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Abstract

Hadron physics seeks to understand the structure and dynamics of strongly interacting matter
governed by Quantum Chromodynamics; however, the interpretation of experimental data is
complicated by their sparse, heterogeneous and multidimensional nature. This thesis develops
a Gaussian Process (GP) framework for constructing continuous, uncertainty-aware representa-

tions of hadron physics observables across kinematic phase space.

A central contribution is a hyperparameter optimisation strategy designed for sparse datasets.
Rather than relying on negative marginal log-likelihood minimisation, hyperparameters are de-
termined using empirical coverage of the GP posterior, with the Wasserstein distance providing
a quantitative optimisation criterion. Combined with Particle Swarm Optimisation and physics-
informed parameter boundaries, this provides a systematic procedure for calibrating the predic-
tive uncertainties. A discretised convex hull framework is also developed to distinguish inter-
polation from extrapolation regions in multidimensional kinematic space, incorporating experi-
mental binning information and allowing the resolution to be controlled independently in each

dimension.

The framework is validated using pseudodata and applied to polarisation observables in the
yp — KL reaction. The resulting GP surfaces provide continuous representations of the avail-
able measurements while retaining quantified predictive uncertainties across the energy—angle
plane. A probabilistic multi-dataset combination method is also developed, in which indepen-
dent GP regressions are combined into probability surfaces rather than reduced to a single aver-
aged fit. Applied to K™ p scattering data, this approach preserves non-trivial statistical structures,
including separated regions of high probability, and provides a means of retaining differences

between experimental constraints near the A(1405) region.

Overall, the framework provides a statistical interface between sparse experimental measure-



ments and subsequent theoretical and phenomenological analyses. By retaining both the con-
tinuous representation of the observables and their associated uncertainties, it provides a basis
for using sparse hadron physics data in analyses requiring information across kinematic phase
space, while also identifying regions where the existing experimental constraints are compara-

tively weak.

il
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Chapter 1

Introduction

1.1 Machine Learning in Science

Machine Learning (ML) has become an increasingly important tool for scientific research, pro-
viding methods for extracting information from data, constructing predictive models and iden-
tifying relationships that may be difficult to describe using conventional analytical approaches.
Rather than requiring an explicit functional form to be specified in advance, many [ML] meth-
ods learn relationships directly from available data. This has made [MLI particularly useful in
scientific problems where the underlying system is complex, high-dimensional or only partially

understood.

The application of [MLI to science is not fundamentally different from its application in other
fields, but scientific problems introduce several requirements that influence the choice of method.
Scientific measurements are often associated with uncertainties, correlations and experimental
constraints, while the available data may be expensive to obtain and consequently limited in
size. Furthermore, scientific modelling generally requires more than accurate predictions. In
many applications, it is important to quantify the uncertainty associated with a prediction, par-
ticularly when the result is used for subsequent physical interpretation or as an input to another
analysis. These requirements have motivated the development and application of a broad range

of statistical and [ML] techniques within the physical sciences []1].



[ML] methods can broadly be divided according to the type of information available during train-
ing. In supervised learning, a model is trained using input—output pairs, with the objective of
learning a mapping between measured or calculated quantities. Regression is a supervised learn-
ing problem in which the output is a continuous quantity and is therefore particularly relevant
when constructing representations of physical observables. Classification instead considers dis-
crete output categories. In unsupervised learning, the desired output is not specified, and the
objective is instead to identify structure or patterns within the input data. Other approaches,
including reinforcement learning, formulate learning as a sequential decision making problem

in which an agent learns through interactions with an environment.

A wide range of[MLImethods have been applied to scientific data. Neural networks, for example,
use layers of interconnected parameters to construct flexible non-linear mappings between input
and output variables. Tree-based methods can provide effective models for classification and re-
gression, while clustering methods can be used to identify groups or structures within datasets.
Dimensionality reduction methods provide another approach for identifying lower-dimensional
representations of complex datasets. The suitability of each method depends on the character-
istics of the problem, including the dimensionality and size of the available dataset, the desired

form of the output and the extent to which uncertainty must be represented.

An important development in scientific MLl has been the use of data-driven methods alongside
established physical knowledge. In many applications, [MLlis not intended to replace physical
theory but rather to complement it. For example, MLl models can be used as computationally ef-
ficient surrogates for expensive simulations, allowing regions of parameter space to be explored
more efficiently. They can also be used to identify features in experimental measurements, re-
construct quantities that are difficult to measure directly, or accelerate components of numerical
calculations. Physics-informed approaches provide another means of incorporating known phys-
ical relationships or constraints into the learning process, reducing the extent to which physically

meaningful behaviour must be inferred from data alone [2].

The range of scientific applications of [ML] has expanded alongside the increasing scale and
complexity of experimental and simulated datasets. Modern experiments and simulations can
produce datasets containing millions of measurements and many correlated variables, creating
challenges that are well suited to automated data-driven analysis. However, the availability of
large datasets is not universal across scientific disciplines or applications. Some measurements
are inherently expensive, difficult to reproduce or restricted to particular regions of parameter
space. Consequently, scientific ML encompasses problems ranging from the analysis of ex-

tremely large datasets to situations in which only a relatively small number of measurements are



available.

These differences in data availability and scientific objectives are important when selecting an
appropriate[MLI method. A method that performs well when large training datasets are available
may not be equally suitable when measurements are sparse or irregularly distributed. Further-
more, different methods provide different approaches to representing uncertainty. For scientific
applications, uncertainty is not simply a measure of predictive performance but can form an
important part of the result itself. A model that provides a prediction without a corresponding
estimate of its uncertainty may therefore be insufficient when the reliability of the prediction

must be assessed or when the result is subsequently used in a physical analysis.

Probabilistic MLl methods provide a framework in which uncertainty can be incorporated di-
rectly into the prediction. Rather than producing only a single estimated value, such methods
can describe a distribution of possible predictions, allowing both the expected behaviour and the
associated uncertainty to be considered. This is particularly useful when constructing contin-
uous representations of experimentally measured quantities, since the available measurements
generally constrain the model to different degrees across the relevant parameter space. Regions
close to well-constrained measurements may therefore warrant smaller predictive uncertainties,
while regions with limited experimental information should reflect the corresponding lack of

knowledge.

The use of ML in science therefore encompasses a broad range of applications and method-
ologies, with the appropriate choice depending on both the characteristics of the available data
and the scientific objective. For the problem considered in this thesis, particular importance is
placed on regression of experimental data and on obtaining quantified uncertainties alongside
the predicted observable. The use of [MLlin physics, and the range of problems to which these

methods have been applied, is considered in the following section.

1.2 Machine Learning in Physics

The physical sciences have become an important area of application for[MI] with methods being
used across experimental data analysis, numerical simulation and theoretical modelling. A broad
review by Carleo et al. describes applications of [ML] across a range of physical disciplines,

including particle physics, nuclear physics, condensed matter and quantum systems [1|]. The



motivations for these applications are varied, reflecting the different types of data and scientific

problems encountered across physics.

In particle physics, MLl has become particularly established in the analysis of experimental
data. Modern experiments can produce extremely large numbers of events, with each event
containing many measured or reconstructed quantities. [ML] methods can therefore be used to
identify patterns within high-dimensional datasets and to perform tasks such as event classifica-
tion, signal-background discrimination, particle identification and event reconstruction. Guest
et al. provide a review of deep learning applications in high energy physics, covering applica-
tions throughout the experimental analysis chain [3]]. Radovic ef al. similarly review the use of
[MLl across the energy and intensity frontiers of particle physics, demonstrating its application to

both experimental analysis and detector related problems [4].

The use of [ML]in physics is not limited to the analysis of large experimental datasets. meth-
ods have also been applied to theoretical and computational problems, where they can be used to
identify relationships between physical quantities, accelerate numerical calculations and assist
with parameter inference. In such applications, can provide a data-driven representation
of a physical system without requiring the full underlying calculation to be performed at every
evaluation. This can be particularly useful when calculations are computationally expensive or

when a large parameter space must be explored repeatedly [1]].

Nuclear physics provides another substantial area of application, encompassing problems in
nuclear structure, nuclear reactions, many body theory and the analysis of experimental data.
Boehnlein ef al. provide a comprehensive review of these applications, demonstrating how
has been used for tasks including prediction of nuclear properties, classification, parameter
estimation and the analysis of complex nuclear datasets [5]]. These applications illustrate that the
role of [MLlin physics extends beyond replacing computationally expensive calculations, with
ML methods also being used to extract information from data and assist in problems where the

underlying physical relationships are difficult to model directly.

A further development within scientific [MLl has been the incorporation of established physical
knowledge into data-driven models. Rather than treating the available data as the only source
of information, physical constraints can be incorporated into the learning process. Physics-
informed approaches provide one example of this strategy, in which known equations or other
physical relationships are incorporated into the model or its training procedure [2]. Such ap-

proaches illustrate the broader principle that [ML] can be combined with established physical



theory rather than being used independently of it.

These applications demonstrate that [ML] is used for substantially different purposes within
physics. In experimental particle physics, the emphasis is often on extracting information from
large and complex datasets. In theoretical and computational applications, [ML] may instead
be used to construct efficient surrogate models or assist with parameter inference. In nuclear
physics, applications span both experimental and theoretical problems, while physics-informed
approaches seek to combine data-driven methods with established physical knowledge. Conse-
quently, the suitability of a particular MLl method depends strongly on the characteristics of the

data and the scientific objective.

The problem considered in this thesis differs from many of these established applications. The
objective is not primarily to classify events, reconstruct detector information or replace an ex-
pensive theoretical calculation. Instead, the aim is to construct a continuous representation of
experimentally measured physical observables across a multidimensional kinematic space. The
available measurements are sparse and irregularly distributed, and individual measurements have

associated experimental uncertainties.

These characteristics place particular emphasis on regression and uncertainty quantification.
The desired model must provide an estimate of the observable at points where no direct mea-
surement is available, while also quantifying the uncertainty associated with that prediction.
This requirement distinguishes the problem from many applications in which the primary objec-
tive is classification or point prediction and motivates consideration of probabilistic regression

methods.

Gaussian Processes provide one such approach, combining flexible regression with a probabilis-
tic description of the predicted observable. Their use in scientific and physical applications,
and in particular their application to problems involving uncertainty quantification and limited

experimental data, is considered in the following section.



1.3 Introduction to Gaussian Processes

The Gaussian Process (GP) has become an established approach to probabilistic regression and
uncertainty quantification within scientificMLl In contrast to methods that produce only a single
prediction for a given input, a defines a probability distribution over possible functions.
Predictions therefore consist of both an estimated value and an associated uncertainty. This
probabilistic formulation has made useful in a range of scientific applications, including
the construction of surrogate models, the interpolation of experimental measurements and the

representation of uncertainties in theoretical calculations.

1.3.1 Development and Foundations of Gaussian Processes

The modern formulation of for machine learning builds on earlier work in Gaussian Process
regression and related kernel methods. Rasmussen and Williams provide a comprehensive treat-
ment of for[ML] establishing the probabilistic framework in which an unknown function is
described through a distribution over functions [6]]. Seeger subsequently reviewed the applica-
tion of to MLl problems including regression, classification and probabilistic modelling [7].
These works established as a general framework for learning relationships between input

and output variables while retaining a probabilistic description of the resulting predictions.

A central feature of this framework is the use of a covariance function, or kernel, to describe
the relationship between function values at different input locations. The kernel determines how
information from observations is correlated across the input space. Consequently, a[GPlcan use
measurements at known locations to constrain predictions at locations where no direct observa-
tion is available, while the resulting uncertainty reflects the extent to which those predictions are
constrained by the available information. The choice of covariance function therefore provides
a means of incorporating assumptions about the expected behaviour of the underlying function
and is discussed further in Section 3.6l

The probabilistic nature of [GPk has led to their use in scientific problems where uncertainty in a
prediction is important in addition to the prediction itself. This is particularly relevant when a[GP]
is used as a representation of a physical quantity rather than simply as a tool for classification
or point prediction. The following sections consider how this framework has been applied in

practice across scientific and physical applications.



1.3.2 Gaussian Processes as Scientific Surrogate Models

One of the established applications of [GPs in science is the construction of surrogate models for
computationally expensive calculations. In many areas of physics, detailed numerical calcula-
tions may require substantial computational resources, making repeated evaluation impractical
when exploring a large parameter space or performing statistical inference. A can instead
be trained using a finite set of evaluations of the original calculation and subsequently used as a

computationally cheaper approximation.

An early example of this approach in materials science was provided by Bartok et al., who intro-
duced Gaussian Approximation Potentials for modelling atomic interactions using [GPl methods
[8]. Their approach used results from quantum mechanical calculations to construct a model of
the potential-energy surface. The resulting representation could then be used in subsequent
calculations without requiring the original electronic structure calculation at every evaluation.
This demonstrated the ability of to provide a flexible representation of a complex physical
relationship while substantially reducing the computational cost of subsequent evaluations.

Similar approaches have been adopted in nuclear physics. Higdon et al. demonstrated the use of
[GP| emulators to approximate computationally intensive nuclear physics calculations [9]]. Their
approach allowed a relatively small number of evaluations of the underlying calculation to be
used to construct an emulator that could subsequently be evaluated efficiently during parameter
estimation. Importantly, the emulator also provided an estimate of the uncertainty associated
with its prediction, allowing the approximation uncertainty to be incorporated into the subse-

quent statistical analysis.

McDonnell et al. applied a related [GPlemulation approach to nuclear physics calculations, using
the emulator to quantify uncertainties in theoretical predictions and to investigate the informa-
tion provided by additional measurements [10]. In this case, the was therefore not simply
being used as a computational replacement for the original calculation; its probabilistic formu-
lation allowed uncertainty information to be retained while exploring the relationship between

model parameters and predicted observables.

These studies illustrate an important role for in scientific modelling. A surrogate model
can provide a computationally efficient approximation to an expensive calculation, while the

probabilistic formulation of the |GPlallows the uncertainty associated with that approximation to



be quantified. The therefore provides information about both the predicted behaviour and
the reliability of the prediction.

1.3.3 Gaussian Processes for Uncertainty Quantification

The ability to represent uncertainty has also motivated the use of independently of their
role as computational surrogates. In many scientific calculations, predictions at different input
values are not statistically independent. For example, theoretical predictions at neighbouring
energies or parameter values may share common sources of uncertainty. Treating these uncer-
tainties independently can therefore fail to capture important correlations within the predictions.
provide a natural framework for describing such correlated uncertainties. Rather than as-
signing an independent uncertainty to each prediction, the covariance kernel describes how the
uncertainty at different input locations is related. This allows the uncertainty to be represented

as a continuous and correlated function over the relevant input space.

Acharya and Bacca used alGPlto model the uncertainty in theoretical predictions for a low energy
nuclear reaction [11]. Their approach treated the theoretical error as a correlated function of the
relevant input energy, allowing information about the uncertainty at one energy to be related
to the uncertainty at another. This demonstrates an important application of the framework
in which the quantity being modelled is not necessarily the physical observable itself, but the

uncertainty associated with a theoretical prediction.

Similar approaches have been applied to nuclear matter calculations. Drischler et al. used[GPks to
quantify uncertainties and correlations in predictions of the nuclear matter equation of state [12].
By representing the predictions probabilistically, their approach allowed correlations across the
relevant input variables to be retained when assessing the uncertainty of the theoretical result.
Keller et al. subsequently used alGPlemulator to efficiently represent nuclear matter calculations

while retaining information about the uncertainty in the resulting predictions [13]].

These applications demonstrate a broader role for in scientific uncertainty quantification.
The uncertainty is not treated simply as an independent error attached to each prediction, but
as a quantity that can vary across the input space and possess correlations between different
predictions. This ability to describe both the predicted function and its uncertainty is one of the

principal characteristics distinguishing [GP5s from conventional deterministic regression methods.



1.3.4 Gaussian Processes for Experimental and Physical Data

[GP5 have also been applied directly to experimental measurements, where the objective is to
construct a continuous representation of a physical quantity from observations made at discrete
input locations. In such applications, the can provide predictions at locations where no
direct measurement is available while retaining an estimate of the uncertainty associated with

those predictions.

Noack et al. reviewed the use of for autonomous data acquisition at large scale synchrotron
and neutron facilities [14]. In this setting, models were used to describe experimentally
measured quantities and to guide the selection of subsequent measurements. The predictive un-
certainty of the therefore provided information not only about the reliability of the current
model, but also about where additional experimental data could be most informative. This illus-
trates how uncertainty estimates can become an active part of the experimental process rather

than simply an output reported after the analysis.

Iwamoto applied [GP regression directly to experimental nuclear cross-section data, using mea-
surements at discrete energies to generate predictions at energies where measurements were
unavailable [15]]. The resulting [GP| provided both an interpolated estimate of the cross-section
and an associated uncertainty. This represents a particularly direct application of regres-
sion to experimental data, where the objective is to construct a continuous representation of a

measured physical quantity rather than to emulate an expensive theoretical calculation.

methods have also been applied to physical reaction observables and hadron related quanti-
ties. Acharya and Bacca considered theoretical reaction predictions as discussed above, demon-
strating the use of for modelling correlated uncertainties in a physical observable [[11]]. Gal
et al. used ML methods including and neural networks to investigate relationships between
hadron masses and related measured quantities [[16]]. Their work demonstrates that methods
can be incorporated into[MLlapproaches to problems involving experimentally measured hadron

quantities.

More recently, Wang et al. applied two-dimensional regression to experimental data from
exclusive charmonium photoproduction [17]. The used two kinematic variables as inputs
to construct a continuous representation of an experimentally measured cross-section and was

subsequently used to extrapolate the observable into a kinematic region where measurements



were not directly available. The associated [GPuncertainty provided an estimate of the reliability
of the extrapolated prediction. This study demonstrates the application of regression to
multidimensional experimental data in a hadron reaction and illustrates the usefulness of the [GP|

framework when predictions are required beyond the locations of the available measurements.

1.3.5 Summary of the Literature

The literature demonstrates that Gaussian Processes have been applied to a broad range of sci-
entific problems, but several common features emerge across these applications. Bartok et al.,
Higdon ef al. and McDonnell ef al. demonstrate the use of as computationally efficient
surrogate models for expensive scientific calculations [[8-10]]. Drischler et al., Keller et al. and
Acharya and Bacca demonstrate the use of to represent and propagate correlated uncertain-
ties in theoretical predictions [11-13]. Noack et al. and Iwamoto demonstrate applications to
experimental measurements, including continuous prediction and the use of uncertainty to guide
data acquisition [[14} [15]. Finally, Gal ef al. and Wang et al. demonstrate applications of ML

and [GPlregression to hadron related physical quantities and experimental reaction data [[16] [17].

Although the specific applications differ substantially, a recurring feature of these studies is that
the provides more than a deterministic estimate of the quantity of interest. Its probabilistic
formulation allows information about the uncertainty and correlations of the prediction to be
retained. This is particularly valuable when the model is used to interpolate or extrapolate a
physical quantity, when the underlying calculation is expensive, or when the reliability of the

prediction is itself important to the scientific analysis.

The literature therefore establishes Gaussian Processes as a mature method for scientific regres-
sion and uncertainty quantification, with applications ranging from computational modelling to
experimental data analysis. The following section compares this probabilistic approach with
neural networks, another widely used [ML] method for flexible function approximation, and con-

siders the implications of their different approaches to uncertainty quantification.
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1.4 Gaussian Processes versus Neural Networks

Gaussian Processes and neural networks are both flexible machine learning approaches that
can be used to learn non-linear relationships between input variables and a continuous output.
Both methods have been applied extensively to scientific problems, and neither is universally
preferable. The suitability of either approach depends on the characteristics of the data and
the requirements of the problem. For the application considered in this thesis, an important
consideration is that the model should provide not only a prediction of the observable but also a

quantified uncertainty associated with that prediction.

1.4.1 Neural Networks

Neural networks are flexible parametric models that construct a mapping between input and out-
put variables through a sequence of interconnected layers. Each layer applies a transformation
to its inputs using a set of learned parameters, typically consisting of weights and biases, fol-
lowed by a non-linear activation function. By combining multiple layers, a neural network can

represent highly non-linear relationships between its inputs and outputs [18].

A simple neural network consists of an input layer, one or more hidden layers and an output
layer. The input layer receives the variables describing the system, while the hidden layers
transform these inputs into increasingly complex representations. The output layer produces the

quantity predicted by the network. An example of this structure is shown in Figure[I.1]

During training, the parameters of the network are adjusted to minimise a chosen loss func-
tion evaluated using the available training data. The flexibility of the network is determined
by factors such as the number of layers, the number of parameters and the choice of activa-
tion functions. This flexibility has made neural networks particularly successful for problems
involving complex relationships between high-dimensional inputs and outputs. They are conse-
quently widely used in scientific applications, including experimental particle physics analysis,

simulation and reconstruction [3}, 4]].

For a conventional neural network regression model, the output is typically a single predicted

value for a given input. The network therefore provides a deterministic mapping once its param-
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Input layer Hidden layer Output layer

Artificial neural networks

Figure 1.1: Example of a simple neural network showing the input, hidden and output layers
and the connections between them. Taken from [IEI]

eters have been trained. Uncertainty can nevertheless be incorporated into neural network mod-
els. For example, probabilistic output models can be used to predict a distribution rather than
a single value, while ensemble methods and Bayesian neural networks can provide estimates
of predictive or parameter uncertainty. These approaches can be effective, but they introduce
additional modelling assumptions or inference procedures beyond those required for a standard

deterministic neural network.

1.4.2 Comparison with Gaussian Processes

Gaussian Processes take a fundamentally different approach to function approximation. Rather
than representing the unknown relationship using a fixed set of fitted parameters, a[GPldefines a
probability distribution over possible functions. The covariance kernel determines how strongly
function values at different input locations are related. Once the is conditioned on observa-

tions, this distribution produces a predictive distribution at any new input location.

The difference in the representation of uncertainty is particularly important. In a standard neural

network regression model, the network produces a point prediction — additional techniques are
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required if an uncertainty is desired. In contrast, predictive uncertainty is an intrinsic compo-
nent of the standard framework. The provides a predictive mean and variance, with the
uncertainty determined by the covariance structure and the information provided by the obser-
vations. Consequently, uncertainty is produced as part of the regression procedure rather than

being added as a separate modelling stage.

The two approaches also differ in how assumptions about the underlying function are incorpo-
rated. Neural networks can represent highly complex relationships through their architecture
and learned parameters, with the architecture, activation functions and training procedure influ-
encing the resulting model. instead express assumptions about the behaviour of the function
primarily through the choice of covariance kernel. The kernel specifies how strongly informa-
tion at one input location influences predictions at another and therefore controls properties such
as the smoothness and correlation structure of the predicted function. The choice of kernel is

consequently an important modelling assumption when applying a[GPL

This distinction does not mean that are inherently more suitable than neural networks.
Neural networks are capable of representing extremely complex functions and can be advanta-
geous when large and diverse datasets are available or when the problem involves very high-
dimensional inputs. They can also incorporate physical constraints and can be combined with
probabilistic methods when uncertainty quantification is required. Conversely, the standard
formulation has computational limitations as the number of training observations becomes large,
since inference involves operations on the covariance matrix. The choice between the two ap-

proaches must therefore be based on the requirements of the particular problem.

For the application considered in this thesis, the principal requirement is not simply to obtain an
accurate continuous representation of the measured observable — the model must also provide a
quantified uncertainty across the input space. This uncertainty is required to assess how strongly
the available experimental measurements constrain the resulting prediction and to distinguish
regions where the model is well constrained from those where the available information provides

weaker constraints.

The probabilistic formulation of a[GP| provides this uncertainty as an intrinsic component of the
regression model. This makes it particularly appropriate for the objective of constructing a con-
tinuous representation of an experimentally measured observable while retaining information
about the reliability of the prediction. A neural network could also be extended to provide un-

certainty estimates, but doing so would require an additional probabilistic, ensemble or Bayesian
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framework. For the present application, the direct incorporation of predictive uncertainty into
the framework therefore provides a strong motivation for its use.

Gaussian Processes are therefore adopted in this work primarily because their probabilistic for-
mulation provides predictive uncertainty as an intrinsic component of the regression model. The
characteristics of the experimental data considered in this thesis, including their sparse and ir-
regular distribution across the relevant kinematic space, introduce additional challenges for the
application of [MI] methods. These challenges, and the motivation for applying the [GP| frame-

work to sparse experimental data, are considered in the following section.

1.5 Application to Hadron Physics

The applications of Gaussian Processes discussed in Section[[.3]demonstrate their use in a range
of scientific regression and uncertainty quantification problems. In particular, applications to ex-
perimental measurements show that can be used to construct continuous representations of
physical observables from discrete observations while retaining information about the uncer-
tainty of the prediction. These characteristics make regression relevant to the analysis of

experimental data in hadron physics.

Hadron physics seeks to understand the structure and interactions of strongly interacting parti-
cles, including mesons and baryons. Experimental studies of hadron reactions provide measure-
ments of physical observables as functions of the kinematic variables describing the reaction.
These observables are therefore naturally represented as functions over a kinematic space. How-
ever, experiments do not provide measurements at every possible point in this space. Instead,
measurements are obtained at a finite set of discrete kinematic points, determined by the exper-
imental setup, available beam energies, detector acceptance and the feasibility of extracting the

observable.

A continuous representation of these measurements is useful for several aspects of hadron
physics analysis. Physical models and reaction analyses may require an estimate of an ob-
servable at kinematic points where no direct measurement is available. Similarly, measurements
from different experiments may cover different regions of the same kinematic space, making
it useful to combine them into a common representation. A regression model can provide a

means of connecting these individual measurements and estimating the observable throughout
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the region of interest.

The use of a [ML regression method for this purpose is not intended to replace the underlying
physical description of the reaction. Rather, it provides a data-driven representation of the mea-
sured observable that can be used alongside established theoretical and experimental methods.
This is particularly useful when the primary objective is to represent the available experimental
information without imposing a detailed theoretical model for the functional dependence of the

observable on its kinematic variables.

Gaussian Processes are well suited to this type of probabilistic regression because they provide
both an estimate of the observable and a quantified predictive uncertainty. The resulting model
can therefore represent not only the measured behaviour but also the degree to which the avail-
able experimental information constrains the prediction throughout the kinematic space. This is
particularly important for hadron physics data, where the experimental coverage is often non-
uniform and the available measurements can be separated by substantial regions of kinematic

space.

1.5.1 The Issue of Sparse Experimental Data

The principal challenge in applying this approach to hadron physics measurements is the sparsity
of the available experimental data. Measurements of an observable are generally available only
at a finite number of kinematic points, and these points are not necessarily distributed uniformly
throughout the accessible kinematic region. Some regions may contain many measurements,

while others may contain relatively little experimental information or no measurements at all.

This issue becomes increasingly important when the observable depends on more than one kine-
matic variable. A collection of measurements that provides reasonable coverage in each vari-
able individually may nevertheless provide relatively poor coverage of the full multidimensional
space. The number of measurements required to populate a multidimensional space uniformly
also increases rapidly with the number of dimensions. Consequently, experimental datasets that
are adequate for studying individual kinematic dependencies can remain sparse when considered

as samples of the full observable.

Sparse coverage affects the interpretation of any regression model constructed from the data.
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In regions containing measurements, the available observations provide direct constraints on
the predicted observable. Between these measurements, the model must infer the behaviour of
the observable from the surrounding data and the assumptions incorporated into the regression
method. In regions far from available measurements, the prediction is increasingly dependent

on those assumptions rather than on direct experimental information.

For this reason, a smooth interpolation alone is insufficient for the present application. A regres-
sion model should also provide information about how strongly each prediction is supported by
the available measurements. Gaussian Processes provide this information through their predic-
tive uncertainty. The uncertainty can vary across the kinematic space according to the locations
and uncertainties of the experimental measurements, allowing regions with strong experimental

constraints to be distinguished from regions where the available information is limited.

The sparse nature of the data does not, however, constitute an intrinsic advantage of Gaussian
Processes. A remains dependent on assumptions encoded through its covariance function
and hyperparameters, and these assumptions become particularly important where experimental
constraints are weak. Applying to sparse hadron physics data therefore requires careful
consideration of the covariance structure, the treatment of experimental uncertainties and the

methods used to determine the model hyperparameters.

The combination of multidimensional kinematic dependence, irregular experimental coverage
and measurement uncertainty therefore presents a non-trivial regression problem. The objective
of this thesis is to investigate how Gaussian Process regression can be applied to this problem
to construct continuous representations of hadron physics observables while providing reliable

estimates of the associated predictive uncertainty.

The physical observables and reaction processes relevant to this problem are introduced in the
following chapter. The subsequent chapters then develop the statistical and Gaussian Process

methodology required to construct and validate the resulting representations.
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1.6 Aims and Thesis Structure

1.6.1 Aims and Original Contributions

The aim of this thesis is to investigate the application of Gaussian Process regression to sparse
experimental data in hadron physics. In particular, the work considers the construction of con-
tinuous representations of experimentally measured observables across multidimensional kine-

matic spaces, while retaining a quantified uncertainty associated with the resulting predictions.

A central requirement of the work is therefore not only to obtain predictions of the measured
observables, but also to assess the reliability of the associated predictive uncertainties. The
methodology developed in this thesis investigates the construction and optimisation of Gaussian
Process models for this purpose, including the treatment of multidimensional experimental data,
the determination of appropriate kernel hyperparameters and the assessment of the resulting

uncertainty estimates.

The work also considers the practical challenges introduced by sparse and irregularly distributed
experimental measurements. Particular attention is given to how the available data constrain the
[GPlacross the kinematic space and how the predictive uncertainty behaves in regions with limited
experimental information. Methods for assessing the calibration of the resulting uncertainties

are therefore developed alongside the regression methodology.

Except where explicitly stated otherwise, all computational code developed for this thesis was
written by the author using standard NumPy and SciPy libraries [20} [21]]. Although estab-
lished Gaussian Process implementations are available, a custom implementation was chosen
to provide direct control over the components of the GP framework, including covariance con-
struction, posterior evaluation, uncertainty calculation and hyperparameter optimisation. This
was particularly important during the development of the empirical coverage-based hyperpa-
rameter methodology, which requires repeated evaluation of the GP posterior within a custom
optimisation procedure. The custom implementation therefore allowed the framework to be de-
veloped and modified without being constrained by the interfaces or optimisation procedures of
existing GP libraries. All of the code used in the main body of this thesis is available at the
public GitHub repository [22].
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The original contributions of this thesis include the development of a Gaussian Process frame-
work for sparse multidimensional hadron physics observables, a methodology for determining
the model hyperparameters in the presence of sparse data, and procedures for validating the
resulting predictive uncertainties. The framework is first tested using controlled pseudodata
studies before being applied to experimental polarisation observables and kaon scattering data.
The resulting approach provides a data-driven means of constructing continuous representations

of experimental observables while retaining information about the reliability of the predictions.

1.6.2 Thesis Structure

The remainder of this thesis is organised as follows. Chapter [2] introduces the hadron physics
background required for the subsequent analysis. The chapter discusses the quark model and the
development of Quantum Chromodynamics, hadron spectroscopy, reaction and scattering the-
ory, reaction kinematics and coordinate systems and polarisation observables. It then describes
the structure and limitations of the experimental data used in this work, including the combina-
tion of measurements from different experimental datasets. The chapter concludes by placing
these measurements within the broader process through which experimental data are converted

into physical interpretation.

Chapter [3] introduces the statistical and data-science foundations required for the methodol-
ogy developed in this thesis. Probability theory, Bayesian inference, regression and uncertainty
quantification are introduced before the Gaussian Process framework is developed mathemati-
cally. The chapter then considers covariance kernels, hyperparameter optimisation and multidi-
mensional optimisation methods, followed by the statistical measures used to compare distribu-
tions. Interpolation, extrapolation and convex hull methods are also introduced where required

by the subsequent analysis.

