On the other hand, each one of the complementary intervals
behaves the opposite way — it contains exactly one index corresponding to —1 coefficient
(i.e. the m941) and no indices corresponding to positive coefficients. Starting from

ng = g(K) and ng_1 = g(K) — 1, with cgx) = 1, we obtain the desired equation by

recursively applying Equation (4.7). O

y

Ap cPo oo o
Ao ‘

A3 ! o0

A2 L)

1 e cecy

0 ni na Ng—y Mk-1mg ~

Figure 4.2: A visual representation of the torsion coefficients associated to K. To each
red dot at x =i is associated the value of ¢;. The equality A; = t,, ,. is explained in
Lemma 4.2.5.

Lemma 4.2.4 provides a way to compute the torsion coefficients starting from the

exponents of the Alexander polynomial Ag(T).

Lemma 4.2.5. Let K be an L-space knot with genus g(K) and symmetrized Alexander
polynomial with exponents 0 = ng,--- ,nx = g(K). Leti € {0,---,g(K)—1}. Then

8(K) nh-1

K = DO Koo nagaat(D)- (4.8)

I=i+1 j=0
Proof. We have an expression for t;_1(K) — t;(K) for all i and we know that tgx) = 0.
Note that t; = Z]g:(f)_l(tj —tj41). Simply plug in the expression in Lemma 4.2.4 to

conclude. O

From Lemma 4.2.5 it is evident for example that to(K) = Ay. This is the maximum
value for the torsion coefficients. In general, Lemma 4.2.5 shows that t,, ,,(K) = A;
fori=0,---,h.

Now we can use Theorem 4.2.1 to give a general formula for the d-invariants.
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Theorem 4.2.6. Let K be an L-space knot with genus g(K) and symmetrized Alexander
polynomial of degree ny, k =2h. Let n € N with n = 2g(K)+ (m —1), m > 0.
For all|jl € {0,---, g(K) — 1} we have:

2 g(K) n-1
akn), iy = AL NS K@) (49)
I=|i|+1 j=0
Ifli| € {g(K),---, g(K) + [mT_lj} then:
— 91412
d(K(n), i) = = 20D 4721'1') _ i (4.10)

Although it would be a stretch to define the first equation in Theorem 4.2.6 as easy
to visualize, it is important to notice that it is a quite simple linear expression. Once
the exponents of Ag(T) are known it is then straightforward to use it to compute the
desired values. As promised at the beginning, once we have computed the d-invariants

we can obtain a general obstruction for weak fillability.

Theorem 4.1.1. Let K be an L-space knot of genus g(K) and symmetrized Alexander
polynomial described by the exponents 0,ny,--- ,ng. Let n € N with n > 2¢(K) — 1.
Suppose n is square-free. The d-invariants can be computed as in Theorem 4.2.6 using
only the exponents n; and n. If the invariants fail to satisfy the inequalities in Theorem

2.4.8, then the manifold K(n) has no weakly symplectically fillable contact structures.

To help the reader we now discuss an easy example to apply our calculations.

Ezample 4.2.7. Let K be the Pretzel knot P(—2,3,11). This is an L-space knot whose

symmetrized Alexander polynomial is given by:
A(T) =T =T+ T* -3+ T -T+1-T ' +T2-T3+T 4 -T 5+ 77"

In this case k — the number of non-negative exponents — is 6. We have ng =7, ny = 4,
Tl2=2, 7’10=0&Hd1’l5=6, 7’13=3,1’11=1.

Using Equation (4.8) we can write down the values of ¢; for i =0,1,---,6. Clearly

7 2
K) = DO Ko nagaat(D)-

I=i+1 j=0

t7 = 0. In general,

We can summarise everything in a graphic, see Figure 4.3.
Note that as shown in Figure 4.3 we can easily obtain an inequality for the d-
invariants by considering the function h(i) = —%i + % More precisely, we get
(13-2i)> 1 2, 14

d(K(13),1) < T - Z + §l - E
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ti(K)

-

1

Figure 4.3: This graphic shows the values of t;(K). The red line is the linear interpo-
lation between the points, the green line is the function h(i) = —%i + %

Note n = 2¢(K) — 1 = 13 it is square-free. The above inequality implies that:

—142 + 4i% — 68i
<

d(K(13), 1) < = <0

for i =0,---,7. Hence we can apply Theorem 4.1.1 and conclude that K(13) has no
weakly symplectically fillable contact structures. This was already obtained in [LL19].

