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Abstract

The thesis studies equilibrium in a variety of settings relevant to economics

and game theory.

Chapter 1 presents structure theorems for optimisation problems. These
results are in the spirit of the celebrated theorem by Mertens and Kohlberg
concerning the existence of a homeomorphism between the space of games
and the graph of the Nash correspondence. In particular, chapter 1A es-
tablishes an analogue of the theorem by Mertens and Kohlberg for the case
of simultaneous linear programmes. Meanwhile, chapter 1B presents a gen-
eralisation to monotone variational inequalities. Specifically, the chapter
proves that given a closed translation invariant subset of the space of vari-
ational monotone inequalities, there exists a homeomorphism between the
set and the restriction of the graph of the correspondence that associates
to each variational inequality in the given set its set of solutions. Chap-
ter 1B also introduces a weakening of monotonicity, w-monotonicity, and
an associated structure theorem which is used to derive a generalisation of
Kohlberg-Mertens due to Predtetchinski for games with continuous actions

and concave differentiable pay-offs.

Chapter 2 establishes that given an algebraic curve on the square [0, 1]
which does not intersect the top or bottom of the square, i.e., does not
intersect {0,1} x [0, 1], there exists a binary game whose Nash equilibrium
set contains a component that projects injectively onto the original curve.
Moreover, individual coordinates of the inverse of this projection are affine
functions. If, in addition to the previous condition, the curve intersects
each fibre {t} x (0,1), for every ¢t € [0,1], at least once. Then the whole
Nash equilibrium set projects injectively onto the curve instead. Several
novel examples of these results are also provided. Notably, we show that
there exists a binary game whose set of equilibria is equivalent to a set
consisting of a horizontal line segment and a parabolic segment meeting at

a zero-degree angle. This equivalence solves a conjecture proposed by Levy.



Chapter 3 modifies an equilibrium notion due to Azevedo and Gottlieb for
competitive markets with adverse selection. Following Azevedo and Got-
tlieb, an equilibrium is characterised by firms making no profits from traded
contracts; consumers choosing their most preferred option and robustness
to certain perturbations. Unlike Azevedo and Gottlieb, where agents are re-
quired to behave optimally in the perturbation, we only require that agents
behave e-optimally. Equilibrium is shown to exist under the assumptions
that agents’ utility is uniformly Lipschitz in price, and uniformly Lipschitz
in contract characteristics. Equilibrium is shown to have the same properties
as the original definition by Azevedo and Gottlieb; notably, the equilibrium
price vector is a Lipschitz function of contract characteristics. A significant
advantage however is that the set of equilibria are shown to satisfy natural
continuity properties in the set of contract characteristics. This property is
shown to not hold for Azevedo-Gottlieb equilibria. More generally, the equi-
librium notion is simultaneously restrictive enough to satisfy the regularity
properties Azevedo-Gottlieb equilibrium does, while being significantly eas-

ier to verify the robustness to perturbation stipulated in their definitions.
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Introduction

To the thesis

This thesis concerns the rigorous analysis of equilibria and its properties.
Formally, in the economics literature, the notion of equilibrium depends
heavily on the context (historically, the term was adopted by analogy with
mechanical equilibrium, which refers to the state of a physical system where
all forces acting on it cancel each other out). In that regard, in a price-
taking environment, equilibrium refers to a situation where prices are such
that demand and supply are simultaneously met. Meanwhile, in game the-
ory, equilibrium often refers to Nash equilibrium; a state of play where no
agent can gain by altering their action. A more suitable terminology would
thus be that of solution concept, a set of assumptions that characterise ra-
tional behaviour by agents in the given context (in keeping with tradition,
this term will be rarely used). Herein, both equilibrium notions described
earlier are indeed known to yield more than one possible solution (often an
odd number of them). In game theory, this can be attributed, for instance,
to Nash equilibria ignoring the sequence of play, or because it does not
constrain behaviour enough. Moreover, if some agents have relevant infor-
mation which is not known to others, equilibria where some actions remain
unused may arise because uninformed agents are required to make unsound
assumptions about the behaviour of informed ones. In such situations, it is
necessary to introduce a refinement, a set of additional assumptions on ra-
tional behaviour that further restrict the set of possible outcomes. Formally,
most refinements rely on introducing small perturbations on the parameters

of the model (e.g., pay-offs, beliefs, etc.) which rule out some undesirable



solutions. Although these issues may not be addressed directly in this the-
sis, they play a significant role in the background. In that respect, chapter
1 presents formal tools for the study of generic equilibrium properties in
a variety of settings. On the other hand, equilibrium multiplicity features
heavily in chapter 2, where we construct uncountable Nash equilibrium sets
satisfying certain algebraic requirements. Lastly, chapter 3 discusses an equi-
librium notion and refinement in the context context of screening markets,

in particular insurance markets.

This thesis is divided into 3 chapters. For ease of presentation, chapter 1 is
sub-divided into chapters 1A and 1B. Each chapter is as self-contained as
possible and contains sections compiling any required mathematical prelim-

inaries.

To chapter 1

Chapter 1 studies the structure of the solution correspondence associated
with optimisation problems. Informally, the solution correspondence is the
multi-valued mapping that associates to each problem in a given class (suit-
ably parametrised) the set of its solutions. In broad terms, the chapter
focuses on both the class of linear problems and the class of non-linear
problems. The chapter is thus split into two parts, chapter 1A and chapter

1B, each devoted to one class of problems.

The motivation behind the analysis of the solution correspondence comes
from the famous result by Kohlberg and Mertens (see [24]) related to the
Nash correspondence. Given a game with finite agents where each agent
can choose among finite choices; the Nash correspondence returns its set of
mized Nash equilibria (so that players are allowed to randomise across their
actions). Kohlberg and Mertens proved that the graph of this correspon-
dence is topologically equivalent to the underlying space of games. A game is
parametrised by a vector resulting from “flattening” its pay-off matrix. The
space of games is thus the set of all such vectors. The theorem of Kohlberg
and Mertens provides an important tool in analysing generic properties. In

particular, the theorem allows for a simple proof of the fact that almost



all games contain an odd number of equilibria. In addition, the theorem
is helpful in characterising sets of equilibria that are stable under pay-off
perturbation. Moreover, the theorem also plays a role in the computation

of equilibria via the global Newton’s method (see [19]).

Given the versatility of the Kohlberg-Mertens theorem it seems desirable to
obtain generalisations. Chapter 1 tackles this question by first reformulating
the problem as the study of the graph of the solution correspondence to
simultaneous linear problems. A simultaneous linear problem arises when
finding best replies, where each agent maximises pay-offs given the actions
of others. Pay-off maximisation is equivalent to solving a linear programme
where the objective depends on the solution of other, similar, problems.
Chapter 1A then re-derives the original result of Kohlberg and Mertens in
this abstract setting, while also laying the groundwork for a generalisation.
This generalisation is tackled in chapter 1B, where we consider monotone
variational inequalities. A monotone variational inequality generalises a
concave programme by dropping differentiability assumptions. Chapter 1B
generalises the result of Kohlberg and Mertens to this setting. Moreover,
the chapter also considers a further generalisation to variational inequalities
satisfying a weakening of the condition of monotonicity. This weakening
is particularly amenable to the study of games with differentiable pay-offs.
Indeed, under an additional differentiability assumption, the main result in
chapter 1B is shown to be equivalent to a previous result by Predtetchinski
(see [34]).

To chapter 2

Chapter 2 studies the Nash equilibria in binary games. A binary game is
a game where the number of players is finite but such that each player has
two actions available to them. In particular, the chapter contributes to the
literature concerning Nash Universality. In broad terms, Nash Universality
refers to the informal conjecture that any compact non-empty semi-algebraic
set can be realised as the set of Nash equilibria of some game. A semi-
algebraic set refers to a set that can be described by a finite number of

polynomial equalities and inequalities.



Chapter 2 shows that given an algebraic curve (the set of zeroes of a poly-
nomial in two variables) in the unit square [0, 1]> which does not intersect
the top or bottom of the square, i.e., does not intersect {0,1} x [0, 1]; there
exists a binary game containing a component that projects injectively onto
the curve. Moreover, the inverse of this projection is such that each compo-
nent is an affine mapping. If in addition, the intersection between the curve
and each fibre {t} x (0,1), ¢t € [0,1], is non-empty, then the whole Nash
equilibrium of the set projects injectively onto the curve. In particular, the
chapter constructs a curve consisting of a parabolic segment and a horizon-
tal segment meeting at 0-degree angle. As a result, the curve presents a kink
at the point of intersection. This feature is interesting as it implies that the
set falls outside the scope of previous construction methods. In addition,

the construction in this chapter establishes a conjecture by Levy (see [27]).

The chapter also provides several other novel examples of Nash equilibrium
sets that were previously unknown in the literature. We note that the re-
sults in the chapter do not rely on machinery from real algebraic geometry.
Instead, all proofs are fairly elementary and rely on concepts and approaches
from game theory in the spirit of previous work by Chin et al. (see [13]),
Levy (see [27]) and, Vigeral and Viossat (see [41]).

To chapter 3

Chapter 3 focuses on equilibria in markets with adverse selection, insurance
markets being a notable example. In particular, the chapter focuses on a
setting introduced by Azevedo and Gottlieb (see [5]) but modifies their equi-
librium notion. The economy modelled in the chapter consists of both con-
sumers wishing to purchase insurance contracts and firms providing them.
Firms do not observe individual consumer characteristics and operate in a
competitive market. An equilibrium in the Azevedo-Gottlieb sense then re-
quires that each contract traded in the market makes zero profits (note that
this is a stricter condition than firms making no profit at all in aggregate);
consumers choose their most preferred contracts; and it is robust to pertur-
bations. By a perturbation, Azevedo and Gottlieb mean an economy with

finite contracts where, in addition to the original consumers, a small amount



of “behavioural consumers” have been added to each of the finitely many
contracts. These behavioural agents wish to purchase the specific contract

to which they have been assigned and can do so at no cost to firms.

Under the assumption that marginal willingness to pay for contract charac-
teristics is bounded, equilibrium exists in the Azevedo-Gottlieb model. It
enjoys many nice properties, such as equilibrium prices being a Lipschitz
continuous function of contract characteristics. It is however, discontinuous
with respect to changes on contract characteristics. To see this, consider
the following example of an economy consisting of two agents (both equally
likely, for simplicity): a consumer whose willingness to pay for insurance is
zero, and a second consumer whose willingness to pay for a unit of insurance
is 1. Firms can sell a single contract offering a unit of insurance at unit cost.
The Azevedo-Gottlieb equilibrium in this economy is the equilibrium where
the consumer with unit willingness to pay purchases insurance at unit price,
while the other type does not. Note that although the consumer who pur-
chases insurance is indifferent between buying and not buying, robustness
demands that they must purchase in equilibrium, since in any perturbation
behavioural agents drive the cost of insurance below 1. Now, suppose that
firms could sell an additional contract offering an infinitesimal amount of
insurance dz, which costs firms exactly dx when provided to the consumer
with unit willingness to pay, and nothing when provided to the other type.
Then the new Azevedo-Gottlieb equilibrium would be one in which the risky
type mixes between purchasing either contract with a probability that does
not depend on dx. Once again, this behaviour occurs because, were the
risky type not to purchase the new contract in the perturbation, its price
would be driven down to zero, which could make it more preferable. Hence,

equilibria do not converge as dx — 0.

To recover continuity, we propose that instead of behaving optimally in the
perturbation, agents choose their most preferred choice “up to £” (more pre-
cisely, as in trembling-hand or perfect equilibrium notions, we take ¢ — 0
along the sequence of perturbations). In this way, the consumer can be made
to mix in the original economy, which resolves the continuity issue. Weaken-
ing the requirement that agents optimise in the perturbation is also interest-
ing as it can be applied to settings where optimisation may not be possible.

Under some mild Lipschitz conditions on consumers’ pay-offs, which trans-



late into agents having bounded marginal willingness to pay, as well as the
requirement that the marginal disutility from price increases remains both
bounded away from zero and finite, the new equilibrium notion can be shown
to exist. It also enjoys all the original properties that the Azevedo-Gottlieb
equilibrium satisfies, in addition to equilibria being robust when the set of
contracts changes (i.e., it satisfies continuity). The chapter also addresses
some minor gaps in the Azevedo and Gottlieb’s proof of equilibrium exis-
tence. The chapter also provides a generalisation of their argument for the

existence of equilibria in perturbations using notions from set convergence.



Chapter 1A

The Structure of Solution
Sets for Optimisation

Problems I: Linear Problems

1A.1 Introduction

The celebrated theorem due to Kohlberg and Mertens (see theorem 1 in
section 3.2 of [24]) has played a central role in the study of equilibrium under
pay-off perturbation for finite games, as well as in other related questions.
As a result, attempts to broaden its scope have been undertaken. Notably,
Pahl has extended Kohlberg and Mertens’ result to games where action sets
are polytopes (see [32]). Meanwhile, Predtetchinski has extended the result
to continuous games where action sets are arbitrary convex sets and pay-offs
are differentiable (see [34]). Aside from work by Laraki and co-authors (see
[26]), most extensions have been confined to extending the class of games
for which the theorem of Kohlberg and Mertens holds. Chapters 1A and 1B
take a different approach by reformulating (and extending) Kohlberg and

Mertens’ result to commonly encountered problems in optimisation.

The present chapter discusses linear programmes (the problem of max-
imising a linear functional subject to linear constraints), while chapter 1B

presents generalisations of these results to a class of non-linear problems with



convex constraints. Furthermore, “coupled” or “simultaneous” problems are
also discussed. This latter class consists of a finite number of problems each
depending on parameters that are determined by the remaining problems.
Solving simultaneous problems can thus be viewed as an exercise in optimi-
sation and finding fixed points. Instances of such simultaneous problems are
well-known in the theory of games as they arise naturally when describing
the Nash equilibria of a particular game. Indeed, if the simultaneous prob-
lem consists of linear programmes the results presented here are equivalent
to the structure theorem in [32] (see lemma 3.7 and section 5.1 in the pa-
per’s appendix). Note that Pahl also discusses robustness and stability of

equilibria in such a setting.

If instead the individual problems are variational inequalities the results
are related to that of Predtetchinski’s extension of the result of Kohlberg
and Mertens (see [34] and [35]). Recall that Predtetchinski’s work concerns
pure Nash equilibria of games with differentiable pay-offs and convex action
sets. The extension to mixed strategies remains, to the author’s knowledge,
open. Note that although references are made to non-linear problems in this

introduction a complete discussion is postponed until chapter 1B.

In the context of chapters 1A and 1B, the notion of structure theorem refers
to theorems concerning the topological equivalence (i.e. the existence of a
continuous bijection with a continuous inverse, a homeomorphism) between
the graph of the solution correspondence (the multi-valued mapping associ-
ating to each individual problem the set of its solutions) and the underlying
set of possible problems. For reference, when considering linear programmes
the underlying space is R™; the solution correspondence then associates to

each z € R" the set of maximisers of
(zyx) =211+ ...+ 2 Tp

over a certain polyhedral set. The main difficulty in establishing these re-
sults is that a given problem might have more than one solution. Indeed, if
uniqueness of solutions held for every problem then the solution correspon-
dence would in fact be a continuous function and the result would become
trivial. In that case the projection mapping provides the desired homeomor-

phism. More formally,



Proposition 1A.1. Let X, Y be two topological spaces and f : X — Y a

continuous mapping. The set X is homeomorphic to

{(z,y) e X xY 1y = f(2)}

endowed with the subspace topology inherited from the product topology over
X xY.

Interestingly, when considering the case of linear programming there exists
a dense subset of values for which the correspondence is single valued. This
remains true when considering variational inequalities, but does not gener-
alise to coupled simultaneous problems, be it linear or otherwise. It would
be of interest to study whether such uniqueness over a dense set gives a
sufficient condition for the graph of a correspondence to be homeomorphic

to its domain.

Results in this chapter provide a much needed systematic review of known
results in the literature, while also introducing new ideas. In particular,
the set of simultaneous problems is often identified with some (very large)
Fuclidean space. When considering simultaneous linear programmes, this
identification is only guaranteed if the action sets of players are sufficiently
large. Instead, the general approach is to identify the set of simultaneous
problems as a subset of a space of continuous functions. This issue is often
overlooked in the literature, but plays an important role when considering
extensions (see Chapter 1B). In addition, the techniques used in proving
structure theorems are often seen as not intuitive, particularly with respect
to the choice of projections. While we do not claim to fully resolve this
issue, the chapter endeavours to provide some motivation for this. Moreover,
analysing the techniques used in a proof helps motivate any generalisations
made. Lastly, by formalising a technique from Bich and Fixary [9] (see
second half of the proof of theorem 2.2 in section 4.3 in the appendix of
[9]), it is possible to establish that the properness of a certain homotopy
(see lemma does not depend on properties of the Euclidean space.
Note that standard arguments, which usually follow Kohlberg and Mertens’

original lines, often rely on the Euclidean norm on the space.

This chapter is structured as follows: section 2 introduces some of the con-



cepts used in the remainder of the chapter formally. In particular, a linear
programme is defined as the problem of maximising a linear functional over
the embedding of a given polytope in a larger dimensional space. This ap-
proach is similar to that in [32] (see section 3 there, particularly subsections
3.1 and 3.2). The main difference being that the description in [32] em-
phasizes the geometry of the action sets, whereas in the present chapter an
algebraic description is favoured instead. Section 3 then introduces the proof
of the structure theorem. The argument follows [18] and [20]. This section
also reviews some consequences of the formalization of linear programme.
Notably the existence of Kuhn-Tucker multipliers being equivalent to the
existence of solutions to linear programmes. In addition, an equivalent con-
dition in terms of fixed points is also reviewed. Section 4 introduces the
notion of a simultaneous linear programme and extends the characterisation
of solutions given in section 2 to this setting. Section 5 then discusses the
extension of the structure theorem in section 4 to the simultaneous case.
Finally, section 6 discusses further comparisons between the formulation

presented here and those in the literature.

For convenience, structure theorems are divided into 2 statements called
Kohlberg-Mertens I and II. This nomenclature is to emphasize the connec-
tion to their original work; while allowing for a more analytical presentation.
Note that in the original paper of Kohlberg and Mertens the theorems ap-
pear as a single statement (see theorem 1 in section 3.2 of [24]). Note further
that combining theorem and corollary results in their original

result.

1A.2 Preliminaries

Denote by (-, ) the usual inner product in R™ and by || - ||2 the Euclidean
norm induced by it. Moreover, given z,y € R"™ write x < y if z; < y; for
every i € {1,...,n}. Lastly, let M, refer to the set of all real matrices

with m rows and n columns.

Definition 1A.2 (Linear programme). Given a triple (z, 4,b) with z € R",

10



A€ My« and b € R™, a linear programme is the problem

max(z,x) st. Ar =b, z > 0. (1A.1)
rzeR?

For a triple (z, A,b) describing a linear programme the set {x € R" : Az =
b, © > 0} is referred to as the feasible set. Any element z of this set is then
said to be feasible. It is moreover a solution of the linear programme, or
simply a solution, if it satisfies (z,z¢) > (z,y) for arbitrary y in the feasible

set.

Remark 1A.3. Observe that the above definition of linear programme is not
the most general. It in fact corresponds to programme in standard form.
Note further that it contrasts to the preferred form of a linear programme,

the canonical form, used in applications:

max(z,x) s.t. Az <b, z>0. (1A.2)
TER™

There are two reasons standard form is chosen. First, it turns out that this
formulation is more convenient when discussing the simultaneous case (see
corollary|1A.27.1|below). Second, recall that a programme in canonical form

may be brought into standard form by means of slackness variables (as can

any general programme). Indeed, let s1,..., s, be defined by
n
S; + ZAij.rj —b; =0, s; = 0. (1A.3)
j=1

The programme can then be written as

!/
t. = = 0. .
yeﬂr{gaXXRJ(z,O),y) st. Aly=0,y>0 (1A.4)

where y = (z,s) € R® x R™ and
a=la 1],

In this form, the results in this section may be applied to the class (of
standard form linear programmes) defined by the set {((z,0), A’,b)}.crn.
Alternatively, it is possible to mirror the arguments presented here to de-

velop an analogous theory for programmes in canonical form. However, in
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so far as the feasible set is non-empty and compact the main results of such

theory would follow from the general theory presented in chapter 1B.

Given pair (A,b) with A € M« and b € R™, for the class of linear
programmes parametrised by the set {(z,A4,b)},crn to have solutions for
arbitrary z € R", it is necessary that the feasible set is non-empty and

compact. Conditions for these are provided in the next

Definition 1A.4 (Admissible Programme). An ordered pair (A,b) with A €
Mxn and b € R™ is an admissible programme if it satisfies the following

requirements

(i) 0 < rank(A) =m < n.
(ii) Given y € R™ satisfying ATy > 0 we have (b,y) > 0.

(iii) There exists i € {1,...,m} such that b; > 0 and {min }A,-j > 0.
Jje{l,....n

(iv) Given z in the feasible set, the matrix

A

C(x) =
_Ian

9

where k is the number of components of x such that z; = 0 and

1 ifi=j

(Tkxn)ij = ,
0 ifi#j

satisfies rank C(z) = m+k < n.

Remark 1A.5. Note that if z; > 0 for every i € {1,...,n} then C(z) = A
by definition. Observe that condition (i) then implies that C(x) is of full

rank automatically.

Remark 1A.6. Condition (i) is standard, it simply amounts to assuming that
the set of equations defining the feasible set is minimal, in the sense that all

redundant equations have been eliminated.

Condition (ii) along with the lemma of Farkas (see e.g., chapter 2 of [29])

implies that the feasible set is non-empty.
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Condition (iii) ensures the feasible set is compact (a formal proof is given
in proposition [IA.7). Observe that, geometrically, given i € {1,...,m},
m

the equation ) A;jz; = b; defines a hyperplane on R". Condition (iii)
=1
imposes the existence of a hyperplane whose normal vector (i.e., the vec-

tor (Ai1,...,Ain)) lies in the positive orthant. For linear programmes, the
condition b; > 0 may be omitted from (iii). It is however relevant when con-
sidering simultaneous linear programmes (see section 3) as it ensures that
the Kohlberg-Mertens decomposition is possible (see corollary and
corollary below). Geometrically, imposing b; > 0 implies that the

feasible set does not collapse to just the origin.

Lastly, condition (iv) shows that for every z in the feasible set C(z) has
full rank; hence C(z) defines an injective mapping. This condition is placed
to guarantee that Kuhn-Tucker multipliers (a precise definition is given in
theorem (ii) below) are unique. For a formal proof see in the
appendix. Alternatively, see e.g. [42] for a discussion on uniqueness of the

multipliers in a broader setting.

Proposition 1A.7. Let A € My,xy satisfy requirement (iii) in definition

[TAJ) the set
{z eR": Az =, x > 0}

18 compact.

Proof. If
{reR": Az =b, 2 >0} =10

there is nothing to prove. Suppose otherwise that the set is non-empty, the
fact that is closed is straightforward. To show it is bounded, assume without

loss of generality, that by > 0 and Ay; > 0 for j € {1,...,n}. Let « be any

element in the feasible set and ¢ € {1,...,n}, then
n
0 g ZT; min Alj g Aljxj = bl. (1A5)
je{l,...,n} -
J=1
Hence b
n- o1
zll2 < Tin AL
~ min 1)
je{l,...,n}
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Remark 1A.8. Condition (iii) in definition is sufficient to ensure the
compactness of
{r e R": Ax = b, = > 0},

but it is not necessary. This may be illustrated by the following example:

-1 1
] 1o

and b = [0 1]7 the set
{zeR": Az =0b, x >0} ={(1,1)}

is obviously bounded.

1A.3 The structure theorem

Recall that given a non-empty, closed and convex K C R"; for a fixed
x € R™ there exists a unique y € K that minimises ||z — -||2 over K. Denote
this minimiser by p(x, K). The projection mapping onto K, or simply the
projection, is the mapping x — p(x, K). By a slight abuse of notation this
mapping is also denoted by p(-, K) throughout. This mapping satisfies:

Proposition 1A.9. Let K C R™ non-empty, closed and conver. Then for

any xg,x1 € R"
(xo — p(zo, K),y — p(x0, K)) 0 Vye K. (1A.7)

<
lp(zo, K) — p(x1, K)ll2 < [lwo — 212 (1A.8)

A proof of proposition can be found in, e.g., [22].

Let a = (A,b) be an admissible programme. Accordingly, denote by K («a)
its feasible set. Definition implies K («) is non-empty, convex and
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compact. The continuity of x +— (z,z) implies that the solution set
B(z0) = {o € K(a) : (2,2) > (2,9) Yy € K(a)}
is non-empty for arbitrary z € R".

Given z € R”, the following theorem contains well-known equivalent condi-
tions for xy to be a solution of the linear programme (z,«). In particular,
condition (iii) shows that a requirement for xy € E(z, «) is that z¢ must be
a fixed point of a certain mapping. The proof of the structure theorem (see
rests on this fact. Moreover, this idea underpins most of the work in
chapter 1B also.

Theorem 1A.10. Let z € R"™ and o = (A,b) an admissible programme.

The following are equivalent:

(i) zo € E(z, ).

ii) There exists a pair (v, 1) € R™ x [0,00)" such that z = ATv — i and
(ii) p f
(1, z0) = 0.

(i17) xo = p(z + zo, K())
Proof. For the proof of (i)=-(ii) see e.g. [10].

To show that (ii)=-(iii), let y € K(«) \ {x0} and observe that

(z,20 —y) = (ATv,20 — y) — (1, 20) + {p.y) = (v, Alwo — ) + (,9) > 0.
(1A.9)
Then
Iz + 20 — yl3 = 12113 + 2(2, 20 — y) + [lzo — 13 > 12115 (1A.10)
The point xq is thus the closest to z 4+ ¢ and (iii) follows.
To prove that (iii)=(i), let y € K(«) and observe that by proposition
0= (z+x0—pz+ 20, K(a)),y — p(z + z0, K(a))) = (2,y — xp). (1A.11)
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Remark 1A.11. As mentioned to earlier, the elements of the pair (v,u) in
condition (ii) in theorem are referred to as the Kuhn-Tucker mul-
tipliers. The mapping x — p(z + z, K(«)) appearing in condition (iii) is
usually referred to as the Gul-Pierce-Stachetti mapping (see [20]) in the eco-
nomics and game theory literature. Although it appears that it had been
introduced earlier in unrelated work by Stampaccia and co-authors. The
mapping = — p(z + x, K(«)) is also closely related to the natural mapping

in optimisation, see proposition 1.5.8 in [16].

Definition 1A.12 (Equilibrium set). For a given an admissible programme

a the equilibrium set E(«) is the set U,ern{z} X E(z, a).

Remark 1A.13. In the form described in definition the equilibrium
set E(«) is the graph of the multi-valued mapping z — FE(z,«) viewed
as a subset of R?". In particular, E(a) could be endowed with the usual
Euclidean distance. It will be however more convenient employ the following

norm:
1z, )| By = max{][|z]|2, [l2]]2}, (1A.12)

where z € R" and x € E(z, ). This convention is adopted when considering

other product spaces.

Theorem 1A.14 (Kohlberg-Mertens I). For a given admissible programme
« there exists a homeomorphism 1 : R" — E(«).

Proof. Define the Lipschitz continuous mappings ¢ : (z,z) € F(a) — z +x
and ¥ : z € R" — (z — p(z, K(«)), p(z, K(«))). First, it is necessary to
show that v is well-defined, i.e. ¥ (R"™) = E(«a). Fix zp € R™ and write
z =29 — p(z20, K()) and = = p(z9, K(«)), then

oz + 2, K (@) = plz0, K () = . (1A.13)
Theorem (iii) implies that x € E(z, «), thus
¥(20) = (2,2) € E(a).

This proves 1(R™) C E(a). The reverse inclusion follows since ¢ is a right-

inverse of v, i.e.,
(Y o) =idg()- (1A.14)
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To establish this observe that
(Wop)(z,2) =9(2+x) = (2 +x—p(z+z,K(a)), p(2 + 2, K(a))). (1A.15)

Since x € E(z,a) theorem [L1A.10| (iii) implies p(z + z, K(«)) = x, which
yields equation (1A.14)).

To complete the proof, it remains to show that ¢ is a left-inverse of 1. Note
therefore that,

(pot)(=) = o= - p(z, K()), pl(z, K(a))) = =. (1A.16)
|

Remark 1A.15. The uniqueness of the Kuhn-Tucker multipliers (in the form
of condition (iv)) in definition was employed in [I8] in a setting where

it holds naturally. In the interest of consistency, it has been kept here.

Nevertheless, it can be seen from the proofs of theorems [IA.10] and [IA.14]

that uniqueness is in fact superfluous and might be dropped. As already

specified, only the equivalence of conditions (i) and (iii) as stated in theorem

[[A10Qis needed.

Now, recall that two continuous mappings f,g : X — Y are homotopic,
f =~ g, if there exists a continuous mapping H : X x [0,1] — Y such that
H(-,0)=fand H(-,1) = g.

Recall that given a set X endowed with a topology T, the one-point com-
pactification of the topological space (X,7T) is the topological space (X U
{00}, Too) where S € To if either S € T, or S = X \ A, with A compact.

Remark 1A.16. A given continuous mapping f : X — Y can be extended
to a continuous mapping f : X U {oc} — Y U {oo} if it is proper. That is,
if f~1(A) is compact whenever A C Y is compact.

The following lemma generalises an observation due to Bich and Fixary (see
proof of theorem 2.2 in section 4.3. in [9]). This is a surprisingly powerful
tool that simplifies many of the proofs concerning the homotopies between
homeomorphisms and projections (see e.g. theorem .

Lemma 1A.17. Given a topological space C and K, a compact topological
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space. Let
n:00,1]xCx K+—[0,1] x C x K

be a homeomorphism of the form n : (t,z,y) — (t, F(t,x,y),y). For any
X C C x K closed, the homotopy H : [0,1] x X — C defined by

H = Fljoxx = (mc on)|jo,1xx
1S proper.

Note that in the above statement 7~ denotes the projection onto the set C'
and F'ljo1]xx denotes the restriction of F' to the set [0,1] x X.

Proof of lemma[TA17 Observe that it follows from the definition of 1 that
v =n~1 must be of the form n : (¢t,z,y) — (t,G(t,z,y),).

Let A C C be a compact set. Then
HY(A) = F1(A)N([0,1]x X) = n71([0,1] x Ax K)N([0,1] x X). (1A.17)

But n71([0,1] x A x K) = v([0,1] x A x K). The continuity of v implies
v([0,1] x A x K) is compact since [0,1] x A x K is compact. Meanwhile,
[0,1] x X is closed. H~1(A) is thus compact. [ |

Theorem 1A.18. Let o = ¢!, where 1 is the homeomorphism in theorem
1A.14), then ¢ ~ 7, where 7 : (z,2) € E(a) — z. Moreover, this homotopy

can be continuously extended to the one-point compactification E(a) U {oco}.

Proof. Define H : [0, 1] x E(a) — R™ by
H(t,(z,z)) =tp(z,z) + (1 —t)m(z,x) = z + t. (1A.18)

H is continuous and can be extended to a continuous mapping F over [0, 1] x
R™ x K(a). The mapping n(t,z,z) — (t,z + tx,z) is continuous and has
v(t,z,x) — (t,z — tx,x) as inverse. Lemma [1A.17|implies H is proper. W

Corollary 1A.18.1 (Kohlberg-Mertens II). The homeomorphism 1) in the-
orem satisfies w o =~ idgn. Moreover, this homotopy can be continu-

ously extended to the one-point compactification R™ U {oo}.
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Proof. Let & : (t,z) — (t,9(2)). Observe that £ is a homeomorphism and
hence it is proper. The corollary follows by setting H=H o & where H is

the proper homotopy in the previous theorem. |

1A.4 Simultaneous linear programmes

This section introduces the notion of simultaneous linear programme for-
mally. Moreover, a decomposition that generalises the one appearing in

Mertens and Kohlberg is presented.

Simultaneous linear programmes arise naturally when computing best replies
in finite games. Indeed, the results in this section amount to a small ex-
tension of the result by Kohlberg-Mertens (see theorem 1 in section 3.2. in
[24]) due to Pahl (see lemma 3.7 and associated proof in the appendix of
[32]). Differences with this latter piece are mostly in terms of formulation.
Pahl’s formulation views the objects of interest as games, whilst here they
are viewed as “coupled” linear optimisation problems. This position allows
for better generalisation in the next chapter. Moreover, Pahl’s formulation
places more emphasis on the geometrical aspect of the problem, whereas the
discussion here describes those geometrical objects as solutions to a set of

algebraic equations and inequalities.

1A.4.1 The sets A and DA

Some notation needs to be introduced first. Recall that a mapping
T-R"®..oR” —R
is said to be multi-linear, if for every i € {1,...,p}:

T(x1, .. @i+ Yy xp) =T (21, .. 24, .., Tp)

(1A.19)
—i—T(a;l,...,yi,...,scp)

and
T(x1,...,0 24 ...,2xp) =a-T(z1,...,24...,2p) (1A.20)
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for arbitrary z;,y; € R™ and a € R. Recall that & denotes the direct sum.

Remark 1A.19. Regarding notation, it is convenient to adopt the following

convention: given i € {1,...,p} and a mapping
fiR™M x ... xR"™ +— R,

we write
f(yiax—i) = f(xl) sy Li—1, Yiry Tit1s - - - 7xp)' (1A21)

For instance, equation (1A.19) takes the form
T(CL‘l + v, .T,Z') = T(ﬂjz, SCfi) + T(yz, l‘,i). (1A22)

In addition, since direct sums of spaces are being considered, components
of a particular vector are denoted by greek letter super-scripts. So that e.g.

z}! refers to the the p''-component of the i*® vector in z = (21,...,2p).

The set of multi-linear mappings and its image under a certain linear map-
ping play a central role in formalising the notion of simultaneous linear
programmes. In the interest of clarity, both of these are defined precisely

next:

Definition 1A.20 (Set of multi-linear mappings). Let (ni,...,n,) € NP,

the set A(ni,...,ny) denotes the set of all multi-linear mappings
T-R"®..oR"” —R

Remark 1A.21. Observe that in the absence of ambiguity, A(n1,...,ny) may
be shortened as simply A.

Remark 1A.22. Given (ng,...,n,) € NP in order to describe the set of
simultaneous linear programmes, it is convenient to consider the image of
the bijection (T1,...,T}p) = (Dg, 11, ..., Dy, T}p), where for i € {1,...,p}:

0 0
Dy,=\ 57, 77
' <6x} axil>

and T; € A(ny,...,n,) for each i. Since repeated references to the image
of A(ni,...,np) under this bijection are made in the sequel, denote it by
DA(ny,...,np). Note that, if it is clear from context, the dependence on
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(n1,...,np) may be omitted.

Remark 1A.23. Observe that an element z € DA maps

R"®...oR"™
to itself. Moreover, for each i € {1,...,p} z; is independent of x; and it
satisfies
ziemity—i) = zi(z—) + 2(Y-i), (1A.23)
zila-z—;) = a-zi(x_;). (1A.24)

Here zj(z_;,y—;) € R™ and a € R.

1A.4.2 Properties of simultaneous linear programmes

Definition 1A.24 (Simultaneous linear programme). Fix a 2p-tuple

(z,) = (21,...,2p, 001, ..., 0p)

where z € DA(n1,...,n,) and each «; is an admissible programme. A
p—simultaneous linear programme, or simply a simultaneous linear pro-

gramme, is the problem

ma Z21\r2, ..., X X
zleK()él)< 1( 2 ) p)y 1>

max <ZZ'(:E_¢), .%'z>

;€K ()
max  {(z,(T1,...,%p_1),T
zpeK(ocp)< p( 1, s Lp 1)7 p>
An element (z1,...,2p) € K(oq) x ... x K(oyp) is a solution to the simulta-

neous linear programme (abbreviated to a solution whenever is clear from
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the context) if for every i € {1,...,p} it satisfies
(zi(z—i), xi —yi) 20 (1A.25)

for arbitrary y; € K (o). The set E(z, o) denotes the set of all solutions to

the stmultaneous linear programme.

Remark 1A.25. Observe that (z1,...,z,) € E(z,a) if, and only, if z; €
E(zi(x—;),a;) for each i.

As a consequence of remark

Proposition 1A.26. Let (z, ) be a simultaneous linear programme a point
z=(z1,...,2p) € K(a1)x...xK (o) is a solution if, and only if, it satisfies

the following system of non-linear equations:

p(xy + z1(x-1), K(aq)) = o1

p(rp + 21(2—p), K(ap)) = zp

Proof. Let v € K(o) x ... X K(ap). Theorem [LA.10|implies that
ol + zi(x—), K(ag)) = ;. (1A.26)

if, and only if, z; € E(z;(z—;),«;). But this relation is satisfied for every 14
if, and only if, x € E(z, ). |

Observe that the set of non-linear equations in proposition [[A:26] define a
fixed point problem for a continuous mapping whose individual component
are given by the left-hand side of the equations in proposition [1A.26] This
mapping is, in fact, the original GPS mapping (see [20]). Since each «; in
a is admissible K(«;); is non-empty, convex and compact. Brouwer fixed
point theorem implies that E(z, ) # 0. The equilibrium set can now be
defined as

E(a) = | {2z} x E(z, ). (1A.27)

zeDA
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When proving the structure theorem, it is in fact more convenient to de-
compose the set DA as a direct sum of two smaller subspaces. This idea
dates back to the original proof of Mertens and Kohlberg. Moreover, this
decomposition is in itself interesting as it will serve to motivate some of the

extensions in the next chapter.