Chapter [ develops the Gaussian Process framework used in this thesis. The experimental
datasets and [GP| model specification are introduced before the methods used to optimise the
model for sparse datasets are developed. The optimisation procedure, treatment of the kine-
matic domain and construction of the convex hull are then described. The chapter concludes by

summarising the role of the individual components within the complete framework.

Chapter [5] validates the resulting framework using controlled pseudodata studies. The construc-
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tion of pseudodata is described before the calibration of the predictive uncertainties and the

ability of the model to recover known functional behaviour are investigated.

Chapter [0 presents the application of the validated framework to experimental hadron physics
data. The first part considers two-dimensional polarisation observables, while the second ap-
plies the framework to kaon scattering data and considers both individual experimental datasets
and their combination. The resulting probability surfaces and their physical interpretation are

discussed.

Finally, Chapter [7|summarises the main findings and original contributions of the thesis and dis-
cusses potential directions for future work, including extensions to higher-dimensional observ-

ables, physics-informed covariance kernels and the use of the [GP| framework as an emulator.
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Chapter 2

Hadron Physics and Reaction Theory

2.1 Introduction to Hadron Physics

The quest to understand the fundamental constituents of matter and the forces governing their
interactions has long driven the development of physics. Hadron physics is concerned with the
study of composite particles formed from quarks and gluons, collectively known as hadrons.
Hadrons are broadly divided into baryons, which are described as states containing three va-
lence quarks, and mesons, which are described predominantly as quark-antiquark states. Their
observed properties arise from the interactions between their constituent quarks and gluons and

from the underlying dynamics of the strong interaction.

Understanding the structure and interactions of hadrons requires experimental information over
a range of energies and reaction channels. One of the primary tools for obtaining this informa-
tion is scattering, in which an initial state is prepared and the resulting particles are measured.
By studying quantities such as cross-sections, angular distributions, energy dependence and po-
larisation observables, information about the underlying interaction and the intermediate states
contributing to a reaction can be extracted. Scattering experiments therefore provide an impor-
tant connection between the theoretical description of the strong interaction and experimentally

accessible properties of hadrons.

A particularly important regime is that of low-energy hadron physics, where the strong interac-
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tion becomes non-perturbative. In this regime, the interaction cannot generally be treated using
straightforward perturbative expansions, and the observed properties of hadrons emerge from
complicated many-body dynamics. Understanding how the fundamental quark and gluon de-
grees of freedom give rise to the observed spectrum and properties of hadrons therefore remains

an important problem in contemporary physics.

The study of hadrons has therefore developed through increasingly fundamental descriptions,
from phenomenological classifications based on flavour symmetries to the quark model and
ultimately to Quantum Chromodynamics (QCD)). The development of this description and its

implications for our understanding of hadrons are discussed in the following section.

2.2 The Quark Model and the Development of QCD

Before the development of a gauge theory for the strong force, the quark model was intro-
duced as a phenomenological framework [23]]. The classification of hadrons was first achieved
through the use of SU(3) flavour symmetry, which arranged hadrons into multiplets according
to their quantum numbers. The baryon octet and decuplet and pseudoscalar and vector meson
nonets were systematically organised within this symmetry framework by Gell-Mann [24]. This
structure, often referred to as the “Eightfold Way”, revealed similarities in hadron masses and

properties, suggesting an underlying symmetry in the strong force.

The interpretation of these multiplets in terms of more fundamental constituents — quarks —
was subsequently proposed independently by Gell-Mann and Zweig [25, 26]]. In this picture,
the observed hadrons correspond to specific combinations of the three light quark flavours, up
(u), down (d) and strange (s), and their corresponding antiquarks. These quarks form a flavour
triplet under SU(3), and combinations of them give rise to the different hadron multiplets. The
members of a multiplet can be represented in terms of their quantum numbers, with the baryon
and meson diagrams commonly arranged according to electric charge, Q, and strangeness, S.
The electric charge is determined by the charges of the constituent quarks, with Q,, = +2/3 and
Q4 = Oy = —1/3, while strangeness, S, is a quantum number associated with strange quark
content, with a strange quark carrying S = —1 and an anti-strange quark carrying S = +1.
Consequently, the positions of the hadrons within the diagrams reflect their underlying quark

composition and the flavour symmetry structure.
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The baryon octet contains the lowest lying spin-1/2 baryons, while the baryon decuplet contains
a set of low-lying spin-3/2 baryons. Here, the spin of a particle refers to its intrinsic angular
momentum, with the values 1/2 and 3/2 denoting the corresponding spin quantum number. In
the quark model, baryons are described as three quark states, whose intrinsic spins combine
to give the total spin of the baryon. Similarly, the pseudoscalar and vector mesons form nonets
consisting predominantly of quark-antiquark states. The pseudoscalar mesons have spin 0, while
the vector mesons have spin 1. The resulting quark interpretations of these baryon and meson

multiplets are illustrated in Figures 2.1 and [2.2] respectively.
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(a) Baryon Octet. (b) Baryon Decuplet.

Figure 2.1: The baryon octet (left) and decuplet (right), showing the organisation of the light
baryon states according to their strangeness, S, and electric charge, Q. The horizontal axis de-
notes the electric charge and the vertical axis denotes the strangeness of each state. The position
of each baryon therefore reflects its quantum numbers and, in the quark model, its underlying
combination of up («), down (d) and strange (s) quarks. The octet consists of spin-1/2 baryons,
while the decuplet consists of spin-3/2 baryons, where spin denotes the intrinsic angular mo-
mentum quantum number of the particle. The octet and decuplet classification was described by
Gell-Mann [24], with their quark interpretation subsequently proposed independently by Gell-
Mann and Zweig [25, 26]. Taken from [27].
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(a) Pseudoscalar Meson Nonet. (b) Vector Meson Nonet.

Figure 2.2: Pseudoscalar (left) and vector (right) meson nonets, showing the organisation
of the light meson states according to their strangeness, S, and electric charge, Q. Unlike
baryons, which are described as three quark states, mesons are described predominantly as
quark-antiquark states. The pseudoscalar nonet contains spin-0 mesons, while the vector nonet
contains spin-1 mesons, where spin denotes the intrinsic angular momentum quantum number
of the particle. The position of each meson in the diagrams reflects its quantum numbers and its
underlying combination of up (u#), down (d) and strange (s) quarks and their corresponding anti-
quarks. The nonet classification was described by Gell-Mann [24], with the quark interpretation
subsequently proposed independently by Gell-Mann and Zweig [25,[26]]. Taken from [27]].

Despite its striking success, the quark model is not a complete theory of the strong force. It pro-
vides a classification scheme and an intuitive picture of hadrons in terms of constituent quarks,
but it does not specify the underlying dynamics responsible for binding them. In particular, it
offers no fundamental explanation for confinement — why quarks are never observed as free par-
ticles [28]. Additionally, while the model incorporates an approximate SU(3) flavour symmetry,
this symmetry is global and phenomenological in nature: it does not explain either its explicit
breaking or the dynamical generation of constituent quark masses from more fundamental de-
grees of freedom. More generally, the quark model lacks a consistent relativistic framework,
limiting its predictive power for processes involving high energies or large momentum transfer
[29]. In particular, it provides no mechanism for describing interactions in terms of quantum
fields and is not formulated as a fully relativistic quantum field theory consistent with princi-
ples such as locality and Lorentz invariance. These limitations become especially significant in
regimes where relativistic effects and processes such as particle creation and annihilation play

an essential role.

Taken together, these shortcomings indicate that a purely symmetry based description is insuffi-
cient. What is required instead is a dynamical theory in which the interactions between quarks

arise from an underlying principle. The key insight is that promoting internal symmetries to lo-

23



cal (gauge) symmetries naturally introduces interaction fields and tightly constrains their form.
In this framework, the strong force is described by a non-Abelian gauge theory based on SU(3)
colour symmetry, in which quarks carry colour charge and interact via the exchange of gluons
[30]. This construction not only provides a consistent relativistic quantum field theory, but also
leads to qualitatively new phenomena — such as asymptotic freedom at high energies and con-
finement at low energies — that are absent in the original quark model. This theory is
The formulation of [QCD] as the gauge theory of the strong force was established following the
discovery of asymptotic freedom independently by Gross and Wilczek and by Politzer [31} 32].

[QCDis firmly established as the theory that best describes the strong force, with its dynamics en-
coded in the[QCD]Lagrangian, and its predictions have been extensively validated in high-energy
experiments. In the full quantum theory, physical observables are defined through the path
integral, in which expectation values are obtained by summing over all possible quark and gluon
field configurations weighted by the action — the spacetime integral of the[QCD|Lagrangian. This
formalism provides a complete, first principles description of the strong force, but in practice it
is only analytically tractable in certain limits. In high-energy regimes, (Q > 1GeV), the strong
coupling constant ¢, becomes small due to asymptotic freedom, allowing Perturbative Quan-
tum Chromodynamics — organised as expansions in powers of ¢ — to produce precise
predictions for processes involving large momentum transfer. This framework successfully ac-
counts for the behaviour of quarks and gluons at short distances, enabling accurate calculations

for phenomena such as deep inelastic scattering [33]].

However, at energy scales characteristic of hadron physics (Q ~ 1GeV), the coupling becomes
large and becomes increasingly unreliable. This behaviour is illustrated in Figure [2.3]
The theory enters a non-perturbative regime in which key emergent phenomena, including con-
finement and dynamical chiral symmetry breaking, dominate the dynamics. These effects pre-
vent a straightforward analytic treatment and obscure a direct connection between the fundamen-
tal Lagrangian and the observed spectrum of hadrons. Developing a controlled theoretical
description of this low-energy domain therefore remains one of the central challenges in hadron

physics.
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Figure 2.3: Summary of experimental measurements of the coupling constant a(Q) as a
function of the energy scale Q. The measurements, obtained from a range of different processes
and experiments, demonstrate the running of the strong coupling, with ¢ decreasing as the
energy scale increases. The measurements are compared with the QCD prediction, showing
good agreement across the range of energy scales probed. The increase of o towards lower
energies illustrates the transition towards the non-perturbative regime, where perturbative
becomes increasingly unreliable. Taken from [34].

This is where non-perturbative methods become essential. Lattice offers a first princi-
ples approach by discretising spacetime into a finite grid and evaluating the path integral
numerically. The advent of large scale Monte Carlo simulations has enabled computations of
hadron observables such as masses, decay constants and form factors directly from the theory.
Within lattice the behaviour of quark fields is governed by the discretised Dirac opera-
tor in a background of gluon fields. The eigenvalues and eigenvectors of this operator — often
referred to as quark modes — encode important information about the structure of the vac-
uum. In particular, the low-lying quark modes are closely associated with long distance physics
and play a central role in dynamical chiral symmetry breaking. They also contribute significantly
to hadron correlation functions, which are used to extract particle spectra in lattice simulations

[35]l. Figure [2.4]illustrates an example of such a lattice spectroscopy calculation, showing
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the extracted excited nucleon spectrum organised according to spin and parity quantum num-
bers. The pattern of states closely follows the multiplet structure predicted by the SU(6) ® O(3)
quark model, demonstrating that lattice is capable of reproducing the structure of baryon

excitations directly from the underlying theory [36].
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Figure 2.4: Excited nucleon and A baryon spectrum obtained from a lattice [QCD] calculation,
with the extracted states organised according to their spin-parity quantum numbers J©. Each
level represents an extracted energy eigenstate, with the vertical position indicating its mass
relative to the Q baryon mass. The states are grouped according to their corresponding J©
quantum numbers, illustrating the rich spectrum of ground and excited nucleon and A states that
can be obtained from lattice[QCD] The observed pattern of states can also be compared with the
multiplet structure expected from quark model descriptions of baryons. Taken from [36].

In this way, lattice [QCD] serves as a bridge between the fundamental quark-gluon dynamics of
QCD) and the effective descriptions provided by the quark model proposed by Gell-Mann and
Zweig. It allows tests of how the intuitive picture of hadrons as bound states of constituent
quarks emerges from the underlying theory and quantifies the extent to which this picture re-

mains valid in different regimes [37]].

Despite this, the results from lattice are obtained under controlled approximations — such
as finite lattice spacing, limited volumes and unphysical quark masses — that require careful
extrapolation to the physical limit. Moreover, many observables of phenomenological interest
remain challenging to access directly within the lattice framework. As a consequence, theoreti-

cal predictions must utilise high precision experimental data. In the absence of a fully predictive
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theoretical framework at low energies, these measurements provide an important means of ac-
cessing hadron structure by constraining phenomenological models, guiding the development
of lattice approaches and enabling the extraction of physical quantities that cannot be

calculated from first principles alone.

2.3 Hadron Spectroscopy

The quark model provides a useful framework for organising the known hadrons in terms of their
constituent quarks and quantum numbers. However, the hadron spectrum extends well beyond
the lowest lying states considered in the multiplet classifications described in Figures[2.Tjand[2.2]
Hadrons can be produced in a range of excited states, corresponding to different combinations
of quark spin, orbital angular momentum and radial excitation. The systematic study of these
states and their properties is known as hadron spectroscopy. By measuring the masses, widths,
quantum numbers and decay properties of excited hadrons, spectroscopy provides information
about the underlying dynamics responsible for the formation of bound states and resonances
(35, 38].

In the quark model description, excited hadrons arise from different configurations of the con-
stituent quarks. For baryons, the three constituent quarks can combine with different total spin
and orbital angular momentum configurations, producing states with different total angular mo-
mentum and parity, J©. Similarly, mesons can occupy different orbital and radial excitations,
giving rise to a spectrum of states with different quantum numbers. In an idealised quark model
picture, these states can be organised into multiplets according to the underlying flavour, spin
and spatial symmetries. Comparing the predicted spectrum with experimentally observed states
therefore provides a means of testing the extent to which the quark model description captures

the dynamics of the strong interaction [35]].

The interpretation of excited hadrons is complicated by the fact that they are generally unstable.
Unlike stable particles, excited hadrons can decay into lighter hadrons through the strong inter-
action. They are therefore identified through their effects on scattering and production processes
rather than being observed as stable particles. A resonance corresponds to an unstable state
associated with a pole of the scattering amplitude in the complex energy plane. The position
of such a pole provides information about the resonance energy and width, while its couplings

to different reaction channels describe how strongly the state interacts with those channels [35,
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38]. Resonance properties are therefore extracted indirectly from experimental measurements
through the analysis of the underlying reaction amplitudes. In a scattering process, a reaction
threshold is the minimum energy required for a particular final state to be produced. The open-
ing of a new reaction channel at its threshold can therefore significantly influence the behaviour

of the scattering amplitude.

The A(1405) provides an important example of this behaviour. It is an excited strange baryon
located close to the KN threshold and has long been recognised as an unusual state within the
hadron spectrum. A simple isolated three quark interpretation does not fully account for its
observed properties. Instead, its behaviour is strongly influenced by its coupling to meson-
baryon channels, particularly KN and X [35, |39]]. The close proximity of the resonance to the
KN threshold means that the opening of this channel occurs close to the energy of the A(1405),

making its properties particularly sensitive to the coupled-channel dynamics.

The A(1405) has been studied using a range of theoretical models and experimental data, leading
to variation in the extracted pole positions. Figure [2.5|illustrates this spread for the A(1405) and
related resonances. The variation reflects the dependence of the extracted pole positions on the

theoretical description and experimental constraints used in each analysis.

Several analyses, including lattice calculations, have provided evidence for a two-pole
structure of the A(1405), with two nearby poles contributing to the observed structure and ex-
hibiting different couplings to the available reaction channels [39-44]]. Together, these studies
indicate that the observed properties of the A(1405) are not readily described by a single iso-
lated resonance and are sensitive to the interactions between the relevant reaction channels. The
A(1405) therefore illustrates several of the broader challenges in hadron spectroscopy. The in-
terpretation of an observed resonance depends on the available reaction channels, the precision
and kinematic coverage of the experimental measurements, and the theoretical framework used
to analyse the corresponding amplitudes. A complete understanding of such states consequently
requires information from multiple reactions and observables, together with a consistent treat-

ment of their underlying reaction dynamics.

The observed spectrum does not always correspond straightforwardly to the states expected from
a simple constituent quark picture. In particular, the number and properties of experimentally
established excited baryons have historically differed from predictions based on quark model
calculations. This discrepancy has motivated the study of so-called “missing resonances”, refer-

ring to states predicted by theoretical models but not yet clearly identified experimentally [35,
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Figure 2.5: Pole positions of the A(1405) and related resonances in the complex energy plane,
showing results obtained from a range of theoretical models and experimental data inputs. The
different colours correspond to the different models and analyses considered, illustrating the
variation in the extracted pole positions. The real part of the pole position corresponds to the
resonance energy, while the imaginary part is related to its width. The spread in the extracted
pole positions highlights the sensitivity of the A(1405) pole structure to the underlying model
and data constraints. Taken from [40].

38, 45]]. The identification of such states is complicated by their potentially weak couplings
to commonly studied reaction channels, overlapping resonances and the presence of substan-
tial non-resonant contributions. Consequently, the absence of a clearly observed structure in a

particular reaction does not necessarily imply that the corresponding state does not exist.

The missing resonance problem is also connected to the limitations of simplified descriptions of
hadrons as isolated constituent quark states. permits more complicated configurations in-
volving multiple quarks and gluons, and experimental studies have identified candidates whose
properties are difficult to accommodate within the conventional quark model classification. Ex-
amples include tetraquark states containing four quarks and pentaquark states containing five
quarks [46, 47]. A number of such candidates have been observed, particularly in the heavy
quark sector, providing evidence that the hadron spectrum may contain states with more com-
plicated internal structures than those represented by the simplest quark-antiquark and three
quark configurations. These developments have motivated continued investigation of the role of

multi-quark configurations and hadron interactions in the formation of excited states.
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More generally, hadron spectroscopy relies on experimental measurements of quantities such as
cross sections and polarisation observables to constrain the amplitudes governing hadron reac-
tions. These measurements provide complementary information about the underlying dynamics
and can be used to determine the properties of resonances and other structures in the hadron
spectrum [35]]. The reaction and scattering framework connecting these observables to the un-

derlying interaction is introduced in the following section.

2.4 Reaction and Scattering Theory

The properties of excited hadrons cannot generally be measured directly because unstable states
decay into lighter particles. Instead, information about their properties is obtained through reac-
tions in which the relevant particles are produced and detected. Scattering and reaction exper-
iments therefore provide a connection between the underlying strong interaction dynamics and
experimentally measurable quantities such as cross sections, angular distributions and polarisa-

tion observables.

A reaction can be represented schematically as
a+b—c+d, (2.1)

where a and b denote the initial state particles and ¢ and d denote the final state particles. The dy-
namics of the reaction are described by a reaction amplitude, which contains information about
the possible interaction mechanisms connecting the initial and final states. Observable quan-
tities are constructed from these amplitudes and therefore provide indirect information about
the underlying interaction. For example, a differential cross-section describes the probability of

producing a particular final state as a function of the reaction kinematics.

For reactions involving excited hadrons, the reaction amplitude can contain contributions from
both resonant and non-resonant processes. Resonant contributions are associated with unstable
states that appear as poles of the scattering amplitude, while non-resonant contributions arise
from other allowed interaction mechanisms. These contributions can interfere, meaning that the
measured observables depend not only on the individual contributions but also on their relative
phases. Consequently, the properties of an individual resonance cannot generally be determined

from an isolated feature in a single observable. Instead, measurements of multiple observables
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across the relevant kinematic region are used to constrain the underlying reaction amplitudes.

A common approach to extracting information about reaction amplitudes is Partial Wave Anal-
ysis (PWA), in which the reaction amplitude is decomposed into contributions with different
angular momentum and quantum number content. The energy and angular dependence of the
measured observables can then be used to constrain these contributions and, subsequently, ex-
tract information about the resonances contributing to the reaction. The quality of such an anal-
ysis therefore depends on the availability and precision of experimental measurements across

the relevant kinematic region [48]].

A further complication arises when several reaction channels are accessible at the same energy.
In this situation, the channels can be connected through transitions between their respective
initial and final states, meaning that the dynamics in one channel can influence observables in
another. Such processes are described using a coupled-channel framework, in which the relevant
amplitudes are considered simultaneously. This is particularly important for resonances located
close to a reaction threshold or strongly coupled to multiple channels. In the strangeness S = —1
sector, for example, the KN and 7X channels play an important role in the description of the
A(1405) [35,39]. The proximity of the A(1405) to the KN threshold means that its properties
are sensitive to the dynamics of these coupled channels. Consequently, measurements of differ-

ent reactions and final states provide complementary constraints on the underlying amplitudes.

The reaction framework therefore provides the connection between the experimental observ-
ables considered in this thesis and the amplitude analyses used to extract information about
hadron interactions and resonances. The kinematic variables and coordinate conventions used

to describe these reactions are introduced in the following section.

2.5 Reaction Kinematics and Coordinate Systems

The kinematics of a reaction describe the energies, momenta and directions of the particles in-
volved. For a two body reaction, these quantities can be described particularly simply in the
centre-of-mass frame, where the total three-momentum of the initial state is zero. In this frame,
the incoming particles have equal and opposite momenta, while conservation of momentum re-
quires the outgoing particles to have equal and opposite momenta. The kinematic configuration

of a two body reaction is therefore determined by the available energy together with the direction
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of the outgoing particles.

For the reactions considered in this thesis, the incident energy provides one of the principal
variables describing the reaction. In photoproduction, the incident photon energy determines
the total energy available to produce the final state particles. The measured observables can
therefore be considered as functions of the reaction energy and the angular configuration of the
final state. The experimental datasets used in this thesis consist of measurements at discrete
points in this kinematic space, with an observable and its associated experimental uncertainty

provided at each measured point.

The kinematics of the pseudoscalar meson photoproduction reaction considered in this thesis
are illustrated in Figure The incoming photon and proton form the initial state, while the
outgoing kaon and X form the final state. The direction of the outgoing X is fixed by the two
body kinematics and provides the basis for defining the angular variables used in the polarisation
measurement. The subsequent weak decay of the X provides access to information about its

polarisation [49]].

The reaction geometry is defined with respect to the incident photon direction and the direction
of the outgoing particles. The plane containing the incident photon and the outgoing particles
defines the reaction plane. A coordinate system can then be defined relative to this plane and
the direction of the outgoing recoil hyperon. This provides a consistent basis in which the
polarisation of the produced hyperon can be described by its components along three orthogonal
directions [49].

In addition to the reaction kinematics, the polarisation state of the incident photon provides an
additional degree of freedom in photoproduction experiments. For a linearly polarised photon
beam, the electric field vector of the photon oscillates preferentially along a particular direction
transverse to its direction of propagation. The degree of linear polarisation is denoted by P!,
while the orientation of the polarisation direction is described by the beam polarisation angle .
The angle o specifies the orientation of the photon polarisation relative to the reference direction

defined by the reaction geometry.

The angular position of the outgoing hyperon around the incident beam direction is described
by the azimuthal angle ¢. The relative orientation of the beam polarisation and the recoil direc-
tion is therefore described by the combination o — ¢. This relative angle is important for the

dependence of the measured polarisation observables on the orientation of the linearly polarised
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Figure 2.6: Kinematics of the yp — KX+ reaction. The incoming photon and proton form the
initial state, while the outgoing kaon and " form the final state. Taken from .

photon beam.

The polarisation of the recoil ¥ can be accessed through its weak decay, £+ — pz°. Since the
decay is parity violating, the angular distribution of the decay products depends on the polarisa-
tion of the parent hyperon. The measured decay distribution can therefore be used to determine
the components of the recoil polarisation in the chosen coordinate system. These components
are denoted by P, PyR and PZR , with the precise definition of the corresponding axes given by the

reaction geometry.

The coordinate system and polarisation components provide the geometrical basis for defining
the polarisation observables considered in this thesis. In particular, measurements involving dif-
ferent beam and recoil polarisation configurations provide information beyond that contained in
the unpolarised cross section. The resulting observables and their relationship to the underlying

reaction amplitudes are discussed in the following section.
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The second reaction considered in this thesis is KN scattering, in which an antikaon interacts
with a nucleon and can produce a number of different final states. Different reaction channels
have different thresholds, such that a particular final state becomes accessible only above the
corresponding threshold energy. The reaction is therefore characterised by the incident energy

together with the final state channel.

The two reactions considered in this thesis consequently provide examples of different kinematic
descriptions relevant to hadron physics. Pseudoscalar meson photoproduction involves energy
and angular variables, while KN scattering can be described in terms of the incident energy
for a given reaction channel. These variables provide the basis for describing the observables

discussed in the following section.

2.6 Polarisation Observables

Polarisation observables provide information about reaction dynamics that cannot be obtained
from the unpolarised cross section alone. In pseudoscalar meson photoproduction, the reac-
tion is described by four independent complex amplitudes, subject to the constraints imposed
by parity conservation and Lorentz invariance [50]]. The observables measured experimentally
are constructed from bilinear combinations of these amplitudes. While the unpolarised differ-
ential cross section provides information about combinations of their magnitudes, polarisation
observables provide additional sensitivity to their relative magnitudes and phases [51]. Mea-
surements of multiple polarisation observables therefore provide complementary constraints on

the underlying reaction amplitudes.

Polarisation observables are generally expressed as dimensionless asymmetries that quantify
differences in reaction rates for different polarisation configurations. An asymmetry can be

defined generically in terms of two event yields, Ny and N_, as

N, —N_

G=——""
N, +N_

(2.2)
where the two yields correspond to the relevant polarisation dependent configurations. This
definition gives the asymmetry a physical range of —1 < a < 1, with the limiting values cor-
responding to complete dominance of one configuration. The specific polarisation observables

considered below are obtained from particular combinations of beam, target and recoil polarisa-
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tion states [S1H53].

The polarisation observables considered in this thesis are the photon beam asymmetry X, recoil
polarisation P, target asymmetry 7', and the beam-recoil observables O, and O;. For a linearly

polarised photon beam, their contributions to the measured cross-section can be expressed as

do .
o= +PPF — (Z+TPF) P/ cos2(a— ¢) + (OxPF + O.PF) P/'sin2(a — ¢), (2.3)
where the quantities describing the reaction geometry and recoil polarisation are defined in Sec-
tion 2.5/ [54]. The different terms in this expression correspond to different combinations of
beam, target and recoil polarisation information and therefore provide distinct constraints on the

reaction amplitudes.

The photon beam asymmetry, X, is one of the simplest polarisation observables. It measures the
dependence of the cross-section on the linear polarisation of the incoming photon, specifically
the difference in production rates when the photon polarisation is parallel versus perpendicular
to the reaction plane defined by the photon and kaon momenta [55]. X is also sensitive to the
relative contributions of natural and unnatural parity exchange mechanisms. Values of ¥ near
+1(—1) indicate dominance of natural (unnatural) parity exchange, while intermediate values
show a mixture of both contributions. Because it can be measured with a polarised photon
beam and an unpolarised target, X is often one of the first polarisation observables extracted in

experimental programs.

Another key observable is the recoil polarisation, P, which describes the polarisation of the £+
hyperon along the axis perpendicular to the reaction plane. P can even be non-zero when the
incoming photon and the target proton are unpolarised, as it arises purely from the interference
among the complex amplitudes in the reaction. The measurement of P relies on the asymmetry
in the weak decay of the X", allowing a direct probe of the spin transfer from the initial system
to the hyperon [56]. Because P is sensitive to the imaginary parts of amplitude products, it

provides complementary information to X, which primarily probes real interference terms.

The target asymmetry, 7', characterises the sensitivity of the cross-section to transverse polari-
sation effects and encodes interference patterns that are distinct from those accessible through
P or ¥, providing an additional constraint on the underlying amplitudes. Together, the single
polarisation observables X, P and T allow a partial characterisation of the reaction amplitude,
probing the interference between different spin-flip and non-spin-flip components and offering

insight into the underlying resonance contributions. Although the target is unpolarised, 7" can
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still be accessed through its coupling to the recoil polarisation in the cos2(a — ¢) term of the
cross-section. The self-analysing weak decay of the £ allows the recoil polarisation component
PyR to be determined from the angular distribution of the decay products which, in combination
with the known beam polarisation, enables the extraction of T without the need for a polarised
target [49]].

Double polarisation observables further increase the information available from this reaction.
In particular, the beam recoil observables O, and O, measure the correlation between the linear
polarisation of the incoming photon and the polarisation of the recoiling hyperon along the x and
z axes respectively. These observables are especially valuable because they provide access to the
relative phases between amplitudes that are not probed by single polarisation observables. For
example, O, is sensitive to interference between amplitudes contributing to transverse hyperon

polarisation, while O, probes correlations along the photon momentum direction.

Taken together, the observables X, P, T, O, and O, probe different combinations of the under-
lying complex amplitudes. Their simultaneous measurement therefore provides substantially
more information about the reaction than the unpolarised cross section alone. In particular, the
sensitivity of polarisation observables to different interference terms helps distinguish amplitude
solutions that produce similar cross sections but different polarisation behaviour. This reduces
ambiguities in amplitude analyses and provides stronger constraints on partial wave decompo-

sitions.

The observables are also sensitive to interference between different reaction mechanisms. Con-
tributions from processes such as s-channel nucleon resonances, t-channel meson exchange and
u-channel hyperon exchange can interfere constructively or destructively, producing character-
istic energy and angular dependences in the measured observables [57]. Consequently, mea-
surements of X, P, T, O, and O, can be used to constrain models of the reaction dynamics and

investigate contributions from excited hadron states [S0].

2.7 Structure and Limitations of Experimental Data

The theoretical descriptions discussed in the preceding sections are ultimately constrained by
experimental measurements. An experiment does not provide continuous knowledge of an ob-

servable across all possible kinematic configurations; instead, measurements are obtained over
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a finite kinematic range and are typically reported at discrete points or within finite bins. The
accessible region is further restricted by the experimental acceptance and by the resolution with
which the relevant kinematic quantities can be reconstructed. Experimental datasets therefore
provide a finite sampling of the underlying physical dependence rather than a continuous de-

scription of the observable.

The available measurements also span several generations of experimental facilities. Modern ex-
periments can provide measurements over substantially larger kinematic ranges and with greater
statistical precision than many earlier experiments. Earlier measurements, however, remain an
important component of modern hadron physics datasets. Many experiments from the 1950s
through to the 1970s relied on detectors such as bubble chambers (see Figure [2.7), in which
particle trajectories were recorded photographically. Although these experiments operated at
comparatively low event rates and required photographic images to be processed to extract the
relevant kinematic information, they provided measurements that remain useful for constraining
regions of kinematic space and reaction channels that may have limited coverage from more re-
cent experiments [58]]. Some historical experiments also used beam types, target configurations
or reaction conditions that are no longer readily available, meaning that their measurements
cannot necessarily be reproduced at contemporary facilities. Measurements obtained using dif-
ferent experimental technologies must therefore often be considered together when constructing
a world dataset [|35,[59].

An important consequence of the experimental measurement process is that the reconstructed
kinematic quantities have finite precision. Momentum, angular and energy resolutions intro-
duce uncertainties into the determination of the kinematic configuration of each event. These
effects can also influence the measured value of an observable, for example through events be-
ing reconstructed in neighbouring bins or through a broadening of the measured distribution.
Experimental analyses must therefore account for detector effects when extracting physical ob-
servables from measured event distributions. The use of finite binning introduces an additional
trade-off: finer bins provide greater resolution of the kinematic dependence but contain fewer
events and can therefore have larger statistical uncertainties, while wider bins improve statistical

precision at the expense of kinematic resolution.

