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Summary

This Thesis investigates tunable bandgap behavior and energy harvesting characteristics
in nonlinear periodic structures, motivated by the need for passive wave-control strategies
that remain effective when disturbances are transient, spatially distributed, and amplitude
dependent. Whereas classical periodic structures and conventional resonant harvesters
offer limited tunability and typically rely on fixed band structures or sustained external
excitation, the work pursued here shows that geometric and magnetic bi-stability, inerter-
effects, and electromechanical coupling can be used to reshape dispersion, attenuation,
and energy-transfer mechanisms in a systematic manner. The thesis therefore develops
a unified research arc that connects nonlinear wave propagation with practical energy
conversion, moving from bandgap engineering in strongly nonlinear lattices to broadband
and spatially localized harvesting from free waves generated solely by initial conditions.

The first part of the Thesis (Chapter 3) focuses on tunable dispersion characteristics in
a bi-stable periodic chain with coupled horizontal-vertical dynamics and stable negative-
inerter mechanism. A new semi-analytical framework, ALIGN, is developed to bridge
weakly and strongly nonlinear regimes through asymptotic analysis, multi-harmonic har-
monic balance, robust branch tracking, and amplitude-locked inverse time-domain valida-
tion. This framework enables the computation and verification of amplitude-dependent
Bloch dispersion in systems with non-polynomial geometric nonlinearities, while also
identifying well-defined mass-ratio thresholds, branch-merging behavior, and systematic
routes for bandgap manipulation. In this sense, the work demonstrates that combining bi-
stability with appropriately chosen inertial coupling produces a richer and more tunable
wave environment than classical linear periodic chains or simpler nonlinear lattices and
simultaneously enables the exploitation of inexpensive analytical /semi-analytical models
to capture this environment adequately without relying solely on computationally heavy
numerical simulations.

The second part of the Thesis (Chapter 4, Chapter 5) exploits these wave phenom-
ena for energy harvesting in periodic piezoelectric and piezomagnetoelastic chains under
free or unforced propagation. First, a linear piezoelectric baseline is established in which
Bloch-reduced electromechanical dynamics is combined with the concept of settling time
to define and optimize the maximum steady-state harvested power under unforced tran-
sient motion. This idea is then extended to inertially coupled nonlinear piezomagnetoe-
lastic chains, where magnetic bi-stability is shown to transform a sharply tuned linear
optimum into a broad quasi-saturated band of near-optimal intrawell performance, while
interwell dynamics is shown to give rise to spatially localized harvesting through slowly
modulated ¢*-type transition fronts rather than exact conservative solitons. The final
work (Chapter 6) then introduces mass-diatomicity in the nonlinear piezomagnetoelastic
chain, where richer branch and bandgap behavior in the large-amplitude nonlinear regime

Xiv



Summary XV

intrinsically gives rise to almost 10? times higher harvesting performance favoring shorter
wavelength components of the transient free wave.

Taken together, the results establish a physically realizable and analytically informed
design framework for multifunctional nonlinear metamaterials that can simultaneously
tailor bandgaps, guide and attenuate waves, and harvest useful energy from transient
disturbances relevant to self-powered sensing and vibration-control applications.



Chapter 1

Introduction

1.1 Overview

Periodic structures have long provided a natural route for controlling mechanical and elas-
tic waves. Their repeated unit-cell architecture allows the designer to determine which
frequencies propagate, which frequencies attenuate, and how energy is distributed in space.
In the classical linear setting, this wave-control capability is usually expressed through
dispersion diagrams, pass bands, stop bands, attenuation zones, and bandgaps. Such
features make periodic media useful as filters, vibration isolators, waveguides, resonators,
and mechanical metamaterials. However, a linear periodic structure has an important lim-
itation: once the geometry, material constants, and unit-cell topology are fixed, the band
structure is also fixed. Thus, the same structure cannot easily adapt its wave-propagation
characteristics to changing disturbance amplitudes, transient excitation conditions, or
multiple design tasks.

This Thesis investigates how this limitation can be overcome by using nonlinear peri-
odic structures in which the propagation characteristics are not fixed once and for all, but
depend on amplitude, internal state, electromechanical coupling, and unit-cell architec-
ture. The central theme is that nonlinearity should not be regarded only as a complication
to be avoided. Instead, it can be used as a design mechanism for tunable bandgap be-
havior, broadband energy transfer, and localized energy harvesting. The work therefore
develops a systematic arc from nonlinear wave propagation to practical energy conversion.
It begins with a geometrically bi-stable, inertially coupled periodic lattice; establishes a
free-wave harvesting baseline through a settling-time-aware piezoelectric chain; extends
this baseline to an inertially coupled nonlinear piezomagnetoelastic chain; and finally
introduces mass diatomicity to obtain richer branch behavior and enhanced harvesting
capacity. Here, mass-diatomic means that each representative n-th unit cell contains
two principal mechanical degrees of freedom with unequal associated masses M; and M.
Repetition of this two-mass cell produces the two sublattices studied in Chapter 6.

The main literature gap addressed in this Thesis is the absence of a unified frame-
work that connects nonlinear dispersion engineering with transient electromechanical en-
ergy harvesting. Existing studies have separately developed linear and nonlinear wave
propagation in periodic media, inertial-amplification-based attenuation, multistable and
piezoelectric harvesting, and transition-front dynamics. What is still missing is a de-
sign pathway that proceeds continuously from bandgap manipulation, to prediction of
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power harvested from free waves, to nonlinear broadening of useful harvesting regimes,
and finally to intrinsic localization through interwell fronts. This Thesis fills that gap by
treating wave propagation and harvesting as one coupled problem in nonlinear periodic
electromechanical media.

1.2 Periodic structures, wave filtering, and mechani-
cal metamaterials

A periodic structure consists of a repeated arrangement of unit cells. Depending on the
length scale and physical context, these unit cells may represent atoms in a lattice, inclu-
sions in a phononic crystal, resonators embedded in an elastic host, or lumped mechanical
elements connected by springs and constraints. The essential feature is that the spa-
tial repetition imposes phase relations between neighboring cells, allowing Bloch—Floquet
ideas to reduce the analysis of an extended medium to the behavior of a representative
cell. The intellectual foundations of wave propagation in periodic media were established
through classical studies of dispersion, lattice waves, and band formation [1, 2, 3, 4].
These ideas remain central to modern acoustic and elastic metamaterials, where geom-
etry, periodicity, internal resonators, and material contrast are used to design targeted
wave properties [5, 6, 7].

The most familiar feature of a periodic medium is the occurrence of frequency intervals
in which propagating wave solutions are suppressed. In such bandgaps, energy is not
primarily attenuated because of material damping; rather, the periodic structure creates
destructive interference, Bragg scattering, local resonance, or effective inertia mechanisms
that prevent wave transmission. This gives periodic structures the ability to function as
frequency-selective mechanical filters. At the same time, dispersion surfaces and group-
velocity fields can be shaped to control the direction in which energy moves through the
structure. Thus, periodic media are not only frequency filters but also spatial filters.

The modern field of mechanical metamaterials has broadened this classical viewpoint.
Mechanical metamaterials are engineered structures whose effective dynamic behavior is
governed more by architecture than by constituent material alone. Recent developments
emphasize flexible, nonlinear, active, and multifunctional designs, rather than only fixed
linear bandgaps [8, 9, 10, 11]. Related work on metadamping shows that architected
media can also tailor the distribution and dissipation of vibrational energy across modes
and length scales [12]. Active, adaptive, and intrinsically nonlinear structures further
extend the design space by allowing transport, switching, and attenuation to depend on
the state of the system rather than only on fixed geometry [13, 14, 15].

This transition from fixed linear band structures to adaptive and amplitude-dependent
wave behavior motivates the present Thesis. The structures considered here are periodic,
but their useful behavior arises from a combination of periodicity and nonlinearity. The
repeated cell sets the spatial wave framework, while nonlinear mechanisms such as bi-
stability, magnetic potentials, inertial coupling, and piezoelectric dissipation modify how
energy is transported, attenuated, converted, and localized.
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1.3 Nonlinear periodic structures and
amplitude-dependent dispersion

Nonlinear periodic structures arise when the restoring force, inertia, constraint geometry,
or electromechanical coupling cannot be described by a purely linear relation. In weakly
nonlinear systems, the nonlinear terms may be treated as perturbations to a linear periodic
structure. In strongly nonlinear systems, however, the nonlinear forces can dominate the
response, and the wave behavior may no longer be described as a small correction to
a linear band diagram. This distinction is important because the methods, physical
interpretation, and design opportunities differ substantially between the two regimes.

Weakly nonlinear periodic structures can often be analyzed using perturbation meth-
ods, multiple-scales analysis, or asymptotic corrections to linear dispersion branches
[16, 17, 18, 19]. These methods are valuable because they provide analytical insight
into how amplitude modifies cut-off frequencies, band edges, group velocities, and modal
interactions. They also clarify when a periodic structure can behave as an amplitude-
dependent filter. Nevertheless, such approaches are restricted by the assumption that
nonlinear terms remain sufficiently small and that the response remains close to the cor-
responding linear wave mode.

Strongly nonlinear periodic structures present a more difficult problem. Geometric
constraints, snap-through mechanisms, Hertzian contacts, magnetic forces, and nonlinear
inertial couplings can generate non-polynomial, non-integrable, or non-smooth force laws.
In such cases, wave branches may shift substantially with amplitude, merge, exchange
modal content, or lose stability across the Brillouin zone [20, 21, 22, 23]. The concepts of
nonlinear normal modes, normal-form transformations, and nonlinear-vibration analysis
provide powerful ways to interpret nonlinear modal behavior in finite-dimensional mechan-
ical systems [24, 25, 26]. Backbone curve and spectral-submanifold approaches further
provide reduced-order descriptions of nonlinear forced responses and high-dimensional
mechanical systems [27, 28, 29]. For periodic media, however, these ideas must be com-
bined with Bloch-type spatial phase relations, branch continuation, and validation against
finite-chain time-domain simulations. NOFRF-based, harmonic, and spectral-element for-
mulations have each contributed important tools for treating nonlinear response features
in periodic structures [30, 31, 32]. Nonlinear dispersion analysis, large-strain homoge-
nization, and data-driven modeling have further expanded the available methodology for
nonlinear structured media beyond simple lumped-parameter chains [33, 34, 35]. Re-
cent adaptive harmonic balance formulations, including asymptotic harmonic selection
strategies, also provide useful methodological context for strongly nonlinear response cal-
culations where the relevant harmonic content is not known a priori [36].

A recurring difficulty in strongly nonlinear periodic structures is that the existence
of a computed periodic Bloch orbit does not automatically imply that the corresponding
wave will be robustly realized in a finite chain under realistic initial conditions. Nonlinear
periodic orbits may be unstable, nearby branches may coexist, and finite-chain boundary
effects may distort the response. Therefore, a useful analysis framework must do more
than compute nonlinear dispersion curves. It must also track branches reliably, handle
high-harmonic content, identify physically admissible parameter regimes, and compare
the semi-analytical prediction with direct time-domain simulations. These requirements
motivate the development of the ALIGN framework in this Thesis.
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1.4 Passive tunability through bi-stability and iner-
tial coupling

Two passive mechanisms are especially useful for low-frequency nonlinear wave control:
bi-stability and inertial coupling. Bi-stability introduces a double-well potential land-
scape. A mass or structural element can then undergo small intrawell oscillations about a
stable equilibrium, or large interwell transitions that cross an energy barrier. This creates
amplitude-dependent behavior that is absent in purely linear periodic structures. Snap-
through and double-well mechanisms can support nonlinear transport, interwell switching,
transition waves, and modal redistribution [37, 38, 39, 40]. Closely related ideas have also
been developed in the adaptive-structures literature on bi-stable composite plates, where
reduced-order modelling, dynamic snap-through, and cross-well dynamics have been used
to describe large-amplitude transitions between stable configurations [41, 42, 43]. This
body of work is relevant here because the present Thesis also exploits the distinction be-
tween intrawell oscillations and interwell transitions, but embeds these mechanisms within
a periodically coupled lattice for wave tailoring and energy harvesting. In periodic me-
dia, this means that the same unit cell can support qualitatively different wave regimes
depending on the initial energy.

A closely related class of passive low frequency nonlinear systems is provided by quasi-
zero-stiffness and geometrically nonlinear isolator—harvester designs. Recent studies have
shown that QZS-based systems can exhibit monostable, zero-linear-stiffness and bi-stable
oscillation regimes, retain performance under mass-load deviation, suppress subharmonic
responses, and move between quasi-zero-stiffness and zero-stiffness behavior for broadband
low-frequency isolation [44, 45, 46, 47]. Bio-inspired X-shaped and multilayer nonlinear
isolators further demonstrate how layered geometry and internal resonance can be ex-
ploited for low-frequency vibration control [48, 49]. These works reinforce the broader
idea that geometric nonlinearity and tunable stiffness can be powerful passive design
mechanisms; however, they are primarily concerned with forced-response vibration iso-
lation or device-level nonlinear dynamics, whereas the present Thesis embeds related
passive nonlinear ideas within periodically coupled lattices for amplitude-dependent wave
propagation, bandgap manipulation, and free-wave energy harvesting.

Besides bi-stability, inertial coupling through conventional inertial amplifiers provides
a different but complementary mechanism. Instead of adding large resonator masses, an
inertial-amplifier linkage magnifies the effective inertia associated with selected relative
motions. This can open or enlarge low-frequency attenuation regions and reshape disper-
sion without requiring impractically heavy attachments [50, 51, 52, 53|. This viewpoint
is closely aligned with the broader literature on inerter-based vibration mitigation, in
which a mechanical network element is used to generate an effective inertial force that
can greatly exceed the physical mass of the device and thereby provide a compact route
to vibration suppression [54, 55]. Nonlinear inertial devices, negative-stiffness mecha-
nisms, and resonator-enhanced configurations further show that inertial amplification can
be used beyond conventional linear vibration-isolation settings [56, 57, 58, 59]. In the
present Thesis, inerter is not used as an isolated absorber, but as a unit-cell mechanism
that modifies the dispersion, stability thresholds, broadening of useful energy-harvesting
regime and spatial localization properties of nonlinear periodic chains.

Although bi-stability and inertial coupling have each been studied as powerful design
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mechanisms, their combination in a single nonlinear periodic architecture is less devel-
oped. This is the first major technical opportunity addressed in the present work. A
hybrid unit cell containing coupled horizontal-vertical motion, geometric bi-stability, and
inertial coupling can produce richer behavior than either ingredient alone. The bi-stable
degree of freedom stores and redistributes energy within the unit cell, while the inerter
modifies the effective relative motion between coupled degrees of freedom. This combi-
nation creates a platform in which mass ratios, amplitudes, and coupling geometry can
tune bandgap behavior, branch merging, and stability thresholds. Design parameters
specify the physical model, such as masses, stiffnesses and reference geometry. Tuning
parameters are selected design or circuit parameters, such as the load resistance, varied to
modify dispersion or harvesting performance; the two categories therefore overlap. Here,
parametric tuning generally means comparing fixed parameter choices, not varying them
during a free-response simulation.

The problem is also methodologically significant. The governing equations of such a
hybrid chain contain non-polynomial square-root terms from geometric constraints and a
non-diagonal effective mass matrix from inertial coupling. These features prevent a purely
closed-form treatment in the strongly nonlinear regime. They also make the system a
useful test case for a general analysis pipeline for nonlinear periodic structures. In this
Thesis, the resulting framework is used to bridge weakly nonlinear asymptotic dispersion,
strongly nonlinear multi-harmonic harmonic balance, and inverse time-domain validation.
In this way, the work extends the study of nonlinear lattices beyond simpler monoatomic,
diatomic, or local-resonator examples [60].

Conventional inertial amplification and the inertial coupling adopted in the present
work are deliberately distinguished. A conventional inerter has positive inertance, b, > 0,
and generates a two-terminal force proportional to the relative acceleration, thereby in-
creasing the kinetic-energy contribution associated with relative motion [61, 55]. In con-
trast, the present work employs an architected stable negative inertial coupling, repre-
sented at reduced-order level by b, = —r, < 0, with the initial inclination angle « retained
conventionally as a geometric parameter controlling the coupling magnitude. This choice
reduces the effective inertia of selected non-uniform wave modes while the complete lattice
mass matrix is constrained to remain positive definite. It is adopted specifically because
the resulting inertial-reduction regime provides the well-defined admissibility thresholds
directly in terms of design parameters of the inerters, and simultaneously provides desir-
able dispersion and energy-harvesting characteristics such as enhanced bandgap tunability
which is captured/predicted adequately via inexpensive analytical/semi-analytical algo-
rithms, nonlinear broadening of the useful free-wave harvesting range, nonlinear front-
mediated localization of voltage and power, and enhanced nonlinear mass-diatomicity-
induced harvested power through the nonlinear periodic models proposed in this work.
Such a coupling is not a negative-mass assumption: passive architected realization prin-
ciples based on elastically supported masses and moment-free rigid-link mechanisms have
been shown to generate dynamically stable negative inertial coupling [62]. Related scissor-
like electromechanical metamaterials further demonstrate that architected inertial mech-
anisms can be integrated with piezoelectric elements to enhance voltage generation and
electrical dissipation [63]. The negative coupling itself is conservative and reshapes the
modal kinetic-energy distribution; irreversible energy extraction is still supplied by the
resistive piezoelectric loads.
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1.5 Practical motivation for wave-based energy har-
vesting

Energy harvesting from structural vibration is not intended to replace large-scale power
generation; rather, its practical role is to supply small but useful amounts of electrical
energy to distributed sensors, embedded electronics, and low-power monitoring devices.
This is especially relevant in structural health monitoring, civil infrastructure, aerospace
panels, rotating machinery, pipelines, rail systems, and other engineering systems where
wiring can be expensive, intrusive, or impractical, and where periodic battery replacement
can limit long-term deployment [64, 65, 66]. Piezoelectric transduction is particularly at-
tractive in this setting because it directly converts strain-induced mechanical deformation
into electrical output, can be integrated into slender beams and plate-like members, and
has a relatively high energy density compared with many alternative small-scale transduc-
tion mechanisms [67, 68, 69]. Classical vibration harvesters therefore provide a natural
route to self-powered sensing, but their most efficient operation is usually tied to a nar-
row resonance band and to the availability of sustained excitation near a known frequency
[70, 71, 72].

This narrowband resonant character is a major practical limitation. Real structural
vibrations are rarely ideal steady harmonic inputs: they may arise from impacts, traffic
loads, human motion, machinery start-up and shut-down, wind loading, wave loading, or
localized transient disturbances. Various tuning and bandwidth-extension strategies have
been proposed, including tuned auxiliary structures, axial preload, and bidirectionally
tunable harvesters [73, 74, 75]. Closed-loop mechanical tuning and electrically assisted in-
terface circuits can further enlarge the effective operating range of piezoelectric harvesters
[76, 77, 78]. However, such approaches still primarily focus on improving the performance
of a local resonant device, whereas many engineering disturbances propagate through the
host structure as waves before reaching a transducer.

Periodic structures are useful for energy harvesting precisely because they allow this
wave-propagation stage to be engineered. Instead of treating the harvester as a single
local oscillator attached to a vibrating host, a periodic electromechanical structure can
shape how mechanical energy travels, slows down, localizes, or attenuates before it is
converted into electricity. Sonic crystals, resonator arrays, and acoustic mirrors have
shown that spatial organization can increase the amount of wave energy available to
a transducer by exploiting reflection, resonance, and wave concentration [79, 80, 81].
Metamaterial-inspired harvesters, granular-chain arrays, and graded metasurfaces further
demonstrate that periodic or nearly periodic architectures can redistribute vibrational
energy over space and concentrate it in regions where electrical conversion is most effective
[82, 83, 84]. Defect states, tunable sub-wavelength plates, and elastic metasurfaces also
show that band-structure design can be used to place large deformation, high strain, or
strong wave localization near selected harvesting elements [85, 86, 87].

Thus, the use of periodic structures in this Thesis is not only motivated by bandgap
physics. It is also motivated by an engineering need, which is, to convert spatially dis-
tributed and transient mechanical disturbances into usable electrical output in a pre-
dictable way. Periodicity provides the analytical structure needed for Bloch-based design,
while piezoelectric coupling provides the energy-conversion mechanism. Nonlinearity then
adds the possibility of amplitude-dependent dispersion, broadband near-optimal harvest-
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ing, and localized interwell-front-based energy extraction. In this sense, the present re-
search work treats a nonlinear periodic harvester as a multifunctional structural compo-
nent which can guide and attenuate waves, redistribute transient mechanical energy, and
convert part of that energy into electrical power for self-powered sensing and monitoring
applications.

1.6 Energy harvesting potential of multistable peri-
odic media

Once wave propagation can be controlled, a natural next question is whether the trans-
ported mechanical energy can be harvested. Classical vibration energy harvesting has
often relied on piezoelectric devices tuned to operate near resonance under sustained
harmonic excitation. Such devices can produce useful output, but their performance
is typically narrowband and sensitive to the match between the forcing frequency and
the harvester dynamics [70, 71, 69, 72]. This limitation has motivated extensive work
on nonlinear and multistable harvesters, where the aim is to widen the operating band-
width, exploit large-amplitude motion, or use interwell dynamics for enhanced energy
conversion [88, 89, 90, 91]. Recent nonlinear harvesting studies have also emphasized
bi-stability, magnetic plucking, and frequency up-conversion as practical routes to low-
frequency and broadband operation; for example, rotational bi-stable harvesters with
frequency up-conversion have been experimentally validated for low-power sensing, while
magnetic plucking mechanisms have been enhanced by engineering the magnetic interac-
tion itself [92, 93]. For nonlinear vibration energy harvesters, the electrical load cannot be
chosen independently of the nonlinear mechanical response. For example, Cammarano et
al. studied optimum resistive loading for electromagnetic harvesters with stiffening non-
linearities and showed how numerical continuation can be used to determine load choices
in nonlinear harvesting systems [94]. This is consistent with the perspective adopted in
the present Thesis, where the harvested power depends jointly on the structural dynamics,
electrical time scale, and post-transient response envelope.

Several strategies have been proposed to address the narrowband nature of conven-
tional harvesters. These include electrical tuning, multistable potentials, nonlinear energy
sinks, and broadband or frequency-up-conversion mechanisms [95, 96, 78, 97]. Preloaded
and mechanically tuned designs provide additional flexibility, although they often still
rely on sustained excitation or carefully selected operating conditions [98]. Similarly,
recent QZS-based piezoelectric harvesters with RL electrical loading have shown that
intrawell and interwell oscillations under internal resonance can be exploited for nonlin-
car electromechanical conversion [99]. This is closely related in physical motivation to
the present work, but it remains primarily a forced-response oscillator-level framework,
whereas the present Thesis formulates harvesting through transient free-wave propagation
in periodically coupled electromechanical chains.

In parallel, phononic and metamaterial concepts have shown that the host structure
itself can be designed to guide, trap, focus, or redistribute vibrational energy before
it is converted electrically [100, 80, 81, 82]. Defect state-based harvesting and tunable
phononic structures show that localized modes can concentrate mechanical energy before
transduction [85, 86, 101]. Multifunctional piezoelectric metastructures and elastic meta-
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surfaces further demonstrate how engineered wave fields can enhance electromechanical
conversion through integrated wave manipulation and harvesting [102, 87]. Topological
trapping and coupled metamaterial-harvester architectures extend this idea by using pro-
tected or deliberately tailored localization mechanisms for targeted energy concentration
[103, 104, 105].

Despite this progress, an important gap remains. Many harvesting studies assume per-
sistent forcing, while many periodic-structure studies focus on dispersion and attenuation
without defining a harvesting metric for transient free propagation. Real disturbances in
engineering structures are often intermittent, impulsive, or generated by initial conditions
rather than by a prescribed harmonic load. A bridge is therefore needed between free-wave
propagation in periodic structures and post-transient energy extraction in piezoelectric
circuits. This Thesis addresses that need by introducing a settling-time-aware power
metric for a piezoelectric periodic chain. The metric identifies when the decaying voltage
response has entered a smooth post-transient regime and then evaluates the one-period
average harvested power. This converts transient free-wave decay into a design variable
and provides an internally consistent way to identify an optimum free-wave harvesting
frequency.

Magnetoelastic and piezomagnetoelastic systems provide a natural physical realiza-
tion of this idea in the nonlinear regime. A cantilever beam with a tip mass, piezoelectric
patch, and magnetic interaction can realize a double-well electromechanical potential
while retaining a compact structural architecture. Magnetoelastic and piezomagnetoelas-
tic oscillators have long served as canonical models for nonlinear double-well dynamics
and energy harvesting [106, 107, 108, 109]. Beam-type unit cells and nonlinear periodic
electromechanical media further show how structural wave transport and electrical conver-
sion can be coupled at the lattice level [110, 111, 112, 113]. Recent reviews of multistable
harvesting and work on inertial amplification confirm that these ingredients are individu-
ally promising for broadband and low-frequency operation [114, 115]. The present Thesis
combines them in a single periodic framework for free-wave harvesting.

The multistable setting also creates a second harvesting mechanism based on transition
fronts. In bi-stable lattices and related nonlinear media, interwell fronts can connect wave
propagation, topological switching, energy transfer, and localization [116, 117, 118, 119].
This connects the harvesting problem to a broader literature on nonlinear front dynamics,
kinks, solitary waves, and transition-wave control [120, 121, 122, 123]. Recent studies
have shown that such fronts can be guided, graded, and used as carriers of concentrated
mechanical energy [124, 125, 126, 127]. Domain-wall and transition-wave formation in
multistable metamaterials further emphasizes the importance of this regime [128]. In the
present Thesis, this idea is extended to dissipative piezomagnetoelastic chains, where the
relevant propagating object is a slowly modulated ¢*-type front whose voltage and power
envelopes are directly connected to localized energy harvesting.

1.7 Motivations

The work in this Thesis is motivated by the need for passive structures that can control and
harvest energy from realistic disturbances. In many engineering settings, vibrations are
not steady sinusoidal inputs supplied at a known frequency. They may arise from impacts,
start-up transients, moving loads, broadband disturbances, environmental fluctuations,
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or localized initial perturbations. A design framework based only on forced resonance is
therefore incomplete. What is needed is a framework that can predict how a transient
wave travels through a periodic structure, how its amplitude and nonlinear state affect the
available propagation paths, and how much of the transported energy can be converted
into electrical output.

The first motivation is to exploit nonlinearity as a source of tunability. In a linear
periodic medium, bandgaps and pass bands are fixed by the unit-cell design. In a nonlinear
periodic medium, the wave amplitude and internal state can alter the effective dispersion
relation. This creates the possibility of bandgap manipulation without redesigning the
entire structure.

The second motivation is to combine bi-stability and suitably chosen inertial cou-
pling in a physically meaningful way. Bi-stability provides amplitude-dependent intrawell
and interwell dynamics, while positive/stable-negative inertial coupling offers a route
to low/high-frequency attenuation respectively and effective inertia control. Hence, the
combination of bi-stability and inertial coupling can produce tunable wave behavior in
parameter regimes that are not accessible to either mechanism alone.

The third motivation is to formulate energy harvesting directly in the free-wave setting.
A transient disturbance generates a decaying electromechanical response, not a steady
forced oscillation. Therefore, harvesting performance should be evaluated after the initial
transient has settled, using a criterion tied to the actual voltage envelope and circuit
dynamics. This motivates the settling-time-aware power metric developed in the Thesis.

The fourth motivation is to use nonlinear wave phenomena with appropriately cho-
sen inertial-coupling effects to broaden the useful harvesting regime and spatially localize
harvesting. Intrawell nonlinear dynamics can convert a sharply tuned harvesting opti-
mum into a wider region of near-optimal performance. Interwell dynamics can generate
transition fronts that concentrate energy spatially. Both mechanisms are attractive for
self-powered sensing and vibration-control applications where the location and frequency
content of disturbances may vary.

The fifth motivation is to extend these ideas beyond monoatomic chains. Mass di-
atomicity introduces acoustic-like and optical-like branches, branch separation, and mass-
contrast effects. When combined with piezomagnetoelastic nonlinearity, this creates ad-
ditional design freedom for tuning both band structure and harvested power.

1.8 Research Objectives

Guided by the motivations above, the main objectives of this Thesis are as follows.

1. To develop a semi-analytical framework for studying weakly and strongly nonlinear
wave propagation in discrete periodic structures with non-polynomial geometric
nonlinearities.

2. To design and analyze a geometrically bi-stable, inertially coupled unit cell capable
of supporting coupled horizontal-vertical dynamics, intrawell oscillations, interwell
motion, and tunable bandgap behavior.

3. To characterize how mass ratios, inertial-mechanism parameters, and nonlinear am-
plitude affect dispersion branches, bandgaps, branch merging, and set physically ad-
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missible stability thresholds for embedding a general negative-inerter before propos-
ing the same for obtaining desirable energy harvesting characteristics in nonlinear
periodic structures.

4. To introduce a free-wave energy-harvesting metric for piezoelectric periodic chains
based on settling time, post-transient voltage response, and one-period averaged
harvested power.

5. To extend the free-wave harvesting theory to inertially coupled nonlinear piezomag-
netoelastic chains and determine how magnetic bi-stability and inertance magnitude
alter the optimum harvesting frequency, harvested-power magnitude, and useful
bandwidth in the intrawell regime.

6. To analyze interwell transition-front propagation in dissipative piezomagnetoelastic
chains and determine how such fronts generate spatially localized voltage and power
profiles.

7. To introduce mass diatomicity into the nonlinear piezomagnetoelastic chain and
investigate how acoustic-like and optical-like branches, mass contrast, nonlinear
backbone curves, and transition fronts affect harvested power.

8. To validate analytical and semi-analytical predictions using direct numerical simu-
lations of finite chains, thereby connecting infinite-chain Bloch descriptions to prac-
tically realizable transient dynamics.

1.9 Organization of the work

The remainder of the Thesis is organized as follows:

Chapter 2 gives a brief review of energy harvesting through structural vibrations and
how the present research fits into the state of the art of energy harvesting through non-
linear periodic structures and what gaps it fills in the existing literature.

Chapter 3 presents the bi-stable, inertially coupled periodic chain and develops the
ALIGN framework for bandgap manipulation in weakly and strongly nonlinear regimes.
The chapter begins with the phase-plane behavior of the isolated unit cell, then de-
rives weakly nonlinear dispersion relations, computes strongly nonlinear harmonic-balance
Bloch branches, and validates the results using amplitude-linked inverse time-domain sim-
ulations.

Chapter 4 develops the linear piezoelectric free-wave harvesting baseline. It introduces
a classical piezoelectric periodic chain, derives the relevant electromechanical dispersion
and time-domain response, and defines the settling-time-aware maximum steady-state
power metric. This chapter establishes the analytical bridge between free-wave propaga-
tion and harvested-power prediction.

Chapter 5 extends the free-wave harvesting framework to an inertially coupled non-
linear piezomagnetoelastic chain. It studies the linearized intrawell regime, the general
strongly nonlinear intrawell and interwell regimes. The chapter shows how magnetic bi-
stability and suitably chosen inertial coupling can enhance harvesting, broaden the useful
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operating band, and generate spatially localized power through transition-front propaga-
tion.

Chapter 6 introduces mass diatomicity into the nonlinear piezomagnetoelastic chain.
It analyzes the resulting acoustic-like and optical-like branch structure, linearized and
nonlinear harvested-power characteristics, nonsimilar acoustic—optical transition fronts,
and numerical validation through finite-chain simulations.

Finally, Chapter 7 summarizes the main findings, explains how the Thesis fills the lit-
erature gap identified in this Introduction, and outlines future research directions includ-
ing experimental validation, higher-dimensional nonlinear harvesting lattices, multimode
beam models, adaptive circuits, and optimization under uncertainty.



Chapter 2

A review of vibration energy
harvesting, periodic systems, and
nonlinear wave dynamics

2.1 Scope of the review

The aim of this Chapter is to place the present research within the state of the art
in vibration energy harvesting, periodic structures, and nonlinear wave dynamics. The
central problem studied in this Thesis is to connect wave propagation, nonlinear dis-
persion, electromechanical transduction, and transient free-wave response into a single
design framework. The relevant literature has been reviewed across the overlapping areas
of: vibration energy harvesting from ambient structural motion, wave-based harvesting in
periodic and metamaterial systems, nonlinear and multistable energy harvesters, analysis
methods available for nonlinear periodic media, inerter-mechanisms and diatomicity, and
transition front-based localization.

This Chapter is organized as follows. Section 2.2 discusses why vibration energy
harvesting is needed from a practical engineering viewpoint and why piezoelectric trans-
duction has become a major route for powering low-power devices. Section 2.3 explains
why periodic structures are useful for energy harvesting, rather than only for filtering or
vibration isolation. Section 2.4 reviews nonlinear and multistable harvesters and identi-
fies their advantages and limitations. Section 2.5 reviews nonlinear analysis tools relevant
to amplitude-dependent dispersion and strongly nonlinear Bloch-wave computation. Sec-
tion 2.6 discusses inertial coupling effects, diatomicity, nonlinear lattices, and transition
fronts. Finally, Section 2.7 synthesizes the existing literature and clarifies how the present
work fits into the broader research landscape.

2.2 Vibration energy harvesting and engineering need

Vibration energy harvesting is motivated by the need to power distributed, embedded,
and low-power electronic systems without relying entirely on wired power or repeated
battery replacement. This is especially important in structural health monitoring, civil
infrastructure, rotating machinery, aerospace structures, inaccessible industrial systems,
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and wireless sensor networks, where the sensor power demand is small, but the cost of
wiring, maintenance, or physical access is high. Early studies established ambient vibra-
tion as a practical power source for microsystems and wireless sensor nodes, and surveys
of vibration energy harvesting have classified the main transduction routes as piezoelec-
tric, electromagnetic, and electrostatic conversion [129, 65, 66]. Broader reviews and
device-level studies further emphasized that vibration harvesters should be understood
not merely as small generators, but as coupled mechanical-electrical systems whose per-
formance depends simultaneously on environmental excitation, mechanical design, trans-
duction efficiency, and electrical power management [130, 131, 132, 133].

Piezoelectric vibration energy harvesting is particularly relevant to our present work
because piezoelectric patches can be bonded directly to slender beams, plates, and periodic
structural members. The direct electromechanical coupling between strain and voltage
allows the same structural motion that carries elastic-wave energy to generate electrical
output. The suitability of piezoelectric materials for vibration to electric conversion has
been reviewed extensively, with emphasis on their high energy density, compatibility with
small-scale devices, and ability to be integrated into structural components [134, 72, 69].
Distributed-parameter models of cantilevered piezoelectric harvesters have also shown
that the commonly used single degree of freedom approximation is not always sufficient,
especially when modal participation, strain distribution, and electromechanical boundary
conditions matter [135, 136]. This is relevant to the present Thesis, where the harvester,
instead of being treated as a lumped oscillator, is embedded as a unit cell in a periodic
electromechanical chain.

Another important aspect of vibration energy harvesting is the electrical interface. The
harvested power depends simultaneously on the mechanical response, load resistance, ca-
pacitance, electrical time constants, and power-conditioning circuits. Analytical studies of
piezoelectric power output have clarified the role of load resistance and electromechanical
coupling in determining the power delivered to the circuit [137, 138]. Power-electronic
studies have shown that adaptive circuits, switching interfaces, and nonlinear electrical
processing can significantly alter harvesting performance [139, 140, 141]. In the present
Thesis, the electrical interface is deliberately kept simple, usually a passive resistive or
resistive-capacitive shunt, so that the role of wave propagation, dispersion, and nonlinear
mechanics can be isolated. Nevertheless, a review of the existing literature is important
because it shows that the electrical time scale is a true design parameter, and not a
secondary post-processing element.

Most classical vibration harvesters are designed to operate near a resonance frequency.
Resonance tuning can produce large output when the excitation frequency is known and
sustained, but it becomes restrictive when disturbances are broadband, intermittent,
slowly varying, or spatially distributed. This limitation is one of the main motivations
for nonlinear harvesters, periodic harvesters, and the free-wave framework developed in
this Thesis. In particular, Chapters 4-6 shift extensively from the conventional idea of an
externally forced resonant oscillator and instead consider free-wave propagation generated
solely by initial conditions. This is a natural abstraction for disturbances such as impacts,
moving loads, snap-through events, and localized perturbations in extended structures.
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2.3 Effectiveness of periodic structures in energy har-
vesting

Periodic structures are useful for energy harvesting because they allow the designer to
control the spatial transport of mechanical energy before electromechanical conversion
occurs. In a conventional isolated harvester, the primary design objective is to investigate
or analyze how the local oscillator responds to the excitation. In a periodic harvester,
an additional criterion is how the host structure guides, slows, attenuates, localizes, or
redistributes the wave energy before it reaches the transducer. For this reason, periodic
media, besides being used extensively for vibration isolation and wave filtering, are also
relevant to energy harvesting.

The foundation of this idea comes from the theory of phononic crystals, acoustic meta-
materials, and elastic periodic media. Periodic structures can create Bragg bandgaps,
locally resonant bandgaps, evanescent decay, directional propagation, and slow-wave ef-
fects [1, 2, 3, 100]. Reviews of phononic crystals and phononic materials have shown how
such structures can manipulate sound and elastic waves through bandstructure engineer-
ing, local resonances, and spatial dispersion [142, 5, 143]. The damped-wave mechanism
is also important because energy harvesting is inherently dissipative. The piezoelectric
circuit extracts energy from the mechanical field, and therefore complex wavenumbers
and attenuating Bloch waves become physically meaningful [144]. This is systematically
treated through an analytically tractable framework in Chapter 4, where the complex
Bloch wavenumber is used to encode both propagation and attenuation in the free-wave
harvesting model.

Periodic electromechanical structures have also been studied through shunted piezo-
electric arrays. Early work on rods with periodically shunted piezoelectric patches demon-
strated that electromechanical coupling and shunt circuits can create attenuation and
localization of structural waves [145]. Subsequent studies showed that periodic arrays of
resonant shunts can be designed as tunable acoustic or elastic metamaterials, with elec-
trical parameters used to shift bandgaps and modify wave transmission [146, 147]. These
works are important as a reference, because they establish the principle that piezoelectric
patches are not merely passive sensors or local harvesters; when arranged periodically,
they become part of the wave-bearing medium.

Wave-based energy harvesting extends this idea by using the periodic structure to
concentrate energy near transducers. Acoustic mirrors, metamaterial-inspired harvesters,
resonator arrays, defect states, and metasurfaces have shown that wave guiding and local-
ization can improve electrical output by controlling where mechanical strain accumulates
before transduction [81, 82, 85, 86]. Gradient-index and lens-based phononic structures
provide another route, where wave focusing is used to enhance the response of a harvest-
ing element [148]. Graded elastic metasurfaces and related elastic-wave devices further
demonstrate that spatial variation in a periodic or locally periodic architecture can be
used to steer and concentrate wave energy [84, 87]. These developments justify the use of
periodic structures for energy harvesting in the first place: periodicity gives the designer a
spatial mechanism for controlling the mechanical energy flow, not just a frequency-domain
mechanism for blocking waves.

From an engineering viewpoint, the periodic-harvesting concept is attractive for modu-
lar structures, beams with repeated attachments, bridge or rail components with repeated
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features, aircraft panels with embedded periodic stiffeners, and distributed sensing sys-
tems. The periodic unit cell can be designed so that wave attenuation, voltage generation,
and energy localization occur together. However, most wave-based harvesting studies still
focus on sustained harmonic forcing, defect modes, or frequency-domain response under
prescribed excitation. Chapters 4-6 of the Thesis instead addresses whether free waves
generated solely by initial conditions can be used as the fundamental object for harvesting
design. This shift requires a metric that connects transient wave decay to post-transient
power extraction, which motivates the settling-time framework in Chapter 4.

2.4 Nonlinear and multistable energy harvesting

Nonlinearity has been widely explored as a means to overcome the narrowband nature
of resonance-tuned harvesters. In a linear harvester, high output is usually obtained
only near a resonance frequency, whereas nonlinear restoring forces can bend resonance
curves, create multiple stable responses, broaden the effective response bandwidth, or en-
able large-amplitude interwell motion. Early nonlinear energy-harvesting studies showed
that stochastic resonance, Duffing-type potentials, and nonlinear oscillators can improve
harvesting under broadband or random excitation conditions [90, 149, 150]. Magnetically
coupled and magnetically levitated harvesters further showed that magnetic forces provide
a practical way to realize nonlinear stiffness and multistable potentials [151, 152, 153].
These works form an important background for Chapter 5, where magnetic bi-stability is
used to model a piezomagnetoelastic periodic chain.

Bi-stable and multistable harvesters are especially relevant because they can exhibit
both intrawell oscillations and interwell transitions. Intrawell oscillations occur near
one stable equilibrium and may behave approximately as nonlinear oscillations about a
well. Interwell transitions cross the potential barrier and can produce larger deformation,
stronger voltage generation, and more complex dynamics. Experimental and theoretical
studies of magnetopiezoelastic and bi-stable harvesters have shown that high-energy or-
bits, reversible hysteresis, magnetic coupling, and broadband snap-through response can
enhance power output under appropriate forcing conditions [154, 155, 156, 157]. Review
studies on bi-stable harvesters also emphasize that these devices introduce new design
challenges, because the response may depend sensitively on forcing amplitude, initial
condition, potential well depth, and coexistence of attractors [91, 158, 114]. This is pre-
cisely why the present Thesis distinguishes between intrawell and interwell regimes and
investigates phase-plane behavior before embedding the unit cell into a chain.

Other nonlinear strategies include Duffing-type broadening, nonlinear energy sinks,
frequency up-conversion, plucking, and hybrid transduction. Duffing oscillators have
been studied for broadband piezoelectric harvesting, while kinetic or bi-stable oscilla-
tors have been used to exploit random or low-frequency excitations [159, 160]. Frequency
up-conversion and magnetic plucking are practically important because many environmen-
tal vibrations are too slow to efficiently excite a small harvester directly; recent studies
have used rotational bi-stability and enhanced magnetic plucking to improve low-power
sensing applications [92, 93]. Nonlinear energy sinks and preloaded piezoelectric beams
provide additional routes for increasing the effective bandwidth or lowering the operating
frequency [97, 98]. The common theme has been that nonlinearity can broaden or reshape
the response, but much of the literature remains centered on forced oscillator dynamics.
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A complementary strand of nonlinear-vibration research is the theory of nonlinear
energy sinks and targeted energy transfer. An essentially nonlinear attachment can enter
transient resonance with one or more modes of a host structure and draw energy into a
localized dissipative degree of freedom without requiring tuning to a single linear natural
frequency [161, 162, 163, 164]. Extensions from a single oscillator to finite and semi-infinite
chains show that this transfer can also be interpreted as a wave-mediated interaction
between a distributed linear subsystem and a local nonlinear attachment [165, 166]. The
relevance to vibration energy harvesting is especially clear under impulsive excitation:
strongly nonlinear electromechanical attachments have been shown to generate transient
high-frequency responses and enhanced electrical extraction from a single mechanical
impulse [167]. Such mechanisms are particularly relevant to self-powered monitoring
applications in which useful mechanical energy may arrive through intermittent impacts
or short-duration disturbances rather than through sustained harmonic forcing. These
studies establish that passive nonlinear localization can concentrate transient structural
energy at a conversion site; however, they largely concern a primary structure coupled to
one localized attachment, rather than a periodically repeated electromechanical medium
in which dispersion, attenuation, spatial energy transport, and cell-wise harvested power
are designed together.

The present work differs from this dominant forced-response viewpoint in two ways.
Firstly, the nonlinear harvester is embedded in a periodic chain, so the relevant response
is not only a local oscillator trajectory but also a propagating or attenuating wave field.
Secondly, the excitation is treated as a free-wave initial-condition problem, rather than as
a sustained harmonic base excitation or forcing. Chapter 5 uses this approach to show that
the strongly nonlinear intrawell regime does not merely increase one peak; instead, it can
produce a broad quasi-saturated high-power region over a range of free wave frequencies.
The interwell regime then creates transition fronts that localize harvesting spatially. Thus,
the nonlinear-harvesting literature motivates the present work, but the Thesis extends it
from isolated forced harvesters to nonlinear periodic electromechanical media.

2.5 Analysis of nonlinear periodic structures

The analysis of nonlinear periodic structures requires methods that combine nonlinear
dynamics with wave mechanics. In a linear periodic structure, the Bloch ansatz reduces
the infinite system to an eigenvalue problem on a representative unit cell. The resulting
band structure is independent of amplitude. In nonlinear periodic structures, however,
the effective stiffness, modal content, stability, and branch shape can depend on wave
amplitude. Weakly nonlinear structures can often be treated using simple perturbation
methods, multiple scales, or asymptotic corrections to linear dispersion branches [17, 18,
19]. These approaches provide analytical insight but are limited when the nonlinearities
are strong, non-polynomial, or generated by inherent geometrical configurations.
Geometric nonlinearity can also be designed so that the strength and character of
modal interactions vary with the input energy. Inclined spring—damper mechanisms have
been shown to generate strongly nonlinear stiffness and damping, while studies of impul-
sively loaded beams with geometrically nonlinear boundary conditions reveal pronounced
redistribution of broadband input energy between structural modes [168, 169, 170]. For
periodic media, it has been demonstrated that harmonic balance and multiple-scales anal-
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ysis can be combined to predict wave attenuation in nonlinear periodic structures [171].
Together, these studies reinforce the need for the introductory amplitude-locked, multi-
harmonic and time-domain validated framework adopted in this Thesis, since a single
small-amplitude dispersion profile cannot generally capture energy-dependent modal re-
distribution, high-harmonic content, or the branch selected by a transient initial condition.

Strongly nonlinear systems require a broader computational and analytical approach.
Nonlinear normal modes, backbone curves, invariant manifolds, and spectral submanifolds
provide ways to interpret nonlinear modal dynamics in finite-dimensional systems [172, 24,
28, 29]. Nonlinear system-identification and continuation methods also provide practical
tools for analyzing experimentally or numerically generated nonlinear responses [173,
174]. Frequency-domain approaches such as harmonic balance, alternating frequency—
time methods, and continuation-based algorithms are particularly useful when periodic
or nearly periodic responses are sought [175, 176, 177]. These methods are central to
Chapter 3, where the comprehensively proposed ALIGN framework uses multi-harmonic,
Bloch-consistent harmonic balance and branch tracking to compute strongly nonlinear
dispersion branches.

Periodic media also introduce additional difficulties beyond those encountered in iso-
lated nonlinear oscillators. The computed nonlinear periodic orbit must be compatible
with a prescribed Bloch phase, and neighboring branches may exchange modal content
or merge as the wavenumber changes. In finite chains, boundary reflections, finite-size
effects, and imperfect initialization can further obscure the connection between an infinite-
chain Bloch branch and a time-domain simulation. Finite element and spectral element
formulations have been used to treat wave propagation in more complex periodic struc-
tures, while numerical wavenumber-extraction methods have been developed for finite
waveguides and structural systems [178, 179, 180]. Data-driven and finite element-based
nonlinear dispersion methods have also added to the available tools for structured media
with complex geometry [34, 33, 35].

The first work of the Thesis is motivated by precisely these methodological issues.
The bi-stable inertially coupled chain considered in Chapter 3 contains non-polynomial
geometric nonlinearities and a nontrivial mass matrix induced by inertial-coupling effects.
A simple linear Bloch analysis is not sufficient, while a full finite-chain simulation for ev-
ery amplitude and wavenumber is inefficient. The ALIGN framework therefore combines
weakly nonlinear asymptotics, strongly nonlinear Bloch-consistent harmonic balance, ro-
bust branch matching, and amplitude-linked inverse time-domain validation. This places
this introductory work within the broader state of the art in nonlinear modal analysis,
nonlinear Bloch-wave computation, and numerical validation of strongly nonlinear peri-
odic responses.

2.6 Inertial coupling, diatomicity, and nonlinear tran-
sition fronts

Inertial-coupling mechanisms and inerter-based concepts provide another important con-
text for the present research work. The inerter was introduced as a mechanical network
element that generates a force proportional to relative acceleration, thereby allowing effec-
tive inertial forces to be much larger than the physical mass of the device [181]. In civil and
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mechanical vibration control, inerter-based devices have been used for vibration suppres-
sion, seismic mitigation, and tuned mass-damper-inerter configurations [182, 183, 184]. In
acoustic and elastic metamaterials, inertial amplification provides a route to low-frequency
attenuation without requiring very large local resonator masses [51, 52, 55]. The present
Thesis uses inerters not as an isolated absorber, but as a unit-cell mechanism that re-
shapes dispersion, effective inertia, and localization in nonlinear periodic chains. Specif-
ically, attention has been shifted to parameterized negative-inerter modules instead of
conventional inertial amplifiers. A conventional inerter has a positive coefficient relating
its terminal force to relative acceleration [55]. In the present reduced model, a negative
signed inertance, b, < 0, instead reduces the effective inertia associated with selected rel-
ative motions; it does not represent a negative physical mass. Architected systems with
elastically supported masses and moment-free rigid links provide a precedent for stable
negative inertial coupling [62]. Admissibility is assessed through positive definiteness of
the complete mass matrix, not through the sign of an isolated coefficient. The coupling
itself does not dissipate energy.

The reasons for the deliberate choice of a stable negative-inerter in context of the
present work are significant and are outlined as follows:

1. Conventional inertial amplifiers add effective inertia and associated kinetic energy
to the non-uniform wave modes and can render them unstable in transient free-wave
regimes.

2. In contrast, negative-inertance reduces the effective inertia of selected non-uniform
wave modes and at the same time retains stability of the complete lattice mass
matrix by setting mathematically and dynamically well-defined positive-definiteness
criterion resulting in admissibility thresholds which can be linked back directly to
the inerter’s design parameters.

3. The resulting inertial-reduction regime offers enhanced bandgap tunability which
is predicted adequately via inexpensive harmonic balance algorithms, nonlinear
broadening of the useful free-wave harvesting range, theoretically predictable front-
mediated localization of voltage and power in a sufficiently interior portion of finite
nonlinear periodic chains away from boundary effects, and enhanced nonlinear har-
vested power induced by mass-diatomic unit cells.

4. These desirable design outcomes are not realizable through our proposed harvest-
ing/wave tuning nonlinear models using conventional inertial amplifiers which have
been employed extensively in existing literature.

Diatomic and multiatomic unit cells have provided an additional route for band-
structure enrichment. Even in a linear chain, mass contrast can create acoustic-like
and optical-like branches, bandgaps, and modal separation. In nonlinear lattices, the
interaction between mass contrast and amplitude-dependent stiffness can produce richer
dispersion behavior, branch bending, and mode conversion. Granular crystals provide
important examples of nonlinear wave propagation in discrete chains, including solitary
waves, tunable bandgaps, and nonlinear coherent structures [185, 186, 187]. These stud-
ies are relevant to the work in Chapter 6 because the mass-diatomic piezomagnetoelastic
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chain model developed there combines acoustic-optical branch structure with strong non-
linearity, but adds electromechanical conversion and harvesting metrics.

The granular-chain literature also establishes that strong nonlinearity can create trans-
port and localization mechanisms with no direct linear analogue. In [188] an asymptotic
solitary-wave description has been obtained for a Hertzian chain of elastic spheres, while
experiments on strongly nonlinear phononic crystals have showed that solitary-wave speed
and waveform can be tuned through material, geometric, and loading parameters [189].
Tensegrity lattices extend this idea to architected media whose solitary-wave response
can be adjusted across multiple structural scales [190]. In diatomic granular crystals,
discrete breathers provide a particularly relevant example of intrinsic energy localiza-
tion associated with the richer spectral structure generated by the two-particle unit cell
[191]. Nesterenko’s monograph provides the broader foundation for strongly nonlinear
impulse propagation, solitary waves, and energy localization in heterogeneous and par-
ticulate media [192]. These results motivate the present use of mass contrast, nonlinear
branch structure and localized fronts, but they generally stop at mechanical transport
or localization itself rather than coupling the localized wave field to a cell-wise electrical
energy-harvesting metric.

Transition fronts and localized nonlinear waves provide another important connection
between existing literature and the present work. In multistable mechanical systems,
interwell transitions can propagate as fronts, domain walls, or solitary-like waves. These
waves can carry concentrated mechanical energy and can switch the state of a lattice
as they propagate [38, 125, 124]. Recent work has also connected topological ideas and
mechanical lattice design to robust localization and wave transport [193, 194, 119]. In the
present Thesis, interwell transition fronts are not used only as mechanical switching events.
Instead, they are coupled to piezoelectric circuits so that their localized deformation fields
generate localized voltage and harvested power. This is one of the key advancements and
flexibilities of the present work from much of the transition-wave literature.

The diatomic extension in Chapter 6 brings these ideas together. The addition of
a second principal mass creates acoustic-like and optical-like branches and introduces
a mass-contrast design parameter. The nonlinear piezomagnetoelastic potential creates
amplitude-dependent branch behavior and front propagation. The stable negative-inerter
coupling reshapes effective inertia and admissible wavenumber ranges. Finally, the piezo-
electric circuit converts the resulting deformation into electrical output. This combination
shows why band structure alone is not enough for harvesting design: the useful branch
must also have voltage-producing modal participation, appropriate decay, and favorable
excitation by the initial condition.

