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Abstract

This thesis presents our progress on using lattice Quantum Chromodynamics to calculate scalar,

vector, and tensor kinematic form factors for the following semileptonic meson decays: B → π,

Bs → K, D → π and Ds → K. These meson decays include the quark transitions b → u or c → d,

whose amplitudes are parameterized by elements of the Cabibbo-Kobayashi-Maskawa (CKM)

matrix. Calculating scalar and vector form factors for these decays can, alongside experimentally

determined differential decay rates, be used to make precise determinations of the CKM matrix

elements Vub and Vcd. More precise CKM matrix elements have broad implications for Standard

Model flavor physics, such as enabling better tests of CKM matrix unitarity. Moreover, calcu-

lating tensor form factors has implications for Standard Model-suppressed and beyond Standard

Model physics. This line of lattice calculations uses the Highly Improved Staggered Quark (HISQ)

formalism, and n f = 2+ 1+ 1 MILC-HISQ gluon field ensembles. Using a modified z-expansion,

we succeed in calculating scalar, vector, and tensor kinematic form factors in the continuum limit

for all four meson decays of interest to this work. Finally we compare our q2 = 0 and q2 = q2
max

form factor results to those of other relevant works.
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Chapter 1

Introduction

The primary aim of this work is to calculate the hadronic form factors across the physical kinematic

range of the following semileptonic meson decays: D → π, B → π, Ds → K, and Bs → K. These

meson decays may all be described as heavy-light, which means there is certain shared physics

which characterizes heavy mesons (D, Ds, B, Bs) undergoing semileptonic decays into light mesons

(π, K). This shared physics permits a certain degree of efficiency in achieving our aim, where the

work needed to calculate the form factors of one meson decay is largely reusable or applicable

to the calculation of another. These form factor calculations make use of the Highly Improved

Staggered Quark (HISQ) action [12], and likewise fall in line with other HPQCD form factor

calculations involving heavy meson decays and the HISQ action [13, 14, 15, 16, 17, 18].

The motivation for this work primarily lies in high-precision Standard Model flavor physics. By

calculating more accurate form factors, we are able to place tighter constraints on the Standard

Model expectations of particle physics experiments. To be more specific, we can use scalar and

vector form factor results alongside experimentally determined differential decay rates to calculate

CKM matrix elements: Vcd for the D → π and Ds → K decays, and Vub for the B → π and Bs → K

decays. The value of Vub is of particular interest to this work and particle physicists more broadly:

there is an approximately 2-3 σ discrepancy in its value determined by either inclusive or exclusive

semileptonic meson decays. In this work we deal only in exclusive decays, and so a more precise

exclusive determination of Vub has obvious implications on that discrepancy.

1



1. Introduction 2

Besides the issue of inclusive/exclusive determinations, the precision of CKM matrix elements

has significant implications to the phenomenology of flavor physics in the Standard Model, and

perhaps beyond Standard Model (BSM) physics as well. Should the 3×3 CKM matrix be shown

to be non-unitary, we would have evidence of BSM physics. Having precise determinations of CKM

matrix elements is therefore essential to proving or disproving the unitary structure of the CKM

matrix, and in making accurate Standard Model predictions. The current averages of the CKM

matrix elements are given by the particle data group (PDG) in [19].

The Flavor Lattice Averaging Group (FLAG) provides current global averages for many of the form

factors we examine in this work [7]. The FLAG average takes into account form factor calculations

which use different lattice data and vary in methodology. We aim to publish the finalized results of

this work to improve the FLAG averages. We expect improvement in this regard due to our use of

the fully relativistic HISQ action across a broad kinematic range, and our use of the Heavy-HISQ

method of extrapolating to the physical bottom quark mass (which we discuss in section 3.4).

Moving on from scalar and vector form factors, the tensor form factors of these heavy-light meson

decays are a somewhat unexplored domain of lattice QCD. There are currently no published results

for physical continuous D → π, Ds → K, and Bs → K tensor form factors as determined by lattice

QCD. The tensor form factors of these meson decays uniquely probe Standard Model-suppressed

behavior, such as flavor changing neutral currents (FCNCs). The very recent publication by the

LHCb collaboration [20] finds the first experimental evidence of the B+ → π+e+e− decay, which

involves the FCNC of a b quark decaying into a d quark. This result makes Standard Model

comparisons to the B → π tensor form factor results given in [6]. For the same reasons we discuss

above, we intend to improve upon those results and offer more precise Standard Model predictions

of FCNC behavior.
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The outline of this thesis is as follows: in chapter 2 we take an overview of Standard Model

physics, with a focus on the particle physics and field theory which form the basis of our four

meson decays of interest. In chapter 3 we explore the theory of lattice QCD, which allows us

to apply numerical methods to solving and calculating relevant quantities, such as path integral

and correlation functions. These correlation functions encode the physics of the meson decays

whose form factors we wish to eventually calculate. In chapter 4 we fully detail the methodology

we employ to fit those correlation functions to the appropriate fit forms. In doing so we extract

sets of energies and amplitudes which characterize the meson decays we have simulated on the

lattice. In chapter 5 we describe our general methodology of transforming the outputs of fitting

correlation functions into physical continuum form factor results. In chapter 6 we then apply the

methodologies of chapters 4 and 5 to arrive at the current status of our D → π and B → π form

factor results. In chapter 7 we likewise do the same for our Ds → K and Bs → K form factor results.

Finally in chapter 8 we summarize and provide an outlook for HPQCD’s future calculation of these

form factors



Chapter 2

The Standard Model of Particle Physics

In this chapter we provide a brief summary of Standard Model physics, beginning with the Stand-

ard Model Lagrangian. We move on to discuss fermions and gauge field theories, with a focus

on the electroweak sector. We then take a closer look at the weak interaction in the context of

meson decays and their form factors, and finish with a discussion of path integrals and correlation

functions. Much of the Standard Model content in this chapter is drawn from [21, 22, 23].

2.1 The Standard Model in a nutshell

To begin our overview of the Standard Model, let us examine a simplified version of the Standard

Model Lagrangian, given by

LSM =− 1
4

FµνFµν

+ iψ /Dψ +h.c.

+ψ iyi jψ jϕ +h.c.

+ |Dµϕ |2 −V (ϕ)

(2.1)

4



2.1. The Standard Model in a nutshell 5

The first line in equation 2.1 describes the fundamental forces of the universe, these being the

strong force, and the electroweak interaction1. These forces are mediated by spin-1 gauge fields, the

excitations of which are the gauge boson particles. The second line then describes the interaction

of those fundamental forces with one-half spin matter fields, whose particles are the fermions. The

third line describes how fermions interact with the zero-spin scalar Higgs field, and the fourth line

describes the nature of the Higgs field itself.

The tidy description of the Standard Model in 2.1 blends together the separate but related theories

into which the Standard Model can be decomposed. These theories originate from the fundamental

symmetries of the Standard Model, whose combined field representation is given by the gauge

group

SU(3)c ×SU(2)L ×U(1)Y . (2.2)

The gauge symmetry SU(3)c describes the color charge of the strong force, whose gauge bosons

are the gluons. The electroweak interaction, the SU(2)L ×U(1)Y component of equation 2.2, is

more complicated however. Above the electroweak energy scale (about 246 GeV), this combined

symmetry group remains intact. In this unbroken symmetry group, SU(2)L describes how the

left-handed components of fermions transform as doublets whereas the right-handed components

transform as singlets, and U(1)Y describes hypercharge. Below that energy scale those symmetries

spontaneously break, the phenomena of which we call electroweak symmetry breaking (EWSB).

The consequences of EWSB lead to the physics we are familiar with today. These include massive

fermions and the massive scalar Higgs boson of the Higgs interaction. The remnants of that broken

symmetry group also give us the weak interaction, whose force is mediated by massive W±/Z0

bosons, and electromagnetism, a force which follows an unbroken U(1) symmetry and is mediated

by a massless gauge boson: the photon γ . Therefore after EWSB, the fundamental forces of the

universe are the strong force, the weak force, and electromagnetism. Quantum Chromodynamics

(QCD) is the quantum theory which describes the strong force, and Quantum Electrodynamics

(QED) is the quantum theory which describes electromagnetism.

1. After electroweak symmetry breaking this is no longer true, more on this in the next paragraph.



2.1. The Standard Model in a nutshell 6

We can further break down fermions into quarks and leptons. There are six flavors of quark (u,

d, s, c, b, t), which we can organize into three generations. Quarks have mass and interact with

all three fundamental forces. Similarly, there are six leptons, three charged and three neutral.

The charged leptons (e, µ , τ) have mass and experience the weak force and electromagnetism.

Meanwhile the neutral leptons (νe, νµ , ντ) are treated as being massless in the Standard Model

and only experience the weak force. Like the quarks, we can similarly organize the leptons into

three generations. In the rest of this chapter we more fully explore the intricacies of the Standard

Model, with a focus on the components most relevant to the interest of this work: Lattice QCD

and the kinematic form factors of heavy meson decays.

2.2 Fermions

The physics of fermions in the Standard Model originates from the interaction between space-

time and local gauge symmetries. We can model fermions ψ as a representation of the Lorentz

group SO(1,3), from which we get the Dirac spinor ψ(x). For this fermion to undergo a Lorentz

transformation Λ we get

ψ(x)→ S[Λ]ψ(Λ−1x). (2.3)

Here S[Λ] is a 4×4 matrix which satisfies the equation

S−1(Λ)γµS(Λ) = Λµ
ν γν , (2.4)

where γµ are the Dirac gamma matrices. Under the Minkowski spacetime metric η = diag(−1,1,1,1)

the gamma matrices encode the Clifford algebra {γµ ,γν}= 2ηµν . The dynamics of free fermions

are characterized by the Lorentz invariant Dirac equation

(iγµ∂µ −m)ψ = 0. (2.5)
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When such a fermion experiences an interaction with a gauge field, the partial derivative in

equation 2.5 becomes a covariant derivative Dµ . We can write Dµ as

Dµ = ∂µ + igAµ , (2.6)

where g is the coupling strength of the interaction, and A is the vector gauge field of the interaction.

2.3 Gauge field theories

In the Standard Model, we can say that gauge theories arise out of local symmetries, where gauge

fields transform under some Lie group G. The differences in a Lie algebra’s structure determine

if the corresponding gauge theory is Abelian or non-Abelian. In Abelian theories like QED, the

gauge field does not experience self-interaction. This is not the case for non-Abelian theories like

QCD, where gauge fields experience self-interaction and gauge bosons likewise experience self-

coupling. We explore the properties of Standard Model gauge theories in more depth throughout

the remainder of this section.

2.3.1 Quantum Electrodynamics

Quantum electrodynamics is the most simple of the gauge theories present in the Standard Model.

As discussed before, QED is experienced by (electrically) charged particles and is mediated by

photons. The charged particles we can write as Dirac fields ψ(x), and the photon is a quantized

excitation of the vector field A. We suppress any spacetime arguments x when dealing with gauge

fields for the purpose of reducing notation; it should be understood that all gauge fields have
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spacetime dependency. Under a local gauge symmetry these two fields transform under QED as

ψ(x)→ eieα(x)ψ(x),

Aµ → Aµ −∂ µα,
(2.7)

where e is the gauge coupling constant and α(x) is some spacetime-dependent gauge parameter.

The vector field A with components Aµ helps us define the field strength tensor Fµν and the

covariant derivative Dµ in QED, which are given by

Fµν = ∂µAν −∂νAµ ,

Dµ = ∂µ − ieQAµ ,
(2.8)

where Q is the charge of the field or particle under QED. Putting these equations together, we

may write the QED Lagrangian as

LQED = ψ(i /D−m)ψ − 1
4

FµνFµν , (2.9)

where ψ ≡ ψ†γ0, and /D ≡ γµDµ . Considering equations 2.7 and 2.9, we can see that U = eieα is

unitary and of rank 1. In other words, U is just a number, and therefore QED is a U(1) Abelian

gauge theory.

2.3.2 Quantum Chromodynamics

Let us now move on to discuss a non-Abelian gauge theory: QCD [24, 25]. QCD is a non-Abelian

gauge theory whose gauge field transforms under the Lie group G. The generators T a of QCD

satisfy the relation [T a,T b] = i f abcT c. Under the local G transformation the Dirac field ψ(x) and

the vector field A transform as

ψ(x)→U(x)ψ(x),

≡ eigsαa(x)T a
ψ(x),

Aµ →UAµU† − i
gs
(∂µU)U†.

(2.10)
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Here we have suppressed spinor indices, gs is the strong coupling constant, and αa(x) are some

real functions which parameterize the transformation. The associated covariant derivative Dµ and

field strength tensor Fa
µν of QCD are likewise given by

Dµ = ∂µ + igsAa
µT a,

Fa
µν = ∂µAa

ν −∂νAa
µ −gs f abcAb

µAc
ν ,

(2.11)

where we use Aµ = Aa
µT a. This means that Aµ is a component of a spacetime four-vector, and a

vector in the eight-dimensional vector space of the Lie algebra SU(3), with components Aa
µ and

unit vectors T a. Unlike QED, here we see the presence of a nonlinear term in the equation of the

field strength tensor. It is in this term that the self interacting, non-Abelian structure of QCD

manifests. We would recover an Abelian gauge theory if f abc = 0. If we write the compact form

of the field strength tensor Fµν = i
gs
[Dµ ,Dν ], we can see that Fµν transforms covariantly under a

local G transformation, rather than remaining invariant:

Fµν →UFµνU−1. (2.12)

While the field strength tensor is not Lorentz invariant, we can obtain the required term in the

QCD Lagrangian by defining the gauge invariant term

1
4

Fa
µνFaµν =

1
2g2

s
Tr

color

(
[Dµ ,Dν ][Dµ ,Dν ]

)
. (2.13)

As an SU(3) gauge theory, the N2 −1 = 8 gauge bosons of QCD (gluons) carry the QCD’s color

charge. The three color charges are red, blue, and green (r, b, g), and the eight gluons act as a

color octet: rg, rb, gr, gb, br, bg, 1√
2
(rr − gg), and 1√

3
(rr + gg− 2bb). Gluons always couple to

another gluon or one of the six flavors of quark, which transform as color triplets. We can say then

that physical states in nature only exist as color neutral states, a phenomenon which is known as

confinement. We can relate the gauge field theory generators of QCD to the Gell-Mann matrices
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λ a as T a = 1
2λ a, where a ∈ {1, ...,8}. Doing so, we arrive at the QCD Lagrangian, given by

LQCD =−1
4

Ga
µνGaµν + ∑

q∈{u,c,t,d,s,b}
ψq

(
i/∂ −gs /A

a λ a

2
−mq

)
ψq. (2.14)

Here we differentiate from QED by now writing the field strength tensor as Ga
µν to denote that

gluons are the force carrying boson in QCD. We also see the same slashed notation where for some

vector X , /X ≡ γµX µ .

2.3.3 The Electroweak sector

While the lattice simulations to come are performed in pure QCD, the meson decays in which we

are interested are fundamentally electroweak processes. As far as gauge theories go, the peculiar-

ities of the electroweak sector [26, 27] warrant some extra discussion.

While QCD’s SU(3) symmetries remain unbroken after EWSB, the same cannot be said for the

originally unbroken symmetries of the electroweak interaction. The electroweak symmetry group

SU(2)L×U(1)Y mixes Abelian and non-Abelian gauge theories which couple to fermions differently.

From the non-Abelian SU(2)L component we have three gauge fields W i
µ for i ∈ {1,2,3}, and the

generators T i = σ i

2 , where σ i are the Pauli matrices. Meanwhile from the Abelian U(1)Y component

we have one gauge field Bµ , and its scalar generator Y : hypercharge. The combined covariant

derivative under these gauge theories is then given by

Dµ = ∂µ + igW i
µT i + ig′Y Bµ , (2.15)

where g and g′ are the associated coupling constants of either gauge field. The field strength

tensors of these gauge fields are likewise given by

W i
µν = ∂µW i

ν −∂νW i
µ +gε i jkW j

µW k
ν ,

Bµν = ∂µBν −∂νBµ ,
(2.16)
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where ε i jk is the structure constant of SU(2)L.

The key distinction which separates the electroweak interaction from QCD and QED is that

SU(2)L is chiral. As such, left-handed fermions ψL transform as doublets under SU(2)L, while

right-handed fermions ψR are singlets under SU(2)L. For each fermion generation, We can define

the left-handed quark and lepton doublets as

QL =

uL

dL

 , LL =

νL

eL

 . (2.17)

Meanwhile uR, dR, eR, and νR are right handed singlets. We note that νR does not interact with any

gauge theory in the Standard Model, and so it is often not part of the minimal Standard Model

field content. Unlike QCD or QED, the gauge couplings in the electroweak interaction are not

symmetric between ψL and ψR, and so we can say that SU(2)L does not preserve parity symmetry.

After EWSB [28, 27, 29], these gauge fields mix together with the scalar Higgs field ϕ . In doing

so, they form the physically observable charged gauge fields W±
µ and neutral gauge fields Z0

µ , Aµ .

The post-EWSB gauge field degrees of freedom are related to the pre-EWSB degrees of freedom

by

W±
µ =

1√
2
(W 1

µ ± iW 2
µ ),

Z0
µ = cosθWW 3

µ − sinθW Bµ ,

Aµ = sinθWW 3
µ + cosθW Bµ ,

(2.18)

where θW = g′√
g2+g′2

is the weak mixing angle. We can write the masses of the corresponding gauge

bosons as

MW± =
vg
2
, MZ0 =

v
√

g2 +g′2

2
=

MW±

cosθW
, Mγ = 0, (2.19)
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where v is the vacuum expectation value of the Higgs potential. Here we may also acknowledge

that Aµ is the very same Abelian gauge field we see in our discussion of QED (section 2.3.1), and

as such its gauge boson is the photon γ . After EWSB, it is accurate to say that the fields W±
µ and

Z0
µ now characterize the weak interaction. The corresponding Lagrangian of the weak interaction

can be separated into distinct parts: charged currents (coupled to the W±) which change quark

flavor within flavor doublets, neutral currents (coupled to the Z0) which have chiral structure

and preserve flavor, and triple and quartic couplings from gauge boson self-interaction. We take a

closer look at charged and neutral currents in the context of meson decays in the following section.

The electroweak interaction is also the context in which quarks and charged leptons acquire mass

in the Standard Model, this being in the form of Yukawa couplings [27, 30]. If we remain in a

mass eigenstate basis (ignoring flavor changing for now) we can write the Yukawa couplings for an

up-type quark, down-type quark, and charged lepton as yu, yd, and ye respectively. The couplings

appear in the Yukawa portion of the Standard Model Lagrangian LY as

LY = QLydϕdR −QLyuϕ̃uR −LLyeϕeR +h.c., (2.20)

where the Higgs field conjugate ϕ̃ = iσ2ϕ∗. In this mass eigenstate basis, the Yukawa couplings

are scalars, which permit us to simply write those fermion masses as

mu =
vyu
√

2
, md =

vyd
√

2
, me =

vye
√

2
, mν = 0. (2.21)

By rotating into the weak eigenstate basis, we introduce flavor mixing into the Yukawa Lagrangian,

and as such the Yukawa couplings now become complex 3×3 matrices Y u
i j, Y d

i j , and Y e
i j, where the

indices i, j ∈{1,2,3} label fermion generation. In the weak eigenstate bases the Yukawa Lagrangian

is instead given by

LY = Qi
LY d

i jϕd j
R −Qi

LY u
i jϕ̃u j

R −Li
LY e

i jϕe j
R +h.c., (2.22)

where the flavor doublets and singlets pick up flavor indices as well.
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d

π−

W+

Vub

e+

νe

Figure 2.1: Diagram for the semileptonic B0 → π−e+ν meson decay, the amplitude of which con-
tains the CKM matrix element Vub.

2.4 Meson decays

In this section we more fully explore the physics of the weak interaction, with a focus on meson

decays. We do so in the context of flavor changing charged and neutral currents, which ultimately

lead us to the kinematic form factors we aim to calculate.

2.4.1 Flavor changing charged currents

At tree level, the Standard Model meson decays of interest to this work (B → π, D → π, Bs → K,

Ds → K) all involve flavor changing weak decays via charged currents. This is to say, some valence

bottom/charm quark within a meson weakly decays, emitting a charged W± boson and changing

flavor to an up/down quark. We call such an interaction a flavor changing charged current (FCCC).

Figure 2.1 shows the Feynman diagram of a semileptonic B → π meson decay, which contains a

FCCC.
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In the weak eigenstate basis, we can write the Lagrangian of a FCCC as

LFCCC =−g
2

ui
Lγµdi

LW+
µ +h.c., (2.23)

where ui
L and di

L denote up and down-type left-handed quark fields of generation i. If we wish

to rotate into a mass eigenstate basis, we arrive at a problem in the Yukawa sector. The up and

down-type quark mass matrices arise from the independent complex Yukawa matrices Y u and Y d.

These matrices can be diagonalized by different unitary transformations, but not simultaneously.

In other words, weak interaction eigenstates are not aligned with their mass eigenstates. We

can parameterize this misalignment with the introduction of the Cabibbo-Kobayashi-Maskawa

(CKM) matrix [31, 32], a unitary 3×3 matrix with matrix elements Vi j. Doing so, we can write

the Lagrangian of a FCCC in the mass eigenstate basis as

LFCCC =−g
2

ui
LγµVi jd

j
LW+

µ +h.c., (2.24)

With this formulation, we can say that the W± bosons mediate transitions between different quark

generations (u → d,s,b for example), with amplitudes weighted by the corresponding CKM matrix

elements.

2.4.2 The CKM Matrix

As we have seen, the CKM matrix VCKM parametrizes the relative strength of flavor changing

weak interactions of quarks. We can likewise say that a given CKM matrix element represents

the probability for an up or down-type quark to decay into an opposite-type quark of a certain

generation. Thankfully, we can probe the values of the CKM matrix by studying hadronic trans-

itions arising from quark flavor-changing interactions, as VCKM elements are present in the decay
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amplitudes. The PDG gives a current global average of the CKM matrix as [19]

VCKM ≡


|Vud| |Vus| |Vub|

|Vcd| |Vcs| |Vcb|

|Vtd| |Vts| |Vtb|

=


0.97367(32) 0.22431(85) 0.00382(20)

0.221(4) 0.975(6) 0.0411(12)

0.0086(2) 0.0415(9) 1.010(27)

 (2.25)

Considering the unitary nature of this matrix, we can construct a unitary triangle whose angles

ϕ1,2,3 are determined from the elements of VCKM. By imposing the unitary constraint where VudV ∗
ub+

VcdV ∗
cb +VtdV ∗

tb = 0, we can write

ϕ1 = arg
(

VcdV ∗
cb

VtdV ∗
tb

)
, ϕ2 = arg

(
VtdV ∗

tb
VudV ∗

ub

)
, ϕ3 = arg

(
VudV ∗

ub
VcdV ∗

cb

)
. (2.26)

Figure 2.2 provides a visual representation of these angles in the context of the experimental

constraints imposed upon them. This figure follows the Wolfenstein parameterization [33] of the

unitarity triangle, which is one of several possible methods to impose unitary constraints. In this

parameterization, we reduce the number of free parameters in the CKM matrix from nine to four

by redefining the appropriate relative phase terms. These parameters λ , A, and ρ are related to

the mixing angles of the different quark generations, and η corresponds to a CP-violating phase

term. To order λ 3, we can write the Wolfenstein parametrization of the CKM matrix as


1− 1

2λ 2 λ Aλ 3(ρ − iη)

−λ 1− 1
2λ 2 Aλ 2

Aλ 3(1−ρ − iη) −Aλ 2 1

+O(λ 4). (2.27)

The triangle constructed from equation 2.26 and under this parameterization happens to have

three sides which are the same order of magnitude. This makes it easier to probe CKM matrix

elements experimentally at similar levels of precision.
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Figure 2.2: The CKM matrix represented as the Unitary Triangle, whose angles are defined in
equation 2.26. Image created by the CKMfitter group [2].
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Figure 2.3: Sample B+ → π+ℓ+ℓ− Feynman diagram, which contains a Standard Model-suppressed
flavor changing neutral current.

2.4.3 Flavor changing neutral currents

At the beginning of section 2.4.1, we were careful with our language in specifying that tree level

and Standard Model meson decays are characterized by FCCCs. If we push past tree level and

consider meson decays at the level of one-loop interactions, we can encounter a Standard Model-

suppressed [34] flavor changing neutral current (FCNC). Meson decays like the one shown in figure

2.3 contain FCNCs, wherein top quark loops facilitate the emission of a (neutrally charged) Z0 or

γ boson. In this example, the initial and final quark states involved in the decay are of the same

type: either both up-type or both down-type.

In addition to one-loop level Standard Model physics, FCNCs are also relevant to beyond Standard

Model (BSM) physics. The rare nature of FCNCs makes them highly sensitive to new physics,

as even small contributions from BSM particles might significantly modify FCNC decay rates or

angular distributions in collider experiments.
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2.4.4 Kinematic Form Factors

The core aim of this work is to calculate the kinematic form factors of various heavy meson decays,

the theory of which ties together the weak interaction, flavor changing currents, the CKM matrix,

and semileptonic decays. Let us begin by considering the semileptonic decay of some meson M1

to another meson M2, and a lepton pair ℓν . In such a decay, the valence quark q1 in M1 weakly

decays into the valence quark q2 in M2 via a FCCC. We can write the amplitude A of this meson

decay as

A =

(
ie√

2sinθW

)2

Vq1q2 ⟨M2, ℓν |Jq1q2
µ

(
gµν

p2 −M2
W

)
Lℓν

ν |M1⟩ . (2.28)

Here we define p to be the four-momentum carried off by the W boson, and we also introduce the

hadronic current Ji j
µ and the leptonic current Li j

µ . We define these currents as

Ji j
µ ≡ 1

2
(uiγµd j −uiγ5γµd j),

Li j
µ ≡ 1

2
(ν iγµe j −ν iγ5γµe j).

(2.29)

Both these currents contain terms of the form ψγµψ and ψγµγ5ψ , which we can refer to as a

vector current V i j
µ and an axial-vector current Ai j

µ respectively. We can make a few approximations

and substitutions to simplify equation 2.28 into a more useful form. First, we can introduce the

Fermi constant GF = g2
√

2
8m2

W
, which links the strength of the weak interaction to the W± mass.

Furthermore, so long as the W boson’s four-momentum is much less than its mass, we can make

the approximation (p2 −M2
W )−1 ≈−M−2

W . With these steps we can now write the decay amplitude

as

A = 2
√

2G fVq1q2 ⟨M2, ℓν |Jq1q2
µ gµνLℓν

ν |M1⟩ ,

= 2
√

2G fVq1q2 ⟨ℓν |L
ℓν
µ |Ω⟩⟨M2|Jq1q2

µ |M1⟩ ,
(2.30)
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where |Ω⟩ is the state of the vacuum. In the second line of equation 2.30 we have factorized the

leptonic and hadronic matrix elements2, the latter of which is of particular interest to this work.

As we will discuss in the following chapter, calculating ⟨M2|Jq1q2
µ |M1⟩ at low energies (where the

strong coupling constant of QCD is large) requires a non-perturbative approach such as Lattice

QCD.

Putting the actual calculation of the hadronic matrix element aside, we may parameterize the

hadronic matrix element in terms of meson masses mM, meson momentum pM
µ , leptonic current

momentum qµ , and the scalar and vector form factors: f0(q2) and f+(q2). In this context the

current’s momentum q ≡ (pM1 − pM2), and the q2 dependency is why we call them kinematic form

factors. While the current Jq1q2
µ has both a vector and axial-vector component, only the vector

component contributes to hadronic current in the case where M1 and M2 are pseudoscalar mesons.

QCD is a parity conserving interaction, and any axial-vector contribution would violate the parity

invariance of QCD. As such, the current insertion Jq1q2
µ → V q1q2

µ , and so from [35] we have the

general form

⟨M2|V q1q2
µ |M1⟩= f+(q2)

(
pM1

µ + pM2
µ −

m2
M1

−m2
M2

q2 qµ
)
+ f0(q2)

m2
M1

−m2
M2

q2 qµ . (2.31)

We can similarly define hadronic matrix elements for scalar and tensor current insertions as well.

The hadronic matrix elements with a scalar current insertion, or scalar matrix element for short,

has no dependence on f+(q2), which allows us to isolate f0(q2) from f+(q2). The tensor matrix

element meanwhile is parameterized by a tensor from factor fT (q2,µ), which also has dependency

on an energy scale µ . We more fully discuss these matrix elements in chapter 5.

For a semileptonic meson decay mediated by a FCCC, it is possible to relate that meson’s

experimentally-determined differential decay rate dΓ
dq2 to the corresponding scalar and vector form

factor and CKM matrix element. While there are four meson decays of interest to this work

(B → π, D → π, Bs → K, Ds → K), we can describe them all as heavy-to-light meson decays, where

B, Bs, D, and Ds are all heavy, while the π and K are light. In any case, we can generalize all four

2. We can do this because the leptonic and hadronic currents do not interact in pure QCD.
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meson decays as a heavy meson H decaying to a light meson L, some charged lepton ℓ, and a

neutrino ν . We therefore write the differential decay rate of H → Lℓν as

dΓ
dq2 (H → Lℓν) =

G2
F

24π3 |Vq1q2 |
2
(

1−
m2
ℓ

q2

)2

|pL|

×
[(

1+
m2
ℓ

2q2

)
|pL|2| f+(q2)|2 +

3m2
ℓ

8q2
(m2

H −m2
L)

2

m2
H

| f0(q2)|2
]
.

(2.32)

Here, the momentum of the light meson pL is presented in the rest frame of the heavy meson. In

these cases where H ∈ {B,Bs}, Vq1q2 =Vub. Meanwhile if H ∈ {D,Ds}, then Vq1q2 =Vcd. In the limit

where mℓ → 0, equation 2.32 simplifies to

dΓ
dq2 (H → L) =

G2
F

24π3 |Vq1q2 |
2 ×|pL|3 ×| f+(q2)|2. (2.33)

Herein lies the physics which serves as the core motivation for this work: we can use lattice QCD

as the theoretical framework in which we can calculate more accurate kinematic form factors.

These can be used alongside experimentally determined differential decay rates to solve for Vq1q2

in equation 2.33, giving us more precise CKM matrix elements.

While more precise vector form factors lead to more precise determinations of CKM matrix ele-

ments, more precise tensor form factors lead to better constraints on Standard Model-suppressed

and BSM physics. We do not delve into the rich phenomenology of such physics in this work, but

such considerations should find a place in future publications based on this work’s line of lattice

calculations (the status of which we cover in chapters 6 and 7).
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2.5 The path integral and correlation functions

In the following chapter we explore how the methods of Lattice QCD discretize standard model

physics, such that we can use numerical methods to make calculations and solve problems which

cannot be achieved analytically. The basis of those methods requires the discretization of path

integrals and correlation functions. In this section we aim to briefly cover these topics in the

context of the physical continuum, which is to say, not in any discretized lattice theory.

We may begin this discussion by considering the time-ordered product of n scalar fields ϕ(xn),

which we can write as T{ϕH(x1)...ϕH(xn)}. We add notation here to denote that the fields are

defined in the Heisenberg picture, which is to say that the state vectors are fixed in time, and the

field operators carry all time dependence. By taking the expectation value of this time ordered

product of fields, we obtain its Green’s function, which we can alternatively refer to as an n-point

correlation function. This function is given by

Cn(x1, ...,xn) = ⟨Ω|T{ϕH(x1)...ϕH(xn)}|Ω⟩ , (2.34)

where |Ω⟩ is the vacuum in the interaction picture. In the interaction picture, we decompose some

interacting Hamiltonian H into some non-interacting free theory piece H0 and an interacting piece

Hint. In this picture we can then write free theory vacuum as H0 |Ω⟩ = 0, and the energy of the

vacuum state is given by ⟨Ω|H |Ω⟩= E0. Putting this together we can write the full Hamiltonian

in the interaction picture HI as

HI(t) = eiH0tHinte−iH0t . (2.35)
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Since HI represents only a weak perturbation to the free theory, the vacuum state of the interacting

theory should retain a non-zero projection onto the free theory vacuum, which gives us ⟨Ω|0⟩ ̸= 0.

As a result, the time evolution T of the free theory vacuum can be modeled by the insertion of

the states e−iHT |0⟩, which we define as

e−iHT |0⟩= ∑
n

e−iEnT |n⟩⟨n|0⟩

= e−iE0T |Ω⟩⟨Ω|0⟩+ ∑
n̸=0

e−iEnT |n⟩⟨n|0⟩
(2.36)

All we have effectively done here is separated the n = 0 ground state from the n ̸= 0 states, which

we can call excited states, as E0 < En for all n ̸= 0. This also means that taking the limit T →

∞(1− iε) suppresses the contributions from the excited states more rapidly than the ground state

contribution. Physically, this reflects the assumption that the fields behave as (non-interacting)

free fields in the asymptotic past (T ) and asymptotic future (+T ) of the interaction.

If we implement this method of relating the interacting ground state to the vacuum of the free

theory, we may write for our n-point correlation function that

Cn(x1, ...,xn) = ⟨Ω|T{ϕH(x1)...ϕH(xn)}|Ω⟩ ,

= lim
T→∞(1−iε)

⟨0|T{ϕ(x1)...ϕ(xn)}e−i
∫ T
−T dtHI(t) |0⟩

⟨0|e−i
∫ T
−T dtHI(t) |0⟩

.
(2.37)

The complete derivation of equation 2.37 is provided by [21], but for our purposes the key takeaway

is that this equation leads us nicely into discussing the path integral. We can define the path

integral as the integral over all potential field configurations. As such we can equate the n-point

correlation function to the path integral:

Cn(x1, ...,xn) =
1
Z

∫
Dϕ ϕ(x1)...ϕ(xn)ei

∫
d4xL [ϕ ], (2.38)
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where we have defined the partition function Z as the path integral without any field insertions. If

we consider the path integral in the context of QCD, the strong coupling constant being large at

low energies (the same energy scales of the semileptonic meson decays of interest to this work) is

problematic. This large coupling prevents the perturbative expansion of the integral in equation

2.38, which is the analytical method by which we might normally calculate the path integral. This

once again leads us into the numerical methods of lattice QCD, which we discuss in chapter 3.

Having explored the equations of an n-point correlation function, let us narrow our scope to only

two and three-point correlation functions, which form the basis of our work going forward. Doing

so requires us to make a Wick rotation [36], where we transform from Minkowski spacetime to

Euclidean spacetime, such that (t →−it). This also implies that our infinite time limit T →−i∞(1−

iε). With the Wick rotation, the i =
√
−1 terms which appear in the path integral (equation 2.38)

instead become −1.

Let us begin with the two-point correlation function C2(x2,x1). Consider that for a free Hamiltonian

in the interaction picture we can write the interaction picture field as

ϕI = eH0(t−t0)ϕ(t0, x⃗)e−H0(t−t0), (2.39)

where we have decomposed the spacetime coordinate x0 → (t0, x⃗). With equations 2.37 and 2.39,

we can impose that t2 > t1 and derive a more useful equation for a two point correlation function:

C2(x2,x1) = lim
T→(1−iε)

⟨0|ϕI(x2)ϕI(x1)e−
∫ T
−T dtHI(t) |0⟩

⟨0|e−
∫ T
−T dtHI(t) |0⟩

,

=
⟨0|ϕI(x2)ϕI(x1) |0⟩

⟨0|0⟩
,

= ∑
n

⟨0|ϕI(x2) |n⟩⟨n|ϕI(x1) |0⟩
2(En −E0)

,

= ∑
n

⟨0|eH0(t2−t0)ϕ(t0, x⃗2)e−H0(t2−t0) |n⟩⟨n|eH0(t1−t0)ϕ(t0, x⃗1)e−H0(t1−t0) |0⟩
2(En −E0)

,

= ∑
n

e−(En−E0)(t2−t1) ⟨0|ϕ(t0, x⃗2) |n⟩⟨n|ϕ(t0, x⃗1) |0⟩
2(En −E0)

.

(2.40)
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If we now make a few definitions, we can arrive at an equation for a two-point correlation function

which will prove to be incredibly useful. First, we redefine En as an energy relative to vacuum:

En → En −E0. Furthermore, in the context of correlation functions it is common to refer to any

ϕ(xn) as a current insertion. If we then define the new quantity t = t2 − t1, we can finally write

C2(x2,x1) = ∑
n

e−Ent ⟨0|ϕ (⃗x2) |n⟩⟨n|ϕ (⃗x1) |0⟩
2En

. (2.41)

In this formulation, the two-point correlation function can be characterized as having two distinct

parts. The first of these is an exponential term with dependence on energy (relative to the vacuum)

and the difference in time between current insertions. The second of these are amplitude terms,

which take the form of current insertion matrix elements divided by 2En. In the following chapters

of this thesis, it will be commonplace to describe correlation functions in terms of energy and

amplitude terms.