The resulting measurements generally provide a sparse and non-uniform sampling of the avail-
able kinematic space. Measurements tend to be concentrated in regions where the experimental
acceptance, event yield and analysis sensitivity are sufficient to obtain reliable results, while
other regions may contain relatively few measurements or no direct measurements at all. For a

photoproduction reaction, for example, an observable may be measured at a finite set of centre-
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Figure 2.7: Schematic construction of a bubble chamber, illustrating the recording of charged
particle trajectories as bubble tracks within a superheated liquid. Bubble chambers were widely
used in early hadron physics experiments, and measurements obtained from these experiments
continue to form part of modern world datasets. Taken from [[60].

of-mass energies and scattering angles rather than as a continuous function of these variables.
The distribution of measurements across this space therefore contains information not only about
the observable itself, but also about the regions in which experimental constraints are available
[35].

This incomplete coverage is particularly relevant for reaction amplitude and spectroscopy analy-
ses. The energy and angular dependence of measured observables provides constraints on the re-
action amplitudes and on the contributions of different reaction mechanisms and excited hadron
states. Where measurements are widely separated or absent over substantial regions of kine-
matic space, however, the available data provide less direct information about the behaviour of
the underlying reaction. Different descriptions can consequently provide comparable agreement
with the measured points while predicting different behaviour in regions where no measure-
ments are available. This makes the distribution of the experimental measurements an important
consideration when interpreting reaction amplitude analyses and extracting information about
the hadron spectrum [35} 59].

The experimental data are also heterogeneous. Measurements of the same or related observ-

ables may originate from different experiments and experimental configurations, each with its
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own kinematic coverage, binning scheme, detector response and uncertainty structure. Combin-
ing such measurements can provide a more complete description of a reaction, but the resulting
dataset may contain measurements with substantially different densities and uncertainty scales.
In addition, measurements are associated with both statistical and systematic uncertainties. Sta-
tistical uncertainties arise from the finite number of events contributing to a measurement, while
systematic uncertainties can originate from sources including detector calibration, acceptance
corrections, particle identification, luminosity and beam properties. Systematic effects may also
introduce correlations between measurements, meaning that their uncertainties cannot always

be treated as independent. This is discussed in more detail in the following subsection.

Consequently, experimental hadron physics datasets represent finite, sparse and heterogeneous
samples of the underlying physical processes. The available measurements provide constraints
only over limited regions of kinematic space and are subject to both statistical and systematic
uncertainties. These characteristics must be taken into account when using experimental ob-
servables to constrain reaction amplitudes and study the hadron spectrum, since the physical
dependence between measured points and in regions without direct measurements must ulti-

mately be inferred from the available experimental information.

2.7.1 Combining Experimental Datasets

An important consideration in the construction of world datasets is how measurements from
different facilities should be combined. In practice, experiments may be weighted according
to their quoted statistical uncertainties, estimated systematic uncertainties or other assessments
of experimental quality. However, quoted uncertainties are not always directly comparable be-
tween experiments, particularly when systematic effects are treated differently or are incom-
pletely reported. As a result, the relative influence assigned to different datasets in a global fit
can depend on assumptions concerning the treatment of uncertainties and the quality of the avail-
able measurements. This issue is encountered in large scale partial wave analyses such as those
performed by SAID [61] and MAID [62], where extensive datasets from different facilities must
be reconciled within a single framework. While such procedures are necessary for practical
global analyses, the resulting world dataset therefore reflects not only the underlying experi-
mental measurements but also the statistical and methodological assumptions used to combine

them.

Normalisation shifts are a frequently used approach for addressing differences between exper-
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imental datasets [63]. In a global fit, each experimental dataset may be assigned an overall
scale factor that is optimised simultaneously with the physical model parameters. This allows
relative normalisation adjustments between experiments and can improve the agreement be-
tween datasets. Such adjustments can be appropriate when the dominant discrepancy between
experiments is associated with an overall normalisation uncertainty. However, a normalisation
factor cannot in general account for differences in the energy dependence, local structure or
uncertainty behaviour of two datasets. If the underlying measurements contain more complex
discrepancies, allowing additional normalisation parameters may reduce the apparent disagree-
ment without establishing whether the datasets are statistically compatible. The treatment of
normalisation uncertainties must therefore be considered alongside the other sources of experi-

mental uncertainty.

From a Bayesian standpoint, hierarchical modelling provides a framework in which differences
between experiments can be represented explicitly. In such approaches, quantities such as rel-
ative normalisation factors or uncertainty rescaling parameters can be treated as additional pa-
rameters with assigned prior distributions, allowing uncertainty associated with the relationship
between datasets to be propagated through the subsequent analysis [[64]]. This provides a princi-
pled mechanism for representing uncertainty in the combination of experiments, but the result-
ing inference remains dependent on the assumed hierarchical structure and prior distributions.
The treatment of correlations and the choice of which experimental effects should be modelled

therefore remain important considerations.

Global averaging procedures, such as those reviewed by the Particle Data Group [38]], similarly
encounter the problem of combining measurements that are not fully consistent. Although sys-
tematic criteria can be applied to assess dataset quality and consistency, the resulting averages
may require decisions concerning outlier treatment, uncertainty inflation and correlations be-
tween measurements. Such procedures are useful when a single representative value is required,
but reducing several measurements to a single estimate can also obscure the structure of any

disagreement between the constituent datasets.

These considerations illustrate a general limitation of representing heterogeneous experimental
measurements by a single effective dataset. When measurements from different experiments
are statistically compatible, their combination can provide a more precise and comprehensive
constraint on the underlying physical observable. When substantial differences are present,
however, the resulting representation depends on how those differences are treated and may
conceal information about the disagreement between the original measurements. This is partic-

ularly relevant when the combined dataset is subsequently used to constrain an interpolation or

40



theoretical model. A reliable treatment of experimental data must therefore distinguish between
uncertainty arising from limited measurements of an underlying physical quantity and variation

between measurements that may indicate unresolved experimental inconsistencies.

For hadron physics reactions, this issue is particularly important because historical measure-
ments from different experiments may provide the only available constraints over significant
regions of the kinematic space. Discarding measurements that disagree requires an external
judgement about which measurements should be retained, while forcing all measurements into
a single representation can suppress potentially important information about their differences.
Retaining information about the individual measurements and their associated uncertainties can

therefore provide a more transparent representation of the available experimental evidence.

2.8 From Experimental Measurements to Physics Interpreta-

tion

The preceding sections have introduced the theoretical framework of hadron physics, the de-
scription of reactions and scattering, and the nature of the experimental measurements used to
investigate these processes. These concepts can be brought together by considering the general

pathway from an experimental measurement to the interpretation of the underlying physics.

Although the precise procedure depends on the reaction and experimental technique, the overall

process can be broadly summarised as:

1. Experimental measurement — particles produced in a reaction are detected and their

measurable properties are recorded.

2. Reaction reconstruction — the measured quantities are used to reconstruct the kinematics

and identify the reaction being studied.

3. Determination of physical observables — reconstructed events are used to determine

quantities such as cross sections and polarisation observables.

4. Reaction amplitude analysis — the measured observables are used to constrain the am-

plitudes describing the underlying reaction dynamics.
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5. Resonance and spectroscopy analysis — the resulting amplitudes are analysed to deter-

mine the properties and contributions of excited hadrons.

6. Physics interpretation — the extracted information is compared with theoretical descrip-

tions of hadrons and the strong interaction.

2.8.1 Experimental measurement

A hadron physics experiment begins with an interaction between an initial state and a target,
producing a set of final state particles. These particles are detected using a combination of
detector subsystems, each designed to measure different properties of the particles. The CLAS12
detector at Jefferson Laboratory (shown in Figure [2.8)) provides a representative example of a
modern large acceptance spectrometer used to study electron and photon induced reactions and
combines several complementary detector systems. The principal subsystems relevant to the

measurement and reconstruction of the final state particles are [65]:
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Figure 2.8: Schematic overview of the CLAS12 detector at Jefferson Laboratory, showing the
principal detector subsystems used for particle tracking, energy measurement and particle iden-
tification. Taken from [65]].

* Electromagnetic Calorimeter (EC) and Pre-shower Calorimeter (PCAL): measure

the energy deposited by electromagnetic showers produced by electrons and photons.
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PCAL provides finer segmentation and acts as a pre-shower detector, improving the re-

construction of electromagnetic particles and aiding particle identification.

* Forward Time-of-Flight (FTOF): measures the time taken by charged particles to travel
from the target to the forward detector. Combined with the reconstructed momentum and
path length, the measured time-of-flight provides information for particle identification,

including the separation of pions and kaons over a substantial momentum range.

* Low-Threshold Cherenkov Counter (LTCC): detects Cherenkov radiation produced by
sufficiently relativistic charged particles. Its response provides additional particle identi-

fication information, particularly for distinguishing pions from kaons at higher momenta.

 Drift Chambers (DC): provide tracking information for charged particles in the forward
detector. The positions of ionisation signals in the gas-filled chambers are used to re-
construct particle trajectories, which can then be combined with the magnetic field to

determine their momenta.

* High-Threshold Cherenkov Counter (HTCC): provides particle identification informa-
tion for highly relativistic charged particles through the detection of Cherenkov radiation.

In particular, it provides an important means of identifying scattered electrons in CLAS12.

* Central Time-of-Flight (CTOF) and Central Neutron Detector (CND): provide time-
of-flight and neutral particle detection capabilities in the central detector region. CTOF
measures the timing of charged particles and contributes to their identification, while the
CND provides detection of neutrons that do not leave tracks in the charged particle track-

ing system.

* Backward Angle Neutron Detector (BAND): detects neutrons emitted at very backward
angles. Its scintillator bars provide timing and energy deposition information that can be

used to identify and reconstruct backward-going neutrons.

These detector systems provide complementary measurements of the particles produced in the
reaction. Tracking detectors determine the trajectories of charged particles, calorimeters mea-
sure energy deposition, and timing and Cherenkov detectors provide information for particle
identification. Combining information from multiple subsystems therefore allows the properties

of individual final state particles to be reconstructed.
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2.8.2 Reaction reconstruction

The information recorded by the detector is used to reconstruct the kinematic properties of each
event. Measurements from the different detector subsystems are combined to determine quanti-
ties such as particle momenta, energies and directions, while the response of the detector is used
to identify the particles involved in the reaction. Conservation laws and the known properties of

the reaction provide additional constraints on the reconstruction.

The reconstructed events can then be selected according to the reaction of interest. Depending on
the experimental setup and reaction, this can involve identifying the relevant final state particles
and applying kinematic or event selection criteria. The resulting event sample provides the basis

for determining the physical observables associated with the reaction.

2.8.3 Determination of physical observables

The reconstructed events are used to determine experimentally accessible physical observables.
Depending on the reaction, these can include total and differential cross sections, angular dis-
tributions and polarisation observables. As discussed in Section polarisation observables
provide information about the reaction dynamics that is complementary to that obtained from

unpolarised cross sections.

The resulting measurements provide experimental constraints on the underlying reaction. How-
ever, these constraints are available only over the kinematic coverage of the experiment and are

associated with the statistical and systematic uncertainties discussed in Section

2.8.4 Reaction amplitude analysis

The measured observables are related to the underlying reaction amplitudes that describe the dy-
namics connecting the initial and final states. As discussed in Section [2.4] these amplitudes can
contain contributions from different reaction mechanisms, including resonant and non-resonant

processes. Since these contributions can interfere, measurements of multiple observables and
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reaction channels can provide complementary constraints on the amplitudes.

The reaction amplitudes can be constrained by fitting theoretical or phenomenological models
to the measured observables. Such fits determine the parameters or coefficients of the reac-
tion model that provide the best description of the available experimental data. The quality of
the resulting description therefore depends on both the experimental measurements and their

uncertainties, as well as on the kinematic coverage and range of observables available.

Partial wave and coupled-channel analyses [66-68|] provide approaches for using experimen-
tal measurements to constrain the energy and angular dependence of reaction amplitudes. In a
partial wave analysis, the reaction amplitude is decomposed into contributions with different an-
gular momentum and quantum number content, with the corresponding coefficients constrained
by fits to the experimental observables. The resulting amplitudes provide a description of the
reaction that can subsequently be used to investigate the properties of the contributing hadron

states.

2.8.5 Resonance and spectroscopy analysis

The constrained reaction amplitudes can then be analysed to investigate excited hadrons and
their properties. Resonances are associated with poles of the scattering amplitude, whose po-
sitions and couplings provide information about their energies, widths and interactions with

different reaction channels.

The interpretation of these states can become particularly challenging when several reaction
channels are coupled or when resonances occur close to reaction thresholds. Measurements
from multiple reactions and observables can therefore provide complementary constraints on

the same underlying physics.

2.8.6 Physics interpretation

The extracted information can finally be considered in the context of theoretical descriptions of

hadrons and the strong interaction. The observed properties of excited states can be compared
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with predictions from approaches such as constituent quark models, lattice and reaction

theory calculations.

Together, these stages establish the connection between experimental measurements and the
interpretation of hadron interactions and the hadron spectrum. Experimental measurements pro-
vide constraints on the physical process, reaction theory provides the framework for relating
those measurements to the underlying amplitudes, and spectroscopy provides the means of in-

terpreting those amplitudes in terms of the properties of hadron states.

46



Chapter 3

Statistical and Data-Science Foundations

3.1 Probability Theory

Probability theory provides the mathematical framework for quantifying uncertainty and de-
scribing the statistical behaviour of experimental measurements. In scientific applications, prob-
ability provides a means of representing uncertainty arising from factors such as finite measure-
ment resolution, statistical fluctuations, experimental noise and limited data. This provides the
foundation for the statistical inference and uncertainty quantification methods used throughout
this thesis.

Experimental measurements can be modelled as random variables, representing quantities whose
observed values are subject to statistical fluctuations and measurement uncertainty. A random
variable may be discrete or continuous and is characterised by an associated probability distribu-
tion. For a continuous random variable X, this distribution is described by a Probability Density
Function (PDE), p(X), where the integral over an interval gives the probability that the variable
takes a value within that interval. The probability distribution therefore provides a complete
statistical description of the possible outcomes of a measurement and allows quantities such as

the mean and variance to be calculated.
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The expectation value of a random variable provides its mean or average value,
E[X] :/:OXp(X)dX, 3.1)
while the variance quantifies the spread of the distribution about its mean,
Var(X) =E [(X —E[X])?]. (3.2)

The standard deviation is given by the square root of the variance and provides a commonly used

measure of uncertainty in experimental measurements.

In many physical applications, measurements are well approximated by Gaussian distributions
due to the central limit theorem [69]], particularly when uncertainties arise from the accumula-
tion of many small, approximately independent effects. The Gaussian distribution is therefore
frequently used to represent measurement uncertainties. Other probability distributions are also
important in physics; for example, Poisson distributions are commonly used to describe count-
ing experiments, where the measured quantity is the discrete number of events observed within
a given interval [70]. The Poisson distribution is particularly appropriate when events occur
independently with a well-defined expected rate, and its variance is equal to its mean. For suf-
ficiently large event counts, the Poisson distribution approaches a Gaussian distribution, while
for small event counts its discrete nature and asymmetry can become important. The appropri-
ate probability distribution therefore depends on the underlying measurement process and the
sources of uncertainty being considered.

When multiple quantities are measured simultaneously, a multivariate probability distribution is
required. Such distributions allow correlations between measurements to be represented in addi-
tion to the uncertainty associated with each individual observable. These correlations can be par-
ticularly important in scattering experiments, where kinematic constraints, common systematic

uncertainties and shared experimental conditions can lead to non-trivial covariance structures.

For two random variables X and Y, conditional probability describes the distribution of one

variable given knowledge of the other. This is written as
p(X[Y), (3.3)

and describes the probability distribution of X when the value of Y is known. Conditional prob-
ability provides the basis for statistical inference, where information about observed quantities

is used to constrain unknown quantities.
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The concepts introduced here provide the probabilistic foundation for the Bayesian inference,
regression and uncertainty quantification methods developed in the following sections. In partic-
ular, representing experimental measurements as probability distributions allows both the uncer-
tainties in the available data and the uncertainties in subsequent predictions to be treated within

a consistent statistical framework.

3.2 Bayesian Inference

Bayesian inference provides a framework for updating knowledge about unknown quantities as
new experimental data become available. In contrast to a purely probabilistic description of
measurements, Bayesian inference provides a mechanism for combining prior information with
evidence from observed data to obtain a posterior distribution for the quantities of interest. This
is particularly useful in scientific applications where available data may be sparse or subject to

substantial uncertainty.

For model parameters 0 and observed data D, Bayes’ theorem [71] relates the posterior prob-
ability distribution to the likelihood and prior distribution, and is often written in proportional

form as
p(6|D) =< p(D|8)p(8). (3.4)

The likelihood describes how probable the observed data are for a given set of model parameters.
It is determined by the assumed statistical model for the measurements and therefore depends on
the experimental uncertainties and correlations. For example, when measurements are assumed
to have Gaussian uncertainties, the likelihood can be written in terms of the residual between the
model prediction and the observed data, weighted by the experimental covariance matrix. For a

vector of observations y and model predictions f(6), this takes the form

p010) < exp | (= F(8)) ¢ (v £(0)) . @5

where C is the covariance matrix describing the experimental uncertainties and correlations [72].

The prior distribution represents information about the model parameters before considering the

observed data. In physics applications, prior information may arise from theoretical consid-
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erations, previous measurements or physical constraints. For example, a prior may restrict a
parameter to a physically meaningful range or encode an expected scale for a quantity. The use
of a prior is particularly relevant when data are sparse, since the available measurements may not
provide sufficient information to constrain all model parameters independently. However, the
choice of prior should be justified carefully, as it can introduce model dependence into the infer-
ence to varying degrees. A relatively weak prior may impose only general physical constraints,
while a more informative prior may incorporate assumptions about the expected behaviour of the
system. In particular, assuming a specific functional form for a model, or imposing conditions on
the expected posterior distribution, can substantially influence the resulting inference. The bal-
ance between incorporating prior knowledge and minimising unnecessary model dependence is

therefore an important consideration when performing inference from sparse experimental data.

The experimental setup primarily enters the likelihood through the measurement uncertainties,
correlations and detector response rather than directly determining the prior distribution. How-
ever, knowledge of the experimental conditions can indirectly motivate prior assumptions when
it provides relevant physical constraints on the quantities being inferred. It is therefore impor-
tant to distinguish prior information about the underlying physical model from the statistical

uncertainty associated with the measurement process.

The posterior distribution combines the prior information with the information provided by the
experimental data. Unlike a single best fit estimate, it provides a probability distribution over
the allowed values of the parameters, allowing both parameter estimates and their associated
uncertainties to be obtained. Predictions for new observations can similarly be obtained by

propagating uncertainty in the model parameters through the posterior distribution.

3.2.1 Bayesian and Frequentist Inference

Bayesian and frequentist statistics provide two different frameworks for interpreting probability
and performing statistical inference. In the frequentist approach, model parameters are treated
as fixed but unknown quantities, while probability is associated with the repeated outcomes of
an experiment. Inference is therefore typically based on quantities such as maximum likelihood
estimates, confidence intervals and hypothesis tests, whose interpretation is defined in terms of

repeated sampling from the underlying statistical model.
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In the Bayesian approach, probability is instead used to represent uncertainty about unknown
quantities. Model parameters are therefore described by probability distributions, with the pos-
terior distribution representing the updated state of knowledge after observing the data. This
allows prior information and experimental evidence to be incorporated within a single frame-
work [[64].

The distinction is particularly important when interpreting uncertainty intervals. A frequentist
confidence interval is constructed such that, under repeated experiments, a specified proportion
of intervals generated by the procedure would contain the true parameter value. It does not
strictly assign a probability to the parameter itself. A Bayesian credible interval, in contrast, is
obtained directly from the posterior distribution and can be interpreted as containing a specified

probability mass of the parameter given the observed data and the assumed prior.

Neither framework is universally superior, and both provide useful approaches to statistical in-
ference. The Bayesian formulation is particularly appropriate for the present work because the
objective is not only to estimate a function from experimental measurements, but also to prop-
agate uncertainty and quantify the probability of possible function values throughout the kine-
matic region. This becomes especially important when experimental measurements are sparse
and unevenly distributed, since prior assumptions and the statistical structure of the model can

provide information between measured points.

3.3 Regression

Regression provides a framework for learning functional relationships between measured ob-
servables and underlying input variables. In hadron physics, this often involves reconstructing a
continuous function — such as a cross-section or polarisation observable — from a finite and po-
tentially sparse set of experimental measurements. Formally, if the regression problem follows
Gaussian statistics then it may be expressed as modelling observations y; obtained at inputs Xx;

according to
yi=f(xi) +&, (3.6)

where f(x) represents the underlying latent physical function and ¢&; represents measurement

noise and other experimental uncertainties.
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A key distinction in regression methodology is that between deterministic and probabilistic ap-
proaches [73]]. In a deterministic approach, the objective is to identify a single function that
provides an estimate of the relationship between the inputs and observations. For example,
a parametric model may assume a functional form f(x;6) characterised by a finite set of pa-
rameters 6, which are determined by minimising an appropriate loss function. A least-squares
objective is commonly used when the measurement uncertainties are assumed to be Gaussian,
while a maximum likelihood approach can incorporate a more general model for the measure-
ment uncertainties. The resulting model provides a single preferred estimate of the underlying
function. Although uncertainties on the fitted parameters can subsequently be estimated and
propagated to the fitted function, the regression remains centred on a single best fit model rather

than explicitly treating the function itself as a random quantity.

In sparse data regimes, such an approach can be restrictive. Multiple functional behaviours
may be statistically consistent with the available measurements, particularly in regions where
data are absent or experimental uncertainties are large. A deterministic fit must nevertheless
select one function to represent the relationship between the measured points. Consequently,
uncertainty associated with the choice of functional behaviour may not be fully represented by
uncertainties obtained from the fitted parameters alone. This distinction becomes increasingly

important when predictions are required away from measured points.

Probabilistic regression addresses this issue by assigning a probability distribution to the possi-
ble functional relationships between the inputs and observations. Rather than identifying only
a single preferred function, the regression model describes a distribution over functions that is
conditioned on the available data and any prior assumptions. Predictions at new input values
are therefore probability distributions rather than single values, allowing both the expected pre-
diction and its associated uncertainty to be quantified. In hadron physics, Markov Chain Monte
Carlo (MCMC) methods [74] provide an established and widely used methodology for sam-
pling from posterior distributions in probabilistic analyses. MCMC methods generate samples
from the posterior distribution of the model parameters, allowing the corresponding range of

physically plausible predictions to be explored.

A method generates samples from a probability distribution by constructing a Markov
chain whose stationary distribution is the target distribution. The defining property of a Markov
chain is that the probability of transitioning to the next state depends only on the current state,
rather than the full history of the chain. By generating a sufficiently long sequence of such states,
the distribution of the samples approaches the desired posterior distribution, allowing quantities

such as parameter uncertainties and correlations to be estimated without explicitly evaluating
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the normalisation of the posterior. Importantly, the resulting posterior distribution need not be
Gaussian. The samples therefore contain information about the full shape of the distribution,

including asymmetry, correlations and multiple modes, rather than only its mean and variance.

The distinction between deterministic and probabilistic regression is separate from the distinc-
tion between parametric and non-parametric approaches. Parametric regression assumes that the
underlying function can be described using a finite number of parameters, whereas more flexi-
ble or non-parametric approaches do not require a fixed functional form with a predetermined
number of parameters. A probabilistic formulation can be applied to either type of model. This
distinction is particularly relevant for sparse experimental data, where imposing a specific func-

tional form may introduce substantial model dependence.

All regression methods rely on assumptions about the relationship between the observations and
the underlying function. These include assumptions about the noise structure — such as inde-
pendence, Gaussian-like behaviour or the presence of correlated systematic effects — as well
as assumptions about the behaviour of the underlying function. In parametric models, these
assumptions may be encoded explicitly through the chosen functional form. More flexible ap-
proaches can instead encode structural assumptions such as smoothness, continuity or charac-

teristic length scales.

In the context of hadron reaction analysi such assumptions are not merely technical choices
but can incorporate physical knowledge. Constraints arising from kinematics, symmetry princi-
ples, positivity conditions and known asymptotic behaviour can restrict the space of physically
admissible functions. A well-constructed regression framework must therefore balance flexibil-
ity with physically motivated constraints or regularisation. This balance is particularly important
in sparse regimes, where the available data may be insufficient to determine the functional be-
haviour uniquely and different modelling assumptions can lead to different predictions in poorly

constrained regions.

Probabilistic function-space methods provide a natural framework for addressing this ambiguity.
By placing a probability distribution over possible functions, they allow uncertainty associated
with both the observations and the inferred functional behaviour to be represented explicitly.
Methods that model correlations between predictions at different input points are particularly

useful in this context, since information from measured regions can be propagated to nearby

'Here hadron reaction is taken to mean any type of physics reaction involving hadrons, e.g. scattering, decays,
production, etc.
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unmeasured regions in a controlled manner. Gaussian Processes provide one such approach and
are introduced in Section

3.4 Uncertainty Quantification

A central objective of probabilistic modelling is not only to provide accurate mean predictions,
but to characterise uncertainty in a manner that is both statistically consistent and physically
interpretable. In hadron physics — where datasets may be sparse and systematics correlated
— uncertainty quantification plays a defining role in determining the reliability of theoretical

conclusions.

It 1s useful to distinguish between uncertainty associated with observed data and uncertainty
associated with model predictions [[75]]. Observable uncertainty refers to the statistical and sys-
tematic errors attached to experimental measurements. These may arise from counting statistics,
detector resolution, acceptance corrections, normalisation uncertainties or correlated systematic
effects. Such uncertainties are typically provided in the form of covariance matrices that encode
both variances and inter-point correlations. They describe variability in measured observables

conditional on the true underlying physical quantity.

Predictive uncertainty, by contrast, concerns uncertainty in the inferred underlying function or
in future observations conditioned on the available data [76]]. Even if measurements were noise-
free, predictive uncertainty would remain in regions where data are limited or absent. This
component reflects incomplete knowledge of the physical behaviour being modelled. Within a
Bayesian framework, predictive uncertainty arises from posterior uncertainty over model param-
eters or functions, together with the assumed observational noise model. A coherent regression
framework must therefore propagate experimental covariance information through the inference
procedure and combine it with structural model uncertainty to produce physically meaningful

uncertainty bands, as is the case in regression.

The predictive distribution formalises this concept. For a new input value, it specifies the full
probability distribution of either the latent function value or a future observable, conditional
on the observed dataset. Rather than providing a single number, the predictive distribution en-
codes the range of plausible outcomes and their associated probabilities. In regression, this

distribution is Gaussian and characterised by a predictive mean and covariance matrix. The pre-
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dictive mean represents the best estimate given the data and prior assumptions, while the predic-
tive variance quantifies the residual uncertainty. Both quantities are obtained from the posterior

distribution after conditioning on the observed data and optimising the hyperparameters.

This predictive variance typically contains two conceptually distinct contributions [77]. The
first is epistemic uncertainty, arising from limited information about the underlying function
and reducible through the acquisition of additional data. The second is aleatoric uncertaintyﬂ
arising from intrinsic measurement noise and irreducible without improvements in experimen-
tal precision. Distinguishing between these components clarifies how uncertainty evolves as
new information is incorporated and is particularly relevant in sparse regimes, where epistemic

uncertainty may dominate outside measured regions.

Quantifying predictive uncertainty is not sufficient in itself; its reliability must be assessed. Val-
idation tools are therefore required to evaluate whether predicted uncertainties are statistically
consistent with observed deviations. One standard diagnostic in experimental physics is the
residual distribution, which is often referred to as the pull distribution in physics. For valida-
tion data, the pull is defined as the residual between prediction (y,s) and observation (y,py),

normalised by the predicted standard deviation (6y,.q). This can be expressed as:

Yobs — Ypred

3.7
oy pred G-7)

pull =

If uncertainties are correctly estimated and residuals approximately Gaussian, the pull distri-
bution should be centred at zero with unit variance. A broadened pull distribution indicates
underestimated uncertainties, while a narrowed distribution indicates overestimation. A system-

atic shift away from zero reveals bias in the predictive model.

Closely related is the concept of empirical coverage [78]. A predictive interval constructed at
nominal credibility level « is said to be calibrated if the true values fall within that interval
with frequency approximately o under repeated sampling. Under-coverage signals overcon-
fident predictions, whereas over-coverage indicates conservative but potentially uninformative
uncertainty estimates. In sparse data regimes, ensuring appropriate coverage is particularly im-
portant, as models may otherwise extrapolate with unjustified certainty in poorly constrained
regions. Figure [3.1]shows example empirical coverage curves comparing predictive calibration.

The well-calibrated model (blue) closely follows the diagonal (ideal y = x), while the overcon-

2Often called statistical uncertainty in physics.
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fident model (orange) falls below the line and the underconfident model (green) lies above it.

Each curve is computed over discrete coverage levels, giving a step-like appearance.
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Figure 3.1: Example Empirical Coverage Curves.

For Gaussian predictive distributions, the nominal coverage associated with a given number of
standard deviations can be determined from the Cumulative Distribution Function (CDE) of the
standard normal distribution [79]] (this coverage is equivalent to the x-axis of Figure [3.1)). The
describes the probability that a random variable takes a value less than or equal to a given
value. For a standard normal distribution, it therefore gives the cumulative probability up to a
specified number of standard deviations from the mean. The denoted by ®(z), gives the
probability that a standard normal variable takes a value less than or equal to z and is defined as

D(z /2 gy, (3.8)

>=¢%/_:e

where ¢ is a dummy integration variable and z is the upper limit of the integral. The probability

of a value x lying within k standard deviations of the predicted mean is therefore
P(—z<x<z)=P(7)P(—2), (3.9)

where 7 is the chosen number of standard deviations defining the interval. This provides the

expected coverage for a Gaussian predictive distribution at each chosen interval. For example,
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intervals of 10 and 1.960 correspond to approximately 68.3% and 95.0% coverage, respec-
tively. These values provide the nominal coverage levels against which empirical coverage can

be compared when assessing the calibration of the predictive uncertainties [80].

Finally, the quality of uncertainty quantification involves balancing calibration with sharpness.
Calibration refers to statistical consistency between predicted and observed variability, while
sharpness measures the concentration of predictive distributions independently of the realised
outcomes. A model that assigns excessively broad intervals will achieve nominal coverage but
provide little useful information. Conversely, a model that produces overly narrow intervals may
appear precise but fail to achieve correct coverage. The goal is therefore to obtain predictions

that are as sharp as possible while remaining well calibrated.

In the modelling of hadron observables, this balance is essential. Meaningful uncertainty bands
must reflect genuine physical ignorance without artificially inflating variability or masking sys-
tematic bias. A principled probabilistic framework provides the tools to assess and maintain
this balance, ensuring that uncertainty estimates are both statistically consistent and physically

informative.

3.5 Gaussian Processes

Gaussian Processes (GPk) provide a probabilistic framework for regression in which the object
of inference is a function rather than a finite set of parameters. They may be understood as a
natural extension of multivariate Gaussian distributions to infinite-dimensional function spaces.
Whereas a multivariate Gaussian defines a joint distribution over a finite collection of random
variables, a defines a joint distribution over function values evaluated at any finite set of

input points.

Formally, a[GPlis defined as a collection of random variables such that any finite subset follows
a multivariate normal distribution. A function f(x) is said to follow a if, for any inputs

X1, ..,Xn, the vector (f(x1),...,f(x,)) is multivariate Gaussian distributed. This is written as
FX) ~ A (m(X), k(X,X)), (3.10)

- =

where m(X) is the mean function and (X, X) is the covariance function, or kernel [6].
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This definition means that a is completely specified by its first and second moments. The
mean function determines the expected value of the function at each input point, while the co-
variance function determines the relationship between function values at different input points.
The therefore provides a probabilistic distribution over possible functions rather than speci-

fying a single functional form.

