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Call to me

And I will answer you

And tell you great and unsearchable things you do not know

— Jeremiah 33:3



Abstract

The direct detection of gravitational waves has transformed our view of the Universe, el-
evating them from a confirmation of General Relativity to a tool for precision astrophysics
and cosmology. Unlike electromagnetic radiation, which is subject to absorption, scatter-
ing, and extinction by baryonic matter, gravitational waves propagate through the Universe
largely unimpeded, carrying relatively clean information about both their sources and the
intervening gravitational structures.

Gravitational lensing, another prediction of General Relativity, naturally arises along such
propagation paths. Acting as a cosmic telescope, it magnifies distant signals while encod-
ing the lens properties into the observed waveform. This phenomenon has long been ex-
ploited in electromagnetic observations to probe dark matter, the expansion history of the
Universe, and the population properties of compact objects. When applied to gravitational
waves, lensing provides a complementary probe of these same questions, with sensitivity
to regimes that remain inaccessible to light-based observations.

In this thesis, I investigate both the detection of gravitationally lensed gravitational waves
and their scientific applications. Current searches focus on two regimes: strong lensing, in
which massive structures such as galaxies or clusters produce multiple images with time
delays ranging from minutes to years, and microlensing, induced by smaller-scale struc-
tures such as stars, compact remnants, or dark matter subhalos, which imprint frequency-
dependent interference patterns due to the wave nature of gravitational waves. Up to the
third observing run of the LIGO–Virgo–KAGRA Collaboration, no compelling evidence for
gravitational-wave lensing has been reported. I present results from a search for isolated
point-mass microlensing in the first part of the fourth observing run, highlighting an in-
teresting candidate event, GW231123_135430.

I then transition to a more astrophysically realistic lensing scenario. While an isolated
point-mass lens provides a useful approximation for the effect of an individual microlens,
microlensing is expected to occur within more complex lens environments, where compact
objects can be embedded in a larger-scale gravitational potential. I therefore extend the
search to scenarios involving combined strong lensing and microlensing. The complex and
highly degenerate nature of such signals poses a challenge for existing model-dependent
pipelines. To address this, a model-independent search framework based on residual tests
is developed, enabling rapid identification of candidate events, several orders of magnitude
faster than fully model-dependent analyses, while remaining sensitive to a broad range of
lensing-induced deviations from unlensed waveforms.
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Once detected, gravitationally lensed gravitational waves offer powerful applications in
cosmology. One of the central challenges in modern cosmology is the Hubble tension, the
discrepancy between measurements of the Hubble constant inferred from the early Uni-
verse and those obtained from local distance indicators. Gravitational waves provide an
independent way to measure cosmic distances through their amplitude, without relying on
the traditional distance ladder. In the presence of strong lensing, this capability is further
enhanced: combining multiple lensed images with an accurate reconstruction of the lens
mass distribution significantly improves the precision of luminosity distance estimates, of-
fering a promising avenue to alleviate this tension.

In addition to cosmological applications, gravitational-wave lensing provides a directmeans
to probe the population of compact objects and the small-scale structure of matter. Because
gravitational waves are insensitive to baryonic effects such as dust extinction, lensing signa-
tures reflect the underlying gravitational field alone, enabling a mapping of the otherwise
invisible components of the Universe. Such measurements constrain the abundance and
mass function of intermediate-mass black holes, primordial black holes, and dark matter
subhalos, thereby providing insights into both compact-object formation channels and the
small-scale structure of dark matter, which are difficult to access through electromagnetic
observations only.

As we look toward the next decade of gravitational-wave astronomy—with the continued
operation of the LVK network and the anticipation of next-generation detectors and space-
based detectors—the detection of a definitively lensed GW event is no longer a matter of
if but when. This work establishes the essential methodologies required to both identify
such events and fully exploit their scientific potential, paving the way toward precision
cosmology and a deeper understanding of the dark Universe.
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Chapter 1

Gravitational Waves: From Source to
Detection

The exploration of the Universe relies on various physical carriers of information, often
referred to as messengers. Electromagnetic (EM) radiation has long served as the most es-
tablished observational window, spanning an extensive range from solar and galactic stel-
lar emission to high-redshift extragalactic sources and the Cosmic Microwave Background
(CMB) [1]. In addition to EM waves, neutrinos offer a unique probe into high-energy as-
trophysical processes [2]. While solar neutrinos have been extensively studied, providing
insights into the nuclear fusion processes within the Sun [3, 4], only a small number of
extragalactic neutrino sources have been identified to date [5, 6].

A transformative addition to thismultimessenger landscape is gravitationalwaves (GWs).
The existence of GWs, defined as ripples in spacetime curvature propagating at the speed
of light, was fundamentally predicted by Albert Einstein [7, 8] within the framework of
general relativity (GR) [9, 10]. These waves are generated by the acceleration of asymmet-
ric mass distributions. Since gravity is intrinsically weak, as reflected in the small value of
the gravitational constant G, detectable GW amplitudes are only produced by extremely
dynamic, high-energy astrophysical events. Main detectable sources include catastrophic
stellar collapses such as supernovae (SNe) and gamma-ray bursts (GRBs), the inspiral and
merger of compact binary systems comprising neutron stars (NSs) or black holes (BHs),
and the stochastic gravitational-wave background (SGWB) originating from cosmological
inflation.

The experimental efforts to detect GWs began with Joseph Weber’s development of
resonant-mass detectors [11]. However, these early attempts did not detect any decisive
GW signals, primarily because the expected event rate of detectable GW sources within the
local universe was insufficient for the sensitivity of the apparatus. A pivotal turning point
occurred in 1974 with the discovery of the Hulse–Taylor binary pulsar [12]. The observed
orbital decay of this system matched the energy loss predicted by GR via GW emission,
providing the first indirect confirmation of their existence and galvanising the development
of more sensitive detection technologies.
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4 Gravitational Waves: From Source to Detection

The decades of experimental refinement culminated in September 2015, when the Ad-
vanced Laser Interferometer Gravitational-Wave Observatory (aLIGO) [13] achieved the
first direct observation of a GW signal, designated as GW150914 [14]. This signal, detected
by both the LIGO-Livingston and LIGO-Hanford detectors, was identified as the merger
of a binary black hole (BBH) system, marking a milestone in GW astronomy. Almost two
years later, the two aLIGO detectors and Advanced Virgo (AdV) [15] detected GW170817, a
binary neutron star (BNS) merger with EM counterparts, heralding the advent of multimes-
senger astronomy [16, 17]. Furthermore, [18] announced the first detections of two neutron
star–black hole (NSBH) mergers, GW200105 and GW200115. Although some NSBH mer-
gers could produce EM counterparts if the NS is tidally disrupted before being swallowed
by the BH, none were confidently identified [19].

More than a decade has passed since the first detection of GWs. As of the time of writing,
the LIGO-Virgo-KAGRA (LVK) Collaboration has reported a few hundred GW events [20],
signifying a transition from the discovery of individual sources to an era of population-level
inference.

In this chapter, we provide a comprehensive overview of the theoretical foundations
of GWs and categorise the diverse astrophysical and cosmological sources that have been
identified to date and can be detected in the future. Furthermore, we discuss the instru-
mental principles of laser interferometry and how to find GW signals in the observed data.

1.1 Gravitational Radiation in Linearised GR
Within the framework of GR, GWs can be understood as radiation in the form of propagat-
ing disturbances in the fabric of spacetime, sourced by time-varying mass–energy distri-
butions. Although their generation occurs in regions of intense gravitational interaction,
their subsequent evolution depends on the ambient spacetime through which they propag-
ate. Specifically, while the emission process is governed by the nonlinear dynamics of the
strong-field regime near the source, the subsequent propagation toward distant observers
in the asymptotically flat universe, where the spacetime curvature is sufficiently weak, is
well described by linear perturbations of a background metric.

1.1.1 Einstein Field Equation

GR can be concisely defined as a geometric theory of gravitation, in which the curvature
of spacetime is dynamically coupled to the energy and momentum of matter and radiation
via the Einstein Field Equations (EFE) [10].
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To define the spacetime curvature, we first need the mathematical framework to de-
scribe the four-dimensional manifold of our Universe, i.e., a space with three spatial di-
mensions and one time dimension. Throughout this work, we adopt the metric signature
(−,+,+,+) and employ the Einstein summation convention, in which repeated indices—
one in the upper (contravariant) and one in the lower (covariant) position—are implicitly
summed over their range1.

The metric tensor, gµν , defines the spacetime interval and causal structure in curved
spacetime. The infinitesimal displacement between two events, ds, is given by the line ele-
ment:

ds2 = gµνdx
µdxν , (1.1)

where dxµ and dxν represent small displacements along the spacetime coordinates and gµν
encodes the local geometric properties of spacetime. In the limit of flat spacetime, themetric
reduces to the Minkowski metric, ηµν = diag(−1, 1, 1, 1).

Within the framework of GR, spacetime is described not by Euclidean geometry but by a
pseudo-Riemannian manifold, a topological space that is locally Minkowskian but globally
curved [21, 22]. On this manifold, the metric gµν varies smoothly across the coordinates,
reflecting the intrinsic curvature of spacetime. Consequently, gravity is no longer a force in
the Newtonian sense, but a manifestation of spacetime geometry. To describe the dynam-
ics of fields on such a manifold, we generalise the notion of differentiation. The covariant
derivative, ∇µ, ensures that the derivative of a tensor remains a tensor—i.e., it transforms
covariantly under coordinate transformations— by accounting for the variation of the co-
ordinate basis vectors along the manifold. Unlike the partial derivative, it accounts for the
variation of the basis vectors themselves. For a vector (or (1,0) tensor) a⃗, the covariant de-
rivative is expressed as:

∇µa⃗ =
∂aλ

∂xµ
e⃗λ + aλ

∂e⃗λ
∂xµ

=
∂aλ

∂xµ
e⃗λ + aλΓνµλe⃗ν ,

(1.2)

where e⃗λ and e⃗ν are the coordinate basis vectors of a⃗ and Γνµλ are the Christoffel symbols of
the second kind, which encode how the coordinate basis vectors vary from point to point
on the manifold. They are uniquely determined by the metric and defined as [21]:

Γνµλ =
1

2
gνσ (∂µgλσ + ∂λgµσ − ∂σgµλ) , (1.3)

where ∂λ ≡ ∂/∂xλ.

1. For example, for arbitrary covariant and contravariant four-vectors Aµ and Bµ, this summation is ex-
pressed as: AµB

µ ≡
∑3

µ=0 AµB
µ.
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Figure 1.1: Illustration of the parallel transport of a vector along a closed path (P1 → P2 →
P3 → P1) on a curved surface.

The presence of curvature is formally indicated by the non-commutativity of covariant
derivatives. As shown in Figure 1.1, a vector parallel-transported around a closed loop in a
curved spacetime generally returns with a different orientation. Geometrically, this indic-
ates that parallel transport along distinct paths between the same endpoints yields different
results. This deviation is quantified by the Riemann curvature tensor,Rρ

σµν , defined as [21]:

Rρ
σµν = ∂µΓ

ρ
σν − ∂νΓ

ρ
σµ + ΓρµλΓ

λ
σν − ΓρνλΓ

λ
σµ. (1.4)

To extract the physical components of curvature relevant to the EFE, the Riemann tensor
is often contracted. The Ricci tensor, Rµν = Rα

µαν , sums over two indices, and further con-
traction with the metric yields the Ricci scalar, R = gµνRµν . While the Riemann tensor
contains the full information about the spacetime curvature, the Ricci tensor and scalar
provide a measure of how the local volume of a region deviates from the flat Euclidean
case. However, the Ricci tensor alone cannot ensure energy–momentum conservation. Ac-
cording to the Bianchi identities, specifically the contracted form ∇ν(R

µν − 1
2
gµνR) = 0,

one can construct the Einstein tensor, Gµν , defined as:

Gµν ≡ Rµν −
1

2
gµνR. (1.5)

TheEinstein tensor is symmetric and divergence-free under covariant differentiation, which
ensures local conservation of energy and momentum. It encodes the curvature of spacetime
induced by matter and energy.
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The distribution of matter and energy is described by the stress-energy tensor Tµν ,
which captures both the density and the flux of energy and momentum. For any physical
matter or fluid, local conservation of energy andmomentum is enforced through the vanish-
ing covariant divergence (∇νT

µν = 0) [21]. The consistency between the divergence-free
property of Gµν (from geometry) and T µν (from physics) forms the basis of the EFE:

Gµν + Λgµν =
8πG

c4
Tµν , (1.6)

where Λ is the cosmological constant [23]. In the context of GW generation in the local
universe, the effect of Λ is negligible compared to dynamical metric perturbations, and
henceforth we set Λ = 0. Eq. (1.6), which are non-linear partial differential equations,
dictate the reciprocal interaction betweenmatter and geometry. In the following section, we
linearise the Einstein equations and demonstrate that small metric perturbations propagate
as GWs.

1.1.2 The Linearised Field Equation

In the absence of extremely compact matter sources, gravity is typically weak, and the
spacetime geometry deviates only slightly from flat Minkowski spacetime. In this regime,
the gravitational field can be treated as a small perturbation about a fixed background met-
ric. This approach, known as linearised gravity, assumes that the spacetime metric differs
only marginally from the Minkowski metric, ηµν [24]. Accordingly, the full metric can be
written as:

gµν = ηµν + hµν , (1.7)

where hµν represents the small metric perturbation satisfying |hµν | ≪ 1, which allows the
Riemann curvature tensor in Eq. (1.4) to retain only terms up to first order in hµν .

Using the metric in Eq. (1.7), the (0,4) Riemann curvature tensor, the Ricci tensor, and
the Ricci scalar are approximated as follows:

Rαµβν ≈
1

2
(∂µ∂βhαν + ∂α∂νhµβ − ∂µ∂νhαβ − ∂α∂βhµν) (1.8)

Rµν = ηαβRαµβν

=
1

2
(∂µ∂αh

α
ν + ∂ν∂αh

α
µ − ∂µ∂νh−□hµν) (1.9)

R = ηµνRµν

= ∂µ∂νh
µν −□h, (1.10)
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where h ≡ ηµνhµν is the trace of the perturbation and □ ≡ ∂α∂
α = ∇2 − 1

c2
∂2

∂t2
is the

d’Alembertian operator. From these linearised curvature quantities, the Einstein tensor can
be constructed to first order in hµν using Eq. (1.5). To simplify its structure, it is convenient
to introduce the trace-reversed metric perturbation [24]:

h̄µν ≡ hµν −
1

2
ηµνh. (1.11)

Note that h̄ ≡ ηµν h̄µν = −h. By substituting h̄µν into the linearised forms of the Ricci
tensor (Eq. (1.9) and scalar (Eq. (1.10)), the first-order Einstein tensor is written as [24]:

Gµν = −1

2

(
□h̄µν + ηµν∂ρ∂σh̄

ρσ − ∂ν∂ρh̄
ρ
µ − ∂µ∂ρh̄

ρ
ν

)
+O(h2). (1.12)

In the linearised regime, a coordinate transformation x′µ = xµ+ ξµ, with ∂νξµ ∼ O(h),
acts as a gauge transformation of the metric perturbation: hµν → hµν − ∂µξν − ∂νξµ. To
decouple the differential equations in Eq. (1.12), we impose the harmonic gauge condition
(also known as the Lorenz gauge), ∂ν h̄µν = 0, which eliminates the second, third, and fourth
terms on the right-hand side. In the presence of a source Tµν , the EFE in Eq. (1.6) reduce to
uncoupled wave equations:

□h̄µν = −16πG

c4
Tµν . (1.13)

These equations, known as the linearised field equations, show that in the weak-field limit,
the metric of spacetime behaves like a relativistic field that propagates at the speed of light,
as the d’Alembertian operator directly relates the spatial and temporal second derivatives
through c. In this regime, Tµν acts as the source of gravitational radiation, analogous to
how charge density acts as a source for EM waves.

1.1.3 Generation of GWs

To understand how astrophysical sources generate GWs, we need to solve the linearised
field equations in the presence of a non-zero stress-energy tensor Tµν (Eq. (1.13)) [24]. The
inhomogeneous wave equation can be solved using the retarded Green’s function, which
accounts for the finite propagation speed of gravity, ensuring that the perturbation at a
spacetime point (t, x⃗) is determined by the state of the source at an earlier retarded time,
tr = t − |x⃗ − y⃗|/c. Here, x⃗ and y⃗ denote the spatial coordinates of the field point and the
source point, respectively. The solution is given by [24]:

h̄µν(t, x⃗) =
4G

c4

∫
Tµν(t− |x⃗−y⃗|

c
, y⃗)

|x⃗− y⃗|
d3y⃗, (1.14)
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For most astrophysical sources, the internal velocities are non-relativistic (v ≪ c), the
observer is located in the far-field region (|x⃗− y⃗| ≫ |y⃗|), and the source size is much smaller
than the wavelength of the emitted GWs, so that it may be treated as effectively point-like.
Under these assumptions, we can perform a multipole expansion of the retarded solution
in Eq. (1.14).

While the conservation of energy and momentum forbids monopole and dipole grav-
itational radiation, the leading-order contribution arises from the higher-order moments
of the stress-energy tensor. In the non-relativistic limit, the energy density component,
T 00 ∼ ρc2, is the dominant term, while the momentum density T 0i ∼ ρcv and the stress
tensor T ij ∼ ρv2 are suppressed by factors of (v/c) and (v/c)2, respectively. By applying
the identity derived from the local conservation law ∂µT

µν = 0, the volume integral of the
stress components T ij can be related to the second time derivative of the mass distribution
as follows [24]: ∫

T ijd3y⃗ =
1

2c2
d2

dt2

∫
T 00yiyjd

3y⃗

=
1

2

d2

dt2
Mij,

(1.15)

whereMij is called themass quadrupole moment. In the slow-motion and far-field limits, the
spatial components of h̄µν are dominated by the second time derivative of this quadrupole
moment. Substituting Eq. (1.15) into Eq. (1.14), the quadrupole radiation is written as:

h̄ij(t, x⃗) ≈
2G

c4r

d2

dt2
Mij(tr). (1.16)

The number of independent components of h̄µν in Eq. (1.13) is initially 16. Consider-
ing the symmetry of the tensor, along with the Lorenz gauge and the vacuum condition
(□h̄µν = 0), this number reduces to 6. Nevertheless, h̄µν still contains unphysical degrees
of freedom due to coordinate invariance. This residual gauge freedom can be further re-
duced by adopting the transverse-traceless (TT) gauge, in which the perturbation is purely
spatial (h0µ = 0), traceless (hii = 0), and transverse (∂jhij = 0). The TT gauge effectively
eliminates all non-dynamical components, leaving the gravitational radiation with only
two independent polarisation states, h+ (plus) and h× (cross). These polarisations encode
the intrinsic geometry of the radiation and serve as the fundamental observables for dy-
namic astrophysical sources. For example, the amplitude and phase evolution of these two
polarisations directly reflect the orbital dynamics of a compact binary, as will be discussed
in Section 1.2.1.
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The physical TT components of the far-field gravitational radiation can be extracted
by projecting onto the plane orthogonal to the propagation direction. The projection is
performed using the Lambda tensor [24, 25], constructed from the transverse projector,
Pij = δij − ninj , where ni is the unit vector in the direction of wave propagation:

Λij,kl ≡ PikPjl −
1

2
PijPkl . (1.17)

Applying the Lambda tensor to Eq. (1.16), and noting that the traceless condition ensures
h̄TT
ij = hTT

ij , the spatial components of themetric perturbation in the TT gauge can bewritten
as:

hTT
ij

(
t, xi

)
= Λij,kl

2G

c4r

d2

dt2
Qkl(tr). (1.18)

Here, Qkl ≡Mkl − 1
3
δklMmm is called the reduced quadrupole moment.

1.1.4 GW Propagation

In vacuum, far from the source (Tµν ≈ 0), Eq. (1.13) reduces to the homogeneous wave
equation describing the propagation of the perturbation:

□h̄µν = 0. (1.19)

We consider monochromatic plane-wave solutions travelling in the z-direction with an
angular frequency ω. In the TT gauge, the general solution is given by [24]:

hTT
µν(t, z) = ATT

µν cos
[
ω
(
t− z

c

)]
, (1.20)

where Aµν is a constant 4× 4 symmetric amplitude tensor containing 2 independent com-
ponents, given by:

ATTµν =


0 0 0 0

0 Axx Axy 0

0 Axy −Axx 0

0 0 0 0

 . (1.21)

The components Axx and Axy are conventionally denoted h+ and h×, respectively, corres-
ponding to the two polarisations of a GW waveform introduced above.

Consequently, the metric perturbation can be expressed as:

hTT
µν =


0 0 0 0

0 h+ h× 0

0 h× −h+ 0

0 0 0 0

 cos[ω
(
t− z

c

)
]. (1.22)
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Figure 1.2: Illustration of the two GW polarisations (h+, h×), showing the deformation of
a ring of freely falling test particles over one wave period (T ).

Eq. (1.22) shows that, despite the initial complexity of the 16-component metric tensor, the
physical content of gravitational radiation in GR is fully captured by only two transverse,
quadrupolar degrees of freedom. As the wave propagates along the z-direction, the two
polarisation modes remain transverse and induce tidal deformations in the perpendicular
plane. Figure 1.2 illustrates this effect for a ring of freely falling test particles, which is peri-
odically distorted into an ellipse as the wave passes.The h+ and h× components correspond
to two independent quadrupolar deformation patterns rotated by π/4 with respect to each
other.

1.2 GW Source
While the previously established theoretical framework indicates that any asymmetric ac-
celeration of mass generates GWs, this section focuses on signals that can be observed.
Since gravity is inherently weak, spacetime responds only slightly even to large amounts
of energy (c4/8πG), detection is only feasible when the GWs originate from systems char-
acterised by large masses and relativistic acceleration. We therefore describe the astrophys-
ical and cosmological sources most likely to generate observable signals, classifying them
according to their emission mechanisms and waveform characteristics.

1.2.1 Compact Binary Coalescences

Among GW sources, compact binary coalescences (CBCs) are currently the most frequently
and robustly detected. A CBC system consists of two compact objects, such as BHs and
NSs, orbiting one another and decaying via GWs. CBCs are categorised depending on their
components. Namely, BBH, NSBH, and BNS 2.

2. Additionally, there are binarywhite dwarfs (BWDs), but their orbital frequencies are too low to be detected
by ground-based interferometers. Despite that, BWDs will be the most ubiquitous continuous sources in the
millihertz band for future space-based detectors [26, 27, 28].
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Figure 1.3: In-spiral, merger, and ringdown phases of a compact binary coalescence. Each
phase is described by a different theoretical framework: post-Newtonian theory for the
in-spiral, numerical relativity for the merger, and black hole perturbation theory for the
ringdown. Adapted from [29].

The orbital evolution of a CBC is deterministic and can be divided into three distinct
phases (see Figure 1.3) [29]. The first phase is the in-spiral phase, characterised by a gradual
orbital decay driven by the emission of GW. To leading order, this phase can be analytically
described using the quadrupole approximation for a quasi-circular binary [30]. For a system
with component masses m1 and m2 located at a luminosity distance dL, the emitted GW
strains in the time domain are expressed as:

h+(t) =
4

dL

(
GMc

c2

)5/3(
πf

c

)2/3
1 + cos2 ι

2
cos(2πft+ ϕ0),

h×(t) =
4

dL

(
GMc

c2

)5/3(
πf

c

)2/3

cos ι sin(2πft+ ϕ0),

(1.23)

where f is the GW frequency, which is twice the orbital frequency, f = 2forb, ι is the
inclination angle between the binary’s orbital angular momentum and the observer’s line
of sight, ϕ0 is the initial orbital phase, and Mc is the chirp mass defined as:

Mc =
(m1m2)

3/5

(m1 +m2)1/5
. (1.24)
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By equating the energy radiated by GWs to the loss of orbital binding energy, the frequency
evolution with time scales as ḟ ∝ M5/3

c f 11/3, implying that lower-mass systems, such as
BNS, evolve much more slowly. Consequently, they remain within the sensitive frequency
band of ground-based detectors for a significantly longer duration, reaching much higher
frequencies before coalescence compared to more massive BBHs.

The analytical description in Eq. (1.23) remains valid until the binary separation reaches
the innermost stable circular orbit (ISCO). To accurately track the phase accumulation near
the ISCO, however, higher-order post-Newtonian (PN) expansions of GR are required, as
the leading-order quadrupole approximation becomes insufficient in the strong-field re-
gime [31]. For a non-spinning binary with total mass M = m1 +m2, the ISCO is located
at RISCO = 6GM/c2, corresponding to a maximum in-spiral frequency of:

fISCO ≃ c3

63/2πGM
. (1.25)

The ISCOmarks the definitive end of the stable inspiral. Beyond this point, the system enters
the merger phase, where the strain amplitude reaches its maximum. This phase cannot be
described analytically and requires full numerical relativity (NR) simulations for accurate
modelling [29].

Finally, the newly formed remnant black hole enters the ring-down phase. During this
stage, the distorted BH settles into a stationary state by emitting GWs, described by quasi-
normal modes (QNMs) [32, 33]. They are called quasi-normal because the BH is a dissipat-
ive system. Unlike the standard normal modes of a closed system, QNMs are exponentially
damped over time as energy and angular momentum radiate away. Measuring the specific
frequencies and decay times of these modes is known as BH spectroscopy, enabling preci-
sion tests of the no-hair theorem in the strong-field regime [34].

1.2.2 Other sources

Other GW sources beyond CBCs are briefly introduced for pedagogical purposes, although
no direct detections have yet been confirmed.

Firstly, in GWastronomy, continuouswaves (CWs) are persistent, quasi-monochromatic
signals with nearly constant frequency and amplitude over observational timescales. The
primary astrophysical candidates include rapidly spinning, isolatedNSswith non-axisymmetric
deformations (often referred to as mountains), which may be sustained by strong magnetic
stresses or elastic strains in the solid crust [24], as well as millisecond pulsars in the Milky
Way center [35] and annihilating ultralight boson clouds around rotating BHs [36, 37, 38].
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The main challenge in detecting CWs lies in their extremely weak strain amplitudes.
Since the signal is buried well below the detector noise, detection does not rely on transient
high-SNR events but instead on coherent integration over months to years. This approach
requires precise matched filtering that accounts for Doppler modulations due to the Earth’s
rotation and orbital motion, making CW searches computationally demanding.

Secondly, GW bursts are short-duration transient signals, typically lasting from mil-
liseconds to seconds, for which accurate waveform models are not available. The canon-
ical sources are core-collapse supernovae (CCSNe) [39, 40]. In these systems, GW emis-
sion arises from complex, asymmetric fluid motions, including neutrino-driven convec-
tion, standing accretion shock instabilities, and oscillation modes of the proto-neutron star.
While bulk motion produces low-frequency emission (f ≲ 200Hz), higher-frequency com-
ponents can arise from gravity-mode (g-mode) oscillations. Other burst candidates include
magnetar flares [41, 42] and cosmic string cusps [43]3.

Since reliable templates for the bursts are unavailable, matched-filtering techniques are
not applicable. Instead, burst searches rely on unmodelled or weakly modelled methods.
A standard approach employs coherent network algorithms, such as coherent WaveBurst
(cWB) [44], which identify excess power consistent across multiple detectors while sup-
pressing instrumental noise artifacts.

Lastly, the SGWB is an incoherent superposition of unresolved signals originating from
all directions. It is often compared to the CMB, but contains both astrophysical and cosmo-
logical contributions [45].

The astrophysical SGWB arises from the cumulative emission of distant, unresolved
sources such as CBCs, CCSNe, and other transients throughout cosmic history [46, 47, 48].
A major development occurred in 2023, when several pulsar timing array collaborations
reported strong evidence for a nanohertz SGWB, broadly consistent with expectations for
a population of inspiraling supermassive BBH [49, 50, 51, 52].

The cosmological SGWB originates from the early Universe and carries information
from epochs preceding the formation of the CMB [45, 53]. Proposed sources include ampli-
fied quantum tensor fluctuations during inflation [54, 55], first-order phase transitions [56,
57], and cosmic strings [58, 59]. Detecting this component remains a major goal of mod-
ern cosmology, as it would provide a direct observational probe of fundamental physics at
extremely high energies.

3. Short GRBs are primarily associated with BNS or NSBH mergers rather than unmodelled burst sources.
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1.3 Detection Principles
The fundamental principle of GW detection rests on measuring the geodesic deviation
between free-falling test masses [21]. To study the physical effects of a passing GW, we
consider two particles situated in the TT frame. Particle 1 is placed at the origin (t, 0, 0, 0)

and Particle 2 is located at (t, ε, 0, 0) with ε ≪ 1, and both particles initially at rest at
t = 0. When a GW propagates along the z-direction, the proper distance ∆l between the
two particles is given by the line element:

∆l =

∫ √
|ds2| =

∣∣∣∣∫ gµνdx
µdxν

∣∣∣∣1/2
=

∫ ε

0

|gxx|1/2 dx

=

∫ ε

0

∣∣ηxx + hTT
xx

∣∣1/2 dx
≃
[
1 +

1

2
hTT
xx(x = 0)

]
ε.

(1.26)

The ∆l is not constant but varies in time because hTT
xx itself is time-dependent. As dis-

cussed in the previous section, themetric perturbation propagates with distinct plus (+) and
cross (×) polarisation states. Consequently, the proper distance between the test particles
does not change arbitrarily, but oscillates harmonically, exhibiting a characteristic quadru-
polar modulation.

To analyse this effect locally, we adopt the proper detector frame, a locally inertial co-
ordinate system centered on the detector in which the metric reduces to the flat Minkowski
form at the origin, and its first derivatives vanish [24, 60]. In this frame, as the GW propag-
ates across the particles at c, the components of themetric tensor are perturbed. For ground-
based detectors, the instrument size is much smaller than the typical GW wavelength.
Hence, the spatial gradient of the metric perturbation across the detector is negligible, al-
lowing the local strain to be approximated as a spatially uniform and purely time-dependent
strain, h(t) [24, 61]. In this section, we review the principles of GW detection with inter-
ferometers, along with the methods used to extract and process the signals.

1.3.1 Laser Interferometry

To translate the strain h(t) to physical length changes of the detector arms, the geomet-
ric response of the interferometer to an incoming GW must be specified. The measured
strain corresponds to the projection of the GWmetric perturbation onto the detector tensor
Dij [62]:

h(t) = Dijhij(t), (1.27)
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where hij(t) denotes the metric perturbation of the GW and the detector tensor is construc-
ted from the unit vectors û and v̂ pointing along the two interferometer arms as follows:

Dij =
1

2
(uiuj − vivj) . (1.28)

To explicitly calculate the projection in Eq. (1.27), hij is rotated from its propagation frame
into the Earth-based detector frame, which depends on the source’s sky location, typically
defined by its right ascension (α) and declination (δ), and the polarisation angle (ψ) of the
GW [61]. As shown in Eq. (1.22), the GW signal consists of two independent polarisation
states, h+ and h×, and the angular coefficients resulting from the geometric projection
are defined as the antenna pattern functions, F+ and F×, which quantify the directional
sensitivity of the detector to each polarisation state.

When the two interferometer arms are orthogonal (û · v̂ = 0), as is the case for the
aLIGO, AdV, and KAGRA [63, 64], the resulting antenna patterns are expressed as:

F+(α, δ, ψ) =
1

2

(
1 + cos2 α

)
cos 2δ cos 2ψ − cosα sin 2δ sin 2ψ ,

F×(α, δ, ψ) =
1

2

(
1 + cos2 α

)
cos 2δ sin 2ψ + cosα sin 2δ cos 2ψ.

(1.29)

Since the antenna patterns are continuous functions of the sky coordinates, ground-based
interferometers are effectively un-targeted, all-sky monitors. However, their sensitivity is
highly anisotropic, peaking at zenith and nadir and dropping to zero at specific locations
along the detector plane. This limitation can be mitigated by combining multiple detectors
into a network.The differing orientations and geographical locations of the detectors lead to
complementary antenna patterns, thereby reducing directional blind spots and improving
the overall sky coverage and detection sensitivity.

For convenience, the antenna response is often expressed in terms of an amplitude
pattern, defined as R(α, δ) ≡

√
< F 2

+ >ψ + < F 2
× >ψ, which characterises the direction-

dependent sensitivity of the detector independent of polarisation [65]. Figure 1.4 shows the
corresponding amplitude patterns for a single detector and for the current ground-based
detector network, including the operating LIGO and Virgo interferometers, as well as the
forthcoming KAGRA detector.

Ultimately, the strain h(t) measured by a single detector is the linear combination of
the two independent GW polarisations, weighted by the corresponding antenna pattern
functions:

h(t) = F+(α, δ, ψ)h+(t) + F×(α, δ, ψ)h×(t). (1.30)



1.3 Detection Principles 17

<Single detector> <LIGO + Virgo> <LIGO + Virgo + KAGRA>

Figure 1.4: Illustration of the amplitude patterns, for a single detector, the LIGO–Virgo
network, and the LIGO–Virgo–KAGRA network. The colour bar indicates the direction-
dependent sensitivity, i.e., R(α, δ). Figure is from [65].

For a detector with an arm length L, the metric perturbation induced by the GW pro-
duces a fractional change in the proper length, δL(t), which can be approximated as:

δL(t) ≈ 1

2
h(t)L. (1.31)

Typical astrophysical sources, such as CBCs, produce a dimensionless strain amplitude on
the order of h ∼ 10−21 when reaching Earth [24]. For a kilometer-scale detector (L ∼
103 m), this strain corresponds to an absolute length variation of approximately 10−18 m, a
scale significantly smaller than the diameter of a proton. Measuring length changes at this
sub-nuclear scale requires differential optical phase measurements with laser interferomet-
ers [66].

To measure the tiny changes in arm length induced by a passing GW, current ground-
based detectors employ a power-recycled Michelson interferometer configuration [67]. In
this setup, a coherent laser beam is divided by a beam splitter and directed along two or-
thogonal arms of length L. Figure 1.5 shows the simplified schematic of the current LIGO
detectors.

GW’s quadrupolar nature differentially stretches one arm while compressing the other
by δL(t).When the laser beam travels down an arm and reflects back, it covers a total round-
trip distance of 2L. Consequently, the length variation introduces a total path difference of
2δL. Multiplying this path difference by the wavenumber (k = 2π/λlaser) yields the relative
phase shift ∆ϕ between the recombining beams as follows:

∆ϕ(t) =
4π

λlaser
δL(t), (1.32)

whereλlaser is thewavelength of the laser.The phase shiftmodulates the interference pattern
observed at the photodetector, converting the spacetime strain into a measurable optical
power fluctuation [66].
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Figure 1.5: Simplified optical layout of the LIGO detectors during the fourth observing
run, showing the squeezed-light injection, main interferometer, and output signal path.
Themain interferometer is a dual-recycledMichelson interferometer with Fabry–Pérot arm
cavities. Figure is from [68].

However, the strain h(t) is not a static deformation but oscillates with a period TGW =

1/fGW. If a photon remains in the interferometer arm for longer than half of this period
(TGW/2), the GWphase changes from stretching to compressing, so the accumulated optical
phase shift begins to cancel. To maximise the measurable signal, the photon’s round-trip
travel time (τ = 2L/c) must perfectly match a half-period of the GW:

2L

c
=
TGW

2
⇒ L =

c

4fGW
=
λGW

4
. (1.33)

During the late inspiral and merger, the GW frequencies of stellar-mass BBHs and BNSs
sweep through the 10–104 Hz band [24]. To optimise the detector for a typical 100Hz signal
within this band, the ideal arm lengthwould beL = (3×105 km/s)/(4×100 Hz) = 750 km.
Constructing a vacuum baseline of this scale is geographically infeasible.



1.3 Detection Principles 19

To overcome the physical length problem, modern interferometers incorporate Fabry-
Perot cavities within each arm [69]. By placing highly reflective mirrors at both ends of
the arms, the laser beam is trapped and traverses the baseline multiple times before re-
combining at the beam splitter. As the cavity stores photons, the laser power is enhanced,
effectively increasing the optical path length from the physical length L to an effective
length Leff:

Leff ≈ 2F
π
L, (1.34)

where F denotes the finesse of the cavity, a dimensionless parameter determined by the
mirrors’ reflectivity. By effectively extending the arm length, the accumulated optical phase
shift is amplified, thereby enhancing the detector signal-to-noise ratio (SNR).

However, as the effective length increases, the photon storage time in the cavity in-
creases as well. As noted above, when the storage time becomes comparable to the GW
period, the positive and negative strains begin to cancel the accumulated optical phase shift,
which sets a characteristic frequency scale, the cavity pole frequency. For GW signals below
this pole frequency, the phase shift is coherently amplified. For signals above the pole fre-
quency, the detector’s response begins to attenuate. Therefore, by carefully designing the
finesse F , the cavity pole frequency can be tuned so that the detector’s peak sensitivity ac-
curately aligns with the target 10–104 Hz band, achieving optimal observational capability
without requiring impractically long arm lengths [66, 70].

1.3.2 Signal Processing

In practice, any physical measurement is fundamentally limited by instrumental and envir-
onmental noise. In laser interferometry, sensitivity at low frequencies (< 20Hz) is primarily
limited by seismic noise, in the mid-frequency range (50–300Hz) by thermal noise from the
mirrors and suspensions, and at high frequencies (> 500 Hz) by quantum shot noise of the
laser beam [71].The cumulative noise from these sources produces a time series vector n(t).
To estimate the noise background, we assume the noise is stationary and follows a Gaus-
sian distribution [72]. Under this assumption, the noise exhibits no correlation between
different frequency bins. Consequently, the ensemble average of its Fourier components is
represented by a diagonal matrix [24]:

⟨ñ∗(f)ñ(f ′)⟩ = 1

2
Sn(f)δ(f − f ′), (1.35)

where □̃ denotes the Fourier transform, □∗ indicates the complex conjugate, and δ is the
Dirac delta function.The term Sn(f) is a real, symmetric function with dimensions of Hz−1.
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In practical experiments, data is continuously recorded over a finite observation time
T , which sets the frequency resolution of the Fourier transform to ∆f = 1/T . Evaluating
the Eq (1.35) at f = f ′ gives the variance:

〈
|ñ(f)|2

〉
=

1

2
Sn(f)T

=
1

2

Sn(f)

∆f
.

(1.36)

Since we assume the noise is stationary, the ensemble average of the noise variance in the
time domain remains constant:

〈
n2(t)

〉
=

∫ ∞

−∞

∫ ∞

−∞
dfdf ′ ⟨ñ∗(f)ñ(f ′)⟩ e2πi(f−f ′)t

=
1

2

∫ ∞

−∞
Sn(f)df

=

∫ ∞

0

Sn(f)df,

(1.37)

where the function Sn(f) defines the one-sided power spectral density (PSD) [24]. Through-
out this thesis, we utilise the one-sided PSD rather than its two-sided counterpart, as it
is strictly a function of physical frequencies. The square root of the PSD,

√
Sn(f), is the

amplitude spectral density (ASD), which characterises the detector’s sensitivity and carries
units of Hz−1/2. Figure 1.6 shows representative sensitivity curves of the past and future
LIGO detectors.

The data stream d(t) recorded by the interferometer consists of the GW strain h(t) and
the detector noise n(t):

d(t) = h(t) + n(t). (1.38)

In reality, n(t) is strongly coloured, with an amplitude that varies by orders of magnitude
across frequency. Before signal analysis, d(t) needs to be conditioned to mitigate instru-
mental artifacts and to account for the frequency-dependent noise [14, 72, 73]. Narrow-band
notch filters are first applied to remove known instrumental spectral lines, after which d(t)
is whitened to flatten the noise spectrum. Whitening is performed in the frequency domain
by dividing the Fourier-transformed data d̃(f) by the detector’s ASD,

√
Sn(f):

d̃w(f) =
d̃(f)√
Sn(f)

. (1.39)

This normalisation suppresses frequency bands with large noise and amplifies those where
the detector is most sensitive. The resulting noise nw(t) is approximately white, with a
nearly flat power spectrum and unit variance.
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Figure 1.6: Sensitivity curves (noise ASD) of the LIGO Hanford detector during the first to
third observing runs (O1-O3), together with the design sensitivity of Advanced LIGO and
the projected A+ upgrade. Figure is from [68].

Following the data conditioning, the next step is to extract h(t) from the processed data.
As previously established, the detector noise is modelled as stationary and Gaussian. Under
this assumption, the likelihood of observing a data stream d(t) given a waveform template
hT (θ) parameterised by θ can be written in logarithmic form [74, 75], as follows:

log
(
Lgw(d | θ)

)
∝ −1

2
⟨d− hT (θ) | d− hT (θ)⟩, (1.40)

where ⟨...⟩ denotes the noise-weighted inner product [76]:

⟨a | b⟩ = 2

∫ ∞

0

ã∗w(f)b̃w(f) + ãw(f)b̃
∗
w(f)df. (1.41)

Eq. (1.40) can be interpreted as the log-likelihood of the signal hypothesis, Hgw. The null
hypothesis,H0, corresponds to the case in which the data consists entirely of instrumental
noise (d = n). Under this hypothesis, the log-likelihood simplifies to:

logL0 = −1

2
⟨d | d⟩. (1.42)
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Hence, the log-likelihood ratio between the signal hypothesis and the null hypothesis is
given by:

logΛ ≡ logLgw(d | θ)− logL0 = ⟨d | hT (θ)⟩ −
1

2
⟨hT (θ) | hT (θ)⟩. (1.43)

This ratio effectively cancels the purely data-dependent noise term.

Two SNR measures are useful for characterising signal detection. The optimal SNR,
ρopt, represents the maximum achievable SNR for a perfectly matched signal in stationary
Gaussian noise, that is its intrinsic strength. The matched-filter SNR, ρmf, quantifies how
strongly the data correlate with the expected template and therefore provides a measure of
the presence of a signal in the data [24, 77]. They are defined as:

ρopt ≡
√

⟨hT (θ) | hT (θ)⟩,

ρmf ≡
⟨d | hT (θ)⟩√
⟨hT (θ) | hT (θ)⟩

.
(1.44)

Substituting these definitions into Eq. (1.43), the log-likelihood ratio is reformulated in
terms of SNRs:

logΛ = ρoptρmf −
1

2
ρ2opt. (1.45)

For a given template, where ρopt is fixed, Eq. (1.45) shows that maximising the log-likelihood
ratio ismathematically equivalent tomaximising ρmf.Therefore, matched filtering is defined
as the process of cross-correlating the continuous data stream d(t) against a discrete bank
of waveform templates h(θ) to find the exact parameter set that maximises ρmf.

In practice, matched filtering is computationally demanding, and several techniques are
employed to mitigate this challenge. For example, the GstLAL pipeline [78] filters the data
primarily in the time domain. To handle the large number of templates, GstLAL applies
Singular Value Decomposition (SVD) [79, 80] to compress the template bank into a smaller
set of orthogonal basis vectors, substantially reducing the computational cost and enabling
the generation of low-latency triggers required for rapid multi-messenger alerts. Alternat-
ively, the PyCBC pipeline [81] performs matched filtering in the frequency domain using
Fast Fourier Transforms (FFTs), enabling the matched-filter inner products in Eq. (1.43) to
be computed efficiently over large template banks.

After the matched-filtering procedure identifies candidate triggers, additional signal-
consistency tests are applied before a GW signal can be confidently established as an astro-
physical event. This is necessary because transient instrumental artifacts can also produce
high-SNR triggers that mimic signals from CBCs. For example, the PyCBC pipeline employs



1.3 Detection Principles 23

a χ2 consistency test to evaluate whether the frequency evolution of a trigger is consist-
ent with that of a true CBC waveform. The resulting χ2 value is then used to reweight the
matched-filter SNR [82, 83], thereby down-ranking high-SNR triggers caused by instru-
mental glitches.

The statistical significance of the remaining candidates is then evaluated by comparing
them against the expected behaviour of detector noise. This significance is typically quan-
tified using detection metrics such as the false alarm rate (FAR), which denotes how often
detector noise is expected to produce triggers with ranking statistics (e.g., SNR) greater
than that of the candidate [72, 84]. To estimate these quantities, an empirical background
distribution of the ranking statistic is constructed using time-shift analyses, in which the
data streams from different detectors are artificially offset by time intervals larger than the
inter-detector GW travel time. Any coincident triggers identified in these shifted analyses
therefore arise purely from accidental noise coincidences rather than true astrophysical
signals. Repeating this procedure many times produces a large background sample from
which the false alarm rate can be estimated as:

FAR(ρ∗) =
Nbg(ρ > ρ∗)

Tbg
, (1.46)

where ρ∗ is the threshold ranking statistic, Nbg is the number of background triggers with
ranking statistic exceeding ρ∗, and Tbg is the effective background livetime accumulated
from all time shifts.

Another commonly usedmeasure of statistical significance is pastro, which quantifies the
probability that a candidate is of genuine astrophysical origin rather than a noise-induced
artifact [85]. Unlike the FAR, which characterises the rate of noise triggers exceeding a
given ranking statistic, pastro estimates the relative probability that a candidate belongs to
the astrophysical-signal population instead of the terrestrial-noise population. Formally, for
a candidate with a ranking statistic x, pastro is is modelled using a Poisson mixture frame-
work [86, 87]:

pastro(ρ) =
ΛhPh(ρ)

ΛhPh(ρ) + ΛnPn(ρ)
, (1.47)

where Ph(ρ) and Pn(ρ) denote the probability density functions of the ranking statistic for
astrophysical signals and terrestrial noise triggers, respectively. The parameters Λh and Λn

represent the expected occurrence rates of signal and noise events in the analysed dataset.

In practice, the noise distribution Pn(ρ) is empirically estimated using background ana-
lyses such as the time-shift procedures employed in FAR estimation, whereas the signal
distribution Ph(ρ) is derived from simulated astrophysical populations together with de-
tector selection effects. Consequently, pastro naturally depends not only on the candidate
ranking statistic itself, but also on the relative abundance of expected astrophysical mer-
gers and noise transients.
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Candidates with sufficiently low FAR values and high pastro are identified as confident
GW detections and are subsequently reported in official GW transient catalogues. In the
LVK transient catalogues, events are typically classified as confident detections if they sat-
isfy criteria such as FAR < 1 yr−1 and pastro > 0.5. For particularly important discoveries,
such as the first observation of a new class of GW sources (e.g., GW150914), more stringent
significance requirements are imposed, often corresponding to an effective significance ex-
ceeding the 5σ level [14].

Taken together, the sequence of matched filtering, signal-consistency tests, and statist-
ical significance estimation enables modern GW searches to robustly distinguish true astro-
physical signals from detector noise. Once a confident detection has been established, the
next step is to infer the source’s physical properties using Bayesian inference techniques,
which will be introduced in Chapter 4.



Chapter 2

Gravitational Lensing of Astrophysical
Signals

Another important prediction of GR is gravitational lensing [88, 89]. Since mass determines
the curvature of spacetime, any signal travelling through it, such as EM waves or GWs,
follows a curved path. This phenomenon is termed lensing because the gravitational field
of a massive foreground object bends the trajectories of travelling signals, much like a con-
ventional glass lens refracts light in classical optics (see Figure 2.1). As a result, the source
appears deflected from its true position, and its signal can be magnified (appearing brighter
or louder) or demagnified (appearing dimmer or quieter) to the observer.

Figure 2.1: Representative gravitational lensing of background galaxies. Figure credit:
ESA/Webb, NASA & CSA, H. Atek, and M. Zamani.

25
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The concept of gravitational lensing was famously proven in 1919 when Arthur Ed-
dington, Frank Dyson, and Charles Davidson observed the deflection of starlight passing
near the Sun during a total solar eclipse [90]. Based on GR, Albert Einstein predicted that
a ray passing a point mass M at an impact parameter b would be deflected by an angle
α = 4GM/c2b. The angle is exactly twice the value expected from Newtonian mechanics,
and its observational confirmation solidified lensing as a key physical phenomenon.

EM lensing is now a well-established observational probe across a wide range of phys-
ical scales. On small object scales, microlensing events enable the detection of exoplanets
and compact objects that emit little light [91, 92, 93]. On galactic scales, strong lensing of
distant quasars [94, 95] and supernovae [96, 97, 98] produces multiple repeated images and
observable time delays. Measuring these time delays provides a direct method to constrain
the Hubble constant, independent of the local cosmic distance ladder. Furthermore, weak
lensing is widely used to map the large-scale distribution of dark matter (DM) across galaxy
clusters [99, 100]. At the largest cosmological scales, the lensing of the CMB by intervening
large-scale structures helps constrain the sum of neutrino masses, the amplitude of matter
density fluctuations, and the Hubble constant [101].

GW lensing is emerging as a practical observational frontier. With the rapidly increas-
ing number of GW detections, the probability of observing lensed GW events is stead-
ily growing. Because GWs pass through intervening matter without being absorbed or
scattered, their lensing provides an exceptionally clean probe for determining the mass dis-
tribution of the lens. Looking ahead, the joint detection of a lensed GW and its lensed EM
counterpart, known as multi-messenger lensing, is a major scientific objective [102]. Since
both signals travel the same lensed path, comparing their arrival times can directly test the
fundamental speed of gravity. Additionally, combining the luminosity distance extracted
from the GW signal with the redshift and lensing time delays from the EM counterpart
would yield a highly precise, independent measurement of the Universe’s expansion rate.

In this chapter, we review the theoretical framework of gravitational lensing. We begin
with the general formalism, describing how signals aremodified by lensing and how lensing
probabilities are quantified.We then introduce standard lensmodels for characterisingmass
distributions. Finally, we present the formalism for EM and GW lensing, highlighting the
fundamental differences in the measurement and analysis of these two classes of signals.
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2.1 General Lensing Theory
Within the framework of GR, a weak gravitational field can be treated as an optical medium
characterised by an effective index of refraction. For a weak, stationary field, the spacetime
metric can be approximated in terms of the Newtonian gravitational potentialΦ, withΦ ≪
c2. The corresponding metric then takes the form as follows [103]:

ds2 = −
(
1 +

2Φ

c2

)
c2dt2 +

(
1− 2Φ

c2

)
dr2, (2.1)

where r denotes the three-dimensional spatial coordinates. A photon travels along a null
geodesic (ds2 = 0), and its effective coordinate speed, v = |dr/dt|, is modified by Φ. Ex-
panding to the first order in Φ/c2, the speed becomes v ≈ c(1− 2Φ/c2), which defines an
effective refraction index for the spacetime [103]:

n =
c

v
≈ 1− 2Φ

c2
. (2.2)

The physical extent of the lens along the line of sight is negligibly small compared to
the distances between the observer, the lens, and the source. The lens can therefore be
treated under the thin-lens approximation, in which the continuous bending of the light
ray is approximated as an instantaneous deflection on a two-dimensional lens plane [103].
Figure 2.2 illustrates the geometry of gravitational lensing for an astrophysical source (here,
a BBH), with the observer located at the origin of the coordinate system. The true angular
position of the source is denoted by β, while the observed angular position of the image
on the lens plane is θ. Using the angular-diameter distances, the corresponding transverse
physical coordinates on the source and lens planes areη = DSβ and ξ = DLθ, respectively.

The total travel time of a signal along a path P from the source to the observer, with
the refractive index n in Eq. (2.2), is given by:

ttot =

∫
P

n

c
dl =

1

c

∫
P

dl − 2

c3

∫
P

Φdl, (2.3)

where dl denotes the infinitesimal element of Euclidean path length along P .

In the absence of a lens (Φ = 0), the spacetime reduces to Minkowski space and the
refractive index becomes n = 1. The total travel time of a signal along the unperturbed
straight path P0 is therefore:

t0 =
1

c

∫
P0

dl. (2.4)
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Figure 2.2: Schematic of the gravitational lensing system. ξ is the distance between lens
and image positions, the so-called impact parameter, and η is the source position from the
line of sight. DL and DS are the angular diameter distances from the observer to the lens
plane and the source, respectively, and their difference is DLS . Adapted from [104].

The time delay relative to this unperturbed propagation is then given by:

∆t = ttot − t0 =
1

c

(∫
P

dl −
∫
P0

dl

)
︸ ︷︷ ︸

∆tgeom

− 2

c3

∫
P

Φdl︸ ︷︷ ︸
∆tgrav

. (2.5)

The first term in Eq. (2.5) corresponds to the geometric time delay,∆tgeom. Since the lens
deflects the signal, it travels a longer physical distance along the curved pathP compared to
the unperturbed straight line P0. The physical length of P0 from the observer to the source
is given by:

l0 =
√
D2
S + |η|2

≈ DS +
|η|2

2DS

.
(2.6)

Note that the angular separations aremuch smaller than the distances between the observer,
lens, and source, and thus the small-angle approximation can be applied.

On the other hand, the length of P is given by:

l =
√
D2
L + |ξ|2 +

√
D2
LS + |η − ξ|2

≈ DL +
|ξ|2

2DL

+DLS +
|η − ξ|2

2DLS

.
(2.7)
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Hence, the excess physical path length introduced by the deflection can be written as:

∆l ≡ l − l0

=
|ξ|2

2DL

+
|η − ξ|2

2DLS

− |η|2

2DS

=
DL

2
|θ|2 + |DSβ −DLθ|2

2DLS

− DS

2
|β|2

=
DLDS

2DLS

(
|θ|2 + |β|2 − 2θ · β

)
=
DLDS

2DLS

|θ − β|2.