Expanding our scope now to three-point correlation functions C3(x3,x2,x1), we can perform similar

substitutions and redefinitions as before. If we define the quantities t = t2− t1 and T = t3− t1, and

keep the convention of defining energies relative to vacuum, we can write

C3(x3,x2,x1) = ∑
m,n

eEm(T−t)e−Ent ⟨0|ϕ (⃗x3) |m⟩⟨m|ϕ (⃗x2) |n⟩⟨n|ϕ (⃗x1) |0⟩
4EmEn

. (2.42)

Together, equations 2.41 and 2.42 constitute the fit equations we will utilize to great effect in

chapter 4.



Chapter 3

Lattice Quantum Chromodynamics

In this chapter we establish the foundational principles of lattice QCD. We discuss the motivation

for developing a discretized theory, and how we discretize the path integral. We review various

gluon and quark actions, arriving at the improved action we use in the work: the HISQ action.

We end this chapter with an in-depth exploration of quark propagators and correlation functions

on the lattice.

3.1 The motivation for Lattice QCD

The motivation to put QCD on the lattice originates from the problem of energy scales and

perturbativity. The strong coupling constant αs =
g2

s
4π has energy scale dependency, and at low

energies the strong coupling constant becomes large. The result of a large αs is that quarks and

gluons do not exist as free particles, but are instead confined within the composite structure of

hadrons [37]. Furthermore, perturbation theory requires coupling constants to be small, and so an

analytical perturbative approach to QCD breaks down at low energies where the coupling constant

is large. The methods of lattice QCD therefore involve using a numerical approach to solve the

path integral, which can be managed by computers with the introduction of a discretized version

of the theory.

25
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3.2 The fundamentals of Lattice QCD

In this section, we explore the basic principles of Lattice QCD. These fundamentals cover path

integral discretization, lattice actions, and the description of particles on the lattice. Much of the

content and notation in this section is based on [38].

3.2.1 Path integral discretization

In section 2.5 we discussed the path integral and correlation functions in the context of the physical

continuum, which is to say, not on the lattice. Let us begin building a discretized theory with the

equation for the path integral (equation 2.38) and some real scalar field ϕ . We first move from a

Minkowski metric to a Euclidean metric via Wick rotation, such that time t →−it, and likewise for

a four-vector x we have x → (−ix0, x⃗). We can then denote the action of the scalar field ϕ in terms

of its Euclidean action SE [ϕ ]. With these terms we can write the associated partition function Z

in a Euclidean spacetime as

Z =
∫

Dϕe−SE [ϕ ], (3.1)

which is equivalent to the path integral without any operator insertion. We can arrive at some

n-point correlation function by inserting an operator which is a function of the scalar field. If we

insert such an operator Γ[ϕ ], which has contains n instances of ϕ , our n-point correlation function

is then

Cn(x) =
1
Z

∫
DϕΓ[ϕ ]e−SE [ϕ ]. (3.2)

By rotating from a Minkowski metric to a Euclidean metric, we have replaced the oscillating

phase term which appears in the equation of the path integral (equation 2.38) with an exponential

decaying term.
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Let us now introduce the lattice into this theory. We formally discretize our four-dimensional (Eu-

clidean) space time, upon which we impose periodic boundary conditions. The resulting spacetime

structure is a four-dimensional torus. This spacetime has coordinates x = (x0,x1,x2,x3), where ad-

jacent coordinates are separated by a constant lattice spacing a, which is sometimes referred to as

the lattice constant. In this work we often mix notation for our spacetime dimensions where the

dimension µ ∈ {0,1,2,3} ≡ {t,x,y,z}. Each spacetime dimension has a number of coordinates, or

lattice sites Nµ . The length of lattice in the µ direction is therefore aNµ . Throughout this work we

will often encounter quantities given in lattice units, where the necessary factors of a are implied

such that the quantity is dimensionless. For example, we can simply say that a given lattice di-

mension is of length Nµ in lattice units. Similarly, in lattice units the four-dimensional torus has

a volume Vol = NtNxNyNz.

This discretization gives us the benefit of having a model with finite degrees of freedom. Within

this model we can simulate standard model physics numerically with computers. This natur-

ally introduces discretization errors that separate this theory from an infinite volume, physical

continuum theory. However, having a non-infinite volume and non-zero lattice spacing prevents

infrared and ultra-violet divergences in the theory. This is to say, we have removed very low

energy/long distance effects, and we have removed very high energy/short distance effects

Under this scheme where we have discretized spacetime, we can treat continuous integrals over

spacetime as finite sums over some number of lattice sites. Likewise, we can treat derivatives as

finite differences. Recalling equation 3.2, we can write the infinite dimensional measure Dϕ as

Dϕ = ∏
x∈lattice

dϕ(x). (3.3)

With the now discretized integral measure defined, we can address defining the discretized path

integral itself. We do so via the methods of Monte Carlo integration [39, 40, 41, 42], which we

will summarize here. Suppose we generate a number Ncfg of field configurations ϕ (α) for α ∈

{1,2, ...,Ncfg}; this gives us

ϕ (α) = {ϕ (α)(x)}. (3.4)
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Suppose now that we select some number of configurations from the probability distribution

P[ϕ (α)], where P[ϕ (α)] ∝ e−SE [ϕ (α)]. If that number of configurations is sufficiently high, we can

approximate the n-point correlation function (equation 3.2) as

Cn[ϕ ]≈
1

Ncfg

Ncfg

∑
α=1

Γ[ϕ (α)]. (3.5)

This Monte Carlo approach allows us to apply statistical methods to our lattice simulation. To

summarize: the action S[ϕ (α)] determines the probability distribution P[ϕ (α)], from which some

number Ncfg of field configurations ϕ (α) are generated. The path integral is then calculated as

the average over those field configurations. Configuration generation is carried out via a Markov

Chain process, for which the Metropolis algorithm in good illustrative example [39]. This algorithm

begins by selecting some initial ϕ(x j). Some random number δ is then drawn from a uniform

distribution with range (−r,r), where then ϕ(x j) is updated such that ϕ(x j) → ϕ(x j)+ δ . This

update precipitates some measurable change in the action ∆S. In the case where ∆S < 0, then the

update is kept and the algorithm moves on to ϕ(x j+1). Meanwhile if ∆S ≥ 0, we accept the update

only if e−∆S > u, where u is a random number in the range (0,1). If e−∆S ≤ u then the update is

rejected and the algorithm proceeds to ϕ(x j+1). The last step in this algorithm is key to avoiding

unwanted behavior in the Markov Chain. Namely, without allowing some random instances of

positive ∆S, the algorithm might stabilize at what is only a local minimum, or simply find a state

which minimizes the action. Allowing only negative instances of ∆S would drive our simulation

towards a classical trajectory, and would not permit any quantum behavior in our configurations.

3.2.2 Gluon actions and improvements

Let us move on to discuss how we implement various actions on the lattice. Ultimately we seek to

have both quark fields ψ and gluon fields Aµ in our discretized path integral, where the action in

that integral ought to be guided by a Euclidean and discretized version of the QCD Lagrangian

(equation 2.14). Putting quarks aside for now, let us first explore how we model gluons on the

lattice. Rather than placing gluons at actual lattice sites Aµ(x), we instead model gluons as links
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between lattice sites Uµ(x). For a lattice spacing a, a direction along a lattice dimension µ , and

the unit vector in that direction µ̂ , we can define the path ordered (denoted by P) gluon field

link as

Uµ(x) = Pe−i
∫ x+aµ̂

x gsA·dx

≈ e−iagsAµ
(3.6)

With this approximation, we can maintain gauge invariance in our discretized theory. For example,

if we apply the SU(3) gauge transformation G(x) on a gluon field link Uµ(x) we have

Uµ(x)→ G(x)Uµ(x)G†(x+aµ̂). (3.7)

Here we can see that Uµ(x) transforms covariantly, and acts as a gauge link between lattice sites x

and x+aµ̂ . Given that gluons are the gauge bosons of QCD, we might also refer to the gauge link

as a gluon link. We can also define the hermitian conjugate U†
µ(x) =U−µ(x+aµ̂), which describes

a gluon link in the inverse direction from x+aµ̂ to x. Because the SU(3) gauge transformation is

unitary (GG† = 1), connected loops of (gauge covariant) gluon links are necessarily gauge invariant.

The most basic gauge invariant quantity we can build with gluon links is an a× a loop, known

widely in lattice theory as the plaquette [37, 43]. Tracing over color, we can define the plaquette

Pµν(x) as

Pµν(x) =
1
3

ReTr
[
Uµ(x)Uν(x+aµ̂)U†

µ(x+aν̂)U†
ν (x)

]
(3.8)

Defining the plaquette is a powerful tool on the lattice; we can see why when we expand the

plaquette about the lattice site x0. Expanding in powers of −iagsA we get

Pµν(x) =
1
3

ReTr

[
1− i

∮
gsA ·dx− 1

2

(∮
gsA ·dx

)2

...

]
. (3.9)
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If for now we only worry about first order terms, we can use Green’s theorem to write the loop

integral which appears in equation 3.9 as

∮
A ·dx =

∫ a/2

−a/2
dxµdxν

[
∂µAν(x0 + x)−∂νAµ(x0 + x)

]
=
∫ a/2

−a/2
dxµdxν

[
Fµν(x0)+(xµDµ + xνDν)Fµν(x0)+

1
2
(x2

µD2
µ + x2

νD2
ν)Fµν(x0)

]
= a2Fµν(x0)+

a4

24
(D2

µ +D2
ν)Fµν(x0)+ ... ,

(3.10)

where Fµν is the QCD field strength tensor. Substituting the right hand side of the last line of

equation 3.10 into equation 3.9 we arrive at

Pµν(x) =
1
3

Tr
[

1− a4

2
F2

µν −
g2

s a6

24
Fµν(D2

µ +D2
ν)Fµν + ...

]∣∣∣∣
x0

. (3.11)

We can use this formulation of the plaquette to define the Wilson Action SW [37]. Truncating SW

to only O(a2) terms we get

SW =
6
g2

s
∑

x,µ>ν
(1−Pµν)

=
∫

d4x∑
µν

1
2

Tr
[

F2
µν +

a2

12
Fµν(x0)(D2

µ +D2
ν)Fµν(x0)+ ...

]
.

(3.12)

With the Wilson action, we can define the scale of the lattice via the coupling strength term gs.

In common lattice QCD notation we often use the term β = 6
g2

s
. In this context, we can refer to

the Wilson action the first order gluon action: the action succeeds at describing gluon links on the

lattice, but it does introduce certain discretization errors beginning at order a2. From equation 3.12

we can see that the Wilson action differs from the continuum gluon action Lglue =
1
2TrFµνFµν by

increasing powers of lattice spacing a. To address this problem we can implement the methods of

Symanzik improvement [44], whereby the appropriate combination of various gluon loops removes

certain terms of order a2 or higher [45].
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For the sake of completeness, it is worth mentioning the problem of tadpoles which can appear even

in improved gluon actions. In lattice QCD, tadpoles are plaquettes with only one vertex. They

effectively act as self-interaction loops which artificially inflate quantum corrections on the lattice.

These higher order terms appear in the expansion of e−iagsAµ in the gluon link operator Uµ . We

can make our gluon action tadpole improved [46] by taking Uµ → u0Uµ , where u0 = ⟨0|Pµν |0⟩−1/4.

3.3 The Highly Improved Staggered Quark formalism

In the previous section, we described how to model gluons on the lattice as links between lattice

sites, and used plaquettes to describe a Symanzik improved Wilson action. Plenty of lattice QCD

research can be carried out by only considering gluons in this discretized theory. However because

the interest of this work is ultimately related to the decays of heavy mesons, we seek to add the

description of quarks to our action. We do so via the HISQ formalism [12], the construction of

which we fully explore in this section.

3.3.1 Addressing quark masses on the lattice

Before we arrive at discretizing quarks on the lattice, let us first address the issue of dealing with

quark masses on the lattice, which appear in the lattice QCD Lagrangian (given in equation 2.14).

If we define the matrix M = ( /D+m), where /D is a covariant finite difference operator, then we can

succinctly define the action of QCD as

SQCD = Sglue +∑
x

ψ( /D+m)ψ,

= Sglue +∑
x

ψMψ.

(3.13)
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We can therefore define the quark portion of the QCD action as Squark ≡ ∑x ψMψ . The matrix M

appears in the path integral’s partition function Z, which we can rearrange as:

Z =
∫

DUDψDψe−(Sglue+ψMψ)

=
∫

DUDet(M)e−Sglue

=
∫

DUe−Sglue+log(Det(M))

(3.14)

The presence of Det(M) in this equation poses a challenge to any line of lattice QCD research:

calculating Det(M) is prohibitively demanding of computer resources. So much so, that many

lattice calculations are carried out in the quenched approximation, where sea quark self-interacting

loops are removed from the action via the removal of the log(Det(M)) term in equations 3.14. Our

lattice calculations do not follow the quenched approximation, and so we still need a solution to

calculating this term.

The challenge of calculating Det(M) is not only reserved to the partition function: the term can also

appear in the correlation function of a meson. Suppose we wish to simulate some generic meson

H, with quark composition q1 and q2, traveling along the lattice. Inserting a creation operator for

this meson at some initial time t0, and then inserting an annihilation operator at some later time

t0 + t, we can write its two-point correlation function1 as

⟨0|H†(t0 + t)H(t0) |0⟩=
1
Z

∫
DU Tr

spin
Tr

color
Tr
x⃗

[
M−1

q1
γ5M−1

q2
γ5
]

e−Sglue+log(Det(M)). (3.15)

In this equation γ5 is some local operator which creates the pseudoscalar meson H with the

appropriate quantum numbers, and within the integral we take the trace over spin, color, and the

three lattice spatial dimensions x⃗. In equation 3.15 we can again spot the Det(M) term.

1. We explore correlation functions on the lattice in great detail in section 3.5. We discuss them here only to prove
the point that we cannot ignore the need to calculate Det(M).
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We can approximately calculate Det(M) if we make a slight detour and address the problem of

calculating M−1 first. This inverse mass matrix also appears in equation 3.15, and though is not

as expensive to calculate as Det(M), it too is prohibitively demanding of computer resources.

Therefore we instead take advantage of the Hermitian positive definite properties of the mass

matrix:

M†(M†M)−1 = M(M2)−1 = MM−2 = M−1. (3.16)

Therefore instead of directly calculating M−1 we can instead place our interest in (M†M)−1. For

the propagator source2 ξ we can write that ξ = M†Mx. This then implies that x = (M†M)−1ξ . To

solve for x here, we can employ the conjugate gradient algorithm [47]. As a prerequisite to using

this algorithm, we can first identify that minimizing f (x) where

f (x) =
1
2

xT M†Mx−ξ T x, (3.17)

is equivalent to solving for x. We will not go into full detail, but we will summarize the technique

here. The conjugate gradient algorithm minimizes f (x) by iteratively moving along directions

which are conjugate (independent with respect to the function’s curvature), rather than simply

moving along the direction of steepest descent. Each step n chooses an optimal step size along the

current direction. That optimal step size is determined by the residual rn, for which

−rn = ∇ f (xn) = M†Mxn −ξ . (3.18)

Iterating upon these steps guarantees that the largest reduction in f (x) occurs along that line. By

constructing mutually conjugate directions, the algorithm converges to the minimum of f (x) in at

most n steps for an n-dimensional quadratic function.

Once we have minimized f (x), we have equivalently solved for x = (M†M)−1ξ . Using then the

relations in equation 3.16 we can more easily arrive at an approximate value of M−1 and save

computation time. Recall however that our initial motivation for calculating M−1 was that it would

help us calculate Det(M). Having already calculated the inversion of (M†M)−1 in the previous step,

2. See section 3.5.5 for how we implement random wall sources.
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we can utilize another algorithmic technique: the Φ algorithm [48]. With this technique we modify

the determinant term like Det(M)→ Det(M†M). Introducing an arbitrary scalar field Φ, we can

write the heuristic equation

Det(M†M) =
∫

DΦ†DΦe−Φ†(M†M)−1Φ. (3.19)

We do not attempt to solve this equation analytically, we instead utilize numerical Monte Carlo

techniques. We find this technique to be successful in determining Det(M†M), which leaves us with

one final hurdle: for each quark flavor we would now have two factors of the mass matrix. In fact,

as a result of the doubling symmetry and our staggered quarks (which we discuss in the following

sections), we actually are left with eight factors of M. Fortunately for us, taking the eighth root

of the determinant is sufficient to recover an acceptable determination of Det(M).

In both the cases of calculating M−1 and Det(M), even with these algorithmic techniques, the

computation time needed remains burdensome. Suppose we want to include sea quarks in our

action. At the low energy scale of lattice QCD, sea quark effects are dominated by up, down,

and strange quarks [49]. This worsens the problem of calculating M−1 and Det(M), because these

quantities must be calculated for every quark flavor. Problematically, doing so is more expensive

for lighter quark flavors. We can somewhat suppress this problem by simulating two degenerate

light quarks l such that ml = mu = md, rather than calculating M−1 and Det(M) separately for an

up quark and down quark of non-degenerate masses. Additionally, we can set the light quark mass

to be non-physically large, closer to the mass of the strange quark. We do this explicitly on some

of our gluon field ensembles (see section 3.4.3). The lattice spacing in this work are fine enough

that we can justify adding charm quarks to the sea as well. However the ultra-violet cutoff effect

from these lattice spacings rules out the need to add bottom and top quarks to the sea.
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3.3.2 The naive quark action and the doubling problem

Recall that we can separate the QCD action SQCD into a gluon portion Sglue and a quark portion

Sq = ∑x ψMψ , where the quark mass matrix M = ( /D+m). Under the same SU(3) gauge trans-

formation we applied to gluon links, we expect ψ(x)→ G(x)ψ(x). We can identify that the matrix

M in Squark contains a covariant derivative term. In the interest of discretization, let us introduce

the discrete derivative ∆µ where

∆µψ(x) =
1

2a

[
Uµ(x)ψ(x+aµ̂)−U†

µ(x−aµ̂)ψ(x−aµ̂)
]
. (3.20)

Discretizing the quark action in this naive way does get us closer to a full description of fermions

on the lattice, however it does introduce the problem of doubling symmetry [50, 51]. This symmetry

occurs where, for every quark we instantiate on the lattice, we indirectly create 15 other quarks

of equivalent flavor at different lattice sites. To explain this phenomenon, let us first consider the

qualities of gamma matrices γµ in a Euclidean metric. In such a case, the gamma matrices have

the following relevant properties: {γµ ,γν} = 2δµν , γ†
µ = γµ , and γ2

µ = 1. With these matrices we

can define complete set of 16 spinor matrices γn as

γn =
3

∏
µ=0

(γµ)
nµ , (3.21)

where n is a four-vector whose components nµ ∈ {0,1}. Suppose now that the naive quark action

is symmetric about the transformation ψ → ψ̃ where

ψ̃ ≡ γ5γµ(−1)
xµ
a ψ(x),

= γ5γµe
iπxµ

a ψ(x).
(3.22)
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As a result of the π
a term which appears in this equation, there will be an equivalent mode with

momentum pµ ≈ π
a for every low momentum mode ψ(x). Here we can also note that we can

make this transformation in one lattice dimension independently of any other. As such, we can

characterize the behavior of this general transformation as

ψ(x)→ Bζ (x)ψ(x),

ψ(x)→ ψ(x)B†
ζ (x).

(3.23)

We can define this general transformation operator Bζ (x) for ζµ ∈ {0,1} as

Bζ (x)≡ γζ (−1)
ζ ·x
a ∝ ∏

µ
(γ5γµ)

ζµ e
ix·ζπ

a ,

ζ µ ≡ ∑
µ ̸=ν

ζνmod2.
(3.24)

Though the notation here is dense, the key take away is that we have a total of 16 ζµs, 15 doublers

and one real ζ0 = (0,0,0,0) mode. From now on we will refer to these extra fermion doublers as

tastes rather than flavors, to avoid the obvious confusion with physical quark flavors.

If these various quark tastes were identical and did not interact with each other, then a simple

insertion of 1
16 into Det(M) would solve the problem of this doubling symmetry. Unfortunately,

the existence of taste exchange interaction prevents such a simple solution; the various tastes do

in fact interact with each other. For example, a quark can emit a gluon with momentum p ≈ ζ π
a ,

which can then be absorbed by another low momentum quark of another taste. Such quarks would

remain mostly on-shell, and as a result they would both experience taste change. This form of

taste change is present on the lattice as another discretization error, and is suppressed by the

scale of a2. Various other quark actions attempt to resolve the problem of doubling symmetry by

giving mass to the doublers. Such a change causes the tastes to decouple as a → 0. Among such

actions are the well known Wilson quark action [37] and Clover quark action [52]. The Wilson

quark action however has fermions which break chiral symmetry, resulting in additional O(a)

errors. The Clover quark action improves on the Wilson quark action, but only order-by-order in

perturbation theory. In this work, we use the HISQ action [12], which we develop further in the

following sections.
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3.3.3 Staggered quarks

Let us now address the namesake staggered quarks [53] which will appear in HISQ action. Staggered

quarks are functionally equivalent to naive quarks, however the introduction of quark staggering

greatly reduces computation time. We begin our investigation of staggered quarks by transforming

the naive quark fields as

ψ(x)→ Ω(x)χ(x),

ψ(x)→ χ(x)Ω†(x).
(3.25)

Here we introduce another set of 16 spinor matrices Ω(x), which we define as

Ω(x)≡
3

∏
µ=0

γ(xµ )
µ . (3.26)

These matrices have the properties that Ω†(x)Ω(x) = 1, and Ω(x) = γn for nµ = xµmod2. With

these spinor matrices we can define the spinor matrix term αµ(x) as

αµ(x) = Ω†(x)γµΩ(x+ µ̂). (3.27)

Using this definition of αµ(x), and the discretized covariant derivative ∆ from the naive quark

action, we can define the staggered quark action Ssq as

Ssq = ψ(x)(γ ·∆+m)ψ(x),

= χ(x)(α(x) ·∆+m)χ(x).
(3.28)

One benefit of this action is that it is diagonal in spinor space. As a result, we only need one

component of the staggered quark field χ : the various components of χ are identical. We can

utilize this quality of staggered quark fields to construct the observable

⟨χ(x)χ(y)⟩= g(x,y)1spinor. (3.29)



3.3. The Highly Improved Staggered Quark formalism 38

Here we introduce the staggered quark propagator g(x,y), which has one only spinor component.

Fortunately for us, having only one spinor component effectively reduces the number of quark

tastes present on the lattice from 16 to four, and computation time is likewise reduced by that

same factor of four.

3.3.4 Symanzik improved quark actions

We can begin working towards the final form of the HISQ action by first tackling leading order

taste exchange discretization errors. We do this through the introduction of the form factor fµ(p)

to the gluon quark vertex ψγµUµψ . This form factor has the quality fµ(p) = 0 for p → ζπ
a , ζ 2 ̸= 0,

and ζµ = 0. In the case of ζµ = 1, the interaction vanishes. Alternatively, fµ(p) = 1 for p → 0. This

formulation is facilitated on the lattice by the smearing operator Fµ , which acts on our gluon

gauge links like Uµ(x)→ FµUµ(x). Symmetrizing over all possible operator orderings [54], we can

define the smearing operator as

Fµ ≡ ∏
µ ̸=ν

(
1+

a2δ (2)
ν

4

)∣∣∣∣∣
symm

. (3.30)

Here we use the special operator δ (2)
ν , where the (2) notation indicates that the operator acts like

a covariant second derivative when acting on the gauge link Uµ(x):

δ (2)
ν Uµ(x)≡

1
a2

[
Uν(x)Uµ(x+aν̂)U†

ν (x+aµ̂)

+U†
ν (x−aν̂)Uµ(x−aν̂)Uν(x−aν̂ +aµ̂)−2Uµ(x)

]
.

(3.31)

With this definition we can see that when p → π
a the smearing operator F vanishes as δ (2)

ν Uµ →
−4
a2 Uµ .
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Unfortunately, O(a2) errors are introduced in equation 3.30. These errors however are addressed

by the Symanzik-improved ASQTAD action [54]. Implementing the ASQTAD action begins with

amending the smearing operator such that

F ASQTAD
µ = Fµ − ∑

ν ̸=µ

a2(δν)
2

4
. (3.32)

Here we once again have a special operator δν , which acts as a covariant first derivative on the

gauge link:

δνUµ(x)≡
1
a

[
Uν(x)Uµ(x+aν̂)U†

ν (x+aµ̂)

−U†
ν (x−aν̂)Uµ(x−aν̂)Uν(x−aν̂ +aµ̂)

]
.

(3.33)

Before arriving at the final form of the ASQTAD action, we need to also address the naive discrete

derivative operator ∆µ (see equation 3.40), which also has O(a2) errors. We do so by the inclusion

of a Naik term [55], such that the discrete derivative ∆µ → ∆µ − a2

6 ∆3
µ . Putting this all together

we arrive at the equation for the ASQTAD action:

SASQTAD = ∑
x

ψ(x)

[
∑
µ

γµ

(
∆µ(V )− a2

6
∆3

µ(U)+m0

)]
, (3.34)

where m0 is the bare lattice mass and Vµ = F ASQTAD
µ Uµ(x).

At this point our Symanzik-improved action serves us well at tree level. The smearing in the

ASQTAD action however introduces a problem at one loop. This is to say, when we smear gauge

links in one direction under the ASQTAD action, we are left with non-smeared gauge links in all

orthogonal directions. The presence of these non-smeared gauge links allows for the persistence

of taste exchange errors in our quark action at one loop. Addressing this problem within the

ASQTAD action directly leads us to the HISQ action [12], which implements the technique of

repeated smearing. We define the HISQ action as

SHISQ = ∑
x

ψ(x)( /DHISQ
+m)ψ. (3.35)
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Furthermore we define the HISQ covariant derivative DHISQ
µ and the HISQ smearing operator

F HISQ
µ as

DHISQ
µ ≡ ∆µ(W )− a2

6
(
1+ εtree(m)

)
∆3

µ(X) (3.36)

F HISQ
µ ≡

(
Fµ − ∑

ν ̸=µ

a2(δν)
2

4

)
U Fµ . (3.37)

Let us break down the various terms which appear in equations 3.35 and 3.36. First, in equation

3.36 we find a different Naik term which contains εtree, which is a function of the tree level pole

mass mtree. In the HISQ action we can define mtree as

mtree(m) = m
(

1− 3
80

m4 +
23

2240
m6 +

1783
537600

m10 +O(m12)

)
. (3.38)

Furthermore if we require that the tree level pole mass is equal to the tree level kinematic mass

[56], we can define the Naik Epsilon term [55] at tree level as

εtree(m) =−1+
1

sinh2(mtree)
×

(
4−

√
4+

12mtree

cosh(mtree)sinh(mtree)
,

)
(3.39)

where we have suppressed m arguments in mtree. Furthermore in equation 3.36 we introduce the

difference operators W and X , where

Wµ(X)≡ F HISQ
µ Uµ(x),

Xµ(x)≡ U FµUµ(x).
(3.40)

Finally then in equation 3.37 and 3.40 we implement the special operator U , which make the

operator it acts upon unitary. From this construction, we can say that the HISQ action taste

exchange error is corrected at order αs(am)2, which is a substantial advantage over the ASQTAD

action.
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3.3.5 Twisted boundary conditions

In the previous section we described the doubling symmetry problem, which is related to specific

high momentum modes (p ≈ π
a ) on the lattice. It is worthwhile then to discuss how we actually

impart momentum into quarks on the lattice. We elect to do this via twisted boundary conditions

[57, 58, 59, 60], which we briefly go over here. For a quark of three-momentum p⃗, we can define

the j-th component of its momentum p j as

p j = 2π
θ j

aN j
, (3.41)

where θ is the twist angle and aN j is the length of the lattice in the j direction. We use the

index j here rather than µ because twisted boundary conditions are limited to the three spatial

dimensions on the lattice j ∈ {1,2,3} ≡ {x,y,z}. Using this definition, suppose we aim to impart

momentum by transforming our quark fields as ψ(x)→ eip⃗·⃗xψ(x). On the lattice, we can do this

by multiplying gauge links by eiap j , giving us

ψeiap jU j(x)ψ(x+a ĵ) = ψeip⃗·⃗xU j(x)e−ip⃗·(⃗x+a ĵ)ψ(x+a ĵ). (3.42)

Inserting momentum onto the quark field in this manner leads to periodic boundary conditions,

such that

ψ(x+aN j ĵ) = e2πiθ jψ(x). (3.43)

The presence of the aN j terms in these equations means that this method introduces twist angle

dependent finite volume effects into our lattice simulation. We can minimize such effects if we

avoid selecting values of θ ≈ n2π
N j

, where n is just some integer [61].
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3.4 The heavy-HISQ method

Throughout this work, we will reference a generic heavy quark h. This heavy quark paired with a

spectator light quark l or strange quark s constitutes a generic heavy meson H. When the flavor

of the spectator quark is important we will use the notation Hl ≡ H and Hs, but for much of this

discussion H will suffice. In this section we outline how, by varying the mass of this heavy quark,

we can model the four meson decays of interest to this work: D → π, B → π, Ds → K, Bs → K.

3.4.1 Varying the heavy quark mass

In this work, we simulate heavy quarks which have masses amh that range from the physical charm

quark mass up to the limit where amh = 0.8. This somewhat arbitrary choice was made to avoid

potential divergences which would appear in Taylor series or power series expansions of terms

containing factors of amh, equation 5.13 in chapter 5 for example. It has been recently shown

that values of amh ≥ 1 (but not amh ≫ 1) do not necessarily jeopardize our lattice calculations3,

the small O(amh)
2 discretization errors of the HISQ action help in this regard. Besides our finest

lattices however, the values of amh required to meet the physical bottom quark mass lie well above

the soft threshold where large values of amh would jeopardize our lattice calculations.

Our solution to this problem is the heavy-HISQ method. In this method we simulate and perform

calculations at many heavy quark masses, from the charm quark mass up to some percentage of

the physical bottom quark mass. This provides us with enough data to extrapolate results to the

physical bottom quark mass, provided we have accounted for heavy quark mass dependencies in

that extrapolation. This quark mass extrapolation is analogous to a continuum limit extrapolation,

3. See appendix A in [62].
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where we use gluon field ensembles of varying lattice spacing a such that we can model how

results change as a → 0. The heavy-HISQ method has been utilized successfully in previous lattice

calculations involving D and B mesons [13, 14, 15, 16, 17, 18], and we likewise employ the method

in this work as well.

3.4.2 Heavy Quark Effective Theory

As alluded to previously, extrapolating to the physical bottom quark mass only produces reliable

results if we properly account for heavy quark mass dependencies. We do so through our imple-

mentation of Heavy Quark Effective Theory (HQET) [63, 64, 65]. This theory aims to construct

an effective theory of heavy meson decays, which improves in quality as we approach the heavy

quark limit, which is to say, as mh → ∞. This treatment is possible due to the significant energy

splitting between the heavy quarks (charm and bottom) and the natural energy scale of lattice

QCD ΛQCD = 0.5 GeV. The energy scale ΛQCD aligns well with the light and strange valence quarks

in our simulations, which we can take to be the light degrees of freedom in this theory.

In the heavy quark limit, we can consider the heavy quark to be static in the rest frame of the

heavy meson. As a result, the light and strange quarks only interact with the color field of the

static heavy meson; they are impartial to any differences in the heavy meson’s flavor or spin [66].

So long as the implications of the heavy quark limit are valid down to the energy scale of the

charm quark, we can safely compare and interpolate the results of heavy mesons whose masses lie

within the D to B mass range. That validity is ensured by various HQET-respecting terms which

appear in the later stages (see chapter 5) of our form factor calculations.
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3.4.3 HISQ ensembles

For this work, we have access to data generated from five different gluon field ensembles, and we are

in the process of generating data from four more ensembles. Table 3.1 presents the specifications

of the five ensembles we presently use in this work. We assign to each ensemble, or set, a label

which denotes its relative lattice spacing a, and the ratio of the valence strange quark mass to the

valence light quark mass. The lattice spacings include fine (a ≈ 0.09fm), superfine (a ≈ 0.06), and

ultrafine (a ≈ 0.044), which we can abbreviate as “f”, “sf”, and “uf” respectively. If for an ensemble

the strange to light quark mass ratio ms/ml ≈ 5, then a “5” is added to the set label. Meanwhile

if that ratio on an ensemble instead matches the physical expectation [67] of ms/ml = 27.18(10),

then the suffix “phys” is added to the ensemble label.

The lattice spacing a is not something that we directly set for our gluon field ensembles, but is

something we must derive. To do so, we first need to set the strong coupling constant strength

gs; by convention we do so indirectly by instead choosing a value of β = 6/g2
s (see equation 3.12).

With β defined we can go on to calculate the ratio w0/a, where w0 is the Wilson flow parameter

[68]. This calculation is carried out by smearing and integrating the Wilson flow [69] on the lattice

until some dimensionless observable of our choice converges on a desired or expected value. The

observables we use are the continuum mass ratios of the pion, kaon, and Ω baryon [68, 70]. In the

context of this work, we arrive at a Wilson flow parameter value of w0 = 0.1715(9)fm [71], from

which we can then finally calculate lattice spacings.

The MILC collaboration generates all the HISQ ensembles we use in this work [72, 73, 74, 67].

These ensembles can all be described as N f = 2+1+1 ensembles. This indicates that, in the sea,

the ensembles have two degenerate light quarks, a strange quark, and a charm quark. The absence

of bottom and top quarks in the sea does give rise to some systematic uncertainties. However at

the low energy scale we use in this work, these uncertainties are small. The strange and charm

quark masses in the sea are not exactly equal to the valence strange and charm quark masses
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Table 3.1: Gluon field ensembles used in this work. The parameter β = 6/g2
s sets the strength of

the strong coupling constant g2
s . We discuss the ratio of the Wilson flow parameter w0 divided by

lattice spacing a in the text. The dimensions of the lattice on each ensemble in lattice units are
given in column 4, where we have three spatial dimension of length Nx and one temporal dimension
of length Nt . Finally, the masses of the various sea and valence quarks in each ensemble are given
in columns 5-9

Set β w0/a N3
x ×Nt amsea/val

l amsea
s amsea

c amval
s amval

c

1 - f5 6.3 1.9006(20) 323 ×96 0.0074 0.037 0.440 0.0376 0.449
2 - fphys 6.3 1.9518(7) 643 ×96 0.00120 0.0363 0.432 0.036 0.433
3 - sf5 6.72 2.896(6) 483 ×144 0.0048 0.024 0.286 0.0234 0.274
4- sfphys 6.72 3.0170(23) 963 ×192 0.0008 0.022 0.260 0.0219 0.2585
5 - uf5 7.0 3.892(12) 643 ×192 0.00316 0.0158 0.188 0.0165 0.194

on our ensembles. Following the tuning procedure seen in [75] we are able to tune those valence

quark masses to be approximately equal to their physical values. Any remaining effect of quark

mass mistuning (including that of the light quarks who have amsea
l = amval

l ) is accounted for later

in our form factor calculation chapter 5.

3.5 Correlation functions on the lattice

In section 2.5 we arrived at a description of continuum correlation functions expressed in terms of

amplitudes and energies. In this section, we will formulate a description of correlation functions

in terms of quark propagators on the lattice. It is these forms of correlations that we can actually

instantiate on the lattice. These two descriptions are what allow us to fit the lattice correlation

functions to the energy and amplitude fit forms we saw in the previous chapter. Moving forward

in this effort, we will abide by the convention that lattice quantities be given in lattice units.

Therefore the notation for quantities with units of energy aE → E, units of length aNµ → Nµ , and

units of time at → t. In this scheme, lattice time corresponds to integer steps on the lattice, which

we often refer to as lattice time slices.
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We can begin our in-depth discussion of correlation functions by first examining two-point cor-

relation functions. To construct such a function on the lattice, we insert the creation operator

of a meson at some initial lattice site x0. Breaking this lattice site into its temporal and spatial

components we can say that x0 = (t0, x⃗0). We then allow the meson to propagate along the lattice

until it reaches some lattice site x1 = (t1, x⃗1), where we insert the appropriate meson annihilation

operator. Following the notation of equation 2.37 for n = 2 we can write the two point correlation

function as

C2(x1,x0) = ⟨Ω|ϕH(x1)ϕ †
H(x0) |Ω⟩ , (3.44)

where we have required t0 < t1, |Ω⟩ is the interacting theory ground state, and ϕH is a scalar

field in the Heisenberg picture. If we impart three-momentum p⃗ onto the meson, take the Fourier

transform of equation 3.44, and take the average over the three spatial dimensions Nx ≡ Ny ≡ Nz,

we obtain a correlation function which only has dependency on the temporal dimension:

C̃ p⃗
2 (t0, t1) =

1
N3

x
∑

x⃗1 ,⃗x0

e−ip⃗·(⃗x0−⃗x1)C2(x1,x0). (3.45)

Mapping the function in this way allows us to interpret the correlation function as a probability

distribution whose amplitude corresponds to the likely presence of the meson propagator at some

time t between t0 and t1.