2.7 Literature gap and position of the present work

The literature review shows that each element of the present research has had an in-
dependent foundation. Vibration energy harvesting provides the practical need and the
electromechanical transduction mechanism. Periodic structures provide a way to control
wave propagation and spatial energy distribution. Nonlinear dynamics provides amplitude
dependence, multistability, and transition fronts. Inertial coupling and mass diatomicity
provide passive routes to tune effective inertia, bandgaps, and branch structure. However,
the intersection of these themes remains less developed than the individual areas.
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Related pulse-interaction studies have further shown that a local strongly nonlinear
element can alter reflection, transmission, and the direction of transient energy flow. In
particular, the reflection of short pulses from a string coupled to a strongly nonlinear
oscillator depends sensitively on the dynamics of the nonlinear attachment [195]. This
provides an important mechanical precursor to the present Thesis: nonlinear attachments
can redirect transient wave energy passively, but the remaining challenge is to repeat the
attachment periodically, include electromechanical conversion, and quantify the result-
ing voltage and harvested power after the free-wave transient has settled on a smooth
envelope.

Hence, moving forward from existing literature, the first identifiable gap is that vi-
bration energy harvesting is still often formulated as a forced-resonance problem. This
is appropriate when the excitation is sustained and close to a known frequency, but it is
less natural for impacts, intermittent ambient disturbances, snap-through events, mov-
ing loads, or localized initial perturbations. Chapter 4 addresses this gap by developing
a settling-time-aware free-wave harvesting framework for a piezoelectric periodic chain.
This work uses the periodic structure to derive effective coefficients and a post-transient
power metric for unforced (free) wave motion.

The second gap is that nonlinear energy harvesters are frequently studied as isolated
oscillators, while periodic metamaterial harvesters are often studied through linear wave
focusing, defect modes, or forced-response localization. Chapter 5 bridges these view-
points by embedding a nonlinear piezomagnetoelastic harvester inside an inertially cou-
pled periodic chain. In the intrawell regime, the strongly nonlinear dynamics broaden the
useful high-power region. In the interwell regime, transition fronts create spatially local-
ized harvesting. Thus, the harvester is not added to a waveguide as a separate element;
it is part of the nonlinear wave-bearing medium.

The third gap is methodological. Strongly nonlinear periodic systems with geometric
nonlinearities, inertial and electromechanical coupling are not easily handled by a single
standard tool. Perturbation methods are useful near a stable equilibrium, but they do not
capture strongly nonlinear branch merging and high-harmonic content. Direct simulations
are reliable but expensive and may not directly resemble Bloch-compatible waveforms.
Chapter 3 addresses this by developing ALIGN, a workflow that connects weakly nonlinear
asymptotics, multi-harmonic harmonic balance, branch tracking, and amplitude-linked
inverse time-domain validation.

The fourth gap concerns the role of richer unit-cell structure. Most harvesting studies
focus on monoatomic chains or isolated harvesters. Chapter 6 shows that a mass-diatomic
nonlinear piezomagnetoelastic chain can create acoustic-like and optical-like branches,
nonsimilar acoustic-optical transition fronts, and substantially enhanced nonlinear har-
vested power. This places mass contrast alongside magnetic bi-stability, inertial coupling,
and electrical loading as a genuine harvesting design parameter.

The overall approach of the Thesis is therefore as follows: It treats nonlinear periodic
structures as wave-mediated electromechanical systems in which bandgap manipulation,
transient free-wave propagation, nonlinear branch shaping, spatial localization, and har-
vested power must be designed together.



Chapter 3

Bandgap manipulation through a
bi-stable inertially coupled strongly
nonlinear periodic chain

3.1 A bi-stable-inertial unit cell underpinning non-
linear metamaterials

We start our investigation of bandgap engineering and hence tunable dispersion in nonlin-
ear periodic structures through the analysis of a periodic chain constructed by repeating a
bi-stable, inertially coupled, strongly nonlinear unit cell with coupled horizontal-vertical
dynamics. This unit-cell structure is chosen because of the rich nonlinear dynamical
behavior it can exhibit comprising bi-stability and inertial coupling. More specifically,
we aim to include stable negative-inerter effects and geometric bi-stability within one
coherent periodic structural model to establish a systematic and analytically tractable
pathway for demonstrating tunable dispersion behavior for a fairly rich periodic struc-
ture. Bi-stability and negative-inertial coupling of relative motion play a key role both
qualitatively and quantitatively in the free-wave energy harvesting behavior and trends of
nonlinear periodic models studied in the present Thesis. So, this Chapter is intended as
a starting point to propose and validate a general semi-analytical framework for discrete
nonlinear periodic structures with a fairly complex underlying geometry and rich dynam-
ical behavior before investigating the energy harvesting potential of such periodic models
in general.

3.1.1 The mechanical model

We choose a 3 degree of freedom (DOF) model which consists of a bi-stable mass (my)
constrained to move in the vertical direction coupled by inclined linear springs with two
linear spring-mass oscillators having degrees of freedom in the horizontal direction (m;
and mg). The horizontally moving masses are fixed to rigid supports via linear horizontal
springs. In addition, the masses m; and mg are coupled via rigid links to a stable nega-
tive inerter parameterized by the mass-dimensional design parameter m, and the initial
architectural tuning angle « of the rigid links with the horizontal axis, also constrained

21
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to move in the vertical direction. The angle of inclination of the linear springs with the
horizontal axis in the initial undeformed configuration is denoted by ¢. We choose the
design such that ¢ > «. The displacement of the two linear oscillators are denoted by u
and w in the horizontal direction and the displacement of the bi-stable mass is denoted by
v in the vertical direction. The natural length of the springs are denoted by L. The linear
stiffness co-efficients of the inclined and horizontal springs are taken as k. A schematic
diagram of the model is shown in Fig. 3.1.

u(t)

Fig. 3.1: The 3 degree of freedom bi-stable-inertial model fixed at both ends, where u(t),
w(t) represent the horizontal degrees of freedom of masses m; and mg respectively, v(t)
represents the vertical degree of freedom of the bi-stable mass msy, k denotes the linear
stiffness co-efficients of all the springs, L denotes the natural length of the springs in the
initial undeformed configuration, ¢ denotes the angle of inclination of the inclined linear
springs with the horizontal axis in the initial undeformed configuration, o denotes the
angle of inclination of the rigid links of the stable negative-inerter with the horizontal
axis in the initial undeformed configuration, the closed gray-shaded circles at the rigid-
link connections denote ideal, moment-free pin/hinge joints.

Here ¢ and a denote the fixed inclination of the springs and the rigid links respectively
in the initial undeformed reference configuration shown in Fig. 3.1. These are geometric
design parameters, not the instantaneous spring or link angles, consistently with standard
snap-through spring or rigid-link inertial-mechanism reductions [38, 115]. Also, it is noted
here that the schematic used to represent the stable negative-inerter module is a reduced-
order conceptual schematic retaining the two physical design quantities m, and a without
claiming to be a detailed prototype design or fabrication drawing.

This specific model is chosen because of its rich dynamical configuration capable of
showing both bi-stability and inerter effect with coupled horizontal-vertical dynamics and
intrawell and interwell oscillations of the mass ms. We hence perform a thorough dy-
namic analysis of the system behavior in the phase space before proposing this model as
a constituent repeating unit cell for enhanced bandgap manipulation in nonlinear meta-
materials.
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3.1.2 Dynamic analysis in the phase plane
Equations of motion and non-dimensionalization

The displacements u and w are measured in the positive x direction from the reference
points in the initial unstressed configuration as shown in Fig. 3.1, where all the springs are
unstressed and are in their natural undeformed length L. The displacement v is measured
in the positive y direction and the reference v = 0 is taken at the axis of the horizontal
linear springs which is shown by dotted horizontal lines in Fig. 3.1. So, in the initial
unstressed equilibrium configuration which is shown in Fig. 3.1, v = Lsin¢. The elastic
and bi-stable restoring-force contributions are obtained from the usual Lagrangian of the
three principal masses and the linear springs. The inertial coupling between the horizontal
coordinates v and w is introduced through the reduced two-terminal constitutive law of
a stable negative inerter. The resulting equations are therefore obtained as:
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Here, I’ denotes the signed equivalent internal terminal-force resultant transmitted by the
stable negative-inerter coupling. The sign convention is chosen such that the generalized
forces exerted by the coupling on the v and w co-ordinates are

QN = —Fcosa, QN = +Fcosa,

u
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respectively. The relative displacement and acceleration across the two terminals of the
negative inerter can be written in terms of the displacements of masses m; and mg as:
r(t) = w(t) — u(t)
P(t) = w(t) — u(t)
The signed equivalent inertance is parameterized in terms of the mass-dimensional design
parameter m, and the architectural angle o as

(3.4)
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Thus, b < 0 denotes the signed inertance, while ﬂC(LS) = —b% > 0 denotes its magnitude.
The two-terminal constitutive relation is
Q' =00 QY =0, (3.6)

where QN! and QY! are the generalized forces exerted on the u and w coordinates, respec-
tively.

In terms of the force notation used in Egs. (3.1), (3.3) the terminal-force relation is
equivalently obtained as:

2
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With these relations (Egs. (3.5), (3.7)), Egs. (3.1), (3.2), (3.3) can be rewritten as
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The characteristic length for non-dimensionalization is taken to be the natural length of

the springs L. The non-dimensional time is taken as 7 = w,t, where w,, = mil The mass
ratios are taken as % =r, Z—f = ry and z—;’ = r,. The non-dimensional displacements

v

are obtained as n = 7, { = 7 and ¢ = 7. With this, the non-dimensional equations of

motion are obtained as
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Where prime denotes differentiation with respect to the non-dimensional time 7.

This specific model with a bi-stable mass coupled to two orthogonally moving linear
oscillators is considered because of its unique coupled vertical-horizontal dynamics. Pre-
vious studies like [196] have considered either the bi-stable mass in isolation as a single
DOF system or a periodic chain of single DOF bi-stable masses coupled to each other by
horizontal linear springs acting as force transfer elements [38] capable of exhibiting only
horizontal dynamics.

Throughout this Thesis, ‘exact nonlinear equations’ means the unlinearized equations
of the adopted reduced-order physical model, with its stated kinematic, modal and con-
stitutive assumptions retained. Exactness is therefore relative to that model, not a claim
that it reproduces every feature of a real physical system.

Phase plane behavior

We investigate how the bi-stable mass (msy) behaves when coupled to masses m; and msg
in its phase plane (displacement £ vs velocity &) by direct numerical simulations of the
governing non-dimensional equations of motion (Eq. (3.11)-(3.13)) and plot the Poincare
sections for different values of the system parameters.

The nonlinear elastic restoring force acting on the mass msy in non-dimensional form
is given by
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This is a force which has been derived from a potential function. So, we can say that when
this force becomes zero, those corresponding displacements 7, &, 1 refer to a stationary
(local minima/ local maxima) point for the mass ms in the coupled system. On considering
the potential function of the system in the non-dimensional form as U = U(n,&,1) and
setting the partial derivative with respect to the degree of freedom & to zero like

— =F=0 (3.15)

We obtain two energy minima for the mass my in the coupled system at (n,§,¢) =
(0, £sin ¢, 0), which is quite evident from the stand-alone bi-stable nature of the oscillator
mo. Had the bi-stable oscillator been connected to rigid supports instead of masses m,
and mg, it would have two stable centers at & = + sin ¢ and one unstable saddle at £ = 0
taking into account that the same scheme of non-dimensionalization has been used.

It is well-known from existing literature [197] that forced bi-stable oscillators or double-
well oscillators exhibit chaotic strange attractor motion or transient chaos for large enough
amplitude of the forcing when it undergoes interwell oscillations or snap-through motion.
The corresponding Poincare map generates a scattered, non-repeating set of points which
fall on a fractal set which can be interpreted as a cross-section for chaotic strange attrac-
tors for sustained chaos, and two sets of closed Poincare points for transient chaos where
the motion ultimately settles into small periodic oscillations in one of the energy wells. In
our chosen 3 DOF model, in contrast to a single DOF bi-stable mass connected to rigid
supports, we have the bi-stable mass coupled to two orthogonal degrees of freedom. We
examine the phase-plane behavior of this system and subsequent Poincare maps by taking
projections of the six-dimensional phase space on two-dimensional planes, where for any
particular mass, the projection is taken on the plane defined by its corresponding dis-
placement and velocity. For examining the phase-plane behavior, we use direct numerical
simulations with the fourth-order Runge-Kutta method (ode45 in MATLAB). For initial
conditions of the system as for now, we keep the initial states of masses m; and ms at
zero and apply an initial state of displacement and velocity on the bi-stable mass mo in
order to study its rich dynamics specifically. Since we are interested in manipulating the
dispersion characteristics of 'free’ wave propagation using this model as a repeating block,
we do not apply any kind of forcing in our system and study the phase behavior evolving
solely due to the initial conditions imposed.

We use two sets of initial conditions for the double-well mass ms in the non-dimensional
form, one keeping the mass mso close to its unstable equilibrium position or saddle at
¢ = 0 and one keeping the mass my close to one of its stable equilibrium positions at
¢ = sin¢g. Since we do not apply any driving force in our system and let it evolve
freely, it is practically difficult to define a Poincare section even in a two-dimensional
projection of the six-dimensional phase space. So, we obtain the Poincare map for msy
by plotting the points £(7) and &'(7) whenever 7 is an integer multiple of Z—:, where
we define wg as the non-dimensional linearized natural frequency of my which can be
easily obtained by assuming small perturbations from the stable equilibrium point of ms
at & = sin¢ and performing a Taylor series expansion. As will be shown later in Eq.

(3.24), this non-dimensional linearized natural frequency is obtained as we = 4/ 2sin g

T1
Sampling at T¢ = 27 /we provides a reference stroboscopic map. It does not assume
that the finite-amplitude period equals the linearized period. Frequency detuning can



26 Chapter 3. Nonlinear bandgap manipulation

therefore spread the sampled points even for regular motion, so scattering alone is not
evidence of chaos. Alternatives include a directed crossing of a fixed transverse phase-
space section, or sampling at a period estimated from the nonlinear time history. For each
set of initial conditions, we use three sets of values of the mass ratios ry, ro, 7., keeping
ro = 1 to maintain spatial symmetry and hence avoid the issues of non-similarity and
energy-dependence of the modal curves as much as possible.
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Fig. 3.2: Time-domain response, phase orbit and Poincare maps for the bi-stable mass ms
in our chosen 3 DOF model for initial conditions, £(0) = 0.1, £’(0) = 0, keeping the initial
states of masses m; and mg3 to be zero. Angles of inclination in the initial unstressed
equilibrium configuration are taken as sin ¢ = 0.6 and sina = 0.5

Fig. 3.2 and Fig. 3.3 show the time-domain response, phase orbit and Poincare maps
for the bi-stable mass ms in our chosen 3 DOF model for two sets of initial conditions of
mo, keeping the initial states of masses m; and mg at zero.

As we can see from Fig. 3.2, when we impose an initial displacement condition on
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Fig. 3.3: Time-domain response, phase orbit and Poincare maps for the bi-stable mass ms
in our chosen 3 DOF model for initial conditions, £(0) = 0.7, £'(0) = 0, keeping the initial
states of masses m; and ms to be zero. Angles of inclination in the initial unstressed
equilibrium configuration are taken as sin ¢ = 0.6 and sina = 0.5

ms close to its unstable equilibrium point or saddle at & = 0, the time-domain response
consists of several snap-through motions where the mass my crosses the energy hump
at & = 0 repeatedly and undergoes interwell oscillations between the two energy wells
at £ = +sin¢g = +0.6. The phase orbit shows a tangled set of pairs of homoclinic
orbits due to multiple crossings of the energy hump for our chosen time window. The
tangled appearance arises as an artifact of taking a two-dimensional projection of our
six-dimensional phase space which is typical of systems with more than two variables
in the phase space. The Poincare section instead of falling on a fractal set as was in
the case of a single DOF forced double-well oscillator [197], shows multiple sets of pairs
of homoclinic orbits. Although the time-domain motion is aperiodic and suggests the
possibility of transient chaos, the Poincare section does not indicate the existence of a
strange attractor, so we can draw a qualitative assumption that there can be transient
chaos in our 3 DOF model before the mass msy settles down in one of its two potential
wells or to periodic oscillations with large amplitudes around its saddle at & = 0. We
also notice that the time-domain and phase-plane behavior is sensitively dependent on
the combination of the mass ratios ry, ry, r, while keeping the initial conditions and
other parameters fixed. As we go from Fig. 3.2(a) and Fig. 3.2(b) to Fig. 3.2(d) and
Fig. 3.2(e), keeping 75 and r, fixed, as r; = m2 Is decreased from 1 to 0.5, the mass my
undergoes more intrawell oscillations around the stable equilibrium points at £ = +sin ¢
and periodic oscillations with larger amplitudes around the saddle at £ = 0 in addition to
interwell oscillations. We notice this same trend as we go from Fig. 3.2(d) and Fig. 3.2(e)
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to Fig. 3.2(g) and Fig. 3.2(h), keeping 7 and r, fixed, and decreasing r, = ¢ from
0.5 to 0.3, i.e. more intrawell oscillations around £ = 4 sin ¢ and periodic oscillations
with large amplitudes around the saddle at & = 0 of the mass my. This dependence
of intrawell oscillations and large-amplitude periodic motions on the mass ratios sets a
useful motivation for using this model as a repeating unit for manipulating wave dispersion
characteristics by varying the mass ratios in discrete nonlinear periodic structures or in
general nonlinear metamaterials.

Fig. 3.3 shows the time-domain response, phase-plane behavior and Poincare section
for the mass msy in our 3 DOF model, when we impose an initial displacement condition
on my sufficiently close to its stable equilibrium position at sin¢ = 0.6 and keep the
initial states of masses m; and mg at zero. Quite expectedly, the mass my for this
initial condition, remains close to its initial stable configuration and performs intrawell
oscillations within the energy well at sin¢ = 0.6 as can be seen from Fig. 3.3. For our
chosen time window, we get repeated closed orbits each corresponding to one complete
oscillation in the energy well. Although we see a dependence of the dynamic behavior on
the mass ratios in this case as well. As we keep ry fixed and decrease both r; and r,, we
get more cycles of oscillations in the energy well. However, the mass msy for this initial
condition close to its stable equilibrium position, even if coupled to orthogonally moving
masses my and mg, never crosses the saddle or the energy hump at £ = 0, and stays in
its potential well at & = sin¢. This becomes useful if we want to study the behavior
of a periodic structure composed of this 3 DOF model as a repeating unit, close to its
global energy minima by using standard analytical techniques like perturbation methods
or asymptotic analysis. The mass-ratio combinations in Fig. 3.2 and Fig. 3.3 were selected
to represent the principal qualitative and quantitative variations observed in this phase-
space study, including intrawell confinement and repeated interwell transitions. These
representative cases are not intended as an exhaustive bifurcation diagram or to locate
every transition threshold.

Overall, we can say that the double-well or bi-stable oscillator ms in spite of being
coupled to two orthogonal degrees of freedom, preserves its rich and complex nonlinear
dynamical behavior to a significant extent close to its stable/ unstable equilibrium points
and this sets our motivation to use this 3 DOF model as a repeating unit for manipulating
wave propagation properties in nonlinear periodic structures or fancily called nonlinear
metamaterials.

3.2 A generalized, consolidated framework for dis-
crete nonlinear periodic structures

The major challenge faced while performing the dynamic analysis of general strongly
nonlinear discrete periodic systems is usually the lack of a generalized analytical frame-
work which arises due to the coupled ordinary differential-difference equations with non-
integrable, non-polynomial forcing terms. The next difficulty arises due to the sensitive de-
pendence of the response of strongly nonlinear systems on the initial conditions which com-
plexifies the direct time-domain validation of the analytical/ semi-analytical results across
a wide range of input amplitudes. To capture the response of dynamic systems in their
inherently strongly nonlinear regime, we often need to use more than a single harmonic



3.2. ALIGN 29

term for the displacement approximation in the steady state. This makes the direct time-
domain validation complicated in the sense that what initial conditions we should impose
on the system as a whole so that traveling waves can sustain in the system and the output
amplitude envelope matches with the target amplitudes desired to achieve from those sets
of initial conditions. To overcome these challenges, we develop an Amplitude-Locked, In-
verse method-Guided, multi-harmonic Nonlinear framework (ALIGN), a framework that
computes amplitude-dependent dispersion via multi-harmonic harmonic balance (HB) and
validates it by inverse method (IM) simulations whose input envelopes are locked to the
HB solution through a root mean square (RMS) amplitude target.

3.2.1 Notation and unit-cell modeling

We consider a one-dimensional (1D) periodic chain obtained by the repetition of an iden-
tical unit cell with d generalized coordinates (DOFs) u,(t) € R? denoting the vector of
degrees of freedom (DOFs), where n € Z indexes the cell and ¢ is time. The equations of
motion for an undamped, unforced system are written in standard form as

M i, (£) + f(W,_1 (1), Un(t), Wi (£)) = O (3.16)

where M € R4 is the (constant, symmetric positive definite) mass matrix of the unit cell
and f(+) collects all internal forces, including linear couplings to the nearest neighbors and
any nonlinear terms internal to the cell. We allow f to be non-integrable (e.g., algebraic
and non-polynomial, possibly non-separable in the DOFs), as often arises in geometric or
constraint-based nonlinearities.

Spatial periodicity is treated via the Bloch (Floquet) phase u € [0,7] (first Bril-
louin zone). For any field u,, Bloch quasi-periodicity implies w,+;(t) = u,(t) e** in
the frequency-domain picture; in the time-domain implementation we enforce the same
coupling at the level of unit-cell residuals.

3.2.2 Linear baseline and weakly nonlinear perturbations

Linearization of (3.16) around the trivial equilibrium yields the generalized eigenvalue
problem

(K() — M) $(1) = 0 (3.17)

where K(u) is the Bloch-reduced stiffness matrix of size d x d and w(p) are the linear
dispersion branches. In the weakly nonlinear regime one may introduce a perturbation
parameter € multiplying the nonlinear part of f and apply an asymptotic expansion (e.g.,
multiple scales or averaging) to derive amplitude-dependent corrections to w(u), modal
interaction conditions (internal resonances), and slowly-varying envelope equations. This
perturbative picture provides a baseline and a consistency check for the fully nonlinear
computations that follow.

3.2.3 Generalized harmonic balance for strongly nonlinear re-
sponses

When nonlinearities are strong and/or non-polynomial, closed-form Fourier coefficients of
f are typically unavailable. We therefore adopt a time-domain collocation (or quadrature)
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variant of harmonic balance (HB). We seek time-periodic, Bloch-consistent solutions [14]
with fundamental frequency w > 0 and N} harmonics:

~ A Z [cm cos (m(un — wt)) + sy, sin (m(un — wt))] (3.18)

where ¢,,, s,, € R? are harmonic coefficient vectors, ;1 and w are wavenumber and fre-
quency respectively as used in their standard notations. A is an input amplitude parame-
ter. To remove the trivial amplitude/phase indeterminacy we impose a gauge on the first
harmonic (e.g., fix one component of ¢; and leave the corresponding s; free).

Let 6, = 2wk/N; (k = 1,..., N;) be a uniform grid over one period, where V; is the
chosen number of points in the time-domain. Define the stacked vector of unknowns

X = (UJ, Clasla"'7cNh>SNh)

with the chosen gauge enforced explicitly. For each 6, we evaluate the kinematic fields
implied by (3.18) and assemble the unit-cell residual

r(0p; X, 1) = Mig(0) + f(u,l(ek), uo(6), U+1(9k)>

where uy;(0y) = ug(f)e™™ (or, equivalently, the neighbor contributions are assembled
using the Bloch phase). The HB residual is the time-projection of r onto the trigonometric
basis, which we compute by numerical quadrature (e.g., trapezoidal rule over the NN,
points). This yields a nonlinear system R(X; 1; A) = 0 of size 2N, d (because of imposing
the gauge and fixing the values of  and A as inputs), which we solve by Newton’s method
with a backtracking line-search. The Jacobian 0R/0X is formed either analytically or
robustly via complex-step differentiation, which is accurate and avoids step-size tuning
issues.

Continuation in p and branch stitching: For each p we initialize Newton using the cor-
responding linear eigen pair of Eq. (3.17) (or the converged solution at the previous p). To
track branches consistently through crossings and near-degeneracies, we compare multi-
harmonic feature vectors (all ¢,,, s,, across the d DOFs) between successive p-points using
a modal assurance criterion (MAC), optionally regularized by a weak frequency-proximity
weight. This provides a minimal, model-agnostic way to prevent branch swapping.

3.2.4 Inverse (time-domain) method for independent validation

To validate the semi-analytical HB dispersion, we simulate a long but finite chain in the
time domain and extract the dominant frequency for each target (u, branch). A localized,
Bloch-consistent initial condition (IC) is synthesized by superposing the Nj harmonics
from the HB coefficients,

AZ cos(mp(j — jo)) + s sin(mp(i — o)) (3.19)

for each DOF ¢ = 1,...,d over an excitation window centered at j,. The index of the unit
cells is represented by j and jj is the reference unit cell index. This excitation window can
span the entire length of the finite version (say N) of the periodic structure or can extend
from jo — Newe 10 Jo + Newe, Where N, is the number of cells chosen for initial spatial
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displacement excitation. We keep the initial velocities to be zero intentionally. Since we
are considering more than one harmonic in the HB approximation, we need to set a target
amplitude based on a rough approximation of the HB coefficients which we want the DOFs
to achieve at steady state in the time-domain. We choose the root mean square (RMS)
amplitude of the different HB coefficients multiplied by the input amplitude parameter A
to be this target amplitude. We then propagate the full nonlinear dynamics over a time
interval that excludes reflections/ boundary effects (absorbing or damping layers can be
used at the boundaries) and spatially demodulate the response using e =) over a
small measurement window to obtain a complex scalar trace y@(t) per DOF. A band-
pass + Hilbert transform estimator around the HB w (or a zero-crossing fallback) returns
a measured frequency; if multiple DOF's are available, we retain the candidate closest to
the HB target. This procedure (often called an “inverse method” in this context) provides
branch-wise frequency curves from direct simulations, suitable for cross-checking the HB
dispersion in both weakly and strongly nonlinear regimes.

3.2.5 Handling non-integrable, non-polynomial nonlinearities

A distinguishing feature of many metamaterial cells is the presence of non-integrable non-
linearities, for example algebraic, non-separable terms induced by geometric constraints
or kinematic closures. Typical components of f may look like

1
9(n,&) = (ain)<1— \/(ain)2+€2+52>

where 7, € are cell DOFs, « collects geometric parameters, and o > 0 is a small analytic reg-
ularizer that prevents singular denominators near kinematic limits. Such non-polynomial
terms are generally not amenable to closed-form Fourier integrals. The HB strategy above
circumvents this by:

e evaluating f pointwise in time on the collocation grid, so no harmonic integrals of
g(+) are needed;

e using sufficiently fine V; (e.g., Ny > 512 Nj) to accurately resolve sharp features
from the algebraic nonlinearity;

e employing complex-step differentiation to assemble a stable Jacobian for Newton,
avoiding finite-difference cancellation when ¢ is steep;

e applying a light harmonic taper in the branch-stitching features (e.g., weights o
1/4/m) so high harmonics stabilize rather than destabilize continuation;

e enforcing a simple gauge (e.g., fix one component of ¢;) to remove global phase/scale
ambiguity:.

In practice this combination has two benefits: (a) it keeps the method generic, no model-
specific Fourier algebra is required and (b) it remains applicable in the strongly nonlinear
regime, where high harmonics are essential.
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3.2.6 From weak to strong nonlinearity: one workflow

Bringing the elements together, a practical workflow that applies across discrete nonlinear
periodic structures is:

e Linear baseline: compute w(p) from Eq. (3.17) for intuition and seeding.

e HB sweep in u: for each u, solve R(X; ) = 0 with N, > 1, increase N, as non-
linearity strengthens. Use MAC-based feature matching for branch assignment and
a simple reseeding guard (fall back to linear seed if the converged w collapses well
below the linear w).

e IM validation: build multi-harmonic, Bloch-consistent initial conditions (ICs) from
the HB coefficients, set a target amplitude for the DOFs to achieve in the time-
domain by using RMS approximation, demodulate, estimate frequency, and compare
against HB.

e Nonstationarity and chaos checks: when needed, examine spectrograms, return
maps, or Lyapunov exponents on the time traces to flag modulation/chaos. HB
captures periodic responses and departures warn of quasiperiodicity or chaos.

The residual assembly in the HB step is parallel in i and within a p in the collocation
points ;. For large sweeps, parallel execution across p values and checkpointing the
arrays {w(p), cm(p), sm (i)} facilitates robust runs on HPC systems. The IM validation
is likewise parallel across p and across branches/initializations.

oo N
//\\ Increase Ny, and
e \\\ repeat HB sweep
e N in g
" HBsweepin ™
g o0
L using multiple g
harmonics and A~ 3
Linear Baseline linearized frequency /,/ \\ '
(asymptotic as initial guess for A § LN P
expansion about Newton-Raphson, N:::;E;: ty
global energy then the converged - -
minima) frequency obtained —E M initiation using Set amplitude Far\get
in the first step = multi-harmonic, for each DOF in the
~_ forthemextstep - Bloch-consistent time-domain based
~_ andsoon /// initial conditions on ﬂD.R:“_S
N yd from the HB approximation

~ the HB
N . coefficients - < of the
v . coefficients ~

e ™
/ \

| Estimate frequency |

from time-domain e h
Iterate in the
ctati N response for a ! . .
S Parallel I;::ﬂiti:::::‘?; particular modal/ time-domain until
Checkpointing execution Iyapunov dispersion branch output amplitudes
ACroSs [ e; Enen is using hand-pass + of DOFs reﬂ.ch the
E Hilbert estimator or target amplitudes

| zero-cross checks

Fig. 3.4: ALIGN workflow: multi-harmonic Harmonic Balance (HB) with global branch
stitching and amplitude-conditioned seeding, followed by Inverse Method (IM) validation
using Root Mean Square (RMS) targeting and Hilbert-based frequency estimation. Stored
coefficients {¢,j, Sm;} enable multi-harmonic Initial Conditions (ICs) for the IM stage.
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The formulation summarized in Fig. 3.4 is deliberately model-agnostic. It covers lattice
cells with any number of DOF's, linear and nonlinear nearest-neighbor couplings, and both
integrable (polynomial) and non-integrable (algebraic/geometry-induced) nonlinearities.
It provides a single pipeline spanning weak to strong nonlinearity, from semi-analytical
(HB) dispersion to independent time-domain validation (IM), and is intended to set up
the problem-specific details that follow in Section 3.3.

3.3 Specific problem formulation: An inertially cou-
pled strongly nonlinear periodic chain

To arrive at a periodic one-dimensional chain, we consider an array of /N unit cells where
each repeating unit cell is our previously considered 3 degree of freedom model discussed
in Section 3.1. The periodic chain is constructed by repeating the 3 DOF model and
linking via horizontal linear coupling springs between m; and mgs of adjacent unit cells
in one dimension i.e. the horizontal direction. This appears to be a fairly intricate
example of a discrete nonlinear periodic structure which can be tuned to design nonlinear
metamaterials. A schematic diagram of the periodic chain constructed with the repeating
unit cell is shown in Fig. 3.5. The non-dimensional equations of motion of the n-th unit
cell, Egs. (3.20)-(3.22) are obtained easily using the non-dimensional equations of motion
of the 3 DOF model (Egs. (3.11), (3.12), (3.13)) as reference.

1 ro(V! — 1) cos® a
>+ /) _

0 (3.20)

o (1 =¥n-1)=(€08 6 =1n) (1 - \/(cos ¢ — mn)? + €2 4sin? o

" _ 1 _ 1 _
11&n + &n <2 N T N e 5%) 0 (3.21)

) 1 ra(¥y — 1) cos® @
roy + (U — Nps1) + (cos @ + 1y,) (1 - \/ZCOS¢ Faby)? + @3) B 4sin® o

=0

(3.22)
Where prime denotes differentiation with respect to the non-dimensional time 7 and the
subscripts n — 1, n, n 4+ 1 denote displacements in corresponding unit cells of the one-
dimensional periodic chain.
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(b) The repeating n-th unit cell

Fig. 3.5: The periodic chain showing the constitutive repeating unit cell where w,(t),
wy, (t) represent the horizontal degrees of freedom of masses m; and ms respectively, v, ()
represents the vertical degree of freedom of the bi-stable mass msy in the n-th unit cell,
k denotes the stiffness co-efficients of all the springs, L denotes the natural length of the
springs in the initial undeformed configuration, ¢ denotes the angle of inclination of the
inclined linear springs with the horizontal axis in the initial undeformed configuration, «
denotes the angle of inclination of the rigid links of the stable negative-inerter with the
horizontal axis in the initial undeformed configuration.

3.4 Asymptotic analysis
3.4.1 Proximity to global energy minima and perturbation ex-
pansion

We assume that the two linear oscillators and the bi-stable mass remain close to their
initial equilibrium configuration which are 0, 0 and sin ¢ respectively. This configuration
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is a global energy minima of the system under consideration. A Taylor series expansion
is performed for the nonlinear functions in the equations of motion about those points by
taking 9, = 04 0, ¥ = 04+ Ay, & = sin¢ + (,. Retaining upto quadratic terms in the
expansion, we obtain the equations of motion for the system as:

1
8" + (00 — A1) — ( — c0s” @b, + sin ¢ cos G + 5 ((3cos¢ — 3cos” $)d,

+ 20, (— sin ¢ + 3sin ¢ cos® @) + (cos ¢ — 3sin® ¢ cos qﬁ){,zl)) + Xa(AF = 07) =0
(3.23)

G + ( — sin ¢ cos ¢, + 2sin” ¢¢,, + sin ¢ cos pA,, + %<5Z(sin ¢ — sin ¢ cos® @)
+¢2(6sin ¢ — 6sin® ¢) + A2 (sin ¢ — 3sin ¢ cos® @) + 20,,(,(3sin? G cos ¢ — cos ) (3.24)

+29, A, (cos ¢ — 3sin ¢ cos qb))) =0

Todn” + (A — Opy1) + (sin ¢ cos ¢C,, + cos® A, + %((COS ¢ — 3sin® ¢ cos ¢) (>

+ 2(p A (sin ¢ — 3sin ¢ cos® @) + (3 cos ¢ — 3 cos® gﬁ))\i)) —Xa(AI =08 =0
(3.25)

2 . . . .
where, y, = %2252 is defined as the negative-inertance magnitude/factor.

According to our previous assumptions that the masses remain very close to their
initial equilibrium configurations, an asymptotic expansion is done in Egs. (3.23), (3.24),
(3.25). We introduce a small parameter ¢ dependent upon the initial conditions such
that 6, = €0 + €200, ¢, = ¢ + ¢ and A, = MY + 22\, Inserting the chosen
expansion into Egs. (5.31), (3.24), (3.25), we get the linearized equations at different
levels of approximation. We first consider the O(¢€) equations to derive the linearized
dispersion relations. The O(¢) equations are given as follows:

5O 4 (5@ — XO 1y 4 cos? 6O — sin ¢ cos ¢V + o (A" — 5@y =0 (3.26)
7"1(720)” — sin ¢ cos gbéflo) + 2sin? gbC,(lO) + sin ¢ cos gb)\,(lo) =0 (3.27)

rz)\g))” + (A9 — 57(321) + sin ¢ cos ¢CL0 + cos? PAD) — Xa()\;o)” - 57(?)//) =0 (3.28)

These equations are then used in the next Section 3.4.2 to evaluate the linearized disper-
sion branches at the first level of approximation.

3.4.2 Linear dispersion analysis at first level of approximation

To derive the linear dispersion relationship, we apply Bloch’s theorem to express the
displacements in the successive unit cells in the form shown below.

60 = 5O ginm giwr (3.29)
ng()) _ E(O)Giunein (330)

AD) — \O)ginn giwr (3.31)
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Where p is the dimensionless wavenumber and w is the free wave frequency. Substituting
the assumed forms of displacements in the O(e) equations of motion Egs. (3.26), (3.27)
and (3.28), we obtain the following equations:

—w?0® 4 (5@ — X0 4 cos? 0 — sin g cos @O — x (A — 5@y =0 (3.32)
—w?r1C@ — sin ¢ cos 96 + 2sin? ¢ + sin ¢ cos pA® = 0 (3.33)
—w?ro A+ (A0 = 5O¢iy 4 sin ¢ cos ¢V + cos? pAO + o (AD =50y =0 (3.34)

Separating the mass matrix and the wavenumber reduced stiffness matrix in the above
three equations, we have
1- Xa 0 Xa
Ml=] 0 =~ 0 (3.35)
Xa 0 T2 = Xa

1+cos?¢p —singcosg —e
[K(u)] = |—singcos¢  2sin®¢p  singcos¢ (3.36)
—e singcos¢ 1+ cos?¢
Therefore the eigen value problem to derive the dispersion relation is formulated as:
(K ()] = M) X =0 (3.37)
50
Where X© = ¢ 3 To obtain the dispersion relation we set the determinant of
NC)

[K(u)] — w?[M] to be equal to zero as is the standard method for obtaining non-trivial
solutions.

From the eigenvalue problem described in Eq. (3.37), we can evaluate the frequencies
numerically or analytically for a given specified range of wavenumbers. Since the eigen-
value problem results in a cubic polynomial equation in terms of w?, deriving analytical
solutions will bring in very complicated and lengthy expressions. So, we solve the eigen-
value problem numerically over the first IBZ. This method of specifying the wavenumber
i and solving for the frequencies w is known as the inverse method.

3.4.3 Positive definiteness of the unit cell mass matrix (Sylvester’s
criterion)

The unit-cell kinetic energy is
1. )
T = §qT[M]Qa (3.38)

where q is the generalized displacement vector of a representative repeating unit cell.
Hence, physical admissibility requires the real, symmetric mass matrix [M] to be positive
definite so that T" > 0 for all q # 0. This also ensures that the generalized eigenvalue
problem [K ()] X(© = w?[M]X© has real eigenvalues w? (for Hermitian [K(s)]), avoiding
spurious non-physical instabilities stemming from an indefinite inertia operator.

For a real symmetric matrix [M] € R™ "™, Sylvester’s criterion states that M > 0 if
and only if all leading principal minors are strictly positive:

Ap=det([M],, 1) >0,  k=12...,n. (3.39)
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From Eq. (3.35), the non-dimensional unit cell mass matrix is
1 - Xa O Xa 2
M= 0 om0 = (3.40)
4sin” a

Xa 0 r2—Xa
where y, is the negative-inertance magnitude. The leading principal minors are
(3.41)

A1 =1- Xas
1—x, O

Ay = det[ X } =r1(1— xa), (3.42)
0 (&}

— Xa Xa
(3.43)

Az =det(M) = 7y det [1 o Xa:| =r [(1 — Xa) (T2 — Xa) — Xcﬂ =r [7‘2 — Xa(rs + 1)]

Therefore, M > 0 holds if and only if
ry > 0, Xa < 1, ry > Xa (equivalently Xa < ik > (3.44)
— Xa T + 1
The boundary case det(M) = 0 occurs at
Xo (3.45)

beyond which the inertia operator becomes singular /indefinite, and the generalized eigen-

problem may yield non-physical (imaginary) frequencies.
For the baseline choice sin o = 0.5 (thus cos? a/(4sin? o) = 3/4) and for r, = 0.5, we

obtain
3 3 g 3/8 3
a=— Z7Ta=—=73> crit — =—=-=0.6. 3.46
X 47. 8 7“27 t 1 _ g 5/8 5 ( )

Hence, for r; = 1 and r, = 0.5 (with sina = 0.5), the unit cell mass matrix is positive

definite provided

Similarly, using x, < 727, for the same baseline choice of sin a = 0.5 and taking the value

of ro = 1, we get
2

3 <1:> <
1S3 fa =3

~ 0.7 (3.48)

keeping upto one significant digit after the decimal place.
Thus, admissibility thresholds are directly linked back here to the negative-inerter’s

design parameters and will be compared later in both the linearized asymptotic and

general strongly nonlinear regimes.
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3.4.4 Second-order correction to the Dispersion Profiles

We now inspect the O(e?) equations to investigate the second order corrections in the
dispersion profile. The O(€?) equations are obtained as follows:

0"+ (08 = A20) + cos® 901 — sin g cos (Y + xa(A" — 81!

)//

)
= % <(3 cos ¢ — 3 cos® ¢)5£L0)2 +2600¢O(—sin ¢ + 3sin ¢ cos® ¢) (3.49)

+(cos ¢ — 3sin® ¢ cos qﬁ)g‘flo)z)

rlc,(ll)” — sin ¢ cos qbé,(}) + 2sin? qb(jT(Ll) + sin ¢ cos ¢A£}>

1
~ 73 <57(LO)2(Sin ¢ — sin ¢ cos” @) + Q(LO)Z(ES sing — 6sin’ ¢) + A%O)z(sin ¢ — 3sin ¢ cos® ¢)
+ 2000 (3sin® 6 cos & — cos 6) + 200N (cos 6 — Bsin b c0s )

(3.50)
7"2)\511)” + (AW - 57(11421) -+ sin ¢ cos gbg(ll) + cos? oA — XQ(A;”” - 57(11)//)
= —% ((cos ¢ — 3sin® ¢ cos qﬁ)(,(lo)Q + 2¢O N0 (sin ¢ — 3sin ¢ cos® P) (3.51)
+(3cos ¢ — 3cos® ¢)A$?>2>

The left hand sides of the O(e?) equations Eq. (3.49), (3.50) and (3.51) are same as the
left hand side of the O(¢) equations Eq. (3.26), (3.27), (3.28) derived before. Hence, we
will assume a secular Bloch solution for the equations above and investigate the second
order correction to the frequency. We assume a series expansion of the free wave frequency
w in terms of the small parameter e.

w = wp + ew; + O(e?) (3.52)

Now, wy has already been found out in our linear dispersion analysis in Section 3.4.2 in
terms of the wavenumber by solving the eigenvalue problem Eq. (3.37). We will then
evaluate w; in terms of the wavenumber and the amplitude by imposing the secularity
condition as done in [14]. The second order correction to the j-th frequency wy ; is given
by

ugl; (p)er (Ao)

wo,jAouéfj (N)MUOJ (1)

wi,j(Ao, 1) = (3.53)
where v ; represents the j-th normalized complex wave mode or the j-th eigenvector to
the first order equations, c;(Ap) represents the co-efficient of the first harmonic in the
Fourier series expansion of the nonlinear forcing function on the right hand side of the
O(€?) equations (Egs. (3.49)-(3.51)), M is the mass matrix, ug;(s) is the Hermitian or the
complex conjugate transpose of the j-th complex wave mode or the normalized eigenvector
and Ay is the free wave amplitude of the O(¢) equations which is considered as a parameter
dependent upon the initial conditions. It is worthwhile to note here that this second-order
correction to the frequency by imposing the secularity condition will hold true even in the
case of a complex p dependent stiffness matrix [14] and fully populated mass matrix [M]
with non-zero off-diagonal terms [198].
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3.4.5 Dispersion diagrams from asymptotic analysis

If we vary the three different mass ratios, the dispersion profiles will show varying char-
acteristics. This is a subject of study in the current work, where we will vary the system
parameters and study how the dispersion characteristics depend on them.

We first vary the mass ratio r; and keep the other parameters same. We vary r; from
0.1 to 1 and plot the frequency as a function of wavenumber in Fig. 3.6 for the following
set of values of the other system parameters. r, = 0.5,75 = 1,sin¢ = 0.6,sina = 0.5,
€ = 0.1 The initial conditions at the O(e) level are taken as

6, 1
Gy (r=0)=11 (3.54)
A (O 1

n

The initial conditions at O(€?) level are all taken to be zero. So the net initial conditions
are obtained as

On 1 0 0.1
Cop(T=0)=e{13+603 =201 (3.55)
An 1 0 0.1

These set of initial conditions are in agreement with our initial assumption for asymptotic
analysis that the masses remain close to their initial equilibrium positions.

Next, we vary the mass ratio ro from 0.7 to 1 and plot the dispersion profiles in
Fig. 3.7 with the values of the other parameters kept fixed at r, = 0.5,7; = 1,sin¢ =
0.6,sina = 0.5, ¢ = 0.1. The initial conditions are kept the same as before. Below the
values of o = 0.7, and reducing by one significant digit after the decimal place, i.e. for
ro = 0.6,0.5,.....0.1 as obtained previously in Section 3.4.3, Eq. (3.47), the frequencies
become imaginary for the wavenumber varying over the first IBZ, which is not realizable
for an undamped physical system like ours. So, we refrain from plotting them.

Next, we vary the inerter mass-parameter ratio r, from 0.1 to 0.6 and plot the dis-
persion profiles in Fig. 3.8. The values of the other system parameters are taken as
ri = 1,79 = 1,sin¢ = 0.6,sina = 0.5, ¢ = 0.1. The initial conditions are kept the same
as before. Beyond the values of r, = 0.6, and increasing by one significant digit after
the decimal place, i.e. for r, = 0.7,0.8.....1 as obtained in Section 3.4.3, Eq. (3.48), the
frequencies become imaginary which is not realizable for an undamped physical system.
So, we refrain from plotting them.

Physical interpretation of critical thresholds: The critical mass ratio values (1o > 0.6,
r, < 0.7 with baseline angles ¢ and a kept fixed) correspond to dynamic instability
boundaries rather than geometric buckling.

For 7 < 0.6 (mass mg too light): The horizontally oscillating mass m3 becomes
insufficiently inertial to maintain effective coupling with the bistable element msy. This
creates dynamic decoupling where the vertical bistable motion cannot effectively transfer
energy to the adjacent unit cell, resulting in evanescent (exponentially decaying) waves
rather than propagating waves. Mathematically, this manifests as imaginary frequencies
for all € [0, 7].

For r, > 0.6 (inerter design-mass too large): Excessive inertial coupling-level creates
a negative effective mass effect in the coupled horizontal DOFs. From Egs. (3.20) and
(3.22), the negative inerter contributes terms i—% to the effective mass matrix. When
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Fig. 3.6: Dispersion diagrams from asymptotic analysis showing the three branches of
frequency varying with the wavenumber and the relevant bandgaps for mass ratio r;
varying from 0.1 to 1 and the values of the other parameters kept fixed.

r, exceeds the critical threshold, these terms dominate and produce negative eigenvalues
of the mass matrix, indicating system instability.

These two critical values of 7, and r, below which and beyond which traveling waves
cannot propagate, with other system parameters kept fixed, are noted down to check as
a reference for the strongly nonlinear system.

3.4.6 Bandgap variation with the mass ratios

We now vary the three different mass ratios one at a time and check how the lower and
upper bandgaps vary with them. We also evaluate another quantity which is the difference
between the midpoints of the successive frequency curves and plot them alongwith the
bandgaps for the three different mass ratios.

First, we vary the mass ratio r; from 0.1 to 1 and plot the bandgaps and the midpoint
frequency difference (Fig. 3.9), keeping the other parameters at 7, = 1,7, = 0.5,8in¢ =
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Fig. 3.7: Dispersion diagrams from asymptotic analysis showing the three branches of
frequency varying with the wavenumber and the relevant bandgaps for mass ratio ro
varying from 0.7 to 1 and the values of the other parameters kept fixed.

0.6,sina = 0.5. As we can see in Fig. 3.9, the upper and lower bandgaps more or less
show a decreasing pattern with increasing mass ratio r;. The lower midpoint frequency
difference uniformly decreases with increasing 1. The upper midpoint frequency difference
initially decreases upto approximately ;1 = 0.15 and the increases with increasing ;.

Next, we vary the mass ratio r, from 0.7 to 1 that is the physically realizable region for
travelling waves and plot the same quantities i.e. bandgaps and midpoint frequency differ-
ences (Fig. 3.10), keeping the other parameters as r; = 1,7, = 0.5,sin ¢ = 0.6, sin« = 0.5.
As we can see from Fig. 3.10, and as it is evident from the dispersion plots Fig. 3.7, the
lower bandgap and hence the lower midpoint frequency difference remain more or less
constant with a slight decreasing pattern with the mass ratio 5. The upper bandgap and
upper midpoint frequency difference decrease uniformly with 7.

Finally, we vary the mass ratio r, from 0.1 to 0.6 that is the physically realizable region
for travelling waves and plot the same quantities i.e. bandgaps and midpoint frequency
differences (Fig. 3.11), keeping the other parameters as r; = 1,75 = 1,sin ¢ = 0.6, sina =
0.5. As we can see from Fig. 3.11, and as it is evident from the dispersion plots Fig. 3.8,
the lower bandgap and hence the lower midpoint frequency difference remain more or
less constant with a very slight decreasing pattern with the mass ratio r,. The upper
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keeping all the other parameters fixed.

bandgap first decreases upto a value of approximately r, = 0.45 and then increases with

Tq-

The upper midpoint frequency difference increases uniformly with r,.

Table 3.1

summarizes the bandgap behavior in the weakly nonlinear regime with critical parameter

values specified.
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So, in this section we have indeed manipulated the bandgap by tuning three crucial
system parameters that is the three mass ratios. This can come in very useful in analyzing

0.15 0.2 0.25 0.3 0.35

Ta (ma /my

parameters fixed.

Bandgap and midpoint frequency difference variation with the mass ratio r,

the dynamic behavior of the periodic lattice in its weakly nonlinear regime and also in

tuning the wave propagation characteristics of the system such as filtering, vibration

attenuation, vibration suppression, etc..
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Parameter Range studied Lower bandgap trend Upper bandgap trend Critical value  Notes

r 0.1-1.0 Decreases Decreases None Both
branches
shift  down-
ward

2 0.7-1.0 Slight decrease Decreases < 0.7 (instability) ~ Strong upper
gap sensitiv-
ity

Tq 0.1-0.6 Nearly constant Non-monotonic > 0.6 (instability) Upper  gap:
decreases
then in-

creases

Table 3.1: Summary of bandgap behavior in weakly nonlinear regime (¢ = 0.1) for baseline
angles sin ¢ = 0.6, sina = 0.5. Trends indicate behavior as parameter increases.

3.4.7 Dispersion profile by the direct method in the linearized
domain

Next, we adopt the direct procedure of plotting the dispersion profiles. From the eigen-
value problem described in Section 3.4.2, we derive an expression for p in terms of w.
Expanding the characteristic polynomial in the eigenvalue problem (3.37), we get the
following expression for p.

Cos it = aw’” + imu“ taw’ +d (3.56)
aswt 4+ bow? + ¢y

Where the co-efficients of the different powers of w are explicitly dependent on the five
system parameters rq,7y,7,,¢® and «. The expressions are not shown here due to very
lengthy forms. The frequency w is varied over a range of values and the real and imaginary
parts of the wavenumber are plotted in Fig. 3.12 for values of the the system parameters
kept at ry =1, 7 =1, r, = 0.5, sin¢ = 0.6, sina = 0.5. We can also choose different
sets of values of the five system parameters and inspect how the dispersion profile char-
acteristics vary with those values. The real values of the wavenumber p correspond to
propagating waves whereas the imaginary values correspond to attenuating waves.
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Fig. 3.12: Dispersion profile showing the real and imaginary parts of the wavenumber
for a range of varying frequency

3.5 Generalized harmonic balance (HB) method for
strongly nonlinear regime

3.5.1 Generalized harmonic approximation

When the masses in the periodic lattice do not remain very close to their initial equilibrium
configuration, the equations of motion governing the dynamics are strongly nonlinear as
is evident from equations Eqs. (3.20), (3.21), (3.22). So, asymptotic analysis can no
longer be used to obtain the time-domain response or the dispersion profiles. Hence, we
use a generalized harmonic balance method from [14] to obtain the dispersion profiles.
The essence of this method is to assume a Bloch-consistent harmonic expansion for the
displacement of the n-th unit cell in a general 2-D nonlinear periodic lattice as

Un,np, = A( Z Cp oS [m(p.n — wt)] + sy sin [m(p.n — w7)]> (3.57)

where p.n = p1ny + pong is the inner product of the wavenumber vector with the direc-
tional vector of the general 2-D periodic lattice. A is the free wave amplitude which can be
considered as an input parameter dependent on the initial conditions, c,, and s,, are the
unknown harmonic coefficient column vectors to be determined. The key reasoning be-
hind this ‘Bloch-consistent’ harmonic approximation in the generalized nonlinear regime
is the fact that in our chosen periodic model, the nonlinearities are confined within the
repeating unit cell and there is no nonlinear coupling between adjacent unit cells as the
intercellular horizontal coupling springs have been chosen to have only a linear stiffness
coefficient.

Since our system is a 1-D periodic lattice, no = 0 and if we choose a unit vector
along the axis of our lattice that is the x-axis, then pu.n will be just the non-dimensional
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wavenumber p. After substitution of Eq. (3.57) in the governing equations of motion
of a general 2-D periodic lattice, and some algebraic manipulations, a set of coupled
nonlinear ordinary differential equations is obtained. Then by using Galerkin projection
those equations are reduced from differential to algebraic form. Thus, a set of coupled
time-independent algebraic equations are obtained with the harmonic co-efficients, the
free wave frequency w, wavenumber p and the amplitude A as the unknowns. Since
our objective is to obtain dispersion relations, we fix © and A and thus the number of
unknowns becomes exactly equal to the number of equations. These equations are then
solved by an iterative Newton-Raphson method. We implement this algorithm in Matlab
and obtain the dispersion profiles.