Let v € R™ and t € R, recall that the hyper-plane H(v,t) is the set
{z e R": (v,x) =t}.

Lemma 1A.27. Let vi € R™,... v, € R"™ all non-zero and t1,...,t, € R
satisfying |t1 - ... -tp| > 0. For every T € A(ny,...,ny) andi € {1,...,p}
there exists a unique pair (T,T) € R™ @ A(nq, ..., np) such that

T(aci, :L'_i> = (T, a}1> + T(xz, x_i) (1A.28)
whenever (z;,x_;) € H(vi,t1) X ... X H(vp, t,). Additionally,
T(.ﬁi, ’Ufi) = T(Ul, e s U1 L5 Vi1 - -y 'Up) =0. (1A29)

Proof. Define Ty € A as follows:

_ Vi, T
T (i) = T o) || <||;)‘”%>; (1A.30)
i vl

while T = T — Tjs. Moreover, let T € R" be the vector with components
b .

I HJ]—JHE -T(e’,v_;). Here ¢’ (v € {1,...,n;}) is the v'® vector in the
i

canonical basis of R™:.

By construction, if (z;,x_;) € H(v1,t1) X ... x H(vp,tp)

(T, ) HII ]HQZx v_;) = (T, ;). (1A.31)

2 =1

In addition, given z; € R™::

T(.CC,‘, U_z‘) = T(xi, U_i) + T(mi, ’U_i). (1A.32)
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The first part of the lemma follows from equations (LA.31]) and (1A.32).

To prove uniqueness, let (T1,T}) and (T, T») be two pairs satisfying the
conditions in the rubric. Fix z; € H(v;,t;), by assumption
<T1, $Z> + Tl (.CUZ', U_Z') = <T2, iL‘Z> + TQ (:ri, ’U_i). (1A.33)

Recall that T} (zi,v—;) = Ta(w;,v_;) = 0, thus

<Tl - TQ,J?Z‘> =0. (1A34)
Now, let uy, ..., u,,—1 be an orthonormal set of vectors satisfying (ug,v;) =0
for every k € {1,.. — 1}. Fix such k and observe that wuy + ”t“’”z €
2
H (v, t;); hence
0= <T —Toyup + —— H H > = (T — T, ug), (1A.35)
Vill2

since ”t’””g € H(v;,t;) as well. Equation (TA.35)) yields 77 — T2 = Av;. By

the same reasoning as before however,

i o~ =
0= 72<T1 - T2, Ui> =X\ ti. (1A36)
[[vill3

Hence, T; = T5. Consequently, Tl(x,;,x_i) = To(wj,x—y) if (x5, 2—;) €
H(Ul,tl) X ... X H(Up,tp).

Now, for each j € {1,...,p}, let Ujys ooy U, be an orthonormal set of
vectors satisfying (uy,vj) = 0 for every k € {j1,...,jn,—1}. Fix such k and

observe that uy -+ ”th’”’é € H(v,t;). Choose j € {1,...,p}, k € {j1,..,dn,—1}

and
T_j € H(Ul, tl) X ... X H(Ujfl,tjfl) X H(Uj+1,tj+1) X ... X H(Up,tp).
By the same argument that yielded equation (1A.35|), it follows that

T (ujy, w—5) = To(ugy,, 2—j)- (1A.37)
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Applying this reasoning iteratively, it may be concluded that:

Tl(ulk,...,upk) :Tg(ulk,...,upk). (1A38)
Moreover, a similar reasoning establishes this equality with some of the u’s

replaced by v’s. The equality T, = T is thus proven. |

Corollary 1A.27.1. Let vi € R™, ..., v, € R"™ all non-zero, and
t1,...,tp € R

satisfying |t1-...-tp| > 0. For everyz € DA(ny,...,ny) there exists a unique
pair (z,z) € RN @ DA(ni1,...,np) (N =mny +...+ny) such that for each
ie{l,...,p}:

zi(v—i) = Z; + Z(x_;) (1A.39)

whenever
r_; € H(’Ul,tl) X ... X H(vi—lati—l) X H(Ui+1,ti+1> X ... X H(’Up,tp).

Additionally,

Zi(Ufi) = 51'(’[)1, ey Ui—15 U415+ -+ Up) =0. (1A.40)

Proof. Fix i € {1,...,p} and consider the linear mapping T : (z;,z_;) —

(zi(x—;), ;). The previous lemma implies
<zi(x_,~),a:,~> = <§i, l‘l> + (2(x_i),xi> (1A.41)

for a unique pair (z;,%;) € R™ @ DA(n,...,np) and x € H(v1,t1) X ... X
H(vp,t,). The corollary now follows by differentiating both sides. |

Remark 1A.28. Corollary generalises the original decomposition due
to Mertens and Kohlberg (see proof of theorem 1 in section 3.2. of [24]).
With reference to their original context, the linear mapping (z;(z_;),x;)
corresponds to the pay-off of agent ¢ when actions are (x;, z_;). The original
idea in Mertens-Kohlberg is then to decompose this pay-off into a term
depending only the actions of agent i (corresponding to zZ; here) and a term

that vanishes when the remaining players mix across their actions with equal
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probability (corresponding to Z; here). Note that in Kohlberg and Mertens’
setting each set K («;) corresponds to the simplex formed by all possible
mixtures of agent i’s actions. The corresponding v; is then the vector whose

entries are all 1.

For the remainder of this section, fix a collection of p admissible programmes
. Since instead of working with the set DA we wish to work with the de-
composition in corollary Identifying each z with its decomposition,

the following homeomorphism is then required:

Bl = |z} xEza)> |J {Z2)}xE(z2) a), (1A42)

zeDA (Z,2)eRN@®DAg

where

DAy ={ze€ DA : z(v_;) =0Vie{l,....p}t};

here v; refers to the normal vector of some given negatively tilted hyperplane
(see remark , while N =ng + ... +n,p.

Remark 1A.29. Corollary [[A.27.1] implies that there is a bijection between
the two sets in equation . To prove continuity, define the following
norm over DA,

1z] pa = max{||z1[loo; - - -, 12plloc }- (1A.43)

Recall that

|Zilloo = sup [zi(z—i)||2-
€K (a1)X..xK(o;—1) X K(oi41)X...x K (ap)
Remark 1A.30. Observe that the norm defined here corresponds to the uni-
form norm when viewing elements of DA as continuous functions. Given
that elements of DA are linear mappings, this choice may not appear nat-
ural. Indeed, it is a choice not made in the literature. Nonetheless, this
norm is natural when considering general functions, as we do in chapter 1B.
Moreover, under some assumptions this choice is equivalent to norms used

in the literature. A further discussion is given in section 5 below.

Proposition 1A.31. Let ||(7,2)|| = max{||Z||2, ||Z||pa}. There exists con-

stants C1,Cy > 0 depending solely on the choice of admissible programmes
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at, ..., op such that

Cill(z,2)|| < llzllpa < Call(2,2)]. (1A.44)

Proof. Let v € K(o) x ... x K(ap) and fix i € {1,...,p} then
lzi(z—i)ll2 < [IZll2 + [1Z:(z-0) ]2 < 2[[(Z, 2) |- (1A.45)

Let vi e R™, ..., v, € R" and ...,t, € R be as in corollary then:

|ti]

[Zill2 < m\lzi(v—z‘)lb < Collz]| pa- (1A.46)
(2
Hence,
1Zi(z—i)ll2 < |IZill2 + [|2i(z—-i)ll2 < Cal|z Da- (1A.47)
The result follows by combining equations (1A.45) and (1A.47)). |

Proposition [1A.31| yields the homeomorphism in equation (1A.42]).

1A.5 The structure theorem for simultaneous lin-

ear programnimes

Theorem 1A.32 (Kohlberg-Mertens I). Let a1, ..., o, be admissible pro-

grammes. There exists a homeomorphism

¥ RN @ DAg(n4, ... ,ny) —> U {(z,2)} x E((Z,2), o).
(z,2)€ERN@DAg(n1,...,np)

Recall that here N =nq + ...+ n,.

Remark 1A.33. The main idea of the proof is to apply the decomposition
in corollary to view the simultaneous programme (z, &) as the fixed
point problem

x; = p(Zi + Zi(x_;) + x4, K()) (1A.48)

For i € {1,...,p}. In this form, all the dependency on variables z; (where

Jj # 1) lies in Z;. Since these are fixed whenever (x1,...,x,) is a solution the
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proof proceeds roughly as for the linear programme case.

Proof of theorem[TA.39 For simplicity, notation is abused slightly by mak-

ing the identifications
RN =Rut- "t =R g @ R™
and
E(a) = U {(Z2)} x B((7,2), @)

(7,2)€RN@DA0 (n1 ,A..,TLP)

Let
©:((Z,2),7) —~ (Z+z(x) +x,2) € RY @ DAy,

where for each i € {1,...,p}, z(x); = Z;(z—;) € R™. Similarly, define
¥ :(2,2) = ((z - 2(p(2) — p(2),2),p(2))
€ (RY @ DAg) x (K(a1) x ... x K(ap).
Here p(z) € RY satisfies p(z); = p(Z;, K(;)) € R, for each i € {1,...,p}.

Observe that ¢ is well-defined. To prove that v is also well-defined, it is
shown that ¢(RY @ DAg) C E(c). To that end, fix i € {1,...,p} and write

(Z1,...,2p) = (p(Z1, K(a1)), ..., p(Zp, K(ap))).
Observe that
p(Zi — Zi(Z—i) — T + Zi(2—) + 24, K(oy)) = p(Zi, K(i)) = &;. (1A.49)
Hence, (21, ..., Z,) satisfies the system of non-linear equations in proposition
With Zj—Zj(&_;)—&;+Z; in place of just z;. Asaresult, (21,...,2p) €

E((z—2z(pZ))—p(Z),%), a). Hence, (RN @ DAg) C E(a) as required. The

other inclusion follows by proving that ¢ is a left-inverse of 1. To establish
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this, choose some ((z,2),x) € E(a) then

(z,2),z) =Yz +z(x) +x,2) =
(Z+z(z)+x—p(Z+2z(z)+x) (1A.50)
—z(p(Z+z(x) + x),2), p(Z+ z2(z) + x)).

(Y o)

Since z € FE((z,2z),a), it follows from proposition [1A.26| that for every

ie{l,...,ph

Hence,
pz+z(z)+z) =2 (1A.52)

Thus, (¥ o ¢)((z,2),2) = ((Z,2),x). All that remains is to prove that ¢
is a right-inverse as well. To keep the discussion succinct, proofs of the
continuity of ¢ and v are given below in propositions [TA.34] and [TA.35]

Let (z,2z) € RY @ DAg then

(pot)(z,2) = ¢((Z — 2(p(2)) — p(2),2), p(Z))
—2z(p(2)) — p(z) + z(p(2)) + p(2),2) (1A.53)
).

N|

N|
N2

(
= (

i

Proposition 1A.34. The mapping v in theorem [TA.39 is continuous.

Proof. Recall that
¥ (2,2) — ((z - 2(p(2) — p(2),2),p(Z)),
it is convenient to write ¢ : (z,2z) — (V1(Z,2),¥2(Z,2), 13(2Z,z)) with

V1(z,2) = z—12(p(2)) — p(2),
¢2(i72) = Z?
V3(z,2) = p(2).

Observe that )9 is continuous by definition; while proposition implies

that 13 is continuous as well. It remains to prove that 1, is continuous. To
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that end, note that

s

)2 < 1z = wll2 + [lp(z) — p(W)]2

141(2,2) — 1(W,
—w(p(W))l2+ lI2(p(2)) — 2(p(W))|]2-

1A.54
+llz(p(w)) A%

Now, proposition implies that

1p(z) — p(W)l2 < Cl|z — W2,

for some constant C' > 0 depending only on the choice of a. Meanwhile,
lz(p(W)) — w(p(W))|l2 < C||z — W||pa,- Once again, C' > 0 only depends
on a. Lastly, fix i € {1,...,p}, since z; depends linearly on each separate

coordinate. There exists M; > 0 such that

1Zi(p(2) = Zi(p(W)ll2 < Mi [T lln(z, K () = p(w;, K (a))]l2
J#i
< M; [ 1175 —w;lla.
J#i
As a consequence of equation (1A.55), ||1z(p(z)) —z(p(W))|2 — 0 as W — Z.
These observations along with equation (1A.54)) imply:

(1A.55)

0 < limsup ||¢1(z,2) — ¢¥1(W, w)]]2 < 0. (1A.56)
Wz
From where the proposition now follows. |

Proposition 1A.35. The mapping ¢ = =", where v is the mapping in
theorem [TA-39, is continuous.

Proof. Recall that
¢:((z2),r) —» (z+2z(z) +2,2).
As in the proof of proposition [TA.34] let

901((27 i)v l‘) = z+ Z(x) +

902((Z7 Z)? JI) =

N

It is to be shown that both ¢; and ¢ are continuous. Note that o is
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continuous. To prove the continuity of (1, note that

le1((2,2), 2) — 1((W, W), y)ll2 < [[Z2 = Wll2 + [[2(y) — W(y)ll2

) ) (1A.57)
+lz(x) —2(y)ll2 + llz — yl2.
Since Z is continuous, it follows that
0< hmsup H(Pl((za i),iﬁ) —901((W7V~V),y)||2

((va)vy)ﬁ(zi)?x) (1A58)

< lim |[z(z) — 2(y)[2 = 0.

Yy—T

|

To conclude this section, an extension of theorem [TA.I8] and its corollary

are now discussed. Note that the proofs follows the same reasoning as in

theorem [TA-18| and corollary TA.18.1] In particular, lemma [TA-17] holds in

this situation as well. Details are therefore omitted.

Theorem 1A.36. The homeomorphism ¢ = ~! : E(a) — RN @ DAy
satisfies ¢ ~ 7w, where © : ((z,2),x) — (z,2). Moreover, this homotopy

extends to the one-point compactification of both spaces.

Proof. The desired homotopy is the linear homotopy:

H((z,z),z,t) = (1 —t)p((z,2),x) + tn((7,2), x)

(1A.59)
= @+ (1—)z(x) + (1 - t)z, 3).

Corollary 1A.36.1. Let ¢ be the homeomorphism in theorem[IA.323 Then
ToY = idgngpp,- Here 7:((2,2),x) — (2,2).

1A.6 Comparison to the literature

This brief section addresses the main differences between common formu-
lations in the literature and the one presented here. In particular, when
discussing theorem [1A.32| and corollary [1A.36.1]it is common to identify the
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set DA(ny,...,np) with A(n,...,n,)Y, N = ny + ...+ np, and view this
latter set as RMP (see e.g. [24]). This identification is not made in this
chapter as it is not guaranteed under the assumptions in definition
In addition, viewing elements of DA(n1,...,n,) as continuous functions is
consistent with the notation in chapter 1B, where general continuous func-
tions are considered. In fact, the results in this chapter are particular cases

of the results in chapter 1B.

In order to retrieve the standard formulation, the following proposition is

needed

Proposition 1A.37. Let N =n1 +...+n, € N. Given
Kix...xK,CRY

be a non-empty compact set. Suppose that fori € {1,...,p} Span(K;) = R™
then the mapping T +— D, T is a homeomorphism between (A(ni,...,np), |-
loo) and (Da; (A(n1, ... ,mp)), | - lloc)-

Recall that
Span(S) ={a1v1 + ...+ agvgp : k €N; vy,...,v5 € S; ai,...,a; € R}.
Remark 1A.38. Proposition is not true if Span(K;) # R™. Indeed, let

N =n; = 2, so that A is the dual space of R%. Now, let K = {0} x[0,1] C R?

and consider the sequence {T},}52; = {(cos(Z1Z),sin(212))}%2 . View-

ing the sequence {7T,}2°, as mappings = — (T}, z); then, since [|T},||cc =
cos(=17) — 0, T}, — 0. Nevertheless, D, T,, /> 0.

Proof. Recall that for T' € A(nq,...,np),

(Do, T)" =T(e",,)
ve{l,...,n;}.
Now, let T € A(ny,...,np)

T (s, wi)| = (D2, T) (i), i) | < ||will2 (D, T) (@) l|2. (1A.60)
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Since K is compact,

T (i, x—)| < sup ||lzill2 [|(De,T)|2- (1A.61)
zeK

Thus [|T|oc < sup,eg |@ill2 [[(Da,T)||2. It follows that D! is continuous.
To prove that D, is continuous let uq, . .., u,, be a basis for Span(K;) = R™.
By applying a linear transformation if necessary, it may be assumed that

this basis is the canonical one. Then

|(Da, D) (2-)] = IT(e", 2-3)| < |- (1A.62)
Hence,
[ Dz, T(z-i)ll2 < v/ || T']|oc- (1A.63)

It follows form this last equation that D,, is continuous. Since it is a bijec-

tion the result follows. |

Remark 1A.39. In the original formulation of Kohlberg and Mertens each
K (o) corresponds to some simplex so the assumptions of proposition [LA.37

are fulfilled. In that case the following chain of homeomorphism holds:
RP(mtetnp) o Ay ,np) = DA(nq, ..., np).

Naturally, these extend to the relevant equilibrium sets.

Appendix: Uniqueness of the Kuhn-Tucker multi-

pliers

Proposition 1A.40. Let « = (A,b) be an admissible programme. The
condition that for any z € R™ and arbitrary x € E(z,«a) the Kuhn-Tucker
multipliers are unique is equivalent to the following requirement: given x in
the feasible set K(«) the matrix
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where k is the number of components of x such that x; =0 and

1 ifi=3j

(Tkxn)ij = T
0 fi#]

s of full-rank.

Proof. Assume that the conclusion held first. Given z € R" and x € E(z, «),
take any two pairs of Kuhn-Tucker multipliers (see condition (ii) in theorem
1A.10) (v, ), (7, 1) € R™x ([0,00))"™. By definition, (u, z) = (i, x) = 0 and

r=ATv —pu=A"o — . (1A.64)

Without loss of generality, it may be assumed that z; = 0 for i € {1,...,k}
where 0 < k < n and z; # 0 otherwise. It follows that g, = u; = 0
for {k +1,...,n}. Now, let x € R* (resp. x € R¥) be the vector with
components x; = p; (resp. \; = fi;) where i € {1,...,k}. Equation (1A.64)

can be rewritten as

k
0=A"(wv-7p)- Z(Xi — Xi)€i, (1A.65)
i=1
where ey, ..., e; is the canonical basis of R*¥. Applying the definition of
C(z), equation (1A.65)) becomes
o=c@T|" Y. (1A.66)
X=X

By assumption rank C(z)?7 = m +k (recall m = rank A). Hence, v = v and

X = X- The Kuhn-Tucker multipliers are thus unique.

Suppose now by way of contradiction that for every z € R™ and every
x € K(a), the associated Kuhn-Tucker multipliers were unique; but that,
for some y € K(a), C(y) were not of full rank. In other words, rank C(y) <
m + k, where k is the number of vanishing components of y. Once again, it

may be assumed that these are the first k& components.

Let v =0 and p = (e,0) € [0,00)% x R** (here e € R¥ is the vector whose
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components are all 1) and set ( = —pu. By construction:

(=ATv—p=Cly"|

0] (1A.67)

and (u,y) = 0. Theorem [1A.10| establishes that y € E((, «).

Since rank C(y) < m + k, there exists u € R™ and w € R¥ which do not

u
]:0.
w

Choose N € N satisfying N > — min w;. Then

vanish simultaneously and satisfy

Cly)"

1e{1,....k}

I N >0 (1A.68)
— = — min wj; . .
N Nic{l,..k}

Consequently,
1
¢=cy”| N (1A.69)
e+ jyw

This last equation contradicts the assumption of uniqueness of the Kuhn-

Tucker multipliers. |
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Chapter 1B

The Structure of Solution
Sets for Optimisation
Problems II: Non-Linear

Problems

1B.1 Introduction

This chapter extends the discussion in chapter 1A. While chapter 1A was
confined to problems with linear objectives subject to linear constraints,
chapter 1B considers non-linear objectives under general convex constraints.
Accordingly, uncoupled problems in this chapter take the form of monotone
variational inequalities, while simultaneous problems satisfy a weakening of
this requirement, w-monotonicity. The notion of monotonicity is a well-
known property (see e.g. [16] section 2.3 or chapter 11 in [25] for detailed

accounts), w-monotonicity appears to be new however.

Several arguments may be put forward for considering “non-linear prob-
lems” as monotone variational inequalities. First, this class of problems can
be regarded as a natural generalisation of both concave programmes and

linear programmes. Instances of such problems are therefore common in ap-

36



plications. In addition, the class of monotone problems is well-behaved: if a
monotone variational inequality has multiple solutions, then an arbitrarily
small perturbation can be added in such a way that the resulting problem
has a unique solution. The assumption of monotonicity is nevertheless re-
strictive. In particular, save for very particular exceptions, the problem of
determining Nash equilibria does not fulfil the assumption of monotonicity.

More generally, saddle point problems fail to satisfy this assumption.

The assumption of monotonicity can be relaxed in the context of simul-
taneous variational inequalities. In such situation, w—monotonicity is in-
troduced. Motivated by the theory of games, w—monotonicity requires
that a generalised version of the Kohlberg-Mertens decomposition holds
(see corollary in chapter 1A. Alternatively, refer to the proof of
theorem 1 in [24]). This generalisation amounts to requiring each compo-
nent of the simultaneous variational inequality can be written as a sum of
two components, one monotone and another generic. For instance, a map-
ping @ : [a1,b1] X [a2, bo] + R? is w—monotone if for a given pair (z1,z2),

D(x1,x2) = (W1 (1), wa(w2)) + @ (21, 22), Where each w; is monotone.

Results in this chapter are closely related to Predtetchinski’s extension of the
result of Kohlberg and Mertens (see [34] and [35]). Indeed, proofs presented
in this chapter are very much inspired by his. One important difference
however lies in the choice of topology, results in this chapter are given in the
uniform norm over the relevant convex set. This is a natural choice since the
mappings considered are all continuous. Moreover, unlike Predtetchinski’s
arguments, we make explicit use of the underlying equivalence between solv-
ing variational inequalities and finding the fixed point of a certain map. This
characterisation is interesting as it may serve as a stepping stone towards a
global index theory. Index theories attach certain integers to isolated solu-
tions (or sets of solutions) which can provide insights as to their behaviour
against perturbation. More generally, results in chapter 1A and 1B can
be viewed as foundational as they provide technical tools to the study of

“generic” or “typical” properties of the objects in consideration.

Lastly, our analysis of variational inequalities is also related to [26]. Rida
and co-authors impose no monotonicity assumptions (or indeed any regu-

larity assumptions beyond continuity) and their paper considers a general
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Hilbert space H. However, the structure theorems they obtained appear to

be limited to the collection
{P+h:heH}

where ® is any given continuous mapping over a non-empty, closed and
convex set K C H. Results in this chapter consider instead a collection
of continuous mappings satisfying a regularity assumption (monotonicity).
Moreover, even though we framed our results in the context of finite Eu-

clidean spaces, the results generalise easily to arbitrary Hilbert spaces.

This chapter is structured as follows: section 2 defines variational inequal-
ities and simultaneous variational inequalities. Specifically, subsection 2.1
presents variational inequalities as generalisations of concave programmes.
Some properties, such as existence of solutions are also discussed. The famil-
iar reader can skip this subsection without prejudice to their understanding
of the remainder of the chapter. Subsection 2.2 introduces simultaneous vari-
ational inequalities and their properties; existence is once again a notable
issue. Section 3 discusses both regularity assumptions in detail, with subsec-
tion 3.1 focusing on monotonicity and subsection 3.2, on w—monotonicity.
Notable results in this section include the observation that the set of mono-
tone variational inequalities forms a cone, as well as results providing nec-
essary and sufficient conditions under which a continuous mapping may be
w—monotone. Section 4 then establishes the structure theorem for monotone
mappings, while section 5 presents its extension to w—monotone mappings.
Section 6 provides applications by using the structure theorems in sections
4 and 5 to derive a version of the structure theorem (theorem 1) in [34].
Lastly, section 7 summarises the main results and provides some potential

extensions.

Lastly, the diagram in figure provides a visualisation of how each opti-
misation problem in chapters 1A and 1B relate to each other. In particular,

arrows represent generalisations.
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Linear Programmes

T

Monotone VI Simultaneous LP

\/

Simultaneous VI

Figure 1B.1: The logical connection between different optimisation problems

1B.2 Preliminaries

This section defines variational inequalities and simultaneous variational in-

equalities formally. The existence of solutions is also recalled.

1B.2.1 Variational inequalities

Given X C R", denote by X° its interior and by X its closure. Lastly, 0X
refers to the boundary of X. Moreover, recall that f|4 denotes the restriction

of the mapping f to A.

Definition 1B.1 (Variational Inequality). Given a pair (®,K) with & :
K — R" and K C R™ non-empty, closed and convex a variational inequality
is the problem of finding x € K such that

(®(x),z—y) >0 Yy € K. (1B.1)

A point x € K satisfying equation (1B.1)) is a solution to the variational
inequality (or simply a solution). For a pair (®,K) as above the set of
solutions is denoted by E(®, K).

Remark 1B.2. Observe that K might be a lower-dimensional set and thus
K° = (. Recall that if K° = () then ® is said to be continuous if there exists
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an open neighbourhood U of K and a continuous function d:U+— R”

satisfying @[ = ®.

Remark 1B.3. Observe that if K = K(«) for some admissible programme
and @ : x — z for some z € R" the resulting variational inequality reduces

to a linear programme.

Ezample(s) 1B.1. The simplest example of a variational inequality is given
by the pair (®, [0, 1]), with ® : [0,1] — R continuous and satisfying ®(0) >
0 > ®(1). The variational inequality

O(z)-(x—y) =0 Vye[0,1] (1B.2)

is equivalent to the problem of finding the zeroes of ®.

Ezxample(s) 1B.2. Given a compact set K C R™ such that K° # () and a
smooth concave function ¢ : K — R the problem of finding x € K such that
o(x) = ¢(y) for y € K\ {z} is equivalent to the variational inequality given
by the pair (V¢, K).

Remark 1B.4. The above example illustrates that variational inequalities
can be regarded as generalisation of concave programmes where the as-
sumption of ® being integrable is dropped. On the other hand, remark
1B.3| provides an alternative interpretation, variational inequalities gener-
alise linear programmes by allowing the vector z to depend on points of
K. Nonetheless, variational inequalities cover a large class of problems, a
comprehensive list can be found in chapter 11 of [25]. Moreover, important
applications of the theory of variational inequalities can be found in chapter
12 of [25] or chapter 1 in [16].

The analogy between variational inequalities and concave programmes can
be pushed further:

Proposition 1B.5. Given x € E(®, K) such that x € K° then ®(z) = 0.

A proof of this result may be found in, e.g., corollary 3.2 in [22].

Remark 1B.6. Let U C R"™ be open and convex. Integrability conditions
ensuring that the variational inequality (®,U) is equivalent to a non-linear

programme are discussed in theorem 1.3.1 of [16].
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Existence of solutions to a variational inequality is discussed now. Recall
that for a given closed convex set K p(-, K) denotes the projection on the

set K, i.e. the mapping that associates to each z € R" its closest point in

K.

Theorem 1B.7. Let K C R" be a compact, convex non-empty set and ® a
continuous mapping. The variational inequality (®, K) satisfies E(®, K) #
0. Moreover x € E(®, K) if, and only if, x = p(x + \®(x), K) for any given
A>0.

For a proof of the “if, and only if,” part see proposition 11.13 in [25]. Un-
der this equivalence, existence then follows by a standard application of
Brouwer’s fixed point theorem. Alternatively, see theorem 3.1 in [22]. Note
that both texts consider a minimisation problem as opposed to a maximi-

sation one as it is done here, the notation is therefore slightly different.

Remark 1B.8. Theorem generalises theorem [1A.10] in chapter 1A to
variational inequalities. Crucially, both theorems characterise solutions of
an optimisation problem as fixed points of a well-behaved mapping (for
variational inequalities the mapping is f :  — p(z + A®(z), K)). As it was
the case in chapter 1A, this representation is what underpins the proof of

the structure theorem in section 4.

Remark 1B.9. The appearance of A > 0 in the above statement is due to
the fact that if z € E(®, K) then z € E(A®, K) for arbitrary A > 0. For
x € K° this is clear since ®(z) vanishes. If, on the other hand, z € 0K,
then x € E(®, K) if, and only if, ®(z) is the normal vector to a supporting

hyperplane. Hyperplanes are of course only defined up such scaling.

1B.2.2 Simultaneous variational inequalities

Definition 1B.10 (Simultaneous Variational Inequality). Given a (p + 1)-
tuple (®1,...,P,, K) with

K=K x..xK,CR"®...0oR"™

where each K; is non-empty, closed and convex; and each ®; : K ——

R™. A simultaneous variational inequality is the problem of finding z =
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(x1,...,2p) € K such that the following variational inequalities are satisfied

at once:
(1(z1,. .. 2p), 21 — 1) 20 Vy1 € K,
(Pp(x1,. .- 2p),Tp —Yp) =0 Vyp € K.
A p-tuple © = (z1,...,2p) satisfying the previous inequalities is said to

be a solution to the simultaneous variational inequality problem or simply
a solution if there is no ambiguity. Given a (p + 1)-tuple (®4,...,Pp, K)
satisfying the conditions in definition the set of solutions is denoted
by E(®1,...,®,, K).

Remark 1B.11. Simultaneous variational inequalities arise naturally in the
context of game theory when computing best responses. In such setting
a solution to the simultaneous system corresponds to a Nash equilibrium.
Interestingly, just as variational inequalities may be regarded as generali-
sations of non-linear programmes, simultaneous variational inequalities can

therefore be regarded as generalising best responses.

Proposition 1B.12. Let (®4,...,9,, K) be (p + 1)-tuple where
K=K x..xK,CR"@...¢R"™

with each K; C R™ non-empty, conver and compact. Moreover, each ®; :

K —— R™ 35 continuous. Then
E(®y,...,®9,,K)#0

and it coincides with the set of solutions to the following non-linear system

of equations:

p(@1(z1,...,2p) + 21, K1) =z,

P(Pp(w1,. - 2p) + 7p, Kp) = 2.

The proof of proposition follows closely that of theorem In-
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deed, the existence of solutions to the non-linear system is a consequence
of Brouwer’s fixed point theorem. The equivalence part then follows from
theorem An alternative argument is provided by

Proposition 1B.13. Let (®1,...,®,, K), where K = K x ... X K, satisfy
the assumptions in definition and consider the mapping ® : K —
R™ & ... & R™ defined by ¢ : x — (®1(z),...,Pp(z)). The fact that x €
E(®1,...,9,, K) is equivalent to v € E(®, K).

Proof. Suppose that

r=(x1,...,0p) E K =K1 x...x K,

satisfies

(P1(z1,...,2p), 21 —y1) =0 Vy € Ky,

(Pp(x1,.. v xp)sxp —Yp) =0 Vy, € K.

Then for a given y € K,
p
(®(z),x —y) =D (D), 2 — yi) > 0. (1B.3)

i=1

To prove the converse, let x € E(®,K) and i € {1,...,p}. Now, take

Y=(T1, ., Tie1, Yis Tit1s---,Tp)

where y; € K; is arbitrary. Thus

0<(®(2),z—y) = Z@j(ﬂc)al‘j —yj) = (Pi(x), zi — yi). (1B.4)
=1
Clearly, z € E(®1, ..., ®,, K). m

Assuming proposition proposition is then a direct consequence
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of the fact that

p(z, K) = (p(x1, K1), . . ., p(xp, Kp)). (1B.5)

1B.3 Monotonicity assumptions

The previous section imposed no regularity requirements beyond the con-
tinuity of the mapping ®. Additional assumptions are introduced now. In
particular, monotonicity is discussed. This assumption is commonly made
in elementary discussions of optimisation problems as it serves as an ana-
logue of concavity (see e.g. sections 2.3 and 2.4 of [16]). Monotonicity is
however fairly restrictive. To ameliorate this situation, a mild relaxation,
w-monotonicity, is introduced in subsection 3.2. In effect, this assumption

extends monotonicity to simultaneous variational inequalities.

1B.3.1 Monotonicity

Definition 1B.14 (Monotone mapping). A mapping ¢ : K —— R” is

monotone if it satisfies

(@(z) — P(y),r —y) <0 Va,y € K. (1B.6)

If the inequality is strict whenever x # y then the mapping is said to be

strictly monotone.

Remark 1B.15. A necessary condition for the mapping ® : K —— R"™ to be

monotone is that for every i € {1,...,n} and any given choice of
T1yeeesTi—15 5 Ti415- -+, Tn

the mapping

(I)i(xla s Ti—15 " Tl - - wxn)

be decreasing. This condition is not sufficient however. For instance, let

® : (z1,22) — (z2,21). Since ®; does not depend on z;, ®; is decreasing.
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Nevertheless,

When @ is differentiable monotonicity is equivalent to the derivative of ®,

D®, being negative semi-definite:

Proposition 1B.16. Let U C R™ be open and convex. A given differentiable

mapping ® : U — R™ is monotone if, and only if, D® is negative semi-
definite.

A detailed proof of this result is omitted. For a sketch, observe that the
implication that monotonicity implies D® is negative semi-definite follows
from the definition of derivative. The reverse implication can be obtained

by a direct application of the fundamental theorem of calculus.

Remark 1B.17. If the condition in proposition is strengthened to D®
being negative definite, then it follows that @ is strictly monotone; but the
converse ceases to hold (see e.g. proposition 11.1 in [25], or proposition 2.3.2
in [16]).

The class of strictly monotone mappings is of interest since it enjoys partic-

ularly nice properties:

Proposition 1B.18. Consider the variational inequality given by (P, K)

with ® continuous and strictly monotone and K a non-empty closed set of
R™, then |E(®,K)| < 1.

For a proof see e.g. proposition 11.14 in [25].

Remark 1B.19. Let K # () be both convex and compact. In addition, let
® continuous over K and strictly monotone. Theorem together with
proposition [IB.18| imply that the variational inequality given by (®, K) has

a unique solution.

Proposition|1B.18/implies that F(®, K) is a convex set whenever  is strictly

monotone. This is a general fact:

Proposition 1B.20. Let K be a closed convex set. Given a continuous

monotone mapping ® : K — R", the set E(®, K) is conver.
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Remark 1B.21. For a proof see theorem 2.3.5 (a) in [16]. Note that the-
orem 2.3.5 is stated for the weaker condition of pseudo-monotonicity (see

definition 2.3.1 (a) in [16]), which monotone mappings in particular satisfy.

Given a non-empty, compact and convex K C R", label by C'(K;R") the

set of all continuous mappings from K to R"™ endowed with the L°° norm,
Do = ) . 1B.
[@oc = mars |2(z) (1B.7)

The subset F(K) C C(K;R"™) refers to the set of all continuous mappings

that are monotone as well.

Remark 1B.22. Although the choice of the Euclidean norm in equation
(1B.7)) is natural, an equivalent norm may be obtained under an alterna-

tive choice of norm over R” (e.g., any LP norm with p € [1, oc]).

Let V' be a topological vector space, a closed subset C' of V' is a cone if 0 € C
and z + ay € C' whenever z,y € C' and a > 0.

The set F(K) is not a vector space, it is instead a cone:

Proposition 1B.23. Let K C R" non-empty, convexr and compact. The
set F(K) is a cone. Moreover, the class of strictly monotone continuous

mappings is dense in F(K).

Proof. Fix a > 0 and @1, &9 € F(K); that &1 +ad, € F(K) follows directly
from the definition. Moreover, the mapping ® : K — {0} is in F(K).

To prove that the set is closed consider a sequence of monotone mappings
{®,}2°, converging uniformly to a certain ®. Since F(K) C C(K;R"), ¢

is continuous. Now fix z,y € K and € > 0. There exists ng € N such that

@ — @plo0 < (1B.8)

5
2(diam(K) + 1)’

whenever n > ng. Let n = ng+1 then an application of the Cauchy-Schwarz

46



inequality yields

(@(2) — B(y),a — y) < |9(@) — Bu(@)]2 - & — yllat
(@n(2) ~ Duly)x — ) + [ 2() ~ Bu(@)ll2- e —ylo<  (1B.9)
20 — B, o - diam(K) + (@, (x) — Bu(y), — y) < <.

Since € was arbitrary we can conclude that
(®(z) — 2(y),z —y) < 0. (1B.10)
Thus ¢ € F(K).