Keeping this formulation in mind, let us move on to the n = 3 case: the three-point correlation

function. In this scenario, the meson interacts with the current insertion J at some time slice t1 in

between its creation at t0 and annihilation at t2. We may then write the appropriate three-point

correlation function as

C3(x2,x1,x0) = ⟨Ω|ϕH(x2)J(x1)ϕ †
H(x0) |Ω⟩ , (3.46)

where we similarly require t0 < t1 < t2. Following the same methods for the n = 2 case we can arrive

at a three-point correlation function which only has time dependence by writing

C̃ p⃗
3 (t0, t1, t2) =

1
N3

x
∑

x⃗2 ,⃗x1 ,⃗x0

e−ip⃗·(⃗x0−⃗x1)C3(x2,x1,x0). (3.47)
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Note that in the equation above we have only applied three-momentum to the meson propagating

from x⃗0 to x⃗1. In this form we can interpret the three-point correlation function as the probability

amplitude for a meson state created at t0 to propagate in time, interact with the current insertion

at t1, and subsequently be projected onto the final meson state at t2.

Only two and three-point correlation functions are of relevant interest to this work, and so we

can condense the notation above which is contextualized for any n-point correlation function.

First, moving forwards we will simplify the notation of our time-dependent correlation functions

as C̃ p⃗
2 (t0, t1)→C2(t0, t1), and C̃ p⃗

3 (t0, t1, t2)→C3(t0, t1, t2). Second, while we insert creation operators

at different source times t0, the translational invariance of the lattice allow us to shift correlation

functions as we please4. We always then work within the effective assumption that t0 = 0. For a

two-point function, we conventionally state that the matching annihilation operator is inserted at

time t0+t = t. This single parameter t then parametrizes the separation of the creation and annihil-

ation operators, and as such the correlation function only has t dependence: C2(t0, t0 + t)→C2(t).

Meanwhile for three-point correlation functions, we maintain the convention that annihilation

occurs at some time t0+T = T , while the current insertion occurs at time t0+ t = t. Insisting that

t0 < t < T ensures that the interaction on the lattice corresponds to the relevant equivalent phys-

ical phenomenon. We therefore have C3(t0, t0+ t, t0+T )→C3(t,T ). In our simulations we therefore

implement values of T which are much smaller than the temporal length of the lattice Nt . This

avoids the effects which periodic boundary conditions might have on the otherwise clean physical

ordering of creation, interaction, and then annihilation. This choice also justifies the assumption

made we will make in equation 4.2 where we ignore the backwards propagating contribution in

the three-point function fit form (see section 4.1.1).

4. In fact, we often fit multiple correlation functions with varying source times on the same configuration. By
shifting the source time t0 to the origin, we can take their average and improve their statistics
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3.5.1 Staggered quark phases and spin-taste notation

As discussed throughout section 3.3, the staggered quarks we wish to simulate on the lattice vary

in spinor and taste degrees of freedom. In this section and those following, we describe how we

encode the composite spin-taste structure of a propagating quark as a general phase term in its

corresponding correlation function.

We can begin by recalling the definition of the spinor matrices γn in equation 3.21, which are

composed of multiplicative sums of the gamma matrices γµ raised to the power nµ , where n is a

four-vector whose components nµ are either 0 or 1. In equation 3.26 we defined the related spinor

matrices Ω(x) which are equal to the γn in the case that n = (x)mod2. The matrices Ω(x) facilitate

the local field transformation of a naive quark ψ(x) to a staggered quark χ(x) such that

ψ(x)→ Ω(x)χ(x),

ψ → χ(x)Ω†(x).
(3.48)

Finally then let us recall the spinor matrix term αµ(x) in equation 3.27. We can redefine αµ(x) as

αµ(x) = Ω†(x)γµΩ(x+ µ̂) = (−1)x<µ , (3.49)

x<µ =
µ−1

∑
ν=0

xν . (3.50)

With this expanded definition we might better refer to αµ(x) as a lattice site-dependent phase

term. We can see where such a term might appear when we see how the non-staggered Feynman

quark propagator SF(a,b) relates to the staggered quark propagator g(a,b):

SF(a,b) = ⟨ψ(a)ψ(b)⟩

= g(a,b)Ω(a)Ω†(b).
(3.51)
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This formulation of the Feynman propagators describes a quark that propagates from a point b

to some point a. To describe the case for an antiquark propagating from b to a, we have

γ5S†
F(a,b)γ5 = ⟨ψ(a)ψ(b)⟩,

= γ5Ω(b)Ω†(a)g†(a,b)γ5.
(3.52)

Here the “fifth” gamma matrix γ5 = γ0γ1γ2γ3, and therefore γ5 = γn when n = (1,1,1,1). The

presence of γ5 matrices in equation 3.52 is a result of reversing the argument ordering in the

Feynman propagator: it preserves the hermitian symmetry of the action.

From equation 3.28 we know that the phase term αµ(x) appears in the staggered quark action. To

complete our discussion of the HISQ method we ought to describe how the spin-taste structure of a

propagator is encoded as a lattice site dependent phase. Recalling the doubling problem described

in section 3.3.4, for every naive quark operator we are left with 16 different taste operators. These

operators we can represent as four-dimensional vectors s whose components are either 1 or 0.

These tastes have the identical structure to the spin matrices γn, and so we will differentiate

between the two by denoting a taste matrix as ξs (not to be confused with the notation for

the propagator source ξ ). We can therefore denote a propagator’s spin-taste structure as γn ⊗ξs.

Recalling equation 3.27 we can write the spin-taste operator’s action upon a quark field as

γn ⊗ξsψ(x) = (−1)s·xγ†
s γnψ(x⊕ (s+n)) (3.53)

Here we introduce the vector s where sµ = (∑µ ̸=ν sν)mod2. We also use the direct sum operator ⊕

to add (s+n) to the lattice site x modulo the hypercube (ignoring the periodic boundary conditions

for now) in which x lies. We can call this hypercube X , where Xµmod2 = 0. As such we can write

that if x lies in X , then

(x⊕ (s+n))µ ≡ Xµ +(xµ −Xµ +(s+n)µ)mod2, (3.54)
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from which we get the useful property that xµ −Xµ ∈ {0,1}. The possible results of (x⊕ (s+n))µ

are limited to three outcomes, which are dependent on whether or not sµ = nµ and whether

xµmod2 = 0 or 1:

(x⊕ (s+n))µ =


xµ (sµ = nµ),

xµ+1 (sµ ̸= nµ ,xµmod2 = 0),

xµ−1 (sµ ̸= nµ ,xµmod2 = 1).

(3.55)

In the cases where sµ ̸= nµ , we are left with point-split fermion operators, an example of which is

ψ(x+ µ̂). Here and in equation 3.53 we suppress any gauge link operators to to keep the notation

simple; a point-split operator of this kind should in full be written as Uµ(x)ψ(x+ µ̂). Moving

forward we will continue to suppress gauge link operators in our notation.

Returning back now to equation 3.53, there are a few principles to keep in mind when inserting any

given spin-taste operator into our quark propagators. First, the presence of point-split operators

tends to make the corresponding correlation function noisier, and so local (nµ = sµ) spin-taste

operators are preferred. Second, quark taste is ultimately an unphysical property. If any taste-

pertaining terms in a correlation function do not cancel, that correlation function will reduce to

zero plus any noise. Finally, we can remind ourselves that it is standard model physics we wish to

simulate on our lattices; spin is a quantum number that should be preserved in a QCD interaction.

The spin operator should therefore match that of the physical meson or current of interest to us.

Fortunately, implementing a chosen spin-taste structure as phases with lattice site dependency is

rather trivial: that functionality is built into the MILC code [72, 73] we use to generate correlation

functions.
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H H

h̄

l
t0

t

Figure 3.1: Sample diagram of a two-point correlation function. The meson H with quark content
hl is created at time t0. It propagates along the lattice, where it is then annihilated at time t0 + t.

Let us now summarize the general methodology we employ to generate our desired propagators and

correlation functions on the lattice. We begin by using naive quarks to build a desired correlation

function. We then transform that correlation function into staggered quark propagators and lattice

site-dependent phases. For each configuration (see chapter 3.2.1), we then invert the Dirac matrix

M off of the source of ξ to calculate those staggered quark propagators. Finally then we group

appropriate propagators together as new correlation functions and take the average over the

number of configurations.

3.5.2 Two-point correlation functions

Having established the theory of spin-taste structure and phases for our staggered quark propag-

ators, let us take a closer look at how exactly we build the correlation functions we instantiate

onto the lattice, beginning with two-point correlation functions. The example meson we will use

for the following discussion is a generic pseudo-scalar heavy meson H, with heavy-light quark

content hl. The two-point diagram of such a meson is given in figure 3.1. Keep in mind however

that swapping H for another meson with differing quark content is trivial in the upcoming suite

of correlation function derivations: it is mostly a change in quark propagator labeling.
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Moving forward, there are four different spin-taste structured correlation functions of interest to

our work. The first of these is the meson current H5
5 (xt) = ψh(xt)γ5⊗ξ5ψl(xt), where the current’s

subscript and superscript notation indicates the n and s vectors in the spin-taste operator. The γ5

and ξ5 operators indicate that the vectors n= s= s= (1,1,1,1). Here the current H5
5 (xt) annihilates

a local Goldstone heavy meson H with hl quark content at the lattice time slice xt . With equation

3.53 we can write for this current that

H5
5 (xt) = ψh(xt)ξ5 ⊗ γ5ψl(xt),

= ψh(xt)(−1)x0
t +x1

t +x2
t +x3

t γ†
5 ψl(xt),

= (−1)x̃t ψh(xt)ψl(xt).

(3.56)

Here we see the components of xt =(x0
t ,x

1
t ,x

2
t ,x

3
t ) appear in the phase term, and introduce x̃=∑µ xµ .

We can likewise create that same H meson at the lattice time slice x0 using the meson current

insertion

H5†
5 (x0) = (−1)x̃0 (ψh(x0)ψl(x0))

† ,

= (−1)x̃0
(

ψ†
h (x0)γ0ψl(x0)

)†
,

= (−1)x̃0ψ†
l (x0)γ†

0 ψh(x0),

= (−1)x̃0ψ l(x0)ψh(x0).

(3.57)

With these meson currents, we can construct the associated two-point correlation function using

the time ordered field operator T{}:

⟨H5
5 (xt)H

5†
5 (x0)⟩= ⟨0|T{H5

5 (xt)H
5†
5 (x0)}|0⟩ ,

= (−1)x̃0+x̃t ⟨0|T{ψh(xt)ψl(xt)ψ l(x0)ψh(x0)}|0⟩ .
(3.58)

From this point we can perform appropriate Wick contractions to rearrange the propagator terms

in the correlation function. We ignore the global phase terms which might arise from rearranging

the propagators in this way; we can correct for any final global phase term when we interface

with the aforementioned MILC code. Implementing Wick contractions in this way means that

this correlation function is equivalent to a light quark l propagating between its creation and

annihilation points of x0 and xt , and likewise for an heavy antiquark h. Writing out these Wick
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contractions and using equations 3.51 and 3.52 we can write the correlation function as

⟨H5
5 (xt)H

5†
5 (x0)⟩= (−1)x̃0+x̃t ⟨0|ψh(xt)ψ l(xt)ψ l(x0)ψh(x0) |0⟩ ,

= (−1)x̃0+x̃t ⟨0|ψh(x0)ψh(xt)ψ l(xt)ψ l(x0) |0⟩ ,

= (−1)x̃0+x̃t Tr
spin

[
γ5Sh†

F (xt ,x0)γ5Sl
F(xt ,x0)

]
,

= (−1)x̃0+x̃t Tr
spin

[
γ5Ω(x0)Ω†(xt) Tr

color

(
gh†(xt ,x0)

)
γ5 Tr

color

(
gl(xt ,x0)

)
Ω(xt)Ω†(x0)

]
,

= (−1)x̃0+x̃t Tr
spin

(
γ5Ω(x0)Ω†(xt)γ5Ω(xt)Ω†(x0)

)
Tr

color

(
gh†(xt ,x0)gl(xt ,x0)

)
.

(3.59)

In this equation we see operators which trace over both color and spinor indices. We have thus far

suppressed the implied spinor indices in the Feynman propagators and the γn matrices for the sake

of limiting notation, but we include the necessary trace over spin operator here. We can further

simplify the last line of equation 3.59 by considering how γµγ5 =−γ5γµ and the definition of Ω(x)

from equation 3.26. Doing so we can write that γ5Ω(x) = (−1)x̃Ω(x)γ5, and likewise we can write

γ5Ω†(x) = (−1)x̃Ω†(x)γ5. Therefore we have

⟨H5
5 (xt)H

5†
5 (x0)⟩= (−1)x̃0+x̃t (−1)x̃0+x̃t Tr

spinor

(
γ5γ5Ω(x0)Ω†(xt)Ω(xt)Ω†(x0)

)
Tr

color

(
gh†(xt ,x0)gl(xt ,x0)

)
,

= 4 Tr
color

(
gh†(xt ,x0)gl(xt ,x0)

)
,

(3.60)

where the trace over the spinor matrices gives us the factor of 4. From this equation we can see that

the two-point correlation function built from staggered quark propagators with ξ5 ⊗ γ5 spin-taste

structure has no phase term with lattice site dependency. This spin-taste structure describes the

local (not point-split) Goldstone heavy and light mesons H, Hs, π, and K that we will encounter in

this work. We will come to see however that, in order to eventually calculate vector and tensor form

factors for various meson decays, we will need two-point correlation functions of non-Goldstone

mesons.
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The first two-point correlation function with non-Goldstone spin-taste structure we might discuss is

built from the local current insertion H5t
5t (xt) =ψh(xt)γ5γ0⊗ξ5ξ0ψl(xt). The notation here indicates

spin taste structure where, like before, γ5 and ξ5 are indicated by the number 5 in the superscript

and subscript of the current insertion. We meanwhile follow the notation where for γn̸=5 and ξs ̸=5,

n,s ∈ (0,1,2,3) are indicated by (t,x,y,z) respectively. This meson current, like before, annihilates

a heavy meson at lattice time slice xt , but this time that meson has non-Goldstone spin-taste

structure.

To derive the phase dependency, we can use the relation that γmγn ⊗ ξrξs = γm ⊗ ξrγn ⊗ ξs. Ad-

ditionally we can say for γ0, ξ0 that the spin-taste vectors n = s = (1,0,0,0), n = s = (0,1,1,1).

Putting these relations together we arrive at

H5t
5t (xt) = ψh(xt)γ5γ0 ⊗ξ5ξ0ψl(xt),

= ψh(xt)γ5 ⊗ξ5γ0 ⊗ξ0ψl(xt),

= ψh(xt)(−1)x̃t (−1)x̃t−x0
t ψl(xt),

= (−1)x0
t ψh(xt)ψl(xt).

(3.61)

Following from this definition, we can find that the corresponding current H5t†
5t (x0)= (−1)x̃0

0ψ l(xt)ψh(xt)

creates that same meson at x0. Using the same techniques of Wick contractions and tracing over

spinor matrices in equations 3.59 and 3.60, we can construct the two-point correlation function of

the local non-Goldstone heavy meson H ′ as

⟨H5t
5t (xt)H

5t†
5t (x0)⟩= (−1)x0

0+x0
t ⟨0|ψh(x0)ψh(xt)ψ l(xt)ψ l(x0) |0⟩ ,

= (−1)x0
0+x0

t (−1)x̃0+x̃t 4 Tr
color

(
gh†(xt ,x0)gl(xt ,x0)

)
,

= (−1)x̃0+x̃t+x0
0+x0

t 4 Tr
color

(
gh†(xt ,x0)gl(xt ,x0)

)
.

(3.62)

We can see in this equation that this phase term encodes dependency on the lattice sites x0 and

xt . While the meson corresponding to this correlation function is non-Goldstone, the spin-taste

structure is still local. The next current insertion we can discuss is the non-local, point-split current

H5x
5 (xt) which has spin-taste structure γ5⊗ξ5ξ1. The implied identity spin matrix 1 has the vector

n = n = (0,0,0,0), while the taste vector in ξ1 is s = (0,1,0,0), and s = (1,0,1,1). We can define
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H5x
5 (xt) = ψhγ5 ⊗ ξ1ξ5ψl, having swapped the positions of ξ5ξ1 → ξ1ξ5. Doing so precipitates an

overall (not lattice site dependent) phase of −1, which we can promptly ignore. Implementing this

swap, and inserting the implied identity spin matrix 1 we can write

H5x
5 (xt) = ψh(xt)1γ5 ⊗ξ1ξ5ψl(xt),

= ψh(xt)1⊗ξ1γ5 ⊗ξ5ψl(xt),

= (−1)x̃t (−1)x̃t−x1
t ψh(xt)γ†

1 ψl(xt ⊕ (0,1,0,0)),

= (−1)x1
t ψh(xt)γ†

1 ψl(xt ⊕ 1̂).

(3.63)

In this formulation, the point-split fermions are joined by the (implicit) gauge link operator U1(xt)

in the direction of x1
t . The unit vector 1̂ likewise shares the x1

t direction. It is also important

to note that we pick up and then ignore an additional global (−1) phase term from γ†
1 (see

equation 3.53) in the third line of equation 3.63. For H5x
5 (x0) we likewise arrive at H5x†

5 (x0) =

(−1)x1
0ψ l(x0 ⊕ 1̂)γ1ψh(x0).

Constructing a two-point function with ⟨H5x
5 (xt)H5x

5 (x0)⟩ allows us to describe the non-local, non-

Goldstone heavy meson which we will denote as H ′′. We can do so utilizing equations 3.53 and

3.54, which implies the relations Ω(x⊕ 1̂) = (−1)x0γ1Ω(x) and likewise Ω†(x⊕ 1̂) = (−1)x0Ω†(x)γ†
1 .

Writing this out we get

⟨H5x
5 (xt)H5x

5 (x0)⟩= (−1)x1
0+x1

t ⟨0|ψh(x0)ψh(xt)γ†
1 ψ l(xt ⊕ 1̂)ψ l(x0 ⊕ 1̂) |0⟩ ,

= (−1)x1
0+x1

t Tr
spin

(
γ5Ω(x0)Ω†(xt)γ5γ†

1 Ω(xt ⊕ 1̂)Ω†(x0 ⊕ 1̂)γ1

)
× Tr

color

(
gh†(xt ,x0)gl(xt ⊕ 1̂,x0 ⊕ 1̂)

)
,

= (−1)x1
0+x1

t (−1)x̃0+x̃t (−1)x0
0+x0

t Tr
spin

(
Ω(x0)Ω†(xt)Ω(xt ⊕ 1̂)Ω†(x0 ⊕ 1̂)

)
× Tr

color

(
gh†(xt ,x0)gl(xt ⊕ 1̂,x0 ⊕ 1̂)

)
,

= (−1)x2
0+x2

t +x3
0+x3

t 4 Tr
color

(
gh†(xt ,x0)gl(xt ⊕ 1̂,x0 ⊕ 1̂)

)
.

(3.64)

This correlation function contains a point-split quark propagator, and a lattice site-dependent

phase term. Once again, we have suppressed the gluon link operators which are implied from the

point splitting.
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The final meson insertion we need is the non-local, non-Goldstone, point split Hyz
5t (xt) = ψhγ5γ0 ⊗

ξ2ξ3ψl(xt). The corresponding meson with γ5γ0 ⊗ξ2ξ3 spin-taste structure we can denote as H ′′′.

Here we have two instances of point-splitting, and so we will try be clear in our derivation where

terms cancel. We can write this meson current insertion as

Hyz
5t (xt) = ψh(xt)γ5γ0 ⊗ξ2ξ3ψl(xt),

= ψh(xt)γ5 ⊗ξ2γ0 ⊗ξ3ψl(xt),

= (−1)x̃t−x3
t ψhγ5 ⊗ξ2γ†

3 γ0ψl(xt ⊕ (1,0,0,1)),

= (−1)x̃t−x3
t (−1)x̃t−x2

t ψh(xt)γ†
2 γ5γ†

3 γ0ψl(xt ⊕ 1̂),

= (−1)−(x2
t +x3

t )ψh(xt)γ†
2 γ5γ†

3 γ0ψl(xt ⊕ 1̂),

= (−1)x2
t +x3

t ψh(xt)γ†
1 ψl(xt ⊕ 1̂),

=⇒ Hyz†
5t (x0) = (−1)x2

0+x3
0ψ l(x0 ⊕ 1̂)γ1ψh(x0).

(3.65)

Once again we take advantage of ignoring overall (−1) global phase terms, which in this case arise

from shifting the positions of gamma matrices and using γ5 = γ0γ1γ2γ3. The Euclidean metric gives

us some leniency as the matrices γµ are hermitian (γ†
µ = γµ). Finally then the two-point correlation

function for H ′′′ can be constructed as

⟨Hyz
5t (xt)H

yz†
5t (x0)⟩= (−1)x2

0+x3
0(−1)x2

t +x3
t ⟨0|ψh(x0)ψh(xt)γ†

1 ψ l(xt ⊕ 1̂)ψ l(x0 ⊕ 1̂)γ1 |0⟩

= (−1)x2
0+x3

0+x2
t +x3

t Tr
spin

(
γ5Ω(x0)Ω†(xt)γ5γ†

1 Ω(xt ⊕ 1̂)Ω†(x0 ⊕ 1̂)γ1

)
× Tr

color

(
gh†(xt ,x0)gl(xt ⊕ 1̂,x0 ⊕ 1̂)

)
= (−1)x2

0+x3
0+x2

t +x3
t (−1)x0

0+x0
t Tr

spin

(
γ5Ω(x0)Ω†(xt)γ5γ†

1 γ1Ω(xt)Ω†(x0)γ†
1 γ1

)
× Tr

color

(
gh†(xt ,x0)gl(xt ⊕ 1̂,x0 ⊕ 1̂)

)
= (−1)x̃0−x1

0+x̃t−x1
t (−1)x̃0+x̃t Tr

spin

(
Ω(x0)Ω†(xt)Ω(xt)Ω†(x0)

)
× Tr

color

(
gh†(xt ,x0)gl(xt ⊕ 1̂,x0 ⊕ 1̂)

)
= (−1)x1

0+x1
t 4 Tr

color

(
gh†(xt ,x0)gl(xt ⊕ 1̂,x0 ⊕ 1̂)

)

(3.66)



3.5. Correlation functions on the lattice 57

J

π H

l̄ h̄

l

t

t0

T

Figure 3.2: Sample diagram of a three-point correlation function. A pion is created at time t0.
Some current insertion J is inserted at time t0 + t, which annihilates l and creates h. A heavy
meson is then annihilated at time t0 +T .

3.5.3 Three-point correlation functions

In the previous section, we explored the current insertions which acted as meson operators in

two-point correlation functions. The meson operators of interest to us in this work are J ∈

{H(s),H ′
(s),H

′′
(s),H

′′′
(s),π,K}. Moving forward, we will refer to these current insertions strictly as

meson operators, and reserve the term current insertion to the scalar, vector, and tensor current

insertions (J ∈ {S,V,T}) which we will construct in this section.

Figure 3.2 gives a sample diagram of a three point correlation function for a heavy meson H, a

light meson π, and some current insertion J. The mesons are separated on the lattice by some

length T , while the source meson and current insertion are separated by some smaller length t

such that t < T . The implied time reversal in this figure (π → H rather than H → π) is explained

in section 3.5.5. For now, we may trust the fact that QCD is symmetric under time reversal and

so none of the corresponding physics should meaningfully change.
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The first current insertion we can discuss in this context is the most simple: the scalar current

insertion S(xt) = ψ l(xt)ψh(xt), where we do not include the implied 1⊗1 spin-taste structure. We

can say for this scalar current insertion that, at xt , a light antiquark is annihilated and a heavy

antiquark is created. To construct a three-point correlation function, we follow a similar procedure

as before using Wick contractions and spin-taste identities. We also choose the meson operators

H5
5 and π5

5 which both have Goldstone spin-taste structure γ5⊗ξ5. If we wish to insert a pion at x0,

a scalar current at xt , and a heavy meson at xT , we can construct the namesake scalar three-point

correlation function as

⟨H5
5 (xT )S(xt)π5†

5 (x0)⟩= (−1)x̃0+x̃T ⟨0|ψh(xT )ψ l(xT )ψ l(xt)ψh(xt)ψ l(x0)ψ l(x0) |0⟩

= (−1)x̃0+x̃T ⟨0|ψh(xt)ψh(xT )ψ l(xt)ψ l(x0)ψ l(x0)ψ l(xt) |0⟩

= (−1)x̃0+x̃T Tr
spin

(
γ5Sh†

F (xT ,xt)γ5Sl
F(xT ,x0)γ5Sl†

F (xt ,x0)γ5

)
,

= (−1)x̃0+x̃T Tr
spin

(
γ5Ω(xt)Ω†(xT )γ5Ω(xT )Ω†(x0)γ5Ω(x0)Ω†(xt)γ5

)
× Tr

color

(
gh†(xT ,xt)gl(xT ,x0)gl†(xt ,x0)

)
,

= (−1)x̃0+x̃T (−1)x̃0+x̃T Tr
spin

(
Ω(xt)Ω†(xT )Ω(xT )Ω†(x0)Ω(x0)Ω†(xt)

)
× Tr

color

(
gh†(xT ,xt)gl(xT ,x0)gl†(xt ,x0)

)
,

= 4 Tr
color

(
gh†(xT ,xt)gl(xT ,x0)gl†(xt ,x0)

)
.

(3.67)

Like in the case of two-point correlation functions, we can shift the position of spinor components

and only pick up global phase terms, which we again ignore. Like the meson operators with γ5⊗ξ5

spin-taste structures, we can see that the scalar three-point correlation function also has no lattice

site dependent phase term.

The next current insertion we can examine is the temporal vector current insertion V 0(xt) =

ψ l(xt)γ0 ⊗ ξ0ψh(xt). We stress the term “temporal” here because the raised index 0 denotes the

x0 direction on the lattice, which we call the temporal dimension. The spin and taste vectors in

this case are then n = s = (1,0,0,0), n = s = (0,1,1,1). We can likewise define a spatial vector

current insertion as V 1(xt) = ψ l(xt)γ1 ⊗ ξ1ψh(xt), with spin and taste vectors n = s = (0,1,0,0)

and n = s = (1,0,1,1). We treat the three spatial dimensions of lattice identically, and so any
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correlation function built from the current insertions V 2(xt) and V 3(xt) would be equivalent to

those we build from V 1(xt). Following the same techniques as before, we can convert spin-taste

operators into relative phase terms for both vector currents and write that

V 0(xt) = ψ l(xt)γ0 ⊗ξ0ψh(xt),

= (−1)x̃t−x0
t ψ l(xt)ψh(xt),

V 1(xt) = ψ l(xt)γ1 ⊗ξ1ψh(xt),

= (−1)x̃t−x1
t ψ l(xt)ψh(xt).

(3.68)

Focusing first now on the temporal vector three-point correlation function, we may use the same

pion as the scalar case with γ5 ⊗ ξ5 spin-taste structure. However, to ensure the conservation of

quantum numbers and canceling of taste terms, we use the H ′ heavy meson with γ0⊗ξ0 spin taste

structure to build the temporal vector three-point correlation function. Doing so, we arrive at

⟨H5t
5t (xT )V 0(xt)π5†

5 (x0)⟩= (−1)x0
T+x̃t−x0

t +x̃0 ⟨0|ψh(xt)ψh(xT )ψ l(xT )ψ l(x0)ψ l(x0)ψ l(xt) |0⟩ ,

= (−1)x0
T+x̃t−x0

t +x̃0(−1)x̃T+x̃04 Tr
color

(
gh†(xT ,xt)gl(xT ,x0)gl†(xt ,x0)

)
,

= (−1)x̃t+x̃T−x0
t −x0

T 4 Tr
color

(
gh†(xT ,xt)gl(xT ,x0)gl†(xt ,x0)

)
.

(3.69)

Intuitively, the temporal vector three-point correlation function has phase dependency in the

temporal dimension lattice sites.
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Deriving the right equation for the spatial vector three-point correlation function is not as simple,

and so we show the steps more thoroughly. While we can still use the Goldstone pion as before,

we need the non-Goldstone point-split heavy meson H ′′ ≡ H5x
5 (xT ) to use in tandem with V 1(xt).

Putting these operators together we have

⟨H5x
5 (xT )V 1(xt)π5†

5 (x0)⟩= (−1)x1
T+x̃t−x1

t +x̃0 ⟨0|ψh(xT )γ†
1 ψ l(xT ⊕ 1̂)ψ l(xt)ψh(xt)ψ l(x0)ψ l(x0) |0⟩

= (−1)x̃0+x̃t+x1
T−x1

t ⟨0|ψh(xt)ψh(xT )γ†
1 ψ l(xT ⊕ 1̂)ψ l(x0)ψ l(x0)ψ l(xt) |0⟩

= (−1)x̃0+x̃t+x1
T−x1

t Tr
spin

(
γ5Ω(xt)Ω†(xT )γ5γ†

1 Ω(xT ⊕ 1̂)Ω†(x0)γ5Ω(x0)Ω†(xt)γ5

)
× Tr

color

(
gh†(xT ,xt)gl(xT ⊕ 1̂,x0)gl†(xt ,x0)

)
= (−1)x̃0+x̃t+x0

T+x1
T−x1

t Tr
spin

(
γ5Ω(xt)Ω†(xT )γ5Ω(xT )Ω†(x0)γ5Ω(x0)Ω†(xt)γ5

)
× Tr

color

(
gh†(xT ,xt)gl(xT ⊕ 1̂,x0)gl†(xt ,x0)

)
= (−1)x̃0+x̃t+x0

T+x1
T−x1

t (−1)x̃0+x̃T Tr
spin

(
Ω(xt)Ω†(xT )Ω(xT )Ω†(x0)Ω(x0)Ω†(xt)

)
× Tr

color

(
gh†(xT ,xt)gl(xT ⊕ 1̂,x0)gl†(xt ,x0)

)
= (−1)x̃t−x1

t +x2
T+x3

T 4 Tr
color

(
gh†(xT ,xt)gl(xT ⊕ 1̂,x0)gl†(xt ,x0)

)
(3.70)

Like the temporal case, we can see here in the phase term that the spatial vector three-point

correlation function has dependency on spatial dimension lattice sites. Both the temporal and

spatial vector three-point functions here can be used to eventually calculate vector form factors;

in chapters 4 and 5 we discuss cases where either or both are useful.

Finally then, with the aim of calculating tensor form factors, we need a three-point correlation

function which contains a tensor current insertion T 0k. The tensor current insertion can have

different spin-taste structures γ0γk ⊗ ξ0ξk where k ∈ {1,2,3}. A value of k = 1 is the only option

we use in this work, and so we shorten our notation such that T 01 ≡ T . We can therefore write

T (xt) = ψ l(xt)γ0γ1 ⊗ξ0ξ1ψh(xt),

= ψ l(xt)γ0 ⊗ξ0γ1 ⊗ξ1ψh(xt),

= (−1)x0
t +x1

t ψ l(xt)ψh(xt).

(3.71)
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As alluded to before, we need the H ′′′ meson with γ5γ0 ⊗ξ2ξ3 spin-taste structure to construct a

correlation function with the same Goldstone pion and tensor current insertion. Doing so we get

⟨Hyz
5t (xT )T (xt)π5†

5 (x0)⟩= (−1)x̃0+x0
t +x1

t +x2
T+x3

T ⟨0|ψh(xt)ψh(xT )γ†
1 ψ l(xT ⊕ 1̂)ψ l(x0)ψ l(x0)ψ l(xt) |0⟩ ,

= (−1)x̃0+x0
t +x1

t +x2
T+x3

T Tr
spin

(
γ5Ω(xt)Ω†

h(xT )γ5γ†
1 Ω(xT ⊕ 1̂)Ω†(x0)γ5Ω(x0)Ω†(xt)γ5

)
× Tr

color

(
gh†(xT ,xt)gl(xT ⊕ 1̂,x0)gl†(xt ,x0)

)
,

= (−1)x̃T−x1
T+x0

t +x1
t Tr

spin

(
Ω(xt)Ω†

h(xT )Ω(xT )Ω†(x0)Ω(x0)Ω†(xt)
)

× Tr
color

(
gh†(xT ,xt)gl(xT ⊕ 1̂,x0)gl†(xt ,x0)

)
,

= (−1)x̃T−x1
T+x0

t +x1
t 4 Tr

color

(
gh†(xT ,xt)gl(xT ⊕ 1̂,x0)gl†(xt ,x0)

)
.

(3.72)

Here and in the spatial vector case, we again note that we have suppressed the gauge link terms

U1(xT ) which would appear with the point-split staggered quark propagator.
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3.5.4 Spin-taste structure summary

In this section we provide a condensed summary of the spin-taste structures and correlation

functions discussed in the previous sections. We include notation here to indicate where we might

swap a light quark propagator for a strange quark propagator. To begin, the meson operators and

current insertions (which we might also call HISQ quark bilinears) in this work are as follows:

H(s) : H5
(s),5 = ψh(γ5 ⊗ξ5)ψl(s),

H ′
(s) : H5t

(s),5t = ψh(γ5γ0 ⊗ξ5ξ0)ψl(s),

H ′′
(s) : H5x

(s),5 = ψh(γ5 ⊗ξ5ξ1)ψl(s),

H ′′′
(s) : Hyz

(s),5t = ψh(γ5γ0 ⊗ξ2ξ3)ψl(s),

π(K) : π(K)5
5 = ψ l(γ5 ⊗ξ5)ψl(s),

S = ψhψl,

V 0 = ψh(γ0 ⊗ξ0)ψl,

V 1 = ψh(γ1 ⊗ξ1)ψl,

T = ψh(γ1γ0 ⊗ξ1ξ0)ψl.

(3.73)

For any meson operator, its corresponding two point correlation functions are constructed identic-

ally: using H5
5 for example we have ⟨H5

5 (xt)H
5†
5 (x0)⟩. Moving on, the ordering of quark bilinears

in three-point correlation functions is important, so we will not generalize. We label our required

three-point correlation functions by their current insertion J ∈{S,V 0,V 1,T}. Their forms for H → π

are given by5

Scalar: ⟨H5
5 (xT )S(xt)π5†

5 (x0)⟩,

Temporal Vector: ⟨H5t
5t (xT )V 0(xt)π5†

5 (x0)⟩,

Spatial Vector: ⟨H5x
5 (xT )V 1(xt)π5†

5 (x0)⟩,

Tensor: ⟨Hyz
5t (xT )T (xt)π5†

5 (x0)⟩.

(3.74)

5. Technically these functions describe π → H, but the symmetries of QCD make correcting this difference trivial.
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The strange spectator quark equivalent of the above functions are made simply by swapping

H →Hs and π →K. In the next section it will be useful to generalize two and three-point correlation

functions as

C2(xt ,x0) = (−1)ϕ2(x0,xt) Tr
color

(
gh†(xt ,x0)gl(xt ,x0)

)
, (3.75)

C3(xT ,xt ,x0) = (−1)ϕ3(x0,xt ,xT ) Tr
color

(
gh†(xt ,xT )gl(xT ,x0)gl†(xt ,x0)

)
. (3.76)

Here (−1)ϕ2(x0,xt) and (−1)ϕ3(x0,xt ,xT ) are the specific lattice site dependent phase terms which

encode the spin-taste structure of a specified two or three-point correlation function. Equation

3.75 describes a heavy meson with heavy-light valence quark content, and equation 3.76 describes

the H → π. We will stick with these general forms of equations 3.75 and 3.76 for now, but again

note that changing the flavor of the spectator quark from l → s precipitates functions which

describe Hs, K, and Hs → K.

3.5.5 Random wall sources

Seeing as kinematic form factors are of interest to this work, we must have a robust methodology

for imparting momentum into our lattice simulations. We have already discussed twisted boundary

conditions [57] in section 3.3.5, but it is useful to develop those ideas further in the context of

our staggered quark propagators and their corresponding correlation functions. Through a Fourier

transform, we can recover mesons in momentum eigenstates which have three-momentum p⃗. Using

the technique of twisted boundary conditions we can impart momentum onto a single quark.

Therefore the Fourier transform of the generic two point function (equation 3.75) can be written

as

C̃ p⃗
2 (t0, t0 + t) =

1
N3

x
∑

x⃗t ,⃗x0

e−ip⃗·(⃗x0−⃗xt)C2(xt ,x0), (3.77)

where we have slightly altered our notation such that x0
0 ≡ t0, and x0

t ≡ t0+ t. Solving this equation

requires staggered quark propagators for all x0 and xt options on the lattice. Unfortunately, this

leads to increases in computation time proportional to two times the volume of the lattice squared.

We address this problem through the implementation of random wall sources. Doing so introduces
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random noise into our correlation functions, but it does significantly reduce computation time.