3.5.2 Dispersion profiles obtained using the generalized har-
monic balance method

Just like we did for the weakly nonlinear system, here also we will vary the three mass
ratios one at a time to get a better understanding of the dispersion characteristics of the
system.

First we vary the mass ratio r; from 0.1 to 1 and plot the dispersion profiles keeping
the other parameters as r, = 1, r, = 0.5, sin¢ = 0.6, sina = 0.5. The value of the
amplitude parameter A is taken to be 0.1 for a consistent comparison with the results
from asymptotic analysis as was done in Section 3.4.5, Eq. (3.55). We always choose a
number of harmonics M such that M > 5 for smooth dispersion branches in the strongly
nonlinear regime.

So, the dispersion profiles are shown with varying mass ratio r; in Fig. 3.13. As we
can see for axial wave propagation in our periodic chain, two visible dominant dispersion
branches emerge in most of the cases with the third branch partially or fully merging
with either one of the other two branches. This can be inferred to the existence of two
dominant DOFs in each unit cell with inter-cell coupling with the middle vertical DOF
transferring the energy of wave propagation within a particular unit cell between the
horizontal DOFs in the strongly nonlinear regime. From r; = 0.1 to r; = 0.4, there is
not much visible change in bandgap behavior or position of the dispersion branches with
branch 2 and branch 3 merging together. The width of the frequently occurring visible
bandgap and the average positions of the dispersion branches remain fairly constant with
increasing r; and the other system parameters kept fixed. Though for some values of r;
such as r; = 0.5, 0.8 we notice the emergence of the third dominant branch and a second
visible bandgap. Next, our objective will be to examine this behavior of the bandgap
and the dispersion branches for the other two mass ratios, ro and r,. This variation of
bandgap behavior with non-dimensional system parameters can become very useful in
vibration monitoring and vibration isolation.

Next, as discussed, we will vary the mass ratio o from 0.7 to 1 i.e. the stability region
observed in the weakly nonlinear regime and plot the dispersion profiles with varying u
in Fig. 3.14. The other parameters are taken as r; =1, r, = 0.5, sin¢ = 0.6, sina = 0.5.
As we can see in Fig. 3.14, the width of the bandgap decreases steadily from r, = 0.7 to
ro = 1. We also observe the existence of two visible dominant dispersion branches, with
the third branch merging with either of the other two for wave propagation along the
axial (horizontal) direction. Also, it can be seen that the two visible dispersion branches
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Fig. 3.13: Dispersion diagrams obtained from the generalized harmonic balance method
showing the branches of frequency (w) varying with the wavenumber (1) and the relevant
bandgaps for mass ratio r; varying from 0.1 to 1 and the values of the other parameters
kept fixed, the weak ripples on the red HB branch near branch-merging and band-edge
regions are interpreted in the context of the changes in modal participation and harmonic
content discussed later in this Section 3.5.2, they are not identified here as separate
bifurcations.

shift downwards with increasing ro. This is in contrast to increasing r; before in Fig. 3.13,
where the width of the bandgap and the positions of the dispersion branches remained
fairly constant. Below the values of o = 0.7 and reducing by one significant digit after
the decimal place, i.e. for ro = 0.6,0.5.....0.1, we observed that one or more the three
frequencies go to zero or become imaginary for all values of the wavenumber from 0 to
7. Since we are interested in traveling wave solutions in an undamped physical system,
we will treat this value of 7y = 0.7 as a lower critical bound (considering one significant
digit after the decimal place) with values of r; and r, set to 1 and 0.5 respectively. This
outcome is consistent with the behavior in the weakly nonlinear regime where below the
same value of 75 = 0.7 (again considering one significant digit after the decimal place)
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Fig. 3.14: Dispersion diagrams obtained from the generalized harmonic balance method
showing the branches of frequency (w) varying with the wavenumber (1) and the relevant
bandgaps for mass ratio ry varying from 0.7 to 1 and the values of the other parameters
kept fixed.

and same other fixed values of the system parameters, we found the frequencies to be
imaginary for the same range of varying p which was again physically not realizable for a
traveling wave in the same undamped system.

Finally, we vary the inertance mass-parameter ratio r, from 0.1 to 0.6, i.e. the stability
region observed in the weakly nonlinear regime and plot the dispersion profiles for the same
range of p in Fig. 3.15. The other parameters are taken as 1y = 1, 7 = 1, sin¢ = 0.6,
sina = 0.5. Just like the cases of varying r; and ry, here also we observe mostly the
existence of two dominant visible dispersion branches in Fig. 3.15 participating in wave
propagation along the axial direction. There is a third branch because of our chosen
3 DOF unit cell, but in most of the cases, it merges with either one of the other two
branches producing two visible branches as the net output. The width of the prominent
visible bandgap decreases steadily from r, = 0.1 upto r, = 0.4 and then remains fairly
constant upto r, = 0.5. At r, = 0.6, the upper bandgap increases more in width and we
see the emergence of a third trivial branch near zero which remains fairly constant over
the wavenumber p. One more visible feature to note is that both the visible, non-trivial,
dominant branches of the frequency shift upward with increasing r,, with the shift being
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Fig. 3.15: Dispersion diagrams obtained from the generalized harmonic balance method
showing the branches of frequency (w) varying with the wavenumber (1) and the relevant
bandgaps for mass ratio r, varying from 0.1 to 0.6 and the values of the other parameters
kept fixed, the weak ripples on the red HB branch near branch-merging and band-edge
regions are interpreted in the context of the changes in modal participation and harmonic
content discussed later in this Section 3.5.2, they are not identified here as separate
bifurcations.

more prominent for the higher branch. This is in contrast to increasing ro where both the
branches shifted downwards in Fig. 3.14. Beyond the values of r, = 0.6 and increasing
by one significant digit after the decimal place,i.e. for r, = 0.7,0.8.....1, we observe as in
the previous case that one or more of the frequencies become imaginary for all x which
is not realizable for an undamped physical system. The emergence of the third trivial
branch near zero at r, = 0.6 might be due to close proximity to the critical zone for the
system parameters. As was observed in the previous case of varying ro, beyond this same
value of r, = 0.6 (considering one significant digit after the decimal place), for the weakly
nonlinear regime, we had imaginary values of the frequency for the same range of y and
same values of the other system parameters.

Understanding branch merging in the strongly nonlinear regime: Despite three DOFs
per unit cell (n,&, 1), predominantly two dominant dispersion branches emerge for axial
wave propagation (Fig. 3.13-3.15). This phenomenon reflects modal energy redistribution
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among coupled DOF's. For axial propagation, the horizontal DOFs (1, ) dominate inter-
cell wave transmission through the horizontal springs (k-stiffness connections between unit
cells). The vertical bi-stable DOF () participates primarily in intra-cell energy transfer,
coupling the two horizontal masses within each unit cell but not directly transmitting
waves between cells.

Fig. 3.16(a)-Fig. 3.16(c) report the projection-based modal participation fractions
obtained by projecting the HB solution for all the three dispersion branches at each
wavenumber p onto the corresponding linear Bloch eigenvectors and normalizing the
squared projection amplitudes such that Z?Zl pi(1r) = 1. A representative combination
of mass ratios ;1 = 0.2,r9 = 1,7, = 0.5, i.e. the same as chosen for Fig. 3.13(b) is consid-
ered to perform this modal participation analysis. While Branch 1 exhibits a progressive
transfer of participation from linear mode 1 to linear mode 2 as p increases (Fig. 3.16(a)),
Branches 2 and 3 display identical participation trends (Fig. 3.16(b), Fig. 3.16(c)). Both
are dominated by linear mode 3 over most of the Brillouin zone, with a growing con-
tribution from mode 1 toward the zone boundary. This near-coincidence of the modal
participation signatures indicates that, in the parameter set considered, the HB solutions
on Branches 2 and 3 occupy essentially the same linear modal subspace, i.e., they corre-
spond to the same hybridized periodic motion. Consequently, their dispersion curves HB
Branch 2 and HB Branch 3 coalesce, which is observed as the merging of Branches 2 and
3 in the HB dispersion plot in Fig. 3.13(b).

Projection participation fraction (Branch 3)

S 05 1 15 2 25 3 25 0s 1 15 2 25 3
= Wavenumber (j) A Wavenumber (j)

25 3

15 2
Wavenumber ()

(a) Modal participation fraction (b) Modal participation fraction (c) Modal participation fraction
for HB Branch 1 for HB Branch 2 for HB Branch 3

Fig. 3.16: Modal participation fractions along the HB dispersion branches for r; =
02,79 = 1,7, = 0.5, which is the same combination of mass ratios as chosen in
Fig. 3.13(b), stacked areas show the normalized projection of the HB solution onto
the three linear eigenmodes versus wavenumber (u), the identical modal content of HB
Branches 2 and 3 at all p is consistent with their observed merging in Fig. 3.13(b).

The weak ‘jagged’ variations seen on some HB branches in Fig. 3.13, Fig. 3.15 are
most pronounced near branch-merging/band-edge regions, where the vertical bi-stable
DOF £ behaves as a nonlinear internal resonator and intermittently exchanges energy
with the horizontal DOFs (n,1) and higher harmonics. In these intervals, small changes
in wavenumber p can produce noticeable changes in harmonic content and even nearby
coexisting periodic states, so the reported fundamental frequency w(u) may exhibit mild
ripples rather than a perfectly smooth trend.

Table 3.2 summarizes the bandgap behavior in the strongly nonlinear regime. Table 3.2
and 3.1 synthesize parametric trends observed across Fig. 3.6-3.8 and Fig. 3.13-3.15 re-
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Parameter Range studied Lower bandgap trend Upper bandgap trend Dominant branches Critical value Notes
T 0.1-1.0 Approximately constant  Approximately constant 2 (merged) None Branch merg-
ing patterns
vary

Ty 0.7-1.0 Nearly constant Decreases strongly 2 (merged) < 0.7 (instability) Branches
shift  down-
ward

Tq 0.1-0.6 Slight decrease Non-monotonic 2 (merged) > 0.6 (instability) Third  triv-
ial branch
emerges at
r, = 0.6

Table 3.2: Summary of bandgap behavior in strongly nonlinear regime for baseline angles
sin ¢ = 0.6, sinaa = 0.5. Trends indicate behavior as parameter increases.

max,, |[Aw/w| RMS, |[Aw/w| max, |[Aw/w| RMS, |Aw/w|
Ny, (vs. previous) (vs. previous) (vs. Nprer =7) (V8. Npyet = 7)

1 - - 3.45 x 10713 8.91 x 10~14
3 347 x10713 897 x107™  4.01x10"'® 1.61 x 1071
5 428 x1071® 230x107® 518 x 10715 2.26 x 10~15
7 518 x107'% 226 x 1071 0 0

Table 3.3: (HB convergence study) Maximum and RMS relative changes in the HB-
predicted dispersion frequency w(p) when increasing the number of retained harmonics
Ny, € {1,3,5,7} with Nj, = 7 as reference, evaluated over p € [0.01,0.57] sampled
at five points, 'previous’ denotes the preceding N, in the list, mass ratio combination is
taken the same as for Fig. 3.13(a)

spectively. Key observations: (i) Critical threshold values are consistent across weakly
and strongly nonlinear regimes, validating them as fundamental stability boundaries. (ii)
The lower bandgap shows relatively consistent behavior across mass ratio variations in
both regimes. (iii) The upper bandgap exhibits strong sensitivity to 7, and r,, offering
design handles for bandgap tuning. (iv) In the strongly nonlinear regime, branch merging
reduces three nominal branches to two dominant branches, reflecting modal redistribution.

This modal behavior is characteristic of systems with strong geometric coupling be-
tween orthogonal DOF's and represents genuine physical modal interaction, not numerical
artifact. Direct time-domain simulations (Section 3.6) confirm that predominantly two fre-
quencies dominate the steady-state response at most wavenumbers, validating the branch
merging observed in harmonic balance analysis.

Convergence with respect to the HB harmonic truncation: We repeated the
HB dispersion computation for N, = {1,3,5,7} (with time grid N; = 512 N},) using the
mass ratio combination of Fig. 3.13(a), i.e., 1y = 0.1,79 = 1,7, = 0.5, and sin¢ = 0.6,
sina = 0.5, and A = 0.1, but on a reduced wavenumber grid p € [0.01,0.57] sampled
at five points. Taking Nj,,ef = 7 as the reference, we evaluated the maximum and RMS
relative changes in the predicted dispersion frequency, both (i) between successive trun-
cations N}, and the preceding case in the list and (ii) relative to Nj, o¢. The branch-wise
and global convergence trends (Fig. 3.17(a) and Fig. 3.17(b)) show rapid saturation. The
maximum relative deviation drops to O(1071%) for N}, = 3 to 5, and the change between
N, = 5 and 7 remains below 6 x 107! as reported in Table 3.3. Accordingly, we have
used N, > 5 for the HB results reported in this work.
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Fig. 3.17: Branch-wise and global convergence metrics for HB dispersion with increasing
HB truncation NV, using the same parameter set as in Fig. 3.13(a).

3.5.3 Comparison of HB results with results from asymptotic
analysis

Now, we compare the dispersion results obtained from HB method with the dispersion
results obtained from asymptotic/ perturbation analysis in Section 3.4.5. We choose four
sets of values of the system parameters r1, ry, r4, keeping the initial angles of inclination
fixed at sin ¢ = 0.6 and sina = 0.5 and plot the dispersion profiles in Fig. 3.18.

As we can see from the comparison between the two methods in Fig. 3.18, the HB
branches lie a bit higher than the asymptotic branches which is quite expected for hard-
ening springs as in our case. The more we consider the number of terms in the Taylor
series expansion around the global energy minima for asymptotic analysis, the more the
dispersion branches obtained using the perturbation method will approach the branches
obtained using HB method. One more observation is that for the HB method used for the
strongly nonlinear regime in most of the cases keeping r, constant at = 1 (Fig. 3.18(a),
Fig. 3.18(b), Fig. 3.18(c)), branch 1 (blue solid) merges with either branch 3 (black solid)
or branch 2 (red solid), while for the asymptotic analysis, branch 1 (blue dashed) remains
separate which again proves the partial failure of perturbation method for the strongly
nonlinear regime. But, still it can be said that the perturbation method can provide
a basis linear framework for predicting dispersion branches even for a fairly intricate,
geometrically nonlinear system such as our model and reduce the computational cost
effectively for atleast a considerable number of branches.
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Fig. 3.18: Comparison of dispersion profiles obtained using HB method and asymptotic
analysis for four different sets of values of the mass ratios keeping the initial angles of
inclination of the springs and rigid links at sin ¢ = 0.6 and sin a = 0.5 respectively.

3.6 Time-domain simulation of the finite chain and
comparison with HB results

3.6.1 Inverse Method (IM)

We now use direct numerical time-domain simulation of a finite chain composed of our
chosen repeating unit cell to verify our semi-analytical (HB) results. The term ‘inverse
method’ follows from Campana et al. [199], who use a similar finite-chain numerical ap-
proach to benchmark nonlinear dispersion results, including comparison with harmonic
balance. The wavenumber is prescribed through the initial displacement field, and the
corresponding frequency is identified from the ensuing free response. The present imple-
mentation applies this strategy to validate the HB dispersion branches.

We use this approach to obtain dispersion relations of a large enough finite chain
consisting of 300 unit cells and free at both ends. We use this inverse method to ob-
tain the dispersion relations to compare with our semi-analytical results obtained using
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the generalized Harmonic Balance Method for the infinite periodic chain in the strongly
nonlinear regime. This indeed means that we simulate our exact nonlinear equations of
motion in the time-domain. We impose the wavenumber for our structure as an initial
condition and release the system in time and then obtain the frequency corresponding to
that imposed wavenumber from the time-domain results of a chosen measurement region
far away from both boundaries or the reference unit cell located in the middle of the
structure. We consider our exact nonlinear and non-dimensionalized equations of motion
Egs. (3.20)-(3.22) and choose our initial conditions as follows.

00) = 3 Ay cos (it = ) + By sin (s ~ o)

17;(0) =0

£50) = 3 [ Aew <o (maty — ) + B s (s — o)

. m=1 (3.58)
£(0)=0

6500 = 3 [Aum cos (mps = ) + B sin (s — o)

1h;(0) =0

je{l,...,300}

So, the initial velocities of the masses are considered to be 0 and we impose an initial
spatial wave displacement dependent on the wavenumber p. The reference unit cell j
is chosen in the middle of the chain to minimize boundary effects. N, is the number
of harmonic terms considered for theoretical (HB) results. The amplitudes of the differ-
ent harmonics Ay, Bym, Aem, Bem, Aym, Bym are chosen based on the corresponding
amplitudes obtained from the Harmonic Balance (HB) method after convergence of the
Newton-Raphson algorithm. We choose to iterate every new input amplitude based on
a linear scaling factor determined by the previous output amplitude and use this linear
scaling factor as an individual gain to update each of the three initial/ input amplitudes
individually in every iteration until they reach the targets set by the HB method within
a certain tolerance (5 x 107*). We also use a damping profile which is maximum at the
boundaries of our finite chain and decreases almost exponentially to zero in the middle of
the chain to minimize the boundary effects as done in [199]. We apply the damping on
the horizontally moving masses represented by 7 and v in every unit cell since they are
the masses with inter-cell connections.

After convergence, we neglect the initial transients that might be arising from numer-
ical issues, by allowing a settling time of 25T, where Tj = %’T and w is the frequency
already obtained from the HB method. Then, we extract the frequency from the time-
domain results by using two methods. We consider the time-domain response of the
reference unit cell located at j, and measure the global frequency by calculating the aver-
age time-period. Next, we choose a measurement region consisting of 30 unit cells in the
center of the chain and use a complex spatial demodulation factor to eliminate noise from
displacements in the time-domain. Then, we estimate the branch frequency directly from

the time-domain response using a phase-slope method anchored to the Harmonic Balance



3.6. HB—IM wvalidation 55

target. The time-domain signal is first resampled onto a uniform grid and, when suffi-
cient cycles are present, passed through a zero-phase third-order Butterworth band-pass
centered at the target angular frequency with a relative half-bandwidth. For real inputs
we form the analytic signal with the Hilbert transform (complex inputs skip this step),
unwrap its phase, and fit a straight line to the central 10-90% of the record, the slope
yields the frequency estimate, while the median envelope over the same window gives a
robust output amplitude. The procedure is tolerant to uneven sampling and slow drifts,
and includes guards for short/noisy records; if the phase fit is ill-conditioned, it falls back
to a simple zero-crossing estimate. After we evaluate the frequency from these two pro-
cedures, we report the one closest to that obtained using the Harmonic Balance method
for that specific wavenumber.

We use a sufficiently large number of harmonics (N, > 5) for the HB method to
obtain smoother results. So, the net target amplitude set for a DOF to achieve in direct
time-domain simulation is obtained through a rough approximation by taking the root
mean square (RMS) of the amplitudes (A, Bym, Aem, Bems Apm, Bym) of the different
harmonics.

3.6.2 Dispersion plots showing comparison between harmonic
balance and IM results, an error quantification and com-
putational speedup

We now show three dispersion plots (Fig. 3.19) showing the comparison between harmonic
balance (HB) results and the results obtained by direct time-domain simulation using the
inverse method discussed in the previous section. We choose three representative sets of
values of system parameters as in the mass ratios r, 79,7, and keep our initial angles in
the unstressed equilibrium configuration fixed at sin ¢ = 0.6 and sina = 0.5. We use the
explicit oded5 solver in Matlab to run our time-domain simulations. We also keep the
value of ro = z—f at 1 to maintain the spatial symmetry of the unit cell to avoid the issues
of non-similarity and energy-dependence of the modal curves as much as possible.
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Fig. 3.19: Comparison of harmonic balance (HB) results with direct time-domain (IM)
simulations (wavenumber p vs frequency w) for three different sets of values of mass ratios
keeping the initial angles of inclination of the springs and rigid links at sin¢ = 0.6 and
sin a = 0.5 respectively.
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Branch Mean rel. error ¢ RMS rel. error e,,,, Max rel. error e,

1 0.0863 0.158 0.333
2 0.0408 0.105 0.333
3 0.0619 0.128 0.333

Table 3.4: Relative error metrics between the Harmonic Balance (HB) dispersion pre-
dictions and the Inverse Method (IM) time-domain validation. The pointwise relative

wim (1) —wnB (1)
whuB (1)

wavenumbers for each dispersion branch for a combination of mass ratios taken the same
as for Fig. 3.19(a).

error is defined as e(u) = . Reported values are computed over all sampled

Fig. 3.19(a), Fig. 3.19(b) and Fig. 3.19(c) might look the same quantitatively, but
there is a qualitative difference. In Fig. 3.19(a), branch 2 merges with branch 3 for both
semi-analytical HB model and numerical IM model, and effectively we see two dominant
branches which is according to our expectations for the strongly nonlinear regime as
discussed in Section 3.5. In Fig. 3.19(b) and Fig. 3.19(c), we notice the same branch
merging and effective existence of two dominant branches but in this case, branch 1
merges with branch 3 for both analytical and time-domain simulation results.

We show an explicit error quantification between dispersion results obtained from the
HB method and direct time-domain IM method in Table 3.4. We choose the values of
the mass ratios as r; = 0.1,79 = 1,7, = 0.5 which is the same combination of mass
ratios as chosen in Fig. 3.19(a), keeping the initial angles of inclination of the springs and

rigid links at sin¢ = 0.6 and sina = 0.5 respectively. For each of the three dispersion

wim (1) —wnB (1)

branches, we evaluate the relative error o ()

and report the mean, maximum

and rms relative errors in Table 3.4.

The raw relative error is also plotted against the wavenumber p in Fig. 3.20. The HB
method took a time of 865.91 seconds or approximately 14.4 minutes to implement in a
Matlab platform on a single-processor machine. The direct time-domain integration or
IM method for our chosen finite chain comprising of 300 unit cells took 3997.40 seconds or
approximately 1.1 hours to implement in a Matlab platform on the same machine. So, it
can bee seen that the HB method provides a computational speedup of atleast 4.5 times
than direct time-domain simulations while still predicting the dispersion behavior in the
generalized strongly nonlinear regime with a significant level of accuracy.

3.6.3 Discussion of the comparison between time-domain simu-
lation and HB results, possible chaos and nonlinear modal
interactions

As we can see from the results in our previous Section 3.6.2, the frequency values obtained
by time-domain simulation of our exact nonlinear, long enough, finite periodic chain match
quite well with the patterns obtained from the HB method for most of the values of the
wavenumber (u). But, we also notice some outliers for some values of the wavenumber.
To further investigate this disparity at some places, we shift our focus onto checking
whether our system in the strongly nonlinear regime shows transient chaos as discussed
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Fig. 3.20: Relative error plotted against the wavenumber p for all the three

when proposing the unit cell model in Section 3.1. We check the time-domain behavior
of our periodic chain for some specific values of wavenumber p to check if the long-term
behavior is aperiodic since that is one of the minimal necessary criteria for chaos [197].
We do not notice aperiodicity in the time-domain over a significantly large time window.
Since our system is deterministic in the sense that there is no random input, we go on to
check the last necessary criterion for chaos i.e. positive Lyapunov exponent or in other
words, a sensitive dependence on initial conditions. Two of the Lyapunov coefficients
turned out to be greater than zero for the same system parameters. If the system is
indeed chaotic, then the Nonlinear Normal Mode (NNM) solutions obtained through the
convergence of the HB method would not be able to capture the actual physical behavior
of a finite version of our model, because HB method inherently assumes periodic behavior
in the steady state which contradicts the existence of chaos in any form. But, still the
HB method can be a good framework to predict the system behavior in the non-chaotic
or periodic regime and can efficiently reduce the computational cost of long time-domain
simulations.

Nonlinear Floquet stability of the HB periodic Bloch orbits: To quantitatively
assess whether the Harmonic Balance (HB) dispersion branches correspond to stable time-
periodic Bloch waves, we compute the nonlinear Floquet multipliers p by linearizing the
dynamics about each converged HB periodic orbit over one period (Hill/Floquet expansion
with Ny, = 5 sideband harmonics and 9 samples of the perturbation Bloch phase v) and
plot max|p| with the wavenumber p in Fig. 3.21. For the parameter set used in Fig. 3.19(a)
(ri = 0.1, o = 1, r, = 0.5), the HB periodic solutions are found to be linearly unstable
over the Brillouin zone. The maximum magnitude of the nontrivial multipliers, excluding
the neutral multiplier p ~ 1 associated with time-shift invariance, reaches max,, |p| ~ 15.7
for Branch 1 and max,, |p| ~ 4.08 for Branches 2, 3. This provides a direct stability-based
explanation consistent with the previously observed positive Lyapunov exponents. While
HB can still compute the underlying periodic Bloch orbits, their loss of stability implies
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that time-domain trajectories may drift toward modulated or quasiperiodic responses in
certain regimes, so the HB dispersion curves should be interpreted as continuations of
periodic solutions rather than guaranteed stable propagating waves.
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Fig. 3.21:  Nonlinear Floquet stability of the harmonic balance (HB) periodic Bloch
orbits for r; = 0.1,7, = 1,7, = 0.5 (same parameter set as Fig. 3.19(a)), the quantity
shown is the maximum modulus of the non-trivial Floquet multipliers, maxy.si, |pe(14)],
as a function of the Bloch wavenumber u, Floquet multipliers are computed using a
Hill/Floquet harmonic expansion retaining Ny, = 5 sideband harmonics, i.e. 2Ny, +
1 = 11 Fourier sidebands in the perturbation ansatz, values above unity indicate linear
instability of the corresponding periodic orbit.

The other reason for this disparity between HB and IM results might be the root mean
square (RMS) approximation to set the target amplitude for IM time-domain simulations.
Our next approach in the future will be to find better methods of approximating the target
amplitudes from the multi-harmonic HB steady state results. One more plausible reason
for the discrepancy at few places could be due to the boundary effects which arises as an
artifact of considering a finite chain for the purpose of numerical simulations. Though a
damping layer has been used to minimize these boundary effects and the reference unit cell
has been considered in the centre far away from the boundaries, in the strongly nonlinear
regime, the wave profile might get distorted at some places due to reflections from the
boundaries.

3.7 Concluding remarks

An Amplitude-Locked, Inverse-method-Guided, multi-harmonic Nonlinear (ALIGN) frame-
work, a comprehensive semi-analytical methodology for analyzing strongly nonlinear dis-
crete periodic structures with non-integrable geometric nonlinearities has been presented.
This method addresses three key challenges that limit existing approaches: (i) handling
non-polynomial, algebraic forcing terms through time-domain collocation with complex-
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step differentiation, (ii) systematic validation via amplitude-locked time-domain simu-
lations with RMS-targeted multi-harmonic initial conditions, and (iii) robust branch
tracking through degeneracies using MAC-based feature matching on high-dimensional
harmonic coefficient vectors. A summary of the methodology developed is shown in
Fig. 3.22. The methodology was demonstrated on a bi-stable-inertial periodic chain ex-
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Fig. 3.22: A Generalized Framework for Discrete Nonlinear Periodic Structures.

hibiting the full spectrum of computational difficulties: coupled horizontal-vertical dy-
namics, non-integrable square-root terms from geometric constraints (Eq. (3.20)-(3.22)),
and amplitude-dependent behavior requiring multiple harmonics (N, > 5) for accurate
representation. This successfully bridged weakly nonlinear (perturbation-based, Sec-
tion 3.4) and strongly nonlinear (multi-harmonic balance, Section 3.5) regimes, with
time-domain validation (Section 3.6) confirming amplitude-dependent dispersion predic-
tions for a significant portion of the parameter space. The results obtained will have a
significant impact on understanding the dynamical behavior and wave propagation char-
acteristics of a fairly complex dynamical system both in its strongly and weakly nonlinear
regime. Such a periodic lattice can be used for vibration suppression, vibration monitor-
ing, vibration isolation and noise filtering among other applications. Key findings from
the demonstration system include:

e Identification of critical parameter thresholds (ro > 0.6 keeping other mass ratios
fixed, r, < 0.7 keeping other mass ratios fixed) defining stability boundaries, con-
sistent across weakly and strongly nonlinear regimes.

e Systematic bandgap manipulation through mass ratio variations and its predictabil-
ity through inexpensive HB algorithms or familiar perturbation methods (Table 3.1,
3.2).

e Modal redistribution in strongly nonlinear regime producing two dominant branches
despite three DOF's per unit cell (explained in Section 3.5.2).

e Computational efficiency: The framework developed enables design space explo-
ration significantly faster than direct time-domain simulation while maintaining

accuracy for periodic solutions.

Key novel features of this framework include:
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The main novelty of this framework is highlighted in the analytically tractable treat-
ment of the dynamical system considered in this Chapter by itself, i.e., a periodic
lattice with geometric nonlinearity and inertial coupling which has not been ana-
lyzed in the existing literature in terms of bandgap engineering.

In spite of being employed on this specific dynamic model, this framework is not re-
stricted to the bi-stable-inertial system but applies to any discrete periodic structure
with geometric, kinematic, or constraint-based nonlinearities expressible as algebraic
functions. Examples include tensegrity metamaterials, origami-inspired structures,
compliant mechanisms, granular chains with geometric contacts, and bio-inspired
lattices with coupled rotational-translational DOFs.

Systematic treatment of non-integrable nonlinearities via time-domain collocation
with complex-step differentiation, generalizable to any algebraic geometric nonlin-
earity

Amplitude-locked validation strategy with RMS-targeted multi-harmonic initial con-
ditions enabling systematic time-domain verification across amplitude-wavenumber
space. The amplitude-dependent dispersion curves and parametric maps (Fig. 3.6-
3.19, Table 3.1, 3.2) provide systematic design guidance for achieving desired bandgap
characteristics. Designers can rapidly explore mass ratio, geometric angle, and am-
plitude parameter spaces without expensive time-domain simulations.

Robust branch tracking through MAC-based feature matching preventing branch
swapping through degeneracies and crossings.

Unified framework spanning weakly to strongly nonlinear regimes with validated
consistency between perturbation and harmonic balance approaches providing sig-
nificant computational efficiency over direct time-domain simulation while main-
taining accuracy for periodic solutions.

This Chapter was intended as an introductory starting work to demonstrate bandgap

engineering and tunable dispersion behavior in fairly complex nonlinear periodic struc-
tures combining the elements of bi-stability and stable negative inerters through an ana-
lytically tractable, comprehensively formulated general framework. Henceforth, we shall
use key ideas from this proposed generalized framework to investigate tunable energy
harvesting characteristics in suitably engineered nonlinear periodic structures where bi-
stability and negative inertial coupling will be shown to both qualitatively and quanti-
tatively improve the free-wave (unforced) harvesting landscape for beneficial engineering
designs.



Chapter 4

Energy harvesting from transient
free waves in a piezoelectric periodic
chain: a settling-time approach

4.1 Introducing the baseline model for free-wave en-
ergy harvesting

As a step forward from introducing the consolidated, generalized framework in Chap-
ter 3 for analyzing tunable dispersion characteristics in nonlinear periodic structures to
characterizing free-wave energy harvesting in periodic structures, we start with a simple
linear periodic model of a piezoelectric harvester and propose an analytically tractable
approach to evaluate the harvesting behavior in the absence of sustained external forcing.
Conventional vibration energy harvesting is typically based on sustained external forcing
and operation in the vicinity of a resonant frequency. This generally necessitates careful
resonance tuning and can limit practical performance when the excitation is intermit-
tent, transient, or not externally controlled. Hence, this Chapter yields an independent
framework for identifying the operating regime of the system parameters for optimal en-
ergy harvesting with out the need for external forcing or resonance tuning. The proposed
method thus represents a significant step beyond energy harvesting in forced single degree
of freedom oscillators near resonance, by exploiting the free-wave propagation characteris-
tics of unforced periodic systems around an optimum frequency determined independently
and solely by the system’s inherent structural, geometrical, and electrical parameters.

4.1.1 Linear piezoelectric harvester

We consider a linear piezoelectric energy harvester represented by a periodic chain com-
posed of a vertical cantilever Euler-Bernoulli beam with uniform cross-section of length
L, width w and thickness h with a tip mass M, and a piezoelectric patch at the base near
the fixed end. The tip mass is considered to be significantly larger than the mass of the
beam. The periodic chain is constructed by coupling the tip mass to adjacent unit cells
via horizontal linear springs as shown in Fig. 4.1. Piezoelectric patches are pasted in a
bimorph 31 configuration near the fixed end of each beam in the chain for electrical energy
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harvesting from free wave motion through the chain. The beam material is considered to
be isotropic with density p.

piezoelectric

//// patch /' /' / Yyys
= |
yn—l(x,f) yn(ﬁi; ﬂ yn-l-l(w: t)
3
k
M, | AN \/\__M
_Yr;—l(t) Yn(t) Yn+l(t)

the
repeating
unit cell

Fig. 4.1: The repeating n-th unit cell with tip masses and beams of adjacent cells shown.

4.1.2 Equations of motion

The equations of motion are derived from the Lagrangian of the system. The axial
displacement of the beam and hence the tip mass are considered to be negligible in
comparison to the transverse displacement. Since the mass of the beam is considered to
be negligible when compared to the tip mass, the beam is considered as a purely flexural
element and the kinetic energy of the system arises only due to the tip mass. For the same
reason, the general transverse displacement at any point in the beam can be expressed
in terms of the tip mass displacement using a relationship based on the first mode of the
linear mode shape of the beam. Essentially, we use a single mode approximation for the
beam displacement neglecting the contribution from higher modes of vibration.

The single-mode reduction is intended as a leading-order description of the periodic
system in the low-frequency, tip-mass-dominated regime considered here without loss of
generality for the present objective. It is expected to remain appropriate so long as
the response is governed predominantly by the fundamental flexural mode, i.e., when the
dynamics are controlled by the global tip motion rather than by short-wavelength bending
of the beam. The free waves studied here are generated by initial conditions imposed on
the proof masses and correspond to the lowest collective branch of the periodic chain,
rather than to local high-frequency bending dynamics of the individual beams. The
approximation may lose quantitative accuracy when in nonlinear models, snap-through
becomes sufficiently abrupt to generate appreciable higher-mode content, strong curvature
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localization develops near the clamp, or the relevant time scales approach those of the
higher flexural modes. In this sense, the present formulation should be viewed as a
reduced model for the collective horizontal (axial) wave dynamics and harvesting trends,
rather than as a full structural representation of all beam modes. Using the dimensional
parameters of the system as given in Table 4.1, the bare beam mass is approximately
0.616 g, while the tip mass is 10 g. Thus, the tip mass is about 16.2 times larger than
the beam mass, so the dominant inertia is concentrated at the tip and a low-frequency
disturbance couples primarily to the fundamental flexural coordinate. It is also noteworthy
here that for the admissible functions used in the model, the second flexural mode is
approximately 81 times stiffer than the first mode and its natural frequency is therefore
much higher in the tip-mass-dominated limit. Later, it will be shown that the operating
frequency range of interest for free wave propagation in the horizontal axial direction of
the periodic chain generated solely due to initial conditions on the tip mass will be lower
than the fundamental natural frequency of the isolated beam-tip-mass unit cell and much
lower than the second natural frequency of the same which again justifies the single-mode
reduction for studying the global collective axial wave dynamics and energy harvesting
trends.
The kinetic energy arising due to the tip mass M, is given by

1 .
T = §MtYn2 (4.1)

where Y;,(¢) is the displacement of the tip mass in the transverse/ horizontal direction in
the n-th unit cell.

The potential energy of the system or the unit cell under consideration comprises of
the beam’s elastic strain energy, the elastic potential energy stored in the linear horizontal
intercellular springs and the negative of the electrical work done by the piezoelectric patch
and is given by:

1 L2y, \° 1
= —EI L —k(Y, =Y., 1)

1 (4.2)
+§k(Yn - Yn+1)2 - WE

ET is the flexural rigidity of the beam, y,, = y,(z,t) is the general lateral beam displace-
ment in the n-th unit cell, Y,, = y,(L,t) is the displacement of the tip mass in the n-th
unit cell, k is the stiffness co-efficients of the linear springs, Wg is the electrical work
done by the piezoelectric patches. It has been considered that the displacement-curvature
relationship of the beam is linear.

Since we are interested in the first mode-motion of beam displacement, the general
lateral displacement at any point in the beam will have identical harmonic time history
corresponding to the first natural frequency of vibration of the cantilever beam with tip
mass. So, the general lateral displacement y(x,t) can be related to the displacement of
the tip mass Y by any admissible function satisfying the geometric boundary conditions
at the fixed end of the beam [110].

Yn(2,t) = yn(L, 1)(x) = Yo (t)p(x) (4.3)

where the admissible function is chosen to be ¢(x) = 1 — cos ((2]' - 1)%), j being an

integer. It is important to note that it cannot be assumed that Y,,(¢) will be a harmonic
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motion with the lowest natural frequency of an isolated cantilever beam with tip mass
because we are imposing additional constraints to the isolated beam-mass system by con-
structing a periodic chain with intercellular linear spring elements. So, the frequency (w)
of the tip mass Y,,(¢) in our periodic system has to be derived following the standard theo-
ries of free harmonic wave propagation in periodic structures and in the most generalized
case, it will be a function of the wavenumber ().

With the chosen ¢(z), the strain energy of the beam can be obtained as
1 L2y, \° 1 Lra2e\?
~EI > ) do=-EIY;} — | d
2 /0 (8952) Y79 "/0 (dxz) v

(4.4)
1 o (25 — )7t
o QEIY” < 3213

The electrical work Wg in the n-th unit cell is derived from the moment produced by a
voltage V,, across the piezoelectric layer. The moment is given by My = ~.V,,(t), where =,
is a constant dependent on the geometry and configuration of the piezoelectric transducer.
So, the electrical work can be obtained by multiplying the moment with the curvature of
the beam and is given by

L 2
o o T , T (4.5)

L
(2] - 1) sin(<2j - 1>D) VY,

2L 2L
=0Y,V,.
where L. is the length of the piezoelectric patch and the constant © is given by

. T . L,
© =.(2j — 1)Z sin ((2] - 1) 5] ) (4.6)
For a bimorph piezoelectric patch, 7. can be evaluated [107] as

Ye = Ed31wc(h + hc) (47)

where E' is the modulus of elasticity of the beam, h is the thickness of the beam, h,. is the
thickness of the piezoelectric patch, w,. is the width of the piezoelectric patch and ds3; is
the piezoelectric constant.

Using Lagrange’s equation 2 (%) — 9L _

iloy) — v 0, the equations of motion of the represen-
tative n-th unit cell can be derived in terms of the beam tip displacement for single-mode
approximation. The equations of motion of the tip mass in the n-th unit cell in terms of
beam tip mass displacement for single- mode approximation are hence obtained as (taking

the integer j = 1 without loss of generality):

.. Elx*
MY, + s Yotk (2Y = Yoot = Yo ) — OV, = 0 (4.8)
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On the electrical side, considering the piezoelectric patches as a capacitor, the electrical
governing differential equation can be obtained as:

.V .
l

where R; is the load resistor and C),, is the capacitance of the piezoelectric patches.

4.2 Dispersion characteristics in the regime of free
wave propagation

Assuming a Bloch solution for plane wave propagation, we obtain
Y, 1 (t) = Y, (t)e

Yoo1(t) = Ya(t)e ™ (4.10)

where g is the non-dimensional wavenumber. Introducing 7 = wp,t, ffn =Y,/ L, 7. =
wn R Cp, V., =V, /Vo with w,, = Mit, Vo = %—j defined as a natural voltage scale in the
open-circuit limit R, — 00, k = keps/k, ke = EIT*/(32L3) and § = ©2/(C,k), the
Bloch-reduced electromechanical equations become (prime denoting differentiation with
respect to 7):

Y, + (2(1 — cos f1) + /5)}7” — 0V, =0 (4.11)

R

Vi4+24Y, =0 (4.12)

e

>

while the equivalent electrical equation in the form of stored charge ¢, is

1!

1 ~
Teq, + %—(jn +Y, =0 (4.13)

where, ¢, = L and ¢y = OL is a natural charge scale in the open-circuit limit. This
scheme of non-dimensionalization of the electrical parameters is useful because it results
in V,, = Gy, so it is relatively easier to switch according to our needs. Seeking the temporal
part of the solutions to (4.11) and (4.13) in steady state in the form [111]

Gn(T) = Q™7 (4.14)
where we call w the non-dimensional free wave frequency in a colloquial terminology and

consider it as a book-keeping parameter as of now. Applying the method of harmonic
balance to Eq. 4.11 and Eq. 4.13 gives the dispersion relation

<w2 — l::) <1 — w27f> + OiwT,
2(1 - w272)
Without the piezoelectric harvester, this reduces to

(4.15)

cospu=1-—

cospp=1—
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Elastic beam, Tip mass Piezoelectric Patches
Parameters Values Parameters Values
p 2700 kg m 3 L. 30 mm

E 70 GPa W, 9.3mm

w 9.5 mm he 0.5 mm

h 0.25 mm ds1 —210pCN-!

L 96.1 mm Cp 51.4nF
M, 10g Ry 20 MQ

Table 4.1: Dimensional parameters chosen for the electromechanical model.

It is noteworthy to mention here that harmonic balance method (HBM) can be typically
applied to steady-state periodic motion in forced systems. Though we do not have any
explicit external forcing/ excitation in our system, still the electromechanical coupling ©
or equivalently € can and will essentially induce a qualitative dynamic behavior in our
system similar to that of an oscillator driven by an external periodic force/ excitation. So,
using the traditional HBM for our coupled electromechanical system seems to be justified
and reasonable [200].

Also, we wish to report here that we rewrote the voltage equation (4.12) in terms of
charge @y, i.e., Eq. (4.13), which resembles a second-order undamped equation, in order
to explicitly apply the well-known harmonic balance method (HBM) to evaluate a closed-
form expression of the dispersion relation (4.15) which can capture, in the most generalized
regime, both the propagating and attenuating components. Had we retained the voltage
equation in its original form as in (4.9) or equivalently (4.12), applying the harmonic
balance method would have generated a dispersion relation that only corresponds to
standing waves with cosy =1 = p = 0 in the irreducible Brillouin zone (IBZ).

The values of the dimensional parameters are taken as in [108] and summarized in
Table 4.1. For obtaining the dispersion profiles, we adopt the direct procedure, that is, fix
the value of the frequency and evaluate the wavenumber by using the dispersion relations
(4.15) and (4.16).

4.2.1 Band structure behavior with the electrical and structural
parameters

The non-dimensional stiffness parameter k = k% has been chosen to be k = 2.

Fig. 4.2 shows how the Bloch wavenumber changes as the load resistance R; or in other
words, the non-dimensional electrical time constant 7, = w,R;C, is increased while all
mechanical parameters and the piezoelectric capacitance C,, are kept fixed. It is important
to note that increasing the value of the capacitance C, while keeping the resistance I; and
other parameters fixed will have the same effect on the band structures, and so will be the
effect of increasing I, and C), simultaneously because all these scenarios will increase the
effective electrical time constant 7 = R;C), or equivalently 7. = w, [?;C}, in non-dimensional
form. Hence, these results are not shown here for redundancy.

Next, we will study the effect of varying the stiffness coefficient of the springs (k)
or equivalently the non-dimensional stiffness parameter k on the band structures in the
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Fig. 4.2: Dispersion profiles obtained with and without the piezoelectric energy harvester,
solid, dashed-dotted lines show the dispersion profiles with the piezoelectric patches and
dashed lines show the dispersion profiles without the piezoelectric patches, the disper-
sion profiles are shown with increasing values of the load resistor R; keeping the value
of the capacitance C, and all the other parameters fixed as in Table 4.1, real parts of
wavenumber (u) shown with solid curves indicate propagating waves and imaginary parts
of wavenumber (1) shown with dashed-dotted curves indicate attenuating waves (with
the piezoelectric harvester), the imaginary components have been reversed in sign only
for the purpose of clarity between propagation and attenuation regions which does not
alter the physical interpretation.

regime of free wave propagation. We keep all the other parameters fixed as chosen in
Table 4.1. We increase the stiffness coefficient of the horizontal linear springs from k =
0.0kesr to k = dkesp or equivalently decrease the stiffness parameter from & = 2 to
k = 0.2. Fig. 4.3 summarizes the band structure behavior with increasing values of
the spring stiffness coefficient k. We have used continuous and dotted lines for showing
the real and imaginary parts of the wavenumber p respectively with the piezoelectric
harvester and dashed and dashed-dotted lines respectively for showing the same without
the piezoelectric harvester in Fig. 4.3.

From an energy-harvesting perspective, the key implication of the band structure re-
sults is that the regions where the piezoelectric patches induce larger attenuation (larger
|Im(p)| relative to the no piezo case) correspond to frequency ranges in which mechani-
cal wave energy is more effectively transferred into the electrical domain and dissipated
through the resistive load. In particular, tuning the electrical time constant 7 = R;C),
shifts and reshapes the attenuation features because 7 controls the phase and magnitude
of the shunt response; this suggests that the harvested power can be enhanced by choosing
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Fig. 4.3: Dispersion profiles obtained with and without the piezoelectric energy harvester,
solid, dotted lines show the dispersion profiles with the piezoelectric patches and dashed,
dashed-dotted lines show the dispersion profiles without the piezoelectric patches, the
dispersion profiles are shown with increasing values of the spring stiffness coefficient k
keeping all the other parameters fixed as in Table 4.1, real parts of wavenumber (u)
indicate propagating waves and imaginary parts of wavenumber (u) indicate attenuating
waves, the imaginary components have been reversed in sign only for the purpose of
clarity between propagation and attenuation regions which does not alter the physical
interpretation.

Ry (or C}) such that the dominant wave propagation frequencies fall in the range where
the piezo-induced attenuation is strongest (typically when wr = O(1)). At very small or
very large 7, the shunt tends toward the limiting short-/open-circuit like behaviors and
the dispersion approaches the no piezo response, indicating weaker electrical extraction.

The mechanical tuning results further indicate how the unit-cell design governs not
only wave propagation but also the availability of strain energy for conversion by the piezo-
electric patches. Increasing the spring stiffness k constrains the internal relative motion
in the unit cell and makes the piezo curves approach the no piezo baseline, which is con-
sistent with reduced electromechanical interaction and hence reduced harvesting influence
on the band structure. These trends imply an inherent trade-off for distributed harvest-
ing in a finite chain. Strong attenuation can increase local electrical extraction near the
dominant wave frequency but also reduces how far wave energy penetrates downstream,
potentially lowering the contribution of patches located deeper in the chain in a finite real-
world model. Therefore, the non-dimensionalized dispersion analysis provides practical
design guidance for selecting (R;, C,) and the mechanical parameters (k) to place attenu-
ation peaks and band-edge slow-propagation regions near targeted operating frequencies,
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thereby maximizing electrical energy extraction while controlling the spatial distribution
of harvested energy along the chain.

4.3 Energy harvested through free wave propagation

The average power harvested by the piezoelectric patch over one time period of dimen-
sional free wave frequency €2 can be calculated as

QO [ VA1)
P = — n dt 4.17
2w /0 Rl ( )
or, equivalently, in non-dimensional form as
P = 2 / ) dr (4.18)
2 Jo "

where Py = Pave /Py, w= wﬂ and Py = V/R,;. Time-domain simulations are carried out
by numerically integrating Eqs. (4.11) and (4.12); for a complex wavenumber = a+1i03,
we retain the attenuating component through cos u = cos(if3) = cosh 8. Throughout this
section and in general, the feasible regime is defined by K (u) = 2(1 — cos u1) + k > 0 and
Re(p) € [0, 7).

The power defined in Eqs. (4.17) and (4.18) should be interpreted as the harvested
power associated with a representative unit cell of the periodic chain. For a finite chain
of N piezoelectric harvesters, each connected to an identical load resistance, the instan-
taneous total electrical power is obtained by summing the contribution from all cells,

N
Vi(t)
P(t) =y 2,
ot (t) ; 2

and the corresponding averaged power is the sum of the averaged cell-wise powers. In a
perfectly periodic chain operating on a weakly attenuating Bloch branch, the interior cells
have comparable amplitudes and one may expect the total output to scale approximately
as P ~ NP,;. By contrast, for an attenuating free wave with Y, o e®* A" the
displacement amplitude decreases along the chain and the harvested power contribution
from successive cells decreases approximately with the factor e=2%". Therefore, a multiple-
harvester array differs from an isolated single harvester not only by increasing the number
of transduction units, but also by introducing wave transport, attenuation, and spatial
energy redistribution through the periodic structure. A detailed finite-chain comparison
including boundary reflections and non-uniform initial conditions is beyond the scope
of the present Bloch-based analytical study, but constitutes a natural extension of the
framework.

For the representative non-dimensional initial condition (taken from the parameter set
of Table 4.1), Y, (0) = 0.104, Y/(0) = 0, and non-dimensional free wave frequency w = 1,
the transient responses of the tip mass and generated voltage are shown in Fig. 4.4. To
obtain Vn(T) in the regime of Bloch-wave propagation, we numerically integrate equations
(4.11) and (4.12) in the time-domain using the fourth-order Runge-Kutta (ode45) algo-
rithm in Matlab after rewriting V., = G,,. We resort to convert the charge equation back to
voltage while performing the time-domain integration because equation (4.13) represents
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a lossless second-order oscillator in ¢, which when coupled to the second-order mechanical
DOF (4.11) through 6, the combined electromechanical system can develop an unstable
pair of eigenvalues, i.e. behaving like a negative damping or active feedback and hence
causing the system response to blow up numerically in time. This will not be suitable to
capture the attenuation/ decay of spatial waves resulting in the harvested power through
the piezoelectric patch via numerical simulations.

To calculate the wavenumber p for a given non-dimensional free wave frequency
w, we use the dispersion relation derived in (4.15). Since the imaginary part of the
wavenumber g is accountable for mechanical energy dissipation manifesting in the har-
vested electrical power, we ignore the real part of u. For complex u = o + i3, we take
cos it = cosif = cosh 5. We set the value of the non-dimensional free wave frequency w
and evaluate o and f using (4.15) and run our time-domain simulation for 50 cycles of
the non-dimensional free wave frequency and compute the power using (4.18) over a cycle
when the initial oscillatory mechanical transients induced due to the initial displacement/
velocity conditions imposed on the tip mass and hence the initial oscillatory electrical
transients generated in the piezoelectric patch/ harvester die out completely resulting in
Y, or V, to decay along a smooth envelope and the magnitude of the voltage, |V (1)
becomes the largest irrespective of sign (because the power harvested depends on V2) to
obtain the maximum steady-state power. In the example plot shown in Fig. 4.4, with
an input non-dimensional frequency value of w = 1, this happens approximately at non-
dimensional time 7 = 7, &~ 150 from an apparent visual glance. An initial displacement
in dimensional form Y;,(0) = 10 mm is imposed on the tip mass, while the initial velocity
is kept at Y, = 0. Using the value of L as in Table 4.1, this results in the representative
non-dimensional initial condition of ¥, (0) = Yy = 0.104,Y/(0) = 0, which has been and
will be henceforth imposed on the tip mass to generate free wave motion in the periodic
system. In a general scenario, we will use a stiffness parameter value of k= 2, and other
parameter values from Table 4.1.

As soon as the tip mass begins to move, the electromechanical coupling converts the
mechanical velocity into an electrical response through the RC shunt relation (4.12), so V,
departs from zero once }77{ # 0. The initial sign of the non-dimensional voltage is set by
our sign conventions and the negative d3; embedded in © and hence in the natural voltage
scale Vj, but it does not affect the harvested energy because the electrical power scales
with f/nz The oscillatory nature of Vn(’f) reflects the underlying coupled electromechan-
ical vibration, while its decaying envelope indicates that the stored mechanical energy
is progressively transferred to the electrical domain and dissipated in the resistor. After
a sufficient amount of time, the decay is dominated by the non-dimensional electrical
time constant 7. = w,R;C,. Using cosp = coshf with 4 = o+ i, a € [0,7] from
(4.15) effectively imposes a purely evanescent (stopband) Bloch condition, modifying the
effective inertia/stiffness in the mechanical equation via 1 — cosp < 0 and thereby cap-
turing, in a single representative cell’s time-domain simulation, the enhanced attenuation
or energy-extraction behavior associated with the bandgap.
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Fig. 4.4: Representative free-response histories of Y, (1) and V,(7) for Y,(0) = 0.104,
Y!(0) =0, w =1 and the parameters in Table 4.1.

4.3.1 Dependence of maximum steady-state power on
non-dimensional free wave frequency w

By free wave frequency, we refer to the frequency of steady-state free wave propagation
in the system generated ‘solely’ due to an initial condition imposed on the tip mass in the
absence of any external forcing/ base excitation. Hence, when we say that we consider
the free wave frequency as an ‘input’, it is not an arbitrary input decided automatically.
In essence what we would want to input or prescribe or ‘design’ for the system is the
combination of values of the system parameters which will manifest in steady-state free
wave propagation with maximum harvested power at a particular value of this frequency
w as a result of an initial condition (initial displacement/ velocity or both) imposed on the
tip mass. Later we will show in Section 4.4.1 how by imposing a constraint for maximum
power in the steady state, we can get back this particular value of frequency as a function
of solely the system parameters. Till then, we shall treat w as a book-keeping parameter.