Finally, to show that strictly monotone mappings are dense in F(K), observe
that for a given ® € F(K) the sequence {®— 7 }>° | consists solely of strictly

monotone mappings; indeed

(20~ 2~ 2y) + Lo~ y) = (@(x) ~ 0(y),7 —y) ~ 5w~ gl <0.
(1B.11)

In addition, it converges uniformly to ®. |

Remark 1B.24. The class of monotone variational inequalities is sufficiently
large to encompass linear problems considered in chapter 1A. More formally,
the mapping T' : R" —— F(K) defined by identifying z € R™ with the
constant mapping ®, : K — {z} is an isometric embedding. Indeed, for
such choice of ®

12 lloo = [l2]]2- (1B.12)

In what follows, notation is abused by writing z in place of the constant

mapping ®,. Observe that with this identification,
[2lloe = lIzl2, (1B.13)

where || - [ denotes the L* norm over C(K;R™) and not the maximum

norm.
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1B.3.2 w-monotonicity

A mild relaxation of monotonicity is now introduced. The assumption is
particularly suitable in the context of computing best replies to a certain

class of games.

Definition 1B.25 (w—monotone mapping). A mapping
oK x..xK,—R"¢...¢R",
where each K; C R™ non-empty, is w—monotone if there exists mappings

Ow:Kix...xKy—R"®...¢R"™

satisfying
(i) ®(x1,...,2p) = wW(x1,...,2p) + @(z1,...,2p) for any (z1,...,2p) €
Ky x...x K.

(ii) For every i € {1,...,p}, w; : K; — R™ and satisfies
(@i(z:) —wi(yi), zi —yi) <O
for arbitrary z;,y; € K;.

(iii) There exists y € K7 X ... x K, such that for every i € {1,...,p}
(Di(yla e Yi—1 5 Yit 1, - - ?yp) =0.

Given an w—monotone mapping P, a pair (w, w) satisfying conditions (i)-(iii)
in definition is referred to as an w—decomposition rooted at y of ® (or
simply as an w—decomposition of ®), where y is the element of K x...x K,
in condition (iii).

Remark 1B.26. Definition states that a mapping ® defined over a
product space is w—monotone if it can be decomposed as the sum of two
mappings w and @, where each component @; of @ is a monotone mapping

that depends on x; only. Furthermore, each @; vanishes over
Y1 X ... X Yi—1 XKZ‘ X Yi+1 X -« X Yp,
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with (y1,...,yp) € K1 x ... x K. This last condition is needed to ensure
that certain well-behaved mappings arising from simultaneous variational
inequalities belong to the class of w-monotone mappings (see [1B.29 below).

Remark 1B.27. Observe that w-monotonicity generalises the decomposition
in [TA.27.1] in chapter 1A, which was itself a generalisation of the original
decomposition from Mertens and Kohlberg (see proof of theorem 1 in [24]).

In particular, as suggested by the notation, @ (resp. @) corresponds to z

(resp. z) in|1A.27.1

Remark 1B.28. Observe that given K’ C R", letting K1 = K’ as well as
Ky = ... = K, = {0} definition {IB.25|can be seen to reduce to the definition
of monotonicity by taking @ : K7 x ... x K, — {0}.

To simplify notation, recall the convention adopted in chapter 1A:

f(yivx—i) = f(xh vy Li—1yYiy Ti41y - - - 7mp)7 (1B14)

where f: R™ x ... x R"™ —— R. Moreover, it is convenient to extend this

notation: given sets X1, ..., X, write X_; in place of
Xl X oo, XX1;1 XXiJr]_ X oo, XXp.
An element of this product can then be written as x_;

It is now proven that a mapping ® : K1 X ... x K, — R™ @ ... R
with the property that for every i € {1,...,p} the mapping ®;(-,z_;) is

monotone for all x_; € K_; is w-monotone.

Proposition 1B.29. Suppose that ® : K1 x ... x K — R™M ¢ ... @ R",
where each K; C R™ 1is non-empty, has the following property: for every
i€ {l,...,p} the mapping given by

@i(-,x_i) K — R™

is monotone for every possible choice of x_; € K_;. Then given y € Ky X

... X K, ® has an w-decomposition rooted at y.
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Proof. Fix y € K1 x ... x K, and define

Wixs) = Pyt Yim1, Ti, Yit 1, -+ Yp),s (1B.15)

The assumption on ® implies that each w; is monotone in their respective
domain. Condition (ii) in definition [1B.25|is therefore satisfied. Moreover,

Qi(Y1s -2 Yie1s > Yit1s- -5 Yp) = 0.

Proposition 1B.30. Let ® be as in proposition[IB.29. Given
ye Ky x...x K,

the corresponding w-decomposition rooted at y of ® is unique.

Proof. Fix y € K1 x ... x K, and, by way of contradiction, suppose that
for some ® satisfying the assumption in the statement of proposition
two distinct w-decompositions rooted at y, represented by the pairs (w, @)
and (C, () respectively, existed. Condition (i) in definition implies

d=w+w=C_+C (1B.17)

Hence,

T-C=—(@-). (1B.18)
Let i € {1,...,p} and choose z; € Kj;, condition (iii) in definition [IB.25
implies that

w’b(x’b) - Zl(xl) = _(wz(yl, s Yi-1,Tis Yit 1, - - - 7$p)_

(1B.19)
CYts - Yim1Tis Yig1s - -, xp)) = 0.

Consequently, @; = (;. But since i was arbitrary, @ = , which results in a

contradiction. |

Remark 1B.31. Given K; X ... x K, # (. Propositions [1B.29] and [IB.30]
together imply that for every y € K; x ... x K, there exists a bijection
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between the set of mappings ® with the property that for every i € {1,...,p}
the mapping given by

(I)i(',$,i) K — R
is monotone for every possible choice of x_; € K_;, and the set of pairs
(W, w) satisfying conditions (i)-(iii) in definition [1B.25
Remark 1B.32. If a non-monotone mapping ¢ satisfies for every given i €

{1,...,p} the mapping
(I)i(',.l‘,i) K — R™

is monotone for any choice of x_; € K_;, the set E(®, K) need not be

convex. This is illustrated by the example below.

Ezample(s) 1B.3. Let @ : [0,1]2 — R? be defined by ® : (1, z2) — (z2,71).
® is non-monotone. However, both ®(-,22) = z2 and ®(z1,) = 1 are
monotone since they are constant mappings. By applying proposition
solutions to the variational inequality (®(x),z—y) > 0 for arbitrary y € [0, 1]

coincide with the solutions to the simultaneous variational inequality

.%'2(1‘1 — yl) >0 Vyl € [0, 1], (1B.20)
wl(.%'g — yg) >0 Vyg S [0, 1]. (1B.21)

From where it can be seen that E(®,[0,1]?) = {(0,0), (1,1)}, a disconnected

(and hence non convex) set.

Given K1 C R™,..., K, C R™ all convex, compact and non-empty. Call
M(Ky,...,K,) C C(K;R"™)&...@C(Kp;R™) the set of all mappings that
satisfy the condition in proposition [1B.29, Namely, for all i € {1,...,p} the

mapping
Di(T15- - Tin1, s Tig 1y -5 Tp) P Ky — R™

is monotone for every x1 € Ki,...,x, € K,. Note that the space
C(Ki;R™M) & ...0 C(Ky;R™)
is assumed to be endowed with the metric
1@1, ., @) e = masx{|®1 ey oo @l }s (1B.22)
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where || - |lo(x;rni) is the L norm in the respective space. Norms are
spelled out here for clarity. In the sequel we resume to writing || - ||o to ease

notation.

Remark 1B.33. It might be objected that the following norm

1@1 o, D)l = (@1 lleqmmy + o+ [ @plloge, sy (1B.23)

provides a more natural choice when defining a norm over M. The choice

of the “max norm” is motivated by previous choices on chapter 1A.

Suppose that {K;}!_, is a finite collection of non-empty, convex and compact

sets satisfying K; C R™. Fix now yg € K; X ... x K, and denote by
Qo (K1,..., Kp) C(F(K)®... dF(Kp))®(C(Ki; R")®...aC(Ky; R™))

the set of all possible pairs (w, @) that satisfy conditions (i) and (iii) in
definition [1B.25| where the y in condition (iii) satisfies y = yo. Moreover,

endow this space with the norm

1@, )y, (k1. 1) = max{[|@] g, @] ag}- (1B.24)

-----

Proposition 1B.34. Let K = Ky x ... K, C R" where each K; C R"™ wus
non-empty, conver and compact (so that, in particular, R™ @& ... R™ =
R™). Given ® € C(K;R"™) having w-decomposition (w,) rooted at y € K.
There exists constants C1,Cy > 0 such that

C1ll(@, D)o, (K1, i) S 1 Plloo < Coll(@, @), (K4, k) - (1B.25)

Moreover, these constants only depend on p.

Proof. Fix i € {1,...,p} and choose z; € K;, then

@i (i) |2 = [|@i(2s) + @Y1, - Yie1s Ty Yit 15 - -5 Yp) |2 (1B.26)
= |®i(y1, - Yim1Tis Yig 1o - - Up) 2 < [P oo
It follows, that ||@||am < ||®||co- On the other hand,
|6 (i, z—i) |2 < (| @iz, 2—i) ]2 + [0 (@i)]]2 < 2P| oo- (1B.27)
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Hence, ||©]|m < 2||®||oo- From where it follows at once, that

L, .
§|’(Waw)||9y(K1,...,Kp) < ?Ploo- (1B.28)

Now, given x € K,

[Pi(@)ll2 < [[wi(zi)ll2 + llwi(@)ll2 < [@illoo + |@illoo < 2[[(@, )k, k)

(1B.29)

This relation implies [|(®1,...,®p)[lm < 2@, ®)llq,(k,,...x,)- But since ®
can be identified with the p-tuple (®4,...,®,) and

[@lloe < VP (D1, Pp) M (1B.30)

the result follows. |

Corollary 1B.34.1. Let K1 C R™,..., K, C R" all non-empty, convex
and compact. Fiz now some y € K1 x ... x K,, the sets M(K1,...,Kp) is
homeomorphic to a closed subset of Qy (K1, ..., K}).

Remark 1B.35. By way of a final remark, the spaces Q,(K1,...,K,) and
M(Ky, ..., K,) are both cones. The proof involves virtually the same steps
as for the space F(K) and it is therefore omitted.

1B.4 The structure theorem for monotone varia-

tional inequalities
This section establishes the structure theorem for the class of monotone
variational inequalities.

Recall that given two mappings f and g, their composition is denoted by

fog.

Definition 1B.36 (Equilibrium set). Given K C R"™ non-empty, convex
and compact, the equilibrium set E(K) is the set

E(K)= |J {®}xE(@,K).
P F(K)
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Remark 1B.37. The set E(K) corresponds to the graph of the multi-valued
mapping that associates to each ® € F(K) its solutions.

Theorem 1B.38. Given a non-empty convexr compact K C R" there exists
a homeomorphism ¢ : F(K) —— E(K). Moreover, 1 satisfies m o 1) ~
idr k), where m: (®,Z) € E(K) — ®. Moreover, this homotopy extends to
the one-point compactification F(K) U {oo}.

Remark 1B.39. The first part of theorem corresponds to theorem
in chapter 1A, while the second corresponds to corollary
Remark 1B.40. For a given K C R”™ non-empty, convex and compact, the-
orem implies that E(®,K) # 0 for all & € F(K). The set E(K)
is therefore well-defined. Moreover, by definition, F(K) C C(K;R") x K.
Since this latter space has a product structure, the norm inherited by F(K)
is

1(®, 2)|| = max{|[®]|co, |[2]]2}- (1B.31)

Rather than proving theorem [IB.38] a generalisation is proven instead. To
that end, A C F(K) is said to be translation invariant if A+R™ C A, where

A+R"={P+z2:2cR", & c A}

Remark 1B.41. More rigorously, let T : z +— &, where ®,(x) = z for every
x € K. The embedding T defines an action of the group R™ over F(K), a

set is translation invariant if it is an invariant subset for this action.

Remark 1B.42. Translation invariance is analogous to the stability assump-
tion introduced in [9] in the context of polynomial games (see assumption
2 in page 511 of [9]). Translation invariance moreover includes the type of
objects studied in [26]. Note that, unlike Rida and co-authors, the addi-
tional requirement of monotonicity is assumed here. Lastly, with respect to
the results of chapter 1A, the set of linear programmes parametrised by the

vector z is a translation invariant set.

Theorem 1B.43. For A C F(K) closed and translation-invariant, let

E(K;A) = | J {2} x E(®,K).

PdeA

There exists a homeomorphism 1) : A — E(K;A). Moreover, this homeo-
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morphism satisfies o ~ ida and this homotopy extends to the one-point

compactification of A.

This result relies on the following

Lemma 1B.44. Let K C R" be non-empty, conver and compact. Given
® € F(K) the function x — p(®(x), K) has a unique fized point. Moreover,
the mapping X : F(K) — K that associates to each ® € F(K) the fized
point of p(®(+), K) is continuous.

Proof. The existence of the fixed point follows from Brouwer’s fixed point
theorem. To show uniqueness, let ¥(z) = ®(x) — x. The mapping ¥ is
strictly monotone, which follows by applying the same argument as in propo-
sition [IB:23] Proposition [IB.1§]yields the existence of a unique zg such that

o = p(U(20) + 20, K) = p(®(0), K). (1B.32)

The continuity of X follows from lemma below. [ ]

Lemma 1B.45. Given K C R" compact, let {fn}32, C C(K;R") be a
sequence converging to f uniformly. Moreover, suppose that for each f,
there exists a unique x, € K such that fp(x,) = 0. Lastly, if f(x) =0 is

satisfied by a single x € K, then x, — x.

Proof. Let {x,}22, be the sequence whose n'™ term is the unique zero of
fn- Since K is compact, there exists y € K and a subsequence {xy, }7°, of

{zn}r2, satistying z,, — v.

Now, since f,, — f uniformly, fy, (zn,) = f(y). Recall that f(x,,) =0 for
every k € N, thus f(y) = 0. By assumption, f has a unique zero at x, hence
y = x. Moreover, suppose that the sequence {z,}°°; contained a cluster
point z # x, the same argument would yield z = x, a contradiction. Hence,

x is the unique cluster point of {x,}72 . Since K is compact, x, - z. W

Proof of theorem[IB.43, Let X : F(K) — K be the mapping that asso-
ciates to each ® € K the element x € K satisfying x = p(®(z), K).
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Define the mappings ¢ : (®,2) € E(K;A) — &+ zand ¢ : & € A —
(P — X(®),X(®)). Observe that for a fixed z € K the mapping ® + z is

monotone whenever @ is.

It is established first that ¢ and ¢ are well-defined. Note that translation
invariance implies that p(E(K;.A)) C A; hence ¢ is well-defined. Moreover,
it is Lipschitz continuous by definition. On the other hand, to prove that
¥ is well-defined fix ® € F(K) and write X(®) = Z. The definition of X
yields

z=p(@x),K)=p(®(x) —7)+ 7, K). (1B.33)

It follows from the characterisation given in theorem that z € E(® —
z, K). Hence, ¥(A) C E(K;.A) as required. The reverse inclusion holds as
well, since ¢ is well-defined the proof is formally identical to the argument

that ¢ is a right inverse of ¥. This argument is given below.
Let (®,2) € E(K;.A), observe that
(Yop)(P,2)=p(P+2)=(P+2—-X(P+2), X(P+2)). (1B.34)

All that remains is to show that X(® + 2) = z; write U(-) = ®(-) + 2z and
note that z € E(®, K) therefore, by theorem [LB.7]

z=p(P(2) + 2, K) = p(¥(z), K). (1B.35)

This implies z is a fixed point of the mapping p(¥(-), K); but this mapping
has a single fixed point. Hence, X (® + z) = z and, consequently, ¢ o p =

In fact, ¢ is a left inverse of :

(po)(®) = (- X(®), X(D)) = @. (1B.36)

Since ¢ and 1 are inverses and ¢ is continuous. The existence of a home-
omorphism between A and E(K;.A) would be proven if 1) were continuous.

To that end, let {®}°2, C A be a sequence converging uniformly to ®. For
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any n € N,
[9(@) = ()| < [|P — Pnlloo + 2 X (D) — X (Pn)]l2, (1B.37)
limsup [[9(®) — (@) < 2limsup | X(®) — X(@,)[a =0  (1B.39)

by the continuity of X. ) is thus continuous, concluding the proof of the
first part of the theorem.

For the second part, define the homotopy H : [0, 1] x E(K;A) — A by
H(t,(®,2)) =tp(P,2) + (1 —t)n(P,2) = D+ tz, (1B.39)

here 7 : (®,z) — ®. Since A is closed, lemma implies H is proper.
The remainder of the proof follows the exact same lines as for the proof of

1A.36] and its cororllary, further details are therefore omitted. |

Remark 1B.46. An alternative, less elegant, proof for the last part of the-
orem [1B.43] uses the theorem of Arzeld and Ascoli to establish that H is a
proper homotopy.

1B.5 A generalisation to simultaneous variational

inequalities

In this section, a generalisation of theorem [IB.43]to simultaneous variational

inequalities is presented.

Given a collection {K;}Y_;, where each K; C R™ is non-empty, convex and

compact. Recall that
M(Ky,...,K,) ={® c C(K;RY): &;(-,2_;) monotone Vz_; € K_;},
where K = K7 x ... x K, and

RN =R @ ... @R"™.

Moreover, given y € K recall that corollary [[B.34.Timplies that there exists
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a homeomorphism F, : M(Ky,...,Kp) — Qu(Kq,...,Kp), where this

latter set denotes the set of all pairs (w,w) that satisfy conditions (ii) and

(iii) in definition [1B.25

Definition 1B.47 (Equilibrium set). Let {K;}?_;, where each K; C R" is
non-empty, convex and compact. Given A C M(Kjy,..., K)) translational
invariant. For a given choice of y € K = K1 x ... x K, the equilibrium set
Ey(Ky,...,Kp;A) is given by

By(Ky, ..., Ky A) = U {(@.@)} x B((@,),K), (1B.40)
(w,0)eFy(M(Ky,....Kp))

where E((w,w), K) is the set of solutions to the simultaneous variational

inequality given by (wq + @1,...,wp + &p, K1 X ... X Kp).

Remark 1B.48. Observe that in the context of simultaneous variational in-
equalities, A C M(K1, ..., K}) being translational invariant implies (®; +
21,..., P, + 2p) € A whenever & = (®q,...,9,) € A and (21,...,2p) €
R™ @ ...pR"™,

Remark 1B.49. Note that proposition [IB.12] implies that
E(w,0),Ki...,K,) #0

is non-empty. As a result, E,(K,...,K,;A) is well-defined. It is the
restriction of the graph of the multi-valued mapping that associates to
each simultaneous variational inequality (viewed in terms of its unique w-

decomposition rooted at y € K) the set of its solutions to A.
The set Ey (K1, ..., Kp; A) is endowed with the norm
1(@,&), 2)|| = max{||(@, D) lla,xi,...K) |22}

The analogue of theorem [1B.43| can now be stated:

Theorem 1B.50. Let {K;}._,, where each K; C R™ is non-empty, convex
and compact. Given A C M(Ky,...,K,) closed and translational invariant,
and a choice of y € K1 x ... x K, there exists a homeomorphism 1 from
a subset of Qyu(K1,...,Kp) to Ey(Ky,...,Kp; A). Furthermore, o ) ~
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ido, (K,,...K,), where w is the projection over Qy(Ku,...,Kp). Moreover,

this homotopy extends to the one-point compactification of the given subset.

Remark 1B.51. Recall that DA denotes the image of AP (A referring to the

space of multi-linear mappings) under the bijection
(Th,...,Tp) = (D11, ..., Dy, Tp).

Since the set DA is translation invariant, theorem reduces to theo-
rem [TA.32] and corollary in the particular case where the collection
{K;}?_, consists of polytopes, and A = DA. Moreover, if each polytope in
the collection is in fact a simplex then theorem reduces to the original
result due to Mertens and Kohlberg.

Remark 1B.52. Observe that in the particular case where {K;}_, satisfies

K; = K" and K; = {0} theorem [1B.50| reduces to theorem [1B.43

A small technical lemma is required before providing a proof of theorem

IB.50l

Lemma 1B.53. Let K1 C R™,... K, C R"; where each subset is non-

empty, convex and compact. Giwven y € Ky ... K, denote by
Fy : M(Kl,...,Kp) — Qy(Kl,.. . ,Kp)

the homeomorphism in proposition (1B.29. The set F,(A) is translation in-

variant whenever A C M(Ky, ..., K,) is translation invariant.

Remark 1B.54. Formally, in the context of lemma translational in-
variance of F,(A) implies that for every z € R™ @ ... ® R™ and any given
pair (W,w) € A, (W,0)+(z,0) € Fy(A). Observe that the last relation holds
since z can be viewed as a monotone mapping and therefore the pair (z,0)

represents an w-decomposition rooted at y, for any y € K1 x ... x K,.

Proof of lemma[IB.53. Recall that by proposition the homeomor-
phism F, : M(K7y,...,Kp) — Qyu(Ky, ..., K,) satisfies

Fy : ((I)l, ey <I)p) — (<I>1(-,y_1), ey @p(‘,y_p),
(pl - (I)l('ay—l)a ey (I)p - (D('7y—p))7

Fob (@, Wy @1y, @p) o (@1 + @1y, W+ ).
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Fix ze Rm @ ... ®R™ and (w,0) = Fy(®P), where & € A. By definition,
(W, w) + (2,0) = (W + z,&). Meanwhile,

Flw+z20)=w+d+z=0+2 (1B.41)

Now, since A is translation invariant, ® + z € A. This last relation yields

the lemma. |

Proof of theorem [IB.50, The argument follows the same lines as for theorem
11B.43| and the structure theorems in chapter 1A. In particular, the first
step is to construct the homeomorphism 1 and its putative inverse ¢. The
construction is presented below. For brevity, proofs of continuity of these
mappings is postponed to lemmas [IB.55| and [IB.56] below. In addition, the
latter part of the theorem concerning the homotopy o4 ~idg (k... x,) i

only sketched.

Let
X:F(Kl)@...@F<Kp)I—>K1X...XKP

be the mapping defined by
X 1w (Xi(@i), ..., Xp(@p)), (1B.42)

where for each ¢ € {1,...,p}, X; is the mapping defined in [1B.44] Recall
that X; maps ®; € F(K;) to the unique fixed point of p(®(-), K;). Moreover,
let F, be the homeomorphism in proposition

Fix y € K1 x ... x K, and let ¢ : (@

), 2) € Ey(K1,...,Kp A) — (W+
O(z) 4+ z,w) and ¥ : (W,0) € Fy(A) — (@ ).

—0(X (@) - X(@),w), X (@)

Observe that for any z € K x...x K, @(z)+z is a constant vector; lemma
1B.53|implies that ¢ is well-defined. More precisely, o(Ey (K, ..., Kp;A)) C
F,(A). Moreover, ¢ satisfies

(po)(w,w) =¢p(w—e(X (W) - X(),w), X)) = (w,w). (1B.43)

Hence, ¢ is a left-inverse of 1. All that remains is to show that 1 is well

defined and has ¢ as a right-inverse.
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Given (w,w) € F,(A) and a choice of i € {1,...,p}; let z = X(w) and

observe that
x; = p(wi(x), K;) = p((@i(x) — @i(z) — z;) + @i(x) + 4, K;).  (1B.44)
proposition implies that
€ E(K,... Ky, (w—o(XW)) - X(w),w)).

Hence,

¢<Qy(K1, - ,Kp)) C Ey(Kl, - ,Kp; A)
Consequently, 1) is well-defined. To finish the construction, note that

(o p)(@,w),2) =v(@+a(z) + 2,0) = (@+w(2) + 2 —@(y) —y,),9),

(1B.45)

where y = X (W + @(z) + 2z). Since z is a solution to the variational in-

equality given by (Ki,...,K),(w,®)) proposition implies that for
ie{l,...,ph

zi = p(wi(zi) + @i(z) + zi, K;) (1B.46)

However, y; is the only fixed point of p(w;(-) + @;(2) + z;, K;) which means
z; = ;. Hence, @ is a right-inverse as well, which concludes the first part of

the proof.

For the second part of the proof, recall that = : ((W,®),2) — (w,w) and
consider the linear homotopy H(t,) = (1 — t)¢ + tw. Since A is closed,
lemma [1A.17| implies this homotopy is proper. By composing, H with the
homeomorphism ¢ : (¢, (W, )) — (¢, (w,®)) the result follows. [ |

Lemma 1B.55. The mapping ¢ in theorem [IB.50 is continuous.

Proof. Let {((&p,@n),2n) 02y C Ey(K1,. .., Ky; A) be a sequence converg-
ing to ((w,®), z). Observe that for i € {1,...,p}

@ + &' (2) + 2° — @, — @ (20) — 2h]lco < |[@ — Tallm + 1@ — Dnllm
+ max [157(zn) = & ()2 + 1z = zall>

(1B.47)
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To avoid notational clutter superscripts in this proof refer to vector compo-

nents, while subscripts refer to terms of the sequence.

Fix € > 0. The continuity of @&; implies that there exists ng € N such
that max;<;<p ||0'(2n) — @%(2)||2 < € for n > ng. Since ((Wn,@n), 2n) —

((w,w), z), equation (1B.47) implies that

lim sup (@, @), 2)) — #(@ns @)y 20) oy (s, 1y <& (1B.AS)
n—oo
The arbitrariness of ¢ concludes the proof. |

Lemma 1B.56. The mapping v in theorem [IB.43 is continuous.

Proof. Fix (@,&) € F,(A) and let ¢ > 0 be given. Since Kj x ... x K,
is compact, &; is uniformly continuous. There exists SZ > 0 such that if
x,z € K; fulfil ||z — 2|2 < §; then [|a;(z) — &i(2)]|2 < £.

Set

1 . ra -
nz;mln{él,...ﬁp,z}. (1B.49)

Recall that for every i € {1,...,p} the mapping X, : F(K;) — K; sending
w; to the unique fixed point of p(w;(+), K;) is continuous. There exists 6; > 0

satisfying ||@; — @i||co < d; implies
1X: (@) — Xi(@i)[l2 <n (1B.50)

whenever ||@; — @;||oo < 0;. Here

Now, let
. €
o= mm{él,...,ép,z}
and fix (0, @) € Fy(A) such that
|(@,0) — (@, &)lla,k,...k,) <0 (1B.51)

To keep notation simple, set x = X (@) and @ = X (@). In this notation,

lzi —aill2 <n Vie{l,...,p}. (1B.52)
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Observe that
li — @illoo < @ — @l <6 <6 (1B.53)

holds for any given i € {1,...,p}. As a result,

p
lz = all2 < llzi — asll2 < py < 6. (1B.54)
=1

This in turn yields, ||&;(z) — &;(a)|l2 < §. From this observation

[wi — @iz) — @i — 0 — ds(a) — aillos < [[a0 =Wl + [[& — ©| a1

- - 1B.55
+ e (@) - (@)l + o —als <. 0
1<i<p
Moreover,

lo—all <6< 3 (1B.56)

and ||z — all2 < pn < §, we arrive to
(@, @) — (@8] < <. (1B.57)
|

1B.6 An application

As an interesting application of the structure theorem for variational in-
equalities, theorem we derive a form of Predetchinski’s structure
theorem (see theorem 1 [34]). This structure theorem generalises the struc-
ture theorem of Kohlberg and Mertens to the case where action sets are
general convex and compact sets, and payoffs are differentiable and concave
functions of an agent’s own actions (for every fixed combination of other
agents’ actions). The section also discusses how theorem can be used
to derive a structure theorem for concave programmes. The arguments for
both results are virtually identical, only the proof of theorem 1 in [34] is

presented.

Definition 1B.57 (Concave game). Let {U;}?_; where for each ¢, U; C R™

be non-empty, open and bounded. A concave game refers to a continuous
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mapping
w:Up x ... xUpr— RM A1
that satisfies for every i € {1,...,p} the mapping u;(-,7_;) : U; — R is

differentiable and concave for every choice of z_; € U_;.

Remark 1B.58. Note that definition includes the case where agents
mix over a finite set of actions. Such case corresponds to the concave game
where each U; is the interior of a simplex and functions u; are sums of

products of distinct monomials of degree 1.

Given {U;}_, where for each i, U; C R™ be non-empty, open and bounded,
denote by I'(Uy, ..., Up) (or for simplicity, just by I') the set of all concave

games. This set can be naturally endowed with the norm

Julle = max {max u(2)]| + ma | Dys(a) 2}, (1B.58)

where, for brevity, K = Uy x ... x U, and D,, refers to differentiation with

respect to the coordinates comprising x; i.e.,

_(9f . of
b= (2 )

Here superscripts refer to individual coordinates of the vector x; € R™:.

Remark 1B.59. Note that for each ¢ € {1,...,p}, the norm maxzex |ui(z)|+
maxek || De,ui(7)]|2 in equation (1B.58) roughtly corresponds to the C1
norm on the space. Note that in the particular case where p = 1, the norm

indeed reduces to the C'' norm.
Given u,v € I' term them equivalent, u ~ v, if for every i € {1,...,p}
ui(z) — vi(x) = gi(w—)

for some continuous function g;. Denote by [u] the equivalence class of u € T.
The set of all such equivalent classes is denoted by I'\ ~. This set is endowed

with the quotient norm

~ = inf , 1B.59
Illllp\~ = inf flu + glir (1B.59)
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where G denotes the set of all continuous functions

g:Urx..xUp—R"@&...0R™
such that ¢;(z) = gi(x—;) for every i € {1,...,p} (i.e., each component g; is
independent of x;).

Remark 1B.60. If p = 1 then u ~ v if the u — v = ¢ € R. Hence, G is the

space of all constant functions and

= inf . 1B.
ulllry~ = inf [lu+ clir (1B.60)

Let Uy, ...,U, be all non-empty, open and bounded. Moreover, for each i
U; C R". Given u € I'(Uy,...,U,) recall that the set of Nash equilibria of
u, E(u, Uy X ... x Up), is the set of points z € Uy x ... x U, such that for

every i € {1,...,p},
ui(xi,x_i) = ui(yi,x_i) Yy, € ﬁl (1B.61)

Remark 1B.61. Observe that the fact that w;(-,z_;) is differentiable and
concave implies that € Uy x...x U, if, and only if, for every i € {1,...,p},

(Dy,ui(zi,x—), xi — y;) = 0

for every y; € U;. In particular,  must be a solution of the simultaneous
variational inequality given by ((Dg,u1,. .. ,prup),ﬁl X ...x Up,). Note
that this condition further implies that if v = u 4+ ¢, with ¢ € G, then
E(u, Uy x ... xUp) =E(v, Uy x ... x Up). Hence, there is no ambiguity in
speaking of the Nash equilibrium set of [u], E([u], Uy x ... x Up).

Definition 1B.62 (Equilibrium set). {U;}!_; where for each i, U; C R™
be non-empty, open and bounded. The set

ET,...,U,) = U ]} x &), T x ... xTy)
we€l(U1,...,.Up)

is equilibrium set.

Remark 1B.63. If p = 1 the set £([u],U1) is the set of all global maxima of

concave functions in [u]. The equilibrium set £(U;) can then be construed

65



as the graph of the multi-valued mapping that associates to each concave

programme its set of solutions.
The set £(U1,...,Up,) is endowed with the norm

[([u], 2) || = max{{[[u]l|p\~, [l2]l2} (1B.62)

Theorem 1B.64. Given Uy, ...,U, be all non-empty, open and bounded,
where for each i U; C R™. There exists a homeomorphism 1 between
L(U,...,Up)\ ~ and E(Uy,...,Uy). This homeomorphism satisfies T o) =~
idr,,....u,)\~, where 7 : ([u},z) = [u]. Moreover, this homotopy extends to

the one-point compactification of T'(Uy,...,Up)\ ~.

Proof. Let T the linear mapping given by
T:(ut,...,up) = (Dgyur,. .., D up).

Observe that the zero set of T' is precisely G. Hence, T defines a linear
isomorphism between I'\ ~ and a subset of M(Uj,...,U,). It is in fact a
homeomorphism. To prove this claim, it suffices to prove that each com-
ponent of T is continuous. Fix ¢ € {1,...,p} accordingly. Given wu; note
that

|Dastilloo < ltilloo + Dyt (1B.63)

If instead v;, with u; — v; = ¢; independent of z;, had been chosen:
Dz tilloo = | Da;villoo < [[ui + gilloo + [ Daytiil|oo- (1B.64)

Hence,
”DﬂciuiHoo < i?if{nui + Gilloo + ”szquoo} (1B.65)

On the other hand, fix an arbitrary y € Uy x ... x U, and let u; be chosen
then

1
wi(zi, w—i) —u(yi, x—;) —/0 (Dyu((I—t)z; +tyi, x—;), (zi —y;))dt, (1B.66)
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for arbitrary € Uy x ... x U,. Applying the Cauchy-Schawrz inequality,

i (@i, 2—5) — ulgi 7-0)| < | Dayttslloolli — pilla < diam(U;)|[ Dulloo. (1B.67)
Recall that diam(U;) = sup,, ,ep, d(7,y) < oo since each U; is bounded.
Hence,

lnf{Huz + Gilloo + [ Dzytilloo ) < [l — wiyis ) |loo + | Da; il oo
gi (1B.68)
< (diam(Ui) + 1)”DxZUzHoo

Together, equations (1B.65)) and (1B.68]) imply 7; is continuous.

Theorem [1B.50] implies there exists a homeomorphism 1 between T'(I"\ ~)

and Uy, ..., Up). Since T carries I'\ ~ homeomorphically into its image

the first part of the proposition follows by setting ¢ = 1) o T..

To establish the second part, let £ = T~ o&oT with & = maq 01, where 7y
is the projection onto M (U, ... ,Up). By theorem f is homotopic
to the identity by a linear homotopy H. Now, define the homotopy H :
[0,1] x (T\ ~) —= T\ ~ by H(t,-) =T Yo H(t,-) o T for every t € [0,1].

Clearly, these maps are all continuous by composition as it is H. Moreover,

HO,)=T"'oH(,)oT =T"'o idpya,. 7,07 =idn~  (1B.69)

ooy

and
H(1,)=T'oH1,)oT =T totoT =¢. (1B.70)

To conclude the proof, let T([u]) = ® € M(Uy,...,U,) and observe that
given x € Uy,...,U,),

T 'ompm(®,2) =T 1) = [u] = 7([u], x) (1B.71)

Equation yields
H(1,") =T o). (1B.72)
[

Corollary 1B.64.1. Given U C R" be non-empty, open and bounded.
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There exists a homeomorphism 1 between
I\ ~={[u+cler:uc CI(U; R) : u concave}

and E(U). This homeomorphism satisfies T o) ~ idr\~, where 7 : ([u], ) —
[u]. Moreover, this homotopy extends to the one-point compactification of
I\ ~.

Remark 1B.65. Recall that in the context of corollary [I1B.64.1] u ~ v if
u — v € R. To make this relation explicit, the set of equivalence classes has

been denoted by [u + c|.cr as opposed to just [u].

Remark 1B.66. As may be seen from the proof of theorem [IB.64], by assum-
ing theorem it is possible to derive a particular instance of theorem
Indeed, in such case both theorems are logically equivalent.

1B.7 Conclusion

The results in chapters 1A and 1B together demonstrate that, for a large pro-
portion of optimisation problems, the graph of the solution correspondence
is homeomorphic to the underlying set of problems. Notably, the result en-
compasses both linear and non-linear convex optimisation problems, as well

as coupled optimisation problems.

Interestingly, the method of proof draws on the connection between these
problems and finding fixed points of certain maps. Such connection is im-
portant as it may lead to index or degree theories being applied to the class
of problems introduced here. Importantly, an explicit fixed point character-
isation of solutions was absent from the original argument by Predtetchinski

(see proof of proposition 1 and the discussion prior to it in [34]).

There are several avenues to extend the work presented in chapters 1A and
1B. As mentioned earlier, the arguments presented here do not rely on the
structure of RV and thus extend to general Hilbert spaces. It is however
unclear whether they remain valid in the context of Banach spaces. A more
difficult question is whether it is possible to prove structure theorems for

general topological vector spaces. Note that in that regard, for games where
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players have a continuum of pure actions mixed strategies are measures over

the relevant space.

A potentially simple extension is to prove that the homotopy in the structure
theorem is in fact an isotopy (i.e., for every t € [0, 1], H(¢,-) is a homeomor-
phism onto its image). This result holds in the context of theorem
(see theorem 2 in [34]). For the original setting of finite games this was

proven by Demichelis and Germano (see [15]).

Although common in most applications, the assumption of compactness
seems quite restrictive (particularly when considering extensions to Hilbert
spaces). An interesting question is thus whether an extension theorem holds

when the class of mappings ® approach 0 fast enough.

Lastly, when considering simultaneous problems, it has been assumed that
the sets
Ky,...,K,

are independent on the choice of x. This assumption rules out an interesting
class of problems where K; might be a well defined function of z_;. This
“generalised games” arise naturally in the context of general equilibrium
theory, where for a given agent the budget set depends on the given prices,

which might be determined by the actions of the remaining agents.
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Chapter 2

Realising Planar Curves as
Nash Equilibria

2.1 Introduction

The most fundamental concept in game theory is that of Nash equilibrium.
Such equilibrium reflects a state of play where no player would gain from
choosing an action different from the one they are playing. If the num-
ber of players is finite and each player has a finite set of actions available,
then finding Nash equilibria amounts to solving a system of polynomial in-
equalities. Since one may be interested in understanding the structure and
richness of equilibrium sets, it is natural to inquire whether the converse is
true. Namely, if the points of a set B coincide with the solutions to a given
system of polynomial inequalities (a semi-algebraic set), is it possible to find
players and actions such that the set of Nash equilibria of the resulting game
coincides with B? In this form the problem is very difficult. On one hand,
there is no natural constraint on player numbers, nor there is information
about individual player’s actions. On the other, if the set B is not given
explicitly, but it is instead described by inequalities only, then B = () is

possible while Nash equilibria always exists.