(2.8)

Since the deflection occurs at the lens plane at redshift zL, the time delay is multiplied by a
factor of (1 + zL) to account for cosmic expansion. ∆tgeom is finally given by:

∆tgeom =
(1 + zL)∆l

c

=
1 + zL
c

DLDS

DLS

1

2
|θ − β|2.

(2.9)

The second term in Eq. (2.5) represents the gravitational time delay (tgrav), also known
as the Shapiro delay [105], which arises from the propagation of the signal through the
gravitational potential well of the lens, resulting in an additional coordinate time relative
to propagation through flat spacetime. In realistic lensing configurations, the deflection
angle is very small, so the curved trajectory P differs only slightly from the unperturbed
straight path. As a result, the line element along the true path dl can be approximated by
the line-of-sight coordinate dz, which is also known as the Born approximation [103, 106].
The gravitational time delay can then be written as:

tgrav ≈ − 2

c3

∫ ∞

−∞
Φ(DLθ, z)dz, (2.10)

where the three-dimensional Newtonian potential is explicitly expressed asΦ = Φ(DLθ, z).
To mathematically relate Eq. (2.10) to Eq. (2.9), we define a dimensionless, projected lensing
potential, which is given by:

ψ(θ) ≡ 2DLS

c2DLDS

∫ ∞

−∞
Φ(DLθ, z)dz. (2.11)

Using Eq. (2.11) and accounting for cosmic expansion in the same manner as for the geo-
metric time delay, Eq. (2.10) can be rewritten as:

tgrav = −1 + zL
c

DLDS

DLS

ψ(θ). (2.12)
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By summing Eq. (2.9) and Eq. (2.12), the total time delay for any given source position
β and image position θ is as follows:

∆t(θ,β) =
1 + zL
c

DLDS

DLS

[
1

2
|θ − β|2 − ψ(θ)

]
. (2.13)

In geometrical optics, the propagation of radiation is governed by Fermat’s principle, which
states that a signal follows paths for which the total arrival time (emission time plus travel
time) is stationary, i.e., at a local minimum, maximum, or saddle point. Mathematically,
this implies that a first-order perturbation of the true path produces no change in the total
travel time (δt = 0), assuming the emission time is the same in all cases. Under the thin-
lens approximation, finding the stationary paths is equivalent to finding the positions on
the lens plane, where the gradient of the arrival time function vanishes (∇θttot = 0), which
provides the fundamental condition for image formation [103, 107].

2.1.1 Lens Equation

The terms enclosedwithin the brackets in Eq. (2.13) define the Fermat potential,T (θ,β) [103]:

T (θ,β) =
1

2
|θ − β|2 − ψ(θ). (2.14)

As mentioned above, Fermat’s principle applied to this potential, ∇θT = 0, provides the
condition for image formation. Defining the deflection angle as the gradient of the projected
lensing potential,α(θ) ≡ ∇θψ(θ), this condition reduces to the fundamental lens equation:

β = θ −α(θ). (2.15)

It is convenient to express the lens equation in dimensionless form, typically by norm-
alising with the Einstein radius, defined as:

θE =

√
4GM

c2
DLS

DLDS

, (2.16)

where M is the lens mass. Introducing dimensionless coordinates, y = β/θE and x =

θ/θE , Eq. (2.15) reduces to:
y = x−α(x), (2.17)

where α(x) ≡ DLDLS
θEDS

α(θ) is called the scaled deflection angle. The lens equation can be
solved analytically only in simple cases. In most situations, it must be solved numerically.
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2.1.2 Multiple Images and Magnification

Since the deflection angle is generally non-linear, Eq. (2.17) can yieldmultiple solutions forθ
given a single β, leading to the formation of multiple lensed images. For a point-like source,
each image corresponds to a single position on the lens plane. In contrast, for an extended
source, such as a background galaxy, the finite spatial extent implies that different regions of
the source experience different deflection angles, α(x). This differential deflection distorts
the morphological shape of the observed images.

Since the apparent size of the source is typically much smaller than the scale over which
the deflection angle changes, the first-order approximation of the lens equation is highly ac-
curate. The resulting linear mapping between infinitesimal angular elements on the source
plane and their corresponding areas on the lens plane is described by the Jacobian matrix
of the lens equation, which is given by [103, 107]:

Aij =
∂yi
∂xj

= δij −
∂2ψ

∂xi∂xj
,

(2.18)

where δij is the Kronecker delta and the second term is the Hessian matrix of ψ(x). The
trace of the Hessian corresponds to the two-dimensional Laplacian of the projected lensing
potential, ∇2ψ = ψ11 + ψ22, which is proportional to the dimensionless convergence, κ ≡
Σ/Σcrit, where Σ is the lens surface mass density [106]. Σcrit is the critical surface mass
density that depends on the observer-lens-source geometry [103]:

Σcrit =
c2

4πG

Ds

DlDls

. (2.19)

According to the two-dimensional Poisson equation, the relationship between κ and ψ is
given by:

κ =
1

2
∇2ψ

=
1

2
(ψ11 + ψ22).

(2.20)

The trace-free part of the Hessian matrix characterises the anisotropic distortion of images,
and is described by the gravitational shear γ, which has two independent components:

γ1 =
1

2
(ψ11 − ψ22), γ2 = ψ12 = ψ21. (2.21)
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By using the linear relations in Eqs. (2.20) and (2.21), the Jacobian matrix in Eq. (2.18)
can be rewritten as:

A =

(
1− ψ11 −ψ12

ψ21 1− ψ22

)

=

(
1− κ− γ1 −γ2

−γ2 1− κ+ γ1

)
.

(2.22)

Convergence describes the isotropic magnification of the image, acting as a uniform scaling
of the source image in all spatial directions. Consequently, an intrinsically circular source
image with radius r remains circular under the action of convergence, although its size
is rescaled. In contrast, the shear components γ1 and γ2 induce anisotropic distortions of
the image. Shear stretches the image along one principal axis while compressing it along
the orthogonal direction, thereby transforming an intrinsically circular source into an el-
lipse [103, 106].

According to Liouville’s theorem, gravitational lensing conserves the source’s surface
brightness [103]. Since photons are neither created nor destroyed during the deflection pro-
cess, any observedmagnification in the total flux is a purely geometric effect. Consequently,
the local magnification factor µ at any specific position on the lens plane is determined en-
tirely by the ratio of the observed solid angle to the intrinsic solid angle of the source. This
area ratio corresponds to the inverse of the Jacobian determinant:

µ =
1

detA
=

1

(1− κ)2 − (γ21 + γ22)
.

(2.23)

The magnification µ can take both positive and negative values, with its algebraic sign
encoding the parity of the image. A positive µ indicates that the image preserves the ori-
entation of the source, even if its overall shape is severely stretched by shear. Conversely,
a negative µ corresponds to an image with reversed parity, appearing as a mirror reflection
of the intrinsic source. Note that µ = µ(x) varies across the lens plane as a function of the
image-plane coordinate x. For an extended source with a finite size, different regions of the
galaxy undergo different degrees of magnification. Therefore, the total magnification of an
extended source must be calculated by integrating this local magnification factor over the
entire intrinsic surface brightness distribution of the source.

The points on the lens planewhere detA = 0, correspond to locations at which themag-
nification formally diverges (µ → ∞). The locus of such points forms continuous closed
curves on the lens plane, known as critical curves [107]. Mapping these curves onto the
source plane through Eq. (2.17) produces corresponding boundaries called caustics. Sources
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located close to a caustic therefore appear highly magnified, and extended sources in this
regime often produce strongly elongated structures. When a source crosses a caustic, the
number of images changes by two; that is, a new pair of images is either created or anni-
hilated.

The condition detA can be understood more clearly by expressing the magnification in
terms of the eigenvalues of the Jacobian matrix. From Eq. (2.23), the magnification can be
rewritten as:

µ =
1

(1− κ− γ)(1− κ+ γ)

=
1

λtλr
,

(2.24)

where γ =
√
γ21 + γ22 denotes the total shear magnitude. The quantities λt = 1 − κ − γ

and λr = 1− κ+ γ represent the tangential and radial eigenvalues of the Jacobian matrix,
respectively. The corresponding magnifications are µt = λ−1

t and µr = λ−1
r . Critical curves

arise where either λt = 0 (tangential critical curves) or λr = 0 (radial critical curves) on
the lens plane [103]. Mapping these curves onto the source plane yields the corresponding
caustics. When an extended source lies on or near a tangential caustic, the produced images
are extremely magnified and stretched in the azimuthal direction around the lens. In con-
trast, a source approaching a radial caustic produces images that are elongated along the
radial direction toward the lens center. Figure 2.3 shows how the configuration of lensed
images depends on the source position relative to the caustics.

<Source plane> <Image plane>

Radial caustic

Tangential caustic

Radial critical curve

Tangential critical curve

Figure 2.3: Example of critical curves and caustics in the image and source planes, respect-
ively. When a source crosses a caustic, multiple images are produced; near the caustic, the
images are highly magnified and distorted. Adapted from [108].
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In the presence of a central singularity in the lens mass distribution, the radial critical
curve can collapse to the singular origin (x = 0). Mapping this central singularity onto the
source plane produces a distinct boundary known as a pseudo-caustic, or a cut [103, 109].
Unlike a standard caustic, crossing a cut changes the total number of images by one rather
than two.

2.1.3 Time Delay Surface and Image Type

Rewriting the total arrival time delay into a dimensionless form gives:

∆t(x) =
1 + zL
c

DLDS

DLS

[
1

2
|x− y|2 − ψ(x)

]
= D∆tT (x,y),

(2.25)

where D∆t ≡ 1+zL
c

DLDS

DLS
is the time-delay distance, a cosmological distance scale determ-

ined by the geometry of the universe. For a lensing system producing multiple images, one
of the physical observables is the relative time delay∆tij = ∆t(xi)−∆t(xj) between im-
age i and image j. If a transient source, such as a GW signal, is strongly lensed and produces
multiple images, the measured time delays can be used to infer D∆t, thereby constraining
cosmological parameters. This approach is known as time-delay cosmography [110, 111,
112].

The dimensionless Fermat potential T (x,y), which represents the time delay surface
on the lens plane, can also be used to classify the local topology of each lensed image. To
do so, we evaluate the Hessian matrix of the Fermat potential, Hij = ∂2T/∂xi∂xj . Note
that the Hessian of the time delay surface is mathematically identical to A in Eq. (2.18):

Hij = δij −
∂2ψ

∂xi∂xj
= Aij. (2.26)

The signs of the eigenvalues of the Hessian matrix in Eq. (2.26) determine the local
curvature of the arrival-time surface and classify the lensed images into three types [103,
107]. A Type I image forms at a local minimum of the arrival-time surface, where both
eigenvalues are positive. In this case, det A > 0 and tr A > 0, yielding an image with
positive parity that corresponds to the first arriving signal. A Type II image forms at a saddle
point, where the eigenvalues have opposite signs. Consequently, det A < 0, producing an
image with negative parity that arrives after the Type I image. A Type III image forms at a
local maximum of the arrival-time surface, where both eigenvalues are negative. Although
det A > 0 and the parity remains positive, the negative trace (trA<0) reflects that the local
curvature is concave, corresponding to a longer effective light-travel path. Hence, the Type
III image arrives last. The classification and properties of these image types are summarised
in Table 2.1.
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The image types also impose a constraint on the global properties of the lens system,
formulated as the odd number theorem [113]. For any bounded, non-singular, and transpar-
ent mass distribution, the Euler characteristic of the continuous time-delay surface requires
that the number of minima (nI ), saddle points (nII ), and maxima (nIII ) satisfy the index
theorem relation:

nI + nIII − nII = 1. (2.27)

As a result, the total number of images,N = nI +nII +nIII , must be odd. In observational
astrophysics, however, an even number of images (e.g., doubles or quads) is frequently de-
tected. Type III images typically form within the dense central region of the lens, where κ
is extremely high and the local magnification approaches zero (see Eq. (2.23)), Such highly
demagnified images fall below the detection threshold, leaving only an even number of
visible images.

2.1.4 Lensing Probability

Gravitational lensing is a rare phenomenon, reflecting the low average mass density of the
Universe relative to the critical density. Nevertheless, the sparsity of effective lenses makes
the observed frequency of lensing events a sensitive probe of the cosmic mass distribution
and the underlying cosmology. Comparing the theoretically expected probability of lensing
with observational detection rates, therefore, provides a fundamental test of cosmological
models. In this context, we review how to calculate lensing probability.

We define the lensing probability as the fraction of the sky covered by the effective
lensing cross-sections of all intervening mass distributions [114]. For a background source
located at a given redshift zS , the lensing probability is formally expressed as the op-
tical depth, τ(zS). Conceptually, τ(zS) is the ratio of the total solid angle subtended by
all lenses to the solid angle of the whole sky. Mathematically, it is calculated by integrating
the product of the comoving number density of lenses, n(zL), and their respective lensing
cross-sections, σlens(zL), over the cosmological volume. By integrating over the differential
comoving volume dVc and normalising by the solid angle of the whole sky (4π steradians),
the optical depth is derived as [114]:

τ(zS) =
1

4π

∫ zS

0

n(zL)σlens(zL)
dVc
dzL

dzL. (2.28)

Table 2.1: Classification of lensed images based on the local topology of the time-delay sur-
face. The physical properties of each image type are strictly determined by the eigenvalues,
determinant (detA), and trace (trA) of the Hessian matrix.
Image Type Stationary Point Eigenvalues detA trA Parity Arrival Sequence

Type I Minimum Both positive > 0 > 0 Positive First
Type II Saddle point Opposite signs < 0 – Negative Intermediate
Type III Maximum Both negative > 0 < 0 Positive Last
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In a more realistic case, where the lens population spans a range of masses, n(zL) is
replaced by the differential mass function dn(zL)/dML. The optical depth then involves an
additional integration over the lens massML as follows:

τ(zS) =
1

4π

∫ zS

0

∫
σlens(ML, zL)

dn(zL)

dML

dVc
dzL

dMLdzL. (2.29)

Since τ ≪ 1 for typical astronomical lenses, the optical depth is directly interpreted as the
lensing probability:

P (lens|zS) = 1− exp τ(zS)

≈ τ(zS).
(2.30)

Equation (2.30) defines the lensing probability for a single source located at a specific
redshift zS . Background sources are distributed across a range of redshifts, and the distribu-
tion is characterised by a normalised probability density function, psrc(zS). To calculate the
expected lensing probability for an entire population of sources observed up to a maximum
redshift zmax, the individual optical depth for a specific redshift must be marginalised over
this source distribution. The population-averaged optical depth is expressed as [114]:

τ̄ =

∫ zmax

0

τ(zS,i)psrc(zS,i)dzS,i, (2.31)

where τ(zS,i) and psrc(zS,i) are optical depth for a source at zS,i and distribution of sources at
zS,i. Consequently, if an observational survey contains a total ofNunlens background sources
within a given cosmic volume, the expected total number of lensed sources, Nlens, is given
by:

Nlens = Nunlensτ̄ . (2.32)

2.2 Lens Model
To relate the lensing effects introduced in the previous section to the physical parameters
of the corresponding lens, a lens mass profile (hereafter referred to as the lens model) must
be specified, which determines the projected lensing potential in Eq. (2.11). We introduce
several lens models used throughout this thesis. We begin with a basic axially symmetric
mass profile, which serves as an idealised model for proof-of-concept studies. Under axial
symmetry, the two-dimensional lens equation reduces to a one-dimensional form, which
significantly simplifies the analysis of lensing effects. We then consider more realistic non–
axially symmetric mass profiles that account for ellipticity or additional features arising
from the surrounding environment of the lens.

In this section, we restrict our discussion to single-plane lensing. Although multiple-
plane lensing can occur, its probability is expected to be low. Such configurations can nev-
ertheless be important for breaking certain degeneracies in cosmological inference.
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2.2.1 Point Mass

The point-mass (PM) model is one of the simplest mass profiles for compact objects whose
physical size is negligible compared to the corresponding Einstein radius, such as stars,
stellar remnants, and dark matter clumps. For an isolated point mass, the convergence re-
duces to a two-dimensional Dirac delta function at the origin. From Eq. (2.20), the lensing
potential is given by:

ψ(x) = ln |x|, (2.33)

where x are the image positions normalised by θE in Eq. (2.16). The dimensionless lens
equation for the PM model is thus given by:

y = x−∇ψ(x)

= x−∇(lnx)

= x− 1

x
. (2.34)

The number of solutions of Eq. (2.34) is always two, which means that two lensed images
are always created by a PM lens regardless of the value of y.

The individual magnification factors of the two images can be analytically calculated
using Eqs. (2.23), and are given by [103]:

µ± =
1

2
± y2 + 2

2y
√
y2 + 4

. (2.35)

The positive root corresponds to a Type I image, while the negative root corresponds to a
Type II image. In practice, the intrinsic flux of the background source is unknown. Instead,
the relative magnification factor (or flux ratio) between the secondary and primary images,
µrel ≡ |µ−|/|µ+|, is a directly measurable quantity and is given by:

µrel =
2 (y2 + 2)

y
√
y2 + 4 + y2 + 2

− 1. (2.36)

Furthermore, the relative time delay ∆t between the two images can be calculated using
Eq. (2.25), which can be directly measured for transient lensed sources. For the PM model,
this is given by [103]:

∆t =
4GML

c3
(1 + zL)

[
y
√
y2 + 4

2
+ ln

(√
y2 + 4 + y√
y2 + 4− y

)]
. (2.37)
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Figure 2.4: A critical line (solid black line) of a PM lens in units of normalised image and
source positions. Stars and dots represent the sources and images, respectively, with each
set of images and its corresponding source distinguished by colour. The numbers next to
the images indicate their order of arrival.

Figure 2.4 shows the tangential critical curve of a PM lens, along with the source posi-
tions and the corresponding image positions. Since the PM model contains a singularity at
the lens center, the radial critical line degenerates into the origin. Accordingly, the caustic of
a PM lens is a single point at y = (0, 0). When a source is perfectly aligned with this point
caustic (y → 0), the two images merge to form a symmetric Einstein ring with formally
infinite magnification. Conversely, in the weak-field limit where the source is significantly
misaligned (y ≫ 1), the solutions approach µ+ → 1 and µ− → 0. The primary image then
closely resembles the unlensed source, while the secondary image becomes negligibly faint,
making macroscopic lensing effects unobservable.

2.2.2 Singular Isothermal Sphere

While the PM model is suitable for compact objects, the mass distributions of galaxies and
clusters are extended and dominated by DM halos. The singular isothermal sphere (SIS)
is the simplest analytical profile used to model these galactic-scale lenses. It is physically
motivated by the approximately flat rotation curves observed in spiral galaxies and bymod-
elling the lens as an isotropic, isothermal collisionless system (stars or DM) with a constant
one-dimensional velocity dispersion, σv [115].
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The three-dimensional mass density of the SIS model is given by [103]:

ρ(r) =
σv

2

2πGr2
. (2.38)

The corresponding two-dimensional surface mass density is therefore:

Σ(ξ) =
σ2
v

2Gξ
, (2.39)

where ξ denotes the physical distance from the lens center on the lens plane. The Einstein
radius for the SIS model is defined as [103]:

θE,SIS = 4π
(σv
c

)2 DLS

DS

, (2.40)

which can be calculated using stellar dynamics, while the Einstein radius in Eq. (2.16) is spe-
cified directly by the lens mass. The convergence then simplifies to κ = Σ/Σcr = θE/(2θ).
Using Eq. (2.20), the dimensionless lensing potential becomes linear in the radial coordinate:

ψ(x) = |x|, (2.41)

where x = θ/θE,SIS. Correspondingly, the deflection angle produced by an SIS lens is inde-
pendent of y, and its magnitude is equal to θE,SIS.

Like the PM model, the dimensionless lens equation for the SIS model admits an ana-
lytical form:

y = x−∇ψ(x)

= x−∇x

= x− 1. (2.42)

As can be seen, Eq. (2.42) has two solutions if |y| < 1, whereas it has a unique solution if
|y| ≥ 1 (see Figure 2.5). When |y| < 1, the magnifications for the two images are given by:

µ+ = 1 +
1

y
, µ− = 1− 1

y
. (2.43)

As in the PM model, the primary image has positive parity, while the secondary image
has negative parity. The relative magnification factor and the time delay between the two
images are then given by:

µrel =
1− y

1 + y
, ∆t =

4GML(1 + zL)

c3
[2y] . (2.44)
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Figure 2.5: Same configuration as in Figure 2.4, but for an SIS lens.

When the source crosses the boundary y = 1 and moves outside the Einstein ring,
the position of the secondary image approaches the coordinate origin (x → 0). At this
boundary, µ− decreases to zero, and the circle defined by y = 1 on the source plane acts as
the cut. Once the source lies at y > 1, the secondary image disappears as it approaches the
central singularity.

2.2.3 Navarro-Frenk-White Profile

While the SIS model provides a useful approximation for galactic halos, high-resolution
cosmological N-body simulations of cold dark matter (CDM) demonstrate that DM halos do
not follow an isothermal density profile [116]. The universally adopted density distribution
for virialised DM halos is the Navarro-Frenk-White (NFW) profile [117].

The three-dimensional mass density of the NFW profile is characterised by a shallow
inner core that transitions into a steeper outer envelope, which is defined as [117]:

ρ(r) =
ρs

r
rs

(
1 + r

rs

)2 , (2.45)
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where rs is the scale radius and ρs is the characteristic density of the dark halo. Since the
total mass of the NFW halo is formally divergent, the halo is conventionally parameterised
by a specific mass M200

1 and the concentration parameter c = r200/rs, where r200 is the
radiuswithinwhich themean density is 200 times the critical density of the universe. Hence,
ρs in Eq. (2.45) is expressed by [117]:

ρs =
M200

4πr3200

c3200
[ln (1 + c200 )− c200 / (1 + c200 )]

. (2.46)

Adopting rs as the normalising constant, the dimensionless convergence κ(x) can be de-
rived analytically. Introducing a dimensionless characteristic convergence κs = ρsrs/Σcrit,
the convergence is expressed as a piecewise function [118]:

κ(x) =


2κs
x2−1

[
1− 1√

1−x2 arccosh
(
1
x

)]
(x < 1)

2κs
3

(x = 1)

2κs
x2−1

[
1− 1√

x2−1
arccos

(
1
x

)]
(x > 1).

(2.47)

It is useful to calculate the mean surface mass density enclosed within the radius x,
defined as κ̄(x) = 2

x2

∫ x
0
x′κ(x′)dx′ to derive the deflection angle α(x) and the shear γ(x)

for axially-symmetric lens models. For the NFW profile,

κ̄(x) =


4κs
x2

[
1√

1−x2 arccosh
(
1
x

)
+ ln

(
x
2

)]
(x < 1)

4κs
[
1 + ln

(
1
2

)]
(x = 1)

4κs
x2

[
1√
x2−1

arccos
(
1
x

)
+ ln

(
x
2

)]
(x > 1).

(2.48)

Then, the magnitude of the shear is fundamentally related to the convergence by γ(x) =

κ̄(x)− κ(x), and the dimensionless deflection angle is given by α(x) = xκ̄(x).

Unlike the PM and SIS models, the NFW profile does not admit analytical solutions to
the lens equation, requiring numerical calculations to determine image positions, individual
magnifications, and relative time delays. Regarding the image formation, the NFW profile
produces distinct critical curves on the lens plane and corresponding caustics on the source
plane (see Figure 2.6). Since theNFWprofile has no central singularity, the central deflection
angle vanishes. The softness of the structure allows the NFW profile to form a radial critical
curve at a finite distance from the center, which maps to a corresponding radial caustic on
the source plane located at a specific boundary, y = ycr.

1. Technically, M200 defines the mass enclosed within r200. While the original NFW formalism treats M200

as equivalent to the virial mass Mvir, the exact virial overdensity factor, ∆vir ̸= 200, inherently depends on
the adopted cosmological model and redshift.
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Figure 2.6: Same configuration as in Figure 2.4, but for an NFW lens (κs = 0.167). Unlike
the PM and SIS models, which lack radial caustics, the NFW profile exhibits both tangential
and radial caustics, and therefore two corresponding critical curves. The radial caustic is
depicted by the solid gray line.

The total number of images is determined by the source position relative to the radial
caustic. When the source is located inside the caustic (|y| < ycr), the lens equation yields
three distinct solutions. Due to the soft central profile of the NFW halo, the innermost
image is preserved, giving rise to a highly demagnified Type III image near the lens center.
Conversely, when the source is located outside the radial caustic (|y| > ycr), the two inner
images merge and disappear, leaving only a single image.

2.2.4 Singular Isothermal Ellipsoid

To construct a more realistic model of galactic-scale lenses, the assumption of axial sym-
metry must be relaxed. A straightforward extension of the SIS is the singular isothermal
ellipsoid (SIE), which incorporates ellipticity into the projected two-dimensional mass dis-
tribution [119].

For an SIE lens, the major axis lies along the x-axis, and the dimensionless convergence
is given by [119]:

κ(x1, x2) =
1

2
√
x21 + x22/q

2
, (2.49)
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where q denotes the axis-ratio between the major and minor axes of the lens. Note that we
adopt the same normalisation constant as θE,SIS for the dimensionless coordinates. The cor-
responding surface mass density, Σ, retains the singular r−1 radial profile of the isothermal
sphere while exhibiting elliptical isodensity contours. The components of the deflection
angle, α(x1) and α(x2), can be obtained analytically for the SIE model [119]. For an axis
ratio q < 1, they are expressed in closed form as:

α(x1), α(x2) =
q√

1− q2

(
arcsin

(√
1−q2x1√
x21+x

2
2

)
, arsinh

(√
1−q2
q

x2√
x21+x

2
2

))
. (2.50)

Similar to the SIS model, the central singularity of the SIE lens prevents the formation
of a Type III image. However, the introduction of ellipticity fundamentally modifies the
topological structure of the lens mapping. In the SIS model, there exists a single radial
cut and a point-like tangential caustic at the lens center. By contrast, in the SIE model, the
point-like caustic expands into an extended, diamond-shaped tangential caustic, commonly
referred to as an astroid caustic, accompanied by an outer, elliptical radial cut. The source
position relative to these caustics can make double or quadruple images (see Figure 2.7).
Specifically, if the source lies within the radial cut but outside the central astroid caustic,
the lens equation yields two solutions. When the source is located within both the interior
of the astroid and the radial cut, the lens equation admits four solutions, producing four
distinct, highly magnified images, typically arranged in a cross or fold configuration around
the lens center.

For moderate ellipticities, the astroid caustic is entirely enclosed within the radial cut.
However, for highly elliptical mass distributions, specifically q ≲ 0.3942, the vertices of
the astroid caustic along the major axis extend beyond the boundary of the radial cut [119].
These exposed regions are referred to as naked cusps. When the source lies within a naked
cusp, the lens equation yields exactly three solutions 2.

2.2.5 Singular Power-law Elliptical Mass Distribution

TheSIEmodel can be generalised by allowing for deviations from an isothermal density pro-
file. Introducing a variable power-law slope for the mass distribution leads to the singular
power-law elliptical mass distribution (SPEMD) model [120]. Using rE,SIS, as the normal-
isation constant, the dimensionless convergence is defined as [120]:

κ(x1, x2) =
2− γ

2

(
q

qx21 + x22

) γ
2

, (2.51)

where γ denotes the power-law slope of the two-dimensional surface mass density.

2. Since the naked cusp lies outside the radial caustic, any light ray that would otherwise produce a counter-
image on the opposite side of the lens is intercepted by the central singularity. As a result, the fourth image
does not form.
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Figure 2.7: Same configuration as in Figure 2.6, but for an SIE lens (q = 0.63). Introducing
ellipticity breaks the spherical symmetry of the SIS model, leading to an elliptical radial
pseudo-caustic (cut). Note that no true radial caustic is formed due to the central singularity
of this model. The cut is depicted by the dashed gray line.

Similar to the NFW profile, computing the lensing effects of the SPEMD requires com-
putationally expensive numerical integration. However, [121] derived a semi-analytic ex-
pression for the deflection angle by employing a complex-variable formalism. By defining
the deflection angle in the complex plane asα = α1+iα2 [122, 123], where the real and ima-
ginary parts correspond to the Cartesian components of the deflection angle at the image
position (x1, x2), the deflection angle is given by [121]:

αSPEMD(x1, x2) =
2
√
q

1 + q

( √
q√

q2x21 + x22

)γ−1

× eiφ2F1

(
1,
γ

2
; 2− γ

2
;−1− q

1 + q
ei2φ
)
,

(2.52)

where φ = arctan(x2/qx1), describing the orientation of the ellipse relative to the ob-
server’s reference axis, and 2F1 denotes the Gaussian hypergeometric function. By using
Eq. (2.52), the lens equation can be solved on the complex plane, from which the corres-
ponding magnification factors and relative time delays can be derived.
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Figure 2.8: Same configuration as in Figure 2.7, but for two SPEMD lenses with the same
axis ratio (q = 0.58) and different power-law slopes: γ = 1.5 (steep) and γ = 0.75 (shallow).

The SPEMD model exhibits a variety of image-formation characteristics. For steep pro-
files (γ ≥ 1), including the SIE limit (γ = 1), the lens structure is similar to that of the
SIE model. The radial cut encloses an inner astroid tangential caustic, and consequently, no
Type III image forms. In this regime, the SPEMD lens produces either double or quadruple
images depending on the source position relative to the caustics. Note that the inner astroid
caustic never extends beyond the radial cut, unlike the SIE case, and therefore triple-image
configurations do not occur.

For shallow profiles (γ < 1), the convergence diverges at the lens center, while the
enclosed mass scales such that the deflection angle smoothly approaches zero. The radial
cut is therefore replaced by a well-defined radial caustic, and the lens produces either triple
or quintuple images depending on the source’s alignment with the caustics. Two repres-
entative examples of image configurations and caustic structures for the SPEMD model are
shown in Figure 2.8.

2.2.6 Pseudo-elliptical Navarro-Frenk-White Profile

Analogous to the introduction of ellipticity in the SIS model to obtain the SIE model, the
pseudo-elliptical NFW (PNFW) profile is defined using the dimensionless elliptical coordin-
ate system, xϵ =

√
x21ϵ + x22ϵ =

√
qx21 +

x22
q

[124]. We adopt the PNFW profile instead of
the exact elliptical NFW profile (e.g., [125]) because the latter requires computationally
expensive numerical integration [126], whereas the PNFWmodel introduces ellipticity dir-
ectly into the lensing potential rather than the surface mass density.This approach provides
fully analytic expressions for the deflection angle and magnification factors, significantly
accelerating the computation of lensing effects.
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Figure 2.9: Same configuration as in Figure 2.7, but for a PNFW lens (q = 0.82, κs = 0.167).

However, this analytical efficiency comes with a physical limitation. Since the ellipticity
is imposed on the potential, the corresponding true surface mass density obtained via the
Poisson equation becomes strongly distorted for lenses with a low axis ratio. For axis ratios
of q ≲ 0.6, the projected mass distribution degenerates into an unphysical dumbbell shape
andmay exhibit regions of negativemass density along theminor axis.Therefore, the PNFW
profile is valid only for moderate ellipticities.

The deflection angle of the PNFW profile, normalised by rs of the corresponding spher-
ical NFW profile, can be written as [124]:

αPNFW(x1, x2) = αNFW (xϵ)
√
q cosϕϵ

+ αNFW (xϵ)
sinϕϵ√

q
,

(2.53)

where αNFW(xϵ) = xϵκ̄(xϵ), with κ̄ given in Eq. (2.48), and ϕϵ = arctan (x2ϵ/x1ϵ) is the
elliptical angle, analogous to φ in Eq. (2.52). The PNFW profile exhibits image-formation
characteristics analogous to the shallow SPEMD model (γ < 1), that is producing either
triple or quintuple images depending on the source position relative to the tangential and
radial caustics. Figure 2.9 shows an example of how a source splits into multiple images by
an PNFW lens.
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Figure 2.10: Left panel: Same source positions and lens parameters as the SIE lens shown in
Figure 2.7, with a core radius of xc = 0.1 introduced, resulting in an NIE lens. Right panel:
The same NIE lens as in the left panel, with an additional external shear field (γ1, γ2) =
(0.2, 0.3).

2.2.7 Beyond the Fiducial Lens Models

While low-mass lenses are well approximated by the PM model, analyses of galaxy-scale
lensing systems often employ simplified density profiles, such as the SIE model, which
exhibits a central singularity. However, realistic galactic mass distributions structurally de-
viate from these idealised models. The introduction of additional structural components
modifies the mapping defined by the lens equation, thereby altering the resulting image
configurations, magnification factors, and relative time delays. Two extensions are com-
monly introduced to model realistic galaxies: (1) a finite core radius and (2) external shear.

First, as expected from baryonic physics and DM halo dynamics, the central mass dens-
ity of galaxies does not physically diverge to a singularity [127]. Introducing a dimension-
less finite core radius (xc ≡ θc/θE) removes the central singularity, softening the central
density profile. For the SIE model, this modification yields the non-singular isothermal el-
lipsoid (NIE) model [119], where the dimensionless convergence is redefined as:

κ(x1, x2) =
1

2
√
x2c + x21 + x22/q

2
. (2.54)

Similar to the NFW profile, the NIE model always produces an odd number of images
and can generate a highly demagnified central Type III image.The corresponding deflection
angles are derived by incorporating xc into the exact SIE model, given by [119]:

αNIE(x1), αNIE(x2) =
q√

1− q2

(
arcsin

( √
1−q2x1√

x21+x
2
2+x

2
c

)
, arsinh

(√
1−q2
q

x2√
x21+x

2
2+x

2
c

))
.

(2.55)
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The left panel of Figure 2.10 illustrates an NIE lens with the same axis ratio and GW source
positions as the SIE lensing system shown in Figure 2.7. Since the central singularity is
removed, the radial cut is replaced by a radial caustic, and correspondingly, the radial critical
line changes from a point-like singularity to an extended closed curve. Consequently, a GW
source (blue star) that is split into two images in the SIE case is no longer multiply imaged
in the NIE case, because it lies outside all caustics.

Second, galaxies are not isolated systems.Their gravitational potentials are perturbed by
tidal fields from nearby mass concentrations, such as neighboring galaxies, galaxy groups,
or the surrounding large-scale structure [103]. These environmental effects are commonly
modelled by introducing an external shear field, which modifies the lensing potential. The
external shear is parameterised by its magnitude γext and position angle ϕext. The cor-
responding Cartesian shear components are defined as γ1 ≡ γext cos(2ϕext) and γ2 ≡
γext sin(2ϕext), where γ1 describes stretching along the coordinate axes, while γ2 corres-
ponds to stretching along axes rotated by 45◦. The lensing potential associated with the
external shear is given by [119]:

ψγ(x1, x2) =
γ1
2
(x21 − x22) + γ2x1x2. (2.56)

Since lensing potentials combine linearly, the total deflection field of a sheared NIE lens is
obtained by superposing the external shear contribution onto the NIE deflection, as follows:

αtot(x1, x2) = αNIE(x1, x2) +

(
γ1 γ2

γ2 −γ1

)(
x1

x2

)
. (2.57)

The right panel of Figure 2.10 shows the same NIE lensing system with external shear.
The addition of external shear modifies both the shape and orientation of the critical curves
and caustics. For the adopted values of γ1 = 0.2 and γ2 = 0.3, the nonzero γ2 component
indicates that the shear principal axis is rotated with respect to the coordinate axes, leading
to asymmetric distortions of the lensing configuration. In particular, a positive (negative)
γ2 corresponds to a counterclockwise (clockwise) rotation of the shear principal axis by
an angle ϕext =

1
2
tan−1(γ2/γ1). This rotated perturbation induces distinct responses in the

radial and tangential lensing structures: the radial caustic and its associated critical curve
are both distorted and rotated clockwise, acquiring a peanut-like morphology, whereas the
tangential caustic and its corresponding critical curve are stretched and rotated counter-
clockwise along the shear principal direction.
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2.3 Lensing of Electromagnetic Waves
Before discussing the GW lensing in detail, it is instructive to first establish the obser-
vational context of traditional EM lensing. Currently confirmed GW sources, specifically
CBCs, are transient and effectively point-like. In contrast, the background sources in EM
lensing span a wide range of spatial extents and temporal behaviours. In addition to transi-
ent point-like sources, such as quasars and supernovae3, EM lensing also involves extended
sources, including distant galaxies and galaxy clusters, as well as diffuse cosmological fields,
such as the CMB. In this section, we provide a brief overview of several representative EM
lensing sources.

The wavelengths of observed EM waves are negligibly small compared to the Schwar-
zschild radii of typical astrophysical lenses. Consequently, EM lensing is accurately de-
scribed by the geometric-optics approximation, ensuring that the theoretical formalism
outlined in Section 2.1 remains applicable4.

2.3.1 Extended Sources

When the background source is not a point-like object but an extended object, the analysis
of the lensing effects becomes more complex than that for point-like sources. Instead of
solving the lens equations for a single discrete source position β, one must map an entire
extended surface brightness distribution.

According to Liouville’s theorem, gravitational lensing conserves the surface brightness
of the background source. The observed surface brightness at an image position θ there-
fore equals the intrinsic surface brightness at the corresponding source position β, i.e.,
I(θ) = Is(β). The total observed flux Sobs is defined as the integral of I(θ) over the solid
angle subtended by the image. Consequently, the magnification of the observed flux ori-
ginates entirely from the stretching of this apparent image area. Using the Jacobian matrix
A defined in Eq. (2.18), the total magnified flux is given by [106]:

Sobs =

∫
I(θ)d2θ =

∫
Is(β)| detA−1|d2β =

∫
Is(β)µ(β)d

2β. (2.58)

3. Stars can also serve as point-like background sources, for example, in microlensing events induced by
exoplanets or other substellar objects [93]. However, such observations probe distances that are substantially
smaller than the typical detection horizon of GW observation, which is not discussed in this thesis.
4. While the geometric optics approximation holds for macroscopic lenses, wave-optics effects in EM lensing
may arise in the extreme microscopic regime, such as femtolensing induced by primordial black holes (PBHs)
or ultra-light DM clumps with masses M ≲ 10−13 M⊙. This regime is beyond the scope of this thesis; see
[128, 129, 130] for details.
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In galaxy surveys, the magnification factor modifies the observed flux of the host galaxy,
which is conventionally reported in terms of an apparent magnitude. Consequently, the
apparent magnitude of the ith lensed source-galaxy image,m′

i can be written as:

m′
i = m− 2.5 log10(µi), (2.59)

wherem denotes the unlensed apparent magnitude of the background source.

In the strong lensing regime, deflection across an extended background source produces
highly stretched, macroscopic image configurations, such as giant luminous arcs or Einstein
rings surrounding the foreground lens [103]. Consequently, the observational identifica-
tion of individual strong-lensing systems is relatively straightforward. Furthermore, the
presence of multiple images enables robust measurements of the relative magnifications,
µrel, between the images, which provides constraints for lens reconstruction. By combin-
ing ray-tracing techniques with parametric lens models, the lens equation can be solved
numerically, and the lens mass distribution can be constrained from the observed lensed
images [103].

Despite these geometric advantages, extended sources typically exhibit steady, continu-
ous emission over human timescales. As a result, the arrival-time delays between multiple
lensed images cannot usually be measured directly. Nevertheless, once a lens model is con-
structed by solving the lens equation, the corresponding time-delay surface on the image
plane can be computed. If the mass distribution of the lens is well constrained, approximate
time delays between the images can be inferred.

Conversely, in the weak lensing regime, where the background source lies well out-
side the caustics or the lens potential is insufficiently deep, multiple images are not pro-
duced. Instead, the main observable effect is a subtle, coherent distortion of the source
shape, parameterised by the local gravitational shear γ. Because this induced stretching
(γ ∼ 0.01) is typically much smaller than the intrinsic ellipticity of the background galaxies
(ϵ ≡ 1−q ∼ 0.3), the weak-lensing signature for any individual galaxy is indistinguishable
from its intrinsic shape [106]. Consequently, γ cannot be measured from a single object
and must instead be inferred statistically. The analysis requires averaging the measured el-
lipticities of a large ensemble of background galaxies within a localised region of the sky,
under the assumption that the intrinsic galaxy orientations are randomly distributed. The
precision of the measurement is limited by intrinsic shape noise and by the finite num-
ber of galaxies available for averaging, which sets the statistical uncertainty of the shear
estimate [131].
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Furthermore, although the general magnification µ depends on both convergence κ
and shear γ, the weak-lensing limit (κ ≪ 1, |γ| ≪ 1) allows the expression to be Taylor-
expanded. Under this limit, the second-order shear terms become negligible, and the mag-
nification is dominated by the local convergence [131]:

µ =
1

(1− κ)2 − |γ|2
≈ 1 + 2κ. (2.60)

On the largest cosmological scales, gravitational lensing of the CMB operates entirely in
the weak lensing regime [101]. The intrinsic, unlensed CMB temperature and polarisation
fields are statistically isotropic, meaning their primordial fluctuations exhibit no preferred
directional alignment. CMB lensing analyses (e.g. [132]), therefore, measure the spatial co-
herence of the deflection field, that is, the degree to which neighboring photon trajectories
are correlated by the same intervening large-scale structure. Observationally, this cumu-
lative deflection manifests as a subtle smoothing of the acoustic peaks, the characteristic
oscillatory features in the CMB power spectrum that trace primordial sound waves in the
early Universe [133].

2.3.2 Transient Sources

In contrast to extended sources, transient sources, including gamma-ray bursts (GRBs), ki-
lonovae from BNS mergers, and CCSNe, can provide time-dependent lensing signatures.
These sources exhibit specific emission profiles, encompassing rapid luminosity evolution,
distinct spectral transitions, and multi-wavelength components. For instance, GRBs and
BNS mergers generate a prompt high-energy burst in gamma-rays or X-rays, followed by a
fading afterglow spanning optical to infrared frequencies [134, 135]. Similarly, CCSNe dis-
play characteristic light-curve declines accompanied by temperature-dependent spectral
line evolution as the stellar ejecta expands and cools [40, 136].

Transient sources can undergo microlensing by low-mass objects, such as stars, stellar
remnants, or star clusters, which induces a time-dependent magnification superimposed
on the intrinsic light curve [137, 138, 139]. Microlensing introduces chromatic variations
due to the physical expansion of the transient source. Over time, the effective source size
increases and becomes comparable to the Einstein radius of the microlens. Since emission
at different wavelengths originates from distinct regions within the expanding ejecta–with
high-energy emission concentrated in a compact inner core and lower-energy emission ori-
ginating from a larger, cooler envelope–the differential magnification across the source be-
comes wavelength-dependent.Therefore, observed light-curve deviations that exhibit spec-
tral distortions or colour-dependent magnification confirm the presence of microlensing
[140, 141].
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In the strong lensing regime, by contrast, the signals are achromatically magnified or
demagnified. Strongly lensed multiple images therefore exhibit identical light-curve shapes
across all spectral bands, differing only in relative time delays and magnifications, so that
repeated echoes of the same transient event may be observed. The short duration and rapid
variability of transient events enable direct cross-correlation of the light curves, yielding
measurements of the relative arrival-time delays (∆t) between images5.

Furthermore, EM transient events typically occur within galaxies, and because the tran-
sient emission fades rapidly, obtaining a spectroscopic redshift directly from the transi-
ent is observationally challenging. However, once transients or their afterglows are spa-
tially localised, follow-up observations of the galaxies hosting them provide their redshifts
(zs) (e.g, [17]). The combination of measurable time delays and accurate redshifts allows
strongly lensed transients to serve as powerful cosmological probes. Incorporating ∆t and
zs into a lens model enables inference of the system’s time-delay distance, D∆t, which is
inversely proportional to the Hubble constant,H0. Lensed transients thus provide an inde-
pendent method for cosmography and for testing the physics of the expanding universe.

2.4 Lensing of Gravitational Waves
The typical wavelengths of GWs (λgw) are longer than those of EM waves. For lensing ob-
jects with masses below the galactic scale, these wavelengths are comparable to or exceed
the lens’s Schwarzschild radius (Rsch). Specifically, for GWs from CBCs in the frequency
band of ground-based detectors, the condition λgw ≳ Rsch is satisfied for lens masses
≲ 105M⊙, under which the geometric-optics approximation breaks down. Consequently,
wave optics is required for the lensing analysis in this mass regime [145, 146, 147].

In the frequency domain, the lensing effect is characterised by the amplification factor,
F (f). The lensed GW strain, hl(f), is then given by [145, 146, 147]:

hl(f) = F (f)hu(f), (2.61)

where f is the frequency and hu(f) denotes the intrinsic unlensed waveform. This section
outlines the theoretical framework for GW lensing. We describe how GWs are affected by
lensing, derive the amplification factor, and detail the observable features of the resulting
lensed signals.

5. Although a quasar is not a transient source, its central engine, a supermassive black hole accreting matter,
produces stochastic luminosity variations across broad spectral bands over months to years [142]. When a
quasar is strongly lensed, this same stochastic light curve is replicated in each image. By conducting long-
term monitoring campaigns and cross-correlating the light curves, observers can measure the relative time
delays between the multiple image trajectories (see e.g., [143, 144]).
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2.4.1 GW in Weak Gravitational Field

Assuming a locally flat spacetime perturbed by a weak Newtonian potential U(r) ≪ 1 due
to the lens, such that the system remains in the weak-field limit (i.e., far from the strong-
gravity regime of compact objects like BHs), the background metric g(B)

µν is expressed as:

ds2 = −(1 + 2U)dt2 + (1− 2U)dr2 ≡ g(B)
µν dxµdxν . (2.62)

The propagation of a GW through this spacetime introduces a small metric perturbation.
The total metric tensor gµν is given by:

gµν = g(B)
µν + hµν , (2.63)

where hµν represents the GW strain. In the weak-field limit, since the curvature radius of
the background spacetime is much larger than the GW wavelength, the polarisation tensor
eµν is parallel-transported along the background null geodesics, which allows the tensor
perturbation to be decoupled into a constant polarisation state and a propagating scalar
amplitude ϕ, such that hµν = ϕeµν [148].

The propagation equation ∂µ(
√

−g(B)gµν(B)∂νϕ) = 0 is satisfied in the curved back-
ground. Substituting the components of the background metric (Eq. (2.62)) and retaining
terms up to first order in the weak potential, U , the equation reduces:

(
∇2 − ∂2t

)
ϕ(r, t) = 4U∂2t ϕ(r, t). (2.64)

Transforming to the frequency domain via the Fourier transform ϕ̃(r, ω) =
∫
ϕ(r, t)eiωtdt,

such that ∂t map to −iω, one obtains the Helmholtz equation:

(
∇2 + ω2

)
ϕ̃ = 4ω2Uϕ̃, (2.65)

where ω = 2πf is the angular frequency of the GW.

To determine the effect of lensing on a GW, Eq. (2.65) must be solved with appropri-
ate boundary conditions specifying the locations of the source and the observer. For a GW
source at distance DS , the incident GW is naturally modelled as a spherical wave, and the
solution is evaluated at the observer located at distance DL. As mentioned in Section 2.1,
the thin lens approximation is valid for GW lensing. Under this thin-lens approximation,
the three-dimensional potential U(r) is projected onto a two-dimensional lens plane, ef-
fectively acting as a discrete phase screen. Based on the Huygens-Fresnel principle, the
lensed wave at the observer can be interpreted as the superposition of secondary spherical
wavelets originating from all points on the lens plane [147, 149].
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Following the formalism of [147], Eq. (2.65) can be solved using Green’s function, which
provides the response at the observer to a point source on the lens plane. For a wave
propagating over a distance r, the Green’s function is defined as:

Gω(r) = − 1

4π

eiωr

r
. (2.66)

Applying Green’s theorem over the lens plane, the lensed wave amplitude ϕ̃l is then ex-
pressed as a surface integral, known as the Kirchhoff-Fresnel diffraction integral:

ϕ̃L =
1

4π

∫
S

d2ξ
[
ϕ̃
∂

∂n

(
eiωr

r

)
− eiωr

r

∂

∂n
ϕ̃

]
, (2.67)

where S denotes the lens plane, ξ are its physical coordinates, n is the unit normal vector
to the surface, and ϕ̃ is the incident scalar field evaluated at the lens plane. ϕ̃L explicitly
accounts for the diffraction of the wave by the lens, and serves as the starting point for
constructing the lensed GW signal at the observer.

2.4.2 Amplification Factor

Amplification factors are defined as the ratio between the scalar amplitudes of the lensed
(ϕ̃L) in Eq. (2.67) and unlensed (ϕ̃) waves [147]:

F (ω) =
ϕ̃L(ω)

ϕ̃(ω)
. (2.68)

Under the configuration described in the previous section (see Figure 2.2), and accounting
for cosmological effects in an expanding universe–where distances correspond to angular
diameter distances, and the observed frequency is redshifted–the amplification factors in
Eq. (2.68) are given by [147]:

F (ω,y) =
DSξ

2
0 (1 + zL)ω

2πiDLSDL

∫
d2x

[
exp(i DS

DLSDL

ξ20 (1 + zL)ωT (x,y))

]
, (2.69)

where T (x,y) is the dimensionless Fermat potential in Eq. (2.25). It is convenient to sim-
plify Eq. (2.69) by introducing the dimensionless frequency, defined as:

w ≡ DS

DLSDL

ξ20 (1 + zL)ω. (2.70)

Finally, the amplification factors reduce to [146, 147]:

F (w,y) =
w

2πi

∫
d2x [exp(iwT (x,y))] , (2.71)
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In general, the integral in Eq. (2.69) cannot be evaluated analytically due to the nontrivial
structure of T (x,y), necessitating numerical evaluation. However, the integrand contains
a rapidly oscillating phase factor (exp(iwT (x,y))), which makes the numerical evaluation
computationally expensive, particularly at high frequencies (large w).

For axially symmetric lens models, however, the two-dimensional integral can be re-
duced to a one-dimensional form [147]:

F (w, y) = −iweiwy2/2
∫ ∞

0

dx xJ0(wxy) exp
[
iw

(
1

2
x2 − ψ(x) + ϕm(y)

)]
, (2.72)

where J0 is the zeroth-order Bessel function, ψ(x) is the dimensionless lensing potential,
and ϕm(y) denotes the minimum arrival time of the unlensed signal. Analytical solutions
are available only in limited cases. In particular, for a PM lens, the amplification factor is
given by [147]:

F (w, y) = exp
[πw
4

+ i
w

2

{
ln
(w
2

)
− 2ϕm(y)

}]
× Γ

(
1− i

2
w

)
1F1

(
i

2
w, 1;

i

2
wy2

)
,

(2.73)
where ϕm(y) = (xm−y)2

2
− lnxm with xm =

y+
√
y2+4

2
and 1F1 is the confluent hypergeo-

metric function of the first kind6 [150]. Eqs. (2.71)-(2.73) can be substituted into Eq. (2.61)
to compute the lensed GW waveform from a given unlensed waveform.

When GWs are lensed in the wave-optics regime (w ≲ 1), the phenomenon is referred
to asmicrolensing [145, 146, 147, 151, 152, 153, 154], typically induced by lenses that can be
well approximated as the PM model. In the time domain, microlensed GW signals exhibit
beating patterns. Figure 2.11 shows representative examples of microlensedwaveforms.The
waveformmorphology is increasinglymodified, and the beating pattern becomesmore pro-
nounced as the microlensing effect is more significant (i.e., for higher M z

L and smaller y).
The patterns arise from the interference between multiple signals with microsecond-scale
time delays, which is fully encoded in the F (w) computed in the wave-optics formalism.
These morphological distortions encode the physical parameters of the microlens. Con-
sequently, by analysing the interference pattern within the strain data, one can directly
extract the redshifted lens mass and the impact parameter without solving the lens equa-
tion.

When the wavelength of a GW is much smaller than the Schwarzschild radius of the
lens, corresponding to the regime w ≫ 1, the geometric-optics approximation becomes
valid. In this limit, wave-optics effects such as diffraction are negligible, and the standard
formalism of EM lensing (Section 2.1) can be directly applied. In the diffraction integral
(Eq. (2.71)), the phase factor exp(iwT (x,y)) becomes highly oscillatory at large w. As a

6. See also https://dlmf.nist.gov/13.2E2 for the mathematical definition.
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Figure 2.11: Unlensed waveform from a BBH event, shown as a reference, together with
microlensed waveforms in the cases of mild (red, left panel) and strong (orange, right panel)
microlensing.

result, contributions from different regions of the lens plane interfere destructively, except
at the stationary points of the Fermat potential, defined by (∇xT = 0). These station-
ary points correspond to the discrete image positions determined by the lens equation in
Eq. (2.17).

By evaluating the diffraction integral in the high-frequency limit using the stationary-
phase approximation [147], the dominant contributions arise only from the stationary points
and the amplification factor reduces to a discrete sum over the geometric images:

F (w,y) ≃
∑
j

|µj|1/2 exp [iwTj − iπnj] , (2.74)

where the index j labels the j-th image, µj is the magnification factor, and Tj is the di-
mensionless Fermat potential evaluated at the image position. The integer parameter nj is
the Morse index, which encodes a frequency-independent phase shift associated with the
image type. Specifically, nj = 0, 1, 2 correspond to Type I, II, and III images, respectively
(see Section 2.1.3 for details about image types). In the geometric-optics limit, the lensed
waveform is described as a superposition of discrete signals arriving at different arrival
times. Each contribution is magnified by |µj|1/2 and acquires a phase shift determined by
the corresponding time delay and Morse index [155, 156, 157].