The mean function is defined as
m(xX) = E[f(¥)], (3.11)

and represents the prior expectation of the function at each input point. In many applications,
the mean function is chosen to be zero. This does not prevent the posterior from taking non-zero

values, since the observed data modify the prior expectation through the covariance structure.

The covariance function is defined as
K (%, %) = Cov(f (%), £(x))), (3.12)

and describes the covariance between function values at two input points. The covariance there-
fore determines how strongly knowledge of the function at one point is related to its behaviour
at another. The properties of the covariance function determine the class of functions that can be

represented by the Covariance functions and their properties are discussed in Section [3.6]

[GPl regression proceeds by conditioning the prior process on observed data. Suppose that mea-
surements y = (yi,...,y,) are observed at input points X = (X1, ...,X,), where each X; represents

a point in the input or kinematic space. The corresponding values are collected into the vector

V1
y=1:1]. (3.13)

Yn

To make predictions at new input points, consider a second set of points

X, = (¥,...,%5), (3.14)

m

where the values of the observable are to be predicted. These predicted values are collected into

"
ye=1|:1. (3.15)

Ym
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The defining property of a[GPlis that the values of the underlying function at any finite collection
of input points follow a multivariate Gaussian distribution. Consequently, the values at the
combined set of observed and prediction points, (X,X,), form a joint multivariate Gaussian
distribution. The mean vectors associated with the observed and prediction points are denoted
by

M=m(X), M, =m(X,), (3.16)

and the covariance matrices are constructed from the kernel according to

Kr=Kk(X,X), (3.17)
K. =k(X,X.), (3.18)
Ko =k(X., X,). (3.19)

In practice, the observed values are subject to experimental uncertainties. These can be incor-
porated by assuming that the measured values are related to the underlying function through
additive Gaussian noise,

y=f(X)+¢e, &~ .4(0,0%), (3.20)

where 62 is the covariance matrix of the experimental uncertainties. Since the sum of Gaussian
random variables is itself Gaussian distributed, the inclusion of experimental noise modifies the
covariance of the observed values without changing the covariance between the observed and

prediction points. The covariance matrix associated with the observed data therefore becomes

K =K;+0%=x(X,X)+0o> (3.21)

The resulting joint distribution of the observed values and the predicted values can consequently

e e

This result follows from two properties of Gaussian distributions. First, the definition of a

be written as
K K.

KI' K.,

’

[GP| ensures that function values at any finite set of input points are jointly Gaussian. Second,
the experimental uncertainties are assumed to be Gaussian and independent of the underlying
function. Adding this Gaussian noise to the observed function values therefore preserves the

multivariate Gaussian form of the joint distribution.
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The predictive distribution is obtained by conditioning the joint distribution in Equation[3.22]on

the observed values y [6]. The joint probability density corresponding to this distribution is

-1
y—M
. 3.23
L*_M*] 62

T
1

( ) P|l—5
, Vs ) o< X
P\ 2 Vi — M,

K K,
KI' K.,

For fixed observed values y, the conditional distribution p(y.|y) is obtained from the joint distri-
bution by treating y as constant. The exponent of the joint Gaussian can then be expanded into
terms involving y and y,. Terms that depend only on y contribute only to the normalisation of
the conditional distribution and can therefore be omitted. The terms that depend on y, can be

written as .
p(y«|y) o< exp {—5 IRy =2 KKK (v — M))} . (3.24)

Completing the square in y, gives

1 _
p(y«]y) o< exp {—5 s — ) 27 (e — u*)], (3.25)
where
wo =M, +K'K'(y—M), (3.26)
Y, =K. —K'K'K,. (3.27)

This expression has the form of a multivariate Gaussian distribution and can therefore be written

as

where L, and X, are the predictive mean and covariance, respectively.

The predictive mean in Equation [3.26] consists of the prior mean M, together with a correction
determined by the difference between the observed values y and their prior mean M. The cross-
covariance matrix K, determines how information from the observed points is transferred to the
prediction points, while K~! accounts for the covariance of the observations, including their

experimental uncertainties.
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The predictive covariance in Equation represents the remaining uncertainty in the predicted
values after conditioning on the observations. The second term in this expression represents the
reduction in uncertainty resulting from the information provided by the observed data. The mag-
nitude of this reduction depends on the covariance between the prediction and observed points.
Prediction points that are strongly correlated with the observed data are more strongly con-
strained and consequently have smaller predictive uncertainties. Conversely, prediction points
that are weakly correlated with the observations retain a larger proportion of their prior uncer-
tainty. In regions sufficiently far from the observed data, the cross-covariance K, becomes small
and the predictive distribution approaches the prior distribution. This provides a natural mech-
anism for propagating both the information contained in the measurements and the associated

uncertainty into regions where no direct measurements are available.

The [GPl framework can therefore be interpreted as a Bayesian approach to regression. In the ter-
minology introduced in Section the [GP| defines a prior distribution over functions through
its mean and covariance functions. The observed data then provide the likelihood through the
assumed measurement model, and conditioning the prior distribution on these observations pro-
duces the posterior distribution over functions. In this sense, the predictive distribution derived
above is the functional analogue of the posterior distribution in Equation Rather than ob-
taining a posterior distribution over a finite set of model parameters, regression obtains a
posterior distribution over possible functions. This interpretation is consistent with the Bayesian
formulation of [GPs as non-parametric models, in which the prior is placed directly over func-

tions rather than over the parameters of a prescribed functional form [6].

The Bayesian nature of the is particularly relevant when predicting at unmeasured points.
The prior encodes assumptions about the behaviour and correlations of the underlying function,
while the observed data update these assumptions through the likelihood. The predictive mean
and covariance therefore describe the posterior state of knowledge about the function after con-
ditioning on the available measurements. This provides a natural framework for propagating
both experimental information and uncertainty into regions where measurements are sparse or

unavailable, which is a central motivation for the framework developed in this thesis.

The probabilistic nature of the|GP|can also be illustrated by drawing samples from the posterior
distribution over functions. Unlike samples drawn from the prior, posterior samples are con-
ditioned on the observed measurements and therefore reflect both the information contained in
the data and the assumptions encoded by the covariance function. Figure [3.2] shows posterior
samples drawn from the same posterior using 10 and 100 samples. For this illustrative ex-

ample, the Radial Basis Function (RBE) kernel is used to define the covariance function (this is
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discussed further in the next section), while the observed values are assumed to have no asso-
ciated experimental uncertainty, such that the posterior samples are constrained to pass through

the observed points.
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(a) 10 samples. (b) 100 samples.

Figure 3.2: Posterior[GP|samples illustrating the range of functions consistent with the observed
data. Each curve represents a possible function passing between the observed points, with the
ensemble of curves representing the functions permitted by the posterior distribution. Increasing
the number of samples provides a denser representation of this range of possible functions.

With a small number of samples, the individual functions illustrate the range of behaviours
permitted by the posterior distribution, while increasing the number of samples provides a pro-
gressively clearer representation of the possible functions. The spread of the sampled functions
therefore provides a visual representation of the predictive uncertainty. These samples provide
a direct representation of the distribution over possible functions, while the predictive mean and
covariance provide a compact statistical description of the same distribution. Figure [3.3] shows
the posterior mean together with uncertainty bands derived from the predictive covariance. The
sampled functions can be interpreted as individual realisations from this posterior distribution,

fluctuating around the predictive mean with a spread determined by the local predictive variance.

The preceding discussion establishes the basic framework of [GP regression. A prior distribution
over functions is specified through a mean function and covariance function, observations are
incorporated by conditioning this prior on the available data, and the resulting posterior pro-
vides predictions together with associated uncertainties. The covariance function is particularly
important because it determines the statistical relationship between function values at different
input points and therefore controls the types of functions that can be represented by the

Covariance functions, commonly referred to as kernels, and their properties are discussed in the
Section
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Figure 3.3: Example fit showing the posterior mean and uncertainty band. The predictive
distribution summarises the range of functions represented by the posterior samples shown in

Figure[3.2]

3.5.1 Cholesky Decomposition

Explicitly computing K~! of the predictive[GPlmean in Equationis computationally expen-
sive and can introduce unnecessary numerical instability. A standard alternative is to factorise
the covariance matrix using a Cholesky decomposition [6]; this factorises a symmetric positive-
definite matrix into the product of a lower triangular matrix and its transpose, allowing linear
systems involving the covariance matrix to be solved without explicitly computing its inverse
(these properties of the covariance matrix are discussed further in the following section). The

Cholesky decomposition expresses the covariance matrix as
K=LL", (3.29)

where L is a lower triangular matrix. This factorisation allows the required linear systems involv-
ing K to be solved using forward and backward substitution, avoiding the explicit calculation of

K~! and providing a more numerically stable and computationally efficient approach.

The predictive mean requires the quantity K~ !(y — M). Rather than finding the inverse explicitly,
o is defined as the solution to Ko = (y — M). Using the Cholesky decomposition, this system
is solved through two triangular linear systems: Lz = (y — M) is solved for z and the result

used to solve LT o = z for . Since triangular systems can be solved efficiently using forward
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and backward substitution, this approach is both computationally cheaper and numerically more

stable than explicitly computing K~!. The posterior mean can then be written as

u. =M, +K . (3.30)

This formulation is mathematically equivalent to Equation [3.26] whilst avoiding explicit inver-
sion of the covariance matrix. A similar approach is used to evaluate the posterior covariance,
as shown in Equation Defining v = L' K, where K, is the covariance matrix between the

known inputs and the prediction points, the predictive covariance becomes
Lo =K =Ty, (3.31)

where X, is the covariance matrix of the posterior predictions and K. is the covariance ma-
trix evaluated between the prediction points. The matrix v therefore contains the contribution
from the covariance between the training and prediction points after solving the corresponding
triangular system. This expression is equivalent to Equation but evaluates the required

operations using the Cholesky factorisation rather than explicitly calculating K.

3.6 GP Kernels

The covariance function, commonly referred to as the kernel, is a central component of alGPL It

specifies the covariance between function values at different input points,
k(d@,b) = Cov(f (@), f(b)), (3.32)

and therefore determines how strongly observations at one location influence predictions at an-
other. The kernel also encodes assumptions about the properties of the underlying function, such

as its smoothness, characteristic scale of variation, periodicity and amplitude.

For a covariance function to define a valid [GP] the resulting covariance matrix must be symmet-
ric and positive semi-definite. A matrix is symmetric if it is equal to its transpose,

K=K". (3.33)
For a covariance matrix, this follows from the symmetry of the covariance between two random
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variables, such that the covariance between f(d) and f(b) is the same as that between f(b) and

f(a@).

The covariance matrix must also be positive semi-definite. This requires that
'ke>0 (3.34)

for every vector ¢. Positive semi-definiteness ensures that the covariance matrix represents phys-
ically and mathematically valid variances for arbitrary linear combinations of the function val-

ues. In particular, for any linear combination
z=2f, (3.35)

its variance is given by
Var(z) = &' K¢, (3.36)

which cannot be negative. These conditions ensure that the kernel defines a valid covariance
matrix and consequently a valid multivariate Gaussian distribution for every finite collection of

function values [6].

The behaviour of a kernel can be understood in terms of the covariance between two input
points. When two points have a large covariance, their function values are strongly correlated
and knowledge of the function at one point provides substantial information about the other.
Conversely, when the covariance is small, the two function values are weakly correlated and the
function is able to vary more independently between them. The rate at which the covariance
decreases with distance therefore determines the characteristic scale over which information is

propagated through the input space.

Different kernel choices correspond to different assumptions about the regularity and structure

of the underlying function. Several commonly used kernels are described below.

65



3.6.1 Radial Basis Function Kernel

The squared exponential, or radial basis function (RBE), kernel is one of the most widely used

covariance functions for modelling smooth functions [6]. In its general form, it is defined as

- 1 & (g —bi)?
K(a,b>:o}exp —52% , (3.37)
1= l

where d denotes the number of input dimensions, ¢; is the characteristic length scale associ-
ated with the i-th dimension, and G]% is the amplitude. The kernel is stationary, meaning that
the covariance depends only on the separation between the input points rather than their abso-
lute positions. The covariance decreases smoothly with increasing separation, such that nearby
points are strongly correlated while points separated by distances large compared with their

characteristic length scales become increasingly uncorrelated.

The characteristic length scale /; determines the rate at which correlations decay along the cor-
responding input dimension. A small length scale allows the function to vary over shorter dis-
tances, while a large length scale produces correlations over greater distances and therefore
favours more slowly varying behaviour. In multiple dimensions, assigning a separate length
scale to each input dimension allows the kernel to represent different characteristic scales of
variation in different directions through the input space. The amplitude G]% controls the over-
all scale of the covariance and therefore the typical magnitude of variations about the mean

function.

An important property of the RBH kernel is the smoothness of the functions it produces. Func-
tions drawn from a with an [RBF covariance function are infinitely differentiable, meaning
that derivatives of all orders exist and are continuous [6]. Consequently, the functions repre-
sented by this kernel cannot contain discontinuities, sharp corners, or other non-differentiable
features. The RBE kernel therefore imposes a strong prior assumption that the underlying func-
tion varies smoothly throughout the input space. The length scales determine the characteristic
distance over which this smooth variation occurs, while the amplitude determines its overall

scale.

The RBE kernel consequently provides a relatively simple covariance model in which the hyper-
parameters control the scale and smoothness of the functions represented by the Alternative

kernel choices modify these assumptions and can therefore represent functions with different
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degrees of smoothness or other structural properties.

3.6.2 Matérn kernel

A second commonly used choice is the Matérn kernel [81]]. Unlike the RBH kernel, which
imposes infinite differentiability, the Matérn family provides a direct means of controlling the
smoothness of the functions represented by the [GPL The Matérn covariance function can be

written as

Ky (Zz,B) =

where G} is the amplitude, ¢; is the characteristic length scale associated with the i-th input

, (3.38)

dimension, Vv is the smoothness parameter, I" is the Gamma function, and K, is a modified

Bessel function of the second kind.

Similar to the RBE kernel, the length scales ¢; determine the rate at which correlations decrease
with separation along each input dimension. A small ¢; allows functions to vary over shorter
distances in the corresponding dimension, while a large ¢; produces correlations over greater
distances and therefore favours more slowly varying behaviour. The amplitude G]% determines
the overall variance scale of the function, while v controls its smoothness. Smaller values of v
produce functions with less smooth and more rapidly varying behaviour, whereas increasing v

results in progressively smoother functions.

The smoothness parameter provides an important distinction between the Matérn and RBF ker-
nels. For finite values of v, functions drawn from a Matérn have a finite degree of differen-
tiability, with the number of mean square derivatives increasing as V increases [6]]. Thus, unlike
the RBH kernel, the Matérn kernel can represent functions that are smooth but not infinitely
differentiable. In the limit v — oo, the Matérn kernel approaches the RBE kernel, recovering its
infinitely differentiable behaviour [6].

For certain commonly used values of v, the Matérn kernel has simpler analytical forms. For
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example, when v = 3/2,
2 (2.6) = 07 (14V3r) exp (~V3r). 339

while for v =5/2,
52 (0.8) = f (1457 2 ) exp (—5r). 340

where

(3.41)

3.6.3 Comparison of RBF and Matérn Kernels

The choice between the RBF and Matérn kernels therefore represents a trade-off in the as-
sumptions made about the smoothness of the underlying function. The [RBH kernel provides
the strongest smoothness assumption, with functions that are infinitely differentiable, but this
may be unnecessarily restrictive when the underlying physical behaviour contains more rapid
or less regular variations. The Matérn family relaxes this assumption by allowing the degree
of smoothness to be controlled through v, providing greater flexibility at the cost of introduc-
ing an additional hyperparameter and allowing less smooth functions. Consequently, while the
[RBE kernel may be appropriate when a highly smooth underlying function is expected, Matérn
kernels can provide a more flexible description when the degree of smoothness is not known a

priori.

Figure [3.4]illustrates the effect of the kernel choice by showing posterior samples generated us-
ing the[RBH and Matérn kernels. The two sets of samples are conditioned on the same observed
data, but the different covariance functions impose different assumptions on the smoothness of
the underlying function. The resulting functions therefore exhibit different behaviour despite

being constrained by the same measurements.

Other kernel families can encode different types of structure. For example, periodic kernels can
represent functions with repeating behaviour, while linear kernels describe covariance associated
with linear relationships between input variables. Kernel combinations can also be constructed

to represent more complex forms of behaviour, allowing multiple structural assumptions to be
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(a) RBE kernel. (b) Matérn kernel.

Figure 3.4: Posterior [GP| samples generated using different covariance functions and condi-
tioned on the same observed data. The different kernels impose different assumptions about
the smoothness of the underlying function, resulting in different sets of possible functions. The
[RBE kernel produces infinitely differentiable functions and therefore favours highly smooth be-
haviour, while the Matérn kernel allows less smooth functions depending on the choice of v.
The figure illustrates how these differing smoothness assumptions influence the range of func-
tions that can be represented while remaining consistent with the same observations.

incorporated into a single covariance function.

The choice of kernel therefore determines the prior distribution over functions and consequently
influences the behaviour of the resulting Different kernels can produce substantially dif-
ferent function spaces even when conditioned on the same observations. Kernel selection is
consequently an important modelling consideration, particularly when the available data pro-

vide limited information about the underlying functional behaviour.

3.7 Hyperparameter Optimisation

The kernel functions introduced in Section [3.6|contain parameters that determine the properties
of the functions represented by the|[GP. These parameters are referred to as hyperparameters and

are generally not known a priori. The hyperparameters are collected into a vector
0=(61,60,...,6,), (3.42)

where p is the total number of hyperparameters.
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As an example, consider the RBF kernel introduced in Equation The characteristic length
scale ¢ determines how rapidly correlations decay as a function of distance in input space. A
small length scale allows the [GPIto vary over shorter distances and therefore provides greater lo-
cal flexibility, while a large length scale produces correlations over greater distances and favours
smoother, more slowly varying behaviour. If ¢ is too small, the [GPl may exhibit rapid variations
between neighbouring datapoints and become overly sensitive to individual measurements, as il-
lustrated in Figure[3.5a Conversely, if ¢ is too large, the[GPlmay smooth out genuine variation in
the underlying function, resulting in biased predictions between measurements, as illustrated in
Figure [3.5b] These examples demonstrate how the choice of hyperparameters can substantially

influence the behaviour of the resulting [GP
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(a) Length scale ¢ too small. (b) Length scale ¢ too large.

Figure 3.5: Example [GP!fits illustrating the effect of an inappropriate choice of the RBE kernel
length scale ¢. In both cases, the is conditioned on the same set of observed datapoints, but
different values of ¢ are used. For a length scale that is too small (left), the is able to vary
rapidly between neighbouring datapoints, resulting in increased local variation and sensitivity
to individual measurements. For a length scale that is too large (right), the stronger correlations
over larger distances impose greater smoothness on the posterior mean, potentially suppressing
genuine variation in the underlying function. The examples demonstrate that the length scale
controls the balance between local flexibility and smoothness and therefore has a significant
influence on the resulting |GP| prediction.

The hyperparameters must therefore be determined using an appropriate optimisation proce-
dure. The standard approach to determining these hyperparameters is to maximise the marginal
likelihood of the observed data [6].

The marginal likelihood is obtained by integrating over all possible values of the latent function.

For the observed data considered in Section [3.3] this can be written as

P(y1X.8)= [ Pl FOX)IP(FX) | X, 0).dF(X). (343
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Here, P(y| f(X)) describes the probability of obtaining the observed data for a given underlying
function, while P(f(X) | X, 0) describes the prior probability distribution of the latent function
for a given set of input points and hyperparameters. From the [GP formulation introduced in

Section [3.5] the latent function is distributed according to
p(f(X)|X,0) ~ A (M,Ky), (3.44)

where M = m(X) is the mean vector and Ky = k(X,X) is the covariance matrix of the latent

function. The likelihood of the observed data for a given latent function is therefore

POy f(X)) = A (f(X),X), (3.45)

where ¥ = o1 represents the covariance matrix formed from experimental uncertainties. Since

the observed values are given by
y=f(X)+Z%, (3.46)

the marginalisation over f(X) combines the uncertainty in the latent function with the experi-

mental uncertainty. As established in Section [3.5] the resulting covariance matrix is
K=Ks+ZX. (3.47)
The marginal distribution of the observed data is therefore

y~ N (M,K). (3.48)

Solving the integral in Equation gives the marginal probability density

exp —l(y—M)TK*I(y—M) : (3.49)

1
Vv (27)" K]

Taking the negative logarithm gives the negative marginal log-likelihood,

1 _ 1 n
—logP(y|X,0) = E(y—M)TK My —M)+ 510g|K! + Elog(Zﬂ?). (3.50)

The optimal hyperparameters can then be obtained by minimising this quantity,

0" =arg,min[—logP(y | X, 0)]. (3.51)
6
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3.7.1 Issues with Sparse Datasets

The marginal likelihood provides a principled method for determining the hyperparameters of a
However, maximising the marginal likelihood does not necessarily ensure that the resulting
[GPhas the properties required when modelling sparse experimental data. In particular, when the
available measurements provide limited coverage of the underlying function, the marginal like-
lihood may provide only weak constraints on some hyperparameters. Different combinations of
hyperparameters can consequently produce similarly probable descriptions of the observed data,
while giving substantially different behaviour between the measured points. This is particularly
relevant for length scale parameters, which determine the characteristic distance over which the

covariance decreases and therefore control the smoothness of the resulting function.

The behaviour of the marginal likelihood can be illustrated using the O, polarisation observable
for the yp — KL " reaction [82]. The dataset contains approximately 21 measurements covering
the full angular range, cos® = —1 to +1, over an energy range of approximately 800 MeV.
Figure 3.6 shows the negative marginal log-likelihood as a function of the angular and energy

length scale parameters for this dataset.

The negative log-likelihood surface demonstrates two features that are important for sparse
datasets. First, the optimum occurs at a relatively small angular length scale. Such a value
permits the to vary rapidly with angle between the available measurements, despite the
comparatively smooth behaviour expected of the observable over the measured angular range.
Second, the contours of the surface are approximately flat in the energy direction, forming an
extended ridge across a broad range of energy length scales. This indicates that a substantial
range of energy length scales provides similarly good descriptions of the available measure-

ments, meaning that the energy dependence is poorly constrained by the marginal likelihood.

This behaviour arises because the marginal likelihood evaluates how well a particular probabilis-
tic model describes the measurements that are available. When those measurements sparsely
sample the underlying physical dependence, there may be insufficient information to distin-
guish between different behaviours in regions between the measured points. Consequently, a
hyperparameter set can provide a good marginal likelihood while producing undesirable inter-
polation behaviour or poorly calibrated predictive uncertainties in regions where measurements

are sparse.
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Figure 3.6: Negative marginal log-likelihood surface calculated from Equation for the O,
polarisation observable [82]. The approximately flat contours in the energy direction indicate
that the energy length scale is poorly constrained by the marginal likelihood, while the minimum
occurs at a relatively small angular length scale.

This distinction is important for the application considered in this thesis. The objective is not
simply to determine the that provides the most probable description of the measured points,
but to construct an interpolation that provides a statistically reliable representation of the observ-
able between those measurements. The predictive uncertainties must also provide a meaningful
indication of the confidence in the interpolated function. These requirements are not directly

encoded in the marginal likelihood alone.

The example in Figure[3.6|therefore demonstrates that, for sparse experimental datasets, marginal-
likelihood optimisation may not sufficiently constrain the hyperparameters relevant to the de-
sired interpolation. Rather than replacing the marginal likelihood entirely, this motivates the
inclusion of additional criteria that directly assess properties such as predictive uncertainty cal-
ibration and the behaviour of the [GP|between measured points. A hyperparameter optimisation

procedure incorporating these requirements is developed in Chapter 4]
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3.8 Finding a Multidimensional Optimum

Many optimisation problems require the minimum of a function that depends on multiple vari-
ables. The objective of the optimisation is to identify the point at which the function takes its

minimum value.

In one dimension, this problem can be visualised as finding the lowest point of a curve. In mul-
tiple dimensions, the objective function instead defines a landscape over the parameter space,
with each point corresponding to a particular combination of the variables. The resulting land-
scape can contain multiple local minima, flat regions and strongly correlated directions, making
it difficult to identify the global minimum through a simple systematic search. An optimisa-
tion method must therefore balance exploration of the available space with convergence towards

regions where the objective function is small.

One approach to exploring a multidimensional space is to generate an initial set of points that
provides broad coverage of the allowed region. Latin Hypercube Sampling (LHS) is one method
for achieving this [83]]. If m samples are required, each dimension of the search space is divided
into m equally sized intervals, with one random sample selected from each interval. The samples
in each dimension are then independently permuted before being combined to form the final
multidimensional sample points. Consequently, each interval is sampled exactly once in every
dimension. This provides more uniform marginal coverage of the search space than purely
random sampling and can be useful when generating an initial population of candidate solutions.

can easily be implemented by using the smt . sampling_methods.LHS package [84].

Two approaches commonly used to explore multidimensional spaces are Markov Chain Monte
Carlo and Particle Swarm Optimisation (PSQ)). Although both methods can explore
complex multidimensional landscapes, they have different underlying purposes. is fun-
damentally a sampling technique used to characterise a probability distribution (and is com-
monly used in hadron physics in this context), whereas is an optimisation algorithm de-

signed to locate a minimum of an objective function.
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3.8.1 Markov Chain Monte Carlo

As discussed in Section is a sampling method used to approximate complex proba-
bility distributions by generating a sequence of parameter values that form a Markov chain. This
process introduces a stochastic exploration of the parameter space, allowing the chain to move
through regions of different probability density while favouring regions of higher probability.
After an initial burn-in period, the samples can be treated as draws from the target distribution,

provided that the chain has converged.

For a D-dimensional variable ¥, this produces a sequence of samples X1 2 ... ¥™) where

each sample represents a point in the multidimensional space. The target distribution can be

related to an objective function. For example, a distribution can be defined as
P(X) o< exp [—L(X)] . (3.52)

Under this definition, regions where L(X) is small have a greater probability of being sampled.
The resulting samples therefore provide information about the structure of the objective land-

scape, including regions of high probability, local minima and correlations between dimensions.

In practical applications, the number of samples required for convergence is not necessarily
known in advance. Instead, convergence diagnostics can be evaluated periodically during sam-
pling and used to determine whether the chains have sufficiently explored the target distribution.
This allows the sampling to be terminated once the convergence requirements are satisfied, rather
than requiring a fixed number of iterations to be chosen in advance. Two commonly used diag-
nostics for assessing MCMC convergence are the Gelman-Rubin statistic [64]] and the integrated

autocorrelation time [85]].

Gelman-Rubin Statistic

The Gelman-Rubin statistic, R, assesses convergence by comparing the variation within individ-
ual chains with the variation between different chains [[64]. Consider m chains, each containing

n samples. The mean of chain i is denoted by 6;, while the overall mean of all chains is denoted
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by 8. The variance within the chains is estimated from

1
w=-Y 2 (3.53)
m;3

where s% is the variance of the samples in the ith chain. The between-chain variance is given by

B=—"_¥ (6-6). (3.54)

W+ -B. (3.55)

(3.56)

When R ~ 1, the within-chain and between-chain variance estimates are in agreement, indicating
that the chains have mixed well and are sampling from the same distribution. Values of R
significantly greater than unity indicate that the chains have not yet converged. The statistic

therefore provides a measure of consistency between independently initialised chains.

Integrated Autocorrelation Time

While R assesses agreement between chains, the integrated autocorrelation time provides infor-
mation about the statistical independence of samples within a chain. Successive MCMC samples
are generally correlated, meaning that a chain containing a large number of samples does not
necessarily contain the same amount of information as an equivalent number of independent

samples.

For a chain containing n samples, the autocovariance at lag ¢, where ¢ denotes the separation
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between samples in the chain, can be written as
1 n—t B B
Ct) = — Y (6,—6)(6,4:—6). (3.57)
s=1

The corresponding normalised autocorrelation function is

p(t) = %. (3.58)

The integrated autocorrelation time is then defined as
T=1+2) p(r). (3.59)
=1

The value of 7 provides an estimate of the number of consecutive correlated samples required
to obtain approximately one independent sample. Consequently, larger values of 7 indicate

stronger correlations within the chain and a lower effective number of independent samples.

Rather than requiring 7 to reach a particular value, its stability can be used as a convergence
criterion. If successive estimates of the integrated autocorrelation time are denoted by 7,14 and
Tnew, @ relative stability measure can be defined as

’ Told — Tnew |

Tstability = (3.60)

Tnew

A small value of Tgpiliry indicates that the estimated autocorrelation time has become stable
as the chains grow, suggesting that additional sampling is unlikely to substantially alter the

estimate.

The Gelman-Rubin statistic and integrated autocorrelation time therefore provide complemen-
tary convergence information. R assesses whether independently initialised chains are sampling
consistently from the same distribution, while Tyapiliy assesses whether the estimated autocor-
relation structure has stabilised. Requiring both measures to indicate convergence provides a

more robust stopping criterion than relying on either diagnostic alone.
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Identifying Multimodal Solutions

The probability distribution obtained from an calculation may contain multiple modes
corresponding to distinct regions of the multidimensional parameter space. This is particularly
important when using samples to identify an optimum, as the mean of the samples does
not necessarily correspond to a minimum of the objective function. For example, in Figure [3.7]
two modes are separated in parameter space, such that their mean may lie between the modes in

a region of relatively low probability.
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Figure 3.7: Example two-dimensional corner plot illustrating the multimodal nature of the prob-
ability distribution obtained from the calculation. The presence of distinct modes indi-
cates multiple preferred regions of the parameter space, such that the mean of all sampled points
may lie between the modes and not correspond to an optimum.

The sampled points can instead be separated into clusters representing distinct regions of the pa-
rameter space. K-means clustering, implemented using sklearn.cluster.KMeans [86],
provides one approach for achieving this by partitioning the MCMC| samples into K clusters.

Each sample is assigned to the cluster whose centre is closest according to the Euclidean dis-
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tance, after which the cluster centres are updated by taking the mean of the assigned samples.
This process is repeated until the cluster centres have stabilised or a maximum number of itera-

tions is reached.

The appropriate value of K is not necessarily known beforehand. As K-means requires K > 2,
the possibility that the sampled distribution contains only a single mode is considered first. The
1D distribution of the samples can be examined using scipy.signal.find_peaks [21] to
identify distinct local maxima. If a single peak is identified, the samples do not require further
clustering and the corresponding region can be used directly for subsequent optimisation. If
multiple peaks are identified, K-means clustering is performed for a range of possible values of
K.

The quality of the resulting clustering is assessed using the silhouette score, originally proposed

by Rousseeuw [87]]. For a sample x, the silhouette score is defined as

S()C) _ b(X) —(l(X)

~ max (a(x),b(x))’ (3-61)

where a(x) is the mean distance between x and the other samples within its own cluster, while
b(x) is the mean distance between x and the samples in the nearest neighbouring cluster. The
overall silhouette score is obtained by taking the mean of S(x) over all samples. A larger value

indicates that the samples are, on average, better separated into distinct clusters.

The silhouette score is evaluated for multiple values of K, with the value producing the largest
mean score selected as the preferred number of clusters. The resulting cluster centres then pro-
vide representative points within the distinct regions of the parameter space. Each cluster centre
is used as an initial guess in scipy.optimize.minimize [21f], allowing a local optimi-
sation of the objective function to be performed from each identified region. The minimum

obtained across these local optimisations is then selected as the final optimum.