The free wave frequency w (which we consider as a book-keeping parameter, again
re-emphasizing the fact that it has to be and will be prescribed essentially by accordingly
choosing the values of the system design parameters) is swept over a range of values and
the power harvested over a cycle when initial oscillatory transients generated due to the
initial conditions imposed on the tip mass die out completely and voltage generated is
maximum in magnitude, is evaluated and plotted with w. We use a value of the non-
dimensional stiffness parameter k= 2, and keep the values of the other parameters fixed
as defined in Table 4.1. We also impose the same two conditions as done before for
practical feasibility:

1. K(u) =2(1 — cos pr) + k > 0 from equation (4.11).

2. Real part of the wavenumber, i.e. the propagation component remains in the Irre-
ducible Brillouin Zone (IBZ), i.e. Re(u) € [0, ].

Fig. 4.5 shows the power harvested in the regime of free wave propagation over the cycle
of maximum steady-state voltage amplitude from free wave motion through our chosen
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Fig. 4.5: Variation of maximum steady-state harvested power with free-wave frequency w
for ¥,,(0) = 0.104 and Y,/(0) = 0.

piezoelectric periodic chain for a range of free wave frequencies w with initial conditions
for the tip mass chosen the same as in Fig. 4.4. It is observed that the maximum steady-
state power or in other words, the maximum steady-state energy is harvested through the
piezoelectric patch from free wave motion through our system at a particular value of non-
dimensional frequency w (which happens to be approximately around w = 1 in Fig. 4.5),
while keeping the structural and electrical parameters of the system fixed. We denote
this non-dimensional frequency corresponding to maximum harvested energy/ power in
the steady state as w = w, =~ 1 for our chosen system parameters. To generate the curve
depicting the dependence of maximum steady-state power on non-dimensional frequency
w, we have extracted the voltage after a certain settling time when the initial oscillatory
transients die out and the voltage V,,(7) evolves along a smooth envelope.

As of now, we have used a value of the settling time as 7, = 150 from our visual
approximation from Fig. 4.4(b) which was obtained by setting w = 1. We have used this
same value of visually approximated settling time to obtain the power vs frequency curve
shown in Fig. 4.5, for every input frequency w over the sweeping interval chosen. Later,
we will propose a systematic analytical approach in Section 4.4.3 to derive a compact
closed-form expression for this settling time which we will denote by 7,(w) in terms of
the input free wave frequency w or in other words the system parameters. We will also
show that the optimum frequency value w = w, corresponding to the peak power level in
Fig. 4.5 is independent of the value of 7, chosen, but the magnitude of the peak power
harvested in the steady-state regime denoted by the isolated peak in Fig. 4.5 is dependent
on this settling time 74(w).
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4.3.2 Dependence of maximum steady-state power on structural
and electrical parameters

Structural parameters

With the parameters fixed as in Table 4.1, the non-dimensional stiffness ratio k = k, ri/k
is varied from 0.1 to 5 while the free-wave frequency is fixed at w = w, ~ 1. We choose four
different representative values of load resistance R; or equivalently the non-dimensional
electrical time constant 7. = w,;C, to show the variation of maximum steady-state
power with k.

4
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0.8 e 7
. 06 e R =20M0 .
g s - - =Ry =40 MQ
I R e R, =70 MQ
y
04 F 2 [ R, = 100 MQ 4

Fig. 4.6: Variation of maximum steady-state power with the non-dimensional stiffness
parameter k for w = w, ~ 1 for four different chosen representative values of load re-
sistance R; or equivalently the non-dimensional electrical time constant 7. and values of
other parameters kept as in Table 4.1.

Fig. 4.6 shows that the maximum steady-state harvested power increases with & and
then saturates. We denote this value of k when saturation occurs by l%s = (kef i/ k)s. As
the load resistance R; and hence the non-dimensional electrical time constant 7. = w,, R;C),
increases, the value of ks decreases. Initial conditions have been taken the same as before
Y, (0) = 0.104,Y/(0) = 0. We have imposed the same condition for Re(u) € [0,7] like
before, but this time we have allowed our net wavenumber-dependent stiffness K(u) =
2(1 — cos ) + k from Eq. (4.11) to be negative as well:

o K(pn)=2(1—cospu)+k+#0 from equation (4.11).

Fig. 4.6 can be interpreted as the effect of mechanical compliance on the local elec-
tromechanical conversion while the electrical side is held at a few representative values of
R; (equivalently 7). Since k=k 7¢/k, increasing k means decreasing the physical intercell
spring stiffness k, so the periodic chain becomes progressively more compliant. For small
k (large k), neighboring cells are strongly coupled and the free wave is transmitted with
relatively limited local relative motion, which restricts beam bending near the piezoelec-

tric patch and therefore the generated voltage. As k increases, the unit cells are allowed
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to deform more independently, the local strain energy available to the piezoelectric patch
increases, and the harvested maximum steady-state power rises. The subsequent satu-
ration near k = k, indicates that once the intercell springs become sufficiently soft, the
response is governed mainly by the local beam—tip-mass dynamics and further reduction
of k produces only a marginal increase in the windowed steady-state power. The separa-
tion of the four curves with increasing R; is physically consistent with the shunt becoming
less short-circuit-like, i.e., a larger R; allows charge to leak more slowly, so a larger volt-
age can build up across the piezoelectric patch for the same mechanical motion, and the
clectrical back-action persists for longer. The fact that k, decreases as R, increases means
that when the electrical time constant is larger, only a moderate amount of mechanical
compliance is needed before the electrical subsystem itself becomes the limiting factor,
beyond which additional softening of the chain yields little further gain.

Electrical parameters

Next, with the parameters fixed as in Table 4.1, the load resistance R; is varied through
the non-dimensional electrical time constant 7, = w,R;C,. We distinguish the passive
constraint K (u) > 0 (condition I) from the relaxed constraint K (u) # 0 (condition II),
while keeping Re(u) € [0, 7.

The physically relevant trend under condition I is shown in Fig. 4.7 with four different
representative values of the non-dimensional stiffness parameter k. The harvested power
first rises with 7,, reaches a maximum, and then decreases as the shunt transitions from a
short-circuit-like to an open-circuit-like regime. As k decreases, both the location of the
peak power and the feasible operating range satisfying condition I shift towards increasing
Te.

Fig. 4.7: Variation of maximum steady-state power with the non-dimensional electrical
time constant 7, at w = we ~ 1 for four different representative values of the stiffness
parameter k, imposing condition I.

Allowing condition IT shows the same trend globally, but within a very small range of
values of R; or equivalently 7., where K (1) becomes negative and we allow this to happen
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according to condition II, the harvested power spikes to an abruptly high value for the
same values of other system parameters and non-dimensional free wave frequency w. But,
this narrow R; window is not to be misconceptualized as a super-harvesting sweet spot in
a passive sense. If we allow K (i) < 0, the mechanical part of the reduced equation (4.11)
is effectively an inverted stiffness (a linear divergence/instability in the time-domain). In
that regime, the homogeneous mechanical response is no longer purely oscillatory and it
can develop exponential growth, which in turn can cause the voltage Vn(T) to explode
in time and appear the power generated to blow up. So, the abrupt spike for condition
IT is best interpreted by stating that the reduced Bloch-based single-cell time simulation
has entered a parameter window where the effective dynamic stiffness becomes negative,
and the resulting time-domain model becomes unstable, causing a numerical/analytical
amplification that is not representative of passive energy harvesting from bounded free
waves. On the other hand, if according to condition I, we impose K (x) > 0, the mechanical
DOF f/n(T) behaves like a stable harmonic oscillator and in the absence of forcing, energy
decays due to the resistive electrical dissipation which is our primary objective.

We note here that increasing the value of the capacitance C), while keeping the load
resistance [?; fixed or increasing both the values of C), and R; simultaneously produces the
same qualitative behavior of harvested power, which can be traced to the fact all of these
scenarios effectively increases the non-dimensional electrical time constant 7. = w,, R;C,,.

So, if the goal is passive vibration/ wave energy harvesting by tuning the external
circuit i.e. by sweeping R; or C), over a wide range of values, then condition I is much
more physically realizable and should be imposed as a constraint. However, we observed
that while varying the structural parameters, imposing condition sets I and II one at a time
doesn’t alter the energy harvesting characteristics significantly or doesn’t cause an abrupt
spike in harvested power. So, while varying the structural parameters or in other words
for the purpose of structural design optimization, even if we allow our net wavenumber-
dependent dynamic stiffness to be negative, our designed periodic piezoelectric energy
harvester won’t have any divergence/ instability issues.

4.4 An analytical approach to characterize harvested
power through free wave propagation

4.4.1 Analytical framework in the time-domain to find optimum
frequency for maximum steady-state power

Modal expansion of state space vector

In the regime of free wave propagation, Eqs. (4.11) and (4.12) can be written in state-
space form Ay + By = 0, where the state vector y and matrices A, B are given by:

Yo(7) 100 0 -1 0
y=_Y(r)p, A=101 0[,B=|K(u) 0 -6 (4.19)
V(1) 001 0o 1 &
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where K (u) = 2(1—cos p) +%. Using the purely evanescent approximation cos p & cosh 3,
K (p) remains real, and the characteristic polynomial of the state matrix becomes

N4 aX + b +c=0 (4.20)
where a = =, b= K(u) + 0, and ¢ = % The state vector can therefore be expressed
through modal superposition as

Y, (7)
y(7) =Y (1) p = cro1eM” + covpe™” + c3uze™sT (4.21)
Va(T)

i, v; are eigenpairs and the coefficients ¢y, o, c3 are determined from the initial conditions.
Here, we have posed a general eigenvalue problem for free response of linear systems
whereas in the next section Section 4.4.1, we will show how the book-keeping parameter

w comes into the picture through the stiffness term K <u(w)> or equivalently B(w) in the
regime of free wave propagation through linear periodic systems.

Step by step analytical formulation for obtaining maximum steady-state power

For each prescribed free wave frequency w, the dispersion relation provides u(w) through

2 T R ES) SN
cos p(w) =1— (UJ kz Ei - z;;; o (4.22)

which closes the frequency-dependent Bloch-reduced model. The voltage can then be
written as

i=1 (4.23)
ci(w) = (efvilw) ) (wil) o)
where e3 = [0 0 1]7, (v;, w;) are right/left eigenvectors of S(w) = —A 'B(w). Over

one wave period T'(w) = 27 /w, starting at settling time 75, the non-dimensional average
harvested power is

_ 1 Ts+T(w)
Prve(Ts,w) = m/ V() dr (4.24)

which becomes

. 1 23: 23: cic; eQHN)Ts (eww)T _ 1)
Pave Tsa w — 5
RT & Ai A (4.25)
where = —W
w

The post-transient optimum satisfies the stationarity conditions

aPN)G/U@

E(my,w) := 5

(T,w) =0 (4.26)
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and

F(ry(w),w) := OFane (To(w),w> =0 (4.27)
ow

The fully expanded forms follow directly from Eq. (4.25) and are omitted here for brevity
and are evaluated numerically in the present study. Solving this transcendental equation
gives the value for w and hence 75(w) in terms of known or designed system parameters, so
that they do not remain arbitrary external inputs or book-keeping parameters henceforth
and provide a design/ operating range of our system parameters to obtain maximum
harvested power through free wave motion in a steady state. The only thing remaining
is to establish the same for the settling time 7,(w) in terms of system parameters which
we will derive in Section 4.4.3.

4.4.2 An alternative analytical approach in the Laplace domain
to find maximum steady-state power and the correspond-
ing optimum frequency and the extent of its validity

The Laplace-domain formulation is introduced to obtain a compact algebraic represen-
tation of the free response with its initial conditions retained. Its common denominator
exposes the poles governing oscillation and decay, which supports the parameter-level
settling-time approximation without repeated time integration. This complements, rather
than replaces, the time-domain calculation. Maximizing the response on the imaginary
axis does not enforce the same post-transient power-averaging window.

Transfer function evaluation

Applying the Laplace transform to Eqs. (4.11) and (4.12) gives

2+ K —0 % /
PR =0 V)] _ [s%00) + 710) (4.28)
S S—|-7A__e Vn(S) n(o) ( )
D?;M) ’

with common denominator A(s; u) = det D(s; u) = (s> + K(p)) (s + %) + f0s. For the
free-response initial conditions Y, (0) = Yy, Y/ (0) = 0, V,,(0) = 0, the voltage simplifies to

n

- K(u) Yo
V,(s) = Kw) Yo (4.29)
A(s; p)
Restricting to the imaginary axis, s = iw, gives
= K(w) Y
Vow) = - ) Yo (4.30)
(iw + 7> (K(w) —w?) +iwb
Te
and the frequency-axis power estimate
- 112 2
Pw) =5 ‘Vn(w) (4.31)




78 Chapter 4. Free-wave harvesting: linear chain

With N(w) = K(w)Y; and D(w) = <iw + %) (K (w) — w?) + iwb, the stationarity condi-

tion is
WP) Re{jif/(w) - l?/(w)} =0 (4.32)

d Nw) D)

The detailed derivation from Eq. (4.32) to the exact closed-form optimum-frequency
equation is provided later in Chapter 5 in a qualitatively similar context.

Extent of validity of the Laplacian framework and possible advantages

The Laplace-domain framework provides a compact analytical estimate of attainable
power levels and reveals how the electrical and mechanical parameters enter the response.
However, maximizing |V, (iw)| is not equivalent to maximizing the post-transient one-
period average used in Eq. (4.24). The time-domain metric depends on decay rates,
modal interference, and the steady-time threshold 7 > 7,, so the Laplace-axis optimum
can be shifted relative to the true deterministic optimum. Its main advantage here is
therefore not the exact prediction of w,., but the efficient derivation of a useful settling
time approximation without actually having to solve for the roots of the cubic character-
istic polynomial Eq. (4.20), as shown later in Section 4.4.3.

4.4.3 An approximate analytical approach to characterize the
settling time 7,(w) introduced in Section 4.3

As discussed in Section 4.3 and Section 4.4.1, we require the time 7, after which the initial
oscillatory transients die out and also the magnitude of the generated voltage becomes
maximal over a smooth envelope. A practical approximation is to model the displacement
and hence voltage as a superposition of a smooth decaying contribution and a decaying
oscillatory transient,

V(1) = Ae™*" + Be (o) (4.33)

Using Eq. (4.22), we write the complex argument of the inverse cosine as a + ib, where

w? —k OwT,
h=——""° 4.34
2 2(1 — w272) (4.34)

e

a=1-—

For |a| < 1 and sufficiently small |b|, the Taylor series expansion of cos™!(a + ib) about a
gives

b ab? (1+2a%)0?
cos (z) ~ cos Y a + ib) = cos ™ (a) — i + +1 4.35
(2) ( ) (a) V1—a? 2(1—a2)% 6(1—a2)% ( )
so that
_ . b (1+ 2a?)b
Im(cos la—i-zb)%— + 4.36
( ) VI—a®  6(1—a2)s (4.36)
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)

(4.37)
This provides a compact approximation for the real-valued attenuation parameter needed
in the settling-time estimate.

Hence,

cos pi(w) = cosh B(w) = cosh (sgn (1 — M)‘ _ b(w) n (1+ 2a(w)?)b(w)?

2 1—aw)?  6(1—a(w)?)?

Concept of ‘settling time’ adapted to the free-decay voltage

For each fixed free-wave frequency w, the electromechanical model defines a linear time-
invariant (LTT) system whose free response can be written as

Volriw) = ZAJ‘(W) e )T (4.38)

where {s;(w)} are the poles of the reduced model. If the dominant transient is governed
by an underdamped complex-conjugate pair

Sp3(w) = —o(w) £ 1wgi(w) (4.39)
then the oscillatory envelope decays as e " and the usual settling-time estimate is
In(1/e)
ts ~ 4.40
@~ (4.40)

In the present free-decay setting, the final value of Vn(T) is zero, so we define the w-
dependent transient decay time or the settling time to a prescribed tolerance € to be
estimated by

In(1/e) (4.41)

Ts(w) ~ Oosc(w)

with o4s.(w) taken from the oscillatory pole pair, because this quantity governs when the
voltage envelope becomes smooth over one period.

Explicit parameter-level approximation for o..(w) and 7,(w) and comparison
with numerical results

From the Laplace-domain formulation, the transient decay is governed by the denominator

A(s;p) = det D(s; p) = (s> + K () <s + %) +0s (4.42)

which expands to

1 K
s% + = s+ (K(w) +60)s+ T(“’) =0 (4.43)

In the common regime where the roots separate into one predominantly real slow pole
and one underdamped complex-conjugate pair, a useful approximation for the slow real
pole is
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Using the sum of roots relation for a cubic equation and requiring stable decay gives

1 1 0
—2 osc I ~ = osc N o~ .
Tosc(W) + sp(w) .y = Oosc(w) 2% K@)+ 0 (4.44)
Therefore,
In(1 K 0 1
r(w) ~ BASE) o Bw) +6 1n(—) (4.45)
Tosc (W) 0 €
and, for the standard 1% settling tolerance ¢ = 0.01,
K 0
(W) ~9.27, —(“2 - (4.46)
For w = 1, the same representative case used in Fig. 4.4, this expression yields
Ts & 127.862 (4.47)

which agrees well with the numerically observed decay to a smooth envelope in Fig. 4.4.
In dimensional units this corresponds to ts = 75 /w, ~ 10.4927s for the chosen parameter
set. The analytical estimate is approximately 15% below the visually identified value
of 7, & 150 used in Section 4.3, which is expected given the conservative nature of the
visual approximation. Both values lie well within the 300 units simulation window in

Fig. 4.4, and the optimum frequency w, is insensitive to this difference, as demonstrated
in Fig. 4.8(a).

4.4.4 Comparison of theoretical power with numerical time-
domain integration

Using the same initial conditions for both approaches, Y,(0) = 0.104, Y’(0) = 0, and
f/n(O) = 0, Fig. 5.9 compares the analytical time-domain prediction, direct numerical
integration using ode45, and the Laplace-axis estimate. The non-dimensional stiffness
parameter is fixed at k= 2, with the remaining parameters as in Table 4.1.
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(a) Analytical time-domain prediction versus direct (b) Analytical, numerical, and Laplace-axis predic-
numerical integration tions

Fig. 4.8: Comparison of analytical, numerical, and Laplace-axis power predictions using
Ts(w) from Eq. (4.46), for the chosen parameter set, 74(w) varies from 115.39 to 142.73
over the plotted frequency range.
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Both the analytical time-domain framework and direct numerical integration predict
the same optimum frequency, w. = 0.960008, and the same corresponding peak power,
ﬁ)maa;(we) = 1.357082 x 107°, when the one-period average is evaluated after the settling
time 74(w) as calculated from Eq. 4.46. The Laplace-axis estimate, by contrast, gives
we = 1.54311 and Ismax(we) = 1.384109 x 10~* because it does not enforce the same
post-transient windowing criterion. The excellent agreement between the analytical time-
domain prediction and the ode45 results confirms that the proposed framework reproduces
both the peak location and the peak magnitude once the same extraction rule is enforced.
It also confirms that the optimum frequency is insensitive to the precise settling time
used, whereas the peak power level depends on the chosen or calculated value of 7,4(w).
This observation can be traced back to the fact that in Fig. 4.5, we used a visually
approximated settling time of 7, = 150 for every frequency value w to generate the power
vs frequency curve, but still our peak occurred at the same location of w, = 0.960008 ~ 1,
but the magnitude of the peak power was ~ 1 x 107°, while in Fig. 4.8(a) with the actual
calculated values of 7,(w) from (4.46), we got a peak power magnitude of 1.357082 x 107°.

The Laplace-axis curve remains useful for fast magnitude estimates and for deriv-
ing the settling-time approximation, but recovering an optimum frequency consistent
with the deterministic free-decay metric requires reconstructing the time-domain response
and applying the same 74(w)-based power criterion. The non-dimensional quantities
can always be converted to dimensional values through ¢; = 7y Jwn, Qe = wew,, and
Pmax(Qe) = POPmax<we)'

In dimensional values the optimum value of the free wave frequency is obtained as
. = 11.6985 rad/s and the first/fundamental and second natural frequencies of the iso-
lated beam-tip-mass unit cell model are obtained as 16.99 and 615.8 rad/s respectively.
The considerably lower magnitude of the optimum frequency (). compared to the first
and second natural frequencies of the beam-tip-mass unit cell again justifies the single-
mode reduction introduced in Section 4.1.2. Retaining only the first beam mode restricts
the dispersion and power predictions to fundamental-flexural, low-frequency dynamics;
higher-mode branches and their associated strain and voltage contributions are not rep-
resented. The frequency separation reported above supports this approximation for the
operating regime examined here, whereas excitation with appreciable higher-mode content
would require a multimode reduction.

4.5 Concluding remarks

This chapter develops a systematic analytical framework for characterizing the energy-
harvesting potential of a linear periodic piezoelectric harvester in the regime of free wave
propagation in the absence of external forcing or excitation. The primary contribution is
the modeling and design of physically realizable energy harvesters based on piezoelectric
periodic elements in situations where sustained, time-dependent forcing functions are
impractical to prescribe or implement. Instead, the proposed approach is based on the free
response of the system generated by arbitrary and intermittent disturbances represented
as initial conditions, rather than by persistent external forcing, and is therefore more
naturally suited to realistic operating environments.
The central methodological contribution is a compact non-dimensional analytical pipeline

that links Bloch dispersion and attenuation content to a closed-form time-domain response



82 Chapter 4. Free-wave harvesting: linear chain

and, in turn, to the extraction of maximum steady-state power under physically moti-
vated transient-decay criteria. This pipeline yields an inverse map: for given structural,
geometric, and electrical parameters of the system, it identifies the optimum free-wave
frequency at which harvesting is most effective, without the need for external forcing or
resonance tuning.

A key novel element of the framework is the introduction of settling time in the
context of free-wave energy harvesting. Rather than relying on ad hoc cycle counting or
assumptions borrowed from persistently excited systems, the analysis defines a principled
threshold 74(w) beyond which the voltage envelope becomes smooth and the one-period
average power can be evaluated consistently. A closed-form approximation for 7,(w),
expressed in terms of the electrical time constant and the frequency-dependent effective
stiffness, is derived and shown to be in good agreement with direct numerical simulations.

The analysis further shows that the optimum frequency w, is robust with respect to
the precise value of 7, employed, whereas the magnitude of the peak harvested power
remains dependent on it. Taken together, these results provide a systematic basis for the
design of piezoelectric periodic harvesters intended for intermittent or impulsive excitation
environments.

In summary, the proposed method provides a novel and previously unexplored route
for identifying a definite, independent, and internally consistent operating regime around
an optimum frequency determined solely by the inherent parameter space of the system,
without requiring fine tuning relative to the resonant frequency of an externally applied
forcing or excitation.

The next work in Chapter 5 will extend the present framework to nonlinear piezo-
electric chains, where amplitude-dependent dispersion together with bi-stable magnetic
potential landscape will be shown to give rise to qualitatively new harvesting regimes.



Chapter 5

Energy harvesting potential of
inertially coupled nonlinear
piezomagnetoelastic chains

5.1 Extending free-wave harvesting framework to non-
linear periodic systems

In this Chapter, we extend the settling-time based free-wave energy harvesting framework
developed just before in Chapter 4 to nonlinear periodic piezoelectric harvesters to inves-
tigate qualitatively new harvesting regimes. Inertial coupling and bi-stability induced due
to magnets are both incorporated into the chosen nonlinear periodic model. In Chapter 3,
it was already noticed that bi-stability arising inherently due to a fairly rich underlying
geometric configuration and suitably chosen inertial coupling of relative DOF's could both
effectively tune bandgaps and in general dispersion behavior in nonlinear periodic lattices.
The geometric nonlinearity is replaced here by a magnetic nonlinearity arising due to a
bi-stable magnetic potential landscape. The advantage of using magnetic bi-stability and
piezomagnetoelastic unit-cell configurations is that pronounced effects of nonlinearity can
be obtained on the general dynamic behavior even for simple geometric configurations of
the underlying structure. Hence, to extend the harvesting framework developed previ-
ously in the absence of sustained external forcing to nonlinear periodic systems, we resort
to nonlinearities induced by the effects of magnets, so that even for a simple geometric
configuration, the effect of nonlinearity can generate observably rich harvesting behavior
and the analytical formulation developed for unforced linear periodic models can be nat-
urally extended to nonlinear versions without facing the challenges of tedious algebraic
calculations or manipulations.

The state-space based dispersion and settling-time formulation from Chapter 4 are
retained in this Chapter for the linearized regime for maintaining self-continuity and to
signify quantitative differences arising due to the magnets and inerters in the analytical
calculations and results.

83
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5.2 A piezomagnetoelastic unit-cell model

As a repeating unit-cell model for our periodic structure, we consider a vertical cantilever
Euler-Bernoulli beam with uniform cross-section of length L, width w and thickness h
with a tip mass M; and a piezoelectric patch at the base near the fixed end. The tip
mass is subject to a magnetic field created by two repelling permanent magnets located
symmetrically with the north pole facing upwards, on either side of the clamped position
of the beam. The tip mass is considered to be significantly larger than the mass of the
beam. A schematic diagram of the beam-mass-magnet unit cell is shown in Fig. 5.1 with
the dimensions labeled. Each of the two permanent magnets is considered to have a radius
a in the horizontal direction and length 2b in the vertical direction. The vertical distance
between the center of the tip mass and the center of base magnets is denoted as d, and
the horizontal distance between the center of the tip mass and the center of either magnet
is denoted as dj. Piezoelectric patches are pasted in a bimorph 31 configuration near the
fixed end of each beam in the chain for electrical energy harvesting from free wave motion
through the chain. The beam material is considered to be isotropic with density p.

piezoelectric
patch —*

permanent
magnets

Fig. 5.1: The repeating piezomagnetoelastic unit-cell model.

The magnetic forces acting on the tip mass are considered to be derived from a po-
tential function represented by a fourth order polynomial. The axial displacement of
the beam and hence the tip mass are considered to be negligible in comparison to the
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transverse displacement. Since the mass of the beam is considered to be negligible when
compared to the tip mass, the beam is considered as a purely flexural element with flex-
ural rigidity E'I and the kinetic energy of the system arises only due to the tip mass. For
the same reason, the general transverse displacement at any point in the beam can be ex-
pressed in terms of the tip mass displacement using a relationship based on the first mode
of the linear mode shape of the beam. Essentially, we use a single mode approximation
for the beam displacement neglecting the contribution from higher modes of vibration.

The magnetic potential energy is considered in accordance to the Moon and Holmes
model [106] where it has been considered to be a sixth order polynomial in terms of the
beam tip displacement as:

T =co+ Y2+ Y4 Y (5.1)

where cg, ¢1, ¢o, c3 are constant coefficients dependent on the magnetic parameters of the
system. This magnetic potential energy function can be studied to find its stationary
points or in other words the fixed points of the system where the nonlinearities arise
solely due to the external magnets and the dependence of those fixed points on the sys-
tem parameters to characterize the different types of system bifurcations [108]. Since the
present objective is to capture the leading order physics of free intrawell and interwell
wave propagation and energy harvesting in a symmetric bi-stable regime, we adopt a
fourth-order truncation of the Moon—Holmes magnetic potential. This is the lowest order
polynomial that preserves the qualitative phase-space topology relevant to the analysis,
namely two stable equilibria separated by an unstable saddle, and therefore retains the es-
sential ingredients for barrier crossing, intrawell dynamics, and localized electromechanical
energy conversion. In this sense, the quartic potential is used here as a normal-form rep-
resentation of the magnetic nonlinearity over the dynamically relevant displacement range
explored by the transient wave and transition fronts. The neglected sixth-order contribu-
tion is expected mainly to modify the far-from-equilibrium stiffness and the quantitative
well depth at larger amplitudes, rather than the existence of the bi-stable landscape itself.
Accordingly, the fourth-order truncation is most appropriate for trajectories that explore
the two wells and the intervening barrier without relying on extreme far-field excursions.
We therefore emphasize that the quartic model is not intended as an exact global recon-
struction of the full magnetostatic interaction, but as a controlled reduced model for the
qualitative intrawell and interwell-wave and associated harvesting mechanisms studied
here.

The constants ¢, ¢, ¢2 can be obtained as [108]:

Co = — 17(?22 8@0L2
_ 2

Cc1 = —@(8CL1L + SblL) (52)
_ M 2

Co = — 1612 (8&2L + SbgL)

where m; is the magnetic moment of the tip mass M, if we consider it to be made up
of a magnetic material. m,; is a constant and depends on the geometric and magnetic
properties of the tip mass. The geometric properties of the tip mass considered as a
magnet are denoted by a; which is its radius in the horizontal direction and 2b, which is
its length in the vertical direction. ag, a1, b1, as, by are coefficients of the different powers of
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the tip mass displacement Y,, in the Taylor series expansion of the radial (horizontal) and
axial (vertical) components of the resultant magnetic field at the point where the beam
is attached to the tip mass in terms of the tip mass displacement. These coefficients are
computed symbolically using Mathematica and then numerically evaluated by substituting
suitable values of system parameters as per our objective. Considering the tip mass to be
a permanent magnet, its magnetic moment can be evaluated as [108]:

my = QN—?ﬂ(atV 2007 + (@) (5.3)

where B; denotes the field strength at tip magnet’s surface on its axis and pg is the
magnetic permeability.

The single-mode reduction as discussed before in Chapter 4 is intended as a leading-
order description of the unit cell in the tip mass dominated regime considered here. It
is expected to remain appropriate so long as the response is governed predominantly by
the fundamental flexural mode, i.e., when the dynamics are controlled by the global tip
motion rather than by short-wavelength bending of the beam. The approximation may
lose quantitative accuracy when snap-through becomes sufficiently abrupt to generate
appreciable higher-mode content, strong curvature localization develops near the clamp,
or the relevant time scales approach those of the higher flexural modes. In this sense, the
present formulation should be viewed as a reduced model for the collective wave dynamics
and harvesting trends, rather than as a full structural representation of all beam modes.
Also, on specifying the values of the system parameters in Table 5.1, it will be apparent
that for our chosen symmetric bi-stable magnetic potential design, the distance from the
unstable equilibrium point in the middle to the stable equilibrium points on either side
will be sufficiently small compared to the length of the beam for neglecting large axial
beam motion and nonlinear strain-curvature relations.

The equations of motion for single-mode approximation for the isolated unit cell are
obtained from the Lagrangian and the electromechanical coupling term is obtained by
evaluating the electrical work in terms of the tip mass displacement as done previously in
Chapter 4 and so is the electrical equation.

’/T4

MY + BI2) = 1) 5 5Y +20Y +depY? — OV =0 (5-4)
.V :
GV + 4 + 0V =0 (5.5)
l

where, C, and R; are the capacitance and load resistance of the piezoelectric circuit, V/
is the voltage generated and j is an integer. The piezoelectric coupling parameter © is
given by

2L

where 7, is the piezoelectric constant and L. is the length of the piezoelectric patch. For
a bimorph piezoelectric patch, 7. can be evaluated [107] as

Ye = Edi’)lwc(h + hc) (57)

Eq. (5.4) represents a duffing type oscillator equation with an electromechanical param-
eter coupling it to the voltage variable V' in (5.5). We study the phase plane behavior of
the tip mass Y (t) where the phase space for Y is obtained by taking a two-dimensional

O = (2 — 1>%Sm ((2]' - 1)“0). (5.6)
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projection on the plane (Y, Y) of the actual three dimensional phase space defined by
Y, Y, V).

Mostly, we will be interested in the phase space behavior of the tip mass when it is
subject to a bi-stable potential with two local minima and one local maximum. Hence,
there will be three equilibrium points with two stable points corresponding to the two
local minima and one unstable point corresponding to the one local maximum. For such
a state to exist, a necessary criterion is that we must choose our system parameters such
that FI(25 — 1)4% + 2¢; < 0 and ¢ > 0. We are not saying at this point that this
will be the sufficient criteria, because of the existence of the additional coupling term OV
in (5.4). From existing literature [197], it is known that single degree of freedom double
well oscillators when subjected to an external forcing such as a harmonic excitation can
exhibit rich dynamical behavior with two stable centers corresponding to the two potential
wells and one unstable saddle in the middle corresponding to the local energy maximum.
Depending on the magnitude of the forcing, the oscillator can exhibit small-amplitude
intrawell to large-amplitude interwell or snap-through motions leading to transient or
sustained chaos. Since, we are interested in ‘free’” wave propagation, we do not explicitly
consider any external forcing in our system. But, still because of the presence of the
electromechanical coupling term, we should be interested in the phase space behavior of
our unforced system while still expecting interwell oscillations arising due to large enough
initial conditions leading to rich nonlinear phenomena. We take the integer j = 1 without
loss of generality.

Keeping the flexural rigidity £1 untouched/ preserved and simultaneously satisfying
the necessary criteria for bi-stability, the distance between the base magnets d = 2d},, the
vertical distance between the axis of the base magnets and the axis of the tip magnet d,,,
the magnetic field strength at base magnets’ surface on its axis By and the magnetic field
strength at the tip magnet’s surface on its axis B; are chosen accordingly as:

d=2d, =39mm, d,=322mm, B, =0093T B, =056T (5.8)
The coefficients ¢y, ¢q, co are hence obtained as:
co = —0.00133919
cp = —1.69985 (5.9)
co = 944.64
The constant 7, is evaluated using Eq. (5.7) taking the integer j to be 1. For chosen

values of system parameters shown in Table 5.1, 7. is obtained as 7, = —1.03 x 10~%. The
magnetic permeability jio has been taken as 47 x 1077 in SI units.

The equilibrium points considering V' = 0 are obtained as:

(&5 +201)

462

Y, =0, Y, =% (5.10)
The phase behavior is shown for two sets of initial conditions of the state space Y (0), Y (0), V/(0).
First, we allow only small initial perturbations of the tip mass displacement from its sta-
ble equilibrium points +Y; to study intrawell oscillations. Then, we study the regime of
large-amplitude interwell motions by considering the initial perturbations to be signifi-
cantly large for the tip mass to cross the saddle/ unstable equilibrium point at Y; = 0 at
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least once. Initial velocity of tip mass and initial voltage are taken to be zero for both
cases.
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(a) Phase-plane behavior of tip mass Y (¢) for small (b) Phase-plane behavior of voltage V(¢) for small
perturbations from stable equilibrium position at perturbations of the tip mass from stable equilib-
Y, = 10.7 mm rium position at Yy = 10.7 mm

35 -8
.15 0.1 -0.05 0 0.05 0.1 0.15 -2500 2000 -1500  -1000  -500 0 500 1000 1500 2000 2500
Y 14

(¢) Phase-plane behavior of tip mass Y (¢) for large (d) Phase-plane behavior of voltage V (t) for inter-
enough perturbations from stable equilibrium posi- well motions of the tip mass
tion resulting in interwell motions

Fig. 5.2: Phase-plane behavior of tip mass Y (t) and voltage V(¢) for small intrawell
oscillations of the tip mass about its stable equilibrium position and large interwell motions
of the tip mass resulting in crossing the unstable saddle in the middle at least once, yellow
circles mark starting point of trajectories and cyan squares mark end point of trajectories.

The phase-plane plots in Fig. 5.2 show that the isolated piezomagnetoelastic unit cell
is not a conservative bi-stable element, but a dissipative electromechanical oscillator. For
small perturbations about the stable equilibria, the trajectories in the (Y, Y) projection
plane spiral toward the nearest well in Fig. 5.2(a), while the corresponding electrical
trajectories in the (V,V) projection plane spiral toward the origin in Fig. 5.2(b). For
sufficiently large initial perturbations, the tip mass undergoes transient interwell excur-
sions across the saddle region before ultimately being captured by one of the stable wells,
as seen in Fig. 5.2(c), and the associated voltage dynamics again collapse to the origin
through larger spiral loops in Fig. 5.2(d). Unlike an uncoupled single degree of freedom
conservative bi-stable oscillator, for which one would expect closed intrawell and interwell
periodic orbits separated by two homoclinic separatrices of infinite period, the coupling
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terms —OV in Eq. (5.4) and ©Y in Eq. (5.5) continuously transfer mechanical energy
into the electrical subsystem and dissipate it through the shunt, so that no closed or ho-
moclinic periodic orbits persist and all projected trajectories are exponentially damped
spirals. This is precisely what makes the unit cell a meaningful building block for the
periodic chain. Once such nonlinear, bi-stable, energy-converting cells are coupled spa-
tially, one can expect wave-mediated combinations of intrawell confinement, transient
snap-through, attenuation and distributed electrical extraction, thereby opening the way
to both enhanced energy harvesting potential and richer collective dynamics than in a
purely mechanical periodic bi-stable lattice.

5.3 The periodic chain

To arrive at a periodic chain composed of our repeating unit cell discussed in Section 5.2,
we consider a one-dimensional array of NV such piezomagnetoelastic beam-mass elements
connected by coupling the tip mass to adjacent unit cells via horizontal linear springs
and a pair of stable negative-inerter modules as shown in Fig. 5.3. The modules are
represented at reduced order by a signed two-terminal inertance parameterized by the
mass-dimensional scale m, and the initial architectural tuning angle «, as considered be-
fore in Chapter 3. The inerter modules provide an additional means of tuning effective
inertia and wave propagation without changing the beam stiffness or magnetic potential.
They complement bi-stability in shaping intrawell dispersion and interwell harvesting lo-
calization within the admissible parameter range. Electrical extraction remains associated
with the piezoelectric resistive loads.

VY4 L/ V4

Yn-1(2,1) Ynle,t) Y1, t)
—

b
p M= ‘ ' . ’ .
Yo u(t) Ya(t) Yayalt)

= = = = | |

Fig. 5.3: The periodic piezomagnetoelastic chain.

The kinetic energy of the n-th unit cell as shown in Fig. 5.3, arising due to the tip
mass M, is given by
1 .
where Y,,(¢) is the displacement of the tip mass in the transverse/ horizontal direction in
the n-th unit cell.
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The potential energy of the n-th unit cell under consideration comprises of the beam’s
elastic strain energy, the magnetic potential energy due to the two permanent magnets,
the elastic potential energy stored in the linear horizontal intercellular springs and the
negative of the electrical work done by the piezoelectric patch. The negative inerter
contributes to the reduced kinetic energy shown later.

2 02 2

ET is the flexural rigidity of the beam, ¢, ¢; and ¢y are constant coefficients in the
magnetic potential function explained and evaluated in Section 5.2, y,, = y,(z,t) is the
general lateral beam displacement in the n-th unit cell, Y,, = y,(L,t) is the displacement
of the tip mass in the n-th unit cell, % is the stiffness co-efficients of the linear springs, Wg
is the electrical work done by the piezoelectric patches. It has been considered that the
displacement-curvature relationship of the beam is linear owing to the fact Yf = %Z =
0.1 <<1.

1 L7 92y,\? 1 1
U= —E[/ ( ) dx—l-Co—l-ClYnQ—i-CQYf—i-—k(Yn—Yn,1)2+§k<Yn—Yn+1)2—WE (512)
0

Since we are interested in the first mode-motion of beam displacement, the general
lateral displacement at any point in the beam will have identical harmonic time history
corresponding to the first natural frequency of vibration of the cantilever beam with tip
mass. So, the general lateral displacement y(x,t) can be related to the displacement of
the tip mass Y by any admissible function satisfying the geometric boundary conditions
at the fixed end of the beam [110].

yn(@,) = yn (L, 1)(x) = Y, () P(x) (5.13)

where the admissible function is chosen to be ¢(x) = 1 — cos | (25 — 1)%), j being an

integer. It is important to note that it cannot be assumed that Y,,(¢) will be a harmonic
motion with the lowest natural frequency of an isolated cantilever beam with tip mass
because we are imposing additional constraints to the isolated beam-mass system by
constructing a periodic chain with intercellular linear spring elements and also the inerters.
So, the frequency (w) of the tip mass Y, (¢) in our periodic system has to be derived
following the standard theories of free harmonic wave propagation in periodic structures
and in the most generalized case, it will be a function of the wavenumber (u).

With the chosen ¢(z), the strain energy of the beam can be obtained as

1 Loy, \? 1 Lra2e\? 1 (27 — 1)*nt

~FI "~ ) dv = -EIY? — ) dx = FEIV?| -t 5.14

2 /0 (ax2> T3 "/0 (dﬂ) CE I T s (5.14)
The electrical work Wg in the n-th unit cell is derived from the moment produced by a
voltage V,, across the piezoelectric layer. The moment is given by My = ~.V,,(t), where 7,

is a constant dependent on the geometry and configuration of the piezoelectric transducer.
So, the electrical work can be obtained by multiplying the moment with the curvature of
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the beam and is given by

8 L. d2§b
WE_/O =y 2 dx %VY/ 12

2

= %VnYn/O (25 —1)° m oS <(2] — 1>2L) de  (5.15)

—7.(27 — 1) sin ((23 _ e )VY oY, V,

2L 2L
where L, is the length of the piezoelectric patch and the constant © is given by
L
(27 —1)— 25 —1)—=|. 1
0 = ()~ Dgsin (25 - D *) (5.10
For a bimorph piezoelectric patch, 7. can be evaluated [107] as
Ve = Ed?)lwc(h + hc) (517)

where F is the modulus of elasticity of the beam, h is the thickness of the beam, h, is the
thickness of the piezoelectric patch, w, is the width of the piezoelectric patch and ds; is
the piezoelectric constant.

The signed equivalent inertance of each intercellular negative-inerter module is written
as

bo=—Ta,  To= —Leot?a= 2 %5, (5.18)
2 2sin” «
where b, < 0 is the signed inertance and r, = —b, > 0 is its magnitude. The total reduced
kinetic energy of the n-th unit cell is hence obtained as
1 . 1 . N
Tra = 5MYE + 500 (Yn = Ya) (5.19)
Or equivalently as,
1 . 1 . SN2
Trea = 50MY 2 = Sra (Vo = Ya) (5.20)

The Lagrangian derivative of the kinetic-energy contribution associated with the n-th unit
cell is therefore obtained as

i ajﬂreal
i\ oy,

) = MtYn + ba <2Yn - Yn—l - Yn—i—l)
(5.21)

— MY, —r, (zi'/n V.= m) .

The equations of motion governing the n-th unit cell in terms of tip mass displacement
for single- mode approximation are hence obtained as:

4

Yn+k(2Y Y, . — Yn+1> F20,Y, + 4epYP
3 n
5L (5.22)

- Mosa(zyn - Yn—l - Yn+1> - @Vn =0

2sin” «
On the electrical side, considering the piezoelectric patches as a capacitor, the electrical
governing differential equation remains the same as obtained for the unit cell in Section 5.2:

cv+;+@y_o (5.23)
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where R; is the load resistor and C),, is the capacitance of the piezoelectric patches.

5.4 Dispersion characteristics in the linearized regime

5.4.1 Dispersion relation

It is worth mentioning here again that the dispersion analysis and settling-time based
energy harvesting characterization in the linearized regime for the piezomagnetoelastic
chain considered in this Chapter qualitatively follow from the same analysis used for the
linear piezoelectric chain without magnets and inerters considered in Chapter 4. They
are retained here to make the analysis in this Chapter self-contained and to signify the
quantitative differences arising due to the magnetic potential coefficients and the inerter
mass-parameter.

For the linearized regime within one of the two stable wells of the total potential,
we do not linearize Eq. (5.22) about the trivial, unstable equilibrium point Y,, = 0, but
about a chosen stable non-zero equilibrium point Y,. For the simplest uniform branch,
the adjacent unit cells satisfy

Yo=Y, =Y =Y, Y,=Y,=V,=0 (5.24)
and Eq. (5.22) taking the integer j = 1 reduces to

(keff + 201>Y5 FdeY? =0 (5.25)

where kefp = ?21—2; Hence, the equilibrium points are obtained as
Y,=0, Y,==+ (ke +20) 5.26
=0 YimE\ (5.26)

The total potential corresponding to the simplest uniform branch can be written as
1
U(Yn) - 5 (keff + QCl)YnZ + CQYZ1 (527)

For the non-zero equilibrium points to be real and stable, the local tangent stiffness at Y
must satisfy the minimality criterion

U

K, : v~ kepp + 201 + 12¢2Y2 > 0 (5.28)
Using the non-zero equilibrium points obtained in (5.26) gives
K = —2<keff + 201> (5.29)

Therefore, for a bi-stable effective net potential with two stable non-zero equilibrium
points, it is required that
cy >0, kepr+2c1 <0 (5.30)

and in that case the trivial equilibrium point Y; = 0 becomes unstable

We express the net effective displacement as Y; + Y,,(t), where Y,,(¢) denotes a small
perturbation about the chosen stable equilibrium point Y;. For small perturbations
|Y,| << |Ys], the cubic term in Eq. (5.22) is linearized about Y, so that the perturbation
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stiffness is modified by the additional term 12c,Y2. Assuming a Bloch solution for plane
wave propagation in this within-well linearized regime, we can obtain the displacements
of the adjacent tip masses in the n — 1-th and n + 1-th unit cell as:

Yn+1(t) = Yn(t)e”‘
Y, 1(t) = Y, (t)e ™

where p is the non-dimensional wavenumber

(5.31)

Rewriting the voltage V,, in terms of stored charge ¢, gives V,, = Ri¢, = 3_2' Substi-

tuting this in the electrical equation (5.23) gives
CoRiGn + == +0Y, =0 5.32
p 19 Rle ( )
Using Bloch’s solution (5.31) in the governing differential equation of the perturbation
about the stable well, taking the integer 7 to be 1, gives:

2
(Mt—M(;SQ(l—COS p)) Y.+ <2k3(1—cos u)+keff+2cl+1202Y52) Yn—@g—n =0 (5.33)

sin” av N
The temporal part of the solution of Egs. (5.32) and (5.33) is sought in the form [111]:
qn(t) = Qe™* (5.34)

where we call w the frequency of free wave propagation in a colloquial terminology in the

horizontal axial direction of the periodic chain and treat it as a book-keeping parameter
as of now. By substituting (5.34) in (5.33) gives:

2 . e .
(Mt — L(;sa(l — CoS ,u)) Y, + (2]6(1 —cos ) + ke + 201 +126Y7 | Y, = —Qe™"
sin” a C,
(5.35)

Eq. (5.35) can be solved exactly for Y,,, which will comprise of a homogeneous solution
and a particular integral and is given by

@Q iwt
Come (o — %) e (5.36)

Ya(t) = Yo' o' +

where

<2k(1 —cos ) + kepp +2¢1 + 1202YSQ>

wWo = (5.37)
\ (Mt— %‘Q’i‘)‘(l—cosu))
We introduce the notation
2
Mme = (Mt - %(Q)SQ(I — cos ,u)) (5.38)
sin” «v

Yy can be determined from the initial conditions imposed on the perturbation of the tip
mass about the chosen stable well

Substituting (5.34) and (5.36) in (5.32) and equating to zero the coefficients of the
exponentials, we can obtain the dispersion relation in the within-well linearized regime of
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the piezomagnetoelastic chain

2 Q @Zin twt . iwot
— Y 0t = .
( w CpR1Q + R, + Come (o2 — w2)>e + (@zwo 0) e 0 (5.39)

Equating the coefficient of ¢! to zero in (5.39) gives Yy = 0, which is quite expected for
steady-state Bloch wave propagation within the selected stable potential well.

Equating the coefficient of €' to zero in (5.39) gives after rearranging terms the
dispersion relation p(w) or w(u) as:

(Mth ey — 261 — 12CQY3> (1 _ wz(Rle)Q) + O%wR,

cosp=1-— (5.40)
(2k + raw?) (1 - wQ(Rle)2>
where r, = M2¢%"e ig defined as the negative-inertance factor/magnitude. For the lin-

S~ o
earized regime within the selected stable well, we plot the dispersion relation obtained in

(5.40) in Section 5.4.2. Real parts of the wavenumber y correspond to propagating waves
and imaginary parts correspond to attenuating waves. The parameters of the beam,
piezoelectric patches, base and tip magnets are chosen as in Table 5.1. The magnetic

Elastic Beam Piezoelectric Patches
Parameters Values Parameters Values
p 2700 kg m—3 L. 30 mm
E 70 GPa W, 9.3 mm
w 9.5mm he 0.5 mm
h 0.25 mm d3y —210pCN—!
L 96.1 mm Cp 51.4nF
Ry 20 M)
Base Magnets Tip Magnet
Parameters Values Parameters Values
a 12.7mm a; 5 mm
2b 6.35 mm 2b; 6.35 mm
M, 10g
I,/ M, 40.87 mm?

Table 5.1: Parameters used for the piezomagnetoelastic chain model.

permeability 1o has been taken as 47 x 10~7 in SI units.

We would be most likely interested in obtaining our results within a range of the
magnetic potential function in terms of tip mass displacement Y,, where it preserves its
bi-stable shape with two stable equilibrium positions for Y,,(t) at Y,, = £Y,,4gnet and
one unstable equilibrium position in the middle at Y,, = 0. We also need to ensure that
the conditions for existence of two stable non-zero equilibrium points of the tip mass
under the net effective potential incorporating the effects from both the beam and the
magnets given in (5.30) are satisfied. Hence, the constants co, ¢, ¢o and 7. are taken as
evaluated in Section 5.2. In the linearized regime, the dispersion profiles are shown both
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with and without the piezoelectric patches. Without the piezoelectric energy harvester,
the linearized dispersion relation reduces to:

(Mies? = kg — 201 = 126,72)
(2k + row?)

The angle « in the initial undeformed equilibrium configuration is taken as sina = 0.5
throughout this Chapter and in general. For obtaining the dispersion profiles, we adopt
the direct procedure, that is, fix the value of the frequency and evaluate the wavenumber
by using the linearized dispersion relations (5.40) and (5.41).

cosp=1-— (5.41)

5.4.2 Band structure behavior in the linearized regime

We use the dispersion relation obtained with the piezoelectric harvester in (5.40) and
without the piezoelectric harvester in (5.41) and plot the dispersion profiles with vary-
ing system parameters. Parameter values of the beam, tip magnet, base magnets and
piezoelectric harvester are taken as in Table 5.1 unless stated otherwise.

Band structure behavior with the electrical parameters

The ratio of the inerter mass-parameter m, to the tip mass M, is taken as mﬁ‘z = 0.5. The
stiffness coefficient of the springs has been chosen to be k = 0.1k, sy, where k.r; = 521—2:
As the load resistance R; is increased (with C), fixed) (Fig. 5.4), the electrical time con-
stant 7 = R;C), increases and the piezoelectric shunt transitions from a nearly short-circuit
behavior (small 7, voltage quickly leaks through the resistor) towards an open-circuit-like
behavior (large 7, charge is retained and the voltage builds up). In the dispersion re-
lation, this change of 7 alters both the magnitude and phase of the electromechanical
feedback, so that the Bloch wavenumber becomes complex: Re(yu) identifies propagating
pass bands, while Im(u) indicates spatially attenuating (stop-band) waves. Physically,
the appearance and evolution of Im(u) # 0 with the harvester reflects wave energy being
transferred into the electrical domain and dissipated in R;, whereas increasing 7 shifts
the frequency range over which this resistive dissipation is most effective and progres-
sively moves the system response toward the limiting (weak-current) behavior where the
dispersion approaches that of the structure without electrical extraction. Consequently,
tuning R; (equivalently 7) provides a direct mechanism to control both the location of
the attenuation region and the harvesting-induced modification of the band structure.
Fig. 5.4 shows how the Bloch wavenumber changes as the load resistance R; is increased
while all mechanical parameters and the piezoelectric capacitance C), are kept fixed. Since
the electrical time constant 7 = R;C),, grows with R;, the shunt circuit transitions from
a more short-circuit like condition at small R, (fast charge leakage through the resistor)
toward an open-circuit like condition at large R; (charge retention and larger voltage
buildup). This modifies the frequency-dependent electrical impedance seen by the piezo-
electric patches and hence the effective, complex electromechanical feedback acting on the
periodic structure. In the dispersion plot, propagating regimes correspond to Re(u) (up-
per half-plane), whereas attenuating regimes are identified by —|Im(u)| (lower half-plane).
For intermediate resistances (around the values giving wr = O(1)), the electromechani-
cal coupling and resistive dissipation are most effective, producing stronger attenuation
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== Re(y): no piezo
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Fig. 5.4: Dispersion profiles obtained in the linearized regime with and without the piezo-
electric energy harvester, solid, dashed-dotted lines show the dispersion profiles with the
piezoelectric patches and dashed lines show the dispersion profiles without the piezoelec-
tric patches, the dispersion profiles are shown with increasing values of the load resistor
R, keeping the value of the capacitance C,, and all the other parameters fixed as in Ta-
ble 1, real parts of wavenumber (x) indicate propagating waves and imaginary parts
of wavenumber (u) indicate attenuating waves, the imaginary components have been re-
versed in sign only for the purpose of clarity between propagation and attenuation regions
which does not alter the physical interpretation, free-wave frequency w has dimensional
units of rad/s.

(larger |[Im(u)|) and a more pronounced modification of the pass-band branches. As Ry is
increased further, the electrical current is reduced and the shunt becomes less dissipative;
consequently, the harvesting-induced perturbation weakens and the dispersion curves pro-
gressively approach the baseline (no piezo) response. Therefore, tuning R, (equivalently
7) provides a practical knob to shift and shape the attenuation region and to control the
extent to which the piezoelectric energy harvester alters the band structure.