Rather than addressing the difficulties in the previous paragraph, consider

the following simplification: Let B be a semi-algebraic set, does there exist
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a game whose set of Nash equilibria is equivalent to B? The main difficulty
with this formulation being the lack of a suitable notion of equivalence.
Indeed, several notions have been considered in the literature so far. Mo-
tivated by similar problems in combinatorial geometry, Datta has proven
that the set of all completely mixed Nash equilibria (i.e. equilibria where
all players randomise across all of their actions) is stably isomorphic to the
set of solutions of a given system of polynomial equalities (see theorem 2
in [I4]). Following Datta, a semi-algebraic set A C R™ is stably isomor-
phic to another semi-algebraic set B C R™ if there exists a homeomorphism
f:AxRF— B, for some k > 0, whose graph is also a semi-algebraic set
of R*t™+k  The requirement that players must randomise across all their
actions limits Datta’s results in two directions. First, the resulting theo-
rem provides no information about additional equilibria. Second, the result

excludes a number of simple sets such as straight line segments.

An alternative approach was taken by Balkenborg and Vermeulen. Specif-
ically, Balkenborg and Vermeulen have shown that given an arbitrary sim-
plicial complex (a set consisting of the union of simplices of different dimen-
sions), there exists a game whose set of Nash equilibria is homeomorphic to
the simplicial complex (see theorem 3.1 in [6] and theorem 2.1 in [7]). Since,
by a result due to Hironaka, any semi-algebraic set is homeomorphic to a
simplicial complex, it follows that there exists a game whose set of Nash equi-
libria is homeomorphic to any given semi-algebraic set. Observe that this
notion of equivalence preserves the topology of the sets involved. Nonethe-
less, topological equivalence ignores the underlying algebraic structure of
the problem: two semi-algebraic sets may be topologically equivalent, but
the inequalities defining one set might not reduce to the inequalities defining
the other. Furthermore, homeomorphism may not preserve the behaviour

of tangent vectors at given points.

Lastly, a parallel strand of the literature has adopted projection as the equiv-
alent notion (see [27] and [41]). This is motivated by the Tarski-Seidenberg
theorem, which states that the projection of a semi-algebraic set onto a
lower dimensional space also results into a semi-algebraic set (see theorem
below). In particular, parallel results by Levy and, Vigeral and Vios-
sat show that for a given semi-algebraic set B there exists a game whose

Nash equilibrium satisfies the following property: the set B corresponds
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to the equilibrium actions of the first N players; i.e., the projection of the
equilibrium set to the first N coordinates is B (see theorem 3.1 in [27] or
proposition 1 in [41]). A main difficulty with projection is, of course, the fact
that it might not be an injective mapping. Indeed, Levy provides an exam-
ple (see example 1 in [27]) of a game with 3 players where the third player
receives pay-off 0 independently of the actions of the others. By projecting
on the equilibrium actions of the first two players, the set of Nash equilibria
projects onto the diagonal of the square [0,1]2. The resulting projection is

however not injective.

This chapter considers an alternative, more restrictive, notion of equiva-
lence: given semi-algebraic sets A C R™ and B C R, where m < n; A
is said to be isomorphic to B if A projects injectively onto B and, in ad-
dition, every coordinate of the resulting inverse mapping is given by affine
functions. Observe that in the particular case that A and B are isomor-
phic algebraic sets then this notion of isomorphism implies that A and B
are algebraically isomorphic. Recall that two algebraic sets are algebraically
isomorphic if there exists a bijection between them whose coordinates are
given by polynomials (the projection in our case) and, in addition, the co-
ordinates of its inverse are polynomial functions as well. If two algebraic
sets are algebraically isomorphic, they are in particular homeomorphic. Im-
portantly however algebraic isomorphism not only preserves the topology of
the sets, but also its algebraic structure (i.e., the equations defining one set
reduce to the equations defining the other and vice versa). This latter fact
is relevant since most semi-algebraic sets considered in this chapter result

from the intersection of a given algebraic curve with the square [0, 1]2.

In regards to the different equivalence notions in the literature, note that
there are largely logically disconnected from one another. Naturally, projec-
tions need not be injective in general and thus do define homeomorphisms.
On the other hand, if two semi-algebraic sets are stably isomorphic they
need not be homeomorphic. This is because stable isomorphism allows one
of the sets to be “stretched” before defining the homeomorphism between the
two sets. Stable homeomorphism does require however that the inequalities
defining one set reduce to the inequalities defining the other, while this fact
need not hold for arbitrary homeomorphisms. The notion of isomorphism in

the previous paragraph does however bridge several of these notions. Since
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the projections are continuous, the requirement that the coordinates of the
inverse are given by affine functions implies that an isomorphism in the sense
of the previous paragraph is a homeomorphism. Moreover, if the sets in-
volved are algebraic sets then it can be seen to also be a stable isomorphism.
Since most sets in this chapter result from intersecting algebraic sets with
hypercubes, it can be concluded that if such sets are isomorphic then they

are also stably isomorphic.

The main result in this chapter can now be stated: let A be a semi-algebraic
set resulting from intersecting the square [0,1]? with an algebraic curve.
Suppose that A intersects neither the top or bottom of the square (i.e.,
AN([0,1] x{0,1}) = (), then there exists a game where each player has two
actions whose Nash equilibrium set can be partitioned into two disjoint sets
(one of which may be empty); the first of these sets is isomorphic (i.e., this
set projects injectively onto A and the coordinates of its inverse are given
by affine functions) to the original curve. The other set is either empty or

consisting of a line segment.

To provide some motivation for the main result, consider the following ex-

Y:{(t,x)e]RQ: (;—x>-<x—t22—2> :0}0[0,1]2.

Observe that the set Y is the union of the graph of the parabola

ample:

242

Ty

and the straight line x = % It is therefore a semi-algebraic set. Suppose

that there existed some polynomial P such that
Y = {(t,z) € R*: P(t,z) = 0}.

Then it must be the case that P(Ty,T») = (T» — 5)Q(T1,T2), but this would
,%) € Y. The set Y is therefore not algebraic. Notably, it also
presents a kink at (0,%
The curve Y is thus not differentiable there.

imply (2

) where both curve segments meet at a zero angle.
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It is proven in section 4 (see proposition [2.25|) that there exists an 11-player
game where each player has two actions each whose set of Nash equilibria

is given by the union of the sets

111111
Xo=191l¢t 80t = =, =, =, = : 1
0 {<t7t7t7t7t727272127272> te[oa ]}

and

t2+4 1244
X1: t7t7t7t7t)i7 il )
8 8

244 244 242 242 _—
8 ' 8 7 4 7 4 )7 e

The set Y can now be seen to parametrise XqU X;. Furthermore, by consid-
ering the first and second-to-last coordinates, Y is the projection of XoU X;.

The two sets are thus isomorphic.

The fact that Y fails to be differentiable at (0, %) is important. Previous
results in the literature did not encompass semi-algebraic sets with such
kinks. In that regard, observe that Y cannot be constructed using Datta’s
approach since it is not an algebraic set. Moreover, it can be seen from the
definition of XU X7 that there exist equilibria where the first 5 players do
not randomise. Furthermore, since homeomorphism need not preserve the
structure of the tangent space at a given point, ¥ cannot be constructed
following the approach by Balkenborg and Vermeulen. More specifically, the
approach followed by Balkenborg and Vermeulen would rely on triangulating
the given semi-algebraic set (see proof of theorem 6.1 in [6]). Because the
line and parabola segments defining Y meet at a zero angle Y at (0, %), any
such triangulation will result in either a single segment or a collection of
several segments where no pair of segments forms a zero angle with another.
Moreover, since the next step in Balkenborg and Vermeulen’s construction is
to embed the triangulation into a certain collection of edges of a hypercube,

the angle of the two edges corresponding to the kink would in fact be 90°.

The question of whether it was possible to construct a game whose set of
Nash equilibria projects injectively was first proposed by Levy (see page 441
in [27]). The aforementioned 11-player game answers this question affirma-

tively. More generally, results in this chapter generalise this conjecture to a
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broader class of sets.

This chapter is organised as follows: section 1 provides formal definitions to
some of the concepts discussed in the previous paragraph. Section 2 intro-
duces some lemmas that are needed in the proof of the main result. Section
3 discusses the construction of the example in the previous paragraph. This
construction is then extended to more general curves in section 4, where the
main result is proven. Further examples of the main result are provided in
section 5. Lastly, section 6 summarises the main results and concludes the

chapter.

2.2 Preliminaries

Denote by |X| the number of elements of the set X; i.e., its cardinality.
Given a set X satisfying 0 < | X| < oo, let A(X) be the set of all probability
measures over X. Recall that

Ry

AX)ZAx =2 eRM > =1, a;>20Vie{l,...,|X]}

i=1
This identification is employed throughout this chapter.

Given sets Ay, ..., Ay, each satisfying 0 < |A;| < oo, a multi-affine mapping
G:A(A1) x...x A(Ay) — R™ is said to be an n-game G. For brevity, and
in the absence of ambiguity, a given n-game G is often referred to simply as

a game.

Remark 2.1. Observe that the i*" component G; of a given game G is of the

form .
Gi(w1,.. )= Y ... Y Gilar,...,an) [ 2(ay), (21

a1 €A1 an€An j=1
for some coefficients G;(ai,...,a,) € R. These coefficients are determined

through the following observation:

Gi(éal,...,éan) :Gi(al,...,an), (22)
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where 0, is the delta measure,

1 if a = a;,
bar(a) = (2.3)
0 if a# a;.

In view of remark and to keep notation simple, the identification a; = d,,

is made in the remaining of the chapter. Moreover, it is convenient to write

Gi(:cl, ey Lj—1, di, Lit1y--- ,a:n) =
Gi(z1, ..., i1,04;, Tit1, ..., Tn) =
n
E E E E Gi(al,...,ai,l,&i,aHl,an)Ha:j(aj)
a1€A1 ai_1€Ai_1 ai+1€Ai+1 (ZnGAn ];ﬁl

(2.4)

Remark 2.2. Let (-,-) denote the Euclidean inner product over R™ and ob-
serve that the components of given 2-game G are of the form G;(z1,z2) =
(x1,Ujza), where U; is a matrix satisfying U, (a1, a2) = Gi(a1,as) for every
pair (aj,az) € A; X Ag. It is customary to represent such game G in terms
the matrices U; and U,. Moreover, abusing notation slightly, the matrices
Uy are U,y are labelled GG; are G respectively. This representation is used

in the sequel (see e.g. proposition [2.12]).

Given non-empty finite sets Aj, ..., A,, denote by T'(Ay,...,Ay) the set
of all n—games. For the purpose of this chapter, it suffices to restrict the

analysis to a particular class of games only:

Definition 2.3 (Binary game). Let A; = ... = A, = {0,1} a multi-affine
mapping G : A(41) x ... x A(A,) — R" is said to be an n—binary (or

simply binary) game.

Remark 2.4. Since A({0,1}) = [0, 1], it is possible to identify each probabil-
ity measure x; € A(A4;) with a single point x € [0, 1] through the mapping
x; — z;(1). By a slight abuse of notation, denote the point © = z;(1)
by x;. Under this identification, a binary game G is viewed as a mapping
G : [0,1]™ — R™ where each component is of the form

76



Gi(w,..mn) = > . Y Gilar,...an) [T [0 — ). (25)

a1€{0,1} an€{0,1} i€z  jeZ

Here Z = {i € {1,...,n} : a; = 0}. Observe that upon expanding the
left hand side of equation (£2.5), the value of G;(z1,...,x,) is a polynomial
whose monomials are all of the form x;, - x4, - ... x4, ; - T4, With x;, # z;,

for k # 1.

The set of all n—binary games is denoted by B,.

Recall the following

Definition 2.5 (Nash equilibrium). Given a game G € I'(A;,...,A4,), z €
A(Ap) X ... x A(Ay,) is a Nash equilibrium if for every i € {1,...,n}

Gi(X1y ey T, Ty T 1y -y ) 2 Gi(XT1y oo Tim1, Yiy Tig 1y -« Tp)  (2.6)
holds for arbitrary y; € A(A4;).
Remark 2.6. In the interest of brevity, the following abbreviation
(Yir®—i) = (T1y ooy Tim1, Yiy Ti 1y - -y Tny)
is standard. In particular, under this nomenclature equation becomes
Gi(z) = Gi(zi,x—;) = Gi(yi, x—;). (2.7)

Theorem 2.7 (Nash). Let Ay,..., Ay, be sets with 0 < |A;| < oo for every
i. For every game G € I'(Ay,..., Ay) there exist x € A(A1) X ... x A(Ay)

satisfying the conditions given by (2.6)).

For a proof of Nash’s theorem see e.g. theorem 2.2.3 in [17].

Given G € T'(44,...,A,) denote by E(G) # 0 the set of the Nash equi-
libria of G. From the point of view of algebraic geometry, the set E(G) C
RlA1l+-+l4nl belongs to a well-studied class of subsets of this Euclidean

space. The relevant class is introduced below:
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Denote by R[X] the set of all polynomials in the variable X with real coeffi-
cients. More generally, R[X1,. .., Xj] represents the set of all real polynomi-
als in variables X1,...,X). A set A C R¥ is then said to be semi-algebraic
if it can be written as a finite combination of unions and intersections of

sets of the form
{z € R*: P(z) <0} and {z € R¥: Q(x) < 0}

with P,@Q € R[Xq,..., Xg|. If the inequalities defining the semi-algebraic set

are in fact equalities, the resulting semi-algebraic set is said to be algebraic.

Remark 2.8. It follows from the definition that the collection of all semi-
algebraic sets of R™ is closed under unions and taking the complement (i.e.
it forms an algebra of sets). Moreover, it is also closed under projection onto

a smaller subspace.

Theorem 2.9 (Tarski-Seidenberg). Let A C R™ be a semi-algebraic set and
denote by T the projection onto the coordinates K C {1,...,n}. Then

7 (A) € RIEN s also semi-algebraic.

A proof of this result may be found in e.g. theorem 2.2.1 in [11].
Remark 2.10. The theorem of Tarski-Seidenberg does not hold if inequalities

are replaced with equalities throughout. Consider for instance the set
A={(z1,22) e R? : 2?2 + 23 = 1}; (2.8)

then 71(A) = [—1,1], which is not an algebraic set. It is however semi-

algebraic since
m(A)={reR:—(14+2)<0}n{zeR:2—-1<0}. (2.9)
Proposition 2.11. Let Ay,..., A, be non-empty finite sets. Given
GeT (A, ..., An),

E(G) is a semi-algebraic set.

The proof of this result is fairly elementary and it is provided for complete-

ness.
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Proof of proposition [2.11 Tt suffices to show that the condition x € E(G)
can be written in terms of equalities and inequalities of polynomials exclu-
sively. Indeed, for ¢ € {1,...,n}

aiGAi
—mi(ai) < 0Va; € Ai, (2.11)
Gi(ai,:c_i) — Gl({L‘Z, .%'_Z') < 0Va; € Ai- (2.12)

The last of these inequalities being equivalent to definition of Nash equilib-

rium whilst the first two characterise each x; as a probability. |

Proposition [2.11] establishes, in broad terms, that the Nash equilibrium set
of an arbitrary game is a non-empty compact semi-algebraic set. A natural
question is whether the converse holds true. Namely, given B € R? non-
empty, compact and semi-algebraic; can non-empty finite subsets Ay, ..., A,
be found such that B = E(G) for some G € I'(A44,...,A,)? This problem
appears to be notably hard since no restrictions are placed on either n or
the cardinality of each set A;. A related (and somewhat simpler) problem
is the following: given non-empty finite subsets Ai,..., A, determine for

which semi-algebraic subsets of
A(A7) x ... x A(Ap)

there exists G € I'(A1,...,Ay) such that E(G) coincides with the given
semi-algebraic set. A complete classification is known when n € {1,2}. If
n 2 3 then, by applying tools from real algebraic geometry, it is possible, for
example, to obtain an upper bound on the maximum number of connected
components of E(G) (see corollary 2.2 and 2.3 in [27]). Consequently, if the

number of components of a semi-algebraic subset
B CA(A)) x ... x A(Ay)

exceeds this bound it cannot be the set of Nash equilibria of any given
G €T'(A4y,...,A;). This is just one way in which the algebraic constraints
impose restrictions on the complexity of the set, beyond merely bounding

the number of components.
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Given the difficulties in formulating a converse of proposition [2.11 much of
the literature has focused instead on the following problem: given B C R¢
non-empty, compact and semi-algebraic does there exist sets Ay, ..., A, (0 <
|A;| < oo for each i) such that B is “equivalent” (in some suitable sense) to
E(G) for some G € I'(A44,...,Ay). In particular, the result is known to hold
under weak notions of equivalence (e.g. up to homeomorphism or projection,
see [27], [41], [6], [7] and [14]). The choice of homeomorphism (see [6] and
[7]) is motivated by a desire to preserve the Euclidean topology inherited
by the semi-algebraic set B. Meanwhile, equivalence under projection (see
[27] and [41]) can be understood as a converse to the theorem of Tarski
and Seidenberg. In this chapter, an alternative notion of equivalence, which

conserves the algebraic structure of B, is considered instead.

2.3 Two ancillary results

In this section two results that constitute the backbone of most of the latter
constructions are presented. The first is due to Levy (see example 1 in [27])
and the second is a generalisation of a previous result due to Chin et al. (see

example in pages 3 and 4 of [13]).

Proposition 2.12 (Levy). Given q € R let H[q] be the 2—binary game
defined by the matrices

Hl[q]:[?)_zq 4q_11]; Hz[Q]ZL_l4q 4q13]. (2.13)

This game satisfies,

(0,1) if q<0,
{(0,w) :we0,1]} if ¢=0,
E(H[q)) =1 (¢,9) if 0<q<l, (2.14)
{Lw):wel0,1]} if ¢=1,
(1,0) if q¢> 1.

A proof of this result amounts to simple calculations and it is thus omitted.
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For a discussion of this result see section 3.1 in [27].

Theorem 2.13. Let N € 2N + 1, there exists a game Cn € By such that
E(Cn)=A{(t,...,t): t €[0,1]}. (2.15)

Remark 2.14. The case N = 3 corresponds to the original example by Chin

and co-authors (see example in pages 3 and 4 in [13]).

Remark 2.15. From a geometrical point of view, theorem [2.13|states that for
every N > 3 odd it is possible to construct a game whose Nash equilibrium
set corresponds exactly with the diagonal joining the vertex (0,...,0) and
the vertex (1,...,1) of the hypercube [0, 1]".

In view of remark and for the remainder of this section, let X denote
the diagonal of the hypercube [0,1]Y connecting (0,...,0) and (1,...,1);
i.e.

X ={(t,....t): t€[0,1]}.

Remark 2.16. The proof of theorem [2.13| uses a similar approach used to the
one followed in section 4 of [I2]. The argument is not particularly difficult,
but it does involve some subtleties. In the interest of clarity, it is split into

several lemmas.

In preparation for proof of theorem fix N € 2N+ 1 and let G € By be

defined as follows: for each i € {1,...,n} set
Gi(ai,z—;) = (1 = 2a;) - (Ti—1 — Tit1), (2.16)

where addition over the index ¢ is to be understood modulo N, so that in
particular 0 = N and 1 = N + 1. It is to be proven that G = Cy.

Lemma 2.17. Given N € 2N+1, let G € By be the game with components
given by equation (2.16)). Suppose that for some x € E(G), k € {1,...,N}
s such that x, =0 and xp11 < 1. Then 1o =0 and Tg11 = Tiy3.

Remark 2.18. Recall that arithmetic operations are defined modulo N €
2N+ 1. In particular, 3 = x4 N for every k € {0,..., N —1}. Furthermore,
given k € {0,...,N — 1} xyy1-r = x1. This is used in the proof.
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Proof. By applying the transformation in the latter part of remark it
may be assumed without loss of generality that £ = 1. It is to be shown
that x3 = 0 and x9 > x4. Observe that

Gao(x1, w2, 23) = —x3(1 — 222). (2.17)

If, by way of contradiction, 3 > 0 then z € E(Cy) implies

1
GQ($1,(L‘2,[E3) = x3(2x2 - 1) 2 0= G2 <(L‘1, 2,%3) . (2.18)
Hence, z45 € [%, 1), which further implies
0< T3 = Gg(xl, 1,.%3) < Gg(xl,xg,acg) < T3, (2.19)

which results in a contradiction. Consequently, x3 = 0 must hold. As a
result, the fact that x € E(Cy) yields

1
0= G3 (xg, 2,334) § G3($2,0,$4) = X9 — I4. (2.20)
The second part of the conclusion thus follows. |

Lemma 2.19. Given N € 2N+1, let G € By be the game with components
given by equation (2.16)). Suppose that for some x € E(G), there existed
ke {l,...,N} such that x, = 1 and xp41 > 0. Then xxio = 1 and

Tht1 S Th3-

The proof of this lemma is virtually identical to the proof of lemma [2.17]

and it is thus omitted.

Proposition 2.20. Given N € 2N + 1, let G € By be the game with
components given by equation (2.16)). Suppose that there eristed x € E(G)
such that x1 € {0,1} and (—1)**(xny — x2) > 0. Then for every

kef{l,...,N}n(2N+1),

x = a1 and (1) (zp—1 — 2p41) 2 0.

Proof. For definiteness assume x; = 0 (the other case follows by very similar
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argumentation). Let
Ac{l,...,N}n(2N+1)

be the set of all k£ for which the statement in the rubric held. Observe that
A # () since k = 1 is in A by assumption. Proceed by induction, let ko be
such that 1 < k < kg is in A. Then the following chain holds

1Z2an>1 228200 2 Tpy—1 2 Tp41-

Lemma [2.19| implies that kg + 2 must also be in A. |

Corollary 2.20.1. There does not exist v € E(G) and k € {1,...,N} such
that zy, € {0,1} and (—1)"*(xg_1 — z41) > 0.

Proof. By way of contradiction, suppose that such z € E(G) existed. Recall
that by remark it might be assumed without loss of generality that
k = 1. Moreover, for definiteness, let 1 = 0 (the other case follows by the
same argument). Proposition implies

xlsz:0>ac2>0,

an obvious contradiction. |
The above results can now be used to establish theorem .13t

Proof of theorem[2.13 Recall that
X ={(t,...,t): t€[0,1]}
and let G € By be the game whose it" component is
Gi(aj,z—;) = (1 —2a;) - (xi—1 — Tig1).
Given z € X and k € {1,...,N},

Gr(rk—1,,2Kk11) =0 (2.21)
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thus z € E(G). Suppose now to arrive to a contradiction, that there existed
some x € F(G) \ X. The oddness of N implies the existence of an index
k € {1,...,N} such that zx_1 # =1 (see lemma below). Consider

first the case x;_1 > Tr11. Since x is a Nash equilibrium,

1—2x1) (1 — = Gp(Tka1, Tk, Th—
( k) (Tr—1 — Thy1) k(Tht1, Ty Th—1) (2.22)

> Gr(Tr41,0,25-1) = Th—1 — Tht1-

It follows that x; < 0 and, consequently, xr = 0. Observe that this con-
clusion contradicts corollary If, on the other hand, the inequality
Trp—1 < Zk41 held instead then it would imply x; = 1, which contradicts
corollary once again. This latest observation rules out both cases, it
must be concluded that € E(G) \ X = 0. [ |

Lemma 2.21. Suppose N € 2N + 1 and x € [0,1]V is such that for every
ke{l,...,N} xx_1 = xg4+1, then x € X.

Proof. Observe that by assumption, odd-indexed variables take identical
values, whilst all even-indexed ones also take the same value. Since x¢p = x
with N € 2N + 1, the result follows. |

Remark 2.22. Lemma [2.21] does not hold whenever N is even. In that case,
all even indexed variables are equal to each other, while all the odd indexed
variables coincide. The values of these two collections might however be
different. This implies that the set F(G), where G € By is the game whose

i component is

Gi(ai,z—;) = (1 —2a;) - (Ti—1 — Tit1),

is a 2—dimensional plane that contains the diagonal X. The proof of this

result follows closely the arguments in this section.

2.4 A first example

This section provides a novel example of 11-binary game whose Nash equi-

librium set projects injectively onto a kinked semi-algebraic set of the unit
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square. Before discussing the example it is necessary to introduce some nota-
tion. The conventions employed here follow those in [27] (see e.g., theorems

3.2 and 3.3 as well as the examples in section 3.1).

Consider a partition of the set {1,..., N} C N into disjoint subsets o and
B. Let a;, where the index i runs from 1 to |«|, label a generic element of

«. Similarly, 5; denotes a generic element of 3.

Fix now non-empty finite subsets Aq,..., Ay, using the partition in the

previous paragraph an arbitrary point

(.7,‘1,... ,$N) S A(Al) X ... X A(AN)

(631

can now be written as (2%, 2%) = (2, ..., 2% 2%, ... %), where |a| = n

and |B] = m.

For a game G € T(Ay,..., Ay) and (z,9%) € A(A1) x ... x A(Ay) write
GoyP)(x%) = Gr(z™, ..., %y, . yPm), (2.23)

where it is assumed that «; = k. Whenever it is clear from context the
dependence on % might be omitted. Moreover, if G, is in fact independent

of 4% then the term in square brackets is omitted.

Fix now some y° € A(Ag,) x ... x A(Ag,,) let G[y°] : A(Any) X ... ¥
A(A,,) — R™ be the game whose individual components are given by
equation (|2.23]).

Proposition 2.23. Let Ay,..., AN be non-empty finite subsets. Given a
partition of {1,..., N} into subsets a and 3, (2®,2%) € A(A1) x...x A(Ay)
is a Nash equilibrium of G € T'(A1, ..., An) if, and only if, x® is a Nash

equilibrium of G*[2°] and x® is an equilibrium of G8[x®].

Proposition [2.23] amounts to a re-statement of the definition of Nash equi-

librium. It however plays a central role in the subsequent construction.

Remark 2.24. In the sequel, partitions of the set {1,..., N} C N into several
disjoint subsets are considered. A simple inductive argument extends the
conventions (as well as proposition [2.23)) to such situation.
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In the interest of clarifying the notation and to give an overview of the main

techniques in this chapter, consider the following

Proposition 2.25. Consider the embedding of the semi-algebraic

Y:{(t,x)ERZ: <;—m>~<x—t2i2> :0}m[0,1]2

onto R whose image is given by XoU X1, where

Xo = {(t,tvt’t’u%,%,%,%,%,%):tE[O,l]},

244 244 244 244 242 242 .
Xy = (bt e, B B B P 202 £242Y 4y € [0,1)]

Then there exists G € By such that E(G) = Xo U X;.

Remark 2.26. Observe that if Xy and X are the sets defined in the rubric
of proposition then,

111111
X X1 = - - - - - .
0N Xy {<0705070>0>27272127272>}

0.8 |

0.6 |

0.4

0.2 |

02 04 06 08 1

Figure 2.1: An illustration of the curve realised by proposition [2.25] The

red line is given by =z = %, while the blue line is a segment of the parabola
given by x = taTH

Remark 2.27. Aside from illustrating the main techniques in the chapter,
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0.8 1

0.6 | l J J
M

0.2+

—
—|

02 04 06 08 1

Figure 2.2: An illustration of the dynamics involved in the construction of
the example of proposition Notably, the parabolic segment is unstable.

proposition is interesting in its own right: the set

{(t,g;)eR2: <;—x> : <x—t212> :0}0[0,1]2

being semi-algebraic, as opposed to merely algebraic, falls outside the scope

of the results in [I4]. Furthermore, the notion of universality (homeomor-
phism) in theorem 6.1 in [6] does not adequately capture the behaviour close
to (0, %) Lastly, this set can be regarded as resulting from projecting E(G),
where G € By1 is the game constructed in proposition onto the plane

22 = =g =M= =zl =22=0.
The fact that this projection is injective solves affirmatively a question pro-
posed by Levy (see page 441 in [27]). Theorem shows that this fact

holds more generally.

Remark 2.28. Heuristically, the main idea of the proof of proposition [2.25|is
to begin by grouping the 11 players into three groups denoted « (containing
5 players), # (containing 4 players, divided into two even subgroups) and ~y
(containing 2 players). Players in the group « play a C; game, where C5
is as in theorem Meanwhile, each subgroup in 8 plays a H game (see
proposition , where the parameter ¢ depends on the actions of players
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in . Lastly, the two players in v play a H game where the parameter ¢
depends on the actions of players in « and 5. The main idea is that if the
first player in the group =, 71, takes action 1 with probability 7, then their
action affects pay-offs of players in 8, which in turn affect +v1’s pay-offs. This
loop recurs until equilibrium is reached, which must lie as a result in either

the parabolic segment

244 244 244 244 242 242
Xy =<ttt tt telfo,1
1 {(77777 8 ) 8 ) 8 ) 8 ) 4 ) 4 6[7]

or the line segment

111111
Xo = t.t,t,t,t,—, —, —, —, —, — it 1] 5.
0 {<7vaa’272a2a27232> 6[0? ]}

The projected dynamics are illustrated in figure Interestingly, since for
t € [0, 1], the polynomial

- (-5 (5712

has a double root at = = '%%2 and a single root at = = %, equilibria on the

parabolic segment have saddle-point like instability, while equilibria on the

line segment are stable under these dynamics.

Proof of proposition[2.25 Denote by Q € R[T1,...,Ts] the following poly-

nomial
4T — 1 1 475-1
oty = B (L Doy,
2 2 2
(2.24)
4T —1 1 Ti-Ty 4Ts —1 1 T3-Ty
2 2 4 2 2 4 '

Observe that upon expanding the product, the polynomial () can be seen to
contain monomials of the form T;, - T;, - ... - T, , where the indices 41,. ..,
are all distinct. In light of remark the polynomial @ can be used to

define a binary game.
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Partition {1,...,11} as follows:
1,...,5 U {6,7} U {8,9} U {10, 11}.

Using this partition, let G € B;; be defined as follows

Gal,...,af) — Cg‘lv-'vaf” (225)
GPvB2  — BB [HW] (xﬁl 252 (2.26)
4 ) ) :
1+ 2™
GP3Bs —  [Bsiba [T] ($53,x64), (2.27)
G2 L2 [Q(mal, LT xbﬁ, e xﬁ‘*)](x'yl , g;’Y?). (2.28)

Where, by a slight abuse of notation, G*>~%5 is identified with the game in
theorem [2.13] in the particular case N = 5. This identification is valid since
the only indices involved are 1,...,5. Employing a similar notational abuse,
for i € {1,3} the game GP-%+1 is identified with the game H in proposition
2120 A similar identification holds for G772,

Suppose first that € Xg U X;. By a slight abuse of notation, re-label the

coordinates of x using the elements of the partition o U 5 U ~. Hence,

¥ =...=z% =tel01], (2.29)
1+ 2zm
= =P = %. (2.30)

Hence,

1 1 2 ?
Q(z™, ..., a% 2P 2Py = a7 + <2 - x“) (2 +7 —x“) . (2.31)
Since 2™ € {3, 5 + %} it follows that

Qz™,. ..,z gfr . aPt) =g =, (2.32)

Equations (2.29)), (2.30) and (2.32)) along with propositions and
and theorem imply that x € E(G).

Suppose next that x € E(G) satisfies 0 < 27 < 1, proposition im-
plies that (2.32]) holds. Moreover, since = € E(G) it follows by proposition
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that 1, ... % forms an equilibrium of C5 and thus equation
holds as well. Similarly, %, 2% must coincide with the unique equilib-
rium of HP1A2 [%] while 273, 2P coincides with the only equilibrium
of HPs:P [#] Equation is therefore satisfied. Combining these

results,
2 =M 4 1 N 1 4+ ﬁ — g 2- (2.33)
2 2 4 ’

which yields 27 € {3, 5 + %}, and, consequently, x € Xg U X;. All that

remains is to show is that there exists no equilibria with 27 € {0, 1}.

Suppose by way of contradiction that there existed an equilibrium satisfying
" = 0, proposition would then imply that ) < 0. However, following
the same logic as in the previous paragraph, z® = ... = 2% =t € [0, 1]
and

5 = R -

1
=...= =7
These equalities in turn imply

o e p sy 1(1 )
0> Q™ ...,z " ... jaM)==-(-4+—] >0, (2.34)
2\2 4
which results in the desired contradiction. Suppose that z7* = 1 instead.
Proposition [2.12| now implies that ) > 1 must hold. But since z% = ... =

x® =1t €0,1] and

3
B — Ba 2.
T x e
the following holds
1/1 2\ 7
1< Q(mo‘l,...,xo“‘,xﬁl,...,mﬁ‘*) =l-3 (2 - 4> < 3 (2.35)

Resulting in another contradiction. No equilibria with 27 € {0,1} must

exist as a result. |

Remark 2.29. Examining the construction in the proof, the partition set
{1,...,11} into four subsets a« = {1,...,5}, B8 = {6,7}, and B’ = {8,9}
v = {10,11} can be justified as follows: in equilibrium, equations indexed
by « correspond to the abscissa of a given point on the set. On the other

hand, equations index by  refer to the ordinate of the point. Meanwhile,
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the role of equations index by [ is to equate variables T5, ..., Ty to ensure

that the overall number of variables collapses to only 2.

2.5 Equilibrium sets as algebraic curves

Using similar arguments as in the previous section, the result in the previ-
ous section is generalised to a broader class of planar semi-algebraic sets.
Moreover, the existence of a binary game whose equilibrium set contains a
component isomorphic, in a sense to be specified, to an algebraic curve is
established.

Given Py,..., P, e R[TY,...,T,], let V(Py,..., P,) denote the algebraic set
defined by the polynomials Py, ..., Py; i.e.,

V(Py,...,Py) = {(21,....&m) €R™: Pila1,...,xm) = 0}.
=1

In the particular case P € R[T7, T3] the set
V(P) = {(z1,29) € R? : P(x1,22) = 0}

is referred to as an algebraic curve.

Remark 2.30. Observe that since V(0) = R? and V(1) = () the above defi-

nition implies that both R? and () are algebraic curves.

Definition 2.31 (Isomorphic sets). Given {i1,...,i,} C {1,...,n + k},

where n, k € N; denote by m;, ;. the projection
TG1 yenying - (1171, <oy Tny Tt ls - - - )$n+k) = (‘rip s 7'Tin)'

A semi-algebraic set A € R"* is said to be isomorphic to B C R™ if the

following conditions are satisfied:

(i) There exists {i1,...,4,} C {1,...,n+ k} such that B = m;, _;,(A).

(ii) The projection m;, . i, : A+ B is injective.
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. . -1
(iii) The inverse mapping ¢ = Lo

i, has the following property: given
Je{it, . int, (@i, ..., xi,) = aj - x5, + bj, where L € {1,...,n}.
Remark 2.32. Definition [2.31] implies that a semi-algebraic set A is isomor-
phic to B, if A projects injectively onto B (note that B must lie in a subspace
of the ambient space containing A). Moreover, the inverse of the projection

must be such that each of its coordinates is an affine function.

Let A C R"* and B ¢ R™"* be two given semi-algebraic sets. A mapping
¢ : A — B satisfying conditions (i) through to (iii) in definition is
said to be an isomorphism.

Remark 2.33. Naturally, if two semi-algebraic sets are isomorphic, the pro-

jection in definition [2.31]is an isomorphism between the two sets.

Remark 2.34. Note the notion of isomorphism in definition [2.31]is not stan-
dard. In the particular case that the sets A and B are algebraic sets, then
the projection in definition defines an isomorphism of algebraic sets
(see section 2 in chapter 1 of [40]). Recall that A C R™ and B C R™ alge-
braic are isomorphic (in this latter sense) if there B if there exists a regular
bijective mapping f = (fi,..., fm) : A — B whose inverse is also regular.
Here regular means that for every ¢ € {1,...,m} the mapping f; satisfies
fi(z) = F(x), for some F € R[T},...,T,] and all z € A.

Theorem 2.35. Let P € R[T},T] be such that

fax P(t,1) <0< 0211;131 P(t,0). (2.36)
There exists G € By, for a certain N € N such that E(G) is isomorphic to
V(P)N[0,1)% (i.e., E(GQ) projects onto V(P) N [0,1]? injectively and each
component of its inverse is an affine function).

Corollary 2.35.1. Let P € R[T1, T3] be such that V(P)N[0,1]2 C [0,1] x
(0,1). There exists N € N and G € By such that E(G) = W U X, where
W projects injectively onto V(P) N [0,1]2 C [0,1] x (0,1) and X is a line
segment separated from W . Furthermore, the inverse of the projection of W
is such that each of its components is an affine function. More formally,

E(G) has the following properties:

(i) E(G) = o(V(P)N[0,1]2)UX, where ¢ is an isomorphism and X is a

line segment.

92



(i1) There exists a compact set K such that KN X = () and whose interior
contains p(V(P) N[0, 1]?).