Definition 4.2.8. Given a knot K and n € N, we call a value for the d-invariant weak
for the pair (K, n) if :

4d(K(n), 1) = 1—5 ifnisoddor

if n is even.

We say it is non weak for (K, n) if such inequality is not satisfied.

The terminology in Definition 4.2.8 is used in relation to the absence of weakly
symplectic fillings. According to Theorem 4.1.1, we want all the d-invariants to be non
weak in order to obstruct fillability. On the other hand, if some of the invariants are
weak then our strategy cannot detect the absence of fillings.

Focusing on the second equation in Theorem 4.2.6 we can obtain an interesting

bound on the surgery coefficient n that depends only on the genus of the knot.

Proposition 4.2.9. Let n = 2¢(K) + (m — 1), with m > 1. Then the L-space K(n) has

non weak d-invariants only if:

(m —2)% < 4¢(K) if m is even

(4.11)
(m —1)(m —3) < 4g(K) if m is odd .

Proof. We remark that the goal is to prove an “only if” statement. Hence it is only

necessary to check whether the maximum possible value of d(K(n),i) is non-weak.
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Comparing Equation (4.9) and Equation (4.10) we see that we only need to consider
indices i € {g(K),---, g(K) + [mT_lj} From Equation (4.10) the maximum value that
d(K(n), i) assumes for i € {g(K), -+, g(K) + LmT_IJ} corresponds to i = g(K). We
therefore check conditions for d(K(n), g(K)) to be non-weak.

e If m is even n is odd. Thus for a d-invariant to be non weak we need

(2g(K) + m — 1 - 2¢(K))? 11 1

12g(K) + m — 1) 151 13K rm-1)

= (m-2)* < 4g(K).

e If m is odd n is even. Thus for a d-invariant to be non weak we need

(2g(K) +m —1-2¢(K))> 1
12¢(K)y+m—1) 4

1
<_
4

& (m—1)(m - 3) < 4g(K).
O

This is just a rough upper bound. When considering Equation (4.9) we are quite

likely introducing sharper bounds.

Remark 4.2.10. Theorem 4.1.1 does not imply that if the inequalities are satisfied the
resulting surgered manifold has weak symplectic fillings — we just cannot detect their

absence with our tools.

There is also another interesting result that can be obtained using a rough lower
bound on the torsion coefficients. Remember we are considering an L-space knot K

and symmetrized Alexander polynomial with degree ny, k = 2h.

Proposition 4.2.11. Let n = 2¢(K)—1. Let jyin € {1,---, h} be the index minimising

the quantity Then the L-space K(n) has non weak d-invariants if:

4
§(K)=ng_g; "
nk—Qjmin + 4Ajmin 2 g(K)’

i.e. if the minimum value of is bigger than i.

Aj
§(K)—ng—2;

A; th, o
Remark 4.2.12. One can rewrite the quantity g(K)—%k - as g(K)k—rZ ” (see Lemma 4.2.5)
-2j -2j

and write everything in terms of torsion coefficients. This notation is however quite

cumbersome and we prefer to avoid using it.

Proof. The idea is to bound the values of the d-invariants of K(n) from below using
an adequate function. Let juin € {1,---,k} be the index minimising the quantity
4j

T Consider the function:

h(i) = (_ Ajuin - Ajin (K)
VT - ﬂk—zjm,-n)Z (8(K) - ”k—zjmm)g '
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Here t(7) is the linear interpolation between the values of ¢;. Note that the line h(7) is
the result of the following construction. We choose the line with smallest slope between
all the lines connecting (g(K), 0) to a point (7, ;). Hence, h(i) < t(i) for i € [0, g(K)].
For an example of such function see Figure 4.3. Then for i = 0,---, g(K) we have
d(K(n),i) < f(i), where f(i) = %;Kl)‘j; — 1 _ 21(i) (the inequality follows from
Equation (4.9) and the definition of h(i)). f(i) is a decreasing function from 0 to

i= (2g - 1) (% — m) and then it increases until i = g(K). We will compute

the values of f(i) at i = 0, ¢(K) and show these are negative.

_ 2g(I<) -1 _ l _ Ajmin
R =

g(K) -1 ( Ajmin )
= 9K
> 2O @ e,
A .
_ 8w (- e )) -
B 2

g(K)_nk*2fnzin _4Afmin _
— g(K) ( g(K)_nk_zjmin ) 1

2

Since we are imposing #x-gj,,;, + 4Aj,., = g(K), we obtain that f(0) < 0. Moreover
f(g(K)) = m - i which is negative as well. Thus f(i) < 0 for all i € [0, g(K)],
which implies that d(K(n),i) < 0 for i € [0, g(K)]. In other words, the d-invariants of
K(n) are non weak.