It is important to note that increasing the value of the capacitance C, while keeping the
resistance I and other parameters fixed will have the same effect on the band structures,
and so will be the effect of increasing R?; and C), simultaneously because all these scenarios
will increase the effective electrical time constant 7. Hence, these results are not shown
here for redundancy.

Band structure behavior with the mechanical parameters

Next, we will study the effect of varying the stiffness coefficient of the springs (k) and the

ratio of the inerter mass-parameter to the tip mass ("A}—:) on the band structures in the
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linearized regime.

Band structure characteristics with varying spring stiffness coefficient First,

we keep the mass ratio (7) fixed at 0.5 and increase the stiffness coefficient of the

horizontal linear springs from k = 0.5k.ff to k = bkess (Fig. 5.5). Fig. 5.5 summarizes

Rely) 2 -

—Re(p)piezo  —k=05kyy—k=2L5kyg
| Ii)| piezo —k =1k —k=Skyg
)

-~ Re(w)nopiezo  —k=15kg
=== |Ini(y1)| no piezo —k = 2kyy

0 05 1 15 2 25 3 35 4 45 5

Fig. 5.5: Dispersion profiles obtained in the linearized regime with and without the piezo-
electric energy harvester, solid, dotted lines show the dispersion profiles with the piezo-
electric patches and dashed, dashed-dotted lines show the dispersion profiles without the
piezoelectric patches, the dispersion profiles are shown with increasing values of the spring
stiffness coefficient k£ keeping all the other parameters fixed as in Table 1, real parts of
wavenumber (1) indicate propagating waves and imaginary parts of wavenumber (u) in-
dicate attenuating waves, the imaginary components have been reversed in sign only for
the purpose of clarity between propagation and attenuation regions which does not alter
the physical interpretation, free-wave frequency w has dimensional units of rad/s.

the band structure behavior with increasing values of the spring stiffness coefficient k. We
have used continuous and dotted lines for showing the real and imaginary parts of the
wavenumber p respectively with the piezoelectric harvester and dashed and dashed-dotted
lines respectively for showing the same without the piezoelectric harvester in Fig. 5.5.
Fig. 5.5 shows that increasing the stiffness coefficient & (from 0.1k.ff to 2.5 kess) ef-
fectively makes the unit cell stiffer and reduces how much the internal attachment (tip
mass/piezoelectric harvester) can move relative to the beam. When k is small, the con-
nection is compliant, so the attachment can vibrate strongly out of phase with the host
structure which enhances scattering and energy exchange, which appears as a pronounced
attenuation dip (—|Im(u)|) and a more strongly curved Re(u) branch. As k increases, the
restoring force at the attachment interface becomes stronger and the relative motion is



98 Chapter 5. Nonlinear piezomagnetoelastic harvesting

increasingly constrained within a unit cell and consequently, the repeating unit cell mim-
ics more closely a rigid body type motion and supports wave propagation with reduced
phase accumulation per cell. In the dispersion plot this manifests itself as smaller values
of Re(p) at a given frequency (the Re(u) branches shift toward p = 0 with the peak value
remaining unchanged), which is consistent with an increased effective phase velocity and
a progressively flatter pass band characteristic. At the same time, the stop band feature
becomes narrower and weaker (the minimum of —|Im(u)| is less deep), because less en-
ergy is temporarily trapped in the internal motion and therefore less energy is available to
be dissipated through the coupled electromechanical pathway indicating reduced energy
harvesting capability of the piezomagnetoelastic chain. In the limit of large k, the piezo-
electric curves approach the no piezo baseline, consistent with the attachment becoming
effectively locked to the beam and the harvester having a reduced influence on the band
structure. Also, it is observed that in the absence of the piezoelectric harvester, increasing
k does not have any effect on the propagating components Re(u), but the attenuating
or energy dissipating components denoted by —|Im(u)| move upward and closer to the
horizontal ‘no energy transfer’ line at pu = 0.

Band structure characteristics with varying inerter mass-parameter The ratio
of the inerter mass-parameter to the tip mass (J) is varied from 0.5 to 25 (Fig. 5.6)
keeping the spring stiffness coefficient fixed at k = 0.1k.s¢. The following sweep is used
to characterize the dispersion sensitivity of the signed negative-inertance model over an
extended design range. The term stable negative inerter applies to the subset of this range
for which the complete reduced mass matrix satisfies the required positive-definiteness

condition.

Fig. 5.6 summarizes the effect of increasing the normalized negative-inerter design
parameter m,/M;, with all other parameters held fixed. In the reduced model, the signed
inerter coefficient is b, = —r, < 0, whereas r, o« m, denotes the positive magnitude
of the negative inertial coupling. Increasing m,/M, therefore strengthens the inertial-
reduction effect and decreases the effective Bloch inertia associated with non-uniform
intercell motion. At a prescribed harmonic frequency, this reduces the phase accumulation
per unit cell, as reflected by the progressive shift of the Re(u) branches toward smaller
values of p, particularly away from the principal resonance region. Since the corresponding
phase velocity is proportional to w/Re(u), this trend indicates a higher effective phase
velocity of the propagating component.

The attenuation characteristics are also modified by the negative inertial coupling.
Outside the principal resonance-induced stop band, |Im(u)| decreases as m, /M, increases,
so that the plotted —|Im(u)| curves move upward toward zero. This indicates weaker
evanescent decay per unit cell away from resonance. By contrast, the pronounced atten-
uation dip remains centred in approximately the same frequency region for all the con-
sidered values of m,/M,, showing that the location of the dominant electromechanically
coupled resonance is comparatively robust, whereas its attenuation strength and broad-
band influence are tuned through the negative-inertial coupling pathway. The negative
inerter does not itself dissipate energy; rather, it reshapes the effective inertia and phase
characteristics of the wave field, thereby modifying how the periodic and piezoelectric
dynamics distribute propagation and attenuation across the frequency range.
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Fig. 5.6: Dispersion profiles obtained in the linearized regime with and without the piezo-
electric energy harvester, solid, dotted lines show the dispersion profiles with the piezo-
electric patches and dashed, dashed-dotted lines show the dispersion profiles without the
piezoelectric patches, the dispersion profiles are shown with increasing values of the mass
ratio 7 keeping all the other parameters fixed as in Table 1, real parts of wavenumber
(1) indicate propagating waves and imaginary parts of wavenumber () indicate attenu-
ating waves, the imaginary components have been reversed in sign only for the purpose
of clarity between propagation and attenuation regions which does not alter the physical

interpretation, free-wave frequency w has dimensional units of rad/s.

5.4.3 Summary of dispersion behavior in the linearized regime

In Section 5.4.1 and Section 5.4.2 we have derived and evaluated the linearized dispersion
relation of the periodic piezomagnetoelastic chain by combining the mechanical governing
equation with the electrical shunt dynamics of the piezoelectric patches. In the presence of
the harvester, the dispersion relation (5.40) yields a generally complex Bloch wavenumber
p(w) due to the frequency-dependent electromechanical feedback introduced by the term
proportional to ©%wR;, whereas in the absence of the harvester the relation reduces
to the purely mechanical form (5.41). Consequently, Re(yu) identifies the propagating
(pass-band) component and Im () identifies evanescent/attenuating behavior (stop-band
component), and the comparison between the ‘piezo’ and ‘no-piezo’ curves provides a
direct measure of how strongly the electrical subsystem perturbs wave propagation.
From an energy-harvesting perspective, the key implication of the linear band struc-
ture results is that the regions where the piezoelectric patches induce larger attenuation
(larger |Im(u)| relative to the no piezo case) correspond to frequency ranges in which
mechanical wave energy is more effectively transferred into the electrical domain and
dissipated through the resistive load. In particular, tuning the electrical time constant
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T = R,;C), shifts and reshapes the attenuation features because 7 controls the phase and
magnitude of the shunt response; this suggests that the harvested power can be enhanced
by choosing R; (or C}) such that the dominant wave propagation frequencies fall in the
range where the piezo-induced attenuation is strongest (typically when wr = O(1)). At
very small or very large 7, the shunt tends toward the limiting short-/open-circuit like be-
haviors and the dispersion approaches the no piezo response, indicating weaker electrical
extraction.

The mechanical tuning results further demonstrate that the unit-cell parameters gov-
ern both wave propagation and the distribution of mechanical deformation available for
piezoelectric conversion. Increasing the coupling stiffness k& constrains the relative motion
between neighboring cells and causes the piezoelectric dispersion curves to approach the
no-piezo baseline, indicating a weaker electromechanical modification of the band struc-
ture. By contrast, increasing the normalized negative-inerter mass parameter m,/M,;
increases the magnitude r, o« m, of the signed inertial coupling b, = —r, < 0 and
therefore reduces the effective Bloch inertia associated with non-uniform intercell mo-
tion. This inertial-reduction effect modifies the phase accumulation, effective propagation
speed, and the strength and breadth of the attenuation features without itself dissipating
mechanical energy. These trends imply an inherent trade-off for distributed harvesting
in a finite chain. Strong piezoelectrically induced attenuation can promote local transfer
of mechanical energy into the electrical domain near a dominant operating frequency,
but it can also restrict wave penetration and thereby reduce the contribution of patches
located farther downstream. The linearized dispersion analysis therefore provides practi-
cal guidance for the joint selection of the electrical parameters (R, C),) and mechanical
parameters (k, m,/M,), so that the piezoelectrically induced attenuation peaks and rele-
vant band-edge regions are positioned near the targeted free-wave frequencies, while the
negative-inertance magnitude remains within the admissible range of the complete re-
duced mass matrix. In this way, the design can balance localized electrical extraction
against the spatial distribution of harvested energy along the chain.

5.5 Energy harvested in the linearized regime through
free wave propagation

The average power harvested by the piezoelectric patch over one time period of free wave
frequency w is calculated as:

27
w [ V()
Pope = — nA7 5.42

21 /0 Rl ( )

To obtain V,,(t) in the regime of Bloch-wave propagation, we numerically integrate equa-
tions (5.23) and (5.33) in the time-domain using the fourth-order Runge-Kutta (ode45)
algorithm in Matlab after rewriting V,, = g,—’; = R;g,. We resort to convert the charge
equation back to voltage while performing the time-domain integration because equa-
tion (5.32) represents a lossless second-order oscillator in ¢, which when coupled to the
second-order mechanical DOF (5.33) through ©, the combined electromechanical system
can develop an unstable pair of eigenvalues, i.e. behaving like a negative damping or
active feedback and hence causing the system response to blow up numerically in time.
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This will not be suitable to capture the attenuation/ decay of spatial waves resulting in
the harvested power through the piezoelectric patch via numerical simulations.

To calculate the wavenumber p for a given free wave frequency w, we use the linearized
dispersion relation derived in (5.40). Since the imaginary part of the wavenumber p
is accountable for mechanical energy dissipation manifesting in the harvested electrical
power, we ignore the real part of p. For complex p = o + i3, we take cosu = cosiff =
cosh 3. We set the value of the free wave frequency w and evaluate o and /3 using (5.40) and
run our time-domain simulation for 100 cycles of the free wave frequency and compute the
power using (5.42) over a cycle when the initial oscillatory mechanical transients induced
due to the initial displacement/ velocity conditions imposed on the tip mass and hence
the initial oscillatory electrical transients generated in the piezoelectric patch/ harvester
die out completely resulting in V,, to decay or grow respectively along a smooth envelope
and the magnitude of the voltage, |V,,(¢)| becomes the largest irrespective of sign (because
the power harvested depends on V?) to obtain the maximum steady-state power. In an
example plot shown in Fig. 5.7, with an input frequency value of w = 8, this seems
to happen approximately at time ¢t = t, ~ 20 seconds from an apparent visual glance
at Fig. 5.7(b). A small initial perturbation of Y,(0) = Yy = 0.01,Yn(0) = 0 has been
and will be henceforth imposed on the tip mass to generate free wave motion in the
periodic system in the linearized regime within the stable potential well. In a general
scenario, we will use a spring stiffness value of & = 0.1k.ss, where kesy = 521—;‘ and an
inerter mass-parameter value of m, = 0.5M; and other parameter values from Table 5.1.
Fig. 5.7 is an example plot that depicts the transient voltage response of the shunted
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Fig. 5.7: Time-domain responses in the linearized regime showing the tip mass displace-
ment Y,,(t) from the stable equilibrium point at +Y; as obtained in (5.26) and voltage
generated in the piezoelectric patch V,,(t) for a representative n-th unit cell, for an initial
perturbation on the tip mass as Y, (0) = 0.01,Y,(0) = 0 from the stable equilibrium po-
sition at +Y, and with values of system parameters chosen as in Table 5.1.

piezoelectric patch when the chain is released from an initial tip displacement with zero
initial charge/voltage. As soon as the tip mass begins to move, the electromechanical
coupling converts the mechanical velocity into an electrical response through the RC
shunt relation (5.23), so V,, departs from zero once Y, # 0. The initial sign of the voltage
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is set by our sign conventions and the negative d3; embedded in ©, but it does not affect
the harvested energy because the electrical power scales with %’?. The oscillatory nature
of V,,(t) reflects the underlying coupled electromechanical vibration, while its decaying
envelope indicates that the stored mechanical energy is progressively transferred to the
electrical domain and dissipated in the resistor. After a sufficient amount of time, the
decay is dominated by the electrical time constant 7 = R;C),. Using cos i = cosh 8 with
p = a+if from (5.40) effectively imposes a purely evanescent (stopband) Bloch condition,
modifying the effective inertia/stiffness in the mechanical equation via 1 — cos < 0 and
thereby capturing, in a single representative cell’s time-domain simulation, the enhanced
attenuation or energy-extraction behavior associated with the bandgap.

5.6 Dependence of maximum steady-state power on
free wave frequency

As mentioned before in Chapter 4, by free-wave frequency, we refer to the characteristic
frequency associated with free wave propagation generated solely by initial conditions in
the absence of any sustained external forcing or base excitation. Therefore, w should not
be interpreted as an independently prescribed excitation frequency. Instead, it is used as
a dispersion-based book-keeping parameter that parameterizes the admissible free-wave
components supported by the chosen structural, magnetic, inertial, and electrical prop-
erties of the chain. In practice, sweeping w is equivalent to scanning the corresponding
family of system designs through the dispersion relation, since the associated wavenumber,
effective inertia, effective stiffness, and harvested power are all determined by the coupled
system parameters. Once a maximum-power condition is imposed later in Section 5.7.1,
the optimum value w = w, is no longer arbitrary, but emerges from the design parame-
ters and the imposed initial state. In the nonlinear regime, this interpretation is further
amplitude-dependent, because the initial perturbation fixes the intrawell oscillation am-
plitude and thereby modifies the nonlinear dispersion branch on which the corresponding
free-wave frequency is evaluated.

The free wave frequency w (which we consider as a book-keeping parameter, again
re-emphasizing the fact that it has to be and will be prescribed essentially by accordingly
choosing the values of the system design parameters) is swept over a range of values
and the power harvested over a cycle when initial oscillatory transients generated due to
the initial conditions imposed on the tip mass die out completely and voltage generated
is maximum in magnitude, is evaluated and plotted with w. We use a value of spring
stiffness coefficient of k = 0.1k.s¢, inerter mass-parameter value of m, = 0.5M; and keep
the values of the other parameters fixed as defined in Table 5.1. We also impose two more
conditions for practical feasibility:

o me(p) = (Mt— %’i“(l—cew)) #0

o K(u)= (Qk(l —cos ) + kepp +2¢1 + 1202Yf> > 0 from equation (5.33).
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Fig. 5.8: Power harvested in the linearized regime over the cycle of maximum steady-
state voltage amplitude plotted with free wave frequency w for an initial perturbation on
the tip mass as Y,,(0) = 0.01,Y,,(0) = 0 from the stable equilibrium position.

Fig. 5.8 shows the power harvested in the linearized regime over the cycle of maximum
steady-state voltage amplitude from free wave motion through our chosen piezomagne-
toelastic periodic chain for a range of free wave frequencies w with initial conditions for
the tip mass chosen the same as in Fig. 5.7. It is observed that the maximum steady-state
power or in other words, the maximum steady-state energy is harvested in the linearized
regime through the piezoelectric patch from free wave motion through our system at a
particular value of frequency w (which happens to be approximately around w =~ 9.5 in
Fig. 5.8), while keeping the structural and electrical parameters of the system fixed. We
denote this frequency corresponding to maximum harvested energy/ power in the steady
state as w = w, = 9.5 for our chosen system parameters.

To generate the curve depicting the dependence of maximum steady-state power on
non-dimensional frequency w, we have extracted the voltage over one time period/ cycle of
our colloquially used free wave frequency w after a certain settling time when the initial
oscillatory transients die out and the voltage f/n(T) evolves along a smooth envelope.
Later, we will show in (5.7.1) that there is instead a more systematic and consistent
method to choose the time period of this cycle based on the system eigenvalues in the
intrawell linearized regime.

As of now, we have used a value of the settling time as t; = 20 seconds from our
visual approximation from Fig. 5.7(b) which was obtained by setting w = 8 which lies
within the range of w swept in Fig. 5.8. We have used this same value of visually approx-
imated settling time to obtain the power vs frequency curve shown in Fig. 5.8, for every
input frequency w over the sweeping interval chosen. Later, we will propose a systematic
analytical approach in Section 5.7.3 to derive a compact closed-form expression for this
settling time which we will denote by ts(w) in terms of the input free wave frequency w
or in other words the system parameters. We will also show that the optimum frequency
value w = w, corresponding to the peak power and the magnitude of the peak power
harvested in the steady-state regime denoted by the isolated peak in Fig. 5.8 are both
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dependent on this settling time ¢(w).

Note: One feature noteworthy here of this piezomagnetoeastic periodic harvester-model
in contrary to the piezoelectric model discussed in Chapter 4 is that in the piezoelectric
model, the optimum free wave frequency/peak power location was independent and robust
to the precise settling time value chosen while the peak power magnitude depended on
this value. But for the proposed piezomagnetoelastic model developed in this Chapter,
both the peak power location and magnitude are dependent on the value of this settling
time chosen even in the linearized intrawell regime.

5.7 An analytical approach to characterize harvested
power in the linearized regime

5.7.1 Analytical framework in the time-domain to find optimum
frequency for maximum steady-state power
Modal expansion of state space vector

In the linear regime, we can convert Eqs. (5.23) and (5.33) to an equivalent state space

V(1)
form Ay + By = 0 by choosing an appropriate state vector y = Yn(t) . The matrices
Val(t)
A and B are obtained as:
1 0 0 0 -1 0
A=10 mgu) 0|,B=|Ku 0 —-© (5.43)
0 0 G 0 e

where m,(u) and K (u) have already been defined in Section 5.6.

We use the same logic as in Section 5.6, that we use the imaginary part of wavenumber
p from (5.40) which is responsible for wave attenuation/ energy dissipation responsible
in energy being harvested by the piezoelectric patch. So, we take cos u = cos(a +i5) ~
cosh . Since we take cos u to be real, our m.(u) and K (u) will also be real and so will
be matrices A and B.

The state space equation with matrices defined in (5.43) can be converted into an
eigenvalue problem y = Sy where S = —A"'B. Assuming a solution of the form y =
yoe, gives the standard eigenvalue problem Sy, = \y,. Setting the determinant |S —
M| = 0 for non-trivial solutions of y,, we get the characteristic polynomial in terms of A
as:

N+ aN +bA+c=0 (5.44)
Where.a = Rllc,, ,b = ﬂi((‘;)) 'me(%cp ,C = me%/;)cp' | For convenience, we denote these
coefficients by physically meaninngful lumped quantities as:
K 2
T = RlCIng@ —= (M) ’,l{/ = (545)
me (1) me (1) Clp
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By applying Cardano’s formula for cubic equations, solving (5.44) gives the roots A as:

1 3 3 27l 1
AL =24/ —g cos (5 arccos (Z(i —]—9> — %) ~ 5 1=1,2,3 (5.46)

where p = (W2, + k) — 3%, q= 272T3 + QWEZ%_'{ For all three real roots of A, we should
choose our system parameters such that p < 0. Once we find the eigenvalues \;, we can
find the eigenvectors v;, [ = 0,1,2 by substituting \; in the eigenvalue problem. In the

linear regime, using modal superposition, the state vector y(t) can always be written as:

Yo(t)
y(t) = Y, (1) p = crvre™t 4 covpe? 4 czusest (5.47)

Va(t)
where c¢1, ¢, c3 are constants which can be determined from the initial conditions or
initial state y(0) = y, by inverting the eigenvector matrix V. = [v; vy wv3], whose

columns are the eigenvectors v;, [ = 1,2,3. If the eigenvalues of S are distinct, which
is the most generalized case, then the eigenvectors v; will always be linearly independent
which means that the eigenvector matrix constructed by using those eigenvectors as its
columns will always be non-singular and hence invertible. So, in the most generalized
case, we can always find out the constant coefficients ¢;, ¢o, ¢3 by choosing our desired
non-zero initial conditions or initial state of the system.

The eigenvalues and hence the eigenvectors will be dependent on the system param-
eters and the wavenumber p related to free wave propagation through our system in
the linearized regime. Here, we have posed a general eigenvalue problem for free re-
sponse of linear systems whereas in the next section Section 5.7.1, we will show how the

book-keeping parameter w comes into the picture through the stiffness term K (u(w)) or

equivalently B(w) in the regime of free wave propagation through linear periodic systems.

Step-by-step analytical formulation for obtaining maximum steady-state power

Using the Bloch reduction and writing V,, = ¢,/C,, the linearized governing equations
can be written as

me(p) Ya(t) + K(p) Ya(t) —OVi(t) =0 (5.48)
%%@+%W@+@E@=0 (5.49)

where
me(p) = My —rq(1 — cos p) (5.50)
K(p) = 2k(1 — cos p) + kepp + 201 + 12¢5Y7 (5.51)

For each prescribed free-wave frequency w, compute p(w) from the linearized dispersion
relation (5.40), and then treat cos o (hence m, and K) as frequency-dependent through

p(w):
(Mi? = kegs — 261 = 12672) (1 = W2(RIGy)?) + €2 iRy

<2k + raw2> <1 — wZ(Rle)2>

cos p(w) =1 — (5.52)
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For ’purely-evanescent’ approximation used in Section 5.5, rewrite cos y as cosh § with
B = |Im(u)|. Hence, define 3 in closed-form as 8 = sgn * [Im {arccos(x(w)) }| = sgn =

<Mtw2— Blx —2c1—12CQY£) <1—w2(Rlcp)2> +O2%WR,
Im| arccos |1—

(2k+rqw?) | 1—w?(R;Cp)?

(Mtwt{j;g; 72(;1712@1/3) (17w2(310p)2> +02iwR, _
Re(1— , if

(2k+rqw?) | 1—w2(R;Cp)?

from (5.40), with the sgn

function defined as sgn = sgn

the argument inside square brackets is # 0, or sgn = 1 when the argument inside square
brackets is 0.

Choose the state vector

n®] Y0
y(t) = |y()| = |Ya(t) (5.53)
y3<t) Vn(t)
Then (5.48)—(5.49) are equivalent to
Aw) ¥ () + Bw)y(H) =0 (5.54)
with
1 0 0 0 -1 0
Aw) = [0 me(w) 0|, Bw)= |K(w) 0 -© (5.55)
o 0 G, 0 O 1/R

0 1 0
R C) R
Y =5y, 5@ =-AWTBW= | Tm) | mee) | (550)
" TG TRG

Let (A, vi, w;), i = 1,23, be the right/left eigen-triples of S(w):
S(W)VZ'(CU) = )\Z'<CU)VZ'(CU), WZ(M)TS<W) = /\Z‘(W)WZ'(LU)T, W;er = (51']' (557)
Then for initial condition y(0) = yo,

y(t) = Z(wiT yo) v; et (5.58)

The voltage is the third component:
3

Val®) = ely(t) = Y a@) @ aw) = (elviw)) (wilw)Tyo)  (5.59)

i=1
where e3 = [0 0 1]7.
Over a single wave period T(w) = 27 /w, starting at time ¢,

ts+T(w) )
P _ .
elt ) = s /t BT (5.60)
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Substituting (5.59) gives the closed-form double-sum:

1 3 3 C’icj e(>‘i+)‘j)t3 (e(Ai_F)‘]')T — 1) 27T
Pave t57 s T y T = — 561
(tow) = 77 2 Py w (5.61)

=1 j5=1

Optimality condition for peak-power frequency. Define ¢y3(w) as an interior max-
imizer of P,e(ts,w) in the post-transient regime. A necessary condition for obtaining the
maximum steady-state power is

aPQ'UE
E(ty,w) = (ts,w) =0 (5.62)
Oty
The peak-power frequency w, (peak of P after optimizing over t,) satisfies
aPave
Flto(w),w) = — (tg(w),w> =0 (5.63)
W

Let, T = 2, Bij(w) = Ni(w) + Aj(w), Bj;(w) = N(w) + Nj(w) and denote
¢, =dc;/dw, N; = d\;/dw. Then the condition F' = 0 can be written as

0= F(tg,w) = "1 Gy +2eP12%0 Gy +2 71310 Gy + 52210 Goy 42 52870 Goy 4 79370 G
S—— S—— S—— Y —_— Y
(1,1) (1,2) (1,3) (2,2) (2,3) (3,3)

(5.64)
where, for each pair (4, j),
ePul — 1 eBul —1 eBiT (BT —1)+1
i = (die + ad)) —m—— icito Bl ———— iC Y B
Gij = (ciej + aic)) By + ¢icjto By + cic; ( i !
1 BT _ 1 T
+ ; CiCj eB— — ; CiCj €BijT (565)
ij

eB12T_1  oO+32)T_q

Substitute B;; = \; + A, explicitly. For instance, B1s = A\ + A2, = T YE

Applying this substitution to all G;; in (5.64) gives an explicit transcendental equation
in terms of {\;(w), \;(w), ¢;(w), ¢i(w)}, the location ¢y for maximum steady-state power,
and T' = 27 /w. Solving this transcendental equation gives the value for w and hence o (w)
in terms of known or designed system parameters, so that they do not remain arbitrary
external inputs or book-keeping parameters henceforth and provide a design/ operating
range of our system parameters to obtain maximum harvested power through free wave
motion in a steady state. The only thing remaining is to establish the same for the settling
time t4(w) in terms of system parameters which we will derive in Section 5.7.3.

As stated, the final optimality condition obtained from (5.59)—(5.64) is transcenden-
tal in nature. This is expected because the harvested-power expression contains modal
coefficients, eigenvalues, and exponential terms, all of which depend implicitly on the free-
wave frequency through the coupled electromechanical dispersion relation. Therefore, the
resulting condition should not be interpreted as an elementary closed-form formula for
the optimum frequency. Rather, it provides a mathematically tractable residual whose
roots correspond to stationary values of the averaged harvested power. The physical
interpretation of this result is that the optimum harvested power is governed by the com-
bined influence of the electromechanical eigenstructure, the decay of the modal response,
and the selected post-transient averaging interval. The eigenvalues determine the decay
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rate and oscillatory content of the response, whereas the modal coefficients determine
how strongly each mode contributes to the voltage generated across the load resistance.
Consequently, the transcendental form of the optimality condition arises naturally from
retaining the complete state-space and eigenvalue dependence of the coupled system. Al-
though this makes the analytical expression relatively dense, it also preserves the full
parameter dependence required for a systematic optimization of the harvested energy.

Such transcendental equations can be solved using standard numerical root-finding or
optimization techniques, including the Newton—Raphson method, secant method, bisec-
tion method, Brent’s method, fixed-point iteration, continuation methods, or derivative-
free optimization algorithms. In the present study, the final optimality condition is eval-
uated numerically in Matlab, and the corresponding optimum frequency and maximum
averaged harvested power are obtained from the numerical solution of the derived tran-
scendental equation.

In the intrawell linearized regime, for each fixed free-wave parameter w, the reduced
electromechanical model remains a Linear Time Invariant (LTT) system and the actual
oscillatory content of the post-transient response is governed by the dominant complex-
conjugate poles of the state matrix S(w), which we write as s53(w) = —00sc(w) % iwg(w).
Therefore, although w enters the Bloch reduction through the effective coefficients m.(w)
and K (w), the cycle over which the steady-state harvested power is evaluated is chosen
from the damped modal period T;(w) = 27/wy(w) rather than from the book-keeping
period 27 /w. Accordingly, after estimating the transient-settling time either from a visual
approximation or later from a systematic derivation (as shown in (5.7.3), we evaluate the
post-transient power by sliding a window of length T,(w) over the response and defining

1 t()-i-Td(w) N
Paye(to,w) = —/ VE(t) dt 5.66
() = oy /. () (5.66)
with the maximum steady-state power obtained as
Praz(w) = max Pu(to,w) (5.67)

to>ts (UJ)

This refinement makes the time-domain power metric consistent with the actual oscillatory
transient observed in V,,(¢) and removes the inconsistency that arises when the averaging
window is prescribed from w while the post-transient cycle is in fact controlled by wg(w)

5.7.2 An alternative analytical approach in the Laplace domain
to find maximum steady-state power and the correspond-
ing optimum frequency and the extent of its validity

Transfer function/ frequency response evaluation

Let the Laplace transforms of displacement and voltage be denoted by

L{IYa(t)} = Ya(s)  L{Va(t)} = Va(s) (5.68)
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Using standard identities

L{Y,} = sY,(s) — Y,,(0) (5.69)
L{Y,} = 5?Y,(s) — sY,(0) — Y,,(0) (5.70)
L{V,} = sV, (s) — V,(0) (5.71)

Applying L£{-} to (5.48)-(5.49) gives the algebraic system
(mes? + K) Yy(s) — OViu(s) = m, (sYn(O) + Yn(0)> (5.72)
OsY,(s) + (Cps + R%) Va(s) = C,V,(0) + ©Y,(0) (5.73)

Equivalently in matrix form we obtain
mes" + K =0y (91 e (sYa(0) + Y (0)
©s  Cps+ R% {Vn(s)} | oV 0) + @Yn(0)> (5:74)
D(‘Sr;u)

By Cramer’s rule, we define the common denominator, A(s; p) = (m.s* + K) <C'ps + R%) +

©2s. Then the voltage in the Laplace domain is obtained as:
(mes® + K) (CyVa(0) + ©Y,(0)) = Osm, (sY,(0) + Y,(0))

A(s; p)
For the free response initial conditions used throughout: ¥;,(0) = Yp, Y,(0) = 0, V,,(0) = 0,
the expression in (5.75) simplifies exactly to

_OK(WYo

Va(s) = (5.75)

V.(s) = 5.76
)= A 70
Defining the complex frequency-axis voltage V, (w) = V,(iw), we get
. OK(w) Yt
V,(w) = (W) Yo (5.77)
(z’pr + R%) <K(w) - me(w)uﬂ) + iwO?
Using the one-period average power definition, the harmonic-amplitude form is
I s 2
Pw)=—1V, 5.78
©) = 57 Vale) (5.78)
Substituting the expression for V,(w) gives
2
1 K(w) Y,
P(w) = OK(w) Yo (5.79)

28| (iwCy + &) (K (@) = me(w)w?) + iwe?

Let N(w) = OK(w) Yy, D(w) = (iw(]p + R%) (K(w) — me(w)w2> + iwO?  Then the
expression for power is obtained as
1 |Nw)|?
= — |—= 5.80
@ =57 |53 (5.80)
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The condition for obtaining maximum power is set in the conventional form as:

dP(w) N'(w) D'(w)
TS0 = RN Do) = 51
(

Since N'(w)/N(w) = K'(w)/K (w), we only need D'(w), Introducing
Qw) = K(w) — me(w)w? (5.82)

We get

D(w) = (sz + Q(w) + iwO? (5.83)

R)
)+

D'(w) = iC, Q(w) + (iwC, + ) Q' (w) + 162 (5.84)
where Q'(w) = K'(w) — m,(w)w? — 2m.(w)w. Finally, K'(w) and m/(w) follow from
introducing the notation x(w) = cos u(w) and using the frequency-dependent relations
(5.50) and (5.51) as

K'(w) = 2k (@)
me(w) =74 X' (W)
Now from dispersion relation (5.52), it can be seen that x(w) = cosp(w) is a complex
number with non-zero real and imaginary parts in the most generalized case. Since while
working in the Laplace domain, we cannot have complex coefficients of variables, we
use our previous logic that we are interested only in the imaginary component of the
wavenumber p which is responsible for wave attenuation and hence manifestation of the
harvested energy. Hence, we take cos pu(w) = cosh f(w), as done in Section 5.7.1.

(5.85)

Therefore, the frequency-dependent effective mass and stiffness can be written as

me(w) = My — 1, (1 — cosh f(w)) K(w) =2k (1 —cosh f(w)) + kepr +2c1 (5.86)

Their derivatives follow by the chain rule

L cosh () = sinh f() /() (5.87)
so that we obtain
K'(w) = 2k sinh Bw) #(w)  mi(w) = ra sinh B(w) /() (5.58)
Hence,
Q' () = — (2k + 7o) sinh B(w) B (w) — 2me(w)w (5.89)

Substituting the above expressions into the stationary condition (5.81) gives the scalar
equation for the optimum free-wave frequency w = w, as:

Re{ —2k sinh B(w) ' (w) B iCpQ(w) + <sz’ 4 ) Q' (w) + i©?
K(w) <ipr + R%) Qw) + iwd?

}:0 (5.90)

where

Qw) = K(w) — me(w)w? (5.91)
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and
K(w) =2k (1 —coshB(w)) + kegs+2c1 me(w) = My — 1, (1 —cosh B(w))  (5.92)
together with the feasibility constraints

w >0, me(w) # 0, K(w) >0 (5.93)
And in practice as mentioned before, 5(w) is evaluated from

B(w) = [Im {arccos(x(w)) }| (5.94)

(Mtw2 7k‘eff —2c1—12¢2 Y32> <17w2 (Ry Cp)2> +@2inl

where y(w) =1 — . '(w) can be obtained nu-

(2k+rqw?) | 1—w2(R;Cp)?

merically (finite differences) or by analytic differentiation of p(w) = arccos(y(w))

u’(W)Z—% §(w) = su(Tmip@)}) Im{p' @)} (5.95)

Extent of validity of the Laplacian framework and possible advantages

Remark on Laplace-domain versus time-domain optima As discussed before in
Chapter 4, in the Laplace-domain framework, we evaluate the voltage in the complex-

frequency domain as V,,(s) and obtain a frequency-response magnitude by restricting to
_ [Va(iw)?
= 2R,
This is useful because it enables an analytical prediction of the attainable (peak)

power level without explicit time stepping and it reveals how the electrical and mechan-
ical parameters enter the power expression. However, maximizing |V,,(iw)| is a purely
frequency-domain criterion that does not enforce the same time-domain constraint used
in our definition of P,,,, in Section 5.5 and Section 5.7.1, where the power is computed over
the one-period window that achieves the largest post-transient average after a prescribed
steady-time threshold t > ty when the displacement and consequently voltage evolve
along a smooth envelope. In the present free-response setting, V,,(¢) is a superposition of
damped modal contributions, so the cycle that yields the largest voltage magnitude after
transients depends not only on frequency content but also on modal decay rates and on
the chosen steady-time window. Consequently, the Laplace-domain maximizer obtained
directly from |V},(iw)| can reproduce the correct peak power magnitude while predicting
an ‘optimal’ w that is shifted relative to the time-domain optimum defined with the post-
transient windowing rule. To obtain an optimal frequency that is consistent with the
deterministic time-domain metric, the Laplace-domain solution must be mapped back to
V,.(t) via an inverse Laplace transform or an equivalent modal reconstruction, after which
the same ty based windowing constraint can be enforced during the optimization.

Fig. 5.9 again shows this disadvantage of the Laplacian approach in predicting the true
optimum frequency requirement of the system to generate maximum steady-state power.
However, the Laplacian framework provides an excellent approach to obtain an approxi-
mate close-form expression for the settling time ¢4(w) in terms of the system parameters
without having to actually evaluate the roots of the cubic characteristic polynomial (5.44)
of the coupled electromechanical system, which we will show in the next Section 5.7.3,
where we will use the concept of settling time in a sort of inverse Laplacian framework to

the imaginary axis, s = iw, which leads to a closed-form power estimate P(w)
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enforce the time constraint mentioned previously in Section 5.6 and Section 5.7.1.

5.7.3 An approximate analytical approach to characterize the
settling time ¢{; mentioned in Section 5.7.1

As we have mentioned before in Section 5.7.1 and Section 5.5, we intend to extract the
voltage at a time when the initial oscillatory transients die out and the magnitude of
the voltage generated in the harvester |V,,(¢)| is maximum. Finding an exact closed-
form solution for this settling time ¢4(w) might be challenging. So, we use an approximate
approach to evaluate the expression for this time instant. We use the example time-domain
response of the tip mass Y;,(¢) shown in Fig. 5.7(a), which seems to be a superposition of
a smooth exponentially decaying function in time and an exponentially decaying function
in time with initial transients,/ oscillatory components which die out eventually. Hence, a
suitable time-domain approximation for the tip mass displacement Y,,(t) from the stable
equilibrium position at Y can be assumed to be of the form:

Y, (t) = Ae™" + Be(-oxiva)t (5.96)

Now, once we have an idea about the approximate closed-form behavior of the tip mass
Y, in the time-domain, we use the concept of 'settling time’ for Linear Time Invariant
(LTI) systems to evaluate the time after which the transients finally settle on a smooth
envelope. We can also make this suitable ansatz that the time after which the initial
oscillatory transients die out in the displacement Y, (¢) is close to the same time after
which the initial transients die out in the voltage V,,(¢) and V,,(¢) grows along a smooth
envelope from a negative value towards zero or in other words |V,,(t)| decays along a
smooth envelope from a positive value towards zero as shown in Fig. 5.7(b). Since we are
interested in the harvested power which depends on |V,,(¢)|, this seems to be an ansatz
which is worthwhile.

Then, we go back to our dispersion relation in the linearized regime given by (5.52)
and the closed-form definition posed for cos u = cosh S in Section 5.7.1. So, in essence,
defining our wavenumber dependent parameter cos u boils down to evaluating the cos™
of an imaginary number in the form of a + b, where a and b are real. In our case, we can
explicitly write

Muw? — kerp — 2c1 — 12¢,Y2 O%wR
=1 0 TSI AT 2800 g ki (5.97)
2k + row? (2k + row?) (1 — w?7?)
where kepp = ?21—2;1, T = R,C, is the electrical time constant of the harvester. When

la] < 1, then cos™'(z) = cos™!(a + ib) is analytic at 2 = a and for small value of |b],
specifically for |b] < 1—|a|, we can expand the function cos™!(z) around z = a in a Taylor
series in terms of b by retaining upto cubic terms as:

b ab? (1+2a*)?

cos™ ' (z) ~ cos ' (a +ib) = cos”(a) —i + +1 5.98
() cos i) = cor ) =G P e a0
Then, we can separate the imaginary part of cos™(a + ib) as:
b (1+2a%)0?
Im(cos’1 a—i—ib) R~ — + 5.99
( ) VI—a®  6(1—a2)s (5.99)
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Where we retain upto cubic terms in b. Evaluating the sgn function remains a trivial task
because it boils down to evaluating the sign of a real function of real variables given by
b(w) (1+ 2a(w)?)b(w)?

2_ _ _ 2
sgn = sgn (1 — M k;{ﬂf;f; 12e2Y,s ) Then our real cos  takes the form:
. (5.100)
1 —a(w)? 6(1 —a(w)?)z
This provides a compact approximation for the real-valued attenuation parameter needed
in the settling-time estimate.

cos p(w) = cosh f(w) = cosh <sgn *

Concept of ‘settling time’ adapted to the free-decay voltage

For each fixed free-wave frequency w, the linearized electromechanical model defines a
linear time-invariant (LTI) system, whose free response V;,(t) can be written as a super-
position of modal exponentials

Va(tiw) = ) Aj(w) e (5.101)

where {s;(w)} are the poles (equivalently, eigenvalues) of the linearized system and the
coefficients A;(w) depend on the initial conditions

In standard control theory for Linear Time Invariant (LTT) systems, if the dominant
transient is governed by an underdamped complex-conjugate pair
Sa3(w) = —o(w) £ 1wgi(w) (5.102)

Then the oscillatory envelope decays approximately as e )" and the settling time to a
prescribed tolerance € is estimated by

~ (/¢ (5.103)

Common choices for the tolerance are e = 0.02 (2% criterion) giving ¢, ~ 4/0 and € = 0.01
(1% criterion) giving t, ~ 4.6/c

In our free-decay setting, the final value of V,,(¢) is zero, and the practical meaning of
‘transients have settled’ is that the oscillatory components have decayed below a chosen
tolerance so that V,,(¢) evolves along a smooth envelope. Accordingly, we define an w-
dependent transient-decay time as:

In{1/e) (5.104)
Oosc (CU)

where 04 (w) is the decay rate associated with the oscillatory (complex-conjugate) pole
pair of the system This choice targets the decay of oscillations rather than the slowest
real pole, because the latter may control very long-time tail behavior without necessarily
governing when the voltage envelope becomes visually smooth over one period.

ts(w) ~
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Explicit parameter-level approximation for o.(w) and ts(w) and comparison
with numerical results

From the Laplace-domain formulation in Section 5.7.2, the transient decay is governed by
the roots of the characteristic denominator

1
As;w) = (me(w)s® + K (w)) (C’ps + §> + 0% (5.105)
1
Expanding A yields a cubic polynomial
K
me(w)C, s* + meT(M) s+ (K(w)Cp+ ©%)s + ];w) =0 (5.106)
! !

Introducing the electrical time constant and two convenient normalized parameters as
done earlier in Section 5.7.1,

T =R, w2 (w) = o) k(w) = ———r

the characteristic equation can be written as

1 w?

s% + ;82 + (wi (w) + K(w))s + =0 (5.107)
In the common regime where the roots separate into one predominantly real slow pole
and one underdamped complex-conjugate pair, a useful approximation for the slow real

pole is obtained by balancing the last two terms in (5.107) as:
w2 (w) 1

N Rt L A —
() w2, (w) + k(w) T
Using the sum of roots relation for the cubic, the real part of the complex pair then
satisfies, considering the fact that for stable bounded solution in time, the real part of the

complex conjugate pair should be negative:

—20osc (W) + 5p(w) = —% = 200sc(W) = 5. (W) + % — Tose(W) A % > (;)ﬁ),@(w)
" (5.108)

Substituting back 7 = R;C,, w2, = K/m, and k = ©2/(m.C,) in (5.108) gives a particu-
larly compact ratio
K(w) Sk

w2 (W) + k(w)  K(w)C, + 62

1 o2
2R,C, K(w)Cp+O2

Hence, an explicit decay-rate estimate is oose(w) ~ and the corresponding

transient-decay time becomes:
In(1 K 2 1
F(w) ~ n(l/e) (w)C, + 0O ( )
Uosc(w)

Taking the most common choice for the tolerance value as ¢ = 1% = 0.01 gives the final
explicit expression for the optimum time ¢5(w) as:

K(w)C, + ©?
02
In our dispersion-based parameterization, the effective stiffness and mass depend on the

(5.109)

to(w) =927 (5.110)
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attenuation parameter (w) through
K (w) = 2k(1 — cosh(B(w))) + kegs + 2¢1 + 12¢,Y me(w) = My — 74(1 — cosh(B(w)))

where cosh f(w) is obtained from the approximate relation derived in (5.100). The ex-
pression derived in (5.110) provides an explicit, parameter-level approximation for t(w)
which we have defined as the settling time to extract the voltage to compute the maximum
harvested power for a particular value of the frequency in Section 5.7.1 (Eq. (5.60)).

As a check that our approximated procedure matches effectively with direct numerical
time-domain (ode45) simulations, we use our approximate closed-form expression derived
in (5.110) to evaluate the optimum settling time for an input value of free wave frequency
set to w = 8, the same frequency value used to obtain the time-domain response Y, ()
and V,,(t) in Fig. 5.7. Our closed-form expression gives a value for the optimum time ¢
as:

ts = 9.83338 ~ 10 seconds (5.111)

This value agrees quite well with the time taken for the tip mass displacement to settle
to a smooth envelope as shown in Fig. 5.7(a). The analytical estimate is approximately
50% below the visually identified value of t, ~ 20 seconds used in Section 5.5, which is
expected given the conservative nature of the visual approximation. Both values lie well
within the 80 seconds simulation window in Fig. 5.7.

We can hence use this generalized closed-form expression for ¢4(w) to compute the
maximum harvested power for each input frequency w by using the analytical definition
in (5.60). This closes the gap that remained in linking back the last remaining book-
keeping parameter ¢;(w) to the inherent system design parameters. We have already done
the same in (5.7.1) for the other two book-keeping parameters, which were w and the
time period of the cycle Ty(w) over which we intend to average the maximum power in
the post-transient regime after t,.

In a special scenario of our periodic chain, with no permanent base magnets and
inerter mechanisms, and the tip mass made of a non-magnetic material, the periodic
model reduces to a simple linear piezoelectric chain as considered before in Chapter 4. In
that case, our settling-time analytical approximation in the linearized regime still remains
valid for the coupled linear electromechanical system with similar qualitative time-domain
behavior of tip mass and voltage. The wavenumber (or frequency) dependent stiffness
will just reduce to K (w) = 2k(1 — cosh(B(w))) + kess, and the effective mass m, reduces
to just me = M;. [ can be obtained from the dispersion relation (5.40) by putting
¢1 = ¢3 =1, = 0. The same approximate formula obtained in (5.110) can then be applied
as is.

Applicability and limitations of the ’settling time’ concept

The ’settling time’ estimate is applicable for our case because, for each fixed w, the
linearized dynamics define an LTT system and the voltage response is a linear combination
of modal exponentials whose decay rates are dictated by the poles s;(w) Consequently,
a settling-time scale based on the dominant oscillatory decay rate ous.(w) provides a
principled approximation for the time at which the oscillatory transients become small
and the voltage evolves along a smooth envelope

Two practical limitations should be noted:
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e Firstly, sweeping w produces a family of LTI systems because S(w) (and hence
K(w) and m,(w)) varies with w, so the identity of the dominant pole pair may
change across the sweep.

e Secondly, when the poles are not well separated (e.g. near repeated roots, near sta-
bility boundaries, or near singular electrical factors), a single exponential envelope
approximation becomes less accurate and the settling time may be better estimated
directly from the computed pole set {s;(w)} rather than from a closed-form approx-
imation.

5.7.4 Comparison of theoretical power with numerical time-
domain integration

We use same initial conditions for both the analytical and numerical methods for the
tip mass i.e. Y,(0) = 0.01, Y,(0) = 0 and zero initial voltage V,,(0) = 0 which comes
quite obviously considering our primary goal which is to generate/ build up voltage and
hence power harvesting the energy from free wave motion through our system. The
spring stiffness coefficient and the inerter mass-parameter are chosen as & = 0.1k.s¢ and
m, = 0.5M;. Other parameters are chosen as in Table 5.1.

4x]O 2 x10 .
351 b 2r
3r b 181
B25¢ 2167
3 9t —analytical (using t5(w)) 14t
] - numerical (ode45 using t(w)) v;
:E 15r -~ Laplace-axis ff 12
o w, (linearized regime)= 11.585 rad/s '
Ir « w, (0ded5)= 11585 rad/s 1 Ir -- Laplace-ax}s . ’
05 + w, (Laplacian)= 10.300 rad /s sl + w, (Laplacian)= 10.309 rad/s
0 N I logoaeo I | ) PR | dennnnnnnna 06 1 1 1 1 1 1
6 8 10 12 14 16 18 20 6 8 10 12 14 16 18 20
free wave frequency, w free wave frequency, w
(a) Analytical time-domain estimate and Laplace (b) Laplace-axis prediction (zoomed in)

prediction versus direct numerical integration

Fig. 5.9: Comparison of analytical time-domain estimate, numerical integration, and
Laplace-axis power prediction using ts(w) as calculated from (5.110), for the chosen pa-
rameter set, t,(w) varies from 9.69 to 10.14 s over the plotted frequency range, optimum
frequency w = w, is marked at the peak power amplitude.

Fig. 5.9 shows the comparison between the analytically and numerically obtained
maximum steady state power’s variation with the free wave frequency w. The value
of ts(w) as obtained from (5.110) is used for both the analytical formulation derived
in Section 5.7.1 and time-domain simulations using ode45. To calculate power directly
in the Laplace domain P(w) = |V (iw)|?/(2R;), without using any time-constraint, the
formulation derived in Section 5.7.2 has been employed.

The excellent agreement between the analytical time-domain curve and the ode45 re-
sults in Fig. 5.9(a) confirms that the proposed time-domain framework reproduces both
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the peak magnitude (3.569416 x 107% W) and the peak location (optimum frequency
we = 11.5852 rad/s) when the same power-extraction rule i.e. one-period averaging
over Ty(w) after t5(w) as calculated/evaluated from (5.110) is enforced. In contrast,
the Laplace-axis curve (zoomed in Fig. 5.9(b)) predicts a different optimum frequency
we = 10.3086 rad/s (as calculated from (5.90)) and, in general, a different attainable peak
level, which is 2.150071 x 108 W. This discrepancy reflects the limitation discussed in
Section 5.7.2. Evaluating V'(s) on the imaginary axis implicitly treats the response as
a purely harmonic steady-state frequency response, whereas the quantity plotted in the
time domain is a windowed maximum power extracted from a free decay transient after
the mechanical modes have sufficiently settled. Because this windowed criterion depends
on decay rates (real parts of eigenvalues), modal interference, and the finite-time enve-
lope evolution of V,,(t), it is not fully captured by s = iw alone. Consequently, the direct
Laplace-axis formulation remains useful for rapid analytical magnitude estimates, set-
tling time formulation and trend studies, but recovering an optimum frequency consistent
with the deterministic time-domain metric requires reconstructing V;,(¢), e.g. via inverse
Laplace/eigen-expansion and applying the same ¢5(w)-based power criterion.

5.8 General strongly nonlinear regime — Intrawell mo-
tions of the tip mass

We now consider the piezomagnetoelastic periodic chain in its general nonlinear regime
where the tip mass is allowed to undergo sufficiently large amplitudes of motion and hence
the cubic term Y;? becomes dominant. Since in our proposed periodic model, even in the
strongly nonlinear regime, the nonlinearities are confined within a unit cell and the inter-
cellular coupling springs are linear, we assume a Bloch-consistent harmonic approximation
[14, 201] for the tip mass displacement in the regime of free wave propagation in the form:

Y, (t) = ( Z A, cos [m(pn — wt)] + By, sin [m(p.n — wt)]) (5.112)

where p.n = p1ny + psnsg is the inner product of the non-dimensional wavenumber vector
with the directional vector of the general 2-D periodic lattice. M represents the num-
ber of harmonics considered. A,, and B,, are the unknown harmonic coefficients to be
determined from the initial conditions. Since ours is a one-dimensional periodic system,
pun = pyng + pong simplifies to pun with n being the index of the repeating unit cell.
Without loss of generality, we can choose the representative unit cell to be at n = 0, then
the adjacent unit cells will have indices of —1 and +1. and pn reduces to +pu.

We characterize free wave propagation when the tip mass is subject to a bi-stable
magnetic potential function with two local minima and one local maxima. Choosing the
distance between the magnets d = 2dj,, the vertical distance between the tip magnet’s
and base magnets’ axis d, and the field strength B; at tip magnet’s surface accordingly
will result in a bi-stable magnetic potential well in terms of tip mass displacement Y,
corresponding to two stable and one unstable equilibrium position as discussed in Sec-
tion 5.4.1 and associated values of the constant coefficients in the magnetic potential
function. Henceforth, for generalization throughout the nonlinear analysis, we will repre-
sent these coefficients as 2¢; = a; and 4cy = ay. Rewriting (5.22) and taking the integer
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j = 1 without loss of generality gives the equation of motion in the general strongly
nonlinear regime as:

MY, + ke Yotk (2Yn —Yn1 - Yn+1) + a1y, + a2V,
Mg COSZ Qv [ . . (5.113)
B a—2 <2Y” — Y1 — Yn+1) —-0V,=0

2sin” o

5.8.1 Amplitude-dependent dispersion relation within a poten-
tial well

To characterize free wave motion within one of the two stable wells of the total potential of
the tip mass, we first determine the static equilibrium from the simplest uniform branch as
done previously for the linearized regime in Section 5.4.1. We now introduce the intrawell
perturbation variable for the generalized strongly nonlinear regime as

Yo (t) = Y, + un(t) (5.114)

Substituting (5.114) into (5.113) and equating to zero the collective terms responsible for
satisfying the fixed point criteria gives

My, + Kyun+k (20, — tp—q — un+1)+3a2Y5ui+a2ui— 2—a (28, — Uy—q — Upy1)— OV, =0
(5.115)
where
My COS? v
Tqg = ——5 (5.116)
sin® «v

To allow oscillations around a non-zero mean inside the potential well, we augment the
harmonic expansion (5.112) with a zero harmonic and express the perturbation from the
stable equilibrium position in the Bloch-consistent harmonic expansion form as:

M

un(t) = Uy + Z [A,,, cosm(pun — wt) + By, sinm(un — wt)] (5.117)

m=1
Restricting to the zero harmonic and the first harmonic for small-amplitude intrawell
oscillations gives

un(t) = Uy + Aj cos(un — wt) + By sin(un — wt) = Uy + Rcos(un —wt — ¢)  (5.118)

R=/A2+ B? (5.119)

Using the first harmonic truncation with zero harmonic addition, the quadratic and cu-
bic displacement terms in (5.115) are approximated by retaining only the constant and
fundamental-harmonic components:

where

2
u?(t) ~ (Ug + %) + 2Up R cos(un — wt — ¢) (5.120)

ud (1) =~ (U(‘;3 + gUoRz) + (BUSR + ERP’) cos(pun — wt — ¢) (5.121)
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The electrical equation (5.23) is linear in voltage Vj,(¢). Therefore, the zero harmonic
gives

Vo=0 (5.122)
while the first harmonic satisfies
. WO .
h=—""_17, (5.123)
7 — WGy

The zero harmonic component Uy after substituting Eqs. (5.118),(5.120),(5.121) in Eq.
(5.115) yields the zero harmonic balance equation

2
KUy + 3asY (Ug - R?) + as (Ug’ + ;U0R2> =0 (5.124)

The fundamental component gives
iwO?