We implement random wall sources by first introducing the following new propagators:

Pl,p⃗(xt , t0)≡
1√
N3

x
∑⃗
x0

eip⃗·(⃗x0−⃗xt)(−1)ϕ2(x0,0)Φ(⃗x0)gl(xt ,x0), (3.78)

Ph,p⃗†(xt , t0)≡
1√
N3

x
∑⃗
x0

e−ip⃗·(⃗x0−⃗xt)gh†(xt ,x0)Φ†(⃗x0). (3.79)

Here we include the term Φ(⃗x0), which is a field of random complex color vectors that act on

the spatial components of t0 [76, 77]; different choices of Φ(⃗x0) are made for each gauge field

configuration. For some function f (⃗x, x⃗′), this random color field has the property

⟨ f (⃗x, x⃗′)Φ†(⃗x′)Φ(⃗x)⟩= δ⃗x′ ,⃗x f (⃗x, x⃗′). (3.80)

We also note that the source’s spin-taste phase term only needs to be applied to one quark

propagator. With these new random color wall propagators, we can define a new construction ρ2

as

ρ2 = ∑⃗
xt

(−1)ϕ2(0,xt) Tr
color

(
Ph,p⃗†(xt , t0)Pl,p⃗(xt , t0)

)
. (3.81)

Expanding the random color wall propagators in this equation and giving momentum only to the

light quark, we can see that this construction is equal to the Fourier transform of a two-point

correlation function:

ρ2 =
1

N3
x
∑⃗
xt

(−1)ϕ2(0,xt) Tr
color

∑⃗
x′0

e−ip⃗·(⃗x′0−⃗xt)(−1)ϕ2(x′0,0)gh†(xt ,x′0)Φ
†(⃗x′0)∑⃗

x0

Φ(⃗x0)gl(xt ,x0)

 ,

=
1

N3
x
∑⃗
xt

(−1)ϕ2(0,xt) ∑
x⃗′0 ,⃗x0

e−ip⃗·(⃗x′0−⃗xt)(−1)ϕ2(x′0,0) Tr
color

(
gh†(xt ,x′0)Φ

†(⃗x′0)Φ(⃗x0)gl(xt ,x0)
)
,

=
1

N3
x

∑
x⃗t ,⃗x0

(−1)ϕ2(x0,xt)e−ip⃗·(⃗x0−⃗xt) Tr
color

(
gh†(xt ,x′0)g

l(xt ,x0)
)
,

= C̃ p⃗
2 (t0, t0 + t).

(3.82)
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We have made two substitutions in this derivation. First, we note that (−1)ϕ2(a,b) = (−1)ϕ2(a,0)×

(−1)ϕ2(0,b). Second, we implement the two-component dummy variable x′0 = (x0
0, x⃗

′
0), where only

the second component is also a dummy variable. Arriving at ρ2 = C̃ p⃗
2 (t0, t0 + t) means that we

can produce quark propagators on random color walls Φ(x), impart momentum and a lattice site

dependent phase to a single quark at the source, and then destroy those quark propagators while

inserting the relative phase at the sink. Importantly, these quark propagators can all be grouped

together at the source by taking the average over the random color walls.

Tying propagators together in this way is less resource-demanding than calculating g(x,y), which

is an all-to-all propagator. That calculation would require us to solve an equation of the form

g(x0, x⃗,y0, y⃗) = ∑
z0 ,⃗z

D−1(x0, x⃗,z0 ,⃗z)δ 3(⃗y− z⃗)δ (y0 − z0)

= ∑⃗
z

D−1(x0, x⃗,y0 ,⃗z)δ 3(⃗y− z⃗)
(3.83)

The problem becomes clear when we assign indices a,b,c to the three spatial coordinates. In doing

so, equation 3.83 implies that

gac(x0,y0) = D−1
ab (x

0,y0)δbc (3.84)

Here, we need to invert the matrix D off of the source vector for every choice of index c, of which

there are N3
x permutations. This inversion of D is made difficult because, besides the 1 in the c

position, all of the source vector’s elements equal 0. We are spared this challenge however by the

insertion of random color walls: the propagator instead becomes

P(x0, x⃗,y0) = ∑⃗
y

(
∑
z0 ,⃗z

D−1(x0, x⃗,z0 ,⃗z)δ 3(⃗y− z⃗)δ (y0 − z0)Φ(⃗y)

)

= ∑⃗
z

D−1(x0, x⃗,y0 ,⃗z)Φ(⃗z)

(3.85)

Reintroducing the spatial coordinate indices, equation 3.85 likewise implies that

Pa(x0,y0) = D−1
ab (x

0,y0)Φb (3.86)
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where Φb is a random wall vector, the inclusion of which in this equation merges the many N3
x in-

versions we see in equation 3.84 into just a single inversion. This significantly reduces computation

time, with the trade off of introducing random noise.

Having tackled two-point correlation functions, let us now address three-point correlation func-

tions. Now source phase and momentum is instead given to the light antiquark l. Meanwhile the

light spectator quark l propagator acts as an extended source for the h propagator. That is to say,

the l serves as a source to generate the h. Taking the Fourier transform of the generic three-point

correlation function (equation 3.76) we get

C̃ p⃗
3 (t0, t0 + t, t0 +T ) =

1
N3

x
∑

x⃗T ,⃗xt ,⃗x0

e−ip⃗·(⃗x0−⃗xt)C3(xT ,xt ,x0). (3.87)

Because we only apply momentum to the light antiquark, which propagates from t0 + t to t0, xT

only appears in the Fourier transform as an argument in C3(xT ,xt ,x0). In the context of a three-

point correlation function, we can define the random color wall propagators for the light quark

and light antiquark propagators as

Pl,p⃗(xT , t0)≡
1√
N3

x
∑⃗
x0

eip⃗·(⃗x0−⃗xT )(−1)ϕ3(x0,0,0)Φ(⃗x0)gl(xT ,x0), (3.88)

Pl,p⃗†(xt , t0)≡
1√
N3

x
∑⃗
x0

e−ip⃗·(⃗x0−⃗xt)gl†(xt ,x0)Φ†(⃗x0). (3.89)

For our extended source h, we can likewise define its random color wall propagator as

Ph,p⃗h p⃗l†
ext. (xt , t0, t0 +T )≡ ∑⃗

xT

e−ip⃗·(⃗xt−⃗xT )(−1)ϕ3(0,0,xT )gh†(xt ,xT )Pl,p⃗l(xT , t0). (3.90)
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Like the two-point correlator case, we can propose a construction ρ3 comprised of random color

wall propagators which equals the Fourier transform of the generic three-point correlation function,

giving source phase and momentum to the light spectator quark:

ρ3 = ∑⃗
xt

(−1)ϕ3(0,xt ,0) Tr
color

(
Ph,⃗0,⃗0†

ext. (xt , t0, t0 +T )Pl,p⃗†(xt , t0)
)
,

=
1

N3
x
∑⃗
xt

(−1)ϕ3(0,xt ,0) Tr
color

(
(−1)ϕ3(0,0,xT )gh†(xt ,xT )

× ∑
x⃗′0 ,⃗x0

e−ip⃗·(⃗x0−⃗xt)(−1)ϕ3(x0,0,0)Φ(⃗x′0)g
l(xT ,x′0)g

l†(xt ,x0)Φ†(⃗x0)

)
,

=
1

N3
x

∑
x⃗T ,⃗xt ,⃗x0

(−1)ϕ3(x0,xt ,xT )e−ip⃗·(⃗x0−⃗xt) Tr
color

(
gh†(xt ,xT )gl(xT ,x0)gl†(xt ,x0)

)
,

= C̃ p⃗
3 (t0, t0 + t, t0 +T ).

(3.91)

From this equation we can see how its possible to take the same heavy and light propagators from

our two-point correlation functions and reuse them in the corresponding three-point function.

We still however need the extended source generated propagator for the case of the three-point

function. Because it is cheaper to generate heavier quarks on the lattice than light quarks, we

only regenerate h off of the extended source l. The ability to reuse quark propagators in this

way is actually the reason why we construct our three-point correlators “backwards”. Notice from

figure 3.2 that we do not place the heavy meson at t0 and the pion at t0 +T to intuitively match

the meson decay of interest: H → π. Instead we swap their positions, such that the spectator

light quark acts as an extended source in generating the heavy antiquark. Fortunately, QCD is

symmetrical in time; and so performing the time reversal whenever it is necessary is trivial on our

pure QCD lattices.

3.5.6 Opposite parity states

As a final note to end this chapter, it is worth noting a peculiar phenomenon which emerges

from the HISQ action. We have already seen how the doubling problem and spin-taste structure

manifests as phase terms in the equations of correlation functions. As a consequence, we expect

our lattice correlation function to have an oscillating phase term (−1)t . Recall that it is not just
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the lattice equivalent of a ground state physical pion which couples to the correlation function,

but all states with matching quantum numbers (see equations 2.41 and 2.42). With no oscillating

phase term, the coupled states would include some ground state meson and a theoretically infinite

tower of radially excited states, all with otherwise identical quantum numbers. With the inclusion

of this oscillating phase term however, we now also expect states which differ in having opposite

parity to couple to the given correlation function [78]. For this reason, we might refer to these

opposite parity states as oscillating states.

We can expect oscillating states to couple to all of our lattice two and three-point correlation

functions, with one exception. Appendix D in [12] discusses how there is no oscillating term in

the correlation function of an at rest meson composed of a light quark and an antiquark with

degenerate masses. The quark and antiquark are created by the same field, and the only means by

which they would have an interaction (which would have an amplitude), would be from annihilation

or the emission of a highly off shell gluon. Such gluons are removed by the contact terms in the

HISQ action. Therefore we do not expect any oscillating states to couple to the correlation function

for a pion with zero three-momentum.



Chapter 4

Fitting Correlation Functions

In this chapter, we cover the fundamentals and methodology of fitting correlation functions. It

is through fitting correlation functions that we extract the ground state energies and amplitudes

which are required for form factor calculation, which we explore in chapter 5. The methods we

describe here apply, unless otherwise noted, for both the H → π and Hs → K meson decays.

The meson decay-specific materials which relate to fitting correlation functions, such as tables of

decay-specific priors, are given in chapters 6 and 7.

4.1 The fundamentals of correlator fitting

4.1.1 Fit equations

From the previous chapter we now have explored two different descriptions of correlation functions.

The first of these defines the correlation function of some meson M in terms of a number of

exponential Nexp which we can label as i ∈ [0,Nexp), energies EM
i , and amplitudes AM

i . The second

description defined the correlation function in terms of quark propagators, and phases which relate

to a meson’s spin-taste structure. The form our generated correlator data takes is the latter of

69
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these two, and by equating the two definitions of the correlation function we can fit this correlator

data to the fit form prescribed by the former. Equations 4.1 and 4.2 give the expected fit forms for

our two and three-point correlation functions. We can first explore the fit form for the two-point

correlation function, which following from equation 2.41 is given by

CM
2 (t) =

Nexp−1

∑
i=0

(
|AM,n

i |2(e−EM,n
i t + e−EM,n

i (Nt−t))− (−1)t |AM,o
i |2(e−EM,o

i t + e−EM,o
i (Nt−t))

)
(4.1)

Here we can discuss the various terms that appear in these fit forms. First we again note that

the lattice operators used to generate the correlator data couple not only to some ground state

of energy EM
i=0, but to an infinite tower of excited energy states EM

i for all i ≥ 0. In our correlator

fitting we limit the number of exponentials to some number Nexp, hence the sum over some number

of states i∈ [0,Nexp). In section 4.7.1 we discuss how we determine an appropriate value for Nexp. We

have also defined the amplitude term AM
i equal to the matrix element divided by 2EM

i (see equation

2.41). For a lattice with finite dimensions, we must also consider the periodic boundary conditions

we impose on that lattice. Such conditions necessitate the presence of some meson at the temporal

end of the lattice Nt moving backwards (decreasing t) towards the opposite end t0. The forwards and

backwards propagating states are physically equivalent, and likewise share the same amplitudes

and energies. Therefore in equation 4.1 exponentials with powers −Eit correspond to forward

propagating states, while those with powers −Ei(Nt − t) correspond to backwards propagating

states. Finally, as discussed in section 3.5.6, meson states with opposite parity manifest in the

correlation function as states whose phases oscillate in time t/a (or simply t in equations 4.1

and 4.2 where the factor of the unit lattice length a is implied). Energies and amplitudes that

correspond to such oscillating states have superscripts o, while negative parity, non-oscillating

states have superscripts n. A sample two-point correlator plot is given in figure 4.1, where we plot

the log of the correlator and find the expected exponential behavior.
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Figure 4.1: Sample H and π log(CM
2 ) plot on the f5 ensemble. Data shown for t/a ∈ [0,Nt/2] for

Nt/2 = 48. Error bars are too small to be visible. Both the heavy meson H and light meson π have
Goldstone pseudoscalar spin taste structure γ5⊗ξ5. The heavy quark in H has mass amh = 0.675,
and the light meson has twist θ = 1.282, which is related to momentum via equation 4.10.

We can now go on to discuss the fit form of the three-point correlation function given by

CM1,M2
3 (t,T ) =

Nexp−1

∑
i, j=0

(
AM1,n

i Jnn
i j AM2,n

j e−EM1,n
i te−EM2,n

j (T−t)

− (−1)(T−t)AM1,n
i Jno

i j AM2,o
j e−EM1,n

i te−EM2,o
j (T−t)

− (−1)tAM1,o
i Jon

i j AM2,n
j e−EM1,o

i te−EM2,n
j (T−t)

+(−1)T AM1,o
i Joo

i j AM2,o
j e−EM1,o

i te−EM2,o
j (T−t)).

(4.2)

In a three-point correlation function we have two mesons M1 and M2 which propagate (both

forward and backwards) from t0 or T respectively, where T is the source-sink separation of the

meson propagators (sometimes called the width of a three-point correlator), and at each t we insert

the current J. The temporal region t0 ≤ t ≤ T corresponds to the physical meson decay in which we

are interested. The signal within that region will be dominated by M1 propagating forwards from

t0, and M2 propagating backwards from T . For a small enough width T and large enough temporal

lattice length Nt , any signal arising from periodic boundary conditions will have decayed before it
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Figure 4.2: Sample H → π, log(CS
3) plot on the f5 ensemble. Error bars are too small to be

visible. These three point correlators correspond to a scalar current insertion, a heavy quark mass
amh = 0.675, and a light meson with twist θ = 1.282, which is related to momentum via equation
4.10. Four correlators with different values of source-sink separation T are shown.

contaminates the t0 ≤ t ≤ T region. Figure 4.2 provides a sample three-point log-correlator plot,

which likewise shows the expected exponential behavior. The fit forms (equations 4.1 and 4.2) act

as the model correlation functions Cfit
2 and Cfit

3 which we utilize in our augmented least squares

fitting approach, which we discuss in the following subsection.

4.1.2 Bayesian fitting

For this research, we utilize a Bayesian fitting approach [79], where we effectively increase the

sum of data we fit with the inclusion of a priori estimates of all fit parameters. We are motivated

to take such an approach because we have some physics knowledge, to which we expect the data

to adhere, that we wish to include in our analysis. In this procedure we augment the normal χ2

equation one might expect to minimize in least squares fitting such that χ2 → χ2
aug = χ2 + χ2

prior.

The priors we insert into correlator fitting are gaussian variables, such that for some parameter X

we write that its prior P[X ] = X̃ ± σ̃X , where X̃ is the prior’s central value and σ̃X is its gaussian
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standard deviation (or uncertainty, which we colloquially use interchangeably). We utilize the

gvar package [80] throughout this work to manage these priors. Among other things, this package

allows the user to store and operate with gaussian random variables, and preserves the statistical

correlations among such variables.

The application of this approach to correlator fitting specifically is well demonstrated in [81],

whose notation we also follow. Considering a generic two-point correlator fit, we can then write

the equation for χ2
aug as

χ2
aug(Ei,Ai) = ∑

t,t ′
∆C2(t)σ−2

t,t ′ ∆C2(t ′)+∑
i

(Ei − Ẽi)
2

(σ̃Ei)
2 +∑

i

(Ai − Ãi)
2

(σ̃Ai)
2 . (4.3)

Here the second and third terms constitute χ2
prior, while the first term in equation 4.3 is the

standard term one might expect in least squares fitting. To simplify the equation we define

∆C2(t) =Cdata
2 (t)−Cmodel

2 (t,Ei,Ai), (4.4)

where Cdata
2 (t) is the averaged value of a Monte Carlo correlation function (the data) at t, and

Cmodel
2 (t,Ei,Ai) is the value of the model correlation function as defined by 4.1 at t. It is the

parameters in the model correlation function that are iterated upon by the fitter such that χ2 is

minimized. In the first term of equation 4.3 we also find the normalized covariance matrix1 σt,t ′ ,

which we define as

σ2
t,t ′ =Cdata

2 (t)Cdata
2 (t ′)−Cdata

2 (t) Cdata
2 (t ′). (4.5)

1. Another name for the normalized covariance matrix is the correlation matrix. For the sake of not adding another
“correlate”-containing phrase to this work (correlation function, correlator data, statistical correlations) we prefer
the more clear, if somewhat clunky, ”normalized covariance matrix”.
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From the construction of χ2
prior we can predict how the assignment of priors might affect the

minimization of χ2
aug. For smaller, or more narrow prior uncertainties, the fitter is more strongly

penalized when the fit parameter differs from the central value of its matching prior. Meanwhile, if

a prior’s uncertainty is relatively large, then the minimization of χ2
aug will be relatively less sensitive

to that prior’s central value. Sections 4.3, 4.4, and 4.5 discuss our methods of prior determination

extensively. Implementing priors in this way also prevents cases where the data alone would not

prevent unbounded uncertainties on fit posteriors.

All of our correlator fitting is handled using the corrfitter package [82]. This package integrates

our Bayesian fitting approach to correlator fitting, and encompasses/is a wrapper for the lsqfit

package [83]. Both these packages utilize the gvar package such that fit parameter uncertainties

and correlations are accounted for during the fitting process.

4.2 Partitioning the correlator fit

4.2.1 Motivation

While the computational resources we have access to for this research are generous, they are not

sufficient to fit the sum of our correlator data simultaneously. Increasing the size of correlator data

included in a fit will non-linearly increase the computing time of a fit. For this work, attempts

to simply fit all H → π (or Hs → K) correlator data simultaneously exceeded the allowed clock-

time per job submitted to the Cambridge/DiRAC computer cluster we use. Perhaps the most

significant contributor to correlator fit computation time is the inversion of the data covariance

matrix (recall the term σ2
t,t ′ in equation 4.3), especially when data is both highly precise and

correlated [84, 85, 86, 87]. There are a number of techniques we can utilize that can reduce the

resources needed to calculate σ−2
t,t ′ [88], the testing and implementation of which we discuss here

and in the following sections.
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Perhaps the most direct approach we can take to reduce the computation time needed to invert

the covariance matrix is to separate the fitting routine into distinct parts. This is to say, to not fit

all Monte Carlo correlator data simultaneously, but to partition the fit such that the absolute size

of the covariance matrix is reduced. This approach is analogous to the diagonal approximation

discussed in [88, 89], where off diagonal elements in the covariance matrix are set equal to zero. In

either case, the time needed to invert the covariance matrix is reduced. Naturally, a partitioned

fit approach will not account for any statistical correlations among separately fit data. However if

the statistical correlations among separately fit data are relatively large, we could jeopardize the

validity of our fit results; the χ2s of the separate fits would be underestimated. Therefore if we

can determine which groupings of correlator data have relatively small statistical correlations with

other grouping of correlator data, we can partition our fit routine along the lines that differentiate

those groupings.

From this point onward, it will be useful to talk about statistical correlations among the fit para-

meters (energies and amplitudes) rather than our Monte Carlo correlator data. These parameters,

as determined by the augmented least squares fit, acquire statistical correlations from the cor-

relator data input into equation 4.3. These fit parameters are therefore useful proxies we can

use to investigate covariance matrices. It is also important to note that, for this discussion, we

only investigate the correlations among the ground state (i = 0) parameters, and do not analyze

correlations among non-ground state (i > 0) parameters.

Per meson decay (two: H → π, Hs → K), per ensemble (five: f5, fphys, sf5, sfphys, uf5), we can cat-

egorize fit parameters by heavy quark mass amh, twist angle θ (related to meson three-momentum

p⃗ via equation 4.10), and meson or current insertion spin-taste structure (equation 3.73). Our

three-point correlator data does also vary by source-sink separation T . We do not however con-

sider source-sink separation as a dimension though which to partition our fit routine. This is

because, for a constant heavy quark mass, twist, and current insertion, varying T does not change

which current insertions Jkl
i j (amh,θ) are determined by the fitter.
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4.2.2 Analyzing normalized covariance matrices

Let us now explore some test fits and their resultant normalized covariance matrices to determine

where it might be best to partition our fitting routine. Consider the matrix presented in figure

4.3. Here we present a normalized covariance matrix as a stylized heatmap, which makes it easier

to visually spot clusters of inter-correlating parameters. In this figure we can see the relative

correlations among heavy mesons energies EH of two different spin-taste structures2, and the

matching3 scalar and temporal vector current insertion amplitudes S, V 0. While the twist angle

θ = 0.0 is constant for all parameters, the mass of the heavy quark is varied.

In figure 4.3 we can immediately spot the pattern of 3×3 squares which correspond to the three

different heavy quark masses present in the test fit. The four 3×3 blocks along the diagonal show

the extent of relative correlations among parameters of matching meson spin-taste or current

insertion. These statistical correlations are relatively higher than elsewhere in the sample matrix.

Should heavy quark mass be the candidate dimension along which to partition the fit function,

these statistical correlations would be lost, and we might invalidate the results of our least squares

fit. In this test fit and in others across all ensembles and both meson decays, we see this consistent

relationship among fit parameters of shared twist and spin-taste structure, but varying heavy

quark mass. This observation rules out partitioning our final fit routine along the lines of heavy

quark mass.

Next we can examine twist angle as a possible means by which to partition our fit function. Like

before, we can perform a small test fit where, while keeping heavy quark mass constant, we vary

twist angle and observe the clusters of statistical correlations. Figure 4.4 presents the normalized

covariance matrix of a test fit that follows these constraints. In this matrix we can see that, other

than the diagonal of self-correlations equal to 1.0, the highest relative correlations are among

2. Notice here we have dropped the notation for exponential order i for EH ; we are only discussing ground state i= 0
parameters. In doing so we also use subscripts and superscripts interchangeably for the notation of corresponding
mesons.
3. Here we say “matching” to refer to their shared presence in three-point correlator construction (equation 3.74).
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Figure 4.3: Sample normalized covariance matrix of correlator fit posteriors. Results are shown
for the H → π meson decay on the f5 ensemble. The sample fit covers a subset of available
correlator data. Fit parameters correspond to a range of heavy quark masses amh, light meson
twist θ = 0.0, and source-sink separation (in lattice units) T = 24. Parameters shown are either
heavy meson energies EH , EH ′ , or current insertion amplitudes J ∈ {S,V 0}. The heavy mesons H
and H ′ differ only in spin-taste structure, which is given in 3.73, and are otherwise equivalent in
quark composition and heavy quark mass.
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Figure 4.4: Sample normalized covariance matrix of correlator fit posteriors. Results are shown for
the H → π meson decay on the f5 ensemble. The sample fit covers a subset of available correlator
data. Fit parameters correspond to a heavy quark mass amh = 0.450, a range of light meson twist
θ , and source-sink separation (in lattice units) T = 24. Parameters shown are either light meson
energies Eπ or current insertion amplitudes J ∈ {S,T}, whose spin-taste structures are presented
in equation 3.73.

groups of parameters of matching spin-taste but differing twist angle: the three 3×3 blocks along

the diagonal of the matrix. Like before, this pattern suggests that twist angle is also not the best

dimension along which to partition our fit routine. Across many test fits for all ensembles and

both meson decays, we observe a similar pattern where parameters of matching spin-taste but

varying twist angles have higher relative statistical correlations than those among parameters of

matching twist but differing spin-taste.
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These first two matrices point us in the direction of the final option we have to partition the

fit function: to separate the fit along the lines of spin-taste construction. Figure 4.5 shows a

normalized covariance matrix for a test fit of this type. The parameters shown all correspond to

the same heavy quark mass (except for the pion which do not contain a heavy quark) and the

same twist angle (except for the heavy mesons which all have twist θ = 0). The first observation

we can make is that the presented pion energy correlates relatively little with any other parameter.

Furthermore, regardless of spin-taste construction, the heavy meson energies have relatively high

correlations among themselves. These same heavy meson energies are then also highly correlated

with the amplitudes of the scalar and temporal vector currents, but not the spatial vector or

tensor currents. Counterintuitively, the energies of the heavy mesons H ′′ and H ′′′ are not highly

correlated with the amplitudes V 1 and T , even though they share the same three-point functions

respectively. Figure 4.6 presents a normalized covariance matrix from the same test fit, but presents

the amplitudes of heavy and light mesons instead of their energies. We can observe the same

patterns of correlations here match those of the matrix in figure 4.5.

We find similar patterns of correlations among all H → π ensembles: figure 4.7 shows a similar

normalized covariance matrix for the uf5 ensemble instead of the f5 ensemble. We do however

observe a slight difference in examining a similar set of parameters from a test fit for Hs → K.

Consider the matrix in figure 4.8: here the light meson energy does have somewhat higher statistical

correlations with the heavy meson energies. Additionally, the heavy meson energies are all highly

correlated with each other, but not the amplitudes of the scalar or temporal vector currents they

way they are in the case for H → π. We observe that these observations for either H → π and

Hs → K are consistent across all ensembles.
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Figure 4.5: Sample normalized covariance matrix of correlator fit posteriors. Results are shown for
the H → π meson decay on the f5 ensemble. The sample fit covers a subset of available correlator
data. Fit parameters correspond to a heavy quark mass amh = 0.450, light meson twist θ = 0.4281,
and source-sink separation (in lattice units) T = 24. Parameters shown are either meson energies
EM or current insertion amplitudes J ∈ {S,V,T}, whose spin-taste structures are presented in
equation 3.73. Labels for heavy meson energies also indicate which current insertion J is present
in its appropriate three point function (equation 3.74).
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Figure 4.6: Sample normalized covariance matrix of correlator fit posteriors. Results are shown
for the H → π meson decay on the f5 ensemble. The sample fit covers a subset of available
correlator data. Fit parameters correspond to a heavy quark mass amh = 0.450, light meson twist
θ = 0.4281, and source-sink separation (in lattice units) T = 24. Parameters shown are either
meson amplitudes AM or current insertion amplitudes J ∈ {S,V,T}, whose spin-taste structures
are presented in equation 3.73. Labels for heavy meson amplitudes also indicate which current
insertion J is present in its appropriate three point function (equation 3.74).
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Figure 4.7: Sample normalized covariance matrix of correlator fit posteriors. Results are shown
for the H → π meson decay on the uf5 ensemble. The sample fit covers a subset of available
correlator data. Fit parameters correspond to a heavy quark mass amh = 0.194, light meson twist
θ = 0.706, and source-sink separation (in lattice units) T = 44. Parameters shown are either meson
energies EM or current insertion amplitudes J ∈ {S,V,T}, whose spin-taste structures are presented
in equation 3.73. Labels for heavy meson energies also indicate which current insertion J is present
in its appropriate three point function (equation 3.74).
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Figure 4.8: Sample normalized covariance matrix of correlator fit posteriors. Results are shown for
the Hs → K meson decay on the f5 ensemble. The sample fit covers a subset of available correlator
data. Fit parameters correspond to a heavy quark mass amh = 0.450, light meson twist θ = 0.4281,
and source-sink separation (in lattice units) T = 24. Parameters shown are either meson energies
EM or current insertion amplitudes J ∈ {Ss,Vs,Ts}, whose spin-taste structures are presented in
equation 3.73. Labels for heavy meson energies also indicate which current insertion J is present
in its appropriate three point function (equation 3.74).
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Focusing now on three-point amplitudes, we find that across all ensembles and both meson decays,

the amplitudes of scalar and temporal vector currents are relatively more correlated with each other

than either of them are with the amplitudes of spatial vector or tensor currents. The reverse of

this also appears to be true. Figure 4.9 gives a clear example of this phenomenon. In this figure

we see varying heavy quark mass and twist angle options, as well as the four different current

insertions; the S and V 0 amplitudes correlate more with each other than with V 1 or T , and vice

versa.

The consistency of this behavior across our entire data set then forms the basis of our finalized

correlator fit routine. The majority of the Monte Carlo correlator data we are fitting correspond

to three-point functions, which we can separate into two similarly sized categories: J ∈ {S,V 0},

and J ∈ {V 1,T}. Our fit method is then as follows: we fit all two-point correlators with the S, V 0

three-point correlators. Then, in the same fitting script, we fit all two-point correlators again with

all V 1, T three point correlators. Having fit all two point correlators twice, we then calculate a

weighted average of all doubly-fit parameters, the exact methodology of which we describe in the

following section. Finally, all fit outputs are saved using the gvar package function which preserves

the statistical correlations among those fit outputs.

4.2.3 Weighted average of fit parameters

In the previous section, we settled on a correlator fitting method where, for a given meson decay

and ensemble, the J ∈ {S,V 0} and J ∈ {V 1,T} halves of the three-point correlator data are fit

separately. To ensure that the statistical correlations between the two-point data and either half

of the three point data are conserved, the two-point data is fit twice: once with either half of the

three-point data. We are then left with the question of how to properly address the meson energy

and amplitude fit posterior copies we obtain from both halves of the fit. Ideally, we want to take

an average of the two copies such that we preserve statistical correlations. Not only should this

average account for the high correlation between the two copies, but this new average should still

preserve its correlations with all the other fit posteriors in either half of the fit. Thankfully, the
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Figure 4.9: Sample normalized covariance matrix of correlator fit posteriors. Results are shown for
the H → π meson decay on the uf5 ensemble. The sample fit covers a subset of available correlator
data. Fit parameters correspond to a range of heavy quark masses and light meson twists, and
source-sink separation (in lattice units) T = 44. Parameters shown are current insertion amplitudes
J ∈ {S,V,T}, whose spin-taste structures are presented in equation 3.73.
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lsqfit package contains a weighted average function that preserves these correlations, and accounts

for the relative uncertainties of either gvar object (the gaussian random variable object, not the

gvar package itself) in the weighted average. This new gvar is then a weighted average of the copies

from both halves of the fit, which we can easily save for future use in form factor calculations.

Each new, weighted average gvar however is a statistical least-squares fit in its own right, and

carries its own χ2 per degrees of freedom (χ2/d.o.f.).

In correlator fit testing, it became clear that in the minority of cases, some weighted average gvars

had χ2/d.o.f. > 1. Such instances corresponded to the doubly-fit posteriors from both halves of

the partitioned fit not being within one standard deviation of the other. In these cases we can

follow the guidelines given in the PDG [19] on how to scale the uncertainty of a weighted average

to account for this phenomenon. To do so for some mean value g, we can multiply its standard

deviation σg by some scaling factor λ , where

λ =
√

χ2/(d.o.f.−1). (4.6)

Given that we are managing gvars, we want to use an indirect method to scale uncertainty without

directly assigning a new uncertainty, and thereby removing the existing correlations. Suppose we

label the final, scaled gvar we want to save for future calculations as z±σz. We then wish to

create some uncorrelated gvar y±σy which, when multiplied by the original unscaled weighted

average gvar x±σx gives a final scaled gvar z±σz where z = x, σz = λ ×σx. Let us begin with

the standard error propagation formula for this scenario:

(
σz

z

)2

=
(σx

x

)2
+

(
σy

y

)2

. (4.7)
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For our desired case of scaling the uncertainty of the original weighted average σx by λ , we set

z = x, σz = λσx, and y = 1. We then have

(
λσx

x

)2

=
(σx

x

)2
+σ2

y ,

σ2
y =

(
λσx

x

)2

−
(σx

x

)2

=
σ2

x (λ 2 −1)
x2 ,

σy =
σx
√

λ 2 −1
x

.

(4.8)

With this formulation established, we can easily alter the fitting script to calculate weighted

averages of meson energies and amplitudes that respect all statistical correlations in our fit. These

new averages are then saved alongside the three-point parameters, the amplitudes of the current

insertions, which we then use further in the process of form factor calculation. Across our current

working set of correlator fits, wherever weighted average scaling is required, more often than not

we calculate the scaling term to be in the range of 1 < λ < 2, and very rarely do we see λ > 3.5.

4.2.4 Chained and marginalized fits

There are two more methods for reducing correlator fit computation time which we explored

for this research, but ultimately did not implement in our final fit routine. These methods are

chained fits, and marginalized fits. Both of these methods (detailed in the documentation for the

lsqfit package [83]) entail truncating or modifying the default lsqfit routine of fitting all parameters

simultaneously. Both these methods manage the correlator fitting in a somewhat more streamlined

manner, as compared to the full partitioned fit routine we finally settled on. So while we do not

include them in our final fit, it is worth exploring what they are and describing how we came to

the decision to not utilize them.
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In a chained fit, one chooses a subset of parameters to be fit first: meson energies and amplitudes

for example. The fit posteriors of this first fit are then used as the (ideally very precise) priors for

those same parameters in the next step in a chained fit. In this next step, or link, a new subset

of parameters (some current insertion amplitudes for example) is fit alongside the posteriors from

in the previous link. It is important to note that correlator data fit in one link is not fit again in

subsequent links: only the fit posteriors are carried forward. This process continues for a number of

user designated links until all parameters have been fit, where perhaps most of those parameters are

given (very) narrow priors equal to the outputs from previous links. This method can, among other

things, reduce the number of iterations the fitter takes to minimize the χ2
aug function. Additionally,

it does not remove statistical correlations among fit parameters. In testing however it was often the

case that excluding three-point correlators in a two-point correlator only fit (the first link) would

meaningfully affect the fitter’s determination of a mesons energy or amplitude. Furthermore, we

found that link composition and ordering significantly influenced final fit posteriors. Finally, even

with a chained fit of all correlator data on a given ensemble and meson decay, we still hit the

computation time limit. For these reasons we did not utilize a chained fit in our finalized fitting

routine.

Where a chained fit partially separates the fitting of certain parameters, a marginalized fit entails

removing some parameters from the fit more directly. Most of the parameters in our fit forms

(equations 4.1 and 4.2) do not appear in the equations needed to calculate lattice form factors

(see chapter 5). Such parameters include all excited state (i> 0) and oscillating terms which appear

in the fit forms. In a marginalized fit we then use priors of these select parameters to model their

respective parts of the fit function, which are then subtracted from the input data. This technique

can be used to effectively prioritize the ground state parameters for which we have the most

interest. Selecting which higher order and or oscillating parameters to marginalize requires a study

of test fits to determine which are appropriate. We wish to avoid the case where marginalizing

a certain set of non-ground state parameters significantly influences the fitter’s determination
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of their ground state counterparts. In test fitting we found that across all ensembles there was

no consistent set of parameters which, when marginalized, sped up the fitting process without

significantly influencing the ground state parameters. For this reason we do not marginalize any

parameters in our finalized fit technique.

4.3 Prior determination methodology

In this section we describe the general methods we use to determine the priors for the fit para-

meters which appear in equations 4.1 and 4.2. In general, we prefer automated methods of prior

determination, with the interest of saving time. For example, cases where a ground state plateau

is distinct enough from non-ground state signal, a function can take the rolling average of adjacent

and consecutive data values. The central value of the ground state energy or amplitude can then

be determined from where the change in this rolling average is minimized. Figure 4.10 shows an

example of this automated approach. In most cases however, a clear ground state plateau is not

apparent in the effective plot, which prevents a simple algorithm like the one described previ-

ously from determining an appropriate prior. In such cases, we assign prior manually by visually

assessing effective energy and amplitude plots.

Irrespective of methodology, with prior determination we always aim to set conservative priors,

avoiding cases where priors impose strict constraints on their matching posteriors. In test fitting,

we ensure that prior absolute uncertainties are no smaller than at least ten times their matching

posteriors. We take exception to this principle when we have additional physics information to

which we expect the standard model-derived correlator data to adhere. Sections 4.4.3 and 4.4.4

detail examples of this in relation to the dispersion relation and excited state meson energies

respectively. In such cases, physics based algorithms are used to automatically assign values to

these priors, where the 10 : 1 prior to posterior uncertainty rule is sometimes violated.
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Finally, in the cases where we cannot use effective energy or amplitude plots, nor physics based

preconceptions to determine priors, we utilize Gaussian Bayes Factor (GBF) optimization. Much

more information on the Bayes factor can be found in [90, 91] and in section 4.8, but to effectively

summarize its use here: prior tuning that maximizes a fit’s GBF indicates that the prior neither

over-constrains nor under-constrains the fit [92]. For priors indeterminable by the previously noted

methods, such as oscillating excited three-point current insertion amplitudes, we opt to use this

method. A prior is GBF optimized by performing a test fit, and recording the fit’s GBF, or

more often log(GBF). Then, the prior’s mean or standard deviation is slightly adjusted. The fit is

performed once more and the subsequent change (if any) of the log(GBF) is recorded. This process

is repeated until a clear maximum is resolvable. The GBF optimization of a prior’s uncertainty

is aborted however if maximizing a fit’s GBF violates the 10:1 prior to posterior uncertainty

principle. In such cases, more conservative (larger standard deviation) priors are chosen over more

precise, GBF-preferred priors.