If the time delay between multiple signals is sufficiently large compared to the dura-
tion of the GW signal, the individual signals arrive at the detector as temporally separated
events and can be identified as distinct signals. In this strong lensing regime, the lensed
GW events generally exhibit large magnifications consistent with EM strong lensing [158,
159, 160, 161, 162, 163, 164, 165]. In contrast, smaller-scale objects, such as DM subhalos
or intermediate-mass black holes (IMBHs), induce a regime known as millilensing or phe-
nomenological lensing [166]. In this scenario, the geometric-optics approximation remains
valid (w ≫ 1), while the time delay between signals can be shorter than the signal duration.
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As a result, the individual signals overlap in time and cannot be resolved separately, leading
to interference. The detector therefore records a single, superimposed waveform character-
ised by specific amplitude and phase modulations, which can be described by Eq. (2.74),
rather than multiple distinguishable events.

2.5 Comparisons between EM and GW Lensing
The field of multimessenger astronomy has now become firmly established. As both EM
and GW observations continue to advance, multimessenger lensing is transitioning into
an observationally accessible regime [102]. Understanding the key differences between EM
and GW lensing, and how they can be jointly exploited, is therefore important.

As noted in the previous sections, the differences between EM and GW lensing for
typical astrophysical compact objects (e.g., stars, stellar remnants, star clusters) and DM
subhalos (ML < 105M⊙) are straightforward. GW lensing generally occurs in the wave-
optics regime, resulting in frequency-dependent diffraction patterns, whereas EM lensing
remains in the geometric-optics regime, producing achromatic flux magnification. Simil-
arly, the distinction in detector response is also trivial. EM instruments measure the time-
averaged energy flux, scaling with the magnification µ, while GW interferometers record
the strain amplitude, scaling as |µ|1/2. These basic differences arise directly from the dis-
tinct wave properties of EM and GW signals. We now turn to the observable signatures,
where their physical distinctions manifest in measurable quantities and can have signific-
ant implications for multi-messenger lensing studies.

In the strong-lensing regime, both EM and GW lensing effects are well described by
geometrical optics. Consequently, the magnification factors, time delays, and image types
(or, equivalently, phase shifts in the GW case) arise identically. However, the observational
inference of these quantities differs between the two messengers. In EM lensing, multiple
images exhibit different apparent magnitudes and spatial parities. In contrast, for GW sig-
nals, magnification manifests as a modification of the inferred luminosity distance, while
the image parity introduces a topological phase shift (the Morse phase) in the coalescence
phase.

As an illustrative example, consider a galaxy-galaxy strong-lensing system in which the
source galaxy hosts a GW source. The magnification factor associated with the ith lensed
image modifies both the observed EM flux and the GW amplitude, leading to a shifted
apparent magnitude,m′

i in Eq. (2.59) and an effective luminosity distance (deffL,i), as follows:

deffL,i =
dL√
µi
, (2.75)
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where dL denotes the true luminosity distance to the GW source. Note that, although a
galaxy is an extended source and therefore experiences spatially varying magnification
across its surface, these variations are typically not significant on arcsecond scales. As a
result, the magnification at the specific location of the GW source is expected to be well ap-
proximated by the average magnification inferred from the lensed galaxy image. If µ > 1,
lensing increases the observed flux, making the lensed EM image brighter and thus redu-
cing its apparent magnitude. For GW signals, the strain amplitude scales inversely with
luminosity distance, so magnification leads to a correspondingly smaller inferred distance.

In addition, the relative magnification factor (µrel,EM) between the ith and jth lensed
galaxy images in EM observation is given by:

µrel,EM ≡ µj
µi

= 10−0.4(m′
j−m′

i) (2.76)

while for GW signals, the relative magnification factor (µrel,GW) can be expressed as:

µrel,GW ≡ µj
µi

=

(
deffL,i

deffL,j

)2

. (2.77)

These two quantities are expected to be consistent within uncertainties.

Let us move to another observable, the relative time delays between multiple lensed
images or signals. For transient sources, includingGWsignals fromCBCs and EM transients
such as SNe or GRBs introduced in Section 2.3.2, these delays can be measured directly from
the arrival times of each signal. In GR framework, the time delay between the ith and jth

lensed signals is given by:
∆tEM = ∆tGW ≡ |ti − tj|, (2.78)

where ti and tj are the arrival times of ith and jth signal, respectively.

For galaxy-galaxy lensing systems, however, the relative time delays of EM images are
not directly observable. Instead, they are inferred from the Fermat potentials, Ti and Tj ,
evaluated at the image positions under an assumed lens model. The corresponding time
delays are then given by:

∆tEM ≡ |ti − tj| =
1 + zL
c

DLDS

DLS

(|Ti − Tj|). (2.79)



2.5 Comparisons between EM and GW Lensing 59

In contrast to the magnification case, GW observations can measure relative time delays
with very high precision, often at the millisecond level. Given the large mass scale of
galaxy lenses, the variation of time delay across different image positions within an exten-
ded lensed galaxy can be significant. Therefore, with sufficiently high angular resolution,
one can construct a detailed time-delay map from EM lens modelling. Comparing this map
with the precisely measured ∆tGW enables a more accurate localisation of the GW source
within the host galaxy.

Beyond enabling precise source localisation, multi-messenger strong lensing provides
a unique laboratory for probing the fundamental physics of GR with exceptional precision.
Within GR, GWs and EM waves are predicted to propagate at the same speed in vacuum
(cGW = cEM), as implied by Eq. (1.13). If a multi-messenger transient, such as a BNS merger,
is strongly lensed, the multiple discrete GW images and their EM counterparts will arrive
at the observer with characteristic lensing-induced time delays [167, 168, 169]. Comparing
the relative time delays measured independently in the GW and EM channels, therefore,
provides a direct and highly sensitive test of whether the twomessengers propagate identic-
ally over cosmological distances. Since the propagation path spans billions of light-years,
even an extremely small deviation between cGW and cEM would accumulate over cosmic
distances and manifest as a measurable offset between the GW and EM lensing time delays.
Therefore, a statistically significant discrepancy between the two independent measure-
ments would serve as a compelling signature of physics beyond GR.

In addition to possible deviations in propagation speed, several modified gravity theor-
ies predict that the amplitude evolution of GWs can differ from the GR prediction during
cosmological propagation [170, 171, 172]. As a consequence, the luminosity distance in-
ferred from GW observations may differ from that inferred from EM observations of the
same source. Strong lensing is particularly valuable in this context because lens magnifica-
tion enables the detection of intrinsically faint GW and EM sources at substantially higher
redshifts than would otherwise be observable. Such high-z systems are especially powerful
probes of modified gravity, as even small deviations from the GR prediction can accumulate
over cosmological distances and become observationally measurable.

A commonly adopted phenomenological parametrisation of this effect is given by [173]:

dGW
L (z)

dEML (z)
≡ Ξ(z)

= Ξ0 +
1− Ξ0

(1 + z)n
,

(2.80)

where Ξ0 and n parameterise deviations from the GR prediction (dGW
L = dEML ). Robust con-

straints on these parameters require accurate cosmological distance measurements.
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Strong lensing itself provides an independent method for constraining cosmological
distances through time-delay cosmography with both EM and GW observations, yielding
complementary cosmological information from the same lensed system.Themeasured time
delays between multiple lensed images constrain the time-delay distance (D∆t) introduced
in Eq. (2.25), which depends on the source and lens redshifts as well as the underlying cos-
mological parameters. Since cosmological distances become increasingly sensitive to the
background cosmology at higher z, strongly lensed systems can place particularly precise
constraints on the distance-redshift relation (see Section 3.1).Therefore, comparing the cos-
mological distance relation inferred from multi-messenger lensing observables with the lu-
minosity distance directly obtained from GW signals enables a direct test of modified GW
propagation on cosmological scales.

Overall, strongly lensed multi-messenger observations constitute a uniquely powerful
laboratory for simultaneously probing cosmology, fundamental physics, and the astrophys-
ical environments or formation channels of compact binary mergers.



Chapter 3

Gravitational-Wave Cosmology

Modern cosmology is primarily built upon the ΛCDM model, named after its two key con-
stituents: Λ (Lambda), representing the cosmological constant associated with dark energy
(DE) introduced in Eq. (1.6), and CDM, referring to cold dark matter. This framework is
grounded in GR and the cosmological principle, which assumes that the Universe is homo-
geneous and isotropic on large scales.Within this model, the energy content of the Universe
is dominated by two non-luminous components: CDM, which consists of non-relativistic
matter that governs structure formation through gravitational clustering, and DE, which
provides the repulsive pressure driving the observed accelerated expansion of the Universe.

To quantify the relative contributions of these components, multiple observational probes
are combined.TheCMB provides ameasurement of the total energy density of the Universe,
indicating that spacetime is consistent with spatial flatness [174, 175]. Baryon Acoustic Os-
cillations (BAO), which arise from sound waves propagating in the photon-baryon plasma
before recombination, imprint a characteristic length scale in the large-scale distribution of
matter [176]. The length scale serves as a standard ruler for tracking the expansion history
of the Universe [177]. When combined with luminosity distance measurements from Type
Ia supernovae [178, 179], these probes constrain cosmological parameters in a complement-
ary manner. Their joint constraints converge on a narrow region of parameter space.

While the joint EMobservations successfully established theΛCDMmodel as a standard
model, recent observational tensions suggest that it may be incomplete.Themost prominent
example is the Hubble tension [180], a statistically significant discrepancy between meas-
urements of the Hubble constant, H0, inferred from early-Universe observations, such as
the CMB [174], and those obtained from late-time distance ladder methods based on e.g.
Cepheid variables and Type Ia supernovae [181]. This discrepancy motivates the need for
independent cosmological probes.

GW cosmography provides such an independent avenue to probe the expansion history
of the Universe by directly measuring the distance-redshift relation [182]. Observable CBC
quantities such as the luminosity distance, dL(z), encode the kinematic evolution of cosmic
expansion, providing a model-independent description that can be interpreted within spe-
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Figure 3.1: Constraints on the Hubble constant (H0) from CMB, local distance-ladder meas-
urements, andGWobservations, highlighting theHubble tension and the potential of future
GW observations to resolve it. Figure is from [183].

cific cosmological models, such as ΛCDM. Cosmological parameters in the ΛCDM model
are then inferred by fitting the reconstructed distance-redshift relation. Figure 3.1 illustrates
that GW cosmography can provide a powerful probe of the Hubble tension identified by
EM observations.

In this chapter, we review the distance-redshift relation in an expanding Universe and
briefly introduce theΛCDM framework, alongwith its current limitation, namely theHubble
tension. We then describe how GW observations provide an independent avenue for meas-
uring key cosmological parameters, such as H0, and discuss their associated uncertainties
and limitations.

3.1 The Cosmographic Distance-Redshift Relation
The standard cosmological paradigm posits that the Universe is expanding from an initial
state of high density and temperature (the Big Bang), and is homogeneous and isotropic
on large scales. The spacetime geometry satisfying these conditions is described by the
Friedmann–Lemaître–Robertson–Walker (FLRW) metric. Combined with the EFEs intro-
duced in Eq. (1.6), this metric provides the theoretical foundation of the standard model
of cosmology, upon which the ΛCDM framework is built [1]. In this section, we derive
the relation between cosmological distance and the observable redshift in the expanding
spacetime.
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3.1.1 Friedmann-Lemaître-Robertson-Walker Model

In the FLRW metric, the spacetime interval is expressed as [1]:

ds2 = −c2dt2 + a2(t)

[
dr2

1− kr2
+ r2(dθ2 + sin2 θdϕ2)

]
, (3.1)

where t is the cosmic time, r, θ, ϕ are the reduced-circumference polar coordinates, k repres-
ents the spatial curvature, and a(t) is the time-dependent scale factor. EM waves and GWs
propagate along null geodesics (ds2 = 0). For a signal travelling radially (dθ = dϕ = 0)
from a source at comoving coordinate r = R to an observer at the origin r = 0, Eq. (3.1)
reduces to:

c dt

a(t)
=

dr√
1− kr2

. (3.2)

Integrating Eq. (3.2) from the time of emission te to the time of observation t0, i.e., along
the path between the source and the observer, yields the comoving distance:

dC =

∫ t0

te

c dt

a(t)

=

∫ R

0

dr√
1− kr2

.

(3.3)

Here, k determines themapping between the comoving distance dC and the radial comoving
coordinate r. A value of k > 0 corresponds to a closed Universe with positive curvature,
k = 0 to a spatially flat Universe, and k < 0 to an open Universe with negative curvature.
Eq. (3.3) provides the exact relation in each case [1]:

dC =


1√
|k|

sin−1(
√

|k|r) (k > 0)

r (k = 0)

1√
|k|

sinh−1(
√

|k|r) (k < 0)

(3.4)

In the flat case, the radial coordinate coincides with the comoving distance. In contrast, for
nonzero curvature, the relation becomes non-linear, exhibiting trigonometric (closed) or
hyperbolic (open) behaviour at large distances.

Consider two successive wave crests emitted at te and te + δte, and observed at t0 and
t0 + δt0, respectively. Here δte and δt0 represent the emitted and observed wave periods.
Since the comoving coordinate R of the source is fixed, the spatial integral is identical for
both crests, leading to: ∫ t0

te

c dt

a(t)
=

∫ t0+δt0

te+δte

c dt

a(t)
. (3.5)
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Subtracting the common interval
∫ t0
te+δte

c dt/a(t) from both sides gives:

∫ te+δte

te

dt

a(t)
=

∫ t0+δt0

t0

dt

a(t)
. (3.6)

The periods δte and δt0 are extremely short compared to the cosmological timescale over
which a(t) varies.Therefore, a(t) can be treated as constant over each infinitesimal interval,
and Eq. (3.6) simplifies to:

δte
a(te)

=
δt0
a(t0)

. (3.7)

The time interval between successive wave crests is stretched by a(t), which leads to
the observed cosmological redshift, defined as the fractional change in wavelength [184]:

z =
λ0 − λe
λe

, (3.8)

where λ0 and λe are the observed and emitted wavelengths, respectively. Since wavelength
is proportional to the wave period (λ = cδt), Eq. (3.7) leads to the fundamental relation
between redshift and scale factor [1, 184]:

z =
λ0
λe

− 1

=
δt0
δte

− 1

=
a(t0)

a(te)
− 1.

(3.9)

While the comoving distance dC remains fixed, the proper distance dP (t) between the source
and observer evolves with time, reflecting the expansion of the Universe. At any given
cosmic time t, the proper distance is simply given by:

dP (t) = a(t)dC , (3.10)

which evolves with time through the scale factor a(t). To determine the evolution, the
dynamics of a(t) must be specified, which are governed by the EFEs in Eq. (1.6). The large-
scale matter content of the homogeneous Universe is well approximated as a perfect fluid,
with stress–energy tensor [21]:

Tµν =
(
ρ+

p

c2

)
uµuν + pgµν , (3.11)
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where ρ represents the total energy density, p is the isotropic pressure, and uµ = (−c, 0, 0, 0)
is the four-velocity of a comoving observer. In this frame, the time–time component re-
duces to T00 = ρc2. For the FLRW metric, the time-time component of the Einstein tensor
(Eq. (1.5)) is given by:

G00 = R00 −
1

2
g00R

= − 3ä

ac2
+

3

c2

[
ä

a
+

(
ȧ

a

)2

+
kc2

a2

]

=
3

c2

[(
ȧ

a

)2

+
kc2

a2

]
,

(3.12)

where overdots denote derivatives with respect to cosmic time, t. Substituting the T00 and
G00 components into the time–time component of the EFEs yields the first Friedmann equa-
tion [1]: (

ȧ

a

)2

=
8πG

3
ρ− kc2

a2
+

Λc2

3
, (3.13)

which defines the square of the Hubble parameter, H2(t) ≡ (ȧ/a)2, as determined by the
total energy density, spatial curvature, and the cosmological constant.

To express Eq. (3.13) in dimensionless form, each term is normalised by the expansion
rate H2(t), which naturally introduces the density parameters associated with each com-
ponent. This procedure is equivalent to expressing each term in the Friedmann equation in
units of the critical density [1, 184]:

ρc(t) =
3H2(t)

8πG
, (3.14)

defined as the energy density required for a spatially flat Universe (k = 0).

Formatter (m) and radiation (γ), whose energy densities evolvewith cosmic expansion1,
their corresponding density parameters are defined as [186]:

Ωi(t) ≡
8πGρi(t)

3H2(t)
, i = m, γ. (3.15)

For k and Λ, the associated density parameters are defined as [186]:

Ωk(t) ≡ − kc2

a2(t)H2(t)
, ΩΛ(t) ≡

Λc2

3H2(t)
. (3.16)

1. See [185], however, for a broader classification of possible energy components, some of which remain
speculative.
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With these definitions, the Friedmann equation in Eq. (3.13) can be written in a dimension-
less form:

Ωγ(t) + Ωm(t) + ΩΛ(t) + Ωk(t) = 1, (3.17)

which holds at all times.

In practice, cosmological observations constrain these parameters at present t0, defining
Ωi,0 ≡ ρi,0/ρc. Ωk,0 and ΩΛ,0, are likewise obtained by evaluating H(t) and a(t) at t0. The
evolution of each component is governed by its equation of state. More specifically, the
relation between pressure (p) and density (ρ) in Eq. (3.11) can be expressed through the
equation of state parameter, w [1, 184]:

w ≡ p

ρc2
, (3.18)

where w is a dimensionless parameter, analogous to the relation found in the ideal gas law
(P = nRT/V ); however, in cosmology, it is generalised to include relativistic effects and
vacuum energy.

For a perfect fluid in the FLRW model, w determines how the energy density responds
to the expansion of the Universe. The time evolution of ρ(t) is governed by the continuity
equation, which is derived from the conservation of the energy-momentum tensor (∇µT

µν =

0) in the FLRW metric [1]:
ρ̇+ 3

ȧ

a

(
ρ+

p

c2

)
= 0. (3.19)

Substituting Eq. (3.18) into Eq. (3.19) yields:

ρ̇

ρ
= −3(1 + w)

ȧ

a
. (3.20)

Integrating both sides with respect to time yields:

ρ ∝ a−3(1+w). (3.21)

Accordingly, the dimensionless density parameters in Eqs. (3.15) and (3.16) evolve with the
scale factor as determined by their respective equations of state [1, 187]:

Radiation (Ωr): For relativistic particles such as photons, the pressure satisfies p =
1
3
ρc2 (w = 1/3). Their energy density decreases due to both volumetric dilution, scaling as
a−3, and the redshifting of photon energies, which introduces an additional factor of a−1.
Consequently, the radiation energy density scales as a−4, or (1 + z)4.

Matter (Ωm): For non-relativistic matter, including baryons and dark matter, the pres-
sure is negligible (w ≃ 0). As the rest mass is conserved, the energy density decreases solely
due to the expansion of comoving volume, leading to a scaling of a−3, or (1 + z)3.
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Curvature (Ωk): The spatial curvature term originates geometrically from the Ricci
scalar of the FLRW metric. Its mathematical form, k/a2, implies an inverse-square depend-
ence on the scale factor, i.e., a−2, or (1 + z)2.

Cosmological Constant (ΩΛ): The cosmological constant is modelled as a constant en-
ergy density, representing the intrinsic energy of the quantum vacuum. This corresponds
to an equation-of-state parameter w = −1 in Eq. (3.21). As a result, the vacuum energy
density remains invariant under cosmic expansion, yielding a scaling of a0, or (1 + z)0.

Using these scaling relations, the Friedmann equation can be expressed entirely in terms
of present-day density parameters and redshift. Dividing Eq. (3.13) by H2

0 yields:(
H(z)

H0

)2

= Ωγ,0a
−4 + Ωm,0a

−3 + Ωk,0a
−2 + ΩΛ,0

= Ωγ,0(1 + z)4 + Ωm,0(1 + z)3 + Ωk,0(1 + z)2 + ΩΛ,0.

(3.22)

It is often convenient to introduce the dimensionless Hubble parameter2,

E(z) ≡ H(z)

H0

=
√

Ωγ,0(1 + z)4 + Ωm,0(1 + z)3 + Ωk,0(1 + z)2 + ΩΛ,0,

(3.23)

which encapsulates the expansion history independently of H0.

3.1.2 Luminosity Distance

The luminosity distance to a source, dL, is conventionally defined through the inverse-
square law:

F = L/(4πd2L), (3.24)

where F is the observed flux and L is the intrinsic luminosity of the source. We now rein-
terpret Eq. (3.24) within an expanding cosmological framework.

The luminosity L is defined as the total energy∆Ee emitted over a proper time interval
∆te (L = ∆Ee/∆te). In the FLRW spacetime, photons emitted at te propagate outward and
are distributed over a spherical surface of radius dP (t0) at the time of observation t0. The
proper surface area of this sphere is given by:

AP = 4πd2P

= 4πa2(t0)d
2
C .

(3.25)

Cosmic expansion induces two independent effects on the observed radiation [184, 187]:

2. Note that this differs from the dimensionless Hubble constant, defined as h ≡ H0/100 km s−1 Mpc−1
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1. Energy redshift: The energy of each photon is reduced by a factor (1 + z), such that
∆E0 = ∆Ee/(1 + z).

2. Time dilation: The arrival interval between successive photons is stretched, ∆t0 =

∆te(1 + z).
Since the flux is defined as energy received per unit area per unit time, the observed flux
becomes:

F =
∆E0

∆t0AP

=
∆Ee/(1 + z)

∆te(1 + z)[4πa2(t0)d2C ]

=
L

4πa2(t0)d2C(1 + z)2
.

(3.26)

Comparing Eq. (3.26) with Eq. (3.24) defines the luminosity distance in an expanding Uni-
verse:

dL = a(t0)dC(1 + z). (3.27)

Hence, dL encodes both the geometric separation and the effect of cosmic expansion.

To express dL explicitly as a function of z, we relate cosmic time to redshift. From
Eq. (3.9), we have 1 + z = a(t0)/a(t) = 1/a(t), where the present-day scale factor is
unity. Differentiating both sides with respect to cosmic time yields:

dz

dt
= − ȧ

a2

= −(1 + z)
ȧ

a

= −(1 + z)H(z).

(3.28)

This relation can be rewritten as:

dt = − dz

H(z)(1 + z)
. (3.29)

Substituting Eq. (3.29) into Eq. (3.3), and noting that te and t0 correspond to redshift z and
z = 0, respectively, the time integral can be recast as a redshift integral as follows:

dC(z) = c

∫ z

0

dz′

H(z′)
. (3.30)

Finally, using Eq. (3.27), the luminosity distance–redshift relation is given by [184, 188]:

dL(z) = c(1 + z)

∫ z

0

dz′

H(z′)
. (3.31)
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Figure 3.2:Hubble diagram constructed from supernovae over a range of redshifts. The dis-
tance modulus is defined as µ = 5 log10 (dL/pc)−5. The colour bar indicates the probability
that a supernova is of Type Ia. Adapted from [191].

3.1.3 Hubble-Lemaître Law

The validity of Eq. (3.31) was first established observationally by Georges Lemaître and
later by Edwin Hubble in the local Universe, where measurements were restricted to the
low-redshift regime (z < 1) [189, 190]. In this limit, the cosmic expansion rate can be
approximated as constant,H(z) ≈ H0, since the dimensionless Hubble parameter satisfies
E(z) ≃ 1. Expanding Eq. (3.31) to first order in z and neglecting O(z2) terms reduces dL
to a linear function of z as follows:

dL ≈ c(1 + z)

(
z

H0

)
≈ cz

H0

.

(3.32)

For local astrophysical sources, the cosmological redshift reduces to the non-relativistic
Doppler shift, z ≈ vr/c, where vr is the recession velocity of the sources. Substituting
this relation into Eq. (3.32) recovers the standard kinematic form of the Hubble–Lemaître
law [189, 190]:

vr = H0dL. (3.33)

This result demonstrates that the general relativistic description of luminosity distance for
EM or GW sources reduces, in the low-redshift limit, to the empirically established Hubble–
Lemaître law. As shown in Figure 3.2, the Hubble–Lemaître law provides a good description
of the recent data in the regime z < 1. It is worth noting that the Hubble–Lemaître law is
formally expressed in terms of the proper distance, vr = H0dP . In the low-redshift limit,
for a spatially flat Universe, the luminosity distance satisfies dL ≈ dC = dP .
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3.1.4 The ΛCDM Framework and Hubble Tension

In Section 3.1.1, we reviewed the FLRW models, which are based on the FLRW metric and
the Friedmann equations. These models provide the theoretical basis for the standard cos-
mological paradigm, namely theΛCDMmodel.This model describes the dynamical content
of the Universe by assuming a spatially flat universe (Ωk = 0) dominated today by two
components: cold dark matter (Ωc) and cosmological constant (ΩΛ), together with a small
baryonic contribution (Ωb) and negligible radiation (Ωγ ≈ 0) at late times. Consequently,
the model implies the constraint Ωm,0 + ΩΛ,0 = 1, where Ωm,0 = Ωb,0 + Ωc,0. Under the
ΛCDM framework, the Hubble parameter is often rewritten as:

H(z) = H0

√
Ωm,0(1 + z)3 + ΩΛ,0. (3.34)

A central goal of observational cosmology is to determine the precise values of H0,
Ωm,0, and ΩΛ,0 in Eq. (3.34). Current estimates of the density parameters are empirically
established through the intersection of independent EM observational probes. Each meth-
odology imposes a distinct geometric constraint on the (Ωm,0,ΩΛ,0) plane.

For example, measurements of CMB anisotropies tightly constrain the angular scale of
the sound horizon3 at recombination, fixing the ratio between the physical sound horizon
and the angular diameter distance to the last-scattering surface [175, 192]. However, this
constraint is inherently degenerate, as different combinations of cosmological parameters
(e.g., H0, Ωm, and ΩΛ) can yield the same observed scale [193]. BAO provide a comple-
mentary probe by using the pre-recombination sound horizon as a standard ruler at lower
redshifts, allowing the expansion history to be constrained through measurements of the
angular diameter distance and H(z) [194, 195, 196]. When combined, CMB and BAO ob-
servations break the geometric degeneracies by anchoring early-Universe physics while
mapping the later-time expansion history, thereby yielding tight and robust constraints on
cosmological parameters. Within theΛCDM framework, the latest DESI DR 2 (Dark Energy
Spectroscopic Instrument Data Release 2) [197] results yield Ωm,0 = 0.3027± 0.0036 from
the joint CMB+BAO analysis, implying ΩΛ,0 ≃ 0.7.

Despite its overall success, theΛCDMmodel faces several challenges. Among these, the
Hubble tension is the> 4σ discrepancy between theH0 value inferred from early-Universe
data (CMB and BAO) and that measured directly in the late Universe using distance-ladder
techniques [180]4. Under the ΛCDM framework, early-Universe probes, anchored by the
sound-horizon scale at recombination, consistently prefer a lower Hubble constant; for in-

3. The sound horizon is the comoving distance travelled by acoustic waves in the photon–baryon fluid before
recombination.
4. The discrepancy is approximately ∼ 5.3σ when comparing with CMB measurements and ∼ 4.5σ when
comparing with recent DESI BAO results [197]. The CMB and BAO measurements themselves also exhibit a
discrepancy at the > 2σ level.
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stance, the DESI DR 2 results show H0 ≃ 67–68 km s−1 Mpc−1 [197]. In contrast, local
distance-ladder measurements from the SH0ES program findH0 ≃ 73 km s−1 Mpc−1 [181].
This discrepancy is not merely numerical. Since H0 sets the absolute scale of the distance-
redshift relation, a few percent difference suggests that either unknown systematics remain
in the measurement techniques or the ΛCDM model is incomplete.

In summary, while ΛCDM provides an excellent phenomenological description of a
wide range of observations, the Hubble tension highlights the need for models beyond
ΛCDM or independent, complementary probes to test its validity.

3.2 GWs as Probes of Cosmic Expansion Rate
As discussed in the previous section, the expansion history of the Universe is encoded
in the distance–redshift relation (Eq. (3.31)), with the luminosity distance dL serving as
a key observable. GW observations provide a direct means of measuring this quantity
and have therefore emerged as a robust and independent cosmological probe. Unlike tra-
ditional standard candles, which rely on the hierarchical cosmic distance ladder and its
associated calibration uncertainties, GWs enable a direct measurement of dL through the
self-calibrating nature of the waveform, as encoded in the phase and amplitude evolution
predicted by GR.

To date, ground-based interferometers have observed CBCs across a wide range of dis-
tances. BBH mergers have been observed over a broad range of distances, spanning from
a few hundred megaparsecs to several gigaparsecs (z ∼ 0.1–1) [20], whereas BNS mergers
are typically observed within a few hundred megaparsecs [198, 199]. This observational
reach enables GW observations to probe cosmological models and constrain fundamental
parameters [200, 201, 202]. In the low-redshift regime, GW distance measurements from
CBCs can be directly compared with Type Ia SNe, providing an independent cross-check of
the local distance scale. Looking ahead, next-generation ground-based detectors and space-
based observatories will extend GW observations to z ≳ 1, probing a redshift regime com-
plementary to those of SNe and the CMB, and thereby offering new insights into the origin
of the Hubble tension.

The efficacy of GWs as probes of cosmic expansion depends on two key factors: the
precision and accuracy of luminosity-distance measurements and the determination of the
source redshift. The latter is most robustly obtained through the identification of an EM
counterpart or a host galaxy. However, GW-based cosmography is subject to several sources
of uncertainty affecting both distance and redshift inference, including detector calibration
errors, the degeneracy between dL and the binary inclination angle (ι), gravitational lens-
ing effects, and peculiar velocities of host galaxies, which perturb the redshift–distance
mapping.
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3.2.1 Standard Sirens

The LVK Collaboration has detected numerous CBC signals and inferred their luminos-
ity distances from the observed GW strain. Recall that, as shown in Eq. (1.23), the strain
amplitude h(t) of a CBC in-spiral is inversely proportional to the luminosity distance:

h ∝ M5/3
c

dL
f 2/3. (3.35)

Since Mc governs the frequency evolution ḟ(t) at leading post-Newtonian order, it can
be tightly constrained from the phase evolution of the signal. Once Mc is determined, the
intrinsic amplitude of the waveform is correspondingly fixed. Consequently, dL can be ex-
tracted directly from the observed strain amplitude without reference to external cosmic
distance ladders. For this reason, CBCs are referred to as standard sirens [203, 204], provid-
ing a self-calibrating measure of distance.

When combinedwith complementary redshift information, standard sirens enable a dir-
ect measurement ofH0 and provide an independent cross-check of the expansion history of
the Universe relative to constraints from the CMB, BAO, and Type Ia SNe, thereby offering
a potential avenue to probe the Hubble tension. Standard sirens are generally classified into
two categories: bright and dark sirens.

Bright sirens are events accompanied by identifiable EM counterparts. A representative
example is the BNS merger, which can produce short GRB [205, 206] and kilonova emis-
sion [207, 208], as introduced in Sections 1.2.1 and 2.3.2. NSBH mergers can also produce
EM counterparts, provided that the NS is tidally disrupted. Due to the typically higher
masses of astrophysical BHs compared to NSs, NSBH systems can be detected to greater
distances [209]. For those events, the redshift can be determined by identifying the host
galaxy through EM follow-up observations and measuring its spectroscopic redshift5. The
BNSmerger GW170817 [16] remains the prototypical example, providing the firstH0 meas-
urement from a GW event with EM counterparts [213].

In contrast, dark sirens, such as BBH mergers, lack EM counterparts, and their red-
shifts must be inferred statistically. Two primary approaches are commonly employed.
The first is the catalogue method, which utilises galaxy catalogues (e.g., GLADE+ [214])
within the GW localisation volume, assigning probabilistic weights to potential host galax-
ies [215, 216, 217, 218, 219, 220]. The second is the spectral siren method, which exploits
features of the compact-object mass distribution (e.g., the mass gap or characteristic mass
scales) to partially break the degeneracy between intrinsic source mass and cosmological
redshift [221, 222, 223]. By comparing the observed distribution of detector-frame mass

5. As a special case, BNS events can also provide redshift information through tidal deformability (character-
ised by the Love number [210], leading to so-called love sirens. Since tidal effects depend on the source-frame
mass, the observed detector-frame mass can be combined with tidal information to partially break the mass–
redshift degeneracy even in the absence of an EM counterpart [211, 212].
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(md ≡ ms(1+z)) with an assumed source-frame mass (ms) distribution, the redshift (z) can
be inferred in a population-statistical sense. More recently, alternative approaches based on
cross-correlation techniques have been proposed, in which constraints onH0 are obtained
by comparing the large-scale angular distribution of galaxies with the luminosity-distance
distribution of GW events [224, 225, 226].

By measuring sets of (dL, z) from an ensemble of GW events (or from a single event
in the case of GW170817), one can perform hierarchical Bayesian inference to constrain
H0, as will be discussed in Section 4.4. Figure 3.3 shows the inferred H0 values from vari-
ous standard-siren methods and their combination with the Gravitational-Wave Transient
Catalog-4.0 (GWTC-4.0) data [202]. Among these, the bright-siren measurement based on
GW170817 provides the most precise constraint. However, the current samples are not yet
sufficiently large to reach a precision comparable to that of Planck or SH0ES, and therefore
yield comparatively broader inferences.

With an increasing number of standard-siren detections, low-redshift events (z ≲ 1)
primarily constrainH0 in the linearHubble–Lemaître regime. At higher redshifts—potentially
accessible with next-generation detectors or through strong lensing—standard sirens be-
come increasingly sensitive to H(z) in Eq. (3.34), and thereby to other cosmological para-
meters, such as Ωm. As such, they probe a redshift regime complementary to that of Type
Ia SNe and CMB observations, helping to break parameter degeneracies and improve the
inference of H0.

3.2.2 Uncertainties and Biases

For precision cosmology, precise and accurate measurements of the luminosity distance dL
are essential. For individual events, the typical fractional uncertainty in dL is at the level of
a few tens of percent, primarily limited by the SNR and the intrinsic degeneracy between
dL and the binary inclination angle (ι; since both parameters modulate the observed GW
amplitude).

Breaking this degeneracy requires sensitivity to the signal’s polarisation, achieved via
a network of at least three detectors with non-aligned orientations. In such a network, the
relative responses to the two GW polarisations (+ and×) enable constraints on the inclina-
tion angle, thereby partially disentangling it from dL (see Eq. (1.23)). Accurate sky localisa-
tion further aids this process by constraining the detectors’ antenna response functions in
Eq. (1.29). In addition, calibration uncertainties in the detector response introduce system-
atic errors in the inferred strain amplitude. These arise from imperfect knowledge of the
instrument’s frequency-dependent amplitude and phase response, effectively leading to bi-
ases in the reconstructed waveform and, consequently, in the inferred luminosity distance.
Such uncertainties are typically modelled as Gaussian perturbations and incorporated into
the likelihood through marginalisation (see Section 4.3.3 for a more detail).
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Figure 3.3: Probability density distributions of H0 inferred from various standard-siren
methods and their combination with the GWTC-4.0 catalogue data. Figure is from [202].

Beyond these instrumental and intrinsic limitations, several astrophysical and cosmo-
logical systematics must be considered. One important effect is gravitational lensing. Al-
though the rate of strongly lensed GW events is expected to be low for current detectors,
weak lensing is more common and cannot be identified on an event-by-event basis. Unlike
strong lensing or microlensing—which can produce distinctive signatures such as multiple
images or waveform distortions (see Section 2.4)—weak lensing induces stochastic magni-
fication or demagnification of the signal, thereby biasing the inferred dL.

As detector sensitivity improves, GW observations will probe progressively higher red-
shifts, where the probability and impact of lensing increase. At higher redshifts (z ≳ 1–2),
this effect becomes increasingly significant, with the dispersion inmagnification commonly
approximated as σlens ≃ 0.066z [204]. This additional scatter can dominate the distance un-
certainty budget and obscure the subtle redshift dependence of dL(z) arising from cosmo-
logical parameters such as the dark energy equation of state w(z) or the spatial curvature
Ωk. Conversely, in the very low-redshift regime (z ≪ 1), peculiar velocities of host galaxies
introduce additional uncertainty in the redshift measurement through Doppler shifts [227].
This effect perturbs the redshift–distance relation and is particularly relevant for bright
sirens, which are typically observed in the nearby Universe [228, 229].
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Overall, robust cosmological inference requires statistical analyses over large event
samples, along with mitigation strategies, potentially enabled by overlapping large-scale
structure surveys.



Chapter 4

Bayesian Inference in
Gravitational-Wave Astronomy

Extracting physical information from GW signals is fundamentally a problem of statistical
inference. Since GW signals are typically buried deepwithin instrumental noise and depend
on a multi-dimensional parameter space, simple point-estimation techniques are entirely
inadequate. Instead, Bayesian inference is strictly required to rigorously quantify uncer-
tainties and correlations between parameters [230, 231, 232, 233, 234, 235, 236]. Parameter
estimation of GW signals enables the inference of source properties from observational
data, including component masses, spins, and orbital dynamics, as well as the statistical
properties of the underlying population and interactions with the local environment [20,
237]. Furthermore, such analyses allow us to identify the presence of intervening massive
objects between GW sources and detectors and constrain fundamental cosmological para-
meters [202, 238].

Considering the CBC signals, Bayesian inference is performed over a high-dimensional
parameter space (typically∼15 dimensions, and higher when including spin precession, ec-
centricity, or lensing effects), which presents a severe computational challenge [236]. Tra-
ditional grid-based numerical integration scales exponentially with dimensionality, mak-
ing it computationally intractable due to the so-called curse of dimensionality [239]. Con-
sequently, evaluating the likelihood requires pipelines equipped with advanced stochastic
sampling techniques (e.g., [236, 240]). More recently, the need to evaluate millions of wave-
form likelihoods has motivated the development of machine-learning-based approaches
that can substantially accelerate GW parameter inference (e.g., [241, 242])

In this chapter, we present the theoretical framework of Bayesian inference for GW
signals, along with representative examples and advanced applications. We begin by out-
lining the mathematical framework of Bayesian inference. We then describe the principles
of stochastic sampling algorithms, focusing on Markov Chain Monte Carlo [243, 244, 245]
and nested sampling [246, 247] methods, and discuss recent developments employing ma-
chine learning techniques, such as normalising flows, to accelerate inference. Subsequently,

76
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we present a detailed treatment of parameter estimation for CBC signals, with particu-
lar emphasis on BBH systems. Finally, we review the framework of hierarchical Bayesian
analysis, highlighting applications to BBH population inference and measurements of the
Hubble constant using GW observations.

4.1 Fundamentals of Bayesian Statistics
Bayesian inference provides a consistent logical framework for updating scientific know-
ledge in light of new experimental data. Unlike the frequentist paradigm, which defines
probability as the long-run relative frequency of repeatable events and treats model para-
meters as fixed quantities, Bayesian statistics interprets probability as a measure of plausib-
ility [248, 249].This interpretation allows probability distributions to be assigned directly to
physical parameters, thereby enabling rigorous quantification of parameter uncertainties
from a single observation. In the context of GW astronomy, where GW signals are often
deeply buried within detector noise, the Bayesian framework is indispensable for extract-
ing physical parameters of GW sources from the strain data and for distinguishing between
competing astrophysical and cosmological models.

4.1.1 Bayes’ Theorem

The state of knowledge is updated through Bayes’ theorem, whereby the priors (π), encoding
pre-existing knowledge about the parameters, is combined with the likelihood (L), which
quantifies the probability of the observed data (d) given a set of parameters (θ). The result-
ing product is normalised to yield the posteriors (p(θ|d)), which encapsulate the updated
constraints on the parameters inferred from the data as follows [248, 250]:

p(θ | d) = L(d | θ)π(θ)
Z(d)

, (4.1)

where Z(d) ≡
∫
L(d|θ)π(θ)dθ is the Bayesian evidence or the likelihood marginalised

over the full parameter space.

In the context of GW astronomy, d can correspond to the strain time series measured by
detectors, while θ denotes the set of physical parameters describing the GW source [251].
The prior π(θ) encodes pre-measurement knowledge or physical constraints on these para-
meters; for example, component masses must be positive, spin magnitudes are bounded,
and the secondary-to-primary mass ratio lies within the interval [0, 1]. The likelihood L(d |
θ) incorporates both the properties of the detector noise and the theoretical waveform
model. Under the standard assumption of stationary Gaussian noise, it can be derived using
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Eq. (1.40) introduced in Section 1.3.2. The evidence Z(d) serves not merely as a normalisa-
tion constant for parameter estimation, but also plays a central role in model selection [232,
252]. In particular, it enables quantitative comparison between competing hypotheses, such
as a noise-only model versus a signal model, or between unlensed and lensed GW scenarios.

While the evidence Z(d) is obtained by marginalising over the full parameter space,
in practice one is often interested in a subset of parameters. In such cases, the posterior
distribution for parameters of interest can be obtained by marginalising the joint posterior
over the remaining nuisance parameters [248].

For parameters θk, the marginalised posterior is given by:

p(θk | d) =
∫
p(θ | d)dθ\k

=
1

Z(d)

∫
L(d | θ)π(θ)dθ\k,

(4.2)

where θ\k denotes the set of all parameters except θk. Correspondingly, the marginalised
likelihood is defined as:

Lmarg(d | θk) ≡
∫

L(d | θ)π(θ)dθ\k. (4.3)

Such marginalisation reduces the effective dimensionality of the parameter space, which
can improve computational efficiency and accelerate inference. More importantly, the mar-
ginalised posterior for θk consistently incorporates the uncertainties in all other paramet-
ers. As a result, it is generally broader than the corresponding conditional distribution ob-
tained by fixing the remaining parameters to specific values.

Once the posterior distributions are obtained, the inferred parameters and their un-
certainties can be summarised using suitable estimators. The median of the 1-dimensional
marginalised posterior is commonly adopted as a point estimate for a given parameter. The
associated uncertainty is quantified using a credible interval (C.I.), defined as the region of
parameter space that contains a specified fraction of the posterior probability mass [248,
250]. Let F (θ) denote the cumulative distribution function (CDF) of the marginalised pos-
terior p(θ | d):

F (θ) ≡
∫ θ

−∞
p(θ′ | d) dθ′. (4.4)

Then, a central C.I. containing a fraction q of the posterior probability is defined by the
bounds θlow and θhigh satisfying:

F (θlow) =
1− q

2
, F (θhigh) =

1 + q

2
. (4.5)
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For example, setting q = 0.9 yields the 90% C.I.. This framework allocates equal posterior
probability to the lower and upper tails, ensuring a symmetric coverage in probability, al-
though the resulting interval need not be symmetric in parameter values if the posterior is
skewed.

Furthermore, the relative precision of a parameter can be quantified using the fractional
uncertainty, defined as the width of the central C.I. divided by the median of the marginal-
ised posterior:

δθ ≡
θhigh − θlow
θmedian

, (4.6)

where θmedian is the median of the posterior. This dimensionless quantity provides a stand-
ardised measure of parameter uncertainty, allowing direct comparison of the relative pre-
cision across parameters with different physical units or scales.

4.1.2 Hypothesis Testing

While parameter estimation infers the parameters associated with a given hypothesis, sci-
entific inference more broadly requires assessing the relative plausibility of competing hy-
potheses, a procedure commonly referred to as hypothesis testing [253]. Consider two hy-
potheses, H1 (e.g., the presence of a GW signal) and H0 (e.g., the absence of a signal in
the data). The relative support for H1 over H0 is quantified by the ratio of their posterior
probabilities, known as the odds ratio:

O1
0 ≡

p(H1|d)
p(H0|d)

=
Z(d|H1)

Z(d|H0)

π(H1)

π(H0)

= B1
0Π

1
0,

(4.7)

where B1
0 denotes the Bayes Factor, defined as the ratio of evidences for the same dataset d

under the two competing hypotheses, and Π1
0 represents the prior odds, encoding the prior

belief assigned to each hypothesis.

AlthoughO1
0 in Eq. (4.7) is the final statistic to select the favoured hypothesis, it is com-

mon practice to report B1
0 alone. In the absence of compelling theoretical or observational

constraints, competing hypotheses are typically assigned equal prior probabilities (Π1
0 = 1).

For example, when testing for a lensing signature in data without prior population inform-
ation, the lensed and unlensed hypotheses are often treated with equal prior weight. An
additional motivation for reporting the Bayes factor is that it isolates the empirical inform-
ation contained in the data [236]. The evidence Z encapsulates the full data-driven support
for a given hypothesis, but the prior oddsΠ are based on external assumptions independent
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of the dataset. By quoting B1
0 , one provides a result that can be consistently reinterpreted

under alternative prior choices. For instance, if the GW lensing rate is known to be∼ 10−3

per event, the corresponding prior odds (Π ∼ 10−3) can be applied a Bayes factor to recover
the full odds ratio.

A value of B1
0 > 1 indicates that the data favour H1 over H0, with larger values cor-

responding to stronger levels of support. In practice, robust inference requires that such
conclusions remain stable under reasonable variations of the prior [253]. If modest changes
in prior width qualitatively alter the inference, the result cannot be considered robust. In ad-
dition, the Bayesian evidence provides a quantitative formulation of Occam’s razor [254].
Hypotheses with higher-dimensional parameter spaces distribute their prior probability
over larger volumes, thereby reducing the evidence unless the additional parameters yield
a substantial improvement in likelihood. Consequently, the Bayes factor penalises unneces-
sary model complexity, favouring models that provide a better balance between goodness
of fit and model complexity.

Despite its utility, the Bayes factor alone is not sufficient to establish a confident de-
tection in GW data analysis. In typical applications, the likelihood used to compute B1

0

is constructed under the assumption of stationary Gaussian detector noise. However, real
GW detector data contain non-Gaussian and non-stationary transient artifacts, commonly
referred to as glitches, which can mimic astrophysical signals [72, 252]. As a result, instru-
mental noise can occasionally produce data that are spuriously favoured by a signal model,
leading to false positives.

To assess the statistical significance of a candidate GW event, an empirical background
distribution of the detection statistic must therefore be constructed [81, 255]. This back-
ground represents the distribution ofB1

0 (or an equivalent ranking statistic) obtained purely
from noise. The statistical significance of a candidate is then quantified using the FAR,
defined as the expected rate at which noise alone produces events with a detection statistic
equal to or exceeding that of the candidate. Within this framework, a robust GW detec-
tion requires satisfying two complementary criteria: the Bayes factor must strongly favour
the signal hypothesis over the Gaussian noise model, and the FAR must be sufficiently low
to demonstrate that the observed event is highly unlikely to arise from instrumental or
environmental sources.
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4.2 Stochastic Sampling
To obtain the posteriors of model parameters, one must evaluate the likelihood of the data
given a hypothesis described by a set of parameters. In GW astronomy for CBCs, the para-
meter space spans at least 15 dimensions. Evaluating the posterior distribution over such a
high-dimensional parameter space via direct numerical integration or grid-based quadrat-
ure is computationally prohibitive.

In a grid-based approach, the likelihood is evaluated on a predefined lattice spanning
each parameter dimension. For instance, even a coarse resolution of 10 points per parameter
in a 15-dimensional space requires 1015 likelihood evaluations. This exponential scaling
renders grid-based methods impractical for CBC parameter estimation. Consequently, GW
data analysis relies on stochastic sampling algorithms that generate samples distributed
according to the posteriorwithout requiring likelihood evaluation over the entire parameter
space.

4.2.1 Markov Chain Monte Carlo

Markov Chain Monte Carlo (MCMC) algorithms construct a sequence of samples whose
empirical distribution converges to a target distribution p(θ|d). These methods are rooted
in Monte Carlo integration, where an expectation value with respect to p(θ|d) is approx-
imated using random samples. For any integrable function f(θ), the posterior expectation
is defined as:

E[f ] =
∫
f(θ)p(θ|d) dθ. (4.8)

Rather than evaluating this integral directly, one can approximate it using samples {θi}
drawn from the posterior in the limit of large N [256]:

E[f ] ≈ 1

N

N∑
i=1

f(θi). (4.9)

In practice, however, direct sampling from p(θ|d) is not feasible in a high-dimensional
space. MCMC addresses this issue by constructing a Markov chain {θi} whose station-
ary distribution is the target posterior. Here, ‘stationary‘ means that once the chain has
converged, the probability of finding the chain at a point θ is given by p(θ|d), and this
distribution remains invariant under further evolution of the chain. The defining property
of a Markov chain is that the next sample depends only on the current one:

p(θi+1|θi,θi−1, . . . ) = p(θi+1|θi). (4.10)

By constructing transition rules that satisfy conditions such as detailed balancewith respect
to p(θ | d), the Markov chain is guaranteed to converge to the posterior distribution in the
long-run limit. The resulting correlated samples {θi} can then be used in Eq. (4.9).
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One of the most widely used MCMC algorithms is the Metropolis-Hastings (MH) al-
gorithm [243, 244], which is utilised because it enforces the detailed balance condition
(reversibility) while allowing asymmetric proposal distributions. The algorithm operates
through the following iterative procedure:

1. Initialise at a parameter point θi.
2. Draw a candidate point θprop from a proposal distribution Q(θprop|θi).
3. Compute the acceptance ratio α(θi → θprop) [256]. The MH algorithm constructs
α such that the resulting Markov chain satisfies the detailed balance condition with
respect to p(θ | d), which is given by:

p(θi | d)T (θprop | θi) = p(θprop | d)T (θi | θprop), (4.11)

where T denotes the transition kernel, which is defined as:

T (θprop | θi) = Q(θprop | θi)α(θi → θprop). (4.12)

Eq. (4.11) then yields the constraint:

α(θi → θprop)

α(θprop → θi)
=
p(θprop | d)Q(θi | θprop)

p(θi | d)Q(θprop | θi)
. (4.13)

A sufficient choice that satisfies this condition while ensuring 0 ≤ α ≤ 1 is:

α(θi → θprop) = min
(
1,
p(θprop | d)Q(θi | θprop)

p(θi | d)Q(θprop | θi)

)
. (4.14)

Eq. (4.14) guarantees that p(θ | d) is a stationary distribution of the Markov chain.
4. Draw a value u from a Uniform distribution U(0, 1).
5. If u ≤ α, accept the candidate and set θi+1 = θprop; otherwise retain the current

point, θi+1 = θi.
This mechanism enables the Markov chain to preferentially explore high-probability

regions while still allowing occasional transitions to lower-probability states, thereby en-
suring global exploration of the parameter space. Note that the Bayesian evidence cancels
in the acceptance ratio in Eq. (4.14), such that only the likelihood and prior need to be
evaluated. Consequently, standard MCMC algorithms sample from an unnormalised target
distribution and do not directly provide the evidence. Estimating the evidence, therefore,
requires additional techniques, such as thermodynamic integration, which introduces a se-
quence of tempered likelihoods that interpolate between the prior and the posterior [257].

MCMCmethods efficiently explore high-dimensional spaces and are guaranteed to con-
verge to the target distribution in the limit of infinite samples. In practice, however, their
efficiency can degrade for multi-modal distributions, where the chain may remain confined
to a local maximum. This limitation is particularly relevant in GW data analysis, where
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degeneracies in the detector response can produce distinct modes, such as the ring-like
structures in sky localisation. Furthermore, practical implementations require careful as-
sessment of convergence and the choice of an appropriate termination criterion, as strong
autocorrelations within the chain can substantially reduce the effective sample size and lead
to biased or unreliable inference [258, 259]. Moreover, the generated Markov chain requires
post-processing. An initial burn-in phase is discarded to remove samples that are strongly
influenced by the initial condition θ0, ensuring that the retained samples are representative
of the stationary distribution [245, 260].

In astrophysical applications, the standardMH algorithm is often replaced by ensemble-
based samplers, most notably the affine-invariant implementation provided in the Python
package emcee [261]. Rather than evolving a single Markov chain, emcee simultaneously
evolves an ensemble of walkers that explore the parameter space in parallel. At each itera-
tion, a walker proposes a new position by moving along the line connecting it to another
randomly selected walker, allowing the ensemble to collectively adapt to the global geo-
metry of the target distribution.

4.2.2 Nested Sampling

As mentioned above, standard MCMC methods do not directly provide the Bayesian evid-
ence, and additional post-processing is required to estimate it. An alternative class of Monte
Carlo methods is nested sampling [246, 247], which is specifically designed to compute the
Bayesian evidenceZ while simultaneously producing posterior samples of the model para-
meters as a byproduct. For this reason, nested sampling is widely adopted in GW data
analysis, where both parameter estimation and hypothesis testing are required.

Unlike MCMC methods, which walk through the parameter space to sample the pos-
terior directly, nested sampling reformulates the multidimensional evidence integral into
a one-dimensional integral. Specifically, the Bayesian evidence for a model defined over a
multidimensional parameter space θ is given by:

Z =

∫
L(θ) π(θ) dθ, (4.15)

where L(θ) and π(θ) denote the likelihood and prior, respectively. Nested sampling pro-
ceeds by introducing the prior volume X , defined as the fraction of the prior volume where
L(θ) exceeds a certain threshold λ:

X(λ) =

∫
L(θ)>λ

π(θ)dθ. (4.16)
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0 1

Figure 4.1: Illustration of partitioning the multi-dimensional parameter space into nested
subsets based on Li. The left panel shows the progressive reduction of the prior mass (Xi)
as λ increases, while the right panel depicts the corresponding iso-likelihood contours in
the parameter space. Adapted from [262].