—iwC)

Ky +2k(1—cos ) —w? (My—rq(1—cos 1)) — 5
R

3 A
+6a2Y;U0+3a2U§+Za2R2 U =0

(5.125)
For a non-trivial first harmonic, U; # 0, Eq. (5.125) gives the amplitude-dependent
dispersion relation within the selected potential well:

2 2 _ 3, p2 WO’
Mtw — Kt — GCLQYZQUO — 3CLQU0 — ZCLQR + m
R, P
cosp =1 Sy (5.126)
This gives the amplitude-dependent dispersion relationship inside a static potential well
in the general strongly nonlinear regime. It differs from the zero-mean relation by the
appearance of the zero-harmonic correction Uy and the equilibrium shift Y}, both of which

arise from the asymmetry of the local oscillation about the non-zero stable equilibrium.

For the representative unit cell, we can take n = 0 without loss of generality. Then,
the initial conditions are imposed on the perturbation u,, as

u,(0) = ¢,  ,(0) = Y,,(0) (5.127)
where € = Y,,(0) — Y;. From (5.118), the corresponding amplitude is

R=,|(e—Up)?+ (Y"—(O)> (5.128)

W

If the initial velocity is zero, then

R=e— U (5.129)

Small-amplitude approzrimation: If R is sufficiently small, then Uy = O(R?). Neglecting
Ug and U3 in (5.124) gives
3asY

Uy~ ————
0 2K,

R? (5.130)

and substituting this in (5.126) and using the expression for the stable equilibrium point
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Y, as obtained in (5.26) yields the reduced local approximation

iwO?
Mw? — K, + %a2R2 + 54—
~1— m G (5.131)
COSH 2k + row? '
This can be rationalized further to:
Myw? — K; + BayR?) (1 4+ w?r2) 4+ iwO?R; (1 + iwT,
cos,uzl—( ! 1+ Ewl) :) 1 ) (5.132)

(2k + r,w?) (1 + w?72)

where 7. = R;C,, is the electrical time constant.

5.8.2 Time-domain response and energy harvested in the strongly
nonlinear regime.

In the strongly nonlinear regime, we characterize the system response, i.e., tip mass
displacement and voltage generated for intrawell oscillations of the tip mass within the
potential well centered at Y,, = +Y.

We obtain the time-domain response via a continuation method to find the converged
nonlinear dispersion branch p(w) for a desired target value of w. For small amplitudes
within a local potential well, we use the dispersion relation obtained in (5.126). It is
worthwhile to note here that assuming our nonlinear model described by (5.115, 5.23)
even for small-amplitude oscillations in the vicinity of the stable equilibrium point +Y;
will exhibit the same qualitative behavior as our linearized model described by (5.33,
5.23) will be erroneous, since +Yj is a center. In the vicinity of a center, we cannot make
any prediction on the qualitative behavior of our nonlinear model based on the linearized
model’s dynamic response [197]. Since our system is symmetric in the static equilibrium
for the simplest uniform branch, it is reasonable to assume that considering the potential
well centred at Y,, = —Y, will yield the same characteristics in terms of time-domain
response and energy harvesting potential.

Small-amplitude intrawell oscillations about a stable center

To obtain the small-amplitude intrawell response in the general strongly nonlinear regime,
we construct the nonlinear Bloch branch by continuation in the book-keeping parameter
w starting from a low-amplitude seed point within the same stable potential well. At each
continuation step, the previously converged values of the zero-harmonic correction Uy and
the Bloch wavenumber p are used as predictor values, and are then corrected by solving the
zero-harmonic balance equation (5.124) together with the amplitude-dependent dispersion
relation (5.126), while updating the oscillation amplitude R from the imposed initial
perturbation about the equilibrium position at +Y;. As an initial guess for the zero-
harmonic component Uy, we use the small amplitude approximation in (5.130). This
predictor-corrector procedure ensures that the solution remains on the same intrawell
nonlinear branch, avoids spurious jumps to neighboring roots of the algebraic system,
and provides a converged branch p(w) which is then used in the direct time-domain
integration of the governing equations (5.115, 5.23) for the representative unit cell.

We use the same purely evanescent Bloch wave approximation for the wavenumber 4 as
cos i = sgn*cosh 3, where 8 = |Im(u)| and the sgn function defined as sgn = sgn(cos ),
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where cos p1 is given by the amplitude-dependent dispersion relation in (5.132). Since for
strictly intrawell oscillations, we do not want to enter the negative-stiffness region, we
impose a feasibility constraint on the net wavenumber-dependent effective stiffness as
K(u) = K¢+ 2k(1 — cos ) > 0 for the general strongly nonlinear regime.

Time-domain response of tip mass displacement for intrawell oscillations and
voltage generated

()
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Voltage generated, V,,(t)

0012 2
00] 7777777777777777777777777 \7777777777777777777777777\ 777777777777777777777777 \777 _35 1 1 1
0 5 10 5 0 5 10 15
time, ¢ time, ¢
(a) Tip mass displacement Y, (¢), the horizontal (b) Voltage generated V,,(t)
dashed line showing the stable equilibrium position
+Y
0.03 400
300 -
002 F
200
01+
00 100
0 or
100 F
001 F
200 F
00 F
300 F
003 | | | | ! -400 ! ! I ! | |
001 0012 0.014 0016 0018 0.2 0022 3 30 25 20 15 -10 5 0

Y, Va
(¢) Phase portrait of tip mass with the Poincare (d) Phase portrait of generated voltage with the
points, the black dot showing the stable equilibrium Poincare points, the black dot showing the initial
point (Yn(O), Yn(0)> = (+Y5,0) voltage (Vn(O), Vn(O)) = (0,0)

Fig. 5.10: Time-domain responses and phase portraits showing the tip mass displacement
Y, (t) and voltage generated V,,(t) for intrawell oscillations in the strongly nonlinear regime
for a representative n-th unit cell, for an initial perturbation on the tip mass as Y,,(0) =
0.01,Y,(0) = 0 from the stable equilibrium position at Y, = +0.0107, k = 0.1kess, mq =
0.5M;, and with values of system parameters chosen as in Table 5.1.

Fig. 5.10 shows the time-domain response and Poincare maps of the tip mass and
voltage generated for the single harmonic dispersion relation in the strongly nonlinear
regime (5.132) with a target value of free wave frequency w = 20 and spring stiffness
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and inerter mass-parameter chosen to be the same as in the linearized regime, i.e., k =
0.1kcrp, mq = 0.5M;. To generate the Poincare maps for our unforced system, we plot

the points evaluated in the phase space Y,,(t), Y,.(t) and V,,(t), V,,(t) whenever time ¢ is
an integer multiple of i—’r, where

_ K(p)
Pn = \/Mt —14(1 — cos ) (5.133)

with cos p obtained from the dispersion relation in (5.132).

The tip mass still remains in the potential well at Y, = +0.0107 for the chosen initial
perturbation as is evident from Fig. 5.10(a) and the Poincare map in Fig. 5.10(c). The
time-domain responses show similar behavior qualitatively with that in the linearized
regime in Fig. 5.7 obtained with the same initial perturbation on the tip mass. Though
the feasibility constraint to obtain stable transient oscillatory behavior has shifted the
input free wave frequency value required from w = 8 to w = 20. Later, we will see what
this implies in terms of system design parameters in terms of enhanced energy harvesting
potential when compared to the linearized model.

Once we get an idea of the dynamic behavior related to intrawell oscillations in the
strongly nonlinear regime, we evaluate the maximum power harvested in the steady state
as a function of the free wave frequency, considered again as a book-keeping parameter as
of now. Since in the general strongly nonlinear regime even for small-amplitude intrawell
oscillations, we cannot pose any reduced eigenvalue problem, our previously introduced
concept of settling time and hence optimal power constraint criterion cannot be set up in
a closed-form in terms of the book-keeping parameter (more colloquially called free wave
frequency). Hence, we use the settling time formula derived in (5.110) in the linearized
regime to evaluate the maximum steady-state power harvested. We choose the same
initial perturbation on the tip mass from the stable equilibrium position at Y; = 0.0107
to generate intrawell oscillations in the strongly nonlinear regime shown in Fig. 5.10(a),
as was used for the linearized regime in Fig. 5.7(a), i.e. u,(0) = 0.01 = Y,(0) =

Y, + un(0) = 0.0207, Y,,(0) = 1,(0) = 0.

Enhanced energy harvesting potential in terms of design implications

Fig. 5.11(a) shows that, once the intrawell nonlinear branch is evaluated under the admis-
sibility constraints of bounded effective mass and positive effective stiffness, the harvested
power no longer exhibits the narrow resonant-type optimum characteristic of the linearized
baseline, but instead rises from the low-frequency end of the admissible branch and then
approaches a broad quasi-saturated plateau over the remainder of the feasible frequency
range. By contrast, Fig. 5.11(b) shows that, for the same structural choice k = ks and
mg = 0.1M;, the linearized intrawell response attains a distinct optimum at w, = 13.695
and then decreases as w is increased further. The strongly nonlinear regime therefore
transforms the response from a sharply tuned operating point into a much wider near-
optimal operating band while still maintaining a comparable maximum power magnitude.
As it can be seen from the comparison in Fig. 5.11(b), the maximum power harvested for
intrawell oscillations in the nonlinear regime is 1.07 x 10~ W, while the maximum power
harvested in the linearized regime is 3.08 x 107 W. In the context of enhanced vibration
energy harvesting, this is a significant outcome because it indicates that the nonlinear
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Fig. 5.11: Comparison between power harvested in the general strongly nonlinear regime
for intrawell oscillations within the stable potential well at Y,, = +Y, and power harvested
in the linearized regime for the same small initial perturbation around the stable equilib-
rium point at Y, = +Y,.

piezomagnetoelastic chain can sustain almost constant maximum harvested power, very
close to the nonlinear branch’s own saturation level, over a substantially broader range
of free-wave frequencies, rather than only in the immediate neighborhood of one isolated
optimum. However, when the maximum power magnitude is compared, the nonlinear
branch shows approximately a three-fold reduction with respect to thelinearized branch.
The principal nonlinear benefit is therefore the broader quasi-saturated region close to
the nonlinear branch’s own maximum, not preservation or enhancement of the sharper
linearized peak. This is a bandwidth—peak power trade-off: the appropriate design choice
depends on whether peak output or a wider useful operating range is the priority. The
broadened plateau alone does not establish a greater total harvested energy for an arbi-
trary transient input.

In the present implementation, the post-transient extraction window used for the non-
linear intrawell branch (shown in red in Fig. 5.11) is anchored to the linearized baseline
through the settling-time estimate developed earlier. Specifically, we take a constant value
ts = 10.015, obtained from (5.110) by evaluating the linearized framework at the opti-
mum frequency w = 13.695 corresponding to the peak power of the linearized blue power
curve in Fig. 5.11(b), which has been obtained by using the settling-time formula ¢,(w)
derived in Eq. (5.110) for every swept free-wave frequency w. In this sense, the linearized
intrawell model provides the reference settling-time scale with which the general nonlinear
response is evaluated. The resulting red plateau in Fig. 5.11(a) or Fig. 5.11(b) should
therefore not be interpreted as an artifact of premature power extraction, but rather as
a genuine consequence of the strongly nonlinear branch structure. Equally importantly,
this broad nonlinear operating window is obtained while satisfying all admissibility con-
ditions imposed on the reduced branch, so that the response remains inside the selected
potential well and does not enter the effective negative-stiffness regime. The broadened
high-power band is thus realized without relying on inverted-stiffness dynamics or un-
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bounded growth, and remains fully consistent with passive energy harvesting from stable
intrawell oscillations.

From a design perspective, the nonlinear plateau admits a direct inverse-map interpre-
tation. The free-wave frequency w remains a book-keeping parameter, but it is one that
is determined implicitly by the structural, inertial, magnetic, and electrical properties of
the chain through the corresponding dispersion relation. Consequently, the much wider
admissible frequency interval in Fig. 5.11(b) translates directly into a wider set of re-
alizable system-parameter combinations that can deliver essentially saturated harvested
power at comparable magnitudes with the linearized regime. This is especially impor-
tant in the present case because the broadened nonlinear operating regime is obtained
simultaneously with an increased/ improved stiffness-to-weight ratio of the static unit
cell, achieved here by increasing the spring stiffness from k& = 0.1k.ss to k = k.s; while
reducing the inerter-module’s mass-parameter from m, = 0.5M; to m, = 0.1M,. Such a
shift toward higher stiffness and lower initial auxiliary/design inertia is always desirable
in real structural design, since it reduces inertial penalty and material usage while pre-
serving a wide high-performance harvesting window. At the same time, the nonlinearities
shift the admissible operating range to higher values of the book-keeping frequency when
compared to the linearized baseline, so that the w-axis itself serves as an inverse design
map for selecting improved, wider ranges of system parameters for which high harvested
power, intrawell stability, and positive effective stiffness are achieved simultaneously.

5.9 General strongly nonlinear regime — Interwell mo-
tions of the tip mass, related wave profile and
localized energy harvesting

5.9.1 Quantitative justification for single-mode reduction to study
interwell fronts and associated harvesting within the pa-
rameter space considered

For the present dimensional parameters listed in Table 5.1, the beam mass is
my = pLwh = 0.616 g

whereas the attached tip mass is M; = 10 g. The tip mass is therefore approximately
16.2 times larger than the beam mass, so the dominant inertia is concentrated at the tip.
Within the admissible mode family used in the reduction, the modal bending stiffness is

71_4

3213

Thus, the second-mode stiffness is ky/k; = 3% = 81. The corresponding bare beam-tip-
mass frequencies are

[k, B [ ko _
=4/— =17.23 rads™* =4/—= =155.10 rads~!
w1 7, rads -, wo M, rads

Including the local magnetic tangent stiffness at Y =Y, gives approximately

Witan = 927 rads™, Wy = 154.42 rads™*

k; = FEI(2j —1)*
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The second flexural mode therefore remains more than an order of magnitude above the
characteristic frequency associated with the front-induced response and the averaging scale
used for interwell harvesting analysis in this Section. In addition, the selected potential
well displacement satisfies Y./L = 0.1. (Note: To avoid confusion between the partial
derivative of displacement Y with respect to the continuous spatial variable s, which
is conventionally denoted by Y, throughout the interwell harvesting section, the stable
equilibria on either side of the saddle will be denoted by Y..) These estimates support
use of the first generalized coordinate for the coherent, tip-dominated transition-front
dynamics. They do not exclude localized higher-mode excitation during the earliest and
most abrupt part of snap-through. A multimode beam model would be required to resolve
such short-time details.

The relevant dynamical scales for assessing higher-mode participation are the local
first-mode time scale T} = 27/wi tan and the front-passage time Ty = W/c where W
and c are the front width and front velocity as will be discussed later in Section 5.9.2.
Equivalently, the characteristic response rates are wi an and ¢/W, and the single-mode
reduction requires the appreciable response spectrum to remain well separated from the
second flexural frequency,

max {wl,tana %} < W2 tan
For the selected parameters, wi tan/w2 tan =~ 0.060, while the fitted front-passage rate ¢/W
is smaller still. This frequency-separation criterion is the primary dynamical check on
the single-mode approximation. The additional condition Y,/L < 1 is a complementary

geometric check on the assumed beam kinematics and the neglect of large axial motion;
it does not by itself guarantee modal separation.

5.9.2 Continuum limit of the discrete piezomagnetoelastic chain
Long-wavelength limit and inherent dissipative dynamics

We start from the exact discrete equations of motion for the representative n-th unit cell
of the periodic piezomagnetoelastic chain shown in Fig. 5.3 with the integer taken as j =1
without loss of generality:

MY, + kepsY + k:(?Yn Y, - Yn+1) +20,Y,

S (5.134)
HeY? — 1, (zyn Y, - YnH) — 0V, =0
7 :
CpVi+ -+ 0%, =0 (5.135)
l
where Bl )
T Mg COS* v
= T e (5.16)

and r, is defined as the negative-inertance factor.
For long wavelength limit we transform the discrete chain to a continuum model by
taking the following assumptions:

1. The periodic chain is uniform, with constant cell spacing ¢ between the centres of
adjacent tip masses.
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2. The displacement and voltage vary smoothly from cell to cell, so that the wavelength
of the propagating disturbance is large enough compared to the cell spacing, i.e.
/X< 1

The discrete variables can therefore be represented by smooth continuum fields
Y, (t) = Y(s,t), Va(t) = V(s, 1), s=nl (5.137)

For the periodic chain, the governing physics is more naturally organized by a small set
of dimensionless groups than by the dimensional values in (5.8) alone. A convenient
set is the scaled well-separation parameter § = (Y./L)? = — (ke + 2¢1) /(4o L?), which
measures the strength of the bi-stability relative to the beam length, the normalized
inertance factor y, = r,/M; = m,cos®> a/(2M,sin® a), the electromechanical time-scale
ratio 7 = (R;C,)+/k/M;, comparing electrical relaxation to the characteristic mechanical
time, and the long-wave parameter ¢, = ¢/\ < 1. In this form, interwell nonlinear
effects become possible when g > 0, inertance effects become appreciable when g, is not
negligible, and electromechanical modulation becomes important when 7 = O(1). The
dimensional choice previously in (5.8) can hence be viewed as a representative operating
point within the regime 8 > 0, Y./L < 1, and ¢, < 1, so that the unit cell is symmetrically
bi-stable, the static well displacement remains small compared with the beam length and is
therefore compatible with the single-mode reduction, and the subsequent chain analysis is
carried out in the moderate inertial-coupling, broad-front regime relevant to the localized
harvesting mechanism studied here.

For the transition-front solution, the natural long-wave parameter is more specifically

l
W )
where W is the front width. Since a spatial derivative of order m scales as W™=, the ratio
between the O(¢1) and O(£?) nearest-neighbor corrections scales as

2 &2

oW 12 (5.139)

For the fitted front used later in the numerical comparison, W/¢ = 3.717, giving an

estimated relative fourth-order correction of 0.006. This provides an a posteriori check of
the leading long-wavelength truncation for the chosen parameter set.

Taylor series expansions are retained up to O({*) to preserve the leading dispersive
corrections. The corresponding long-wave approximation truncated at O(¢?) is then ob-
tained as a special case. Using Taylor series expansion about the point s = nf, we write
the tip mass displacement of adjacent unit cells as:

£p = (5.138)

2 3
Yn:l:l(t) = Y(S + 67 t) =Y+ gifs + %Ytss + %ifsss
p (5.140)
5
+ ﬂ)/ssss + O<€ )
and similarly
. g? £3
Your1(t) =Yu(s £ 0,t) =Y £ 0V + E}/sstt + Ey;sstt
4 (5.141)

14
+ ﬁ}/;ssstt + 0(65)
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where subscripts denote partial differentiation with respect to the corresponding variables.
Hence, the discrete nearest-neighbor combinations become

54
2V, — Y, 1 — Y, = =LY, — EY + O(£°) (5.142)

and .
QYn - Yn—l - Yn+1 - _£2Y;stt - E}/sssstt + O<€6) (5143)

Substituting (5.142) and (5.143) into (5.134), the continuum limit of the mechanical
equation is obtained as
rolt ke
MY, a€2Y;s a_}/ssss - k€2szs - _Y;sss
tYe + T tt T D tt B
+(ker +201)Y +46Y° — OV =0

Since the electrical equation (5.135) contains no intercellular coupling terms, its continuum
counterpart retains the same local form

v
CpVi+ o +0Y, =0 (5.145)
l

(5.144)

Hence, the continuum electromechanical model corresponding to the discrete chain is given
by Eqs. (5.144) and (5.145). Eq. (5.144) may be interpreted as a generalized nonlinear
dispersive Klein—-Gordon/Boussinesq type equation with additional mixed spatio-temporal
inertia terms induced by the inertial coupling, and locally coupled to the electrical field
V(s,1).

If only the leading long-wavelength terms are retained, i.e. neglecting O(¢*) correc-
tions, then (5.144) reduces to

MYy + 150*Yosts — k€Y 55 + (keff + 201)Y

5.146
+4cY? — 0OV =0 ( )
together with
v
C,Vi + T +0Y; =0 (5.147)
1

Egs. (5.144)—(5.147) provide the continuum limit, long-wavelength approximation for
analyzing large-amplitude interwell wave motion, including transition fronts and soliton-
like wave propagation, in the strongly nonlinear piezomagnetoelastic chain. Eq. (5.146)
gives us a nonlinear regularized wave equation, with an underlying hyperbolic Klein—
Gordon core, in terms of displacement variable Y'(s,t) and involving an electromechanical
coupling paremeter O, considering that the intercellular springs are of a hardening nature
with k£ > 0.
In its exact form, we seek traveling wave solutions of the strongly nonlinear equation
(5.146) in the form
Y(s,t) =Y (s —wt) =Y(2) (5.148)
where v is the velocity of wave propagation in the periodic chain and z = s — vt being a
reduced variable. Substituting (5.148) in (5.146) and (5.147) gives
(M — kC)Yo: + 1alP0?Yooee + (Kepp + 2¢1)Y

5.149
+ 402Y3 -V =0 ( )
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v
vC,V, — 7 +0v0Y, =0 (5.150)
!
For convenience, we introduce the notation
A, = Mw?* — k0, B, = r 0*v%, ap = kepr + 2¢1,bp = 4cy (5.151)
Then Eq. (5.149) takes the compact form
ByYioo. + AyYa. +agY +bY? — OV =0 (5.152)

Although the direct first integral does not exist for (5.152) unlike a conventional (*
problem [202] because of the existence of the fourth order leading term in derivative of z
induced by our choice of the inertially coupled model and the existence of the coupling
term OV representing distributed electrical dissipation, multiplying Eq. (5.152) by Y,
still yields a useful pseudo-energy balance. Indeed, we obtain

B,Y....Y, + AY..Y, + aYY, + byY3Y, — OVY, =0 (5.153)
The first four terms can be written as total derivatives with respect to z as
d (A
AY..Y, = — | =2Y? 5.154
(5 (5.15)
yy, = 4 (ao Y2> (5.155)
a 2= — | = .
0 dz \ 2
d (b
b3, = — [ =Y 5.156
0 dz <4 ) ( )
BYov. = LB, vy, - Ly (5.157)
vitzzzztz — dZ v zzz4 z 2 zz .

Hence, we obtain
d

dz| 2 ~ 2 #

A, 1
_Y2 + Bv (YtzzzY; - _Y2)
(5.158)

+80y2 4 %OY“

—-0VY,=0
2

The coupling term can be re-expressed by using the traveling-wave electrical equation
(5.150). From

v
vOY, = — —vC,V, (5.159)
R,
it follows that 2 2 i /C
—OVY, = ——+CVV. = ——+ — | 2V? 5.160
le+ P le+dz(2 ) ( )
Substituting (5.160) into (5.158) gives the pseudo-energy balance law
d|A 1 a
- _UYQ Bv <}/;zz}/; - _Y2) _0Y2
dz| 2 ~ - 2 - 2
) (5.161)
booys Cpio Vv
Dyay Zeyp2| - 2
+ 4 + 2 UR[
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for a traveling wave propagating with v > 0 in the positive (considered left to right)
axial direction of the periodic chain. This balance law immediately shows that an ex-
act nontrivial constant-speed passive heteroclinic front between two symmetric energy
wells is not admissible. Suppose that the wave propagating medium extends to oo and
that in an initial state all the tip masses are at their initial positive static equilibrium
position +Y, and after the wave has propagated through the chain, all the tip masses
have snapped to their other negative stable equilibrium branch at —Y,. Without loss of
generality and using appropriate normalization, the bi-stable potential well can always
be chosen to be symmetrically oriented around the unstable local maxima in the middle
at Y = 0. Also, assuming that energy harvesting through the piezoelectric harvester
is achievable only during wave propagation and not before or after it, considering the
dissipative electromechanical nature of the system dynamics, we obtain:

Y(—00) = 4Y,,  Y(+o0)=-Y, (5.162)

with
Y, Y..,,Y....V—=0 as z — +oo (5.163)

and where Y, is one of the two stable non-zero equilibria of the symmetric double-well
potential. Integrating (5.161) over the whole real line yields

|:CL() 2 bo 4:| oo 1 o 2
—Y 4+ =Y = — V3(2)dz (5.164)
2 4 P URZ — 0
Since the two wells of the symmetric bi-stable potential have equal energy, the left hand
side of Eq. (5.164) goes to zero identically, whereas the right hand side is non-negative and
is strictly positive unless V' = 0. Therefore, a nontrivial exact constant-speed heteroclinic
front connecting the two equal wells cannot exist in the passive electromechanical chain.
In other words, the relevant interwell wavefront in our system is not an exact conservative
kink, but a decelerating or modulated transition front, unless an asymmetry between the
wells or an additional external energy supply is introduced.

To characterize admissible traveling-wave tails, we can linearize the coupled traveling-

<keff +201>

wave system about one of the stable equilibria Y, = &+ — = - Writing
Y(i)=Y.+n(2), Vz)=v(z), In<l, <1 (5.165)
and introducing the local tangent stiffness
K; = kepp + 201 + 126V (5.166)
gives the linearized traveling-wave equations
Bezee + Auizz + Ky — Ov =0 (5.167)
vCy, — }% + 001, =0 (5.168)

Seeking normal-mode solutions of the form
n(z) = He?, v(z) = peM (5.169)
leads to the algebraic system

(B + AN+ K)n—00=0 (5.170)
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1
VO + (vCp)\ - E) p=0 (5.171)
1

and therefore the spatial characteristic equation

(B + AN + K <vCp)\ — R%) +v0*\ =0 (5.172)

1
Eq. (5.172) determines the spatial eigenvalues of the traveling-wave system and hence
classifies whether the front tails are monotone or oscillatory and whether localized front-
type profiles are admissible for a given wave speed v and parameter set. Here, spatial
eigenvalue refers to exponential evolution with respect to the co-moving spatial coordinate
2z = s —vt. The mode e** grows or decays in space in that frame. A localized front
requires roots with Re A < 0 for decay as z — +o00 and roots with ReA > 0 for decay
as z — —oo. Real nonzero roots produce monotone exponential tails, whereas complex
roots with nonzero real part produce oscillatory decaying tails. Roots with Re A = 0 do
not decay and therefore do not generate localized tails. In particular, A = 0 is not a
root in the present finite-load problem because substitution into equation (5.172) gives
—K;/R; # 0 for K; >0 and 0 < R} << o0.

Analytical leading-order wave profile

In our electromechanically damped chain, the large-amplitude interwell traveling-wave
problem is naturally reformulated as a non-conservative spatial dynamical system with
distributed electrical dissipation, rather than as a conservative quadrature problem or
more specifically called a ¢* problem in field theory as considered in [38] or other existing
literature. So, since an exact constant-speed front does not exist for our dissipative
periodic chain, we make a slowly modulated front ansatz for the traveling wave. We
therefore consider a slowly modulated interwell front connecting the two stable branches

Qo k?eff + 261
Y, =, [0 =g, nelf T 5.173
bo 402 ( )

where ag = kegy + 2c1 and by = 4cy, and seek a right-running front in the form
s—X(t)

W(t)
where X (t) is the front center, ¢(t) = X (t) is the instantaneous front speed, and W (t) is

the slowly varying front width. We assume that the front modulation is slow in the sense
that

Y(S7t) ~ YK(S) ) V(87 t) ~ VK<§> ) £ = (5174)

W WX WW

e Ofem), 2 Ofem), 2z Ofem) (5.175)
O<e, K1
Using (5.174), the reduced variable satisfies
1 c+WE
= —, -5 5.176
b= &= (5176)
Hence, to leading order in the slow-modulation parameter ¢,,, we obtain
Y, = —— Y/ + O(c) (5.177)

W
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2

Yie = 7Y + Olem) (5.178)
Vit = W4Y(4) + O(em) (5.180)

and similarly
v, = —%v;{ +O(em) (5.181)

where prime now denotes differentiation with respect to .
Substituting (5.177)—(5.181) into the leading-order continuum equations (5.146) and
(5.147), and neglecting terms of order O(e,,), gives the quasi-steady profile equations

Wer M,c? — kL2
rwf Yo+ tCTY” +agYy + beYE — OV = 0 (5.182)
CvipVK ‘g - %Y,’( =0 (5.183)

For a broad front, W > ¢, the fourth-order dispersive term in (5.182) is asymptotically
smaller than the second-order term, while in the weak electromechanical-coupling limit
the front shape is determined at leading order by the mechanical balance

MtC — k€2
W2

Since ag < 0 and by > 0 in the bi-stable regime, equation (5.184) admits the ¢*-type kink
profile [202] given by

YI/(/ + (l(]YK + bOYK =0 (5184)

Yi(§) = Y. tanh & (5.185)
provided the width-speed relation
2<MtC2 — k?£2) - 2(k€2 — Mtcz)

Qo - |CLO|

W2 =

(5.186)

is satisfied. Since ag < 0, the requirement W?2 > 0 yields the subsonic condition for the
wave speed.

k2
- 5.187
< Y7 ( )
Thus, in the broad-front regime, the theoretical front is a slowly modulated ¢* kink whose
width depends on the instantaneous propagation speed through (5.186). Substituting

(5.185) into (5.183) gives the slaved voltage profile
C)
VL - TVie = —— YL (5.188)
Gy
with
14

I' =
CR[ Op

(5.189)

Since

Y (€) = Y.sech? ¢ (5.190)
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the formal solution of (5.188) is

r oY, [* ¢ 2

Vi (€) = e'* [OV — / e~ "Tsech ndn} (5.191)
CP o

where Cy is a constant of integration determined by the asymptotic condition imposed on

the traveling front. By choosing an appropriate boundedness condition as £ — +o0, the

exponentially growing homogeneous part represented by e'¢Cy can always be removed

for a stable voltage solution.

Egs. (5.185), (5.186), and (5.191) define the leading-order theoretical interwell wave-
front in the electromechanically damped chain. The front is therefore not an exact con-
servative kink of fixed speed, but a quasi-steady topological front whose shape is inherited
from the underlying bi-stable mechanical potential while its speed, width, and electrical
signature are modulated by the electromechanical extraction and the inertial coupling.

A reduced evolution law for the front modulation may now be obtained by combining
the pseudo-energy balance (5.161) with the modulated-front ansatz (5.174). Introducing
the front energy functional

| Mye? 2 Tt k(>
W)= [ |G ()" + B 0+ 4 ()
(5.192)
+W< °y2 + bOY4 Qoy2 b0Y4) Co WVK de
4 2 4
the leading-order electromechanical energy balance takes the form
d Wi(t) [
Sede.w o) = -2 [ vz e ae (5.193)

Hence, after substituting the width-speed relation (5.186), one obtains the reduced mod-

ulation equation
— ; 194
e o I GEL (5.194)

which shows that the passive electrical extraction necessarily decelerates the interwell
front as it propagates through the chain. Therefore, the large-amplitude interwell solitary
response in the present electromechanical system is more accurately described as a slowly
modulated or decelerating topological front rather than as an exact conservative soliton
of constant speed.

It is useful to emphasize that the propagating object studied here is not a conser-
vative one-parameter soliton family parameterized by a freely varying amplitude. In the
present bi-stable chain, the front connects the two stable branches +Y,, so its jump ampli-
tude is set primarily by the well separation, whereas the dynamically relevant quantities
are its instantaneous width and propagation speed. For this reason, the reduced theory
naturally yields the width-speed relation in (5.186), together with the modulation law
in Eq. (5.194), rather than a unique amplitude-speed law of conservative soliton type.
This distinction is a direct consequence of the passive electromechanical dissipation. As
the front transfers mechanical energy into the electrical circuit, its speed cannot remain
uniform during propagation, even though its kink-like interwell structure is preserved to
leading order. The objective of this interwell study is therefore not a full dynamical tax-
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onomy of solitary waves, but the characterization of the front structure most relevant
to energy conversion. In that sense, the asymptotic comparison already adopted is the
natural analytical reference for the present system. In the broad front limit the mechan-
ical core reduces to the @-type kink profile in (5.185), while the departures from the
conservative ¢? setting are precisely the physically important ingredients here, namely
inertance-induced higher order dispersion and electromechanical dissipation.

5.9.3 Parametric plotting to compare with numerical results
Wave fronts

For comparison of our theoretical model to numerical simulations (Fig. 5.12), we consider
a finite chain consisting of 100 unit cells with both ends free at all times. We consider all
the masses in the chain to be at the initial static equilibrium position within the potential
well at Y = +Y,. We impose on the first mass in the chain a velocity sufficiently high for
it to snap to its other stable branch at Y = —Y, to generate free wave motion in the chain
in its interwell regime. The spring stiffness is considered to be k = ks and the inerter
mass-parameter is considered to be m, = 0.1M; with other parameter values chosen as
in Table 5.1. The simulation is run for 80 seconds using the explicit RK4 ode45 solver in
Matlab.

The numerical model is the original finite discrete system, equations (5.134) and
(5.135), integrated simultaneously in time-domain for n = 1,..., N where N = 100
and the continuum equations are used only for the analytical approximation. All nu-
merical finite-chain integrations used in the comparison plots were computed with tol-
erance values of RelTol= 107" and AbsTol= 10~!°. The finite size can influence late-
time reflected waves and the tails near the free boundaries. For the representative case,
Lepain = (N — 1) =99¢ and W = 3.717¢, so the chain contains approximately 26.6 front
widths. The analytical comparisons are therefore restricted to intervals for which the pri-
mary front core remains in the chain interior. Reflected and end-generated components
are retained in the exact finite-chain simulation but are not part of the infinite-domain
front approximation.

It is important in this scenario to distinguish the absence of sustained forcing from
the absence of supplied energy. The velocity imposed on the first mass is a prescribed
initial-value trigger that supplies the finite energy required to cross the magnetic poten-
tial barrier. Once the initial state has been specified, however, the finite chain evolves
autonomously, with no time-dependent external force or base excitation. Let

Y = (Yi,..., Yt

and let L denote the free-end discrete nearest-neighbor Laplacian. The inertially coupled
mass matrix is

Mf = MtI — TaLf
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The mechanical and electrically stored energies of the finite chain are given by

N
1. .
Enlt) = Y ™M Y + Y (%Yn? + CQY,;*>
n=1

2
LN (5.195)
+ 5 (Yn+1 - Yn>2
n=1
and
C, N
_p 2
Eolt) =5 ; V2(t) (5.196)

where ag = kesp + 2¢1. Multiplication of the discrete mechanical equations (5.134) by Y,
and of the electrical equations (5.135) by V,,, followed by summation over the chain, gives
d N
— (Em+&)=— = 5.197
7 (En e =3 (5.197)
Consequently, the total energy delivered to the electrical loads or in other words the
harvested energy is obtained as

N
Ehare(t) = /0 t ; %(;) dr (5.198)
The reference equilibrium energy is
£y =N (%Yj + czxc}) (5.199)
corresponding to all masses at +Y,, with zero velocity and voltage. The initial excess
supplied energy is therefore

B = En(0) 4 £.(0) — & (5.200)

For the present initial condition, in which only the first mass at the free end has velocity

Vg, this reduces to
1
Ein = 5(M; = ra)u5 (5.201)
With vy = 40 ms™!, the initial supplied energy is Ej, = 6.80 J. At the end of the
80 s simulation, the corresponding values of harvested energy and conversion ratio were

obtained as

E arv
Epare = 6.799 ),  np = Eh = 0.999,

with a relative energy-balance residual of 5.945 x 1075, Because the resistive loads are
the only irreversible loss mechanism included in the model, ng is an idealized model-
level conversion ratio rather than a prediction of the efficiency of a practical harvester
containing mechanical, dielectric, and power-electronic losses.

The small perturbations in the numerical solution with respect to the theoretical
prediction in Fig. 5.12(a) are caused due to discreteness effects [203]. The numerical
front appears broader than the leading theoretical core because the discrete solution con-
tains lattice-scale dispersion, radiated wavetrains, electromechanical feedback on the front
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Fig. 5.12: Comparison of the theoretically predicted wavefront with numerically deter-
mined wave profile, for plotting the wave profile across the chain snapshots are taken
at ¢t = 30 seconds and ¢t = 50 seconds (for parameters: ¢ = 1, left-boundary scaled co-
ordinates {1, (t = 30 seconds) = —4.3759 and £, (¢ = 50 seconds) = —3.4983 which are
alignment shifts associated with the two snapshot times and not additional physical pa-
rameters of the model, Y, = 0.0107).

shape, and slow variation of its speed and width. These effects are omitted from the broad-
front, weak-coupling ¢* approximation. The theoretical profile is therefore intended to
describe the coherent front core rather than the complete finite-chain waveform. More-
over, the theoretical far-field values are asymptotic infinite-domain equilibria, whereas the
curves in Fig. 5.12 are finite-time snapshots. Small precursor waves, residual intrawell os-
cillations, and free-end effects consequently make the numerical value near s = 100 differ
slightly from Y, at the reported times.

For our dissipative chain, the propagating wave should be interpreted not as an ex-
act conservative soliton, but as a kink-like, slowly modulated transition front which ap-
proaches asymptotically in time the leading order core captured by the reduced ¢* type
profile derived in Section 5.9.2. In contrast to conservative bi-stable chains considered
previously, the present piezomagnetoelastic chain is intrinsically dissipative due to the
electromechanical shunt, and therefore the large-amplitude interwell wave is not expected
to evolve into an exact constant-speed heteroclinic soliton that switches the chain per-
manently from one stable branch to the other. Instead, the numerical results show a
transient topological like front which induces barrier crossing and propagates through the
chain (Fig. 5.12(a)), but leaves behind a decaying relaxation tail as energy is continuously
extracted into the electrical domain. In this sense, the relevant nonlinear wave object in
the present system is a damped or quasi-solitonic transition front rather than a conser-
vative soliton. For this reason, the long integration window (Fig. 5.12(b)) is retained to
characterize the full dissipative evolution and energy conversion process, whereas the front
profile comparison with theory is performed at an earlier time snapshot, when the front
core is still in the interior of the chain and before the post-front relaxation has collapsed
the excited cells back toward the neighborhood of the saddle at Y = 0.

Throughout this section we intentionally restrict attention to the primary front regime,
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namely to time windows for which the interwell front remains in the interior of the chain
and the core dynamics are not governed by interactions with waves reflected from the
boundaries. Accordingly, front-front and front-reflection collision dynamics are not pur-
sued here, since the present work is concerned with the enhanced and spatially localized
energy harvesting generated by the primary dissipative transition front.
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+ numerical front
—best-fit line
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w

Fig. 5.13: Transition-front position vs time, extracted from the numerical Y = 0 crossing.
The red line shows the least-squares fit used to estimate the representative averaged
propagation speed.

The front position shown in Fig. 5.13, is extracted from the finite-chain simulation
as the interpolated spatial location at which the displacement crosses the saddle value
Y = 0, separating the switched branch behind the front from the unswitched branch
ahead of it. The resulting trajectory is not interpreted as an exact constant-speed char-
acteristic. Rather, its scatter and departure from an ideal straight line are consistent
with the dissipative, slowly modulated nature of the interwell transition front. The blue
points in Fig. 5.13 are raw deterministic front-position samples, not ensemble data. No
ensemble averaging and no temporal averaging are applied to the plotted points. Their
scatter reflects discrete cell switching and fast local oscillations superposed on the slowly
varying front. The red line is a least-squares fit over the selected primary-front interval
and its slope is used as a representative average propagation speed in the leading-order
quasi-steady profile.

The preservation of a kink-like core at the two time-snapshots in Fig. 5.12, together
with the gradual nonlinearity of the front-position trajectory in Fig. 5.13, provides a
consistency check for slow modulation of the front speed and width. We do not interpret
these observations as a pointwise validation of the complete reduced modulation equation
for ¢(t) and W (t).

For a direct comparison of the numerical wave profile with the theoretical leading-order
solution obtained in (5.185) satisfying the width-speed relation in (5.186), a least-squares
fit to a substantial interior portion of the primary-front trajectory, before boundary effects
become significant, is used to obtain a representative propagation speed as mentioned be-
fore. This fitted trajectory is shown by the red line in Fig. 5.13. Substituting this averaged
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speed in the theoretical solution shows a good agreement in the asymptotic limit with the
numerical wave profile as shown in Fig. 5.12, which confirms the adequacy of the theoret-
ical leading-order prediction. This fitted, averaged propagation speed obtained from the
numerical front will also be used for the voltage and power comparison henceforth.

We now compare the theoretical voltage model obtained in equation (5.191) to nu-
merical simulations. Since the direct numerical voltage obtained from the finite nonlin-
ear chain contains fast carrier oscillations, local radiative contributions, and boundary-
reflected components superposed on the coherent electromechanical signal generated by
the propagating front, a pointwise comparison with the reduced theoretical voltage profile
is not insightful. For this reason, we compare the theoretical prediction with the enve-
lope of the numerical voltage, which filters out the rapidly oscillating carrier content and
retains the slowly varying front-induced amplitude that is captured by the asymptotic
traveling-wave theory.
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—theoretical prediction
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Fig. 5.14: Comparison of the theoretically predicted voltage model with numerically
determined voltage envelope (for parameters ¢ = 1, & = —3.4983,Y, = 0.0107), for
plotting the voltage profile across the chain a snapshot is taken at t = 50 seconds.

For comparison of the theoretical voltage front with numerical finite-chain results
(Fig. 5.14), Eq. (5.188) was not evaluated directly through its formal integral representa-
tion because, over a finite comparison window, the factor e'¢ in the closed-form solution
(5.191) can become numerically ill-conditioned when I" > 0, thereby amplifying round-off
and producing spurious overflow or underflow even though the physically relevant bounded
solution remains finite. To avoid this practical difficulty in finite models, we imposed the
boundedness condition in the far-field asymptotic state ahead of the propagating front and
solved Eq. (5.188) backward in £ by a backward Euler marching scheme. This procedure
is numerically stable for the present first-order linear equation, preserves the decaying
character of the bounded voltage solution, and yields a compact front-localized profile
that can be compared directly with the envelope of the numerical voltage. In this way,
the theoretical voltage prediction captures the coherent electromechanical signature of the
interwell front without contamination from the exponentially ill-conditioned homogeneous
contribution.
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The slightly apparent deviation of the numerical envelope from the equilibrium voltage
V =0 near s = 100 in Fig. 5.14 is a finite-time, finite-chain effect rather than a nonzero
electrical equilibrium. The free-end region contains small precursor and reflected wave
components, and the finite electrical time constant R;C, preserves voltage for a short
interval after local mechanical motion. These contributions decay under the electrical
equation so that V,, — 0 as t — o0o. The theoretical profile instead imposes V' — 0 in the
infinite-domain far-field state, and the comparison is intended primarily for the interior
front-generated voltage signature.

Energy harvested through free wave propagation

Building on the front profile and voltage envelope comparisons in Section 5.9.3, we quan-
tify the harvested output directly from the electrical response of each unit cell. For the
finite-chain simulation, the numerical voltage history V,,(t) obtained from the direct time
integration is converted to the instantaneous electrical power p,(t) = V?2(t)/R;. The
harvested energy over one observation window of duration 7' = 27 /wy is then defined as

to+T v2(t)
B, (to) = g
(to) / o

0
My

2¢; 4+ 12¢, Y2 and the corresponding average power is obtained as P, (ty) = E,(t9)/T. The
post-transient harvested output at the n-th cell is taken as the maximum of this one-
cycle average over all admissible windows with ¢ty > ¢, where t, is a wait time based on
observations. The theoretical counterpart is constructed exactly the same manner, except
that the full voltage signal is replaced by the composite front envelope prediction obtained
in Section 5.9.3 from the bounded front core solution together with the post-front RC tail.

Thus,
to+T V2 (t) 3 E (to)
E,(ty) = / L ” dt, P, (ty) = —
(o) ) Rl (to) 7

and the same maximization over ty > ts is used to compare theory and numerical simu-
lation on a cell-by-cell basis.

To present the results in a physically transparent and unit-independent manner, the
averaged powers are reported in scaled form by using the natural voltage scale V[ =
|©Y,/C,| associated with the interwell front and the corresponding natural power scale
Py = V#/R;. The plotted quantity is therefore the average scaled power P = P/P,. This
normalization removes the trivial dependence on the absolute voltage level and resistor
value, and highlights instead how efficiently the propagating nonlinear front redistributes
harvestable electrical output along the chain.

The resulting comparison in Fig. 5.15 shows that the harvested output is strongly
localized over a finite set of cells (roughly between cell number 10 and 20 for numerical
simulations) reached by the primary interwell front and then decays downstream. The
reduced envelope-based theory reproduces this localization and subsequent attenuation in
a qualitatively consistent manner, while the numerical curve remains broader and larger
in magnitude because it still contains carrier-scale oscillations, radiative wavetrains, and
finite-chain effects that are intentionally averaged out in the slowly modulated theoret-
ical description. Since, to obtain the harvested power, the voltage is squared and the

where wp = w/& is a frequency defined from the local tangent stiffness K; = kqrr +
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Fig. 5.15: Comparison of theoretically predicted average power with numerically obtained
power profile (for parameters ¢ = 1, Y, = 0.0107), for obtaining the power profile across
the chain a cycle averaging is used after an initial wait time of ¢, = 50 seconds, the actual

harvested power is scaled by a factor of Py = —222};;
P

resulting cycle average is maximized over admissible post-transient windows, differences
in the voltage history comparison can be magnified in the final power profile comparison.
The differences delimit the validity of the approximation: the theory retains the broad,
slowly modulated coherent front and its post-front RC memory and accordingly, the re-
duced model is intended for the interior broad-front regime, away from strong boundary
interactions and parameter ranges in which the front width or electrical memory length
approaches the unit-cell spacing.

Parameter sweep for voltage profile comparison and selection of the best com-
bination for discussing advantages later

We now vary some useful system parameters like the inerter mass-parameter m,, the
coupling spring stiffness k£ and the load resistance R; to compare the theoretical voltage
prediction and the numerical results and choose the combination of these parameters
which gives the strongest localized voltage profile and the least disagreement between
the theoretical model and numerical simulations to discuss possible advantages of our
proposed model later in Section 5.9.4.

The parameter sweeps in Fig. 5.16 and Fig. 5.17 are used to identify a representative
design point that combines a large and spatially localized electrical response with reliable
reduced-order prediction. Since the cell-wise harvested power is constructed from V? /R,
agreement between the theoretical and numerical voltage envelopes provides a direct test
of whether the reduced model can predict the location and spatial extent of the corre-
sponding power concentration. Fig. 5.16(a) shows that, for m, = 0.02M; and 0.05M,, the
numerical response contains a large component near the initially disturbed boundary to-
gether with appreciable distributed and radiative content further along the chain. These
contributions are not described by the single coherent-front ansatz and should not be
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(a) Comparison of theoretical voltage profile with (b) Comparison of theoretical voltage profile with
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constant at k = keyy. stant at m, = 0.1M;.

Fig. 5.16: Comparison of the theoretically predicted voltage model with numerically deter-
mined voltage envelope for different inerter mass-parameters and coupling spring stiffness
values, for plotting the voltage profile across the chain snapshot is taken at ¢ = 50 seconds
(for parameter: ¢ = 1), load resistance is kept fixed at R; = 20 MQ.
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Fig. 5.17:  Comparison of the theoretically predicted voltage model with numerically
determined voltage envelope for varying values of load resistance R; keeping the inerter
mass-parameter constant at m, = 0.1M,; and coupling spring stiffness constant at k = ks
(for parameter ¢ = 1), for plotting the voltage profile across the chain a snapshot is taken

at ¢ = 50 seconds.

interpreted as superior front-mediated localization merely because the boundary voltage
is large. In contrast, m, = 0.1M; produces a dominant interior voltage peak followed by a
systematic spatial decay, with the theoretical model reproducing its position, magnitude,
and overall localization most effectively. Moderate inerter mass therefore reorganizes the
response into the coherent front-mediated structure relevant to localized harvesting.

The coupling-stiffness sweep in Fig. 5.16(b) similarly favors k = k.s¢. For k = 0.1k, sy,
the theory predicts an unrealistically sharp and large voltage peak. From W? = 2(k¢* —
M,c?)/]ag|, reducing k drives the predicted front width toward the unit-cell scale, so that
the broad-front condition W > ¢ and the long-wavelength approximation cease to be well
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satisfied; discreteness, higher-order spatial corrections, and radiated wave components
then become significant. The agreement improves at k& = 0.5k.s¢ and is strongest at
k = kes¢, where the front remains sufficiently smooth while retaining a high localized
voltage and hence power output.

Finally, Fig. 5.17 shows that the low-resistance cases R; = 1 M{2 and 5 M rapidly
discharge the piezoelectric capacitance. Their electrical memory length Lrc = cR,C,
can become comparable to or smaller than the cell spacing, making the voltage signature
short-lived and sensitive to discrete and fast transient components that are excluded from
the quasi-steady envelope model. At R; = 20 M2, the front-generated voltage is retained
for sufficiently long to produce the largest reliably predicted localized output among the
tested loads, and the theoretical and numerical profiles agree closely in peak location and
spatial decay. Consequently, the combination

Mg = 0.1M;, k=kes R =20 MQ (5.202)

is adopted in Section 5.9.4 as the best joint operating point within the sampled param-
eter ranges. This selection is not asserted to be a global optimum over the continuous
parameter space. Rather, it gives the strongest combination of front-mediated voltage
and hence power localization and theoretical predictability among the cases considered.
Once a representative front speed is supplied, the reduced model can therefore be used
as an inexpensive parameter-screening tool, while the observed discrepancies at very low
mg, low k, and low R; delineate the regimes in which full discrete simulations remain
necessary.

5.9.4 Advantages over a linear model with no magnets or inert-
ers

We now explore possible advantages in terms of energy harvesting with our chosen bi-
stable, inertially coupled piezomagnetoelastic chain over a linear piezoelectric harvester
with no magnets and inerters. For numerical time-integration purposes using ode45, in
both the linear and nonlinear periodic models, we choose a finite chain with 100 unit
cells free at both ends and apply on the first mass the same initial displacement and
velocity. Considering our chosen bi-stable periodic chain, the initial velocity is taken to
be sufficiently high so that the first mass snaps from its initial stable branch at +Y. to
the other stable branch at —Y, in order to generate transient solitary waves in the chain.

Fig. 5.18 shows the clear advantage of energy harvesting through free wave prop-
agation with the chosen bi-stable, inertially coupled piezomagnetoelastic model over a
linear piezoelectric harvester with no inerters. While the piezomagnetoelastic harvester
produces strongly localized energy distribution among the unit cells, the linear harvester
without inerters creates an energy profile which is spatially delocalized and almost equally
distributed among the unit cells and of much lower magnitude.

To establish an improved design route in terms of localized energy harvesting, starting
from the linear baseline model with no inerters, we compare our chosen model with

1. A linear piezoelectric chain with inerters.

2. A bi-stable piezomagnetoelastic chain with no inerters.
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Fig. 5.18: Comparison of power harvested vs mass index n of the nonlinear, inertially
coupled piezomagnetoelastic chain with a linear piezoelectric chain with no inerters and
magnets, the power plots have been generated numerically for a finite chain of n = 100
unit cells with same initial conditions imposed on the first mass for both the cases, a
semi-logarithmic y axis has been chosen for better visual comparison.

Linear chain with inerters

As a first step away from the linear baseline, it is natural to introduce inerters while
retaining a linear piezoelectric chain. This modification changes the effective inertia and
dispersive character of the system, but the corresponding harvested-power profile remains
almost spatially uniform and several orders of magnitude smaller than that of the chosen
piezomagnetoelastic chain as can be seen in Fig. 5.19, showing that inerter-contribution
alone does not create a strong mechanism for energy localization. Moreover, since increas-
ing the inerter mass beyond m, = 0.1M; leads to divergence instabilities in the voltage
response for our chosen model in the interwell snap-through regime, further improvement
cannot be pursued safely by simply increasing the inertance magnitude level. The linear
inertially coupled chain should therefore be viewed as a useful intermediate benchmark,
but not as a practically sufficient design for enhanced localized energy harvesting.