Remark 2.36. Observe that an immediate consequence of theorem [2.35] is
that E(G) projects homeomorphically onto V(P) N [0,1]%. It is worth em-
phasising however that the construction used in the proof of theorem [2.35
preserves not only the topology of V(P)N[0,1]? but its geometric and alge-
braic structure.
Remark 2.37. Note that, despite being a corollary, corollary is the
main result in the chapter. To provide some understanding, consider the

following polynomial

1\2 1\? 1
PITy. Ty = (T, — = T 2) —
[T, 1) <1 2) —|—< 2> s

Then V(P) C (0,1)? is the circle centred at (3, ) with radius %. Conse-
quently, there exists fibres {¢t} x [0, 1], with ¢ € [0, 1], which do not intersect
V(P). Thus P does not fulfil the assumptions of theorem It is however
possible to modify V' (P) by adding a line segment parallel to the t-axis in
such a way that the assumptions of theorem [2.35| are satisfied. By placing
the line at a sufficient distance from V' (P), the requirements of theorem

are satisfied, while preserving V (P).

14
0.8 1
0.6 1
0.4 |

0.2 1

¢
02 04 06 08 1

Figure 2.3: Graph of the set in remark

Proof of corollary[2.35.1 Since V(P) C [0,1] x (0,1) there exist ¢ € (0,1)
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such that V(P) C [0,1] x [,1 — ] (see lemma [2.43] below).

Let Q(t,z) = (§ — x) P(t,z)* and t € [0,1], it follows

Q(t,0) = %P(t,0)2 >0, (2.37)
Qt,1) = — (1 - g) P(t,1)2 <0 (2.38)

Thus condition ([2.36]) is fulfilled and N € N exists such that G € By can
be found satisfying ¢(V(Q) N [0,1]?) = E(G), where v is an isomorphism.

Since V(Q) = V(P)U([0,1] x {§}) and V(P)N([0,1] x {5}) = 0 the result
follows by restricting ¢ to V/(P) N [0,1]%; i.e., ¢ = Ylvpy- |

Remark 2.38. Observe corollary imposes no requirement on V(P)
beyond not intersecting the set [0, 1] x {0, 1}. In particular, V(P)N[0,1]2 =
is allowed. A consequence of this observation is that the result in corollary
cannot be improved further.

Before providing a proof of theorem two lemmas are needed. For

brevity, refer to a polynomial P € R[x1, ..., x,| as a multi-linear polynomial
l
if every monomial it contains is of the form [ z; with i} < iy < ... <
k=1
i—1 < 4y and 0 < [ <deg(P) (deg(P) denotes the degree of the polynomial).

Remark 2.39. Recall that by remark for a given binary game G € B,

each component G; is a multi-linear polynomial.

Lemma 2.40. Let P € RI[T, S|, there exist P e R[Ty, ..., Ty, S1, ..., Sn]
multi-linear such that P(t,... t,s,...,s) = P(t,s).

Remark 2.41. The proof of lemma is fairly natural as it amounts to
transforming a monomial 7%S! into the monomial Hﬁ:l T, - Hézl Si,- The
argument is presented fully as it provides an upper bound for the number

of n, the number of T variables, and m, the number of S variables.

Proof of lemma[2.40 Consider first the case that P contains only 7', then

N
P(T) =) a,T" (2.39)
n=0
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and the desired multi-linear polynomial is

N t
P(Ty,....Tng) =ao+ Y ax  [[ T (2.40)
i=k =t _1+1
where
k(k + 1)
="

is the k™™ triangular number. An analogous result holds if P contains S

exclusively.

Consider now the case that P(T,S) is of the form
P(T,S)=a(S)T" (2.41)
where a(Y') is of degree at least 1 and n > 0. In this instance,

~

P(Ty, ..., Tp, S1, .., Su) = a1, .. Sn) [[ T, (2.42)

where a is constructed using the steps in the previous case.

Observe that since an arbitrary P € R[T, S] can be written as

a(S)T* + Py(S) (2.43)

M=

P(X,Y) = Py(T) +

i

1

the existence the desired multi-linear polynomial follows by repeated appli-

cation of the previous two cases. |

Remark 2.42. Given P € R[T, S] there might be several multi-linear poly-
nomials that satisfy the condition in the previous lemma. In particular,

consider the following polynomial
P(X,)Y)=X242XY +Y?= (X +Y)2 (2.44)
Lemma furnishes us with the polynomial

N

P(X17X27X37 }/17Y27Y3) = X1X2 + 2X3Y1 + YVQ}/?H (245)
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while the smaller polynomial

A~

Q(X1, X2,Ys,Y3) = (X1 + Y1) - (X2 + Y2) (2.46)

also fulfils the desired requirements. In fact, the construction given in
the proof of lemma [2.40] generates a multi-linear polynomial containing the

largest possible number of monomials.

Lemma 2.43. Let P € R[Ty,T»] be such that V(P)N10,1]? C [0,1] x (0, 1).
There exists € € (0,1) such that V(P)N[0,1]? C [0,1] x [e,1 — ¢].

Remark 2.44. Lemma follows by applying the tube lemma (see lemma

5.8 and, for a proof, step 1 in page 168 in [31]) to either {0} x [0,1] or

{1} < [0,1].

Remark 2.45. Let P € R[Ty,T»] satisfy the assumptions in theorem [2.35]

An application of the intermediate value theorem along with the condition
max P(t,1) <0< min P(t,0). (2.47)
0<t<1 0<t<1

shows that given ¢ € [0,1], the polynomial P(t,-) € R[X] has a root zp €

(0,1). Geometrically, this implies that for every ¢ € [0,1], V(P) N ({t} x

[0,1]) # 0. Note that this places a significant constraint on the number of

possible choices for the polynomial P. Notably, this condition may not be

fulfilled if P contains even powers only.

Remark 2.46. Observe that a consequence of corollary [2.35.1] is that there
exist binary games whose set of Nash equilibria contains an arbitrary number

of isolated points.

Proof of theorem [2.35 By lemma there exists a multi-linear polynomial
PeR[TY,..., Ty, S1,...,Sy] such that

P(t,x) = P(t,... t,x,..., ).

Define Q € R[TY,...,T,, S0, S1,...,Sn] as follows

4S9 — 1
Q(Th,...,Tn,80,51,...,5m) = 02 +
2.48)
R 45, —1 48 —1 (
P(Tla-.-aTTLa S12 geeey Sm2 )
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Moreover, define

No = inf{k € 2N+1:n <k}, (2.49)
N; = inf{k€2N:m+1<k}. (2.50)

Set N = Ng+ Ny +2 and let G : [0,1]Y —— RY be a binary game as follows

GOl ONy  — C]O\‘[;""’O‘NO, (2.51)
GPP2  — BB # (3351 7 $52)’ (2.52)
(2.53)

GONi-1BNy  _ pPaba ﬁ (@M1, 2N, (2.54)
G = g [Q(xalw .. axan73§617 v ’:L,,Bm+1)](x'17’$'2)’)(255)

As in proposition by a slight abuse of notation the game G *No
is identified with the game in theorem [2.13] A similar abuse of notation is
employed for the game GPAi+1 which is identified with the game H (see
proposition on the indices 5. Moreover, since () is a multi-linear
polynomial, the game H772[Q)] is well-defined as it contains only monomials

that are products of distinct variables.

Now, let

2 1 2 1
X':{<t,...,t7 x4+ e x4+ ,x,x>:(tja:)6[0,1]2andp(tax):0}'

Observe that to each point (t,z) € V(P)NJ0, 1] there corresponds a unique
point of y € X. Moreover, the coordinates of y are given by affine functions
of t and z. On the other hand, V(P) N[0, 1]? results from projecting X onto
the plane defined by the first and second-to-last coordinates. Since such

projection is injective, the sets X and V(P) N [0, 1]? are isomorphic.

It is to be shown now that E(G) = X. Assume first that (z®, 2%, 27) € X
(note that, as it was done in proposition by a slight abuse of notation
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coordinates of z € X are labelled using the partition aUBU~). Consequently,

¥ =... .=z =t € [0,1], (2.56)
1 2x7
2P = =aPm = %. (2.57)

It follows from theorem [2.13| that z® is a Nash equilibrium of C;%’""QNO.
Moreover, proposition [2.12| implies that for i € {1,...,N; — 1}, (2%, zP+1)
is a Nash equilibrium of HP:Pi+1 [%] In addition, equations ([2.56|) and
(2.57) imply

Q(xal’._.’x&n’x,ﬁ17.“,x/@'m+1) :.’IJ’YI —i—P(t,...,t,x’”,...,x’“)

=aM + P(t,z") = 2™ = 272

(2.58)

Since lemma implies that 27 € (0, 1), proposition implies (27, 27?)
is a Nash equilibrium of H"72[Q)]. Proposition now yields (%, 2%, 27) €
E(G).

The reasoning in the paragraph above yields X C E(G). To prove the re-
verse inclusion, consider (z*,2%,27) € E(G) with 0 < 27 < 1. Proposition

implies that
Qz™, ..., z% P .. gPmt1) = g = g (2.59)

holds. Moreover, since (2%, 2%, 27) is a Nash equilibrium it follows by propo-
sition that 21, ..., 2%No forms an equilibrium of C'y, and thus equation
([2.56) holds as well. Similarly, for every i € {1,..., Ny —1}, (z%, 25+1) is the
only equilibrium of HB-Bi+1 [%] Equation (2.57)) is therefore satisfied.
Combining these results, equation (2.59)) becomes

1+ 2x™m 1+ 22

M= t,..., 1
x Q(7 » Y 4 ’ ) 4

> =z + P(t, "), (2.60)

where the last equation follows from the definition of @) given by equation
(2.55). Equation (2.60) yields P(t,2"") = 0 and, consequently, z € X.

All that remains is to prove that no equilibria with 7 € {0,1} exists. To
that effect, suppose by way of contradiction, that there existed an equilib-

rium satisfying 7t = 0, proposition [2.12| would then imply that @ < 0.
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However, by analogous arguments to those in the previous paragraphs, it

must be the case that 2* = ... =20 =t € [0,1] and
1
ﬁl = pr ﬁNl —_ =
x x 1

This implies the following chain of inequalities

1 1
= ety = = > mi . .
0>0Q <t, ot FERREE 4> P(t,0) Igléll P(t,0) >0 (2.61)
A contradiction. Suppose instead that 71 = 1, proposition [2.12] now implies
that > 1 must hold. But since ' = ... =z =t € [0, 1] and

3
B — — By — 2.
x ==

the following chain of inequalities must hold

3 3
< e — e, = | = < . .
1\Q<t, ,t,4, ,4) 1+P(t,1)\1+52?éP(t,1)<1 (2.62)
Since this last chain yields another contradiction, it follows that no equilibria

with 27 € {0, 1} can exist. [ |

2.6 Further examples

This section introduces additional examples that have not been covered in

the literature so far. These examples all follow almost at once from theorem

2.50)

2.6.1 Three simple examples

In this subsection examples of cubic curves that can be realised as the set
of Nash equilibria of certain binary games are presented. The choice of
examples is motivated by two main reasons. First, all three examples contain
singular points; these points all lie in the interior of the relevant hypercube.

Second, the fact that each polynomial is of degree 3 in the second variable
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ensures that the condition

max P(t,1) <0 < min P(t,0)
0<t<1 o<t<1

is satisfied.

Ezample(s) 2.1. Let P € R[T1,T5] denote the polynomial

P(Ty,Ty) = (2T1 - ;)2 - <2T - ;)3

Observe that for arbitrary ¢ € [0, 1],

P(,0) — <2t—1>2+1>0
) 2 8 M

P(t,1) = <2t—1>2—27<0.
! 2) T8

(2.63)

(2.64)

Hence, P satisfies the hypotheses in theorem [2.35] There exists a binary

game G such that E(G) is isomorphic to V(P) N [0,1]%.

Recall that this

means that F(G) projects injectively onto V (P)N[0, 1] and, moreover, each

component of the inverse mapping of this projection is an affine function.

11g
0.8 1
0.6 1
04 1
0.2+ (%p }1)

02 04 06 08

1

Figure 2.4: Graph of V(P) N[0, 1]? where P is as in example

Remark 2.47. Let



be as in example Observe that at the point (1, 1) € V(P)n[0,1]? both
P
partial derivatives and — vanish. Indeed, as can be seen from figure

ot ox
the curve has a cusp singularity at (%, i) and tangent vectors are not
well-defined there. Since F(G) is isomorphic to this set, E(G) has a cusp

located at the image of (1,1

7> 7) under the relevant isomorphism.

Ezample(s) 2.2. Let Q € R[T1, T3] denote the polynomial

2 2
Q. Tz) = <T1 - 170> —-17 <T2 — ;) (T2 - 130) .

Observe that for arbitrary ¢ € [0, 1],

2

Qt,0) = (t - 170) + % >0, (2.65)
2

Q1) = (t _ 170) - <o (2.66)

Hence, @) satisfies the hypotheses in theorem [2.35] There exists a binary
game G such that F(G)is isomorphic to V(P) N [0,1]?. Recall that this
means that F(G) projects injectively onto V (P)NJ0, 1]? and, moreover, each

component of the inverse mapping of this projection is an affine function.

0.2 |

¢
02 04 06 08 1

Figure 2.5: Graph of V(Q) N[0, 1] where Q is as in example
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Remark 2.48. Let

- (-3 () (o-3)

be the polynomial in example As may seen from figure the curve
self-intersects at the point ({5,3) € V(P) N [0,1]?; the curve has a node at
this point. Since E(G) is isomorphic to this set, F(G) also self-intersects.
The point of self-intersection being located at the image of (1—70, %) under the
isomorphism.

Ezample(s) 2.3. Let F € R[Ty, T3] denote the polynomial

1\2 1\?2

Observe that for arbitrary ¢ € [0, 1],

4
F(t,0) = (4 —1)*+ 57 >0, (2.67)

968

F(t,1) = (4t—1)*— >

<0. (2.68)

Hence, F' satisfies the hypotheses in theorem [2.35] There exists a binary
game G such that E(G) is isomorphic to V(P) N [0,1]2. Recall that this
means that F(G) projects injectively onto V (P)N[0, 1] and, moreover, each

component of the inverse mapping of this projection is an affine function.

Remark 2.49. As can be seen from figure if

F(Ty,Ty) = (4T, — 1)? + (4T — ;)2 - <4T - ;)3

V(F') can be split into two components, a smooth curve and the isolated

point (%, 1—12) The existence of an isolated point due to both partial deriva-
oP oP

tives — and — vanishing at (%, ).
ot " oz 8 at (¢ 12)

Remark 2.50. Observe that since examples and contain singular
points, the structure of these singular points is not preserved under the
homeomorphism defined in [6]. Additionally, examples in this section all

satisfy
V(P) N ({0,1} x [0,1]) # 0,
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0.8 ¢
0.6
0.4 \
05 (1,%)
‘ )
t\

02 04 06 08 1

Figure 2.6: Graph of V(F) N[0, 1]? where F is as in example

suggesting these constructions are not captured by theorem 6 in [14].

2.6.2 Rational exponents

In this subsection examples are provided to illustrate that theorem [2.35| en-
ables a generalisation of proposition to sets where the quadratic branch
is replaced by a branch consisting of a curve with a rational exponent (see
example below). Moreover, example also serves to illustrate the lim-
itations of theorem when the polynomials involved are of even degree.
Ezample(s) 2.4. By considering the polynomial P(T},Ty) = T — (£2=1)m
with m € 2N — 1 it follows from theorem that there exists a binary
game G such that E(G) is isomorphic to the following set

V(P) = {(t Wi“”) telo, 1]} . (2.69)

If m € 2N instead then corollary [2.35.1] implies that there exists a binary
game G having a component that coincides with the image under an iso-

morphism of the set V(P). An instance of such curve is illustrated below in
figure 2.7]
Remark 2.51. The need for the additional line segment noted in example

when m € 2N reflects a more general fact: given a compact semi-algebraic
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0.8 1

0.6 +

0.4 |

0.2 +

¢
02 04 06 0.8 1

Figure 2.7: V(P) N [0,1]? where P(T1,T2) = (3 — T») (TP — (¥2-1)*). The
rational-exponent curve is illustrated in blue.

curve A = V(P) N [0,1]? satisfying A C (0,1)2, it is not possible to infer
the existence of a game G € By (for some N € N) whose set of Nash
equilibria F(G) is isomorphic to A by means of theorem alone since
AN ({t} x [0,1] might be empty for some ¢ € [0,1]. This is often the
case when the polynomial describing A has even degree. An application of
corollary would imply the existence of a game G with a component
isomorphic to A however. Nonetheless, Bubelis (see section 4 in [12]) has
shown that there exists a binary game whose Nash equilibria is isomorphic

to the circle
V(P) =< (t,x) eR?: T 2+ 1 2—i—o c (0,1)2
-1\ ' 2 Ty 18 )

2.6.3 Curves with several branches

An extension of proposition [2.25] to the case where the semi-algebraic set

contains several branches, as opposed to just two, can now be considered:

Proposition 2.52. Fiz xg € (0,1) and let P € R[Ty,Ts] be of the form

P[Ty, To) = [[(zo + BeTF — T2)* - [ [ (z0 — BT} — T2)
k=1 =1
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be such that:

(Z) B < xoVl e {1,...,m};

(i) m € 2N — 1;
(i1i) B <1—xzoVk € {1,...,n}.
Then there exists N € N such that for some G € By the set E(G) is
isomorphic to the set V(P)N[0,1]2.
Remark 2.53. Observe that the set V(P), where

P11, 7o) = [ [ (zo + BeTF — To)* - [ (w0 — BT — T2)
k=1 =1

corresponds to the union of n 4+ m graphs of functions of the form z =
xo £ Brt®. Note that the graphs all meet at (0, zg).

0.8 |

0.6 t

0.4 |

0.2 |

02 04 06 08 1

Figure 2.8: An illustration of a curve that fulfils the condz)itions of proposition
m The blue curves are the parabolas =z = % + %; while red curves

correspond to the cubics z = % + % Lastly, the solid black line is given by

_1
.’13—2.

Proof of proposition[2.59. As in the examples, it suffices to check that the
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conditions of theorem are fulfilled. Accordingly, observe that

n m m
H o+ Bit*)? - [ [(wo = Bit) > 23" - [ [ (w0 — ) > 0. (2.70)
k=1 =1 =1

Choose now k € {1,...,n} and observe that since 8 < 1 —xz¢; ¢ % > 1,

which corresponds to the unique real root of 29 — 1 4+ ft*. As a result,
lzo — 1+ Bit*] >0

for all ¢ € [0, 1]. It follows that

($0 — Bltl — 1)

s

(w0 + Bt™ — 1)? -

s

P(t,1) =

£
Il
—
—
I

! (2.71)

(zo+ Bpt® —1)2 - (g — 1)™ < 0.

s

<

B
Il
A

The last inequality being a consequence of the oddness of m. Equations

(2.70) and (2.71) together imply that the conditions theorem are ful-
filled. Theorem yields the result. |

2.7 Conclusion

This chapter has shown that given an algebraic curve on the square [0, 1]
which intersects neither the top nor the bottom of the square, there exists an
isomorphic to a subset of the set of Nash equilibria of a game where players
have two actions each. The set of Nash equilibria of the game contains
at most another set separated from the isomorphic subset. The result is
used to generate a number of novel examples of sets of Nash equilibrium
sets. In particular, the main result in the chapter can be interpreted in the
context of the Universality of Nash equilibria. The broad conjecture that
any given compact semi-algebraic set can be realised (in some sense) as the
set of equilibria of a certain game. In this regard, the main result shows that
components of Nash equilibrium sets are universal in the class of algebraic
curves on [0, 1]2. Universality understood here in terms of the new notion of

isomorphism introduced. Notably, this notion of isomorphism is the natural
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one, as it preserves the algebraic structure of the sets involved.

Although the constructions here have been confined to planar curves it would
be interesting to examine whether it is possible to extend them to broader
algebraic and semi-algebraic sets. In particular, whether similar results hold
for a single polynomial containing more than two variables seems like a nat-
ural extension of the present work. On a different line, it could be of interest
to understand which equilibrium refinements the sets constructed here do
in fact survive. Lastly, when examining the results due to Balkenborg and
Vermeulen, a fairly natural question, which partially motivated the present
chapter, is whether their notion of equivalence can be strengthen so that the
mapping the set (as well as its inverse) are not only continuous, but have
continuous derivatives as well. Results in this chapter provide particular
examples where this conjecture holds. It would however be interesting to
examine whether this fact remains true for a larger class of semi-algebraic

sets.
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Chapter 3

A Coarsening of a Limit
Equilibrium Concept in

Screening Markets

3.1 Introduction

In a recent work, Azevedo and Gottlieb (see [5]) have introduced a model
of competitive screening markets. Their model extends existing models in
the empirical insurance market literature as well as well as theoretical ones,
notably the famous Rothschild-Stiglitz one (see [36]).

Azevedo and Gottlieb model can be viewed as a formal economy consisting of
an arbitrary number of insurance firms serving a consumer population. No-
tably, few constraints on contract characteristics beyond compactness of the
set of contracts are imposed. Azevedo and Gottlieb then introduce a natural
equilibrium notion, weak equilibrium (alternatively, proto-equilibrium here).
In a weak equilibrium, consumers purchase their most preferred contract,
while individual contracts break even. In particular, if a contract is pur-
chased by a non-zero mass of consumers, then is priced at its expected cost

conditional on buyers’ characteristics.

The definition of weak equilibrium places no constraints on those contracts
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that remain unsold in equilibrium. As a consequence, a given economy may
contain a large number of weak equilibrium; some with unreasonable prop-
erties. This can be illustrated by means of an example, consider an economy
where firms sell a single contract at unit cost. Suppose that consumers have
a willingness to pay for the contract of either 0 or 2. Suppose further, that
both types are equally likely. The scenario where firms price the contract
at 3 and no consumer makes a purchase satisfies the requirements of a weak
equilibrium. More strikingly, there exists weak equilibria where both agent
types purchase the contract because the option of not purchasing is priced

above the cost of not doing so.

To rule out such solutions, Azevedo and Gottlieb introduce a refinement to
their weak equilibrium solution concept. An equilibrium is a weak equilib-
rium whose price and consumer choices are robust under certain perturba-
tions. In the above example, a perturbation amounts to adding a vanishingly
small mass of fictitious consumers purchasing the contract at no cost to the
firms. If no consumer were to purchase the contract then fictitious agents
would drive the contract price to 0; creating an incentive for consumers with
willingness to pay 2 to deviate. The weak equilibrium with no purchase be-
ing made is therefore not an equilibrium. By contrast, the weak equilibrium
where consumers with a positive willingness to pay buy is an equilibrium.

Perturbations can be defined in more general settings by a similar procedure.

In spite of Azevedo and Gottlieb’s notion of equilibrium enjoying many
amenable properties, it is not continuous when the set of contracts changes.
In particular, it is unknown and unclear, whether if a sequence of equilibria
defined over economies whose set of contracts shrinks to a set containing the
support of a given equilibrium; then the limit of the sequence of equilibria
is an equilibrium of the economy with the smaller contract set. This might
appear as a technical quirk, but it is particularly relevant in the context of
insurance mandates. Government mandates enforce a particular insurance
level and can thus be viewed as shrinking the available set of contracts. The
effect of mandates on Azevedo-Gottlieb models has been studied by Levy
and Veiga (See [28]). Levy and Veiga seem to assume that restricting an
equilibrium to a smaller subset results in another equilibrium with similar
properties. The observation at the beginning of this paragraph suggests this

might not be so.
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In order to ensure continuity when the contract set changes, this chapter
proposes a coarsening of Azevedo and Gottlieb’s equilibrium by allowing
consumers to purchase their optimal choice “up to €” in the perturbation.
Heuristically, consumers in the perturbation can be thought of as being
compensated an amount € > 0 when making a purchase. The motivation
for this notion is that the introduction of a mandate induces some consumers
to alter their purchases due to their original choices becoming unavailable.
Moreover, the influx of new consumers affects the price of the remaining
contracts. Prices can either lower due to an influx of less risky agents or
raise if the new buyers are riskier than the original buyers. Artificially
compensating agents by a small amount € ensures that those consumers

whose contracts remain available do not alter their choices significantly.

There are also additional reasons why this new notion might be more ap-
pealing. First, requiring that consumers e-optimise only allows for more
flexibility when analysing settings where optimal choices might not exist
(e.g. because consumer utilities present discontinuities). Although the orig-
inal assumptions by Azevedo and Gottlieb are retained, the arguments pre-
sented here should extend to this more general case. Lastly, it is worth
remarking that the limiting process introduced by Azevedo and Gottlieb is
fictitious, there appears to be no compelling reason for imposing the con-
dition that consumers make optimal choices in the perturbation. Indeed,
requiring that agents e-optimise instead of precisely optimising appears to
be a more natural choice which agrees with approaches taken to solve similar

problems.

The chapter is structured as follows. Section 2 below recalls some technical
facts from measure theory that are used in the remainder of the chapter.
Readers who are familiar with the material may wish to skip this section.
Section 3 introduces the formalism and main equilibrium concepts rigor-
ously. The equilibrium concepts in this section are formulated in slightly
different way than those in [5]. In particular, we make no formal distinction
between economies and perturbations. Nonetheless, both formalism are log-
ically equivalent. A proof of this fact is given in section 4. Section 5 then
provides an extended example demonstrating that the new equilibrium con-
cept is distinct from Azevedo and Gottlieb’s notion. Moreover, this section

also provides an example of a sequence of equilibria in the Azevedo and Got-
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tlieb sense that does not converge to an equilibrium in their sense, but does
so to an equilibrium in our sense. Section 6 then shows that, in Azevedo
and Gottlieb’s nomenclature, any perturbation contains a weak-equilibrium
where agents choose their most preferred contract up to . Results in this
section correspond to those in lemma 1 in the appendix of [5], which es-
tablishes the existence of weak equilibria in perturbations. Under some
regularity assumptions on consumer’s utilities, existence of equilibrium is
established in section 7. The main result in this section being analogous to
the equilibrium existence theorem (theorem 1) in [5]. Equilibrium proper-
ties are discussed in section 8. These properties translate proposition 1 in
[5] to the setting in this chapter. Notably, equilibrium prices are Lipschitz,
firms make no equilibrium profits from any contract, and consumers behave
optimally. Section 9 summarises the main differences between the work of
Azevedo and Gottlieb’s and our own. In particular, this section highlights
differences in the proofs and definitions presented earlier. The chapter con-
cludes with section 10 where continuity of the new equilibrium notion is
established.

3.2 Preliminaries

This section gives an overview of the topological properties of certain spaces
of measures. A detailed account can be found in e.g. [§]. Further ancillary

results are incorporated in relevant places in the main text.

Recall that given a set S the set comprising all subsets of S is denoted by 2°

while |S| refers to its cardinality (the number of its elements). Additionally,

A\B={a€ A:a¢ B}.

Given a metric space (M,d) denote by B,(t) the open of ball of radius r
centred att € M, i.e. the set

B.(t)={se M :d(t,s) <r}.
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Moreover, recall that given t € M and A C M

d(t,A) = ;25 d(s,t)
is the distance from t to A and supg e 4 d(s,t) its diameter diam(A). The
closure of A C M is denoted by A.

Let M be a metric space and denote by B(M) the o-algebra generated by
the open sets of M, its Borel o-algebra. Elements of B(M) are referred
to as Borel sets accordingly. Recall now that a mapping v : B(M)
RU{—00, 00} is said to be a (Borel) signed measure if it satisfies the following

requirements

(i) v(0) =0;

(ii) if v(S) = oo (resp. v(S) = —o0) for some S € B(M), then v(S") # —c0
for every S" € B(M) (resp. v(S’) # oo for every S’ € B(M));

(iii) Given Borel subsets A1 C A2 C ... C A, C .., le v(4,) =
v(UnZy An)-

Given a measure space (M,B(M)), denote by §(M) the set of finite signed
measures over M; ie. v € F(M) implies v(M) ¢ {—o0,00}. Recall that a
measure v € §(M) is positive if v(A) > 0 for every A € B(M). The set
A(M) C §(M) is the set of all positive measures satisfying v(M) = 1. In
other words, A(M) is the set of probability measures over M.

The set §(M) can be regarded as a normed vector space under the following

operations:

T
[y
_l_
S
=
N
~
I

v1(A) + 19(A) VA € B(M),
(a-v)(A) = a-v(A) VAeB(M),aeR.

The zero-vector 0 being the measure that vanishes at every Borel set. The

relevant norm on §(M) is the total variation norm

V|l = v* (M) + v~ (M),
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where v and v~ both positive constitute the (unique) Jordan decomposi-
tion of v, see e.g. section 3.1 in [§]; in particular theorem 3.1.1. and corollary
3.1.2. Given a sequence {r}2°, C §(M) v, = v means that the sequence

converges to v in this norm.

Convergence in total variation is often too strict (this is particularly relevant
when considering sequences of probability of measures); a less restrictive
alternative is that of weak convergence. Given a metric space M, a sequence
{2, C F(M) converges to v € F(M) in the weak topology (or simply
weakly), denoted by v, — v, if for any given bounded continuous mapping
fM—R

lim By, (f) = E,(f). (3.1)

n—o0
Where, by an abuse of notation, E, denotes its (measure-theoretic) integral,
ie.

_ / Few(ar). (3.2)
M

This abuse of notation is motivated by the fact that most measures con-
sidered in the sequel are probability measures, in which case the integral
[ f M v(dt) coincides with the expectation of f with respect to v, which
is conventlonally denoted in this way. A basis for the topology of weak

convergence is given by sets of the form

{y € F(M) : max / fi(t)v(dt) / fi(®)vo(dt) ’ < 5} (3.3)
1<i<m
for a given vy € F(M), 6 > 0 and continuous mappings fi,..., f,,. For a

discussion, see e.g. chapter 2 section 6 in [33].

Remark 3.1. The notation v, — (resp. v, = v) for weak convergence (resp.
convergence in total variation) is common, but not universal. Indeed, some
authors write v, = v for weak convergence instead (see section 6 in chapter
2 in [33]). The choice here made is motivated by the analogous notation
in functional analysis. Furthermore, this choice visually encapsulates the
idea that convergence in the weak topology is less restrictive than conver-
gence in the total variation norm. The bolder the arrow, the stronger the

requirement.

Recall that a topological vector space is a vector endowed with a topology in
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which the operations of vector addition and multiplication by a scalar are
continuous. A topological vector space V' is locally convez if for every v € V
there exists a collection of convex open sets {O;};c; containing v such that
whenever U is an open set that satisfies v € U, there exists j € I such that
O; C U. Moreover, it is Haussdorf if given v,vy € V there exists open sets
v1 € O1 and vy € Oy such that O1 N Oy = 0.

Proposition 3.2. Given a metric space M the set of finite Borel signed
measures §(M) endowed with the weak topology is a locally convex Haussdorf

topological vector space.

For a proof, it suffices to consider the zero vector only. The result then
follows by applying the basis given by the sets in equation (3.3|) where 1y = 0.
A detailed proof is omitted.

Since, as already mentioned, most of the sequel concentrates on elements
of A(M) the discussion is now specialised to this set. In particular, we are
interested in the case where M is a well-behaved metric space. A metric
space is thus a Polish space if it is separable (it contains a countable set S
satisfying S = M) and completely metrizable ((M,d) is homeomorphic to
some (M, d) which is a complete metric space). It assumed throughout that

M is endowed with the metric d that makes it into a complete metric space.

Ezample(s) 3.1. Under the usual metric the open interval (—1,1) is not

complete however it is complete when endowed with the following metric:

d(z,y) = ‘tan (%C) — tan (%) ‘ .

For an arbitrary Polish space compactness in A(M) has simple characteri-

sation due to Prokhorov:

Theorem 3.3 (Prokhorov). Let M be a Polish space. A subset Q C A(M)
is compact (in the weak sense) if, and only if, for every § > 0 there exists
Ks C M compact such that

supv(M \ Ks) < 0. (3.4)
veQ

For a proof of this result see theorem 6.7 in chapter 2 of [33]. If M is itself
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compact then implies that A(M) is compact. More generally,

Theorem 3.4. A metric space M is compact if, and only if, A(M) is com-
pact.

For a proof see theorem 6.4 in chapter 2 of [33].

Theorem 3.5. Let be M be a Polish space and v € A(M). There ezists a

unique closed set supp(v) with the following properties

(i) v(supp(v)) = 1;
(i1) If D is a closed set satisfying v(D) = 1, then supp(v) C D;

(117) supp(v) ={t € M :v(U) >0VU open s.t. t € U}.

A proof may be found in chapter 2 theorem 2.1 in [33].

Given v € A(M) the set supp(v) in theorem [3.5[is the support of v.
Remark 3.6. It follows from theorem that for given a v € A(M)

supp(v) = ﬂ A:M\< U B).

A closed B open
v(A)=1 v(B)=0
Furthermore, property (iii) can be specialised to a sub-collection of open
balls, i.e.
supp(v) ={t € M : v(B,(t)) > 0Vr > 0}.

In accordance with remark the support of a positive measure v is defined
by
supp(v) = {t € M : v(B,(t)) > 0 ¥r > 0}.

Remark 3.7. Given a Polish space M, the notion of support can be extended
to an arbitrary v € F(M) the interested reader is referred to section 7 in [§]

for an in-depth presentation.

If {v,}5°, C A(M) satisfies v, — v it is possible to establish a connection
between their supports. To exhibit this connection, fix a collection of subsets

{A,}52,. A point t € M is a limit point of the collection if there exists
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N € N and sequence {t,}°° \; (where for each n € N, t,, € A,) such that
tn, — t. tis cluster point instead if there exists a sequence {m,}2°; C N
such that with m,, — oo, and a sequence {t,,, }°° ;, where for each m,, € N,
tm, € Am,. The Kuratowski lower limit of A, L.i.(4,) is then the set of
limit points of {A4,,}>°;, while the Kuratowski upper limit of A, L.s.(4,) is

the set of cluster points the collection. Naturally, if
L.s.(A,) Cc AcC Li.(A4,)

then A is said to be the Kuratowski limit of A,, and A,, — A in the sense

of Kuratowsks.

Remark 3.8. Let {A,}72, and {B,}:2, be two collections satisfying A, C
By, for all n € N their Kuratowski lower limits satisfy L.i.(4,) C L.i.(By).

Proposition 3.9. Let M be a Polish space and {v,}5°, C A(M) satisfy
v, — v, then
supp(v) C L.i.(supp(vy)). (3.5)

A proof of this result can be found under proposition 5.1.8 in [3].

Let f : M — R be Borel measurable (i.e. f~(S) € B(M) whenever
S € B(R)) and v € F(M) recall that the pushforward of v by f is the
measure f,(v)(S) = v(f~1(S)). In particular, if M = Ny x Ny and f = 7y,
(the projection over Mj) then (mn,).«(v) (resp. (7n,)«(v)) is the marginal
of v over Ny (resp Na).

Recall that the following change of variables formula (see e.g. [§] theorem
3.6.1)

Er.)(9) =Eu(go f). (3.6)
Proposition 3.10. Let M be a compact metric space. Given vy,vo € A(M)
if By, (f) = Ey,(f) for every continuous mapping f : M — R, then vy = vs.
For a proof see theorem 5.9 in [33].

Corollary 3.10.1. Let M and N be two compact metric spaces. Given a
sequence {v,}02 1 C A(M x N) satisfying (mar)«(vn) = X for every n € N.
If v, — v then (mar)«(v) = A
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Proof. Observe that for any continuous mapping f : M — R

E(T('M)*(l/)(f) = Eu(f O 7TM) = nh_)rgo]Eun(f o 7TM) = Ek(f) (37)

3.3 Formalism
This section introduces the model formally. The section also discusses rele-
vant notions such as convergence and equilibrium concepts.

Given two sets A and B the disjoint union AU B is the set
AUB = (Ax{0})U (B x{1}).

Abusing notation slightly, the set A x {0} (resp. B x {1}) is identified with
A (resp. B). Note that if A and B are Polish spaces then AU B is in turn

a Polish space. Formally,

Lemma 3.11. Let (M,dy) and (N,dy) be two compact Polish spaces then
there exists a metric d that turns M IUN into a compact Polish space. More-

over, the restriction of d to M (resp. N ) coincides with dy; (resp. dy ).

Proof. Denote by dj; and dy the metrics in M and N respectively, and let
dp = 1 + max{diam(M), diam(N)}.
The desired metric is

dM($7y) if xvyEMa
d(z,y) = { dn(z,y) if 2,y € N, (3.8)
do ifxre Mandy e N, orx € N andy € M.

This result underpins much of the subsequent discussion. Moreover, It fol-
lows from lemma that B(M U N) is isomorphic to B(M) U B(N).

117



In the sequel, it is necessary to consider extensions of measures defined over a
subset of a Polish space to the whole space. To avoid unnecessary repetition
extensions are identified with the measure defined over the subset. More
formally, let M be a Polish space and N C M viewed as a Polish space. A
B(N)-measure v can be extended trivially to a B(M )-measure & by setting
v(S) =v(SNN). In the interest of brevity, whenever a measure v is given
over a Polish subspace N of M it is to be understood that v is defined over
the whole space by means of this extension. No explicit reference to the

extension shall be made.

Remark 3.12. In more rigorous terms, the above extension may be viewed
as the inclusion v — ». This inclusion defines an isomorphism between the
space of Borel measures of N C M and the space of Borel measures over M.
Observe that the inclusion mapping S € B(N) — S € B(M) also defines an

isomorphism of Borel spaces.