4.4 Two-point correlation function priors

In the following subsections, we discuss how we determine priors on meson energies EM
i and

amplitudes AM
i , which appear in both the two and three-point correlator fit forms (equations 4.1

and 4.18). We do however at times refer to meson energy and amplitude priors as two-point priors

for conciseness. The full set of two-point priors includes the ground state and higher order energies

and amplitudes of: mother mesons with varying masses and spin-taste structures, daughter mesons

of varying momentum, and the negative parity/oscillating meson counterparts.

Before we delve into two-point priors, we note that in equation 4.1 the amplitude terms always

appear as |Ai|2. As such we can always parameterize amplitude terms as being positive. We likewise

expect energy terms to be positive. To enforce positive valued energy and amplitude fit posteriors,

we perform two-point correlators fits in log-space. This is to say, we take the log of all assigned

two-point priors before fitting. We then use these log-priors as inputs when fitting the log of two-
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point correlation functions. Transforming out of log-space is as simple as taking the exponential of

the returned fit posteriors. For the remainder of this section, we do not discuss priors in the context

of log-space, though the transformation into log-space before and after fitting should always be

implied.

4.4.1 Meson rest masses

The first set of priors we can discuss are the priors for the rest masses of the heavy and light mesons.

By construction, the heavy mother mesons in this work (H, Hs) are always in the rest frame of

the lattice, and so their energies are equivalent to their masses. In other words, they have no

three-momentum p⃗. The lighter daughter mesons (π, K) however are simulated at varying three-

momenta, whose priors we discuss in 4.4.3. In the context of three-point functions, a daughter

meson of zero three-momentum corresponds to a q2
max current insertion; the daughter meson

remains at rest in the lattice frame and its energy equals its rest mass.

For a two-point correlator CM
2 (t) of some meson M, we can define a function of its effective mass

aMeff(t) as.

aMeff(t) =
1
2

cosh−1
(

C2(t −2)+C2(t +2)
2C2(t)

)
. (4.9)

For a well behaved two-point correlation function, it is possible to determine a prior for the meson’s

ground i = 0 state mass from its effective mass plot. In this context “well behaved” simply means

that the energy of higher order i > 1 exponentials are much larger and therefore decay quickly in

equation 4.1.
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Figure 4.10 shows sample effective mass plots for H → π on the f5 and uf5 ensembles. From

this figure we can see that the effective mass function follow a trend where, after tmin, the higher

order states decay quickly. Then, the data stabilizes with relatively small uncertainty and minimal

central value fluctuations. This is the signal for the ground state rest mass. Then, the uncertainty

and the size of central value fluctuations grows towards the middle of the lattice length (The range

of the x-axis is truncated in these figures, so they do not show this phenomena as clearly).

This consistent behavior, a steady region or plateau of stable ground state signal, in the effective

mass plot permits the use of an automated prior determination method. We utilize a simple custom

python function which takes a rolling average over sets of 4 adjacent effective mass values (that

is to say: at 4 consecutive lattice time slices t/a) and finds where this rolling average changes

the least. The central value of the rest mass’s prior is then assigned to be equal to the change-

minimized, rolling averaged aMeff(t). Figure 4.10 also gives a visual example on how this minimum

change in the rolling average is related to the effective mass of a two-point correlation function.

Observing effective mass plots like 4.10 also enables us to assign fractional uncertainties to the

priors for ground state meson rest masses. In this figure we can see that the two point pion

correlator Cπ
2 effective mass data aMeff(t) remains within the bounds of ±5% of the change-

minimized rolling average on the f5 ensemble, as opposed to about ±30% on the uf5 ensemble.

Tables 6.3 and 6.3 gives the complete list of the fractional uncertainties we use in our correlator fits.

In all cases, we confirm in test fitting that the standard deviations of meson mass fit posteriors are

at least ten times smaller than the standard deviations of their matching fit prior. In many cases,

the prior to posterior standard deviation ratio is much greater: on the order 100:1 or greater. This

is an assuring sign that the priors we have chosen are not constricting to the fit. It is important to

note that, after spotting such large prior to posterior ratios in test fitting, we do not then adjust

priors to move closer to the ratio 10:1. Even in cases where such a change would increase the

log(GBF) of a fit, we would be violating the justification for using priors in the first place. We

wish to maintain physics and or data backed reasons for prior choices, otherwise the priors lose

their a priori nature.
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Figure 4.10: Sample pion effective mass plots on the f5 and uf5 ensembles. The effective mass
aMeff(t), which is calculated from equation 4.9 and its respective two point correlation function
Cπ

2 , is shown in blue. The rolling average of the effective mass R.Avg(t) is shown in dashed green.
Where the change in this rolling average is minimized ∆min of R.Avg(t) is shown in dotted red.
Consecutive red bands show regions of ±5%, out to ±30%, of ∆min of R.Avg(t).
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4.4.2 Zero-momentum oscillating meson masses

Having established the methodology for determining priors on our ground state, zero-twist, non-

oscillating meson energies (masses), we can now move on to determine priors for their i = 0,

zero-twist, oscillating counterparts. The ground state mesons have angular momentum and parity

quantum numbers of JP = 0−. The meson states with quantum numbers JP = 0+ however also

couple to the correlation functions. As discussed in section 3.5.6, our use of the HISQ action [12]

leads to opposite parity states manifesting as oscillating propagators on the lattice. We therefore

call the lowest energy meson state with quantum numbers JP = 0+ the lowest lying oscillating state

of that meson. These are the states which have energies and amplitudes EM,o
0 and AM,o

0 in equation

4.1. We discuss the amplitudes of these states later in section 4.4.6. As noted in section 3.5.6, the

zero-momentum oscillating pion does not appear in its respective two-point correlator. However

an estimate for its energy will be used later in section 4.4.3 to set priors non-zero-momentum

oscillating pion energies. For this reason we still take care to determine reasonable priors for Eπ,o
0 .

Unfortunately, priors for these lowest lying oscillating states cannot be determined using the same

methodology as before; we can not visually determine a lowest lying oscillating state’s contribution

to an effective mass plot. Instead, we can be guided by the known energy difference, or splitting,

between the masses of physical negative and positive parity particles given by the Particle Data

Group (PDG) [19]. For example, the ground state pion has a rest mass of about 140 MeV, while

the next lowest energy pion state with opposite parity, the f0(500) has a rest has a mass of roughly

500 MeV. The energy splitting between the two is about 360 MeV, or roughly 0.7×ΛQCD. This

state however does not have the same isospin quantum number as the ground state pion, and so

we do not expect it to couple to our pion propagators [93, 94]. Instead we must look to the a0(980)

particle, which shares the same isospin quantum number as the ground state pion. The energy

difference between those two particles is then 840 MeV, or 1.68×ΛQCD. Knowing this energy
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difference allows us to set the central values of the priors for the lowest lying oscillating state

energies P[Eπ,o
0 ] = P[Eπ,n

0 ] + 1.68×ΛQCD. This works across all ensembles because we define the

central value of P[Eπ,o
0 ] relative to the central value of the ground state pion on a given ensemble,

and some scalar times ΛQCD.

Setting the uncertainty for P[Eπ,o
0 ] is not a trivial task meanwhile. The known energy splitting for

the physical continuum pion and a0(980) is not necessarily equal to the energy splitting between

those equivalent states on the lattice. For finite lattice spacing, order O(a2) taste symmetry break-

ing leads to non-degenerate quark masses of different tastes [12, 95]. This effect is larger for the

positive parity pion state we are trying to identify in our correlator fitting.[96, 97]. Additionally,

this a0 resonance is strongly coupled to certain multi-particle channels of matching quantum num-

bers [98]. These factors combined means that the lowest lying oscillating state we extract from

our correlator fitting may differ from the physical a0 by hundreds of MeV. For this reason, we

assign a large uncertainty to the priors P[Eπ,o
0 ] equal to ±(0.5×ΛQCD).

For the kaon in our Hs → K fitting, we see similar roadblocks to pinning down the lowest lying

oscillating state. Our candidate oscillating state particle with quantum numbers I(Jp) = 1
2(0

+) is

the K∗
0 (700). This state however is both very broad, and also strongly coupled to multi-particle

states of matching quantum numbers [99], πK scattering in particular [100]. For these reasons

and the taste splitting effects mentioned previously, we can expect that the 1
2(0

+) state our fitter

will identify has an energy splitting closer to ΛQCD = 500 MeV rather than 200 MeV. For this

reason, we set the central values of P[EK,o
0 ] = P[EK,n

0 ]+ΛQCD. We then likewise assign those priors

an uncertainty equal to ±(0.5×ΛQCD).

Thankfully, determining the priors for the masses of the lowest lying oscillating H and Hs states

is more simple. From Heavy Quark Effective Theory (HQET) we expect the splitting to not be

significantly dependent on the heavy quark mass, and instead expect a consistent splitting of

O(ΛQCD) [101, 102]. Considering the discretization effects inherent to our HISQ ensembles, and

1/mb corrections more specifically [103], we expect to see a mass splitting closer to 400 MeV, or
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0.8×ΛQCD[104]. Across all ensembles and heavy quark masses we therefore give the priors central

values equal to the ground state central value plus 0.8×ΛQCD. Meanwhile, because of this more

defined mass splitting, we can select a small fractional uncertainty of 0.2 for these priors. This

fractional uncertainty approaches ΛQCD at the heavier end of our heavy quark options.

Finally, for all these oscillating meson states, in test fitting we check that the standard deviations

of the fit posteriors are not overly constrained by the standard deviations of their matching priors.

That is to say, we once again check that the 10 : 1 prior to posterior uncertainty principle is not

violated. Across all ensembles and in both H → π and Hs → K we find this to be the case.

4.4.3 Non-zero-momentum meson energies: the dispersion relation

Having established our methodology for assigning priors to zero-momentum meson energies, we

can now move on to discuss how to assign priors for non-zero-momentum meson energies. Across

all ensembles, the heavy mother meson is placed in the rest frame of the lattice, and so we need

only consider the light daughter mesons (pions and kaons) in this regard.

As discussed in section 3.3.5, we impart momentum to the light mesons via twisted boundary

conditions. We can describe a meson’s three-momentum p⃗ in terms of a twist angle θ , where

θ = |ap⃗|× Nx√
3π

, (4.10)

and Nx is the spatial length of the lattice in lattice units. Equation 4.9 provides a template for

how we could determine the priors for these light meson energies. In fact the equation is valid for

any meson effective energy aEeff(t) of any momentum in our case, so in this context we can rewrite

4.9 as

aEeff(t) =
1
2

cosh−1
(

C2(t −2)+C2(t +2)
2C2(t)

)
. (4.11)



4.4. Two-point correlation function priors 97

8 10 12 14 16 18 20

t/a

0.0 0.0

0.2 0.2

0.4 0.4

0.6 0.6

0.8 0.8

1.0 1.0
a
E

eff
Cπ

2 aEeff(t) θ = 0.0

Cπ
2 aEeff(t) θ = 0.706

Cπ
2 aEeff(t) θ = 1.529

Cπ
2 aEeff(t) θ = 2.235

Cπ
2 aEeff(t) θ = 4.705

Figure 4.11: The full range of pion effective energies of varying twists on the uf5 ensemble. Light
meson correlators Cπ

2 of twist θ are used in equation 4.11 to calculate effective energies aEeff(t).
The meson’s twist is related to its lattice momentum via equation 4.10.

Following from equation 4.11 we can plot meson effective energies as we did effective masses.

Figure 4.11 shows the range of pion effective energies of varying twists on the uf5 ensemble.

In assigning priors for non-zero-twist meson energies however, we can employ some a priori physics

knowledge to move beyond simply observing effective energy plots. We can instead employ an

energy dispersion relation which we expect the non-zero-twist mesons to follow, which at the

continuum limit and in natural units is E =
√

M2 + p2. On the lattice, we modify the traditional,

continuum limit dispersion relation with a term that accounts for discretization effects. With the

HISQ action [12], the lowest order discretization effects we expect in this dispersion relation are

of the order (ap⃗)2. Using the dispersion relation we can assign the priors of non-zero-twist meson

energies P[aEM
p⃗ ]4 as

P[aEM
p⃗ ] =

√
P[aEM

0⃗
]2 +(ap⃗)2 ×

[
1+P[εM]

(
ap⃗
π

)2
]
, (4.12)

4. Note that we are still only discussing i = 0 parameters here. We therefore drop any i-indicating notation
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where P[aEM
0⃗
] is the prior of the meson’s energy at zero-twist (its rest mass). Here we also introduce

the discretization parameters εM, which scales the relative size of discretization effects on the

dispersion relation. A given εM is specific to the light meson being fit (pion or kaon in our case)

on a given ensemble. For two light mesons and five ensembles, we introduce ten new parameters

into our correlator fitting routine, which therefore need priors as well. Following the findings

from comparable HISQ-action fits [105, 16, 106, 17], the priors for εM were set as P[εM] = 0± 1

throughout much of this project’s timeline. In various test fits for this work, the posteriors for

επ , εK fell within the bounds of these priors. In chapters 6 and 7 we test the dispersion relation

with the current working set of correlator fits, with added discussion of the cases where we set

P[εM] ̸= 0±1.

In addition to the ground state pion and kaons, we can use the dispersion relation to assign

priors for the non-zero-twist lowest lying oscillating pion and kaon energies as well. In fact, we

can use the same equation as before, equation 4.12, with one minor change. That change is to

introduce additional notation (which been otherwise ignored up until this point) to differentiate

between oscillating and non-oscillating energies. This change applies to energies: EM,n
p⃗ , EM,o

p⃗ , and

the discretization parameter as well: εM,n, εM,o. It is here where all the work we have done to

determine the prior of Eπ,o
0⃗

becomes useful. Even though the zero-momentum oscillating pion

state does not contribute to the pion correlator, we can still us if to determine the priors of

non-zero-momentum oscillating pion states, which do contribute to their correlators.

For various reasons, we can expect that the discretization parameter εM,o will be weakly determ-

ined in correlator fitting. The first of these is that that the uncertainties for P[EM,o
0⃗

] are already

quite large: ±0.5×ΛQCD. This means that the contribution to the high momentum P[EM,o
p⃗ ] un-

certainties coming from the uncertainty of P[EM,o
0⃗

] will still be relatively large. This is in contrast

to the ground state light mesons with small P[EM,n
0⃗

] uncertainties, where at high momentum the

uncertainty assigned to P[EM,n
p⃗ ] via equation 4.12 is dominated by the uncertainty of P[εM,n]. The

second reason we might expect a weak determination of εM,o is that the oscillating contribution

to the two point correlator decays quickly with time, making it more difficult for the fitter to
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determine a precise value for εM,o. For these reasons, for both H → π and Hs → K, across all

ensembles, we set all P[εM,0] = 0.0± 1.0. We find in test fitting that fit posteriors of P[εM,o] are

consistent with their priors, having central values close to zero, with standard deviations less than

or near order one.

It is important to note that ε ’s use in this fitting procedure is limited only to the construction of

non-zero-twist meson energy priors. In other words, ε does not directly constrain a fit’s posterior

value for any aEM
0,−→p . In the two and three-point fit forms, various aEπ,K

0,−→p are fit no differently than

any other fit parameter.

In the later stages of this project, we observed in test fitting consistent disagreement between

the fit posteriors of non-zero-twist meson energies and their matching priors in some select cases.

In an attempt to reconcile this disagreement, we revisited our use of the dispersion relation.

Ignoring the discretization parameter contribution 1± ε(ap⃗/π)2, the dispersion relation of the

form aE =
√

(aM)2 +(ap⃗)2 is a truncated version of what we would expect on the lattice. Because

the light mesons are bosons, we can follow from equation 6.39 in [107] and write their full, non-

truncated energy dispersion relation on the lattice as

aEM
p⃗ = cosh−1

[
1+

1
2

aEM
0⃗
+3
(

1− cos
(

ap⃗√
3

))]
. (4.13)

With this formulation, we can use equation 4.10 to write a better function which assigns priors to

all non-zero-momentum energy priors:

P[aEM
p⃗ ] = cosh−1

[
1+

1
2

P[aEM
0⃗
]+3

(
1− cos

(
ap⃗√

3

))]
×

[
1+P[εM]

(
ap⃗
π

)2
]
. (4.14)
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Implementing this change to our fitting routine did not remedy the disagreeing meson energy

priors we encountered in test fitting. We discuss these issues in chapters 6 and 7. In test fitting we

found that meson energy priors assigned via equation 4.12 and those assigned via equation 4.14

were consistent with each other, as were the fit posteriors in either case. Our final decision in this

matter was to use the non-truncated dispersion relation (equation 4.14) as part of our finalized

fitting methodology.

4.4.4 Excited state meson energies

Up until this point, the meson energies we have discussed has remained limited to those whose

exponential order i = 0 in equation 4.1. Having done so, we are now positioned to discuss all meson

energy states, oscillating or otherwise, which have an exponential order i > 0, up to i = Nexp −1,

where Nexp is maximum number of exponentials for which we model in our correlator fitting

routine.

From equation we 2.41 can see there are in theory an infinite number of higher order states which

can contribute to a correlation function. Fortunately, these higher order states are constructed

such that they are well behaved: their amplitudes and energies are such that their contributions

to the correlation function decay much more quickly along the temporal length of the lattice. The

effective mass plots in figure 4.10 show this behavior: the higher order states decay and the data is

dominated by the i = 0 ground state after some time t/a. This well behaved ordering allows us to

constrain the number of exponentials we fit to a manageable number. We do this by determining

a point along the temporal length of the lattice tmin, such that any correlator data CM
2 (t < tmin)

is ignored by the fitter. With an appropriate value for tmin, we can estimate that the signal of all

higher order states i ≥ Nexp is negligible for any t > tmin. These states can be either ignored, or be

thought of as “folded into” the signal of the i = Nexp −1 state. Implementing a data cut off up to

tmin is what allows us to fit to only some small number of exponentials Nexp in equations 4.1. We

discuss our method of selecting appropriate values of Nexp and tmin later in section 4.7.1.
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Let us first consider the energy of the i = 1 states for the pion and the kaon. Following the similar

rationale of determining the energy difference between the ground state and lowest lying oscillating

state of these mesons, we can utilize the expected energy splittings between the non-oscillating i= 0

and i = 1 states, which we can write as ∆EM
1 . In the physical continuum, the particles which are

comparable to the i = 1 states on the lattice are those with a greater energy but the same quantum

numbers as their ground state counterparts (Jp = 0− for the ground state psuedoscalar pion and

kaon). From the PDG, the first radial excitation of the ground state pion we might associate with

the lattice Eπ
i=1 state is the π(1300). Similarly, the candidate particle for EK

i=1 on the lattice would

be the K(1460). Following these values we might expect an energy difference between the i = 0

and i = 1 states to be ∆Eπ
1 ≈ 1160 MeV and ∆EK

1 ≈ 965 MeV. The experimental decay widths

of these radially excited states are broad relative to their ground state counterparts, and again,

are not necessarily the i = 1 states that appear in our pion and kaon correlation functions. The

effects of chiral symmetry breaking in relation to our physical and nonphysical light quarks on the

lattice can also affect an expected mass splitting. Conservatively, we can say that we might expect

the mass splitting between the i = 1 and i = 0 states for both the pion and kaon to be of the

order of 2×ΛQCD. We thereforeassign the central values for P[Eπ(K)
i=1 ] equal to the central value of

P[Eπ(K)
i=0 ]+ (2×ΛQCD). We then assign an appropriately broad prior uncertainty of ±0.5×ΛQCD.

For i = 1 light meson energies with non-zero-momentum, we can once again utilize the dispersion

relation discussed in the previous section. In test fitting we find that these priors do not overly

constrain the posterior fit results for the i = 1 light meson energies, which often have standard

deviations of order ten times smaller than their matching priors.

Unlike the light mesons, the heavy mesons H, Hs don’t have as clear of an expected energy

splitting between the i = 0 and i = 1 states. We have some theoretical continuum expectations

at both the charm and bottom ends of the heavy quark spectrum: ∆ED
1 ≈ 710 MeV, ∆EDs

1 ≈ 720

MeV, ∆EB
1 ≈ 610 MeV, and ∆EBs

1 ≈ 610 MeV [108]. Of these four, only the D meson has strong

enough experimental evidence for a well defined first radial excitation, D0(2550)0. This suggests a

value for ∆ED
1 ≈ 680 MeV. Regardless, these values are given in the continuum for physical heavy

meson, and are not necessarily the exact energy splittings we might expect in our heavy meson

correlation functions. Given this lack of clarity we resort to using the natural energy scale of QCD,
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ΛQCD = 500 MeV as the expected mass splitting. Like with the light mesons, we define P[EH
i=1],

P[EHs
i=1] relative to their i = 0 counterparts, such that the central value of P[E

H(s)
i=1 ] is equal to the

central value of P[E
H(s)
i=0 ]+ΛQCD. We likewise assign a broad prior uncertainty of ±0.5×ΛQCD. In

test fitting we find this prior assignment does not overly constrain our fit results, which often have

standard deviations of order ten times smaller than their matching priors.

For all other higher order energy states, which included non-oscillating i > 1 and oscillating i > 0

states, we default to using the natural energy scale of ΛQCD to assign priors for energy splittings.

This, in conjunction with prior uncertainties of ±0.5×ΛQCD leads to priors with large uncertainties

that cover the whole upper range of possible exited state energies.

4.4.5 Ground state meson amplitudes

Having discussed meson energies and their priors at length, we can now move on to discuss the

other parameters that appear in our two-point correlator fit function: the amplitudes AM,n
i , AM,o

i .

To determine the priors we assign to meson masses (which equals their energy in the case of zero

momentum) we use a custom function to find where the change in a correlation function’s effective

mass was minimized. We can utilize an analogous function for a zero-momentum meson correlator

whose effective amplitude Aeff(t) can be written as

Aeff(t) =

√
C2(t)

e−Mefft + e−Meff(Nt−t)
. (4.15)

Here Nt is the temporal length of the lattice in lattice units, and Meff is the effective mass at lattice

time slice t. We have dropped the implied notation that the masses, amplitudes, and correlators

have matching meson superscripts M, and that the effective masses are also functions of time.

Figure 4.12 shows a similar picture to what we see in effective energy plots, the signal from the

higher order states die out after a certain t/a, and a stable ground state plateau is resolvable. The

second (bottom) plot in figure 4.12 also demonstrates well how the uncertainty of correlator data

grows larger towards the midpoint of the lattice.
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Like before, we assign central values to the priors P[AM
i=0] equal to the value of AM

eff(t) where the

change in its rolling average is minimized. Similarly we then assign fractional uncertainties to these

priors appropriate to the relative size of the standard deviations of the plateau-region data in the

effective amplitude plots. Tables 6.3 and 7.1 give the fractional uncertainties we assign priors to

the ground state, zero-momentum meson amplitudes across all ensembles for either decay channel.

With four different heavy quark options for each heavy meson, we opt to not assign separate priors

for each option. We noticed upon examination of their effective amplitude plots that the relative

uncertainty of AM
eff(t) grew as the mass of heavy quark in the meson grew. We instead determine

a fractional uncertainty from the effective amplitude plot of the lightest heavy meson, and scale

that uncertainty up according to the ratio of the given heavy quark mass to the lightest mass

option. This amplitude scaling is defined via equation 4.16:

∆(Am j) = ∆(Am0)

[
(R−1)(m j

m0
−1)

(m3
m0

−1)
+1

]
. (4.16)

Here m j for index j ∈ {0,1,2,3} corresponds to the lightest to heaviest heavy quark mass on any

ensemble, where m0 is the lightest and m3 is the heaviest. ∆(Am j) is the fractional uncertainty

assigned to the prior for the amplitude of the heavy meson which contains the heavy quark of

mass m j. The desired ensemble specific ratio R is selected to be equal to the desired ratio of

∆(Am3)/∆(Am0). For example, if ∆(Am0) is determined to be 0.10 and the desired value of ∆(Am3)

is to be 4×∆(Am0) = 0.40, then we set R = 4. The fractional uncertainties of ∆(Am1) and ∆(Am2)

meanwhile will land somewhere between 0.10 and 0.40, scaled in relation to the ratio of their heavy

quark mass m1,2 to m0. In test fitting we find that this method of prior uncertainty assignment

produces broad, conservative priors which avoid violating the 10:1 prior to posterior uncertainty

ratio benchmark.
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Figure 4.12: Sample pion effective amplitude plots on the f5 and uf5 ensembles. The effective
amplitude aMeff(t), which is calculated from equation 4.15 and its respective two point correlation
function Cπ

2 , is shown in blue. The rolling average of the effective mass R.Avg(t) is shown in dashed
green. Where the change in this rolling average is minimized ∆min of R.Avg(t) is shown in dotted
red. Consecutive red bands show regions of ±5%, out to ±30%, of ∆min of R.Avg(t).
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4.4.6 Non-ground state and non-zero-twist meson amplitudes

Having discussed assigning priors to the amplitudes of zero-momentum, non-oscillating, exponen-

tial order i = 0 mesons, we can now go on to discuss how we assign priors to the rest of the

amplitudes which appear in our two-point correlator fit function (equation 4.1). Let us begin with

examining the amplitudes of non-oscillating i = 0 mesons with non-zero-momentum P[AM
p⃗ ]. We

can likewise employ a relativistic dispersion relation to assign these priors:

P[AM
p⃗ ] = P[AM

0⃗
]×

√√√√P[EM
0⃗
]

P[EM
p⃗ ]

×

[
1+P[δ M]

(
ap⃗
π

)2
]
. (4.17)

Here we introduce another discretization parameter δ M which performs the same function as εM

in equation 4.12. We note that in this construction, P[AM
p⃗ ] becomes correlated with P[EM

p⃗ ]. Across

all ensembles and both decay channels we set P[δ π ], P[δ K] = 0.0±1.0. In test fitting we find that

the fit posteriors for AM
p⃗ and εM are consistent with their matching priors.

The remaining amplitude terms to account for are those with oscillating and or i > 0 components,

which we can collectively refer to as A∗. To determine the priors for these amplitudes, we could in

principle use equations of a form similar to equation 4.17. We find however that the correspond-

ing non-ground state zero-twist energy and amplitude priors that would go into those equations

already have large uncertainties. As a result, any uncertainty scaling which would come from a

discretization parameter is insignificant. We therefore resort to a log(GBF) testing regime to set

the priors for A∗. As a starting point, we set the central value of these priors equal to that of

their non-oscillating i = 0 counterpart, with an initial fractional uncertainty of ∆(A∗) = 1.0. We

introduce this notation ∆(A∗) to indicate that we use one parameter to set the fractional uncer-

tainty of all these amplitudes. We find that in log(GBF) testing, fractional uncertainties larger

that 1.0 are preferred across all ensembles and both decay channels. The practical meaning of this
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finding aligns well with our expectations: we have little a priori knowledge on what values these

amplitudes should be in our fit routine. Therefore having priors for these amplitudes with large

fractional uncertainties permits the correlator data itself to maximally inform the fitter. The exact

values of ∆(A∗) used in our final fit are given in tables 6.3 and 7.1.

4.5 Three-point correlation function priors

In the following subsections, we describe how we determine a full set of priors for the current

insertion amplitudes J ∈ {S,V,T}, which include ground states, oscillating states, and higher or-

der exponential states. These amplitudes we can colloquially refer to as the set of three-point

amplitudes, the priors for which we can refer to as three-point priors. Again, these are slightly

misleading labels; meson energies and amplitudes also appear in equation 4.18. The current inser-

tion amplitudes J exclusively appear in the three-point function, and so “three-point” is not an

unreasonable choice of shorthand. For a given three-point correlation function, its fit function is

proportional to the summed permutations of the amplitude terms Jkl
i j , where i, j ∈ [0,Nexp), and

k, l ∈ {n,o}. Here n denotes a non-oscillating state (rather than some order of exponential) and

o denotes an oscillating state. Equation 4.18 gives the full fit equation for H → π. A three point

correlator for Hs → K is fit similarly.

Cπ,H
3 (t,T ) =

Nexp−1

∑
i, j=0

[
Aπ,n

i Jnn
i j AH,n

j e−Eπ,n
i te−EH,n

j (T−t)− (−1)(T−t)Aπ,n
i Jno

i j AH,o
j e−Eπ,n

i te−EH,o
j (T−t)

− (−1)tAπ,o
i Jon

i j AH,n
j e−Eπ,o

i te−EH,n
j (T−t)+(−1)T Aπ,o

i Joo
i j AH,o

j e−Eπ,o
i te−EH,o

j (T−t)
]
. (4.18)

The ground state three-point amplitudes J00
nn in the equation above are the most important three-

point amplitudes, as it is theses parameter that we use in form factor calculations. In our fitting

approach however, the J00
nn term receives no special treatment; parameters are fit simultaneously.

It is for this reason we ensure that the priors for non-ground state three-point amplitudes are

appropriately determined; they can have an effect on the fit posterior of the Jnn
00 term. This follows

the same rationale of wanting reasonable two-point priors, as discussed in the previous sections.
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4.5.1 Determining ground state three-point amplitude priors

In a similar fashion to the determination of ground state two-point amplitudes, we can use effective

three-point amplitude plots to determine widths and central values for their respective priors. To

be more specific, effective three-point amplitude plots allow us to estimate the prior for the Jnn
00 term

in the equation 4.18. For a given three-point correlator, we can construct its effective amplitude

from the following equation:

Jeff(t,T ) =C3(t,T )
exp
[
Mπ(K)

eff t +M
B(s)
eff (T − t)

]
Aπ(K)

eff ×A
B(s)
eff

. (4.19)

For three-point amplitudes, we cannot use the same methods of prior determination that we

used for determining two-point amplitudes, for reasons we will explain. There is also no expected

dispersion relation we expect three-point amplitudes to follow. In fact, the q2 dependence of these

three-point amplitudes is a behavior we wish the data to have maximum influence in, rather than

by any strict prior enforcement. Furthermore, as seen in equation 4.18, the value of a three-point

correlation function for a given t,T has contributions from combinations of various oscillating

and non-oscillating amplitudes, even in the case where i, j = 0. Additionally, These oscillating

amplitude components can have either positive or negative sign. The implication then is that even

in cases where an effective three-point amplitude appears to achieve a steady plateau in some t

range, it cannot be assumed that the Jnn
00 amplitude is the only contributing state to that steady

plateau. While in correlator fit testing it was often the case that the fit posterior for a given

Jnn
00 was consistent with some Jeff(t,T ) plateau, it was not universally true. For these reasons we

cannot justify as narrow prior widths for well resolved ground state three-point amplitudes as for

similarly well resolved two-point amplitudes.

With no dispersion relation on which to base non-zero-twist three-point amplitude priors, and a

desire to not unduly influence the q2 dependence of their corresponding fit posteriors, for much

of this project we adopted a near-maximally conservative prior determination methodology. For a

given current component J ∈ {S,V,T}, on a given ensemble, we opted to use a single prior central
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value and uncertainty for all heavy-quark mass and twist combinations. This central value and

uncertainty was determined by visually looking at effective amplitude plots which included the

effective amplitudes of all mass and twist combinations for a given current component. Such a plot

might include twenty effective three-point amplitudes, from which a visual grouping of plateau

behavior might be resolved with varying degrees of clarity. A central value would be determined

from some apparent mean of these plateauing effective amplitudes, and the uncertainty would be

determined such that both the upper and lower bounds of the plateau grouping were encompassed

by the resultant prior bounds.

This prior determination methodology was utilized through most this research project and in

many acceptable correlator fits. This methodology however is somewhat flawed when we consider

a number of factors. First, this method of prior determination does not include any consideration

of q2 dependency for three-point amplitudes. While this choice is preferable to over-constraining

any q2 dependency, better fit results might be achieved by having some q2 dependency built into

our priors. Second, this method somewhat misconstrues the function of a prior’s uncertainty as

encoded in a gvar. By choosing to encode a prior’s central value and uncertainty in a gvar, we

encode that this central value is the mean of some normal distribution whose standard deviation

is equal to the prior’s uncertainty. This is no revelation, but it means that the interpretation of

any value within a prior’s uncertainty range being equally preferable and any value outside of it

being discouraged is not coherent with the gaussian structure of the prior as encoded by a gvar.

This issue becomes more problematic when we saw how the average uncertainty and noise of

high twist (low q2) effective amplitudes were greater than those of low twist (high q2) effective

amplitudes. We also identified the general trend that effective amplitudes plateaus tend to decrease

in value as twist increases. These effects combined mean that for a given current component and

heavy-quark mass, effective amplitude plateaus are larger and more stable at low twists, but are

smaller and less stable at high twists. Applying a gaussian prior, whose central value is a rough

mean of this whole range of amplitudes, can create an undesirable fit outcome. In effect, the

gaussian prior structure favors fit posteriors closer to the given mean or central value. The stable

plateau of a zero or low-twist effective amplitude might be so well resolved that this pull towards
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the prior’s central value has little effect in the fitter’s calculation of that amplitude’s fit posterior.

Conversely, at the other end of the prior uncertainty bounds, the noisy and often unstable plateaus

of the corresponding high twist amplitudes will be more influenced by this pull towards the mean.

In other words, the more indeterminable a fit parameter is from the data alone, the more influence

the matching parameter’s prior has on the final fit posterior. This phenomena is intended by the

constructed of our augmented χ2 procedure. Considering these phenomena, we determined it was

preferable to have different priors for the three-point amplitudes of different twist but matching

current components. We do not differentiate priors by heavy quark mass here because, for a given

current component, the effective amplitudes plots vary in plateau position and uncertainty much

more as twist is varied rather than as heavy-quark mass is varied. This is shows explicitly in figure

4.13.

With the desire to have twist-specific priors for three-point amplitudes, we still do not want to

venture into the territory of unfairly constraining the expected q2 dependency. Therefore while we

determine central values by visually identifying where an effective three-point amplitude plateaus,

we assign a prior uncertainty equal to the associated central value as a minimum. In other words,

all ground state three-point amplitude priors have a fractional uncertainty greater or equal to one.

This method is consistent with not overly constraining the expected q2 dependent behavior, and

avoids the “pull towards the mean” problem of unstable high twist amplitudes given the same

prior as stable low twist amplitudes. In some cases, an effective amplitude plot was so noisy or

unstable that a fractional uncertainty of one could still be too constraining. Such cases are clearly

indicated in tables 6.4 and 7.2.

4.5.2 Determining non-ground state three-point amplitude priors

Unfortunately, determining the magnitudes of non-ground state three-point amplitudes cannot

be simply achieved by observing effective amplitude plots. Furthermore, for every one Jnn
00 state,

there are many more oscillating and higher order exponential states Jkl
i j where {i, j} ̸= {0,0} and

or k, l ̸= n. In fact, if Nexp = 4, for every one Jnn
00 state in a fit, there are up to 63 other states
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Figure 4.13: Sample effective amplitude plots of H → π scalar current insertion Seff(t,T ). The top
plot shows data for which the light meson twist angle θ = 0.0, and the bottom plot shows data for
which θ = 1.529. Both plots correspond to a source-sink separation T = 44 in lattice units, and
four different heavy quark masses amh. Some data is offset along t/a axis for visual clarity.
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which contain oscillating and or higher order exponential components. This gives us 64 total fit

parameters for every combination of current insertion, heavy quark mass, and daughter meson

momentum each. Determining what the priors for these 63 non-ground state amplitudes ought

to be then poses an obvious challenge. There is no algorithm or effective amplitude plot-based

determination we can use; we have no a priori physics knowledge, other than knowing they can be

positive or negative. Thankfully, that sign indifference allows us to simply assign a value of zero

to the central value of all these non-ground state amplitude priors.

This still leaves us with the challenge of determining and assigning prior uncertainties for thousands

of fit parameters. Following from the similar work of [17], we can first try grouping non-ground

state priors into two categories. Per ensemble, for a given current component J, we can assign a

single prior to all states which contain any higher order exponentials Jkl
i j ̸=00. What remains then

are the lowest lying oscillating state amplitudes Jkl ̸=nn
00 , to which we can then assign a separate

prior. We can refer to these two groupings as J̸=0 and Josc as shorthand, the priors for which we

can label P[J̸=0] and P[Josc] respectively. With no prior physics knowledge to set the uncertainties

of P[J̸=0] and P[Josc], we used the highest uncertainty of a matching P[Jnn
00 ] as an initial guess.

We then utilized the same log(GBF) optimization method discussed in section 4.3 to refine these

guesses into final working values, which are listed in tables 6.5 and 7.3.