O

Remark 4.2.13. In our Example 4.2.7 with the pretzel knot K = P(-2,3,11) the min-

Aj 1
im m 1 f — L 5.
um value of Zry—r— 3

satisfied so we can immediately conclude that K(11) has non weak d-invariants and

is In particular the inequality in Proposition 4.2.11 is

hence it has no weakly symplectic fillings. Note that it is quite easy to tell whether
Proposition 4.2.11 can be applied once we have the graphic representation of the torsion

coeflicients.

So far we only considered integral surgery coefficients. We now expand our results

to rational coefficients as well. For this we need the following theorem.

Theorem 4.2.14 ([OS12b, Theorem 1.4]). For all rational numbers r > m(K), the r-
surgered manifold K(r) bounds a negative-definite manifold X,, with H*(X,) — H?*(K(r))

surjective, where m(K) is:
inf {r € Qso|K(r) bounds a negative-definite 4-manifold}.

We can combine this result with Theorem 4.1.1. In particular, we obtain:

Theorem 4.2.15. Let K be an L-space knot of genus g(K). Let n € N with n >
29(K) — 1. Suppose n is square-free. If K(n) does not bound any negative-definite
4-manifold, then K(q), q € Q has no weak symplectic fillings for q € [2¢g(K) —1,n].
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Proof. Assume by contradiction there is a slope g € [2¢(K) — 1, n] so that K(g) has a
weakly symplectically fillable tight structure. Then K(g) bounds a negative-definite
4-manifold. By Theorem 4.2.14 every manifold K(q’) with g’ > g also bounds a
negative-definite 4-manifold. However K(#) cannot bound a negative-definite mani-

fold by assumption. This concludes the proof. O

§ 4.3 | A family of hyperbolic L-spaces without weak
symplectic fillings

In this section we apply the methods introduced in Section 4.2 a family of L-space
knots which does not consist of pretzel knots. In our discussion regarding hyperbolicity
we will use the terms exceptional slopes, short slopes and the 27-theorem. We refer
the reader to [Pur20] for an excellent discussion of such notions and other facets of
hyperbolic geometry and knot theory.

Let {K, }, be the family of knots obtained as the closure of the braids:

‘Bn = [(2/ 1/ 3/ 2)2n+1, _1/ 2/ 1/ 1/ 2]' (4'12)

See Figure 4.1. Here we adopt the notation from [BK22|, where the numbers in the
brackets denote the corresponding generator in the braid group with 4-strands.

Note this is a strongly quasi positive presentation of §,, that is almost braid positive,
i.e. it is braid positive for all but one negative crossing.

This family of knots is particularly interesting for our present purposes due to the

following result:

Theorem 4.3.1 ([BK22, Proposition 2.1]). The knots K,,, n > 1, are hyperbolic L-

space knots.

The L-space surgery property in Theorem 4.3.1 is proved in [BK22| by showing that
(8n + 6) surgery on K, produces a Seifert fibered space that is known to be an L-space
thanks to [LS07a]. In general we are interested in hyperbolic 3-manifolds. Our surgery
coefficients lie in [87 + 3,8n + 5] (the interval bounds will become more clear after our
computations). In this interval there might be exceptional surgeries. However we know
there are only finitely many of them thanks to Thurston [Thu82]. Using the help of
SnapPy 4 we can find the short slopes for the knots K,,. These are

16n + 13 16n + 11]

2 ’ 2 )
By the “2m-Theorem” [Thu82] (or the “6 Theorem” by [Agol0, Lac00]), these short
slopes are the only potentially non hyperbolic Dehn filling slopes for the knot K;;. One

[c0,8n+9,8n+8,8n+7,8n+6,8n+5,8n+4,8n + 3,

4For this, one can find the description of the knots K, in terms of a surgery link in [BK22]. In
particular K, has surgery description L121n1739(—1,2n + 3)(0,0)(1,7n + 1). One then only needs to
check the exceptional slopes for the non-filled cusp and set them in the correct homology basis.
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can use SnapPy to check for a given knot which of above slopes is truly exceptional.

For example in the case of n = 2 we check that the slopes
[0, 24,23,22,21,19]

are exceptional slopes. Note that this list includes 22, which is exactly 8n + 6 in the
case n = 2. As computed in [BK22|, the symmetrized Alexander polynomial of the
knot K, is:

n n
Ak, (T) =1+ Y (TH#*2 L 7=42) = N (et o 741y (4.13)
k=0 j=0

The Seifert genus of the knot K, is given by the maximal exponent in Ak, (T). Hence
we have g(K,) = 4n + 2.