As the likelihood threshold λ increases, the allowed region L > λ shrinks, and the corres-
ponding prior volumeX decreases monotonically from 1 to 0, which allows the likelihood
to be reparameterised as a function of prior volume, L(X). With this change of variables,
Eq. (4.15) can be rewritten as a one-dimensional integral as follows:

Z =

∫ 1

0

L(X) dX, (4.17)

which corresponds to integrating the likelihood over nested shells of decreasing prior volume
(see Figure 4.1).

The algorithm is initialised with a set ofNlive samples (live points) drawn from the prior.
At each iteration i, the live point with the lowest likelihood, Li, is removed and replaced
by a new sample drawn from the prior subject to the constraint L > Li. This constraint
progressively restricts the sampling region to smaller prior volumes, generating a nested
sequence X0 > X1 > X2 > · · · . Each discarded sample is assigned a weight given by the
shrinkage in prior volume, wi ≈ Xi−1 −Xi, such that the evidence is accumulated as:

Z ≈
∑
i

Liwi. (4.18)

Meanwhile, after iteration i, the remainingNlive live points occupy a region of prior volume
Xi, corresponding to likelihood values greater than the current minimum Li. This region
can contribute only a limited additional amount to the total evidence. Among the live points,
the maximum likelihood is denoted byLmax, which provides an upper bound on the remain-
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ing contribution as follows:
∆Zi ≲ LmaxXi. (4.19)

Once this upper bound becomes sufficiently small compared to the accumulated evidence,
further iterations will not significantly change the result, and the algorithm can be termin-
ated. Upon termination, a discrete representation of the posterior distribution is reconstruc-
ted from the same set of weighted samples as a byproduct. The posterior weight assigned
to each discarded point is:

pi =
Liwi
Z

, (4.20)

which can be used to compute expectation values of model parameters.

Nested sampling is generally more computationally expensive than standard MCMC
methods since each iteration requires generating a new sample from the prior under a
likelihood constraint. As the iterations proceed, the likelihood threshold λ increases, and
the region satisfying this condition becomes progressively smaller. In high-dimensional
problems, such regions occupy only a tiny fraction of the original prior volume, so most
trial points drawn from the prior fail to satisfy the constraint and are rejected. The repeated
rejection significantly increases the computational cost.

In addition, the algorithm maintains a set of live points throughout the run, and each
iteration removes one point and replaces it with a new constrained sample. The overall
computational cost, therefore, depends on both the number of live points and the efficiency
of sampling within the restricted region. The latter is particularly sensitive to the choice
of prior, as excessively broad priors enlarge the initial parameter space and prolong the
contraction toward the high-likelihood region.

A number of publicly available inference packages implementing nested sampling are
widely used in GW data analysis. Among these, dynesty [263] provides a flexible and pure-
Python implementation, supporting both static and dynamic nested sampling, where the
number of live points can be adaptively allocated to improve sampling efficiency. Another
commonly used package is PyMultiNest [264], which interfaces with the MultiNest al-
gorithm [265] and employs ellipsoidal decompositions of the live point set to efficiently
sample from constrained prior volumes. Both approaches are designed to address the cent-
ral challenge of nested sampling, namely, the efficient generation of new samples within
increasingly restricted regions of parameter space.

More recently, machine learning-based approaches have been introduced to further im-
prove sampling efficiency. In particular, nessai [241] incorporates normalising flows to
construct flexible, data-driven proposals for nested sampling. A normalising flow is a se-
quence of invertible transformations that maps a simple base distribution (e.g., a multivari-
ate Gaussian) to a complex target distribution. By learning this transformation from the
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current set of live points, the sampler can approximate the geometry of the constrained
posterior region and generate new samples with significantly higher acceptance rates. This
approach is particularly effective for problems with complex, multi-modal, or highly de-
generate structures, where traditional sampling strategies may become inefficient.

4.3 Analysis of GWs from BBHs
To date, all GW signals identified as significant detections by the LVK Collaboration have
been consistent with signals from CBCs, including BBHs, NSBHs, and BNSs [20]. Infer-
ence of source properties from GW signals provides direct constraints on the astrophysical
nature of compact objects. For BBHs, parameter estimation extracts the mass and spin dis-
tributions, directly addressing the existence of IMBHs and the boundaries of theoretical
mass gaps. For systems involving NSs, measurements of the tidal deformability constrain
the nuclear equation of state at supra-nuclear densities. In NSBH systems, the inferred mass
ratio and spin configuration determine whether the NS undergoes tidal disruption or direct
plunge, thereby constraining their formation and evolutionary pathways.

Beyond individual events, the ensemble of inferred parameters enables population-level
studies. In particular, the distributions of masses and spins probe the underlying formation
channels, distinguishing between isolated binary evolution and dynamical capture. Further-
more, as discussed in Chapter 3, the direct encoding of luminosity distance in the wave-
form allows CBCs to serve as standard sirens for independent cosmological measurements.
Moreover, precise inference enables stringent tests of GR in the strong-field, highly dy-
namical regime, including consistency checks between the in-spiral and ringdown phases
[266].

In this section, we detail the application of the Bayesian inference framework to extract
the physical parameters of the GW sources from the observed strain data. Given that the
scope of this thesis is restricted to BBH mergers, the following discussion focuses on the
physical properties and parameter estimation procedures specific to BBH systems.

4.3.1 Standard 15 BBH Parameters and Waveform Models

Under the assumption of quasi-circular orbits, i.e., the binary has radiated away any initial
orbital eccentricity through GW emission before entering the detector band, a BBH signal
is fully described by a 15-dimensional parameter vector,Θ, which can be decomposed into
intrinsic and extrinsic parameters. The intrinsic parameters, θint, characterise the physical
properties of the binary and are independent of the observer. These include the component
masses (m1,m2) and the spin vectors of each object (χ⃗1, χ⃗2), each of which has three de-
grees of freedom, yielding six spin components in total. Figure 4.2 illustrates the intrinsic
parameters of a BBH system.
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Figure 4.2: Cartoon illustration of a BBH system.The component masses, spins, luminosity
distance, and inclination angle are indicated.

The extrinsic parameters, θext, describe the orientation and location of the source rel-
ative to the detector. The luminosity distance (dL) and the inclination angle (ι) are shown
in Figure 4.2. The sky position is specified by the right ascension (RA; α) and declination
(Dec; δ). Additional extrinsic parameters include the polarisation angle (ψ), which specifies
the orientation of the wave polarisation axes, and the coalescence time (tc) and phase (ϕc),
which define the temporal and phase reference of the signal. All fifteen BBH parameters
are summarised in Table 4.1.

Parameter Symbol Unit

Intrinsic

Component masses m1,m2 M⊙
Component spins χ1x, χ1y, χ1z , χ2x, χ2y, χ2z —

Extrinsic

Luminosity distance dL Mpc
Inclination ι rad
Right ascension α rad
Declination δ rad
Polarisation angle ψ rad
Coalescence time tc s
Coalescence phase ϕc rad

Table 4.1: Summary of the 15 parameters of a quasi-circular BBH. The parameters are di-
vided into intrinsic properties, which determine the binary’s physical properties and wave-
form, and extrinsic properties, which describe its orientation and how it is observed.
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As defined in Eq. (1.30), the response of a GW interferometer to a CBC signal is given
by a linear combination of the two polarisation states (Eq. (1.23)), weighted by the an-
tenna pattern functions (Eq. (1.29)). Since the matched-filtering and parameter estimation
are typically performed in the frequency domain, it is convenient to work with the Fourier
transform of the strain, h̃(f). The Fourier-transformed GW strain is given by:

h̃(f ;Θ) =
1

dL

(
F+(α, δ, ψ)

1 + cos2 ι
2

h̃+ (f ;θint) + F×(α, δ, ψ) cos ι h̃× (f ;θint)

)
× exp (2πiftc + ϕc) .

(4.21)

Here, the h+ and h× are described by only θint. The luminosity distance, dL, sets the overall
amplitude scale (∝ d−1

L ), while the inclination angle ι determines the relative contributions
of the two polarisations.

In principle, an exact GW waveform in Eq. (4.21) can be obtained by solving the full
EFE through numerical relativity (NR) simulations. However, such simulations are com-
putationally expensive, requiring substantial computational resources for a single wave-
form. Hence, the direct use of NR is impractical for parameter estimation, which requires
O(105 − 107) waveform evaluations. To overcome this limitation, GW data analysis relies
on waveform models (or approximants), which provide fast and accurate representations of
the signal.

The simplest class of waveform models is based on post-Newtonian (PN) theory, which
provides an analytical expansion of the in-spiral waveform in powers of the orbital velo-
city [31]. PN-based waveform models, such as the TaylorF2 approximant, provide an ana-
lytical description of the in-spiral signal in the frequency domain by expanding the phase
as a truncated PN series [30, 31, 267, 268, 269, 270, 271]. These models are computation-
ally efficient but are limited to the early in-spiral regime and fail to accurately capture the
late in-spiral, merger, and ringdown phases. To achieve a more realistic description of the
full coalescence, including the strong-field regime, more sophisticated waveform models
are required. Such models combine analytical approximations with NR results. Specific-
ally, analytical frameworks such as PN theory accurately describe the early in-spiral, but
break down in the strong-field regime. To extend their validity, free coefficients appearing
in these models are adjusted so that the resulting waveforms closely match high-accuracy
NR simulations across the parameter space.

One widely used framework is the effective one-body (EOB) formalism, which maps
the relativistic two-body problem onto an EOB system, in which a single effective particle
moves in a deformed spacetime that encodes the influence of both masses [272, 273, 274,
275]. Rather than relying on a PN expansion at a given order (e.g., 3.5PN or 4PN), EOB re-
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organises the series into a form that extends its validity toward the strong-field regime and
attaches a ringdown model based on QNMs. The remaining degrees of freedom are then
calibrated to NR. However, EOB waveforms are generated by solving coupled ordinary dif-
ferential equations in the time domain, which can be computationally expensive.

An alternative approach is the phenomenological (IMRPhenom) waveform family, which
constructs the waveform directly in the frequency domain. These models divide the signal
into three regimes: early in-spiral, intermediate, and merger-ringdown, and represent the
waveform in terms of its amplitude and phase as:

h̃(f ;Θ) = A(f ;Θ) eiΨ(f ;Θ), (4.22)

whereA(f ;Θ) andΨ(f ;Θ) denote the amplitude and phase, respectively. Particularly, the
phase is modelled using piecewise analytical ansatzes of the form:

Ψ(f) =


ΨPN(f) + Ψphen

insp (f), f < fint,

Ψphen
int (f), fint ≤ f < fMR,

Ψphen
MR (f), f ≥ fMR,

(4.23)

where fint and fMR denote the transition frequencies between the in-spiral, intermediate,
and merger-ringdown regimes. ΨPN(f) corresponds to the PN contribution valid in the
early in-spiral, while Ψphen(f) represents phenomenological corrections calibrated to hy-
brid waveforms constructed from analytical approximations and NR. This procedure en-
sures that the model accurately reproduces both the weak-field and strong-field regimes.
Since the models provide explicit analytical expressions for the waveform amplitude and
phase in the frequency domain, the IMRPhenom waveform family is computationally effi-
cient and widely used in large-scale analyses.

Lastly, NR surrogate models adopt a data-driven approach. Instead of solving the EFE or
relying on analytical expansions, these models interpolate a precomputed set of NR wave-
forms using reduced-basis and empirical interpolation techniques. As a result, NR surrog-
ates achieve near-NR accuracy while being orders of magnitude faster to evaluate. Their
main limitation is that they are only valid within the region of parameter space covered by
the NR training set, and may not be reliable for extreme mass ratios, high spins, or other
configurations not included in the training data.

In practice, multiple waveform model families are employed for parameter estimation,
as different models can yield systematically different waveforms even for the same set of
source parameters1.Therefore, it is standard to analyse eachGWevent usingmultiple wave-
form models to assess systematic uncertainties and ensure the robustness of the inferred
results.

1. However, we cannot determine which waveform model performs better in terms of accuracy [276, 277].
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4.3.2 Advanced Morphological Features

Waveform models based on the standard 15 BBH-parameter description often rely on sim-
plifying assumptions, such as aligned spins, negligible orbital eccentricity, and dominant
quadrupole (ℓ,m) = (2, 2) emission. However, in more special astrophysical scenarios,
BBHs can exhibit additional physical effects that generate complex morphological features
in h̃(f) (Eq. (4.21)). These features carry crucial information that can help break degen-
eracies between waveform parameters, enhance the identification of lensing signatures,
and improve constraints on cosmological parameters. In the following, we consider three
such effects.

Firstly, we consider spin precession, which arises when the component spin vectors χ⃗1

and χ⃗2 are misaligned with the orbital angular momentum L⃗. In such configurations, spin–
orbit coupling generates torques that cause the orbital plane itself to precess during the
in-spiral. More specifically, the orbital angular momentum and the individual spin vectors
precess around the approximately conserved total angular momentum, given by:

J⃗ = L⃗+ S⃗1 + S⃗2, (4.24)

where S⃗i denotes the spin angular momentum of the i-th compact object.

The dominant observable effect of precession is commonly characterised by the effective
precession spin parameter χp [278], defined as:

χp ≡
1

A1m2
1

max (A1S1⊥, A2S2⊥) , (4.25)

where
A1 = 2 +

3q

2
, A2 = 2 +

3

2q
. (4.26)

Si⊥ denotes the component of the spin perpendicular to L⃗. Physically, χp quantifies the
degree to which spin-induced precession modulates the GW signal. Geometrically, preces-
sion causes the orientation of the binary relative to the observer to vary with time. As a
result, the inclination angle ι and polarisation angle ψ become time-dependent quantities,
i.e., ι(t) and ψ(t).

As shown in Figure 4.3, when comparing GWs from BBHs with identical parameters
except for their spin configurations, the highly precessing system (χp ≃ 0.85) exhibits
characteristic amplitude and phase modulations in the observed waveform relative to the
non-precessing case, particularly during the in-spiral phase. These modulations introduce
additional structure into the signal that cannot be reproduced by non-precessing wave-
forms, thereby helping to break degeneracies among the mass ratio, spin, inclination angle,
and luminosity distance.
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Figure 4.3: Waveform comparison between the time-domain h+ strains from a non-
precessing BBH and a highly precessing BBH (χp ≃ 0.85), with all other source parameters
kept identical.

Secondly, we consider orbital eccentricity (e). Standard CBC waveform templates gener-
ally assume quasi-circular orbits because GW radiation efficiently circularises binaries long
before they enter the sensitive frequency band of ground-based detectors. However, binar-
ies formed dynamically in dense stellar environments, such as globular clusters or galactic
nuclei, may retain measurable residual eccentricity when entering the detector band [279,
280].

For eccentric binaries, the orbital separation and velocity vary periodically throughout
the orbit, becoming largest near periastron and smallest near apastron. Consequently, the
GW emission is no longer dominated by a single smoothly evolving chirp frequency. In-
stead, eccentricity introduces additional harmonics of the orbital frequency and modifies
the in-spiral rate itself. As shown in Figure 4.4, the quasi-circular BBH exhibits a smooth,
featureless amplitude spectrum in the frequency domain, following the characteristic f−7/6

scaling during the in-spiral phase. In contrast, orbital eccentricity introduces additional
harmonic structure, manifested as significant amplitude modulations in the low-frequency
regime (20–100 Hz). As the binary evolves toward merger, GW emission progressively cir-
cularises the orbit, suppressing these modulations and causing the two spectra to converge
at higher frequencies.

Lastly, we consider higher-ordermodes (HOMs).The dominant contribution toGWemis-
sion is typically described by the quadrupolar (ℓ,m) = (2,±2) modes. For binaries with
nearly equal masses observed close to face-on (ι ≈ 0◦), these modes alone provide an ex-
cellent approximation to the full waveform [281]. However, when the binary possesses a
substantially asymmetric mass ratio or is viewed close to edge-on (ι ∼ 90◦), sub-dominant
modes such as (2, 1), (3, 2), (3, 3), and (4, 4) become increasingly important, and the mis-
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Figure 4.4:Waveform comparison between the frequency-domain h+ strains from a quasi-
circular BBH and a mildly eccentric BBH (e = 0.15), with all other source parameters kept
identical.

match between the detected signal and waveforms including only the dominant (2, 2)mode
can become significant [282, 283, 284, 285]. Figure 4.5 shows the GW waveforms, including
all modes, only the dominant (2, 2) mode, and the sub-dominant modes for a BBH with
mass ratio q = 0.3 and inclination angle ι ≃ 70◦.

These HOMs evolve at frequencies approximately proportional to integer multiples of
the orbital frequency, i.e., fℓm ∼ mforb, producing additional frequency tracks in the GW
spectrogram. The relative amplitudes of the HOMs depend strongly on both the mass ratio
and the inclination, meaning that they encode geometric information not accessible from
the dominant quadrupole mode alone. Consequently, incorporating HOMs into waveform
models substantially improves constraints on the luminosity distance and inclination angle
and helps reduce the well-known distance-inclination degeneracy, particularly for massive
and asymmetric BBH systems [286, 287].

4.3.3 Marginalisation of Nuisance Parameters

Once the BBH parameters of interest (θ) and a waveformmodel are determined, the corres-
ponding GW templates (hT (θ)) are generated for matched filtering. These templates allow
us to establish the likelihood function, Lgw, which acts as the statistical bridge between the
observed data and the physical model, as defined in Eq. (1.40).
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Figure 4.5: Time-domain GW waveforms including all modes, only the dominant (2, 2)
mode, and selected sub-dominant modes (2, 1), (3, 2), (3, 3), and (4, 4) for a BBH with q =
0.3 and ι ≃ 70◦. The x-axis denotes the time relative to the merger time of the (2, 2) mode.
Themismatch between the dominant (2, 2)-only waveform and the full waveform is clearly
visible.

In practice, instead of sampling the full multidimensional parameter space, specific nuis-
ance parameters are often marginalised to improve computational efficiency and alleviate
degeneracies. This process involves integrating the likelihood over these parameters (see
Eq. (4.3)). In BBH analyses, parameters such as the coalescence time, phase, luminosity dis-
tance, and instrumental calibration uncertainties are commonly treated in this manner.This
strategy offers several methodological advantages:

• Coalescence Time (tc):This parameter is marginalised using Fast Fourier Transforms
(FFTs). This operation allows the likelihood to be evaluated across all possible time
shifts simultaneously in the frequency domain, eliminating the need for the stochastic
sampler to explore the highly correlated arrival-time parameter space and thereby
significantly accelerating convergence.

• Coalescence Phase (ϕc): When the waveform model is restricted to the dominant
(ℓ, |m|) = (2, 2)mode, the coalescence phase enters the frequency-domainwaveform
as a global phase factor∝ ei2ϕc , depending on the phase convention.This can remove
the need to sample over the coalescence phase, reducing the dimensionality of the
sampling problem.
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• Luminosity Distance (dL): As the distance enters as an overall amplitude scaling
(∝ d−1

L ), it can be marginalised by integrating over the amplitude with an assumed
distance prior. In practice, this marginalisation is implemented with precomputed
lookup tables, allowing the sampler to efficiently recover the posterior on dL in a
post-processing step. This approach helps isolate the geometric degeneracy between
distance and inclination, enabling more efficient exploration of the remaining para-
meters.

• CalibrationUncertainties:Detector systematics, including frequency-dependent amp-
litude and phase response errors, are incorporated by marginalising over calibration
uncertainties assuming Gaussian-distributed deviations. This procedure accounts for
instrumental systematics without introducing additional sampling dimensions, en-
suring that inferred posteriors remain robust against calibration errors.

In the context of GW lensing, however, the standard marginalisation techniques de-
scribed above must be applied with caution, as they can inadvertently suppress or bias key
lensing signatures. In particular, marginalising over dL is problematic due to themagnification–
distance degeneracy. Since the observed amplitude scales as √µ/dL, treating dL as a nuis-
ance parameter can bias the inferredmagnification µ, thereby affecting both lens and source
parameter estimation.

Furthermore, lensing introduces additional phase modifications, manifesting as discrete
Morse phase shifts (njπ/2) for the jth image in the strong-lensing regime, and as frequency-
dependent phase shifts in the microlensing regime. Analytical marginalisation over the co-
alescence phase for each lensed signal can remove the relative phase information between
strongly lensed images and obscure the frequency-dependent phase structure introduced
by microlensing, making it difficult to identify image morphology and directly invalidating
the lensing hypothesis test.

4.3.4 Parameter Estimation of a BBH Event

We now present a representative parameter-estimation analysis for a simulated nearly
equal-mass BBH event using the methodology described in the previous sections.The injec-
ted source parameters used to generate the GW signal are summarised in Table 4.2, together
with the priors adopted in the Bayesian inference analysis.The simulated signals are gener-
ated using the IMRPhenomXPHM-SpinTayloR [288, 289] waveformmodel with a sampling
frequency of 4096 Hz.

We inject the signal into a three-detector network consisting of aLIGO Hanford, aLIGO
Livingston, and AdV interferometers. To emulate realistic observing conditions, we assume
the projected O4a PSDs for all detectors. The subsequent parameter-estimation analysis is
performed using the bilby pipeline [240] with the nested sampler dynesty [263].The like-
lihood is evaluated over the frequency range from fmin = 20 Hz to the Nyquist frequency
fmax = 2048 Hz, corresponding to half of the adopted sampling frequency.
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Table 4.2: Injected source parameters and prior ranges. The notation U[min,max] indicates
a uniform prior bounded by the provided minimum and maximum values.

Parameter Injected value Prior
m1 [M⊙] 45.04 U[5, 100]
m2 [M⊙] 40.39 U[5, 100]
a1 0.12 U[0, 0.99]
a2 0.36 U[0, 0.99]
θ1 2.82 Sine
θ2 1.47 Sine
ι 2.50 Sine
ψ 1.00 U[0, 2π]
ϕ12 0.83 U[0, 2π]
ϕjl 5.16 U[0, 2π]
RA 5.78 U[0, 2π]
DEC 0.88 Cosine
dL [Mpc] 4778.85 UnifoRmSouRceFRame
tc [s] 1126259642.41 -
ϕc 1.56 U[0, 2π]

We adopt the default prior choices in bilby commonly used for a precessing BBH para-
meter estimation (see Table 4.2). Particularly, uniform priors are imposed on the compon-
ent masses, while the dimensionless spin magnitudes are sampled uniformly between 0

and 0.99, with the upper limit chosen to avoid numerical issues near extremal spins. The
spin orientations are assumed to be isotropically distributed. For the luminosity distance,
we adopt a uniform prior in the source-frame comoving volume, corresponding to a source
population distributed uniformly in comoving volume, with an additional (1 + z)−1 factor
accounting for cosmological time dilation between the source and detector frames.

The recovered posterior distributions for a representative subset of the intrinsic and ex-
trinsic parameters are shown in Figure 4.6. For clarity, only the parametersmost directly rel-
evant to the binary masses, spins, orientation, sky localisation, and luminosity distance are
displayed, while the full parameter estimation is performed in the complete 15-dimensional
parameter space. The injected parameters are successfully recovered within the posterior
credible regions for a network SNR of ρnet ≃ 11.8.

As shown in Figure 4.6, the recovered posterior distributions exhibit several character-
istic parameter correlations commonly encountered in GWparameter estimation. Although
the component masses (m1, m2) are both relatively well-constrained, their posteriors ex-
hibit a noticeable correlation structure. This correlation arises because the in-spiral phase
evolution is primarily governed by the chirp mass (Mc), which is measured with partic-
ularly high precision from the signal’s phase evolution. Consequently, different combina-
tions ofm1 andm2 that yield similar Mc values can produce waveforms with very similar
in-spiral behaviour, leading to elongated correlated posterior distributions in the (m1, m2)
plane.
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Figure 4.6: Corner plot showing the posterior distributions of a representative subset of
BBH parameters inferred from the simulated event. Only the most relevant intrinsic and
extrinsic parameters are shown for clarity. Orange dashed lines and markers indicate the
injected values, while the navy dashed lines denote the 90% C.I..

The spin magnitudes remain comparatively weakly constrained, primarily because the
injected system contains only moderate spins and limited spin-precession signatures. For
such configurations, the spin-dependent waveform modulations contribute only subdom-
inantly to the observed signal, making them more difficult to distinguish from changes
induced by other parameters.
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Correlations are also observed between the luminosity distance (dL) and the inclina-
tion angle (ι). This degeneracy arises because binaries viewed closer to face-on at larger
distances can produce strain amplitudes similar to those of more inclined binaries located
nearer to the observer. Although HOMs, spin precession, and polarisation information from
multiple detectors can partially break this degeneracy [209, 286, 287], it generally remains
significant for BBH events with moderate network SNRs.

4.4 Hierarchical Bayesian Analysis
While standard parameter estimation described in Section 4.3 focuses on inferring the
source properties of individual events based on observed data, hierarchical Bayesian ana-
lysis (HBA) extends this framework by modelling the population distribution of source
parameters and combining information frommultiple detections. Rather than treating each
event independently, the HBA assumes that the event-level parameters are realisations
drawn from a common population model, characterised by a set of hyperparameters, Λ.
These hyperparameters govern the shape and structure of the population distribution and
are inferred jointly using the full set of observed events. By inferring Λ, one can constrain
population-level properties of GW sources. In addition, the same framework can be exten-
ded to probe cosmological parameters, including the expansion rate of the Universe, the
matter density, and the dark energy equation of state.

4.4.1 Basic Framework

To infer the population properties of GW sources, described by source parameters (θs), is
used to determine the posterior distribution of hyperparameters p(Λ|{d}), given a set of
observational data {d} = {d1, d2, . . . , dNdet} from Ndet detected events. By Bayes’ theorem,

p(Λ|{d}) ∝ L({d}|Λ)π(Λ), (4.27)

where L({d}|Λ) denotes the likelihood of the data and π(Λ) represents the hyper-prior
encoding prior knowledge of the population.

Under the assumption that the occurrence of GW events follows an inhomogeneous
Poisson point process, letN(Λ) denote the expected total number of GW events, including
both detected and undetected sources, for a given set of hyperparameters Λ. The expected
number of detected events among these N sources is then given by [290, 291]:

Nexp(Λ) = N(Λ)

∫
ppop(θs|Λ)Pdet(θs)dθs, (4.28)
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where ppop(θs|Λ) denotes the population distribution of the source parameters, andPdet(θs)

is the detection indicator, which takes the value 1 if a source with parameters θs exceeds
the chosen detection threshold and 0 otherwise.

Consequently, the probability of detectingNdet events is given by a Poisson distribution
with a mean of Nexp. The likelihood for the observed catalogue, accounting for selection
effects arising from the finite detector sensitivity, can then be written as [291]:

L({d}|Λ, N) ∝ N(Λ)Ndete−Nexp(Λ)

Ndet∏
i=1

∫
L(di|θs,i)ppop(θs,i|Λ)dθs,i. (4.29)

It is convenient to define the detection efficiency [291]:

η(Λ) ≡
Nexp

N
=

∫
ppop(θs|Λ)Pdet(θs)dθs. (4.30)

Finally,N can be treated as a nuisance parameter and marginalised over. Adopting a scale-
invariant prior, π(N) ∝ 1/N , the marginal likelihood becomes [290]:

L(d | Λ) ∝
∫
dN (N)Ndete−Nexpπ(N)

Ndet∏
i=1

∫
L(di|θs,i)ppop(θs,i|Λ)dθs,i

=

∫
dN (N)Ndet−1e−ηN

Ndet∏
i=1

∫
L(di|θs,i)ppop(θs,i|Λ)dθs,i

= Γ(Ndet)η(Λ)−Ndet

Ndet∏
i=1

∫
L(di|θs,i)ppop(θs,i|Λ)dθs,i,

(4.31)

where Γ(Ndet) is independent of Λ and can be absorbed into the normalisation constant.

The detection efficiency η(Λ) in Eq. (4.30) corresponds to an expectation value over the
population distribution. Rather than directly sampling from ppop, the efficiency can be effi-
ciently evaluated using injection campaigns [292]. A large set of simulated mock GW sig-
nals is generated from a fiducial injection distribution πinj, and passed through the detection
pipeline to determine whether they are detectable.The efficiency can then be approximated
via importance sampling as:

η(Λ) =

∫
ppop(θs|Λ)

πinj(θs)
πinj(θs)Pdet(θs)dθs

≃ 1

Ninj

Ninj,det∑
i

ppop(θi|Λ)

πinj(θs,i)
,

(4.32)
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where Ninj is the total number of injected signals, and Ninj,det is the number of detected
injections. The factor ppop/πinj accounts for the mismatch between the injection distribu-
tion and the target population model, ensuring that the importance sampling recovers the
expectation value under ppop.

The reliability of the estimate depends on the effective number of samples, which is
given by:

Neff =
(
∑

iwi)
2∑

iw
2
i

, (4.33)

where wi = ppop(θs,i|Λ)

πinj(θs,i)
. A small Neff indicates that the estimate is dominated by a few high-

weight samples, leading to large statistical uncertainty. To ensure a robust estimation, it is
typically required that Neff > 4Ndet [292].

To evaluate the total likelihood in Eq. (4.31), the remaining step is to compute the indi-
vidual likelihood for di. In practice, parameter estimation for GW signals provides discrete
posterior samples rather than analytic functions. Let Si denote the number of posterior
samples for the ith event, which are typically obtained using a reference prior, πref(θs). The
integral in Eq. (4.31) can then be approximated via Monte Carlo reweighting as [291]:

∫
L(di|θs,i)ppop(θs,i|Λ)dθs,i ≈

1

Si

Si∑
k=1

ppop(θ
k
s,i|Λ)

πref(θ
k
s,i)

, (4.34)

where θks,i denotes the kth posterior samples of the ith event. Finally, combining the above
ingredients (Eqs. (4.31), (4.32), and (4.34)), the posterior distribution in Eq. (4.27) can be
efficiently evaluated.

4.4.2 Parametric Models of BBH Populations and Cosmology

To fully specify Eq. (4.27), it is necessary to adopt parametric models for the GW source
population, encoded in ppop introduced in Section 4.4.1. In this thesis, we focus on the dis-
tributions of BBH component masses and their merger rate as a function of redshift. Recent
analyses by the LVK Collaboration have employed a variety of parametric models to de-
scribe these distributions.

For the component masses, we introduce a fiducial model used in the GWTC-3 ana-
lysis [293], the PoweR Law+PeaK model [290, 294]. This phenomenological model com-
bines a truncated power-law component with a Gaussian peak, allowing it to capture the
overall decrease in event rate with mass and a localised concentration of events around a
preferred mass scale. Within the mass range [mmin,mmax], the source-frame primary mass
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(m1) distribution is given by:

ppop
(
m1 | α, λg, µg, σg,mmin, δm

)
=

[(
1− λg

)
m−α

1 +
λg√
2π σg

exp
(
−(m1 − µg)

2

2σ2
g

)]
S(m1|mmin, δm),

(4.35)

where α is the power-law index, and λg , µg , and σg denote the mixture fraction, mean, and
standard deviation of the Gaussian component, respectively. S(m1|mmin, δm) represents a
smoothing function introducing a gradual taper at the low-mass end, which is given by:

S (m | mmin, δm)

=


0 (m < mmin) ,[
exp

(
δm

m−mmin
+ δm

m−mmin−δm

)
+ 1
]−1

(mmin ≤ m < mmin + δm) ,

1 (m ≥ mmin + δm) ,

(4.36)

where δm sets the width of the low-mass taper applied near mmin. The function avoids an
unphysical sharp cutoff atmmin and improves numerical stability when evaluating selection
effects and likelihoods. For the secondary massm2, it is convenient to model the mass ratio
qm ≡ m2/m1 instead of directly samplingm2.The qm distribution is drawn from a truncated
power-law distribution, with the low-end smoothing function defined in Eq. (4.36), which
is given by:

ppop (qm | mmin,m1, β) = (qm)
βS(m2|mmin, δm) when mmin < m2 < m1. (4.37)

where β is the power-law index.

In addition to the component mass distribution, the population model must specify the
merger rate density as a function of redshift, R(zs), which describes the redshift evolution
of BBH mergers in the source frame. This is because it determines how GW sources are
distributed over cosmic time and directly enters the calculation of the expected number of
detections through the selection function.

A commonly used parametrisation is a simple power-law model:

R(z) = R0(1 + z)κ, (4.38)

where R0 denotes the merger rate at z = 0 and κ controls the redshift evolution. An
alternative one is the Madau–Dickinson form [295, 296], which is motivated by the cosmic
star formation history and its connection to compact binary formation:

R(z) = R0(1 + z)γ
1 + (1 + zp)

−(γ+κ)

1 +
(

1+z
1+zp

)γ+κ , (4.39)
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where zp is the redshift at which the merger rate peaks, and γ and κ denote the power-law
indices of the redshift distribution before and after zp, respectively.

More recent population analyses, such as the GWTC-4 study [237], adopt the BRoKen
PoweR Law + Two PeaKs model [297] as a fiducial model, which provides a better fit to
the data than the PoweR Law + PeaK model, reflecting its ability to capture the increas-
ingly complex structure revealed by larger GW catalogues. In addition, weakly parametric
approaches based on spline representations (e.g., B-splines) have also been explored. In this
framework, the population distribution is modelled as a separable joint distribution, with
each parameter (e.g., mass or redshift) described independently using one-dimensional basis
splines. This approach allows the data to flexibly determine the shape of the distributions
with reduced reliance on specific functional forms.

The hierarchical framework for the BBH population can be extended to incorporate cos-
mological parameters, which affect the inference through the conversion between detector-
frame observables and source-frame quantities. In particular, the luminosity distance in-
ferred fromGWobservations depends on z through the assumed cosmological model, while
the conversion between detector-frame and source-frame masses also depends on z. Con-
sequently, cosmological parameters enter the population inference, which can be incorpor-
ated by extending the population model as follows:

ppop(θs | Λ);→; ppop(θ
′
s, z | ΛBBH,Λcosmo), (4.40)

where θ′
s indicates the source parameters except for the luminosity distance, while ΛBBH

andΛcosmo denote the sets of BBH-population hyperparameters and cosmological paramet-
ers, respectively. In this formulation, the inference jointly constrains both the population
properties and cosmology.

As previously shown in Figure 3.3, if independent redshift (z) information is available,
one can directly compare the inferred luminosity distance with z, thereby enabling con-
straints on H0.
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Chapter 5

Basic Lensing Search Techniques

As introduced in Section 2.4, GWs can experience a variety of lensing effects depending
on the mass scale of the intervening lens. For relatively small astrophysical objects, GWs
undergo microlensing in the wave-optics regime or phenomenological lensing under the
geometrical-optics approximation. In contrast, massive structures such as galaxies or galaxy
clusters can cause strong lensing, yielding clearly separated multiple images, or weak lens-
ing, which manifests as a single but distorted signal.

Detecting these lensed GW signals requires dedicated search strategies beyond stand-
ard matched-filter analyses. In conventional GW searches, one correlates detector data with
theoretically predicted unlensed waveforms (templates) to identify candidate events, as in-
troduced in Section 1.3. For lensed signals, however, the templates must explicitly incor-
porate the modifications induced by the lens. Microlensing and phenomenological lensing
produce single, morphologically distorted GW signals (see Section 2.4.2). Although mul-
tiple images are formally generated, the associated time delays are much shorter than the
signal duration, causing the signals to overlap and appear as a single distorted waveform.
Consequently, the waveform morphology is modified, and detection relies on matched-
filtering-based Bayesian inference that employs lensed waveform templates explicitly ac-
counting for the frequency-dependent amplification factor in Eq. (2.71) (e.g., [166, 298]).

Strong lensing, on the other hand, preserves the intrinsic waveform morphology. In
the strong lensing case, the detection problem, therefore, reduces to identifying multiple
events that share identical source parameters (e.g., masses, spins, sky location, etc.) and
are statistically consistent with having originated from a common astrophysical source
rather than from random coincidences1 (e.g., [299, 300, 301, 302, 303, 304]). In addition,
when HOMs in the GW signal are sufficiently strong, a single Type II image can provide a
distinctive signature through its characteristic phase shift, providing a distinctive signature
even without multiple detected images (e.g, [157, 305, 306, 307]).

1. Weak lensing produces signals whose morphology is indistinguishable from unlensed waveforms. The
magnification is also subtle, making the signals effectively degenerate with unlensed ones in standard
searches. As a result, they are challenging to detect with the current ground-based detectors.
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In this chapter, we introduce the basic techniques employed to identify lensed GW sig-
nals in ground-based detector data. We consider three complementary search strategies:
(1) a wave-optics search for single distorted signals that incorporates explicit lens models,
targeting microlensed events; (2) a geometrical-optics, lens-model-independent search for
single distorted signals, suitable for phenomenological lensing and type-II image searches;
and (3) a multiple-image search for strong lensing, based on simultaneous Bayesian para-
meter estimation across candidate images. Finally, we briefly discuss more realistic astro-
physical scenarios in which strongly lensed signals are further perturbed by small-scale
structures embedded within the primary lens.

5.1 Single Distorted Lensed Signals
Lensing signatures can be identified from a single GW signal. The core search strategy is
analogous to that used in standard unlensed GW analyses: instead of employing unlensed
waveform templates, we use lensed waveforms that incorporate lensing effects. Specifically,
we construct a lensing hypothesis and evaluate its likelihood within the Bayesian frame-
work given by Eq. (4.1). We then compute the Bayes factor for the lensing hypothesis (BL)
and compare it to the corresponding Bayes factor under the unlensed hypothesis (BU), yield-
ing the relative Bayes factor, BL

U. If BL
U is sufficiently high, the data favour the lensing hypo-

thesis.This procedure corresponds to the Bayesian hypothesis testing framework described
in Section 4.1.2.

5.1.1 Wave-optics Regime

Representative examples of single distorted lensed signals arise in the microlensing re-
gime, corresponding to the wave-optics limit in which the GW wavelength is comparable
to the lens scale. In this regime, the lens induces a frequency-dependent modulation of the
waveform amplitude and phase. As a result, the microlensed waveform, hML, is obtained
by multiplying the unlensed strain, hU, by the complex amplification factor F (f) given in
Eq. (2.71).

As discussed in Section 2.4.2, the PM lens model provides a well-motivated description
for microlensing by compact objects. In general, microlensing can also arise from more
complex configurations involving multiple compact lenses. However, in this section, we
restrict our discussion to the isolated PM lens case, while multiple-lens configurations are
discussed separately in Section 5.2.2. The corresponding amplification factor for an isolated
PM lens is given by Eq. (2.73) and is fully characterised by two lens parameters: redshifted
lens mass (M z

L) and dimensionless impact parameter (y). Within the Bayesian framework,
the likelihood under the microlensing hypothesis is therefore:

lnL(d|θs,M
z
L, y) = −1

2
⟨d− hML(θs,M

z
L, y)|d− hML(θs,M

z
L, y)⟩, (5.1)
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Microlensing effects
Strong Moderate Weak

ρnet 11.56 11.87 11.37
M z

L [M⊙] 14110.08 1421.89 4187.91

y 0.14 0.25 1.92

log10 BML
U 6.23 3.51 0.26

Table 5.1: Network SNR, injected lens PM parameters, and log10 Bayes factors for the three
mock microlensed signals.

where d denotes the detector data, θs represents the GW source parameters.

To assess parameter recovery, we simulate three representative microlensed signals and
inject them into a three-detector network consisting of aLIGO Livingston, aLIGO Hanford,
and AdV, assuming projected O4a PSDs for each detector and Gaussian noise2. The three
cases correspond to (i) strongmicrolensing effects (highM z

L and low y), (ii) moderate effects
(lowM z

L and low y), and (iii) weak effects (intermediateM z
L and high y). All three injections

are constructed to have similar network SNR, ρnet ≃ 11.5. Each dataset is analysed under
the microlensing hypothesis using bilby [240] with the dynesty [263] sampler. For com-
parison, we additionally perform parameter estimation under the unlensed hypothesis and
compute the corresponding Bayes factor, BML

U . Table 5.1 summarises the injected lensing
parameters, network SNRs, and resulting Bayes factors for the three mock signals.

As shown in Figure 5.1, the posteriors ofM z
L and y are well constrained for the strong

and moderate microlensing cases, exhibiting clear peaks consistent with the injected val-
ues. The posterior structure indicates that, even at moderate network SNRs, the waveform
distortions induced by microlensing are sufficiently prominent to be distinguished from
unlensed signals. Consistently, the corresponding Bayes factors, BML

U , strongly favour the
microlensing hypothesis over the unlensed hypothesis. In addition, although the moderate
microlensing case involves a smaller lens mass, the low impact parameter still produces
detectable effects, allowing recovery of the injected lens parameters. These results suggest
that small impact parameters play a particularly important role in determining the observ-
ability of microlensing signatures.

In contrast, the weak microlensing case yields broad and weakly constrained posteriors
without a clear peak near the injected values. Although the lens mass itself is not especially
small in this case, the larger impact parameter suppresses the observable lensing features,
making the microlensing-induced waveform distortions difficult to distinguish from stat-
istical fluctuations or intrinsic parameter degeneracies at the given network SNR. Consist-
ently, the corresponding Bayes factor is also substantially reduced.

2. The PSDs used in the simulations are publicly available from https://dcc.ligo.org/T2200043-v3/public.
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Figure 5.1: Corner plots showing the posterior distributions ofM z
L and y for the (a) strong,

(b) moderate, and (c) weak microlensing cases.

However, a Bayes factor alone is not sufficient to claim a microlensing detection. High
values of BML

U may also arise from statistical fluctuations in the noise or from non-lensing
effects. As discussed in Section 1.3.2, to assess the statistical significance, one needs to con-
struct a background distribution using a large number of unlensed injections, each analysed
under both themicrolensing and unlensed hypotheses.The resulting distribution ofBML

U un-
der the unlensed background allows us to quantify the significance of the observed Bayes
factor. The false-positive probability (FPP) of the observed Bayes factor, Bobs, is defined as:

FPP =
number of background events with BML

U > Bobs

total number of background events . (5.2)
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If the FPP is sufficiently small, a microlensing detection may be claimed.

However, when multiple independent events are analysed, the probability of obtaining
a large Bayes factor from noise or statistical fluctuations increases. This is commonly re-
ferred to as the look-elsewhere effect, for which the FPP must be corrected by accounting
for the associated trial factor [308, 309]. Therefore, the significance inferred from a single
event must be adjusted to account for the total number of independent events included in
the search. In this context, each analysed GW event constitutes an independent trial. The
relevant quantity is then the global FPP, defined as the probability of obtaining at least one
event with BML

U > Bobs among all analysed events. Assuming statistical independence, the
global FPP (equivalently, the global p-value) is given by:

FPPglobal = 1− (1− FPP)Nevent , (5.3)

where Nevent denotes the total number of independent events.

5.1.2 Geometrical-optics Regime

Similar to microlensing, phenomenologically lensed signals are characterised by a single
distortedwaveform arising from the coherent superposition ofmultiple lensed images [166].
In this framework, each image is described within the geometric-optics approximation,
providing a lens-model-agnostic description. The lensed signal is thus modelled as a coher-
ent sum of K image components rather than as discretely resolvable events, where each
component shares the same intrinsic waveform as the unlensed signal.

As noted in Section 2.4, the amplification factor F (f) for phenomenological lensing is
basically the same as Eq. (2.74). However, since the main parameters to be estimated are the
relative magnification µrel, the time delay ∆t, and the total number of imagesK , it is more
convenient to rewrite the lensed waveform as:

h̃Phenom(f) = F (f)h̃U(f)

√
µ1

[
1 +

K∑
j=2

√
µrel,j exp (2πif∆tj − iπnj)

]
h̃U(f),

(5.4)

where µ1 denotes the magnification factor of the first-arriving signal, while µrel,j and ∆tj

represent the magnification and time delay of the jth image relative to the first, respectively.

Following the hypothesis-testing and background-construction framework established
for the microlensing analysis in Section 5.1.1, the phenomenological analysis yields a Bayes
factor (BPhenom

U ), along with posterior distributions for the lensing observables.These results
are subsequently evaluated using the global FPP defined in Eq. (5.3).
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In the phenomenological lensing regime, the time delays between superposed images
range from milliseconds to O(0.1) s [166]. Given the sensitive frequency band of current
ground-based detectors, these delays correspond to lens masses in the range ML ∼ 102-
106M⊙ In this mass range, unlike microlensing, which is typically well-motivated by point-
mass models, phenomenological lensing can arise from a variety of lens candidates, includ-
ing IMBHs and dark-matter subhalos embedded within a larger galactic lens [166]. Con-
sequently, for a robust astrophysical interpretation, the parameters inferred from this ag-
nostic framework should be compared with the results of lens-model-dependent analyses
based on representative physical models that produce such phenomenological signatures.

Shifting focus to the strong lensing regime, a single strongly lensed signal can show a
lensing signature if it corresponds to a Type II image [157, 305, 306, 307]. For Type II images
(ni = 0.5), the phase factor in the amplification factor (Eq. (2.74)) becomes exp(−iπ/2) =
−i, which corresponds to a constant π/2 phase shift across all frequencies. In the time
domain, this operation is equivalent to a Hilbert transform of the waveform, introducing a
frequency-dependent time delay for different frequency components.

For a signal dominated by the quadrupole mode (ℓ = |m| = 2), this constant phase
shift is completely degenerate with a shift in the coalescence phase (ϕc) of an unlensed
signal, rendering it indistinguishable. However, this degeneracy can be broken if the sig-
nal contains non-negligible HOMs (e.g., ℓ = 3,m = 3). Because the phase shift applies
globally to all modes, while the physical phase evolution of each mode scales with its m-
index (Φℓm ≈ mΦorb), the relative phase between different harmonics is altered. The lensed
waveform for a Type II image is given by [157]:

hTypeII(t) ∝
∑
ℓ,m

Aℓme
−i(Φℓm(t)+π/2), (5.5)

whereAℓm is the amplitude of each mode. In an unlensed signal, a shift in the orbital phase
Φorb by∆Φ, a constant shift in the orbital phase at coalescence, would result in a phase shift
of m∆Φ for each mode. Since the Type II transformation introduces a shift of π/2 for all
m, no single value of ∆Φ can mimic this effect across multiple harmonics (e.g., a π/2 shift
looks like an orbital shift of π/4 for m = 2, but π/6 for m = 3). This inconsistency allows
for the unambiguous identification of a Type II image.

Following the methodologies described above, the search for Type II images aims to
calculate Bayes factors for observed GW events and compare them against a background
distribution. Given that strong lensing can produce three distinct image types (Type I, II,
and III), the analysis involves calculating the Bayes factors between Type II and Type I
images (BIII ), as well as between Type II and Type III images (BIIIII ) [238]. If both Bayes
factors are sufficiently high, corresponding to a low FPP, the evidence for lensing becomes
compelling.
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5.2 Multiple Repeated Lensed Signals
As discussed previously, searches for lensing signatures within a single distorted signal
rely on identifying distinctive waveform modulations that are not expected in unlensed
signals, such as interference-induced amplitude and phase variations, as well as the char-
acteristic phase shifts associated with specific image types. In contrast, the search strategy
for multiple lensed signals from the same source (i.e., strongly lensed GW (SLGW) events)
is qualitatively different.

Because gravitational lensing in the geometric-optics limit is achromatic and does not
alter the morphology of the GW waveform, intrinsic source parameters, such as the com-
ponent masses (m1,m2), spin magnitudes (χ1, χ2), and source redshift (zs), are invariant
across all lensed images. In addition, the sky locations of different images are expected to
be nearly identical, since the current GW detector network does not have sufficient angu-
lar resolution to distinguish them [20]. In contrast, the extrinsic parameters, such as the
luminosity distance (dL), arrival time (tc), and coalescence phase (ϕc), can differ between
images [155, 156, 157]. Consequently, strong lensing searches rely on the expectation that
multiple lensed images share the same intrinsic source properties, with the differences in
observable extrinsic parameters being consistent with physically plausible lensing scen-
arios.

We discuss how to utilise the consistency in the intrinsic parameters to identify candid-
ate pairs or multiplets of SLGW signals originating from a common source and lensed by
a macrolens3. Furthermore, we extend our discussion to more complex scenarios in which
both strong lensing and microlensing occur simultaneously. In these cases, the lens’s com-
plex mass distribution can produce both multiple discrete signals and subtle waveform dis-
tortions in individual images.

5.2.1 Joint Parameter Estimation

To quantitatively assess whether a pair of GW events originates from strong lensing of
a common source, we analyse the events under two competing hypotheses: the strong-
lensing hypothesis,HSL, in which the event pair shares a common source, and the unlensed
hypothesis, HU, in which the two events are unrelated unlensed signals. We then compute
the corresponding Bayes factor, BSL

U . This procedure is referred to as joint parameter estim-
ation (JPE), where ”joint” indicates that the two events are analysed in a correlated manner,
either by conditioning one event on the parameters of the other or by estimating parameters
for both events simultaneously [300, 301, 302].

3. A macrolens refers to a large-scale gravitational lens, such as a galaxy or galaxy cluster, that produces
multiple, discretely resolvable signals and is well described by the geometric optics limit, in contrast to mi-
crolensing, which can induce wave-optics effects and interference patterns.



5.2 Multiple Repeated Lensed Signals 111

Let d1 and d2 denote the data streams containing the two GW signals. The Bayes factor
is defined as [300, 301, 302]:

BSL
U ≡ Z(d1, d2 | HSL)

Z(d1, d2 | HU)

=
α2

β

∫
dθ dλ p(d1, d2 | θ,λ,HSL) π(θ,λ | HSL)

2∏
i=1

∫
dθi p(di | θi,HU) π(θi | HU)

,
(5.6)

where θ denotes the set of source parameters shared by the two lensed images, while λ

represents lensing-related parameters and image-dependent extrinsic parameters. Here,
p(d1, d2 | θ,λ,HSL) is the joint likelihood for the two signals underHSL, and π(θ,λ | HSL)

denotes the corresponding prior distribution for the parameters. In contrast, under HU,
each event is described by an independent parameter set, θi. Since the two events are as-
sumed to be independent under HU, the joint likelihood factorises into the product of the
individual-event likelihoods. Note that α and β are normalisation constants associated with
the strong-lensing and unlensed hypotheses, respectively, which account for selection ef-
fects arising from detector sensitivity and detection thresholds [302].

A high value of BSL
U suggests that the event pair is more likely to originate from a

strongly lensed common source. However, like the case of a single distorted signal dis-
cussed in Section 5.1, the Bayes factor alone is not sufficient to claim a decisive detection.
The BBH population spans a broad and nearly continuous region of the physically allowed
mass-spin parameter space, and therefore, unrelated events can coincidentally exhibit sim-
ilar source parameters, resulting in false alarms. To quantify this possibility, it is necessary
to construct the background distribution of BSL

U expected from pairs of independent un-
lensed events and compute FPP or global FPP in Eqs. (5.2) and (5.3).

Up to this point, we have only considered pairs of GW events. However, as discussed in
Section 2.2, a single GW source can produce more than two strongly lensed images. In such
cases, the formalism of BSL

U in Eq. (5.6) remains unchanged in principle, but the analysis
becomes increasingly complicated because additional image-dependent parameters must
be considered. Nevertheless, it is not always necessary to analyse all lensed images sim-
ultaneously for an initial search. More specifically, even if a quadruply lensed GW signal
is observed, performing JPE on only a randomly selected image pair can still enable the
identification of a strong-lensing candidate, since the two signals originate from the same
underlying source. A more complete joint analysis incorporating all images would then be
required as a follow-up study to fully characterise the lens system and improve constraints
on the lensing configuration (e.g., [300, 310, 311]).
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In practice, performing a full JPE for a pair of GW events is substantially more compu-
tationally expensive than standard parameter estimation for a single unlensed signal. This
issue becomes increasingly important as the number of detected CBC events grows. For
example, the GWTC-4 catalogue already contains more than 200 CBC events [20], and fu-
ture observing runs are expected to detect significantly more signals. Since the number of
possible event pairs scales as N(N − 1)/2, the total number of candidate pairs increases
rapidly with the catalogue size. Consequently, performing full JPEs for all possible pairs
would require prohibitive computational resources and analysis time.

To address this challenge, recent strong-lensing searches [238] employed several low-
latency ranking and filtering pipelines to identify promising candidate pairs before per-
forming full JPEs. This hierarchical strategy restricts the computationally intensive follow-
up analyses to only those event pairs flagged as potentially lensed, enabling a substantially
more efficient use of computational resources.

5.2.2 Strong Lensing with Substructures

Astrophysical compact objects that produce microlensing signatures in the wave-optics
regime are typically embedded within larger gravitational structures such as galaxies or
galactic halos. Consequently, a GW propagating near such a system can experience both
galaxy-scale strong lensing and additional perturbations from smaller embedded structures.
In this scenario, the macrolens first generates multiple strongly lensed images (so-called
macroimages), after which each image can undergo further lensing distortions due to a mi-
crolensing field composed of compact objects or substructures along its individual propaga-
tion path [312, 313, 314, 315, 316, 317, 318, 319, 320].