Bi-stable chain with no inerters

With the useful level of inertial coupling bounded by voltage stability, the next system-
atic design step would be to introduce magnetic nonlinearity and hence bi-stability. The
comparison with the bi-stable chain without inerters in Fig. 5.20 shows that the addi-
tion of magnets produces the dominant increase in harvesting performance, lifting the
response from the weak linear regime to a much stronger wave-mediated electrical out-
put. However, without inertial coupling mechanism, the harvested power remains more
broadly redistributed along the chain, with a less sharply concentrated spatial profile than
in the fully inertially coupled bi-stable/nonlinear model. This establishes a clear design
pathway for enhanced, localized energy harvesting. Inertial coupling alone proves to be
insufficient, while adding bi-stability provides the main enhancement in harvested energy,
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Fig. 5.19: Comparison of power harvested vs mass index n of the nonlinear, inertially cou-
pled piezomagnetoelastic chain with a linear piezoelectric chain with inerters and without
magnets, the power plots have been generated numerically for a finite chain of n = 100
unit cells with same initial conditions imposed on the first mass for both the cases, a
semi-logarithmic y axis has been chosen for better visual comparison.

and the combination of bi-stability with moderate inertance magnitude gives the most
practically useful outcome by coupling substantial electrical output with strong spatial
localization.
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Fig. 5.20: Comparison of power harvested vs mass index n of the bi-stable, inertially
coupled piezomagnetoelastic chain with a bi-stable piezomagnetoelastic chain without
inerters, the power plots have been generated numerically for a finite chain of n = 100
unit cells with same initial conditions imposed on the first mass for both the cases, a
semi-logarithmic y axis has been chosen for better visual comparison.
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5.9.5 Discussion of interwell energy harvesting

Viewed as a systematic design route, the results identify a clear progression from the
linear piezoelectric chain to the bi-stable inertially coupled piezomagnetoelastic architec-
ture. The linear baseline without magnets and inerters produces a weak and essentially
delocalized electrical response. Introducing inerters while retaining linearity modifies the
effective inertia and dispersive character of the chain, but does not by itself generate
an efficient localization mechanism for harvesting. The resulting power remains several
orders of magnitude smaller than that of the nonlinear chain and is distributed almost
uniformly across the cells. Moreover, because the voltage response becomes unstable when
the inerter mass-parameter is increased beyond m, = 0.1M; for our chosen model, iner-
tial coupling alone does not provide an open-ended route for performance enhancement.
The next physically meaningful step is therefore the introduction of magnetic nonlinear-
ity leading to bi-stability, which activates interwell dynamics and produces the dominant
increase in harvestable electrical output relative to the classical linear harvester.

The fully coupled model combines these ingredients in their most useful form. In
the bi-stable chain without inerters, the harvested energy is substantially enhanced, but
it remains comparatively broad in space. Moderate inertial coupling then plays a more
selective role. Rather than merely increasing the overall response level, it reorganizes the
nonlinear wave-mediated electromechanical conversion into a markedly sharper and more
localized harvesting pattern. From a practical perspective, this is the main advantage of
the chosen architecture. The localization of harvestable energy is not imposed through
defect engineering, graded parameter landscapes, or a separate design stage dedicated
to trapping a transition wave at a prescribed site. Moreover, although a finite initial
disturbance is used to nucleate the front in the finite-chain simulations, the subsequent
localization does not rely on sustained or resonance-tuned excitation, nor on an impulse
protocol tailored to pin or arrest the wave at a prescribed location. Instead, it emerges
intrinsically from the unforced coupled action of magnetic bi-stability, electromechanical
dissipation, and moderate inertial coupling during free wave propagation. In this sense,
the proposed chain provides a conceptually simpler and potentially more robust pathway
to high local power density than a linear piezoelectric harvester, while also clarifying that
the decisive design improvement is not inertial coupling in isolation, but inertial coupling
used in concert with nonlinear bi-stability.

5.10 Concluding remarks

This Chapter has proposed an inertially coupled nonlinear piezomagnetoelastic chain as
a physically realizable framework for harvesting energy from transient free waves, rather
than from a prescribed sustained external excitation. Starting from a dissipative bi-stable
unit cell, we showed that electromechanical coupling fundamentally alters the phase space
structure of the isolated element and turns it into an energy converting building block
for a periodic medium capable of attenuation and distributed electrical extraction. On
this basis, a reduced electromechanical model was developed for the chain and analyzed
in both the linearized intrawell and strongly nonlinear intrawell regimes.

In the linearized regime, the combination of Bloch reduction with a settling-time-aware
power metric provided a predictive analytical framework for identifying the maximum
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steady-state harvested power and the associated free-wave operating frequency directly
from the coupled structural, magnetic, inertial, and electrical parameters, with validation
against numerical time-domain simulations. In the strongly nonlinear intrawell regime,
the amplitude-dependent dispersion analysis and time-domain evaluation revealed that
magnetic bi-stability and inertial coupling do not simply increase an isolated harvesting
peak, but instead, they transform a sharply tuned linear operating point into a broad
quasi-saturated band of near optimal performance over a much wider free wave frequency
interval. Importantly, this enhancement is achieved within stable intrawell oscillations,
without relying on negative-stiffness induced divergence, and is accompanied by an im-
proved stiffness-to-weight ratio through stiffer coupling and lower initial auxiliary /design
inertia.

We have also shown localized energy harvesting in the piezomagnetoelastic chain in
the regime of free interwell wave propagation generated by sufficiently large initial con-
ditions without the need for sustained external forcing. Starting from the discrete chain
model and its long-wavelength continuum approximation, we have showed that the rele-
vant propagating structure in the passive electromechanical system is not an exact con-
servative soliton, but a slowly modulated ¢? type interwell front whose propagation is
intrinsically altered by electrical energy extraction. This led to closed-form leading order
descriptions of the front profile, the slaved voltage field, and the corresponding front mod-
ulation law. We have used direct numerical simulations of a discrete finite chain to show
good qualitative agreement with the asymptotic predictions for the front shape, voltage
envelope, and spatial distribution of harvested power.

Our study in the interwell regime fills a clear gap between three strands of existing
literature that have largely remained separate, namely nonlinear piezoelectric and piezo-
magnetoelastic energy harvesters, transition-wave dynamics in multistable lattices, and
inerter-based wave tailoring. In contrast to earlier frameworks that emphasize either ex-
ternally forced unit-cell harvesters or mechanically focused transition wave phenomena,
the present work provides an analytically tractable electromechanical description of wave
mediated energy conversion in an extended bi-stable chain with inertial coupling. Equally
importantly, the results identify a systematic design route toward improved harvesting
performance. The linear piezoelectric baseline produces weak and spatially delocalized
output and adding inerters alone modifies the dispersive character of the chain but does
not create efficient localization and is practically limited by voltage divergence beyond
moderate inertance magnitudes. Hence, introducing magnetic bi-stability provides the
dominant increase in harvestable electrical output, and the combination of bi-stability
with moderate inertial coupling yields the most effective overall architecture by coupling
substantial output with sharply localized harvesting.

From the standpoint of novelty and practical impact, our results highlight that strong
spatial concentration of harvestable energy can emerge intrinsically from the coupled ac-
tion of magnetic bi-stability, inertial coupling, and electromechanical dissipation during
free wave propagation. In the proposed architecture, localization does not need to be
imposed through defect engineering, graded trapping landscapes, or a separate parameter
design stage dedicated to pinning or arresting a transition wave, nor does it rely on reso-
nance tuning around a prescribed excitation frequency. The localized electrical response is
instead a natural consequence of the nonlinear transient dynamics of the harvester itself.
This establishes a conceptually simpler and potentially more robust pathway to high local
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power density than conventional linear piezoelectric harvesters, and advances the state of
the art by showing how passive nonlinear wave transport can be harnessed, in a mathe-
matically transparent manner, for enhanced and spatially localized energy harvesting in
architected nonlinear metamaterials.

The next work in Chapter 6 will extend this free-wave energy harvesting framework in
nonlinear piezomagnetoelastic chains to nonlinear piezomagnetoelastic chains with mass-
diatomic repeating unit cells, where the mass contrast will be shown to produce richer
bandgap and enhanced harvesting behavior.



Chapter 6

Energy harvesting capacity of
diatomic inertially coupled nonlinear
piezomagnetoelastic chains

The free-wave energy harvesting framework developed for nonlinear piezomagnetoelastic
chains in Chapter 5 is now extended to mass-diatomic nonlinear chains, retaining the
inerters and bi-stable magnetic effects. It is anticipated that this mass contrast in the
repeating unit cell may give rise to richer dispersion and hence enhanced energy harvesting
characteristics.

6.1 The mass-diatomic unit-cell model

6.1.1 Equations of motion

As a repeating building block for our periodic chain, we choose a diatomic, piezomagne-
toelastic unit-cell model comprising of two inverted, vertical cantilever beams of length
L with tip mass at the free end and piezoelectric patches attached at the base near the
fixed end. The tip masses are subject to a magnetic potential of two permanent repelling
magnets placed symmetrically on both sides of each beam near the free end with their
north poles facing upward. A schematic diagram of the unit cell is shown in Fig. 6.1
with the dimensions labeled. The two beams are considered to be identical in all respect
with width w, thickness h, and length L. The beam material is considered to be isotropic
with density p and modulus of elasticity £. The diatomicity of the model arises from the
difference of the tip masses labeled as M; and M,. The two tip masses in the unit cell
are coupled to each other by a linear horizontal spring of stiffness k and a pair of stable
negative-inerter mechanisms, as considered before in Chapter 5, with mass-dimensional
design parameter m, and initial design angle « of the rigid links with the horizontal axis.
The two tip masses are also considered to be made up of a magnetic material and of
identical geometric parameters a; and 2b; as shown in Fig. 6.1. B; denotes the magnetic
field strength at either tip magnet’s surface and B, denotes the magnetic field strength
at the permanent base magnets’ surface on its axis.

Each of the two permanent magnet pairs placed on either side of both the beams is con-
sidered to have a radius a in the horizontal direction and length 2b in the vertical direction.

147
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Fig. 6.1: The repeating diatomic piezomagnetoelastic unit-cell model.

The vertical distance between the center of the tip mass and the center of base magnets
is denoted as d, and the horizontal distance between the center of the tip mass and the
center of either magnet is denoted as dj. Piezoelectric patches are placed in a bimorph 31
configuration near the fixed end of each beam for electrical energy harvesting from free
wave motion through the final assembled periodic chain. The piezoelectric patches in the
beams are considered to be identical in all respects with the same capacitance C), load
resistor R;, same piezoelectric constant 7., and the same length L..

The equations of motion of the two degree of freedom unit cell in terms of beam
tip mass displacements for single-mode approximation can be obtained easily using the
monoatomic model in Chapter 5 as a reference as:

2

.. 4 .. ..
M1Y1+EI(2j—1)4372TL3Y1+k<Y1—Y2> +20Y) —|—402Yf’—%<5ﬁ—3f2> _oV, =0
(6.1)

.. 4 2 .. ..
M2Y2+EI(2j—1)4372TL3Y2+I<:(Y2—Y1> 120, Ys + 4 Y] — %(YQ—YI) —OV, =0
(6.2)

where ¢, ¢y are the magnetic coefficients arising from the two permanent magnets. The
magnetic potential function has been considered in accordance with the Moon-Holmes
model [106] with a suitable fourth-order truncation without loss of generality for our
present objective.

On the electrical side, considering the piezoelectric patches as a capacitor, the electrical
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governing differential equations can be obtained as:

.V .
C,Vi + El +0Y, =0 (6.3)
l
Vs .
CpVa+ 4+ 0¥z =0 (6.4)
1

Where Vi, V5 represent the voltages generated.

The single-mode reduction for beam displacement, as discussed before in Chapter 4
and Chapter 5, is intended as a leading-order description of the unit cell in the tip mass
dominated regime considered here. It is expected to remain appropriate so long as the
response is governed predominantly by the fundamental flexural mode, i.e., when the
dynamics are controlled by the global tip motion rather than by short-wavelength bending
of the beam. The approximation may lose quantitative accuracy when snap-through
becomes sufficiently abrupt to generate appreciable higher-mode content, strong curvature
localization develops near the clamp, or the relevant time scales approach those of the
higher flexural modes. In this sense, the present formulation should be viewed as a reduced
model for the collective intrawell wave dynamics and harvesting trends, rather than as a
full structural representation of all beam modes. In the next Section 6.1.2, it will be shown
that for our chosen symmetric bi-stable magnetic potential design, the distance from the
unstable equilibrium point in the middle to the stable equilibrium points on either side
of each mass will be sufficiently small compared to the length of the beam (Y;/L = £0.1)
for neglecting large axial beam motion and nonlinear strain-curvature relations.

6.1.2 Phase plane behavior

We investigate the phase-plane behavior of the diatomic piezomagnetoelastic unit cell
introduced in Section 6.1.1 for a general case with the masses M; # M, and the limiting
case with masses M; = My which renders the diatomic cell to a simple monoatomic one.
We choose the magnetic coefficients ¢y, ¢o such that the magnetic potential landscape,
without the coupling spring and the effective beam potential, is itself double-well. For
each case, we report the displacement and voltage phase-plane behavior where the phase
plane is defined by taking a two-dimensional projection of the actual six-dimensional phase
space. For displacements this two-dimensional projection is taken on a plane defined
by [Y,Y] and for voltages it is defined by [V, V]. Since we will be interested in a bi-
stable double-well shaped magnetic potential, the parameters dy,, d,, B, B; are chosen
accordingly which results in the coefficient values ¢; = —1.69985, co = 944.64. Detailed
expressions for the coefficients in terms of the magnetic parameters have been provided
previously in Chapter 5 alongwith the table for other system parameters, which are kept
fixed throughout this Chapter without loss of generality. The initial angle of inclination
of the inerter module’s rigid links with the horizontal axis will be taken as sina = 0.5
throughout.

We take representative mass ratios m, = 0.1My, My = 0.5M;, M, and coupling spring
stiffness k = 0.1K,, where K, = ?2[—2;1 is defined as the effective contribution from beam
stiffness for single-mode approximation taking the integer j = 1 without loss of generality.
The value of mass M is taken the same as the tip mass M, in Chapter 5, Table 5.1, i.e,
M; =10 g. For each mass ratio M,/M;, we report the phase-plane behavior for:
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1. small-amplitude intrawell motions of the masses from their initial stable uniform
branch.

2. large-amplitude interwell motions of the masses resulting from large initial displace-
ments.

The two masses Y7, Y5 and the voltages Vi, V5 show identical qualitative behavior, so we
choose to report one of them as a representative study.
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Fig. 6.2: Phase-plane behavior of tip mass Y (¢) and voltage V' (¢) for small intrawell and
large interwell motions of the tip mass about its stable equilibrium position, yellow circles
mark starting point of trajectories and cyan squares mark end point of trajectories, mass
ratio My /M; = 0.5.

Fig. 6.2 shows the phase-plane response of the mass-diatomic unit cell for My/M; =
0.5. For small perturbations, the mechanical trajectories form damped intrawell spirals
about the stable equilibrium, while the voltage phase-plane trajectories decay toward the
electrical origin because of the resistive load. For large perturbations, the trajectories
leave the local well and form damped quasi-homoclinic interwell loops before eventually
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settling due to electromechanical dissipation. The mass diatomicity introduces two dis-
tinct inertial time scales in the unit cell, so the projected phase portraits contain a nested
structure: one set of visible damped spirals and quasi-homoclinic loops is accompanied
by another hidden set associated with the second sublattice response. Thus, the qualita-
tive bi-stable dynamics of the piezomagnetoelastic harvester are preserved, but the mass
contrast enriches the phase-plane structure through coupled acoustic-like and optical-like
unit-cell motion.
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(¢) Phase-plane behavior of tip mass Y (¢) for large (d) Phase-plane behavior of voltage V(t) for large
perturbations from stable equilibrium position at perturbations of the tip mass from stable equilib-
Y, = 10.7 mm rium position at Yy = 10.7 mm

Fig. 6.3: Phase-plane behavior of tip mass Y (¢) and voltage V' (¢) for small intrawell and
large interwell motions of the tip mass about its stable equilibrium position, yellow circles
mark starting point of trajectories and cyan squares mark end point of trajectories, mass
ratio My /M; = 1.

Fig. 6.3 shows the limiting case Ms/M; = 1, where the two sublattices become dy-
namically identical. In this limit, the hidden nested phase-plane structure observed in
the diatomic case collapses into a single visible set of damped intrawell spirals for small
perturbations and a single set of damped quasi-homoclinic interwell orbits for large per-
turbations. The voltage phase portraits similarly reduce to one dominant dissipative
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electrical response converging toward the origin. This monoatomic phase-plane behavior
has been reported before in Chapter 5. Therefore, the monoatomic limit confirms that
the underlying nonlinear bi-stable mechanism remains the same, while the additional
hidden spirals and hidden quasi-homoclinic loops in Fig. 6.2 arise specifically from mass
diatomicity and the resulting coupled two-mass unit-cell dynamics.

6.2 Linearized dispersion behavior for the mass-diatomic
chain

6.2.1 Dispersion relation

To arrive at an one-dimensional periodic chain comprising of our diatomic piezomagne-
toelastic unit-cell model considered in Section 6.1, we consider N such arrays of unit cells
coupled by horizontal linear springs and a pair of stable negative-inerter units as shown
in Fig. 6.4. The linear bending stiffness contribution of each beam is denoted by

M, M, M My M, M,

L. L L. L. L L.

5] 5] = 5] 5] 5] 5] 5] 5] = o 5]

Fig. 6.4: The periodic diatomic chain.

4

32L3
For the n-th representative unit cell of an infinite periodic chain (N — o0), the two
generalized coordinates are denoted by Y} ,,(¢) and Y5, (), where the tip masses associated
with the two sublattices are M; and Ms, respectively. The only source of diatomicity is
My # M. All springs have identical stiffness k, and all inerters have identical coefficient
ro = Ma<9s’a  The periodic-chain extension of (6.1)-(6.4) is hence obtained as:

2sin® «
MYy + KpYin + k (2Y, — Yoy — Yo 1) + 201 Yy, + 4ea Y,

Ky, = EI (6.5)

—Ta |:<}/1,n - }/2,n> + (Yi n Yén 1)] @‘/i,n =0 (66&)
MY+ KyYon +k (2Ya, — Y1 — Vi) + 201 Y, + 4eoYy
—Tqa [(YvQ,n - le,n) (}/2 n le n+1>] @‘/Z,n =0 (66b)
V In .
Vi L OV, =0 (6.6¢)
Rz
Vé ,n y
C Vo + 2 1 Oy, = 0 (6.6d)
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The simplest uniform equilibrium branch is obtained by taking all cells and both sublat-
tices to have the same static displacement Y, and zero voltage

Yi,n = }/2,77, = }/s (67&)
Yi,n - }‘/2,71 - )-'/l,n = }”/2,71 =0 (67C)

Substitution of Eq. (6.7) into Eq. (6.6) gives the uniform-branch equilibrium condition
(Kp+2¢1)Ys +4c,Y2 =0 (6.8)
For the common bi-stable configuration, the two non-zero stable equilibria are

Kb + 261
402

YE =+

S

(6.9)

The derivation below is valid for either stable root Y,. The perturbations about the
selected stable uniform branch are introduced as

Yip=Ys+u, (6.10a)
Yo =Y, + s (6.10b)
Vip = vin (6.10¢)
Vo = Vo (6.10d)

The tangent stiffness of each piezomagnetoelastic oscillator about the selected stable equi-
librium is

K, = Ky + 2c1 + 12¢,Y7 (6.11)

Keeping only the terms linear in uy ,, ugp, V1, and vy, gives

Myiiy p + Ky + k (2uq 5, — w2y — Uz 1)

— Tq [(ul,n — ﬁz,n) + (ul,n — ’UJg’n_l)] — @Ul,n =0 (612&)
Myiig p, + Ksugn + k (2ug, — upn — Ut nt1)
— Ty [(712771 — ul,n) + (ugm — 1-1.,1771_;,_1)] — @1)2771 = 0 (612b)
Cinp + U}l%—’” 4Oy, =0 (6.12¢)
i
Cign + U;%—’” + Oy, =0 (6.12d)
i
The conductance of the load resistance is introduced as
1
G = — 6.13
-7 (6.13)
The spatial Bloch reduction is written as
ul,n<t) _ Ny
{Uz,n(t)} =u(t)e (6.14a)

t%] = v(t)e™ (6.14b)
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where p is the non-dimensional Bloch wavenumber. Substituting Eq. (6.14) into Eq. (6.12)
gives the Bloch-reduced electromechanical equations

M, it + K,u— Ov =0 (6.15a)
Cov+Gv +O0u=0 (6.15D)

The Bloch-reduced mass matrix is hence obtained as:

_ —ip
M, = {ri\/—?l +2@CS) Ta]\% tegra )] (6.16)
The Bloch-reduced stiffness matrix is given by
_ —ip
Ko= | et @17
The state vector is defined as
u
X = |0 (6.18)
\4
Using Eq. (6.18), Eq. (6.15) is rewritten in first-order state-space form as
x=A,x (6.19)
where the Bloch state matrix is
0, I, 0,
A, = | MK P @gﬁl (6.20)
02 _EPIQ —gplz
The state-space normal mode is assumed in the form
x(t) = ¢pe™ (6.21)
Substitution of Eq. (6.21) into Eq. (6.19) gives the eigenvalue problem
(sI-A,) =0 (6.22)
Therefore, for non-trivial ¢, the state-space dispersion relation is obtained as
det (sI—A,) =0 (6.23)
An equivalent reduced form of Eq. (6.23) is obtained by partitioning the eigenvector as
U
¢ = |sU (6.24)
i
The mechanical and electrical parts of the eigenvalue problem are then
(M, +K,)U—-0® =0 (6.25a)
(Cos+G)P2+0sU=0 (6.25b)
From Eq. (6.25b), the voltage eigenvector is
o8 (6.26)

———_U
CPS + Gl
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Substitution of Eq. (6.26) into Eq. (6.25a) gives

025

M, +K,+———L|U=0 6.27
{3 N A (6.27)

The reduced determinant form of the dispersion relation is therefore

©2s
det |s*M, + K, + ——L| =0 6.28
e{s ut “+C’ps+Gl2] ( )
Introducing

I'(s) = Cps + G (6.29)

Eq. (6.28) can be written in polynomial determinant form as
det [I'(s) (s°M,, + K,,) + ©sI,] = 0 (6.30)
Using Egs. (6.16) and (6.17), Eq. (6.30) gives the explicit state-space dispersion relation
A(s,p) = {L(s) [(My — 2r,) * + K, + 2k] + ©%s} {T'(s) [(Ma — 2r,) s* + K, + 2k] + ©%s}
— 4T%(s) (ras® — k)2 cos® (E> =0

2
(6.31)

For the direct computation of the dispersion branches, the Bloch wavenumber is prescribed
as a real parameter

1€ [0, 7] (6.32)

The corresponding Bloch factor appearing in the characteristic equation is written as

C, = cos <%) (6.33)

Starting from the polynomial state-space characteristic equation in Eq. (6.31), the dis-
persion relation for fixed u is obtained by solving

A(s,p) = {L(s) [(My — 2r,) * + K, + 2k] + ©%s} {T'(s) [(M2 — 2r,) s* + K, + 2k] + ©%s}
—4AT?(s) (ros® — k)zcu =0

(6.34)
where
I'(s) = Cps + G (6.35)
For compactness, the following quantities are introduced
mq = M1 — 27‘a (636&)
mo = My — 2r, (6.36b)
A= Ko+ 2k (6.36¢)
By = C A, + 67 (6.36d)

Using Eq. (6.36), Eq. (6.34) can be expanded as

Als, ) =Y pi(p)s’ =0 (6.37)
/=0
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The polynomial coefficients are

pe = C2 (mymg — 4r2C,) (6.38a)
ps = 2C,Gy (mymy — 4r2C,,) (6.38b)
ps = CpBs (mq + ma) + G?mlmg - 4G127"2CM + SC’;TakCM (6.38¢)
ps = Gi (m1 4+ my) (2C,A, + ©%) + 16C,Gyr.kC,, (6.38d)
p2 = Gi A, (my +mg) + B2 — AC2K*C, + 8Girq.kC, (6.38¢)
p1 = 2G1ABs — 8C,Gik*C,, (6.38f)
po = G7A?2 — AG7kK*C, (6.38¢)
The roots of Eq. (6.37) are denoted by

S(1) = {5y(1) : Alsgopt) =0, ¢ =1,2,....6) (6.39)

Each root is interpreted as a temporal state-space eigenvalue of the form
5a1) = ~04 (1) + iy (1) (6.40)

where o,(p) is the modal decay rate and w,(p) is the damped modal frequency. The
modal frequencies are then extracted from their imaginary parts as

wq(p) = T [s(p0)] (6.41)
The positive-frequency oscillatory roots are collected as
84 (1) = {sa(1) € S() : wy () > 0} (6.42)

If an electrical-dominant root is present in Sy (u), it is discarded by using the mechanical
participation factor of the corresponding state-space eigenvector. For the eigenvector

Uq
o, = |5,Uq (6.43)
q)q
the mechanical participation factor is defined as
. U, |17 + 115,U,I°
= [Uq||” + [I54Uq]l (6.44)

= 2 2 2
Ul + [I5gUqlI” + [| 2]

The electrical-dominant roots are eliminated by imposing a lower bound on the mechanical

participation factor. A positive-frequency root is retained as mechanically admissible only

if
ny' > Mo (6.45)

where 7/ is a prescribed tolerance.

The two electromechanical dispersion branches are then obtained by selecting the two
mechanically dominant roots in S, (1) and ordering them by increasing damped frequency

0 <Im(sy(p)] < Tm[sy(p)] (6.46)
The lower and upper branch frequencies are then

wi(p) = Tm [ (1) (6.47a)
wor(p) = Im sy () (6.47b)
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The corresponding temporal decay rates are

o1(8) = — Re s (s (6.450)
ou(p) = - Re[so ()] (6.48b)

In the conservative mechanical limit, the piezoelectric coupling is removed by setting
©=0 (6.49)

The electrical roots then decouple from the mechanical roots, and the mechanical part of
Eq. (6.34) reduces to

(mis® + Ay) (mas® + Ay) — 4 (res® — k:) C,=0 (6.50)

For the conservative case, the temporal eigenvalue is purely imaginary and can be written
as

s =iw (6.51)
Substitution of Eq. (6.51) into Eq. (6.50) gives
(AS - m1w2) (AS - m2w2) —4 (k + ran)QCM =0 (6.52)
Introducing
Q=w’ (6.53)
Eq. (6.52) becomes
ag ()% + ay (1) + ag(p) =0 (6.54)
where
(Zg(/JJ) = Mmimy — 47"ch (655&)
ar(p) = —As (mq + mg) — 8kr,C, (6.55b)
ap(p) = A2 — 4K°C, (6.55¢)

The two conservative mechanical solutions are

—ay(p) £ /a2 () — das(p)ao(p)
Qui(p) =
2az(u)
The conservative lower and upper branch frequencies are obtained from the positive real
values of Q. ()

(6.56)

W (1) = min | VO (1), VO () (6.57)
oy (1) = max | /(). /O ()| (6.57h)

6.2.2 Bandstructure behavior with system parameters

The dispersion relations obtained with the piezoelectric harvesters are plotted with vary-
ing system parameters taking the initial angle o as sina = 0.5.

Dispersion profiles with varying mass ratios

We plot the dispersion profiles while varying both the inerter mass-parameter ratio m, /M
and the principal mass ratio My/M; with the spring stiffness kept fixed at k = K.
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(a) Dispersion branches plotted with varying in- (b) Dispersion branches plotted with varying prin-
erter mass ratio m,/M; with the principal mass cipal mass ratio My/M; with the inerter mass ratio
ratio kept fixed at My /M; = 0.5 kept fixed at m,/M; = 0.1

Fig. 6.5: Linearized dispersion branches plotted with varying mass ratios m,/M; and
M, /M, with coupling spring stiffness kept fixed at k = K}, solid curves represent lower
acoustic-like branch and dotted curves represent upper optical-like branch.

Fig. 6.5(a) shows the dispersion branches for different inerter mass ratios m,/M; while
keeping the principal mass ratio fixed at My/M; = 0.5. The lower branch remains confined
to a relatively narrow frequency range and increases mildly with the wavenumber, whereas
the upper branch is strongly shifted upward as m, /M is increased. This indicates that the
inertial-coupling mechanism affects the optical-like branch much more significantly than
the acoustic-like branch, because the former is associated with stronger relative motion
between neighboring masses. Consequently, increasing m,/M; enlarges the frequency
separation between the lower and upper branches and broadens the diatomic bandgap.
The trend demonstrates that, within the positive definite effective inertia range, inertial
coupling can be used as an effective tuning parameter for controlling the location and
width of the acoustic-optical separation.

Fig. 6.5(b) shows the dispersion branches for different principal mass ratios My/M;
while keeping the inerter mass ratio fixed at m,/M; = 0.1. The largest branch separa-
tion occurs for the smallest value of M,/M;j, where the mass contrast between the two
sublattices is strongest. As Ms/M; increases, the upper branch moves downward and
the gap between the lower and upper branches progressively decreases. This behavior
confirms that the observed bandgap is primarily generated by mass diatomicity. When
M, /M; approaches unity, the two masses in the unit cell become dynamically identical,
and the true mass-diatomic gap tends to collapse into the folded monoatomic dispersion
representation. Thus M, /M, ratio provides a direct means of tuning the acoustic-optical
bandgap, while m,/M; provides an additional inertance factor-based control over the
branch locations.

Dispersion profiles with varying spring stiffness

Fig. 6.6 shows the piezoelectric dispersion branches for varying coupling spring stiffness
ratios k/K,, while keeping the mass ratios fixed at m,/M; = 0.1 and My/M; = 0.5. In-
creasing k/ K} shifts both the lower and upper branches upward, since a stronger coupling
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spring increases the effective restoring force of the periodic chain. However, the upward
shift is observed in both branches in a broadly similar manner, so the frequency separation
between the lower and upper branches does not change significantly. Therefore, unlike
the inerter mass ratio or the principal mass ratio, the coupling stiffness does not strongly
tune the effective acoustic—optical bandgap for the present parameter range. This indi-
cates that k behaves as an almost neutral parameter from the viewpoint of bandgap-based
attenuation and energy harvesting, although it still affects the absolute frequency range
over which the branches appear.

| — | | " [ —lower branch
. upper branch
— /Ky =01
...... —k/Ky =03
150F Ky =05 ]
5 kK, =07
: — /K, =10
@ 100+
g
o
S0k
0 ' ' I
0 /4 /2 I/t !

Wavenumber (j)

Fig. 6.6: Linearized dispersion branches plotted with varying coupling spring stiffness
k with mass ratios kept fixed at m,/M; = 0.1 and Ms/M; = 0.5, solid curves represent
lower acoustic-like branch and dotted curves represent upper optical-like branch.

6.3 Emnergy harvesting in the linearized regime

6.3.1 Harvesting formulation

In the linearized regime, the energy harvesting response is evaluated about the stable
uniform branch with the tangent stiffness defined as in Section 6.2.1. The voltage vector
is extracted from the state vector defined in Section 6.2.1 using

v(t) = Cyx,(t) (6.58)

where
Cv - [02 02 12j| (659)
All harvested power and energy quantities are interpreted per representative unit cell.

For the complex Bloch-amplitude representation, the cycle-averaged harvested power per
unit cell is

pi(tsp) = >V (t)v () (6.60)
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Using Eq. (6.58), Eq. (6.60) becomes

G
p(ts p) = éxf (t)CHCx, (1) (6.61)
The harvested energy per unit cell over the time interval [0, T is
T
nlTip) = [ e (6.62)
0
For a Bloch-reduced initial condition x,,(0) = x,,0, the free response is
x,(t) = e, (6.63)
Substitution of Eq. (6.63) into Eq. (6.62) gives
G T
en(Tsp) = ?l/ XﬁOeAfthCveA“txmo dt (6.64)
0
The same expression can be written using the finite-time harvesting Gramian
en(Ts 1) = X, Wi(T; 1)X0 (6.65)
where
Gy g At ~H At
W, (T; 1) = 5 [ e C,C,e™ " dt (6.66)
0
The initial stored electromechanical energy per representative unit cell is defined as
1. i 1 1
eo(p) = Zugll\/[uuo + ZU(I){KMUO + ZCpVé{VQ (6.67)
For initially uncharged piezoelectric circuits,
vp=0 (6.68)
The normalized harvested energy per representative unit cell is then
en(T; 1)
(T p) = ——= (6.69)
eo(tt)
The average harvested power over [0, 7] is
_ en(Ts p
pn(Ts 1) = (T ) (6.70)

The branch-wise harvesting response is obtained from the Bloch state-space eigenvalue
problem

(sI-A,)ep=0 (6.71)
The eigenvalue associated with dispersion branch b is written as
sy(11) = —ow(p) + (1) (6.72)
where
be{L,U} (6.73)
The corresponding right eigenvector is partitioned as
Up(p)
& (1) = | sp(1)Us(p) (6.74)

D, (1)
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where
Uy b(M)]
U = ’ 6.75
b(1t) {Uzb (1) ( a)
Py b(M)}
P = ’ 6.75b
b(ﬂ) {@Zb(M) ( )
A branch-pure Bloch free wave in the representative unit cell is written as
XU (1) = appy (p)e™ ™) (6.76)

The modal amplitude a; is determined from the Bloch-reduced initial condition. If 1), ()
is the corresponding left eigenvector, then

o "/’E(M)XMO

y = )0 (6.77)
¥y (1), (1)
The voltage components associated with branch b are
v () = ay®y () e (6.78a)
V() = apBay(p)e ™ (6.78b)

The cycle-averaged harvested power per representative unit cell associated with branch b
at time ¢ over a local pseudo-cycle defined by T, = i—:, assuming a slowly varying envelope,
is hence obtained as

|as|*
2R,
The harvested energy per representative unit cell from branch b over [0, 7], where T is a
time window chosen by us is thus obtained as

Pup(t 1) = [ PrLo(1)[* + Do (u) ] €270 (6.79)

=0
Pho(i) _9
T;p) = == 1 — e 2T 6.80
6h,b( 7,u) 2Ub(ﬂ) [ € } ( )
where 7)) (1) = % [|®14(12)|? + |P25(1)]?]. Since in our dissipative electromechanical

chain, in the linearized regime, the displacements settle down to the initial stable uniform

branch, the harnessed voltage and hence the harvested energy decay eventually to zero.

The infinite-time branch-wise harvested energy per representative unit cell is hence given

by

B ﬁ%,b(ﬂ)
200(1)

The branch-wise settling time is defined as the time required for the response along that
branch to get rid of the initial oscillatory transients represented by iw, and settle on a
smooth decaying envelope within a specified tolerance of € and is obtained in a general
form from controls theory of Linear Time Invariant (LTI) systems as done before in
Chapters 4 and 5 as:

In(1/e)

62‘,2(#)

(6.81)

tsplpt) = 6.82
b( ) Ub(u) ( )
The damped modal oscillation period associated with branch b is defined as
2m
Ty(p) = (6.83)
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The exact physical voltage response of the r-th harvester in the representative unit cell is
obtained from the real part of the complex modal voltage response as

b s
Vps (£ 12) = Re [ay @y ()e™ @] =12 (6.84)
The exact instantaneous harvested power per representative unit cell is therefore
1 o 2
b
praltn) = g D [oinelti ) (6.85)
r=1
For compactness, the following voltage-amplitude measures are introduced
Sp(11) = |P1p(w)]* + [Pop(p)]” (6.86a)
Qu(p) = 7 (1) + @3, (1) (6.86b)

Using sp(p) = —op(p) + iwp(pe), Eq. (6.85) can be written as

e_zo—b(u)t

Protip) = —5p— {lasl*S(s) + Re [} Qu(u)e” ]} (6.87)
The harvested energy in a post-settling oscillation window starting at ¢y is defined as
to+Ty (1)
ot = [ pratde (6.58)
to

Substitution of Eq. (6.87) into Eq. (6.88) gives

B |Gb‘25b(,u) e—200()to _ =200 (1) to+Ts ()]

ey (to; ) =
1 R [ 2@ ( )e/\b(#)[to+Tb(#)] — eM(mto )
+ —Rhe |q
2R, [ M)
where
Ao(p) = =200 (1) + 2iwy (1) (6.90)
The corresponding post-settling window-averaged harvested power is
_ 62”1)(750; o)
wo(tos ) = ———— 6.91
ph,b( 0y :u’) Tb(,u) ( )

Following the settling-time based procedure, the first post-settling window is obtained by
setting

to = tsp(p) (6.92)

Thus, the first post-settling harvested energy and power are introduced as
ey (1) = eny (tsp (1) 1) (6.93a)
Py (1) = Drp (tsp(1); 12) (6.93b)

If the maximum post-settling harvested power is to be searched over multiple oscillation
windows, the admissible window indices are defined as

Me(p) ={m € No : tsp(p) + (m + 1) Tp(n) < T} (6.94)

where T is the final observation time. The optimal post-settling window index is then

my () = argmax py, (tsp(p) + mTy(p); p) (6.95)
meMy ()



6.3. Diatomic linearized harvesting 163

The maximum post-settling harvested power for branch b is

Phy (1) = Dy (Esp () + my (1) T (12); 1) (6.96)
The corresponding harvested energy in the optimal post-settling window is
ehy (1) = eiyy (Lsp (i) +my () Ty (10); 1) (6.97)

The normalized harvested energy in the optimal post-settling window is
b eop(1t)
The optimal linearized Bloch free-wave harvesting condition is then obtained by maxi-

mizing the post-settling harvested power over the lower and upper branches and over the
first Brillouin zone

(6.98)

(.07 = argmax B () (6.99)
be{L,U}, pnel0,x]
The corresponding optimal operating frequency can then be obtained from the dispersion
branches defined in Section 6.2 as

W = wp (") (6.100)

For a Bloch-reduced initial condition that excites both branches, the exact harvested
energy per representative unit cell is evaluated from Eq. (6.64). When the lower and upper
branch frequencies are sufficiently separated, the harvested energy can be approximated
as

en(T; 1) ~ enr(T; ) + enu (T 1) (6.101)
In the no-piezo limit,
©=0 (6.102)
the voltage response vanishes as
®,(nu)=0 (6.103)
Therefore,
Phy(1) = 0 (6.104a)
enp(Ti ) =0 (6.104b)
M) = 0 (6.104c)

Thus, in the linearized Bloch-reduced regime, the conservative no-piezo branches provide
the reference wave dynamics, whereas the piezoelectric branches quantify electromechani-
cal energy conversion through the voltage amplitudes, modal decay rates, and branch-wise
harvested energy per representative unit cell.

6.3.2 Power variation with wavenumber

We investigate how the harvested maximum steady-state power obtained using the formu-
lation presented in Section 6.3.1 varies with the wavenumber p in the linearized regime.

In the linearized regime, the dispersion branches and the associated bandgaps are
intrinsic properties of the Bloch-reduced electromechanical eigenvalue problem and are
therefore determined solely by the system matrices and the Bloch wavenumber pu, not by
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the chosen initial conditions. In contrast, the harvested power obtained from the post-
settling formulation depends explicitly on the initial perturbation through its projection
onto the complex Bloch eigenvectors, since the initial state fixes the modal distribution,
the relative excitation levels of the lower and upper branches, and the resulting inter-
ference between the corresponding modal contributions. Consequently, different initial
perturbations can produce markedly different power curves even though the underlying
dispersion structure remains unchanged. We choose a representative set of initial condi-
tions on the perturbations of the masses M; and M, given by [u;(0), u2(0)] = [+Y;, +Y5]
and consider the initial velocities and voltages to be zero. This simplest set of initial
displacement perturbations seems to produce a peak-like harvested power characteristic
related to both the dispersion branches at a particular value of wavenumber and hence
free wave frequency.

As per our formulation developed in Section 6.3.1 to characterize maximum harvested
power in the sense of steady state for our inherently dissipative system when the system
dynamics loses its initial oscillatory transients and evolves along a smooth envelope, we
define the two power branches as:

e Lower branch—After computing the lower dispersion branch frequency wy(p) from
Section 6.2, the post-settling power is evaluated over one-period windows of length

Ti(p) = wL27(Tu)'

e Upper branch—After computing the upper dispersion branch frequency wy (p) from
Section 6.2, the post-settling power is evaluated over one-period windows of length

Ty(n) = 525

wy (p)

Harvested power behavior with mass ratio

First, we vary the inerter mass ratio m,/M; and the principal mass ratio M,/M; keeping
the coupling spring stiffness fixed at k = 0.1K,.
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(a) Power vs wavenumber u plotted with varying (b) Power vs wavenumber p plotted with varying
inerter mass ratio m,/M; with the principal mass principal mass ratio My/M; with the inerter mass
ratio kept fixed at My /M; = 0.5 ratio kept fixed at m,/M; = 0.1

Fig. 6.7: Power vs wavenumber x in the linearized regime plotted with varying mass ratios
mq /My and My /My with coupling spring stiffness kept fixed at k& = 0.1Kj, solid curves
represent lower branch and dotted curves represent upper branch.
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Fig. 6.7(a) shows the post-settling harvested power as a function of the Bloch wavenum-
ber u in the linearized regime for different inerter mass ratios m,/M;, while keeping
Ms/M; = 0.5. Both the lower branch period and upper branch period power curves in-
crease from the long-wavelength region and attain their highest values in the intermediate
wavenumber range, approximately around the middle of the Brillouin zone. Increasing
mq /M, within the positive-definite inertia range generally raises the harvested power level
and modifies the location and sharpness of the peak, indicating that negative-inertance
magnitude improves the electromechanical energy-transfer capability by enhancing the
relative-motion contribution between the two sublattices. The upper branch period curves
exhibit stronger local undulations, which is expected because the upper branch is more
sensitive to the relative acceleration mechanism and to the mixed modal content generated
by the imposed initial perturbation. It can also be seen that within the positive-definite
effective inertia range m,/M; < 0.1, higher values of the inerter mass-parameter produce
an intermediate power peak within the Brillouin zone 0 < p < 7, whereas lower values of
inerter mass-parameter produce a power characteristic that tends to attain a maximum
value at the right edge of the Brillouin zone at p = 7. This certainly provides a design
advantage for higher negative-inertance magnitudes compared to lower, because the edges
of the Brillouin zone being sensitive to Bragg reflection, boundary conditions and struc-
tural perturbations, an intermediate power peak is always more desirable than a maxima
at the zone boundaries.

Fig. 6.7(b) shows the corresponding variation of harvested power in the linearized
regime with the principal mass ratio Ms/M;, while keeping m,/M; = 0.1. The power
curves again show a clear rise from g = 0 toward an intermediate wavenumber peak,
followed by a gradual reduction toward the Brillouin-zone boundary. Compared with the
inerter mass ratio, the principal mass ratio changes the power curves more moderately
for the present parameter range, although increasing M, /M shifts the relative levels of
the lower and upper branch responses. One direct correlation with the band structure
behavior is noticeable immediately, which is with My/M; increasing from 0.5 to 1 where
the unit cell loses its diatomicity and the two masses get close to being identical, the lower
and the upper power branches also approach each other. These observations collectively
indicate that the harvested power is influenced not only by the band structure but also by
how the prescribed initial perturbation projects onto the complex Bloch eigenvectors of the
two branches. Thus, while M, /M; controls the mass-diatomic splitting, the most effective
harvesting response occurs when the modal voltage participation and the initial condition-
induced modal distribution are favorably aligned in the intermediate wavenumber region.
Also, it can be noticed that a sharper contrast between the masses, i.e. a larger degree
of diatomicity represented by values of My/M; significantly smaller than 1, within the
positive-definite effective inertia range, produces a power characteristic that increases to
a maximum optimal and tends to remain fairly saturated at that value henceforth for
the remaining admissible wavenumber range, whereas values of Msy/M; closer to 1 tend
to produce a power curve which decays from a maximum value towards comparatively
lower magnitudes. Since high and almost-saturated power harvesting is an improved
design objective, using a diatomic model tends to offer this significant advantage over a
monoatomic version of the chain.
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Harvested power behavior with coupling spring stiffness

We now keep the inerter mass ratio and the principal mass ratio fixed at m,/M; = 0.1
and Ms/M; = 0.5 and plot the power vs wavenumber behavior with varying coupling
spring stiffness k.

—lower branch
---upper branch |

—k/Ky=0.1
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/2 3m/4 m
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Fig. 6.8: Power vs wavenumber p in the linearized regime plotted with varying coupling
spring stiffness k& with mass ratios kept fixed at m,/M; = 0.1 and My/M; = 0.5, solid
curves represent lower branch and dashed curves represent upper branch.

Fig. 6.8 shows that the coupling stiffness has a strong influence on the post-settling har-
vested power characteristic, even though its effect on the band structure is comparatively
neutral. As was observed in Fig. 6.6, increasing k/K, shifts both the lower acoustic-like
and upper optical-like branches upward in a similar manner, so the effective separation
between the two branches and hence the associated bandgap do not change significantly.
However, the harvested-power curves in Fig. 6.8 show that increasing k/K, progressively
suppresses the power level over most of the Brillouin zone, especially away from the
long-wavelength limit. This indicates that although the coupling stiffness does not act
as a strong bandgap-tuning parameter, it modifies the modal response and the voltage-
producing deformation amplitudes associated with the imposed initial perturbation. For
larger k/Kj,, the stronger coupling makes the sublattice motion more constrained and re-
duces the effective electromechanical response over the intermediate and high-wavenumber
regions, leading to a rapid decay of harvested power with u. Thus, from the harvesting
viewpoint, a relatively low coupling stiffness is more favorable for maintaining high post-
settling power over a broader wavenumber range atleast in the linearized regime. Also,
one more noticeable feature is that increasing k/ K, brings the two power branches closer
with the branches almost merging with each other, when the coupling stiffness gets equal/
comparable to the onsite effective structural stiffness K.
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6.4 General strongly nonlinear regime

6.4.1 Long-wavelength continuum limit of the diatomic chain
for studying snap-through transition fronts

Starting from the exact discrete equations of motion in Eqgs. (6.6a)—(6.6d), the local
nonlinear restoring force of each piezomagnetoelastic oscillator is written as

FY) = (Kp+2¢)Y +4epY? (6.105)

For simplicity, we consider all masses in the chain, i.e., nearest neighbor masses in a unit
cell and adjacent masses in adjacent unit cells, to be located at an equal spacing from each
other. Let ¢ denote this equal distance of adjacent masses of the homogeneous diatomic
chain. In the long-wavelength limit, the two sublattice displacements and voltages are
represented by smooth fields

Yin(t) = Yi(s,t), Vin(t) — Vi(s,t) (6.106a)
Yo, (t) = Ya(s, 1), Von(t) — Va(s,t) (6.106b)
s = m¥ denoting the position variable along the axial direction of the periodic chain where
m is the mass index. The neighboring sublattice fields are expanded in Taylor series about

the corresponding mass location considering the mass in a particular governing equation
of motion as a reference position. Hence, we get

Yon + Yon 1 = 2Ys + 2Y, o + O(L*) (6.107a)
Vi + Vi = 2Y1 + Y, . + O(0Y) (6.107b)

The same expansion is used for the acceleration fields. Retaining terms up to O(¢?) for
long-wavelength limit /A << 1, gives the two-field nonlinear continuum model

M\Yiu+FY1)+k [2(Y1 -Y,) — €2Y2,ss} —Tq [Q(Yut —You) — £2Y2,sstt} -0V =0

(6.108a)
MyYsy + F(Ya) + k [2(5/5 -Y) - €2Y1,ss} —Tq [2(1/2,& —Yiu)— £2Y1,sstt} -0V, =0
(6.108b)
CVi+G Vi +0Y,, =0 (6.108¢)
CpVai+G Vo + OYs, =0 (6.1084)
where
1
G = — 6.109
= (6.109)

To expose the acoustic-like and optical-like continuum fields, the mean and contrast vari-
ables are introduced as

Yi+Ys _n-Y

Y=—"1- 7 5 (6.110a)
Vi+ Vi Vi — Vi
V= “; 2 W= 12 2 (6.110b)

The total and difference masses are defined as

Ms = My + My, My =M, — M (6.111)
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The nonlinear force combinations are then defined as

FY,Z)=FY +2)+F(Y - Z) (6.112a)
F-Y,2)=FY+2Z)-FY —-2) (6.112b)
Using Egs. (6.110)-(6.112), the continuum equations become
M: M 1
TZY“ + TAZﬁgA(Y, Z) = kY + 1ol*Y oy — OV =0 (6.113a)
M M 1
TAYH + <72 - 4ra) Ztt+§]-"_ (Y, Z) +4kZ + kl*Zyy — 1ol* Z oty — OW, = 0 (6.113b)
CVi+ GV +0Y, =0 (6.113c)
CoWer +GW, +02Z, =0 (6.113d)
For explicit nonlinear calculations, the force combinations can be written as
Fo(Y,Z)=2(Ky+2¢)Y + 8c,Y? + 24c,Y 72 (6.114a)
F (Y, Z) =2(Ky+2¢1)Z + 24c,Y* 7 + 8¢y Z7° (6.114b)

Egs. (6.113) provide the long-wavelength analytical framework for the mass-diatomic

piezomagnetoelastic chain. The field Y'(z,t) represents the acoustic-like mean motion,

while Z(z,t) represents the optical-like internal contrast motion generated by the di-

atomicity. The harvested power density per representative continuum unit cell is
VEHVE 2

= 2w 6.115
pr(z,t) 0 Rz[ + e] ( )

6.4.2 Analytical leading-order transition fronts

For interwell front calculations in the strongly nonlinear regime, the continuum fields may
be reduced using a traveling coordinate £ with the leading traveling-front representation

V(s = Y6, Z(s.t) = 2(€) (6.116a)
V(st) = V)., Wils.1) = Wel(©) (6.116D)
This representation converts Eq. (6.113) into a coupled acoustic-optical front system

with piezoelectric voltage fields slaved through Eqgs. (6.113c) and (6.113d). The slowly
modulated front coordinate is now introduced as

5= X(t)
¢ = RO (6.117)
where
c(t) = X(t) (6.118)

Here X (¢) is the instantaneous front center, ¢(t) is the instantaneous front speed, and
W (t) is the slowly varying front width. The slowly modulated front ansatz is written as

Y(s,) = V().  Z(s,t) = Z(6) (6.119)
Vis,t) =V(§),  Wels,t) =We(§) (6.119Db)

The slow front modulation conditions are imposed as
W), Y2 —0@), M 0), 0<en<l (6120

c c? c
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Using Eq. (6.117), the reduced coordinate satisfies

1 c+We
= — = — 121
fs Wa 51‘/ W (6 )
For the front core || = O(1), Eq. (6.120) gives the leading-order derivative rules
2
A = —%A’ FO0(en),  Au= C—A” + O(em) (6.122a)
1
A, = WA”’ Ay = W4A<4> + O(em) (6.122b)

where A € {Y, Z} and the prime denotes differentiation with respect to £. Similarly, the
voltage fields satisfy

c /
Vi= _WV + O(€m) (6.123a)
W,, = —%WQ +O(em) (6.123)

Substitution of Eqs. (6.122) and (6.123) into the long-wavelength continuum equations
gives the leading-order frozen-time front system

rol?c? Msc? — 2k(? Mac? 1
a “) > (Rl [ Z)— 0oy = 124
T Y g Y g 2 (. 2) -0V =0 (6.1240)
rol?c? Mac? (Mys, — 8r,) ¢® + 2k(? 1
- =M a zZ'y ZF Z)+ 4k Z — =
7 + S V' + 5712 + 5V, 2) + OW. =0
(6.124b)
cCy., ., O,
_ Sy Y/ 124
i V' + GV Wy 0 (6.124c)
Gy c® _,
GW,——=2Z2"=0 6.124d
R —— W+ GW, i ( )
The nonlinear force combinations are evaluated along the front as
Fi(V,2) = 2(K} 4 2¢1)Y + 8¢, + 24,V 22 (6.125a)
F (V,2) =2(Ky+2¢1) 2 + 24c,V*Z + 8¢, 27 (6.125b)
The voltage equations may equivalently be written in slaved first-order form as
eni4 )
V' — V=-=>) 6.126
C, ¢, (6.126a)
W, — Gy — 9z (6.126D)
cCy Cp

For an interwell front connecting the two stable uniform branches, the leading boundary
conditions are

Y(—0) = -Y;, YV(+00) =Y, (6.127a)
Z(—00) =0,  Z(+00) =0 (6.127h)
V(o) = Z'(+00) =0,  V'(£00) = Z"(£00) = 0 (6.127¢)
V(£oo) =0, W, (o0) =0 (6.127)

To obtain a leading-order analytical front, the transition is assumed to be acoustic-
dominant, with the optical-like contrast field appearing as a correction to the mean front.
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The bi-stable stiffness parameter is defined as

a=Ky,+ 2 (6.128)
with
Y, =, /-2 (6.129)
s 402 '

The dominant acoustic-like front is obtained by setting
Z=0 (6.130)

and neglecting the piezoelectric back-action and the higher-order dispersive correction in
Eq. (6.124a). This gives

MgCQ — 2k‘€2 1

5772 )+ ao +4cY; =0 (6.131)
A heteroclinic transition satisfying Eq. (6.127a) is hence obtained as
Vo(€) = Y, tanh ¢ (6.132)

provided that the instantaneous front width satisfies
. 2k€2 — szCQ(Zf)

W2(t) — (6.133)
which requires
2k(* > Myc*(t) (6.134)
The optical-like correction is then introduced as
YE)=X(), Z(E) =28, [|Z] <N (6.135)

Retaining terms linear in Z; in Eq. (6.124b), while neglecting the higher-order fourth-
derivative correction, gives the second-order inhomogeneous equation

M 2
D2 + [4k + a+ 126,)2(8)] 2, = _z—vAvcz " (6.136)
where (M, — 8r,)2 + 2k02
— 3rg)c” +
Dy=-—>=_"2¢ 1
. el (6137)
Using Eq. (6.132), Eq. (6.136) becomes
MaC*Y,
Dz Z{ + [4k — 2a + 3a sech®¢] 2, = 3;2 sech® ¢ tanh & (6.138)
The optical correction is solved subject to the localized front conditions
Zi(—0) =0, Z(400) =0, Zi(£0) =0 (6.139)

Since the forcing term in the r.h.s of Eq. (6.138) is odd in &, the localized correction is
also considered to be odd

Zi(=¢) = —2:(8) (6.140)

At each frozen value of the slowly varying quantities ¢(t) and W (t), the optical correction
may be written directly using the Green’s function of the linearized optical operator.