This procedure allows the calculation to serve as a global exploration of the multidi-
mensional objective function landscape while avoiding the assumption that its samples repre-
sent a single approximately Gaussian region. Distinct modes can therefore be identified and
subsequently refined using direct local optimisation, reducing the likelihood that an optimum is

missed because the MCMC samples occupy multiple separated regions of parameter space.
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3.8.2 Particle Swarm Optimisation

is a population based optimisation algorithm in which a collection of candidate solutions,
referred to as particles, simultaneously explores the multidimensional search space [88]]. Each
particle represents one possible solution and is described by a position vector X;(¢), where i
identifies the particle and ¢ denotes the iteration of the optimisation. Each particle also has an
associated velocity vector V;(¢), which determines the change in its position between successive

iterations.

The objective function is evaluated at the position of every particle. During the optimisation,
each particle records the position at which it has previously obtained its lowest objective function
value. This is referred to as the particle’s personal best position and is denoted by p;(¢). The
swarm also records the best position found by any particle, referred to as the global best position
and denoted by g(7). The corresponding objective function values are L(p;(r)) and L(g(¢)),

respectively.

The particle velocities are updated at each iteration according to three components: inertia,

cognitive attraction and social attraction [89]],
Vi(t +1) = 0Vi(t) + o171 [Pi(t) — Xi(t)] + c22 (1) — Xi(1)] (3.62)

where @ is the inertia coefficient, ¢ is the cognitive coefficient, c; is the social coefficient, and

71 and 7, are stochastic vectors.

The three terms in Equation [3.62]have distinct roles:

* Inertia: The term wV;(¢) retains part of the particle’s previous velocity. This allows
particles to maintain their existing direction of motion and promotes exploration of the

search space.

* Cognitive: The term c7[p;(t) — X;(¢)] attracts a particle towards its own best known

position. This allows each particle to use information from its individual search history.

* Social: The term c,7,[g(r) — X;(¢)] attracts a particle towards the best position found by
the swarm. This allows information discovered by one particle to influence the movement

of all other particles and promotes convergence towards favourable regions.
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The relative contributions of these three components are controlled by the coefficients w, ¢; and
c3. The inertia coefficient determines the influence of the particle’s previous motion, while the
cognitive and social coefficients determine the strength of the attraction towards the particle’s

own best position and the swarm’s global best position, respectively.

Following the velocity update, the position of each particle is updated according to
Xi(t4+1)=X(t)+vi(t+1). (3.63)

The objective function is then evaluated at the new position, and the personal and global best
positions are updated if an improved solution has been found. Repeating this process causes the
swarm to explore the search space while progressively concentrating around regions associated

with low objective function values. An example of this evolution is shown in Figure[3.§]

In practical optimisation problems, the search space is often restricted to a finite region. Each
dimension can therefore be assigned lower and upper bounds, such that x; min < X; j(f) < X;j max.
where x; ; is the jth component of the position vector of particle i. Similarly, limits can be
placed on the velocity to prevent particles from making excessively large movements between

iterations.

The optimisation is repeated until a specified convergence criterion or maximum number of iter-
ations is reached. The global best position at the end of the optimisation provides the candidate

solution corresponding to the lowest objective function value encountered by the swarm.

The principal distinction between and is therefore their intended use.
generates samples from a probability distribution and can be used to characterise the structure,
uncertainties and correlations of a multidimensional space, while also allowing preferred or
minimum regions to be identified. In contrast, uses a population of candidate solutions to
search directly for a minimum. Both methods can explore complex multidimensional landscapes
without requiring the objective function to be analytically differentiable, making them useful for

problems where conventional gradient based approaches may be unsuitable.
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Figure 3.8: Evolution of the particle positions during a Particle Swarm Optimisation The
particles initially explore a broad region of the parameter space before progressively concentrat-
ing around regions associated with lower objective function values. The changing distribution
illustrates the transition from broad exploration towards convergence on a favourable region of
the search space.

3.9 Comparing CDFs

Several standard measures can be used to quantify the difference between two [CDEs. These
measures reduce the difference between two curves to a single scalar quantity, allowing the
agreement between the corresponding probability distributions to be quantified. Different mea-
sures emphasise different aspects of the discrepancy between the curves. In particular, the
Kolmogorov-Smirnov (KS) distance, the Cramér-von Mises (CvM)) statistic, the Anderson-
Darling (AD)) statistic and the Wasserstein distance provide several established approaches for
comparing one-dimensional distributions through their [CDFs 91]]. These measures are in-
troduced here in terms of two generic [CDEs, denoted by Fj(c) and F>(c).
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3.9.1 Kolmogorov-Smirnov Distance

The Kolmogorov-Smirnov (KS) distance provides a simple measure of the largest difference
between two [CDES. It is defined as

Dxs = sup|Fi(c) — Fa(c)], (3.64)

where sup denotes the supremum, or least upper bound, of the quantity over all values of c.
In other words, Dgs is the smallest value that is greater than or equal to |Fj(c) — F>(c)| for
every value of c. For continuous functions over a finite range, the supremum corresponds to the

maximum vertical separation between the two curves.

The distance therefore depends only on the point at which the two curves differ most. A
large discrepancy confined to a small region can produce a large [KS|distance, while differences
distributed across a broad range may produce the same value provided that their maximum
separation is the same. Consequently, the distance provides a measure of the largest local
discrepancy between two distributions rather than their overall agreement across the full range.
The statistic is commonly used for goodness-of-fit and two-sample comparisons because of
this direct interpretation in terms of the maximum separation between cumulative distributions
[91]].

3.9.2 Cramér-von Mises Distance

The Cramér-von Mises approach instead considers the discrepancy between the two

ICDESs across their entire range. A general form can be written as

Dy = / [Fi(c) — B(c))*w(c),dc, (3.65)

where w(c) is a weighting function that determines the relative importance assigned to discrep-
ancies at different values of c. In other words, the weighting function controls how strongly a
particular region of the contributes to the overall measure. A larger value of w(c) gives
greater importance to differences between the two in that region, while a smaller value

reduces their contribution. For a uniform weighting, w(c) = 1, all values of ¢ contribute equally
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and the expression reduces to

Dewi = [ File) = Fa(e)de. (3.66)

Unlike the distance, which considers only the largest difference, the measure incor-
porates discrepancies throughout the entire range of c. The squared difference also means that
larger discrepancies contribute disproportionately to the resulting value. Consequently, two pairs
of with the same maximum separation can produce different[CvMldistances if the discrep-
ancies are distributed differently across the range. The statistic is therefore sensitive to the

overall agreement between the two curves rather than only their largest local difference [91].

3.9.3 Anderson-Darling Distance

The Anderson-Darling (AD) approach extends the concept by introducing a weighting
function that gives greater importance to discrepancies in the tails of the distributions. A com-

monly used form is

_ (R -R@)
DAD = / FZ(C) [1 —FQ(C)] ,sz(C). (367)

The weighting factor
1

" B(O)[1-A(C)

increases as F»(c) approaches either zero or one. Consequently, differences between the two

w(c) (3.68)

near the lower and upper tails receive greater weight than differences near the centre of
the distribution. The [ADI measure is therefore particularly sensitive to discrepancies in the tails,
making it useful when agreement in the extreme regions of a distribution is of particular interest
[91]].

The distinction between the and approaches is therefore primarily the weighting ap-
plied to different regions of the distribution. With approximately uniform weighting, the
measure considers discrepancies across the distribution more evenly, whereas the measure
explicitly increases the contribution from the tails. These different weighting schemes allow the

same pair of [CDESs to be assessed with different sensitivities to where the discrepancy occurs.
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3.9.4 Wasserstein Distance

The Wasserstein distance provides another standard approach for comparing probability dis-
tributions. It is based on the concept of optimal transport, where the difference between two
distributions is quantified by considering the minimum amount of “work” required to transform
one distribution into the other [90]. This can be illustrated using the analogy of moving piles of
dirt. If two piles represent two probability distributions, one distribution can be transformed into
the other by moving probability mass between different locations. The work required to perform
this transformation depends on both the amount of probability mass moved and the distance over

which it is moved. The Wasserstein distance corresponds to the minimum total work required.

For one-dimensional probability distributions, the first-order Wasserstein distance has a particu-
larly simple representation in terms of their corresponding [CDFEk,

W= / IFi(c) — Fa(c) | de. (3.69)

Thus, for 1D distributions, the Wasserstein distance is equal to the total area between the
two curves. Unlike the distance, which considers only the maximum separation, the
Wasserstein distance incorporates the discrepancy across the entire range of c¢. Unlike the
and[ADImeasures, which use the squared difference between the [CDFEks, the Wasserstein distance
uses the absolute difference. The resulting quantity also has a direct interpretation in terms of

the distance over which probability mass must be transported.

If the are evaluated on a uniformly spaced grid, Equation [3.69| can be approximated by

the corresponding Riemann sum,
W = Z |F1(cx) — Fa(cr)| Oc, (3.70)
k
where ¢; denotes the k-th grid point and Oc is the spacing between adjacent points. This form

provides a direct way of evaluating the Wasserstein distance when the [CDFEk are available only

at discrete values of c.
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3.9.5 Comparison of CDF Measures

The four measures described above quantify differences between two in different ways.
The [KS|distance is determined by the largest vertical separation between the curves and is there-
fore sensitive to the maximum local discrepancy. The measure considers the squared
discrepancy across the full range, providing a measure of overall agreement. The measure
uses a similar integrated squared discrepancy but places greater emphasis on the tails of the dis-
tributions. The Wasserstein distance integrates the absolute separation between the curves and,
in one dimension, has the additional interpretation of the minimum transport cost between the

two distributions.

These differences are illustrated schematically by considering two with discrepancies
occurring in different regions. A metric based only on the maximum separation, such as the
distance, does not distinguish between discrepancies with the same maximum magnitude but
different extents. Measures based on an integrated difference, such as the and Wasserstein
distances, account for the extent of the discrepancy across the full range. The measure
additionally changes the relative importance of the discrepancy according to its location, giving
greater weight to the tails. The appropriate measure therefore depends on the properties of the

distributions being compared and the aspect of their agreement that is of interest.

3.10 Interpolation and Extrapolation

A central consideration when applying a regression model to sparse data is whether predictions
are made within the region supported by the observations or beyond it. This distinction is com-
monly described in terms of interpolation and extrapolation. Interpolation refers to prediction
within the region of the input space for which observations are available, whereas extrapolation
refers to prediction outside the region supported by the observed data. The distinction is par-
ticularly important for sparse datasets, where apparently small extensions beyond the measured

region can correspond to substantial distances from the nearest observations.

For a[GP] the distinction between interpolation and extrapolation is also related to the covariance
structure specified by the kernel. For the[RBEkernel introduced as Equation[3.37] the covariance
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between two points decreases exponentially with their separation,

(x—x)2
K(X,X) = GJ%CXP _2—62 s (371)

where / is the characteristic length scale. Consequently, two points separated by a distance much
greater than the length scale,
|x — x| >0, (3.72)

have negligible covariance and are effectively uncorrelated under the kernel.

This behaviour has a direct consequence for the [GP predictive distribution. Predictions made
sufficiently far from the observed data have increasingly little dependence on the observations
and instead approach the prior distribution. For a zero prior mean and a unit prior variance, the
predictive mean therefore approaches zero while the predictive variance approaches unity as the

distance from the observed data becomes large. This behaviour is illustrated in Figure[3.9]

The length scale therefore provides a measure of the spatial range over which observations can
influence a prediction. However, interpolation and extrapolation should not be regarded as being
defined solely by the kernel length scale. Rather, the geometric extent of the observed dataset
provides a natural first definition of the region in which predictions are supported by measure-
ments. In one dimension this region is straightforward to identify, while in higher dimensions

its geometry becomes more complicated.

For a one-dimensional dataset, the region spanned by the observations is given by the closed

interval
[xmimxmax]7 (3.73)

where xpi, and xpax are the minimum and maximum observed input values. Predictions within
this interval are geometrically interpolative, while predictions outside it are geometrically ex-

trapolative.

In higher dimensional spaces, the component wise minimum and maximum values define an
axis-aligned hyper-rectangle. Although this provides a simple extension of the one-dimensional
interval, it can contain substantial regions in which no observations are present. Consequently,
the component-wise bounds do not necessarily provide an appropriate representation of the re-

gion supported by the data.
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Figure 3.9: Example extrapolation plot using an [RBE kernel. As the prediction point moves
increasingly far from the observed data relative to the kernel length scale, ¢, the covariance be-
tween the prediction point and the observations approaches zero. Consequently, the predictive
mean approaches the prior mean of zero and the predictive variance approaches the prior vari-
ance of unity.

A more general geometric definition can be obtained using the convex hull of the observed
points. The convex hull provides the smallest convex set containing all observations and there-
fore provides a natural generalisation of the one-dimensional interval to higher-dimensional
input spaces. The mathematical definition and properties of the convex hull are discussed in the

following section.

3.11 Convex Hulls

The convex hull is the smallest convex set containing a given set of points. A set S C R? is

convex if, for any two points a,b € S, the entire line segment connecting them is also contained
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within S [92]. This can be expressed mathematically as

{8a+(1-0)b,|,0 €0,1]} CS. (3.74)

The expression
Oa+(1—0)b (3.75)

is a convex combination of the points a and b. The coefficients are non-negative and sum to
unity, ensuring that the resulting point lies on the line segment connecting a and b. Convexity

therefore requires that a set contain the complete line segment between every pair of its points.

The convex hull generalises this idea from pairs of points to any finite collection of points. To
illustrate this, consider three points x1,x,x3 € X. First, a convex combination of two points can
be formed as

y=ox;+ (1 —at)xy, o €[0,1]. (3.76)

By the definition of convexity, y lies on the line segment connecting x; and x, and is therefore
contained within the convex hull of these points. A convex combination of y with the third point

x3 can then be formed:
z=PBy+(1-P)x3,  Be01]. (3.77)

Substituting the expression for y gives

z= B (ox;+ (1 —a)x)+(1—B)x;
= (Bo)x; + (B(1—a))x2 + (1= B)x3.

The coefficients in this expression are all non-negative and sum to unity:

Ba+B(1-a)+(1-B)
—B(ar+1-0)+(1-B)
=B+(1-B)

=1.

Thus, the point z can be expressed as a weighted sum of all three points, with non-negative
weights whose sum is unity. This demonstrates how repeated convex combinations naturally

lead to the more general definition of a convex hull.
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For a finite set of observations
X =xi,...,xy CRP, (3.78)

the convex hull is therefore defined as

N N
conv(X) = {Z/l,-xi, A > O,;Z?Li = 1} . (3.79)
i=1 i=1

Each point within the convex hull can therefore be expressed as a convex combination of the
observed points. The coefficients A; determine the contribution of each observed point to the

resulting position, while the conditions
N
>0, Y Au=1 (3.80)

ensure that the resulting point remains within the geometric envelope defined by the observa-

tions.

In one dimension, the convex hull reduces to the interval between the minimum and maximum
observed values,
conv(X) = [Xmin,¥max], (3.81)

recovering the usual definition of the region spanned by a one-dimensional dataset. In two
or more dimensions, the convex hull instead forms a polygon, polytope or higher-dimensional
convex body enclosing the observed points. An example of a two-dimensional convex hull is
shown in Figure [3.10]

The convex hull therefore provides a geometry based definition of the region spanned by a set
of observations. It avoids the inclusion of regions that are contained within the component-
wise bounds of the dataset but lie outside the actual geometric extent of the measured points.
This makes the convex hull a useful basis for defining a prediction domain for multidimensional
datasets.
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Figure 3.10: 2D convex hull constructed from polarisation observables measured as a function
of cos 8 and energy in [82]. The convex hull (here shaded in red) defines the smallest convex
region containing the measured data points, providing a geometrically permissible interpolation
domain in the two-dimensional input space.
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Chapter 4

Gaussian Process Framework for Hadron
Data

4.1 Overview of the GP Framework

Chapter [2] established that experimental hadron physics data provide sparse and non-uniform
measurements of observables across kinematic spaces, while Chapter 3|introduced the statistical
foundations required to model such data using [GPs. This chapter describes the specific [GP|
framework developed in this thesis for interpolating experimental hadron physics observables

and quantifying the associated predictive uncertainty.

The framework is designed to address the requirements associated with sparse experimental
measurements. In particular, the hyperparameters of the [GPl must be selected not only to pro-
vide a suitable description of the available measurements, but also to produce reliable predictive
uncertainties and physically sensible behaviour between measured points. The interpolation re-
gion must also be distinguished from regions where the model is required to extrapolate beyond

the available experimental constraints.

The complete framework consists of several stages. The experimental measurements are first
represented in a form suitable for the [GP, with the kinematic variables forming the input space

and the measured observable providing the target quantity. The associated experimental uncer-
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tainties are incorporated into the model, after which the is specified using an appropriate
mean function and covariance kernel. The kernel hyperparameters are then determined using
the optimisation procedure developed in this thesis. Finally, the region of kinematic space in
which the [GPlis constrained by the available measurements is identified, allowing predictions to

be distinguished from extrapolations.

The following sections describe each stage of the framework, including the representation of the
experimental data, specification of the [GP| selection of the covariance kernel and identification
of the interpolation region. Particular attention is given to the development of two methodolog-
ical components: the optimisation of the hyperparameters using a combination of statistical
and physics-motivated criteria, and the construction of a discretised convex hull to identify the
region of kinematic space supported by the available measurements. The computational imple-

mentation of the framework and the complete analysis workflow are also described.

4.2 Experimental Data

The experimental measurements considered in this thesis are used directly as the constraints on
the Each measurement consists of a set of kinematic variables, a measured observable and
an associated experimental uncertainty. The dimensionality and density of the datasets differ

between the two applications considered.

For the polarisation observables, the measurements are described by two kinematic variables:
the reaction energy and cos 6, where 0 is the scattering angle. The measurements are distributed
across four discrete energy bins spanning approximately 1.2-2.0 GeV. Each energy bin contains
between 2 and 8 measurements at different values of cos 0, resulting in sparse and non-uniform

sampling of the two-dimensional kinematic space [82].

The KN scattering data are 1D, with the incident energy providing the kinematic variable. The
data span approximately 0-300 MeV and comprise measurements from a range of individual
experiments. Each experiment contains between 3 and 8 measurements, resulting in particularly

sparse sampling of the underlying energy dependence [93-108]|H

Tt is interesting to note here that [[102] is an unpublished technical report but is listed as a reference in several
published papers [109,|110].
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No interpolation or smoothing is applied to the experimental measurements before they are
supplied to the The resulting measured values, kinematic coordinates and associated uncer-

tainties are used directly in the [GP| calculations.

4.3 GP Model Specification

The |GPl framework used in this thesis adopts a zero mean function,
m(X) =0. 4.1)

The use of a zero mean function is a standard choice in regression, particularly when the
primary information about the underlying function is provided by the observed data rather than
by a well-motivated parametric mean function [6]. The mean function represents the prior ex-
pectation of the latent function before the experimental measurements are taken. Setting this
function to zero therefore does not imply that the physical observable is expected to be zero.
Instead, it specifies that no predetermined functional dependence is imposed on the observable

in the absence of data.

This choice is particularly appropriate for the applications considered in this thesis. The aim is
to interpolate experimentally measured observables without imposing a specific functional form
motivated by a phenomenological model. Introducing a non-zero parametric mean function
would require additional assumptions about the expected behaviour of the observable and could
influence the resulting interpolation, particularly in regions where the available measurements
provide weak constraints. The zero mean function instead provides a neutral prior mean, with
the experimental measurements determining the posterior prediction in the regions where the
data provide information. This also avoids introducing additional parameters associated with

the specification and optimisation of a mean function.

With this choice, and after applying the Cholesky decomposition described in Section [3.5.1] the

predictive mean is therefore given by
w=Ka, (4.2)

while the predictive covariance is
s =Ko —v. (4.3)
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These are the expressions used to calculate the predictive mean and uncertainty throughout the

framework.

The covariance function used throughout this work is the[RBEkernel introduced in Section[3.6|as
Equation The choice of covariance function is motivated by the nature of the experimental
hadron physics data considered in this thesis. As discussed in Section[2.7] these datasets provide
discrete and often sparse measurements of physical observables across the underlying kinematic
space, while the observables themselves are expected to vary continuously with the kinematic
variables. Consequently, the interpolation should provide a smooth representation between the
measured points without introducing local variations that are not supported by the available

experimental information.

The RBE kernel provides a suitable prior for this purpose because functions drawn from an RBH
are infinitely differentiable. As discussed in Section [3.6] this represents a strong assumption
about the smoothness of the underlying function: not only the observable itself, but derivatives
of all orders are continuous. For the applications considered here, this provides a desirable con-
straint on the behaviour of the posterior between measurements. In regions where experimental
data are sparse, the posterior is consequently encouraged to vary smoothly according to the char-
acteristic length scales rather than developing rapid changes between individual measurements

that are not directly supported by the data.

The limited number of measurements in the experimental datasets considered here means that
there can be substantial freedom in the behaviour of a flexible interpolating function between
neighbouring data points. A kernel with a finite degree of differentiability, such as a Matérn
kernel with finite v, would permit less smooth functions and could therefore accommodate more
local variation. While this flexibility can be advantageous when such behaviour is physically
expected, it is not required for the interpolation considered here. The infinitely differentiable
functions produced by the RBF kernel instead provide a consistent smoothness prior across the

kinematic domain.

The choice of the RBH kernel therefore represents a deliberate balance between flexibility and
the assumptions required to obtain a physically sensible interpolation. The kernel provides suf-
ficient flexibility through the independent length scales to accommodate different rates of vari-
ation across the kinematic dimensions, while its infinite differentiability prevents the posterior
from developing unnecessarily irregular behaviour in regions that are weakly constrained by

the experimental data. This is particularly important for the sparse datasets considered in this
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thesis, where the posterior behaviour between measurements is determined substantially by the

covariance structure.

The amplitude G]% appearing in the general form of Equation is not included as a free
hyperparameter in the implementation used here. Omitting this parameter reduces the number
of quantities that must be determined from the sparse experimental datasets. The length scales
are therefore the principal hyperparameters of the covariance function and are determined using

the optimisation procedure developed in the following section. The [RBH kernel used here is

K (Zi, B) = exp (— M) ) 4.4

therefore of the form

| =
.M&

2
=1 Ei

4.4 Hyperparameter Optimisation for Sparse Datasets

As established in Section the standard marginal-likelihood approach does not sufficiently
constrain the hyperparameters for the sparse datasets considered in this thesis. A new hy-
perparameter optimisation procedure is therefore developed specifically for this setting. Rather
than relying on the likelihood of the observed measurements alone, the procedure evaluates the
statistical behaviour of the resulting interpolation and uses this to determine suitable values
of the RBE kernel length scales.

The optimisation is based on the predictive mean and uncertainty produced by the For
a given set of hyperparameters (length scales), the predictions are compared with the observed
measurements over a range of uncertainty intervals. This provides a direct assessment of whether
the predictive uncertainties are appropriately calibrated. The resulting discrepancy from the
expected statistical behaviour is then quantified using the Wasserstein distance introduced in
Section [3.9] Physics-informed bounds and a boundary penalty are additionally incorporated to

restrict the optimisation to a reasonable region of hyperparameter space.

The optimisation procedure consists of the following stages:

1. Evaluate empirical coverage: For a given set of kernel length scales, the predictive
mean and uncertainty are used to determine the fraction of observed datapoints contained

within a range of predictive uncertainty intervals.
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2. Calculate the Wasserstein distance: The empirical coverage is compared with the nom-
inal coverage expected for a Gaussian predictive distribution. The discrepancy between

the two coverage curves is quantified using the one-dimensional Wasserstein distance.

3. Apply physics-informed bounds: Bounds are imposed on each kernel length scale based
on the distribution of the available input data. These bounds restrict the optimisation to a
region in which the length scales remain related to the characteristic spacing and extent of

the measured data.

4. Apply the boundary penalty: A small penalty is introduced for length scales approach-
ing the imposed boundaries. This discourages the optimisation from accumulating at the
limits of the allowed parameter space while still permitting boundary solutions when they

provide the best overall description of the data.

5. Optimise the combined loss: The Wasserstein distance and boundary penalty are com-
bined to form the final loss function. The optimal length scales are obtained by minimising
this loss over the allowed hyperparameter space.

The individual components of this procedure are described in the following subsections.

4.4.1 Empirical Coverage

For a given set of [GP|hyperparameters, the predictive mean and uncertainty can be used to assess
the statistical behaviour of the resulting model. In particular, the predictive uncertainty can be
evaluated through its empirical coverage. The statistical definition of empirical coverage was
introduced in Section [3.4} here, it is used as a criterion for assessing different choices of the

kernel hyperparameters.

Since the provides both a predictive mean and standard deviation, the fraction of measured
datapoints that fall within a specified number of predictive standard deviations can be calculated
and compared with the corresponding nominal coverage. For a given value of ¢, where ¢
represents the number of predictive standard deviations defining the interval, the inclusion of

the i-th datapoint within this interval is defined by

L, if |ye; — Ydata,i| < Ckefit,i

Ski= 4.5)

0, otherwise.
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Here, yf; and ef,; denote the predictive mean and standard deviation at the input location

of the i-th datapoint, respectively, while ygu¢a ; 18 the corresponding experimental measurement.

Using this indicator, the measured coverage at each value of ¢y is calculated as
1 n
Fmeas,k = r_l Z Sk,i7 (4~6)
i=1

where n is the total number of datapoints. The resulting values of Fyeqs ¢ give the fraction of

measurements contained within the corresponding predictive uncertainty interval.

The measured coverage can also be interpreted as an empirical It gives the fraction of
absolute standardised residuals, defined by the difference between the measured value and the
[GP| predictive mean normalised by the predictive standard deviation, that are less than or equal
to ci. It is therefore the empirical of the absolute standardised residuals, evaluated at c;.
This interpretation allows the measured coverage to be compared directly with the predicted
coverage as two one-dimensional [CDFs.

To assess the behaviour of the predictive uncertainties over a range of interval sizes, values of ¢
between 0 and 3 are considered. For a correctly calibrated Gaussian predictive distribution, the
standardised residuals are expected to follow a standard normal distribution. Since the cover-
age interval is defined by the absolute deviation from the predictive mean, the relevant random
variable is the absolute value of a standard normal variable. The corresponding predicted cov-
erage is therefore the probability that a standard normal random variable lies within ¢, standard

deviations of its mean.

The predicted coverage can therefore be written as
Fored x = D(ck) — P(—cy), 4.7)

where @ is the standard normal This quantity gives the probability that a standard normal
random variable lies within ¢, standard deviations of its mean. Equivalently, Fyreq x 18 the[CDH of
the absolute value of a standard normal random variable, evaluated at c;. It therefore represents
the expected fraction of measurements contained within ¢ predictive standard deviations for a

correctly calibrated Gaussian predictive distribution.

The empirical coverage plot is constructed by plotting the nominal coverage, Fpredk, on the
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horizontal axis and the corresponding measured coverage, Fmeask» On the vertical axis. The
two quantities therefore represent the expected and measured fractions of datapoints contained
within the corresponding predictive uncertainty intervals. Since both quantities are[CDFs evalu-
ated at the same value of ¢y, perfect calibration corresponds to Fieas k = Fprea,x Which gives the

diagonal line in the empirical coverage plot. An example is shown in Figure §.1]
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Figure 4.1: Example empirical coverage plot for a specified set of hyperparameters. The
nominal coverage, Fpred, €xpected for a Gaussian predictive distribution is shown on the hor-
izontal axis, while the measured coverage, Fieas, Obtained from the predictive mean and
uncertainty is shown on the vertical axis. The diagonal line represents perfect calibration, for
which Fieas = Fpred- The nominal coverage is calculated from the standard normal using
Equation During the optimisation procedure, the hyperparameters are varied and the re-
sulting measured coverage curves are evaluated to minimise their discrepancy from the nominal
expectation.

For a well-calibrated predictive distribution, the measured coverage should closely follow the
diagonal line over the full range of nominal coverage. If the predictive uncertainties are too
small, the measured coverage will tend to fall below the nominal coverage, indicating under-
coverage. Conversely, excessively large uncertainties result in over-coverage, with the measured

curve lying above the nominal expectation.
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The hyperparameters are therefore varied during the optimisation procedure, with the coverage
calculation repeated for each set of values considered. Each set of hyperparameters produces a
corresponding set of measured and nominal coverage values, allowing the statistical behaviour
of the resulting[GP|to be assessed. The discrepancy between the measured and nominal coverage
is then quantified using the Wasserstein distance, providing the scalar loss used in the subsequent

optimisation.

4.4.2 Wasserstein Distance

The empirical coverage procedure described in Section {.4.1] provides a measured coverage
curve, Fpeas, Which is the empirical of the absolute standardised residuals. This can be
compared with the nominal coverage, Fyred, Which is the corresponding expected for a cor-
rectly calibrated Gaussian predictive distribution. A scalar measure of the discrepancy between
these two [CDFEk is therefore required in order to compare different choices of the [GP| hyper-
parameters during the optimisation procedure. Several measures for comparing were
introduced in Section [3.9] including the [KS| and Wasserstein distances.

For the present application, the Wasserstein distance is selected because it provides an integrated
measure of the discrepancy between the measured and nominal coverage across the full range of
interval sizes. This is desirable because the optimisation aims to obtain predictive uncertainties
that exhibit appropriate coverage behaviour across a range of uncertainty intervals, rather than

minimising only the largest deviation at a particular coverage level.

The distance considers only the maximum separation between the two curves and therefore
does not account for the extent of discrepancies across the remainder of the coverage range.
The statistic incorporates discrepancies across the full range but uses a squared difference,
giving greater weight to larger deviations. The statistic similarly uses a squared difference
while additionally weighting the tails of the distributions. These properties are not required for
the present application, where the aim is to measure the overall discrepancy from the expected
coverage behaviour without preferentially weighting either the largest deviations or the tails. The
Wasserstein distance, introduced in Section [3.9] instead uses the absolute difference between the
two and incorporates their separation across the full range. It therefore provides a suitable

scalar measure for the coverage-based optimisation used here.
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For the coverage curves considered in this work, the Wasserstein distance is evaluated using the
measured and nominal coverage values generated for each value of c;. Using the discrete form
introduced in Equation [3.70} the distance is calculated as

W= Z |F1neas,k - Fpred,k‘ 5C, (4.8)
k

where Fipeas « 18 the measured coverage obtained from Equation @ Fpred k 18 the corresponding
nominal coverage obtained from Equation and Oc is the spacing between adjacent values of

Ck.

The resulting value of W therefore quantifies the overall discrepancy between the measured and
expected coverage behaviour. A value of W = 0 corresponds to perfect agreement between the
two coverage [CDFEks, while larger values indicate increasing deviations from the expected cover-
age. In terms of the empirical coverage plot, the Wasserstein distance is therefore related to the
accumulated separation between the measured coverage curve and the diagonal line representing

perfect calibration.

For each set of hyperparameters, the coverage calculation is repeated and a corresponding
value of W is obtained. The Wasserstein distance therefore provides the primary statistical com-
ponent of the loss function used to determine the optimal kernel length scales. However, the
statistical coverage criterion alone does not impose constraints on the physical scale of the re-
sulting length scales. Physics-informed bounds and a boundary penalty are therefore introduced

in the following subsection.

4.4.3 Physics-Informed Boundaries

When performing an optimisation, it is useful to impose suitable boundaries on the parameter
space to ensure that the resulting optimum remains physically reasonable. For the hyper-
parameters considered in this work, the available experimental data provide a natural basis for
defining these boundaries. In particular, the characteristic length scales should remain related to

the spatial scales over which the experimental data provide constraints.

For each input (kinematic) dimension i € {1,...,D}, let {x; j}l;’: denote the values of that

dimension sorted in ascending order. The spacings between consecutive datapoints are then
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defined as
6xij=Xijr1—Xj, Jj=1,...,N—L 4.9)

The lower bound L; is defined as the smallest non-zero spacing between unique datapoints in
the corresponding input dimension. This provides a minimum characteristic scale that is re-
solved by the available data and prevents the optimisation from selecting length scales smaller
than the smallest non-zero separation between measured points. If no non-zero spacing exists,

corresponding to all values in that dimension being identical, the lower bound is set to zero.