In test fitting, even after GBF optimizing the priors for oscillating and higher order three-point

amplitudes, we found two consistent outlier cases where fit posteriors still differed from their

respective priors by two or more standard deviations. These outlier cases occurred irrespective of

mass, twist, or current component. The first of these cases were the Jon
00 amplitudes. The second of

these cases were the amplitudes Jkl
10 for all k, l ∈ {n,o}. This suggested that our initial non-ground

state prior grouping method could be improved. We therefore introduced an ensemble specific, but

otherwise global, multiplicative factor σens which effectively multiplies or widens the uncertainty of

these special cases. We then underwent the same GBF optimization for this special prior widener

for each ensemble, yielding values that varied approximately in the range of two to five across all

ensembles. The exact values can also be found in tables 6.5 and 7.3. This entire process is somewhat

“in the weeds” for standard correlator fitting prior selection, and while implementing these σens
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terms does not appear to have any measurable impact on the ground state amplitudes, their

inclusion still improves the fit in two ways. First, their inclusion does make our correlator fitting

routine slightly more conservative, that is to say, the affected priors are wider and less constraining

to the fit. Second, fits which include these terms do meet the ∆ log(GBF)> 3 threshold where we

can state that the change is positive and significant.

4.6 Spurious states

To conclude this exhaustive discussion on setting priors, we ought to discuss the rare case in which

the fitter incorrectly evaluates the data and identifies a spurious state. The corrfitter package doc-

umentation [82] goes more into depth on spurious states than we will here. For our purposes how-

ever, a spurious state is a nonphysical state identified by the fitter with some near-zero amplitude

and incorrect energy splittings between it and its neighboring energy levels. Most importantly for

our form factor calculation, a spurious state can significantly affect the ground state energy E0

determined by the fitter. Thankfully, spurious states are artifacts of the fitting module, and are

not a product of the data, and so identifying and removing them in our correlator fits is important

and necessary.

In our correlator fitting we spotted that a spurious state appeared for the zero-twist pion energy

(mass) while fitting the fphys ensemble. There, the energy splitting between the i = 1 and i = 0

states was orders of magnitude smaller than what would be expected by our physics informed

prior would suggest. Curiously enough, this spurious state only appeared when we fit two and

three-point correlator data simultaneously, as opposed to only fitting two-point correlators where

no such spurious state appeared in the fit. Figure 4.14 gives a visualization of the discrepancy in

expected versus resultant energy level splittings. In this example, the global fit gives an energy
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Figure 4.14: Test fit pion relative energy splitting plots. Results are shown for the H → π decay on
the fphys ensemble for a pion of twist angle θ = 0.0 (at rest in lattice frame). For each exponential
energy state Ei, its shaded region covers Ei ±σEi , where relative energy increases upwards along
the y-axis. The energies E0,E1,E2,E3 are shown in red, orange, green, and blue respectively. The
Normal Priors subplot shows the Ei±σEi bounds of the zero-twist pion energy priors. The results
of fitting only two-point correlators C2 with normal priors is shown in the C2 Only subplot. The
results of fitting all two and three-point correlators with normal priors is shown in the C2 +C3
Un-fixed subplot, where it is clear the fitter has identified a spurious state as E1. Finally, the
results of fitting all two and three-point correlators with strict E1 prior bounds (shown in purple
as P[E1]) are shown in the C2 +C3 fixed subplot.

splitting between E1 and E0 of less than 30 MeV. Furthermore, the ground state energy from the

global fit differs from that of the two-point only fit by nearly 21 standard deviations, which is the

only such case we have come across in our test fitting. This finding indicates that the i = 1 state

in the global fit is a spurious state.
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Among the techniques we have to remove this spurious state, the direct route we can take is to

set a much more narrow prior for E1. While we do not change the central value of P[E1], we find

that assigning a fractional uncertainty of 0.05 is sufficient to effectively remove the spurious state

from the fit. Though the now fixed global fit still produces values of E1 which differ from the

narrow prior by several standard deviations, the ground state energy E0 is now consistent with

the two-point fit and P[E0].

4.7 Testing auxiliary fit parameters

4.7.1 Testing Nexp and tmin

In addition to those discussed already, there are other parameters we can adjust to improve our fit

results. The first we can discuss here are the total number of exponentials Nexp which we include in

our fit forms (equations 4.1 and 4.2). These higher order exponential states have higher energies,

and as a result decay quickly in our correlation functions. Therefore, after some minimum time

tmin, only a few exponential states are likely contributing significantly to the correlation function.

For this reason we tie together the study of Nexp and tmin in this research.

Adjusting these two auxiliary fit parameters presents trade-offs worth investigating. In considering

the number of exponentials, too small of a value for Nexp might yield poor fit results, as there are

not enough parameters (energies Ei and amplitudes Ai for example) to properly model the data.

Meanwhile, increasing Nexp adds more parameters to the fit, whose contributions to the data

might likely have decayed before a given tmin, or are otherwise indeterminable by the fitter. This

can increase the fit computation time without improving the results. Ideally we wish to select a

value of Nexp such that test fit results are stable, in that increasing or decreasing Nexp by one does

not significantly affect ground state posteriors.
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Meanwhile, adjusting tmin can have similar trade-off effects. Any correlator data of t < tmin is

not included in the correlator fit. By increasing tmin, we are effectively throwing out more and

more data correlator data, which often can lead to larger uncertainties on fit posteriors. So while

reducing tmin can in theory lead to smaller uncertainties, it also increases the likelihood of unwanted

contributions to the data from higher order exponential states. Like testing values of Nexp, we

wish to select values of tmin where adjusting by ±1 does not significantly affect fit posteriors.

Additionally, it is worth noting that we can set different values of tmin for different correlation

functions, both two and three-point. This is also true across different ensembles and both meson

decays. We tend to find however that a single value of tmin for all two-point correlators and another

for all three-point correlators is sufficient for a given ensemble, for either meson decay.

Figures 4.15 and 4.16 show plots of various fit posteriors from different test fits, which have varying

values of Nexp and tmin. From these plots we can see the general trend that, as tmin increases, the

uncertainty of the fit posterior tends to increase. Meanwhile in figure 4.15, we can see that for

a small tmin = 5, we might conclude that three exponentials are not sufficient to model the data;

as that fit posterior differs significantly from those of the same tmin = 5 but larger Nexp. Aside

from this case, These plots show that ground state fit results are mostly consistent across values

of Nexp ∈ {3,4,5}. Not shown in these figures was our finding that a value of Nexp = 2 was not

sufficient to model the data. We additionally find that values of Nexp > 4 do not have noticeable

impacts on ground state fit posteriors. Across all fits we find that a value of Nexp = 4 is amenable

to the various values of tmin we’ve selected for each ensemble, and vice versa.

4.7.2 Testing tmax

Like selecting an appropriate value of tmin, we can improve the results of two-point correlator

fitting by selecting appropriate values of tmax. To recall, the construction of two-point correlation

functions means that they are symmetrical about the midpoint of the lattice t = Nt/2. Our fitter

takes advantage of this construction by effectively folding the two-point correlator data about its
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Figure 4.15: Sample Nexp and tmin testing plots. Results shown are test fit posteriors of the mass of
the heavy meson aMH ′′ of different heavy quark mass amh on the uf5 ensemble. The fit posterior
of each heavy meson mass is from separate test fits of varying Nexp and tmin. Some data shown are
slightly offset along the tmin/a axis for visual clarity.
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Figure 4.16: Sample Nexp and tmin testing plots. Results shown are test fit posteriors of the spatial
current insertion amplitude V 1 of different heavy quark mass amh and twist angle θ on the uf5
ensemble. The fit posterior of each current insertion amplitude is from separate test fits of varying
Nexp and tmin. Some data shown are slightly offset along the tmin/a axis for visual clarity.
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Figure 4.17: Sample H and π log(CM
2 ) plot on the fphys ensemble. Data shown for t/a ∈ [0,Nt/2]

for Nt/2 = 48. Both the heavy meson H and light meson π have Goldstone pseudoscalar spin
taste structure γ5 ⊗ξ5. The heavy quark in H has mass amh = 0.8, and the light meson has twist
θ = 5.311, which is related to momentum via equation 4.10. Missing log(Cπ

2 ) data correspond to
values of Cπ

2 with negative sign.

midpoint. This does not double the statistics as both halves of the data are highly correlated,

however it does slightly but meaningfully decrease uncertainties. Therefore if we establish that

tmin and tmax define the domain of each two-point correlator which are evaluated by the fitter, then

the maximum value of tmax we might set is tmax = Nt/2.

Unlike tmin however, tmax does not have the trade-off relationship with Nexp as described in the

previous section. Instead, the purpose of setting a value of tmax < Nt/2 is to remove data from the

fit that is too noisy as to be useful for the fit. This categorization mostly applies to two-point

correlator values with negative sign. Because we fit two-point correlator data in log-space, negative

sign correlator data cannot enter the fit. Figure 4.17 shows a log(CM
2 ) plot where this phenomena

is plainly apparent. This plot also shows the general trend of the uncertainty on correlator data

increasing towards the temporal midpoint of the lattice. This effect is more pronounced for light

meson correlators of higher twist angle.
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After analyzing many log(CM
2 ) plots, we find that setting tmax < Nt/2 is only necessary in minority

of cases. We find that for all heavy meson correlators a value of tmax = Nt/2 is appropriate. For all

ensembles and either meson decay, we find that only the two or three highest twist light meson

correlators require values of tmax < Nt/2.

4.7.3 Testing SVD cuts

Before we can finish our discussion on fitting correlator data we ought to discuss how we implement

Singular Value Decomposition (SVD) cuts in our least squares fit equation. This discussion of SVD

cuts mostly follows from appendix D of [109], from which we also adopt similar notation. First, let

us illustrate the problem in our fit routine which the implementation of SVD cuts aims to solve.

Recall that for a given fit (which is to say, for a ensemble and meson decay) we have Ns sample

Monte Carlo correlation functions G(s), where each correlation function can be represented as a

vector of dimension NG. For our least squares fit approach, we need to calculate the covariance

matrix Mcov given by

Mcov ≈
1

Ns(Ns −1)∑
s
(G(s)−G)(G(s)−G)T , (4.20)

where G is the sample average. We can then define the diagonal matrix of standard deviations

D where Di j = δi jσGi . With this construction we can then write that Mcov ≡ DMcorrD, where

Mcorr is the related correlation matrix (also known as the normalized covariance matrix we discuss

in previous sections). This correlation matrix Mcorr has eigenvectors vn and eigenvalues λn, such

that Mcorrvn = λnvn. For a vector fitting function G(p) of fit parameters p, we can write our

augmented χ2 function as

χ2
aug(p) =

NG

∑
n=1

[(
G−G(p)

)T D−1vn

]2

λn
+χ2

prior. (4.21)
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If the number of sample correlation function Ns is sufficiently smaller than NG, problems arise out

of the approximation we make for Mcov in equation 4.20 [87, 89]. Under this approximation, if

Ns < NG then we will be left with a number of zero-valued eigenvalues equal to NG−Ns. Naturally,

eigenvalues λn = 0 cause equation 4.21 to become undefined. Moreover, even in the case where

Ns is greater than NG by less 10-100 times, we end up underestimating eigenvalues, which can

compromise/invalidate our least squares fit approach. The approximated eigenvalues λn which

can negatively affect our χ2 fit are those for which

λn

λ exact
n

< 1−
√

2
NG

, (4.22)

where λ exact
n is theoretically exact eigenvalue. We unfortunately do not know the exact eigenvalues

(hence the approximation), and so rely on bootstrapped copies of the correlator data to produce

bootstrapped eigenvalues λ bootstrap
n . The bootstrapped data is derived from the same ensembles,

and likewise have the same number of samples NS. We can therefore approximate the left-hand

side of equation 4.22 as
λn

λ exact
n

≈ λ bootstrap
n

λn
. (4.23)

Figure 16 in [109] demonstrates the validity of this approximation. With this established, we can

now go on to establish the methodology of the SVD cut, which is shown in figure 4.18. If we

plot λ bootstrap
n /λn against λn/λmax, we can find the point along the y-axis where λ bootstrap

n /λn =

1 −
√

2/NG. The point along the x-axis where this intersection occurs is the SVD cut-off κ .

Implementing this cut-off means that all eigenvalues λn smaller than κλmax are replaced with

κλmax.

Thankfully, the gvar, lsqfit, and corrfitter packages [80, 83, 82] have built-in functions which

determine appropriate SVD cuts for our fits automatically. This is to say, SVD cuts are chosen

such that eigenvalues below the cut-off are replaced by a value of κλ max
n . Utilizing SVD cuts ensures

the validity of our least squares fitting routine. Additionally, implementing SVD cuts increases

the uncertainty of our fit results. This choice is conservative in the same sense that increasing
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Figure 4.18: SVD diagnosis plot for a Ds → K fit on the f5 ensemble. Data shown (in blue) are
the ratios of bootstrapped eigenvalues λ bootstrap

n to random sample eigenvalues λn, normalized
along the x-axis by the maximum sample eigenvalue λmax. The point along the y-axis where
λ bootstrap

n /λn = 1−
√

2/NG is indicated by the dotted black line. Where the data crosses this line
determines the SVD cut κ , indicated by the dashed red line. The point along the y-axis where
λ bootstrap

n /λn = 1 is indicated by the dashed black line.
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prior uncertainties is a conservative choice for the fit. In testing we find that posterior fit results,

are generally not sensitive to scaling the (automatically determined) SVD cut by an order of

magnitude, nor are the quantities which determine goodness of fit (which we discuss in the next

section).

4.8 Determining the quality of correlator fits

To conclude our lengthy chapter on fitting correlation functions, let us discuss explicitly the

holistic means by which we judge the quality, or goodness of a correlator fit. We emphasize the

word holistic here because these quantities do not necessarily alert us to problems with individual

parameters (like spurious states which we discuss in section 4.6), but rather enable easy whole fit

evaluation and comparison. These quantities are the χ2 per degree of freedom (χ2/d.o.f.), the fit

quality Q (which is also known as the p-value), and the log(GBF) of a fit.

Naively, we might expect a good fit to have a χ2/d.o.f. nearly equal to one. This would imply that,

per degree of freedom or fit parameter, the mean squared deviation of the correlator data from the

line of best fit is nearly equal to the variance of the correlator data. However with our introduction

of the augmented χ2 (which appears in 4.3) we often are left with correlator fits with values of

χ2/d.o.f. much less than one. This phenomenon is related to the uncertainties of priors we include

in our fit; broader prior uncertainties will lower a fit’s χ2/d.o.f.. As discussed in the previous

section, we assign reasonably broad priors wherever possible in our fits, and so this effect must be

considered. SVD cuts can likewise artificially reduce the χ2/d.o.f. of a fit (see lsqfit documentation

[83] and appendix D of [109]). Thankfully, the lsqfit package has built-in noise functions which

address these problems. Enabling prior noise in a fit randomly increase or decreases the central

values of the priors according to the gaussian distribution set by their uncertainties. Likewise

enabling SVD cut noise affects the random sampling in the error distribution of our SVD cut.

In theory then, enabling both prior and SVD cut noise will restore the χ2/d.o.f. of an otherwise

good fit to be near equal to one. Due to the random nature of this added noise however, fits with
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prior and SVD cut noise enabled are not reproducible, and we therefore do not enable prior and

SVD cut noise by default in our fit routine. Instead, before we accept any candidate final set of

correlator fits, we rerun that same set of fits where the only change is that prior and SVD cut

noise are enabled. Should this alternative set of noise enabled fits be otherwise of good quality, we

can then accept that candidate set of noise disable correlator fits as the final set to carry forward

into form factor calculation.

To be of good quality however, we also have to evaluate the quality factor Q of a fit. We can define

Q as the probability that, if the null hypothesis H0 is true, we could have a smaller value of χ2

than what was calculated in the fit. This is to say that Q = Pr
(
χ2 ≤ X|H0

)
for some distribution

X . The common standard which we adopt is that Q ≥ 0.05 qualifies an acceptable fit. Like χ2,

our augmented least squares fit approach can likewise jeopardize the validity of the quality factor.

Artificially broad prior uncertainties and prior central values taken from previous test fit results

will minimize the contribution of χ2
prior to χ2

aug in equation 4.3. The quality factor of a fit is

in part derived from the χ2 of a fit, and so artificially narrow priors can likewise invalidate a

strict interpretation of the meaning of Q. Enabling prior noise however has the same effect on

the interpretation of Q as it does on χ2. We therefore also ensure that noise enabled fits have

acceptable fit posteriors of χ2 ≈ 1 and Q ≥ 0.05.

While enabling prior noise will validate the meaning of Q in the case of underfitting (artificially

broad priors), it does not do the same for overfitting. If we implement priors with artificially or

unjustifiably narrow priors, then the fitter would too strongly favor fit posteriors that match their

respective priors, with little consideration of the data itself. To account for this overfitting, we

utilize our final holistic measure of goodness of fit, which is the Gaussian Bayes Factor (GBF).

We can define an effective definition of the GBF as the probability density that the final fit model

would produce the original data through random gaussian sampling [110]. For some data D and

model M, we can write that the GBF is equal to Pr(D|M). This construction punishes a model

(composed of priors that we set) that overfits the data. For two fits wich contain the same fit

parameters but those parameters have different priors, whichever fit has a larger log(GBF) is

generally preferred; a change of log(GBF) greater than three is significant [92] for the means of
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comparison. To summarize then, we evaluate the goodness of a fit by considering its χ2/d.o.f, Q,

and log(GBF). We select fits which minimize χ2 and maximize log(GBF), so long as Q ≥ 0.05.

Conveniently for us, all three of these quantities are automatically calculated by the lsqfit package,

the details of which are found in [83].



Chapter 5

Calculating Form Factors

In the previous chapter, we fully explored the topic of fitting two and three-point correlation

functions. Here we first discuss how we transform the results of fitting correlation functions into

a discrete set of lattice form factor data. We then go on to discuss how we utilize a modified

z-expansion to fit that lattice form factor data to continuous fit forms, the final product being

physical continuum form factors. The form factor discussion in this chapter applies for a general

heavy to light meson decay H → L, where H has either heavy-light or heavy-strange quark content,

unless otherwise noted. The current status of form factor calculations for either D,B → π or

Ds,Bs → K are found in chapters 6 and 7 respectively.

5.1 Lattice Form Factors

With a satisfactory set of correlator fit results, we can work towards calculating lattice form

factor results. We emphasize the term lattice here because the form factors directly derived from

our correlator fit results will still contain ensemble-specific lattice artifacts, namely those which

come from non-zero lattice spacing and unphysical quark masses. Furthermore, these lattice form

125
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factors will be a discrete, non-continuous set of form factor values, rather than some function

describing a continuous curve. In sections 5.2 and 5.3 we detail how we arrive at physical continuum

form factors from these discrete form factors. For now however, let’s examine the outputs of our

correlator fitting.

The results of our correlator fitting include the energies and amplitudes of heavy and light mesons

EH , EL, AH , AL. The results then also include a set of current insertion amplitudes J ∈ {S,V,T}.

These energies and amplitudes correspond to different combinations of lattice spacings, quark

masses, light meson momenta, and spin-taste construction. Many of these parameters correspond

to higher order exponential and or oscillating states which appear in our correlation function fit

forms (equations 4.1 and 4.18). However it is only the ground state heavy meson masses MH , light

meson energies EL, and current insertion amplitudes Jnn
00 , which we carry forward into form factor

calculations1.

5.1.1 Equations of lattice form factors

Before we can construct our lattice form factors f0, f+, and fT , we must first calculate the cor-

responding lattice matrix element. Using equations 2.42 and 4.2, we can define the lattice matrix

element as

⟨L|Jlatt |
(∧)
H⟩= 2Zdisc

√
MHELJnn

00 . (5.1)

Here we use the same notation as the previous chapter for J ∈ {S,V,T}. Furthermore, we introduce

the notation (∧) to denote that the heavy meson in the lattice matrix element must be of appro-

priate spin-taste construction for the accompanying lattice current Jlatt. We write the Goldstone

heavy meson as H, and any non-Goldstone heavy meson as Ĥ ∈ {H ′,H ′′,H ′′′}. The spin-taste con-

struction of these meson operators are given in equation 3.73. In the right hand side of equation 5.1

however we always use the Goldstone (spin-taste γ5 ⊗ ξ5) heavy meson mass from our correlator

1. Considering that from this point onward we only care about the ground state meson masses and energies, we
drop any i = 0 and non-oscillating indicating notation for the mesons.
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fits. As discussed in chapter 3, the Goldstone heavy meson H only differs from its non-Goldstone

counterparts Ĥ by discretization effects. Finally in equation 5.1 we also include a normalization

term Zdisc which accounts for O(mh)
4 discretization effects [56]. We define Zdisc explicitly in the

following section.

Having defined our lattice matrix elements in relation to correlator fit outputs, we can also define

them in terms of scalar, vector, and tensor lattice form factors:

⟨L|Slatt |H⟩= M2
H −M2

L
mh −ml

f0(q2), (5.2)

ZV ⟨L|V µ
latt |H

′(′′)⟩= f+(q2)
(

pµ
H + pµ

L − M2
H −M2

L
q2 qµ

)
+ f0(q2)

M2
H −M2

L
q2 qµ , (5.3)

ZT (µ)⟨L|T k0
latt |H

′′′⟩= 2iMH pk
L

MH +ML
fT (q2,µ). (5.4)

Here we emphasize that the form factors are functions of the squared four-momentum transfer

q2 = (pH − pL)
2, where pH and pL are the heavy and light meson four-momenta. In equation 5.2

it is important to note that while the light meson mass ML denotes either some pion or kaon

mass, the term ml always denotes the valence light quark mass on an ensemble, rather than the

valence strange quark mass. In the equation for the vector lattice matrix element (equation 5.3)

the index µ ∈ {0,1,2,3} denotes the euclidean dimension (x0,x1,x2,x3), where x0 is the temporal

dimension of the lattice and x1, x2, x3 are equivalent spatial dimensions. We use the non-Goldstone

heavy meson H ′ (spin-taste γ5 ⊗ξ5ξ1) with the temporal vector current V 0
latt, and we use the non-

Goldstone heavy meson H ′′ (spin-taste γ5γ0 ⊗ξ5ξ0) with any spatial vector current V 1,2,3
latt . For the

tensor matrix element the index k can denote any spatial euclidean dimension; we choose k = 1,

and in the right hand side of equation 5.4 we have i =
√
−1. Unlike the scalar and vector form

factors, the tensor form factor is dependent on some energy scale µ (not to be confused with the

index µ in the vector current equation). Finally, ZV and ZT (µ) are renormalization terms which

we discuss in the following section. We can also note that if we require matrix elements to be

finite, then from equation 5.3 at q2 = 0 we have f+(0) = f0(0). This is a useful constraint that we

can implement directly in our modified z-expansion fits, which we discuss in section 5.2.
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5.1.2 Normalization and renormalization terms

In equation 5.1 we find the lattice discretization normalization term Zdisc [56], which we define as

Zdisc =

√
cosh(mtree)

(
1− 1+ εtree

2
sinh2(mtree)

)
. (5.5)

Here, mtree is the tree level pole mass of a quark of bare mass m (in lattice units). We define mtree

and the Naik term εtree in equations 3.38 and 3.39 in section 3.3.4. While these equations are true

for any quark on the lattice, the mtree and εtree contributions from the light and strange quark

masses are effectively zero, and so we only include the heavy quark mass contributions to Zdisc.

The next renormalization term we can discuss is ZV , which we use to calculate vector form factors

in 5.3. To determine ZV , we first need to examine the continuum expression of the partially

conserved vector current (PCVC) equation [111, 112], given by

qµ ⟨L|V µ
local |H⟩= (mh −ml)⟨L|Slocal |H⟩ . (5.6)

Here we emphasize that this relation only holds true for local current insertions, which is the case

for all J ∈ {S,V,T} in this work (see equation 3.73 for current insertion spin-taste construction).

Luckily, this continuum expression remains valid on the lattice for the HISQ formalism [12], up to

discretization effects. Taking this all into account, we can then also utilize the fact that the right

hand side of equation 5.6 is fully normalized [111] to then define ZV as

ZV =
(mh −ml)⟨L|S |H⟩

(MH −ML)⟨L|V 0 |H ′⟩

∣∣∣∣∣
q2=q2

max

. (5.7)

We choose to calculate ZV at the limit of q2 = q2
max, where both the heavy and light mesons

are in the rest frame of the lattice. Adding three-momentum to mesons increases the noise of

their correlation functions, and so evaluating ZV at q2
max (p⃗L = 0) minimizes its uncertainty. Per

ensemble and heavy quark mass, we can use the same value of ZV for all V µ and q2 in equation

5.3 [14], which is valid up to discretization effects.



5.1. Lattice Form Factors 129

Table 5.1: Tensor renormalization factors ZT (µ = 4.8 GeV) and their accompanying correlation
matrix used in this work. Values are taken from tables VIII and IX in [3].

ensemble ZT correlation matrix
f5, fphys 1.0029(43) 1.0 0.99605 0.93562

sf5, sfphys 1.0342(43) 0.99605 1.0 0.93197
uf5 1.0476(42) 0.93562 0.93197 1.0

While Zv is fully normalized, independent of energy scale, we cannot say the same for tensor form

factor renormalization term ZT . For some time, the determination of ZT was only possible per-

turbatively and with large errors. The HPQCD collaboration in [3] however manages to calculate

values of ZT in the RI-SMOM scheme [113] which are then matched to the MS scheme [114, 115],

correcting for non-perturbative artifacts and O(α4
s ) errors. We present the values of ZT and their

accompanying correlation matrix we use in this work in table 5.1. The final values we use from

table VIII in [3] are first calculated at an energy scale of µ = 2.0 GeV in the RI-SMOM scheme.

They are then converted to the MS scheme and run up the energy scale of the bottom quark

pole mass. It is worth noting that we do not have separate values of ZT for the fphys and sfphys

ensembles. In our form factor calculations, they share the same value of ZT as their f5 and sf5

counterparts. The energy scale µ = 4.8 GeV is suitable for the physical B → π and Bs → K con-

tinuum extrapolations we perform. With the aims of producing D → π and Ds → K tensor form

factors however, we need a way to run ZT (µ) to a scale appropriate for a given MH , which is

ZT (µ = 2.0 GeV) for the physical D(s) meson. Following from [3], we can derive a multiplicative

factor Γ such that

f
D(s)→π(K)

T (q2,µ = 2.0 GeV) = Γ× f
D(s)→π(K)

T (q2,µ = 4.8 GeV). (5.8)

For an energy scale of µ = 2.0 GeV, we arrive at a value of Γ = 1.0773(17).
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5.2 The modified z-expansion

In the previous section, we have described the necessary steps to translate correlator fit outputs

into a discrete set of lattice form factors. In this section, we describe the necessary steps to fit that

set of lattice form factor data into appropriate fit forms, which are continuous functions of q2 in the

range of 0 ≤ q2 ≤ q2
max = (MH −ML)

2. The unphysical artifacts in our lattice form factor data are:

unphysical and mistuned quark masses, lattice discretization effects, and non-zero lattice spacing.

We address all of these issues simultaneously, fitting the lattice form factor data in accordance

with the modified z-expansion, first introduced in [111].

5.2.1 Mapping to z

The core of this technique is the mapping of q2 to some complex number z in the complex plane,

and re-parameterizing f0,+,T as analytical functions of polynomials of z. To begin, we can first

map q2 → z by defining z as

z(q2, t0) =

√
t+−q2 −

√
t+− t0√

t+−q2 +
√

t+− t0
. (5.9)

Here we follow the notation of [116, 117, 118] where t+ = (MH +ML)
2 is the beginning of a branch

cut (which corresponds to the current insertion having enough energy for on-shell HL production),

and t0 is an arbitrary parameter that shifts f0,+,T along the Re[z]-axis. We choose to set t0 = 0,

such that z(q2 = 0, t0 = 0) = 0. This choice facilitates the enforcement of the kinematic constraint

f0(0) = f+(0), which is a consequence of equation 5.3. We note that this parameter t0 is unrelated

to the same notation which appears in chapters 3 and 4. In figure 5.1 we give an illustrative

diagram which shows how we map q2 → z.
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Figure 5.1: Diagram showing the mapping of q2 → z for t0 = 0, as defined in equation 5.9. We
include a subthreshold pole mass MH∗ and a post threshold pole mass MH∗

0
, which appear in the

pole mass terms defined by equations 5.24 and 5.26.

Having defined z, we can now parameterize the equations of f0,+,T in terms of polynomials of z.

We use the Bourrely-Caprini-Lellouch (BCL) parameterization [117] as a basis to now define our

form factor equations as

f0(q2) =
L

P0(q2,MH)

N−1

∑
n=0

a0
nzn, (5.10)

f+(q2) =
L

P+(q2,MH)

N−1

∑
n=0

a+n
(

zn − n
N
(−1)n−NzN

)
, (5.11)

fT (q2,µ) =
L

PT (q2,MH)

N−1

∑
n=0

aT
n

(
zn − n

N
(−1)n−NzN

)
. (5.12)

This modified form of the BCL parameterization allows us to simultaneously extrapolate to zero

lattice spacing and physical meson masses, across the physical range of q2, while removing dis-

cretization effects and lattice artifacts. We can therefore characterize our modified z-expansion fit

routine as using the results of correlator fitting as input data, while equations 5.10-5.12 are the

fit forms. In these equations, a0,+,T
n are coefficients that multiply polynomials of z, which have a

maximum order of N −1 for the scalar form factor, and a maximum order of N for the vector and

tensor form factors. The inclusion of the zN term models for the expected behavior of f+ and fT

at large q2. We also include a non-analytical SU(2) logarithmic term L , which accounts for light
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quark mass dependency using chiral perturbation theory (χpt). We account for possible pole terms

in this parameterization by dividing by a pole-mass term P0,+,T (q2,MH). Doing so enforces that

these functions be analytical in z. We explore the definitions of these parameters in the remainder

of this section.

5.2.2 Coefficients of the z-expansion

The first terms we will discuss which appear in equations 5.10-5.12 are the coefficients a0,+,T
n . We

aim for these coefficients to capture the expected dependence on the heavy meson mass, quark

mass mistuning, lattice discretization effects, and the (analytical) chiral extrapolation of the light

quark mass. We therefore define a0,+,T
n as

a0,+,T
n =

(MD

MH

)ζn
(

1+ρ0,+,T
n log

(MD

MH

))
× (1+N 0,+,T

n )

×
Ni jkl−1

∑
i, j,k,l=0

d0,+,T
i jkln

(ΛQCD

MH

)i(amh

π

)2 j(aΛQCD

π

)2k
(xπ − xphys

π )l.

(5.13)

We define the terms in equation 5.13 and prior selection in separate parts below.

Heavy meson mass dependency

We can first discuss the terms in equation 5.13 which are dependent on the mass of the heavy

meson MH . From Heavy Quark Effective Theory (HQET) we include an inverse power series of

MH in i, scaled by ΛQCD. We also include a prefactor with fitted power ζn to account for the M−3/2
H

behavior at low q2 we expect from Large Energy Effective Theory (LEET) [119]. We have also

seen this behavior modeled by a logarithmic term in [16]. We allow for this behavior by including a

log(MD
MH

) term in equation 5.13, multiplied by the parameter ρ0,+,T
n . We note that by setting t0 = 0

in equation 5.9, the near-zero q2 region of our form factors will be dominated by the z0 terms in

the z-expansion.
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Quark mass mistuning

By the inclusion of the term N 0,+,T
n in equation 5.13, we account for possible sea and valence

quark mass mistuning effects. This term does not account for the varying heavy quark masses. It

also does not perform the χpt extrapolation of the unphysical light quark masses on the ensembles

where ms/ml ≈ 5. We address that functionality later in this section. For now, we can simply define

the quark mass mistuning term N 0,+,T
n as

N 0,+,T
n = cval,0,+,T

s,n δ val
s + csea,0,+,T

s,n δ sea
s +2c0,+,T

l,n δl + csea,0,+,T
c,n δ sea

c . (5.14)

The form of equation 5.14 is the sum of some fit parameters c times some known tuning term δ

for each valence and sea quark. The mass of the light valence and light sea quarks are degenerate

(hence the factor of 2 multiplying c0,+,T
l,n ), which is not true for the strange quark. For any valence

or sea quark q ∈ l,s, we define δq as

δq =
mq −mtuned

q

10mtuned
s

. (5.15)

This form includes a factor of 10 in the denominator, which is a proxy that accounts for the

expected expansion parameter 4π fπ from χpt. We can define mtuned
s relative to the mass of the ηs

meson2:

mtuned
s = mval

s

(
Mphys

ηs

Mηs

)2

. (5.16)

Though we do not calculate the values of Mηs , Mphys
ηs in our correlator fits, we can rely on previous

HPQCD results [16, 71] which are fit on the same gluon field ensembles. With mtuned
s defined, we

can use [67] to then define mtuned
l using the ratio

mtuned
s

mtuned
l

= 27.18(10). (5.17)

2. While constructing a pseudo-scalar meson composed of a strange and anti-strange quark pair is unphysical, we
are not prevented from construing such a meson on the lattice in pure QCD.
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Finally for sea charm quark we can define δ sea
c as

δ sea
c =

msea
c −mtuned

c

mtuned
c

, (5.18)

where we again use previous HPQCD work which fixes mtuned
c from the mass of ηc [120]. These

values are used to guide our choice for the lightest heavy quark mass on each ensemble, which

facilitates the calculation of D → π and Ds → K form factors.

Discretization effects

In equation 5.13, we also account for O(a2) discretization effects. This includes effects which are

dependent on the mass of the heavy quark (amh)
2 j, and those which are independent of any quark

mass, for which we include (aΛQCD)
2k. With this construction we allow for discretization effect

dependencies that vary across ensembles with different heavy meson masses, and those which are

constant for any given ensemble or heavy meson mass.

Light quark mass dependency

Finally, we include an analytical χpt term (xπ − xphys
π )l in equation 5.13 to account for any form

factor dependence of the light quark (and therefore also light meson) mass. This term is especially

useful in addressing the unphysically heavy light meson masses (ms/ml ≈ 5) which appear in the

f5, sf5, and uf5 ensembles. For any meson M , physical or otherwise, we can define a unit-less mass

parameter xM as

xM =
M2

M

(4π fπ)2 . (5.19)

For xπ however, rather than using fit outputs Mπ and fπ , we follow the method of [17] and construct

a useful approximate form where

x(phys)
π = 2

m(phys)
l

5.63mphys
s

. (5.20)
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Here the notation which denotes physical masses is equivalent to the “tuned” notation describing

valence quark masses discussed previously, and so we can use equations 5.16 and 5.17 to define

mphys
s and mphys

l .

Coefficient prior choices

In the related Boyd-Grinstein-Lebed (BGL) parameterization [121, 122, 116], implementing the

proper outer function imposes that the coefficients bn which multiply the powers of z must be of

order one or less. However for the BCL parameterization, we cannot explicitly enforce that the

coefficients a0,+,T
n in equations 5.10-5.12 similarly lie within the bounds of 0±1. In previous B → π

and Bs → K lattice results which use the BCL parameterization, the coefficients of the z-expansion

they calculate are often of order one or less [7]. We likewise expect (but do not strictly enforce)

that our final values of a0,+,T
n are of order one or less. In our modified z-expansion however, the

coefficients a0,+,T
n are constructed from the various terms in equation 5.13. Therefore the natural

priors to assign to the many parameters in 5.13 are 0.0(1.0), unless there are physics informed

reasons to do otherwise. For example, the coefficients d0,+,T
i jkln which multiply the terms which have

powers i, j,k, l are mostly all given priors of 0.0(1.0) in our z-expansion fits. We know however the

HISQ action is a2-improved, in that O(a2) HISQ errors are O(αsa2) [12]. As such we can assign

more strict priors to the terms which would be suppressed by the a2 improvement. For example,

we set P[d0,+,T
i10ln ], P[d0,+,T

i01ln ] = 0.0(3) to reflect the strong coupling constant αs ≈ 0.3.

To match the expected M−3/2
H behavior at low q2 [119], we assign the prior P[ζ0] = 1.5(5), and

directly set all other ζn̸=0 = 0 in the z-expansion fit. With the aim of matching HQET to QCD,

we follow from [13, 17] and assign priors P[ρ0,+,T
n ] = 0(1) for all n. For n = 0, this choice permits

different form factors to vary in ζ0, and for n ̸= 0 this choice allows for non-integer power MH

dependence.
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For the quark mass mistuning term, we assign various priors to groups of the constants c0,+,T
n which

appear in equation 5.14. For the valence strange quark, we assign a prior P[cval,0,+,T
s,n ] = 0.0(1.0).

We expect less contribution to N 0,+,T
n from the quarks in the sea, and so we arrive at priors

P[csea,0,+,T
s,n ] = 0.0(5), P[c0,+,T

l,n ] = 0.0(5), and P[csea,0,+,T
c,n ] = 0.0(1). In test fitting we ensure these

priors are not overly constraining to the fit, using the same methods of log(GBF) testing discussed

in chapter 4.