By [LSO07al], we know that for an L-space knot K of genus g(K), every r surgery
with r > 2¢(K) — 1 yields an L-space. Thus, in our case, since g(K,) = 4n + 2, we have
that each K (r) is an L-space for r € Q and r > 8n + 3.

We now state the main result of this section.

Theorem 4.1.4. Let n > 1 € N so that there is a square-free integer in the two
elements set {8n + 3,8n + 5}. Let m be the mazimal such square-free number and q a
rational number so that g € [8n + 3, m]. Let K, (q) denote the q rational Dehn surgery
along the knot K,. Then K, (q) is (generically) an hyperbolic 3-manifold that admits

no weakly symplectically fillable contact structures.

Consider for example the value n = 2. In this case, 8n+5 = 21 which is square-free.
Thus for the hyperbolic L-space knot Ky we have produced an infinite family Ks(g),
g € [11,13] N @, of 3-manifolds that do not admit weakly symplectically fillable tight
contact structures.

Due to the considerations above about hyperbolicity, this family of manifolds K, (g)
contains an infinite sub-family of hyperbolic 3-manifolds that are L-spaces and do not
admit any weakly symplectically fillable contact structure. For example, the interval
[87 + 3,8n + 5] for n = 2 translates to [19,21] and as mentioned above the only

exceptional surgeries in [19, 21] correspond to the slopes 19 and 21.

Remark 4.3.2. 1t is important to mention that there are infinitely many primes of the
form 8k + 5 (this is a special case of Dirichlet’s Prime Number Theorem). Thus there
are infinitely many values of n > 1 for which 8n + 5 is prime and hence square-free.
As such, there are infinitely many n for which the interval [87 + 3, 8% + 5] does indeed
contain a square-free number, and the maximum such number is 8n+5. So we actually
produced a (N X Q)-infinite family (indexed both by n and g) of hyperbolic L-spaces

not admitting weak symplectic fillings.

We now prove Theorem 4.1.4.
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Proposition 4.3.3. For the hyperbolic L-space knot K,;, the torsion coefficients ti(K,)
are given by:
0 fori>dn +2

ti(Kn): .
n—|22]+1 fori=0,---,4n +2.

Proof. Recall that the symmetrized Alexander polynomial of K,, is given by

n n
Ak (T)=1+ Z(T4k+2 + 742y _ Z(T4z’+1 + T4,
k=0 i=0
Here k is equal to 2n +2 = 2(n + 1).

Then Equation (4.6) translates to the condition t;_1(K,) = t;(Kj,) if j is contained
in an interval of the form (4m+2,4m+5] form =0,---,n—1 and t;_1(K,) = £;(K,))+1
if 7 is contained in an interval (4m + 1,4m + 2] for m = 0,---,n. In other words
ti—1(Ky) = ti(Ky) if i is congruent to 0,1,3 (mod 4) and t;_1(K},) = t;(K;)) + 1 if i is
congruent to 2 (mod 4).

Clearly t4,+2(Ky) = 0. Using the above considerations it is then straightforward to
compute the value of t; for i < 4n + 2. See Figure 4.4 for the case Ko. O

ti(Ks)

Figure 4.4: This graphic shows the values of t;(Ks) for i = 0,---,10. The red line is
the linear interpolation between the values of ¢;(K3). The green line is the function
h(i) = -7+ % which we can use to obtain the desired inequalities.

Proposition 4.3.4. Letn > 1 and m € {8n + 3,8n + 4,8n + 5}. Then all the d-

invariants of Ky, (m) are negative.

Proof. We use Theorem 4.2.1 to compute the d-invariants for m = 8n + k with k €
{3,4,5}. Recall that we have to check negativity for the d-invariants corresponding to
all the indices |i| < 4n + L%J

Since our k is in {3, 4, 5}, we can split the calculations in two cases. We first assume
that k = 3. Then the coefficients we have to consider are 0 < i < 4n + 1 (the negative

case is identical).
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If k # 3, then we also have to consider the torsion coefficient t; with h = 4n + 2,
which is equal to 0 by Proposition 4.3.3.
First let 0 < i < 4n + 1. We have:

. |
d@@@n+k»ﬂ):g%é;;%?——i-2m-¢££2y+n (4.14)
SM—%‘—§+(8ni—im—2ﬂ (415)