The upper bound U; is defined by the total range of the available data in the corresponding input
dimension. This ensures that the maximum allowed length scale remains related to the extent
of the region over which experimental measurements are available. The bounds are therefore
determined directly from the distribution of the measured input coordinates rather than being

selected as arbitrary numerical limits. For each kinematic dimension, they are given by

mindx; j, if 3 such that dx; ; > 0,
J
0, otherwise, (4.10)

Ui=xiy—xi1.

These bounds define the allowed region of hyperparameter space over which the subsequent op-
timisation is performed. They are described as physics-informed because they are constructed
from the kinematic scales resolved by the experimental measurements and therefore constrain
the [GPIto length scales relevant to the physical region represented by the data. They should not,
however, be interpreted as fundamental physical limits on the possible variation of the underly-
ing observable. Rather, they provide data-informed safeguards against selecting characteristic

scales that are poorly supported by the available measurements.

4.4.4 Combined Loss Function

The Wasserstein distance introduced in Section#.4.2provides a measure of the statistical agree-
ment between the measured and nominal coverage curves. The physics-informed bounds intro-
duced in Section4.4.3|additionally restrict the allowed hyperparameter space. These constraints

alone, however, do not prevent the optimum from occurring directly on one of the imposed
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boundaries.

An optimum located on a boundary is not necessarily invalid, but it indicates that the optimi-
sation would prefer a value outside, or at the extreme edge, of the allowed parameter space.
An interior optimum is therefore preferable where possible, as it indicates that the selected hy-
perparameters are determined primarily by the structure of the data and the statistical objective
rather than by the imposed limits. An interior solution also provides stronger evidence that the

physics-informed boundaries are acting as safeguards rather than actively determining the result.

To encourage interior solutions, a boundary proximity penalty is introduced into the loss func-
tion. For each length scale ¢;, a score is defined to quantify its proximity to the corresponding
lower and upper bounds, L; and U;. The score is zero when the length scale lies on either
boundary and increases linearly towards the midpoint between the bounds, where it reaches a

maximum value of 0.5. This is defined as

. (G—Li Ui—{
S = . 4.11
; mln(Ui_Li7Ui_Li (4.11)

The minimum score across all length scales is then used,

S = min(S;). (4.12)

1
This ensures that the penalty is determined by the length scale closest to one of its boundaries.
Consequently, the penalty reflects the most boundary constrained dimension rather than averag-

ing the proximity of the individual length scales.

The boundary penalty is then defined as
P({)=1-2S. (4.13)

The resulting penalty lies between zero and one for length scales within their allowed bounds.
A value of P(¢) = 1 corresponds to at least one length scale lying directly on a boundary, while
P(¢) = 0 corresponds to all length scales lying at the midpoint of their respective allowed ranges.
Intermediate values describe the degree of proximity to the nearest boundary. An illustrative
one-dimensional example of this penalty is shown in Figure where the lower and upper

bounds are L = 0 and U = 1, respectively.
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Figure 4.2: Example one-dimensional boundary penalty P(¢) for lower and upper bounds L =0
and U = 1. The penalty is zero at the midpoint of the allowed interval and increases linearly
towards either boundary, where it reaches its maximum value of one.

The boundary penalty is incorporated into the Wasserstein loss with a weighting of 1%. The

resulting combined loss is therefore
Liota1 = W +0.01P(¢), (4.14)

where W is the Wasserstein distance between the measured and nominal coverage curves and

P(?) is the boundary proximity penalty.

The small weighting of the boundary term ensures that the optimisation remains dominated by
the primary Wasserstein loss. Consequently, the penalty does not substantially distort the loss
surface or override a statistically meaningful minimum in favour of an interior solution. Instead,
it provides a small preference for solutions away from the imposed boundaries when competing
solutions have similar Wasserstein losses. In particular, a boundary solution is not excluded: if

the Wasserstein loss is sufficiently lower at a boundary than elsewhere in the allowed parameter
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space, the 1% penalty is insufficient to prevent the boundary solution from being selected.

The combined loss therefore balances two complementary requirements. The Wasserstein term
determines how well the predictive uncertainties reproduce the expected statistical coverage,
while the boundary penalty discourages the optimisation from selecting length scales at the
limits of the physically informed parameter space when this provides no substantial statisti-
cal advantage. The resulting objective can consequently be used to identify hyperparameters
that provide appropriate uncertainty calibration while remaining away from artificially imposed
boundaries where possible. An example of the resulting combined loss surface for the O, po-
larisation observable is shown in Figure 4.3 where the minimum is well constrained within the

allowed hyperparameter space.
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Figure 4.3: Combined loss surface calculated for the O, polarisation observable [82] as a func-
tion of the two [RBH kernel length scales. The surface is evaluated using the Wasserstein dis-
tance between the measured and nominal coverage curves together with the boundary proximity
penalty defined in Equation4.14] The minimum corresponds to the combination of length scales
that provides the lowest overall loss and therefore represents the optimal hyperparameter choice
for this dataset. The relatively well-constrained minimum provides a distinct preferred region
within the allowed hyperparameter space, in contrast to the poorly constrained behaviour ob-
served for the marginal-likelihood in Figure @
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4.5 Optimisation Strategy

The hyperparameters of the [GP are determined by minimising the combined loss function de-
scribed in Section[d.4.4] The optimisation is performed using with each particle represent-
ing a candidate set of kernel length scales. The general principles and mathematical formulation
of were introduced in Section[3.8]

was selected as the primary optimisation method because it is specifically designed to
search for an optimum of an objective function and does not require the loss function to be dif-
ferentiable. This is well suited to the present application, where the loss incorporates empirical
coverage and therefore does not have a simple analytical form. Each particle is evaluated by
constructing the corresponding [GP| calculating its predictive mean and uncertainty, and evalu-
ating the empirical coverage, Wasserstein distance and boundary penalty. These quantities are

combined according to Equation to provide the loss associated with the particle.

Although[PSQlis well suited to this optimisation problem, MCMCis a commonly used approach
in hadron physics analyses for exploring multidimensional parameter spaces and identifying
regions of favourable solutions. It was therefore important to assess whether the choice of
optimisation method affected the resulting solutions. Both and were applied to
the same set of pseudodatasets, described in more detail in Chapter [5] and evaluated using the
same combined loss function (Equation d.14)). The comparison showed that consistently
obtained lower loss values while also requiring less computational time than for the
pseudodatasets considered. Based on these results,[PSQlwas adopted as the primary optimisation
method used throughout this work. A detailed comparison of the two approaches, including the

resulting loss values and computational runtimes, is provided in Appendix

The velocity of each particle is updated according to the Equation [3.62]introduced in Sec-
tion3.8]
Vi(t+1) = @Vi(t) + 17y [Bi(t) — Xi(0)] + 22 [8(2) — Xi(1)], (4.15)

where the three terms correspond to the inertia, cognitive and social components, respectively.
The weighting of these components determines the balance between continued exploration of

the parameter space and convergence towards previously identified favourable solutions.

For the implementation used in this work, the inertia coefficient is varied with iteration according
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to
o(t) = max (0.4,0.9 — 0.002¢). (4.16)

The relatively large initial value of @ allows particles to retain a substantial fraction of their pre-
vious velocity, promoting broad exploration of the hyperparameter space during the early stages
of the optimisation. As the optimisation progresses, the decreasing inertia coefficient reduces the
influence of the previous velocity and shifts the swarm towards more local exploration around
favourable regions. The lower bound of @ = 0.4 ensures that the inertia contribution does not
vanish completely, retaining some capacity for particles to move away from localised regions of

the search space.

The cognitive and social coefficients are both set to
c1=c=14. (4.17)

The equal weighting of the cognitive and social components provides a balance between the
tendency of particles to return towards their own best-known positions and the tendency of the
swarm to move towards the best solution identified globally. This allows individual particles to
continue exploring the parameter space while maintaining convergence towards regions of low

loss.

The stochastic vectors appearing in Equation are independently sampled according to
71,7 ~ % (0,1)P, (4.18)

where D is the dimensionality of the hyperparameter space. The multiplication between these
stochastic vectors and the displacement vectors in Equation [3.62]is performed component-wise.

Thus, for each dimension J,

71 (ﬁi_)_éi)]j =T, (Pi,j —xi,j), (4.19)

with an analogous expression for the social component. The stochastic vectors therefore inde-
pendently scale the magnitude of the cognitive and social contributions in each dimension rather

than performing a vector dot product.

Although the components of 7| and 7, are restricted to positive values, the resulting velocity
contributions are not restricted to positive directions. The direction in each dimension is deter-

mined by the corresponding displacement between the current particle position and the target
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position. For example, if x; j > p; j, then p; ; —x; j < 0, giving a negative cognitive contribu-
tion in that dimension. Conversely, if x; ; < p; ;, the contribution is positive. The stochastic
vectors therefore introduce randomness into the magnitude of the movement, while the relative
positions of the particle and its target determine its direction. This allows particles to move to-
wards favourable solutions regardless of whether the required change in a given hyperparameter

is positive or negative.

The particle velocities are subsequently clipped component-wise according to
—Vmax,j < Vi < Vmax, j (4.20)

where v,y j 1s the maximum allowed velocity in dimension j. In the implementation used here,

this value is set equal to the total kinematic range of the corresponding input dimension,
Vmax7j:Uj_Lj, (421)

where L; and U; are the lower and upper bounds of that dimension defined in Equation .10}
This limits the size of individual particle movements relative to the scale of the search space,
reducing excessively large updates and improving numerical stability. The particle positions are

similarly constrained to the physics-informed bounds defined in Equation 4.10}

To reduce the likelihood of stagnation or premature convergence, a soft-restart mechanism is
also implemented [111]]. If the global best solution does not improve for a specified number
of iterations, defined as the patience parameter, a small stochastic perturbation is applied to
the particle positions. In the implementation used here, the patience is set to 100 iterations.
This redistributes the swarm within the allowed parameter space while retaining the information
accumulated by the optimisation, providing an opportunity to escape a local minimum or other

stagnant region of the loss surface.

The optimisation is continued until convergence or until the maximum number of iterations is
reached, with the latter set to 500 iterations in the present implementation. The global best
particle position at the end of the optimisation is taken as the optimal set of kernel length scales

and is subsequently used for the final [GP|interpolation.
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4.6 Convex Hull Construction

As discussed in Sections and [3.11] the convex hull provides a geometric definition of the
region spanned by a set of observations and can therefore be used to distinguish interpolation
from extrapolation. In the framework developed in this thesis, this region is represented by a

discretised set of kinematic points at which the [GP| predictions can subsequently be evaluated.

For the one-dimensional KN scattering datasets, the interpolation region is simply the interval
between the minimum and maximum measured incident energies. For the two-dimensional
polarisation observable datasets, the interpolation region is defined by the convex hull of the
measurements in the (E, cos 0) input space. Where the experimental measurements are provided
in bins, the outer bin edges are incorporated into the construction so that the resulting region

reflects the finite kinematic extent of the measurements rather than only their central values.

The continuous convex hull itself is calculated using the scipy.spatial.ConvexHull
implementation [21]. However, the resulting geometric representation is not directly suitable
for the subsequent calculations, which require a discretised set of points with specified res-
olutions in each kinematic dimension. A dedicated procedure is therefore used to generate the

discretised boundary and interior of the convex hull.

For a set of points in n dimensions, the convex hull algorithm identifies the boundary facets of
the hull and returns the vertices defining the simplicial representation of these facets. These
vertices provide the starting point for constructing the discretised boundary. For each pair of
vertices defining an edge of a facet, the points along the edge are generated according to the

specified discretisation in each kinematic dimension.

Let @ and b denote two vertices defining an edge, and let 7 denote the corresponding discretisa-
tion resolutions. The dimension containing the largest number of discretisation intervals along

the edge is selected as the incrementing dimension,

J* = argmax <M> , (4.22)

J rj

where j = 1,...,n. If multiple dimensions attain the same maximum value, one is selected

arbitrarily.

109



Assuming, without loss of generality, that a ;- < b+, let {x,; j*} denote the discretised coordinates
between the two vertices along the incrementing dimension. The corresponding parameter along
the edge is
aj—Xij*
= ——7>— t; €10,1]. (4.23)
ajx — b J*
The remaining coordinates are then obtained from the parametric equation of the straight line

connecting the two vertices,
xhjzaj—l—ti(bj—aj), ]75]* (4.24)

The resulting coordinates are mapped onto the specified discretisation grid according to

Xijr—=>rj round (m) . (4.25)

rj

Repeating this procedure for each edge of each facet produces a discretised representation of the
boundary. The points generated from different facets are then combined and duplicate points are

removed before the interior of the convex hull is populated.

To populate the interior, the discretised boundary points are ordered according to their kinematic
coordinates. A dimension in which the boundary exhibits variation is selected as the increment-

ing dimension. For a set of boundary points e, this is chosen as the highest dimension for which
ml?x ekj— mkin er,j 7 0. (4.26)
The corresponding discretisation step is then defined by

. -/
Iy, =J>
y,= 17 4.27)
0, otherwise.

Consecutive boundary points are examined to identify segments that differ only in the selected

incrementing dimension. Two points e; and e, satisfy this condition when

er,j = €k+1,j; EN (4.28)

When this condition is satisfied, the points between the two boundary coordinates are populated
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according to
S:{xizek—l—nE Xt < kg s nEN}. (4.29)

Applying this procedure across the boundary generates the discretised points contained within

the convex hull.

A limitation of this procedure arises from the ordering of the boundary points. The standard
ordering used to identify consecutive points does not necessarily place all geometrically adja-
cent points next to one another. Consequently, two points that define the endpoints of a valid
discretised segment can be separated by other points in the ordering, causing intermediate points

to be omitted.

For example, consider a standard pyramid with vertices [1,1,1], [1,5,1], [5,1,1], [5,5,1] and
[3,3,3] and unit resolution in each dimension. The expected number of points in the discretised
convex hull can be computed by summing the number of points in each horizontal “layer” of
the pyramid: 12 4+ 3% + 52 = 35, as shown in Figure However, the algorithm returns only 31
points; specifically, the points [2,3,2], [4,3,2], [3,2,2] and [3,4,2] — highlighted in red in Figure

— are missing from the returned convex hull.

The missing points arise because the points defining the endpoints of the corresponding discre-
tised segments are not adjacent under the standard ordering. For example, the point [3,4,2] lies
on the facet defined by the vertices [1,5,1], [5,5,1] and [3,3,3]. The points [2,4,2] and [4,4,2]
define the endpoints of a discretised segment containing [3,4,2], but they are separated in the
standard ordering. Consequently, the condition in Equation 4.28]is never applied to this pair and

the intermediate point is not generated.

To overcome this ordering dependence, the construction is repeated under cyclic permutations
of the kinematic dimensions. For a set of n dimensions, the coordinates are cyclically permuted
according to

1,2,....n—1,n] = [n,1,2,....n—2,n—1]. (4.30)

The points are then re-sorted in the permuted coordinate system and the discretisation procedure
is repeated. After each iteration, the generated points are mapped back to the original coordinate

system.

Repeating the construction for each cyclic permutation changes which geometrically related

points are adjacent under the ordering. Points that are separated under one ordering can therefore
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Figure 4.4: Example three-dimensional pyramidal convex hull used to test the discretisation
algorithm. The geometry contains 35 points at unit resolution, providing a simple test case for
assessing whether the discretised construction recovers the complete convex hull.

become adjacent under another. The resulting point sets are combined and duplicate points are
removed, ensuring that relevant discretised segments are captured across the different coordinate

orderings.

The effect of the ordering problem and its resolution are illustrated by considering the facet
containing the missing point [3,4,2]. A two-dimensional projection of this facet along the y axis
is shown in Figure 4.3 The cyclic permutation procedure causes the relevant boundary points
to become adjacent under an alternative ordering, allowing the previously omitted point to be

generated.
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Figure 4.5: Two-dimensional projection of the pyramidal facet along the y axis. The missing
point [3,4,2] lies between the boundary points [2,4,2] and [4,4,2]. The example illustrates
how the standard ordering can prevent valid neighbouring points from being identified by the
discretisation procedure.

Applying the construction under all cyclic permutations successfully recovers the missing in-
terior points. For the pyramidal test geometry, the resulting discretised convex hull contains
the expected 35 points. This provides a simple validation of the construction procedure and
demonstrates that the ordering dependence of the initial implementation can be removed with-

out changing the underlying geometric convex hull.

4.6.1 Additional Binning Information

The final stage of the construction incorporates information about the finite kinematic bins as-
sociated with the experimental measurements. Although the convex hull construction described
above is a general procedure that can be applied to datasets in arbitrary dimensions, the treatment

of binning introduced in this section is designed specifically for the two-dimensional polarisa-
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tion observable datasets considered in this thesis, and can be applied more generally to datasets

with a similar kinematic structure.

The inclusion of this information is motivated by the way in which experimental measurements
are obtained and reported. As discussed in Section a measured value of a polarisation
observable is typically associated with a finite range of reaction energies and scattering an-
gles rather than a single infinitesimally precise point in kinematic space. The quoted central
kinematic coordinates therefore provide a representative location for a measurement that con-
tains information from a finite region surrounding that point. If only the central values were
used when constructing the convex hull, the resulting interpolation region could be artificially
smaller than the region actually probed by the experiment. This would cause predictions close
to the outermost measurements to be classified as extrapolations even when they remain within

the kinematic range covered by the corresponding experimental bins.

Incorporating the bin boundaries therefore provides a more physically representative definition
of the region constrained by the measurements. The intention is not to treat every point within
a bin as an independent measurement, nor to introduce additional experimental data that were
not measured. Instead, the bin information is used to determine the geometric extent of the re-
gion from which the reported measurements originate. The resulting convex hull consequently
reflects both the locations of the measured central values and the finite kinematic coverage as-

sociated with those measurements.

For the polarisation observables considered in this work, the measurements are binned in both
reaction energy and cos 8. Where explicit bin edge information is available, the outer edges of
the measured bins are incorporated directly into the initial point set used to construct the convex
hull. In this way, the geometric boundary of the interpolation region extends to the experi-
mentally covered kinematic range rather than terminating at the central values of the outermost

measurements.

For the angular coordinate cos 0, only the outer edges of the leftmost and rightmost measured
bins are required when defining the boundary. Let a; and a,, denote the mean cos 6 values
of the leftmost and rightmost bins at a given energy. When explicit bin edge information is
unavailable, the outer edges are estimated from the separation between neighbouring measured
angular values. This assumes that the measured angular points are representative of a sequence
of neighbouring bins, such that the distance between adjacent central values provides an estimate

of the corresponding bin spacing. The estimated outer edges are constrained to the physical
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interval cos 6 € [—1,1]:

Aaj = max (al—‘“z—;“”,q), 4.31)
Ady, = min (am n M 1) . (4.32)

This prescription reflects the expected structure of approximately contiguous angular bins: the
boundary of the outermost bin is taken to lie approximately halfway between its central value
and the neighbouring bin centre, unless this would extend beyond the physical angular range.
The restrictions at cos 8 = 1 ensure that the estimated bin extent remains within the physically

accessible scattering angle range.

The energy bin widths are determined using an analogous approach. The measured energy
values are treated as representative central values of neighbouring energy bins, such that their
separations provide an estimate of the local bin spacing. For the lowest and highest measured
energies, the half-width is taken from the distance to the single adjacent energy value. For
intermediate energies, the bin width is determined from the mean of the neighbouring half-

separations. Thus, for measured energy E;, the estimated bin width is

(|E> — Eq

2 ’ l:1,
E,—E,_
AE; = ’"—2”” i=n, (4.33)
1 (|Ei—Ei—1| | |Eiy1—Ei .
! 2<i<n—1.
\2( > + > ; <i<n

The corresponding estimated bin edge coordinates are then given by

E* = Ei £ AE,. (4.34)

The use of neighbouring measurements to estimate the bin extent is motivated by the expected
organisation of the experimental data into adjacent kinematic bins. For a regularly or approx-
imately regularly binned dataset, the separation between neighbouring central values provides
a natural estimate of the distance between the corresponding bin centres. Taking half of this
separation therefore gives an estimate of the distance from a central value to the boundary be-
tween neighbouring bins. For intermediate energy values, averaging the two neighbouring half-

separations allows the prescription to accommodate variations in bin width while maintaining a
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continuous estimate of the local kinematic coverage.

For each energy level containing more than one angular measurement, the resulting angular and
energy edges provide additional boundary points required to construct the convex hull. These
points are incorporated before the convex hull calculation so that the resulting discretised do-
main accounts for the finite kinematic coverage of the experimental bins. Importantly, these
additional points do not represent additional measurements of the observable; they only extend
the geometric domain to account for the region of kinematic space associated with the existing

measurements.

When explicit binning information is unavailable, the above prescription therefore provides an
estimate of the outer bin boundaries based on the observed spacing of the measured kinematic
coordinates. This is a practical approximation to the likely bin structure rather than a reconstruc-
tion of the exact experimental binning. Its use is justified where the data exhibit an ordered and
approximately contiguous bin structure, as is the case for the polarisation observable datasets
considered here. Cases in which this assumption cannot be reliably made, such as a dataset
containing only a single measured energy or only one angular point at each energy, require the

bin boundaries to be determined separately from the available experimental information.

The convex hull construction itself remains independent of the treatment of binning and can
therefore be applied without these additional steps to datasets for which measurements are rep-
resented by well-defined point coordinates. The binning prescription developed here is instead
an application specific extension intended to incorporate information that is particularly relevant
for the polarisation observable data used in this work. It is therefore applicable most directly
to datasets with a similar structure, namely measurements organised over discrete energy and

angular bins.

This binning prescription was developed specifically for the two-dimensional pseudoscalar me-
son photoproduction data considered in this thesis [82]]. An example of the resulting discretised
convex hull, including the additional kinematic extent associated with the experimental binning,

is shown in Figure {.6|

The resulting set of discretised points defines the kinematic domain used for the subsequent [GP]
interpolation. The construction is therefore applied to the input coordinates rather than to the
measured observable itself, ensuring that the resulting domain represents the region of kinematic

space supported by the available experimental measurements and their associated binning.
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Figure 4.6: Two-dimensional discretised convex hull for the polarisation observables measured
in [82], including the additional kinematic extent associated with the experimental binning. The
original convex hull is shaded in red and is defined by the central measurement coordinates,
while the extended region is shaded in blue and incorporates the estimated boundaries of the
experimental bins, providing a representation of the full kinematic region covered by the mea-
surements.

4.6.2 Computational Considerations

An alternative approach is to use a Delaunay triangulation to determine which points in a discre-
tised parameter space grid lie within the convex hull [112]. However, this requires the full grid
to be generated before the points inside the hull can be identified. The grid must therefore con-
tain every possible combination of the discretised coordinates, including points that ultimately

fall outside the convex hull and are not required for the final interpolation domain.

This becomes increasingly demanding as the dimensionality or resolution of the parameter space
increases. Adding an additional dimension introduces another set of coordinate values that must

be combined with those of the existing dimensions, while increasing the resolution similarly in-
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creases the number of possible coordinate combinations. Consequently, the number of points in
the complete grid grows rapidly with both dimensionality and resolution. Since the coordinates
of all of these points must be stored before the point-in-hull classification can be performed, the

associated memory requirements can become a significant limitation.

The issue is particularly relevant when the convex hull occupies only a relatively small fraction
of the parameter space. In this case, a large number of the generated grid points lie outside the
convex hull and are subsequently discarded. The computational resources required to generate
and store these points are therefore used for points that do not contribute to the final interpolation

domain.

The algorithm developed in this work takes a different approach by constructing the discretised
convex hull domain directly from the facets of the continuous convex hull. Rather than first
generating the complete parameter-space grid and then determining which points are contained
within the hull, the algorithm constructs the boundary of the hull and subsequently fills the
region enclosed by this boundary. Only points required to represent the discretised convex hull

are therefore generated and retained.

This approach reduces the amount of unnecessary computation and memory associated with
constructing the interpolation domain. The advantage is not that the convex hull calculation
itself is eliminated, since the continuous convex hull must still be determined, but rather that
the potentially large Cartesian grid used for point-in-hull classification does not need to be ma-
terialised. The resulting construction is therefore better matched to the specific purpose of this
calculation, where the required output is the discretised subset of parameter space contained

within the convex hull.

Although the applications considered in this thesis involve only 1D and 2D kinematic spaces,
the algorithm was designed as a general multidimensional procedure. This was motivated by
the possibility of applying the construction to higher-dimensional parameter spaces, such as
those encountered in the DVCS analysis discussed later in Section In such cases, the
rapid growth in the number of points in a complete Cartesian grid makes avoiding its explicit

construction increasingly important.
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4.7 Role of the Gaussian Process Framework

The experimental data considered in this thesis form a finite and non-uniform sampling of the
underlying physical observables, as discussed in Section Measurements are available only
at discrete kinematic points or within finite bins, with the density and uncertainties of the mea-
surements varying across the kinematic space. These limitations are particularly relevant when
the measured observables are used in subsequent reaction amplitude and spectroscopy analyses,

where information across a broader kinematic region may be required.

The framework developed in this thesis is intended to address this gap between the discrete
nature of the experimental measurements and the more continuous kinematic dependence re-
quired by subsequent analyses. The framework is positioned after the determination of physical
observables and before their use in reaction amplitude analyses within the broader physics anal-
ysis pipeline described in Section Its purpose is to provide an interpolated representation
of the measured observables between existing measurements, together with an estimate of the

associated predictive uncertainty.

This can be particularly useful for Partial Wave Analyses (PWAK), which use experimental ob-
servables across a range of energies and angles to constrain the reaction amplitudes. Broad and
sufficiently dense experimental coverage provides stronger constraints on the kinematic depen-
dence of these amplitudes. However, the experimental data available for a given reaction may
contain substantial gaps in their energy or angular coverage. An interpolation between exist-
ing measurements can provide estimates at kinematic locations where no direct measurement
is available, allowing the information contained in the surrounding measurements to contribute

more continuously to a subsequent analysis.

The benefit of such an interpolation is not limited to filling individual gaps between measure-
ments. Measurements from different experiments may have different kinematic coverage, mean-
ing that combining them can produce an irregular collection of measurements across the relevant
parameter space. A continuous representation can provide a common description of these mea-
surements and allow observables to be evaluated at kinematic locations where individual exper-
iments provide no direct result. This can be useful when comparing experimental information
with theoretical calculations or when constructing the inputs required for subsequent amplitude

analyses.
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An important requirement is that the interpolation should retain information about how strongly
the available measurements constrain the predicted observable. A prediction made between
closely spaced measurements should generally be better constrained than one made in a region
separated from the nearest experimental data. The predictive uncertainty provided by the
therefore gives additional information beyond the interpolated central value, allowing the de-
gree of experimental constraint to be carried through to subsequent analyses. The convex hull
construction described in Section [4.6| further provides a geometric definition of the region sup-
ported by the available measurements, preventing regions requiring extrapolation from being

treated as equally constrained.

The framework does not introduce additional experimental measurements. Instead, it provides
a statistical representation of the information already contained in the available data and esti-
mates the behaviour between measured points. This distinction is important because interpo-
lation cannot compensate for genuinely missing experimental coverage. Where the available
measurements provide insufficient information to constrain an observable, the appropriate so-
lution remains additional experimental measurements rather than treating model predictions as

experimental constraints.

The use of al[GPlis therefore motivated by the particular structure of the experimental data and by
the requirements of their subsequent use. The framework provides a means of making the infor-
mation contained in sparse measurements more readily usable across the kinematic region they
support, while retaining an explicit representation of predictive uncertainty and distinguishing

interpolation from extrapolation.

The standard [GP] formulation alone, however, does not guarantee that the resulting interpolation
has the statistical properties required for this application. As demonstrated in Section [3.7.1]
marginal-likelihood optimisation can leave the kernel hyperparameters weakly constrained for
sparse datasets, potentially resulting in undesirable behaviour between measurements or poorly
calibrated predictive uncertainties. The customised optimisation procedure developed in this
chapter is therefore used to select the hyperparameters according to the requirements of the
interpolation rather than relying solely on the standard marginal likelihood. The complete im-

plementation and analysis workflow are described in the following sections.
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4.8 Summary of the GP Framework

This chapter has presented the Gaussian Process framework developed in this thesis for in-
terpolating sparse experimental hadron physics data and quantifying the associated predictive
uncertainty. The experimental measurements used as inputs to the framework were described
in Section 4.2} including the different kinematic dimensionalities and sampling densities of the
datasets considered. The specification of the including the choice of a zero mean function
and the use of the RBH covariance kernel with independent characteristic length scales, was

presented in Section[4.3]

A customised hyperparameter optimisation procedure was developed to address the require-
ments of the sparse datasets considered in this work. The overall procedure was introduced in
Section4.4] with empirical coverage used to assess the calibration of the predictive uncertainties
in Section The Wasserstein distance was selected to quantify the discrepancy between the
measured and nominal coverage curves, as described in Section @} Physics-informed bounds
on the kernel length scales and a boundary proximity penalty were then incorporated into the
combined loss function, as described in Sections and@.4.4] The resulting loss is minimised
using with the optimisation strategy and its implementation described in Section[d.5] The
selection of was supported by a comparison with on identical pseudodatasets, with
the detailed comparison provided in Appendix [Al

The construction of the region over which the [GP interpolation is performed was described in
Section The 1D KN datasets use the range of the measured kinematic variable, while the
2D polarisation observable datasets use a convex hull constructed from the available measure-
ments. The treatment of finite experimental binning and its incorporation into the interpolation
region was described in Section [4.6.1] The computational considerations motivating the direct
construction of the discretised convex hull, rather than generating a complete parameter-space

grid, were discussed in Section 4.6.2

The role of the resulting framework within the broader physics analysis was considered in Sec-
tion The framework provides a means of making the information contained in sparse ex-
perimental measurements more readily usable across the kinematic region supported by those
measurements, while retaining an explicit representation of predictive uncertainty and distin-

guishing interpolation from extrapolation.
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Taken together, the methodology provides a framework in which the model specification,
hyperparameter optimisation and interpolation domain are designed specifically for the char-
acteristics of sparse experimental hadron physics data. The resulting framework provides sta-
tistically controlled interpolations without introducing additional experimental measurements,
while retaining information about the uncertainty associated with predictions between measured
points. Its performance and limitations are assessed using pseudodata and experimental datasets
in Chapter [5
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Chapter 5

Validation of GP Framework

5.1 Construction of Pseudodata

In order to validate the methodology presented here, in particular the hyperparameter optimi-
sation for sparse datasets, pseudodata, whose true underlying function is known, can be tested.
Here we base the pseudodata on the two-dimensional polarisation observables of the yp — KL+
reaction discussed in Section [4.2] where the sparse and non-uniform kinematic coverage of
the experimental measurements was introduced. These observables are typically measured as
functions of their energy (usually expressed in GeV) and scattering angle (usually expressed as

cos 0).

Based on the general formalism of pseudoscalar meson photoproduction [50]], the angular depen-
dence of polarisation observables can be expressed as sums of Legendre polynomials, reflecting
the underlying partial wave expansion of the reaction amplitudes. The energy dependence of
observables is commonly associated with resonant structures, which can be parameterised using
Breit-Wigner or, more generally, Cauchy-like distributions that reflect the pole structure of the
underlying amplitudes [50]. However, for the purpose of validating the proposed methodology,
such physically motivated line shapes are not required. Instead, we adopt a Gaussian parame-
terisation for the energy-dependent part of the pseudodata. While Gaussians do not reproduce
the exact analytic properties of resonance dynamics, they provide a smooth, well-controlled

approximation that is sufficient for constructing test functions with known ground truth. This
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choice allows us to generate stable, differentiable pseudodata surfaces while avoiding additional
complications arising from resonance interference effects, threshold behaviour or long tails in-
herent to Breit-Wigner forms. The Gaussian choice therefore serves as a convenient and com-
putationally robust approximation to more realistic energy dependences for the purposes of this

validation.