5.2.3 Chiral perturbation theory

In the prefactor which multiplies polynomial in equations 5.10-5.12, we include a non-analytical

chiral logarithm term L . The primary motivation for the inclusion of this term is to account for

pion masses on three of our five gluon field ensembles which are unphysically heavy. Following

from [123, 124], we can define separate SU(2) chiral logarithm terms for either meson decay as

L H→π = 1−
(3

8
+

9g2

8

)
xπ

(
logxπ +δFV

)
, (5.21)

L Hs→K = 1− 3
8

xπ

(
logxπ +δFV

)
. (5.22)

Here we use the same definition for xπ as in equation 5.19, g is the coupling strength between

between H, H∗, and π, and δFV is a small corrective term which accounts for finite volume effects.

In our setup, the pion mass is effectively a light degree of freedom within the χpt expansion, as its

mass varies significantly among the different ensembles. The kaons in our simulations however have

masses which are more stable across ensembles; all our valence strange quark masses are nearly

physical. Dependencies any mistuning in valence or sea strange quark mass are likely absorbed by

the quark mass mistuning term N 0,+,T
n . Furthermore, dependencies on the kaon mass are likely to

be absorbed by the ΛQCD terms in 5.13 as MK ≈ ΛQCD. For these reasons we choose to use SU(2)

chiral logarithm terms (with only xπ dependence) over their respective SU(3) analogues (which

have dependencies on xK and xη).
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Table 5.2: Finite volume correction terms δFV used for each ensemble.

Ensemble δFV
f5 0.0207875

fphys 0.0711225
sf5 0.019799

sfphys 0.0631322
uf5 0.0256137

It is worth remarking upon the presence of the coupling strength term g in equation 5.21 for

H → π and its absence in equation 5.22 for Hs → K. The coupling strength g arises out of one loop

interactions, such as H∗ ↔ Hπ, in the H → π decay, and is specifically related to the interaction

of pions and heavy mesons with heavy-light quark content. In our SU(2) treatment of the Hs → K

decay however, there is no equivalent leading order H∗
s ↔ Hsπ contribution [125, 126].

If we now introduce the MH argument for the coupling strength we can scale g with respect to

heavy meson mass as

g(MH) = g∞ +C1
ΛQCD

MH
+C2

Λ2
QCD

M2
H

. (5.23)

In this formulation, g∞ is the coupling strength in the infinite mass limit, and C1,2 are fitted

constants. From [127] we have g∞ = 0.48(11). For the physical D and B masses we expect g(MD) =

0.570(6) [128] and, based on an average of [129, 130, 131] we expect g(MB) = 0.500(33). Based

on trial fits using these values of g(MD) and g(MB), we assign broad priors to the fitted constants

P[C1] = 0.5(1.0) and P[C2] = 0.0(3.0).

Finally to account for effects which depend on the finite volume of our lattices, we include the

term δFV in our chiral logarithms functions. Table 5.2 gives the values of δFV we use, which are

calculated from Equation (47) in [132]. These are first order values, and so to accommodate higher

order effects we include an additional (0.7%)2 error for each δFV in our z-expansion fits.
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5.2.4 Pole-mass terms

The final terms we can discuss which appear in equations 5.10-5.12 are the pole-mass terms

P0,+,T (q2,MH). The motivation for including such terms is to account for potential subthreshold

heavy-light production whose quantum numbers match the given current insertion. This is to say,

we wish to account for the heavy mesons H∗
0 (JP = 0+) and H∗ (JP = 1−) who might have masses in

the range between q2
max = (MH(s) −Mπ(K))

2 and t+ = (MH +Mπ)
2. We wish to draw extra attention

to the notation here, because the branch-cut at t+ is always equal to the square of the sum of the

two mesons masses whose quark content is heavy-light and light-light. This is true regardless of

the spectator quark being a light quark or a strange quark. In previous sections we often use the

notation for a generic heavy meson H whose quark content is either heavy-light or heavy-strange,

but for the remainder of this section the notation H always denotes a heavy-light meson.

To begin, we can write the vector pole mass term P+(q2,MH) which appears in equation 5.11 as

P+(q2,MH) = 1− q2

M2
H∗

. (5.24)

Using experimental results for Mphys
D∗ and Mphys

B∗ , we can construct an equation for MH∗ which inter-

polates between those two physical results. Using Mphys
D∗ = 2.00685(5) GeV and Mphys

B∗ = 5.32475(20)

GeV [19], we can follow from [17, 13] and write

MH∗ = MH +
Mphys

D
MH

∆(D)+
Mphys

B
MH

[ MH −Mphys
D

Mphys
B −Mphys

D

(
∆(B)−

Mphys
D

Mphys
B

∆(D)
)]

, (5.25)

where ∆(D) = Mphys
D∗ −Mphys

D and ∆(B) = Mphys
B∗ −Mphys

B . We likewise define the tensor pole factor

term PT (q2,MH) = P+(q2,MH). This choice is motivated by the fact that, in the heavy quark limit

and up to known kinematic factors, fT (q2) = f+(q2) [133].
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In the equation for the scalar form factor, we similarly define scalar pole mass term as

P0(q2,MH) = 1− q2

M2
H∗

0

, (5.26)

where H∗
0 is a heavy meson with quantum numbers JP = 0+. Looking to the D meson end of the

heavy quark mass spectrum, we have the PDG result that D∗
0 = 2.343(10) GeV [19]. While we do

not have any experimental results for the mass of the B∗
0 meson, we expect from HQET that the

energy splitting ∆ = MD∗
0
−MD ≈ 0.48 GeV will be similar for the B system [134]. For the generic

heavy-light meson H we can therefore define MH∗
0
= MH +∆.

It is important to note that this definition places (MH∗
0
)2 above the branch cut threshold of

t+ = (MH +Mπ)
2, and so including this pole term in equation 5.10 is not strictly necessary. However

in other work [135] and in our own test fitting, we find that the inclusion of this post-threshold

pole mass term in the equation of the scalar form factor either has no effect, or somewhat improves

fit results.

5.2.5 Testing z-expansion fits

In the previous sections we build the mathematical framework to perform a modified z-expansion

fit, whose inputs are the outputs of some previous set of correlator fits. Before presenting the

current status of our continuum B,D → π and Bs,Ds → K form factors in the following chapters,

it is helpful to visually show the intermediate steps of the z-expansion fits. In figures 5.2 and 5.3,

we show lattice form factor data from the uf5 ensemble correlator fit overlaid with continuous

form factor curves, whose functions are built from the outputs of all-ensemble z-expansion test

fits. These figures demonstrate that the z-expansion fit forms (equations 5.10-5.12) accommodate

not only q2 dependence, but heavy quark mass (and therefore heavy meson mass) dependency as

well.
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H → π lattice form factors: uf5-ensemble (a = 0.044 fm, ms/ml ≈ 5)

Figure 5.2: Plots show H → π lattice form factor data calculated from uf5 ensemble (a = 0.044 fm,
ms/ml ≈ 5) correlator fits, shown over large q2 kinematic range. We show results for scalar (top left),
temporal vector (top right), spatial vector (bottom right), and tensor (bottom left) form factors.
Blue, red, green, and purple data corresponds to heavy quark masses equal to 0.21, 0.43, 0.64,
and 0.86 times the physical b-quark mass respectively. The matching colored continuous curves
are the functional form factor results constructed from the outputs of all-ensemble z-expansion
test fits. The shaded region of each curve corresponds to the limits of the form factor results to
±1 standard deviation.
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Figure 5.3: Plots show Hs →K lattice form factor data calculated from uf5 ensemble (a= 0.044 fm,
ms/ml ≈ 5) correlator fits, shown over large q2 kinematic range. We show results for scalar (top left),
temporal vector (top right), spatial vector (bottom right), and tensor (bottom left) form factors.
Blue, red, green, and purple data corresponds to heavy quark masses equal to 0.21, 0.43, 0.64,
and 0.86 times the physical b-quark mass respectively. The matching colored continuous curves
are the functional form factor results constructed from the outputs of all-ensemble z-expansion
test fits. The shaded region of each curve corresponds to the limits of the form factor results to
±1 standard deviation.
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5.3 Extrapolating to physical continuum form factors

In the previous section, we describe the fit equations for the scalar, vector, and tensor form factors

which use the BCL parameterization as a basis. We modify this parameterization so that we can

account for unphysical quark masses and meson mass dependencies, χPT, and discretization effects

simultaneously in one fit. The result of this fit allows us to construct continuum limit versions

of equations 5.10-5.12 which are valid for a generic heavy meson of mass MH and the respective

physical q2 range where 0 ≤ q2 ≤ q2
max = (MH −ML)

2.

We can define the continuum limit form factors f cont.
0,+,T (q

2,MH) as

f cont.
0 (q2,MH) =

L cont.(MH)

P0(q2,MH)

N−1

∑
n=0

a0,(cont.)
n (MH)zn(MH), (5.27)

f cont.
+ (q2,MH) =

L cont.(MH)

P+(q2,MH)

N−1

∑
n=0

a+,(cont.)
n (MH)×

(
zn(MH)−

n
N
(−1)n−NzN(MH)

)
, (5.28)

f cont.
T (q2,µ,MH) =

L cont.(MH)

P+(q2,MH)

N−1

∑
n=0

aT,(cont.)
n (MH)×

(
zn(MH)−

n
N
(−1)n−NzN(MH)

)
, (5.29)

where we have made explicit all MH arguments. The continuum chiral logarithm term L cont.(MH)

differs from those describe in equations 5.21, 5.22 such that δFV = 0, and xπ → xphys
π . We can define

the continuum expansion coefficients a0,+,T,(cont.)
n as

a0,+,T,(cont.)
n (MH) =

(Mphys
D

MH

)ζn
(

1+ρ0,+,T
n log

( MH

Mphys
D

))
×

Ni−1

∑
i=0

d0,+,T
i000n

(ΛQCD

MH

)i
, (5.30)

where the only terms left in the summation are those for which j,k, l = 0 for d0,+,T
i jkln in equation

5.13. Such cases correspond to lattice spacing a → 0 and xπ → xphys
π . Furthermore in the physical

quark limit, the quark mass mistuning term N 0,+,T
n → 0. Therefore in this form a0,+,T,(cont.)

n now

only has functional dependence on the heavy meson mass MH .
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With this mathematical infrastructure, constructing physical continuum form factors is as simple

as performing the appropriate z-expansion fit (either H → π or Hs → K), plugging in the necessary

fit outputs which appear in the continuum form factor equations, and then setting the desired

physical heavy meson mass for either Dphys
(s) or Bphys

(s) .



Chapter 6

D → π and B → π Form Factors

In this chapter, we present the current status of our D → π and B → π form factor calculations.

Both these calculations are products of the same H → π correlator and z-expansion fits. Though we

do have sets of acceptable fits which produce physical continuum form factor results (see section

6.4), we wish to highlight upfront that these results are not final. HPQCD plans to generate more

H → π which will be incorporated into this line of research.

6.1 Calculation details

In chapter 3 we established the basis of our calculation details, but we shall summarize the

key details here. Our calculations are carried out using MILC/HISQ n f = 2+ 1+ 1 gluon field

ensembles [72, 73, 74, 67], with HISQ valence quarks. The statistics of these ensembles is given in

6.1. In table 6.2 we give the ensemble-specific fit parameters which are most relevant to correlator

fitting. These parameters include the correlator statistics, heavy quark masses, twist angles, and

source-sink separations.

144
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Table 6.1: Gluon field ensembles used in this work. The parameter β = 6/g2
s sets the strength of

the strong coupling constant g2
s . We discuss the ratio of the Wilson flow parameter w0 divided

by lattice spacing a in section 3.4.3. The dimensions of the lattice on each ensemble in lattice
units are given in column 4, where we have three spatial dimension of length Nx and one temporal
dimension of length Nt . Finally, the masses of the various sea and valence quarks in each ensemble
are given in columns 5-9. These statistics apply to both our H → π and our Hs → K fits.

ensemble β w0/a N3
x ×Nt amsea/val

l amsea
s amsea

c amval
s amval

c

f5 6.3 1.9006(20) 323 ×96 0.0074 0.037 0.440 0.0376 0.449
fphys 6.3 1.9518(7) 643 ×96 0.00120 0.0363 0.432 0.036 0.433
sf5 6.72 2.896(6) 483 ×144 0.0048 0.024 0.286 0.0234 0.274
sfphys 6.72 3.0170(23) 963 ×192 0.0008 0.022 0.260 0.0219 0.2585
uf5 7.0 3.892(12) 643 ×192 0.00316 0.0158 0.188 0.0165 0.194

Table 6.2: Parameters and statistics related to the correlation functions generated from the gluon
field ensembles used in this work. Column 2 gives the number of configurations Ncfg times the
number of sources Nsrc for a given ensemble. Column 3 gives the range of heavy quark masses (in
lattice units), where the lightest option is chosen to be tuned to the physical charm quark mass.
Column 4 gives the non-zero twist angles θ ̸= 0.0, which relate to three-momentum via equation
4.10; we note that all ensembles also have correlators with values of θ = 0 as well. Finally, column
5 gives the range of source-sink separation values T . These parameters and statistics apply to both
the H → π and Hs → K meson decays

ensemble Ncfg ×Nsrc amh θ ̸= 0.0 T
f5 500×16 0.450, 0.55, 0.675, 0.8 0.4281, 1.282, 2.1410, 2.570 15, 18, 21, 24
fphys 500×8 0.433, 0.555, 0.678, 0.8 0.58, 0.87, 1.13, 3.000 15, 18, 21, 24
sf5 500×8 0.274, 0.5, 0.65, 0.8 1.261, 2.108, 2.666, 5.059 22, 25, 28, 31
sfphys 100×4 0.2585, 0.5, 0.65, 0.8 2.522, 4.216, 7.94, 10.118 22, 25, 28, 31
uf5 375×4 0.194, 0.4, 0.6, 0.8 0.706, 1.529, 2.235, 4.705 29, 34, 39, 44
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Table 6.3: Fractional uncertainties given to priors for ground state meson masses ∆(M) and amp-
litudes ∆(A). Heavy meson amplitude fractional uncertainties ∆(MH) apply only to the lightest H
meson option on each ensemble. The ratio R(Am3/Am0) is used in equation 4.16 to determine the
fractional uncertainties of the heavier H meson amplitude priors. ∆(A∗) is the fractional uncer-
tainty given to all non-ground state amplitude priors.

Ensemble ∆(Mπ) ∆(MH) ∆(Aπ) ∆(AH) R(Am3/Am0) ∆(A∗)

f5 0.05 0.05 0.05 0.11 2.0 5.0
fphys 0.10 0.05 0.05 0.22 2.0 6.1
sf5 0.10 0.05 0.10 0.10 4.0 2.6

sfphys 0.60 0.10 0.30 0.65 2.0 2.0
uf5 0.25 0.05 0.20 0.20 4.0 2.0

6.2 Correlator fits

In this section we present the specifications on our current set of H → π correlator fits, following

the theory and methodology laid out in chapter 4. In our current correlator fits we model the

data with Nexp = 4 exponentials, for both the oscillating and non-oscillating states. We follow the

partitioned fit routine described in section 4.2 where we separate fitting three-point correlation

functions into two separate parts based on the current insertion J ∈ {S,V 0}, {V 1,T}.

6.2.1 Priors

Tables 6.3, 6.4, and 6.5 document the priors that go into our H → π correlator fits. These priors

cover the uncertainties on meson energy and amplitude priors, and current insertion amplitude

priors. As discussed in section 4.4, the central values of meson energy and amplitude priors are

determined algorithmically, and the non-zero twist meson energy and amplitude priors are de-

termined via dispersion relations. Priors not given here, such as the energy difference between

radial excitations pion states, are discusses in chapter 4.
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Table 6.4: H → π ground state three-point amplitude priors P[Jnn
00 ] for all ensembles, twists θ , and

current insertions J ∈ {S,V 0,V 1,T}. Twist is related to the pion’s three-momentum p⃗ via equation
4.10. Methods for determining these priors are discussed in section 4.5.1.

Ensemble θ S V 0 V 1 T
f5 0.0 2.6(2.6) 1.0(1.0) - -

0.4281 2.4(2.4) 0.9(0.9) 0.15(0.15) 0.1(0.1)
1.282 1.5(1.5) 0.6(0.6) 0.22(0.22) 0.15(0.15)
2.1410 1.0(1.0) 0.5(0.5) 0.2(0.2) 0.12(0.12)
2.570 0.8(0.8) 0.4(0.4) 0.2(0.2) 0.13(0.13)

fphys 0.0 4.75(4.75) 3.0(3.0) - -
0.58 3.75(3.75) 2.5(2.5) 0.2(0.2) 0.15(0.15)
0.87 3.25(3.25) 2.0(2.0) 0.25(0.25) 0.18(0.18)
1.13 2.75(2.75) 1.5(1.5) 0.3(0.3) 0.15(0.15)
3.000 1.50(1.50) 0.75(0.75) 0.25(0.25) 0.15(0.15)
5.311 0.5(0.5) 0.25(0.25) 0.15(0.15) 0.1(0.1)

sf5 0.0 2.5(2.5) 2.0(2.0) - -
1.261 1.75(1.75) 1.0(1.0) 0.3(0.3) 0.2(0.2)
2.108 1.25(1.25) 0.65(0.65) 0.25(0.25) 0.2(0.2)
2.666 1.0(1.0) 0.6(0.6) 0.25(0.25) 0.2(0.2)
5.059 1.0(5.0) 1.0(4.0) 1.0(4.0) 0.2(3.0)

sfphys 0.0 4.75(4.75) 4.0(4.0) - -
2.522 1.75(1.75) 1.25(1.25) 0.35(0.35) 0.2(0.2)
4.216 1.5(1.5) 1.0(1.0) 0.35(0.35) 0.25(0.25)
7.94 1.0(1.5) 0.5(1.0) 0.3(0.3) 0.2(0.2)

10.118 1.0(3.0) 0.5(2.0) 0.3(1.0) 0.2(1.0)
uf5 0.0 2.75(2.75) 2.0(2.0) - -

0.706 2.25(2.25) 1.5(1.5) 0.25(0.25) 0.2(0.2)
1.529 1.5(1.5) 1.0(1.0) 0.3(0.3) 0.20(0.2)
2.235 1.0(1.0) 0.75(0.75) 0.3(0.3) 0.20(0.2)
4.705 1.0(1.0) 1.0(2.0) 0.3(1.0) 0.2(0.5)

Table 6.5: H → π prior absolute uncertainties for all ensembles, for all oscillating and or non-
ground state fit parameters Jkl

i j ̸= Joo
00 , for J ∈ {S,V 0,V 1,T}. The notation J̸=0 indicates the values

used to assign priors to all higher order exponential states Jkl
i j ̸=00. The notation Josc indicates the

values used to assign priors to all lowest lying oscillating states Jkl ̸=nn
00 . Central values given to all

associated priors are equal to 0.0. A special prior uncertainty scaling term σens for each ensemble,
which we discuss in section 4.5.2, is given in final column. The scaling term applies to select
non-ground state three point amplitudes Jon

00 and Jkl
10 for all k, l ∈ {n,o}.

Ensemble S ̸=0 Sosc V 0
̸=0 V 0

osc V 1
̸=0 V 1

osc T̸=0 Tosc σens

f5 0.5 1.75 0.7 3.5 0.1 0.22 0.07 0.12 1.8
fphys 1.43 4.4 1.0 10.0 0.21 0.06 0.08 0.12 2.2
sf5 0.32 1.4 0.46 3.0 0.10 0.23 0.05 0.25 4.0
sfphys 0.45 3.0 0.55 5.0 0.04 0.5 0.04 0.07 5.5
uf5 0.30 0.60 0.32 3.0 0.04 0.08 0.04 0.07 5.0
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In later stages of this project we noticed that, on the fphys ensemble, the fit posterior for the

discretization parameter επ consistently differed from its prior by one or several standard devi-

ations. This prompted us to apply the standard log(GBF) testing routine discussed in 4.3 to P[επ ]

uncertainties for all our ensembles, which before were universally set as P[επ ] = 0.0(1.0). In the

case where this testing favored prior uncertainties smaller ±1.0, we ended the testing routine and

stuck with the more conservative P[επ ] = 0.0(1.0). This was the case for all other (not fphys) P[επ ]

uncertainties, and so those discretization parameter priors remain as P[επ ] = 0±1.

At the time, there was an additional twist angle θ = 5.311 on the fphys ensemble, with cor-

responding two and three-point correlators which were included in our fit. With this additional

twist option, the log(GBF) preferred uncertainty of P[επ ] was ±36. The test fits with this prior

gave posterior values of επ = 6(13). We saw similar behavior in Hs → K correlator fits, where the

log(GBF) preferred uncertainty of P[εK] was ±50. This nearly unbounded fit parameter coincided

with θ = 5.311 pion energy and amplitude posteriors with very large uncertainties, and central

values which still differed from their priors by several standard deviations. Furthermore, in dis-

persion relation test plots like those in figure 6.1, the θ = 5.311 pion energy and amplitude points

consistently deviated from the expected range by several standard deviations. After numerous

correlator test fits, the outputs of which we investigated thoroughly, we were unable to identify

the origin of this discrepancy. This anomalous behavior was not in line with our expectations, even

after considering lattice discretization effects. We experimented with removing θ = 5.311 correl-

ators from test fits, and after testing we found that the log(GBF) preferred uncertainty of επ was

now ±2.0, with posterior values of επ = 1.31(90). For these reasons we decided to omit θ = 5.311

correlators from our correlator fits. It is possible that there was a problem in the generation of

correlator data with that twist option, though we do not completely rule out the possibility of

there being some undiscovered problem in our fit routine. In the future we hope to address and

resolve this anomaly, and for now we exclude those data from our fit.
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6.2.2 Results

Here we can summarize the key results from our H → π correlator fits. In table 6.6 we present

parameters which determine the quality of fit for our set of correlator fits, including each fit’s

χ2/d.o.f. and log(GBF). Overall, we find that nearly all ground state fit posteriors are determined

to be within their priors. We only see a minor disagreement of > 1σ in three tensor current insertion

amplitudes on the fphys ensemble. These tensor current insertion amplitudes correspond to a twist

angle of θ = 1.13, and heavy quark masses amh = 0.555, 0.678, and 0.8. These parameters all have

priors equal to 0.15(15), which were determined from visually assessing effective amplitude plots.

Meanwhile their posteriors as determined by the fitter were T θ=1.13
amh=0.555 = 0.3068(93), T θ=1.13

amh=0.678 =

0.328(11), and T θ=1.13
amh=0.8 = 0.345(13). All three of these offending parameters share the same twist

angle, which is possibly indicative of their disagreement having a shared origin. The corresponding

θ = 1.13 ground state pion energy from this fit has a posterior which agrees with its prior, and so we

do not believe that is where the problem lies. Instead, we find that these ground state amplitudes

T nn
00 have comparable magnitudes to their corresponding excited state amplitudes T nn

10 . For example,

in the amh = 0.8 case we have T nn
00 = 0.345(13) and T nn

10 =−0.346(53). This large and well resolved

excited state contribution likely obscured the true ground state signal in the corresponding effective

amplitude plot, form which the ground state parameter’s prior was determined. We therefore do

not believe this disagreement jeopardizes the quality of our correlator fits.

For all but one of our ensembles, the value of χ2/d.o.f. in one half of the fit is approximately equal

to that of the other half. The outlier case is the fphys ensemble, where the χ2/d.o.f. in the {S,V 0}

fit half is more than three times that of the {V 1,T} half. Digging into those correlator fit results,

we find that the two and three point correlators which contain a zero three-momentum pion are

poorly modeled by the fit, at least in comparison to the other modeled correlation functions. Recall

from section 4.6 that we identified spurious state behavior in the E i=1 pion mass on this ensemble.
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Table 6.6: Holistic fit quality parameters for our current set of H → π correlator fits. Per ensemble
we partition our correlator fits into two halves based on which current insertions J ∈ {S,V 0,V 1,T}
are included. The degrees of freedom (d.o.f.), the χ2/d.o.f., and the log(GBF) of each fit are given
in columns 3, 4, and 5. We note this is the augmented χ2 as defined in equation 4.3. All fits have
a quality factor Q = 1. Section 4.8 discusses the significance of a fit’s χ2/d.o.f., quality factor, and
log(GBF) in detail.

Ensemble Current pair d.o.f. χ2/d.o.f. log(GBF)
f5 {S,V 0} 3518 0.155 75279

{V 1,T} 2990 0.142 67885
fphys {S,V 0} 3562 0.493 67741

{V 1,T} 3034 0.159 64912
sf5 {S,V 0} 4686 0.082 119548

{V 1,T} 3998 0.078 108046
sfphys {S,V 0} 4975 0.023 112864

{V 1,T} 4223 0.031 103046
uf5 {S,V 0} 7086 0.056 194028

{V 1,T} 6014 0.067 174055

Though our treatment of removing that spurious state did improve fit results, it is possible that

the poor correlator modeling is still reflective of some unresolved consequence of that spurious

state. Like the issue of the θ = 5.311 twist option on the fphys ensemble, we recognize this poor

modeling as an item to address in the future.

One additional method of testing the quality of our correlator fits is to evaluate how well the

pion energies and amplitudes as determined by the fitter follow their expected dispersion relations

(equations 4.12 and 4.17). We carry out this test by analyzing dispersion relation plots, like those

of figure 6.1. In these plots we compare fit posteriors to the dispersion relation expectations as a

function of |ap⃗|2. To account for discretization effects, we generally expect the plotted data to lie

within the area bound by the functions y = 1±
(

ap⃗
π

)2
. We find that, overall, the non-zero twist

pion energy and amplitudes follow the expected behavior well. One slight outlier case if that of

the uf5 ensemble, where we see some data which differed from our expectation by two to three

standard deviations.
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Figure 6.1: Energy (top) and amplitude (bottom) dispersion relation plots for current set of H → π
correlator fits. Data shown are ground state, non-zero twist energy and amplitude fit posteriors
divided by a function equal to the right hand side of either equation 4.12 (energy) or equation 4.17
(amplitude) without the discretization factor. The shaded cyan corresponds to the area bound by
the functions y = 1±

∣∣∣ap⃗
π

∣∣∣2.
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6.3 z-expansion fits

Having examined the current status of our correlator fits, we can carry forward the necessary fit

parameters into our modified z-expansion, which is how we eventually arrive at D → π and B → π

continuum form factors. We discuss the general methodology of calculating form factors this way

in chapter 5. We perform our modified z-expansion under the BCL parameterization where N = 3,

such that N−1= 2 is the maximum polynomial order of f0, and N = 3 is the maximum polynomial

order of f+ and fT .

6.3.1 Priors

Across sections and 5.2.2 and 5.2.3 we discuss how we assign priors to the coefficients and para-

meters which appear in our modified z-expansion, and we will summarize those prior assignments

here. First, in equation 5.13 we see the parameter Ni jkl ≡ (Ni,N j,Nk,Nl), which determines the

maximum order of associated terms that appear in the z-expansion coefficients. Among other

things, this number determines the number of coefficients d0,+,T
i jkln which need priors in our fit. In

testing, we find through log(GBF) testing that a value of Ni jkl = (3,2,2,3) is generally preferred,

through the fits are not significantly sensitive to individual changes of ±1 to j, k, or l. In table

6.7 we give the complete set of priors we assign to the parameters in our z-expansion fit.

In addition to these fit parameters, it is important to note that many correlator fit outputs serve

as priors in our z-expansion fit. These parameters include the various heavy meson masses (with

different heavy quark masses) and the energies of pions with varying momenta. These terms are

required to define the physical q2 range where q2 = (M2
H +M2

π − 2MHEπ). We do not expect the

z-expansion fit posteriors of these terms to vary from their priors; any such deviation would likely
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Table 6.7: Priors assigned to z-expansion fit parameters. Many parameters have priors which share
the same value as the priors of other parameters (e.g. P[ρ+

0 ], P[ρT
0 ] = 0.0(1.0)). In all cases, every

prior is a separate gvar object which only corresponds to one parameter. These priors are applicable
for both our H → π and Hs → K fits.

Parameter Prior
g∞ 0.48(11)
C1 0.5(1.0)
C2 0.0(3.0)

ρ0,+,T
n 0.0(1.0)

d0,+,T
i10ln 0.0(3)

d0,+,T
i01ln 0.0(3)

Other d0,+,T
i jkln 0.0(1.0)

ζ0 1.5(5)
cval,0,+,T

s,n 0.0(1.0)
csea,0,+,T

s,n 0.0(5)
csea,0,+,T

l,n 0.0(5)
csea,0,+,T

c,n 0.0(1)

be indicative of some systematic problem in either fit. Similarly, there are also terms which enter

the fit as gvar objects, such as physical meson masses. Because they are gvar objects, they are

technically treated as priors in the fit, and we likewise do not expect the fit posteriors of these

terms to vary in any significant way from their priors.

6.3.2 Results

In the next section we will present our current physical continuum form factors for both the D → π

and B → π meson decays. Here we discuss the results of the z-expansion fit in the context of fitting

the more general H → π decay, with lattice artifacts included.

We find the overall quality of our H → π fit to be good. With 340 degrees of freedom, the fit has a

χ2/d.o.f.= 0.306, a Q value equal to one, and a log(GBF) = 574. Like the case of correlator fitting,

this χ2 term is augmented by our Bayesian fitting approach. Nearly all fit posteriors fall within the

±1 standard deviation bounds of their priors. The few instances where this is not the case include
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the parameters d+
00002 =−1.51(38), and dT

00002 =−1.60(46), whose priors are both 0.0(1.1). Though

this discrepancy is less than only two standard deviations, these parameters do inform the shape

of our form factor plots in a noticeable way. Of all the terms that compose the a0,+,T
n coefficients in

equation 5.13, the coefficients d0,+,T
i jkln are the most deterministic contributors. Furthermore, from

equation 5.30 we know that in the continuum limit, the only d0,+,T
i jkln coefficients which make up

a0,+,T,(cont.)
n are those for which ( j,k, l) = (0,0,0), which is true for these disagreeing fit posteriors

of interest: d+
00002 and dT

00002. The corresponding a+2 and aT
2 terms will likewise be negative and of

order one rather than zero. When plotting form factors against z(q2), these coefficients multiply

the z2 terms, and so we would expect to see a negative quadratic shape in any function of z.

In figures 6.2-6.5 we present scalar, vector, and tensor form factor plots as functions of z, with

continuous best fit functions for lattice form factor data. In the vector and tensor plots, this

anticipated negative curvature is clearly visible.

The other two fit posteriors which differ from their priors by more than one (but less than two)

standard deviations are the energies of the fphys θ = 0.0 pion energy and the uf5 θ = 1.529 pion

energy. The states of these two parameters do not immediately imply any behavior in our form

factor plots, nor do they necessarily jeopardize the quality of the z-expansion fit. We already

recognized that the zero twist pion energy corresponded to poor correlation function modeling

in our correlator fit, so it is not unexpected to see that problem manifest in our z-expansion fit.

We note these instances for completeness sake, and leave our analysis open to these posteriors

changing with the addition of more data and corrections to our fit routines in the future.

In addition to plotting form factors against z or q2, our z-expansion also allows us to see how

form factors vary with the heavy meson mass MH . In figure 6.6 we plot the continuum values

of f0,+,T (q2 = 0,MH) and f0,+,T (q2 = q2
max,MH) as we vary MH between the physical masses of

the D and B mesons. As discussed in section 5.1.2, the tensor form factor has energy scale µ

dependence, and we perform our z-expansion at the energy scale µ = 4.8 GeV. For D → π we

multiply fT (q2,µ = 4.8 GeV) by the factor Γ = 1.0773(17) so that our results are appropriate for

the D meson energy scale of µ = 2.0 GeV. In making figure 6.6 we linearly interpolate Γ, which

multiplies fT (q2,µ = 4.8 GeV,MH), from 1.0773(17) → 1 as we vary MH from Mphys
D → Mphys

B .
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Figure 6.2: H → π modified z-expansion scalar form factor plot. Plotted data correspond to cor-
relator fit results of varying heavy quark mass amh on each ensemble. Continuous dotted lines
represent the z-expansion line of best fit for a given heavy quark mass and ensemble, with all
lattice artifacts still present. Continuous solid lines correspond to physical continuum fit of either
D → π or B → π as a function of z.
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Figure 6.3: H → π modified z-expansion temporal vector form factor plot. Plotted data correspond
to correlator fit results of varying heavy quark mass amh on each ensemble. Continuous dotted
lines represent the z-expansion line of best fit for a given heavy quark mass and ensemble, with all
lattice artifacts still present. Continuous solid lines correspond to physical continuum fit of either
D → π or B → π as a function of z. Continuous curves are informed by both temporal and spatial
vector data, and are therefore the same curves present in figure 6.4.
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Figure 6.4: H → π modified z-expansion spatial vector form factor plot. Plotted data correspond
to correlator fit results of varying heavy quark mass amh on each ensemble. Continuous dotted
lines represent the z-expansion line of best fit for a given heavy quark mass and ensemble, with all
lattice artifacts still present. Continuous solid lines correspond to physical continuum fit of either
D → π or B → π as a function of z. Continuous curves are informed by both temporal and spatial
vector data, and are therefore the same curves present in figure 6.3.
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Figure 6.5: H → π modified z-expansion tensor form factor plot. Plotted data correspond to cor-
relator fit results of varying heavy quark mass amh on each ensemble. Continuous dotted lines
represent the z-expansion line of best fit for a given heavy quark mass and ensemble, with all
lattice artifacts still present. Continuous solid lines correspond to physical continuum fit of either
D → π or B → π as a function of z.
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Figure 6.6: H → π continuum scalar, vector, and tensor form factors at q2 = 0 and q2 = q2
max,

where the heavy meson mass MH varies between the mass of the D and B mesons. See text for
how we scale Z(µ) for all MH between Mphys

D and Mphys
B .

This linear interpolation is an approximation, and in the future we aim to implement the full

functional dependence of µ(MH) discussed in [3]. In this plot we can see how the vector and tensor

form factors are consistent with each other at the Mphys
B end of the mass spectrum, while they

decouple as MH → Mphys
D . This behavior is consistent with our standard model expectation that

the tensor form factor becomes equivalent to the vector form factor in the heavy quark limit of

mh → ∞.

6.4 Status of form factor calculations

Here we present the current status of both our D → π and B → π form factor calculations. This

includes physical continuum form factor plots, general comparisons to other works, and discussion

of where we expect improvements with the generation of more data over the next year by HPQCD.
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Table 6.8: Physical continuum D → π z-expansion coefficients a0,+,T
n , pole masses (in GeV), and

chiral logarithm terms, presented alongside their corresponding correlation matrix. Using equations
5.27-5.29 these parameters can be used to reconstruct our current D → π form factor plots (figures
6.7 and 6.8).

a0/+
0 a0

1 a0
2 a+1 a+2 aT

0 aT
1 aT

2 Mphys
D∗

0
Mphys

D∗ L

0.656(16) 0.632(73) 1.07(14) -0.767(88) -1.60(31) 0.515(21) -0.61(14) -1.71(41) 2.3430(99) 2.006850(50) 1.035(15)
1 0.67717 0.5507 0.12902 0.01262 0.31939 -0.06624 -0.0885 -0.02614 -0.00037 -0.68604

1 0.89927 0.52392 0.29252 0.13505 0.02575 -0.00356 -0.23508 -0.00096 -0.15973
1 0.5216 0.33013 0.10727 0.03467 0.01308 0.02504 -0.00051 -0.12391

1 0.83202 -0.15224 0.05695 0.07633 -0.01964 -0.00182 0.3031
1 -0.1468 0.01701 0.08564 -0.01106 0.00271 0.22852

1 0.53111 0.27084 -0.00727 -0.00041 -0.38754
1 0.87212 -0.00118 -0.0013 0.13011

1 -9e-05 0.00116 0.13059
1 0.00195 0.0122

1 0.00014
1

6.4.1 D → π

Following from our modified z-expansion fit, we can recover physical continuum D→ π form factors

by setting MH =Mphys
D in equations 5.27-5.29. In doing so, we arrive at the coefficients, pole masses,

and chiral logarithm term we provide in table 6.8. With these parameters we can finally construct

physical continuum D → π form factors, which we plot as a function of z and of q2 in figures 6.7

and 6.8 respectively.

Considering that this line of form factor calculations remains in progress, we do not make any rig-

orous comparisons to other similar D → π lattice form factor calculations. We will however make

the general statement that the large negative curvature of the vector form factor as a functions of

z (which is evidently on display in figure 6.7), is not found in the Fermilab Lattice and MILC Col-

laborations’ related D → π calculation [4]. Similarly, our current values of the coefficients a0,+
0 do

not align well with those found in the same work.1 In table 6.9 we compare our D → π form factor

results at q2 = 0 and q2 = q2
max to those of Fermilab/MILC. The FLAG average takes into account

D → π results from multiple lattice groups, including those of Fermilab/MILC however the Ferm-

1. The direct comparison of the coefficients a0,+
n is enabled by the fact that Fermilab/MILC also use t0 = 0 in their

z-expansion.
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Figure 6.7: Current continuum D → π scalar, vector, and tensor form factors, multiplied by the
appropriate pole term P(q2) (defined in equations 5.24 and 5.26). Results span the entire physical
q2 range.
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Figure 6.8: Current continuum D → π scalar, vector, and tensor form factors. Results span the
entire physical q2 range.
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Table 6.9: Comparison of our current D → π form factor results to those of Fermilab/MILC [4]
at q2 = 0 and q2 = q2

max. Fermilab/MILC does not calculate tensor form factors. The difference in
standard deviations σ between our results and those of Fermilab/MILC is given in row 3, while
the ratio of errors is given in row 4.