Lastly, given a measure v, the following omission is convenient v({t}) = v(t).

A similar convention is adopted if ¢ is replaced by a pair (¢, s).

3.3.1 Skeleta and convergence

Definition 3.13 (Skeleton). Let X and © be two given compact Polish

spaces, the measure space
E=0OUX,BOUX),u+n)

is said to be a skeleton if u and 7 are finite measures satisfying supp(n) C X
and supp(u) C © with u(©) = 1, while |supp(n)| < oc.

Note that supp(n) = 0 is allowed. In that case, n is the zero measure O.

Since 0 + v = v reference to n will be omitted in this case.

Remark 3.14. Observe that by lemma[3.11) ©LIX is a compact Polish space.
Moreover, since for S € B(OUX), u(S) = p(SNO) (recall that supp(p) C O)
and given that every Borel set of © (resp. X) can be identified with an
element of B(© U X); u may be regarded, by a slight abuse of notation, as
a probability measure on (©,8(0)). By a similar abuse of notation, n can

be viewed as a finitely supported measure over (X, B(X)).
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Remark 3.15. The assumption |supp(n)| < oo in definition can be re-
laxed to this support containing countably many elements, all isolated. Fur-
ther generalisations (e.g. supp(n) uncountable and compact) might not be
possible. This is because we require certain conditional expectations to be

defined at individual elements of X and thus n(x) > 0 is needed for certain
elements of X (see below definition and equation ([3.46])).

Given skeletons
¢ = (0; UX;, B(0; UX;), pi +m;)

with ¢ € {1,2} we say that &; is a bone of € if X; C X3 and ©; C O,.

Recall that given two non-empty closed subsets A and B of a metric space
M, their Hausdorff distance H(A, B) is

max{supd(s, B), supd(t, A)}.
s€A teB

Accordingly, a collection of closed non-empty subsets {A,,}>°, converges to
A in the sense of Hausdorff if H(A, Ay,) — 0.

Theorem 3.16. Let M be a compact metric space. A collection {An}o°
of non-empty closed subsets converges to A in the sense of Kuratowski if,
and only if, H(A, A,) — 0.

For a proof of this result see theorems 3.82 and 3.93 in [2].

Remark 3.17. Observe that as a consequence of theorem [3.16] given a collec-
tion { Ay }2° of closed subsets of the Polish space M such that for every n,
A, C A, where A is also a closed subset. Then convergence H(A,, A) — 0
in this case is equivalent to the following requirement: for every ¢ € A there
exists N € N and a sequence {t,}°° 5 such that ¢, € A, and t, — t.
Incidentally, this is the definition employed by Azevedo and Gottlieb (see
definition 3 part 1 and footnote 20 in [5].)

Definition 3.18 (Convergence of bones). Given a skeleton

¢=OUX,BOUX), u+tn)
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a collection of bones of &, {&,}> ., where
¢, = (@n U Xna B(@n U Xn)’ Un + nn);

converges to €, denoted by €, — €&, if X,, —» X and ©,, — O in the sense
of Hausdorf; while y,, — p and n, = n.

Remark 3.19. Note that if a collection of closed subsets {A,}°° ; converges
to A in the sense of Hausdorff then any sub-collection {A,, }?°; also con-
verges to A in this sense. This implies that if a collection of bones {&,}7° ;

converges to & then any sub-collection {&,, }?° | converges to & as well.

3.3.2 Economies

Hitherto, the presentation has focused on the technical background exclu-
sively. In this section, the model itself is introduced. Recall that the model
seek to capture a competitive economy where consumers purchase insurance
contracts from competing firms. A given insurance contract is modelled by
a point x on the compact Polish space X; the point z is then thought of
as representing all relevant characteristics of the contract (e.g., level of cov-
erage). Similarly, a given consumer is indexed by a point # on a compact
Polish space ©, such point 0 then represents the consumer’s type. In other
words, 6 encodes all relevant characteristics of the consumer (e.g., the risk
of default). As in Azevedo and Gottlieb, to ensure equilibria is reasonable,
it is necessary to consider an additional class of fictitious or “behavioural
consumers”. To introduce this class of agents, fix a finite subset of X. To
each x in this subset associate a behavioural consumer. The behavioural
agent associated to x wishes to purchase x alone. Moreover, firms incur no
cost when providing x to the associated behavioural agent. By an abuse of
notation, the set of behavioural consumers is also denoted by X. Lastly,
consumers are assumed to be distributed according to p € A(O), while be-
havioural consumers are distributed according to a positive measure 1 whose
support coincides with the finite subset of X. Using the notation in the pre-
vious subsection, all information about consumers (both behavioural and

otherwise) can be seen to be encapsulated in the skeleton
¢=OUX,BOUX),u+n).
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Observe that unlike Azevedo and Gottlieb all consumers, be it behavioural

or otherwise, are treated on equal footing here.

For a given consumer 6, the utility derived from purchasing contract = at
price p is denoted by U(z,p,6). Similarly, the cost of providing contract
x to type 6 is denoted by c(z, ), which is assumed to be identical for all
firms. If behavioural consumers preferences and costs are included then the

notation U and é is employed instead.

To introduce the above notions precisely, consider now the skeleton
E=0OUX,BOUX),u+n).

Let U : X x [0,00) x ©® — R be a continuous mapping and ¢: X x © —
[0,00) also continuous. Denote by U : X x [0,00) x (O UX) — RU {oc}
the mapping

U(z,p,0) if (z,p,0) € X x[0,00) x O,
U(z,p,0) =<0 it (2,p,0) € X x [0,00) x X, 0 #z, (3.9)
00 if (z,p,0) € X x[0,00) x X, 0 =x.

Similarly, let ¢ : X x (© U X) —— [0, 00) denote the extension of ¢ to © LI X
defined by
c(z,0 if (z,0) e X x O,
é(x,0) = (=.6) (,6) (3.10)
0 if (2,0) € X x X.

The triple (&, U, ¢) is said to be an economy.

Remark 3.20. Recall that in the definition of economy 7 = 0 is possible. In
that case, U (resp. ¢) differ from U (resp. ¢) on a set of measure zero. They

can therefore be regarded as identical.

Remark 3.21. Observe that given x € X, understood as behavioural type,
the conditions U(:E,p,;v) = oo and U(y,p, x) = 0 for y # z formalise the

idea that type x purchases contract x exclusively.
For simplicity, given a function p : X — [0, 00) we abuse notation slightly

by writing U op to denote the function (z,8) — U(x,p(z),0). An analogous

convention is employed with U in place of U.
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Recall that given two o-algebras F and G, the product o-algebra F ® G is
the o-algebra generated by the collection

{AxB:AeF,Beg}.

Note that if F = B(M) and G = B(N) for M and N Polish, then the product
o-algebra coincides with the o—algebra B(M x N).

3.3.3 Equilibrium concepts

Following Azevedo and Gottlieb, two notions of equilibria are introduced:
the first simply requires that agents purchase their most preferred choice
up to € > 0, and that individual contracts are provided at their expected
cost to firms. Meanwhile, the second requires, in addition to these two

requirements, robustness to certain perturbations.

Denote by x4 the indicator function of the set A, i.e. x4 : z+ {0,1} with
xA(z) =1 if, and only if, x € A.

Definition 3.22 (e-proto-equilibrium). Given an economy (&,U, ¢), with
¢=(OUX,BOUX),u+mn),

and € > 0, a pair (pe, &) where p. : X — [0,00) is a continuous mapping
and G is a finite positive Borel measure over X x (O U X) is an e-proto-

equilibrium of the economy (&, U, ¢) if the following conditions are satisfied:

(1) Ea.(xaxux) pe) = Ea. (Xaxeux) - ¢) VA € B(X),

(ii) @e({(x,0) € X x(OUX) : (Uop.)(z,0)+¢c < (Uop.)(y,0) for some y €
X}) =0,

(iii) Ge(X x8) = pu(S)+n(S) VS e B(OUX).

Note that € may be 0 in definition In such case, we speak of a proto-
equilibrium as opposed to a “O-proto-equilibrium” and, in this case, it coin-

cides with the definition of weak equilibrium in [5].
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Remark 3.23. Definition formalises the requirements at the beginning
of this subsection. In particular, an e-proto-equilibrium is a pair (pe, de),
where p. associates to each contract = its purchase price p.(z). Moreover,
a:({z} x (O U X)) can be interpreted as the total mass of consumers (both
behavioural and not) purchasing contract z. In that regard, condition (i) in
definition [3.22] can then be interpreted to mean that the price of providing
contract x is the cost of providing the contract conditional on those consumer
types (further details are discussed in remark below) who purchase it.
Condition (ii) on the other hand requires that the mass of consumers who do
not behave e-optimally is 0. Lastly, condition (iii) states that the marginal

of &, over X can be decomposed as the sum of the measures pu and 7.

Remark 3.24. Observe that If (p., «.) is an e-proto equilibrium of a given
economy then it is also an &’-proto equilibrium for any & > ¢. In particular,

a proto-equilibrium is an e-proto equilibrium for every ¢ > 0.

Remark 3.25. Note that condition (i) mimics the usual definition of condi-
tional expectation with respect to the o-algebra B(X) ® {0,0 U X}. It is
however more insightful, albeit less formally, to think of it in the following
terms: if € X is such that é&.({z} x (© U X)) # 0 (which happens e.g. if

n(z) # 0) then

_ ff{x}x(@uX) c(x,0) de(dx,dd)
- a:({z} x (O U X))

pe() (3.11)

This relation cannot however be written for a generic z € X since &.({z} x

(® U X)) = 0 cannot be ruled out. This is particularly relevant when
supp(n) = 0.

Given a function f : S —— T the restriction of f to A C S is denoted by
fla-

An additional stronger notion of equilibrium is also considered:

Definition 3.26 (Equilibrium). Given an economy (&, U, &), with
€= (OUX,BOUX),u)

, a pair (p,&) where p : X — [0,00) is continuous and & is a finite Borel

measure over X x (OUX), is said to be an equilibrium if there exists {&,}5°
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a collection of bones of & of the form
¢, =0OUX,,BOUX,),u+n)

where X,, = supp(n,) (so that, in particular, | X,| < co) converging to € and

a sequence {e,,}>2; converging to 0 satisfying the following three conditions:

(i) For every n € N, the economy (&, U|x, x[0,00)x(0UXn)> ¢l X, x (OLXn))
has an &,-proto-equilibrium (py,, &,,).

(ii) Given z € X for any sequence {z,}°°  converging to = with =, € X,

for every n, pp(z,) — p(x).

(iii) The sequence {é&;,}52 ; converges weakly to é.

An equilibrium is an Azevedo-Gottlieb equilibrium, or AG-equilibrium for
short, if the sequence {e,}5° ; satisfies €, = 0 for every n. In that case, the

sequence {(pn, &) }02 is a sequence of proto-equilibria.

Remark 3.27. Broadly speaking, definition simply states that a pair
(p,a) is an equilibrium of the economy (€&,U,¢), which contains no be-
havioural agents, if this economy is the limit of a sequence of economies
each containing a small mass of behavioural agents. Moreover, (p, ) is then
the limit of a sequence of e-proto-equilibria of each such economy. It would
appear at first that these conditions provide no information on consumer
choices and contract prices in the economy (&, U, ¢). It turns out however
that, under some regularity assumptions on U, the notion of convergence in
definition (see theorem below) is enough to ensure that (p, @) is a
proto-equilibrium of the economy (&, U, ¢). This in particular implies that
the set of agents who do not choose their most preferred contract has mass
0. In addition, the price of contract = is determined by the expected cost to
firms conditional on those consumer types who purchase x (whenever this
expectation is well-defined). It further follows that a({z} x ©) can then
be interpreted as the proportion of agents purchasing contract x, while p

associates to each contract its price.
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3.4 Characterisation of equilibrium notions

This section provides an alternative, but equivalent, characterisation of
e—equilibria. This definition agrees more explicitly with the original charac-
terisation of weak-equilibrium due to Azevedo and Gottlieb (see definition
1in [5]). The new characterisation is also more advantageous when proving

the existence of e—equilibria for a given economy and some € > 0.

Remark 3.28. Recall that a e-proto-equilibrium (deﬁnition formalizes
a market where consumers (both behavioural and not) purchase their most
preferred contract up to e, while firms price each contract at their expected
cost. Proposition below reflects this idea formally. Conversely, if there
was a market where behavioural and non-behavioural types behave opti-
mally, and firms charge their expected cost then the resulting situation
should be an “equilibrium”. Proposition [3.30] establishes that if these as-

sumptions are made, then a e-proto-equilibrium indeed results.

Given t € M, denote by d; the Dirac delta measure at t,

1 ifteA,
0 iftegA,

61 (A) =

for any given Borel set A C M.

Proposition 3.29. Let (¢,U,¢) be an economy with
¢=0OUX,BOUX),u+n)

and € = 0. If (pe,Gc) is an e-proto-equilibrium there exists a unique pair
of positive Borel measures a. and 1 with supp(a:) C X x O and supp(7]) C
X X X such that & = a. + 7. Moreover, the following holds true:

(i) Eac1m7(Xax©ux) - Pe) = Bat7(Xax@©ux) - ¢) VA € B(X);
(ii) ae(X x B) = u(B) VB € B(0©);
(iii) u(X x ©) = 1;

(v) a:({(z,0) e X x O : (Uop:)(x,0)+e>= (Uop:)(y,0) Vy € X}) =1;

125



(v) T(z,0) = n(x) - 6,(0) if x Esupp(n) and O otherwise.

Proof. Define the finite measures a. and 7 by

a.(8) = a.(SN(X x0)), (3.12)
7(S) = @ (SN (X x X)) (3.13)

for an arbitrary S € B(X x (OUX)). Observe that by definition supp(a.) C
X x © and supp(n) C X x X. This results in the desired unique decompo-

sition of &.. Observe that this decomposition implies

Ea. (Xax(0ux)'€) = Ea. (Xax(eux) )+ Ez(xaxoux) ¢) = Ea. (xax(oux)-©);
(3.14)
for any given A € B(X) since ¢(z,0) = 0 over X x X D supp(7). This yields

(i).

To establish property (ii), let B € B(0©) C B(O Ll X), then since X x B ¢
supp(7) requirement (iii) in definition implies

0o(X % B) = &u(X x B) = u(B) +n(B) = u(B).  (3.15)
Property (iii) in the rubric now follows by letting B = ©.
To prove property (iv) write

Acp. ={(2,0) e X xO : (Uop:)(z,0)+c > (Uop:)(y,0) Vy € X} (3.16)
and, similarly,

Ay ={(=,0) € X x (OUX): (Uop.)(x,0) +¢ > (Uope)(y,0) Vy € X}.

(3.17)
Note that these sets are both Borel since they are closed. This follows from
the continuity of U and the fact that X x X is closed.

Now, (X x (OU X))\ A.,. is identical to

{(,0) e X x (OUX): (Uop:)(x,0) +e < (Uop:)(y,0) for some y € X}.
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Requirement (ii) in definition yields therefore,
0<a((X xO)\ Ap) < a((X x (OUX))\ Ap.) = 0. (3.18)
From which (iv) in the rubric follows.

Lastly, analogous arguments to the ones above yield
(X x A) =n(A) VA € B(X). (3.19)

On the other hand since (U op. )| x x x (2, ) reaches its maximum when z = 6,

where it is infinite, it follows that

n{(z,0) e X x X :x#6})=0. (3.20)

Thus supp(77) = {(z,0) € X xsupp(n) : § = z}. Equations (3.19) and (3.20)
lead to

Nz, z) =X x{z}) = () (3.21)

whenever = € supp(n). Property (v) is thus proven. |

Proposition has a converse;

Proposition 3.30. Given an economy (&, U,é) with skeleton
E=0OUX,BOUX),u+n)
define the measure

) {150 € sunpl) 522

0 otherwise.
If for p. — [0, 00) continuous; a. € A(X x (OUX)) with supp(cae) C X xO;

and € = 0 the following holds:

(i) Eactni(Xax(oux) - Pe) = Eacyn(Xaxoux) - ¢) VA € B(X),
(i) ac({(x,0) € X x O : (Uop:)(2,0) +e > (Uop:)(y,0) Vy € X}) = 1.

(iii’) (X x B) = u(B) VB € B(O©),
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then ae + 7 is an e-proto-equilibrium.
Proof. Set & = a¢ + 7. Condition (i) in definition now follows from
the fact that ¢ vanishes over X x X D supp(7).

As in the proof of proposition [3.29] write
Aep. ={(2,0) € X x (OUX): (Uop:)(w,0) +2 > (Uop:)(y,0) Yy € X}
and

Acp. ={(z,0) e X xO : (Uop.)(z,0)+e > (Uop:)(y,0) Yy € X}.

Observe that by definition,

supp(7) € {(2,0) € X x X : (Uop.)(x,0) +e > (Uop.)(y,0) Yy € X}
C A,y N(X xX)
(3.23)

Hence, by assumption (ii’) in the rubric

Ge[(X x (OU X))\ Acp,] = ac[(X x ©)\ Ay ]
+7[(X X X)N (X x (OU X))\ Acp,)] = 0.
(3.24)

This yields condition (ii) in definition

To establish condition (iii) in definition let S € B(OU X) and write
B = S Nsupp(n) then

(X xS) =n(supp(n)xS) = Y Y 7(x,0) =Y n(0) =n(B). (3.25)

z€supp(n) 0B 0eB

Note that the sums are well-defined since 7 (and hence 7)) is non-zero only

over a finite set of points.
Equation (3.25]) along with condition (iii’) implies for S € B(© U X)
Go(X % 8) = au(X x 8) +7(X x §) = u(8) + 1(B) = u(S) +(S). (3.26)
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Remark 3.31. Observe that given and economy (&,U,¢) the measure 7 is
determined only by the choice of skeleton. In other words, it is independent
of ¢ and the functions U and é. Propositions; and imply that
the problem of finding e—proto-equilibria can be simplified to finding a. €
A(X x ©) and p, satisfying assumptions (i’)-(iii’).

A simple characterisation of an equilibrium (&, p) analogous to the one in
propositions [3.29 and [3.30is not possible. However, it follows from definition
that if (&, p) is an equilibrium of some economy, then & may be regarded
as an element of A(X x ©). More precisely,

Proposition 3.32. Let (€&, U, ¢) be an economy and (p,&) an equilibrium.
Then supp(¢) C X x © and &(X x ©) = 1.

Proof. Let {ai,}22, be the sequence satisfying condition (iii) in definition
Note that, in particular, &, — A&.

Since X x X is open, xxxx is a continuous function. Then
&(X x X) = lim By, (xxwx) < lim [7,] = 0. (3.27)

Hence since X x X is also closed, supp(&) N (X x X) = 0. On the other
hand,
a(X x0)= ILm Ea, (xxxo0) = 1. (3.28)

Recall that propositions and imply that any e-proto equilibrium
is of the form (pe, ac +77) where 77 only depends on the choice of skeleton.
Hence a e-proto equilibrium is described fully by the mapping p. and the
measure «.. Consequently, we now speak of the e-proto equilibrium (p., ac).
This convention (which is in agreement with [5]) is adopted now. Moreover,
proposition m shows that if (p,«) is an equilibrium a can be treated as
an element of A(X x O). These observations indicate that only measures
whose support lie in A(X x ©) are of interest. Accordingly, the minor abuse
of notation a. (resp. a) € A(X x ©) is adopted.
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3.5 Two examples

This section consists of two important examples. More precisely, an exam-
ple of an economy whose set of AG-equilibria is a proper subset of the set
of equilibria is constructed (see propositions and . A second ex-
ample illustrating the fact that a sequence of economies that converges to a
given economy (where convergence is defined in a suitable sense) does not

guarantee convergence of AG-equilibria, is provided as well.

Despite most arguments in this section requiring, for the most part, only

elementary tools, they are still treated as propositions to ease presentation.

To fix notation, let U : (z,p,0) — z -0 —p and ¢ : (z,0) — x - 60, where
x € {0,1} and 6 € {0,1}. Recall that, in addition, p € [0, c0).

Now, let Eo = (6,U, ¢) be the economy with skeleton
& = ({0,1} u{0,1},20000OL ),

where p(6 = 0) = (0 = 1) = 3. For the remaining of this section, functions

U and ¢, as well as the measure p, are assumed to take these specific forms.

Remark 3.33. In the interest of clarity, observe that although X = © =
{0,1} in &, this equality is only formal. In that regard, recall that since
X may be interpreted as contract characteristics, while © represents con-

sumers’ characteristics, both sets are logically distinct.

3.5.1 An equilibrium which is not an AG-equilibrium

For a given set S denote the identity mapping by idg.
Proposition 3.34. Let p = idg 1y and o € A({0,1} x {0,1}) be such that

1
) == and

The pair (p,«) is the only AG-equilibrium of Ex.
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Proof. Fix a sequence {n,} >, of positive measures measures over X =
{0,1} satisfying n,,({0,1}) — 0. Furthermore, for each n € N, let p,, :

{0,1} — [0, 00) satisfy the following equations:

14 2n,(z=1)
Observe that if &« € A({0,1} x {0,1}) is the measure in the rubric then,

_ Ealxae©  al@=1,0=1)
pn(1) = a=1,0=1)+n(r=1) alz=10=1)+n(z=1)

(3.31)

A similar relation holds for p,(0). Furthermore, since p,(1) < 1,

supp(a) = {(z,0) € {0,1}* : (U opn)(@,0) > (U 0 pn)(y.0), Yy # x}.

The pair (pp, «) is thus a proto-equilibrium of the economy (%,,, U, ¢), where

Tp = ({0,131 {0, 1}, 2001501} ) 4y,

Since p,(1) — 1, (idgo1}, @) is an AG-equilibrium of E. Furthermore,

since the sequence {n,}>°, was arbitrary, it is unique. |

Remark 3.35. As an aside, observe that even a simple economy such as
F can contain uncountably many proto-equilibria. For instance, the set
of all pairs {(pc, ac)}es>1 with pe : {0,1} — {0, ¢} satisfying p(0) = 0 and
p(1) = ¢; while o € A({0,1} x {0,1}) is given by a.(z,0) = do(x)u(0) forms

a family of proto-equilibria parametrised by c.

Remark 3.36. Heuristically, the argument in proposition has a simple
interpretation: a consumer represented by 6 = 1 is indifferent between pur-
chasing contract x = 1 at price p = 1 or not doing so. Once behavioural
types are included, the price of contract x = 1 is driven below 1, the con-
sumer 6 = 1 strictly prefers to purchase the contract in any economy with

behavioural agents. This choice is retained in the limit.
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Proposition 3.37. Let 5 € A({0,1} x {0,1}) be such that

Ol =N

The pair (idgo 1y, 3) is an equilibrium of Ex.

Proof. Denote by {n,}>2, the sequence of positive measures over {0, 1}
satisfying 7,,(0) = 7, (1) = g5 for n € N. Moreover, given n € N let

pr 1 {0,1} — [0, 00) satisfy the following relations

pn(0) = 0, (3.32)

pu(l) = 1+41nn(1)' (3.33)

Let 8 be as in the rubric, then

Eﬁ(X{l}XG “c)

1) = : 3.34
and similarly for p,(0). Furthermore, notice that since
1 1
1—p,(1)=— < — 3.35
)= 5 < (3.35)

5 ({0 € 0.1 Uep)wt) 1> Comnt)uta}) =1

the pair (pn, ) defines a %-proto—equilibrium of the economy (%,,U,c),
where
T = ({0,1} U {0,1}, 2008501 4 ).

Since py, (1) — 1, the pair (idfg 13, 8) is an equilibrium of Ew. [ |

Remark 3.38. Observe that in the proof of proposition if n > 1 then,

in fact,

{0 e 01 Wop@w0)+ L > Wop)t) y#af =supp(s).
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Remark 3.39. The argument in proposition [3.37| can be understood intu-
itively as follows: if the mass of behavioural consumers is not too large then
the price of contract x = 1 is close to 1. In that case, the set of “c-optimal”
choices might include, in addition to purchasing x = 1, purchasing x = 0
as well. It is then possible for the consumer to randomise across both pur-
chase options. In the limit, this randomisation is retained. Note in that
regard that, while both choices are given the same probability in the proof
of proposition [3.37] it is possible to construct examples were the probability

of purchasing z = 1 takes any value in [0, 1].

3.5.2 A sequence of AG-equilibria which does not converge
to an AG-equilibrium

Propositions and [3:37]together provide an example of an economy where
the set of AG-equilibria is a strict subset of the set of equilibria. Now, a
sequence of {(pn, An)}F_; AG-equilibria that converges (p, 3), which is not
an AG-equilibrium, but it is an equilibrium in the sense of this chapter is
constructed. This follows from the results in the previous subsection, along
with proposition below. To construct the aforementioned sequence,
given N € N let Ex be the economy (S, U, ¢), where

1
Sy = <{0, 1} u {o, ¥ 1} ,2{071}%071571},#) )

Note that U, ¢ and u are as before.

Remark 3.40. Observe that in the following construction, as N changes the
domain of py, {0, %, 1}, changes as well. Nonetheless, the domain itself
converges to {0,1} in the sense of Hausdorff. The notion of converge of
equilibrium adopted reflects this (see remark at the end of this subsec-

tion).

Proposition 3.41. Given N € N, let By € A({O, %, 1} x {0,1}) satisfy the
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following relations:

v =0,0=0) = o
5N(~T:179:1):5N<1‘:;,79:1> = %;
ﬁMm:&G:U:BNCp:;ﬂ:0>:5Mx:L9:® _ 0.

The pair (id{o,%,l}v BN) is then an AG-equilibrium of En.

Remark 3.42. The main idea behind the proof of proposition [3.41] is to
ensure that, once behavioural consumers are introduced, consumer 6 = 1 is
indifferent between purchasing contracts x = 1 and z = % Formally, this
implies

1ﬂmn:§—m<$> (3.36)

where p,, is the putative proto-equilibrium price. Moreover, to qualify as a

proto-equilibrium, p,, must satisfy

pn(T) =

where «,, is a probability supported over each consumer’s optimal choices.
Equation (3.37) becomes accordingly

1— =

X
. (3.37
Om(l': 179:1)—1_7]71(1) N NOén(.T: %’0 ( )

an(z=1,0=1) 1 an(z=%,0=1)

Since consumer # = 1 is to be indifferent between purchasing x = 1 and

r = %; it can that be assumed he purchases one of the two contracts
randomly. Furthermore, consumer # = 0 must acquire x = 0 in a proto-
equilibrium, the probability that 6 = 1 chooses x = 1 (resp. x = %) is
an(z =1,0 =1) (resp. an(z = +,60 = 1))). In addition, these probabilities

must satisfy
1
an(x:1,0:1)+an<x:N,0:1>:u(Ozl):. (3.38)

Equations (3.37)) and (3.38|) define a system of two linear equations for the
probabilities oy, (z = 1,6 = 1) and oy, (z = +,60 = 1). The unique solution
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of this system of equations is

dagw1,0=1) = Ym0 +2N=UmDnlx),

N77n()+77n( ) ’
(1) ) 20 - Dm(m()
2"( v’ 1) Non(D) + ()

To verify these relations, note that, upon multiplication by N and re-

arrangement, equation (3.37)) can be rewritten as

No(1) _ () (3.39)
an(z =10 =1)+m(1)  an(z= 5,0 =1)+na(x)
A further rearrangement yields the equation
W an@=1,0=1) - Npp(Dan (2= =0 =1
Tin N an\T = 1,0 = Tin{1)0n SU_N’ =
(3.40)

1
= (N = 1)na(L)1n (N) :
Substituting equation (3.38)) into equation (3.40|) yields the desired relations.

Proof of proposition [3.71] Proceeding as in the previous propositions, let

{nn}52 y be the sequence of positive measures given by:

() = (1) = o,
() - £

Now, fix n € N and let oy, € A ({0, %, 1} x {0,1}) with

supp(ay) = {(0,0), (1,1), <;[1>}
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be such that

1
n = ’0: = —7
an(z =0 0) 5
N1u(1) + 2(N — D (1)1 (4
oo 19— 1) — Ym0 2N~ D (Dmh).
N1 (1) + 1)
1
zan(le,ezg _ ) = 2N = D),
N Nnn( )‘f"’?n( )
Observe that since n > N, < 1 holds. This latter inequality implies

( > — D (1)n, <]17> > 0.

Thus an(z,0 = 1) € (0,1) for z € {,1}.

Lastly, let p, : {0, %, 1} — [0, 00) satisfy the relations

pn(O) = 0,
1 an(z=%,0=1)
N - pn <> = S iy’
N an(z = W79 =1 +77n(ﬁ)
B an(z=1,0=1)
) = T = D o)

Observe that since 4 — pp(3%) = 1 — pp(1) > 0 and both p,(1) and p,(3)

are positive, supp(ay,) is the set
1
{@o: wen@o > wenwowe ol
The pair (pp, ay,) is thus a proto-equilibrium of the economy (%, U, ¢), where

1
T, = ({0, 1)U {0, o 1} 2001} nn> .

Moreover, ay, — Sy while max |z —pn(x)] — 0 as n — oo. [
xE{O?N7 }

Corollary 3.42.1. The sequence {On}3_,, where
1
swea (ot} xon)
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s as in proposition converges weakly to B € A({0,1}?), with ( satis-
fying:

Ol =N

Remark 3.43. Note that, by several abuses of notation, the measures in

corollary are all implicitly assumed to be Borel measures on the space

([j {0,]17,1} X {0,1}) u{0,1}%

N=1
Weak convergence is therefore well-defined.

Remark 3.44. Consider now the sequence of AG-equilibria {(pn, Sn)}3—1

where py = id{0 11 and

By € A ({0 lel} < {0,1})

is as in proposition Observe that given x € {0,1} and a sequence
{zn}F¥_, with zny € {0,%,1} satisfying zny — x, py(zy) — 2« holds.
Moreover, corollary [3.42.1] establishes that Sy — [, where § is the mea-
sure in proposition m (importantly, recall at this stage that proposition
3.37 implies (idfq 1}, 8) is not an AG-equilibrium). Since these two condi-
tions were used to characterised the notion of equilibrium (see definition
, it might be said by analogy that the sequence {(pn, Bn)}3-; of AG-
equilibria converges to the equilibrium (id{o,l}, B). In this sense, proposition
[3.37] implies that a sequence of AG-equilibria might not converge to a se-
quence of AG-equilibria, but it might do so to an equilibrium instead. This
conclusion remains valid if the notion of convergence of py is replaced by

limy 00 MaX,eq0,1} [idgo,1; — ()] instead.
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3.6 Existence of s-proto-equilibria

Under the assumption that |X| < oo it is shown that a given economy has

e-proto-equilibria for arbitrary values of e. More formally,

Theorem 3.45. Let € > 0 and suppose that
E=0OUX,BOUX),u+n)

is a skeleton with X finite and supp(n) = X. Then for any continuous
functions U : X x [0,00) Xx O — R and ¢: X x © — [0,00) the economy

(¢, U, ¢) has an e-proto-equilibrium.

The proof of this result uses a standard fixed point argument. Recall that
finding an e-proto-equilibrium is equivalent to finding a pair (p, ) (to avoid
overburden the notation reference to ¢ is dropped in this section) with p

continuous and o € A(X x O) satisfying:

(i) Eavm(Xax©ux) - P) = Eatg(Xax@©ux) - ¢) VA € B(X)
(i) a({(z,0) € X x O : (Uop)(z,0) +2 > (U op)(y,0) ¥y € X}) = 1.

(iii") a(X x B) = u(B) VB € B(O),

In these relations 77 is as in equation (3.22)).

Observe that conditions (i’)-(iii’) are given in terms of the functions U and
¢ instead of their extensions to the full set. Indeed such extensions shall
no longer play any significant role and it is thus convenient to denote by U

(resp. ¢) both the original function and its extension.

Conditions (i’)-(iii’) can be simplified further. Note that because supp(n) =
X, which is finite, condition (i’) yields for zy € X,
— ff{xo}xac(ﬂf, 0) a(dx,df)

PO = o) T oo} < ©) 340

which may be re-written somewhat less formally as the conditional expecta-
tion
p(x0) = Eatq(c(§,)[€ = zo). (3.42)
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Naturally, starting from equation (3.41]) condition (i’) in proposition m

can be retrieved after algebraic manipulation.

Remark 3.46. Let x € X, simple algebraic manipulations yield the usual

factoring and tower properties:

Eot7(¥-c(&,)IE=2) = (@) Eayg(c§, )€ =2), (3.43)
Eat7( Eatq(c(€, )€ =")) = Eaiz(o). (3.44)

Here v : X — R is a continuous mapping.

Now, the finiteness of X implies that any function f : X — R is continuous
and can be associated with an element RXI. This association is used now.
Given a pair (p,a) € R¥I x A(X x ©) and € > 0 let

Acp ={(2,0) e X x O : (Uop)(z,0)+e > (Uop)(y,0) Vy € X}. (3.45)

Note that this generalises the notation introduced in the proof of proposition
since it does not assume that (p, @) is an e-proto-equilibrium. Condition
(ii") can therefore be written as a(A.,) = 1. Moreover, observe that (iii’)
means that the marginal (mg)«(a) coincides with pu. Consequently, given
£ > 0 a pair (p,a) € RXI x A(X x ©) is an e-proto-equilibrium if, and only
if, it satisfies (mg)«(a) = p and

p(x) = Eayg(c(§, )l§ =), (3.46)

a(Ae,) = 1. (3.47)

Let P = [0, K]Xl, where max ¢(x,0) = K. Observe that since ¢ is
(z,0)eX %O

continuous, P is well-defined. In addition, let
A={a e A(X x0O): (mo)«(a) = u}.

By taking equations (3.46]) and (3.47) as reference point, define the multi-
valued mapping F : P x A — 20%A by

F:(p,a) = Fi(a) x Fa(p)
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where

Fi(a) = {peP:p@)=Eag(c(§,)l§ =2) Vo e X}, (3.48)
F(p) = {aeA:a(A,) =1} (3.49)

Note that in fact F; is single-valued and thus is a mapping in the usual

sense.

Existence of a e-proto-equilibrium amounts to finding a pair (p,a) € P x A
such that (p,«) € F(p,a). Existence of this pair is a consequence of the

well-known

Theorem 3.47 (Kakutani-Glicksberg-Fan). Let V' be a locally conver Haus-
dorff topological vector space. Given S C V non-empty, convex and compact
and an upper hemi-continuous multi-valued mapping ® : S — 2 with the
property that for every s € S, ®(s) is a non-empty, convexr and compact .
Then there exists sg € S such that sy € P(sp).

For a proof of this result see [2].

Remark 3.48. Here V in corresponds to RIX! x (X x (6 U X)) which
by proposition [3.2] satisfies the assumptions of the Kakutani-Glicksberg-Fan

theorem.

S

For our purposes, a multi-valued mapping ® : 2° — 27 is upper hemi-

continuous if its Graph
Gr(®) ={(s,t) e SxT:te ®(s)}

is closed. This is motivated by the following

Proposition 3.49. The multi-valued mapping ® : 25 — 2T, where T is
a compact Hausdorff space, is upper hemi-continuous if, and only if, Gr is

closed.

A proof is given in [30] propositions 5.2 and 5.3. A more precise definition
of upper hemi-continuity is omitted. The interested reader is referred to [23]

for a detailed description of this and other matters of interest.
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Remark 3.50. Observe that if ® : S —— T in is single-valued then

hemi-continuity is replaced by continuity.

The proof that F satisfies the assumptions of theorem uses the same
strategy as in [5] (see lemma 1 located in the appendix). The properties of

each mapping F; and Fy are studied separately.

Lemma 3.51. Let F} : A — P be the mapping (3.48)),

Fi o Eayg(e(€, )6 =)

Then Gr(Fy) is a closed set. Moreover, for every a € A, Fi(a) is a non-

empty convex set.

The proof of this result is straightforward and is given in [5] (see step 1 in
the proof of lemma 1). A slightly more formal version of their argument is

provided below:

Proof of lemma|[3.51 The proof that F}(«) is non-empty and convex follows

directly from definition.

To show that Gr(F7) is closed let {(cv,, pn)}52; C Gr(F}) converge to (o, p).
It is to be shown that for every A C X

Eat7(Xax@ux) - P) = Eat7(Xax@ux) - ©)- (3.50)
In order to do so, fix such a set A and let § > 0 be given. Now,

[Ea+7(Xax©ux) *P) — Eatsi(Xaxeux) - ¢)| <
[Ea(xaxe - p) — Ea, (Xaxe - pn)|+
|Ea, +7(XAx©UxX) - Pn) — Ea,+7(Xax@ux) - €|+ (3.51)
|Ea,, (xaxe - ¢) — Ea(xaxe - ¢)|+
7l - llp = Palloo-

Note that in this equation we have made use of supp(a,,) C X x © for every
n € N and the fact that E, 7 = E, + E5. In addition, the following facts
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are employed:

Ez(xaxeux)-¢) = 0, (3.52)
Er(Xax@oux @ —pa)) = D (p@) = pa(@)) -n(@).  (3.53)
rzeX

Recall x4xoux) and xaxe are both continuous since X is finite. Hence

given 6 > 0, o, — « implies there exists n; € N such that

[Ea, (Xax©ux) - Pn) — Ea(xaxeux) P)| < - Vn>ni, (3.54)

Wl Wl

IEa, (Xax(@ux) - ¢) — Ealxaxeux) o) < Vn >mni.  (3.55)

The fact that {(an,pn) 52, C Gr(F}) implies that for all n € N

Ean+ﬁ(XAx(®uX) “Pn) = Ean+ﬁ(XA><(®uX) -c). (3.56)
Finally,

[Ea, (xaxe - P) = Ea, (xaxe - Pn)| < [P = prlloo- (3.57)
Since p, — p there exists na € N such that |[p — pplec < m whenever

n > ny.