The 2D pseudodata surface is therefore of the form
f(w,cos0) chgl )P;(cos0), (5.1)

where ¢; ~ % (—1,1) are randomly sampled coefficients, g;(w) are Gaussian functions of the

form

aio) = o[- B 52)

20’1

and P;(cos 0) is the [-th order Legendre polynomial. Here, % (a,b) denotes a continuous uni-
form distribution between a and b. For simplicity, each Legendre polynomial P;(cos 0) is asso-
ciated with a single energy-dependent Gaussian g;(w). This avoids additional coupling between
angular and energy components, making the pseudodata surface easier to construct and interpret
while still capturing the essential 2D structure needed to validate the hyperparameter optimisa-

tion procedure. Here we set L = 3 so that each pseudodata surface has a total of 12 parameters.

In order to mimic the data from yp — K+, we generate the pseudodata surface across the angu-
lar range —0.85 < cos 0 < +4-0.85 and an energy range of wy,i, = 1.2GeV to wiyax = 2GeV. These
angular limits are chosen to mimic the incomplete angular coverage resulting from detector ac-
ceptance. To ensure that the underlying true function is mathematically interesting in this region,
we set (W ~ % (1.4,1.8) and 6} ~ % (0.25,0.75). It is also important to note that these polarisa-

tion observables are asymmetries and are therefore confined to [—1,1]. If max|f(w,cos0)| > 1,

the entire function is divided by max |f(w,cos 0)|, ensuring that the observable values remain

within this physical range.

The experimental data are sparse and are measured at a small number of discrete energy values,
with only a limited number of angular measurements at each energy. To mimic this structure,
the energy range [Wmin, Wmax| is divided into n equally sized bins, such that the width of each
bin is
Aw = Lmax ~ Wmin (5.3)
n
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One random energy value is then sampled from each bin, giving the set of discrete energy values
Wi~ U (Wmin + ({ — 1) Aw, winin + iAw) i=1,...,n. (5.4)

A similar procedure is then used for cos 6, with the angular range divided into m; equally sized
bins at each energy value and one random value sampled from each bin. To mimic the sparsity
of the experimental data, we fix n = 4 energy values and independently sample the number of

angular measurements at each energy according to
mi~ % (4,5,...,10), i=1,...,n, (5.5)

where % (4,5,...,10) denotes a discrete uniform distribution over the integers from 4 to 10.
Thus, the pseudodata contain four energy values with between four and ten angular measure-
ments at each energy, mimicking the sparse and non-uniform sampling of the experimental

dataset.

The pseudodata are modelled on data taken by the CLAS collaboration which, for this exper-
iment [82], used a linearly polarised photon beam, for which each event is assigned a binary
label (positive or negative outcome) corresponding to the sign of the polarisation-dependent

asymmetry.

For a given kinematic point, the outcome of a single measurement can therefore be treated as
a Bernoulli random variable. The probability of observing the positive or negative outcome
(P4, P_, respectively) is determined by the asymmetry value obtained from the generated sur-
face, denoted by a. This quantity represents the underlying expectation value of the observable
at that kinematic point and corresponds to the ensemble-averaged asymmetry that would be ob-
tained in the limit of infinite statistics. In an experimental setting, however, only a finite number
of events are observed, and the measured asymmetry therefore fluctuates about this expectation
value due to statistical noise. In the pseudodata generation, this effect is modelled by sampling
outcomes according to the probabilities P, and P_ at each kinematic point, given by
_1+a

Po=—" (5.6)

This form ensures that the probabilities are properly normalised, P, + P— = 1, and that they
remain bounded between 0 and 1 provided |d| < 1, as required for a physical polarisation ob-

servable.
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As this is a counting experiment, the total number of events N is expected to follow Poisson
statistics:
N ~ Poisson(A), (5.7

where A is the effective count for the experiment. In the pseudodata construction, A ~ %/ (200, 1000)
to provide a range of event counts representative of the experimental setting. For a given N, the

number of positive outcomes N follows a binomial distribution

L
AqrvBmomuu(N, ;a). (5.8)

Thus, N- = N — N,. We can define an unbiased estimator for the asymmetry as

_N.-N_

£ N

(5.9)

The statistical uncertainty of this measured asymmetry comes from the finite number of events
detected and the probabilistic nature of polarisation measurements. Using standard results from

binomial statistics [70], the variance of z is given by

1 —a?

Var(z) = N

(5.10)

Although 4 is known during pseudodata generation, experimental analyses do not have access
to the true underlying asymmetry. Therefore, to mimic a realistic measurement, 4 is replaced by

the measured value z, yielding the estimated statistical uncertainty

1—272
N

O, ~

(5.11)

This captures the essential statistical behaviour of polarisation asymmetry measurements in the
Poisson-limited regime. The uncertainty decreases as 1/1/N with increasing statistics, while the

binomial variance decreases as |d| approaches unity.

We now have a suitable sparse pseudodataset with a known underlying function. We can there-
fore apply the hyperparameter optimisation procedure developed in Chapter 4] within the convex
hull of these points, as described in Sections 4.4] and

After generating the surface, points are generated from the posterior mean in order to assess
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its suitability. If the original input consists of p pseudodata points, the same number of points
are generated from the posterior mean. These points are also required to have comparable
coverage of the kinematic space, defined by the convex hull of the original data. To achieve this,
candidate points are generated using Latin Hypercube Sampling [83]] to obtain a uniform, space-
filling distribution (discussed in Section [3.8). These points are rounded to the experimental
resolution, and the sampling density is increased until the number of valid points is sufficient
to match the number of original pseudodata points. If more points are generated than required,
a random subset is selected. This provides datasets with the same sample size and comparable
kinematic coverage, allowing subsequent analyses of the original and [GP+derived datasets to be

compared directly.

In total, 100 independent pseudodata surfaces and corresponding datasets are generated to pro-

vide an ensemble for the validation studies presented in the following sections.

5.2 Uncertainty Calibration Test

We first verify that both the generated pseudodata and sampled datapoints exhibit the ex-
pected scatter about the underlying true functions given in Equation [5.I] The pull (otherwise

known as the residual) of the datapoints can be found using:

Yfunc — Yeval (512)

ull =
P 6)} eval

where yey, denotes either the pseudodata mean or the corresponding value, depending on
the dataset under consideration, and Jyeyq is the associated estimated uncertainty. In all cases,
Yrune represents the value of the known underlying function at the same kinematic point. If
the uncertainties are correctly estimated and the deviations from the underlying function are
approximately Gaussian, the pull distribution is expected to have zero mean and unit variance.

Under this assumption, a point satisfies

!PUH\ <k <= Yfunc € [yeval - k‘SYevalvyeval +k3yeval]7 (5.13)

where k specifies the number of standard deviations considered. Consequently, the fraction of
points satisfying this condition provides a measure of the empirical coverage of the correspond-

ing uncertainty interval.
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For a standard normal distribution, the expected fraction of points within an interval of width
ko is given by
Forea(k) = ®(k) — D(—k), (5.14)

where ® is the cumulative distribution function of the standard normal distribution, as discussed
in Section For example, the expected coverage is approximately 50.0%, 68.3% and 95.0%
for 0.670, 1o and 1.960, respectively. The empirical coverage is calculated by evaluating the
pull at each pseudodata or[GP point and determining the fraction satisfying |pull| < k for a range
of values of k. This is similar to the procedure used to generate the empirical coverage plot in-
troduced in Section4.4.1] where the measured coverage is compared with the nominal Gaussian
expectation over a range of uncertainty levels. In the present case, however, the underlying func-
tion is known by construction, allowing the coverage of the pseudodata and uncertainties to
be assessed directly. This procedure is repeated independently for each of the 100 generated
pseudodata surfaces, and the resulting coverage fractions are averaged over the ensemble to pro-
vide a measure of the typical uncertainty calibration for each dataset. Agreement between the
measured and expected coverage indicates that the estimated uncertainties provide an appropri-
ate representation of the deviations from the known underlying function, while systematic over-

or under-coverage indicates that the uncertainties are respectively too large or too small.

An example of this procedure is shown in Figure The known underlying function (with
functional form given in Equation [5.1)) is shown by the black dash dotted curve, while the eval-
uated values are shown as individual points. Green points satisfy the coverage criterion for the
specified uncertainty interval, while red points lie outside the corresponding interval. The un-
certainty bands are scaled according to the value of k£ considered in each panel, illustrating how

the fraction of points contained within the interval changes as the confidence level is increased.
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Figure 5.1: Example of the uncertainty coverage test for three confidence intervals. The black
dash dotted curve represents the known underlying function given by Equation [5.1} while the
points represent the corresponding evaluated values. Green points satisfy the coverage criterion
|pull| < k and are therefore contained within the corresponding ko uncertainty interval, while
red points fall outside this interval. The uncertainty bands around the evaluated values are scaled
by the value of k shown in each panel. The panels show the coverage for 0.67c, 10 and 1.960,
for which a standard normal distribution would contain approximately 50.0%, 68.3% and 95.0%
of points, respectively. The figure therefore provides a visual illustration of how the empirical
coverage criterion is applied to the pseudodata and corresponding [GP| points.

The results are summarised in Table The pseudodata reproduce the expected Gaussian
coverage very closely, with measured fractions of 49.6%, 68.2% and 95.3% for the 0.670, 1
and 1.960 intervals, respectively, compared with expected values of 50.0%, 68.3% and 95.0%.
The small differences from the expected values are consistent with statistical fluctuations aris-
ing from the finite number of generated points. This provides a validation of the uncertainty-
generation procedure used to construct the pseudodata and demonstrates that the statistical fluc-

tuations introduced during the pseudodata construction produce uncertainties with the expected
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coverage properties.

o Band Expected Percentage Measured Measured
of Points (%) Percentage of Percentage of
Known Points (%) Points (%)
0.670 50.0 49.6 63.8
lo 68.3 68.2 78.9
1.960 95.0 95.3 97.4

Table 5.1: Expected and measured coverage fractions for the pseudodata and corresponding
points. The expected values are calculated assuming a standard normal distribution of pulls. The
measured values are averaged over the ensemble of 100 independently generated pseudodata
surfaces.

The points generated from the exhibit higher coverage than the Gaussian expectation, par-
ticularly at the lower uncertainty levels. At 0.670, 63.8% of the points are contained within
the uncertainty interval, compared with an expected 50.0%, while at 10 the corresponding cov-
erage is 78.9%, compared with 68.3%. At 1.960, however, the measured coverage of 97.4%
is much closer to the expected value of 95.0%. This indicates a degree of overcoverage in the
uncertainties, particularly for the narrower uncertainty intervals, meaning that the predicted
uncertainties are somewhat conservative in this regime. The observed behaviour may be associ-
ated with the smoothing and correlation structure of the [GP, which can reduce the point-to-point
variation of the posterior mean relative to the underlying statistical fluctuations in the pseudo-
data. The overcoverage therefore does not indicate underestimated uncertainties; instead, the [GP|
uncertainty intervals are sufficiently broad that the known function is contained more frequently
than expected under the nominal Gaussian model. The closer agreement at 1.960 is particularly
relevant for subsequent analyses, where larger uncertainty intervals provide a useful measure of

the confidence associated with the interpolated function.

Overall, the coverage test demonstrates that the uncertainties produced by the[GP|do not system-
atically underestimate the uncertainty associated with the interpolated surface for the pseudodata
considered here. While the|GPlexhibits some overcoverage at lower confidence levels, the effect
becomes substantially smaller at 1.960, where the measured coverage is close to the Gaussian
expectation. The pseudodata therefore provide a validation of the statistical construction, while
the comparison with the points demonstrates that the interpolation does not introduce sub-
stantial underestimation of the associated uncertainty. Having established this aspect of the

performance, the next test considers a complementary requirement: whether the interpolation
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preserves the underlying functional information contained within the sparse pseudodata. This is

assessed in the following section by testing the recovery of the known functional form.

5.3 Recovery of Functional Form

A further requirement of the [GPlrepresentation is that it should retain the information contained
in the original measurements in a form suitable for subsequent physics analysis. As discussed in
Section [2.8] experimental measurements are ultimately used to constrain models of the underly-
ing reaction dynamics. This commonly involves fitting a chosen functional form or theoretical
model to the available measurements and extracting the corresponding parameters. The ability
to perform such a fit is therefore an important test of whether the [GPlinterpolation preserves the

relevant information contained within the sparse dataset.

To test this, we compare fits performed directly using the original pseudodata with equivalent
fits performed using datapoints sampled from the surface. An illustrative comparison of the
resulting fitted surfaces is shown through their one-dimensional projections in Figure[5.2] These
projections are intended only to provide a visual example of the similarity between the two fits;

the quantitative comparison is performed using the fitted coefficients.

The known functional form of the underlying two-dimensional surface, given by Equation
is first fitted directly to the pseudodata using a least-squares method implemented with the
iminuit software package [113]. An example of the resulting fit is shown in Figure [5.2a
A [GPlis then fitted to the same pseudodata, producing the interpolated surface shown in Fig-
ure[5.2b] As described in Section [5.1] a set of datapoints is subsequently sampled from the
surface with the same number of points and comparable kinematic coverage to the original pseu-
dodata. The same least-squares fitting procedure is then applied to these sampled [GPl datapoints

using the original functional form.

The quantitative comparison is performed using the fitted coefficients across the ensemble of
100 independently generated pseudodata surfaces. For each generated surface, the functional
form is fitted independently to both the original pseudodata and the corresponding sampled |GPI
datapoints. The resulting fitted coefficients can then be compared through their pulls, defined
using Equation[5.12] For a given coefficient, the pull measures the difference between the value

obtained from a particular fit and the corresponding true value used to generate the pseudodata,
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(c) Fits to the functional form using the pseudodata
and sampled [GP| datapoints.

Figure 5.2: Illustrative comparison of fits to the known functional form for a generated two-
dimensional surface. The fit performed using the original pseudodata is compared with the
equivalent fit performed using datapoints sampled from the surface. The results are shown
through one-dimensional projections of the fitted surfaces and are intended to illustrate their
overall similarity. The quantitative comparison between the two approaches is instead performed
using the pulls of the fitted coefficients shown in Table

relative to the estimated uncertainty on the fitted coefficient. If the fitting procedure provides an
appropriate description of the coefficient uncertainties, these pulls are expected to be approxi-

mately Gaussian distributed.

We therefore model the pull distribution of each fitted coefficient using a Gaussian distribution.
The fitted mean and variance of this Gaussian provide a compact description of the distribution
and allow the behaviour of the coefficients obtained from the original pseudodata and sampled
[GPldatapoints to be compared quantitatively. In particular, similar variances indicate that the two
datasets provide comparable constraints on the fitted coefficients, while substantial differences

in the fitted means or variances could indicate that the interpolation has altered the information
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available to the subsequent functional form fit.

The fitted Gaussian means and variances for each coefficient are summarised in Table and
shown in Figure [B.I] for both the original pseudodata and the sampled datapoints. The two
datasets produce broadly comparable pull distributions across all fitted coefficients. The vari-
ances are generally of similar magnitude, with the [GP}based fits showing some reduction in
variance for several coefficients. This behaviour is consistent with the mild over-coverage ob-
served in the uncertainty calibration test, where the [GP|uncertainties were found to be somewhat
conservative at lower confidence levels. Importantly, the differences between the two sets of fit-
ted coefficients do not exhibit a consistent pattern across the different coefficients that would

indicate a significant loss or systematic distortion of information through the interpolation.

Pseudodata [GP| Datapoints
Coefficient Mean Variance Mean Variance
o -0.037 0.746 -0.150 0.978
o 0.111 0.731 -0.202 0.684
o} -0.058 0.636 -0.235 0.822
1 -0.098 0.902 0.021 0.828
U1 -0.012 0.658 -0.023 0.723
o} -0.146 0.630 -0.060 0.444
2 0.093 0.706 -0.007 0.448
J15) -0.008 0.837 -0.060 0.650
o7 -0.047 0.623 -0.187 0.655
3 -0.008 1.013 0.042 0.776
J1%) -0.115 0.685 -0.057 0.721
oy -0.208 0.635 -0.311 0.837

Table 5.2: Means and variances of the Gaussian distributions fitted to the pull distributions of
the fitted coefficients obtained using the original pseudodata and sampled [GP| datapoints.

The fitted coefficients obtained from the sampled datapoints are therefore consistent with
those obtained from the original pseudodata. The fitted variances are generally of comparable
magnitude, while the differences in the fitted means do not show a consistent systematic trend
across the coefficients. These results indicate that the interpolation has retained the information
required for the subsequent functional form fit. The small differences observed between the two
approaches are expected when comparing fits to finite datasets and do not indicate a significant

distortion of the underlying functional information.
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An additional advantage of the representation is that it provides a continuous description
of the observable within the kinematic region supported by the experimental data, rather than
restricting subsequent analyses to the discrete locations at which measurements are available.
This allows the observable to be evaluated at kinematic points where no direct experimental
measurement exists, together with an associated estimate of the interpolation uncertainty. Such
a representation may be particularly useful when comparing experimental information with the-
oretical models that are only defined or applicable over specific kinematic regions, since the
can provide estimates at the required points without introducing an additional functional
parameterisation. The interpolation does not provide information beyond that supported by the
experimental data, and its reliability therefore depends on the available kinematic coverage and

the associated uncertainties.

Overall, this test demonstrates that the surface preserves sufficient information from the
sparse pseudodata to support a subsequent functional form fit. This is an important property for
the intended physics application, where an interpolation is not an endpoint in itself but forms
an intermediate representation between sparse experimental measurements and the extraction
of information about the underlying reaction dynamics. The agreement between the coefficient
pull distributions obtained from the original pseudodata and sampled datapoints provides
evidence that the[GPlcan act as a suitable surrogate for the original measurements while retaining

the information required for downstream physics analyses.

5.4 Summary

This chapter has validated the [GPlframework developed in Chapter[]using pseudodata for which
the underlying functional form is known. The construction of these pseudodata, described in
Section [5.1] was designed to reproduce the sparse and non-uniform kinematic coverage charac-
teristic of experimental datasets. The uncertainty calibration test in Section [5.2] demonstrated
that the uncertainties associated with both the pseudodata and the interpolation exhibit the
expected coverage behaviour. In particular, the [GP showed some overcoverage at lower confi-
dence levels but no evidence of systematic underestimation of the interpolation uncertainty. The
recovery of functional form in Section [5.3]then demonstrated that fitting the known functional
dependence to datapoints sampled from the [GPl produces results comparable to those obtained
from the original pseudodata, indicating that the interpolation retains the information required
for subsequent physics analysis.
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Together, these tests provide validation of the principal requirements established for the frame-
work in Chapter [} that the should provide statistically meaningful uncertainties while re-
taining the information contained within sparse measurements. The results therefore support
the use of the framework as an intermediate representation between the discrete experimental
measurements described in Section and subsequent physics analyses. In addition, the con-
tinuous representation provided by the allows the observable to be evaluated at unmeasured
kinematic points within the region supported by the data, as discussed in Section[4.7] The valida-
tion presented here therefore provides the basis for applying the framework to the experimental
datasets and physics observables considered in Chapter [6]
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Chapter 6

Results and Discussion

6.1 Application to Polarisation Observables

The first application of the framework is to the sparse two-dimensional polarisation observ-
able data for the yp — KYE* reaction. The experimental measurements used in this analysis are
taken from [82]] and provide discrete samples of the observables over photon energy and cos 6,
with limited and non-uniform coverage across the kinematic region. The purpose of this appli-
cation is to demonstrate how the framework developed in Chapter 4| can be used to construct
continuous representations of the measured observables while retaining associated uncertainty

information. The resulting surfaces for X, P, T, O, and O, are presented below.

6.1.1 Fits to 2D Polarisation Observables

The framework was applied independently to the five polarisation observables X, P, T', Oy
and O;. Each observable is treated as a function of photon energy and cos 8, with the exper-
imental measurements providing the constraints on the resulting two-dimensional surface. No

interpolation or smoothing is applied to the experimental data prior to the [GPI fit.

The resulting fits are shown in Figures [6.1H6.5] In each figure, the lower panel shows the two-
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dimensional surface as a function of photon energy and cos 8. The four panels above show
one-dimensional projections of the same surface at photon energies where experimental mea-
surements are available. These projections allow the fitted dependence on cos 6 to be compared
directly with the experimental data, while the two-dimensional surface provides the interpolation

between the measured kinematic points.

The fitted surfaces exhibit different levels of structure between the five observables. The X
observable shows a comparatively smooth dependence across the kinematic region (Figure[6.I)),
while smaller local structures are visible in the P (Figure [6.2) and O, (Figure [6.4) projections.
More pronounced structure is present in the 7' (Figure [6.3) and O, (Figure [6.5) projections. In
particular, the projection at 1.98 GeV for T exhibits a pronounced local maximum at positive
cos 8, while the corresponding projection for O, exhibits a pronounced local minimum in a

similar region of cos 8.
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Figure 6.1: fit to the T polarisation observable for the yp — KL reaction. The lower panel
shows the two-dimensional [GPlsurface as a function of photon energy and cos 6, while the upper
panels show one-dimensional projections of the fitted surface at selected photon energies. The
experimental measurements are shown for comparison.

138



E=1.23 GeV E =1.48 GeV

1.00 /i 1.00
0.75 / \ 0.75 *
0.50 \ 0.50 /],// + *
0.25 :Ie\l — 0.25 / \‘l
T N T
a 0.00 /, a 0.00
-0.25 -0.25
—0.50 —0.50
-0.75 -0.75
-1.00 -1.00
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
cos@ cosé
E=1.73 GeV E =1.98 GeV
1.00 1.00
0.75 / \x 0.75 ,"\‘+,
0.50 +— \jf'/ . 0.50 \
0.25 T 0.25 J‘
—-0.25 -0.25
-0.50 -0.50
-0.75 -0.75
-1.00 -1.00
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
cos6 cos@

1.0
2.0
0.5
— 1.8 1
S
(]
i~
> 1.6 0.0 o
<
o
&
1.4
-0.5
\
1
1.2 T 1 ]
1 ! / /. A\ -1.0
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
cosf

Figure 6.2: [GPIfit to the P polarisation observable for the yp — KL reaction. The lower panel
shows the two-dimensional [GPlsurface as a function of photon energy and cos 6, while the upper
panels show one-dimensional projections of the fitted surface at selected photon energies. The
experimental measurements are shown for comparison.
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Figure 6.3: fit to the T polarisation observable for the yp — KX reaction. The lower panel
shows the two-dimensional [GPlsurface as a function of photon energy and cos 6, while the upper
panels show one-dimensional projections of the fitted surface at selected photon energies. The
experimental measurements are shown for comparison. The projection at 1.98 GeV exhibits a
pronounced local maximum at positive cos 0.
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Figure 6.4: fit to the O, polarisation observable for the yp — K°L* reaction. The lower panel
shows the two-dimensional [GPlsurface as a function of photon energy and cos 6, while the upper
panels show one-dimensional projections of the fitted surface at selected photon energies. The
experimental measurements are shown for comparison.

141



E=1.23 GeV E =1.48 GeV

1.00 1.00
0.75 A 0.75
0.50 1 0.50 1
0.25 A 0.25 A
o 0.00 A o 0.00 -
—0.25 - —0.25 -
—0.50 A —0.50 A
—0.75 A —0.75 A
-1.00 T T T -1.00 T T .
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
cos6 cosf
E=1.73 GeV E =1.98 GeV
1.00 1.00
0.75 A 0.75 1
0.50 1 0.50 1
0.25 A 0.25 A1
o 0.00 - o 0.00 -
—0.25 —0.25 -
—0.50 —0.50
—0.75 A >|< —0.75 A
-1.00 T T T -1.00 T T .
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
cos6 cos6

1.0
2.0 1
L 0.5
_ 1.8
>
(]
9
N
> 1.6 00 d
Q
S
1.4
L —0.5
1.2
T T T T _1-0
-1.00 . 0.25 0.50 0.75 1.00

Figure 6.5: fit to the O, polarisation observable for the yp — K°L* reaction. The lower panel
shows the two-dimensional [GPlsurface as a function of photon energy and cos 6, while the upper
panels show one-dimensional projections of the fitted surface at selected photon energies. The
experimental measurements are shown for comparison. The projection at 1.98 GeV exhibits a
pronounced local minimum at positive cos 0.
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6.1.2 Results and Interpretation

A key result of the two-dimensional treatment is that the dependence on cos 0 at a given energy
is constrained by measurements across the surrounding energy—cos 6 region. The[GP|covariance
correlates nearby points in both input dimensions, so measurements at neighbouring energies can
contribute to the prediction at an energy where the experimental coverage is limited. The extent
of this correlation is determined by the learned energy and angular length scales, allowing the
fitted surface to incorporate information across both dimensions rather than treating each energy
independently. This is particularly important for the present data, where only a small number
of measurements are available at each photon energy. The resulting interpolation is therefore
constrained not only by measurements at the energy being considered, but also by the structure

of the observable across the surrounding kinematic region.

This behaviour is particularly evident in the projections at 1.98 GeV for T and O,. The T ob-
servable exhibits a pronounced local maximum at positive cos 8, while O, exhibits a pronounced
local minimum in a similar region of cos 8. These structures are obtained by evaluating the fit-
ted two-dimensional surfaces at £ = 1.98 GeV and therefore reflect the correlated energy—cos 6
dependence learned from the full dataset. The projections demonstrate that the two-dimensional
treatment can retain non-trivial dependence on cos @ even when only a small number of mea-

surements are available at the energy being considered.

This is important because the experimental coverage at individual energies is sparse and non-
uniform. If the dependence on cos @ were instead fitted independently at each photon energy,
only the measurements available at that energy would constrain the resulting function, and the
information supplied by measurements at neighbouring energies would be discarded. In such
a treatment, the pronounced structures observed in the 7 and O, projections could be difficult
or impossible to recover if the available measurements at 1.98 GeV do not provide sufficient
information to resolve them. The smaller structures present in the P and O, projections are
likewise constrained by the surrounding two-dimensional data, while the comparatively smooth
behaviour of X indicates that the same framework can also represent observables for which there
is less local structure. The differences between the fitted observables demonstrate that the
does not impose a common functional shape, but instead adapts the interpolated surface to the

constraints provided by each dataset.

The uncertainty associated with the fitted surface provides an indication of how strongly the

interpolation is constrained by the experimental data. Regions with measurements are generally
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more tightly constrained, while the uncertainty increases where the kinematic coverage becomes
sparse. Consequently, structures inferred in poorly sampled regions should be interpreted with
greater caution than those occurring where measurements provide stronger constraints. The spa-
tial variation of the predictive uncertainty also provides information that could be useful when
planning future measurements. Regions in which the predictive uncertainty is large indicate
areas that are comparatively weakly constrained by the available multidimensional dataset and
could therefore be considered when planning additional measurements. In this sense, the GP
uncertainty can provide not only an assessment of the current interpolation, but also an indica-
tion of where additional measurements may be most informative. At the same time, the fitted
surfaces provide a continuous representation of all five observables at arbitrary kinematic points
within the region supported by the data, rather than restricting subsequent analyses to the dis-
crete locations at which experimental measurements were reported. The associated uncertainties
are retained when evaluating the [GP| at these points, allowing both the interpolated observable

and the reliability of that interpolation to be considered together.

The results therefore demonstrate the principal benefit of applying the framework to sparse two-
dimensional experimental data: the reproduces the available measurements while providing
a continuous representation across the measured kinematic region, with information from neigh-
bouring energies contributing to the dependence on cos 0. This provides a suitable representa-

tion of the sparse experimental information for subsequent physics analyses.

6.2 Application to Kaon Scattering Data

The second application of the framework considers total cross-section measurements for
K™ p scattering. Unlike the polarisation observable application in Section these data are one-
dimensional functions of the centre-of-mass energy and comprise measurements collected from
multiple independent experiments over several decades. The analysis considers the six possible
final states, K~ p, K%, An®, 2%, X*7~ and X~ x+, using the experimental measurements
compiled in the available world dataset [93-108]]. These channels form a coupled system in
the strangeness S = —1 sector and are particularly relevant to studies of the A(1405), whose
properties are strongly connected to the coupled KN and 71X dynamics [39, 41-43]. The analysis
therefore provides a test of the [GPl framework in a setting where the available measurements are

not only sparse, but also heterogeneous and potentially inconsistent between experiments.
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6.2.1 World Dataset

The first analysis considers the complete world dataset, with the measurements from the avail-
able experiments combined for each scattering channel. Applying the framework to these
combined datasets tests whether the measurements can be represented by a single continuous
function of energy. If the measurements provide statistically compatible constraints on a com-
mon underlying cross-section, the should produce a smooth interpolation through the avail-
able data. Conversely, substantial disagreement between experiments may result in competing

constraints that cannot be accommodated naturally by a single smooth function.

The resulting [GP fits are shown in Figure[6.6] In most channels, the fitted functions exhibit pro-
nounced oscillatory behaviour between adjacent experimental measurements. These oscillations
are particularly evident at lower energies, where the measurements from different experiments
show substantial variation. The behaviour is considerably less pronounced in the channels for
which the available measurements are provided by two non-overlapping experiments, where

there is less direct competition between measurements over the same energy range.

The observed oscillations provide evidence that the measurements contributing to the world
dataset cannot be represented adequately by a single smooth underlying function within the as-
sumptions of the model. This interpretation is supported by the validation studies in Chap-
ter[5) where the same framework was shown to recover known functional behaviour from sparse
pseudodata while producing statistically meaningful uncertainties. The behaviour observed here
is therefore qualitatively different from that obtained for the controlled validation datasets and
from the smooth interpolation obtained for the polarisation observables in Section [6.1] The

result instead indicates substantial inter-experimental tension within the world dataset.

When incompatible measurements are supplied simultaneously to a the fitted function is
required to accommodate all of the available constraints. If the measurements differ in their
energy dependence or local structure, this can result in rapid variations between neighbouring
data points as the model attempts to accommodate conflicting observations. The resulting inter-
polation should therefore not be interpreted as a physical prediction of the cross-section in these
regions, since the behaviour reflects the incompatibility of the input measurements rather than
a well-constrained underlying dependence. The world dataset result consequently demonstrates
the importance of considering the consistency of the constituent experiments before interpreting

a combined interpolation.
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The result motivates separating the world dataset into its constituent experiments. This allows
the differences between individual measurements to be examined directly and distinguishes vari-
ation intrinsic to the experimental data from behaviour introduced when the measurements are

forced into a single interpolated function.
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Figure 6.6: fits to the combined world datasets for the different K~ p scattering final states.
The curves show the posterior mean and one standard deviation uncertainty band obtained when
measurements from all available experiments are fitted simultaneously within each channel. The
pronounced oscillatory behaviour between neighbouring measurements in several channels, par-
ticularly at lower energies, indicates substantial tension between the constituent experimental
datasets and demonstrates the difficulty of representing the world data by a single smooth func-
tion.
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6.2.2 Individual Experimental Datasets

The individual components of the world dataset were therefore fitted separately using the same
framework. The resulting fits are shown in Figure with the mean prediction and one
standard deviation uncertainty band shown for each experiment. A substantial variation in the
measured cross-sections is evident between experiments, particularly at lower energies. The dif-
ferences extend beyond an overall displacement or normalisation factor, with the experiments
exhibiting different central values and local energy dependence. This demonstrates that the
oscillatory behaviour observed in the combined world dataset is associated with genuine differ-
ences between the constituent experimental measurements rather than being produced solely by

the interpolation procedure.