Form factor f0/+(0) fT (0) f0(q2
max) f+(q2

max) fT (q2
max)

This work [a] 0.679(12) 0.572(22) 1.284(15) 3.077(60) 2.440(68)
Fermilab/MILC [b] 0.6300(51) - 1.2783(61) 3.119(57) -

|Mean(a−b)/σ(a−b)| 3.758 - 0.352 0.507 -
σ(a)/σ(b) 2.353 - 2.459 1.052 -

ilab/MILC data which contributes to the FLAG average have smaller uncertainties than the other

contributing data, and so we choose to compare our current results to those of Fermilab/MILC

directly. We find that our f0,+(q2
max) results are consistent with those of Fermilab/MILC, however

there is a difference of ≈ 3.8σ between our results and theirs for f0/+(0).

Having now called attention to the Fermilab/MILC D → π results, we wish to reiterate to the

reader that this line of lattice calculations, up until its current status and into the future, is

carried out independently of the Fermilab/MILC collaborations calculation. At no point have we

altered or corrected out lattice calculations such that their results are more in line with those in

[4]. Our line of calculations is still ongoing, a handful of problems, detailed in this chapter, remain

in either our correlator and z-expansion fits, and so we do not make any significant comparisons

beyond general observations.

One such general observation we can make is to notice the difference between the vector and tensor

form factors in figure 6.8. As mentioned in the previous section, we expect the vector and tensor

form factors to decouple away from the heavy mass limit, and so the difference between the two

we find here is expected. We can also see that fT < f+ across the entire range of q2, which is not

the case for our Ds → K results (which we discuss in the next chapter).
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As a final check to our D → π form factors results, we performed a series of H → π fits with a

subset of the available data. In these fits, we only included two and three-point correlator data

which corresponded to values of amh ≈ amc. we did this with the aim of ruling out the possibility

that fitting amh > amc data could unduly influence our determination of D → π form factors.

After conducting this check, we found that excluding amh > amc data from our correlator and

z-expansion fits had no significant effect on D → π form factor results. In particular, the values of

f0,+,T at q2 = 0 and q2 = q2
max determined from this smaller fit were consistent with those of our

global fit (which are given in the first row of table 6.9).

In the future continuation of this work, we intend to perform a separate z-expansion fit using

the BGL parameterization. Under this parameterization and the appropriate outer function, we

can directly enforce that the coefficients analogous to a0,+,T
n in the BCL parameterization are

of order one or less. This is powerful constraint that we cannot directly enforce under the BCL

parameterization. Seeing as all |a0,+,T
2 | ≥ 1 in table 6.8, we anticipate that a BGL parameterization

of the z-expansion will yield interesting results for comparison. The necessary outer functions in

the BGL parametrization require the calculation of susceptibilities as inputs, and we are actively

working on that calculation.

6.4.2 B → π

Let us now move on to discuss our current B → π results, which can be constructed by the

parameters given in table 6.10. Like the case of D → π, we can observe that the magnitude of our

a+,T
2 coefficients are greater than two, which manifests as the pronounced negative curvature of

the vector and tensor form factors (as function of z) found in figure 6.9. Unlike our D → π results,

we can see that the coefficients a+n and aT
n are largely consistent with each other, the consequences

of which manifest as overlapping continuous functions of f+ and fT across the entire q2 range in

figures 6.9 and 6.10.
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Table 6.10: Physical continuum B → π z-expansion coefficients a0,+,T
n , pole masses (in GeV), and

chiral logarithm terms, presented alongside their corresponding correlation matrix. Using equations
5.27-5.29 these parameters can be used to reconstruct our current B → π form factor plots (figures
6.9 and 6.10).

a0/+
0 a0

1 a0
2 a+1 a+2 aT

0 aT
1 aT

2 Mphys
B∗

0
Mphys

B∗ L

0.297(18) 0.27(12) 0.15(18) -1.21(18) -2.45(58) 0.277(28) -1.15(32) -2.46(90) 5.7553(99) 5.32475(20) 1.0357(78)
1 0.86414 0.73745 0.48484 0.24895 0.39804 0.1726 0.10758 -0.00967 -0.00112 -0.04264

1 0.94155 0.53328 0.28059 0.37896 0.17659 0.11258 -0.0156 -0.00144 0.03553
1 0.49763 0.27863 0.31972 0.15338 0.09784 0.04263 -0.00112 0.04447

1 0.81564 0.09954 0.09536 0.08105 -0.0162 -5e-05 0.12869
1 0.02328 0.04555 0.05776 -0.01335 0.00551 0.10747

1 0.67375 0.48202 -0.00075 -0.00048 -0.00633
1 0.8887 -0.00059 0.00034 0.07907

1 -0.00059 0.00356 0.06093
1 -6e-05 0.00637

1 0.00036
1
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Figure 6.9: Current continuum B → π scalar, vector, and tensor form factors, multiplied by the
appropriate pole term P(q2) (defined in equations 5.24 and 5.26). Results span the entire physical
q2 range.
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Figure 6.10: Current continuum B → π scalar, vector, and tensor form factors. Results span the
entire physical q2 range.

FLAG provides their current average of B→ π form factors results in [7]. This average incorporates

lattice calculations which follow different methodologies, such as separating continuum and chiral

extrapolations into different fits. They also differ in gluon field ensembles specifications, such as

the number of quark flavors in the sea or choice of quark/gluon action. Again, we do not wish to

jeopardize the independence of our own results, but we note that the FLAG average of f B→π
+ (z(q2))

does not exhibit the relatively large negative curvature on display in figure 6.9. Independent of

observing the FLAG average, we already recognize that the current values of a+n and aT
n might

be indicative of a systemic problem in our fits, and we plan to address that problem moving

forward. Like in our D → π results, we expect the forthcoming BGL parameterization to make

improvements to our current form factors in this regard.
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Table 6.11: Comparison of our current B → π form factor results to those of Fermilab/MILC [5, 6]
at q2 = 0 and q2 = q2

max. The difference in standard deviations σ between our results and those of
Fermilab/MILC is given in row 3, while the ratio of errors is given in row 4.

Form factor f0/+(0) fT (0) f0(q2
max) f+(q2

max) fT (q2
max)

This work [a] 0.307(18) 0.286(29) 1.020(73) 6.72(88) 5.9(1.1)
Fermilab/MILC [b] 0.334(44) 0.315(53) 1.174(55) 8.76(66) 8.44(64)

|Mean(a−b)/σ(a−b)| 0.561 0.471 1.681 1.859 1.998
σ(a)/σ(b) 0.409 0.547 1.327 1.333 1.719

In table 6.11 we compare our current B → π form factor results at q2 = 0 and q2 = q2
max to those

of Fermilab/MILC [5, 6]. Like the case for D → π, the Fermilab/MILC data which contributes

to the FLAG average of B → π have smaller uncertainties than the other contributing data, and

so we choose to compare our current results to those of Fermilab/MILC directly. We find that

our current result agree with theirs at q2 = 0, though their uncertainties are larger than ours by

about a factor of 2. However at q2 = q2
max we see a difference of ≈ 1.6σ −2.0σ , with comparable

uncertainties.

We generate lattice data on five different gluon field ensembles in this work, and are in the process

of generating four more. These ensembles are the course-five, course-physical, very course-five, and

very course-physical ensembles, which follow the same notation patterns as those on this work.

We are also in the process of generating more data on the sfphys ensemble which contains heavy

quark masses approximately equal to the physical bottom quark mass. We expect this new data

improve our current results and reduce uncertainties, especially in the extrapolation to zero lattice

spacing and physical quark masses.



Chapter 7

Ds → K and Bs → K Form Factors

In this chapter, we present the current status of our Ds → K and Bs → K form factor calculations.

Both of these calculations are products of the same Hs → K correlator fit and z-expansion fit.

These calculations do have dependency on the pion and heavy-light meson masses from our H → π

correlator fits, which we discussed in the previous chapter. We again wish to emphasize that these

lattice calculations are works in progress; the results we present in this chapter are likely to change

as we generate more lattice data and refine our fit routines.

7.1 Calculation details

In chapter 3 we established the basis of our calculation details, but we shall summarize the

key details here. Our calculations are carried out using MILC/HISQ n f = 2+ 1+ 1 gluon field

ensembles [72, 73, 74, 67], with HISQ valence quarks. These calculations share the same statistics

as our H → π fits, and so those presented in table 6.1 apply to Hs → K as well. This is also true

for the ensemble-specific fit parameters given in table 6.2. These parameters include the correlator

statistics, heavy quark masses, twist angles, and source-sink separations.

167
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Table 7.1: Fractional uncertainties given to priors for ground state meson masses ∆(M) and amp-
litudes ∆(A). Heavy-strange meson amplitude fractional uncertainties ∆(MHs) apply only to the
lightest Hs meson option on each ensemble. The ratio R(Am3/Am0) is used in equation 4.16 to determ-
ine the fractional uncertainties of the heavier Hs meson amplitude priors. ∆(A∗) is the fractional
uncertainty given to all non-ground state amplitude priors.

Ensemble ∆(MK) ∆(MHs) ∆(AK) ∆(AHs) R(Am3/Am0) ∆(A∗)
f5 0.02 0.05 0.03 0.11 2.0 5.0

fphys 0.02 0.05 0.03 0.22 2.0 6.1
sf5 0.05 0.05 0.08 0.10 4.0 2.6

sfphys 0.05 0.10 0.15 0.65 2.0 2.0
uf5 0.10 0.05 0.15 0.20 4.0 2.0

7.2 Correlator fits

In this section we present the results of our current set of Hs → K correlator fits. These fits follow

the theory and methodology laid out in chapter 4. Like our H → π fits, we model the data with

Nexp = 4 exponentials, for both the oscillating and non-oscillating states. We follow the partitioned

fit routine described in section 4.2 where we separate fitting three-point correlation functions into

two separate fits based on the current insertion J ∈ {S,V 0}, {V 1,T}.

7.2.1 Priors

As mentioned in section 6.2.1, in later stages of this work we applied log(GBF) testing to the

uncertainties of the discretization parameter’s prior P[επ ]. Here we can discuss the results of doing

the same for P[εK] in our Hs → K fits. In doing so, the log(GBF) preferred uncertainties of εK

were ±50.0, ±5.0, and ±3.0 on the fphys, sf5, and sfphys ensembles respectively, while the f5

and uf5 ensemble uncertainties were smaller than ±1.0. Like in our H → π fits, the behavior of

the θ = 5.311 correlators on the fphys ensemble exhibited the same anomalous behavior. After

removing those correlators from the fit routine we found that the log(GBF) preferred uncertainty

of εK was now less than ±1.0. For all these reasons we likewise exclude θ = 5.311 correlators from

our Hs → K fits, and we aim to resolve this anomaly in the future.
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Table 7.2: Hs → K ground state three-point amplitude priors P[Jnn
00 ] for all ensembles, twists θ , and

currents J ∈ {S,V 0,V 1,T}. Twist is related to the kaon’s three-momentum p⃗ via equation 4.10.
Methods for determining these priors are discussed in section 4.5.1.

Ensemble θ S V 0 V 1 T
f5 0.0 1.8(1.8) 0.8(0.8) - -

0.4281 1.75(1.75) 0.75(0.75) 0.1(0.1) 0.07(0.07)
1.282 1.35(1.35) 0.6(0.6) 0.2(0.2) 0.12(0.12)
2.1410 1.0(1.0) 0.5(0.5) 0.22(0.22) 0.14(0.14)
2.570 0.85(0.85) 0.5(0.5) 0.3(0.3) 0.15(0.15)

fphys 0.0 1.90(1.90) 1.0(1.0) - -
0.58 1.75(1.75) 0.9(0.9) 0.1(0.1) 0.05(0.05)
0.87 1.75(1.75) 0.85(0.85) 0.12(0.12) 0.08(0.08)
1.13 1.75(1.75) 0.8(0.8) 0.15(0.15) 0.1(0.1)
3.000 1.25(1.25) 0.6(0.6) 0.2(0.2) 0.15(0.15)
5.311 0.5(0.5) 0.3(0.3) 0.15(0.15) 0.1(0.1)

sf5 0.0 2.0(2.0) 1.0(1.0) - -
1.261 1.5(1.5) 0.75(0.75) 0.25(0.25) 0.2(0.2)
2.108 1.2(1.2) 0.6(0.6) 0.3(0.3) 0.2(0.2)
2.666 1.0(1.0) 0.6(0.6) 0.3(0.3) 0.2(0.2)
5.059 1.0(1.0) 0.75(0.75) 0.25(0.50) 0.2(0.2)

sfphys 0.0 2.0(2.0) 1.25(1.25) - -
2.522 1.5(1.5) 0.9(0.9) 0.25(0.25) 0.15(0.15)
4.216 1.25(1.25) 0.75(0.75) 0.3(0.3) 0.2(0.2)
7.94 1.0(1.0) 0.5(0.5) 0.25(0.25) 0.2(0.2)

10.118 1.0(1.0) 0.5(1.0) 0.2(0.4) 0.2(0.3)
uf5 0.0 2.0(2.0) 1.25(1.25) - -

0.706 1.75(1.75) 1.0(1.0) 0.2(0.2) 0.15(0.15)
1.529 1.5(1.5) 0.75(0.75) 0.3(0.3) 0.20(0.2)
2.235 1.0(1.0) 0.6(0.6) 0.3(0.3) 0.20(0.2)
4.705 1.0(1.0) 0.5(1.0) 0.3(1.0) 0.2(0.5)

Table 7.3: Hs → K prior absolute uncertainties for all ensembles, for all non-ground state fit
parameters Jkl

i j ̸= Joo
00 , for J ∈ {S,V 0,V 1,T}. The notation J̸=0 indicates the values used to assign

priors to all higher order exponential states Jkl
i j ̸=00. The notation Josc indicates the values used

to assign priors to all lowest lying oscillating states Jkl ̸=nn
00 . Central values given to all associated

priors are equal to 0.0. A special prior uncertainty scaling term σens for each ensemble, which we
discuss in section 4.5.2, is given in final column. The scaling term applies to select non-ground
state three point amplitudes Jon

00 and Jkl
10 for all k, l ∈ {n,o}.

Ensemble S ̸=0 Sosc V 0
̸=0 V 0

osc V 1
̸=0 V 1

osc T̸=0 Tosc σens

f5 0.43 1.1 0.75 2.0 0.12 1.0 0.8 1.0 1.8
fphys 0.42 1.52 1.0 3.3 0.11 0.2 0.06 0.22 2.2
sf5 0.24 0.55 0.26 0.86 0.1 0.25 0.01 0.3 4.0

sfphys 0.2 0.4 0.25 2.0 0.07 0.14 0.08 0.16 5.5
uf5 0.16 0.4 0.25 0.20 0.07 0.21 0.06 0.15 5.0
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Table 7.4: Wholistic fit quality parameters for our current set of Hs → K correlator fits. Per
ensemble we partition our correlator fits into two halves based on which current insertions J ∈
{S,V 0,V 1,T} are included. The degrees of freedom (d.o.f.), the χ2/d.o.f., and the log(GBF) of each
fit are given in columns 3, 4, and 5. We note this is the augmented χ2 as defined in equation 4.3.
All fits have a quality factor Q = 1. Section 4.8 discusses the significance of a fit’s d.o.f., quality
factor, and log(GBF) in detail.

Ensemble Current pair d.o.f. χ2/d.o.f. log(GBF)
f5 {S,V 0} 3549 0.121 81458

{V 1,T} 3021 0.071 73493
fphys {S,V 0} 3577 0.152 80751

{V 1,T} 3049 0.130 73332
sf5 {S,V 0} 4718 0.118 127936

{V 1,T} 4030 0.184 115586
sfphys {S,V 0} 5022 0.054 127977

{V 1,T} 4270 0.052 114808
uf5 {S,V 0} 7112 0.116 207806

{V 1,T} 6040 0.064 185691

7.2.2 Results

Here we can summarize the key results from our Hs → K correlator fits. In table 7.4 we present

parameters which determine the wholistic quality of the current set of correlator fits, including

each fit’s χ2/d.o.f. and log(GBF). We find that these fits are of acceptable quality, and all ground

state fit posteriors are consistent with their priors.

Like in the case of H → π, we can use dispersion relation plots to evaluate how well the fit-

determined kaon energy and amplitudes compare to our expectations. Figure 7.1 gives these plots

for our current Hs → K correlator fits. For the energy dispersion relation, we find that the fit

posteriors generally follow our expectation, though in the |apK|2 < 0.10 region of the plot the sf5,

sfphys, and uf5 kaon energies consistently lie outside and above the region in which we expect

them. This pattern is somewhat more pronounced in the corresponding amplitude plot, where the

behavior even extends into the high |apK|2 range. Though these data fall outside our expectations

by only a few standard deviations, the somewhat consistent behavior could be indicative of some

problem in our correlator fits we have yet to address.
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Figure 7.1: Energy (top) and amplitude (bottom) dispersion relation plots for current set of Hs →K
correlator fits. Data shown are ground state, non-zero twist energy and amplitude fit posteriors
divided by a function equal to the right hand side of either equation 4.12 (energy) or equation 4.17
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7.3 z-expansion fits

As discussed in chapter 5, the modified z-expansion is how we transform correlator fit results into

Ds → K and Bs → K continuum form factors. In this section we discuss that process generally in

the context of Hs → K. Like our H → π fits we perform our modified z-expansion under the BCL

parameterization where N = 3, such that N − 1 = 2 is the maximum polynomial order of f0 and

N = 3 is the maximum polynomial order for f+ and fT .

7.3.1 Priors

The priors in this Hs → K z-expansion fit share the same assignments as in the H → π case, which

are given in table 6.7. These prior assignments correspond to Ni jkl ≡ (Ni,N j,Nk,Nl) = (3,2,2,3).

We similarly find in test fits that the results are insensitive to individual changes of ±1 to j, k,

or l. Our discussion of priors for our z-expansion fit of H → π largely applies to the Hs → K case

as well, with a few extra caveats. We assign priors to the parameters in table 6.7 similarly for

Hs → K, although because the coupling term g(MH) does not appear in the this fit (see equation

5.22), the parameters g∞, C1, and C2 do not contribute to this fit. Meanwhile, we do need the

MH and Mπ results from our H → π correlator fit in our z-expansion fit of Hs → K. As discussed

in chapter 5, the branch cut threshold of Hs → K occurs at t+ ≡ (MH +Mπ)
2, and the pole terms

which appear in the prefactor still correspond to the excited heavy-light states H∗
0 and H∗.
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7.3.2 Results

Here we will discuss the quality of our current Hs → K z-expansion fit, saving our discussion of

our physical continuum Ds → K and Bs → K form factors for the next section. We find the overall

quality of our Hs → K fit to be fair, which is to say, not as good as our H → π fit. Our Hs → K

fit has 340 degrees of freedom, a χ2/d.o.f.= 0.527, a quality factor Q = 1, and a log(GBF) = 841.

The log(GBF) of both fits are not comparable, as the Hs → K fit has more degrees of freedom.

The χ2/d.o.f. is higher however, which manifests as a higher number of fit parameters whose

posteriors differ from their priors by more than one standard deviation. Furthermore, many of

these offending parameters are likely deterministic to the shape of our form factor plots. To begin,

we find that the high twist kaon energies from the f5, fphys, and sf5 ensembles have posteriors

which differ from their priors by one to two standard deviations. Seeing that this is a consistent

behavior across three of our five ensembles, this finding is likely indicative of a systemic problem

at the low q2 range in either or both of our correlator and z-expansion fits.

Unlike in our H → π fit, we do not see fit posteriors of the coefficients |d+,T
00002|> 1.0 in our Hs → K

fit, and we therefore do not expect to find large curvature in our f+,T (z) plots. We do however find

in our fit that the posterior value of d0
00002 = 1.03(25), which would imply some degree of positive

curvature to the f0(z).

In figures 7.2-7.5 we present scalar, vector, and tensor form factor plots as functions of z, with

continuous best fit functions for lattice form factor data. As anticipated, there is a slight positive

curvature to the scalar form factor functions, and less so for the vector and tensor functions.

The equations to build physical continuum form factors (equations 5.27-5.29) still have heavy

meson mass dependency. In figure 7.6, we vary MHs between the physical D and B masses to see

the effect which that variation has on f0,+,T (q2,MH) at q2 = 0 and q2 = q2
max. In section 6.3.2 we

describe our approximate method of linearly interpolating the scaling factor Γ, which multiplies
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Figure 7.2: Hs → K modified z-expansion scalar form factor plot for Hs → K. Plotted data cor-
respond to correlator fit results of varying heavy quark mass amh on each ensemble. Continuous
dotted lines represent the z-expansion line of best fit for a given heavy quark mass and ensemble,
with all lattice artifacts still present. Continuous solid lines correspond to physical continuum fit
of either Ds → K or Bs → K as a function of z.
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Figure 7.3: Hs →K modified z-expansion temporal vector form factor plot for Hs →K. Plotted data
correspond to correlator fit results of varying heavy quark mass amh on each ensemble. Continuous
dotted lines represent the z-expansion line of best fit for a given heavy quark mass and ensemble,
with all lattice artifacts still present. Continuous solid lines correspond to physical continuum fit
of either Ds → K or Bs → K as a function of z. Continuous curves are informed by both temporal
and spatial vector data, and are therefore the same curves present in figure 7.4.
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Figure 7.4: Hs → K modified z-expansion spatial vector form factor plot for Hs → K. Plotted data
correspond to correlator fit results of varying heavy quark mass amh on each ensemble. Continuous
dotted lines represent the z-expansion line of best fit for a given heavy quark mass and ensemble,
with all lattice artifacts still present. Continuous solid lines correspond to physical continuum fit
of either Ds → K or Bs → K as a function of z. Continuous curves are informed by both temporal
and spatial vector data, and are therefore the same curves present in figure 7.3.
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Figure 7.5: Hs → K modified z-expansion tensor form factor plot for Hs → K. Plotted data cor-
respond to correlator fit results of varying heavy quark mass amh on each ensemble. Continuous
dotted lines represent the z-expansion line of best fit for a given heavy quark mass and ensemble,
with all lattice artifacts still present. Continuous solid lines correspond to physical continuum fit
of either Ds → K or Bs → K as a function of z.
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Figure 7.6: Hs → K continuum scalar, vector, and tensor form factors at q2 = 0 and q2 = q2
max,

where the heavy meson mass MHs varies between the mass of the Ds and Bs mesons. See text for
how we scale Z(µ) for all MHs between Mphys

Ds
and Mphys

Bs

fT (q2,µ = 4.8 GeV,MH) for any MH . We use that same method here. In the case of H → π, we

observed the phenomenon of f+ ≈ fT as MH → Mphys
B . Figure 7.6 however does not show that same

behavior as strongly for Hs →K. In the case where q2 = 0, at no point are the vector and tensor form

factors ever consistent with each other within one standard deviation1. In the case of q2 = q2
max,

the regions which span ±1 standard deviations of of either function only barely overlap towards

the MBs end. Because we have to extrapolate to the physical Bs mass, we expect uncertainties to

grow as MHs → Mphys
Bs

, and so this overlap is possibly the result of growing uncertainties rather

than the behavior we expect from approaching the heavy mass limit. Regardless, the Mphys
Bs

mass

scale is not equivalent to he heavy quark limit where we expect fT = f+, and so this finding is not

necessarily unexpected.

1. While on this plot it looks like the f0/+(0) and fT (0) curves overlap at the MDs end, figure 7.7 shows that they
differ by just over one standard deviation.
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Table 7.5: Physical continuum Ds → K z-expansion coefficients a0,+,T
n , pole masses (in GeV), and

chiral logarithm term, presented alongside their corresponding correlation matrix. Using equations
5.27-5.29 these parameters can be used to reconstruct our current Ds →K form factor plots (figures
7.7 and 7.8). Correlations whose magnitudes are less than 10−5 are listed as <1e-05.

a0/+
0 a0

1 a0
2 a+1 a+2 aT

0 aT
1 aT

2 Mphys
D∗

0
Mphys

D∗ L

0.6388(51) 0.540(43) 1.35(14) -0.489(47) 0.17(24) 0.612(11) -0.365(95) 0.71(42) 2.3430(99) 2.006850(50) 1.021259(60)
1 0.54829 0.33965 0.41148 0.13967 0.04485 -0.00858 -0.04983 -0.03394 -0.00016 -0.0014

1 0.80979 0.63345 0.31861 0.03173 -0.02427 -0.07128 -0.37908 -0.00105 0.00017
1 0.58873 0.37999 0.00288 -0.02995 -0.06057 0.04696 -0.0003 0.00045

1 0.78567 -0.08738 -0.05722 0.00258 -0.02346 -0.0036 -0.00246
1 -0.13072 -0.07521 0.07889 -0.01077 0.00222 <1e-05

1 0.5535 0.17559 -0.00179 -0.00019 0.00115
1 0.75821 -0.00065 -0.00211 -0.00051

1 0.00195 0.0007 3e-05
1 0.00195 <1e-05

1 <1e-05
1

7.4 Status of form factor calculations

Here we present the current status of both our Ds → K and Bs → K form factor calculations. This

entails physical continuum form factor plots, and discussion of where we expect the forthcoming

generation of more data to improve these current results.

7.4.1 Ds → K

In table 7.5 we give the coefficients, pole masses, and chiral logarithm terms which, when input

into equations 5.27, 5.28 and 5.29, generate our current physical continuum Ds → K form factors.

Figures 7.7 and 7.8 give the current scalar, vector, and tensor form factors as functions of z and

q2. As we might expect from the z-expansion fit, the only coefficient with a magnitude greater

than one is a0
2 = 1.35(14), while a+2 is consistent with zero and aT

2 = 0.71(42). The curvatures of

the functions in 7.7 reflect these findings.
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Figure 7.7: Current continuum Ds → K scalar, vector, and tensor form factors, multiplied by the
appropriate pole term P(q2) (defined in equations 5.24 and 5.26). Results span the entire physical
q2 range.
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Figure 7.8: Current continuum Ds → K scalar, vector, and tensor form factors. Results span the
entire physical q2 range.
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Table 7.6: Comparison of our current Ds → K form factor results to those of Fermilab/MILC [4]
at q2 = 0 and q2 = q2

max. Fermilab/MILC does not calculate tensor form factors. The difference in
standard deviations σ between our results and those of Fermilab/MILC is given in row 3, while
the ratio of errors is given in row 4.

Form factor f0/+(0) fT (0) f0(q2
max) f+(q2

max) fT (q2
max)

This work [a] 0.6523(52) 0.674(12) 0.9869(61) 1.631(12) 1.705(22)
Fermilab/MILC [b] 0.6307(20) - 0.9843(18) 1.576(13) -

|Mean(a−b)/σ(a−b)| 3.877 - 0.409 3.109 -
σ(a)/σ(b) 2.600 - 3.388 0.923 -

While the functions f+ and fT do not align in both our D → π and Ds → K results, the separation

in our Ds → K results is much smaller. Furthermore, we can observe that while f+ > fT for the

entire q2 range in D → π, the opposite appears to be true for Ds → K. To our knowledge, there

are no published, lattice-determined tensor form factor results for either of these meson decays,

and so we have no point of comparison to make on whether or not this behavior is expected.

We refrain from making any rigorous comparison to other Ds → K scalar or vector form factor

calculations, though we can once again point the reader towards the Fermilab/MILC Ds → K

results in [4]. In table 7.6 we compare our Ds → K form factor results at q2 = 0 and q2 = q2
max to

those of Fermilab/MILC (FLAG does not present any Ds → K averages). We find that our results

at f0(q2
max) are consistent with those of Fermilab/MILC, however our f+(q2

max) and f0/+(0) results

differ from those of Fermilab/MILC by ≈ 3.1σ and ≈ 3.9σ respectively. As discussed in chapter

6, we do not change our methodology in response to any of these comparisons.

In a similar fashion to our D → π fits, we also performed a series of Hs → K fits which only

considered amh ≈ amc correlator data. We did so with the aim of ruling out the possibility that

fitting amh > amc data could have an unexpected and significant impact on our final Ds → K form

factor results. After conducting this test, we find that resultant Ds → K form factors are largely

consistent with those from our global fit. Comparing the results of f0,+,T at q2 = 0 and q2 = q2
max

specifically, we find consistency to within one standard deviation of our global fit results (which

are given in the first row of table 7.6), with one exception. In the charm-only fit, we calculate

f0/+(0) = 0.6387(62), which differs from the global fit result of f0/+(0) = 0.6523(52) by 1.681σ .
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In the context of the overall consistency between the charm-only and global fit results for both

D → π and Ds → K, this discrepancy is not statistically significant. We would however like to

acknowledge that this minor disagreement occurs in the low q2 (high kaon momentum) kinematic

range: the same range where we observed other minor issues in our correlator fitting. We believe

that continued work on this line of correlator fits ought to investigate these phenomena more

thoroughly.

Our line of calculations is ongoing, and there are likely changes/fixes to our fitting in the future

which might change our current results. As mentioned in the previous section, there is possibly

some issue on our fit related to the high-twist kaon energies that go into it. We expect that the

new lattice data being generated on coarser ensembles and the alternate BGL parameterization

will make general improvements to our fit.

7.4.2 Bs → K

Having discussed our Ds → K results, let us move on to our final meson decay of interest: Bs → K.

We give the necessary coefficients, pole masses, and chiral logarithm term to construct physical

continuum Bs →K form factors via equations 5.27-5.29 in table 7.7. Our current scalar, vector, and

tensor form factor plots are presented in figures 7.9 and 7.10 as functions of z and q2 respectively.

Unlike all our other meson decays, none of the a0,+,T
2 coefficients in table 7.7 have magnitudes

greater than one, which manifests as their being little curvature in any of the functions over the

entire physical q2 range. This behavior lies in stark contrast to the significant negative curvature

of the vector and tensor B → π form factors shown in figure 6.9.

As alluded to in section 7.3.2, we see little overlap between the vector and tensor functions. Though

we expect fT = f+ in the heavy quark limit of mb → ∞, it is not necessarily unexpected to find

fT ̸= f+ at the mass scale of Mphys
Bs

. We are curious to see if this behavior might change with

the introduction of new lattice data, especially the forthcoming amh ≈ mphys
b data on the sfphys
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Table 7.7: Physical continuum Bs → K z-expansion coefficients a0,+,T
n , pole masses (in GeV), and

chiral logarithm term, presented alongside their corresponding correlation matrix. Using equations
5.27-5.29 these parameters can be used to reconstruct our current Bs →K form factor plots (figures
7.9 and 7.10). Correlations whose magnitudes are less than 10−5 are listed as <1e-05.

a0/+
0 a0

1 a0
2 a+1 a+2 aT

0 aT
1 aT

2 Mphys
B∗

0
Mphys

B∗ L

0.311(10) 0.444(79) 0.53(15) -0.511(82) 0.18(26) 0.368(24) -0.31(18) 0.63(57) 5.7563(99) 5.32475(20) 1.021259(60)
1 0.86769 0.70364 0.59657 0.27739 0.24015 0.12834 0.05879 0.00621 -0.00163 -0.00021

1 0.92648 0.63522 0.28227 0.20998 0.12218 0.05845 0.00093 -0.0019 3e-05
1 0.57483 0.26126 0.16523 0.10688 0.05307 0.07078 -0.00174 0.0002

1 0.75182 0.05626 0.07888 0.06093 -0.01433 -0.00225 -0.00092
1 -0.00973 0.02864 0.05167 -0.01536 0.00506 <1e-05

1 0.62399 0.374 0.0009 -0.00172 0.00034
1 0.82758 0.00058 -0.00174 -0.00026

1 0.001 0.00248 2e-05
1 -4e-05 <1e-05

1 <1e-05
1
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Figure 7.9: Current continuum Bs → K scalar, vector, and tensor form factors, multiplied by the
appropriate pole term P(q2) (defined in equations 5.24 and 5.26). Results span the entire physical
q2 range.
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Figure 7.10: Current continuum Bs → K scalar, vector, and tensor form factors. Results span the
entire physical q2 range.

ensemble. We maintain the possibility however that peculiarities such as these may still originate

from unresolved problems in our fit routines. Like the other meson decays in this work, we expect

that the addition of new data at coarser lattice spacings, and an alternate z-expansion fit under

the BGL parameterization will make general improvements to these results.

In table 7.8 we compare our Bs → K form factor results to those of the FLAG average in [7] at

q2 = 0 and q2 = q2
max. Unlike the FLAG average for B → π form factors, the lattice calculations

[8, 9, 10, 11] which contribute to the the FLAG average of Bs → K form factor results all have

comparable uncertainties. We find that our current results for f0,+(q2
max) are consistent with the

FLAG average, while the results for f0/+(0) only differ by ≈ 1.2σ . We can also see that our results

have equal or smaller uncertainties to those of the FLAG average.
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Table 7.8: Comparison of our current Bs → K form factor results to those of the FLAG average
[7](FLAG average results are calculated from [8, 9, 10, 11]) at q2 = 0 and q2 = q2

max. FLAG does
not calculate tensor form factors. The difference in standard deviations σ between our results and
those of the FLAG average is given in row 3, while the ratio of errors is given in row 4.

Form factor f0/+(0) fT (0) f0(q2
max) f+(q2

max) fT (q2
max)

This work [a] 0.318(10) 0.377(24) 0.789(25) 3.26(12) 3.57(22)
FLAG average [b] 0.270(39) - 0.814(29) 3.18(12) -

|Mean(a−b)/σ(a−b)| 1.199 - 0.64 0.486 -
σ(a)/σ(b) 0.256 - 0.862 1.000 -



Chapter 8

Conclusions

Let us now summarize the key principles of this work. Under the constraints of the Standard

Model, we have used the techniques of lattice QCD to calculate scalar, vector, and tensor form

factors across the entire kinematic range for the following semileptonic heavy meson decays: D→ π,

B → π, Ds → K, and Bs → K. This line of lattice calculations is characterized by the HISQ action

and the heavy-HISQ method, using MILC N f = 2+ 1+ 1 gluon field ensembles. In chapter 4 we

discussed our complete methodology for fitting correlation functions to the appropriate fit forms,

with a focus on our exact implementation of a Bayesian fitting approach. In chapter 5 we detailed

how we transform correlator fit results into continuum form factor functions via the modified

z-expansion. These two chapters provide the methodological framework for how we have arrived

at our current form factor results, presented in chapters 6 and 7.

Concerning all four meson decays of interest to this work, we have made substantial progress

in having calculated their scalar, vector, and tensor form factors using lattice QCD. Table 8.1

summarizes the values of our form factor results at q2 = 0 and q2 = q2
max for all four meson decays.

These results are not final, and we have identified where problems remain in this line of lattice

calculations. Furthermore, as discussed in chapters 6 and 7, we are still actively generating more

correlator data which we intend to incorporate into our lattice calculations. We expect corrections

to our methodology and the inclusion of new data to improve our current results, which, when in

a finalized state, we intend to publish.

186
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Table 8.1: Summary of our current form factor results at q2 = 0 and q2 = q2
max.

Decay f0/+(0) fT (0) f0(q2
max) f+(q2

max) fT (q2
max)

D → π 0.679(12) 0.572(22) 1.284(15) 3.077(60) 2.440(68)
Ds → K 0.6523(52) 0.674(12) 0.9869(61) 1.631(12) 1.705(22)
B → π 0.307(18) 0.286(29) 1.020(73) 6.72(88) 5.9(1.1)
Bs → K 0.318(10) 0.377(24) 0.789(25) 3.26(12) 3.57(22)

Upon finalization, the scalar and vector form factor results will be used, among other things, to

calculate the values of the CKM matrix elements Vcd and Vub. These matrix elements carry sub-

stantial implications to Standard Model (and potentially beyond Standard Model) flavor physics,

and so more precise determinations of these matrix elements are incredibly valuable. Though other

lattice determinations of the scalar and vector form factors of these meson decays do exist, we

anticipate that our finalized results will make substantial improvements upon those calculations.

We uphold this expectation largely on account of our use of the HISQ action and heavy-HISQ

method across a broad kinematic range. Furthermore, we maintain the aim for this line of lattice

calculations to be the first to publish D → π, Ds → K, and Bs → K tensor form factor results from

lattice QCD. We also aim to publish tensor form factor results for B → π, which will improve

upon those in other works for the same reasons discussed above. In these regards we have made

substantial progress.
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