Let n = max{ni,n2} + 1 the above observations imply that the left-hand
side of equation (3.51)) satisfies the bound

[Ea+7(Xax@ux) - P) — Eatm(xaxeux) - ¢)| < 0. (3.58)

The fact that § was arbitrary implies the result. |

The analogue of lemma for F5 is slightly more complex. Moreover, the

proof differs from the analogous one (see step 2 in the proof of lemma 1) in

[5]-

Lemma 3.52. The mapping
Fo:p—{aeA:alA,) =1},

has a closed graph.
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Proof. Let {(pn,om)}22, C Gr(F») converge to (p,«). Note that by corol-
lary[3.10.1} o € A. To show that a(A. ;) = 1 the following chain of inclusions
is established:

supp(a) C Li.(supp(o,)) C Li.(Acp,) C Acp. (3.59)

Recall that L.i. is the Kuratowski lower limit. The leftmost inclusion follows
from proposition Now, note that A, ,, is a closed set, (ii) in theorem
implies that supp(a,) C Acp,. This yields the middle inclusion (see
remark . All that remains to prove is the rightmost inclusion. To that
end, let (z,0) € L.i.(Acp, ), there exists N € N and a sequence {yn, ¢n}n=n
with (yn, ¢n) € Acp, converging to (z,0). Fix y € X, since (yn, ¢pn) € Acp,..

UWns Pn(Yn), &n) +€ 2 Uy, pn(y), én). (3.60)

Taking the limit n — oo on both sides of the inequality yields

U(z,p(x)),0) + & = Uly, p(y),0), (3.61)
since p, — p and U is continuous. Hence (z,60) € A. ), as required.

Now, given supp(a) C Acp, (i) in theorem [3.5 implies a(A. ) = 1. [ |

It is now proven that Gr(F;) is a non-empty convex set. Convexity being

elementary. The non-emptyness is proven constructively.

Lemma 3.53. Let © be a compact Polish spaces, X a finite set and f :
X X0 +— R be a continuous mapping. Given & = 0 there exists 1) : 0 — X
Borel measurable with the property that given 6 € O, f(¢(0),0)+¢e > f(y,0)
for every y € X.

Proof. Write X = {z1,...,2z,} the argument proceeds by induction on n.
The case n = 1 is immediate. Suppose that the lemma held for some n = k >
1 and consider the case K+ 1. The induction hypothesis implies the existence
of a Borel mapping ¢ : 0 — {x1,..., 2%} such that f(p(0),0)+¢c > f(y,0)
for any y € {z1,..., 2}

143



Let
K={0€0: f(p(0).0)+c < [(ers1,0)}.

Since both f and ¢ are Borel, K € B(0). Define

i [P0 HOEE 562
Th4+1 1f9€K

1 is desired Borel mapping. |

Remark 3.54. Lemma in fact follows from more general results (see e.g.
theorem 18.19, the “measurable maximum theorem”, in [2]). Seeing that

the above proof is fairly elementary we have decided to include it.

Lemma 3.55. Let Fy be the mapping defined in equation (3.49)). For any
p € P the set Fy(p) is non-empty and convex.

Proof. As mentioned, convexity follows directly from the definition of Fb.
To prove non-emptiness, fix p € P and let ¥ be a mapping as in lemma [3.53
(i.e. for every 8 € © (Uop)(¢(0),0)+¢e > (Uop)(y,0) for arbitrary y € X).
By construction, Gr(¢) C A .

Now, let § € A(X x ©) be defined by extending
B:Ax B u(Bny(A)), (3.63)

where A € B(X) and B € B(0©), via the Hahn-Kolmogorov theorem. Ob-
serve that
B(X x B) =u(BNO) = pu(B). (3.64)

Now, let (y, ¢) & Acp. There exists m € N such that

(B% (y) x B (gzb)) NAc, =0.

1
m

If there existed 0 € B (¢) N (B

1 (4)); then Y(9) € B (y) and, as a

1 1
m m

result,

0 # Gr(¥) N (B



a contradiction. It follows that if (y, ¢) & A.p then (y, ¢) & supp(S). Hence,
supp(f) C A.p. Since A, is closed, theorem concludes the proof. W

Remark 3.56. Lemma and its proof are omitted in Azevedo and Got-
tlieb. Seeing they contain some subtleties, and in the interest of complete-

ness, they are included.

An equivalent version of theorem is now proven.

Theorem 3.57. The multivalued mapping F : P x A — 2P*A 4s the multi-
valued mapping defined by

F: (p,a)— Fi(a) x Fy(p)
where

Fi(a) = {peP:p(@)=Eaog(c§,)l§ =2) Vo e X}, (3.65)
F(p) = {aeA:a(A,) =1} (3.66)

has a fixed point.

Proof. Observe that by applying a permutation of the coordinates it follows
that Gr(F") is homeomorphic to Gr(F;) x Gr(Fy). Lemmas and
imply at once that Gr(F) is closed and F(p, «) is non-empty for every
pair (p,«) € P x A. Moreover, the same algebraic manipulations that yield

the convexity of Fj(«a) and Fy(p) yield the convexity of F(p, a).

Since P x A is a non-empty, convex and compact set theorem [3.47] implies
that there exists (p, ) € P x A such that (p,a) € F(p,a). [ |

3.7 Equilibrium existence for regular economies

3.7.1 Regular functions

Hitherto no assumptions beyond continuity have been made about the func-

tion U : X x [0,00) x © — R. We now impose some natural constraints
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on the behaviour of this function. Under these constraints it is proven that

any economy (&, U, ¢) where
¢=(OUX,BOUX),u

has an equilibrium. Incidentally, this further implies that the set of proto-
equilibria of the economy is non-empty (see theorem below).

Before stating the main result in this section the additional assumptions on
U are introduced. Some direct consequences of these assumptions are also

discussed.

Definition 3.58 (Regular function). A continuous function U : X x [0, 00) x
© — R is said to be regular if there exists constants C1,Cs,C5 > 0 such
that:

(i) U(x,-, ) is decreasing for every pair (z,0) € X x ©;

p7

2,0 P—q iy P

Let
€= (OUX,BOUX) u+1)

be a skeleton. An economy (€&, U, ¢) with U regular is said to be regular itself.
If in addition, X =supp(n) (so in particular |X| < co) then the economy is

tame.

Remark 3.59. Requirement (ii) in definition is in fact stronger than
needed. Indeed, all that it is required is that given ¢ : X x © —— [0, 00)

continuous

sup sup [U(z,p,0) — Ul(y,p,0)| < C1-dx(z,y). (3.67)
pEc(X x0O) €O

Proofs in this section remain unchanged if this assumption is made instead.

Ezample(s) 3.2. Given u : X x © — R satisfying

Sup ]u(:c, 9) - U(y,6)| < C- dX(xvy)7
ISS]
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the function U : (z,p,0) — u(z,0) — p is regular. More generally, given
O Cc R% and X € R% (both X and © are assumed to have a non-empty

interiors); a differentiable function U is regular if, and only if, it satisfies

ou

Xz

sup sup
0c® p=0

< 00,

oU oU
Cy < inf inf — <supsup — < Oy <0.
z€X 0€0 Op  geozex OD

Proposition 3.60 (Azevedo-Gottlieb condition). Let U : X x[0,00)x O +—
R be a given regular function. The function U has the following property:
let 0 < p < q be such that U(xz,p,0) < U(y,q,0) for some 6 € ©; then

Ip—q| < C-dx(z,y).

Here the constant C' > 0 is independent of the choice of p, q, 0, x and y.

Proof. By assumption

0 < U(ya Q79) - U(vav 0) = U(y7Q70) - U(y7p> 9) + U(yapa 0) - U(.ﬁU,p, 9)

(3.68)
But since U is regular U(y, q,0) < U(y, p,0) therefore
0<U(y,p,0) = Uly,q,0) <U(y,p.0) — U(z,p,0). (3.69)
Requirement (ii) and (iii) in definition now imply
Cy-(¢—p) < Cr-dx(z,y). (3.70)
The result follows from this inequality. |

Remark 3.61. In the original work of Azevedo and Gottlieb, proposition [3.60
is adopted instead of requirement (ii) in definition as the main regu-
larity assumption (see assumption 2 in [5]). While indeed imposes less
restrictions on U than definition does; in practice, requirements such
as (ii) are often needed to verify conditions such as the one in proposition
.00
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Lemma 3.62. Consider an economy (€, U, c) where
E=0OuUX,BOUX),u+n).

Given (pe, o) a e-proto-equilibrium of the economy. If x € supp(n) satisfies
pe(z) > 0, then a({z} x ©) > 0.

Proof. We prove the counter-positive. Let € X be such that n(z) > 0 and
a:({x} x ©) =0. Then

Eo.+7(X {1 x(0ux)Pe) = E7(X{z}xx - Pe) = Pe(z)n(2). (3.71)

On the other hand,

Ea.+7(X{z}x (0ux)¢) = Ea. (X{z}x0 - ¢) = 0. (3.72)
Hence since (pe, o) is a e-proto-equilibrium, p.(z) =0 |

Corollary 3.62.1. Given (€,U,c) and (pe, ) as in lemma . For any
x € supp(n) satisfying pe(x) > 0, there exists § € © such that (x,0) €

supp(ae) C Az p. -

Corollary 3.62.2. Given (€,U,c) and (pe,ac) as in lemma[3.64 Given
x € supp(n) satisfying ps(z) > pe(y) = 0 for some y € X. There exists
0 € © such that (U o pe)(x,0)+¢e > (U op:)(y,0).

Proposition 3.63. Let (&, U, c) with
¢E=0OUX,BOUX),un+n)

be a regular economy. Constants K1, Ks > 0, depending solely on the con-
stants C1,Cq, C3, can be found such that for every e-proto-equilibrium of the
economy (pe, ), where a. € A(X x ©), the following inequality holds

pe(w) — pe(y)| < K1 -dx(z,y) + Ki (3.73)
2

whenever x € supp(n) and y € X is such that p-(z) > pe(y) = 0.

Proof. Fix a e-proto-equilibrium and let = € supp(n) and y € X be such
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that p.(z) > p-(y) = 0. Corollary |3.62.2| implies that there exists § € ©
satisfying
U(z,pe(x),0) + ¢ = Uy, pe(y), 0). (3.74)

Hence,

|U(£L’,p€($),9) - U(y,pg(x),0)| +ez U(yape(y)ae) - U(y7p5(x)ﬂ0) = Oa
(3.75)
where the last inequality follows since U is regular and thus decreasing in p.

Moreover, the regularity of U implies the following bounds

U(y:p=(y),0) = Uy, pe(x),0)] = Co-pe(x) —pe(y),  (3.76)
|U(z,pe(x),0) — Uy, pe(x),0)] < Ci-dx(z,y). (3.77)
These bounds yield the lemma. |

Corollary 3.63.1. Suppose that the economy in proposition|3.65 were tame
instead. There exists constants K1, Ko > 0 such that for every e-proto-

equilibrium of the economy (pe, o) the function p. satisfies

Ipe(x) — pe(y)] < K1 - dx (z,) + K% (3.78)

forall x,y € X.
Remark 3.64. Recall that if an economy is tame the set X is finite and, in

addition, supp(n) = X.
Remark 3.65. Recall that a mapping f : M — N (M and N are metric

spaces) is C-Lipschitz continuous (or simply C-Lipschitz) if there exists
C > 0 such that for every pair s,t € M dn(f(s), f(t)) < C - du(s,t).
Corollary thus implies that, for a tame economy, p. is Ki-Lipschitz
continuous whenever € = (. This observation encompasses lemma 2 in the

appendix of [5].

3.7.2 Equilibrium existence

Proposition [3.63|and corollary|3.63.1|show that U being regular places some
restrictions on the growth of any function p. : X —— [0, 00) that is part of

a g-proto-equilibrium. This fact is used in the proof of the main result:
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Theorem 3.66. Let (€, U, c) with
¢ = (OUX,BOUX),u

be a regular economy. Then the economy has an equilibrium.

Theorem is the analogue of theorem 1 in [5]. The proof of theorem W

follows almost immediately from the following

Lemma 3.67. Fiz a regular economy (€, U, c) with
E=0OUX,BOLX), u).

Suppose that
{€, = (OUX,,BOUX,), 1+,

with supp(n,) = X, is a collection of bones of € such that &, — €. In

addition, let {e,}22, be a sequence converging to 0.

For any given a sequence {(pn, o) o2 where each individual (pp, o) is a

en-proto-equilibrum of the tame economy

(€1, Ul X, x[0,00) x (OUX )5 €| X x (OLIX ) )

there exists (p, ) with p : X —— R continuous and a € A(X x ©) and a

subsequence {(pe,, , e, )}32; such that:
(i) Given x € X for any sequence {xn, }3>, converging to x such that
T, € Xp, for every k pp, (xn,) — p(z) as k — oc.
(11) The sequence o, converges weakly to c.

Remark 3.68. Lemma simply states that if for a given regular economy

(¢,U, c) a collection of bones
{(OU Xy, BOUXy), p+nn) fnty

of & can be found such that &, — & then the economy has an equilibrium.
Indeed, (i) and (ii) in lemma correspond to conditions (ii) and (iii) in
definition [3.26
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Proof of theorem[3.66. Fix a sequence {e,}5°; converging to 0 and observe

that since X is Polish it contains a countable dense subset

Q = {q17q27Q37 e }

For every n € N set
Xp = {Q1,- . an}-

By construction,

Xo—= | JXu=X (3.79)

n=1
in the sense of Kuratowski (see section B chapter 4 in [37]) and, by theorem
[3.16] in the sense of Hausdorff.

Moreover, for every n € N let 7, € §(X) be defined as follows

ifrx e X,,
ife & X,,.

() = (3.80)

S 3=

Then 7, = 0.

The above constructions show that the collection
{€, =(OUX,,BOUX,),u+nm)}>y

is a collection of bones of &, and &, — €. In addition, for each n the econ-
omy (&, U|x, x[0,00x(0LXn)s €l xnx(6LX,)) 18 tame and therefore it has an
en-proto-equilibrium (py,, a;,) by theorem Consider now the sequence
{(pn,an)}3>; lemma implies that there exists (p,a), with p: X — R

continuous and o € A(X x ©); and a subsequence {(pn, , an, ) }72, satisfying

(i) Given z € X for any sequence {x,, }32, converging to = such that

Tn, € Xp, for every k, pn, (zn,) — p(x) as k — oo.

(ii) The sequence a, converges weakly to c.

But these are conditions (ii) and (iii) in definition specialised to the
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subsequence. Hence considering the collection of bones given by
{¢&,=(U Xnk?B(G L Xnk)nu + Wnk)}ioﬂ

the result follows. |

The proof of lemma [3.67] is considered now. The strategy follows Azevedo
and Gottlieb’s closely (see proof of lemma 3 in the appendix of [5]). A
notable difference is that when considering an arbitrary e,-proto-equilibrium
of the tame economy (€, U|x,, x[0,00)x (OUX,)» €l X, x (OUX,))> it might not be
possible to extend p,, to a Lipschitz function p,, : X — R. Nonetheless, it
possible to find a Lipschitz function p, over X such that p,|x, is close to

prn. This fact follows from the next

Proposition 3.69. Let A C M be non-empty and let f : A —— R have the
following property: for every s, t € A

|f(s) = fO)] < C-dum(s,t) +6, (3.81)

where C' > 0 and § > 0. There exists g : M —— R C-Lipschitz satisfying

sup | f(s) — g(s)| < 0.
sEA

Remark 3.70. Proposition [3.69] is a slight generalisation of the well-known
McShane-Whitney extension theorem (see theorem 1.1 in [21]). Indeed, the
proof follows the exact same lines. As in the original result, the extension

is not unique. A detailed discussion can be found in [21].

Proof of proposition[3.69. Let g : M — R be defined as follows

o(t) = sup{f(s) — C - dys(s.t) ~ 0} (3.82)

Let t € M and fix a € A, for arbitrary s € A,

f(s) = C-du(s,t) =0 < fa) +|f(s) = fla)] = C - du(s,t) =6

<7 (3.83)
< f(a) +C- dM(aat)'

Hence g(t) < oo and since A # () g(t) > —oo. g is then a well-defined
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mapping.

Now, to prove that g is C-Lipschitz let s,¢ € M be such that g(s) < g(¢)

and let £ > 0. There exists a € A satisfying
g9(t) =& < fa) = C-duy(a,t) — 0.
Moreover, by definition
g(s) = f(a) — C -dp(a, s) — 6.

Hence,

g(t) —g(s) < C-dyla,s) —C-dyla,t) + < C-dy(s,t) +¢&.

The arbitrariness of £ implies the g(t) — g(s) < C - dp(s, t).

Finally, let a € A then

fla) = < sup{f(s) = € du(s,a) = 0} = g(a).

On the other hand, given b € A equation (3.83]) implies

f(0) = C-dur(b,a) — 6 < f(a).

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

Therefore, f(a) — 3 < g(a) < f(a) or, equivalently, |f(a) — g(a)| < d for

every a € A.

Recall the following

Theorem 3.71 (Arzela-Ascoli). Let M be a compact metric space and

{fn}32 be a sequence of continuous mappings from M to R. If for ar-

bitrary t € M

(1) sup | fn(t)] < oo;
neN

(11) for every & > 0 there exists 6 > 0 such that sup,ey | fn(s) — fu(t)| < &

whenever dy(s,t) < 0
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then there exists f : M —— R continuous and subsequence { fn, }72, satisfy-

ing T || = fuylloo = 0.

A proof of a particular form of this result can be found in e.g., theorem 7.25
in [38].

Remark 3.72. Recall that property (ii) in theorem is referred to as

equicontinuity whilst property (i) is uniform boundedness.

Proof of lemma[3.67 Let (€,U,c), with
&= (OLUX.BO LX),

be a regular economy and {e,}5°°; be a sequence converging to 0. Suppose
that the collection of bones of &

{6” - (6 U XTHB(@ U Xn)nu' + nn)}zo:h

where supp(n,,) = X, converges to €.

Denote by {(pn,an)}s>; a sequence whose individual terms are &,-proto-

equilibria of each separate tame economy

(€0, Ulx, x[0,00) % (OUXn)> €l X, x (0UX 1))
respectively. Recall that this sequence exists by theorem [3.45

Fix n € N, since (€, U|x, x[0,00)x(6UXn)s €l X, x(6Lx,)) is tame, corollary

implies that p,, satisfies
pn(x) = pn(y)| < K1 -dx(z,y) + = (3.89)

for some K1, Ko > 0 independent of n. Proposition [3.69] implies that there
exists p, : X — R K;-Lipschitz such that

~ £
sup [pn(2) = pu(@)| < 2= (3.90)
reX, 2

Observe that {p,}5°; is equicontinuous. It is moreover uniformly bounded.

To see this, fix x € X and choose n € N. Now, observe that for some
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T, € Xp,

Pn ()] < P (@) = Pr(@n)| + [Pn(@n) — Pn(zn)| + [Pn(2n)]
<K, (3.91)

e
K- dx(ﬂf,a?n) + fn + |pn(xn)|
2

Since (pp, ay) is & ep-proto-equilibrium,

Pn(@n)] < Bapia, ([6(€; )€ = 2n) < sup - e(z,0)] <00 (3.92)

(z,0)eXx©
Hence, equation (3.91)) yields the bound
|pn(2)] < K7 - diam(X) + sup Enoy sup  |c(z,0)| < 0. (3.93)

n 2 (z,0)eXx0

The theorem of Arzela and Ascoli implies that there exists a continuous
mapping p : X — R and subsequence {p,, }3°, converging to p uniformly.
Consider now the sequence {(pn,,, on, ) }72 - Theorem implies that there

exists a sub-sequence {ay, }7°; converging weakly to a € A(X x ©).

It is claimed now that the sub-sequence {(pnkl ; Oy, )}i2, is the desired sub-
sequence. To that end, observe that condition (ii) in lemma is satisfied
by construction. To prove condition (i) fix z € X and let {zn, }i°; be a

sequence converging to = satisfying Ty, € Xnkl then

lim sup [p(2) — o, @y, )| < B sup [, (@, ) = P, (@)

l—o00 =00
. - . Eny
+ lim sup [Py, (Tn,,) — p()| < lim —— (3.94)
l—o0 l—o00 Ko

The fact that

lhm ’ﬁnkl (xnkl) —p(:l))‘ =0
—00

follows from the fact that the sub-sub-sequence {pnkl}fil converges to p

uniformly since the sub-sequence {p,, }7°, converges to p uniformly. |
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3.8 Equilibrium properties

In this section some consequences of (p, &) being an equilibrium of the regu-
lar economy (&, U, ¢) are discussed. In the interest of brevity, explicit refer-
ences to the skeleton € of the chosen economy are often omitted. Moreover,
a sequence {(pn,an)}o2 satisfying for each n € N (py,, o) is a g,-proto-
equilibria of the tame economy (&, Ulx, x(oux,): ¢l x, x(6ux,)) (here & is a
bone of € and €, — &) is said to converge to (p, «) if it satisfies assumptions
(i) and (i) in lemma[3.67 or, equivalently, conditions (ii) and (iii) in defini-
tion In addition, the collection {&,}>° , is then said to be a collection

of bones associated with (p, ).

The results in this section are analogous to those in proposition 1 in [5]. In
particular, corollary [3.73.1]in subsection 1.7.1 corresponds to statement 3 in
Azevedo and Gottlieb’s proposition 1. Meanwhile, [3.74] in subsection 1.7.2
corresponds to statement 1 and proposition [3.83|in subsection 1.7.3 refers to
statement 2. The permutation in the order of properties with respect to [5]
is due Lipschitz-ness being needed in the proof of theorem Moreover,
proposition [3.83] requires theorem [3.74]

3.8.1 Lipschitz continuity

Observe that the the mappings {p,}>2, in the proof of lemma are all
K;-Lipschitz. This implies that p is itself K;-Lipschitz continuous. For a
general equilibrium (p, ) of the regular economy (&, U, ¢) this holds as well.
This is a direct consequence of the definition equilibrium and the assumption

of regularity.

Proposition 3.73. Let (&,U,c), where
¢E=0OUX,BOUX),u),
be a regular economy and (p,«) an equilibrium of the economy. Let
{€n}nz = {(OU Xy, BOU Xy), o+ nn) 1nty
be a collection of bones associated with (p,c), then plue  x, is Lipschitz
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continuous.

Proof. Let {(pn,on)}22, be the sequence of e,-proto-equilibria converging
to (p,a). Recall that by corollary [3.63.1| for any =,y € X,

En
pn(2) = pu(y)| < K1 -dx(z,y) + s (3.95)

where K7, Ko > 0 do not depend on &,.

Fix z,y € U022, X, and let {z,}0%, (resp. {yn}od,) with z, € X, (resp.
yn € Xp) be such that x,, — x (resp. y, — y). Then

Ip(z) — p(y)| < [p(x) = Po(Tn)| + [Pr(Tn) — Pn(Yn) (3.96)
+ pn(yn) — p()] < K1 - dx (2, yn) + ;—"2 (3.97)
+ [pn(n) = Pr(yn)| + [Pn(yn) — p(Y)I- (3.98)

Taking the limit n — oo,

Ip(z) —p(y)| < K1 - dx(z,y). (3.99)
n

Corollary 3.73.1. Let (p,«) be an equilibrium of the regular economy
(&, U,c), where
€ = (OUX,BOUX),u);

then p is Lipschitz continuous.
Proof. Since P|U$L°:1 x,, is uniformly continuous over U>? ;X,, it can be ex-

tended to a uniformly continuous p : X — [0, 00). This extension is unique.

Moreover, since p is Lipschitz, p is also Lipschitz.

Observe that p is uniformly continuous and extends p‘UZ‘Ll x,. Hence p =
p. |

Corollary 3.73.2. If X = U where U C R? is an open bounded set then p

is differentiable Lebesgque a.e. on U.
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This follows immediately from Rademacher’s theorem (see theorem 3.2.5
in [4]). This corollary corresponds to statement 4 in proposition 1 of [5].
Note however that Azevedo and Gottlieb’s statement 4 is slightly inaccurate,

Rademacher’s theorem only guarantees differentiability a.e. on open sets.

3.8.2 Existence of c-proto-equilibria in regular economies

Theorem 3.74. Let (€,U, c), where
&= (OUX,BOUX), ),

be a regular economy and (p, ) one of its equilibria. Then (p, ) is a proto-

equilibrium.

Remark 3.75. Theorem [3.74] implies that given € > 0 a given regular econ-
omy has a e-proto-equilibrium. Furthermore, theorem [3.74) motivates the
referring to the pair (p, ) as an “equilibrium”. Note however that not all
proto-equilibria of a given regular economy are equilibria. Indeed, Azevedo
and Gottlieb’s motivation behind their notion of equilibrium is to select

proto-equilibria with desirable properties.

A proof of theorem [3.74] is presented below. For convenience it is split
into two propositions. Notably, the proof presented here differs from the
equivalent proof in [5] (see lemma 4 and its proof). There are two reasons for
this: first, the original proof by Azevedo and Gottlieb is partially incorrect
and, second, some of their arguments do not generalise when considering

limits of general e-proto-equilibrium.

Recall that a pair (p, «) is a proto-equilbrium of the economy (€&, U, ¢) with
(OUX,BOUX), 1)
if, and only if, (7g)«(a) = p and

Ea(xaxe -p) = Ealxaxe-c) VA € B(X), (3.100)
a(Ag,) = 1. (3.101)
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As before,

App ={(2,0) e X xO : (Uop)(z,0) > (Uop)(y,0) Vy € X}.

Recall that since « is the weak limit of functions whose marginal with respect
to © is p, (me)«(c) = p holds. To obtain equation (3.100) two lemmas are

needed:

Lemma 3.76. Let M be a metric space. Given a closed set C' C M and
d > 0 there exists a bounded Lipschitz function xcs — [0,1] satisfying
xc,5(t) =1 whenever t € C and xcs(t) = 0 whenever d(t,C) = 6.

This lemma appears in chapter 7 of [43]. It follows by mollifying x¢. Details

of the proof are omitted.

Lemma 3.77. Let (€,U,c) be a regular economy, where
¢ = (OUX,BOUX),p),

and one of its equilibria (p, o). Fiz a sequence {(pn,om)}o2, of en-proto-
equilibria converging to (p,«). If the elements of a sequence of K1-Lipschitz

mappings Py : X —> R each satisfy

max P () — pn(z)] < &

then pn, — p uniformly.

Remark 3.78. Corollary also follows from this lemma. The original
proof being more elementary. Moreover, lemma implies that the choice
of {pn}>2; in the proof of theorem is irrelevant.

Proof of lemma|3.77. Fix & > 0 and observe that since X is compact, the

g
K142

whenever dx(z,y) < d. In addition, the compactness of X also implies the

continuity of p implies that there exists § > 0 such that |p(z) —p(y)| <

existence of a set {y1,...,y;} with the property X C UﬁC:lBg(yk). Similarly,
Yit1,---»Ym can be found such that X C UL, ;B ¢ (yx). Consequently,
K112

the collection {B,(yx)}7>, where r = min {(5, ﬁ} covers X.
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Given k € {1,...,m} and n € N,

P (yk) — P(yk)| < [Pnyr) — D(zn)| + [Dn(Tn) — pr(Tn)|

+ pn(@n) = plyr)| < K1 - dx (yk, 2n) + (3.102)

En
Ky

+ [pn(zn) — p(Yr)l;

where z, € X,, C X is the n'® term of a sequence converging to ;. Now,
since pp(zyn) — p(yx) (which follows since {(pn, an)}52, converges to (p, «))
the right-hand side of equation approaches 0. Hence there exists
ng € N such that

max [p(yk) — Pn(ye)| < Y n > ny. (3.103)

1<k<m Ki+2

Let x € X and k € {1,...,m} satisfying x € B,(yx), for n > ng

[p(2) = Bn(@)| < [Pn(yr) — Bn(@)| + [P(yr) — Dn(yk)]
2¢ (3.104)

<&
Ki+2 ¢

+Ip(x) = ply)| < Ki-r+
From where it follows that p,, — p uniformly. |
Proposition 3.79. Let (€,U,c) be a regular economy with
E=(0OUX,BOLX), u).

Given an equilibrium (p,«) and A € B(X),

Ea(xaxe - p) = Ea(xaxe - ©). (3.105)

Proof. Let {(pn, an)}52; be a sequence of e,-proto-equilibria converging to
the equilibrium (p, «). Notice that if ¢ = 0, then p, = 0 for every n € N
and there is nothing to prove. Assume therefore that ¢(z,0) > 0 for some
(x,0) € X x ©.

Now, for every n € N denote by p, a Kj-Lipschitz function satisfying

maxgex, [Pn(2) —pn(z)| < £ Recall that such function exists by corollary
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3.63.1] and proposition Lemma implies p,, — p uniformly; hence,

lim E,, (pn) = Ea(p).

n—oo

Let ¢ : X — R be continuous, it is proven that E, (¢ - p) = Eo (¢ - ¢). To
that end observe that given n € N:

[Ea (¢ p) = Ea(¢ - ¢)| < [Ea(¢ - p) = Ea, (¢ Pn)|
+ [Ba,, (¢ - Pn) = Ea, (¢ - pu)|
+ [Bay 177, (¥ - Pn) = Eay4q, (¢ - )] (3.106)
+ [Eq, (¢ - pn)| + |Eq,, (- )]
+ [Ea, (¢ ¢) = Ea(¢ - ¢)].

Recall that supp(ay,) C X, x © C X x O, which implies
~ ~ €n
[Ea, (¢« (Pn = Pn))| < [¢llco max [pn(z) — pn(2)] < = [[¢]lee-  (3.107)
zeXn Ky

Moreover,
Bz, (¢ - o) < [Plsollefloo]lmml- (3.108)

Since pn () = Eq,, 47, (c(&,-)|§ = x) the bound

g, (¢ - p) < ll9lloollellool7mml (3.109)

holds as well. Finally,

Ea, 17, (¥ - ) = Ea, 15, (¥ - Ea, 45, (c(&, )€ = -))
= Eo, 17, Bap1m, (V- &, )€ =) = Eqpyq, (¥ - €).

Equations (3.107)) - (3.110)) along with equation (3.106|) yield the bound

(3.110)

Eal5) = Balw+ 01 < [l 2lellcllnll + 52 )
2

+ |Ea(¢ ‘p) - Ean(¢ ﬁn)’ + |Eo¢n(¢ : C) - Ea(w : C)‘
(3.111)

But letting n — oo the right hand side of equation (3.111]) approaches 0.
Hence, E, (1-p) = Ey(¢-c) as required. Following a standard approximation
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argument, let A € B(X),

Ea(X(AX@),% P) = EQ(X(AX@),% . C).

Here X(Ax©),L is the function in lemma [3.76| with % in place of .

Let .
A, = {xeX:d(w,A) < n}

o0
and observe that A, +; C 4, and [ A, = A. Hence,

n=1
li_}rn a(A, x ©) =a(A x 0). (3.112)
But since
[Ea(p - (xaxe — X(AXG)),%)’ < [[pllocc((An \ A) x ©) (3.113)

equation (3.112) implies that lim,, oo Eq(p - X(Ax0) ) =Eua(p- xaxe). An

1
analogous relation is satisfied with ¢ replacing p. Define now the finite B(X)

measures

o(P- Xx-xe) and (3.114)
alc-X.xe). (3.115)

v, = E
v. = E

Observe that both measures are positive and o—additive. Moreover, for

A € B(X) closed,

vp(A) = Ea(p- xaxe) = lim Ea(p- X (axe),1) (3.116)
" A1
= lim Eqo(c- X(axe),1) = Ealc- xax0) = ve(A).

Since v,(A) = v.(A) for arbitrary A € B(X) closed v, = v, (see lemma 1.9.4
in [8]), which is equivalent to equation (3.100). |

Remark 3.80. Proposition and its proof corresponds to the first part of
the proof lemma 4 in [5]. Note that the proof presented here is considerably

longer since to show that

Ea(XAX@ 'p) = Ea(XAX@ : C)
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holds for an arbitrary A € B(X) it is not enough to just apply a,, — « as

in the original argument by Azevedo and Gottlieb.

Proposition 3.81. Let (&,U,c) be a regular economy with
¢=(OUX,BOUX),u

and an equilibrium (p, ). Then

a({(z,0) e X xO : (Uop)(x,0) > (Uop)(y,0) Vy e X})=1. (3.117)

Proof. The proof follows the same argument as in the proof of lemma [3.52

Let {(pn,an)}s2; be a sequence of e,-proto-equilibria converging to the

equilibrium (p, «). Recall that
Acpn ={(2,0) € X, x O : (Uop)(x,0)+e, = (Uop)(y,0) Vy € Xp,}
while
Aop={(2,0) e X x© : (Uop)(x,0) = (Uop)(y,0) Vy € X}.

As in lemma the proof amounts to proving the following chain of

inclusions:
supp(a) C Li.(supp(ay)) C Li.(Ae, p,.) C Agp. (3.118)

Recall that, as in the proof of proposition [3.52] it suffices to prove the
rightmost inclusion. Fix (z,0) € L.i(A:, ), 2 € X and {z,};2, where
zn € X, and z, — 2.

There exist N € N and a sequence {(yn, ®n)}n>n converging to (z,6) with
(Yn, &n) € Ac, p,. But this implies

U(Yn, Pr(Yn), &n) + €n = Ulzn, pn(20), dn)- (3.119)

Since U is continuous and both p,(y,) — p(x) and p,(z,) — p(z) letting
n — oo yields
U(z,p(x),0) > U(z,p(2),0). (3.120)
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Thus (z,0) € X x O. [ |

Remark 3.82. Proposition [3.81] and its proof are analogous to the latter part
of lemma 4 and its proof in [5]. The argument presented here being different
since the original technique from Azevedo and Gottlieb does not generalise

to the general e-proto-equilibrium setting.

Propositions and together with (mg). = p yield theorem [3.74]

3.8.3 Non-zero price characterization

The next result provides conditions under which an element x € X satisfies

p(z) > 0, for p an element of the equilibrium (p, ) of a regular economy:

Proposition 3.83. Let (&,U,c) with
€= (OUX,BOUX),u)

be a regular economy and (p, ) one of its equilibria. Suppose that xo € X
is such that for every 6 € ©, it holds that either p(zo) < c(xo,0), or that
whenever x € X is such that (z,0) € supp(a), (U o p)(z,0) # (U o p)(xo,0).
Then p(xzg) = 0.

Remark 3.84. Recall that proposition [3.83| corresponds to the second state-
ment in proposition 1. The statement is also re-stated in lemma 5 in the
appendix of [5]. Once again, the statement and method of proof provided
here differs from the original. In this case this difference is justified by the

fact that if (p, ) is an equilibrium of a given economy then
supp(a) C {(z,0) € X x O : (U op)(z,0) = (Uop)(y,0) ¥y € X},

this inclusion may however be strict. In their argument Azevedo and Got-

tlieb make the implicit assumption that the two sets coincide.

The proof of proposition [3.83] proceeds by contradiction. A preliminary

result is needed:
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Lemma 3.85. Consider an economy (€, U, c) where
E=0OuUX,BOUX),u+n).

Given (pe, ), a e-proto-equilibrium of the economy. If x € supp(n) satisfies
pe(x) > 0 then there exists 0 € © satisfying c(x,0) < p(z) and (z,0) €
supp(ae).

This lemma is yet another corollary of lemma [3.62] For clarity, it is stated

at this stage.

Proof of [3.85 By way of contradiction, suppose that p(z) < ¢(z, 8) for any
0 satisfying (z,0) € supp(«). By assumption p(z) > 0, lemma implies
that a-({z} x ©) > 0. Hence,

Eas (X{x}x@ C)
n(z) + ac({z} x ©)

p(z) = > p(x), (3.121)

a contradiction. |

Proof of proposition[3.83 Denote by {(pn, an)}>2, the relevant sequence of

en-proto-equilibria converging to (p, ) and let
{€ulnir = {(OU X, B(OU Xy), o+ mn) ny
be the associated collection of bones.

By way of contradiction, suppose p(zg) > 0. Let {z,} 2, be a sequence
converging to x and such that, for each n, x,, € X,,. Since p is an equilibrium,
there exists N € N satisfying p,(z,) > 0 for all n > N. Lemma [3.85implies
that for every n > N there exists 6,, with the property that p,(z,) >
c(xpn,0,) and (zy,60,) € supp(ay). The compactness of © implies there

exists a subsequence {6, }?°, converging to some 6y € ©.