The individual fits also illustrate the effect of the amount of available experimental information
on the resulting uncertainty. Some datasets are associated with substantially broader [GP| un-
certainty bands than others. For example, the Abrams dataset for K~ p — K% contains only
three measurements in the relevant energy region [93], providing relatively little information
with which to constrain the underlying energy dependence. A wide range of functions can con-
sequently remain compatible with these measurements under the prior, resulting in a larger
posterior uncertainty. The increased uncertainty is therefore a reflection of the limited constrain-
ing power of the dataset rather than an indication of reduced reliability of the methodology
itself.

The comparison between the individual fits also demonstrates why replacing the constituent
measurements with a single effective curve can be problematic. Where several experiments pro-
vide overlapping measurements, their individual [GP| predictions can occupy substantially dif-
ferent regions of the cross-section—energy plane. Representing these measurements by a single
central value would necessarily discard information about the extent and structure of this dis-
agreement. In particular, the variation between experiments cannot in general be characterised
solely by a single Gaussian uncertainty about a common mean when the underlying predictions

exhibit distinct or separated structures.

The individual fits therefore provide the basis for constructing a representation that retains the
information contained in the separate experimental measurements rather than enforcing their
agreement. Such a representation can be formed by combining the probability densities associ-

ated with the individual [GP predictions at each energy.
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Figure 6.7: Individual fits to the experimental datasets contributing to the K~ p scattering
world dataset. The curves show the posterior mean and one standard deviation uncertainty band
for each individual experiment. The substantial variation between experiments, particularly at
lower energies, demonstrates differences in both the central values and local energy dependence
of the measurements. The differing uncertainty bands also reflect the varying constraining power
of the individual datasets.
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6.2.3 Combined Probability Surfaces

The individual [GP fits provide probabilistic descriptions of the cross-section for each experi-
mental dataset. These can be combined by representing the prediction from each at a given
energy as a Gaussian distribution and summing the resulting distributions. This construction is
equivalent to a Gaussian mixture model [114] and produces a probability density over cross-

section and energy while retaining the information from the individual experiments.

For a given energy E, the prediction from experiment i is represented by
yi(E)Nf/V(.ui(E)?Giz(E))v (6.1

where (;(E) and 0;(E) are the mean and standard deviation of the corresponding[GP|prediction.

The combined probability density is then constructed as an equally weighted Gaussian mixture,

N (y:i(E), 6} (E)) , (6.2)

M=

1
E)= —

i

where N is the number of experimental datasets being combined.

The quantity p(y | E) is a probability density in the cross-section y. The probability associated

with a finite interval of cross-section can be approximated by

P(y|E) = p(y| E)0dy, (6.3)

where Oy is the width of the cross-section interval being considered. Thus, multiplication by Oy
converts the probability density into an approximate probability associated with a finite interval.
This does not introduce additional information into the probability distribution, but provides a
representation that is more directly related to the probability of a theoretical prediction lying

within a specified range of the observable.

The resulting probability distribution depends on both the energy and the cross-section and can
therefore be represented as a two-dimensional probability surface over the (E,y) plane. At a
fixed energy, a slice through this surface corresponds to the combined probability distribution
of the cross-section at that energy, while variation along the energy axis describes how this
distribution changes across the kinematic range. This representation is particularly useful when

comparing theoretical predictions with the available experimental constraints, since a predicted
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cross-section can be located within the surface and its degree of experimental support assessed.

In contrast to the dataset combination approaches discussed in Section[2.7] no additional weight-
ing is assigned to the individual experiments in this construction. The relative quality and
reliability of the datasets cannot be established from the predictions alone, and assigning
weights based on quoted uncertainties, normalisation adjustments or other measures of exper-
imental quality would introduce additional assumptions into the combined representation. In
particular, such a weighting scheme could artificially favour agreement with one experiment
while suppressing disagreement with another. Equal weighting is therefore adopted so that each
experimental dataset contributes equally to the probability surface, without making an a pri-
ori judgement about which experiment provides the more reliable constraint. This allows both
agreement and disagreement between the datasets to remain visible in the resulting probability
density.

An experiment with a larger [GPluncertainty therefore produces a broader Gaussian component,
while a more precisely constrained prediction produces a narrower component. Repeating this
construction over the energy range produces the probability surfaces shown in Figure [6.8] The
surfaces display the logarithm of the probability associated with the finite cross-section interval,
log[P(y | E)]. Taking the logarithm allows the large dynamic range of the probability to be
represented while retaining the relative structure of the experimentally supported regions.
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Figure 6.8: Combined probability surfaces constructed from the individual experimental
predictions for the six K~ p scattering final states. At each energy, the individual predic-
tions are represented by Gaussian components whose sum is equivalent to a Gaussian mixture
model. The resulting surfaces retain the uncertainties associated with the individual experiments
and multimodal structure arising from disagreement between their measurements. The double-
ridged structure visible in the K~ p — K%n channel at lower energies illustrates the preservation
of distinct regions of experimental support.
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6.2.4 Interpretation of the Results

The probability surfaces provide a representation of the experimental information that differs
from combining all measurements into a single fitted curve. Where the individual experiments
are consistent, the probability density is concentrated around a common cross-section, providing
a strong constraint on the observable. Where the experiments disagree, the separate regions of
support remain visible. The resulting representation therefore shows the extent to which the
available measurements can be reconciled without requiring them to be reduced to a single

central value.

This distinction is particularly relevant at lower energies, where several of the experimental
datasets exhibit substantial differences. In the K~ p — K°n channel, for example, the double-
ridged structure in Figure [6.8b] indicates that the available measurements support two distinct
regions of cross-section. A conventional combination into a single effective dataset could instead
produce an intermediate value between these regions, potentially obscuring the disagreement
between the experiments. The probability surface retains both regions and therefore provides a

more direct representation of the experimental evidence available in this region.

The same behaviour can be seen to different extents in the other channels. Regions where the
experimental datasets overlap produce concentrated probability density, whereas differences in
their central values or energy dependence lead to broader or separated structures. The result-
ing surfaces therefore provide more information than the posterior mean of a [GP fitted to the
complete world dataset. In the latter case, disagreement between experiments can manifest as
rapid variations in the fitted function as the attempts to satisfy competing constraints. The
probability surfaces instead separate the contributions from the individual experiments, making
it possible to distinguish the uncertainty associated with an individual measurement from the

variation between different measurements.

This is particularly useful when considering the coupled nature of the K™ p scattering system.
The six final states considered in this analysis are coupled through the underlying reaction dy-
namics, so constraints from the different channels enter jointly when constructing a coupled-
channel description. The low-energy region is especially important for studies of the A(1405),
whose properties are closely connected to the coupled KN and 7¥ channels [39, 41-43]. Pre-
serving the experimental constraints separately therefore allows the structure of the available
measurements in each channel to be considered when constructing a coupled-channel descrip-

tion, rather than requiring the experimental input to be reduced to a single curve beforehand.
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The double-ridged structure observed in the K~ p — K% channel should not itself be inter-
preted as evidence for two physical states. The probability surface represents the distribution
of experimental constraints, and the presence of multiple regions of probability can result from
disagreement between measurements rather than from multiple physical contributions to the un-
derlying cross-section. Nevertheless, retaining such structure is valuable because it prevents an
experimental discrepancy from being removed before the data are considered within a coupled-
channel analysis. A subsequent physical model can then be compared with the full experimental
representation and determine whether the observed structure can be accounted for by the under-

lying reaction dynamics.

The probability surfaces also provide a useful way of identifying where the experimental in-
formation is comparatively well constrained and where greater uncertainty remains. A concen-
trated probability density indicates that the available experiments provide similar constraints,
while broad or separated regions indicate that the inferred cross-section depends more strongly
on which experimental dataset is considered. This distinction is important when using the ex-
perimental information to constrain theoretical models, since a model prediction lying within
a broad region of probability should not be interpreted in the same way as one lying within a
tightly concentrated region. The regions of disagreement may also provide useful guidance for
future experimental measurements. Where independent datasets give substantially different con-
straints, additional measurements in the corresponding kinematic region could help determine
whether the difference reflects statistical fluctuations, systematic effects or genuine variation
in the underlying observable. The probability surfaces therefore provide not only a represen-
tation of the current experimental constraints, but also an indication of regions where further

measurements could be particularly informative.

The approach therefore differs from conventional dataset combination procedures in its treat-
ment of experimental disagreement. Weighted averages, normalisation adjustments and global
fits can be appropriate when the constituent measurements are sufficiently consistent and a single
best estimate is required. However, when the measurements exhibit substantial differences, these
approaches necessarily require assumptions about how the disagreement should be treated. The
present approach postpones this decision by retaining the separate experimental constraints. This
is particularly useful when there is insufficient independent information to determine whether
the observed differences arise from statistical fluctuations, systematic effects or other experi-

mental considerations.

An alternative approach to the treatment of differences between experiments would be to extend

the model to include experiment-dependent nuisance parameters. For example, an additive
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model could take the form
yi(x) = f(x) +ci+ &, (6.4)

where ¢; represents an experiment-specific offset with an associated prior distribution. Such a
model provides a natural way of accounting for systematic differences that can be represented by
a constant shift between datasets. However, the differences observed between the experimental
datasets considered here are not restricted to such offsets, with differences also present in their
local energy dependence. An experiment-dependent constant would therefore not fully capture
the variation observed between the datasets. More generally, introducing such parameters would
require assumptions about the form and magnitude of the inter-experimental differences. The
present approach instead avoids imposing such a model and retains the separate experimental

constraints for subsequent analysis.

A limitation of the present interpretation is that the probability surfaces cannot determine the
origin of the disagreement between experiments. The propagates the uncertainties supplied
with the measurements, but systematic effects that are not included in these uncertainties can-
not be identified through the interpolation. Correlations between measurements arising from
common experimental sources are likewise not explicitly represented. This limitation enters at
the experimental measurement stage of the physics pipeline described in Section before
the observables are subsequently used in reaction amplitude and coupled-channel analyses. The
probability surfaces should therefore be interpreted as a representation of the available experi-

mental constraints rather than as a statistical resolution of the differences between experiments.

Overall, the results demonstrate that the framework can be used not only to interpolate
individual sparse experimental datasets, but also to construct a probabilistic representation of
heterogeneous measurements without first forcing them into agreement. The resulting surfaces
preserve both the uncertainty of the individual datasets and the differences between their predic-
tions. For the K™ p scattering data considered here, this provides a useful representation of the
experimental input to subsequent coupled-channel analyses, particularly in regions where the

available measurements do not define a unique underlying cross-section.
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Chapter 7

Conclusions and Future Work

7.1 Summary of the Thesis

This thesis has developed a Gaussian Process (GP) framework for constructing continuous,
uncertainty-aware representations of sparse experimental data in hadron physics. The work
was motivated by the limited and irregular kinematic coverage of many hadron physics mea-
surements, where a useful representation must account for both the available experimental con-

straints and the uncertainty associated with predictions between measured points.

The framework addresses three main challenges: determining suitable GP hyperparameters for
sparse datasets, defining the region of kinematic space supported by the available measurements,
and combining information from multiple experimental datasets while retaining their individual
statistical structure. These aspects were investigated using pseudodata and subsequently demon-

strated using experimental polarisation observables and kaon scattering cross-sections.
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7.2 Principal Findings and Original Contributions

A central contribution of this thesis is the development of a hyperparameter optimisation pro-
cedure designed for the sparse datasets considered here. Rather than relying on marginal-
likelihood maximisation, the procedure evaluates the statistical behaviour of the GP predic-
tive uncertainties through empirical coverage. The Wasserstein distance is used to quantify the
agreement between the predicted and expected distributions, providing a loss function that can
be directly incorporated into the optimisation. Combined with Particle Swarm Optimisation
(PSQ)) and physics-informed parameter bounds, this provides a practical strategy for determin-

ing suitable GP hyperparameters.

The validation studies using pseudodata demonstrate that the resulting predictive uncertainties
can be assessed against known statistical expectations. The pseudodata also provide a controlled
environment in which the ability of the GP to recover known functional behaviour can be investi-
gated independently of the complexities of experimental measurements. These studies therefore

provide validation of both the uncertainty calibration procedure and the broader GP framework.

A second contribution is the development of a discretised multidimensional convex hull proce-
dure for defining the region of kinematic space supported by the experimental data. This pro-
vides a means of distinguishing interpolation from extrapolation and prevents regions outside
the experimental coverage from being treated in the same way as regions constrained by mea-
surements. The discretised construction allows the resolution to be controlled independently
in each dimension and permits experimental binning information to be incorporated into the

representation.

The framework was applied to the two-dimensional polarisation observables X, P, T, Oy and O,
for the yp — KL T reaction. The resulting GP surfaces provide continuous representations of
the experimental measurements across the energy—angle plane while retaining quantified predic-
tive uncertainties. The covariance structure allows measurements at neighbouring energies and
angles to contribute to predictions across the kinematic space. This allows non-trivial angular
structures to be represented even where only a limited number of measurements are available at

an individual energy.

The polarisation observable application also demonstrates the value of retaining the predictive

uncertainty alongside the interpolated observable. Regions with stronger experimental con-
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straints generally have smaller uncertainties, while sparsely sampled regions retain larger un-
certainties. The resulting surfaces therefore provide information not only about the estimated
observable but also about the degree to which that estimate is constrained by the available mea-

surements.

A further contribution is the development of a method for combining independent GP represen-
tations of multiple experimental datasets into probability surfaces. Rather than first reducing the
measurements to a single averaged dataset, the individual experimental constraints are retained
throughout the GP regression and subsequently combined. This allows non-trivial features of

the individual datasets to remain visible in the resulting probability distribution.

The application to kaon scattering demonstrates this approach in a setting where different ex-
perimental datasets can impose distinct constraints on the observable. In particular, the result-
ing probability surfaces can contain separated regions of high probability, as observed for the
K~ p — K% channel near the A(1405) region. Such structures would not necessarily be ap-
parent in a representation based only on an averaged best fit trajectory. The probability surface
approach therefore provides a means of retaining information about both agreement and tension

between experimental datasets.

Taken together, these contributions establish a framework for representing sparse hadron physics
data probabilistically while retaining quantified uncertainties and the statistical structure of the
available measurements. The framework has been demonstrated for two-dimensional polarisa-
tion observables and one-dimensional kaon scattering cross-sections, providing a basis for its

application to other experimental and theoretical problems.

7.3 Conclusions

The results of this thesis demonstrate the feasibility of using Gaussian Processes to construct
continuous, uncertainty-aware representations of sparse experimental data in hadron physics.
The combination of empirical uncertainty calibration, multidimensional definition of the data-
supported region and probabilistic treatment of multiple datasets addresses several practical

challenges associated with applying GP regression to these data.
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The resulting representations provide a connection between discrete experimental measurements
and the continuous or probabilistic information required by subsequent physical analyses. The
GP uncertainty provides an explicit indication of how strongly different regions are constrained
and can therefore also identify areas where additional experimental measurements could provide

stronger constraints.

The work does not replace the underlying physical models or subsequent phenomenological
analyses. Instead, it provides a statistical representation of the experimental information that
can be used alongside them. In particular, the probability surfaces constructed from multiple
datasets retain information that may otherwise be lost when experimental measurements are

reduced to a single averaged representation.

The framework developed in this thesis therefore provides a foundation for further investigation
of GP methods in hadron physics. The principal extensions considered in this work concern
higher-dimensional observables, physics-informed covariance functions and the use of GPs as

emulators of computationally expensive theoretical calculations.

7.4 Future Work

The GP framework developed in this thesis has been demonstrated using two-dimensional pseu-
doscalar meson photoproduction observables and one-dimensional kaon scattering cross-sections.
Several extensions would provide opportunities to investigate the broader applicability of the

methodology.

7.4.1 Higher Dimensional Observables

The existing GP framework can be extended beyond the two-dimensional pseudoscalar meson
photoproduction studies to investigate processes characterised by higher-dimensional kinematic
dependence. Although the current implementation has been tested using, at most, two kine-
matic variables, the underlying GP methodology is not inherently restricted to two dimensions.

Higher-dimensional applications would nevertheless provide an important test of the scalability
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of the framework, particularly because experimental measurements generally become increas-

ingly sparse as the dimensionality of the kinematic space increases.

One particularly relevant example is Deeply Virtual Compton Scattering (DVCS)), an exclusive
lepton-hadron scattering process in which an incoming electron exchanges a highly virtual pho-
ton with a proton, resulting in the emission of a real photon while leaving the proton intact.
As illustrated in Figure [7.1] the process is described in terms of two scattering planes: the lep-
ton plane defined by the incoming and outgoing electron momenta (k, k") and the hadron plane
associated with the virtual and real photon momenta (q;,g2). The figure also defines the az-
imuthal angle ¢ between these planes, together with the target spin orientation S, which play
an important role in the angular dependence of observables. is of considerable
interest in hadron physics because it provides access to the proton’s Generalised Parton Dis-
tribution (GPD)), which encode correlated information about the longitudinal momentum and
spatial structure of quarks and gluons inside the proton. is typically characterised by five
kinematic dimensions: the squared four-momentum transfer of the exchanged photon Q2, which
sets the interaction energy scale; the Bjorken scaling variable xp, related to the momentum frac-
tion carried by the struck parton; the squared momentum transfer to the proton ¢, which probes
the transverse spatial structure of the target; the azimuthal angle ¢ between the lepton and hadron
scattering planes; and the beam energy, which determines the overall collision kinematics and

accessible phasespace region [1135]].

Figure 7.1: Kinematics of DVCS| Taken from [115].
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Extending the framework to such a problem would provide a significantly more demanding test
of the methodology. As the dimensionality increases, the volume of the accessible phase space
grows rapidly, while the number of measurements required to obtain uniform coverage increases
correspondingly. A dataset that provides reasonable coverage in each individual variable may
therefore remain sparse when considered in the full multidimensional space. The GP must
consequently make use of correlations between the available measurements while providing an

uncertainty that reflects the degree to which each region is constrained.

The choice of kernel, sampling strategy and hyperparameter optimisation procedure would be-
come increasingly important in higher-dimensional applications. The RBF kernel used in the
present work provides a useful baseline, but its performance in a higher-dimensional and poten-
tially more structured physical system would need to be assessed. The predictive uncertainty
could also be used to identify regions where the available data provide weak constraints and

where additional experimental or theoretical sampling would be most valuable.

Applying the framework to a higher-dimensional process such as would therefore provide
an opportunity to investigate its scalability beyond the low-dimensional applications considered

in this thesis.

7.4.2 Physics Informed Kernels

A natural extension of the framework is the investigation of physics-informed choices of covari-
ance kernel. The [RBE kernel provides a useful baseline for the applications considered in this
thesis because it imposes a smooth correlation structure across the kinematic space. However,
it also assumes a particular form of smoothness, and alternative covariance structures may be

more appropriate for physical systems exhibiting different types of behaviour.

As discussed in Section [3.6] the Matérn class of kernels provides a means of controlling the
smoothness of the underlying function through an additional parameter. Rational quadratic ker-
nels provide another possible extension by representing a range of characteristic length scales,

while periodic kernels may be useful where periodic behaviour is known to occur.

Composite kernels can also be constructed from combinations of simpler covariance functions.

Such constructions could allow different types of behaviour to be represented simultaneously,
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for example a smooth overall dependence together with shorter scale structure.

More generally, physics-informed kernel design could incorporate known symmetries, conser-
vation laws or invariances directly into the covariance function. This would provide a systematic
means of introducing established physical knowledge into the GP prior while retaining the prob-

abilistic uncertainty quantification of the framework.

Future work could therefore compare alternative and physics-informed kernels using both pre-
dictive performance and uncertainty calibration. This would establish whether additional phys-
ical structure can improve the representation of sparse experimental data without artificially

reducing the uncertainty in regions where experimental constraints remain weak.

7.4.3 Emulator

The GP framework developed in this thesis could also be extended to construct emulators of
computationally expensive theoretical models. In theoretical hadron physics, repeated evalua-
tion of a reaction model across a large parameter space can require substantial computational
resources, particularly when the model contains several free parameters or when the calculation
is embedded within a statistical inference procedure. A GP emulator could provide a computa-
tionally efficient approximation to such calculations while retaining an estimate of the emulator

uncertainty.

In this application, the GP inputs would include both the kinematic variables and the parameters
defining the theoretical model. For example, a theoretical model with three free parameters
evaluated across two kinematic dimensions would result in a five-dimensional GP input space.
The GP would learn the dependence of the theoretical prediction on both the model parameters

and the kinematic variables.

The emulator would be trained using a finite set of full theoretical calculations selected to cover
the relevant model-parameter and kinematic space. Once trained, it could replace repeated eval-
uations of the full theoretical model during parameter inference, reducing the computational cost

of exploring the model parameter space.
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The uncertainty provided by the emulator could also be used to identify regions where additional
full theoretical calculations are required. New calculations could then be added to the training set
and the emulator retrained, providing an adaptive refinement procedure in which computational

resources are concentrated in regions where the emulator is less well constrained.

This would provide a natural extension of the uncertainty-aware methodology developed in this
thesis from experimental interpolation to theoretical emulation. It could be particularly valu-
able for analyses in which large numbers of model evaluations are required, such as Bayesian

parameter inference or coupled-channel phenomenology.
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Appendix A

PSO vs

As discussed in Section [@.5] [PSOl was selected as the primary hyperparameter optimisation
method after comparison with Both methods were applied to the same ensemble of
pseudodatasets and evaluated using the combined loss function of Equationd.14] This appendix

presents the results of this comparison.

The procedure was considered converged when both convergence criteria defined in
Section @ were satisfied. In particular, the Gelman—Rubin statistic, defined in Equation @
was required to satisfy R < 1.1, while the relative change in the integrated autocorrelation time,
defined in Equation was required to satisfy Tgapitiy < 0.1. The R < 1.1 threshold was
chosen as the convergence criterion used for the comparison presented here. Although more
stringent thresholds, such as R < 1.01, are commonly used in modern applications, stricter
criteria generally increase the computational cost of the procedure [116, |117]. The
Tsrability < 0.1 criterion requires successive estimates of the integrated autocorrelation time to
differ by less than 10%, providing a practical measure of when the autocorrelation estimate has
stabilised.
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A.1 Validation of MCMC Optimisation

The optimisation procedure described in Section [3.8 was applied to the same pseudo-
datasets used to validate the [PSOlbased framework in Chapter [5] The same coefficients and
initial “known” datapoints were used, allowing the resulting surfaces to be compared di-

rectly.

The uncertainty calibration and recovery-of-functional-form results obtained using are

summarised in Tables[A.T|and[A.2] respectively. The corresponding pull distributions are shown
in Figure B.2]in Appendix [B]

o Band Expected Percentage Measured Measured
of Points (%) Percentage of Percentage of [GP|
Known Points (%) Points (%)
0.670 50.0 49.6 55.2
lo 68.3 68.2 74.8
1.960 95.0 95.3 97.1

Table A.1: Expected and measured coverage fractions for the pseudodata and corresponding
points using MCMC] optimisation.

The results show that the |GP|surfaces obtained using[MCMC] exhibit similar coverage behaviour
to those obtained using|[PSOL The coverage is somewhat higher than the nominal values at 0.67c
and 1o, while remaining close to the expected value at 1.960. These results indicate that the

uncertainty calibration obtained using MCMClis sufficient for the pseudodata validation.

The recovery of the underlying functional form provides a second comparison between the orig-
inal pseudodata and the [GP| representation. The fitted coefficient pulls are summarised in Ta-
ble[A.2] with the full pull distributions provided in Appendix
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Pseudodata Datapoints
Coefficient Mean Variance Mean Variance
o -0.037 0.746 -0.101 0.792
Uo 0.111 0.731 -0.023 0.862
o; -0.058 0.636 -0.078 0.627
cl -0.098 0.902 -0.141 0.716
1N -0.012 0.658 0.013 0.577
612 -0.146 0.630 -0.015 0.748
&) 0.093 0.706 0.015 0.484
173 -0.008 0.837 0.025 0.645
622 -0.047 0.623 -0.198 0.635
c3 -0.008 1.013 0.029 0.525
us -0.115 0.685 -0.043 0.783
o7 -0.208 0.635 -0.099 0.885

Table A.2: Means and variances of the Gaussian distributions fitted to the pull distributions of
the fitted coefficients obtained using the original pseudodata and sampled datapoints, with
MCMC(] optimisation.

The coefficient pull distributions obtained using are broadly comparable between the
original pseudodata and the sampled datapoints. Although individual coefficients show dif-
ferences in the fitted variances, there is no consistent indication of a substantial change in the
information available for the subsequent functional-form fit. Thus, as with the

optimised surfaces satisfy the requirements of the pseudodata validation.

A.2 Comparison of PSO and MCMC

Since both optimisation methods satisfy the pseudodata validation tests, the choice between
them is determined by their performance in the optimisation itself. The loss scores and compu-

tational runtimes obtained from the two methods are therefore compared below.

The loss scores of Equation {.14] for PSOland MCMC] are shown in Figure [A.T]and summarised
in Table[A.3] Since both methods were applied to the same pseudodatasets, the loss obtained for
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each dataset can be compared directly.

Loss Loss %
Mean 0.106 0.167 1.675
Std Dev 0.040 0.062 0.683
Min 0.049 0.077 1.039
Max 0.240 0.394 5.867

Table A.3: Summary statistics of the loss scores obtained using [PSOL IMCMC, and their ratio
across the pseudodatasets considered.

The ratio of the loss to the corresponding loss is shown in the final column of
Table [A.3]and in Figure[A.I] The results show that

. Loss
min (A.1)

Loss

Thus, for every pseudodataset considered, MCMC]| produced a higher loss than The ratio
reached a maximum of approximately 5.9, although approximately 75% of the ratios were below

2. The mean ratio was 1.675, indicating that the MCMC] loss was, on average, approximately
68% higher than the corresponding loss.

Frequency
= ~ w s g
° H 3 8 & g
w
&
&
o

(a) (b) MCMC] (c) Normalised

Figure A.1: Comparison of the optimisation loss scores obtained using and MCMC The
first two panels show the loss values obtained by each optimisation method, while the third
shows the MCMC loss normalised by the corresponding [PSOlloss.

The computational runtimes for[PSOland MCMC| measured using the t ime package [118], are
shown in Figure[A.2]and summarised in Table[A.4] As with the loss scores, the runtimes can be

compared directly because both methods were applied to the same pseudodatasets.
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Runtime (s) Runtime (s) %ﬂ%
Mean 3.474 6.577 1.904
Std Dev 0.277 1.711 0.519
Min 2.970 3.910 1.068
Max 4.207 11.549 3.410

Table A.4: Summary statistics of the computational runtimes obtained using [PSOL [MCMC]| and
their ratio across the pseudodatasets considered.

The ratio of the[MCMUC runtime to the corresponding [PSOl runtime is shown in the final column
of Table[A.4]and in Figure [A.2] The results show that

[MCMO Runti
in ( an Hne) > 1. (A2)

Runtime

Thus, MCM(] required more computational time than for every pseudodataset considered.
The maximum runtime ratio was approximately 3.4, while approximately 65% of the ratios were
below 2. The mean ratio was 1.904, indicating that [MCMC| required approximately 90% more

computational time on average.

.
- .-I ®
i . I
) m :
>0 S10 >
i : [ ™ :
-I ¢ *
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.
[ [ [ [ T ] : =
. . 1 .

6
Runtime [s] Runtime [s]

(a) (b) MCMC (c) Normalised

Figure A.2: Comparison of the computational runtimes obtained using [PSOl and MCMCl The
first two panels show the runtimes obtained by each optimisation method, while the third shows
the MCMCl runtime normalised by the corresponding [PSO|runtime.

The comparison therefore indicates that [PSO|provides a more effective optimisation method for
the loss function considered here. Both methods were capable of producing surfaces that
satisfied the pseudodata validation tests, but [PSO| consistently obtained lower loss values while

also requiring less computational time. Given the specific optimisation problem addressed in
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this work, these results demonstrate that [PSO| provides the more suitable approach and it was

therefore selected as the primary optimisation method used throughout this work.
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Appendix B

Pull Distributions of Fitted Coefficients

This appendix presents the full pull distributions of the fitted coefficients used in the recovery-of-
functional-form validation described in Section[5.3] The coefficients were obtained by fitting the
functional form given in Equation [5.1] to both the original pseudodata and datapoints sampled
from surfaces. The pulls were calculated using Equation [5.12] over the ensemble of 100
independently generated pseudodata surfaces. The corresponding fitted Gaussian means and
variances are summarised in Tables [5.2] and [A.2] for the and optimisation methods,
respectively.

The first figure shows the pull distributions obtained when the hyperparameters were opti-
mised using while the second shows the corresponding distributions when was
used. The latter provides a comparison with the alternative optimisation approach discussed in
Section.5] The full distributions are included here to provide the underlying results from which
the summary statistics presented in the main text and the comparison in Appendix

were obtained.
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Figure B.1: Pull distributions of the fitted coefficients obtained using|
summary statistics in Table[5.2]

Frequency
I
3

-
&

10

= Known Datapoints
GP Datapoints

-4

&) p3

2 s Known Datapoints
1 GP Datapoints
35
30
32 \
3
5201
&
15
10
54
04
-4 -2 0 2 4
pull
50 [ Known Datapoints |
/'\ 1 GP Datapoints
40

Pull

(f) of

3 = Known Datapoints
1 GP Datapoints
30
25
>
g
g 20
$
F
L2
*1s
104
54
0 —
-4 -2 0 2 4
pull
= Known Datapoints
1 GP Datapoints
30 1
25
z20
H
§
g
g
215
104
54
0
-4 -2 0 4
pull

() o3

corresponding to the

171



354 = Known Datapoints | e Known Datapoints |
1 GP Datapoints GP Datapoints
30 30 T T
25 25
220 Z20
§ §
] g
2 2
£1s £1s
10 10
5 5
o+ 0
-4
pull
B 40 —
2 m= Known Datapoints | = Known Datapoints

1 GP Datapoints

Frequency

GP Datapoints

m= Known Datapoints
"GP Datapoints

Frequency

Pull

(g) 2

Frequency
~
3

-
G

10

= Known Datapoints |
GP Datapoints

-4

-2

pull

(h) w2

m== Known Datapoints
1 GP Datapoints

o
Pull

() c3

Frequency

m= Known Datapoints
GP Datapoints

-4

0
Pull

&) p3

s Known Datapoints
"GP Datapoints

N
&

N
S

Frequency

-a

-2 0 2 4
Pull

(c) o8

= Known Datapoints
1 GP Datapoints

(f) of

3 = Known Datapoints
I GP Datapoints
30 /
25
>
H
520
3
z
L2
*1s
10
54
0 —
-4 -2 0 2 4
pull
= Known Datapoints
1 GP Datapoints
304
25
220
H
g
H
g
gas
10
s
0
-4 -2 0 4
pull

() o3

Figure B.2: Pull distributions of the fitted coefficients obtained using IMCMC| corresponding to

the summary statistics in Table[A.2]
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Appendix C

List of Recurring Acronyms

AD | I Anderson-Darling]|

[Cumulative Distribution Function

[CYM__1 [Cramér-von Mises|

DVCS | [Deeply Virtual Compton Scattering

[GP___] [Gaussian Process|

[Generalised Parton Distribution

[KoImogorov-Smirnov]

[LHS | [Latin Hypercube Sampling]|

MCMC Markov Chain Monte Carlol

(ML | Machine Learning|

PDE | |Probability Density Function|

[PQCD | [Perturbative Quantum Chromodynamics|

PSO___ | |Particle Swarm Optimisation|

[PWA__| [Partial Wave Analysis|

[QCD | [Quantum Chromodynamics|

[RBF_] [Radial Basis Functionl
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