Figure 5.2 illustrates an example of such a complex lensing configuration, in which a
BBH is lensed by microlenses embedded within a macrolens. Since the microlensing fields
need not be identical across macroimages, reflecting different shear effects near each im-
age as well as the non-uniform stellar distribution within the lens galaxy, each image may
experience distinct waveformmodulations. As a result, different macroimages do not neces-
sarily share identical waveform morphologies, even though they originate from the same
underlying source parameters. This situation poses a challenge for strong-lensing searches
based on Eq. (5.6), because the corresponding JPE framework is lens-model-independent
and primarily relies on the consistency of the inferred source parameters between the two
events. Such approaches may not fully capture the signatures of complex lensing configura-
tions. In particular, microlensing-induced waveform distortions can bias the inferred source
parameters and potentially reduce the apparent consistency between strongly lensed im-
ages, thereby causing genuine lensed pairs to be missed [320, 321, 322].
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Figure 5.2:A complex lensing system in which a BBH signal is strongly lensed into multiple
macroimages by a galaxy-scale macrolens, with additional microlensing effects arising from
stellar fields or compact objects embedded within the macrolens.

A similar limitation also arises in searches for single distorted lensed signals. As dis-
cussed in Section 5.1.1, microlensing searches typically assume the isolated PM lens model.
In realistic astrophysical environments, however, multiple compact lenses may contribute
to the amplification factors. In addition, the macrolens itself can introduce external shear
and convergence, further modifying the lensing effects [314, 318, 319].

As a simple example, the amplification factor in Eq. (2.71) for a system consisting of a
macrolens and a PM microlens can be described by introducing an additional convergence
(κ) and shear (γ), given by:

F (w,y) =
w

2πi

∫
d2x

[
exp

{
iw

(
1

2
|x− y|2 − ψ(x)

)}]
=

w

2πi

∫
d2x

[
exp

{
iw

(
1

2
|x− y|2 − lnx+

κ

2

(
|x|2

)
+ ψγ(x)

)}]
,

(5.7)

where ψγ(x) is defined in Eq. (2.56).

Figure 5.3 compares three frequency-dependent amplification factors: those of an isol-
ated PM microlens (see Eq. (2.73)), and an embedded-lens configuration in which an SIE
macrolens contains the same PM microlens evaluated at two different macroimage posi-
tions, corresponding to Type I and Type II images (for the image type, see Section 2.1.3).
The two embedded cases correspond to the amplification factors given by Eq. (5.7) for the
same PM microlens evaluated at different macroimage locations within the macrolens po-
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Figure 5.3:An example of amplification factors for an isolated PM lens and for the same PM
perturber embedded in Type I and Type II macroimages produced by a common macrolens
galaxy. Figure is from [318].

tential. This locational difference corresponds to the distinct local lensing environments,
which can be effectively interpreted as different external shear conditions induced by the
macrolens potential at each image position. Therefore, the two embedded amplification
factors can differ substantially, and both deviate significantly from the isolated PM case.

Moreover, the example still represents an idealised configuration involving a single PM
microlens. Realistic lens environments are expected to contain multiple compact objects
or substructures, which produce even more complex interference patterns [315, 319, 323].
Consequently, the isolated PM approximation may fail to reproduce the true amplifica-
tion factors, introducing non-negligible systematic mismatches between the assumed lens
model and the actual lens. Such lens-model systematics can reduce the resulting Bayes
factors and may weaken or even hinder the detection of microlensing signatures.

One of the most promising approaches for searching for such complexly lensed GW sig-
nals is to explicitly incorporate the effects of all relevant substructures into the lensedwave-
formmodel by parameterising the lensing perturbations and jointly inferring the lens para-
meters together with the CBC source parameters, analogous to the method introduced in
Section 5.1. However, such analyses rapidly become computationally prohibitive. Bayesian
inference for GW signals typically requires millions of likelihood evaluations, and the com-
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putational cost can increase dramatically with the complexity of the lens model. In addition,
the integration in Eq. (5.7) itself is computationally expensive due to the highly oscillat-
ory nature of the integrand. A more efficient approach for the rapid identification of both
strongly lensed and microlensed signals will be discussed in Chapter 7.



Chapter 6

Search for Microlensing Signatures in
O4a BBHs

Disclaimer

The following chapter is based on the paper GWTC-4.0: Searches for Gravitational-
Wave Lensing Signatures [238], carried out by the LVK Lensing Group. The author
contributed to this work both as a data analyst conducting microlensing searches for
observed BBH events and as a member of the paper writing team, contributing to
manuscript preparation and figure generation. This work has been submitted to the
Astrophysical Journal for publication.

As discussed in Section 5.1, lensing signatures can be identified within a single distorted
GW signal. However, from the first two observing runs (O1–O2) [324] through the third
(O3) [325, 326], the LVK Collaboration reported no decisive evidence for lensing in GW
observations.

We have extended these searches to BBH events observed during the first part of the
fourth LVK observing run (O4a), with a specific focus on microlensing signatures, as de-
tailed in Section 5.1.1. The author has contributed to microlensing searches since the first
half of O3, continuing through analyses of the full O3 dataset through participation in data
analysis and interpretation. Building on these earlier efforts, the analysis of O4a data adopts
more advanced and dedicated frameworks: LensingFlow, an automatedworkflowmanager
designed for large-scale lensing analyses [327], and Gravelamps, a pipeline specialised in
performing full wave-optics hypothesis testing employing a grid-based approach to calcu-
late amplification factors [298]. These tools enable more systematic and computationally
efficient exploration of microlensing effects.
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In this chapter, we present the results of the O4a microlensing search and examine the
event GW231123_135430 (hereafter GW231123) in more detail. To date, this special event
exhibits the highest Bayes factor in favour of themicrolensing hypothesis over the unlensed
hypothesis among all analysed candidates.While the high Bayes factor does not yet provide
definitive evidence for lensing, it makes the event a strong candidate.This motivates a more
detailed investigation to distinguish possible lensing effects from intrinsic source properties
or instrumental artifacts.

6.1 Analysis Setup
We analyse 84 BBH events observed during the O4a to assess the presence of microlens-
ing signatures. As described in Section 5.1.1, we examine the properties of these events
under the microlensing hypothesis and evaluate their Bayesian evidence. The analysis em-
ploys the isolated PM lens model, and for the waveform we adopt IMRPhenomXPHM-
SpinTayloR [288, 289] (XPHM-ST) waveform model, one of the fiducial models used in the
GWTC-4.0 analysis [20].

To estimate the two PM lens parameters, we define priors based on the expected physical
characteristics of potential lenses. For the redshifted lens mass (M z

L ), we employ a uniform
prior between 1M⊙ and 104M⊙. This range spans the masses of stars and stellar remnants
(∼ 1M⊙) up to IMBHs (∼ 104M⊙). Beyond this upper limit, the time delay between the
two microimages typically becomes large enough that they are resolved as separate signals,
rather than appearing as a single distorted waveform. Meanwhile, the prior for the dimen-
sionless impact parameter (y) is set as p(y) ∝ y with y ∈ [0.1, 3], maintaining consistency
with previous microlensing searches [324, 325, 326]. A value of y < 0.1 is statistically rare
because of the small cross-section, whereas for y > 3.0, the microlensing effect becomes
negligible for current ground-based detectors.

It is important to note that a normalisation error was identified in the likelihood eval-
uation using Bilby, which serves as the foundational framework for both the unlensed
analyses in this chapter and the Gravelamps pipeline (see Section 5.10 of Abac et al. [328]
for more details). To address the likelihood issue, we employ a reweighting scheme applied
directly to the nested sampling chains for all Gravelamps and complementary unlensed
analyses. Unlike reweighting only the final posterior samples, reweighting the full nested
sampling chains also consistently updates the Bayesian evidence. In practice, this is done
by recalculating the weights of the nested sampling points using the corrected likelihood
values, leading to a more robust estimate of the evidence.
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Figure 6.1: Histogram of log10 BMod
U for O4a BBH events and background injections.

GW231123 is clearly separated from the background distribution.

6.2 Point-Mass Microlensing Search
From the parameter estimation setup described above, we calculate the evidence for each
event under the PM microlensing hypothesis (BML) and the unlensed hypothesis (BU). The
resulting Bayes factors, BML

U , serve as our main statistic for the hypothesis test, as detailed
in Section 5.1.1.

Figure 6.1 displays the distribution of BML
U for the 84 O4a candidates (green histogram).

To robustly evaluate these values, we generated a background injection set comprising 254
detectable mock unlensed GW signals (ρnet > 8) (see Appendix B of [238] for more details).
The distribution of BML

U for the background is also shown in Figure 6.1 (black histogram).
While most O4a events have low Bayes factors consistent with the background, GW231123
clearly stands out as an outlier, with log10 BML

U ≃ 3.8, the most substantial value identified
in our lensing searches to date [329].

To quantify the statistical significance of this result, we estimate the FPP defined in
Eq. (5.2). In this context, the FPP represents the likelihood that an unlensed signal—due to
noise fluctuations or intrinsic parameter degeneracies—could yield a Bayes factor as high
as that of GW231123. Since the observed value lies outside the range of the background dis-
tribution, we cannot directly calculate the FPP from it. In particular, none of theNbg = 254
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background samples produced a value larger than the observed Bayes factor. Rather than
assigning FPP = 0, we place a conservative upper bound using the rule of succession [330],
which accounts for the finite number of background samples:

FPPupper =
N(BML

U > Bobs) + 1

Nbg + 1
=

0 + 1

254 + 1
≈ 0.0039, (6.1)

where Nbg is the total number of the background events. An FPP of 0.39 % indicates that
such a high Bayes factor is rare under the background distribution, making the signal stand
out relative to typical events.

However, when accounting for the trial factor across the 84 independent events we ana-
lysed, the global FPP is significantly higher. Using Eq. (5.3), we obtain an upper bound for
the global FPP of FPPglobal < 28%.The FPPglobal value is not sufficiently low to claim a defin-
itive microlensing detection, which would typically require FPPglobal ≪ 1%. This relatively
high value is primarily due to the limited background size. With only 254 injections for an
analysis of 84 events, the background is insufficient to resolve the far tail of the distribu-
tion. For example, to achieve a 3σ significance (FPPglobal ≈ 0.0027) for such a high Bayes
factor, a background set of O(104) injections would be required to sample rare noise and
degeneracy configurations.

Furthermore, the current background may not adequately represent events with prop-
erties similar to GW231123, which is characterised by a high total mass and evidence of
non-negligible effective precessing spin [329]. In particular, such events are relatively rare
in the background, and their absence can bias the FPP estimate. We consider two main
effects:

1. Precessing spin-lensing degeneracy: The modulations induced by precession can
mimic the interference patterns of lensing due to small mass objects [331]. If a back-
ground does not contain enough precessing BBHs, the risk of a false positive in-
creases.

2. Signal duration and non-Gaussianity: Due to its high mass, GW231123 is a short-
duration signal (∼ 0.1 s), making it more susceptible to non-Gaussian instrumental
noise, such as glitches. While our background is constructed to mitigate such non-
Gaussian features, it may not fully capture their impact, which can be misinterpreted
as either high spin [332] or a lensing signature.

Consequently, while the high Bayes factor of GW231123 is compelling, the current
background limitations and potential degeneracies imply that more thorough follow-up
is needed before we can claim microlensing.
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6.3 GW231123: The Most Lensing-Favoured Event

6.3.1 Inferred Lens Properties

In Section 6.2, we found that GW231123 exhibits the highest Bayes factor (log10 BML
U ) recor-

ded to date in GW lensing searches. To assess the robustness of this result against wave-
form modelling uncertainties, we repeat the analysis using alternative waveform models
IMRPhenomXO4a (XO4a) [333] and NRSuR7dq4 (NRSuR) [334]. These models incorporate
different physical prescriptions and modelling systematics relative to the baseline XPHM-
ST model. The recovered log10 BML

U values for each waveform are shown in Table 6.1. Not-
ably, the Bayes factors exhibit a strong dependence on the choice of waveform model. As
all other aspects of the analysis, such as the data segment, prior assumptions, and noise
treatment, are held fixed, the observed differences across waveform models indicate that
the high Bayes factor obtained with XPHM-ST is likely driven by its specific modelling
characteristics, rather than by external factors such as non-Gaussian noise transients.

Waveform model
XPHM-ST NRSuR XO4a

log10 BML
U 3.8 1.5 0.1

M z
L [M⊙] 911+504

−292 803+489
−299 687+13208

−356

y 0.61+0.27
−0.21 0.69+0.37

−0.26 2.13+0.79
−1.54

Table 6.1: Bayes factors and inferred point-mass lensing parameters for GW231123 across
different waveform models.

We observe a clear hierarchical decrease in BML
U in the order of XPHM-ST, NRSuR, and

XO4a. This trend indicates an inverse relationship between BML
U and the quality of the fit

(i.e., the Bayesian evidence) under the unlensed hypothesis. Specifically, among the three
waveforms, XPHM-ST yields the lowest Bayesian evidence for the data, followed by NR-
SuR, with XO4a providing the strongest evidence (see Appendix B in [329] for details).
This suggests that waveform models that provide a relatively poorer fit to the data un-
der the unlensed hypothesis may show a stronger preference for the additional flexibility
introduced by the PM microlensing model. Consequently, the relatively high Bayes factor
obtained with XPHM-STmay, at least in part, reflect the interplay between waveformmod-
elling systematics and the added degrees of freedom in the microlensing model, rather than
arising solely from a distinct microlensing signature.

For each microlensing analysis performed with a given waveform model, the inferred
values of the two point-mass parameters (M z

L, y), including their medians and 90% C.I, are
summarised in Table 6.1.The corresponding posterior distributions are shown in Figure 6.2.
For the XPHM-ST and NRSuR models, the posteriors are well constrained and exhibit clear
peaks. In contrast, the XO4a results show broader posterior distributions, with support



6.3 GW231123: The Most Lensing-Favoured Event 121

60
0

12
00

18
00

24
00

M z
Lens[M�]

0.
6

1.
2

1.
8

2.
4

y
[.

]

0.
6

1.
2

1.
8

2.
4

y[.]

XPHM-ST

NRSur

40
00

80
00

12
00

0

16
00

0

M z
Lens[M�]

0.
6

1.
2

1.
8

2.
4

y
[.

]

0.
6

1.
2

1.
8

2.
4

y[.]

XO4a

Figure 6.2: Posterior distributions of the redshifted lens mass and dimensionless impact
parameter inferred from point-mass lensing analyses using the XPHM-ST (green), NRSuR
(orange), and XO4a (purple) waveform models.

extending over a wider region of parameter space, although some overlap with the peaks
identified by XPHM-ST and NRSuR is still apparent. This behaviour is consistent with the
lower Bayes factor obtained for XO4a and indicates comparatively weaker support for the
microlensing hypothesis.

The recovered redshifted lens mass (M z
L ∼ 102–104 M⊙) and source redshift (zs ∼

0.2 – 0.7) point to several plausible lens candidates. While an IMBH is a natural interpret-
ation in this mass range, the lens could also correspond to a dense DM subhalo or a PBH,
both of which are predicted to exist within galactic halos under various cosmological mod-
els. Although our analysis adopts an isolated PM model, a compact lens is more likely to
be embedded within a complex environment rather than in isolation, as discussed in Sec-
tion 5.2.2. Possible environments include the centers of globular clusters, where IMBHs
may form, or galactic disks, where the lens could be embedded within a larger macrolens-
ing field. The relatively high Bayes factor obtained for the isolated PM model may arise
because the observed signal is primarily sensitive to the local gravitational potential within
the Einstein radius of the compact object. In this local approximation, the influence of the
surrounding stellar population or the host galaxy potential becomes subdominant to the
effect of the primary deflector on the GW wavefront.
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Figure 6.3: Comparison of the detector-frame chirp mass posteriors and mass-ratio under
the PM microlensing (solid line) and unlensed (dashed line) hypotheses using XPHM-ST,
NRSuR, and XO4a waveform models.

6.3.2 Inferred Source Properties

In addition to the inferred lens properties, we compare the inferred source properties under
the microlensing hypothesis to those obtained under the unlensed case.

Figure 6.3 presents the joint posterior distributions for the detector-frame chirp mass
(Mc) and mass ratio (q), with 90 % credible regions, along with the corresponding 1D mar-
ginal distributions for each waveform model, including their 90 % C.I.. Under the unlensed
hypothesis, the inferred parameters exhibit noticeable discrepancies across the three wave-
form models. In particular, the NRSuR model favours higher chirp masses and mass ratios
than the IMRPhenom family.This behaviour likely reflects increased modelling uncertainty
in the high-mass regime, where the signal contains relatively few in-spiral cycles and the
inference becomes more sensitive to waveform systematics.
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In contrast, under the microlensing hypothesis, the posterior distributions for the two
parameters become broader across all models, mainly attributed to the increased degrees
of freedom in the microlensing model. At the same time, the level of disagreement between
waveform models is reduced. Notably, the NRSuR posterior shifts toward lower masses and
mass ratios, bringing it into closer agreementwith the IMRPhenom-based results.This trend
is also evident in the 2D credible regions, which show increased overlap compared to the
unlensed case. Overall, while the broader posteriors indicate increased parameter degener-
acy, the improved cross-model consistency suggests that the microlensing framework may
partially mitigate waveform-dependent discrepancies present in the unlensed analysis.

We further investigate the impact of themicrolensing hypothesis on the inferred source-
frame masses (m1,s and m2,s) and spin magnitudes (χ1 and χ2), focusing on the NRSuR
model, which provides the most physically rigorous representation by minimising the av-
eraged mismatch with NR waveforms [329].
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Figure 6.4: Comparison of the posterior distributions of the source-frame component
masses for GW231123 inferred with the NRSuR model under the unlensed (orange) and
point-mass microlensing (sky blue) hypotheses.



124 Search for Microlensing Signatures in O4a BBHs

A key feature of PM lensing is that it produces magnification only (µ ≥ 1). Under
this interpretation, the observed GW signal corresponds to a magnified version of a more
distant source. As a result, the inferred luminosity distance (dL) increases, implying a higher
source redshift (zs). Since the source-frame masses scale asms = m/(1 + zs), this leads to
systematically lower intrinsic mass estimates. Figure 6.4 shows the posterior distributions
ofm1,s andm2,s, under the microlensing and unlensed hypotheses. While the reduction in
m1,s is relatively modest,m2,s decreases more significantly. Quantitatively, the median and
90% C.I. shift from 129+16.4

−15.4 M⊙ and 106+15.2
−18.8 M⊙ in the unlensed case to 109+25.2

−21.9 M⊙ and
59+22.6

−18.0 M⊙ under the lensing hypothesis. This difference is consistent with the behaviour
seen in Figure 6.3, where the NRSuR analysis under the microlensing hypothesis favours
smaller mass ratios. Consequently, whereas the unlensed interpretation places the event in
an ambiguous outlier regime, the lensed scenario shifts it toward values more consistent
with the known BBH population.

0.0 0.2 0.4 0.6 0.8 1.0
χ1,2

0

2

4

6

p(
χ

1,
2
)

Unlensed

Point mass

Primary (χ1)

Secondary (χ2)

Figure 6.5: Comparison of the posterior distributions of the dimensionless spin magnitudes
for GW231123 inferred with the NRSuR model under the unlensed (orange) and point-mass
microlensing (sky blue) hypotheses.

Furthermore, the inferred χ1 and χ2 shift toward more moderate values under the
microlensing hypothesis across all waveform models, with χ2 in particular exhibiting a
broader and less peaked distribution. Figure 6.5 shows the corresponding posteriors for the
NRSuR cases. This behaviour can be understood in terms of a morphological degeneracy
between spin-induced modulations and lensing-induced distortions. As discussed in [331],
spin precession can introduce waveform modulations that resemble the interference-like
features produced by a compact lens, particularly when the spin magnitudes are large.
Within themicrolensing framework, such features can instead be accommodated by lensing
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Parameter Mc χ1 χ2

KS JSD KS JSD KS JSD
Unlensed 0.647 0.294 0.150 0.044 0.051 0.002
Lensed 0.342 0.089 0.097 0.009 0.026 4× 10−4

Table 6.2: KS statistics and JS divergence (in nats) computed between the chirp mass and
spin magnitude posteriors inferred from individual-detector analyses under the unlensed
and lensed hypotheses, using the NRSuR waveform model

parameters, thereby reducing the preference for extremely high spin values. Similar to the
trends observed in the mass parameters, this shift toward more moderate spin values im-
proves the agreement across waveform models, leading to a more consistent interpretation
of the signal.

6.3.3 Single-Detector Analysis and Consistency Checks

If a GW signal is genuinely affected by lensing, the associated distortions are expected to
appear consistently across all detectors in the network. To test this, we perform independent
microlensing analyses using data from the aLIGO Hanford (LHO) and aLIGO Livingston
(LLO) detectors. As noted in the case of GW200208_130117 [335], a lensing-like feature
present in only a single detector is more plausibly explained by local instrumental noise or
a transient glitch that mimics the lensing morphology. In contrast, a consistent signature
observed across independent detectors is less likely to have a terrestrial origin.

Using the NRSuR model, we obtain log10 BML
U = 0.62 for LHO and 2.64 for LLO, both of

which independently favour the microlensing hypothesis.The higher Bayes factor obtained
for LLO can be attributed to its higher SNR relative to LHO, which enables a more precise
resolution of the interference patterns. Part of the discrepancy between the two detectors
may also arise from differences in data treatment: the LHO data were deglitched, whereas
the LLO analysis used the original data [336]. Residual noise artifacts or variations in data
conditioning can, therefore, introduce modest shifts in the inferred evidence.

To quantify the consistency of the intrinsic parameters, specifically the chirpmass, mass
ratio, and spin magnitudes, inferred from each single-detector analysis, we compute the
Kolmogorov–Smirnov (KS) statistic and the Jensen–Shannon (JS) divergence. These meas-
ures are applied to the posteriors obtained under both the unlensed and microlensing hy-
potheses. As shown in Table 6.2, both the KS and JS values are lower in the microlensing
case than in the unlensed case, which indicates that the parameter estimates inferred from
the two detectors are more consistent under the microlensing hypothesis, suggesting that
it provides a more coherent description of the signal across the detector network.
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To further assess whether the apparent preference for the lensing hypothesis reflects
a genuine feature of the data or arises from modelling degeneracies, we compare the in-
ferred waveforms with a model-independent reconstruction obtained from an unmodelled
search pipeline [337]. This reconstruction is performed using cWB [44], which employs a
wavelet basis to reconstruct coherent signal power across detectors, providing a data-driven
baseline that does not rely on specific waveform assumptions.

Given the high BML
U values, which motivate the lensing interpretation, several scenarios

can explain the observed agreement:
• Consistent lensing signature: The reconstructed waveform exhibits features con-
sistent with the lensed templates, supporting the interpretation that the data contain
lensing-induced distortions.

• Degeneracy-driven agreement: The reconstructed waveform does not exhibit clear
lensing-specific features, whereas the lensed templates achieve a better fit by ex-
ploiting degeneracies (e.g., between spin-induced modulations and lensing effects),
suggesting that the apparent support for lensing may be driven by model flexibility.

• Ambiguous or noise-dominated structure: The reconstructed waveform does not
clearly favour either scenario, suggesting that the apparent agreement may be influ-
enced by noise fluctuations or limited information content in the signal.

Figure 6.6 shows a time-domain comparison between the reconstructed waveform (hrec)
and the waveforms generated using the parameters inferred under the unlensed and mi-
crolensing hypotheses with the NRSuRmodel (hmodel).The shaded regions correspond to the
90 % C.I. of the waveforms obtained from parameter-estimation analyses. Visual inspection
alone does not clearly indicate which waveform better matches the cWB reconstruction.
We therefore quantify the agreement by computing the mismatch (MM), which measures
the dissimilarity between two signals [76, 338]:

MM = 1−max
t0,ϕ0

⟨hrec | hmodel⟩√
⟨hrec | hrec⟩⟨hmodel | hmodel⟩

, (6.2)

where ⟨· | ·⟩ denotes the noise-weighted inner product defined in Eq. (1.41). The maximisa-
tion is performed over relative time and phase shifts (t0, ϕ0) to account for trivial offsets in
the coalescence time and phase, ensuring that the comparison reflects only intrinsic wave-
form differences rather than arbitrary alignments.

The term MM in Eq. (6.2) is computed using a restricted data segment spanning −0.15 s
to +0.1 s around the trigger time (as illustrated in Figure 6.6), rather than the full 8 s data
stream. Outside this interval, the signal is subdominant, and the data are effectively noise-
dominated, so those regions do not contribute meaningfully to the comparison. Figure 6.7
shows the distributions of MM values between the cWB reconstruction and waveform real-
isations drawn from the unlensed and microlensed posteriors, restricted to samples within
the 90 % C.I., for each LIGO detector. The mismatch between the cWB reconstruction and
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Figure 6.6: Comparison between the cWB reconstruction (magenta) and the 90 % credible
waveforms inferred under the lensed (sky blue) and unlensed hypotheses (orange).The time
represents the time relative to 2023 November 23 at 13:54:30.619 UTC.

the mean waveform is 0.029 (0.033) for the unlensed case and 0.022 (0.025) for the mi-
crolensed case in LHO (LLO), respectively, indicating that the microlensed reconstruction
provides a closer match to the model-agnostic baseline. This trend is also reflected in the
full mismatch distributions: for the unlensedmodel, the median and 90% C.I. are 0.040+0.012

−0.009

and 0.045+0.012
−0.015 for LHO and LLO, while for the microlensed model they are 0.029+0.008

−0.006 and
0.033+0.010

−0.007. The difference between the mismatch distributions for the microlensed (sky-
blue) and unlensed (orange) cases is further quantified using the KS statistic, yielding values
of 0.75 for LHO and 0.68 for LLO.These results indicate that, although the two distributions
partially overlap, they remain statistically distinguishable.

While the results consistently favour the microlensing hypothesis, it remains unclear
whether this preference reflects genuine lensing-induced features or arises from degen-
eracies in thewaveformmodelling, particularly given the short duration of the signal, which
limits the ability to distinguish between lensing effects and modelling degeneracies.

6.4 Conclusion
We reanalysed 84 BBH candidates detected during the first half of the LVK fourth observing
run under the PM microlensing hypothesis, focusing on frequency-dependent lensing dis-
tortions. Among these, 83 events yield Bayes factors (BML

U ) that are either negligible or fully
consistent with the expected unlensed background distribution. GW231123 stands out as
the sole outlier, exhibiting a Bayes factor that exceeds the background and represents the
highest value reported in GW lensing searches to date.
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Due to the limited size of the current background injection set, we obtain an upper
bound of 28 % for the global FAP, indicating that statistical fluctuations cannot yet be ex-
cluded with high confidence. Furthermore, we must consider the possibility that missing
physics in current unlensed waveform models may artificially enhance the Bayes factor.
Specifically, if the unlensed templates (e.g., XPHM-ST) fail to perfectly capture complex
physical features present in the data, such as advanced spin precession or subtle NR correc-
tions, the Bayesian evidence may compensate for these modelling residuals by favouring
the additional degrees of freedom provided by the lensing parameters. In this case, the pref-
erence for lensing may reflect modelling degeneracies rather than a genuine lensing signal.
Despite a more detailed investigation of the inferred lens properties, source parameters un-
der the microlensing hypothesis, and consistency across individual detectors, we find that
the evidence remains inconclusive. Although GW231123 represents the most compelling
candidate identified so far, a robust lensing claim requires a larger background sample and
improved control over waveform systematics.

Finally, it is worth considering an alternative and plausible astrophysical interpretation
accessible to the current detector network: the overlapping-signals scenario [339]. In this
picture, two or more independent GW signals from unrelated sources coincidentally arrive
at the detectors within a very short timewindow. Such a superposition can produce a distor-
ted waveform that mimics the interference patterns expected from micro-images separated
by millisecond time delays. Under this scenario, [340] demonstrated that the Bayes factor
favouring a multi-signal model over a single unlensed signal can also be significantly large,
comparable to the value obtained for GW231123. Distinguishing between microlensing and
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overlapping signals remains challenging, as both can produce similar phenomenological
signatures. Disentangling these possibilities, whether the signal arises from a single lensed
source or from multiple coincident sources, will be essential for a definitive interpretation
and constitutes an important direction for future work.



Chapter 7

Residual Test to Search for Microlensing
Signatures in Strongly Lensed
Gravitational-Wave Signals

Disclaimer

The following chapter is based on the paper Residual Test to Search for Microlensing
Signatures in Strongly Lensed Gravitational Wave Signals [104]. The author is the first
author of this paper and contributed to the development of methodology, data ana-
lysis, interpretation of the results, scientific discussion, manuscript preparation, and
generation of all figures. This paper was published in the Astrophysical Journal.

Roughly,O(1) SLGW signals per year are expected for the LVK detectors at their design
sensitivities, while third-generation (3G) detectors are anticipated to observe approximately
O(10) such events per year [158, 159, 341]. To date, however, dedicated searches conduc-
ted by the LVK Collaboration across all BBH events from the O1 through O4a observing
runs have yielded no conclusive evidence for either strong-lensing or microlensing sig-
natures [238, 324, 325, 326, 335]. Current search schemes employ different methodologies
depending on the lensing regime. Strong-lensing searches are typically agnostic to the lens
model and rely on the geometrical-optics approximation [299, 300, 301, 302, 303, 304, 342,
343, 344, 345, 346, 347, 348], whereas the microlensing pipeline assumes a specific physical
configuration, such as a single, isolated microlens [298].

In a more realistic scenario, as noted in Section 5.2.2, a GW signal strongly lensed by
a galaxy or galaxy cluster is likely to experience further perturbation from stellar fields or
DM substructures embedded within the lens. These effects can imprint complex signatures
on individual SLGW signals. Consequently, the BBH parameters inferred from individual
images can exhibit apparent discrepancies. Neglecting such microlensing effects in strong-
lensing searches may lead to missed detections. Incorporating these additional complexities
into current search pipelines, however, would substantially increase the computational cost.
In the context of the rapidly growing number of detected events, such an approach is likely
to become computationally prohibitive [349, 350, 351].

130
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To circumvent this limitation, we propose a residual-based approach rather than per-
forming full parameter estimation with template families that explicitly model both mi-
crolensing and strong-lensing effects. Specifically, if a standard strong-lensing analysis—
which assumes that multiple images from the same source share an identical waveform
morphology—is applied to strongly lensed signals that also exhibit microlensing, the res-
ulting best-fit waveform will fail to fully capture the observed data. We then exploit the
resulting residuals as a diagnostic to identify these additional lensing-induced distortions.
This strategy is conceptually analogous to testing GR, which aims to identify deviations
from GR-predicted templates within the observed signals [352, 353, 354, 355].

7.1 Methodology

7.1.1 Amplification Factors for Microlensing Fields within a Macrolens

The total lensing effect on a GW signal induced by a microlensing field embedded within a
macrolens can be computed using Eq. (2.71), with an appropriate Fermat potential T (x,y)
that describes the full lens configuration. In particular, the Fermat potential must incorpor-
ate both the macrolens contribution1 and the microlensing effects, the former of which can
be parametrised by the convergence (κ) and shear (γ) [103]. Under this setup, the Fermat
potential for N point masses in the vicinity of a macroimage located at x = (x1, x2) is
given by [319, 356, 357]:

T (x,xm,ymacro = 0) =
k

2

(
(1− κ+ γ)x21 + (1− κ− γ)x22

)
−

[
k

2

N∑
m

ln (xm − x)2 + kϕ−(x)

]
,

(7.1)

where xm denotes the position of the mth microlens, and k = 4Gmz
L/c

3, with mL repres-
enting the average microlens mass. The term ϕ− corresponds to a negative mass sheet in-
troduced to compensate for the contribution of the microlenses, such that the total conver-
gence remains unchanged. In Eq. (7.1), the macrolensing contribution is obtained through
a local expansion of the lensing potential, where the expansion center can be chosen ar-
bitrarily. For convenience, we set the macroimage position as the expansion center, i.e.,
ymacro = 0.

Substituting Eq. (7.1) into Eq. (2.71), the amplification factor as a function of the dimen-
sionless frequency w can be written as [323]:

F (w) =
w

2πi

∫
d2x [exp {iwT (x,xm,ymacro = 0)}] , (7.2)

1. We assume an SIE profile (see Section 2.2.4) for the macrolens in this work.
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7.1.2 Mock Data Generation and Joint Parameter Estimation

For mock lensed GW signals, we first simulate 100 BBH systems using Pycbc [358]. Source
parameters are drawn via a Monte Carlo procedure based on a merger-rate density that
traces the star formation rate (SFR) following [295], assuming a characteristic time delay of
50 Myr between star formation and the BBH merger (see Appendix B of [359] for details).
We adopt a PoweRLaw + PeaK mass distribution with hyperparameters and parameter
ranges as defined in [360] to sample the component masses (m1,m2). The inclination angle
is drawn from p(ι) ∝ sin ι, while the remaining parameters—component spins (⃗a1, a⃗2),
polarisation angle ψ, right ascension α, declination δ, coalescence time tc, and coalescence
phase ϕc—are sampled from uniform distributions over their respective physically allowed
ranges. The waveforms are then modelled with IMRPhenomPv2 [278].

For each BBH, we construct two pairs of lensed signals under two distinct lensing hy-
potheses:

• HSL: the BBH is strongly lensed by a single macrolens, producing two macroimages.
• HMLSL: the BBH is strongly lensed by the samemacrolens as inHSL, and eachmacroim-
age is further microlensed by stellar fields embedded within the macrolens.

Under HSL, we generate 100 pairs of SLGWs using the previously made 100 BBH systems.
For each BBH system, we assign strong-lensing parameters following the SIEmodel, includ-
ing the axis ratio (q), velocity dispersion (σv), and impact parameter (y). The σv values are
sampled from SDSS galaxy distributions [361], while the q values are drawn from a Rayleigh
distribution with the scaling parameter corrected following [341]. The y values are sampled
from a uniform distribution. Given these SIE lens parameters, the corresponding κ and γ
are computed using Eqs. (⁇) and (2.21). For lensing systems that produce quadruple im-
ages, we select the first two arriving images to ensure that each system yields exactly two
detectable GW signals.

Next, under HMLSL, to generate signals that exhibit both strong-lensing and microlens-
ing effects, we simulate microlensing fields by assuming a stellar mass distribution that
follows the late Salpeter initial mass function (IMF) [362] and a Sérsic radial profile [363].
For consistency with [319, 364], we configure the IMF to include remnant objects, assuming
their mass density constitutes 10 % of the total stellar mass density. Stellar microlens masses
are sampled in the range 0.1–1.5M⊙, while compact remnant masses span 0.1–28M⊙. For
each lensing system, the number of microlenses (N ) is determined by the microlensing con-
vergence (κ∗) as inferred from a Sérsic profile and the microlens masses. Table 7.1 summar-
ises the main parameter distributions and ranges used to generate the lensed waveforms.

Finally, we construct amock signal set consisting of 100 pairs of SLGWsignals (hinj
SL,1, h

inj
SL,2)

and 100 pairs of signals that are both strongly lensed and microlensed (hinj
MLSL,1, h

inj
MLSL,2) to

serve as injections. Note that the lensing effect in HSL is described by Fgeo(w) in Eq. (2.74),
whereas for HMLSL, the amplification is governed by the frequency-dependent factor F (w)
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in Eq. (7.2). We inject all lensed signals into simulated stationary Gaussian noise n for
the aLIGO-Hanford, aLIGO-Livingston, and AdV detectors, using the O4 design sensitiv-
ity PSDs [365]2. To assess future prospects, we also employ the anticipated O5 sensitivity
curves [365]3. We consider only those signals with a network SNR exceeding the threshold
of ρnet = 12, following [319].

Parameter Distribution or Model Range
m1 Power Law + peak [5, 85]M⊙
m2 Uniform [5,m1]M⊙
mL (stellar) Salpeter IMF [0.1, 1.5]M⊙
mL (remnant) Spera et al. (2015) [362] [0.1, 28]M⊙
κ∗ Sérsic profile -
N(κ∗,mL) - [103, 106]
κ, γ SIE (q, σv, y) -

Table 7.1: The assumptions for component masses, macrolens, and microlens parameters
adopted to simulate lensed GW signals.

To conduct JPEs for the 200 pairs of lensedGWsignals, we employ the Golum pipeline [300,
303].The joint likelihood function in this pipeline assumes that the two input signals origin-
ate from the same source and are purely strongly lensed, thereby neglecting any potential
microlensing effects.

First, from the JPEs performed on the 100 pairs of SLGWsignals, we obtain themaximum-
likelihood waveforms for the first lensed signals (hmaxL

SL,1 ). As a complementary step, we also
extract the maximum-likelihood values of the lensing observables, including relative mag-
nification factors (µrel), differences between arrival times (∆t), and differences between
Morse factors (∆ϕn). One can then determine the maximum-likelihood waveforms of the
second lensed signals (hmaxL

SL,2 ) by transforming the luminosity distances, coalescence times,
and Morse factors according to:

dmaxL
L |SL,2 = dmaxL

L |SL,1 ×
√
µmaxL

rel ,

tmaxL
c |SL,2 = tmaxL

c |SL,1 +∆tmaxL,

ϕmaxL
n |SL,2 = ϕmaxL

n |SL,1 +∆ϕmaxL
n . (7.3)

2. The PSD data were obtained from the LIGO Document Control Center (DCC) under document LIGO-
T2000012, available at https://dcc.ligo.org/LIGO-T2000012/public.
3. The projected O5 PSDs for each detector are sourced from the Pycbc.psd package [366].

https://dcc.ligo.org/LIGO-T2000012/public
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As discussed in Section 4.3.2, waveform morphology can be significantly altered in the
presence of non-negligible eccentricity, precessing spins, or HOMs. Nevertheless, Eq. (7.3)
remains valid even for lensed waveforms exhibiting such phase modulations, provided that
the JPE utilises waveform templates incorporating these features [157, 306, 367]. We un-
derline that a JPE analyses two lensed signals simultaneously, enabling accurate inference
of lensing observables, such as the Morse factors and their difference [367]. Consequently,
hmaxL
SL,2 can be obtained from hmaxL

SL,1 in the frequency domain.

Similarly, we obtain the maximum-likelihood waveforms for the pairs of microlensed
signals (hmaxL

MLSL,1, hmaxL
MLSL,2). The morphologies of hmaxL

MLSL differ from those of hinj
MLSL, as the tem-

plates used in the pipeline account only for strong lensing. This mismatch is expected to
manifest as non-negligible residuals.

7.1.3 Residual Test

Since the adopted pipeline does not account for microlensing, the discrepancies between
hmaxL
MLSL and hinj

MLSL are expected to be significantly larger than those between hmaxL
SL and hinj

SL .
To statistically quantify these differences between the maximum-likelihood waveforms re-
trieved under the two hypotheses, we investigate the residuals (r ≡ d−h), which represent
the strain remaining after subtracting the signal model (h) from the observed data (d). If the
true GW signal embedded in the data perfectly matches the model, the residual will be con-
sistent with pure detector noise4.

We assume that the data in the ith detector, containing a lensed GW signal, can be
expressed as:

di = hiSL + dhi + ni, (7.4)

where hiSL is the purely strongly lensed signal excludingmicrolensing effects, dhi represents
the frequency-dependent distortion induced by microlensing, and ni is the detector noise.

Under HSL, the lensing effects are governed by Fgeo and the waveform morphology
remains unchanged, meaning the dh terms vanish. Consequently, the residual in the ith

detector is given by:

ri|HSL ≡ di − hi,maxL

= hiSL + ni − hi,maxL

= δhiSL + ni, (7.5)

4. Non-Gaussian features, such as glitches, can occasionally overlap with a signal. In such cases, the residuals
would not align with the stationary detector noise characterised at other times.
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where δhiSL denotes the difference between the true lensed signal and themaximum-likelihood
waveform recovered under HSL. Since hi,maxL is obtained by fitting the noisy data, rather
than the noiseless signal, δhiSL does not generally vanish. In the idealised limit where the
maximum-likelihood waveform exactly reproduces the observed data, hi,maxL → hiSL + ni,
and hence δhiSL → −ni, giving ri → 0. In practice, for a correctly specified hypothesis and
a waveform model, the residual should instead be statistically consistent with the instru-
mental noise.

Conversely, dh is non-zero under HMLSL. In this case, the residual is given by:

ri|HMLSL ≡ di − hi,maxL

= hiSL + dhi + ni − hi,maxL

= δhiMLSL + ni, (7.6)

where δhiMLSL denotes the difference between the true microlensed signal, hiSL + dhi, and
the maximum-likelihood waveform inferred under HSL. Since the analysis pipeline uses
templates that do not account for microlensing, this difference generally contains a contri-
bution from the microlensing effect in addition to any waveform mismatch. As with δhiSL,
δhiMLSL does not necessarily remain non-zero, since the maximum-likelihood waveform is
obtained by fitting the noisy data. However, if the microlensing contribution cannot be
adequately absorbed by the HSL waveform model, it can leave a coherent structure in the
residual that is inconsistent with the expected instrumental-noise distribution. A schem-
atic representation of the expected residuals under each hypothesis is shown in Figure 7.1,
illustrating that the residual under HMLSL is more pronounced than that under HSL.

To evaluate the extent to which residuals deviate from pure detector noise (denoted by
HN) under a given signal hypothesis HX, where X is either SL or MLSL, we analyse the
cross-correlation between residuals from different detectors. We introduce a statistic, Λ, to
represent this quantity. In [368], the cross-correlation of residuals—defined as the deviation
between observed microlensed strain and the best-fit unlensed templates—was utilised to
search for microlensing signatures in otherwise unlensed GW observations. Following the
methodology in [347], these cross-correlations are computed by introducing a time shift τ to
one residual relative to another.This approach assesses the coherence of the residual power
across the detector network. We adapt this technique by calculating the inner product of
the residuals from each detector to obtain Λ, which quantifies the alignment between the
two signals.

For strain data from the ith and jth detectors with corresponding residuals ri and rj , Λ
is defined as:

ΛHX = exp
[
1

2

〈
ri(t)HX , r

j(t+ τ)HX

〉]
, (7.7)
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Figure 7.1: Time domain strains of raw data (grey solid lines), injected waveforms (purple
solid lines), and residuals (red solid lines) for a representative BBH event in the LIGO-
Hanford detector, assuming HSL and HMLSL in the top and bottom panel, respectively. We
assume the same BBH and macrolens parameters for the two injected waveforms.

where τ is the relative time delay between the ith and jth detectors, and the inner product
⟨·, ·⟩ is defined as in Eq. (1.41). When calculating Λ, we do not use a time window spanning
the entire signal duration. Instead, we adopt a targeted time window of the form:

t ∈ [tc − αts +∆t, tc +∆t], (7.8)

where tc is the coalescence time, ts is the signal duration inferred from the JPE, and α is a
scaling constant used to tune the window size. The term ∆t ensures sufficient coverage of
the ringdown phase; we set∆t = 0.2 s. In the subsequent analysis, we use α = 0.25, as this
value yields optimal performance for our residual-based diagnostic. A detailed discussion
on the efficiency of the time window will be presented in Section 7.2.3.

Recall that the residual r is decomposed into a model-mismatch component δh and
a detector noise component n. When evaluating Eq. (7.7), δh contributes directly to the
inner product because it remains coherent across detector segments when aligned with the
correct time shift τ . In contrast, the noise components n are uncorrelated between detectors
due to their stochastic nature, and thus, their cross-contributions tend to average to zero.
Consequently, a higher value of δh results in a higher value of Λ.
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The distributions of Λ obtained under each hypothesis can be differentiated if their cor-
responding residuals are sufficiently distinct. In this study, the ΛHSL distribution effectively
serves as a background distribution, allowing us to determine which hypothesis is favoured
for a given event by evaluating where its computedΛ value falls relative to this background.
We consider an event to favourHMLSL if its ΛHMLSL value exceeds the upper bound of the 2σ
C.I.5 of the ΛHSL distribution.

It is important to note that, while the AdV detector is included in the initial parameter
estimation, it is excluded from the calculation of Λ in Eq. (7.7). This is because AdV’s noise
level is generally higher than that of the LIGO detectors. Although a larger detector network
typically improves the total network SNR, the inclusion of a high-noise detector can degrade
the residual test performance by broadening theΛ distribution, thereby reducing sensitivity
to microlensing signatures.

7.2 Results

7.2.1 Analysis using Realistic Population-based Events

From the JPEs conducted on the two independent sets of 100 pairs, simulated under the
scenarios of pure strong lensing and superimposed microlensing (see Sec. 7.1.2), we obtain
the maximum-likelihood waveforms (i.e., 200 hmaxL

SL and 200 hmaxL
MLSL). Using Eqs. (7.5)-(7.7),

we compute the values of ΛHSL from the 200 rSL and ΛHMLSL from the 200 rMLSL . Note that
the instrumental noise realisations ni used for both riSL and riMLSL are identical. Additionally,
we generate a set of 200 pure Gaussian noise segments (N) for each detector, based on the
same PSDs used for the data generation, to compute the corresponding ΛHN values.

Since the detector noise is assumed to be stationary and Gaussian, and the JPE frame-
work accurately recovers hSL, the ΛHSL distribution is expected to closely follow the ΛHN

distribution, which typically behaves as a normal distribution with a mean of 1 and unit
variance. In contrast, the distribution of ΛHMLSL is expected to deviate from ΛHN , indicating
that the microlensing-induced terms δhMLSL in Eq. (7.6) contribute more significantly to the
residual than δhSL.

Figure 7.2 shows the Λ distributions for the residuals and Gaussian noises, along with
their corresponding Gaussian kernel density estimates (KDEs). As previously noted, an
event is identified as a candidate that is both strongly lensed and microlensed if its Λ value
exceeds the upper bound of the 95 % (2σ) C.I. of the ΛHSL distribution. For O4 sensitivity,
11 % of the 200microlensed events favourHMLSL. A primary factor contributing to this relat-
ively low percentage is that most events in our realistic population exhibit small mismatch

5. All one-dimensional credible intervals computed in this work are central, meaning they contain equal
probability mass above and below the bounds.
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values (MM ≤ 0.03) relative to hSL (see Eq. (6.2))6. In this chapter, the MM is defined as
follows:

MM ≡ 1−M (hMLSL, hSL)

= 1−max
ϕ0,t0

⟨hMLSL, hSL⟩√
⟨hMLSL, hMLSL⟩ ⟨hSL, hSL⟩

. (7.9)

Such events are intrinsically difficult to distinguish, even when using specialised microlens-
ing pipelines like GRavelamps [298]. In Section 7.2.2, we will discuss how the detection
efficiency improves for high-mismatch events, which are expected to be more readily de-
tectable.
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Figure 7.2: Left panel: The Λ distributions and their corresponding Gaussian KDEs for each
of 200N (blue), rSL(black), and rMLSL (red) samples obtained using the O4 sensitivity. rSL and
rMLSL have the same underlying noise strain. Right panel:The results obtained by employing
the O5 sensitivity.

In addition to the O4 analysis, we repeat our study using the projected LIGO O5 sensit-
ivity to quantify the improvement in our residual-based test. We anticipate enhanced per-
formance if: (1) the δhSL term in Eq. (7.5) is minimised through more precise parameter
estimation, and (2) the reduced noise floor maximises the relative contribution of dh to
the Λ statistic in Eq. (7.6). As expected, for the same population of strongly lensed and
microlensed events, the percentage of signals favouring HMLSL increases to 21.5 % at O5
sensitivity.

6. MM values are computed by averaging the two MM values obtained using hSL and hMLSL detected in the
aLIGO-Hanford and aLIGO-Livingston detectors.
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To verify that more significantly microlensed events yield larger Λ values, we calculate
the difference∆Λ ≡ ΛHMLSL −ΛHSL for individual BBH events. This allows us to investigate
the correlation between∆Λ and both the MM and the maximum strain of δhMLSL—the latter
representing the residual amplitude remaining after subtracting the best-fit strongly lensed
template. A positive ∆Λ value indicates that rMLSL is more significant than rSL.

As shown in Figure 7.3, microlensed events with larger δh are concentrated in the high
∆Λ region, consistent with the definition of Λ in Eq. (7.7). Similarly, events with relatively
high MM values tend to exhibit higher∆Λ, although the correlation between∆Λ and δh is
stronger than that between ∆Λ and MM. In the O4 case, most high-MM events are located
within the 2σ C.I. of theΛHSL distribution (black dotted lines), as the noise power is relatively
high compared to the residual power. Consequently, the statistical fluctuations of ΛHSL tend
to be broader than those of ∆Λ. In contrast, the reduced noise levels in the O5 case result
in most high-MM events above the 2σ threshold.
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Figure 7.3: Scatter plots showing the correlation between ΛHMLSL and ∆Λ for (a) O4 and (b)
O5 sensitivities, colour-coded based on max(|δh|) and mismatch, denoting the maximum
strain of the pure residual and mismatch between hSL and hMLSL computed by averaging the
values obtained from aLIGO-Hanford and aLIGO-Livingston, respectively.
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Figure 7.4:The same configuration as Figure 7.2, but now showing Λ distributions for real-
istic population-based microlensed events (red), events with MM≥ 0.03 (cyan), and events
with MM ≥ 0.1 (purple).

It is important to note that a high MM does not necessarily indicate a large δh. If a
significantly distorted signal has a low SNR, the absolute value of δh remains low despite
the high MM. Conversely, even for weakly distorted signals, if the time delay between mi-
crolensed images is very short, the resulting repeated merger part of the waveform may
not be fully captured by the recovered best-fit waveform. This leads to a high δh and, con-
sequently, a high ∆Λ.

7.2.2 Analysis using High-mismatch Events

The majority of the simulated hMLSL exhibit small MM values, which is consistent with
expectations for a realistic microlensing population [315]. Therefore, we also focus on mi-
crolensed events with MM ≥ 0.03 and MM ≥ 0.1, which are more likely to be detectable
with current pipelines, to better evaluate the effectiveness of our residual-based test. To
obtain more robust results for the high-MM regime, we created an additional set of events
withMM ≥ 0.3 by artificially enhancing themicrolensing effects. Specifically, we increased
the macrolens magnification to µ = 100 to produce significantly microlensed signals that
do not follow the realistic population distribution.

Figure 7.4 compares the Λ distributions for events with MM ≥ 0.03 and MM ≥ 0.1

against the realistic population-based distributions shown in Figure 7.2. For events with
higher MM values, there is a clear increase in the proportion of signals identified as mi-
crolensed (i.e., those with Λ values exceeding the upper bound of the 2σ C.I. of the ΛHSL

distribution). This confirms that the residual test is a valid diagnostic for identifying mi-
crolensed events in the high-MM regime. A summary of the results is tabulated in Table 7.2.
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O4 sensitivity
Condition Ntotal NML RML
Realistic population 200 22 0.110
Events with MM≥0.03 94 26 0.277
Events with MM≥0.1 35 12 0.343

O5 sensitivity
Condition Ntotal NML RML
Realistic population 200 43 0.215
Events with MM≥0.03 94 49 0.521
Events with MM≥0.1 35 23 0.657

Table 7.2: Summary of the results of residual test depicted in Figures 7.2 and 7.4.Ntotal,NML,
and RML denote the total number of events satisfying the specified condition, the number
of events discerned as a microlensed signal, and the ratio between the two numbers.

Furthermore, we constructed receiver operating characteristic (ROC) curves to assess
the overall performance of our residual-based approach. As shown in Figure 7.5, all area
under the curve (AUC) values exceed 0.5, indicating that the residual test effectively dis-
tinguishes between microlensed and purely strongly lensed GW signals. The AUC values
improve with higher detector sensitivity and larger mismatch values, consistent with the
trends presented in Table 7.2.

7.2.3 Effect of the Time Window on Λ

In Sections 7.2.1 and 7.2.2, Λ values were calculated using a specific time window of the
form shown in Eq. (7.8), with α = 0.25 and ∆t = 0.2 s, effectively excluding the early
inspiral portion of the time-domain waveform. For BBH sources, the GW strain is lower
during the early inspiral stage and reaches its maximum during the late inspiral and merger
phases. Consequently, the early parts of the signal aremore susceptible to noise fluctuations
compared to segments closer to the merger. Our approach mirrors those adopted in tests of
GR [353, 354, 355], where narrower timewindows are generally employed tominimise noise
contributions that are unrelated to potential non-GR features. However, a narrow window
must be chosen carefully for microlensing, as the time delays between microimages vary. A
window that is too restrictive risks excluding data segments, particularly in the post-merger
phase, that may contain significant microlensing signatures. To address this, we investigate
various time windows covering different portions of the GW signal to evaluate the impact
of noise fluctuations on the Λ distributions.

A representation of the ΛHMLSL distributions obtained using various time windows is
shown in Figure 7.6. The coloured segments (red, cyan, and purple) of the curves represent
events correctly identified as microlensed, while the gray segments correspond to events
identified as unmicrolensed. As shown, smaller values of α result in a higher proportion of
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Figure 7.5: ROC curves for the residual test constructed by comparing each of the three
event groups—ΛHMLSL values of events drawn from a realistic population (red), events with
MM ≥ 0.03 (cyan), and events with MM ≥ 0.1 (purple)—against the background distribu-
tion given by theΛHSL values shown in Figure 7.2 (Left: O4 sensitivity, Right: O5 sensitivity).
The corresponding AUC values have also been estimated.

the ΛHMLSL distribution being identified as microlensed. This trend is expected because GW
microlensing is most prominent when the time delays between images are shorter than the
chirp time, and the resulting signatures are more distinctive in the high-frequency regime.
Since the merger and ringdown phases predominantly consist of high-frequency compon-
ents, using a targeted time window centered on the merger rather than the entire signal
duration enhances the efficiency of the residual test. The detection ratios (RML) for each
time window and mismatch condition are summarised in Table 7.3. Empirically, we find
that a time window with α = 0.25 yields the optimal efficiency for microlensing detectab-
ility.