Defining
2

L, - Dzj—e Q) (6.141)
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with
Dy — (Ms — 827“;&22 + 2k(? (6.1422)
Qz(&) = 4k — 2a + 3a sech® ¢ (6.142b)
the inhomogeneous optical-correction equation is written as
Lz21 = S7(¢) (6.143)
where
Sz(&) = Ma;?zys sech? ¢ tanh ¢ (6.144)
Let Gz(&,m) be the Green’s function satisfying
L7Gz(&n) =06(§—n) (6.145)
with the localized boundary condition
Gz(&mn) —0 as £ — +o0 (6.146)
Then the optical correction is obtained as
20 = [ GalemSzindy (6.147)
or, equivalently,
Z(8) = MACQY / G z(€,m) sech? n tanhn dn (6.148)

The leading-order diatomic transition fronts on the two sublattices are therefore obtained

. T t§t>> + 2 (S;V—)é)(t)) (6.149a)
Ys(s,t) ~ Y, tanh ( )(()@)> z, <S;V—)é)(t)) (6.149b)

When Ma = 0, the forcing term in Eq. (6.138) goes to zero and the leading-order front
reduces to the purely acoustic-like transition Z; = 0. Substituting the leading-order
transition front solutions obtained in (6.149) back in Eqgs. (6.113c, 6.113d), we can obtain
the slaved voltage profiles V' and W, for an acoustic-dominant transition.

The exact in-phase and out-of-phase similar Nonlinear Normal Mode (NNM) reduc-
tions are not invariant manifolds/ subspaces for the mass-diatomic front system when
M, # Ms. An exact in-phase front would require Y; = Y5, or equivalently Z = 0. From
Eq. (6.126b), this also gives W, = 0 under the localized voltage boundary condition.
However, substituting Z = 0 and W, = 0 into the optical-like equation (6.124b) leaves
the residual coupling term (Mac?/2W?)Y” = 0. Hence, for a general diatomic chain with
Ma # 0, a nontrivial acoustic-like transition front with )" # 0 cannot remain exactly in
phase. Similarly, an exact out-of-phase front would require ¥; = —Y5, or Y = 0. From
Eq. (6.126a), this also gives ¥V = 0, while Eq. (6.124a) reduces to (Mac?/2W*)Z" = 0
because F,(0,Z) = 0 from Eq. (6.125a). Thus, for Ma # 0, a nontrivial optical-like
transition front with Z” # 0 also cannot exist as an exact out-of-phase similar NNM.
Therefore, the nonlinear transition waves in the mass-diatomic chain must generally be

Yi(s,t) ~ Y, tanh (
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interpreted as nonsimilar acoustic-optical fronts, with one field dominant and the other
appearing as a coupled correction.

6.4.3 Comparison of theoretical leading-order wavefronts with
numerical simulations

To compare the leading-order analytical wavefronts with direct numerical simulations,
we consider a finite chain comprising of 100 diatomic unit cells with free boundaries at
both ends. Initially, all the masses in the chain are at their uniform stable branch +Y;.
We apply to the first unit cell in the chain an initial velocity sufficiently high for both
the masses M; and M, to snap to their other stable uniform branch at Y7 = Y, = —Y,.
The initial voltages are kept at zero. The finite chain is simulated for 80 seconds using
the explicit RK4 oded5 solver in Matlab. Mass ratios are kept at m,/M; = 0.1 and
Ms/M; = 0.5. From our harvested-power behavior for the linearized model (Fig. 6.8) we
observed that as the coupling spring stiffness increases from £ = 0.1K, to the limiting
case of k = K, the optimum wavenumber for maximum post-settling harvested power
shifts more and more towards the left edge of the Brillouin zone at ; = 0 and in the
limiting case, the maximum post-settling power corresponds to standing-wave solutions
with ¢ = 0. Since we are more interested in energy harvesting from propagating transient
waves, for the general strongly nonlinear regime, we will focus our attention on the value
of coupling spring stiffness which is expected to produce an optimum in an intermediate-
to-high wavenumber range 0 < p < m. Hence for presenting general transition wavefronts
or power behavior, we will take the coupling spring stiffness to be £k = 0.1Kj,.

- numerical Y ---numerical Y

-—-numerical Y,

—theory Y

Displacement Y (s, t)

—theory Y5

_2 1 1 1 1 1 1 1

Displacement Y (s, )

- numerical Y
—theory ¥}

—theory Y5

0 20 40 60 8 100 120 140
position s

160

180
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20 40 60 80 100 120 140
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160 180 200

(a) Tip mass displacement in each unit cell plotted (b) Tip mass displacement in each unit cell plotted
with mass index m or position s along the chain with mass index m or position s along the chain
taken at time ¢ = 30 seconds taken at time ¢ = 50 seconds

Fig. 6.9: Comparison of the theoretically predicted wavefront with numerically determined
wave profile, for plotting the wave profile across the chain snapshots are taken at t = 30
seconds and t = 50 seconds (for parameters: ¢ = 1, left-boundary scaled coordinates
¢r(t = 30 seconds) = —32.151 and £.,(t = 50 seconds) = —23.305 which are alignment
shifts associated with the two snapshot times and not additional physical parameters of
the model, Y; = 0.0107), the theoretical curves are shown only over the coherent front-

core region in & = (s — X (t))/W(t), while the numerical profiles are retained over the full
plotted chain.
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Fig. 6.9 shows the comparison between the theoretical leading-order wavefronts ob-
tained in Section 6.4.2 and direct numerical time-domain simulations of the finite chain
at time snapshots of ¢ = 30, 50 seconds. The small perturbations in the numerical results
with respect to the theoretical prediction are caused due to discreteness effects. For our
dissipative chain, the propagating wave should be interpreted not as an exact conservative
soliton, but as a kink-like, slowly modulated transition front which approaches asymp-
totically in time the leading order core captured by the reduced ¢* type profile derived
in Section 6.4.2. In contrast to conservative bi-stable chains considered previously, the
present piezomagnetoelastic chain is intrinsically dissipative due to the electromechanical
shunt, and therefore the large-amplitude interwell wave is not expected to evolve into an
exact constant-speed heteroclinic soliton that switches the chain permanently from one
stable branch to the other. Instead, the numerical results show a transient topological
like front which induces barrier crossing and propagates through the chain (Fig. 6.9(a)),
but leaves behind a decaying relaxation tail as energy is continuously extracted into the
electrical domain. In this sense, the relevant nonlinear wave object in the present system
is a damped or quasi-solitonic transition front rather than a conservative soliton. For
this reason, the long integration window (Fig. 6.9(b)) is retained to characterize the full
dissipative evolution and energy conversion process, whereas the front profile comparison
with theory is performed at an earlier time snapshot, when the front core is still in the
interior of the chain and before the post-front relaxation has collapsed the excited cells
back toward the neighborhood of the saddle at Y; = Y, = 0.

We intentionally restrict attention to the primary front regime, namely to time win-
dows for which the interwell front remains in the interior of the chain and the core dynam-
ics are not governed by interactions with waves reflected from the boundaries. For a direct
comparison of the numerical wave profile with the theoretical leading-order solution ob-
tained in (6.149), a least-squares fit to a substantial interior portion of the primary-front
trajectory obtained from numerical simulations of the finite chain, before boundary effects
become significant, is used to obtain a representative propagation speed. Substituting this
averaged speed in the theoretical solution shows a good agreement in the asymptotic limit
with the numerical wave profile as shown in Fig. 6.9, which confirms that the theoretical
leading-order prediction can capture the transient wavefront behavior to a considerable
extent.

6.4.4 Bloch-consistent Harmonic Balance Method

To compute amplitude-dependent nonlinear dispersion branches, the motion is expanded
about the stable uniform branch as

Yult) =Y+ qa(t), r=1,2 (6.150)

A Bloch-consistent nonlinear harmonic expansion is then introduced as

H
Grn(t) = D Qrme™ = (6.151a)
m=—H

H
Vin(t) = > B, e =) (6.151b)
m=—H



174 Chapter 6. Diatomic nonlinear harvesting

where the realness conditions are

Qr,—m = Q:}mn (I)r,—m = (I):’m (6152)

For the cubic magnetic nonlinearity, a third-harmonic truncation is used in the leading
nonlinear calculation

H=3 (6.153)
The nonlinear restoring force about the stable branch is written as
R(q) = F(Ys +q) — F(Ys) = Koq + 126:Y,q° + deag’ (6.154)
where
K, = Ky +2c; + 12,2 (6.155)

The m-th harmonic coefficient of R(g.,,) is denoted by
Nr,m = KSQr,m + 1202Y:9 [qﬂm + 402 [qﬂm (6156)

with the convolution coefficients

H
[qﬂm = Z Qr,pQr,m—p (6157&)
p=—H
H H
], = D D Qp@rgQrm—pg (6.157h)
p=—H q=—H

where coefficients outside the retained harmonic range are set to zero. Substitution of
Eq. (6.151) into the exact discrete equations gives, for each retained harmonic m =

—H, ..., H, the mechanical harmonic-balance residuals
N + [2k = mPQP(My — 2r4)] Qum — (K + 7am*Q%) (14 ¢7™) Qo — OP1, =0
(6.158a)
Nogn + [2k = mPQ?(Ms — 2r4)] Qom — (k + 1am?Q%) (1 + €"™) Q1 — OPo = 0
(6.158Db)
The electrical harmonic-balance residuals are
(G) —imQC,) ., — iMQOQ,. , = 0, r=1,2 (6.159)
Egs. (6.158) and (6.159) define the nonlinear algebraic system
Rug (Q,®,Q1u,A) =0 (6.160)

where Q and ® collect all retained mechanical and voltage harmonics. To close the
autonomous nonlinear eigenproblem, the fundamental mechanical amplitude and phase
are normalized by

Q1]? + Qo |* = A? (6.161a)
For a prescribed pair (i, A), the nonlinear lower and upper Bloch branches are obtained

by solving Eq. (6.160) together with Eq. (6.161) and continuing the solutions from the
corresponding linear Bloch eigenvectors:

Q=Qu,A), be{LU} (6.162)
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The conservative nonlinear backbone is recovered by setting G; = 0 in Eq. (6.159),
while retaining G; # 0 gives the corresponding electromechanically damped harmonic-
balance residual used for harvesting-oriented continuation. The dispersion branches for
the strongly nonlinear regime are evaluated numerically for every fixed pair u, A with the
wavenumber g being restricted to the irreducible Brillouin zone (IBZ) u € [0, 7.

6.4.5 Nonlinear dispersion branches

Just like we did for the linearized regime, we plot the the amplitude-dependent disper-
sion characteristics Q(u) for different system parameters in the general strongly nonlinear
regime obtained from the Bloch-consistent Harmonic Balance method proposed in Sec-
tion 6.4.4. We use a fairly high initial perturbation on the displacements Y; and Y5 from
their initial stable branches at [+Yj, +Y;] to characterize the general strongly nonlinear
behavior without any small-motion approximation. Hence we provide a further perturba-
tion on the masses M; and M, as [+2Y;, +2Y;] from their initial stable configuration.

For the nonlinear harmonic-balance evaluation, a short-circuit condition is used only
to obtain a conservative reference backbone for the diatomic lattice. This choice removes
the resistive electrical dissipation from the nonlinear periodic-branch computation and
therefore allows the amplitude-dependent lower and upper branches to be represented by
real frequencies. The resulting branches are not interpreted as the complete dissipative
electromechanical response of the harvester, but rather, they provide a clean baseline for
identifying how the cubic magnetic nonlinearity modifies the linearized band structure.
This is useful because the expected hardening effect can be isolated clearly before in-
troducing the additional complications associated with decay, post-settling response, and
harvested-power evaluation.

Nonlinear dispersion behavior with varying mass ratios

We vary the mass ratios m,/M; and Ms/Mi, keeping the coupling spring stiffness fixed
at k = 0.1K, and plot the dispersion profiles.

Fig. 6.10 compares the nonlinear harmonic-balance branches with the corresponding
linearized branches. In both Fig. 6.10(a) and Fig. 6.10(b), the nonlinear lower and upper
branches are shifted upward relative to their linear counterparts, confirming the hardening
character of the cubic magnetic restoring force about the stable branch. Fig. 6.10(a) shows
that increasing m,/M; modifies the branch locations, with the upper optical-like branch
being more sensitive because it is associated with stronger relative motion and there-
fore stronger participation of the stable negative-inerter mechanism. Fig. 6.10(b) shows
that increasing Ms/M; reduces the mass contrast between the two sublattices and con-
sequently decreases the acoustic—optical separation. The results collectively demonstrate
that the nonlinear backbone curves preserve the qualitative diatomic branch structure of
the linearized model while shifting the branches upward in frequency due to the hardening
nonlinearity.

Nonlinear dispersion behavior with varying spring stiffness

We then vary the coupling spring stiffness k keeping the inerter and principal mass ratios
fixed at m,/M; = 0.1 and My/M; = 0.5 respectively.
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Fig. 6.10: Nonlinear dispersion branches plotted with varying mass ratios m,/M; and
M, /M, solid curves represent lower nonlinear branch and dotted curves represent upper
nonlinear branch, dashed and dashed-dotted curves represent the lower and upper lin-
earized branches to provide the baseline reference.
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Fig. 6.11: Nonlinear dispersion branches plotted with varying coupling spring stiffness
k with mass ratios kept fixed at m,/M; = 0.1 and M,/M; = 0.5, solid curves represent
lower nonlinear branch and dotted curves represent upper nonlinear branch, dashed and
dashed-dotted curves represent the lower and upper linearized branches to provide the
baseline reference.

Fig. 6.11 shows the effect of the coupling spring stiffness on the short-circuit nonlinear
backbone branches, with m,/M; = 0.1 and My/M; = 0.5 kept fixed. Increasing k/K,
shifts both the nonlinear lower and upper branches upward, indicating that stronger
coupling increases the effective stiffness of the diatomic lattice. The upward shift is more
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visible for the upper optical-like branch because this branch contains stronger relative
motion between neighboring masses and is therefore more directly affected by the coupling
spring. The corresponding linearized branches are also shown as reference curves, and the
nonlinear branches remain shifted upward relative to them, confirming the hardening
contribution of the cubic piezomagnetoelastic nonlinearity. Overall, the results indicate
that the coupling stiffness mainly changes the absolute frequency levels of the nonlinear
branches, while preserving the qualitative acoustic-like and optical-like branch structure
of the diatomic chain.

6.4.6 Energy harvested in the general nonlinear regime

We use the same post-settling maximum harvested power framework formulated in Sec-
tion 5.5 and plot the harvested power with wavenumber p varying from 0 to 7. In the
nonlinear regime, the post-settling harvested power is characterized as a continuation
of the linearized formulation in Section 6.3.1, with the linear branch frequency wy()
replaced by the amplitude-dependent nonlinear frequency €2,(u, A) obtained from the
Bloch-consistent harmonic balance formulation in Section 6.4.4. For a prescribed ampli-
tude A fixed through Eq. (6.161a), the nonlinear branch solution provides the harmonic
coefficients an,b,)n(,u, A) and the branch frequency €,(u, A), where b € {L,U}. Although
the short-circuit backbone is used to obtain a conservative reference nonlinear disper-
sion branch, the finite-load voltage response used for harvesting can be reconstructed in
post-processing from the electrical harmonic relation in Eq. (6.159) as
b o_ MmO ) _

Q. = Gl—imeCpQr’m’ m=1,...,
The corresponding physical voltage signal over one representative unit cell is then written
as

H  r=12 (6.163)

H
7(‘b11hys<t /’L7 Z r{] Zme(u’A)t + c.c. (6164)

where c.c. denotes complex conjugate. The nonlinear pseudo-period associated with

branch b is defined as
2T

Qb(:ua A)
Following the same post-settling window idea used in Eqgs. (6.88)—(6.96), the branch-wise

nonlinear average harvested power over a post-settling window beginning at ¢, is evaluated
as

T (u, A) = (6.165)

2

NL t0+T 9
Dy (to; p1, A RZTNL / Z v et A)| dt (6.166)

Here t, is chosen after the initial transient response has settled onto the nonlinear branch
envelope. In the numerical implementation, this post-settling starting time th is obtained
as an approximation using the same tolerance-based procedure used in the linearized
regime, but the averaging period is now the nonlinear pseudo-period in Eq. (6.165). The
maximum post-settling nonlinear harvested power is then defined as

ﬁiiX’NL(u, A) = mréljax p}f;\m (tSNbL +mTy " A) (6.167)

b
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where MJ* denotes the admissible set of post-settling averaging windows within the
selected observation time. Finally, the nonlinear harvesting optimum is obtained by max-
imizing over the two nonlinear branches and over the first Brillouin zone as

(b, p) = argmax PN (p, A), Q= Qpe(pt, A) (6.168)

be{L,U}, pe(o,n]

Thus, the nonlinear harvesting calculation uses the harmonic-balance backbone to de-
termine the amplitude-dependent branch period, while the harvested power is evaluated
from the finite-load voltage response over post-settling windows, in direct analogy with
the linearized formulation developed in Section 6.3.1.

Harvested power behavior with mass ratios

Like we did for the linearized model, we now investigate the maximum post-settling
harvested power vs wavenumber p with p € [0, 7| for different mass ratios m,/M; and
My /M, with the coupling spring stiffness kept fixed at k¥ = 0.1K,. In the nonlinear HB
calculation, only the upper-branch harvested-power curve is reported, because the lower
nonlinear branch exhibits multivalued fixed-amplitude continuation features in the present
parameter range, whereas the upper branch provides a smooth nonlinear continuation.
The two power branches follow the same definition posed in Section 6.3.2. As a sufficiently
large initial displacement to observe pronounced effects of the strong nonlinearity, we
perturb the masses M; and M by [2Y5, 2Y;] from their initial stable uniform configuration
[Ys, Y], with the initial velocities and voltages kept at 0.
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inerter mass ratio m,/M; with the principal mass principal mass ratio My/M; with the inerter mass
ratio kept fixed at My /M; = 0.5 ratio kept fixed at m,/M; = 0.1

Fig. 6.12: Power vs wavenumber g in the general strongly nonlinear regime plotted with
varying mass ratios m,/M; and My/M;, coupling spring stiffness is kept fixed at k =
0.1K,.

Fig. 6.12 shows the variation of the nonlinear HB harvested-power branches with the
inerter mass ratio and the principal mass ratio. Compared with the linearized power trends
in Fig. 6.7, the nonlinear regime produces substantially larger harvested-power magni-
tudes (approximately 10% times larger) over the admissible wavenumber range, confirming
that the large-amplitude piezomagnetoelastic response significantly enhances the voltage-
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producing motion. In Fig. 6.12(a), the highest power level is obtained for m,/M; = 0.1,
indicating that the increasing negative-inertance effect improves nonlinear energy conver-
sion within the admissible positive-definite inertia range considered here. In Fig. 6.12(b),
the strongest response occurs for Ms/M; = 0.5, where the mass contrast and hence the
diatomic acoustic—optical separation within the positive-definite inertia range are most
pronounced. Therefore, the parameter pair m,/M; = 0.1 and My/M; = 0.5 provides a
favorable nonlinear harvesting configuration for the subsequent direct comparison with
the linearized model in Section 6.5.

Harvested power behavior with spring stiffness

Now, we keep the mass ratios fixed at m,/M; = 0.1 and My/M; = 0.5 and report the
harvested power vs wavenumber behavior with varying coupling spring stiffness k. Initial
conditions are taken to be the same as considered before for varying mass ratios.
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Fig. 6.13: Power vs wavenumber p in the general strongly nonlinear regime plotted
with varying coupling spring stiffness with mass ratios kept fixed at m,/M; = 0.1 and
MQ/Ml - 05

Fig. 6.13 shows the nonlinear harvested-power response for different coupling stiffness
ratios while keeping m,/M; = 0.1 and My/M; = 0.5 fixed. In contrast to the linearized
stiffness-dependent power behavior in Fig. 6.8, the nonlinear HB response remains at a
much globally larger power scale (approximately 10 times larger), but the magnitude is
progressively reduced as k/Kj, is increased. The largest nonlinear power is obtained for
the weakest coupling considered, k = 0.1K,, which suggests that relatively soft inter-mass
coupling allows larger voltage-producing deformation amplitudes in the strongly nonlin-
ear regime. Combining this result with Fig. 6.12(a) and Fig. 6.12(b), the parameter set
k = 0.1K,, My = 0.5M;, and m, = 0.1M; can be regarded as an optimum representa-
tive configuration for highlighting the enhanced nonlinear harvesting advantage over the
corresponding linearized model in the subsequent comparison in Section 6.5.
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6.5 Enhanced energy harvesting potential of the strongly
nonlinear model

6.5.1 Advantages of using the strongly nonlinear diatomic model
over the linearized one

To investigate harvesting advantages offered by the exact nonlinear periodic model in
the strongly nonlinear regime, we compare the harvested-power characteristics obtained
from the nonlinear HB formulation with those obtained from state-space formulation for
the linearized model over the admissible wavenumber range p € [0,7]. For consistent
comparisons, the same representative initial displacement perturbation level is used in
both cases. The masses M; and M, are perturbed by [2Y}, 2Y;] from the stable uniform
configuration [Y;,Y;], while the initial velocities and voltages are taken to be zero. The
comparison is performed for the representative parameter set m,/M; = 0.1, My /M; = 0.5,
and £ = 0.1K,. In the nonlinear HB calculation, only the upper-branch harvested-power
curve is reported in the compact comparison because the lower nonlinear branch exhibits
multivalued fixed-amplitude continuation features in the present parameter range, whereas
the upper branch provides a smooth nonlinear continuation suitable for comparison with
the corresponding linearized response. Since the linearized upper branch gives larger
harvested power for all ;4 € [0, 7] than the linearized lower branch for this parameter
set, as shown in Fig. 6.14(a), using the upper linearized branch as a baseline provides
a conservative reference for assessing the enhancement achieved by the exact nonlinear
harvester model.
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Fig. 6.14: Comparison of energy harvested using the exact nonlinear model against the
linearized model for the same general set of initial displacement conditions on the unit-cell
masses with initial velocities and voltages chosen to be 0.

Fig. 6.14(a) shows that the linearized model produces a localized harvested-power op-
timum with respect to the Bloch wavenumber p for both the branches with the lower
branch lying below the upper branch. The harvested power increases toward an opti-
mal wavenumber and then decreases away from this point, indicating that the linearized
response is strongly dependent on the spectral location of the excited wave component.
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In contrast, Fig. 6.14(b) shows that the nonlinear HB-based model produces a much
larger harvested-power level (approximately 102 times larger) over the same admissible
wavenumber range and for the same initial displacements. The nonlinear curve is not
strictly flat. It also exhibits a distinct local peak in the intermediate-to-high wavenumber
region. However, the relative variation of the nonlinear power over p is comparatively
modest, because the response remains at a globally enhanced level when compared to
the linearized model even away from the optimum. Thus, the nonlinear model does not
merely shift the optimal operating point to higher wavenumbers, but changes the harvest-
ing landscape by producing a high-power response over a broader portion of the Brillouin
zone. The shift of the nonlinear optimum toward a higher wavenumber indicates that the
general large-amplitude piezomagnetoelastic response favors shorter-wavelength compo-
nents of the transient free wave, which are not predicted as the most effective harvesting
components by the linearized model. From a design perspective, this means that exploit-
ing the nonlinear regime can move the optimal harvesting condition to a different spectral
region while simultaneously increasing the attainable power level, thereby providing an
additional tuning mechanism beyond the linear band-structure design.

The comparison in Fig. 6.14 highlights the design advantage of exploiting the exact
nonlinear dynamics rather than relying only on the linearized approximation. The lin-
earized model is valuable for identifying branch structure, bandgap formation, and the
first estimate of favorable harvesting frequencies, but it describes only the small-amplitude
response about the stable branch. Once the large-amplitude piezomagnetoelastic nonlin-
earity is activated, the hardening nonlinear backbone alters the branch frequencies and
increases the voltage-producing capability associated with the free wave. As a result, the
nonlinear regime can provide both a substantially higher harvested power level globally
even away from the local optimum and therefore a less sharply tuned response with re-
spect to . This is particularly important for transient free waves, whose spectral content
is distributed over a range of wavenumbers rather than concentrated at a single optimally
tuned value. One more significant advantage of the nonlinear model is that in practical
ambient harvesting environments, where disturbances can be arbitrarily large and inter-
mittent, the linearized model due to the constraints of small-displacement formulation
predicts a power curve which is not necessarily smooth over the Brillouin zone as can
be seen in Fig. 6.14(a), whereas the nonlinear model formulated for general initial dis-
placement perturbations without any small-amplitude approximation can still generate a
sufficiently smooth power curve over the same wavenumber range.

6.5.2 Validation of the strongly nonlinear model against direct
numerical simulations

To validate the nonlinear harmonic balance (HB) harvested-power prediction, we per-
form direct numerical simulations of a finite periodic chain comprising of 100 diatomic
unit cells and the boundary conditions at both ends wrapped onto each other, using the
same wavenumber-dependent branch initial conditions that are used in the HB calcula-
tion [201]. For each admissible Bloch wavenumber p, the HB solution obtained from Eq.
(6.160) provides the branch frequency €2,(u, A) and the corresponding harmonic coeffi-
cients Q') (1, A) and @), (11, A). These coefficients are then used to initialize the finite
chain with the same nonlinear Bloch wave shape, including the associated displacement,
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velocity, and voltage fields, rather than exciting the chain by a localized impulse. The
exact nonlinear discrete equations are then integrated in time using ode45, and the har-
vested power is evaluated directly from the simulated voltages over one nonlinear branch
period. This comparison ensures that the numerical simulation and the HB model corre-
spond to the same branch, same wavenumber, and same amplitude, so that the validation
assesses the accuracy of the HB harvested-power formulation itself rather than the spectral
distribution produced by a particular transient excitation.
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Fig. 6.15:  Comparison of the harvested power upper branch between the nonlinear
HB model and direct numerical simulations of a finite periodic chain comprising of 100
diatomic unit cells for the same representative system parameters used in Section 6.5.1.

Fig. 6.15 shows a considerably good agreement between the HB power branch with
direct time-domain integrations, which confirms the validation of the proposed Bloch-
consistent HB framework for the strongly nonlinear model in a general regime of moder-
ately large-amplitude motions. This validation closes the objective of the present Chapter
in proving the effectiveness of using the proposed diatomic, inertially coupled, nonlinear
piezomagnetoelastic periodic chain model for enhanced energy harvesting over linear/
linearized models.

6.6 Concluding remarks

This work presented a mass-diatomic nonlinear piezomagnetoelastic chain as a tunable
platform for enhanced energy harvesting from transient free-wave motion. Starting from
the exact discrete electromechanical equations of motion, a Bloch-reduced state-space for-
mulation was developed in the linearized regime about the stable uniform branch. The
resulting damped electromechanical dispersion problem naturally produced two mechan-
ically dominant branches associated with the acoustic-like and optical-like motions of the
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diatomic unit cell. The analysis showed that the principal mass ratio My /M; directly con-
trols the mass-diatomic acoustic—optical separation, while the inerter mass ratio m, /M
provides an additional mechanism for shifting the branch locations and broadening the
effective bandgap within the admissible positive-definite inertia range. In contrast, the
coupling stiffness & mainly shifts the absolute frequency levels of the branches and has a
comparatively weaker influence on the effective bandgap width, although it significantly
affects the harvested-power response through the modal voltage participation and the
initial condition induced modal distribution.

A post-settling harvested-power framework was developed to quantify energy harvest-
ing in the linearized dissipative regime. Since the electromechanical chain is inherently
dissipative, the harvested response was evaluated over pseudo-periodic post-settling win-
dows defined by the damped branch frequencies. This formulation showed that the har-
vested power is not determined by the band structure alone, but also by the projection
of the initial perturbation onto the complex Bloch eigenvectors and by the correspond-
ing voltage participation of the two branches. The parametric studies demonstrated that
the diatomic chain can produce clear peak-like power characteristics in the intermediate-
wavenumber region, and that inertance magnitude and mass contrast can be used to tune
these peaks. The results also showed that although strong coupling may not significantly
alter the bandgap, it can suppress the harvested power over a large part of the Brillouin
zone, highlighting the need to optimize energy harvesting using both band-structure and
power-response criteria.

The strongly nonlinear regime was investigated through two complementary analyti-
cal routes. First, a long-wavelength continuum reduction was derived in terms of mean
and contrast fields, which exposed the acoustic-like and optical-like components of the
nonlinear diatomic transition dynamics. This formulation showed that exact in-phase
and out-of-phase similar nonlinear normal mode reductions are not generally invariant for
the mass-diatomic chain when M; # M,. Consequently, the nonlinear transition waves
must be interpreted as nonsimilar acoustic—optical fronts, where a dominant acoustic-like
transition is accompanied by an optical-like correction generated by the mass contrast. A
leading-order analytical front solution was obtained by combining the dominant acoustic-
like p* transition with a linear inhomogeneous optical-correction problem. Secondly, a
Bloch-consistent harmonic balance formulation was developed to compute amplitude-
dependent nonlinear dispersion branches. The short-circuit harmonic balance branches
were used as conservative nonlinear backbone references, allowing the hardening effect of
the cubic magnetic nonlinearity to be isolated clearly.

The nonlinear harvested-power comparison further demonstrated the central advan-
tage of using the exact nonlinear model. The linearized regime predicts a well-defined
optimal wavenumber, but the harvested power remains relatively small and further de-
creases away from that optimum. In the nonlinear regime, the HB-based formulation
shows a much higher harvested-power level and a broader globally elevated response over
the Brillouin zone, although the nonlinear power still exhibited a clear peak rather than re-
maining perfectly saturated. This refined observation supports the main objective of this
Chapter that the combination of mass diatomicity and piezomagnetoelastic nonlinearity
enhances the harvesting potential by combining richer branch and bandgap behavior with
large-amplitude nonlinear energy conversion. Therefore, the nonlinear diatomic chain of-
fers a more effective and robust design pathway for harvesting energy from transient free
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waves than what would be inferred from the linearized model alone.

Finite-chain numerical studies were then used to validate the analytical leading-order
wavefronts and harmonic balance (HB) power formulations. The first set of finite-chain
simulations demonstrated the propagation of nonlinear transition fronts under local-
ized snap-through excitation. The other set of finite-chain simulations, initialized using
the same wavenumber-dependent nonlinear Bloch wave shapes as the harmonic-balance
model, provided a direct branch-wise validation of the nonlinear harvested-power formu-
lation. These validations clarify the distinction between intrinsic branch-wise harvesting
potential and the actual spectral distribution produced by a localized transient excitation.
Overall, this Chapter establishes a systematic framework linking linear bandgaps, nonlin-
ear backbone branches, transition fronts, and post-settling energy harvesting in diatomic
nonlinear piezomagnetoelastic chains.

Few extensions can naturally follow from this study. Firstly, the present one-dimensional
framework can be generalized to two- and three-dimensional diatomic or multiatomic
piezomagnetoelastic lattices, where richer directional bandgaps, anisotropic wave prop-
agation, and topological or defect-guided energy localization may be exploited for en-
hanced harvesting. Secondly, experimental validation of the proposed diatomic chain
would be valuable for assessing the practical influence of fabrication tolerances, magnetic-
field nonlinearities, inerter-mechanism realization, and circuit losses. Thirdly, the present
single-mode beam approximation can be extended to include multi-mode contributions
from each piezomagnetoelastic beam, which may be important when higher-frequency
branch interactions, multimodal internal resonances, or broadband transient excitations
are present. These directions would further strengthen the design framework for nonlinear
periodic energy harvesters operating under realistic transient wave environments and are
kept as a future work.



Chapter 7

Conclusion and future outlook

7.1 Summary

This Thesis has investigated tunable bandgap behavior and energy harvesting character-
istics in nonlinear periodic structures. The central aim has been to connect two bodies
of work that have often been treated separately: nonlinear wave propagation in periodic
media and electromechanical energy harvesting from realistic transient disturbances. Clas-
sical periodic structures provide bandgaps, attenuation zones, and wave-filtering effects,
but their response is usually fixed once the unit-cell geometry and material parameters are
chosen. Conventional piezoelectric harvesters, on the other hand, can convert mechanical
energy into electrical energy, but are often most effective only near a prescribed resonance
or under sustained external excitation. The work presented here addresses the gaps iden-
tified in Chapter 1 and Chapter 2: the absence of a unified framework that proceeds from
nonlinear bandgap manipulation, to free-wave power prediction, to nonlinear broadband
enhancement, and finally to spatially localized harvesting through transition fronts.

The first part of the Thesis, Chapter 3, considered a bi-stable, inertially coupled
periodic chain with coupled horizontal-vertical dynamics. The chosen unit cell combines
geometric bi-stability, stable negative-inertance effects, and inter-cell periodic coupling,
thereby creating a system whose wave behavior is richer than that of a purely linear
periodic chain or a simpler single degree of freedom bi-stable lattice. The phase-plane
analysis of the isolated unit cell showed that the vertical bi-stable mass preserves unforced
intrawell and interwell dynamical behavior even when coupled to orthogonal horizontal
degrees of freedom. This motivated the use of the unit cell as a building block for nonlinear
metamaterials.

A major methodological contribution of Chapter 3 was the development of an Amplitude-
Locked, Inverse-method-Guided, multi-harmonic Nonlinear framework, referred to as ALIGN.
This framework combines weakly nonlinear asymptotic analysis, multi-harmonic harmonic
balance, robust branch tracking, and inverse time-domain validation. It was developed
specifically to handle the difficulties that arise in strongly nonlinear discrete periodic struc-
tures with non-polynomial and non-integrable geometric nonlinearities. The framework
makes it possible to compute amplitude-dependent Bloch dispersion branches, track them
across near-degeneracies and branch-merging regions, and validate the resulting nonlin-
ear dispersion predictions against finite-chain simulations. The analysis also identified
physically admissible mass-ratio regimes of the proposed architecture, including critical
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stability thresholds for the inerters and neighboring-mass parameters, and showed that
mass-ratio tuning provides a systematic route for bandgap manipulation. In the strongly
nonlinear regime, the nominal three-branch structure of the unit cell often collapses into
two dominant propagating branches because of modal redistribution between the hori-
zontal and vertical degrees of freedom. Thus, the first part of the Thesis established the
wave-propagation foundation required for the subsequent energy-harvesting studies.

The second part of the Thesis, Chapter 4, introduced energy harvesting from transient
free waves in a linear piezoelectric periodic chain. This chapter deliberately began with a
linear electromechanical setting so that the role of periodic dispersion, attenuation, and
electrical dissipation could be isolated before introducing additional nonlinearities. The
key idea was to replace sustained harmonic forcing by initial condition-driven free wave
propagation. This is important because many practical disturbances in structural systems
are intermittent, impulsive, or spatially distributed, rather than externally prescribed
sinusoidal loads.

The main contribution of Chapter 4 was the formulation of a settling-time-aware
harvested-power metric. By combining Bloch-reduced electromechanical dynamics, closed-
form time-domain response, and a physically motivated post-transient averaging window,
the chapter derived a systematic criterion for evaluating maximum steady-state harvested
power from a decaying free response. The settling time 7,(w) identifies when the voltage
response has moved beyond the initial transient and can be used consistently for one-
period power averaging. This converts free-wave decay from a merely observed transient
phenomenon into a design variable. It also produces an inverse map from structural and
electrical parameters to an optimum free-wave frequency w,., without requiring resonance
tuning against an externally imposed forcing frequency. The results showed that the lo-
cation of the optimum frequency is robust with respect to the precise settling-time choice,
while the magnitude of the peak harvested power remains sensitive to the post-settling
extraction window. This chapter therefore established the baseline analytical link between
wave propagation and energy conversion.

The third part of the Thesis, Chapter 5, extended this free-wave harvesting framework
to an inertially coupled nonlinear piezomagnetoelastic chain. In this model, magnetic bi-
stability realizes a double-well potential in a physically simpler beam-based architecture,
while inertial coupling modifies the effective inertia and wave-transmission characteristics
of the periodic chain. The analysis was carried out first in the linearized intrawell regime
and then in the general strongly nonlinear regime. In the linearized regime, the same
settling-time-aware power concept from Chapter 4 was generalized to include magnetic,
inertial, structural, and electrical parameters. This yielded analytical predictions for
optimum harvested power and optimum operating frequency, validated against numerical
time-domain integrations.

The strongly nonlinear intrawell analysis showed that the role of magnetic bi-stability
and inerters is not merely to raise a single isolated power peak. Instead, the nonlinear
chain can broaden the high-performance region into a wide quasi-saturated band of near-
optimal harvesting over a much larger free-wave frequency interval. Importantly, this
enhancement was obtained while maintaining stable intrawell motion, rather than rely-
ing on negative-stiffness-induced divergence or unbounded response. This result directly
fills the gap between nonlinear amplitude-dependent dispersion and practical electrome-
chanical power extraction: the nonlinear dispersion structure becomes a mechanism for
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broadening the useful harvesting regime.

The interwell analysis in Chapter 5 provided a second harvesting mechanism based
on localized transition fronts. For sufficiently large initial conditions, the bi-stable chain
supports interwell propagation in which the relevant object is not an exact conservative
soliton, but a slowly modulated p*-type front altered by electromechanical dissipation.
The continuum approximation produced leading-order descriptions of the front profile,
the slaved voltage field, and the corresponding harvested-power envelope. Numerical
simulations of finite chains showed qualitative agreement with the predicted front shape,
voltage envelope, and spatial power localization. This result is significant because it shows
that localized harvesting can emerge intrinsically from the coupled nonlinear dynamics
of magnetic bi-stability, inerter-effects, and piezoelectric dissipation. It does not need
to be imposed through defects, graded traps, or an externally engineered wave-arresting
protocol.

The final part of the Thesis, Chapter 6, introduced mass diatomicity into the nonlin-
ear piezomagnetoelastic chain. This created a richer branch structure while preserving
a physically realizable unit-cell architecture. The linearized analysis showed the emer-
gence of acoustic-like and optical-like branches, together with bandgaps and wavenumber-
dependent power characteristics that depend on mass contrast, inertance factor, coupling
stiffness, and the modal projection of the initial perturbation. This clarified that band-
structure information alone is not sufficient for harvesting design; a designer must also
account for voltage participation, modal decay, and how the initial disturbance excites
the electromechanical branches.

In the strongly nonlinear regime, Chapter 6 developed a continuum description in
terms of mean and contrast fields and showed that exact in-phase and out-of-phase similar
nonlinear normal-mode reductions are not generally invariant when the two masses are
unequal. The nonlinear transition front must therefore be understood as a nonsimilar
acoustic—optical front: a dominant acoustic-like transition accompanied by an optical-like
correction generated by mass contrast. A Bloch-consistent harmonic-balance formulation
was then used to compute nonlinear backbone branches and harvested power in the large-
amplitude regime. The nonlinear model produced a substantially higher and more globally
elevated harvested-power response across the Brillouin zone than the linearized model,
with the enhancement approaching two orders of magnitude for the cases studied. Finite-
chain simulations provided validation of both the leading-order snap-through transition-
front description and the branch-wise nonlinear power formulation. Overall, the diatomic
extension established a systematic framework linking linear bandgaps, nonlinear backbone
branches, transition fronts, and post-settling energy harvesting.

Taken together, the Thesis shows that nonlinear periodic structures can be designed
not only to block, transmit, or redirect waves, but also to convert wave energy into useful
electrical output under transient free propagation. The main design philosophy emerging
from the work is that bandgap manipulation, attenuation, nonlinear branch shaping, and
harvesting should not be treated as separate objectives. Instead, they can be integrated
into a single wave-mediated electromechanical design framework.
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7.2 How the Thesis fills the literature gap

The Introduction identified several limitations in the existing literature. Firstly, much
of the classical work on periodic media and mechanical metamaterials focuses on fixed
band structures determined by geometry, material contrast, or local resonance. Although
these structures can be effective for filtering and attenuation, their performance is often
not intrinsically adaptive to wave amplitude or transient conditions. The present work
addresses this limitation by developing nonlinear periodic systems whose dispersion and
bandgap behavior depend on mass ratios, inertial-coupling parameters, bi-stability, and
wave amplitude. The ALIGN framework in Chapter 3 provides a practical way to analyze
this class of strongly nonlinear structures without reducing them to overly simplified
polynomial models.

Secondly, the literature on bi-stable structures and the literature on inerters have
often developed in parallel. Bi-stability is known to produce snap-through, interwell tran-
sitions, and amplitude-dependent dynamics, while inertial coupling is known to reshape
effective inertia and create low/high-frequency attenuation. The present work combines
these mechanisms in a single periodic setting. The resulting structures exhibit critical
stability thresholds, branch merging, modal redistribution, and tunable bandgaps. Thus,
the work fills the gap between bi-stable wave tailoring and inerter-induced metamaterial
design. Instead of conventional inertial amplifiers which have been employed extensively
in existing literature, this work shifts focus to stable negative-inerters and sets thresholds
for these types of inerters in terms of their inherent design parameters before proposing
and exploiting them in nonlinear periodic models to obtain desirable energy harvesting
designs and tunable dispersion behavior predictable via inexpensive semi-analytical algo-
rithms.

Thirdly, classical vibration energy harvesting often relies on sustained forcing or reso-
nance tuning. This is restrictive for realistic structural environments where disturbances
are intermittent, impulsive, or spatially distributed. The settling-time formulation in
Chapter 4 fills this gap by developing a harvesting metric based on free-wave propaga-
tion generated solely by initial conditions. The optimum harvesting frequency is obtained
from the intrinsic electromechanical dynamics of the periodic chain rather than from an
externally prescribed forcing frequency. This makes the framework more naturally suited
to transient vibration environments.

Fourth, nonlinear and multistable harvesters are often studied as isolated oscillators,
while phononic and metamaterial harvesters often emphasize energy guiding, trapping, or
defect-based concentration. The work in Chapter 5 fills the gap between these viewpoints
by treating the harvester as an extended nonlinear periodic medium. Energy conversion
is not an add-on to a waveguide; it is part of the inherent free-wave dynamics. In the
intrawell regime, nonlinear dispersion broadens the useful harvesting band. In the in-
terwell regime, transition-front propagation spatially localizes the harvestable electrical
output. This provides a unified picture of broadband and spatially localized harvesting
in the same physical architecture.

Finally, the diatomic extension in Chapter 6 fills a further gap by showing how mass
contrast and nonlinear piezomagnetoelasticity can be used together to enrich branch struc-
ture and improve harvesting capacity. The results show that mass-diatomicity does more
than create an acoustic—optical band structure: in the nonlinear electromechanical setting,
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it changes the front dynamics, modal participation, and branch-wise power extraction.
This creates an additional design handle for transient free-wave harvesters.

7.3 Research contributions

The main contributions of this Thesis can be summarized as follows.

1. A bi-stable, negative-inertance induced unit cell with coupled horizontal-vertical
dynamics was proposed and analyzed as a building block for nonlinear periodic
structures. The unit cell preserves rich intrawell and interwell dynamics while also
supporting inertial coupling through a mechanically realizable linkage.

2. A general semi-analytical framework, ALIGN, was developed for strongly nonlinear
discrete periodic structures. The framework combines asymptotic analysis, multi-
harmonic harmonic balance, branch tracking, amplitude-locked inverse method val-
idation, and nonlinear stability diagnostics. It is applicable to systems with non-
polynomial and non-integrable geometric nonlinearities.

3. The weakly and strongly nonlinear dispersion behavior of a bi-stable, inertially cou-
pled periodic chain was characterized. The analysis identified physically admissible
mass-ratio thresholds, systematic bandgap trends, and nonlinear modal redistribu-
tion leading to dominant branch merging.

4. A settling-time-aware framework was introduced for energy harvesting from tran-
sient free waves in a linear piezoelectric periodic chain. This framework links Bloch
dispersion, attenuation, closed-form time response, and one-period post-settling
power extraction.

5. A physically motivated optimum free-wave harvesting frequency was defined without
assuming sustained harmonic excitation. The corresponding maximum steady-state
power was shown to depend on the post-transient voltage envelope and settling-time
criterion, thereby providing an internally consistent free-decay harvesting metric.

6. The settling-time idea was extended to inertially coupled nonlinear piezomagne-
toelastic chains. In the strongly nonlinear intrawell regime, magnetic bi-stability
and stable negative-inertance effects were shown to broaden the useful high-power
harvesting region into a quasi-saturated band of near-optimal performance achieved
simultaneously with an improved/ increased stiffness-to-weight ratio.

7. Spatially localized energy harvesting from interwell transition fronts was demon-
strated in a dissipative piezomagnetoelastic periodic chain. The relevant propagat-
ing structure was identified as a slowly modulated p*-type front rather than an exact
conservative soliton, and leading-order analytical descriptions were derived for the
front profile, voltage envelope, and harvested-power distribution.

8. A systematic design comparison was established between a linear piezoelectric chain,
a linear inertially coupled chain, a bi-stable chain without inertial coupling/inerters,
and the fully coupled bi-stable-inertial piezomagnetoelastic chain. This comparison
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showed that magnetic bi-stability provides the dominant increase in harvestable
output, while moderate inertance factor sharpens spatial localization.

9. A mass-diatomic nonlinear piezomagnetoelastic chain was formulated and analyzed.
The work showed how acoustic-like and optical-like branches, mass contrast, inertial
coupling-effects, and nonlinear electromechanical coupling jointly affect bandgaps
and harvested power.

10. In the strongly nonlinear diatomic regime, the transition front was shown to be a
nonsimilar acoustic—optical structure rather than a purely in-phase or out-of-phase
nonlinear normal mode. A leading-order front model and harmonic-balance branch
formulation were developed and validated numerically.

11. Across the Thesis, finite-chain simulations were used to connect the analytical and
semi-analytical models to direct time-domain behavior. These simulations clarified
the distinction between intrinsic branch-wise harvesting potential and the actual
response generated by localized transient excitation.

7.4 Novelty and impact

The novelty of this work lies in bringing together the rich aspects of structural dynam-
ics, nonlinear vibrations, wave propagation in periodic structures, and vibration energy
harvesting in a single, comprehensive, and analytically tractable framework. The work
shows that free wave propagation in suitably engineered nonlinear periodic structures can
be exploited at the inherent dynamics-level itself without the necessary requirements of
sustained external forcing and defect or sophisticated grading-based architecture. The
unified framework proposed and developed in this work exploits the effects of nonlinearity
and inertial-coupling mechanisms in periodic structures for tunable bandgap engineering
and desirable energy harvesting characteristics under ambient environments where the
intermittent and abrupt disturbances are better modeled as initial conditions rather than
well-designed, sustained forcing.

The impact of the research is moderately big in a broader context. It opens the path-
way for optimal design of self-powered systems which can harvest energy from ambient
structural vibrations. Few practical applications can include, though not limited to, gen-
eration of electrical energy in aeroplane cabins from wing-vibrations during long flights,
structural vibration monitoring of suspension bridges under ambient vibration environ-
ments, wave filtering and vibration suppression through suitably engineered nonlinear
periodic architectures, vibration isolation and localized energy extraction via transduc-
tion in a selected region of a practical engineering or medical device.

Relative to narrowly tuned resonant harvesting, the expected gains are a wider useful
operating range and greater spatial concentration of electrical output under transient
disturbances, rather than a universal increase in peak power. The large nonlinear-to-
linear gains reported in Chapter 6 are model-specific comparisons, not measured gains
over existing devices. Practical improvements in usable energy or sensor duty cycle would
require matched-input experiments accounting for device size and mechanical, dielectric
and circuit losses.
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7.5 Recommendations for future work

The results presented in this Thesis open several natural directions for future research.

7.5.1 Experimental realization and validation

The most direct next step is experimental validation of the proposed nonlinear periodic
harvesters. A laboratory prototype of the piezomagnetoelastic chain would make it possi-
ble to assess the practical influence of magnetic field imperfections, finite beam flexibility,
fabrication tolerances, bearing friction, patch bonding, circuit losses, and imperfect iner-
tial linkages. Experimental tests would also clarify how robust the predicted broadband
intrawell harvesting and spatially localized interwell harvesting remain under non-ideal
boundary conditions and realistic initial disturbances.

7.5.2 Improved nonlinear time-domain validation

The ALIGN framework uses amplitude-locked inverse-method simulations to validate non-
linear harmonic-balance branches. However, in strongly nonlinear regimes, small changes
in initial conditions, boundary reflections, and nonlinear modal interactions can move
finite-chain responses away from the computed periodic Bloch orbit. Future work should
improve the mapping between multi-harmonic harmonic balance coefficients and finite-
chain initial conditions. This includes replacing RMS-based amplitude targeting by more
exact energy matching or modal projection-based initialization schemes. Further nonlin-
ear Floquet and Lyapunov analyses could also be used to map stable, weakly unstable,
quasiperiodic, and chaotic propagation regimes.

7.5.3 Multimode beam and higher-dimensional electromechan-
ical models

The present beam-based piezomagnetoelastic models use reduced single-mode descrip-
tions. This is appropriate for the low frequency regimes emphasized here, but higher-
frequency branch interactions, broadband excitation, and multimodal internal resonances
may require richer structural models. Future work should include multimode beam ex-
pansions, finite-element beam models, and distributed piezoelectric coupling. This would
make it possible to test whether the nonlinear broadening and localized harvesting mech-
anisms persist when higher bending modes and more realistic strain distributions are
included.

7.5.4 Two and three-dimensional nonlinear harvesting lattices

Another important extension is to generalize the one-dimensional chains to two- and three-
dimensional nonlinear piezomagnetoelastic lattices. Higher dimensional systems would
allow directional bandgaps, anisotropic group velocity, wave beaming, topological edge
transport, and defect-guided localization to be combined with electromechanical harvest-
ing. This would extend the present framework from axial transient free waves to spatially
distributed wave packets and multidirectional impacts, which are more representative of
realistic structural environments.
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7.5.5 Circuit design and adaptive electrical interfaces

The present work uses simple resistive harvesting circuits to expose the fundamental
electromechanical mechanisms. Future work should investigate nonlinear, adaptive, and
synchronized electrical interfaces. Examples include switch-based harvesting circuits, ac-
tive or semi-active shunts, impedance-tuned circuits, and distributed electrical networks
coupled across unit cells. Such circuits may enhance the voltage response, control the
effective electrical damping, and improve the trade-off between wave attenuation and
harvested power.

7.5.6 Optimization, uncertainty, and design maps

The analytical and semi-analytical tools developed in this Thesis can be used to build
high-dimensional design maps. Future studies should formulate optimization problems
in which the objective is not only maximum harvested power, but also bandwidth, lo-
calization length, robustness to parameter uncertainty, stability of the nonlinear branch,
and manufacturability. Sensitivity analysis and uncertainty quantification would be espe-
cially important for magnetic systems, where small geometric variations can change the
double-well landscape and therefore the interwell transition dynamics.

7.5.7 General transient and stochastic excitation environments

The present studies emphasize initial condition-driven free waves and localized snap-
through type disturbances. A broader future direction is to study general transient and
stochastic excitation environments. Real structural disturbances may contain broadband
spectra, repeated impulses, moving loads, or random excitations. Extending the settling-
time and post-transient power framework to these settings would help determine when
the free-wave optimum, nonlinear broadband plateau, and localized transition-front har-
vesting mechanisms remain effective.

7.6 Final remarks

The central outcome of this Thesis is a design framework in which nonlinear free wave
propagation and energy harvesting are treated as one coupled problem. Bandgaps, at-
tenuation, modal redistribution, transition fronts, voltage generation, and post-settling
power extraction are all linked through the same structural and electromechanical pa-
rameters. The resulting systems are not merely vibration filters with attached harvesters,
nor isolated harvesters placed in a periodic host. They are nonlinear electromechanical
metamaterials in which wave tailoring and energy conversion occur together.

By combining geometric and magnetic bi-stability, suitably chosen inerter-effects,
piezoelectric coupling, settling-time-aware power prediction, and mass-diatomic branch
engineering, this Thesis demonstrates several routes toward passive structures that can
guide, attenuate, localize, and harvest transient wave energy. These results provide a
foundation for future self-powered sensing and vibration-control systems that operate not
under idealized sustained forcing, but under the intermittent free-wave disturbances that
arise naturally in engineering structures.
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