Observe first that since both ¢ and p are continuous the fact that xz, — x

yields

c(zo,0p) = kli)ngo c(xn,,, On,) = kli_}rgopnk(:zrnk) = p(xo). (3.122)
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The assumption in the rubric restricted to 8 = 6y now implies that whenever
(x,00) € supp(a), either (U o p)(x,0y) < (U o p)(xo,6bp) or (U op)(z,6y) >
(U o p)(xo,6p) must hold. Note however that if (z,60y) € supp(«) then
(U op)(x,00) = (Uop)(y,by) for every y € X. This means that the first of

these possibilities cannot happen.

Now, fix y € X with the property that (y,6p) € supp(«) and let {y,,}>2; be
a sequence converging to y such that for every n € N, y,, € X,,. Consider the
sub-sequences {xn, }7° 1, {0n, }721 and {yn, } 3 since (2n, , On, ) € supp(an,)

for every k € N by construction,
(Uo pnk)(xnlw enk) +éen, 2 (Uo pnk)(ynka ank)' (3.123)
Letting £ — oo,

(U o p)(y,00) < (Uop)(x,bo) < (Uop)(y,bo), (3.124)

resulting in the desired contradiction. |

3.9 Comparison with Azevedo and Gottlieb

This section discusses the main differences between the work of Azevedo
and Gottlieb and the previous presentation. Some of these differences have

already been referred to previously.

Regarding the formalism, unlike Azevedo and Gottlieb no formal distinction
is made here between what they termed “economies” (in our setting this
corresponds to an economy where n = 0) and “perturbations” (an economy
where supp(n) = X and, consequently, | X| < oo). Broadly speaking, this
removes some ambiguity when referring to “equilibrium” notions, as these
can be defined without having to specify to which type of economy. More-
over, the definition of equilibrium (definition and e-proto-equilibrium
(definition [3.22)) treat “true” (described by the probability measure p) and
“behavioral” (described by the probability measure 1) agents on equal foot-
ing. While proceeding in this way simplifies the presentation by avoiding

unnecessary repetition, it does have the notable disadvantage that the re-
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sulting definition of equilibrium is not very tractable. One then needs to
show that this definition reduces to a more manageable one (see section
3). Indeed, this latter, more convenient, definition is the one Azevedo and
Gottlieb consider.

In terms of equilibrium notions, Azevedo and Gottlieb’s analysis is restricted
to the case ¢ = 0. More precisely, their “weak-equilibrium” concept corre-
sponds to the notion of proto-equilibrium. Similarly, their “equilibrium” is
what we have termed AG-equilibrium. The advantage of considering the
more general case € > 0 being the potential generalisation to situations
where U or ¢ may be discontinuous. Additionally, as the next section shows,

our equilibrium notion enjoys better continuity properties.

Note, however, that in our definitions of equilibrium and e-proto-equilibrium
we have imposed the requirement that the mapping p is non-negative and
continuous. It is possible to drop these requirements to simply p: X — R
Borel measurable. Indeed, this is the original definition by Azevedo and
Gottlieb. Nonetheless, there is no significant loss of generality in requir-
ing that in equilibrium p be continuous and non-negative. This is because
requirement (i) in definition [3.22] (and the analogous requirement in [5]) im-
plies p(z) > 0 a-a.s. Note that, as it is done here, Azevedo and Gottlieb
also require that ¢ to be non-negative. Similarly, imposing continuity ex
ante does not rule out interesting solutions. In fact, the assumptions of reg-
ularity on U needed to prove existence of equilibria along with the fact that
the sequence of {X,,}5°; converging to X contains only finite sets, imply

the continuity of p.

As already mentioned, the proof of the existence of e-proto-equilibria dis-
cussed here (theorem follows closely the Azevedo and Gottlieb’s strat-
egy (see lemma 1 in the appendix of [5]). In fact, their result implies theorem
(see remark . The rationale behind providing an alternative proof
is that our argument relies on more general tools than Azevedo and Got-
tlieb’s. Notably, the proof that Gr(F») (see lemma is more general
than the equivalent argument in [5] (see step 2 in the proof of lemma 1 in
their appendix). It might be further argued that it is considerably more
elementary, as it relies only in notions of set convergence only. By contrast,

in their proof (step 2) Azevedo and Gottlieb rephrase condition a(Ag,) =1
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as « is a solution maxyep E(U o p). Proceeding in this way adds additional
steps (some made implicit in their proof of step 2) and does not generalise
when € > 0.

As already discussed, we place more stringent regularity assumptions on U
than Azevedo and Gottlieb. In particular, Azevedo and Gottlieb impose
that U must satisfy the conclusion in proposition (besides continuity
and U being decreasing on p). Heuristically, proposition simply states
that if contract x is preferred to the more expensive contract y by some 6,
then the price difference cannot exceed the distance between the two con-
tracts. By contrast, while we retain the assumptions of continuity of U and
monotonicity over p, we impose stricter conditions. Notably, we require that
U(-,p,0) be a Ci-Lipschitz function for any choice of p and € (see condition
(ii) in definition . Note however that, in practice, replacing proposition
by condition (ii) in definition does not make our result significantly less
general. Indeed, when considering applications, condition (ii) is more easily
verifiable and thus may be more appealing when considering particular ex-
amples. Note further that in addition to requiring U(+, p, #) being uniformly

Lipschitz, we also require that the differential quotient

U(x7p79) — U(.Z‘, q, 0)
p—q

be both bounded and bounded away from 0 (see requirement (iii) in defini-
tion . This additional assumption is mostly technical as it is needed to
ensure existence of equilibria when € > 0. In particular, it guarantees the
existence of Lipschitz extensions (see proposition and corollary .
Although formally more limiting, requirement (iii) in definition does

not seem to be too restrictive when considering applications.

Regarding existence of equilibrium, the arguments presented here follow the
original work of Azevedo and Gottlieb closely. Our discussion is however
more detailed than theirs. In particular, the construction of a convergent
sequence of skeleta is absent in Azevedo and Gottlieb (see proof of theorem
1 in the appendix). Note furthermore that if £ > 0 then p. is not Lipschitz,
unlike the case € = 0 (see lemma 2 in the appendix of [5]). Interestingly,
this does not result in a significant obstacle as the main tool in Azevedo and

Gottlieb’s proof, the McShane-Whitney extension theorem, remains roughly
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valid in our setting (see proposition [3.69)).

The section on equilibrium properties corresponds to proposition 1 in [5].
The results in that section are virtually identical to those of Azevedo and
Gottlieb. As mentioned earlier, some of the statements in their paper do
however contain inaccuracies, which we fix here. Importantly, their proof of
proposition (see the first part of the proof of lemma 4 in the appendix of
[5]) incorrectly computes weak limits. In addition, Rademacher theorem (see
corollary only holds for open subsets and not for arbitrary ones as
implied by [5]. Similarly, the proposition is actually a sort of counter-
positive; the choice is not accidental, doing so avoids assuming that the

equilibrium (p, o) under consideration satisfies
supp(a) = {(z,0) € X x © : (Uop)(z,0) = (Uop)(y,0) Vy € X}.

Note that, as a consequence of theorem any equilibrium is a proto-

equilibrium and thus only
a({(2,0) € X x O (U op)(x,0) > (Uop)(y,0) Vy € X}) =1
is known however.

Further to the above, as it was the case with the proof of lemma the
proof of proposition [3.81| presented is more elementary and should gener-
alise better than the argument by Azevedo and Gottlieb (see second part
of the proof of lemma 4 in their appendix). Moreover, proposition is
provided to indicate that the assumptions of continuity and regularity imme-
diately imply Lipschitz-ness of any equilibria, without requiring equilibrium
existence. If one is willing to trade measurability (as it is done here) by
continuity, then the proof can be regarded as being more general than the

one given in lemma 3 (see appendix in [5]).

3.10 Convergence of equilibria

In this final section, it is proven that if a sequence of equilibria converges to

a limit, then the limit is an equilibrium of a certain economy. More formally,
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Theorem 3.86. Let X and © be compact Polish spaces. Moreover, consider
w € AOUX) with supp(pn) C ©. In addition, let ¢ : X x © — [0,00) be
continuous and U : X x [0,00) x © — R be a regular function in the sense
of definition . Fiz now a collection {X,}3%, C 2% of compact sets
converging to the compact set Xqg C X in the sense of Haussdorf. Suppose
in addition that the sequence {(pn,an)}o,, where py : X, — [0,00) is

continuous and oy, € A(X, X ©), satisfies the following:
(i) for each n, the pair (py,ay) is an equilibrium of the economy

(€n7 U|Xn><[0,oo)><@7 C’an®)7

where
¢, =0OUX,,BOUX,),u).

(ii) on — a, where o € A(Xp x ©).

(i1i) There exists a continuous mapping po : Xo — [0,00) such that when-
ever {x,}5°, satisfies x, € X, and x, — x, then py(x,) — po(x)
holds.

Then (po, ) is an equilibrium of the economy

(607 U‘XOX[O,OO)X@? C|X0><@)7

where
&y = (@ L X, B(@ L Xo),/t).

Remark 3.87. The proof of theorem [3.86|amounts to constructing a sequence
{em }o°_, converging to zero and a sequence of proto-equilibria converging
to (po, ap). An element of the sequence of proto-equilibria is constructed by
modifying an €,-proto-equilibria of the sequence that converges to a (py, ap).
This modification involves constructing a finite Y,, C Xo and “relocating”

consumers from their choice of contract to their nearest contract in Y.

/

!, ensuring that these choices are &),-optimal for

€n 1s then increased to ¢

consumers.

The proof of theorem relies on a number of technical lemmas. Before

introducing them it is necessary to fix some notation. First, let d be a metric
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over A(X x ©) such that «,, — « if, and only if, d(«, o) — 0. Next, given
n € N, denote by {(pn i, ank)ie; & sequence satisfying:

(i) for each k € N there exists €, > 0, with ¢, — 0 as k — oo, such

that (pn,k, o i) is a ey, g-proto-equilibria of the economy with skeleton

(ka U @, B(Xn,k U @)7 M+ "7n7k);

(ii) The sequence converges to the equilibrium (py, ay,), where (py, ay,) is
as in theorem Recall that this implies in particular X,, , — X,

in the sense of Hausdorff.

Remark 3.88. Recall that for each k, 7, is a finitely supported positive
Borel measure over © U X, j, satisfying supp(nnx) = Xnr (so that in par-
ticular, | X, ;| < oo). Heuristically, this measure accounts for the added
behavioural agents. Hence, it is assumed 7,; — 0 as k — oo. Recall
further that o, is a probability measure supported on X, ; x © which

represents the choices of “true” consumers.

Remark 3.89. To avoid cluttering the notation unnecessarily, in what follows
whenever we refer to (py, ay,) it is implicitly understood that it is a particular
element of the sequence {(pn,an)}52; in the statement of theorem [3.86]
Similarly, when referring to pg it is to be understood as the limit (in the
sense of theorem of the sequence {p,}> ;.

Lemma 3.90. Let n € N. There exists ky, € N such that (pp ., 0n i, ), the

%—pmto—equilibm’um of the economy with skeleton
(Xn,k:n U @; B(Xn,kn U 6)7 19 + nn,kn)y

satisfies pn i, can be extended to a Ki-Lipschitz function py g, : X — R.
Meanwhile, p, can be extended to Ki-Lipschitz function p, : X — R, so
that the following holds true:

TEXn kn
(i) max|ppk, (1) = Pu(@)] < i

(iii) d(cum, O g,) < %;
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(Z/U) H(Xn’Xn7kn) < %;

(0) 1 geall < -

Remark 3.91. Note that quantities with a tilde are defined over the whole
space X. This convention is maintained throughout the remainder of this

section. This convention is analogous to similar notation used in sections 6
and 7.

Proof of lemma[3.90 Let {(pnk,an k)5, be a sequence such that for each
k€N, (pnk, k) is a g, g-proto-equilibria of the economy with skeleton

(Xn,k (i 9) B(Xn,k U @)a H + nn,k)u
converging to (pn, ay).

Fix some k& € N. Observe that since U is a regular function, corollary [3.63.1

implies that

Enk

Ky’

for arbitrary z,y € X, ;. Proposition implies there exists p,j : X
R, which is Ki-Lipschitz, such that

|Pnk(2) — pr(y)] < Ky -dx(x,y) +

- Enk
_ < —=.
xrena:fk |Dn ks (2) — Prp(x)| < K,

Now, by the same arguments as in the proof of lemma the sequence
{Pn k72, is uniformly bounded and equicontinuous. Hence, there exists
a subsequence of {p, r};2, converging uniformly over X to p,. Assume
without loss of generality that we have passed to any such subsequence;
since each py, ; is K1-Lipschitz by construction, p,, is also Kj-Lipschitz. It is
proven now that p,(x) = py(z) whenever x € X,,. To that end, fix any such

x and let {z;}72, be a sequence converging to « and satisfying x € X, 1.
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Then

|pn(x) —ﬁn(x)’ g |pn(x) - pn,k(xk)’ + |pn,k(xk) _ﬁn,k(xk)‘
+Png(2r) = Pnl@p)| + [Pr(x) — Pnlzk)| <

Enk o (3.125)
[pn(@) = Pk ()| + 52> + 1Bk = Bulloo
2
+K1 . dX(l'>$n,k)7
where || - || refers to the L norm over X. Since the left-hand side of

equation (3.125)) approaches 0 as k — oo, pp(x) = pn(x) holds.

1
| < -,
n
whenever k& > k’. Moreover, it follows from the previous construction that

there exists ky € N such that |[pnr — Pnllee < L whenever k > k”. Let-

n

ting k, = max{k’, K"}, properties (ii)-(v) in the statement of lemma [3.90)

follow from this observation. In addition, since &, 1, < %, remark [3.24] im-

Now, there exists k' € N such that

En,k
o {H (X, X)) T2 s

plies (Pn ki, Ok, ) is & %—proto—equilibrium. All that remains it show that
property (i) holds, but this follows since, by proposition [3.69
Enkn 1

<= 3.126
X < (3.126)

[Pk () = Pk (2)] <

for any z € X, 1, |

Lemma 3.92. Let {py 1, oo, be such that for each n, Py, satisfies the
conclusions of lemma [3.90. There exists po : X — R K;-Lipschitz which
extends po, with the following property: there exists {Pn,, k., =1 Satisfying

Prim kn,, — Do uniformly.

Proof. The argument follows the similar lines as the proof of lemma [3.90]
The sequence {py r, }o2 is equicontinuous since it consists of K;-Lipschitz

functions. It is moreover uniformly bounded. To see this, fix x € X and for
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each n, fix some x, € X, j,,. Then

P ()| < [P (T) = Prkey (T)| + [Prkn (Tn) — Pk, (70)]
. (3.127)
+pn g, (2n)| < K1 -dx(z, z,) + - + [lefloo-

The last inequality follows since py, k,, is Ki-Lipschitz and it satisfies (i) in

lemma [3.90] Furthermore, since p, x, is a proto equilibrium:

Pk (T0) ] < Bay g0 1, (16065 )] 1E = 20) < leloo,

where ||c|lcc = sup |e(x, 6)].
(z,0)eX O

The Arzela-Ascoli theorem now implies that {py x, }°2; has a subsequence
converging uniformly to a Ki-Lipschitz pg. All that remains to show is that
po(z) = po(z) for all x € Xy. Fix accordingly any such z and let {x,}5°,
with z,, € X,,, be such that z,, — 9. Then

[Po(2) = Po(@)| < [Po(®) = Prgy (T | + [Pr (T ) = Prign iy (T

[P0 (T ) = Prim ey (T )| + [Bo (@, ) — Do(@)],
(3.128)

where {Pn,, k... Jm—1 is the subsequence converging to pg. Lemma W (ii)
now implies |pn,,, (Tn,) = Pr ki, (Tnm )| < t In addition, since pg is K;-
Lipschitz equation ([3.128]) becomes

- 1
Ipo(z) — po(z)| < [po(x) — Py (T, )| + —
M (3.129)
+1P0 = Prim on,, loo + K1 - dx (2, 24p,,).

Since, by assumption, p(x,) — po(x), the left-hand side of equation (3.129)
approaches 0 as m — 0o. As a result, po(z) = po(x) as required. [ |

Lemma 3.93. Let n € N. There exists Y,, C Xg finite, and m > n with the

following properties:

(7;) H(YnaXO) < %;

(it) | X k| = |Yn| for some finite Xy, . C Xy,
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(iii) There exists a surjection ¢pn @ Xp g, — Y satisfying dx(x, ¢p(z)) <
%, for all x € Xy, 1, ...

Remark 3.94. Heuristically, lemma serves two functions. First, it de-
termines the set of contracts (namely, Y;,) available to agents in the approx-
imate economy. Second, it determines the contracts agents purchase in Y,
through ¢,,.

Proof of lemma[3.93 Observe first that Xy is separable since it is a closed
subset of the Polish space X. Let {gm,}5°_; be a countably dense subset of
Xo. Forn e N, let A, = {q1,...,qn}. Since

%)
U Am = X07
n=1

Ay — Xo in the sense of Hausdorff. It follows that given n € N, there exists
my, € N such that H(A,, Xo) < % for any m > m,,. Setting now Y, = A,
yields (i).

On the other hand, it follows from lemma [3.90] (iv) that there exists a
subsequence { X, i, }o°_; converging to Xy in the sense of Hausdorff. Hence,
there exists ma € N such that H(X,, .., X0) < ﬁ whenever m > mo.
Moreover, since {X,, k., }oo_; contains only finite sets, there exists m > my
such that | Xy, k.| = |Ya|. Note that if no such set existed, the fact that
X kmy — Yo in the sense of Hausdorff would imply |Xo| < |Y;,| since the
sets X, k,, are all finite. This conclusion would contradict the fact that
Y, C Xy. Observe further that this reasoning implies that the number of
subsets Xy, 1, with [ X, 1,.| = |Y,| must be infinite. Consequently, it may

be assumed that 7 > n. This last conclusion establishes (ii).

To conclude the proof, let x € X, .. and define ¢,, : © — y,, where y, € Y,
satisfies dx (x,y,) < dx(x,y) for any y € Y;,. Observe that since both X, 1, .

and Y,, are finite, such y, exists. As a consequence of this definition

dx (.CI?, yx) = dx(l', Yn) < H(kam, Yn) < H(Xﬁ%km’ Xo) + H(XO, Yn)
(3.130)
Hence d(x, ¢, (x)) < L as required. [ |

n
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The proof of theorem @ proceeds by modifying the %—proto—equﬂibrium
(Prin ks, » Qo ks, ) Dy shifting agents’ purchases from X, . to Y. Details
of the formal construction of the resulting candidate e,-proto-equilibrium,

(gn, Bn), are provided below in remark

Remark 3.95. Choose n € N. Fix some Y,, C Xy finite and ¢, : X5 1, —
Yy, where Xy, ;.. is a set satisfying (ii) in lemma both satisfying prop-
erties (i)-(iii) in lemmaM Denote by ¢, : Xy, X O — Y, x © the map-
ping ¢, : (z,0) = (¢n(x),0). Using ¢,,, define the measure 3, € A(Y;, x O)
as the pushforward of ay, 1. by ¢,,- To construct ¢, : Y, > [0,00),
proceed similarly by letting s, be the pushforward of 7 1, by ¢n. Re-
call now that 7, ,  is the finite measure with supp(7,;, 5. ) C X x X with
M ke, (T3 0) = 02 (0) i 1, (¢) and define v, € A(Y, x (OUY,)) as

Tn = (qbn)*(aﬁz,km + ﬁm,km) = Bn + Fn,

where B = (¢,)« (T g, ). Fix z € Y, (understood as a contract, not a

behavioural consumer) and observe that we have

Brn({z} x (SNO)) +E,({z} x (SNYy))
Bn({z} X ©) + fin(z) ’

MW (S[§ =) = (3.131)

where S € B(O UY,,). Observe that, using the definition of v as a pushfor-
ward, equation (3.131)) may be rewritten as

2 yesn (o TV} X 5)
on(dn' ({2}) x (OU X))
on({y} X (OU X ky,))
= on(SlE=y) - — )
y€¢§{x}) le=v) o (¢n ({2}) X (O U X, )

(3.132)

m(SE =) =

where 0 = Qo gy, + T i, - Equation (3.132) can be simplified further by
writing

om({y} x (OU Xin k)
oo ({2}) X (OU X))’

oa(ylen' ({a})) =

then

(S| =z) = o (ylon ({2})om(S[E = y). (3.133)
y€hn ({z})
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From equation (3.133)) define g, as

(@) =B, (c&)E=2)= D onld, (@)Eq, (c(&)E =)
yedn ' ({z})
= T (Ylén (%)) Prin e (1)
yEdn ({z})
(3.134)

The proof of theorem [3.86| can now be provided. Formally, the argument in-
volves two steps. First, one needs to construct a sequence of proto-equilibria

of certain economies, which approximate the economy

(‘3:7 U|X0X[0,oo)><97 C|X0><e)’

where

T = (0 U Xo,B(O U Xo), p.

Second, it is necessary to demonstrate that the sequence constructed satisfies
the conditions in definition In the interest of clarity, the proof is thus

split into two propositions.
Proposition 3.96. Choose some n € N. Set

201 +4C3(Ki+1)+1

n i
n

where C and Cs are the positive constants in definition and let Y, C
Xo finite, and ™ > n both be as in lemma[3.95 Define g, : Y, — [0, 00)

as
qn - T +— ]E’Yn(c(gv )’g = l‘),

where 3 = B)e(@ig + Tk, ): with 3, (2.0) = (6u(z).0). Here,
¢n 1S the mapping satisfying (iii) in lemma . Moreover, let 8, =
()« (i, ). The pair (g, Bn) is an en-proto-equilibrium of the economy

(T, U|Yn><[0,oo)><®a cly,x6);

where

‘In = (@ U an B(@ U Yn)’u + (¢n)*<nm,km))'
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Proof. The argument amounts to checking properties (i’)-(iii’) in proposition
Observe that the definition of ¢, as a conditional expectation yields

(i’). Moreover,

BuYaxB)= > >, amr,({y} x B)
2€¥n yeon ' ({z})
= Y . ({o} x B) = u(B),

xEXﬁ’"’kﬁL

for any B € B(0). Condition (iii’) in proposition is thus fulfilled. To

establish the remaining condition, namely that
Bn({(z,0) €Yn x O : (Uogn)(z,0) +en2Uly,0) Vy €Vy}) =1

holds for €, > 0 as in the rubric; we prove that for any (z,0) € Xy, 1, the
bound

< Cy +2C3(K5 + 1)

p (3.135)

(U 0Pk, ) (@, 0) = U(n (), (qn 0 ¢n)(), 0)]

where C7 and C3 > 0 are the constants in definition holds. To that
end, recall first that for x € Y,,,

m(@) = Y. oaldy @)k, ()
yedn ' ({e})

Hence, applying (i) in lemma

|40 (2) = By, (@) < D 0w ldn (@) Pk, (U) = Brinsen ()|
yedn ' ({z})

+ Y ownWlen @)Dk (1) = Bk ()] (3.136)
yedn ' ({z})

Kl—l-l

1
<7 K y ¥n .
m+ 1dx (Y, on(y)) < o

Now, given (z,0) € Xy, r,, x O, the fact that U is a regular function implies

m

(U © Pk, )(@,0) = U(dn(2), (p o dn)(,0)] < C3l(Prnk,, () = (g © 6n)()]

+C1 - dx(x, ¢n($))
(3.137)
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Meanwhile, if z € Xy, 1. ,

Pii fo, (2) = (Gn © P ) ()] < Prin ko, () — Db, (2
HBriv,ke, © D) (%) = Drin e, (T)| + [ B ke, © D) (%) — (Gn © In) (2

Ki+1
! <(Ki+1)-

—_  ~—

(3.138)

SN

< K-, du(e)

The second to last inequality is a consequence of lemma (i); the fact
that pps, i, is Ki-Lipschitz; and relation (3.136). Inequality (3.137) now
yields

‘(U Opm,km)(.%',e) — U((Z)n(x), (qn o ¢n)(x>’0)’ < Ch+ 203(K1 + 1)

n
as required.

Now, since (s, k,, » Wik, ) 15 @ %—proto—equﬂibrium, it follows that
(3.139)
(note that the above set is a subset of Xy, . X ©. To avoid excessive clutter,

this fact has been omitted).

1
n

sty ({00 D) 00) 4

Now, the bound in (3.135)) implies that

Acrgn = {(U 0 qn)(pn(x),0) +en = (Uoqn)(dn(y),0) Vy € Xm,kfn}

satisfies a1, (Ae,.q,) = 1. Moreover, since ¢, is surjective,

Acrign = (U 0 qn)(Pn(w,0)) +n = (Uoqn)(y,0) Yy € Yy }.

It follows from this last equality along with the fact that o, i, (Ae,,q,) = 1
and the definition of 3, as (¢,,)«(unk,, ), that

Bn({(z,0) €Y, x O : (Uogqy)(x,0)+en = (Uoqn)(y,0) Yy € Yn})

= a'ﬁl,km (A£n7q’ﬂ) = ]‘
(3.140)

Hence condition (ii’) in proposition holds. [ |
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Proposition 3.97. Let {(gn, Bn)}52,, where for each n, the pair (qn, Br) is

the e, -proto-equilibrium in proposition |3.96, The sequence satisfies:

(i) Given x € Xo and an arbitrary sequence {yn}22, converging to x,

satisfying for each n, yn € Yn; qn(yn) — po(x).

(i) Bn — ao.

The proof of proposition [3.97 makes use of the following technical

Lemma 3.98. Let M be a compact metric space and let {T,,}7°, be a se-
quence of continuous mappings, where for each n, T,, : M, — M (with
M, C M). Suppose further that sup,c ;. dar(t, T(t)) — 0 as n — oo. Con-
sider now a sequence {vp}>2 ; C A(M) such that supp(vy) = My,. If v, — v,
then (Tp,)«(vpn) — v.

Proof. Fix f: M —— R continuous. Observe that for a given n the change

of variables formula implies

By (f) = E,). (o) ()] < / |(f 0 To)(t) — F(B)|n(dt) + [Eu(f) — Eu, (f)].
! (3.141)

Since M compact, f is uniformly continuous. Hence, given é > 0 there exists
€ > 0 such that dps(t,s) < £ implies | f(t) — f(s)| < d. In particular, since
supse s, dar(t, Tn(t)) — 0, there exists ng € N such that for any n > ng, the
bound supye ;. |f(t) — f(T(t))] < 6 holds. Equation now yields,

lim sup By (f) = Ez,). w,) (F)] < 0. (3.142)
Since § > 0 was arbitrary the lemma follows. |

Proof of proposition[3.97. To prove (i), fix n € N. Recall now that given

Tz €Yy, " .
1+

|an(x) = Pk ()] < ———.

Moreover, by passing to a subsequence if necessary, it can be assumed that
1
.

- 5 1
Hprh,km _p(]”oo < =<
m
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This last inequality implies for any = € Y}, the bound

Ky +2
L2 (3.143)

|gn () — Po(@)| < g0 (2) — P ke, ()| + | Privskes, — Polloo <
As before || - ||oo is taken over the whole space X.

Now, let x € X and an fix an arbitrary sequence {x,}°2, with z,, € Y,
converging to x. Inequality (3.143)) implies

Ky +2
limsup | gy (xr) — po(zn)| < lim Lre_ 0. (3.144)

n—00 n—00 n

Hence, since po|x, = po, qn(xn) — po(z). Consequently, (i) follows.
To prove (ii) observe that lemma [3.90] (iii) implies

<

S |-

1
d(ovm, Qi ) < =
m

Since o, — ag, it follows that ay, 1. — ap. Lemma now yields 3, —

Qg.

Proof of theorem[3.86] Let {£,}5° with

_ 201 +4C3(K; +1) +1

n

n

and let {(qn,Bn)}32, where each pair (g, 3,) is as in proposition In
particular, proposition implies that for each n, (¢, 3,) is a e,-proto-

equilibrium of the economy with skeleton

T = (Yo UO,B(Y,UO), pu+ ky).

Now, €, — 0 by construction and Y,, — Xy in the sense of Hausdorff by (i)
in lemma Moreover, given x € Y,,

(@)= D> Tk (U) < Mk, Kk, X Xoiny,) = 0. (3.145)
yedn ' ({z})
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It follows that the sequence of bones {%,}°° ; converges to
(@ L Xo,B(@ U Xo),u).

All that remains, is to verify that conditions (i)-(iii) in definition hold.
As mentioned at the onset, proposition implies (i) holds. On the other
hand, proposition implies that (ii) and (iii) are satisfied. [ |

182



Bibliography

[1]

A. D. Alexandrov, Convezr Polyhedra (Springer Monographs in Mathe-
matics), Springer, 2000.

C. D. Aliprantis and K. C. Border, Infinite Dimensional Analysis: A
Hitchhiker’s Guide (Third Ed.), Springer, 2006.

L. Ambrosio, N. Gigli and G. Savaré, Gradient Flows: in Metric Spaces
and in the Space of Probability Measures (Lectures in Mathematics ETH
Ziirich), Birkhaiiser, 2005.

L. Ambrosio and P. Tilli, Topics on Analysis in Metric Spaces (Oxford
Lecture Series in Mathematics and Its Applications Series 25), Oxford
University Press, Incorporated, 2004.

E. M. Azevedo and D. Gottlien, Perfect Competition in Markets With
Adverse Selection, Fconometrica, 85: 67-105 (2017).

D. Balkenborg and D. Vermeulen, Universality of Nash Components,
Games and Economic Behaviour, 86: 67-76 (2014).

D. Balkenborg and D. Vermeulen, On the topology of the set of Nash
equilibria, Games and Economic Behaviour, 118: 1-6 (2019).

B. I. Bogachev, Measure theory (Vols. 1-2), Springer, 2000.

P. Bich, J. Fixary. Oddness of the number of Nash equilibria: the case of
polynomial payoff functions, working paper ffhalshs-03354269f, (August
2021).

O. Brezhneva, A. Tret’yakov and S. Wright, A simple and elementary
proof of the Karush-Kuhn-Tucker theorem for inequality-constrained
optimization, Optim. Lett., 3: 7-10 (2009).

183



[11]

[12]

[13]

[15]

[16]

[17]

[21]

J. Bochnak, M. Coste and M-F. Roy, Real Algebraic Geometry,
Springer, 1998.

V. Bubelis, On equilibria of finite games, Int. J. Game Theory, 8(2):
65-79 (1979).

H.H. Chin, T. Parthasarathy, and T.E.S. Raghavan, Structure of Equi-
libria in N-Person Non-Cooperative Games. Int. J. Game Theory, 3:
1-19 (1974).

R.S. Datta, Universality of Nash Equilibria, Mathematics of Operations
Research, 28(3): 424-432 (2003).

S. Demichelis and F. Germano, On (un)knots and dynamics in games,
Games and Economic Behavior, 41: 46-60 (2002).

F. Facchieni and J-S. Pang, Finite-Dimensional Variational Inequalities

and Complementarity Problems, Vol. 1, Springer-Verlag, 2003.

J. Génzalez-Diaz, 1. Garcia-Jurado and M. G. Fiestras-Janeiro, An in-
troductory Course on Mathematical Game Theory (Graduate Texts in
Mathematics 115), Springer-Verlag, 2010.

H. Govindan, The Index of Nash Equilibria (notes of a presentation
delivered as part of the symposium on Equilibria in Games) (January
2017).

H. Govindan and R. Wilson, A global Newton method to compute Nash
equilibria, Journal of Economic Theory, 110: 65-86 (2003).

F. Gul, D. Pearce and E. Stacchetti, A Bound on the proportion of
pure strategy equilibria in generic games, Mathematics of Operations
Research, 18(3): 548-552 (August 1993).

V. Gutev, Extension of Lipschitz Functions Revisited,
arXiv:2411.17825v1 (November 2024).

D. Kinderleher and G. Stampacchia, An Introduction to Variational
Inequalities and Their Applications, STAM, 2000.

E. Klein and A. C. Thompson, Theory of Correspondences: Includ-
ing Applications to Mathematical Economics (Canadian Mathematical
Series of Monographs in Advanced Texts), John Wiley & Sons, 1984.

184



[24]

[25]

[26]

[29]

E. Kohlberg and JF. Mertens, On the strategic stability of equilibria,
Econometrica, 54(5): 1003-1037 (September 1986).

I. Konnov, Equilibrium Models and Variational Inequalities, Elsevier

Science and Technology, 2007.

R. Laraki, V. Perchet and S. Sorin, The manifold of solutions to varia-

tional inequalities (unpublished draft).

Y. J. Levy, Projections and functions of Nash equilibria, International
Journal of Game Theory, 45: 435-459 (December 2015).

Y.J. Levy and A. Veiga, Optimal Contract Regulation in Selection
Markets, American Economic Journal: Microeconomics, 17(2): 94-126
(May 2025).

G.G. Magaril-II’'yaev and V. M. Tikhomirov, Convex Analysis: The-
ory and Applications (Translation of Mathematical Monographs 222),
American Mathematical Society, 2003.

A .McLennan, Advanced Fixed Point Theory for Economics, Springer,
2018.

J. Munkres, Topology (International Series in Pure and Applied Math-
ematics, 2nd ed.), Prentice Hall, 2000.

L. Pahl, polytope-form games and index/degree theories for extensive
form games, Games and Economic Behaviour, 141: 444-471 (Septem-
ber 2023).

K. R. Parthasarathy, Probability measures on metric spaces, Academic
Press, 1967.

A. Predtetchinski, A general structure theorem for the Nash equilibrium

correspondence, Games and Economic Behavior, 66: 950-958.

A. Predtetchinski, A general structure theorem for the Nash equilib-
rium correspondence, METEOR, Maastrich School of Business and
Economics, METEOR Research Memorandum (2006), available at
https://cris.maastrichtuniversity.nl/ws/files/1002741/
guid-21b7266b-6c3d-49c9-b120-46de8a737e7e—-ASSET1.0.pdf|

185


https://cris.maastrichtuniversity.nl/ws/files/1002741/guid-21b7266b-6c3d-49c9-b120-46de8a737e7e-ASSET1.0.pdf
https://cris.maastrichtuniversity.nl/ws/files/1002741/guid-21b7266b-6c3d-49c9-b120-46de8a737e7e-ASSET1.0.pdf

[36] M. Rothschild and J. Stiglitz, Equilibrium in Competitive Insurance
Markets: An Essay on the Economics of Imperfect Information, Quar-
terly Journal of Economics, 90: 629-649 (1976).

[37] R. T. Rockafellar and R. J-B. Wets, Variational Analysis (Grundlehren
der mathematischen Wissenschaften), Springer 1997.

[38] W. Rudin, Principles of Mathematical Analysis (Third Ed.), McGraw-
Hill Inc., 1976.

[39] W. Rudin, Functional Analysis (2nd ed.), McGraw-Hill Book Co., 1991.

[40] I. R. Shafarevich, Basic Algebraic Geometry 1: Varieties in Projective
Space, Third ed., Springer, 2007.

[41] G. Vigeral and Y. Viossat, Semi-algebraic sets and equilibria of binary
games, Operations Research Letters, 44: 19-24 (2016).

[42] G. Wachsmuth, On LICQ and the Uniqueness of Lagrange Multipliers,
Operation Research Letters, 41: 78-80 (2013).

[43] G. Zitkovic, Theory of Probability I (online notes available at https:
//web.ma.utexas.edu/users/gordanz/lecture_notes_page.html),
2013.

186


https://web.ma.utexas.edu/users/gordanz/lecture_notes_page.html
https://web.ma.utexas.edu/users/gordanz/lecture_notes_page.html

	Moreno de Guerra BeatoThesis cover sheet (1)
	x
	Acknowledgements
	Declaration
	Introduction
	To the thesis
	To chapter 1
	To chapter 2
	To chapter 3

	The Structure of Solution Sets for Optimisation Problems I: Linear Problems
	Introduction
	Preliminaries
	The structure theorem
	Simultaneous linear programmes
	The sets Lambda and D Lambda
	Properties of simultaneous linear programmes

	The structure theorem for simultaneous linear programmes
	Comparison to the literature
	Appendix: Uniqueness of the Kuhn-Tucker multipliers

	The Structure of Solution Sets for Optimisation Problems II: Non-Linear Problems
	Introduction
	Preliminaries
	Variational inequalities
	Simultaneous variational inequalities

	Monotonicity assumptions
	Monotonicity
	omega-monotonicity

	The structure theorem for monotone variational inequalities
	A generalisation to simultaneous variational inequalities
	An application
	Conclusion
	Realising Planar Curves as Nash Equilibria
	Introduction
	Preliminaries
	Two ancillary results
	A first example
	Equilibrium sets as algebraic curves

	Further examples
	Three simple examples
	Rational exponents
	Curves with several branches


	Conclusion
	A Coarsening of a Limit Equilibrium Concept in Screening Markets
	Introduction
	Preliminaries
	Formalism
	Skeleta and convergence
	Economies
	Equilibrium concepts

	Characterisation of equilibrium notions
	Two examples
	An equilibrium which is not an AG-equilibrium
	A sequence of AG-equilibria which does not converge to an AG-equilibrium

	Existence of epsilon-proto-equilibria
	Equilibrium existence for regular economies
	Regular functions
	Equilibrium existence

	Equilibrium properties
	Lipschitz continuity
	Existence of epsilon-proto-equilibria in regular economies
	Non-zero price characterization

	Comparison with Azevedo and Gottlieb
	Convergence of equilibria