7.3 Conclusion
Strongly lensed GW signals likely experience microlensing effects due to stellar fields em-
bedded within the lens galaxy, which imprints complex patterns onto the GW waveforms.
Current strong-lensing Bayesian inference pipelines are not designed to detect these distor-
tions, as they typically assume repeated signals share an identical time-frequency evolution.
However, incorporating both strong lensing andmicrolensing into a joint Bayesian analysis
is computationally challenging due to the expanded parameter space and the complexity of
calculating amplification factors for dense stellar fields.
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Figure 7.6: ΛHMLSL distributions obtained using various time windows determined by a con-
stant α and mismatch conditions (Left: O4 sensitivity, Right: O5 sensitivity). Coloured seg-
ments in the distributions represent microlensed events withΛHMLSL falling within the range
identified as microlensed, whereas grey segments indicate microlensed events misclassified
as unmicrolensed.

Our results highlight the potential of residual tests as a robust diagnostic for identi-
fying microlensing signatures in SLGW signals. This approach can serve as a low-latency
pre-analysis pipeline, enabling us to efficiently prioritise events for follow-up with more
intensive, full-parameter-estimation microlensing pipelines. By focusing on the residuals—
the difference between the recovered best-fit purely strongly lensed waveform and the ob-
served data—we can uncover events with significant microlensing signatures that might
otherwise remain overlooked in traditional analyses. The distribution of cross-correlation
values for both strongly lensed and microlensed signals, compared with that for purely
strongly lensed ones, suggests that microlensing effects can create statistically measurable
deviations in residual tests.
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O4 sensitivity
Condition RML Rα=0.5

ML Rα=0.75
ML Rα=1.0

ML
Realistic population 0.110 0.075 0.065 0.050
Events with MM≥0.03 0.277 0.213 0.170 0.106
Events with MM≥0.1 0.343 0.314 0.257 0.114

O5 sensitivity
Condition RML Rα=0.5

ML Rα=0.75
ML Rα=1.0

ML
Realistic population 0.215 0.160 0.155 0.140
Events with MM≥0.03 0.521 0.447 0.447 0.404
Events with MM≥0.1 0.657 0.657 0.629 0.571

Table 7.3:The same configuration as in Table 7.2, but showing the ratio of events identified
as microlensed to the total number of events.

As discussed in earlier studies, however, certain waveform features such as spin pre-
cession and orbital eccentricity can mimic microlensing by introducing similar modula-
tions [321, 331, 369], potentially leading to residuals being mistakenly attributed to mi-
crolensing. While we have neglected these effects in this study, as lensing of BBHs with ex-
treme precession or eccentricity is expected to be rarer than the standard population [370,
371, 372], distinguishing between residuals arising from microlensing versus those from
intrinsic source properties should be addressed in future work.

In our current cross-correlation framework, we utilised maximum-likelihood wave-
forms to obtain a single statistic per event. Amore exhaustive approachwould involve using
the full posterior distribution of waveforms to generate a distribution of cross-correlation
values for each event. One could then assess the degree of overlap between this distribution
and the full cross-correlation distribution obtained from all events. Furthermore, while we
used Gaussian noise realisations to establish a baseline, real detector noise often includes
non-Gaussian features, such as glitches. Therefore, robust deglitching procedures must be
applied before the residual test, although microlensing features may be inadvertently re-
moved if the lens model is not incorporated into the cleaning.

It is also important to note that while we employed one of the state-of-the-art microlens-
ing models and realistic parameter ranges as a baseline, the results could vary with different
microlensing population models and macromodel magnifications. In general, higher mac-
rolens magnification and higher density of microlenses lead to larger mismatches, thereby
increasing the probability of detection. For further investigation into the role of the mac-
romodel across various parameter spaces, we refer the reader to [312, 315, 323]. Beyond
our baseline estimates for a realistic population, we also quantify our detection capability
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using selected high-mismatch waveforms (Table 7.2), allowing our results to be interpreted
within the context of these specific distortions. A comprehensive investigation of diverse
microlensing fields in conjunction with complex galaxy lens models is reserved for future
work.

When focusing specifically on high-mismatch events, which are typically detectable by
existing microlensing pipelines, the residual test demonstrates improved performance at
both O4 and O5 sensitivities. However, a caveat remains: excessively distorted microlensed
signals may suffer substantial SNR loss during the initial matched-filtering process if the
templates do not account for microlensing effects [322]. In such cases, a dedicated search
pipeline incorporatingmicrolensed templatesmay be required to avoidmissing these events
entirely.

When considering the entire dataset containing microlensed events in both low- and
high-mismatch regimes, our results suggest that aLIGO O4 sensitivity may not be sufficient
to reliably detect most realistic microlensing effects. However, the projected improvements
for O5 are expected to significantly enhance our ability to discern these signatures. In the
era of next-generation detectors, where the detection rate of lensed GW signals will be
significantly higher, such low-latency methods will become increasingly important. We
anticipate our approach to be even more efficient for next-generation detectors due to the
longer signal durations, higher SNRs, and improved sensitivity in the high-frequency re-
gime. A detailed quantitative study of the efficiency in these future scenarios will be con-
ducted in future work.

Finally, the computational advantage of our method is substantial. A single JPE followed
by the residual test for a pair of lensed events takes approximately half a day, as a single
likelihood evaluation in our approach requires only a few milliseconds. In contrast, using a
frequency-domain source model that explicitly incorporates both strong and microlensing
effects in a standard search pipeline (e.g., within a nested sampling framework) results in
likelihood evaluations taking approximately 10 seconds per waveform. This makes the full
analysis roughly 104 times slower than our method. Consequently, the residual test presen-
ted in this chapter has the potential to serve as a high-speed, low-latency pre-analysis tool,
alerting us to potential microlensing candidates before committing to more computation-
ally intensive investigations.
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Chapter 8

Lens Reconstruction for Delensing

Disclaimer

The following chapter is based on two papers: Gravitational Lensing aided Luminos-
ity Distance Estimation for Compact Binary Coalescences [373], published in Physical
Review D, and Inferring Properties of Dark Galactic Halos using Strongly Lensed Grav-
itational Waves [311], published in the Astrophysical Journal. In the former work, the
author served as a co-first author and contributed to the development of the analysis
framework, data analysis, manuscript preparation, and generation of all figures. In
the latter work, the author was the first author and contributed to the development
of the methodology, data analysis, interpretation of the results, scientific discussion,
manuscript preparation, and generation of all figures.

In microlensing analysis, a lens model is typically assumed a priori, and the lens para-
meters are inferred simultaneously during parameter estimation. While some correlations
exist, the source parameters are not completely degenerate with the lens parameters. In
contrast, the analysis of detected SLGW signals, which often relies on model-independent
comparisons of the relative magnification factors, time delays, and phase shifts between
multiple images, faces a fundamental challenge: the inferred luminosity distance of each
image is completely degenerate with the lensing magnification. Consequently, the meas-
ured distances do not represent the true luminosity distance to the source.

This degeneracy poses a critical issue for GWcosmography. As discussed in Section 3.2.2,
lensing introduces a systematic bias in the inferred luminosity distance. Consequently, any
cosmological inference based on this biased distance, such as measurements of the Hubble
constant (H0), will also be biased, even if the source redshift is precisely determined from
EM counterparts. Therefore, in the study of SLGWs, it is imperative to perform a lens re-
construction to delens the signals and recover the true luminosity distance. By accurately
modelling the mass distribution of the lens responsible for multiple imaging, the distance–
magnification degeneracy can be broken or mitigated. This approach enables simultaneous
constraints on lens properties and the recovery of unbiased luminosity distances required
for precision cosmology.
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In this chapter, we first present a proof-of-principle study of the delensing procedure
using analytic lens models, including the PM and SIS models described in Section 2.2.1 and
Section 2.2.2, respectively. In these simplified cases, lens reconstruction and the recovery of
the true luminosity distance can be performed using closed-form analytical relations. We
specifically examine how SLGW detection can improve the precision of luminosity distance
measurements compared to unlensed signals, thereby strengthening constraints for GW
cosmography. We then extend the analysis to more realistic scenarios. We explore numer-
ical approaches to lens reconstruction under more general lens models in Sections 2.2.3–
2.2.6, where the mapping between lens parameters and lensing observables is no longer
one-to-one, precluding closed-form solutions.

8.1 Analytic Delensing with PM and SIS Models
For the PM and SIS models, within the geometric-optics approximation, the relevant lens
parameters are the redshifted lens mass and the dimensionless impact parameter, θl =

(M z
l , y).The SIS model provides a simple and widely used description of galaxy-scale lenses

in the strong-lensing regime, and is therefore well-motivated for studies of SLGWs. In con-
trast, the PM model is not generally representative of galactic-scale lenses, although it can
serve as an effective approximation in simplified configurations where the mass distribu-
tion is highly centrally concentrated. Despite this, we adopt the PM model alongside the
SIS model for its analytical simplicity and its utility as a baseline model, as both models
admit closed-form relations between lensing observables and lens parameters.

In this section, we present an analytic delensing procedure and quantify the reduction
in luminosity distance uncertainty by using mock BBHs lensed by the two lens models,
constructed to resemble real BBHs selected from GWTC-3 [374].

8.1.1 Effective Luminosity Distance

As described in Eqs. (2.35) and (2.43), the PM lens produces two images for any non-zero y,
whereas the SIS lens yields two images only for y < 1.

For both the PM and SIS models, the magnification of each image is uniquely determ-
ined by the impact parameter y. As a result, the effective luminosity distances defined in
Eq. (2.75) can be directly expressed as a function of y. For the PM lens, this relation is given
by:

dPML,± =
dL√

1
2
± y2+2

2y
√
y2+4

, (8.1)
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Table 8.1: Injection parameters and SNR values of three BBHs similar to GW200208_222617,
GW200216_220804, and GW200219_094415.
Event m1 m2 χeff dL SNR

[M⊙] [M⊙] [Gpc]
GW200208_222617 51.0 12.3 0.45 4.1 7.94
GW200216_220804 51.0 30.0 0.10 3.8 10.35
GW200219_094415 37.5 27.9 −0.08 3.4 9.86

while for the SIS lens it takes the form:

dSISL,± =
dL√
1± 1

y

, (8.2)

where the + and − signs denote the first-arriving (positive-parity) and second-arriving
(negative-parity) images, respectively.

8.1.2 Parameter Estimation Framework

We simulate BBHs based on selected interesting candidates from theGWTC-3 catalogue [374],
includingGW200208_222617 (a lowmass-ratio candidate; qm = m2/m1), GW200216_220804
(an eccentric candidate), and GW200219_094415 (a high-spin candidate). These systems are
chosen to span different regions of the binary parameter space, and to contrast with the
equal-mass BBH case typically used as a baseline. In particular, such systems tend to ex-
hibit more complex waveform morphology (see Section 4.3.2), which can make parameter
estimation more challenging and may lead to larger uncertainties in inferred source prop-
erties, including the luminosity distance. We adopt the median values of the component
masses (m1,m2), effective spin χeff and luminosity distance dL, which are summarised in
Table 8.1.

We generate both injection and template GW waveforms using the IMRPhenomXPHM
model [288] to avoid systematic biases arising from waveform mismatches. For each sim-
ulated unlensed signal (hu(f)), we perform parameter estimation using the bilby lib-
rary [240] and the dynesty [263]. This setup is labeled as normal PE in Figure 8.1. We
assume a detector network consisting of aLIGO-Hanford (H), aLIGO-Livingston (L), and
AdV (V), referred to as the HLV network. To achieve optimal distance estimation under
ideal sensitivity conditions and to assess the impact of detector noise and performance, we
consider two configurations:

• Case A: Design PSD [365] with zero-noise realisations.
• Case B: O3a PSDs with Gaussian noise, where the O3a PSDs correspond to the first
three months of the third observing run1.

1. The corresponding PSD data for H, L, and V can be found at https://dcc.ligo.org/LIGO-T2000012/
public

https://dcc.ligo.org/LIGO-T2000012/public
https://dcc.ligo.org/LIGO-T2000012/public
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Lenshu(f) h+l (f), h
−
l (f)

Retrieval
process Joint PENormal PE

dPM,SISL,±dPM,SISLdUL
L

Comparison

Figure 8.1: Flowchart of parameter estimation for an unlensed signal and its corresponding
strongly lensed pair constructed from it. The posterior of dUL

L is first inferred from the un-
lensed signal. The posteriors of dPM,SISL for the two lensed signals are then obtained via joint
parameter estimation and retrieval. Finally, the inferred distance posteriors are compared
to assess the precision of the posterior on the true luminosity distance.

For the luminosity distance prior, we assume a uniform distribution in Euclidean volume,
corresponding to p(dL) ∝ d2L, i.e., a constant source density in Euclidean space (the low-
redshift limit of a comoving volume prior), over the range [0.1, 10] Gpc. For other source
parameters, we adopt the default precessing BBH priors implemented in Bilby [240, 375].

Next, we simulate mock lensed signals by assuming that each unlensed signal is lensed
by both a PM and an SIS lens, producing two lensed signals per model (i.e., three unlensed
signals produce a total of six lensed signals).

As discussed earlier, we restrict the dimensionless impact parameter to the range y ∈
[0.1, 1.0), ensuring the formation of at least two images. The lower bound is motivated
by the expected occurrence rate of SLGWs [301, 324, 325, 326, 376]. As an optimistic scen-
ario for strong lensing, we consider the regime of maximum amplification, which occurs
at y = 0.1 for the lens models considered here; accordingly, we set y = 0.1 in our injec-
tions. We also adopt a lens mass ofMlz=1011.5M⊙, corresponding to typical galactic-scale
lenses. This choice yields time delays between the two lensed images ranging from weeks
to months over the considered range of y, consistent with expectations for galaxy-scale
strong lensing.

To construct lensed signal pairs, we use the same intrinsic source parameters as in the
unlensed case, except for the luminosity distance, which is modified by lensing magnific-
ation. For example, the chirp mass is assumed to be identical for all images, i.e., Mc,+ =

Mc,− =Mc. The sky locations of the lensed images are also taken to be identical, as cur-
rent detector sensitivities do not enable us to resolve small angular separations between
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Figure 8.2: Posteriors of dL,+ and µrel obtained from JPEs of a pair of signals from
GW200208_222617 lensed by SIS (orange) and PM (blue) models. Black dotted and dashed
lines indicate the injected values of dL,+ for the SIS and PM cases, respectively. The injected
values of µrel are nearly identical for the two lens models (µPM

rel ≃ µSIS
rel ≃ 0.818); therefore,

only a single vertical line is shown for µrel.

images (e.g., [374]). We do not include time delays or phase shifts in the analysis, as they
do not directly affect luminosity distance estimation. The prior assumptions for the lensed
signals are taken to be the same as those used for the unlensed case, except that we adopt
a uniform prior on the relative magnification, µrel [300].

For Cases A and B, we perform JPEs on the lensed signal pairs for each lens configura-
tion using the method described in Section 5.2.1, implemented via the Golum pipeline [300,
303] (labeled as joint PE in Figure 8.1). While the full analysis infers both source paramet-
ers and lensing observables, we focus on the relative magnifications and the luminosity
distances, which are the quantities of interest in this work.

8.1.3 Results

From the JPE of the lensed signal pairs, we obtain posteriors for the relative magnification
factors and effective luminosity distances for both the PM and SISmodels under Cases A and
B. Figure 8.2 shows the resulting posteriors of µrel and dPM,SISL,± for each pair of lensed signals
from the GW200208_222617-like event as a representative example. The top and bottom
panels correspond to Cases A and B, respectively. The posteriors p(µrel) are consistent with
the injected values for both lens models and are nearly identical, as y = 0.1 yields µrel ≃
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0.8 for both models. In contrast, the distance posteriors differ between the models. The
distributions p(dL,+) inferred under the SIS model are narrower than those obtained with
the PM model within the 99 % C.I., indicating improved precision in parameter estimation.
This difference arises from the higher µ+, and consequently higher SNR, in the SIS model
(µSIS

+ = 11, SNRSIS ≃ 26.34) compared to the PM model (µPM
+ ≃ 5.5, SNRPM ≃ 18.66). In

addition, the presence of noise in Case B leads to a noticeable reduction in the precision
of the luminosity-distance measurement, particularly for the PM case. For the SIS case,
however, the effect appears less significant due to its substantially higher SNR.

Following [300], we improve parameter constraints by reweighting the posterior samples
of the individual lensed signals. The reweighted posterior is constructed by combining the
posteriors of the lensing and apparent source parameters (see Eq. (15) of [300]). For both
models, the first-arriving (+) image is more strongly magnified and is therefore used as the
reference. In this procedure, the posterior p(dL,+) is refined using information from p(dL,−).

To recover the true luminosity distances, we convert the reweighted effective distances
usingµ+ posteriors, which are obtained analytically from the reweightedµrel posteriors (de-
noted as retrieval process in Figure 8.1). Using Eqs. (2.36) and (2.44), we obtain the posterior
of y, which is then mapped to µ+ via Eqs. (2.35) and (2.43). To illustrate an optimal scenario
in which only the uncertainty in dL,+ is taken into account, we estimate the true lumin-
osity distance using a fixed µ+ corresponding to its maximum-likelihood value, without
propagating the uncertainty in µ+. For Cases A and B, the retrieved luminosity distance
distributions for the lensed pair from the GW200208_222617-like event are shown in Fig-
ure 8.3, together with the posterior of the true distance obtained from parameter estimation
of the corresponding unlensed signal (dUL

L ) for comparison.

To quantify how much the recovered luminosity distances are improved in precision
relative to the unlensed case, we compare the widths of the 99 % C.I. of the recovered dis-
tances posteriors, denoted by W99. We define the ratio R99 ≡ WUL

99 /WX
99, where X denotes

one of the adopted O3b-like BBHs, labeled here using the shorthand event identifiers 208,
216, and 219. For convenience, we use abbreviated event labels obtained by dropping the
first three and last six digits of the original event IDs in the superscripts of W99 and R99.
Table 8.2 summarises the resultingW99 andR99 values for the three mock BBHs considered
in this section.

The results are broadly consistent across all BBHs: the luminosity-distance posteriors
inferred from lensed signals are more tightly constrained than those obtained from the
corresponding unlensed signals. Differences in W99 and R99 values for the three BBHs are
mainly due to the SNRs of the original unlensed events since identical lens parameters are
adopted for each lens model. For example, the GW200208_222617-like event has the lowest
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Figure 8.3: Posteriors of the recovered true luminosity distance (dL) of the
GW200208_222617-like event for the PM (blue) and SIS (orange) cases. For compar-
ison, the distance posterior obtained from the corresponding unlensed signal, p(dUL

L )
(grey), is also shown. The left and right panels correspond to the results from Cases A and
B, respectively. The black solid line indicates the true value. Coloured vertical dashed lines
denote the lower and upper bounds of the 99 % C.I for each posterior distribution in the
corresponding colour.

unlensed network SNR among the three systems considered in Case A. Correspondingly,
its unlensed distance posterior exhibits the broadest C.I., with W99 ≃ 8 Gpc. As a result,
the impact of strong lensing appears most pronounced for this event, yielding R208

99 ∼ 8,
compared to R99 ∼ 4 for the other BBHs.

As expected, the presence of noise tends to reduce the improvement from strong lens-
ing, since the SNR enhancement frommagnification and from combining multiple repeated
signals becomes less effective. Nevertheless, even in the presence of Gaussian noise, the
recovered luminosity-distance precision remains improved by a factor of approximately
two to seven relative to the unlensed case (see the Case B results in Table 8.2). Overall,
these proof-of-principle results demonstrate the potential of strong lensing to improve
luminosity-distance measurements by providing multiple magnified observations of the
same GW source, leading to tighter distance constraints

8.2 Beyond Simple Lens Models: Numerical Reconstruction
As shown in the previous section, delensing based on successful lens reconstruction can
significantly enhance the precision of luminosity distance estimates. However, for more
realistic lens models, the lens parameters cannot be determined analytically from lensing
observables. In this section, we present a numerical approach to infer lens parameters from
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Case A: HLV design PSDs with zero-noise realisation
Signal W208

99 R208
99 W216

99 R216
99 W219

99 R219
99

[Mpc] [Mpc] [Mpc]
Unlensed 7,918 1.00 4,806 1.00 4,167 1.00
Lensed (PM) 1,274 6.21 1,786 2.69 1,146 2.68
Lensed (SIS) 948 8.35 1282 3.75 1,147 3.63

Case B: HLV O3a PSDs with a Gaussian-noise realisation
Signal W208

99 R208
99 W216

99 R216
99 W219

99 R219
99

[Mpc] [Mpc] [Mpc]
Unlensed 4,373 1.00 7,675 1.00 3,961 1.00
Lensed (PM) 1,206 3.63 1,882 4.08 2,133 1.86
Lensed (SIS) 637 6.86 1,693 4.53 1,437 2.76

Table 8.2: The W99 and R99 values that are obtained from GW200208_222617-,
GW200216_220804-, and GW200219_094415-like BBHs. Results from Cases A and B are
compared for each injection.

GW signals using the rejection sampling technique. This method can be applied to a wide
range of lens models once the relevant lens parameters are defined. We also explore how
the reconstruction can be further improved by incorporating multi-messenger information,
such as the identification of the host galaxy of the GW source and the lens galaxy.

8.2.1 Analysis Setup

We simulate nine distinct GW lensing systems based on the lens models described in Sec-
tion 2.2. The parameters are randomly chosen from a pool of θl that can generate the spe-
cified detectable multiple images. To maintain consistency, we use a single intrinsic un-
lensed signal from a GW150914-like event, generated with the IMRPhenomXPHM wave-
form model [288]. For most lensing configurations, we assume a luminosity distance of
dL = 3 Gpc and a redshifted lens mass of M z

l = 1012 M⊙. However, for the NFW and
PNFW models, the strong lensing cross-sections for sources at low redshifts are signific-
antly smaller than the other models (see Figure 2 in [311]). To ensure a non-negligible
lensing probability for the two models, we instead inject the signals at dL = 10 Gpc with a
higher redshifted lens mass ofM z

l = 1013 M⊙.

The resulting lensing configurations span from double-image to quintuple-image sys-
tems, with the image multiplicity determined by model-dependent lens parameters. Sim-
ulated lensed GW signals are injected into Gaussian noise characterised by the projected
LIGO-Virgo O4 PSD [365]. Consistent with the projected detectability of the detector net-
work [365], we assume that lensed GW signals (hl(f)) are detected with a network SNR
ρnet > 8 except for NFW and PNFW cases. An exception arises for Type III images in NFW
and PNFW models, which are strongly demagnified by the lens geometry and often yield
lower SNRs. For each system, the injected lens parameters (θl) are listed in Table 8.3. The
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ID Model Injected θl No. of images
1 PM y = 0.22 Double
2 SIS y = 0.22 Double
3 NFW (y, κs) = (0.004, 0.167) Triple
4 SIE (q, y) = (0.85, 0.22) Double
5 SIE (q, y) = (0.63, 0.22) Quadruple
6 SPEMD (q, y, γ) = (0.85, 0.22, 1.5) Double
7 SPEMD (q, y, γ) = (0.58, 0.17, 0.75) Quadruple
8 PNFW (q, y, κs) = (0.6, 0.011, 0.167) Triple
9 PNFW (q, y, κs) = (0.82, 0.008, 0.167) Quintuple

Table 8.3: Injected θl values used to simulate the nine GW lensing systems considered in
this section.

recovered SNRs vary across systems: Systems 1, 2, and 4–7 yield ρnet ∈ [11, 16], while Sys-
tems 3, 8, and 9 fall within ρnet ∈ [4, 10]. For highly demagnified images, we adopt an SNR
threshold of ρnet = 4, assuming such signals can be identified with dedicated sub-threshold
search pipelines [325, 326, 377].

To conduct JPEs for each lensing system, we again use the Golum pipeline [300, 303].
As this pipeline is optimised to analyse two signals, the estimations are performed on pairs
of the first lensed signal (hl,1) and the j-th lensed signal (hl,j), which means that we can get
posteriors of µrel,1j and ∆t1j , where j = 1, 2, ..., n if the system has n lensed GW signals.
We assume uniform prior distributions for µrel,1j and ∆t1j . For the source parameters, we
adopt the prior distributions for precessing BBHs in [375]. Priors for the main parameters
used in this work are shown in Table 8.4.

Parameter Prior Range
m1,m2 UnifoRm [5, 100]M⊙
dL UnifoRmComovingVolume [0.1, 5]Gpc OR

[0.1, 10]Gpc
RA UnifoRm [0, 2π]
DEC IsotRopic -
µrel UnifoRm [0.1,10]
∆t UnifoRm -

Table 8.4: Priors on the main source parameters, including component masses (m1,m2),
luminosity distance (dL), and sky location (RA, DEC), as well as lensing observables (µrel,
∆t) employed in this work. A broader prior on dL ([0.1, 10] Gpc) is adopted for NFW and
PNFW systems to account for injected effective distances, deffL > 5Gpc.
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8.2.2 Lensing Observable Catalogue and Rejection sampling

A key challenge in lens reconstruction is that, for most lens models beyond simple cases
such as PM and SIS, the mapping between the lensing observables and the lens parameters
is not one-to-one. In addition, the observables are inferred as posterior distributions rather
than precise point estimates, and their associated uncertainties further hinder accurate re-
covery of the underlying lens properties.

To address this, we employ a rejection sampling technique [254] to infer θl. This ap-
proach is particularly well-suited for our framework because, while the mapping from ob-
servables to parameters is not analytically invertible, forward modelling allows us to effi-
ciently compute µrel and ∆t for any given set of θl. By comparing these forward-modelled
predictions with the likelihood implied by the inferred posteriors of the observables, we
effectively sample the posterior distribution of θl.

For each aforementioned lens model, we select sets of lens parameters θl that produce
multiple image solutions (i.e., at least two images). For each θl, we calculate the corres-
ponding relative magnification factors (µrel,1j) and Fermat potential (∆T1j) using lenstRo-
nomy [378]. Note that the physical time delay is given by ∆t = D∆t∆T , where D∆t does
not affect the image configuration in the geometrical optics limit. The resulting parameter–
observable combinations are stored as ordered triplets, (Θ = {θl, µrel,∆T}) forming lensing
observable catalogues.

We use the constructed catalogues for the detected lensed signals in each system listed
in Table 8.3. For simplicity, we assume that the correct lens model is known for each sys-
tem. Figure 8.4 illustrates an example using the posterior distribution P (µrel) from lensing
system ID 2 (see Table 8.3). In the rejection sampling procedure, candidate values of µrel,
drawn from the catalogue triplets Θ, are first proposed according to a distribution Q(µrel)

(solid blue line). Each sample is then accepted with probability proportional to the ratio
P (µrel)/MQ(µrel), where M is chosen such that P (µrel) ≤ MQ(µrel) (solid yellow line)
over the domain, ensuring that the accepted samples populate the region under the target
distribution P (µrel) (solid black line). Green and magenta dots indicate the accepted and
rejected Θ, respectively.

Finally, the accepted values of θl effectively represent the posterior probability distri-
butions of the lens parameters. Furthermore, the associated time-delay samples, ∆T , can
be converted into the corresponding redshifted lens mass samples, M z

l , by applying the
analytical relationship defined in Eq. (2.44).
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Figure 8.4: Illustration of rejection sampling.

In terms of computational performance, the rejection sampling technique is efficient.
For a double-image system, the total computation time is typically less than one CPU hour.
For more complex systems with triple to quintuple images, the required time increases to
a few CPU hours. This is due to the sequential nature of the sampling process, where the
rejection sampling for the jth image pair (first and jth) is conducted only after the posterior
results for the preceding ith pair (first and ith, where i < j) have been obtained.

8.2.3 Axially Symmetric Lenses

To confirm the validity of the rejection sampling technique, we first compare the θl pos-
teriors obtained via rejection sampling against the analytical posteriors derived through
univariate transformations of the µrel posteriors using Eqs. (2.36) and (2.44) for the PM and
SIS models, respectively. As shown in Fig. 8.5, the recovered posteriors for M z

l and y for
System 1 (PM Double) and System 2 (SIS Double) peak near the injected values. The res-
ults from the two methods are nearly identical: the analytical posteriors are represented by
dashed gray and black lines, while the rejection sampling results are shown in solid colours.
The solid black vertical lines indicate the true injected values, and the vertical dashed lines
denote the 90 % C.I. for each parameter.
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Figure 8.5: Posteriors of θl and redshifted lens mass M z
l for System IDs 1 and 2. The col-

oured distributions are obtained using the rejection sampling technique, while the grey
distributions are derived analytically from µrel posteriors using Eqs. (2.36) and (2.44).

The high degree of agreement between the analytical and numerical distributions suc-
cessfully demonstrates the validity of the rejection sampling technique as a tool formapping
lensing observables back to lens parameters. However, it is important to note that while this
validates the methodology, rejection sampling does not inherently bypass all physical de-
generacies. The ability to successfully recover θl remains subject to intrinsic degeneracies
among parameters that may exist within more complex lens models.

As introduced in Section 2.2.3, among the spherically symmetric lensmodels considered,
the NFW model does not have an analytic expression for the lensing observables. Thus, we
use the rejection sampling technique for System ID 3 (NFW triple). After identifying the
estimated µrel posteriors with the detected triple images as a target distribution, we draw
µrel samples from the lensing observable bank of the NFW to conduct rejection sampling.

Figure 8.6 shows the recovered posteriors for the lens parameters θl and the redshifted
lens mass M z

l for the NFW case. Although the injected values are successfully recovered
within the 90 % C.I., the posteriors are poorly constrained. In particular, κs remains largely
consistent with the prior, indicating that it is weakly constrained. This behaviour reflects
the intrinsic nature of galaxy-scale lensing: for an NFW profile, the relatively low surface
density implies that strong lensing, and hence the formation of multiple images, occurs
only for very small values of y. Within this narrow range, many of the (y, κs) combinations
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Figure 8.6: Corner plot showing the posteriors of the lens parameters θl = (y, κs) and
redshifted lens massM z

l for System ID 3.

from the prior produce nearly identical µrel values, leading to a strong degeneracy between
these parameters. Accordingly, the M z

l does not peak at the true value. The precision of
the obtained µrel posterior is currently insufficient to break this fundamental degeneracy,
resulting in the broad, uninformative posteriors.

8.2.4 Non-Axially Symmetric Lenses

In more realistic astrophysical scenarios, strong lens candidates such as galaxies are not
perfectly spherical but exhibit ellipticity.The introduction of ellipticity complicates the lens
model and introduces stronger degeneracies between θl. Consequently, we expect the pos-
teriors for θl andM z

l in non-axially symmetric models to be more poorly constrained than
those in the axially symmetric cases. In addition, the inclusion of extra parameters to de-
scribe the lens profile, such as the profile density slope γ, further increases the complexity
of the parameter space and exacerbates these degeneracies.
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Figure 8.7: Corner plots showing the posteriors of θl andM z
l for System IDs 4, 6, and 8.

Figure 8.7 shows the inferred posteriors for System IDs 4, 6, and 8, corresponding to
double-image configurations (SIE and SPEMD) and a triple-image configuration (PNFW).
While the true injected values lie within the 2σ credible regions of the joint 2D posteriors for
all three models, the marginal 1D posteriors often do not peak at the true values and remain
poorly constrained. Notably, the M z

l posteriors are better constrained than the structural
parameters.This is becauseM z

l is primarily constrained by the time delays between images
(∆t), which are typically better constrained than µrel with GW observations. These results
indicate that the properties of an elliptical lens cannot be robustly recovered when the lens-
ing configuration produces only double or triple images under our modelling assumptions.
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However, the detection of more than two images provides additional independent con-
straints that help break degeneracies between lens parameters. By obtaining more lensing
observables (µrel,j and ∆tj), the parameter constraints become tighter, leading to better-
constrained posteriors compared to double-image systems. Figure 8.8 shows the results
for System IDs 5, 7, and 9, which produce quadruple or quintuple images. To account for
the possibility that only a subset of images may be observed in practice, we consider two
scenarios: (1) the detection of only a pair of GW images (gray) and (2) the detection of all
available GW images (coloured).

Table 8.5 quantifies the improvement in lens parameter recovery when these additional
constraints from more images are included. We define the ratio,Rθl

A/B, as the relative width
of the 90 % C.I. between the pair-only case (A) and the all-images case (B). Except for the
SIE case, the C.I. widths of θl narrow down by tens of percent when all images are included.
This additional information improves the agreement between the inferred posteriors and
the injected values, particularly for the SPEMD case, where all posteriors converge well to
the injected values. In contrast, the PNFW case continues to exhibit a significant degeneracy
between y and κs, similar to the NFW results. Thus, for non-axially symmetric models,
the posteriors of θl and M z

l remain only weakly constrained by GW information alone.
Despite these limitations, the posterior width of q consistently decreases across all models.
This improved constraint on the lens structure is particularly valuable for multi-messenger
astronomy, as it can aid in localising and identifying candidate lens galaxies associated with
the GW host galaxy within the inferred sky area.

8.2.5 Non-Axially Symmetric Lenses with EM Observation

While GW information alone is often insufficient to recover lens parameters with high pre-
cision, incorporating EM observations offers a powerful means of breaking existing para-
meter degeneracies. By leveraging extra constraints from EM data, we can significantly
refine the estimation of structural parameters and, consequently, obtain a more robust con-
straint on the redshifted lens massM z

l . For instance, if a lens galaxy is identified within the
GW sky localisation region, its structural properties, such as the axis ratio and position
angle, can be directly measured from high-resolution imaging. In addition, the image pos-
itions of the lensed host galaxy can provide further spatial constraints.

However, identifying the correct lens galaxy remains challenging, as the GW localisa-
tion uncertainty is still large enough to contain thousands of candidate galaxies. In this
context, several studies [310, 379, 380] have proposed localising the host–lens system using
wide-field surveys such as the Legacy Survey of Space and Time (LSST) [381]. This ap-
proach generally assumes the joint detection of lensed GW and EM signals from the same
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Figure 8.8: Same configurations as in Figure 8.7, but showing the posteriors of θl and M z
l

for System IDs 5, 7, and 9.

host galaxy2. By combining lensing observables from both messengers, specifically through
the joint application of Eqs. (2.76)–(2.79), the number of candidate systems within the GW
localisation region can be significantly reduced, enabling identification of themost probable
lens-source configuration.

2. In general, the host galaxy of a GW source is also lensed by the intervening galactic halo.
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Figure 8.9: Same configurations as in Figure 8.8, but with the assumption that quadruple
(quintuple) image systems are detected with the additional EM observations and thereby,
axis ratios and image positions are confined with ± 5 % and 0.1” error ranges.

In particular, [310] argue that the detection of quadruple GW images can significantly
reduce the sky localisation area with current LIGO–Virgo detectors. Furthermore, as shown
in Figure 8.8, the axis ratio of a lens galaxy can be more precisely constrained when four or
more GW images are identified, providing a critical starting point for identifying the lens
galaxy in EM surveys.

To quantify the impact of multi-messenger constraints, we consider a scenario in which
the lens galaxy has been successfully identified. Motivated by typical observational uncer-
tainties, we assume that the axis ratio and EM image positions are constrained to within
±5 % and 0.1 arcseconds, respectively. Figure 8.9 shows the recovered posteriors for θl and
M z

l for the non-axially symmetric lens systems under these assumptions. All θl posteriors
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Pdbl(θl) vs Pall(θl) in Figure 8.8
Model Rq

dbl/all Ry
dbl/all Rlog10Mz

l

dbl/all Rγ
dbl/all Rκs

dbl/all
SIE 1.03 1.01 0.97 - -
SPEMD 1.55 1.33 1.22 1.11 -
PNFW 1.89 1.36 1.30 - 1.06

Pall(θl) vs Pall+EM(θl) in Figure 8.9
Model Ry

all/all+EM Rlog10Mz
l

all/all+EM Rγ
all/all+EM Rκs

all/all+EM
SIE 9.87 8.17 - -
SPEMD 6.94 7.90 4.21 -
PNFW 3.07 1.51 - 1.85

Table 8.5: Quantitative evaluation of the improvement in lens parameter recovery from
additional constraints, such as multiple GW images and indicative EM observations.

become significantly tighter and peak near the injected values. We quantify this improve-
ment in Table 8.5 using the ratio Rθl

all/all+EM, defined as the relative width of the 90 % C.I of
the all-GW images to the all-GW + EM scenarios. Most importantly,M z

l is recovered with
high precision. By combining the inferred M z

l with the lens redshift zl obtained from EM
spectroscopy, the intrinsic lens massMl can be determined, completing the reconstruction
of the lensing system.

8.3 Conclusion
In this chapter, we first demonstrate the delensing process through analytic lens reconstruc-
tion. Our proof-of-concept study shows that we can retrieve the true luminosity distance
with significantly improved precision by detecting SLGWs from a single BBH. Even in the
presence of simulated detector noise, an optimal strong-lensing configuration enhances the
distance constraint by a factor of several relative to the unlensed case. Although the initial
demonstration is restricted to simple PM and SIS models with double images, more com-
plex lens models, such as those introduced in Section 8.2.4, can yield higher magnifications
and increased image multiplicity, further improving the precision of luminosity distance
estimates.

As the lens models become more complex, the reconstruction procedure becomes in-
creasingly challenging. An inference framework based on rejection sampling is implemen-
ted to address this challenge, further demonstrating that the precision of lens reconstruction
is significantly improved when joint GW and EM observations are available. In addition to
the geometric information provided by EM imaging, spectroscopic measurements of both
the lens galaxy and the lensed host galaxy enable precise redshift measurement, supply-
ing an additional and critical constraint on the lensing configuration, such as the Einstein
radius.
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Successful lens reconstruction directly enables more precise and accurate luminosity
distance estimates, providing critical input for studies of the formation and evolution of
compact binary populations. Furthermore, these improved distance measurements offer a
powerful avenue for constraining the Hubble constant through the Hubble–Lemaître law
discussed in Section 3.1.3. By mitigating the intrinsic uncertainties in standard GW distance
inference, SLGWsmay play a key role in resolving the current Hubble tension in the coming
decades.

However, real-world detection scenarios are expected to be significantly more challen-
ging, and several key issues remain to be addressed. We highlight three primary directions
for future investigation.

First, observational completeness. In practice, only a subset of the full image ensemble
may be detected (e.g., two images from a quadruple-image SIE system), either because addi-
tional images have not yet arrived due to long time delays or because their SNRs fall below
the detection threshold. A natural extension is to incorporate rejection sampling to compare
different image-multiplicity scenarios and identify the statistically preferred configuration.

Second, model selection and hypothesis testing. Because the lens density profile is not
known a priori, rejection sampling should be embedded within a JPE framework to enable
rigorous hypothesis testing. Such an approach can not only identify the most probable lens
model but also improve search pipelines by reducing FAR, as suggested by [382, 383].

Finally, complex lensing environments (macro–micro lensing). As discussed in Chapter 7,
galactic substructures, such as star clusters and DM subhalos, can induce additional mi-
crolensing effects on top of the macrolensing signal. Neglecting these contributions may
bias lens parameter estimates. Developing parameter estimation frameworks that incorpor-
ate the associated wave-optics effects remains an important goal for future work, particu-
larly in the context of space-based interferometers, where higher SNR and improved sky
localisation will help disentangle these complex degeneracies [384, 385, 386].



Chapter 9

The Impact of Strong Lensing on H0

Measurements with Gravitational-Wave
Dark Sirens

Disclaimer

The following chapter is based on the paper The Impact of Strong Lensing on Hubble
Constant Measurements with Gravitational-Wave Dark Sirens [387]. The author was
the first author and contributed to every stage of this work, including mathematical
derivations, framework development, data generation and analysis, interpretation of
the results, scientific discussion, figure production, and manuscript preparation. This
paper was published in the Astrophysical Journal Supplement Series.

As discussed in Section 3.1.4, the precise value of H0 remains under debate due to
the Hubble tension, between early-Universe measurements inferred from the cosmic mi-
crowave background [175], which reportH0 = 67.4±0.5 km s−1 Mpc−1, and late-Universe
measurements based on the Cepheid-supernova distance ladder [181], which find H0 =

72.3± 1.4 km s−1 Mpc−1. This discrepancy has motivated growing interest in independent
approaches to measuring H0. In this context, as introduced in Section 3.2, GW standard
sirens provide a promising alternative, particularly given the rapid expansion of GW astro-
nomy over the past decade, with more than 200 CBCs detected by the LVK network [20].

In this chapter, we focus on the galaxy-catalogue-based dark siren method [219, 220],
in which each GW event is statistically associated with multiple candidate host galaxies
within its sky localisation volume. By weighting these galaxies according to their spatial
probabilities and luminosities, one can construct a probabilistic redshift distribution for
the GW source and subsequently perform hierarchical inference of H0. For the galaxy-
catalogue-based method, improving constraints on H0 primarily depends on two factors:
accurate sky localisation to reduce the number of potential host galaxies, and precise meas-
urements of the luminosity distance. In this context, we consider SLGW events, which, as
demonstrated in Section 8.1, are expected to yield improved luminosity-distance precision.

168
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In addition, SLGWs can provide more informative constraints than unlensed events for
sky localisation [310, 388], both of which are essential for robust host-galaxy identification
in the dark-siren framework. Furthermore, the additional lensing information encoded in
these systems can provide complementary cosmological constraints on H0.

Although no unambiguous detection of SLGWs has yet been reported in the latest
GWTC catalogue [238], the LVK detector network is expected to observe GW strong lens-
ing at a rate ofO(1)Gpc−3, yr−1 at design sensitivity [158, 159, 160, 326, 341, 359, 389]. Such
systems are expected to provide cosmological information analogous to that obtained from
time-delay measurements of strongly lensed quasars [111, 390, 391]. As the number of de-
tected SLGWs increases in future LVK observing runs [102, 326] and with next-generation
observatories such as the Einstein Telescope [200, 392, 393], joint analyses incorporating
both source and lens population models will become increasingly important. At the same
time, unlensed dark sirens should not be excluded from analyses, as combining lensed and
unlensed GW events within a unified hierarchical framework can substantially improve the
precision and robustness of the inferredH0. In this regard, tools such as gwcosmo [219, 220,
394] provide a flexible Bayesian framework for incorporating population information and
jointly inferring cosmological parameters from both lensed and unlensed GW events.

In this chapter, we investigate the impact of SLGWs onH0 inference, highlighting how
lensing information can strengthen cosmological constraints relative to conventional un-
lensed dark sirens. Two observational scenarios are considered. In the first scenario, mul-
tiple lensed signals originating from a single dark siren event are detected. Once the host
galaxy is uniquely identified through lensing observables and cross-correlation with galaxy
catalogues, the Hubble–Lemaître law (Eq. (3.33)) can be directly used to infer H0. In the
second scenario, a population of lensed dark siren sources is detected, requiring a hierarch-
ical framework that consistently combines all events.This framework incorporates compar-
isons with galaxy-galaxy lensing catalogues to construct more informative redshift maps
and thereby improve the precision of the inferred H0. We additionally quantify potential
systematic biases inH0 inference arising from neglected or incorrectly modelled lensing ef-
fects.Throughout this chapter, we assume a fiducial flatΛCDM cosmology withΩm = 0.25,
Ωb = 0.044, ΩΛ = 0.7, and H0 = 70 km, s−1,Mpc−1.

9.1 Mock Data

9.1.1 Galaxy catalogue

Weadopt theMICE-GrandChallenge light-cone halo and galaxy catalogue (MICECATv2) [395,
396, 397, 398, 399] for our galaxy distribution, while separately investigating how catalogue
incompleteness affects the inference of H0. The simulation volume covers approximately
5000 deg2 of the sky over a redshift range of 0.07 < z < 1.42. The catalogue provides abso-
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lute and apparent magnitudes across multiple photometric bands, alongside both true and
observer-frame redshifts. We specifically select the r-band for our analysis, as MICECATv2
is calibrated using the r-band Schechter function from [400], with galaxy evolution models
applied at higher redshifts [401]. Although completeness estimates were originally derived
using i-band data, we use the r-band data to ensure a direct and consistent application of
the Schechter parameters for incompleteness corrections. Here, completeness is defined as
the fraction of observable galaxies successfully included in the catalogue.

To maintain computational efficiency within gwcosmo, we utilise a randomly selected
one-eighth subset of the full MICECATv2 catalogue, comprising approximately 6.2 × 107

galaxies1. We select galaxies with r-band absolute magnitudesMr < −20 and assume this
subset is 100 % complete down to an r-band apparent magnitudemr < 24 at z = 1.42 [401].
The absolute-magnitude cut is imposed to achieve an approximately uniform number dens-
ity in comoving volume, thereby constructing a volume-limited sample. This selection pre-
vents an overabundance of faint, low-redshift galaxies while avoiding a significant bias to-
ward only the brightest sources. We exclude galaxy clusters to focus exclusively on galaxy-
galaxy strong lensing. Hereafter, this complete catalogue is referred to as the Unlensed
Galaxy catalogue (UGC0).

Within the landscape of galaxy surveys, certain catalogues focus exclusively on lensed
systems; for example, the SLACS survey [402, 403] targets confirmed strong-lensing sys-
tems. Complementary efforts have produced dedicated catalogues of strong gravitational
lenses, such as lenscat [404], which facilitate the identification of host galaxies associated
with lensed transient events. In this context, we simulate a catalogue of lensed galaxies
derived from UGC0. Compared to the unlensed case, a lensed galaxy catalogue contains
significantly fewer potential host-galaxy candidates per unit sky area within a given GW
localisation region. This sparsity effectively mitigates source-identification uncertainty in
the statistical H0 inference performed with gwcosmo. To simulate lensing systems, we as-
sume that all galaxies in our mock catalogue follow SIE density profiles described in Sec-
tion 2.2.4.

Since MICECATv2 does not directly provide the SIE lens parameters, we model their
underlying distributions. We adopt the functional forms described in [359]; however, rather
than fixing the galaxy number density at a specific redshift within the Schechter function,
we compute it independently at each redshift using the MICECATv2 data and sample velocity
dispersion σv accordingly. For the shape parameters, we assume a uniform distribution for
the orientation angle ϕe and a Rayleigh distribution for the axis ratio q, extending the lower
limit to qmin = 0.1 to include highly elliptical galaxies.

1. The resulting number density is 0.00146 Mpc−3 (reduced from the original 0.0117 Mpc−3), which more
closely approximates the number densities of observational catalogues like GLADE+ [214] used in dark siren
GW cosmology.
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The number of strongly lensed galaxies,NLgal, in a given catalogue is determined by the
optical depth, τgal, as follows:

NLgal = Ngal × τgal

= Ngal ×
Ngal∑
i

∫
τ(zi)P (zi)dzi,

(9.1)

where τ(zi) is the optical depth for the ith galaxy at redshift zi, and P (zi) represents the
probability that a galaxy from the catalogue resides at redshift zi. Thus, τgal corresponds to
the combined optical depth across the entire galaxy population in the given universe (see
Eq. (2.31)).

Since we adopt an SIE lens model, only two or four images of a source galaxy can be
produced. The resulting lensed galaxy catalogue contains ∼ 4.6 × 104 double-image sys-
tems and ∼ 1.0 × 104 quadruple-image systems. Hereafter, this complete lensed galaxy
catalogue, comprising all double- and quadruple-image systems generated from the UGC0,
is referred to as the Lensed Galaxy catalogue (LGC0). Figure 9.1 shows the redshift distri-
bution of galaxies in the UGC0 alongside the distributions of double- and quadruple-image
systems in the LGC0. As expected, the distribution of lensed galaxies peaks at higher red-
shifts, as galaxies at higher redshift have a higher probability of encountering a foreground
lens.
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Figure 9.1:The redshift distributions of galaxies in the unlensed catalogue (UGC0; red), and
of background galaxies in double-image (blue) and quadruple-image (green) systems in the
lensed catalogue (LGC0).
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In practice, observational galaxy catalogues are incomplete and do not capture every
potential host galaxy of a GW source. This incompleteness must be accounted for when
inferringH0 using dark sirens and galaxy catalogues. To mimic these observational limita-
tions, we impose an apparent magnitude cut ofmth = 21.87, removing galaxies fainter than
this threshold from both the UGC0 and LGC0.The resulting incomplete catalogues are here-
after referred to as UGC1 and LGC1, respectively; their application in theH0 measurement
will be discussed in Section 9.3.

9.1.2 Dark Sirens

For our dark-siren simulations, we adopt the parametric models of BBH populations de-
scribed in Section 4.4.2, along with the source parameter ranges and hyperparameters in-
ferred from the GWTC-3 analysis [293]. We assume a fixed observation time of Tobs =

2.26yrs, corresponding to the duration of the O4 observing run. For the remaining BBH
parameters, including spins, we assume uniform distributions.

Each simulated BBH is assigned to a host galaxy in the UGC0 catalogue following a
physically motivated weighting scheme. A galaxy’s probability of hosting a BBH depends
on its SFR, stellar mass, metallicity, and the delay time between binary formation and mer-
ger [405, 406]. While explicitly incorporating all these factors can improveH0 convergence
by accurately reflecting the true host distribution, inaccurate or oversimplified prescrip-
tions risk introducing systematic biases into theH0 posterior [407, 408]. In this study, rather
than modelling the full complexity of host-galaxy properties, we adopt a luminosity-based
weighting scheme as a practical approximation, assigning higher hosting probabilities to
more luminous galaxies. Unlensed GW signals are generated using the IMRPhenomXPHM-
SpinTayloR waveform model [288, 289] and injected into a detector network consisting of
aLIGO–Livingston, aLIGO–Hanford, and AdV at their expected O4 sensitivities [365]. We
consider only those signals detected in all three detectors with a network SNR above 8
(ρnet > 8).

In addition to the unlensed GW signals, SLGW signals are generated by applying the
lensing effects of galaxies in the LGC0 to the previously simulated unlensed signals using
the amplification factors (see Eq. (2.74)). To determine the number of lensed GW signals
(Nlgw), we follow a procedure analogous to that used in constructing the LGC0: the optical
depth for BBHs is computed based on the galaxies in the UGC0, such that:

Nlgw = Ngw × τBBH. (9.2)

Note that τBBH is the combined optical depth for the entire BBH population, computed using
the complete unlensed catalogue, UGC0.
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In practice, it is computationally prohibitive to calculate the dimensionless impact para-
meters (y) for every potential galaxy-galaxy pair while accounting for sky positions and an-
gular diameter distances between the source, lens, and observer. Therefore, we randomly
selectNlgw source-lens pairs from the LGC0, where each source galaxy is assumed to host a
BBH that is strongly lensed by its associated foreground lens galaxy. Consequently, y values
that ensure strong lensing are assigned, which are drawn from a uniform distribution over
the range y ∈ [0.01, 1.2]. The upper bound of 1.2 corresponds to the maximum for which
strong lensing can occur within the axis-ratio range adopted for our SIE model. Table 9.1
summarises the assumed distributions for the representative source and lens parameters.

Parameter Distribution model Range
m1 Power Law + Peak [5, 112]M⊙
m2 Truncated Power Law [5,m1]M⊙
q Rayleigh [0.1, 1.0]
σv Schechter [50,500]km/s
y Uniform [0.01, 1.2]

Table 9.1: Assumed probability distributions for component masses (m1,m2) of the source
of dark sirens and the main lens parameters, including the axis-ratio (q) and the velocity
dispersion (σv), and dimensionless impact parameter (y), employed in simulating strongly
lensed GW signals.

Among the simulated SLGW signals, only those with ρnet > 8, evaluated using the
same detector configuration as in the unlensed case, are considered detected2. In a real-
istic scenario, it is not immediately known whether a detected signal is lensed. Candid-
ate lensed pairs (or higher-order multiplets) must first be identified by low-latency search
pipelines. For instance, posterior-overlap tests identify events with mutually consistent in-
trinsic parameters—such as component masses and spins—and overlapping sky localisa-
tions, while accounting for differences in arrival times and strain amplitudes [299]. For
high-ranking candidates, JPE is subsequently performed. During this step, as discussed in
Section 5.2.1, the lensing evidence is computed by jointly analysing the data segments un-
der the lensing hypothesis, thereby assessing whether the candidate multiplet is coherently
described as multiple lensed signals of the same GW source. In this work, the true associ-
ations between lensed signals are known by construction, allowing us to perform the JPE
directly on the correct signal sets. Only those systems for which the lensing hypothesis
is statistically supported by the JPE analysis are retained for the subsequent cosmological
inference.

2. In actual observations, thresholds for the astrophysical probability (pastro) and FAR are applied to ensure
signals are of astrophysical origin. For this study, we assume all signals satisfying the SNR threshold also
meet these criteria.
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9.2 H0 Measurement with a Strongly Lensed Dark Siren
Assuming the detection of a lensed dark siren, significantly improved sky localisation can
be achieved relative to the unlensed case [310, 388], along with more precise measurements
of the luminosity distance (dL) [373], as described in Chapters 3 and 8. Within this more
tightly constrained sky area, candidate lens galaxies and host galaxies can be identified,
enabling the use of the host redshift in combination with the improved luminosity distance
to inferH0 with higher precision. However, the detectability of the lensing system remains
dependent on the lens mass, luminosity, and redshift.