(4.16)

If we evaluate the last expression at 0 we obtain ’%5, which by assumption on k is
negative. Note that in passing from the first to the second step we bounded the values
of the torsion coefficients from below using the function k(i) = —i +n+ % Note that

h(i) < t; since —i‘ +n+ % <n- L%J + 1. See Figure 4.4 for the case Ks.
Let f(i) = (8211{) - % + (kf). Here we are extending the domain so that i is varying

on the real line. This is a decreasing function from 0 to i = %, after which it starts

increasing.
The value at i = 4n + 1 is:

(4n+1)2_(4n+1)+(k—5)_—24n+k2—7k+4
(8n + k) 2 4 4(8n + k)

From the above equality we see that if k € {3,4,5} then the value of f(4n + 1) is
negative. Thus we have showed that all the d-invariants up to i = 4n + 1 are negative.
If k = 3, this is sufficient to conclude the proof.

On the other hand, assume k € {4,5}. Then the d-invariant corresponding to 4n +2

can be easily shown to be negative as well.

(8n + k —2(4n + 2))?
4(8n + k)

(k—4)?2 1
A8n+k) 4

1
- = 0 4.17
; < (4.17)

for our values of k.
Thus we have shown that all the d-invariants for integral 8n + k surgery on K;, with
k € {3,4,5} are negative. O

We have thus shown that all the d-invariants in this case are non weak.
Proof of Theorem /.1.4. The proof is a direct application of Theorem 4.2.15. O

Remark 4.3.5. Note that to conclude the non weakness of the d-invariants of K, (81 +3)
we could have used Proposition 4.2.11 directly.

§ 4.4 | Existence of tight contact structures

We now show that the family of hyperbolic L-spaces introduced in Section 3 does admit

tight contact structures. First recall that the braid presentation in Figure 4.12 shows
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that the knots K,, are strongly-quasi positive. As such, the slice genus gs(Kj,) and the
Seifert genus g(Kj) of the knot agree [Hed10]. As we showed in Section 3, the Seifert
genus g(K,) =4n + 2.

Moreover, we know that for quasi-positive knots the slice Bennequin inequality is

sharp. In particular:
tb(Izn) + |70t(12n)| =2g¢s(Ky) — 1

for some Legendrian representative K, of K, in S3. In our case, this translates to:
tb(Ky,) + |[rot(K,)| = 8n + 3

for some Legendrian representative K, of K,. An explicit example of this can be

Figure 4.5: The Legendrian representative K,. In orange we highlight the region where
a pair of stabilizations is inserted.

directly seen by taking the Legendrian knot diagram in Figure 4.5.

It is a straightforward calculation to show that indeed tb(K,) + |rot(K,)| = 81 + 3
for the Legendrian knot K,,, where tb = 81 + 1 and |rot| = 2.

In [MT18] the authors prove the following result:

Theorem 4.4.1 ([MT18, Theorem 1.3]). Let K C S3 be a knot with slice genus gs(K) >
0 that admits a Legendrian representative K with tb(K) + |rot(K)| = 2g5(K) — 1. Then
the manifold S‘z(K) obtained by smooth (%)—surgery along K admits a tight contact

q
structure for every % ¢ [2g5(K) —|rot(K)| — 1,2gs(K) —1].

In our case the family of strongly-quasi positive knots K,, satisfies the hypothesis

of Theorem 4.4.1. Hence we obtain the following theorem:

Theorem 4.1.6. Let n > 1 and q € Q. Then the manifolds K,(q) admit a tight
contact structure for q ¢ [8n +1,8n + 3].

Moreover if 8n+5 is square-free, the family K,(q), g € (8n+3,8n+5]NQ , contains
an infinite family of hyperbolic L-spaces that admit tight contact structures but do not

admit weakly symplectically fillable contact structures.

Proof. The proof is a combination of Theorem 4.1.4 and Theorem 4.4.1. O
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Hence we have constructed an infinite family of hyperbolic L-spaces K,(gq) that do

admit tight contact structures but none of them can be weakly symplectically fillable.

Remark 4.4.2. In the proof of Theorem 4.4.1 the tight structures constructed by smooth
(%)—surgery along the knot K have non-vanishing contact invariant. They cannot con-
tain Giroux torsion since a contact structure & with non-trivial torsion has vanishing
contact invariant ¢(&). Recall that having non-trivial torsion is the first obvious ob-
struction to weak fillability. The family of manifolds K (g) constructed here is however

an example of torsion-free tight manifolds without weakly symplectic fillings.
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