9.2.1 Method

If a source-lens system can be uniquely specified, the redshift of the source galaxy (zs) can
be obtained via EM observations, either through photometric or spectroscopic methods.
The obtained zs can then be used to apply the Hubble-Lemaître law (H0 = vr/dp), where

vr(z) =

∫ z

0

c dz′√
Ωm(1 + z′)3 + ΩΛ

(9.3)

is the recessional velocity of the source galaxy, and dp is its proper distance from the ob-
server. In a flat-ΛCDM universe, where the scale factor at z = 0 is set to a0 = 1, the proper
distance is equivalent to the comoving distance to the source galaxy (dC = dL/(1 + zs)).
In this study, we ignore the peculiar velocity of the source galaxy. This assumption can
introduce biases in H0 measurement using bright sirens, such as binary-neutron stars, but
it is reasonable for dark-siren analyses, where host galaxies are typically not located in the
nearby Universe (dL < 200 Mpc) [228, 229].

Since the redshift of a galaxy cannot be determined perfectly, we assign uncertainties
such that the measured redshift follows a Gaussian distribution, where the the standard de-
viation is σz . For the photometric and spectroscopic methods, we adopt σz = 0.033(1+ zs)

and σz = 0.001(1 + zs), respectively [409]. Using these estimated redshift distributions,
the recessional velocity of the source can be determined, and the measured luminosity dis-
tance can be converted into the corresponding comoving distance. Note that the measured
luminosity distance from the jth lensed signal is not the true distance to the source, but is
rescaled by the lensing magnification factor, as described in Eq. (2.75). Recovering the true
distance, therefore, requires delensing, which involves estimating the individual magnific-
ation factors µj from lens reconstruction.

From the lens-model-independent JPE for the lensed signals described in Section 5.2.1,
one can obtain not only source parameters, but also lensing observables for each pair of sig-
nals. For a double-image system, this corresponds to a single triplet, (µrel,12,∆t12,∆ϕn,12).
For a quadruple-image system, three such triplets are theoretically available, (µrel,1j,∆t1j,∆ϕn,1j)
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with j = 2, 3, 4, although fewer triplets may be obtained if some images are missing or un-
detectable. These lensing observables can then be converted into model-dependent lens
parameters either analytically [410] or numerically using a rejection-sampling framework
introduced in Section 8.2.

Once the lens parameters are constrained, one can further utilise shape parameters from
EM observations, such as the axis ratio (q) and elliptical angle (ϕe) of the lens galaxies, as
well as the inferred redshifted lens mass, to aid in uniquely identifying the source-lens
system within the sky localisation. This approach relies on the assumption that both the
lens galaxy and the lensed source images are included in the catalogue. Therefore, we use
LGC0 for this case. When accounting for catalogue incompleteness by imposingmth, both
the lens galaxy and the lensed source galaxy images must be contained within LGC1.

With the lens parameters determined, we can reconstruct the lens galaxy under a given
lens model to obtain individual magnification factors, which are used to delens the apparent
luminosity distance and retrieve the true distance to the source. However, it is important to
note that the rejection-sampling approach does not always yield accurate lens reconstruc-
tions, owing to degeneracies between lensing observables and the underlying lens prop-
erties, as well as from the limited availability of EM information due to survey magnitude
limits. This issue will be addressed in Section 9.4.1.

9.2.2 Results

Among the simulated double- and quadruple-image systems, we present four representative
detected cases. For each system type, we identify: (1) the systemwith the highest mean SNR
(ρmean), defined as the average network SNR of its lensed signals, and (2) the system with
the lowest ρmean.

For a given detector network and comparable ρmean, the sky localisation of a double-
image system is more precise than that of an unlensed event. A quadruple-image sys-
tem yields further improvement since more independent measurements of the same event
are available. Figure 9.2 displays the skymap posteriors for the four representative sys-
tems.When cross-referencing these localisationswith the complete lensed galaxy catalogue
(LGC0), the inferred 90 % credible sky areas (∆Ω90%) contain O(1) and O(2–3) galaxies
with properties compatible with the GW observables for the double- and quadruple-image
cases, respectively. The exact counts of identified galaxies for each system are summarised
in Table 9.2.

To further constrain the potential lensing candidates, we utilise lensing observables,
specifically the relative magnification factors and the time delays between images. Since
these quantities can be directly obtained from the lensed galaxy catalogue, we can compare
the EM-derived properties of a candidate source–lens system with the parameters inferred
from the lensed GW signals.
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Figure 9.2: Sky localisation maps for the selected double- and quadruple-image systems.
The star symbols mark the true sky positions of the corresponding GW lensing systems.

As shown in Figure 9.3, for the double-image systems in the LGC0, the number of
candidates consistent with the inferred lensing observables is reduced to a few. For GW
signals, the time delay is measured with high precision, providing a significantly more
stringent constraint than the relative magnification factors, which are inferred from the
less precise luminosity distances. In practice, uniquely identifying the source-lens pair in
a double-image configuration, a prerequisite for measuring the source-galaxy redshift, re-
mains challenging. Such identification is typically feasible only for high-SNR events that

Table 9.2:Themean SNR values (ρmean), 90 % credible sky area (∆Ω90%), numbers of galaxies
within these area (NG−G), and reduced numbers of galaxies whose properties are consistent
with those inferred from the lensed GW signals for each system (N ′

G−G).
System ρmean ∆Ω90%[deg2] NG−G N ′

G−G
Double 1 22 17.5 306 5
Double 2 8.1 178.8 1971 1
QadRuple 1 30.0 0.97 1 1
QadRuple 2 9.0 4.35 13 1
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Figure 9.3: Distributions of the median relative magnification factors and time delays ob-
tained from EM observations for the source–lens galaxy systems within the localised sky
area of each double-image case. In the inner box, the error bars of µrel,EM and ∆tEM are
shown.

yield exceptionally tight sky localisations (e.g., ∆Ω90% ≲ 20 deg2) [310, 380]. In contrast,
quadruple-image systems provide much tighter constraints. The additional images allow
for the unique identification of the source-lens system among only a handful of candidates,
as shown in Table 9.2.

Despite the inherent difficulties in double-image cases, we proceed under the assump-
tion that the source-lens pair can be uniquely identified for each system. Once the lens-
ing systems are correctly identified, as discussed in Section 8.2.5, we can further exploit
the observed image positions of the lensed source galaxy and the shape parameters of the
lens galaxy to more tightly constrain the remaining lens parameters, especially the impact
parameter y. This enables a more accurate determination of the individual magnification
factors3. Following [311], we assume that the shape parameters (q, ϕe) can be determined
from EM observations with an uncertainty of ±5%, and that image positions can be meas-
ured with a precision of 0.1′′.

The inferred individual magnification factors are presented in Figure 9.4. These distri-
butions are utilised to retrieve the true luminosity distances from the previously obtained
apparent distances following Eq. (2.75). Specifically, we perform a stochastic delensing pro-
cedure by drawing random samples from the posterior distribution of the magnification
factor and multiplying them by samples drawn from the apparent-distance posterior. This
yields a corresponding posterior realisation of the true luminosity distance. As expected,

3. In general, a galaxy, as an extended source, does not share the same source-plane position y as the point-
like GW event embedded within it (i.e., ygal ̸= ygw). Since the magnification factor is highly sensitive to y, it
is essential to utilise ygw rather than ygal for cosmological inference.
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Figure 9.4: Posteriors of the apparent (orange) and retrieved true (green) luminosity dis-
tances for each case, along with the recovered magnification factor (blue), µ1, for the first-
arriving lensed GW signal obtained via rejection sampling.

lens reconstruction, the inference of individual magnification factors, is less accurate for
double-image systems, where only two observables (µrel and ∆t) are available. In contrast,
quadruple-image systems provide much higher accuracy due to the four additional con-
straints provided by the extra images.

Using the recovered true luminosity distances along with the photometric or spectro-
scopic redshifts of the identified host galaxies in the lensing systems, we compute the cor-
responding comoving distances and recessional velocities.TheHubble–Lemaître law is then
applied to deriveH0. Figure 9.5 shows theH0 posteriors obtained for the four representative
cases. The 90% C.I. for the quadruple-image systems, when combined with spectroscopic
redshifts, are significantly narrower than those in the other cases.

To quantify the degree of constraint on theH0 posteriors, we define the relative uncer-
tainty, δH0 , as:

δH0 ≡
90% C.I.
H0,med

, (9.4)
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Figure 9.5: The posteriors of the Hubble constant for the four representative lensing sys-
tems.

whereH0,med denotes themedian of the posterior. Normalising the C.I. by themedian, rather
than the mean, which is inherently more sensitive to skewed or long-tailed distributions,
provides a dimensionless measure of the fractional uncertainty, analogous to the coefficient
of variation. A lower δH0 value thus indicates a more tightly constrained posterior.

For each representative system, the estimatedH0 with its 90 % C.I. and the correspond-
ing δH0 are summarised in Table 9.3. Among systems with the same number of lensed
images, a higher ρmean leads to tighter H0 posteriors and, consequently, a lower δH0 , as
expected, since higher-SNR events yield narrower posteriors for the inferred luminosity
distance. Furthermore, at a comparable SNR, quadruple-image systems yield narrower pos-
teriors than double-image systems, resulting in systematically lower δH0 values. This im-
provement arises because the four lensed signals provide more independent constraints,
enhancing the precision of the delensed luminosity distance.

The low SNR of lensed GW signals contributes significantly to the large uncertainties,
as the inferred apparent luminosity distances are often poorly constrained. However, for
sources located at high redshift, the uncertainty can remain substantial regardless of the
SNR. Such high-z detections generally fall into two representative cases: (1) light BBH
events that become observable only through significant magnification, and (2) intrinsic-
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Table 9.3: Relative uncertainties and the corresponding Hubble constant posteriors, along
with their 90 % C.I., inferred using spectroscopic redshifts for the double- and quadruple-
image lensing systems.
System H0 [km · s−1 ·Mpc−1] δH0

Double 1 77.7+14.6
−11.8 0.34

Double 2 67.4+48.4
−33.6 1.22

QadRuple 1 66.3+7.2
−5.7 0.19

QadRuple 2 76.5+16.3
−10.0 0.34

ally heavy BBH events that require only moderate magnification to exceed the detection
threshold. In the first case, the apparent luminosity distancesmay be relativelywell-constrained
initially; however, after the delensing procedure is applied to recover the true distances, the
variance increases in proportion to the magnification factor. In the second case, the appar-
ent distances are inherently broad, as the luminosity distance-redshift relation flattens at
high z, leading to increased uncertainty in the inferred distances. In both scenarios, the
resulting H0 posteriors are expected to be poorly constrained.

Figure 9.6 shows how δH0 varies across the ρmean-zs plane for all detected lensed sig-
nals. For both doubly and quadruply lensed systems, δH0 increases towards lower ρmean and
higher zs. At high redshifts, double-image systems generally exhibit uniformly higher δH0

values. In contrast, for quadruple-image systems, the uncertainty is dominated by low ρmean

rather than high zs. This indicates that detecting quadruple-image systems is particularly
beneficial for constrainingH0 from distant sources, as the additional image constraints help
mitigate the uncertainties inherent to high-z observations.
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Figure 9.6: Scatter plots showing the distributions of ρmean and zs for all detected doubly-
(circle markers) and quadruply-lensed (diamond markers) GW systems in our sample pool,
colour-coded by δH0 .
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Beyond statistical uncertainties related to detector sensitivity, inaccurate delensing can
introduce additional errors evenwhen the apparent luminosity distance is well constrained,
and the source lies in a relatively low-z universe. Such errors may arise during the rejection
sampling process due to degeneracies between lensing observables and the underlying lens
parameters. If the individual magnification factors obtained through delensing, which are
used to recover the true luminosity distance, are not sufficiently constrained, the resulting
distance posterior will broaden, losing the sharp peak required for an accurate measure-
ment. Consequently, achieving a tightly constrained delensed luminosity distance is essen-
tial for inference of precise H0.

In this section, we assume a complete galaxy-galaxy lensing catalogue and the unique
identification of each lensing system. Under these idealised conditions, delensing is expec-
ted to be highly accurate, allowing us to neglect the associated systematic uncertainties. In
practice, however, observational limitations often lead to multiple candidate host galaxies
within the GW sky-localisation region, or to missing hosts that are fainter than the cata-
logue’s magnitude threshold. These factors introduce additional uncertainty into the H0

inference for individual events. The complexity further increases when combining inform-
ation from multiple dark sirens across different lensing systems. In the following section,
we describe the framework for combining multiple lensed dark sirens while accounting for
catalogue incompleteness, the redshift distributions of potential hosts, and the effects of
imperfect delensing.

9.3 H0 Measurement with Multiple Strongly Lensed Dark

Sirens
When multiple strongly lensed dark sirens from different lensing systems are detected,
the individual H0 posteriors discussed in Section 9.2 cannot be combined through simple
multiplication. Instead, a joint likelihood must be constructed and then multiplied by the
H0 prior distribution to obtain the overall posterior distribution. In this section, we adapt
gwcosmo [219, 220, 394]4, a Bayesian inference pipeline specifically designed for cosmolo-
gical studies and population analysis using GW events, to estimate the H0 posterior for
lensed GW observations.

4. The gwcosmo code is available at https://git.ligo.org/lscsoft/gwcosmo.

https://git.ligo.org/lscsoft/gwcosmo
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9.3.1 Method

Given the detection of Nlens,det lensed GW systems, each consisting of multiple signals de-
noted collectively as {xlgw}with corresponding detection flags {Dlgw}, the posterior forH0

is expressed as:

p(H0 | {xlgw}, {Dlgw}) ∝ p(H0) p(Nlens,det | H0)

×
Nlens,det∏
i=1

L(xlgw,i | Dlgw,i, H0),
(9.5)

where p(H0) is the prior on H0 and p(Nlens,det | H0) is the probability of detecting Nlens,det

lensed systems for a given H0. In the unlensed case, the detection count term p(Ndet | H0)

is typically treated as independent ofH0 by adopting a rate prior of p(R) ∝ 1/R [219, 220,
290]. However, in the lensed case, the detection probability is a function of magnification,
which isH0-dependent. Consequently, p(Nlens,det | H0) retains a dependence onH0 through
the magnification-dependent selection effects. The last term in Eq. (9.5) represents the joint
likelihood of the Nlens,det systems. The likelihood for a single lensed system is defined as:

L(xlgw | Dlgw, H0) =
p(xlgw | H0)

p(Dlgw | H0)
, (9.6)

where
p(Dlgw | H0) =

∫
p(Dlgw | xlgw, H0)× p(xlgw | H0)dxlgw. (9.7)

The term p(Dlgw | xlgw, H0) takes a value of unity if the data {xlgw} is successfully identified
as a GW lensing system, and 0 otherwise. As discussed in Section 5.2, a system is classified
as strongly lensed when multiple signals satisfy the detection criterion (in this work, ρnet >
8), and exhibit mutually consistent intrinsic parameters and sky localisations, supported
by a sufficiently high Bayes factor favouring the strong-lensing hypothesis. In practice,
however, the finite duty cycle of GW detectors implies that one or more signals in a lensed
multiplet may be missed if the detectors are offline at the time of arrival. In such cases, only
a subset of the lensed signals, potentially just a single signal, may be observed. The signal
would likely be misclassified as unlensed and analysed accordingly, thereby introducing a
potential systematic bias in the inferred H0. We discuss this effect and its implications in
Section 9.4.2.
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The term p(xlgw | H0) represents the probability of obtaining the observed lensed GW
data for a given value of H0. In practice, p(xlgw | H0) depends on the full set of parameters
that determine the SNR of the GW event, which includes not onlyH0, but also the lens and
source parameters (θl, θs)5, the redshifts (zs, zl), and the specific sky patches (Ω) that con-
stitute the sky-localisation map. Hereafter, all dependencies on xlgw are written explicitly.
Following this convention, Eq. (9.6) can be reformulated as:

L(xlgw|Dlgw, H0)

=

∫∫∫∫ Npix∑
j

p(Dlgw|Ωj, θs, θl, zs, zl, H0)p(θs, θl, zs, zl, |Ωj, H0)p(Ωj)dθsdθldzsdzl

−1

×
∫∫∫∫ Npix∑

j

p(xlgw|Ωj, θs, θl, zs, zl, H0)p(θs, θl, zs, zl, |Ωj, H0)p(Ωj)dθsdθldzsdzl,

(9.8)
where the term p(xlgw | . . . ) is represented in a pixelated form by partitioning the sky-
localisation map into discrete patches on a HEALPix grid [411, 412]6. In this scheme, each
sky patch is assigned the subset of likelihood samples whose inferred sky locations fall
within that specific region [394]. This pixelation approach is adopted to account for the
sky-varying incompleteness characteristic of galaxy catalogues. Under this discretisation,
the integral over the sky position is effectively replaced by a summation over the pixels.

The term p(θs, θl, zs, zl | Ωj, H0) represents the joint prior distribution of the source
and lens parameters, along with their respective redshifts, for a given H0. In contrast to
the analysis of individual dark-siren events described in Section 9.2, where a unique host is
identified, the source and lens redshifts are inferred statistically by cross-matching the sky
localisation of the detected lensed signals with a galaxy-galaxy lensing catalogue, such as
the LGC0.

For a specific sky patch Ωj , the redshift distributions of the source and lens galaxies
are determined by selecting all catalogue galaxies located within that patch. These patch-
specific distributions define the line-of-sight (LoS) redshift prior, which is independent of
the intrinsic distributions of the GW source parameters. Consequently, the joint prior can
be decomposed as:

p(θs, θl, zs, zl, |Ωj, H0) = p(θs|H0)p(zs, zl, θl|Ωj, H0). (9.9)

5. θs denotes the intrinsic source parameters, excluding the source redshift zs. Likewise, θl refers to the lens
parameters other than the lens redshift zl.
6. http://healpix.sf.net.

http://healpix.sf.net
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Because the intrinsic properties of theGWsource—such asmasses, spins, and orbital parameters—
are independent of the sky location, the first term p(θs | H0) carries no explicit dependence
on Ωj .

The denominator in Eq. (9.8) accounts for selection effects arising from the finite sens-
itivity of GW detectors, which introduces a bias toward louder signals in the detected GW
population. Accurate modelling of these effects is required to avoid selection biases, such
as Malmquist bias, and to obtain unbiased estimates of population-level parameters [292].
In the context of lensing, the selection effect is defined as the fraction of all GW sources
whose lensed signals are detected with a network SNR exceeding the detection threshold,
ρthr = 8. For doubly lensed systems, we require both signals to individually exceed ρthr. For
quadruply lensed systems, at least two signals must exceed the threshold, as a minimum of
two distinct detections is necessary to confidently identify a strongly lensed event.

In principle, one could perform a dedicated sub-threshold search to identify counter-
parts of a detected super-threshold signal that fall below the detection threshold due to in-
sufficient magnification or demagnification [377, 413]. Furthermore, a lensed signal could
potentially be identified from a single image by searching for waveform distortions in Type-
II images, such as those induced by the phase shift of HOM [157, 367] as described in
Section 5.1. However, these effects are neither directly relevant to the high-magnification
regime nor contribute to the improvements in sky localisation. Consequently, we do not
consider these scenarios in this work.

Regarding EM selection effects, although a complete catalogue was assumed in Sec-
tion 9.2, realistic galaxy surveys may fail to include source-galaxy images or lens galaxies
whose apparent magnitudes fall below the survey’s detection threshold. The resulting in-
completeness introduces additional selection effects as a part of the redshift information
required for the LoS redshift prior remains missing. To account for these effects, we con-
struct the LoS redshift prior by marginalising over the absolute and apparent magnitudes of
both the source and lens galaxies, following the methodology in [220]. Since the LoS prior
is defined for galaxies that are potential hosts within the GW sky-localisation region, we
introduce binary parameters s and l, denoting, respectively, whether a given source galaxy
hosts a GW source and whether the detected signals are genuine counterparts correspond-
ing to multiple lensed images of a single underlying GW source.

As described in Section 9.1.1, we impose an apparent-magnitude thresholdmth = 21.87

to construct incomplete catalogues from the UGC0 and LGC0. At this threshold, the result-
ing UGC1 contains approximately half of the galaxies in the UGC0 (∼ 3.1× 107 galaxies).
Under the same cut, the LGC1 retains approximately 34 % of the galaxy–galaxy lensing sys-
tems from the LGC0. Using these four simulated catalogues, we compute the LoS redshift
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priors on a HEALPix grid. We adopt a resolution of nside = 128 for the UGCs to ensure con-
sistency with the framework in [220]. For the LGCs, we use nside = 64 because the number
of objects decreases significantly due to the small strong-lensing optical depth, making a
coarser grid more appropriate for maintaining sufficient statistical coverage per pixel.

By substituting the joint likelihood of the lensed GW signals from Eq. (9.8) into Eq. (9.5),
and incorporating the joint prior expressions from Eq. (9.9), the posterior for H0 can be
written explicitly as:

p(H0|{xlgw}, {Dlgw}) ∝ p(H0)p(Nlens,det|H0)

×

∫∫∫∫ p(Dlgw|θs, θl, zs, zl, H0)p(θs|H0)

Npix∑
j

p(zs, zl, θl|Ωj, H0, s, l)dθldθsdzldzs

−Nlens,det

×
Nlens,det∏

i

∫∫∫∫ Npix∑
j

p(xlgw,i|Ωj, θs, θl, zs, zl, H0)p(θs|H0)p(zs, zl, θl|Ωj, H0, s, l)dθldθsdzldzs

 .
(9.10)

A comprehensive derivation of Eq. (9.10), along with a detailed explanation of the contri-
bution of each constituent term, is provided in Appendix A.

9.3.2 Results

To estimate H0, we construct two separate analyses using (i) unlensed signals with UGCs
and (ii) lensed signals with LGCs. In each case, we draw random sub-samples from the sim-
ulated population of detectable events to emulate a realistic observing run. The first sample
pool comprises 250 unlensed signals, consistent with the number of events detected un-
til the LVK fourth observing run. Under an optimistic scenario, the second pool consists
of six doubly lensed and two quadruply lensed systems. Although this number of lensed
events exceeds conservative expectations7, it is adopted to ensure sufficient statistics for re-
constructing smooth posterior distributions while maintaining the expected ratio between
double- and quadruple-image systems.

Figure 9.7 shows the H0 posteriors for four analysis scenarios: unlensed and lensed
GW signals combined with either complete or incomplete galaxy catalogues. Note that we
employ spectroscopic redshift measurements from the galaxy catalogues. In all cases, the
posteriors converge well to the true value; however, the 90 % C.I. is noticeably narrower
for the lensed signals with complete catalogues. Specifically, among the lensed systems,
doubly-lensed signals exhibit broader sky localisation (as shown in Figure 9.2), resulting
in numerous potential host galaxies along the line of sight and complicating the identi-
fication of the true lensing system. Furthermore, the uncertainty in their luminosity dis-

7. In a realistic observing scenario, a fraction of lensed GW signals may be missed due to the finite detector
duty cycle and the limited efficiency of search pipelines.
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tance remains relatively large, yielding only modest constraints on H0. In contrast, while
quadruply lensed signals are less frequent, they provide substantially improved sky local-
isation, which significantly reduces the number of candidate host galaxies and narrows the
luminosity-distance uncertainty, resulting in considerably tighter constraints on H0.
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Figure 9.7: Posteriors of H0 for the four analysis scenarios. The left panels use complete
galaxy catalogues (UGC0 and LGC0), while the right panels incorporate catalogue incom-
pleteness (UGC1 and LGC1).

In cases involving incomplete catalogues (UGC1 and LGC1), theH0 posteriors are broader
than those from the corresponding complete-catalogue cases, as the uncertainty in identify-
ing the true host galaxy increases. In particular, in the LGC1 scenario, delensing accuracy
is further reduced due to incomplete information on the lensing systems. This limitation
directly increases uncertainty in the luminosity distance.

Overall, our results demonstrate that analysing even a small number of strongly lensed
dark sirens with a dedicated galaxy–galaxy lensing catalogue can improve the precision
of H0 by approximately 50 % compared to a standard analysis using several hundred un-
lensed dark sirens. Detailed results are provided in Table 9.4. To achieve a few-percent
fractional uncertainty (δH0 < 0.1), comparable to the constraints provided by Type Ia su-
pernova measurements, our framework indicates that a few tens of lensed GW systems
would be required, assuming a complete catalogue. For instance, in a scenario using a ran-
domly selected sample of 32 doubly lensed and 8 quadruply lensed events, we obtain a
relative uncertainty of δH0 = 0.09.
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Table 9.4: Median values and 90% C.I.s of recovered H0 posteriors and their relative C.I.
values (δH0) for each catalogue case.
catalogue Completeness H0[km · s−1 ·Mpc−1] δH0

UGC0 100 72.12+12.12
−12.12 0.34

UGC1 50 82.73+18.18
−14.55 0.40

LGC0 100 66.85+9.49
−5.77 0.23

LGC1 34 74.29+10.45
−8.53 0.26

9.4 Challenges in Measurement due to Lensing Bias
In this section, we investigate potential systematic biases inH0 inference arising from two
scenarios: (i) when lensing effects are either entirely ignored by adopting a conventional
unlensed framework or not fully captured by a given lens model, and (ii) when a specific
number of signals are misclassified, such that lensed events are identified as unlensed and
vice versa.

9.4.1 Systematic Bias in Lens Reconstruction

Accurate measurements ofH0 using lensed GW signals depend fundamentally on reliable
lens reconstruction. If lensing effects are ignored or if the reconstructed lens model fails to
fully capture the foreground galaxy’s lensing potential, e.g., due to unresolved mass sub-
structure, significant biases can be introduced into the inferred parameters. These biases
primarily affect the recovered luminosity distance to the GW source and, by extension,
the derived value of H0. Consequently, minimising these systematic biases is essential for
robust cosmological inference.

To quantify the impact of incorrect lens reconstruction and imperfect delensing, we
analyse multiple simulated GW signals sharing the same underlying lensing configura-
tion. Specifically, we adopt the galaxy-galaxy lensing configuration of the Double 1 sys-
tem shown in Table 9.2. We keep the lens parameters, source distance, and all other source
parameters fixed, while varying only the BBH component masses and noise realisations,
thereby generating different signals that probe the same lensing geometry. This controlled
setup allows us to study the impact of lens-modelling errors while accounting for variations
in the source waveform and detector noise.

We simulate 30 such realisations and analyse them under three distinct modelling as-
sumptions: (1) an unlensed configuration (no delensing applied); (2) an SIS profile, repres-
enting an incorrect lens model; and (3) an SIE profile, corresponding to the correct lens
model. Figure 9.8 illustrates the H0 posteriors inferred from individual lensed BBH events
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(b) Delensing with SIS model
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Figure 9.8: H0 posteriors obtained from multiple simulated GW signals sharing the same
doubly lensed lensing configuration with a true SIE density profile. The BBH component
masses and noise realisations are varied while keeping the lens parameters and the other
source parameters fixed.The dashed red lines indicate the true value ofH0. The top, middle,
and bottom panels correspond to the cases of no delensing, SIS delensing, and delensing
with the correct SIE model, respectively.

(gray curves), together with the progressively combined posteriors for each case (sky-blue
for N = 10, blue for N = 20, and navy for N = 30). While systematic biases may be
difficult to diagnose from the posterior of a single realisation, combining multiple events
reveals clear trends.

In the no-delensing case (Figure 9.8a), the inferredH0 is significantly biased for all num-
bers of combined realisations, as uncorrected magnification leads to a systematic underes-
timation of the luminosity distance. For the SIE case (Figure 9.8c), the posteriors converge
consistently toward the true value, with the C.I. narrowing as more realisations are accu-
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mulated. In contrast, for the SIS-delensing case (Figure 9.8b), the bias remains subtle when
only N = 10 realisations are combined but becomes increasingly evident, as more real-
isations are accumulated. These results demonstrate that lens-reconstruction errors, while
potentially masked by statistical noise in individual dark-siren measurements, can accu-
mulate into significant systematic biases in joint analyses, particularly within the gwcosmo
framework.

9.4.2 Selection Bias in Lensing Identification

In the lensed dark-siren case, selection effects are more intricate than in the unlensed case.
For unlensed events, detectability is determined solely by whether a signal exceeds the
threshold ρthr, and only the population of dark sirens needs to be considered. In contrast,
selection effects for lensed events must account not only for the detectability of each lensed
signal but also for the requirement that multiple signals are correctly associated with the
same underlying GW source. This identification process is typically quantified by the FAR
of the lensing hypothesis.

Consequently, misidentification can occur in two ways: first, independent unlensed
signals may be falsely identified as lensed signals from a single source (false positives);
and second, a genuine lensed signal—whose counterparts are missed, delayed beyond the
observation window, or too faint to be detected—may be misclassified as unlensed (false
negatives). Such misidentification leads to incorrect selection-bias corrections and failures
in lens reconstruction, resulting in the biased recovery of the source luminosity distance.
As the number of observed events increases, the lensing misidentification can introduce
substantial systematic biases into the inferred H0, potentially dominating the statistical
uncertainty. Figure 9.9 illustrates the bias in the H0 posteriors arising from misidentifica-
tion in the two scenarios described above. To isolate the effects of misidentification from
uncertainties related to catalogue incompleteness, we use the complete UGC0 and LGC0
catalogues.

In the first scenario, we replace 4, 8, or 12 unlensed signals from the 250-event baseline
with two, four, or six pairs of double-image signals (NDBL

pair = 2, 4, or 6). These pairs are
intentionally misclassified as unlensed events to mimic pipeline identification failures. We
then estimate H0 using the UGC0 and the selection-effect corrections appropriate for un-
lensed signals. Figure 9.9a shows the H0 posteriors for these three cases, together with
the reference unlensed H0 posterior from Figure 9.7. Because these lensed signals remain
undelensed, their inferred luminosity distances are systematically underestimated, as the
magnification factor is typically greater than unity (µ > 1). This bias shifts the inferred
H0 to higher values, as shown in Figure 9.8a. However, the impact remains modest: for
every additional two NDBL

pair , the median H0 increases by approximately one unit (from the
red solid line to the blue dotted line), as the fraction of contaminated signals remains small
compared to the overall population.
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Figure 9.9: Biased H0 posteriors obtained when a subset of signals is misclassified in a
population where the majority are correctly identified. The top and bottom panels show
biases arising from classifying unlensed signals as lensed and lensed signals as unlensed,
respectively. The dashed black lines denote the true value of H0, while the correctly in-
ferred posterior from Figure 9.7 is shown for reference. As the number of misclassified
events increases (NDBL

pair in the left panel andNUL
pair in the right panel), the inferred posteriors

progressively shift away from the true value.

In the second scenario, we replace one, two, or three of the double-image systems out of
the six doubles and two quads with an equivalent number of independent unlensed signals
(NUL

pair = 1, 2, or 3) that are coincidentally and incorrectly identified as lensed pairs by the
search pipeline. H0 inference is then performed using the LGC0 and the selection-effect
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corrections for lensed signals. Figure 9.9b shows the results for these three cases, with the
reference lensedH0 posterior from Figure 9.7 included for comparison. Since the unlensed
signals are erroneously delensed, their inferred distances are systematically larger than
their true values. Consequently, as the number of false positive unlensed pairs increases,
the H0 posterior shifts progressively toward lower values (from the blue solid line to the
red dotted line). Compared to the first scenario, the fraction of misclassified signals within
this smaller population is significantly higher, resulting in a more pronounced systematic
bias in the H0 inference.

9.5 Conclusion
We have demonstrated that strong lensing significantly enhances the cosmological utility
of dark sirens.When paired with a dedicated galaxy-galaxy lensing catalogue, the improved
sky localisation and tighter luminosity-distance constraints provided by lensing enable sig-
nificantly more informative redshift inference than in the unlensed case. Our results show
that even a single strongly lensed dark siren, particularly a quadruply lensed event, can
yield competitive constraints on H0, approaching the precision of bright sirens. Further-
more, combining just a few lensed dark sirens can lead to a substantial improvement in the
Hubble constant estimate, achieving constraints comparable to, or even tighter than, those
obtained from several hundred unlensed events.

Robust cosmological inference from strongly lensed dark sirens fundamentally requires
accurate lens reconstruction to recover the intrinsic luminosity distance to the GW source.
While lens reconstruction is generally reliable with both EM and GW observations when
the galactic mass distribution follows a simple profile, such as the SIE model adopted in this
work, real galaxies exhibit structural complexities beyond this idealisation. Substructures
and small-scale mass components embedded within galaxies can introduce additional lens-
ing effects that may induce wave-optics signatures in GW signals. Such effects can modify
the observed waveform morphology [312, 313, 314, 315, 316, 317, 318, 319]. Consequently,
accurate reconstruction in these regimes requires incorporating wave-optics corrections
associated with such small-scale structures.

Beyond these small-scale complexities, lens reconstruction for cosmological inference is
subject to amore fundamental large-scale limitation: themass-sheet degeneracy (MSD) [414].
The MSD arises because observed image positions and lensing observables remain invari-
ant under a transformation that both rescales the projected mass density and introduces a
uniform mass sheet. As a result, lensing data alone cannot uniquely determine the abso-
lute mass normalisation or the time-delay distance, leading to a direct degeneracy with the
inferred value of H0.
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The MSD can be broken by multiple sources at different redshifts lensed by the same
galaxy, although such configurations are exceptionally rare, or by introducing independent
physical constraints. A powerful tool is stellar kinematics, specifically the measurement
of the velocity dispersion of stars bound to the lens galaxy [415]. These measurements
probe the lens’s gravitational potential independently of the lensing geometry. By jointly
modelling the lensing configuration and stellar kinematics, the mass normalisation inferred
from lensing (e.g., the projected mass within the Einstein radius) can be directly compared
with that inferred from the dynamics, thereby constraining the mass-sheet transformation
parameter. Furthermore, in the wave-optics regime, distortions induced by substructure can
provide additional constraints to help break the degeneracy [416].

As discussed, strongly lensed GW systems can provide tight constraints on H0, even
when their sample size is significantly smaller than that of unlensed events. Increasing the
number of lensed detections to several tens of systems further tightens the precision to the
few-percent level. Next-generation ground-based detectors are expected to detect a large
number of SLGWs, potentially O(100) events, assuming a relative lensed-to-unlensed de-
tection rate of 10−3, as the lensing optical depth increases with the detector horizon. These
facilities may even detect demagnified lensed signals that currently lie below the detection
threshold. With improved sky localisation and higher mean SNRs, the identification and
characterisation of lensed GW sources will be significantly enhanced compared to current-
generation detectors [417].

Furthermore, space-based detectors such as LISA [418] will achieve sub-degree-level
localisation even for unlensed events [419]. Strongly lensed supermassive black hole mer-
gers and extreme mass-ratio inspirals will thus provide exceptionally powerful probes for
constrainingH0 [420]. However, galaxy catalogue incompleteness is expected to worsen as
detector horizons extend to higher redshifts.The impact of this incompleteness will become
increasingly significant, as cosmological inference will be progressively dominated by prior
assumptions in regions where the catalogue is sparse.

In addition, since our work focuses exclusively on H0, we do not consider hyperpara-
meters describing the population properties of BBHs and lens galaxies, nor additional cos-
mological parameters such as the matter density, Ωm, or the dark energy equation-of-state,
w0 introduced in Section 3.2.1. Strong lensing, however, has the potential to provide com-
plementary constraints on these parameters [417, 421]. A fully hierarchical Bayesian ana-
lysis that incorporates population-level parameters for both sources and lenses may yield a
more reliable inference ofH0 alongside Ωm and w0. In particular, realistic population mod-
els for lens galaxies, including the halo mass function, redshift distribution, and structural
and luminosity distributions, should be incorporated to improve the framework.
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In summary, we have developed distinct frameworks for inferring H0 from single and
multiple lensed dark sirens, respectively, incorporating lensed galaxy catalogues and ac-
counting for lensing selection effects, including detection efficiency and catalogue incom-
pleteness. We systematically quantify how the SNR of lensed GW signals, intrinsic source
redshift, and delensing uncertainties affect the precision of recovered luminosity distances
and the resultingH0 posterior. Our analysis further demonstrates that even a small fraction
of misclassified events can induce measurable systematic biases in H0. These results high-
light the importance of accurate lens modelling, robust lens identification, and a consistent
treatment of selection effects in future GW cosmology involving strong lensing.



Chapter 10

Gravitational-Wave Microlensing as a
Probe of Compact Object Populations

Disclaimer

The following chapter is based on the paper Gravitational-Wave Microlensing as a
Probe of Compact Object Populations. The author is the first author and contributed to
all stages of this work, including data generation, development of the analysis frame-
work, data analysis, interpretation, scientific discussion of the results, manuscript
preparation, and generation of all figures. This paper is currently in preparation and
will be submitted to the Astrophysical Journal Letters.

Unlike galaxy surveys or star-cluster searches in the local Universe, detecting small and
faint compact objects at cosmological distances remains exceptionally challenging.This dif-
ficulty is particularly severe for non-luminous objects that emit no EM radiation, leaving
significant uncertainties in the compact-object population. GW lensing provides a unique
observational probe of such otherwise inaccessible compact objects. In particular, com-
pact lenses can produce characteristic wave-optics signatures in GW signals, imprinting
distinctive frequency-dependent diffraction patterns on the waveform, as introduced in
Section 2.4.2. As discussed in Section 5.1.1, these signatures can additionally provide dir-
ect constraints on the redshifted lens mass, offering information that is difficult to obtain
through traditional EM microlensing observations, which primarily probe magnification
variability [422, 423].

Constraining the abundance and mass function of these compact objects would provide
important insight into their formation channels and their contribution to the overall mat-
ter content of the Universe [424, 425]. Such measurements could further help determine
whether the observed compact-object population can be explained solely by conventional
stellar remnants or requires additional exotic components, such as IMBHs or PBHs [426,
427]. However, individual GW lensing events generally provide only limited information.
In most cases, the waveform primarily constrains the redshifted lens mass, leaving a de-
generacy between the intrinsic lens mass and lens redshift. As a result, robust population
inference requires a statistical framework that combines information frommany detections.

194
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Hierarchical Bayesian inference introduced in Section 4.4 provides a natural approach
to this problem. By jointly modelling the distribution of lens masses and redshifts across
multiple events, one can infer the underlying population properties and constrain the hy-
perparameters governing the compact-object population. In particular, incorporating lens-
redshift information can help alleviate the mass–redshift degeneracy and enable direct con-
straints on the intrinsic lens-mass distribution and its cosmological evolution.

As mentioned in Chapter 6, no compelling evidence for GW microlensing has yet been
identified in current observations. Current analyses, therefore, primarily place constraints
through the absence of microlensing detection [428]. Future GW observatories, however,
are expected to substantially increase the number of detected GW events lensed by compact
objects whose masses fall within the range that can produce observable wave-optics effects
in their frequency band [429]. This motivates a quantitative investigation of how accur-
ately the underlying compact-object population can be reconstructed from a large sample
of microlensed GW events.

In this Chapter, we investigate the detectability of microlensed GW signals and assess
how populations of compact lenses can be constrained using hierarchical inference from
multiple microlensing detections. Throughout this chapter, we adopt the PlancK15 cosmo-
logy [174] as our fiducial baseline model.

10.1 Methodology

10.1.1 Mock Microlensed GW Signals

To simulate microlensed GW signals, we consider only BBHs, whose detection horizonwith
current ground-based detectors extends to the largest distances among CBC sources. Source
parameters are drawn from the population models described in Section 4.2.2 with hyper-
parameters inferred from GWTC-3 analysis [293] to generate a synthetic BBH population.
GW signals are then generated using the XPHM-ST waveform model [288, 289].

We draw microlensing parameters based on a PM population described by two hyper-
parameters: n0, the comoving number density of microlenses, and αML, the slope of the
lens-mass distribution. Following [427], which demonstrated that IMBH number densities
are well constrained around n0 = 106 Mpc−3, this fiducial value is adopted. We assume
a power-law distribution for the intrinsic lens mass (Ml), motivated by stellar lenses fol-
lowing the initial mass function and compact objects observed by the LVK network [237,
430]:

p(Ml | αML) ∝M−αML
l , (10.1)
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where we set a limited lens-mass rangeMl ∈ [1, 105]M⊙. Above this upper bound, lensing
effects shift from the wave-optics regime into the geometrical-optics regimewithin the LVK
frequency band.We adopt αML = [1, 2] for theMl distribution to explore two representative
population scenarios. The choice αML = 1 corresponds to a log-uniform mass distribution,
providing a relatively broad and agnostic baseline model. In contrast, αML = 2 represents
a steeper distribution in which low-mass lenses dominate the population more strongly.
Comparing these two cases allows us to assess how constraints on the underlying lens
population depend on the steepness of the mass function of that population.

Since only a fraction of GW signals are expected to undergo detectable microlensing, we
first estimate the probability that a BBH signal generated at source redshift zs is microlensed
by a compact object located at zl < zs.

The probability that a GW signal generated at zs encounters a microlens at zl < zs is
related to the optical depth, given by Eq. (2.28). For a given comoving number density n0,
the optical depth can be written as:

τ(zs) =

∫
dMl

∫ zs

0

dzln0πy
2
maxR

2
E

dVc
dzl

, (10.2)

where Vc and RE are the comoving volume and Einstein radius, respectively. The factor
ymax is introduced because, in the wave-optics regime, diffraction effects allow detectable
microlensing signatures to extend beyondRE commonly associated with EM microlensing
(ymax = 1). Consequently, the effective lensing cross-section expands to σ = πy2maxR

2
E [147].

Using Eq. (2.31) together with the simulated BBH population and Eq. (10.2), we calculate the
population-averaged optical depth and determine the expected number of microlensed GW
events in our simulations. As will be discussed later (see Figure 10.1), we adopt ymax = 2.75

and ymax = 2.07 for the αML = 1 the αML = 2 populations, respectively.

Since GW microlensing measurements constrain the detector-frame lens mass, i.e., the
redshifted lens mass M z

l , it is convenient to express the microlensing probability directly
in terms ofM z

l . Combining the optical depth with the assumedMl distribution p(Ml|αML),
the probability that a BBH at redshift zs is microlensed by a lens with detector-frame mass
M z

l is given by:

p(M z
l | αML, zs) = τ(zs)p(Ml|αML)

∝
∫ zs

0

dzl (M
z
l )

1−αML (1 + zl)
αML−2DlDls

Ds

dVc
dzl

.
(10.3)



10.1 Methodology 197

0

5

10 αML = 1 log∆χ2 = 1.35 αML = 1

101 102 103 104 105

Ml [M¯ ]

0

5

10 αML = 2

0.00 0.25 0.50 0.75 1.00
zl/zs

αML = 2

0.0

0.5

1.0

1.5

2.0

2.5

3.0

y

lo
g∆
χ

2

Figure 10.1: Distributions of log∆χ2 between microlensed and corresponding unlensed
waveforms for signals satisfying the network detection threshold ρnet > 8, shown as a
function of Ml and the redshift ratio zl/zs. The colour scale represents y. The red line in-
dicates the adopted distinguishability criterion.

Using Eq. (10.3), we sample M z
l within the range [1, 105]M⊙. Next, y values are sampled

from a geometric prior distribution, p(y) ∝ y, within the range [0.01, 3.0]. This standard
distribution naturally arises from the differential lensing area under the assumption of a
spatially uniform source population in the source plane. Extremely small values of y are
statistically disfavoured because they correspond to a small geometric lensing cross-section,
whereas observable microlensing distortions become increasingly suppressed at large y.

Although the optical depth determines the expected number of microlensed GW events,
only a subset of these events produces detectable wave-optics signatures in GW observa-
tions. The detectability of GW microlensing depends not only on the network SNR, ρnet,
but also on the waveform mismatch ϵ between microlensed and unlensed signals, which
quantifies the degree of waveform distortion induced by wave-optics effects (see Eqs. (6.2)
and (7.9)).

Following [431], we adopt a fiducial distinguishability criterion based on the statistic
∆χ2, which is equivalent to Λ in Eq. (1.43) but is interpreted here as a measure of how
distinguishable a microlensed waveform is from its unlensed counterpart. In the limit of
small waveform mismatches, ∆χ2 can be approximated as:

∆χ2 ≃ 2ρ2netϵnet, (10.4)
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where ϵnet denotes the network-averaged mismatch computed from the individual detector
signals. We assume the conventional GW detection threshold ρnet > 8 together with a fidu-
cial mismatch threshold ϵnet > 0.03, corresponding to the approximate level at which wave-
form distortions become distinguishable in GW observations. These values yield ∆χ2 =

3.84 (log∆χ2 ≃ 1.35).

Figure 10.1 shows the resulting∆χ2 values between simulated microlensed waveforms
and their corresponding unlensed counterparts for signals satisfying the SNR detection
threshold (ρnet > 8), as a function of Ml and zl/zs for both αML = 1 and αML = 2 pop-
ulations. In both cases, ∆χ2 shows a decreasing trend with increasing y, reflecting the
progressive suppression of wave-optics distortions at larger y. We estimate ymax used in
Eq. (10.2) based on the adopted ∆χ2 threshold.

In addition, a positive correlation between Ml and ∆χ2 is evident, as expected from
the stronger and more distinguishable waveform distortions produced by more massive
lenses. Since the αML = 1 population contains a larger fraction of highMl lenses than the
steeper αML = 2 distribution, a correspondingly larger fraction of simulated events satisfy
the final distinguishability criterion in the αML = 1 case. The minimum lens mass capable
of producing detectable microlensing signatures is approximately O(2)M⊙ for αML = 1,
whereas detectable signals in theαML = 2 case can extend down to approximatelyO(1)M⊙.
Moreover, no clear correlation is observed between∆χ2 and zl/zs. While the lensing prob-
ability is maximised for lenses located roughly midway between the source and observer
due to geometric effects, the strength of observable wave-optics distortions depends more
strongly onM z

l and y.

It is important to note that some simulated microlensed signals may satisfy the dis-
tinguishability criterion while still failing the network SNR requirement (ρnet > 8). Such
events would not be initially detectable. We therefore retain only events satisfying both
detectability criteria and classify them as detectable microlensed GW signals. From this de-
tectable population, we randomly select 200 microlensed events and inject them into simu-
lated aLIGO–Livingston, aLIGO–Hanford, and AdV detector data, assuming their projected
O4a sensitivity and Gaussian-noise realisations [365].

10.1.2 Hierarchical Bayesian Inference of Hyperparameters

To estimate the parameters of microlensed waveforms, we adopt the Gravelamps [298].
As shown in Chapter 6, the pipeline yields posterior distributions for the PM lens para-
meters, M z

l and y, together with the Bayesian evidence for the microlensing hypothesis,
BML. Performing parameter estimation for the same signal under the unlensed hypothesis
additionally yields the corresponding evidence BU, allowing the Bayes factor between mi-
crolensing and unlensed hypotheses, BML

U , to be evaluated. Amicrolensed signal is expected
to favour the lensing hypothesis when BML

U > 1. In realistic searches, microlensing detec-
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tions would additionally require a robust FPP assessment based on a large population of
unlensed background events, as discussed in Section 5.1. In this work, however, we adopt
a pragmatic criterion and regard microlensed events with BML

U > 1 and well-constrained
posteriors for M z

l and y as confidently identified microlensing events, yielding a total of
132 events.

From the identifiedmicrolensing events, the posterior distribution of the hyperparamet-
ers (λ) can be inferred through a hierarchical Bayesian framework that combines informa-
tion from all detected events (d) (see Eqs. (4.27) and (4.29)). The corresponding posterior is
given by:

p(λ | d) ∝ p(λ)p(NML,det | λ)

×
∏NML,det

i p(di|θs,i,M
z
l,i, yi)ppop(θs,i,M

z
l,i, yi | λ)

β(λ)NML,det
,

(10.5)

where NML,det is the number of detected microlensed events and β(λ) indicates the de-
tection efficiency for a given hyperparameter set, corresponding to a selection-bias cor-
rection [291, 292]. The hyperparameter set consists of both source-population and lens-
population parameters, i.e. λ = (λs, λl). Here λs describes the BBH population e.g., intro-
duced in Eqs. (4.35)–(4.39), while λl = (αML, n0) in this work.

The first term in Eq. (10.5) is the prior on the hyperparameters. In this work, we fix λs
parameters to their injected values to focus exclusively on the inference of λl. We adopt
broad priors for λl, namely αML ∈ U[−4, 12], consistent with the power-law index priors
for the primary BH of a BBH commonly used in LVK population studies [237, 293], and
log10 n0 ∈ U[0, 10], following the range adopted in [427].

The second term, p(NML,det | λ), describes the probability of detectingNML,det microlens-
ing events, which is modelled using a Poisson-distributed variable with an expected number
given by Eq. (4.28):

⟨NML,det⟩ = NULτ̄(λ)

∫
ppop(θs,M

z
l , y | λ)Pdet(θs,M

z
l , y) dθsdM

z
l dy (10.6)

where NUL is the mean of the Poisson process for unlensed events (i.e., the expected total
number of unlensed events, including both detected and undetected ones) and τ̄(λ) is the
population-averaged optical depth defined in Eq. (2.31), which depends on the given hy-
perparameters. Pdet denotes the indicator that a microlensed signal with the given source
and lens parameters satisfies the adopted detection and distinguishability criteria.

The third term in Eq. (10.5) represents the joint likelihood of all detected microlensed
events, constructed as a product of individual event contributions, assuming that each event
is statistically independent given λ.This assumption allows the joint likelihood to be factor-
ised into a product of event-level terms. In the numerator, p(di | θs,i,M z

l,i, yi) denotes the
event-level likelihood of each set of observed microlensed GW data, evaluated using pos-
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terior samples obtained from parameter estimation. The term ppop(θs,M
z
l , y | λ) encodes

the underlying astrophysical population model for both the source and lens parameters. In
this work, the lens population is described byM z

l distribution given in Eq. (10.3), together
with the geometric prior on y.

In the denominator, β(λ) represents the probability that a source drawn from the un-
derlying population is successfully identified as a detectable microlensing event under the
adopted detector sensitivity and distinguishability criteria. It can be interpreted as an over-
all detection efficiency that accounts for selection effects induced by both the SNR threshold
and waveform distinguishability requirements. Based on Eq. (4.30), the detection efficiency
for microlensed signals can be rewritten as:

β(λ) ≡ ⟨NML,det (λ)⟩
NULτ̄(λ)

=

∫
ppop(θs,M

z
l , y | λ)Pdet(θs,M

z
l , y) dθsdM

z
l dy.

(10.7)

As shown in Eq. (4.32), β(λ) is estimated using numerousmicrolensed injections, as follows:

β(λ) ≃ 1

Ninj

Ninj,det∑
i

ppop(θs,i,M
z
l,i, yi | λ)

π(θs,i,M z
l,i, yi)

, (10.8)

where Ninj and Ninj,det denote the total number of injected and successfully detected mi-
crolensed signals, respectively, and π is the prior distribution used in the injection cam-
paign.

10.2 Results

10.2.1 Inference of the Compact-Lens Distribution

From Eq. (10.5), we infer the joint posterior distribution for αML and n0. To evaluate the
minimum sample size required to obtain meaningful constraints on these population para-
meters, we analysed three scenarios with varying numbers of detected microlensed events:
NML,det = 50, 100, and the full sample of 132. As shown in Figure 10.2, the widths of posteri-
ors for both hyperparameters become progressively narrower as the number of detections
increases, while the posterior peaks converge toward their respective true values. Notably,
n0 is less well constrained than αML. This difference arises from its strong degeneracy with
y, which more directly governs the microlensing probability and magnification than the
lens massM z

l .
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Figure 10.2: Corner plots showing the posteriors of αML and log10 n0 inferred from the
NML,det = 50, 100, and 132 cases for the two fiducial scenarios αML = 1 (left panel) and
αML = 2 (right panel). The black dotted lines denote the corresponding true values.

Furthermore, in the αML = 1 scenario, the NML,det = 50 case exhibits a positive correla-
tion between αML and n0. When the number of detected events is limited, uncertainties in
αML can be partially compensated by shifts in n0. Physically, larger values ofαML correspond
to lens populations dominated by lower-mass compact objects, which generally produce
weaker microlensing signatures. Consequently, a higher lens number density is required
to maintain a comparable detection rate, giving rise to the observed αML–n0 degeneracy. In
contrast, for larger catalogues (NML,det = 100 and 132), the shape of the lens-mass distribu-
tion becomes much more tightly constrained by the data itself. The inferred value of αML

is then effectively determined, substantially reducing the allowed compensation through
n0. As a result, the αML–n0 degeneracy is progressively broken, yielding nearly circular 2D
posteriors.

In the αML = 2 scenario, the intrinsic lens-mass distribution is strongly concentrated
towardMmin. Even the Nobs = 50 case is therefore dominated by low-mass lenses, and the
absence of high-mass lenses provides strong constraints on αML, thereby also constraining
n0.



202 GW Microlensing as a Probe of Compact Object Populations

10.2.2 Constraining the Microlens Fraction in Dark Matter

According to [432], the comoving number density n0 appearing in Eq. (10.2) can be written
as

n0 =
ρl

⟨Ml⟩

=
ρcΩl

⟨Ml⟩

=
3H2

0Ωl

8πG⟨Ml⟩
,

(10.9)

where ρl and ρc denote the compact-lens density and the critical density of the Universe,
respectively, and Ωl ≡ ρl/ρc is the corresponding density parameter of compact lenses.
⟨Ml⟩ denotes the expectation value of the intrinsic lens mass, analytically derived from the
assumed mass distribution p(Ml|αML)within the mass range [Mmin,Mmax]. For a given αML,
the theoretical ⟨Ml⟩ is given by:

⟨Ml⟩ =



(
1− αML

2− αML

)
M 2−αML

max −M 2−αML
min

M 1−αMLmax −M 1−αML
min

, αML ̸= 1, 2,

Mmax −Mmin

ln(Mmax/Mmin)
, αML = 1,(

MminMmax

Mmax −Mmin

)
ln
(
Mmax

Mmin

)
, αML = 2.

(10.10)

If the compact lenses are interpreted as dark compact objects, such as PBHs, the lens
density parameter can be expressed as Ωl ≡ fDMΩDM, where fDM denotes the integrated
fraction of total DM contained in compact lenses across the prescribed mass range. Con-
sequently, constraints on n0 and αML obtained from the hierarchical Bayesian analysis can
be translated into constraints on fDM assuming a fiducial DM density parameter ΩDM ≃
0.26. Under these assumptions, the DM fraction associated with compact lenses can be
written as:

fDM =
8πGn0⟨Ml⟩
3H2

0ΩDM
. (10.11)

Figure 10.3 shows the posteriors of fDM, calculated from the posterior samples of n0 and
αML for all detected microlensed signals. Here, fDM denotes the fraction of DM in the com-
pact objects within the mass range [Mmin, 10

5]M⊙, where Mmin represents the minimum
lens mass capable of producing detectable microlensing signatures for a given αML scenario
(see Figure 10.1). Note that fDM = 1 implies that all DM is comprised of compact objects
within this mass range.
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Figure 10.3: Posteriors of fDM inferred for the αML = 1 (left panel) and αML = 2 (right
panel) scenarios using catalogues with NML,det = 50, 100, and 132 detected microlensing
events.The black dotted lines denote the corresponding true values.

In theαML = 1 scenario, the average lensmass is relatively high, corresponding to a true
DM fraction of fDM ≃ 0.5. The posterior obtained from the NML,det = 50 catalogue remains
relatively flat over a broad range of fDM. As discussed in Figure 10.2, this behaviour arises
from the degeneracy between αML and n0. Nevertheless, the lower bound on fDM becomes
progressively tighter as NML,det increases.

By contrast, for the αML = 2 scenario, the average lens mass is substantially lower,
yielding a correspondingly lower true DM fraction of fDM ≃ 1.02 × 10−2. The posterior
distributions peak near the true value even for the NML,det = 50 catalogue, reflecting the
reduced αML–n0 degeneracy discussed previously.

It is worth noting that while the physical boundary strictly requires fDM ≤ 1, our pos-
terior samples for the αML = 1 scenario extend into the unphysical regime (fDM > 1).
This issue arises because the analysis was performed using broad hyperparameter priors
that do not explicitly impose the physical constraint on fDM. In our simplified population
model, the physically allowed region in the (n0, αML) parameter space can be estimated
relatively straightforwardly. In more realistic compact-object population models, however,
the mapping between hyperparameters and the implied value of fDM is expected to become
substantially more complex. For this reason, adopting broad priors at the hyperparameter
level and subsequently excluding posterior samples with fDM > 1 provides a more flexible
and model-independent approach than imposing hard physical boundaries a priori.
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We can also estimate the differential DM fraction as a function of lens mass, enabling
us to quantify how much DM is contributed by lenses of different masses. The differential
DM fraction per log10Ml is given by

dfDM

d log10Ml

=
8πGn0

3H2
0ΩDM

M2−αml
l ln(10). (10.12)

Figure 10.4 illustrates the resulting differential spectra. In the αML = 1 scenario, the
spectrum is tightly constrained at the low-mass end but exhibits progressively broader
C.I.s toward the high-mass regime.This behaviour directly reflects the error propagation in
Eq. (10.12): since the mass dependence remains close to∼M1

l , even small statistical fluctu-
ations in the inferred slope αML become exponentially amplified at largeMl. A qualitatively
similar trend is also observed in the αML = 2 scenario, although the differential spectrum
remains substantially flatter. In this case, the mass dependence in Eq. (10.12) becomes neg-
ligible, thereby suppressing the propagation of errors toward largerMl.
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, for the αML = 1 (left panel) and
αML = 2 (right panel) scenarios using catalogues with NML,det = 50, 100, and 132 detected
microlensing events. The black dashed lines denote the corresponding true spectra. The
solid coloured lines denote the median recovered spectra.

10.3 Conclusion
In this chapter, we have investigated the feasibility of constraining compact-object popu-
lations through hierarchical Bayesian inference applied to a catalogue of confidently iden-
tified GW microlensing events, while consistently accounting for selection effects. Using
simulated microlensed BBH signals drawn from two representative power-law lens-mass
distributions, with αML = 1 and αML = 2, we demonstrated that the accumulation of mi-
crolensed detections can place meaningful constraints on both the mass-function slope αML

and the comoving lens number density n0, while simultaneously breaking the degeneracy
between these parameters.
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We have further translated these constraints into the compact-DM fraction, fDM, and its
differential mass spectrum. The hierarchical framework allows the hyperparameter space
to be explored without imposing explicit hard priors derived from the physical bounds on
fDM. Such priors become increasingly difficult to construct as the mapping between the
population hyperparameters and the physically allowed DM fraction grows more complic-
ated for realistic population models. Instead, the physical and unphysical regions can be
identified directly at the level of the inferred fDM posterior, making the framework more
flexible and model-agnostic.

We found that steeper lens-mass distributions yield tighter constraints on the inferred
fDM for the same number of detections. This behaviour arises because the parameter de-
generacy between αML and n0 is more efficiently broken for steeper mass functions, while
the smaller characteristic lens masses lead to weaker amplification of the statistical uncer-
tainties in n0 when propagating them into fDM. In addition, steeper mass functions sup-
press the contribution from the high-mass regime, where statistical uncertainties are more
strongly amplified in the inferred differential DM spectrum, thereby producing more stable
constraints across the parameter space. Consequently, compact-object populations domin-
ated by relatively low-mass lenses can, in principle, yield more robust constraints on the
compact-DM fraction.

Although our framework provides a robust foundation for population inference, sev-
eral simplifying assumptions adopted in this work motivate important directions for future
refinement. First, we employed a simplified population configuration in which the source-
population hyperparameters are fixed, thereby focusing exclusively on the lens population.
Incorporating uncertainties in the source population would weaken the constraints on the
population properties. However, such an extension would also enable a direct investigation
of potential degeneracies between the source and lens populations, particularly in scenarios
where both originate from dark compact objects. This possibility becomes especially relev-
ant if a fraction of the BBH population detected by LVK is itself primordial in origin [433,
434], since the source and lens populations could then share common formation channels
and population characteristics.

In addition, we adopted a simple power-law model for the intrinsic lens-mass distribu-
tion. If the compact lenses are interpreted as PBHs, more physically motivated mass func-
tions should be considered1. We also assumed a constant n0, despite the possibility that the
compact-lens population evolves over cosmic time. A more realistic treatment could incor-
porate redshift evolution through a parameterisation such as nl(z) = n0(1+z)

k, analogous
to Eq. (4.38), where k characterises the evolution of the lens abundance. Such models gener-
ally require additional hyperparameters and would introduce further correlations between
the source and lens population properties.

1. For a recent overview of PBH mass-function models and population studies, we refer readers to [435].
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Nevertheless, once the underlying hyperparameters are sufficiently constrained, it may
become possible to infer the lens redshift distribution statistically. In particular, the re-
covered intrinsic lens-mass distributionmay also help partially break the degeneracy between
the detector-frame lens massM z

l and the lens redshift zl through population-level margin-
alisation. Such a partial separation of zl from M z

l would allow the detected compact-lens
population to be grouped into redshift bins, enabling the evolution of the compact-DM
fraction, fDM(zl), to be investigated as a function of cosmic time.

Constraining the redshift evolution of the compact-lens abundance may provide an im-
portant clue to their astrophysical origin. If the inferred compact-object density increases
significantly following the peak of the cosmic star-formation history (z ∼ 2) [295], such
behaviour would strongly favour a conventional stellar-remnant origin. In contrast, if com-
pact lenses continue to be detected at higher redshifts while the inferred fDM remains ap-
proximately constant over cosmic time, this would be difficult to explain through stellar
evolution alone. Instead, they would provide compelling evidence for an additional exotic
compact-object population, such as PBHs formed in the early Universe before the onset of
star formation.

From the perspective of detectability, the microlensing selection criteria should be re-
fined using more realistic FPP estimates derived from dedicated background injections,
rather than relying solely on Bayes factors, as discussed in Chapters 5 and 6. Our injection-
and-recovery framework also relied exclusively on isolated point-mass lens templates. How-
ever, as discussed in Chapter 7, strongly lensed GW signals are expected to undergo ad-
ditional microlensing perturbations from stellar fields embedded within a galaxy poten-
tial, producing waveform distortions substantially more complex than those generated by
isolated point-mass lenses alone. Addressing these limitations will require both more ro-
bust statistical detection frameworks and the development of more sophisticated waveform
models in future analyses.
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Chapter 11

Executive Summary and Future Prospects

General Relativity, formulated by Albert Einstein, stands as a monumental triumph of
twentieth-century physics [9, 10], predicting two cornerstone astrophysical phenomena:
gravitational waves [7, 8] and gravitational lensing [88, 89].The intricate interplay between
these two predictions offers a unique avenue for probing the distribution of matter across
a wide range of scales, as well as the evolutionary history of the Universe. This thesis aims
to translate these profound theoretical frameworks into observational methodologies. In
particular, this work addresses two central questions: ”how gravitationally lensed GW sig-
nals can be reliably identified in detector data.” (Part II) and ”how such signals can be used to
extract meaningful astrophysical and cosmological information once detected.” (Part III)

The direct detection of GWs has marked a paradigm shift in modern astrophysics and
multi-messenger astronomy, opening an entirely newwindowonto the distant Universe [14,
16, 17]. Unlike EM observations, GWs enable direct access to the most extreme and highly
dynamical gravitational environments, such as CBCs, many of which are inaccessible to
conventional EM observations due either to the intrinsic absence of EM emission or to
observational limitations at high redshift. Chapter 1 established the theoretical and obser-
vational foundations of GW physics. The mathematical framework of GW generation was
introduced together with the astrophysical properties of compact binaries and other po-
tential GW sources [21, 24, 30]. We also reviewed the operating principles of ground-based
interferometric detectors and the methodologies used to identify GW signals within noisy
detector data [24, 61, 66, 72].

Gravitational lensing further extends the scientific reach of GW observations. Interven-
ing matter distributions can act as cosmic telescopes that magnify distant sources, thereby
providing a unique probe of the distribution of both baryonic and dark matter along the
line of sight [103]. At the same time, lensing introduces characteristic signatures into GW
signals, such as relative magnifications, time delays, and wave-optics interference patterns,
which encode information about both the lensing structures and the underlying source pop-
ulation. Motivated by these possibilities, Chapter 2 developed the theoretical framework
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of gravitational lensing for GWs, beginning with general lensing theory and extending to
lens models, lensing probabilities, and the physical distinctions between EM and GW lens-
ing [103, 114, 131, 147]. Within this framework, the key observables of lensed astrophysical
signals and their associated implications were systematically explored.

11.1 Toward Realistic Searches for GW Lensing
To extract physical source information from GW observations and identify possible lensing
signatures, we first reviewed the Bayesian inference framework for GW parameter estim-
ation in Chapter 4 [248, 253]. Bayesian inference plays a central role in GW astronomy
because the underlying source properties cannot be directly observed, but must be statist-
ically inferred from noisy detector data through waveformmodelling [236, 252]. In contrast
to many EM observations, GW analyses rely on coherent matched-filtering and likelihood
exploration, making Bayesian techniques indispensable for robust source characterisation
and uncertainty quantification. Within this framework, we further examined the physics of
CBC signals and the high-dimensional parameter space describing them. Since CBC signals
are characterised by a large number of correlated parameters, efficient stochastic samplers
become essential for accurately obtaining posterior distributions [236, 240, 243, 244, 245,
246, 247].

Building upon this theoretical and computational foundation, we addressed the first
central question of this thesis. Chapter 5 investigated practical searches for gravitational
lensing signatures in GW observations using advanced Bayesian inference techniques and
modern computational pipelines [238, 327]. In particular, we explored two complement-
ary classes of lensing searches: (1) searches for single distorted signals and (2) searches for
multiple lensed images originating from the same source.Through these analyses, we high-
lighted the conceptual and methodological differences between waveform-distortion-based
searches and correlation-based multiple-image searches.

Despite these methodological advances, our isolated PM microlensing analysis of BBH
events from recent observing runs, as presented in Chapter 6, has not yet yielded decis-
ive and unambiguous evidence for GW microlensing. GW231123 [329], however, remains
a particularly intriguing candidate. When interpreted under the microlensing hypothesis,
this event exhibits the highest Bayes factors obtained to date (log10 BMod

U ≃ 3.8), improved
agreement with model-agnostic reconstructed waveforms, and source parameters that are
more consistent with the currently inferred astrophysical BBH population [238]. Despite
these suggestive features, more rigorous validation, including extensive robustness tests
against waveform systematics [331] and detector artifacts [332], together with broader
population-level analyses across future GW catalogues, will be required before a confid-
ent microlensing detection can be established.
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A major limitation of many existing lensing searches is that they rely on idealised
lensing scenarios, such as isolated PM lenses or lens-model-independent multiple-image
searches. Consequently, current search pipelines may not fully capture the complexity
of realistic astrophysical lensing environments [314, 317, 318, 320, 321]. As discussed in
Chapter 7, amore physically realistic scenario involves the simultaneous presence of strong
lensing andmicrolensing. To address this complexity, we introduced a residual-based frame-
work designed to identify hiddenmicrolensing signatures embeddedwithin strongly lensed
GW signals. Rather than performing computationally expensive, fully model-dependent
parameter estimation over complex lens configurations, this method exploits characteristic
structures remaining in the waveform residuals through our statistics ΛH (see Eq. (7.7)).
This approach enables a low-latency search strategy while retaining sensitivity to subtle
wave-optics features generated by realistic lensing systems.

Nevertheless, achieving robust and quantitatively reliable identification of such com-
plexly lensed signals ultimately requires fully lens-model-dependent Bayesian inference
employing realistic astrophysical lens models. Consequently, alongside the continued de-
velopment of low-latency non-parameter-estimation-based search pipelines, future efforts
should prioritise the efficient and accurate computation of the oscillatory amplification
factor, F (f), in the wave-optics regime (see Eq. (2.71)).

11.2 Strong- and Micro- Lensing: Inferences onH0 and fDM
The successful identification and interpretation of lensed GW signals provide a unique op-
portunity to connect GW astronomy directly with precision cosmology [202]. GWs them-
selves serve as standard sirens, providing a completely independent probe of cosmology.
Since the GW waveform directly encodes the luminosity distance to the source without
relying on the traditional cosmic distance ladder, GW observations offer a powerful and
largely unbiased method for measuring the expansion history of the Universe, as discussed
in Chapter 3. This cosmological potential is further amplified when these standard sirens
undergo gravitational lensing. Lensing magnification increases the effective sensitivity of
GW detectors to high-z sources. In addition, both magnification and the joint analysis of
multiple lensed signals from a single event can improve source localisation and luminosity-
distance (dL) estimation. Ultimately, combining strong lensing with standard sirens offers
a promising pathway to constrain H0 and address the ongoing Hubble tension.

To fully exploit the potential of these lensed standard sirens, Chapter 8 established the
necessary methodologies for analysing individual strong lensing systems. While multiple
lensed signals can yield exceptional precision in dL and sky localisation asmentioned above,
translating these measurements into astrophysical and cosmological insight requires reli-
able host-galaxy identification and accurate reconstruction of the lens mass distribution.
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We demonstrated that combining EM observations of the host–lens system with precise
GW measurements enables tight constraints on the lens-model parameters. Such accurate
lens reconstruction is an essential prerequisite for the delensing process, which aims to
recover the intrinsic luminosity distance required for unbiased H0 inference.

Building upon these enhanced parameter constraints, Chapter 9 explored the cosmo-
logical applications of lensed dark sirens by integrating galaxy catalogues with the hier-
archical Bayesian framework introduced in Chapter 4. We first demonstrated how the im-
proved sky localisation and luminosity-distance measurements discussed in the previous
chapter enable robust H0 inference even from a single strongly lensed dark siren via the
Hubble–Lemaître law. In particular, we showed that a single quadruply lensed dark siren
can provide an H0 constraint comparable to that obtained from a bright siren event.

Next, extending the analysis from individual systems to population-level cosmological
inference requires a statistical framework capable of self-consistently incorporating source
populations, selection effects, and lensing probabilities. To address this, we developed a
comprehensive hierarchical Bayesian framework for lensed dark siren populations. Our
analysis demonstrated that a small number of lensed GW events can achieve an H0 pre-
cision comparable to that from hundreds of unlensed signals, and that future populations
of multiply lensed GW events can constrain H0 at a level competitive with existing EM
observations. Finally, we investigated potential systematic biases arising from missed or
incorrect lensing classifications, highlighting the importance of robust lens-identification
pipelines to prevent cosmological misinterpretations.

Shifting the focus from the expansion history of the Universe to compact-object popula-
tions, Chapter 10 explored the astrophysical implications of GW microlensing. In particu-
lar, we investigated the information that could be extracted from a future catalogue of con-
fidently identified microlensed GW events. By statistically combining multiple detections
within a hierarchical Bayesian framework, while consistently accounting for microlensing
selection effects, we demonstrated that the mass and spatial distributions of the compact
lenses can be tightly constrained.

Furthermore, if we assume that the microlensing events originate from intrinsically
dark compact objects, their inferred population properties provide a direct probe of the
DM fraction, fDM, composed of compact objects spanning the stellar- to IMBH-mass re-
gime, in contrast to previous studies that have primarily constrained compact-object pop-
ulations through the non-detection of microlensing signatures (e.g., [428]). Our framework
illustrates how future GW microlensing observations can evolve beyond individual-event
studies into a population-level probe of otherwise inaccessible compact-object populations,
opening a new observational window onto both astrophysics and fundamental cosmology.
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11.3 Challenges and Future Directions in GW Lensing
The current absence of definitive lensed GW detections should not be interpreted as evid-
ence against the existence of such systems, but rather as a consequence of the intrinsic
observational limitations of the present detector era. The primary limitation arises from
the low intrinsic lensing probability for events detectable by existing second-generation
detector networks. The optical depth for strong lensing increases rapidly with source red-
shift, approximately scaling as τ(zs) ∝ z3s at low redshift, where the Universe is approx-
imately Euclidean. However, current GW detectors are primarily sensitive to BBH mergers
at z ≲ 1–1.5, where the expected strong-lensing probability remains only τ ∼ 10−4–
10−3 [238]. Given that present GW catalogues contain only several hundred detected BBH
mergers, the absence of an unambiguous lensed detection in current observing runs is there-
fore statistically unsurprising.

The optical depth for GW microlensing remains substantially more uncertain because
the underlying population of compact lenses is not yet well constrained. Nevertheless, com-
pact objects capable of producing microlensing are expected to be more abundant than
galaxy-scale strong lenses, potentially implying a higher occurrence rate of microlensing
signatures. Identifying such events in observational data, however, remains highly challen-
ging. Microlensing signatures typically manifest as subtle frequency-dependent modula-
tions, such as interference fringes or beating patterns, whose detectability is fundamentally
limited by the distinguishability between lensed and unlensed waveforms in the presence of
detector noise. Weak microlensing configurations, such as those involving low lens masses
(Ml ≲ 100M⊙) or large impact parameters (y > 1), are expected to occur more frequently
than configurations with high lens masses or small impact parameters. In such cases, the
induced waveform distortions typically produce only very small mismatches (MM ≪ 1)
between the lensed and unlensed templates (see Eq. (6.2)). In the presence of realistic de-
tector noise, these weak distortions can be easily obscured by statistical fluctuations, pre-
venting Bayesian model selection from decisively favouring the microlensing hypothesis.
Consequently, a substantial region of the physically relevant microlensing parameter space
remains effectively inaccessible to current detector sensitivities.

These challenges, however, are not expected to remain fundamental limitations in the
era of third-generation detectors. The Einstein Telescope [393] and Cosmic Explorer [436]
will dramatically extend the observable volume of the Universe, substantially increasing the
lensing optical depth and enabling the routine detection of high-z binary mergers. Simul-
taneously, the exceptionally high SNRs (ρnet > 100) and long in-spiral durations accessible
to next-generation detectors will allow subtle wave-optics modulations to be resolved with
far greater precision.
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Nevertheless, the transition toward precision GW lensing science will require advances
beyond detector sensitivity alone. As discussed inChapter 6, GW lensing signatures can ex-
hibit significant phenomenological degeneracies with intrinsic complexities of CBC signals
(e.g., [331, 340, 369]). If the frequency-dependent amplitude and phase modulations induced
by lensing significantly overlap with waveform features produced by non-standard binary
configurations, such as orbital eccentricity, spin precession, or overlapping GW signals,
standard Bayesian inference may misidentify these effects as evidence for lensing, poten-
tially leading to biased parameter estimation or false-positive lensing detections.Therefore,
as detector sensitivities improve and statistical uncertainties decrease in the high-SNR re-
gime, increasingly accurate waveform models incorporating both realistic source physics
and lensing effects will become essential. In parallel, low-latency, computationally efficient
inference pipelines capable of exploring realistic lens models will be critical for fully ex-
ploiting the scientific potential of future GW observations.

Ultimately, the coming decades are expected to transformGW lensing from a candidate-
driven search into a precision observational framework for probing cosmology and compact
structures across multiple astrophysical scales.

In the context of advanced cosmological inferences, next-generation detectorswill provide
substantially improved sky localisation and luminosity-distance measurements, facilitating
host-galaxy identification and redshift determination for GW sources. In particular, a future
catalogue of SLGW events will enable time-delay cosmography with unprecedented preci-
sion. Since GW arrival times can be measured to millisecond accuracy, the corresponding
time-delay distances (see Eq. (2.25)) may provide sub-percent constraints onH0, potentially
competitive with existing EM-only probes such as the CMB and Type Ia supernovae.

Beyond constraining the local expansion rate, these lensed GW observations can also
address evolving cosmological phenomena. Recent DESI results [197] have shown increas-
ing evidence for dynamical dark-energy models in which the equation-of-state parameter
evolves with redshift, rather than remaining fixed at ω = −1 as assumed in the standard
ΛCDM framework [437, 438] (see Eqs. (3.18) and (3.21)). In this context, strongly lensed
GW observations from next-generation detector networks may provide an important and
highly complementary probe of the cosmic expansion history and the possible evolution of
dark energy [417].

Complementing these large-scale cosmological inferences, future GW detectors with
improved sensitivity will additionally become capable of identifying lower-mismatch mi-
crolensing signals, substantially increasing the number of detectable compact-lens can-
didates and strengthening population-level constraints. In particular, the detection of mi-
crolensing signatures from compact DM candidates at cosmological distances would place
stringent constraints on the compact-DM fraction beyond the peak of the cosmic star-
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formation history, where conventional stellar-remnant populations become increasingly
difficult to produce. Such observations may also probe lower compact-object mass ranges
that are less contaminated by ordinary stellar populations, thereby providing a cleaner win-
dow into possible primordial compact-object populations [424, 439].

Furthermore, access to lower GW frequencies in future detectors would extend the ob-
servable wave-optics regime toward more massive lenses, enabling interference signatures
produced by intermediate-mass and heavier compact objects (105M⊙ < M z

l ≲ 108M⊙) to
be probed directly [386]. Such observations could open a new avenue for constraining the
population properties of IMBHs and other massive compact objects across cosmic history.

Although the unambiguous detection of a lensed GW signal remains an outstanding
milestone, the field is rapidly transitioning from a theoretical possibility to an imminent
observational reality. As detector sensitivities continue to improve and the catalogue of
GW events expands, the methodologies and investigations presented in this thesis serve as
a useful foundation for the eventual identification and scientific exploitation of GW lens-
ing. Looking further ahead, the emergence of multi-messenger lensing, in which GW and
EM signals are jointly observed from the same lensed source, will establish a new paradigm
for probing both cosmology and compact-object populations [102]. Ultimately, future GW
lensing observations will transcend current methodological challenges, helping to address
long-standing questions surrounding the nature of dark matter, the demographics of com-
pact objects, and the evolution of the Universe itself.



Appendix

A Posteriors of the Hubble Constant
In this appendix, we provide a detailed description of each component in Eq. (9.10). The
derivation presented here builds upon the formalism of Gray et al. [220]. Rewriting the
expression, the posterior distribution of the Hubble constant, H0, for a set of lensed dark
sirens, xlgw, with corresponding detection indicators, Dlgw (where each element is either 0
or 1), and assuming Nlens,det detected lensed systems, can be written as:

p(H0|{xlgw}, {Dlgw}) ∝ p(H0)p(Nlens,det|H0)

×

∫∫∫∫ p(Dlgw|θs, θl, zs, zl, H0)p(θs|H0)

Npix∑
j

p(zs, zl, θl|Ωj, H0, s, l)dθldθsdzldzs

−Nlens,det

×
Nlens,det∏

i

∫∫∫∫ Npix∑
j

p(xlgw,i|Ωj, θs, θl, zs, zl, H0)p(θs|H0)p(zs, zl, θl|Ωj, H0, s, l)dθldθsdzldzs

 ,
(1)

where θs, θl, zs, and zl denote the GW source parameters excluding the distance, the lens
parameters of the source-lens galaxy system, the source redshift, and the lens galaxy red-
shift, respectively. p(zs, zl, θl|Ωj, H0, s, l) is the LoS redshift distribution of source and lens
galaxies obtained from the galaxy-galaxy lensing catalogue.The GW sky localisation is dis-
cretised into Npix pixels, with Ωj corresponding to the sky direction of the jth pixel. p(H0)

denotes the prior on the Hubble constant, which is a uniform distribution over the range of
[20, 140] km · s−1 ·Mpc−1. More detailed descriptions of the remaining terms are provided
in the following subsections.

A.1 Selection Effect Associated with Lensed Gravitational Waves

Selection bias arises when the number of detectable signals differs from the total number
of mergers due to limited detector sensitivity. The inferred H0 becomes biased if selection
effects are ignored. For example, low-redshift events are more easily detected, which would
incorrectly suggest an overabundance of GW sources at low redshift. To correct for this,
the likelihood of each GW event must be divided by its detection efficiency, that is, the
probability that an event with given parameters would be observed.
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Given the detection probability for a source with parameters θ⃗ = (θs, θl, zs, zl), pdet(θ⃗)
and the underlying population distribution ppop(θ⃗) for a given set of hyperparameters Λ,
such as Eqs. (4.35), (4.37), and (4.39), the expected number of detections of lensed GW events
is given by:

⟨Nlens,det (Λ)⟩ = Nlens

∫
pdet(θ⃗)ppop(θ⃗|Λ)dθ⃗

= Nlens

∫∫∫∫
p(Dlgw|θs, θl, zs, zl,Λ)p(θs, θl, zs, zl|Λ)dθsdθldzldzs,

(2)

where Nlens denotes the total number of lensed mergers [291]. The detection efficiency is
the same as the ratio between the total and expected number of detection. To efficiently
evaluate the detection efficiency of lensed GW events, we generated numerous injections
from a fiducial distribution π(θ⃗) (see [292] for more details). For a given set of detected
lensed GW events, the detection efficiency, equivalent to the selection-effect term in Eq. (1),
can be evaluated as follows:

⟨Nlens,det (Λ)⟩
Nlens

=

∫∫∫∫
p(Dlgw|θs, θl, zs, zl,Λ)p(θs, θl, zs, zl|Λ)dθsdθldzldzs

≃ 1

Ninj

Ninj,det∑
i

ppop(θ⃗i|Λ)
π(θ⃗i)

=
1

Ninj

Ninj,det∑
i

ppop(m1,i,m2,i, zs,i|Λ)
π(m1,i,m2,i, zs,i)

ppop(θl,i, zl,i|zs,i,Λ)
π(θl,i, zl,i)

=
1

Ninj

Ninj,det∑
i

ppop(m1,i,m2,i, zs,i|Λ)
π(m1,i,m2,i, zs,i)

ppop(µ⃗i|Λ)
π(µ⃗i)

,

(3)

wherem1,i,m2,i, and µ⃗i indicate the componentmasses and individualmagnification factors
of the ith lensed event, respectively.

Instead of sampling the θl and zl directly, we first compute µ⃗ from the lens parameters,
creating multiple images under a specific lens model. The resulting magnification factors
define a distribution from which we draw samples, as these factors directly affect the SNR
of the lensed signals. We adopt the population models in Section 4.4.2 for the source-
frame primary and secondary masses and redshift. All other source parameters are drawn
from hyperparameter-independent distributions. For these latter parameters, the popula-
tion prior ppop reduces to the prior π and is thus omitted.
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Since detectability is determined in the detector frame, we draw injections in the de-
tector frame, which modifies Eq. (3) as follows,

⟨Nlens,det (Λ)⟩
Nlens

≃ 1

Ninj

Ninj,det∑
i

ppop(m1,i,m2,i, zs,i|Λ)
π(m1,i,m2,i, zs,i)

ppop(µ⃗i|Λ)
π(µ⃗i)

=
1

Ninj

Ninj,det∑
i

ppop(m1,i,m2,i, zs,i, µ⃗i|Λ)
π(md

1,i,m
d
2,i, d⃗

eff
L,i)

∣∣∣∣∣∂(m1,i,m2,i, zs,i, µ⃗i)

∂(md
1,i,m

d
2,i, d⃗

eff
L,i)

∣∣∣∣∣
=

1

Ninj

Ninj,det∑
i

ppop(m1,i,m2,i, zs,i, µ⃗i|Λ)
π(md

1,i,m
d
2,i, d⃗

eff
L,i)

∏
j

∣∣∣∣∣ 2µi,jdeffL,i,j

∣∣∣∣∣ 1

(1 + zs,i)2

∣∣∣∣ ∂zs∂dL

∣∣∣∣
zs=zs,i

,

(4)
where md

1 and md
2 are detector-frame primary and secondary masses. Although injections

are generated in the detector frame, the selection function is evaluated by reweighting them
to the source-frame population model, including the full Jacobian associated with the trans-
formation between (md

1,m
d
2, d

eff
L ) and (m1,m2, zs, µ⃗).

To determinewhether a signal is detected, the unlensed case is straightforward. A single
event is considered detected if its network SNR exceeds the chosen threshold, ρnet = 8.
However, for lensed events, multiple signals from the same source must not only exceed
the network SNR threshold, but also be confirmed to originate from the same source and
truly lensed through a lensing hypothesis test. Strong lensing can be verified using pipelines
equipped with joint parameter estimation, such as [300, 301, 302, 303] employed in projects
of searching for GW lensing signatures [238, 324, 325]. In this study, we assume that all
lensed signals pass the hypothesis test. Hence, the detection criterion reduces to verifying
that lensed signals are detected above the SNR threshold and correctly identified as lensed.
Accordingly,Nlens,det in Eq. (3) denotes the number of GW lensing systems that satisfy both
the detection threshold and the lensing hypothesis test.

For doubly lensed GW systems, if one of the signals falls below the detection threshold,
the lensing nature of the system cannot be inferred from the single detected signal alone.
In principle, one may nevertheless perform a dedicated sub-threshold search to identify
a counterpart of a detected super-threshold GW signal that is insufficiently magnified or
strongly demagnified to be detected above the threshold [377, 413]. Furthermore, a lensed
GW signal could be identified even from a single image by searching for waveform distor-
tions in Type-II images induced by higher-order GW modes [157, 367] 1.

For quadruply lensed systems, only two or three of the four images may be detected
in realistic scenarios. We impose the analogous requirement to the doubly-lensed case that
at least two signals must exceed the detection threshold for the system to be identified as
strongly lensed. Since the lensing hypothesis test determines the number of detected lensed

1. However, such effects are not directly relevant to the high-magnification regime or to improvements in
sky localisation, and therefore we do not consider this possibility in this study.
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signals in each system, we consider three cases: two, three, or all four images detected, when
accounting for selection effects. It is important to note that partially detecting only two or
three of the four images can make it initially unclear whether the system originates from a
quadruply lensed source. Accounting for selection effects under the assumption that such
systems are doubly or triply lensed leads to a biased inference of the Hubble constant.

Once a specific lens model is adopted, however, the possible number of lensed signals
becomes fixed, and the corresponding population distributions of lensing observables, such
as relative magnification factors and time delays, are determined. Under the SIE model, for
example, only two or four images can be produced. Thus, if three images are detected, the
event can be unambiguously identified as a quadruply-lensed system, allowing the appro-
priate quadruple-image selection effects to be applied. When only two images are detected,
however, both the doubly-lensed and quadruply-lensed interpretations remain possible,
and selection effects from both cases must be considered.

The term ppop(θ⃗|Λ) in Eq. (2) can be expressed in terms of the underlying population dis-
tribution function, dN/dθ⃗ [291, 292]. We begin by defining the number of compact binary
mergers per unit observer time and unit redshift, defined as:

d2N

dtdz
=

R(z)

1 + z

∂Vc
∂z

, (5)

where R(z) is the intrinsic merger rate per comoving volume, Vc, at source redshift z, and
the (1 + z)−1 factor accounts for cosmological time dilation.

To obtain the subset of these merger events that undergo strong lensing, the optical
depth introduced in Eq. (2.28) can be rewritten as:

τ(zs, H0) =

∫ zs

0

dzl
dVc
dΩdzl

∫
dθl nl(zl, θl)σ̂SL(zs, zl, θl, H0), (6)

where dVc/(dΩdzl) denotes the differential comoving volume per steradian at the lens red-
shift zl, nl is the comoving number density of lenses with properties θl, and σ̂SL represents
the strong lensing cross-section of an individual lens for a given zs, zl, θl, and H0.

From Eq. (5), dN/dθ⃗ can then be related to the intrinsic merger rate, together with the
corresponding optical depth in Eq. (6) as follows:

⟨Nlens,det (H0)⟩ = Nlens

∫∫∫∫
p(Dlgw|θs, θl, zs, zl, H0)

1

Nlens

(
d4Nlens

dθsdθldzldzs

)
dθsdθldzldzs

= Tobs

∫∫∫∫
p(Dlgw|θs, θl, zs, zl, H0)τ(zs, H0)

R(zs)

1 + zs

∂Vc
∂zs

dθsdθldzldzs,

(7)
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where Tobs denotes the observation period. Eq. (7) encodes the distribution of θl and zl, both
of which depend onH0 in contrast to the zs and θs, which are independent ofH0. Therefore,
unlike in the unlensed case, the probability of detecting Nlens,det lensed dark siren system
for a given value of H0, p(Nlens,det | H0), cannot be neglected even when adopting a scale-
invariant prior on themerger rate,P (R) ∝ 1/R. For a given expected number of detections
(⟨Nlens,det⟩), p(Nlens,det | H0) in Eq. (1) can be expressed as a Poisson distribution as follows:

p(Nlens,det | H0) = e−⟨Nlens,det⟩ (⟨Nlens,det⟩)Nlens,det . (8)

A.2 Line-of-sight Redshift Prior

The LoS redshift prior is constructed by using the measured redshift, luminosity, and ap-
parent magnitude information of galaxies in a given catalogue to identify which galaxies
lie within the GW sky localisation, to weight them by their probability of hosting a BBH
merger (e.g., luminosity weighting) and being lensed, and to correct for the incompleteness
of the galaxy catalogue. This framework enables the inference of the redshift distribution
of the observed BBH events from GW observations.

For the purpose of identifying galaxies within a given GW localisation, a galaxy-galaxy
lensing catalogue, in which both source and lens galaxy information is available for each
system, can bemore informative than a standard galaxy catalogue containing only unlensed
galaxies. However, luminosity weighting and corrections for catalogue incompleteness re-
quire the intrinsic source-galaxy luminosity (i.e., the absolute magnitude) and the redshift.
While galaxy-scale gravitational lensing is achromatic and leaves the observed redshift un-
changed to within the precision of spectroscopic measurements, the absolute magnitude
can be significantly altered by lensing magnification. Therefore, delensing is required to
recover the intrinsic absolute magnitudes of source galaxies in order to obtain robust lu-
minosity weights and incompleteness corrections. Accordingly, the LoS redshift prior must
account for whether both the source and lens galaxies are included in the catalogue.

A.2.1 Complete catalogue

We first consider the complete catalogue case, in which there is no apparent magnitude
limit, such that every lens galaxy and all lensed images of the source galaxy for each system
are included in the catalogue. In this case, the LoS redshift prior in Eq. (1), p(zs, zl, θl|Ωj, H0, s, l),
is given by:

p (zs, zl, θl | Ωj, H0, s, l) =

∫∫
p (zs, zl, θl,Ms,m

′
s,Ml,ml | Ωj, H0, s, l) dMs dm

′
s, dMl, dml,

(9)
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where Ms and Ml denote the intrinsic absolute magnitudes of source and lens galaxies,
respectively. ml and m′

s are the apparent magnitude of the lens galaxy and lensed source-
galaxy images (see Eq. (2.59)), respectively. Note thatMs cannot be correctly obtained from
m′
s using the standard distance modulus alone, as the magnification factor of the lensed

image must be taken into account. Hereafter, we define M⃗ = (Ms,Ml) and m⃗ = (m′
s,ml)

to concisely represent the absolute and apparent magnitudes. The integrand in Eq. (9) can
then be written as:

p
(
zs, zl, θl, M⃗ , m⃗ | Ωj, H0, s, l,MSIE

)
=

1

p (s, l | Ωj, H0)
p
(
zs, zl, θl, M⃗ , m⃗ | Ωj, H0,MSIE

)
p
(
s, l | zs, zl, θl, M⃗ ,Ωj, H0,MSIE

)
=

1

p (s, l | Ωj, H0)
δ(Ms −Ms(zs, zl, θl,m

′
s, H0,MSIE))δ(Ml −Ml(zl,ml, H0))

× p (zs, zl, θl,m
′
s,ml | Ωj, H0) p (s, l | zs, zl, θl,Ms, H0) ,

(10)
where MSIE indicates that SIE profiles are assumed to inferMs fromm′

s of their images.

Since all lensed images and the lens galaxy are observed in a complete catalogue, the
intrinsic luminosity of the source galaxy can, in principle, be accurately recovered. We
therefore assume that the intrinsic absolute magnitude of the source galaxy is uniquely
determined once the other measured parameters are specified, such that its prior can be
represented as a delta function.The absolute magnitude of the lens galaxy,Ml, is unaffected
by lensing and independent of the source properties, and thus its prior can likewise be
treated as a delta function2. Moreover, the probability that a galaxy hosts a GW source and
that the detected lensed images are genuinely associated does not depend on Ml, Ωj , or
MSIE, which are omitted in the last term p(s, l|...).

The LoS redshift prior for the complete catalogue case can be written as:

p (zs, zl, θl | Ωj, H0, s, l,MSIE)

=
1

p (s, l | Ωj, H0)

1

NLgal(Ωj)

×
NLgal∑
k

p
(
zs, zl, θl | ẑs,k, ẑl,k, θ̂l,k

)
p
(
s, l | zs, zl, θl,Ms(zs, zl, θl, m̂′

s,k, H0,MSIE)
)
,

(11)

whereNLgal denotes the number of lensing systems within the sky patch Ωj . Following the
notation of [220], the hat notation denotes the measured value for the kth galaxy-galaxy
lensing system, and the corresponding p(zs, zl, θl) are modelled as Gaussian distributions
centered on these measured values. For zs and zl, we adopt the spectroscopic redshift un-

2. Note that, however, in galaxy-galaxy lensing systems, the spatial overlap between foreground lenses and
background lensed source-galaxy images leads to blended photometry, which can systematically bias photo-
metric redshift estimates.



222 Executive Summary and Future Prospects

certainties introduced in Section 9.2.1, namely σz = 0.001(1 + z). For the lens parameters,
we assume a standard deviation of 0.01, which corresponds to the grid resolution used in
the delensing procedure described in [311]. As shown in Eq. (11), the magnitudes of the lens
galaxies are not included, which can be neglected when deriving the LoS redshift priors,
and thus we will omitMl andml and not explicitly write them in the following.

Since no explicit correlation between GW source redshift and host galaxy luminosity is
known, the term p(s, l|...) can be factorised as follows:

p(s, l|zs, zl, θl,Ms, H0) ∝ p(s|zs)p(s|Ms)p(l|s, zs, zl, θl, H0). (12)

For simplicity, one may reduce the complexity of the LoS computation by disabling the
luminosity weighting, i.e., setting p(s|Ms) ∝ const.. In this case, all source galaxies at
zs are assumed to have equal probability of hosting a BBH merger, and the resulting LoS
redshift prior depends on the merger rate and lensing probability as a function of redshift
and the distribution of galaxies.

A.2.2 Incomplete catalogue

In practice, galaxy catalogues are often incomplete due to observational limits. In this sec-
tion, we examine the impact of an apparent magnitude threshold mth, which may cause
certain lens galaxies or lensed source-galaxy images to be missing from the catalogue. We
consider six possibilities based on the visibility of the lens galaxy and the source-galaxy
images: whether the lens is in- or out-of-catalogue, and whether all, a subset, or none of
the source images are in the catalogue. Since whether a system is in the catalogue depends
on whether the system is identified as lensed (GG) or not (GG), these six possibilities can
be grouped into the two categories (see Table A.1 for details).

With these definitions, Eq. (9) can be rewritten as

p (zs, zl, θl | Ωj, H0, s, l,MSIE) =

∫∫ ∑
g=GG,GG

p (zs, zl, θl,Ms,m
′
s, g | Ωj, H0, s, l,MSIE) dMsdm

′
s

=
∑

g=GG,GG

p (g | Ωj, H0, s, l,MSIE)

∫∫
p (zs, zl, θl,Ms,m

′
s | g,Ωj, H0, s, l,MSIE) dMsdm

′
s.

(13)
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Case catalogue zs,m
′
s zl, θl Delensing

(G,LG) In 3 3 Very accurate (0-5 %)
(G′, LG) In 3 3 Accurate (5-20 %)
(G,LG) In 3 7 Possible (20-50 %)
(G′, LG) Mixed 3 7 Poor (50 %-) or Impossible
(Ḡ, LG) Out 7 7 Impossible
(Ḡ, LG) Out 7 7 Impossible

Table A.1: Information availability for the six possibilities determined by the observational
accessibility of the lens galaxy and the lensed source-galaxy images. G denotes the case in
which all lensed images are included in the catalogue, Ḡ denotes the case in which none
of the images are included, and G′ denotes the case in which only a subset of the images is
included. Similarly,LG andLG indicatewhether the lens galaxy is present in or absent from
the catalogue, respectively. A checkmark (3) and a cross (7) indicate that the corresponding
quantity is observationally accessible or not, respectively. For the (G′, LG) case, if two or
three images of a quadruple-image system are observed, the system is identified as lensed
and delensing is partially possible, though limited.The accuracy of the delensing depends on
the number of accessible observables. The numbers in parentheses denote the relative error
ranges of the recovered magnification factors. Conversely, if only one image of a double-
image system is observed, the system would not be included in the galaxy-galaxy lensing
catalogue, as it may be interpreted as a weak lensing system or a special configuration of
an unlensed galaxy. In this case, delensing is not possible.

The integrand of the first term in Eq. (13), corresponding to systems that are in-catalogue,
has a form similar to Eq. (10) and can be expanded as

p (zs, zl, θl,Ms,m
′
s | GG,Ωj, H0, s, l,MSIE)

=
p (zs, zl, θl,Ms,m

′
s | GG,Ωj, H0,MSIE)

p (s, l | GG,Ωj, H0)
p (s, l | zs, zl, θl,Ms,Ωj, H0,MSIE)

=
p(Ms|zs, zl, θl,m′

s, H0,MSIE)p (zs, zl, θl,m
′
s | GG,Ωj, H0)

p (s, l | GG,Ωj, H0)
p (s, l | zs, zl, θl,Ms, H0) ,

(14)
where p(Ms|...) denotes the conditional probability distribution based on the observed im-
ages and the SIE assumption. In the incomplete catalogue case, delensing cannot be assumed
fully accurate, and the prior on the intrinsic absolute magnitude of the source galaxy can no
longer be represented as a delta function, unlike in the complete catalogue case discussed
in Section A.2.1. Nevertheless, the distribution of magnification factors for each source-
galaxy image can be inferred through lens reconstruction, using the available information.
This informationmay vary depending on the possibilities in Table A.1, allowing the intrinsic
absolute magnitude to be recovered to some extent.
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Integrating Eq. (14) overMs andm′
s yields∫∫

p (zs, zl, θl,Ms,m
′
s | GG,Ωj, H0, s, l,MSIE) dMsdm

′
s =

1

p (s, l | GG,Ωj, H0)

1

NLgal(Ωj)

×
NLgal∑
k

p(zs, zl, θl | ẑs,k, ẑl,k, θ̂l,k)
 1

Nsamp

Nsamp∑
n

p
(
s, l | zs, zl, θl,M (n)

s,k , H0

)
 ,

(15)
where M (n)

s,k denotes the nth sample among the Nsamp samples drawn from the conditional
distribution p(Ms|..., m̂′

s,k), which is generally more informative than a uniform distribu-
tion over possible absolute magnitudes of source galaxies. Furthermore, for the source red-
shift, even if only a single lensed image is observed, zs can still be determined. Therefore,
Eq. (15) retains the same form as Eq. (11) with the conditional sampling over Ms repla-
cing the delta function. Again, if luminosity weighting is not applied, retrieval of the true
intrinsic luminosity is not required, and the LoS prior reduces to a simpler form.

Next, the integrand of the second term in Eq. (13), corresponding to systems that are
out-of-catalogue, can be expanded in a manner similar to Eq. (2.11) of [220] as follows,

p
(
zs, zl, θl,Ms,m

′
s | GG,Ωj, H0, s, l,MSIE

)
=

1

p
(
s, l | GG,Ωj, H0

)p (s, l | zs, zl, θl,Ms,Ωj, H0,MSIE)

× p
(
zs, zl, θl,Ms,m

′
s | GG,Ωj, H0,MSIE

)
=

1

p
(
s, l | GG,Ωj, H0

)p(s, l | zs, zl, θl,Ms, H0)

×
p
(
GG | zs, zl, θl,Ms,m

′
s,Ωj, H0,MSIE

)
p (zs, zl, θl,Ms,m

′
s | Ωj, H0,MSIE)

p
(
GG | Ωj, H0,MSIE

) ,

(16)

where the term p
(
GG | ...

)
in the numerator indicates the probability that a galaxy-galaxy

lensing system with the specified properties is not included in the catalogue. In the out-
of-catalogue case, the observability of the lens galaxy is less relevant, and only the source-
galaxy redshift is required when constructing the LoS redshift prior. Since the criterion for
identifying a system as lensed is the detection of at least two lensed images of the source
galaxy, the probability p

(
GG | ...

)
can be expressed as follows,

p
(
GG | zs, zl, θl,Ms,m

′
s,Ωj, H0,MSIE

)
= Θ

Nimg∑
k=1

Θ
(
m′
s,k −mth(Ωj)

)− 2

 . (17)
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Here,Θ(x) denotes the Heaviside step function, defined asΘ(x) = 1 for x ≥ 0 andΘ(x) =

0 otherwise. For the adopted SIE lens model, the total number of images in a lensing system,
Nimg, is either 2 or 4.

Eq. (16) can then be rewritten as

p
(
zs, zl, θl,Ms,m

′
s | GG,Ωj, H0, s, l,MSIE

)
=

Θ
([∑Nimg

k=1 Θ
(
m′
s,k −mth(Ωj)

)]
− 2
)

p
(
s, l | GG,Ωj, H0

)
p
(
GG | Ωj, H0

)
× p (zs, zl, θl,Ms,m

′
s | H0,MSIE) p(s, l | zs, zl, θl,Ms, H0).

(18)
Since the systems under consideration are galaxy-galaxy lensing systems, the lens prop-
erties are explicitly included. The term p (zs, zl, θl,Ms,m

′
s | H0,MSIE) corresponds to the

prior distributions of redshifts, lens parameters, and magnitudes, which are independent of
the sky pixel Ωj , as the properties of galaxies do not depend on their tangential location.
We adopt minimally informative models to predict galaxy properties since not all relev-
ant galaxy observables are directly accessible. Unlike the unlensed-catalogue case, the ob-
served quantities correspond to the lensed source-galaxy properties and the lens properties.
We assume that the redshifts of source galaxies follow a uniform distribution in comoving
volume. Accordingly, the redshift distribution of lens galaxies is determined jointly by the
source redshift distribution and the lensing optical depth.

For the lens parameters, we adopt the distributions described in Section 9.1.1. Note that
both the lensing optical depth and the lens parameters are evaluated under the assump-
tion of SIE profiles, and accordingly, the prior term explicitly depends on MSIE. Lastly, we
adopt a Schechter function for the intrinsic absolute magnitudes of source galaxies. Given
the source and lens redshifts, the source absolute magnitude, and the lens parameters, the
lensed apparent magnitudes of source galaxies can then be computed.

Therefore, the prior can be written as

p (zs, zl, θl,Ms,m
′
s | H0,MSIE) = δ(m′

s−m′
s(zs, zl, θl,Ms, H0,MSIE))p(zs, zl, θl,Ms | H0).

(19)

Combining Eq. (18) with Eq. (19) and performing the integration overMs andm′
s yields∫∫

p
(
zs, zl, θl,Ms,m

′
s | GG,Ωj, H0, s, l,MSIE

)
dMsdm

′
s

=

∫Mmax(H0)

Ms(zs,zl,θl,mth(Ωj),H0,MSIE)
p(zs, zl, θl,Ms | H0)p(s, l | zs, zl, θl,Ms, H0)dMs

p
(
s, l | GG,Ωj, H0

)
p
(
GG | Ωj, H0

) (20)
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The nested Heaviside step function in Eq. (17) has been converted into an integration limit
overMs, which depends on the properties of the source and lens galaxies and is determined
by the apparent-magnitude threshold of pixel j.

By combining Eqs. (15) and (20), the full expression for the LoS redshift in the incomplete
galaxy-galaxy lensing catalogue case (Eq. (13)) can be rewritten as

p(zs, zl, θl | Ωj, H0, s, l,MSIE)

=
p (GG | Ωj, H0, s, l,MSIE)

p (s, l | GG,Ωj, H0)

× 1

NLgal(Ωj)

NLgal∑
k

p
(
zs, zl, θl | ẑs,k, ẑl,k, θ̂l,k

) 1

Nsamp

Nsamp∑
n

p
(
s, l | zs, zl, θl,M (n)

s,k , H0

)
+

p
(
GG | Ωj, H0, s, l,MSIE

)
p
(
s, l | GG,Ωj, H0

)
p
(
GG | Ωj, H0

)
×
∫ Mmax(H0)

Ms(zs,zl,θl,mth(Ωj),H0,MSIE)

p(zs, zl, θl,Ms | H0) p(s, l | zs, zl, θl,Ms, H0) dMs .

(21)
By applying Bayes’ theorem to p(g|Ωj, H0, s) terms in each in-catalogue and out-of-catalogue
term, Eq. (21) can be simplified as,

p (zs, zl, θl | Ωj, H0, s, l,MSIE)

=
1

p(s, l | Ωj, H0)

×

[
p(GG | Ωj, H0,MSIE)

NLgal(Ωj)

NLgal∑
k

{
p
(
zs, zl, θl | ẑs,k, ẑl,k, θ̂l,k

)

×

 1

Nsamp

Nsamp∑
n

p
(
s, l | zs, zl, θl,M (n)

s,k , H0

)}

+

∫ Mmax(H0)

Mmin
s

p(zs, zl, θl,Ms | H0) p(s, l | zs, zl, θl,Ms, H0) dMs

]
,

(22)

where p(GG | Ωj, H0,MSIE) denotes the probability that a galaxy-galaxy lensing system
located on the jth pixel is in-catalogue. It is important to note that this expression does
not depend on s, so we must consider not only the host galaxies but also all other galaxies
within the given redshift cut that satisfy the magnitude threshold. The explicit definition of
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this probability can be written as:

p (GG | Ωj, H0,MSIE)

=

∫
dΞ p (GG | Ξ,Ωj, H0,MSIE) p (Ξ | Ωj, H0,MSIE)

=

∫
dΞΘ

2−
Nimg∑
k=1

Θ
(
m′
s,k −mth(Ωj)

) p (Ξ | Ωj, H0,MSIE)

=

∫∫∫
dzs dzl dθl p (zs, zl, θl | H0)

∫ Mmin
s

Mmin(H0)

p(Ms | H0) dMs,

(23)

where we denoted the full integration domain as dΞ ≡ dMs dm
′
s dzs dzl dθl for brevity,

and the integration upper limit as Mmin
s ≡ Ms(zs, zl, θl,mth(Ωj), H0,MSIE). The term

p (zs, zl, θl | H0) denotes the joint prior on the source and lens redshifts and lens para-
meters introduced in the out-of-catalogue case, while the term p (Ms | H0) is modelled
as a Schechter function describing the intrinsic absolute-magnitude distribution of source
galaxies.
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